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Abstract

In this paper, we provide a rigorous theoretical investigation of an online learning version of the
Facility Location problem which is motivated by emerging problems in real-world applications. In
our formulation, we are given a set of sites and an online sequence of user requests. At each trial,
the learner selects a subset of sites and then incurs a cost for each selected site and an additional cost
which is the price of the user’s connection to the nearest site in the selected subset. The problem
may be solved by an application of the well-known Hedge algorithm. This would, however, require
time and space exponential in the number of the given sites, which motivates our design of a novel
quasi-linear time algorithm for this problem, with good theoretical guarantees on its performance.

Keywords: Machine learning, Online optimisation, Facility location problem

1. Introduction

In this paper we consider an online learning version of the Facility location problem where users
need to be served one at a time in a sequence of trials. The goal is to select, at each trial, a subset
of a given set of sites, and then pay a loss equal to their total “opening cost” plus the minimum
“connection cost” for connecting the user to one of the sites in the subset. More precisely, we are
given a set of N sites. At the beginning of each trial, an opening cost and a connection cost for
the arriving user are associated with each site and are unknown. At each trial, the learner has to
select a subset of sites and incurs a loss given by the minimum connection cost over the selected
sites plus the sum of the opening costs of all selected sites. After each subset selection, the opening
and connection costs of all sites are revealed.

To solve this problem, we design and rigorously analyse an algorithm which belongs to the
class of online learning algorithms that make use of the Exponentiated gradient method (Kivinen
and Warmuth, 1997). We measure, and rigorously analyse, the performance of our method by
comparing its cumulative loss with that of any fixed subset of sites. Moreover, our algorithm is very
scalable: it requires a per-trial time quasi-linear in IV and logarithmic in the number of trials, and
requires a total space linear in V.
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The Facility location problem is one of the most well-studied problems in the Operations Re-
search literature (Cornuéjols et al., 1990; Laoutaris et al., 2007; Shmoys et al., 1997). In this work
we focus on an online version of this problem, which encompasses problems where both the opening
and connection costs of the sites change over time. As far as we are aware, this is the first investi-
gation of this online learning version of the Facility location problem. Our formulation is general
and very natural, and can model several real-world applications. In the mobile edge computing con-
text, computing capabilities are pushed from the centralised cloud to the network edge (Wang et al.,
2018, 2015, 2019). The users that need to be served move dynamically and the main challenge
consists in reducing the user-perceived latency. In our problem formulation, the connection cost of
the sites and can be interpreted as the transmission cost. The opening costs can be viewed as arising
from the cost incurred by the resource contention among different service entities. It is natural to
assume that this cost grows proportionally to its demand and that it commonly cannot be deduced
from information available before having to select the subset of sites.

Concrete problems like selecting and matchmaking groups of players with low latency to each
other in online multiplayer gaming can also be cast into this framework. This is a very challenging
problem because of the real-time interaction required for online computer games, the difficulties in
predicting user request locations and the lack of guarantees of timely delivery and network capacity,
which in turn can be viewed as related to the connection costs of the sites in our formulation.
Another example is represented by robo-taxis (self-driving taxis) services which are being piloted
in a number of major metropolitan areas. In this example, the connection cost of each site can
be viewed again as depending on several unpredictable variables which will be typically revealed
after the service is used. Furthermore, the opening cost, i.e., the cost of activating a service, can be
viewed, for instance, as arising by different services competing for the same resources.

More generally, the connection cost for each site can be viewed as defined by the fixed location
of the site (e.g., an edge server (Wang et al., 2019)) and the location of the current service request
(e.g., the edge server directly covering the requesting user). Then, each trial corresponds to the
service of one request, which is assumed to be delay-sensitive and needs to be served immediately
(e.g., matchmaking requests for multi-player online games). This interpretation implies that our
formulation models a discrete event-driven system, where each trial starts with the placement of
the service and ends with the arrival of a new request, not necessarily from the same user. This
justifies the assumption of arbitrarily changing connection costs, although the location of a real user
will have a temporal correlation. Switching from one service placement to another generally incurs
some operation cost and some delay. In this work, we assume that the service is stateless (i.e., no
migration needed) so that the operation cost is mainly the cost of activating the service at the newly
selected sites. Furthermore, we assume that the inter-arrival time between consecutive requests is
relatively large compared to the service switching time, so that the switching delay can be ignored
(we leave the consideration of switching cost/delay to future work).

We point out that our problem formulation is not restricted to two-dimensional (geographic)
distances, nor even metric spaces. Our formulation captures opening and connection cost models
that are very general. More specifically, the connection costs in our model are not required to be
metric-conforming.
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1.1. Related Work

Our problem is an online learning version of the classic “(Uncapacitated) Facility Location Prob-
lem” (FLP) (Cornuéjols et al., 1990; Laoutaris et al., 2007; Shmoys et al., 1997) in which all costs
and all T" users are given a-priori and the aim is to select a set of sites that approximately minimises
the sum of the “opening costs” of those sites plus the sum of the minimum “connection cost” from
each user to the selected sites. With no other assumptions it has been shown that, by reduction of
the “Weighted Set Cover problem” (Chvatal, 1979) to FLP, it is impossible (unless P=NP) to get
a polynomial-time algorithm that obtains an approximation ratio better than logarithmic in 7" in
general (Dinur and Steurer, 2014).

