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1 | INTRODUCTION
1.1 | The parity conjecture

The Mordell-Weil rank of an elliptic curve E over a number field K remains mysterious. Calculat-
ing it is generally either hard or impossible, and there is currently no method that will provably
work for every curve. All we have is ways of finding upper bounds by calculating the rank of
Selmer groups, lower bounds by searching for K-rational points and fingers to cross that these
coincide. In general, it can be hard to find out if an elliptic curve has even one K-rational point of
infinite order.

The parity conjecture predicts points of infinite order and most known phenomena about
elliptic curves effortlessly, after a simple calculation. It quantifies how the behaviour of E over
completions of K should control the parity of the rank of E/K. It does this using the global root
number of E /K, w(E/K) € {1}, which is defined as the product of easily computable local fac-
tors at each place v of K, local root numbers. They are straightforward to compute since, despite
having a non-constructive definition, they have been classified for all places (see §2).
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Parity Conjecture. Let E be an elliptic curve over a number field K. Then
(D)™ = w(E/K),
where w(E /K) is the global root number of E /K.

Note that if w(E /K) = —1, the parity conjecture implies that the rank is odd and, in particular,
greater than 0. The parity conjecture is often the only way of predicting that a point of infinite
order exists on an arbitrary elliptic curve. For now, take for granted that if E is a semistable elliptic
curve defined over K, then

w(B/K) = (1™,

where m is the number of primes of K where E has split multiplicative reduction and u is the
number of infinite places of K (see Corollary 2.5).

Example 1.1. Let us take
E 1 y? =23y = x> —99997x% — 17x + 42.

Magma [3] tells us that the rank of E/Q is 0, so that E does not have a rational point of infinite
order. However, it also returns false, indicating that it has not proved that 0 is the rank of the
curve.” With a simple calculation, the parity conjecture tells us that this curve should have a point
of infinite order. Indeed, we have Ay = 17 - 655943 686 625481 101 and non-split multiplicative
reduction at both primes. Hence, since Q has one infinite place, the above result tells us that
w(E/Q) = (=1)! = —1, and so, the parity conjecture implies that the rank of E/Q is odd and that
E has a point of infinite order.

One could use the conjecture of Birch and Swinnerton-Dyer to calculate Mordell-Weil ranks
of elliptic curves. However, utilising the Birch-Swinnerton-Dyer conjecture requires comput-
ing L-functions, and, not only is this a rather lengthy calculation, we cannot provably compute
ord,_;L(E/Q,s) unless it is 0, 1, 2 or 3, nor do we know the analytic continuation of L-functions
of elliptic curves over general number fields. The beauty of the parity conjecture is that it is free
of the conjectural machinery of L-functions and is an entirely arithmetical statement, yet it still
allows us to predict the existence of points of infinite order.

In terms of applications, parity-related arguments have many notable consequences. For exam-
ple, a known case of the p-parity conjecture* was used by Bhargava and Shankar to prove that a
positive proportion of elliptic curves over Q satisfies the Birch-Swinnerton-Dyer conjecture [1].
The parity conjecture settles most cases of the congruent number problem (see §3.12) and has
been used to prove many results about the ranks of families of elliptic curves [15, 38, 54, 56]. A
variant on the 2-parity conjecture was used to prove that Hilbert’s Tenth Problem has a negative
answer over rings of integers of number fields [47] and results on the parity of Selmer ranks were
used to prove that certain Kummer surfaces satisfy the Hasse principle [64]. Similar arguments

T Of course, we could have done more extensive calculations; Magma only searches for points which have height below 15
and performs only 2- and 4-descent by default.

# Namely that dimFP Sel,(E/Q) - dim[Fp E(Q)[p] is even if and only if w(E/Q) = +1.
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have also been used to prove results on class numbers of, for example, simplest cubic fields [72].
Root numbers also seem to have played a role in the early investigation of Heegner points and the
Gross—Zagier formula, see, for example, [33] Chapter 5, Corollary 21.3, Conjecture 23.2 and [35].

The parity conjecture is easily deduced from the Birch-Swinnerton-Dyer conjecture together
with the Hasse-Weil conjecture. The latter states that the completed L-function has analytic con-
tinuation to the whole of the complex plane and satisfies the functional equation L(E/K,s) =
w(E/K)L(E/K,2 — s), where w(E/K) is the global root number. Assuming the Hasse-Weil con-
jecture, w(E/K) = +1 if and only if the completed L-function is symmetric around s = 1, which
happens if and only if its order of vanishing at s = 1 is even. This tells us that

U)(E/K) = (—1)Ords=1i(E/KsS),

which, assuming the Birch-Swinnerton-Dyer conjecture, gives the parity conjecture.

1.2 | A historical note

The investigation of parity-type questions appears to have begun with calculations of the parity
of ranks of Selmer groups. In his 1954 paper, ‘A conjecture concerning rational points on cubic
curves’ [60], Selmer gave an explicit definition of the first and second descent for E/Q with a
rational 2-isogeny by writing out the equations they lead to. Selmer wrote that he had performed
numerical calculations that suggest ‘when the first descent indicated at most three generators,
then none or two of these seem to be excluded by the second descent’ (at most three as this was
the case for all curves he numerically tested). Based on this, he conjectured that

1. ‘The second descent excludes an even number of generators’.

In his 1962 paper ‘Arithmetic on curves of genus 1, III, The Tate Safarevi¢ and Selmer groups’
[5], where he coined the term ‘Selmer group’, Cassels extended Selmer’s conjecture and proved
that the dimension of the image of Sel ,»(E /K) under the map induced by multiplication by pt
differs from that of Sel ,(E /K), considered as a vector space over [ ,, by an even integer. This also
treats the case of third descent, fourth descent, and so on. In [60], Selmer also conjectured the
stronger statement, that

2. ‘The number of generators indicated by a first descent differs from the true number of generators
by an even number’.

Extending Selmer’s second conjecture to general p, as Cassels did for Selmer’s first conjecture,
it says that the rank of the p-Selmer group determines the parity of the Mordell-Weil rank and is
equivalent to saying that §, is even, where &, is the multiplicity of @, /Z, in ILI(E /K)[p*] and is
conjecturally 0. In light of the parity conjecture and Selmer’s second conjecture, we would expect
that

(—1)™E/K) = w(E/K),

where rk,(E/K) =1k(E/K)+6, is the Z,-corank of the p-infinity Selmer group
lim,_, , Sel,»(E/K). This is known as the p-parity conjecture. Although we will not discuss
it or its applications in this handbook, tackling the p-parity conjecture has proved to be more
fruitful than tackling the parity conjecture itself and there have been numerous works on
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the subject (see §1.3 for references). In this context, one can prove parity-related statements
without assuming the finiteness of the Tate-Shafarevich group (the fabled Shafarevich-Tate
conjecture), whereas the parity conjecture itself appears to be, as of now, unapproachable without
this assumption.

1.3 | Using this handbook

This exposition is designed to explain how to calculate local and global root numbers of elliptic
curves, and give a taste of what sorts of phenomena are predicted by the parity conjecture. The
latter are concerned with the existence of rational points on elliptic curves for which there is as
yet no construction, and that remain open problems without assuming the parity conjecture. As
of now, the only known systematic construction of points of infinite order are Heegner points and
self-points [13, 73], both using the modular parameterisation. We hope that our examples might
inspire some new ideas for the construction of rational points.

In §2, we describe how to calculate local and global root numbers of elliptic curves, along with
root numbers of quadratic twists of elliptic curves and twists of elliptic curves by self-dual Artin
representations. We also give a first introduction as to how to use these to predict the existence of
points of infinite order on elliptic curves. In §3, we illustrate how the parity conjecture predicts
many unexplained arithmetic phenomena about rational points on elliptic curves. For a quick
overview of these, see the table of contents. In §4, we propose an analogue of the minimalist
conjecture for Artin twists of elliptic curves over Q, and discuss its consequences. The conjecture
gives the expected Galois module structure of E(F) ®, C, for a fixed Galois extension F/Q and a
generic elliptic curve E/Q.

The parity conjecture is known assuming the finiteness of the Tate-Shafarevich group [24, 48],
and it is also known that these approaches to controlling the parity of the rank do not extend
to controlling the Mordell-Weil rank modulo n for n > 2 [25]. We will not be concerned with
approaches to the proof of the parity conjecture; for a self-contained exposition on the proof of
the parity conjecture assuming the finiteness of the Tate-Shafarevich group (and of the proof of
p-parity conjecture for elliptic curves over Q), see [26]. We will confine ourselves to the setting of
elliptic curves, although the parity conjecture is formulated for abelian varieties. For some recent
results on these conjectures, see [7, 8, 19, 22-24, 28, 32, 41, 49-53]; for results on root numbers of
abelian varieties, see [2, 58].

1.4 | Notation

We will use the following notation.

E an elliptic curve

K a number field

Ay the discriminant of K

v a place of K

K, the completion of K at a place v

(-,*) the usual inner product of (characters of)) representations
Ap the discriminant of a given Weierstrass equation for E
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6 COWLAND KELLOCK and DOKCHITSER
C4-Cg the usual invariants of an elliptic curve (see [63, p. 46])
Ng the conductor of E
E, the quadratic twist of E by d € K*/K*?

w(E/K) the local root number of E over a local field K (see §2.2)
w(E/K) the global root number of E /K (see §2.1)
w(E/K,p) the global root number of E /K twisted by an Artin representation p (see §2.4)

Most curves will be labelled with their Cremona label, if they have one.

2 | ROOT NUMBERS
2.1 | The global root number

Definition 2.1. Let E be an elliptic curve over a number field K. The global root number
w(E/K) € {£1} is defined as the product of local root numbers w(E/K,) € {£1},

w(E/K) = [JwE/K,),

where the product runs over all places v of K, including infinite ones.

Local root numbers of elliptic curves are defined using epsilon factors of Weil-Deligne repre-
sentations (see [14, 69] for the original definitions and [26] Section 3.3 for a more down-to-earth
introduction). For a finite place v, the local root number is computed by looking at the action of
the absolute Galois group of K, on the #-adic Tate module. For the purpose of this exposition, we
will not concern ourselves with formal definitions, but will focus on how to calculate local root
numbers in practice.

Remark 2.2. For an elliptic curve defined over Q, the local root number at a prime p agrees with the
eigenvalue of the associated Atkin-Lehner involution for the associated modular form. This fol-
lows from the corresponding statement for modular forms (see [59, Theorem 3.2.2], for example)
together with the local Langlands conjecture for GL, and the modularity of elliptic curves over Q.

2.2 | How to calculate local root numbers

Local root numbers of elliptic curves E/K have been classified for all places v of K, so, for most
purposes, one can avoid the technical definitions.

Theorem 2.3. Let E be an elliptic curve over a local field K of characteristic zero. When K is non-
Archimedean, let k be its residue field and let v : K* - Z denote the normalised valuation with
respect to K. Let (%) denote the quadratic residue symbol on k™ and (a, b) ;- denote the Hilbert symbol
in K.

(i) If K is Archimedean, then w(E/K) = —1.
(i) IfE/K has good reduction, then w(E/K) = +1.
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(iii) IfE/K has split multiplicative reduction, then w(E/K) = —

(iv) IfE/K has non-split multiplicative reduction, then w(E/K) =

(v) If E/K has additive, potentially multiplicative reduction and char(k) >3, then
w(E/K) = ().

(vi) If E/K has additive, potentially multiplicative reduction and char(k) = 2, then w(E/K) =
(=1, —cg)g- In particular, if K = Q,, then

-1 ifcg =1 (mod 4);

w(E/Q,) = { +1 ifc, =3 (mod 4),

where ¢] = ¢, /2(¢).
AT

(vii) IfE/K has additive, potentially good reduction and char(k) > 5, then w(E/K) =
where A is the minimal discriminant of E.
(viii) If E/K has additive, potentially good reduction and char(k) > 3, let y* = x> + ax?> + bx + ¢
be a Weierstrass equation for E and let Ay, be the discriminant of this model.
* Ifthe Kodaira type' is I?,, then

w(E/K) = (‘71)

* Ifthe Kodaira type is 111 or I1T*, then

w(E/K) = (‘72)

* If the Kodaira type is 11, IV, II* or IV*, then there exists a Weierstrass equation for which
3 } v(c). For such an equation, we have

A v(Ap)(AE)-1)
u(c)>”( N A

w(E/K) =68 (Ag, O - ( K m ;

where § € {+1}and § = 1 ifand only if \/Ap € K.