FLP reduces to the Weighted Set Cover (WSC) problem, in which the greedy algorithm for set
cover can give an approximation ratio that is logarithmic in 7. In the reduction, each subset of users
appears N times: each time with a corresponding site. Given a subset of users and a site, the weight
of that instance of the subset is equal to the opening cost of the site plus the sum of the connection
costs (to that site) of the users in the subset. Although the size (i.e., the number of given subsets)
of the equivalent WSC problem is exponential in 7', the greedy algorithm will, on each iteration,
only select a subset from one of N7 known subsets (where N is the number of possible sites) and
will hence run in polynomial time. When the distances satisfy the requirement of a metric (which
is not enforced in our problem), then constant approximation ratio algorithms for FLP are known
(Charikar and Guha, 1999; Guha and Khuller, 1998; Jain and Vazirani, 2001).

Algorithms have been developed for online linear optimisation where the set of allowed vectors
is an arbitrary compact subset of R™ (Fujita et al., 2013; Kakade et al., 2009; Kalai and Vempala,
2003; Hazan et al., 2018). These algorithms utilise an a-approximation algorithm for the offline
linear optimisation problem. The Online learning of a Weighted Set Cover (OWSC) is such a
problem and the greedy algorithm is a (In(7") + 1)-approximation algorithm. Due to the reduction
of FLP to WSC, it would appear that this could solve our problem. Hence, we will now argue that
our problem does not reduce to OWSC in the way that FLP reduces to WSC (albeit with a number
of sets exponential in 7"). On each trial we have a single user so the base set of WSC in the reduction
contains only the single user. This means that all sets in the reduction cover the base set. Since every
set in the cover corresponds to a single site, and the set covers the base set, the weight of that set
must be equal to the sum of the opening and connection costs of that site. The sum of the weights
of two sets therefore does not necessarily equal the loss incurred by selecting both those sites (in
our problem), which is equal to the sum of the opening costs of the sites plus the minimum (not the
sum) of their connection costs. Hence, OWSC does not correspond to our problem.

We will now discuss using offline algorithms with the well known “Follow The Leader” (FTL)
strategy for our problem. FTL is perhaps the most simple online learning algorithm: the action we
choose on any trial is that which would minimise the sum of the losses of the previous trials if it had
been selected on all those trials (we call this action “the leader”). Due to the NP-hardness of FLP
we cannot expect to be able to do FTL exactly (with an efficient algorithm) but we could use the
greedy algorithm (or constant factor approximation algorithms for metric cases) to approximate the
leader, and then use the approximate leader instead. However, doing this results in a deterministic
algorithm and we prove, in Section 10, that no deterministic algorithm can achieve the (expected)
loss bound of our algorithm. FTL hence does not have the performance guarantee of our algorithm,
even if the actual leader could be found. Optimisation oracles can, however, be used to give online
algorithms with good loss bounds via the “Follow The Perturbed Leader” (FTPL) strategy (Gonen
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and Hazan, 2019; Suggala and Netrapalli, 2020): but here the oracle is required to be optimal up to a
(small) constant additive factor which, as stated above, requires a super-polynomial time algorithm
(unless P=NP). Also, FTL/FTPL with the greedy strategy has a per trial time complexity of ©(nT")
whilst that of ours is only ©(n In(n) In(7")).

Another improvement over the FTL approach is that of “Hedge” (Freund and Schapire, 1995)
which maintains a weight for each possible action and draws, on any trial, an action with probability
proportional to its weight. Actions which have performed well so far have higher weights than
those that have not performed well. Unlike FTL, Hedge has a non-vacuous bound for our problem.
However, each subset of sites is an action so there are exponentially many, implying that Hedge has
an exponential time and space complexity. The idea of Hedge has been extended to algorithms such
as “Component Hedge” (Koolen et al., 2010) where, like our problem, each action is a subset of
a set of components (in our case the sites). However, Component Hedge assumes that the loss on
each trial is a weighted sum over the components in the action so cannot deal with the connection
cost (which is a minimisation over sites in the action). Like Hedge, our algorithm is one of a
family of algorithms that use the “Exponentiated Gradient method” (Kakade and Tewari; Kivinen
and Warmuth, 1997) to update probability distributions by using gradients.

A variant of FLP which is close in spirit to ours is the “Online Facility Location problem”
(OFL) (Fotakis, 2011; Cygan et al., 2018; Meyerson, 2001) which has been extensively studied.
In this problem, like in ours, the game runs over a set of trials, with a single user request on each
trial. In OFL, the costs are fixed and if a site has been selected on any trial it is selected on all
future trials and we pay its cost only once. In addition, our problem is different in a number of
other ways: 1) In OFL, the location of the next user is seen before choosing a potentially new site,
whilst in our problem the next user location is unknown. 2) In our problem, the opening costs vary
from trial to trial and are unknown, whilst in OFL, they are known and fixed. 3) OFL assumes the
connection costs satisfy the conditions of a metric, whilst ours does not have to. The two problems
are sufficiently distinct so that a methodology for one does not imply a methodology for the other.

Perhaps the closest work to ours is that of (the facility location special case of) “MaxHedge” (Pas-
teris et al., 2019a). In the problem that MaxHedge solves, the learner, like in our problem, picks
a subset of sites, each with unknown cost, and then a user appears. The difference from our prob-
lem is that, in the problem of MaxHedge, the user gives us a reward based on its distance rather
than giving us a penalty (the connection cost) based on distance. The objective is to maximise the
profit: which is the difference between the reward and the total cost of selecting the sites. Prob-
lems involving the maximisation of a profit are very different from those of minimising a loss, in
that having an a-approximation algorithm for one does not give an approximation algorithm for
the other. For example, suppose we have the problem of maximising an objective function y(-)
which takes values in [0, 1] and suppose that we have an a-approximation algorithm for the prob-

lem: for some o < 1. Then an equivalent minimisation problem is to minimise y(-) := 1 — y(-).
Suppose then that the optimal feasible solution x* has y(z*) = 1 — e for some small ¢ > 0,
and that the approximation algorithm finds a feasible solution x with y(z) = a(1 — €). Then

gz)=1—-yx)=((1—a)/e)+a)e=(((1 —a)/e) + a)y(x*) so as € — 0 the approximation
factor for the minimisation problem limits to infinity. Hence, the problem of MaxHedge is very
different from ours. We now briefly compare the mechanics of the two algorithms. MaxHedge is
based on the online optimisation (via Projected gradient descent) of an objective function defined
on [0, 1]V whilst our algorithm is based on the online optimisation (via Exponentiated gradient de-
scent) of a very different objective function defined on the N-dimensional probability simplex. The
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objective functions of both algorithms are based on the sorting of sites introduced in (Pasteris et al.,
2019b). Both algorithms work by sampling sites from the (normalisation of the) vectors that result
from these online optimisations; but whilst the number of sites drawn by MaxHedge is proportional
to the one-norm of the vector, that of ours is necessarily fixed. Because of this, in order for our
algorithm to select arbitrarily sized sets of sites, we need additional mechanics: specifically the
introduction of “dummy sites” and a “doubling trick” (which itself generalises and improves the
analysis of that found in (Herbster et al., 2016)). The analysis of our algorithm is also very different
from that of MaxHedge.

It is also worth noting here that the additive-inverse of the total cost is sub-modular and online
approximate sub-modular maximisation has been well studied in the literature (Roughgarden and
Wang, 2018; Anari et al., 2019). However, the inapplicability of these methods is covered in the
above argument that approximately minimising a function is a different problem from approximately
maximising its additive-inverse (plus a constant).

1.2. Structure of the Paper

This paper is structured as follows. In Subsection 1.3 we define some of the notation that is used
throughout the paper. In Section 2 we introduce our problem and give the loss-bound of our algo-
rithm. In Section 3 we give our algorithm and describe its mechanics. In Section 4 we give two
subrountines in order to make the algorithm of Section 3 efficient. In Section 5 we define the nota-
tion used in the analysis of the algorithm. In Section 6 we give the theoretical concepts that underly
the analysis of the algorithm. In Section 7 we mathematically formulate and analyse our algorithm.
In Section 8 we prove all of the theorems that were stated during the analysis of the algorithm (i.e.
in sections 4, 6 and 7). Section 9 describes how online classification can be formulated in terms of
the theory of Section 6 and is intended as an example for the reader to familiarise themselves with
the theoretical concepts. In Section 10 we prove that no deterministic algorithm, e.g. follow the
(approximate) leader, can achieve the bound on the (expected) loss that our algorithm does.

1.3. Definitions

We now define the notation used throughout the paper. We define Rt := {z € R | z > 0}. Given
real numbers z, 2’ € R we define [z,2'] = {y € R |z <y < 2/}. We define N to be the set
of positive integers. Given z € RT we define [z] := min{n € N | n > z}. Givenn € N we
define [n] := {m € N : m < n}. We shall overload the notation [ - | by treating it also as standard
brackets: i.e. for any mathematical object z, [z] is just another way of writing x. Given any vector
x € R, for some P € N, we define z; to be it’s i-th component. Given a set S we define P(S)
to be the power-set of S: that is, the set of all subsets of S. Given P € N, a subset S of RP, a
differentiable function f : S — R, and some * € S we define Vf(x) to be the gradient of f
evaluated at . In addition we define 9; f(x) to be the ith component of V f(x). Given P € N we
define Ap to be the set of vectors = in R such that Zie[ p| % = 1 and forall i € [P] we have
x; > 0. Given a predicate 7, we define Z(7) to be its indicator function: that is, Z(7) := 0 if 7 is
false and Z(7) := 1 if 7 is true. Given P € N we define 17 to be the vector in R” in which each
component is equal to 1.
Additional definitions, required for the analysis of the algorithm, will be given in Section 5.
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2. Problem Description and Result