The semistable case follows from the definitions in [14, 69], Rohrlich proved (ii)-(vii) in [55,
§19] and [57, Theorem 2] (the case of K = Q, in (vi) can be found in [9, §3]), and (viii) is a result
of Kobayashi [44, Theorem 1.1]. The statements of (i)-(v) and (vii), as they are written, are found
in [24, Theorem 3.1]. For elliptic curves over local fields of positive characteristic, there is a similar
classification of root numbers in [10, Theorem 3.1].

Theorem 2.3 does not tell us how to calculate local root numbers when E has additive potentially
good reduction over a local field of residue characteristic 2. For E/Q,, one can use a classification
of Halberstadt [36], which was extended to non-minimal Weierstrass models and potentially mul-
tiplicative reduction by Rizzo (see [54, Table III]). The tables that classify the local root number
w(E/Q,) can be found in the Appendix. Generalising Rizzo’s and Halberstadt’s tables to exten-
sions of Q, seems unfeasible as there would be many cases to check for large extensions. However,
in the case of potentially good reduction over an extension of Q,, the local root number can be

* Recall that the Kodaira type of E/K can be calculated using Tate’s algorithm (see [63, Ch. IV §9]).
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8 | COWLAND KELLOCK and DOKCHITSER

described in terms of Gal(X(E[3])/K) C GL(2, F3), see [20]. There is also a formula ([22, Theo-
rem 1.12]) for local root numbers in terms of the Tamagawa number of E and the curves that are
2-isogenous to E over subfields of £(E[2]); the Tamagawa numbers can be read off from Tate’s
algorithm [68] (or see [63, p. 365]).

Corollary 2.4. Let E be an elliptic curve over a local field K of characteristic zero and residue char-
acteristic p > 5. Let k denote the residue field of K and let (%) denote the quadratic residue symbol
onk. Then

1 if E/K has Kodaira type 1,;
(‘71) if E/K has type IL, TI*, T or I%;

w(E/K) = 4 (‘72) if E/K has type I or TIT*;
<_73> if E/K has type IV or IV*;
—(%) if E/K has type1,,,

where E is given by a Weierstrass equation y> = x> + ax + b, with a,b € Oy.

0 b n’
IIT*, these expressions follow immediately from the theorem. If E/K has type I,,, the root number
depends on whether the reduction type is split or non-split. We may assume that the Weierstrass

equation for E is minimal, since a change of model changes the value of b by a sixth power. Write

Proof. For K = @, this was proved in [56, Proposition 2]. If E/K has Kodaira type I, If, I}, IIT or

E:y’=(x-aP’(x-B) (modmy)
for the reduction of E modulo the maximal ideal of K. E/K has split multiplicative reduction if
and only if &« — 8 € k*2. Since —a?f = b and 2a + § = 0in k, we have

4c’(@ —B) = 4> +b) = 4<_%b + b) - 4(2 + b> — 6b,

so that (££) = (%) and w(E/K) = —(2).
For the remaining cases of potentially good reduction, we show how the corollary follows from
Theorem 2.3(vii). If E/K has type II, then v(A) = 2 so

k

_ [%J: +1 iflk|]=1or5 (mod 12) _ (-1
W(E/K) = (=1) -1 if|k|=7o0r11 (mod 12) ( )

A similar argument shows that if E /K has type IT*, w(E/K) = (_71). If E/K has type IV,

_(pldl [ FL k=1 (mode) -
w(E/K)=(-1) -1 iflk|=5 (mod 6) ( >’

and similarly, if E has type IV*, w(E/K) = (_73), which completes the proof. O
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Corollary 2.5. Let E be a semistable elliptic curve defined over a number field K. Then
w(E/K) = (=1)"*™,

where m is the number of primes of K where E has split multiplicative reduction and u is the number
of infinite places of K.

Example 2.6. Let us take the curve
E:y*+y=x>—x% (1143)
This curve has split multiplicative reduction at 11 and good reduction everywhere else, so
w(E/Q) = w(E/Qyy) - w(E/R) = (-1)(-1) = +1.

Assuming the parity conjecture, this tells us that the rank of E/Q is even. In fact, E has rank 0
over Q.

Example 2.7. Let us take the curve 11A3 as in the above example. We know that w(E/Q) = 1. Let

us look at what happens to the global root number of E over K = Q(4/—2). Since —2 is a quadratic
residue modulo 11, 11 splits in K into, say, v and 0. Then w(E/K,) = w(E/K;) = —1 since the
reduction over K, and K is split multiplicative. Hence,

w(E/K) = w(E/K,) - w(E/K;) - w(E/C) = (=1)* - (-1) = ~1.
Assuming the parity conjecture, this tells us that E must acquire a point of infinite order over K.

Asking what happens to local root numbers when we look at the curve over an extension of
the base field will inform many of our examples of curious parity phenomena in §3. The above
example illustrates the following key feature of root numbers of elliptic curves.

Lemma 2.8. Let E/K be an elliptic curve and let F be a Galois extension of K. Let v be a prime of K
and let v, and v, be primes above v in F. Then

w(E/FUl) = w(E/FUZ).

Proof. Since F/K is Galois, F,, isisomorphic to F, . The isomorphism from F, to F,, preserves
the equation for E and the root number w(E /Fu,-) only depends on the isomorphism class of

E/F,,. O

L

2.3 | Root numbers of quadratic twists of elliptic curves

If E:y?>= f(x) is an elliptic curve defined over a number field K and d € KX, we call
E, : dy? = f(x) the quadratic twist of E by d. Recall the following well-known relationship
between the rank of E and the rank of E;.
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10 | COWLAND KELLOCK and DOKCHITSER

Lemma 2.9. Let E be an elliptic curve defined over a number field K and let d € K* \ K*2. Then

rk(E/K(Vd)) = tk(E/K) + rk(E, /K).

Lemma 2.10. Let E/K and E; /K be as above. Then

w(B/K(Vd)) = wE/K) - w(Ey/K).

Remark 2.11. We caution the reader that the statement of Lemma 2.10 is not true on the level of
local root numbers, see [7] Proposition 3.11 for the analogous statement in the local setting. The
lemma follows from the local statement, along with the product formula for Hilbert symbols.

Lemma 2.10 tells us that the statement of the parity conjecture is consistent with what we know
about the ranks of E and E,;. One can exploit this relationship between global root numbers and
use the parity conjecture to predict the existence of points of infinite order on quadratic twists of
elliptic curves.

Example 2.12. Let us take E to be the curve 11A3 over Q and let K = @(\/—_2). We saw in
Examples 2.6 and 2.7 that w(E/Q) = +1 and w(E/K) = —1. So, by Lemma 2.10, w(E_,/Q) = —1
and the parity conjecture implies that there is a rational point of infinite order on E_, : y? =
x3 —x? — x — 1 over Q. In fact, E_, has rank 1 over Q.

Theorem 2.13. Let E be an elliptic curve over Q.

(i) The function d —» w(E;/Q) is periodic on the set of positive (resp. negative) square-free inte-
gers. The period divides ] pINg p? if Ny is odd and 4] PING p? if Ny is even; in particular, it
divides 4N7.

(ii) Root numbers of quadratic twists of E satisfy

+1 for 50% of square-free d,;

w(Ey/Q) =
(Ea/Q) {—1f0r50% of square-free d.

Proof. These results are well known, but we prove them here for lack of a reference.

() Let D =[]y, p*if Npisoddand D = 4],y p*if Ny is even. Suppose d; = d, (mod D)
and d, and d, have the same sign, and let p | Nj. First suppose p > 2. Since d; = d, (mod p?)
and d; and d, are square-free, it follows that d, /d, =1 (mod p), so d,/d, is a square in Q, by

Hensel’s lemma. So, Qp(\/d_l) = @p(\/d_z) and for a prime v | p in @(\/a) and U in Q(\/E),
w(E/Q(1/d)),) = w(E/Q(y/d,);). Since p has the same splitting behaviour in @(y/d;) and

Q(v/dy),
[TwE/aw/d),) =[] wE/an/d)y).

vlp olp

Now, if Ny is even and p =2, d; =d, (mod 16) and since d; and d, are square-free, it
follows that d;/d, =1 (mod 8) and d,/d, is a square in Q,. Thus, [],, w(E/Q(/d}),) =
HﬁIZ w(E/Q(y/d,);) by the same argument as above. Finally, note that @(4/d;) and Q(4/d,) have
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ROOT NUMBERS AND PARITY PHENOMENA 11

the same number of infinite places. Hence,

w(B/Q(v/d)) = (1) [] wE/a(/d)),) = D) ] wE/a(/dy)s) = wE/Q(W/dy).

vINg 0|Ng

Thus, w(Ey, /Q) = w(E,,/Q) by Lemma 2.10.
(ii) First, we claim that we can find a d, < 0 such that (d,, 2Ny) = 1 and, for every d, we have

w(Eqq,/Q) = —w(Ey/Q).

Indeed, choose d, < 0 such that all the primes of bad reduction of E split in Q(4/d;) and
(dy,2Ng) = 1. By Lemma 2.8, this ensures that w(E/Q(4/d,)) = —1.If d = d,), by Lemma 2.10,

w(Egz/Q) = w(E/Q) = w(E/Q(Vdy)w(Ey,/Q) = ~w(E,, /Q).

Ifd # d,, by Lemmas 2.10 and 2.8,
W(E/Q) - w(Ey, /Q) - w(E4/Q) - w(Eyy,/Q) = wE/Q(Vd, V/dy)) = +1

since Q(\/E, 1/d,) has two infinite places and all finite places dividing the discriminant of E split
into an even number of places in @(\/E, \/%). Now,

w(E/Q) - w(E,,/Q) = wE/Q(/dy)) = -1.

Hence, w(E;/Q) - w(Edd0 /Q) = —1 and we have proved the claim.

Now, to finish proving the theorem, take d, as above and D as in the proof of (i). By part (i) of the
theorem, the function d —» w(E;/Q) is periodic on the set of positive (resp. negative) square-free
integers with the period dividing D. The involution d < d - d, changes the sign of the root number
that is, for any d such that w(E,;/Q) = +1, we have w(Ey.4,/Q) = —1. Since d, is coprime to D,
the density of square-free integers congruent to d modulo D is the same as the density of those
congruent to dd, modulo D, see, for example, [39]. The result follows. O

Theorem 2.13 gives a heuristic for Goldfeld’s conjecture, which states that there is a 50/50 dis-
tribution of the rank being 0 and 1 in a quadratic twist family over Q, see [31, Conjecture B]. Over
general number fields, root numbers of quadratic twists are also periodic (by essentially the same
proof). However, the distribution of the root numbers can be different. As an extreme case, it is
possible for all quadratic twists to have the same root number; see §3.9 or [21] for the original
discussion. In [42, Example 7.11] and [43], it is shown that the set of proportions that appear for
elliptic curves is dense in [0,1]. In [42] and [43], this is phrased in terms of 2-Selmer ranks — this is
equivalent to the corresponding statement for global root numbers because the 2-parity conjecture
is known in this instance by [23, Theorem 1.3].

Remark 2.14. We expect that for elliptic curves over Q in a suitable ordering, there is a 50/50
distribution of the global root number being +1 and —1 (for the ordering used, see Notation 4.2).
Despite the fact that this is a statement about root numbers rather than about ranks, this remains
an open problem.
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12 | COWLAND KELLOCK and DOKCHITSER

2.4 | Root numbers of Artin twists of elliptic curves

Let E/K be an elliptic curve and let F be a Galois extension of K. Then E(F) ®, C is naturally a
Gal(F /K)-representation by letting elements of the Galois group act on the co-ordinates of the F-
rational points of E. There is a parity conjecture for Artin twists of elliptic curves which describes
the parity of the multiplicity of an irreducible, self-dual Gal(F /K)-representation p in E(F) ®, C.
Since rk(E/F) = dimE(F) ®, C, this can tell us about the existence of rational points over F.
The parity conjecture for twists is especially striking when the usual parity conjecture does not
provide us with any information about the existence of rational points (see Example 2.19). We
state the parity conjecture for Artin twists here and present a theorem that allows us to explicitly
calculate global root number of twists of elliptic curves over Q by self-dual Artin representations
when the conductor of p is coprime to the conductor of E.

Parity Conjecture for Twists. Let E /K be an elliptic curve over a number field and let p be a self-
dual Artin representation of Gal(K /K) that factors through Gal(F /K), for a finite extension F /K.
Then

(~DFEO9:0) — w(B/K, )
where w(E /K, p) is the global root number of the twist of E by p.

Theorem 2.15 [27, Corollary 2. Let p be a self-dual Artin representation of Gal(Q/Q). Let E be an
elliptic curve over Q whose conductor N is coprime to the conductor of p. Then

di s ap
W(E/Q, p) = w(E/Q)™P - sign(a,) - <N_>
E

where (z) is the Jacobi symbol and a, = 1 if det(p) = 1 and, otherwise, a, is such that the character

19
det(p) factors through Q(,/a,). We adopt the convention that (“—2") =-1lifa,=5 (mod 8) and

(%P) = +lifa, =1 (mod 8).

Note that if 2 | N, then 2 does not ramify in @(\/@) since we assumed the conductor of p to
be coprime to the conductor of E, and hence o, =1 or 5 (mod 8). For a statement that allows
multiplicative reduction at primes dividing the conductor of p, see [27, Theorem 1]. Local root
numbers of Artin twists of elliptic curves have been classified by Rohrlich (with restrictions in
residue characteristic 2 and 3), see [57, Theorem 2].

We present the following important properties of global root numbers of twists, which are also
of use when predicting the existence of rational points of infinite order using the parity conjecture
for twists (see Example 2.19). For reference, (i) and (ii) follow from the definition of local root
numbers (see [14] for more details) and (iii) and (iv) can be found in [23, Proposition A.2].

Theorem 2.16. Let E be an elliptic curve over a number field K. Let p and p’ be Artin represen-
tations of Gy = Gal(K/K). Let L/K be a finite extension and let T be an Artin representation of
G; = Gal(L/L). Then

) w(E/K,1) = wE/K);
(i) w(E/K,p @ p') = w(E/K,p) - w(E/K, p');
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ROOT NUMBERS AND PARITY PHENOMENA 13

(iii) w(E/K, Indgfr) = w(E/L,7) and, in particular, w(E/L) = w(E/K, Indgfﬂ);
(iv) w(E/K,p @ p*) = +1, where p* is the dual representation.

We can relate the rank over subfields of F to the representation E(F) ® , C using the following
lemma.

Lemma 2.17. Let E be an elliptic curve over K and let F be a Galois extension with G = Gal(F /K).
Then for every H < G,

rk(E/F") = (C[G/H],E(F) ®; C)g.

Proof. For a subgroup H < G, we have rk(E/F) = dim(E(F) ® , C) and

. @
dim(E(F) ®, C) = (1,Res§E(F) ® , C)y; = (Indj1,E(F) ®; C)¢ = (C[G/H],E(F) ®; C)g,
where (1) follows from Frobenius reciprocity. O

The following lemma tells us that in many cases (for instance symmetric groups), the parity
conjecture for twists follows from the usual parity conjecture.

Lemma 2.18. Let E/K be an elliptic curve and let F /K be a Galois extension of number fields. Let
p be a representation of G = Gal(F /K) that can be written as a linear combination of permutation
modules, that is,

G G
JoXS?) @IndHiﬂ ~ @IndH;ﬂ
i J

for some H;, H'. < G. If the parity conjecture holds for E over L; = FHi foralliand L’ = FH} forall
P ! J
J, then the twisted parity conjecture holds for E and p.

Proof. By Theorem 2.16 and assuming the usual parity conjecture for L; and L,

I1; wE/K, Indg}ﬂ) [1; wE/L))

— — (_I)Zj rk(E/Lj)=X,; tk(E/L;)
[T, wE/K, Indfliﬂ) IT; wE/L)

w(E/K,p) =

By Lemma 2.17,

D k(E/L) = Y tk(E/L) = Y (E(F) ®; C,Ind], 1) — Y (E(F) ® C,Indf] 1)
J i J ’ i

Thus, the parity conjecture for twists holds for E and p. O
When the condition of Lemma 2.18 is not satisfied, the parity conjecture for twists gives us

more information about the arithmetic of elliptic curves than the usual parity conjecture, as we
now illustrate.
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14 | COWLAND KELLOCK and DOKCHITSER

Example 2.19. Let us take the elliptic curve of rank 1 over Q
E:y*+y=x’—x. (3741)
Let F be the splitting field of the polynomial
x10—x% +6x® —3x7 +11x% = 3x° + 11x* = 3x3 + 6x%2 — x + 1,

which has discriminant —47°. Then G = Gal(F/Q) = D,, the dihedral group with 10 elements.
We can predict the existence of points of infinite order on E/F using the parity conjecture for
twists as follows.

The subgroups of D;,, up to conjugacy, are the trivial group, C,, C5 and D,,. The irre-
ducible representations of D;, are the trivial representation 1, sign representation ¢ and two
2-dimensional representations p, and p,. Now let V = E(F) ®, C. This is a G-representation, so
we can decompose it as

V=19 g c® @ p® @ 0P,
Since the character of this representation is rational, p; and p, must appear with the same
multiplicity as their characters are G-conjugate. So, we have V = 199 @ ) p?c ® p?c. By
Lemma 2.17, for any subgroup H < Gal(F/Q),
tk(E/FH) = dimVH = (C[G/H], V).
Observe that
ClDyo/Dyl =1,  C[Dp/Csl=1@¢€,  C[Dy/Col=T1@ p; & py,

CDyl=1®e®p® @ pP.

Hence,
a when H = D,;
a+b when H = C:;
rk(E /FH) = >
a+2c when H = Cy;

a+b+4c whenH = {1}.

E has non-split multiplicative reduction at 37 and good reduction everywhere else. Since 37 splits
in F¢ = Q(1/—47), by Corollary 2.5, we find that

w(E/Q)=-1 and w(E/Q(V—-47))=-1.

So, the parity conjecture and our calculations above imply that the rank of E is odd over all four
intermediate fields. In particular, we could, in principle, have rk(E/F) = rk(E/Q).

We now use the parity conjecture for twists to show that ¢ is odd, and hence rk(E/F) >
rk(E/Q) + 4 > 5. Using the notation of Theorem 2.15, we have Ny = 37 and a, = —47 since
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det(p;) = €. Hence, by Theorem 2.15,

—47
w(E/Q.py) = (-17- (-1 (5 ) = -1

Thus, since {p;, E(F) ®, C) = c, the parity conjecture for twists tells us that ¢ must be odd and

hence rk(E/F) > 5. In fact, assuming the parity conjecture for twists, the rank of E/F is larger

than the rank of E over any of the subfields.

3 | PARITY PHENOMENA

We now turn to examples of phenomena that are predicted by the parity conjecture as a result
of root number calculations. Subsections 3.6 and 3.14-3.17 deal with consequences of the parity
conjecture for Artin twists. We stress that all ‘parity phenomena’ that we describe, including the
statements in all of the subsection titles, are conditional on the parity conjecture and are effectively
unsolved problems. Most of these have been observed before; only §3.8, §3.14 and §3.15 are new.
The titles are designed to give specific examples of what will be discussed; the general statements
will be contained within the subsections. The subsections are largely independent of one another
and can be read in almost any order.

3.1 | Every E/Q has even rank over Q(V -3, V13)

Example 3.1 (See also [26], Conjecture 8.7). The parity conjecture predicts that every elliptic curve
E/Q has even rank over K = @(\/—_3, \/E). To see this, we note that every rational prime splits
into an even number of primes in K. Indeed, the decomposition group of rational primes away
from the discriminant of X is cyclic and so cannot be isomorphic to C, x C,. Hence, these primes
split into two or four primes in K. The primes that divide the discriminant of K are 3 and 13, and
we note that 3 splits in @(\/B) and 13 splits in @(\/—_3). So, 3 and 13 each split into two primes in
K. Thus,

w(E/K) = [[wE/k)- [] wE/K) = wE/ey - ] [[wE/k) = 07 [ v
vfoo vINg PINE vlp PINE
= +1,
where v runs over primes of K and p runs over primes of Q. Here, we have used the fact that if v

and v’ lie above the same prime p, then w(E/K,) = w(E/K,/) by Lemma 2.8. Assuming the parity
conjecture, we deduce that E has even rank over K.

The same reasoning gives us the following lemma.
Lemma 3.2. Let E/K be an elliptic curve and let F be a finite Galois extension of K in which every

place of K splits into an even number of places. Then, assuming the parity conjecture, E has even
rank over F.
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Example 3.3. Let
E:y’+xy=x>=x*+4x-3. (73A1)

Since E has split multiplicative reduction at 73, Corollary 2.5 tells us that w(E/Q) = +1. This
curve has a fairly obvious point over K = Q( \/—_3 \/1_3), namely (0, \/—_3), which turns out to have
infinite order. Example 3.1 tells us that rk(E /K) is even, so there should be another (independent)
point of infinite order over K. In effect, the existence of a point of infinite order over Q@( \/—_3) forces
the existence of another point of infinite order over Q(\/—_3), @(\/E) or @(\/—_39). In this case,
local root number calculations show that w(E /Q( \/E)) = —1, so, assuming the parity conjecture,
there should also be a K-rational point of infinite order coming from points on E over Q(\/E).

Indeed, the point (3, —@) lies on E and generates the infinite part of the Mordell-Weil group

of E/Q(+y/13). It is not at all clear how the points over Q(1/13) relate to those over Q(1/—3), and
why the existence in one of the fields guarantees the existence in the other.

3.2 | Every E/Q has even rank over any C, X C, X C, X C, extension of Q
Lemma 3.2 also gives us the following example.

Example 3.4. Let K be any Galois extension of Q with Galois group C¢, where d > 4 and let E be
an elliptic curve defined over Q. We claim that E should have even rank over K. As in Example 3.1,
all unramified primes split into an even number of primes in K. We claim that every ramified
prime splits into an even number of primes in K, too. If p > 2, note that the largest extension
of @, we can get when we localise at a prime v above p in K has Galois group C, X C, since
Q; / Q;Z =~ C, X C, for p > 2. Hence, the decomposition group of v | p has size at most 4, and
so, there must be at least four primes above p in K. Similarly, for p = 2, the largest extension of
Q, we can get when we localise at a prime v above 2 has Galois group C, X C, X C,, and so, the
decomposition group of v | 2 has size at most 8 and there are at least two primes above 2 in K. Since
K has an even number of infinite places, Lemma 3.2 tells us that, assuming the parity conjecture,
E has even rank over K.

Remark 3.5. The parity conjecture implies that if E/Q has a point of infinite order over a C, X
C, X C, x C,-extension of Q, it must automatically acquire a second one. This suggests that over
any C, X C, X C, X C,-extension of Q, there might be some as yet unknown extra symmetry, for
instance, in the Mordell-Weil group, which would explain why the rank is even. As Example 3.3
illustrates, it is not clear what such a symmetry might be.

33 | y*+xy=x*+Ax + Bwhere A = B (mod 2) has infinitely many
solutions over Q(&;)

Example 3.6. The parity conjecture predicts that every elliptic curve E /Q with split multiplicative
reduction at 2 has infinitely many rational points over K = Q({5). Here, the only ramified prime
is 2, which is totally ramified. So, if E has split multiplicative reduction at 2, for the unique prime
v above 2 in K, we have w(E/K,) = —1 by Theorem 2.3. Note that Gal(K/Q) = C, X C,, so in the
same vein as Example 3.1, all primes away from 2 split into an even number of primes in K, which
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means that their product contributes a +1 to the root number. There are two infinite places, and
so, these also contribute a +1 to the root number. Hence, w(E/K) = —1 and the parity conjecture
predicts that E has odd rank over K. In particular, it says that E has infinitely many Q({)-rational
points. We emphasise that it is not at all clear how to construct these points!