We now introduce an online learning version of the classic “Facility location problem”, which we
call the “Facility location game”. The Facility location game is based on the following family of
functions. We have constants C, D € R* and define X := P([N]) \ {0} for some given natural
number N. Given ¢ € [0, C]™ and d € [0, D] we define the function /¢ 4 : X — RT by:

lea(X) = ZEZX c; + min d;
Intuitively we have NN sites and a single user. Each site ¢ has an “opening cost” ¢;, which is the cost
of opening a facility there, and a “connection cost” d;, which is the cost of connecting the user to
it. We open facilities on the set X of selected sites. We pay the total cost ), ¢; for opening the
facilities plus the cost min;c x d; of connecting the user to the nearest open facilility. The Facility
location game is a repeated game between Learner and Nature that runs over trials ¢t = 1,2,... 7.
On trial ¢:

1. Nature selects ¢! € [0,C]" and d* € [0, D]V but does not reveal them to Learner.
2. Learner chooses X' € X.

3. c' and d" are revealed to Learner.

4. Learner incurs loss £, 40 (X*)

The goal of Learner is to choose X in such a way that it incurs a small cumulative loss Zthl lot gt (X £
in expectation (over an internal randomisation of its choices). The problem of choosing, in retro-
spect, the set X* that minimises the objective function Z;‘FZI et gt (X™) is the famous “Facility
location problem”. We seek an efficient algorithm for Learner whose expected cumulative loss is
bounded with respect to this objective function evaluated at any X* € X.

In this paper we will present an efficient algorithm for Learner in which, for any set X* € X,
we have:

T T
E (Z lot (Xt)> €0 <ln(T) 3l @i (X*) +X|(C + D) In(T) 1n(N)T) (1)
t=1 t=1

The algorithm is efficient in that it runs in a time of O(N In(N) In(T")) per trial.

We now argue that this bound on the expected cumulative loss is good for a polynomial-time
algorithm. We first consider the first term on the right hand side of Equation (1). As noted above,
the problem of minimising, in retrospect, Zthl Lot gt (X7) is the facility location problem. This
problem is NP-hard and it has been shown, via reduction from the Set cover problem, that, unless
P = NP, no polynomial time algorithm can achieve an approximation ratio better than (1 —e¢) In(7")
in general, for every ¢ € R™ (Dinur and Steurer, 2014). With this negative result in hand we do
not expect to see a polynomial time algorithm for the Facility location game whose expected loss is

smaller than O (ln(T) ?:1 lot gt (X *)) in general. We now turn to the second term in the right

hand side of Equation (1). Since the loss of any action (i.e. selection of set X') is bounded above
by NC + D, and there are 2"V — 1 possible actions, the standard analysis of the (exponential time)

Hedge algorithm, leads to a regret bound of O ((N C+ D)VN T). This is close to, and often
outperformed by, our term O <|X*|(C + D) In(T) ln(N)T).

6
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3. The Algorithm

In this section we give our algorithm for Learner, when playing the Facility location game. We
will build up the algorithm gradually: starting from the classic exponentiated gradient algorithm
(Kivinen and Warmuth, 1997) for online convex optimisation on a simplex, and progressing via two
intermediate algorithms for the Facility location game. Each algorithm builds on the last in that
it uses the previous algorithm’s methods as subroutines in its own methods. The two intermediate
algorithms have a parameter X € N and have bounds on the cumulative loss, relative to a fixed
set of sites, only when the fixed set of sites has cardinality equal to K and bounded above by K,
respectively.

In Section 7 we will reformulate all the algorithms in this section formally as “strategies” for
instances of what we call “online optimisation games” and analyse their performance. In order
to understand Section 7 it is necessary to first read sections 5 and 6 which contain the required
definitions and theoretical concepts respectively. The proofs of all theorems in these sections are to
be found in Section 8.

All algorithms in this section have three methods: initialise, play and update(-). The
method initialise takes no parameters and has no output, play takes no parameters but returns
an output, and update(-) takes a single parameter but has no output. For an algorithm A we will
refer to its methods as initialise,, play, and update, ().

Each algorithm runs over trials ¢t = 1,2,...,7T. On each trial ¢ it outputs some object X; and
then receives some input y;. This process is given in Algorithm 1:

Algorithm 1 Algorithm A
1: initialises

2: Fortrialst =1,2,...,T:
3: X < play,
4 update, (y)

The inputs to update, are convex functions when A is the Exponentiated gradient algorithm,
and a pair of (opening and connection cost) vectors when A is one of the algorithms for the Facility
location game. For the Facility location game algorithms we have y; := (c!,d"). The outputs of
play , are vectors when A is the Exponentiated gradient algorithm and sets when A is one of the
algorithms for the Facility location game.