The above working tells us that every elliptic curve over Q of the form E : y? + xy =
x* + Ax + B,where A = B (mod 2), has infinitely many points over Q(¢y) since every such curve
has split multiplicative reduction at 2. The example easily generalises to the following statement.

Lemma 3.7. Suppose that K /Q is a biquadratic extension and that exactly one prime p does not
split in K/Q. If the parity conjecture holds, then every elliptic curve E /Q with split multiplicative
reduction at p has a point of infinite order over K.

Example 3.8. The curves

(i) E : y*>+ xy = x> — 3x + 1 (34A1),
(i) E' : y* 4+ xy = x> — 34x + 68 (102B1) and
(iii) E” : y?> 4+ xy = x> — 2x — 2 (922A1).

each have split multiplicative reduction at 2, so by Example 3.6, the parity conjecture implies that
these curves all have infinitely many points over Q({y). In fact, all of these curves have global root
number +1 over Q, so the rank must grow in @({g). One can perform descent calculations to show
that the rank of each of these curves over Q({g) is 1. However, the point comes from a different
quadratic subfield for each curve: E has a point of infinite order over Q(\/E), E’ has a point of
infinite order over Q(\/—_l) and E" has a point of infinite order over Q( \/—_2).

Remark 3.9 (See also [25], Remark 4). Consider the elliptic curve E : y? = x3 + x? — x, which has
Kodaira type IV over Q,. By computing root numbers of the quadratic twists of E by —1, 2 and —2
and using Lemma 2.10, we find that w(E/Q({g)) = —1. The parity conjecture predicts that E has
odd rank over Q({g) in a similar way to Example 3.6. The fact that E /Q({g) has odd analytic rank
has the following consequence for L-functions.

Since all primes away from 2 split in Q({s) and E has additive reduction at the prime above 2 in
Q(¢y), the Euler product of the L-function of E/Q({y) is formally a square, in the sense that each
Euler factor appears an even number of times:

1 1 1

L(E/Q(¢g),s) =1-
(E/QCs).5) (142-975 +91-25)2 (1 4+ 2575)2 (1 + 10 - 49—5 4 491-25)2

If we define F(s) by the square root of this Euler product so that F(s)? = L(E/Q(¢g),s) for
Re(s) > %, then F(s) shares many properties that one would expect from an L-function. How-
ever, it does not have analytic continuation to s = 1 since the order of vanishing of L(E /Q({5), s)
ats = 1isodd.

3.4 | y*+y=x3+x?+ x has infinitely many Q(y/m)-rational solutions
for every m

Example 3.10 (As considered in [27]). The elliptic curve

E:y +y=x+x*+x (19A3)
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has rank 0 over Q. We claim that, assuming the parity conjecture, it has infinitely many @(W)-
rational solutions for every cube-free m > 1. First, note that Ap = 19, and E has split multiplicative
reduction at 19. Hence, w(E/K,) = —1 at primes v above 19. So, to calculate the global root
number, all we need to know is how many primes there are above 19 in Q( {/ﬁ). If 19 } m, the
Kummer-Dedekind theorem tells us that there is either one or three primes above 19, correspond-
ing to whether X3 — m is irreducible or splits completely over Fq. If 19 | m, it is totally ramified.
The product of local root numbers at the infinite places is +1 since Q( {/E) has one real embedding
and one complex embedding. This tells us that

wE/Q(Ym) = (1) = 1.
So, assuming the parity conjecture, E must have infinitely many Q( {/E)-rational points.

We can numerically compute the points of infinite order on E over Q(W) for small m (for
m=1,...,7, E has rank 1 over Q(%)).

m Generator of E(Q(4/m))/E(Q(3/m))ors
2 2
2 V2 =2, —2v2 +v2+5)
3 (2 316333 -2 %/52—24%—213)
25 > 125
4 (—\‘/Zz+4\‘/2 {/Z2—4{/Z+1o)
2 ’ 2
5 (82 5 _14435-160  —5743/5 +1008 %—6815)
529 > 12167
6 ( 7340 /6 —88853/6-9450 748 6804/ —906 270 4/6-992 477 )
90774 ’ 11165202
7 (50{/72—40\3/7 —150 72+120{ﬁ+811)

63 189

Without the parity conjecture, proving the existence of these points for all m seems completely
out of reach. In [18], it is shown that for an elliptic curve E over a number field K, the rank of E
goes up in infinitely many extensions of K obtained by adjoining a cube root of an element of K.
However, these points account for very few m in Example 3.10.

Remark 3.11. We caution the reader that in the above example there are no parametric solutions
of the form

f:m—P,€ E(@(%)).

Indeed, if f were analytic, it would give an analytic map P! — E(C) which contradicts the
Riemann-Hurwitz formula. If f were only assumed to be continuous, it would give a map
R — E(R). For m € Q*3, this could only take values (0,0), (0,1) or @, which would force f to
be constant.

3.5 | E:y*+y=x*+x?+xhasrank at least n over Q( \/m)

Example 3.12. Example 3.10 tells us that the rank of E : y? +y = x> + x? + x (19A3) must grow
over Q( {/ﬁ). Assuming the parity conjecture, it grows at every step of the tower (Q( SW))@P To
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see this, we claim that 19 splits into an odd number of places in Q( 3%). Indeed, @,4(¢5n, 3%)
is an odd degree extension of Q;4 and so e, f; is odd for every prime  above 19 in Q(¢3n, */m),
where e; is the ramification degree and f; is the residue degree of 0 over 19. Let v be a prime
above 19 in Q( *\/m). Since e, f,, divides e;f, e, f, is also odd. Then, since [Q( *\/m) : Q] is odd
and [Q(*/m) : Q] = Zle ey, fy,» the sum over all primes above 19 in Q( *%\/m), this tells us that
k is odd and there are an odd number of primes above 19. Hence,

w(E/Q( SW)) — (_l)odd number (_1)n+1 — (_1)71’

since Q( 3%) has an even number of infinite places when n is odd and an odd number when n is
even. Since the sign of the global root number changes at each step, the parity conjecture implies
that the rank of E must grow at every step of the tower (Q( 3W))n>0- In particular, the rank of E

over Q( *y/m) is at least n.

In [27], Example 3.12 is generalised to the setting of root numbers of elliptic curves defined over
Qin the towers of extensions (Q( */ m)),;5o and (Q(S yn, £y/ m)),.~0, Where p is an odd prime. Here,
we present the results in the setting of semistable elliptic curves.

Theorem 3.13 ([27], Theorem 6). Let E be a semistable elliptic curve over Q. Let p be an odd prime
atwhich E has good reduction. Let m > 1 be an p-th power free integer.” Then the global root number
for E over K = Q( "W) is

w(E/K) = w(E/Q) - (1" T+,

where t is the number of primes of multiplicative reduction of E that do not divide m and that are
non-squares modulo p.

Corollary 3.14. Let E be a semistable elliptic curve over Q and let p = 3 (mod 4) be a prime at which
E has good reduction. Suppose that every prime of multiplicative reduction is a square modulo p. If
the parity conjecture holds then the rank of E over Q( pW) is at least n for every p-th power-free
integer m.

Proof. Since w(E/Q( PW)) =w(E/Q) - (—1)", assuming the parity conjecture the rank of E
increases at every step of the tower of number fields (Q( pW))nzo- O

Example 3.15. Assuming the parity conjecture, the curve
E:y*+y=x>-—x* (11A3)
has rank at least n over Q( 7%) for any positive 7-th power-free integer m. Indeed, we have A =

—11 and E has split multiplicative reduction at 11. Since 11 is a square modulo 7, the rank is at least
n over Q( 'y/m). In particular, the parity conjecture implies that E has rank at least 1 over Q( {/5).

Magma fails to find the point of infinite order on E/ @(\7/5).

TWe call m ‘p-th power free’ if xP 4 m for any x, i.e. it is the generalisation of square-free and cube-free.
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3.6 | E: )y +y=x>+x?+xhasrank at least 3" over Q(&., \/m)

Example 3.16. Let us study what happens to the rank of the curve E : y? +y = x> + x> + x
(19A3) from Examples 3.10 and 3.12 over K,, = Q({3n, 3W). We claim that, assuming the par-
ity conjecture for twists (see §2.4), E has rank at least 3" over Q(¢5, 3W), for every cube-free
integer m > 1. Let G = Gal(K,,/Q) and V = E(K,,) ®, C. Then, by Lemma 2.17, for any subgroup
H < Gal(K,,/Q), we have

rk(E/KM) = (Ind%1, V).

We can use this, along with our knowledge from Example 3.12 about what happens to E over
Q( 3%), to say something about the rank of E over K,,. Firstly, note that
G

= Ind n 1=1 .ee ,
Tn = Gk, o ym) S ®pn

where p,, is an irreducible representation of dimension p*~!(p — 1), see [27] §5.2 for more details.
By Theorem 2.16, we have

w(E/Q(Vm)) = w(E/Q) - w(E/Q, p,) - w(E/Q, p,),

whence, w(E/Q, p,) = —1 as we saw in Example 3.12 that w(E/Q) = +1 and w(E/Q( 3{/ﬁ)) =
(—1)". Assuming the parity conjecture for twists, this tells us that p; appears in V with odd mul-
tiplicity for all k € {1, ..., n}. Now, C[G] has dim p, copies of p;, whereby rk(E/K,)) = (C[G], V),
isatleast ), dimp, = 3" — 1. Note that w(E/Q({3)) = —1 since 19 splits in Q(¢3), so the parity
conjecture implies rk(E/Q(¢3)) > 1 and, in particular,

rk(E/Q(¢3)) = (C[Gal(Q(¢3)/@)], V) = 1.

Since C[Gal(Q(&;)/Q)] appears in C[G] and is orthogonal to the p,, along with our previous
working this tells us that

rk(E/K,) = (C[G], V) > 3".

Remark 3.17. By Lemma 2.18, the result in the above example could have been deduced from the
parity conjecture for E over intermediate fields rather than the parity conjecture for twists.

In [27], the methods demonstrated in the example above are generalised in order to prove the
following result (which for simplicity we state just for semistable elliptic curves).

Theorem 3.18 ([27], Corollary 13). Let p = 3 (mod 4) be a prime number and let E be a semistable
elliptic curve with good reduction at p and such that every prime of multiplicative reduction is a
square modulo p. If the parity conjecture holds then, for every p-th powerfree integer m > 1, the rank
of E over Q(¢ yn, ry/m) is at least p".

Example 3.19. Assuming the parity conjecture, the curve E : y? +y = x> — x? (11A3) from
Example 3.15 has rank at least 7" over Q({5n, 7W), for any 7-th power free integer m > 1.
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Remark 3.20. For a possible approach to explaining these points of infinite order using Heegner
points, see [12].

3.7 | Every positive d € Q*/Q** can be represented by x> — 91x — 182

Theorem 2.13 tells us that half of the quadratic twists of an elliptic curve over Q by d have global
root number +1 and half have global root number —1. This distribution can be such that the root
number is determined only by the sign of d, and a description of elliptic curves E/Q for which
this occurs can be found in [16, Theorem 1.1]. If we believe the parity conjecture, we can use this
to deduce that every positive rational number d can be written in the form d = s(t3 — 91t — 182)
for s and ¢ in Q. For example, letting f(x) = x> — 91x — 182:

1 272 19 92 17 6752 11209
e oo 22T a(F) () s (1Y)
82 F=3) 162 f 9 642 ! 3 11858482 ! 45

It is not clear how one might prove this property of f(x) without the parity conjecture.
Example 3.21 (As in [16], Example 4). We claim that all positive quadratic twists of the curve
E:y*>=x—91x+182 (8281H1)

have root number +1 and all negative quadratic twists have root number —1. The minimal discrim-
inant of E is A = 7 - 13? and E has type II reduction at both primes. By Theorem 2.3, w(E/Q,) =
(—1)L%J =—1 and similarly w(E/Q,;) =+1. Hence, w(E/Q)=+1. Let de& Q*\Q*?,
K= @(\/E) and let v denote a prime above 7 in K. If 7 is ramified in K, then

4.7
=l

wE/K,) = (D! = 41.

By a similar calculation, if 7 is inert in K, then w(E /K,) = +1. If 7 splits, by Lemma 2.8, there are

two distinct places with the same root number. In all cases, HU|7 w(E/K,) = +1. We can do the
same calculation for 0 above 13 to find [[,3 w(E/K;) = +1. Thus,

+1 ifd>o0;
w(E/K) =
(E/K) {—1 ifd <0,

and our claim follows from Lemma 2.10. In particular, the parity conjecture implies that all
negative quadratic twists of E have infinitely many points.

Definition 3.22. We say that d € Q*/Q*? can be represented by f(x) € Q[x] if there exists an
s € @ and t € Q such that d = s?f(x). If f(x) is a cubic and the quadratic twist of the elliptic
curve E : y? = f(x) by d € @*/Q*? has positive rank, then d is represented by f(x).

Example 3.23. Let

E :y*=x3—91x —182. (132496E1)
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This is the quadratic twist by —1 of the curve in Example 3.21 so

-1 ford > 0;
+1 ford<O.

w(E,/Q) = {

The parity conjecture implies that every positive d € Q* /Q*? is representable by x> — 91x — 182.

Remark 3.24. Assuming Goldfeld’s conjecture that there is a 50/50 distribution of the rank of
quadratic twists of an elliptic curve E/Q being 0 and 1, from Example 3.23, we deduce’ that 0% of
negative integers (up to squares) can be represented by x> — 91x — 182. This is a peculiar property
for a cubic polynomial: its positive values hit all possible classes modulo squares, whereas its
negative values hit a very sparse set.

3.8 | Everyd € 0*/Q** can be represented by 4x* — 32x — 35 or
9x3 + 16x + 16

Examples 3.23 and 3.21 show that, assuming the parity conjecture, for every d € Q at least one of
the equations

d-y*=x3-91x+182 and d-y?=x3-91x-182

has a rational solution. In particular, every d € @%/Q*? can be represented by x> — 91x + 182 or
x> — 91x — 182. It turns out that every cubic f(x) has an auxiliary cubic g(x) with this property.

Theorem 3.25. Let f(x) € Q[x] be a separable cubic polynomial. Assuming the parity conjecture,
there exists a separable cubic polynomial g(x) € Q[x] such that every d € @* /Q*? is represented by

f(x) or g(x).

Proof. Take g(x) = d,f(x), where d, < 01is such that all primes of bad reduction of E : y? = f(x)
split in @(\/d_o). Then Ej, : ¥? = g(x) = d, f(x) is the quadratic twist of E by d,,. By the proof of
Theorem 2.13(ii), for any d € Q% /Q*?, the root number of the quadratic twists of E; and Ebyd
satisfy w(E gy, /@) = —w(E,;/Q). The parity conjecture implies that at least one of E; and E4 has
a point of infinite order, and thus, every d € @%/Q*? is represented by f(x) or g(x). O

We can also find examples of such curves that are not quadratic twists of each other.
Example 3.26. Let
E : y?> = x> +16x> — 3072x — 68 608.
By similar calculations to those in Example 3.21, all the positive quadratic twists of the curve have

root number +1 over Q, and all the negative quadratic twists have root number —1. Thus, every
d € @*/Q*? can be represented by x> — 91x — 182 or by x> + 16x? — 3072x — 68 608.

 None of the quadratic twists of E have torsion points as Galois has maximal image on E[p] for all p > 2 and E(Q)[2] = 0.
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Theorem 2.13 tells us that the global root number in a quadratic twist family is periodic; we can
use this to come up with curves that are not quadratic twists of each other, for which one of their
quadratic twists always has root number —1 and where the root number does not only depend on
the sign of d.

Example 3.27. Let E and E’ be given by
E:y*=4x’-32x—-35 and E’':y*>=9x>+16x+16.

We claim that for every d € @*/Q*?, either w(E,;/Q) = —1 or w(E,/Q) = —1.

Both E and the quadratic twist E" , have minimal discriminant —307 and split mul-
tiplicative reduction at 307. Thus, w(E/Q) = w(E" ,/@) = +1. Since 307 =1 (mod 3), Qjy;
contains 4/—3 and so 307 has the same splitting behaviour in Q(\/E) as it does in Q(v/—3d).
Thus, w(E/Q(\/E)) = —w(E’_S/Q(\/—3d)) by Corollary 2.5 and, by Lemma 2.10, w(E;/Q) =
—w(E’;/Q). This proves the claim. The parity conjecture implies that every d € @*/@** can be
represented as f(x) = 4x3 — 32x — 35 or g(x) = 9x3 + 16x + 16.

Remark 3.28. This representation of d € @*/Q*? as one of two cubics can be given by values of x
with very large height. In Example 3.27, the ‘smallest’ (in terms of the height of x) representation
of —17is

223280590408 502 625 944 275 649 356 615 800 897>
6034892905 593 758 120 664 851 652 128 224 164 4892

<_ 330029 825965445476 649 347 569 )
29773633899 834719 965 546857 /°

3.9 | All quadratic twists of y? = x* + %xz — 2x — 7 over Q(&, V11) have
infinitely many points

As mentioned at the end of §2.3, the 50/50 distribution of root numbers of quadratic twists of
elliptic curves over Q can fail quite dramatically over number fields; there are elliptic curves over
number fields for which all quadratic twists have the same root number.

Example 3.29 (As considered in [21]). Let K = Q({5, V/11). We claim that all quadratic twists of
the curve

E:y2=x3+§x2—2x—7
4

over K have root number —1 and so should have positive rank. Indeed, the minimal discriminant
of E/Q is 11*, and E acquires everywhere good reduction over K. Since K has three complex

places and K(\/E) has six, for d € K* \ K*?, we have w(E/K) = —1 and w(E/K(\/E)) = +1. By
Lemma 2.10,

w(E,/K) = wE/K(Vd)w(E/K) = ~1.
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So, assuming the parity conjecture, E; has a point of infinite order for every d € K*. See
Theorem 3.33 below for a more general result concerning this behaviour.

Remark 3.30. Example 3.29 shows that, assuming the parity conjecture, the polynomial
x3 + 5/4x? — 2x — 7 takes every value in KX /K*?.

310 | E:y"=x3+x>—-12x— % has even rank over every field
extension of Q(v/—37)

Consider the elliptic curve
E:y*=x>+x.

It has complex multiplication defined over K = Q(i) with Endg(E) = Z[i], where i acts by
[i]- (x,y) = (—=x,iy). The rank of E over K is even, and similarly, rk(E/F) is even for any exten-
sion F of K, since E(F) ®, Q is naturally a Q(i)-vector space, and so has even dimension over Q.
Moreover, using the fact that rk(E; /K) = rk(E /K( \/E)) — rk(E /K), we see that rk(E; /K) is even
for any d € K*. The parity conjecture forces some non-CM elliptic curves to exhibit the same
behaviour.

Example 3.31 (As considered in [21]). Let us take the curve

E:y=x3+x*-12x— %. (1369E1)

Then Ag = 37° and j(E) = 2!, so E/Q has potentially good reduction at 37 and it has everywhere
good reduction over K = Q( {‘/—_37) and over every extension F of K. Since F has an even number
of infinite places, w(E/F) = +1. In particular, assuming the parity conjecture, E has even rank
over every extension of K.

Remark 3.32. Such a field K exists for every elliptic curve E with integral j-invariant as this means
that E has potentially good reduction everywhere, so we can find an extension of the base field
over which E acquires everywhere good reduction.

Asin §3.1and §3.2, one would hope that there is some extra structure analogous to complex mul-
tiplication that would explain why E always has even rank over extensions of K in Example 3.31.
However, it is not clear how to prove this behaviour of ranks for any non-CM curve without assum-
ing the parity conjecture. Elliptic curves that display this phenomenon, and that described in §3.9,
are classified by the following theorem.

Theorem 3.33 ([21], Theorem 1). For an elliptic curve E over a number field K, the following are
equivalent.

(i) All quadratic twists of E /K have the same root number.
(i) w(E/F) = w(E/K)F K] for every finite extension F of K.
(iii) K has no real places, and E acquires everywhere good reduction over an abelian extension of K.
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Theorem 3.33 tells us that if E/K satisfies (iii) and w(E/K) = +1, then, assuming the parity
conjecture, E will have even rank over every extension of K.

Remark 3.34. It turns out that the criteria in Theorem 3.33 are equivalent to K having no real
places, and for all primes # and all places v { £ of K, the action of the absolute Galois group of
K, on the Tate module T, (E) being abelian (see [21]). This is another way in which E resembles a
CM curve, since (in view of the Tate conjecture) an elliptic curve has CM if and only if the action
of the global absolute Galois group on the Z-adic Tate module is abelian.

311 | Therank of E : y* + xy = x> — x> — 2x — 1 grows in extensions of
Q(V-1) of even degree

Theorem 3.33 tells us that there exist elliptic curves over number fields for which all quadratic
twists have the same root number. We can also use the theorem to come up with examples of
elliptic curves E /K whose rank grows in every even degree extension of K.

Example 3.35 (As considered in [21]). Let
E:y’+xy=x>—x>—2x—1. (49A1)

We have Ap = —73, j(E) = —3% - 5% and E has additive, potentially good, type III reduction at 7.
We claim that the rank of E must grow in every extension of K = Q(\/—_l) of even degree. Indeed,
7 is inert in Q(\/—_l) and by Theorem 2.3, w(E/K,) = +1, where v is the unique prime above
7 in K, and so, w(E/K) = —1. Note that K has no real places and E acquires everywhere good
reduction over Q(\/—_l, %), which is an abelian extension of K. By Theorem 3.33, for any even
degree extension F of K,

w(E/F) = wE/K) K] = (-1)ven e = 11 # w(E/K),

and the parity conjecture predicts that rk(E /F) > rk(E /K).

3.12 | Every positive integer n = 5,6 or 7 (mod 8) is a congruent
number

The classical congruent number problem asks: for a natural number n, can it be realised as the area
of a right-angled triangle with rational sides? We call such n congruent numbers. The congruent
number problem dates back to Arab manuscripts from the 10th century and, to this day, it is not
known in full generality, although it has been extensively studied. Heegner [37] proved that if p is
a prime congruent to 5 modulo 8, then it is a congruent number, and other cases have been proved
using the theory of Heegner points on modular curves, see [70]. Smith [65] has announced a proof
that at least 55.9% of positive square-free integers congruent to 5, 6 or 7 modulo 8 are congruent
numbers. Kriz has announced a proof that 100% of such integers are congruent numbers and 100%
of those congruent to 1, 2 or 3 are not congruent numbers (see [45, Theorem 10.17]). It has been
long expected that every positive integer congruent to 5,6 or 7 (mod 8) is a congruent number,
and we will explain how this can be deduced from the parity conjecture.
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Example 3.36. There is a right-angled triangle with sides of length 3, 4, 5 which has area 6, so

that 6 is a congruent number. Similarly, the right-angled triangle with sides of length ‘I’—; % and

337 .
= has area 7, whence 7 is a congruent number.

Definition 3.37. The elliptic curve E : y? = x> — x is called the congruent number curve because
the quadratic twist of the curve by n € N, E,, : y*> = x(x — n)(x + n), has a point of infinite order
over Q if and only if n is a congruent number (see, e.g. [71] for details on why this is the case). For
these elliptic curves, a rational point (x, y) has infinite order if and only if y # 0.
Example 3.38. We already know that 7 is a congruent number. Indeed, the elliptic curve
E;: y? = x(x = 7)(x +7)

has a rational point of infinite order, namely (25,120).
Example 3.39. There is a point on the curve

Ejg6 & ¥* = x(x — 166)(x + 166),
which is given by

_ 7969693283 . 1280060076599271
T 98823481 = 982404224621

This tells us that 166 is a congruent number. The height of the generator E ¢ is already very large.
What if we wanted to know whether 800 006 was a congruent number? Magma [3] cannot find a
point of infinite order on Eg oo and cannot tell us whether 800 006 is not a congruent number.
Assuming the parity conjecture, we can easily show that it is.