3.1. The Exponentiated Gradient Method

In Algorithm 2 we give the methods of our base algorithm CO(N, G), which takes, as inputs,
convex functions y; : [0,1]Y — R and outputs vectors X; in Ay. The parameter G is an upper
bound on the magnitude of any component of the (sub)gradient of any of the input functions y,
anywhere on Ay. The name CO stands for “Convex Optimisation” and it implements the well
studied “Exponentiated gradient method”. The following property is well known:

If the algorithm CO(N, G) is inputted with functions yi, yo, - - - , yr that obey the above prop-
erties, then the output Xy, Xo,--- , X7 satisfies:

D wl(Xe) = ye(X*) < 2GV/In(N)/T )
]

te(T
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for any X* € Apy. Note that the objective of the Exponentiated gradient method is to minimise
Zte[T} Ye(Xe).

When the method updatec, is called as a subroutine in another algorithm, the line “global A <
f(w)” sets a global variable A equal to f(w). This will be used in our final algorithm FL.

Algorithm 2 CO(N, G)
1: initialise:

2 w + 1V/N

B e gy

4: play:

5: return w

6: update(f):

7: global )\ < f(w)

8: g« Vf(w)

9: For i € [N]: u; < w; exp(—ng;)
10: Z 4 3 ieIN) Ui

11: Fori € [N]: w; < w;/Z

3.2. An Algorithm for when the Cardinality of a Comparator Set is Known

In Algorithm 3 we give the methods of our first algorithm FL* (N, C, D, K) for the facility location
game; where N, C and D are defined as in Section 2. Note that we now also have a parameter K:
we will only compare the performance of the algorithm to that of any fixed sets of sites which has
cardinality K. When the method play is called we choose a vector p € Ay and then form the
output X by drawing K [In(7")/2] sites with replacement from the probability distribution on [N]
characterised by p. Let p' be the value of p on trial . We will now describe how and why p? is
selected:

Let f. q be the function f created in the method updateg;. when it is inputted with (c, d).
That is, for all w € Ay:

T

Jea(w) :=Te w+dyw + Y (dup) — dugirn) | D wigy)
i€[N—1] Jjeli]

where T := K[In(T")/2] and v(1),v(2), - v(N) is an ordering of [N] such that dy;;1) < dy;)
foralli € [N —1].
The function f. 4 has the following four crucial properties:

1. fe.q is convex.

2. The magnitude of any component of the gradient of f, 4, anywhere on Ay , is no more than
(C+ D)K|[In(T)/2]
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3. Suppose we have some w € Ay. Let X be a random set of K [In(7")/2] sites drawn i.i.d.
with replacement from the probability distribution characterised by w. Then we have that
fe.da(w) is an upper bound on the expected value of /. 4(X).

4. The value of 3,7y fer gt (P*), minimised over all p* € Ay is bounded as:

min Z fct dt /2 Z Ec’ dt + D\F

“eA
PrEaN e te[T]

for any selection of sites X * with cardinality K.

Property 3 implies that the expected value of /. 4(X) is bounded above by f. 4(p), when
X and p are as in playpr.. Since the objective is to minimise the expected cumulative loss
>teqr] Lot at(X¢) and Xy is the output of playgr. on trial ¢, this bound shows that we can, in-
stead, seek to minimise (7 fer gt (p'). Due to the convexity of fe 4 this is exactly the goal
of the Exponentiated gradient method, so we use the Exponentiated gradient method with inputs
{fet ar |t € [T]} to produce our sequence {p* | ¢ € [T1]}.

By utilising Equation (2), and recalling the above properties, we then have:

Z Ect,dt (Xt)

te|T)
< Z fet at (p")

te[T]
< min ferat (@) +2(C+ D)K[In(T)/2]/In @)

te([T]
< I(T)/2] ) Lo gt (X*) + (2K (C + D)[In(T)/2] + D)y/In(N)T 4)
te(T]

for any selection of sites X* with cardinality /. Note that Equation (3) is a rewriting of Equation
(2) using the bound on the gradient components given in the above properties.

Of course, to run the algorithm we must sample K [In(7") /2] sites from a probability distribution
over [IV] characterised by a vector p € Ay and, during the subrountine updateqg(f), compute
the value and gradient of f(w). In Section 4 we show how to perform each of these tasks in a time
of O(N In(N) In(T)).