Theorem 3.40. Let n be a positive, square-free integer. Then

+1 ifn=1,20r3 (mod 8),
-1 ifn=5,60r7 (mod 8).

w(En/@) = {

Proof. By Theorem 2.13(i), w(E, /Q) depends only on n (mod 16). So, all one needs to do is cal-
culate the root numbers for one square-free n in each of the congruence classes modulo 16. For
E; : y*=x’—x,wehavec, = 2* - 3,¢s = Oand Ay = 2°.In the terminology of Notation A.1, we
have ¢} = 3 and ¢, — 4c¢; = 3 so that, by the table in the Appendix, w(E;/Q,) = —1 and hence
w(E;/Q) = +1.ForEs : y* = x> — 25x,we havec, = 2%-3.52,¢, =0, Ap, = 20.50,¢,=75=3
(mod 4) and cz" —4cg, =11 (mod 16). Again, by the table, w(E5/Q,) = +1. By Theorem 2.3,

w(Es/Qs) = (—I)L%SJ = +1, so w(E;/Q) = —1. Similarly, we have
w(Ey /Q) = w(E,/Q) = w(Ey,/Q) = w(E;/Q) = w(E;;/Q) = +1;

w(E13/Q) = w(E/Q) = w(E4/Q) = w(E,/Q) = w(E15/@) =-1,

which completes the proof. O
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Corollary 3.41. Assuming the parity conjecture, every square-free positive integer n = 5,6, or7
(mod 8) is the area of a right-angled triangle with rational sides.

We can deduce immediately from this corollary that, assuming the parity conjecture, 800 006
is a congruent number. Stephens was the first to apply parity-type conjectures to the congruent
number problem [67] and proved that Selmer’s second conjecture (see §1.2) implies that positive
integersn = 5,6,7 (mod 8) are congruent numbers.

313 | & : y*=x(x*>—49(1 + t*)?) has a point of infinite order for every
teQbutrk &£/Q(t) =0

One incentive for studying root numbers is to study ranks in families of elliptic curves. Consider
a one parameter family of elliptic curves

& y? =x>+ A()x + B(t),

for some fixed A(t), B(t) € Q(t), where A, # 0. A point of infinite order over Q(¢) gives a para-
metric family of points over the fibres &;. A natural question to ask is ‘if every fibre has positive
rank, does it mean there is a point of infinite order over Q(¢)?" Assuming the parity conjecture,
the answer is ‘no’.

Theorem 3.42 (As considered in [6]). Let & : y? = x(x? — 49(1 + t*)?). Then
(i) tk &/0(t) = 0;

(ii) assuming the parity conjecture, for every t € Q, the fibre &; has rk(&;/Q) > 1.

Proof. In [6], it is shown that & : y? = x(x? — 49(1 + t*)?) has rank 0 over Q(t). For (ii), let
t = I/m where (I, m) = 1. Then & is isomorphic to a curve of the form

y? = x(x —n)(x +n)

over Q, where n = 71* + 7m*. Clearly, n = 6 or 7 (mod 8) so, by Theorem 3.40, w(&,/Q) = —1.
O

The family & in Theorem 3.42 has constant j-invariant. In [15, Theorem 1.2], Desjardins proved
that, for a family with non-constant j-invariant, assuming Chowla’s conjecture and the Squarefree
conjecture (see [15, Conjectures 2.1 and 2.7]), the function ¢t -~ w(&;/Q) isnever constant. She used
this to prove that the sets

W, ={eP!:w/0)=+1}
W_={teP!:w&/Q)=-1}
are infinite, and so, assuming the parity conjecture, the rational points &(Q) are Zariski dense in
&.

Since the sets W, and W_ are infinite when the j-invariant is non-constant, one might expect
that the root numbers are equidistributed and that the average root number is 0. This is not
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always the case, as shown in [38], where Helfgott proved that if & has no places of multiplicative
reduction, the average root number need not be zero.

For a family with non-constant j-invariant, if one restricts to ¢ € Z, the function t -~ w(&,/Q)
may be constant. For example, in [54], it is shown that the surface

E:yP=x>+tx>—(t+3)x+1

has w(é&,/Q) = —1 for every t € Z. This example was first investigated by Washington [72] who
proved via 2-descent that, for every t € Z such that ¢? + 3¢ + 9 is square free and assuming the
finiteness of the Tate-Shafarevich group, the rank of & is odd.

3.14 | y*+y=x*—xacquires new solutions over K(1/A;) whenever

37} Ag and \/A, ¢ K

We saw in §3.5 and §3.6 that the parity conjecture can predict the growth of the rank of ellip-
tic curves in towers of fields of the form Q( PW) and Q(¢ s PW). The parity conjecture also
predicts that the rank of an elliptic curve over Q can grow in many generic number fields.

Theorem 3.43. Let K be any number field that does not contain /Ay and set F = K(4/Ag).
Assuming the parity conjecture, every E/Q with w(E/Q) = —1 and (Ng,Ar) =1 has rk(E/F) >
rk(E/Q).

Proof. Let K /Q be the Galois closure of K/Q, G = Gal(K/Q) and H = Gal(K/K). Write Ind$ 1 =
1® p and € for the nontrivial character of Gal(Q(4/Agr)/Q). By Frobenius reciprocity (see

Lemma 2.17),

— G K
rk(E/F) = (Ind(,, ¢ /1, EK) ®; C).

Note that

Indgal(K/F)ﬂ =Ind%(1 @ Reste) = 1D pDeD(c® p)
so, assuming the parity conjecture for twists, it will suffice to show that one of w(E/Q, p),
w(E/Q,¢) and w(E/Q,e ® p) is —1. In fact, by Lemma 2.18, it suffices to assume the parity
conjecture for E over the subfields of K.

Let K = Q(a). The permutation action of G on the cosets of H agrees with the permutation
action on the Galois conjugates of «, since both actions are transitive with H as a point-stabiliser.
Even permutations are precisely those fixing \/A_ , and therefore, det(Indgﬂ) = det p cuts out
the extension @(@) /Q so that det p = e. It follows that det(c ® p) = e®94MP ® det p is either
1 or ¢ if dim p is odd or even, respectively. By Theorem 2.15, if [K : Q] is even, then dim p is
odd and w(E/Q,¢ ® p) = w(E/Q)4™P = —1. Similarly, if [K : Q] is odd, then dim p is even and
w(E/Q, p)w(E/Q,¢) = w(E/Q,p ®¢) = w(E/Q)dmr+l = 1, O

Remark 3.44. Theorem 3.43 applies to generic extensions K/Q.If [K : Q] = n > 2 and the Galois
closure of K over Q has Galois group S,,, then K does not contain 1/Ag. We therefore expect the
rank of every E/Q with w(E/Q) = —1 to increase in splitting fields of most polynomials.
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315 | E: y*+y=x*—xhasrank at least 434 over any S,,-extension
K/Qwith37 { Ay

Example 3.45. Let E/Q be an elliptic curve with w(E/Q) = —1 and let F be an Ss-extension
of Q with (N, Ap) = 1. We claim that rk(E/F) > 6. Indeed, S5 has seven irreducible represen-
tations, all of which are self-dual. These are the trivial representation 1, sign representation e,
two 4-dimensional representations p; and p, = p; ® €, two 5-dimensional representations 7, and
7, = 7; ® € and one 6-dimensional representation o. We can write

E(F)®,C=19¢® @ o @ o @ ¢ ¥ ¢ o9
Since rk(E/F) = dim(E(F) ®, C),
tk(E/F)=a+b+4c+4d +5e+5f + 6g.
Now, det(r; ® €) = €® dim7; @ det 74, so either det(r;) = 1 or det(r,) = 1. By Theorem 2.15,
w(E/Q,7;)=-1 or w(E/Q,T,)=-1.

By assumption, we have w(E/Q, 1) = w(E/Q) = —1 so, assuming the parity conjecture for twists,
a is odd and either e or f is odd. Hence, rk(E/F) > 6.

Theorem 3.46. Let E/Q be an elliptic curve with w(E /Q) = —1. Assume the parity conjecture for
tWISES.

(i) Let p be an odd-dimensional irreducible self-dual Artin representation with det p = 1 and whose
conductor is coprime to Ni. Then {p, E(F) ®, C) > 0, where p factors through F /Q.
(ii) For a Galois extension F /Q with (Ng, Ap) = 1,

tk(E/F) >

s

3=

where k is the sum of dimensions of the odd-dimensional irreducible self-dual representations of
Gal(F/Q) and m is the number of one-dimensional representations of Gal(F /Q) of order 1 or 2.

Proof. (i) This follows immediately from Theorem 2.15. (ii) Let G = Gal(K/Q) and let p be any
irreducible odd-dimensional self-dual representation of G. Denote the order two 1-dimensional
representations of G by €y, ...,€,,_;. Since p is odd-dimensional, taking € = detp, we obtain
det(o ® €) = e®4MP @ detp = 1. We also have det(o @ e ® ¢;) = ¢; fori = 1,...,m — 1. Thus, the
odd-dimensional irreducible self-dual representations come in sets of size m, each with the same
dimension and different determinant character 1, €, ..., €,,_;. By (i), p ® € appears in E(F) ® , C
and the result follows. Ul

Remark 3.47. Theorem 3.46 implies that for a fixed elliptic curve E/Q with w(E/Q) = —1, every
odd-dimensional irreducible self-dual Artin representation which has trivial determinant and
whose conductor is coprime to Ny must appear in the Mordell-Weil group of E over an extension
of Q.
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To generalise Example 3.45 to finding a lower bound on the rank of E over an S, -extension of Q,
we need to understand the odd-dimensional irreducible representations of S,,. For a given n, the
dimensions of the irreducible representations of S, can be calculated using the Young tableaux,
see [30, p. 50]. We will instead use a known case of the McKay conjecture to find a crude lower
bound on the expected rank of a rational elliptic curve E over an S, -extension of Q for general n.

Theorem 3.48 (McKay conjecture for p = 2, see [46]). Let G be a finite group and let P < G be a
2-Sylow subgroup. For H < G, let Irr(H) denote the set of isomorphism classes of complex irreducible
representations of H. Let Irt’(H) = {p € Irr(H) : 2 } dim p}. Then

| Irr'(G) |=| Irr' (NG(P)) |,
where N (P) is the normaliser of P in G.

Lemma 3.49 (See Exercise 4.14 in [30]). For n > 6, there are precisely four representations of S,, of
dimension less than n. Two of these have dimension 1 and two have dimension n — 1.

Lemma 3.50. Let P, be the 2-Sylow subgroup of Syx. Then Py /[Py, P ] = Cé‘, where [Py, P, ] denotes
the commutator subgroup.

Proof. We have P, = C;k = C, -+ C,, the wreath product with k copies of C, (see, e.g. [17,
Example 2.6.1]), so we proceed by induction. For k = 1, we have P; = C;l = C,. We assume
that Py /[Py, P)] = CIZ‘ . Now, if H is the abelianisation of G, then the abelianisation of G 1C, is
the abelianisation of H : C,. Hence, Py, ;/[P)1,Pr+1] is the abelianisation of C;‘ 2 C, which is

C§+1. I:‘

Theorem 3.51. Let E/Q be any elliptic curve with w(E/Q) = —1 and let K be any extension of Q
with Gal(K/Q) = S,,. Suppose that (N, Ax) = 1. If the parity conjecture holds, then

tk(E/K) > g(n ok _ 2>,
k

where n = Y, ;2% is the binary expansion of n with a;, = 0 or 1.

Proof. By Lemma 2.18, the parity conjecture for E over all subfields of K implies the parity conjec-
ture for the twist of E by any irreducible self-dual representation p of Gal(F/Q) (the fact that all
representations of S, can be written as linear combination of permutation modules follows from
[40, §6.1]). Thus, it suffices to prove that the parity conjecture for twists implies the result.

The irreducible representations of S, are self-dual and there are two one-dimensional irre-
ducible representations. Thus, by Theorem 3.46, to find a lower bound on the rank, it suffices
to find a lower bound on the number of pairs of odd-dimensional irreducible representations
of S,,.

Theorem 3.48 says that the number of odd-dimensional irreducible representations of S, is
equal to the number of one-dimensional representations of a 2-Sylow subgroup of S,,, since the
normaliser of a 2-Sylow subgroup of S, is itself and the dimension of an irreducible representation
divides the order of the group. Since n = Y, a, 2, the 2-Sylow subgroup of S, is the 2-Sylow
subgroup of [],. a0 S2k- By Lemma 3.50, the number of one-dimensional representations of the
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2-Sylow subgroup of S, is 2€. Hence, the number of one-dimensional representations of the 2-
Sylow subgroup of J];.q, 4o So« is 1, 2k@c_ Theorem 3.48 then tells us that there are % [T, 2%
pairs of odd-dimensional representations of S,,.

By Lemma 3.49, for n > 6 other than the trivial and the sign representation, all of the odd-
dimensional representations have dimension at least n, unless n is even in which case there are
also two (n — 1)-dimensional representations. Hence, assuming the parity conjecture for twists,
for n > 6, we have

tk(E/K) = dim(E(K) ®, C) > %(H okay _ z).

k
Using Theorem 3.46(ii), a simple check shows that the result is also true for n < 6. O

Example 3.52. Fix E : y>+y=x>—x and K an S,-extension of Q@ with 37 } Ag. Then
w(E/Q) = —1 and 14 = 2 + 2% + 23, so assuming the parity conjecture for twists, rk(E/K) >
174 (26 —2) = 434.

Remark 3.53. The bound in Theorem 3.51 is much lower than we expect the rank to be since most
of the representations have dimension significantly larger than n. For example, let K be an S,-
extension of Q and let E/Q with w(E/Q) = —1. Our bound says that rk(E/K) > 21. However, the
dimensions of the odd-dimensional irreducible representations of S, are 1, 1, 15, 15, 21, 21, 35 and
35. So, assuming the parity conjecture for twists, Theorem 3.46(ii) gives rk(E/K) > 72.

3.16 | Heegner hypothesis

When studying Heegner points, one often imposes the Heegner hypothesis, that the quadratic field
K is imaginary and that all primes of bad reduction of E/Q split in K (e.g. in Kolyvagin’s work
on the Birch-Swinnerton-Dyer conjecture, see [34]). From root number calculations, this ensures
the odd order of vanishing of L-functions of E over K and of certain twists of E, as we now explain.

Proposition 3.54. Let E/Q be an elliptic curve and let K be a quadratic extension of Q that satisfies
the Heegner hypothesis. Let F be a C,,-extension of K and assume further that Gal(F /Q) = D,,, the
dihedral group with 2n elements. Assume that (Ng, Ar) = 1. Then

(i) For y any of the one-dimensional representations of Gal(F /K), ord,_,L(E /K, x, s) is odd.
(ii) The order of vanishing of the L-function of E /F satisfies ord,_; L(E/F,s) > n.
(iii) Assuming the parity conjecture for twists, tk(E /F) > n.

Proof. Let H = Gal(F/K) and G = Gal(F/Q) = D,,,. The representations of D,,, are all self-dual.
The one-dimensional representations are 1, the representation ¢ that factors through Gal(K/Q),
and, if n is even, two more representations €; and ¢,. There are ? irreducible two-dimensional

representations if » is odd and "7_2 irreducible two-dimensional representations if n is even. Call
the irreducible two-dimensional representations p;.

(i) By the inductivity of L-functions, for y any of the one-dimensional representations of
Gal(F/K),

L(E/K, x,s) = L(E/Q,Ind{ x,s) = L(E/Q, p, s),
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where p is a two-dimensional representation of D,,. The determinant character of p is €
since p is either 1 @ ¢, €; @ ¢, or p;, all of which have determinant character €. Hence, by the
Heegner hypothesis on K and in the notation of Theorem 2.15, a, is negative and satisfies

Dy
(N_E) = +1. Thus,

w(E/Q,p) = (£1)*- (1) - (+1) = —1.

By the inductivity of root numbers (Theorem 2.16(iii)), w(E /K, y) = —1 and, since we know

the analytic continuation of L(E/K, y,s) and that it satisfies a functional equation whose

signis w(E /K, x) (see, e.g. [61, Proposition 4-13]), this implies that ord,_, L(E /K, y, s) is odd.
(ii) By the inductivity of L-functions,

L(E/F,s) = [[ LE/K. x.9),
X

where y runs over the one-dimensional representations of Gal(F /K). The result follows from

part (i).
(iii) Assuming the parity conjecture for twists, (o, E(F) @, C) > 1 where pisp;, 1@ eore; @e¢,
by the root number calculation in part (i). Hence, rk(E/F) > n. O

3.17 | Artin representations that always appear with even multiplicity
in E(K)®, C

The parity conjecture for twists tells us the parity of the multiplicity of a representation p in
E(K) ®, C. Conversely, if p is self-dual, irreducible and has Schur index 2 (e.g. p is symplectic),
then it must appear with even multiplicity in E(K) ®, C. This has been checked to be compat-
ible with root numbers in most cases, see [57, Proposition E] and [58]. On the other hand, root
numbers suggest that certain representations must always appear with even multiplicity despite
having Schur index 1.

Proposition 3.55 (Rohrlich [57], Proposition D). Let K be a Galois extension of Q where
Gal(K/Q) = Dyq X Dy, X Dy¢ X Dy, for distinct primes q, r, s, t > 5 and let T be an irreducible
16-dimensional representation of Gal(K /Q). Then w(E/Q, T) = +1 for every E over Q.

Proposition 3.55 tells us that, assuming the parity conjecture for twists, the multiplicity of 7 in
E(K) ®, Cisalways even, which is as mysterious as the fact that every E /@ should have even rank
over any number field which is Galois over Q and in which all places split into an even number
of places (see Lemma 3.2).

4 | MINIMALIST CONJECTURE FOR TWISTS

There is a folklore ‘minimalist conjecture’, which says that, generically, the rank of an elliptic
curve E/Q is 0 or 1 depending on whether w(E/Q) = +1 or —1 (see, e.g. [26, Conjecture 8.2]).
We propose a minimalist conjecture for Artin twists, which gives the expected Galois module
structure of E(F) ®, C for most elliptic curves E/Q, where F is a finite Galois extension of Q
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(see Conjecture 4.3 and Theorems 4.7 and 4.10 below). It says that, generically, if E/Q is an ellip-
tic curve and p is an irreducible self-dual Artin representation that factors through F/Q, then p
appears in E(F) ® , C with multiplicity 0 or 1, depending on whether the global root number of
the twist of E by p is +1 or —1.

Example 4.1. Let E/Q be any elliptic curve with w(E/Q) = —1, and let F be any extension of Q
with Gal(F/Q) = A5 and (N, Ap) = 1. By the conductor-discriminant formula, this means that
Ny, is coprime to the conductors of the representations of Gal(F /Q). We claim that rk(E/F) > 12.

There are five irreducible representations of A; and they are all self-dual: 1, one 4-dimensional
representation p, one 5-dimensional representation o and two 3-dimensional representations 7,
and 7,. We can write

E(F) ®,C= 19a @,O@b ® O.EBC @ T?Bd D TgBe.
Since rk(E/F) = dim(E(F) ®, C),
rk(E/F) = a + 4b + 5¢ + 3d + 3e.

We have det(c) = det(z;) = 1 since A5 has no subgroup of index 2. Hence, by Theorem 3.46, the
parity conjecture for twists implies that a, ¢, d and e are odd. In particular, rk(E/F) > 12.
We typically expect to have exactly

E(F)®ZC:1]EBO'®‘[1®12,

and rk(E/F) = 12. This is based on a ‘minimalist conjecture for twists’. The idea is that for any
elliptic curve E/Q and any self-dual irreducible Artin representation 7 that factors through an
extension F /Q, the contribution to the rank of E /F by 7 should be as small as the parity conjecture
for twists will allow.

Notation 4.2. For E/Q an elliptic curve, it is isomorphic to a unique curve E,p : y? =
x* + Ax + B where A, B € Z and for all primes p, either p* } A or p® } B. The naive height of
E,pis

H(E, ) = max(4|A*|,27B%).
We say that 100% of elliptic curves over Q satisfy a property T if

#{E, g|H(E, ) < X and E 4 p satisfies property T'} )
im =
X—co #HE glH(E p) < X}

5

where for all primes p, either p* }+ A or p°® } B.

Conjecture 4.3 (Minimalist conjecture for twists). Let F be a Galois extension of Q and let p be an
irreducible Artin representation that factors through F /Q. For 100% of elliptic curves E /Q,

0 if pis not self-dual,
(0, E(F)®;C) =40 ifw(E/Q,p) = +1,
1 ifwE/Q,p)=-1
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Since the global root number of the twist is the conjectured sign in the functional equation relat-
ing L(E/Q, p,s) and L(E/Q, p*,2 —3), if p is self-dual, the parity of the order of vanishing of
L(E/Q,p,s) at s =1 is governed by w(E/Q, p). For most elliptic curves, one expects the order
of vanishing of the twisted L-function to be as small as is allowed by the functional equation. If p
is not self-dual, the functional equation does not tell us anything about the order of vanishing of
L(E/Q, p,s) at s = 1. In this case, for most elliptic curves, we expect the order of vanishing to be
zero and that p does not appear in E(F) ®, C.

Remark 4.4. 1f p is a complex irreducible representation with Schur index n that factors through
F/Q, the multiplicity of p in E(F) ®, C is divisible by n. The Schur index of an irreducible self-
dual character can only be 1 or 2 by the Brauer-Speiser theorem [4, 29, 66]. So, in the context
of root numbers and the minimalist conjecture, Schur indices never force the multiplicity of an
irreducible self-dual representation p in E(F) ®, C to be greater than 1.

Lemma4.5. Let F be a Galois extension of Q, let p be an irreducible Artin representation that factors
through F /Q and let D be a non-zero integer. The minimalist conjecture for twists implies that for
100% of elliptic curves E /Q with (Ng, D) = 1,

0 if pis not self-dual,
(0, E(F)®,C) =10 ifw(E/Q,p) = +1,
1 ifw(E/Q,p)=-1.

Proof. 1t is known that, for any integer D, when ordered by the height of the coefficients, there
is a positive proportion of elliptic curves over Q whose conductor is coprime to D (see, e.g. Theo-
rem 4.2(2) of [11]; their ordering is slightly different, which may result in a different density, but
we only need to know that this density is non-zero). In other words, limy_, ., %\f =k > 0 where
T is the set of curves E, 5 such that H(E, 3) <X and N C T is the set of elliptic curves E, »
such that (N, D) = 1. Let M C T be the set of curves E, 5 that do not satisfy the conclusion of

Conjecture 4.3, so that

#NNM _#M  #M #T 1
— < —=—='"7—=-—-20--=0 as X - o,
#N #N  #T #N k

where we have used Conjecture 4.3 for #M /#T — 0. This proves the lemma. O

Lemma4.6. Let E/Q be an elliptic curve. Let F be a Galois extension of Q that does not contain any
quadratic number field. For any self-dual Gal(F /Q)-representation p whose conductor is coprime
to N,

w(E/Q, p) = w(E/Q)4me,

Proof. Since Gal(F /@) has no index 2 subgroup, in the notation of Theorem 2.15, a, = 1 for any
self-dual Gal(F /Q)-representation p. So, by Theorem 2.15, w(E/Q, p) = w(E/Q)%m#, O

Theorem 4.7. Let F be a Galois extension of Q that does not contain any quadratic number
field. Write W, for the direct sum of the odd-dimensional irreducible self-dual representations of
G = Gal(F/Q) and k = dim W . Assuming the minimalist conjecture for twists, for 100% of elliptic
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curves E/Q with (N, Ap) =1

W, ifw(E/Q) = -1,

E(F)®;C = {O Fw(E/Q) = +1.

In particular, for 100% of elliptic curves E /Q with (N, Ap) = 1,

K(E/F) = {k fw(E/Q) = -1,
0 ifw(E/Q)=+1.