3.3. An Algorithm for when a Bound on the Cardinality of a Comparator Set is Known

In Algorithm 4 we give the methods of our second algorithm FL°(N, C, D, K) for the facility
location game. Instead of being able to compare against just fixed sets of sites with cardinality
equal to K, we can now compare against any fixed sets of sites with cardinality bounded above
by K. To do this we add NV “dummy” sites, each with zero opening cost, and use the algorithm
FL*(2N,C,C + D, K) on this extended collection of sites. When playp;. is called we simply
take the output from playgy., which is a subset of the 2/V sites, and remove the dummy sites.
Since we can’t choose the empty set, if all sites in the output of playpy,. are dummy sites then we
will simply choose {1} as the output of playyy,., which has a total cost of no more than C' + D.
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Algorithm 3 FL*(N,C, D, K)
1: initialise:
2: T+ K[In(T)/2]
3: A+ CO(N,(C+ D)Y)
4: initialisep

5: play:

6: p < play,

7: For all i € [Y] sample some k; € [IN] with probability py,
88 X<« {je[N]|Fie[X]: k=j}

9 return X

10: update(c, d):

11: Sort [N]as v(1),v(2), - v(V) such that d,,; 11y < dy;) foralli € [N — 1]
12: Define f : [0, 1]V — R* by:

f(w) =Tc -w+ dv(N) + Z (dv(z v z+1 Z Wy(5)

i€[N—-1] Jeld]

13: update, (f)

Because of this we assign a connection cost of C'+ D to all the dummy sites. We can now compare
to any fixed set X™* of sites in [/V] with cardinality no greater than K: if |[X*| < K we simply
add K — | X™*| dummy sites to it so the cardinality becomes K and we can then use the bound of
FL*(2N,C,C + D, K). By Equation (4) our bound on the expected cumulative loss is then:

Z Ect,dt(Xt) = ’V
te|T)

A

1 Z bet gt (XT)+(2K(2C+D) F;TWJF(C%D)) In(2N)T
te|T)
)

For any subset of sites X* with cardinality no greater than K.

3.4. The Main Algorithm
By Equation (5) The algorithm FL°(N, C, D, N) gives us a bound of:

Sl (X)) | < [
te|T)

for any set of sites X*. We will now turn the factor N into |X*|, which will often be significantly
smaller. We note, however, that by doing this we incur an additional constant multiplicative factor
to the bound.

In Algorithm 5 we give the methods of our main algorithm FL(N, C, D) which works by per-
forming a “doubling trick” with FL°. During the method updatey;,, the method updategy. is

A

w >l gt (X7)+(2N(2C+D) F(QT)%(C%D)) In(2N)T

te|T)

10
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Algorithm 4 FL°(N,C, D, K)
1: initialise:
2: A+ FL*(2N,C,C+ D, K)

3: play

4: X « play 5

5: X « XNI[N]

6: If X = () then set X < {1}

7 return X

8: update(c, d):

9: For all i € [N] set & « ¢; and d; « d;

10: Forall i € 2N]\ [N]set & < Oand d; < C + D
11: update, (¢, d)

called and hence so is updatecy. During the method updatec a global variable A is modi-
fied. Let \; be the value of \ at the end of trial t. We define a := [In(7/2)](4C + 2D) and
b := C' + D. The trials are divided into segments Sy, S1,.52 - - -. At the start of segment S; the al-
gorithm FL°(N, C, D, [2¢(a +b) —b) /a]) is initialised and runs until the sum of the values \; over
trials ¢ in the segment so far exceeds 2:71(a + b)1/In(2N)T. When this happens, S; finishes and
S;11 starts. In sections 6.3 and 7.4 we analyse our doubling trick (Section 6.3 defines and analyses
the doubling trick in general and then Section 7.4 applies it to the facility location game) which,
combined with Equation (5), gives a bound, for FL(N, C, D), of

T
E(chtﬁdt(xtg ( Zﬁctdt )+ | X*|(C + D) In(T) ln(N)T)
t=1

for any non-empty set of sites X*. By using the subroutines of Section 4 the time complexity of
this algorithm is only O(N In(N) In(7")) per trial.

4. Efficient Computation

In this section we give two subroutines for the algorithm of Subsection 3.2, bringing the time com-
plexity of the algorithm of Subsection 3.4 down to O(N In(N)In(T")) per trial. The proofs of both
theorems in this section are to be found in Section 8

4.1. Computing A and ¢
When the method updatec is run as a subroutine of updatep; . we have some f defined by:

T
f(p) =Te- P+ dv(N) + Z (dv(z - v z+1 va (6)
i€[N—-1] JEld]
and for some w € Ay we need to compute \ := f(w) and g := V f(w). Algorithm 6 shows how

to compute both of these quantities in time O (). The following theorem asserts the correctness of
Algorithm 6:

11



ONLINE LEARNING OF FACILITY LOCATIONS

Algorithm 5 FL(N, C, D)
1: initialise:
2: a < [In(T)/2](4C + 2D)

3: b« C+D

4: 0«1

5: K « [(0(a+b)—0b)/a]
6: A+ FL°(N,C,D,K)
7: initialisep

8: [0

9: play:

10: X < play,

11: return X

12: update(c, d):

13: update,(c,d)