Proof. Let p be arepresentation of Gal(F/Q). By the conductor-discriminant formula, this ensures
that the conductor of p is coprime to Np. If p is not self-dual, by Lemma 4.5, the minimalist con-
jecture for twists implies that p does not appear in E(F) ®, C for 100% of elliptic curves E/Q
with (Ng,Ap) = 1. If p is self-dual, since Gal(F/Q) has no index 2 subgroup, by Lemma 4.6,
w(E/Q,p) = wE/Q)Y™ for E/Q any elliptic curve with (Ng,Ar) = 1. By Lemma 4.5, the
minimalist conjecture for twists implies that, for 100% of elliptic curves E /Q with (N, Ag) = 1,

1 if p has odd dimension and w(E/Q, p) = —1,

0 otherwise,

(P, E(F)®; C) = {

which gives us the result. [l

Remark 4.8. Theorem 4.7 says that elliptic curves of rank 1 over Q tend to gain many points
over Galois extensions with no quadratic subfields, while elliptic curves of rank 0 over Q tend
not to obtain any new points. It suggests that the equation y? +y = x> — x is ‘easy to solve’,
whereas the equation y? 4+ y = x> — x? is ‘hard to solve’ over most Galois extensions of Q with
no quadratic subfield.

Remark 4.9. In the setting of Theorem 4.7, we expect even-dimensional irreducible Artin
representations to be very rare inside Mordell-Weil groups.

Theorem 4.10. Let F be a Galois extension of Q. Assuming the minimalist conjecture for twists, for
100% of E/Q with (Ng,2Ar) = 1, the Galois module E(F) ®, C depends only on N (mod 8Ap)
and w(E/Q).

Proof. By Lemma 4.5, it is enough to show that w(E/Q, p) only depends on N (mod 8Ap) and
w(E/Q) for every self-dual representation p of Gal(F /Q). Let p be any self-dual representation of
Gal(F/Q) and suppose that we have E and E’ elliptic curves over Q with N = Ny (mod 8Ap),
(Ng,2Ap) =1 = (Ng,2Ap) and w(E/Q) = w(E’/Q). By the conductor-discriminant formula,
this ensures that N and N, are coprime to the conductor of p, so we can apply Theorem 2.15
to calculate w(E/Q, p). In the notation of Theorem 2.15, &, | Ag. Since Ny = Ngy (mod 8a,) and

Ng and Ny, are odd, by quadratic reciprocity, we have (;\x]—") = (;{—"). Hence, by Theorem 2.15,
E E/
w(E/Q, p) = w(E'/Q, p). ad

Example 4.11. Let F be the splitting field of the polynomial

x10 4+ 5x8 + 15x° + 20x* + 25x% + 15.
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Then, Gal(F/Q) = D,y and Ay = —3° - 513. Theorem 4.10 tells us that, for 100% of elliptic curves
E/Q with (Ng,2Ar) = 1, the Galois module structure of E(F) ®, Q depends on Ny modulo
8 - 3% . 5! and w(E/Q). In fact, we will show that it only depends on N (mod 15) and w(E/Q).

The representations of Gal(F/Q) are the trivial representation 1, one 1-dimensional represen-
tation e that factors through @(\/—_15) and two 2-dimensional representations p; and p,, both of
which have determinant €. Thus, when (N, 2A;) = 1, by Theorem 2.15,

—w(E/Q) if (;—“) = +1, 1 if<;v—15> =41,
w(E/Q,¢e) = : w(E/Q,p;) = ’
wE/Q)  if (;—j) =1, +1 if<;v—f> =1

‘We have

<—15> _J+1 ifNp=1,2,40r8 (mod 15);
Ng -1 ifNp;=7 11, 130r14 (mod 15).

Note that when (Ng,2Ap) =1, these congruence classes are the only possibilities for N
modulo 15. Hence, assuming the minimalist conjecture for twists, for 100% of elliptic curves E/Q

eEdp,®p, ifNg=1,2,40r8 (mod15)andw(E/Q)=+1;

1®&p,dp, ifNp=1,2 40r8 (mod 15)andw(E/Q)=—1;
ifNp=7,11, 130r14 (mod 15) and w(E/Q) = +1;

1®e ifNp =7, 11, 130or 14 (mod 15) and w(E/Q) = —-1.

E(F)®,C =

APPENDIX A: LOCAL ROOT NUMBERS OF ELLIPTIC CURVES OVER Q,

The following table can be used to calculate w(E/Q,), including when E/Q, has additive reduc-
tion. It is based on Table III in [54], which generalises results of Halberstadt [36] to non-minimal
Weierstrass equations. For a discussion on what can be done to calculate root numbers over
extensions of Q,, see §2.2.

Notation A.1. Let E/Q, be an elliptic curve given by a Weierstrass equation.

* Let m = min{|v,(Ag)/12], |v,(c4)/6], [U2(cs)/4]}. Define
(Cp,Cq, Cy) = (Ly(AR) — 12m, 0y(cg) — 6m, Uy(cy) — 4m).

In other words, take (v,(Ag), ,(¢c4), U5(c4)) and subtract multiples of (12,6,4) entry-wise until
reaching the smallest triple of non-negative integers (Cy, C¢, C,). By convention, v,(0) = .

] x, = x/zvz(x)_

* g, = Cq/2%2)=Co*e; if ¢g = 0, then ¢q, = 0.

Example A.2. If E : y?> = x> — 64x — 128, then Ay =2'%.37, ¢, =2'2.3 and ¢, =21°-3 so
(Cy,C4,C,) = (6,6,6). We have cé = 3 and the table below tells us that w(E/Q,) = —1.
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Ca € €, Extra conditions w(E/Q,)
0 0 0 ¢, =3 (mod 4) +1
> cg =1 (mod 4) -1
¢, =1 (mod 4)and ¢, = +1 (mod 8) or ¢}, = 3 (mod 4) +1

and ¢; =1or3 (mod 8)
0 3 3 ¢, =1 (mod 4)and ¢, =3 or5 (mod 8)orc, =3 -1
(mod 4) and ¢, = 5 or 7 (mod 8)
0 3 >4 c; =1 (mod 4) +1
0 3 >4 ¢, =3 (mod 4) =1
0 4 2 ¢, =1 (mod 4) and ¢} + 4c, =9 or 13 (mod 16) +1
0 4 2 ¢, =1 (mod 4) and ¢} + 4c], # 9 or 13 (mod 16) -1
0 >4 2 ¢, =3 (mod 4) and Cy = 4 +1
0 >4 2 ¢, =3 (mod 4) and C, # 4 -1
0 5 2 ¢, =1 (mod 4) and ¢} + 4c¢, = 5or9 (mod 16) -1
0 5 2 ¢, =1 (mod 4) and ¢} +4cs 4 # 50r 9 (mod 16) +1
0 >6 2 ¢, =1 (mod 4) and ¢ + 4cs4 = 50r 9 (mod 16) +1
0 >6 2 ¢, =1 (mod 4) and ¢} +4cs, # 50r9 (mod 16) -1
>1 0 0 ¢, =3 (mod 4) and ¢/ = 3 (mod 8) +1
>1 0 0 ¢, =3 (mod 4) and ¢, # 3 (mod 8) -1
1 3 2 ¢, +4c, =3 (mod 16) or ¢; = 11 (mod 16) +1
1 3 2 ¢, +4c, #3 (mod 16) and ¢ # 11 (mod 16) -1
2 3 2 AL =c| (mod 4) +1
2 3 2 Al # ¢l (mod 4) -1
2 4 3 ¢, +c,=00r6 (mod 8) +1
2 4 3 ¢, +c.#£0or6 (mod 8) -1
2 4 >4 ¢, =1 (mod 4) +1
2 4 >4 c, #1 (mod 4) -1
3 3 2 AL =3 (mod 4) +1
3 3 2 AL # 3 (mod 4) -1
3 5 3 2¢; + ¢, =1or3 (mod 8) +1
3 5 3 2¢; + ¢, =50r7 (mod 8) -1
3 >6 3 ¢, =5o0r7 (mod 8) +1
3 >6 3 ¢, =1or3 (mod 8) -1
>4 3 2 ¢ =3 (mod 4) +1
>4 3 2 c; #3 (mod 4) -1
4 5 4 ¢, =c, (mod 4)and ¢} =1 (mod 4) +1
4 5 4 ¢, =c, (mod 4) and ¢} = 3 (mod 4) -1
4 5 4 ¢, =1=—c, (mod 4)and cjc; =3 (mod 8) +1
4 5 4 ¢, =1=—c, (mod 4) and c)c; # 3 (mod 8) -1
4 5 4 cg=1=—c, (mod 4) -1
4 5 5 ¢; =1 (mod 4) and ¢ = 5 (mod 8) +1
4 5 5 cg =1 (mod 4)and ¢; =1 (mod 8) -1
4 5 >5 ¢, =3 (mod 4)andC, =5 +1
(Continues)
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C, Cs C, Extra conditions w(E/Q,)
4 5 =5 cg =3 (mod 4)and C, # 5 -1
4 5 >6 c; =1 (mod 4) -1
6 6 5 ¢, =3 (mod 4) +1
6 6 5 ¢, =1 (mod 4) -1
6 6 >6 ¢, =1 (mod 4); +1
6 6 >6 ¢, =3 (mod 4); -1
6 >7 4 ¢, =1 (mod 4)and Cy =7 +1
6 >7 4 ¢, =1 (mod 4) and C¢ # 7 -1
6 >7 4 ¢, =3 (mod 4) and ¢} — 4c;, = 7 or 11 (mod 16) +1
6 >7 4 ¢, =3 (mod 4) and ¢} — 4c,s, # 7 or 11 (mod 16) -1
7 6 4 c; = 5o0r5¢, (mod 8) +1
7 6 4 c; # 5or5¢, (mod 8) -1
8 6 4 2¢/ 4+ ¢, =3 (mod 16) +1
8 6 4 2¢, + ¢/ = 15 (mod 16) -1
8 6 4 2¢, + ¢} =23 (mod 32) +1
8 6 4 2¢; + ¢, =7 (mod 32) -1
8 6 4 2¢; + ¢, =11 (mod 16) -1
8 7 5 2¢, + ¢, =7 (mod 8) orc, =3 (mod 8) +1
8 7 5 2¢, + ¢, # 7 (mod 8) and ¢ # 3 (mod 8) -1
8 7 6 c; =1 (mod 4) and 2c, + ¢, = 3 (mod 8) +1
8 7 6 ¢, =1 (mod 4) and 2c, + ¢} # 3 (mod 8) -1
8 7 >6 c, =3 (mod 4)andC, =6 +1
8 7 >6 c; =3 (mod 4)and C, # 6 -1
8 7 >7 c; =1 (mod 4) -1
9 6 4 2¢; + ¢}, =11 (mod 32) or ¢ =7 (mod 8) +1
9 6 4 2¢f + ¢}, # 11 (mod 32) and ¢/ # 7 (mod 8) -1
9 8 5 2¢, + ¢, = +1 (mod 8) +1
9 8 5 2¢f 4+ ¢, =3or5 (mod 8) -1
9 >9 5 ¢, =1or3 (mod 8) +1
9 >9 5 ¢, =50r7 (mod 8) -1
10 6 4 ¢/ =1 (mod 4) +1
10 6 4 c; =3 (mod 4) and ¢} — 2¢; = 3 or 19 (mod 64) +1
10 6 4 c; =3 (mod 4) and ¢ — 2¢} # 3 or 19 (mod 64) -1
10 8 6 cjct =3 (mod 4) +1
10 8 6 cieg =1 (mod 4) -1
10 8 >7 cg =1 (mod 4) +1
10 8 >7 c; =3 (mod 4) -1
1 6 4 c; =1 (mod 4) +1
1 6 4 ¢, =3 (mod 4)and ¢/ = 3 (mod 8) +1
1 6 4 c; =3 (mod 4) and ¢; =7 (mod 8) -1

6
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There appear to be a couple of typos in Table III of [54]: it shows (> 0,0, 0) instead of (> 0,0, 0)
and the definition of c¢ , is not consistent with Halberstadt’s definition. We have checked that all
possible cases for (C,,Cy, C,) are covered by the table, using the equation 1728A; = ci — cg. We
have also numerically checked that the table is consistent with the implementation in Magma [3]
of Halberstadt’s table in [36] for over one million curves (including examples from each entry).
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