14: L1+ A

15: if [ >2(a+0b)0y/In(2N)T"
16: 0« 260

17: K « [6(a+b) —b)/a]
18: A+ FL°(N,C,D,K)
19: initialisep

20: l+0

Theorem 1 Given the function f defined in Equation (6) and the outputs, \, g of Algorithm 6 we
have that A = f(w) and g = V f(w)

Algorithm 6 Computing A and g
P81 — Wy(1)

Fort=1,2,...N — 2:

i1 < Si+ Wy(iq1)
vy (dovoy) = duyy) s34
Fort=N—-1,N—-2,...2:

sy =5+ (duim1) — doe) 57

For i € [N] set g,(;y < Yc; + Ts;
return )\, g

—_

1

A A O S

4.2. Multiple Samples from a Finite Set

In Algorithm 7 we present an algorithm for the efficient sampling of many sites in [N] from a prob-
ability distribution characterised by a vector p € Apy. This algorithm is required in the method

12
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playpr.. Algorithm 7 has the following notation: given an oriented full binary tree and some inter-
nal node j we define <(j) and >(j) to be the left and right child of j respectively. The algorithm has
two methods: the method initialise(p) constructs the data-structure, taking a time of O(N). The
method sample samples a single point and takes a time of O(In(/NV)). The computational com-
plexities of both methods are clear, whilst the correctness is confirmed by the following theorem:

Theorem 2 Suppose we have some i € [N] and p € Ay. Then, given initialise(p) is run
a-priori, the method sample returns i with probability p;.

Algorithm 7 Sampling from a Finite Set

1: initialise(p):
H + [In(N)]
N’ + exp(H)
Foralli € [N']\ [IV] set p; + 0
Construct a full, oriented and balanced binary tree B of height /.
Construct an arbitrary bijection 7 from the leaves of B into N’.
For all leaves j, of B, set p; <= pr(;)
For6=H—-1,H—-2,---1:

For all nodes j of B at depth d set p; = p’q(j) + p[i(j)

D A A T

10: sample:

11: Set vy to be the root of of the 5.

12: Foré =0,1,---H —1

13: Sample a random number 7 uniformly at random from [0, 1]

14: Ifrs < p/<1(v5)/ (p’q(va) +p[’>(v6)) then set vy 1 < <(vs). Else set vgy1 + >(vs)
15: return 7(vg)

5. Definitions

We now define the notation used in the analysis of the algorithm.

We let w € R™ be a surrogate for co. Throughout the paper we will always assume the limit
W — 00.

Given sets S and S’ we define (S, S’) to be the set of functions from S into S’

Given a set S and a natural number 7" we define ST" to be the set of sequences of elements
of S of length T". Given f € ST" we define f; to be the ¢-th element of the sequence f. Given a
sequence f € ST’ and a function 8 : S — S for sets S and S, we define 3(f) as the sequence in
ST with [B(f)]; := B(f,) forall t € [T"].

We define the maximum of the empty-set, max (), equal to 0.

5.1. Measures and Integrals

We note that, although the definitions in this subsection are about measures, the reader need not be
proficient in measure theory in order to understand the paper.

13
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When we talk of a “set” in what follows, we implicitly assume that the set has a natural associ-
ated set of measurable subsets.

Given a measure /. on a set S and a function f : S — R we let [ f [1] be the Lebesgue integral
of f with respect to measure y.. Note that if S is a finite set then [ f [u] = > cs f(x)pu({z}).

A measure g on a set S is a “probability measure” if and only if || sflu=1whenf:S8—R
is such that f(x) = 1 forall z € S. We let As be the set of all probability measures on S.

Given a set S and some x € S we define §(z) € Ag such that for all measurable subsets S’ of
S we have [§(2)](S") = Z(xz € S'). Informally, §(x) is the probability measure in which all the
probability mass in concentrated on x, so that any sample from d(x) is equal to x (with probability
1). Note that for all f : S — R we have [¢ f [6(z)] = f(z).

Given a measure 4 on a set S and a value a € Rt we define ay to be the measure on S defined
by [ap](S") = ap(S’) for all measurable subsets S’ of S. Given, in addition, a measure p’ on S we
define p + p’ to be the measure on S such that [ + ¢/'](S") = u(S") + 1/ (S’) for all measurable
subsets S’ of S.

Given sets S and S, a probability measure ¢4 € Ag and a function f : § — Ag we define
f s J [1] to be equal to the probability measure p € A g defined by, for all measurable subsets S’ of

S.p(S) = [S[f()(S") [1] where [f(-)](S') is the function that maps = € S to [f(2)](S").

6. Online Optimisation Games and the Conversion of Strategies

Here we introduce the theoretical definitions and results that underpin the development of the al-
gorithm. First, we define the notion of an “Online Optimisation Game” (OOG) of which many
problems in the subject of online learning are instances of. As we define an OOG we also define
the notion of a “strategy” for Learner and its “generalised regret” which measures its performance.
After defining OOGs we then define two ways in which to convert a class of strategies for one class
of OOG into a strategy for another: specifically via “transformations” and our “doubling trick”. The
proofs of both theorems in this section are to be found in Section 8

6.1. Online Optimisation Games

We now define an “Online Optimisation Game” (OOG). An OOG ¢ is defined by the following:
e X is the set of Learner’s possible actions.
e Fg is a set of “loss” functions from Xg into R™.

e )\g is a “complexity” function from Xg into R*. Actions that have higher complexity are in
some sense less natural.

e Tg is the number of trials in the game. We will assume that all OOGs G in this paper have
T :=T.

Informally, learning proceeds in trials t = 1,2, ...T. On trial ¢:

1. Nature chooses a loss function f; € Fg but does not reveal it to Learner

2. Learner (randomly) chooses an action x; € Xg

14
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3. fyisrevealed to Learner

4. Learner suffers loss fi(x)

Given an online optimisation game G we make the following definitions. Note that we have
dropped the subscript G on its elements.

Definition 3 A “strategy” is any o € (F7, AX>T in which, givent € [T] and f,f € FT with
fs = fl forall s € [t — 1], we have () = o+(f'). Let Qg be the set of all strategies.

Informally, a strategy o defines, on every trial ¢, a probability measure o¢(f) from which z;
is drawn. This probability depends on Nature’s actions f for all # < ¢ (since it cant depend on
Nature’s future selections). Hence, we have the condition that if f; = f/ forall s € [t — 1], we have

or(f) = ().

The expected average loss of a strategy o € {)g when Nature’s sequence of selections is f is

then:
(U f /ft Ut

te (1]

To evaluate the performance of a strategy o € {2g we compare its expected average loss to that of
a strategy ~*" that always chooses z; = a’ for some 2/ € X. Specifically, we define a constant
strategy:

Definition 4 Given x € X we define v* € Qg by ¥ (f) := 6(x) forallt € [T and f € F'.

and we define the “generalised regret” RZ : RT x Rt — R* by:

Definition 5 Given o € ()g we define its “generalised regret” RZ € (RT x RT RT) by:
RG(L,T) :=max{L (o, f) | f € Q(L, )}

where Q(L,T) is the set of all f € FT such that there exists x € X with \(z) < T and L (4%, f) <
L.

Where unambiguous we will drop the subscript and superscript from Rg.

6.2. Transformations

In this paper we will, on two occasions, transform an OOG @ into a special case of an OOG H (note
that this does not mean that G is itself a special case of /). A “transformation” W from § into H is
defined by the following:

e A function ¥y : Xg — Xy with Ay (Yw(z)) < Ag(x) forall z € Ag .
o Afunction ayy : Xy — Ay, .

e A function By : Fg — Fp such that for all f € Fg and x € A we have:

Bw(Hl() > [ flaw(z)].

Xg

15
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Now suppose we have a transformation W from G into H. We define a function ¢y : RT x
RT — RT by:

ow(L,T) := max{[Bw ()] (Yw(x)) | (z, f) € Xg x Fg, f(x) < L, Ag(x) <T'}

and we define the function myy : 24y — {)g by:
mw(@)i(£) = [ aw Ion(Bw(£)

forall o € Qy and f € FJ. Note that in order to sample 2 from [myy(o)];(f) one simply samples
Z from o (B (f)) and then samples = from ayy(Z). The following theorem bounds the generalised
regret of myy(o):

Theorem 6 Suppose we have OOGs G and H and a strategy o for H. Suppose also that we have a
transformation, W, from G into ‘H such that ¢y is bounded above (pointwise) by a function ¢ that
is concave in its first argument. We then have:

Rg™)N(L,T) < RG((L.T),T).

6.3. A General Doubling Trick

In this section we introduce a generalisation of doubling trick which was introduced in (Herbster
et al., 2016). However, our analysis is sharper, giving us significantly smaller loss bounds.

This subsection deals with complexity functions that evaluate to infinity on some actions. To
get some intuition behind infinite complexities we advise the reader to first read Section 9.

In this section we consider a general OOG G with min{Ag(x) | z € Xg} = 1 and such that
there exists a function ¢ € Fg in which ((z) := 0 for all z € Xg. As stated in the definitions, we
use w as a surrogate for infinity, taking the limit w — co. We will also drop the subscript G from
Xg and ]:g.

First, given § € R™ we denote by AY; the function from Xy into RT defined by:

)\g(:z) =Z(Ag(z) > O0)w

and we define the 00G G by:

OXga::X.
..FQHZ:.F.
o Ao =AY

Now suppose we have some v, p € RT and, for all § € R, a strategy o for the OOG G? which
has a generalised regret of:
% (L,T) < vL+pf +T.

We will now construct a strategy o°T for the OOG G and will bound its generalised regret. We
start with the following definitions:

16
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Definition 7 Given 6 € R™ we define:
¢ = max{ [ piob(n) | 5 e o).

Definition 8 Given f € FT and 7,7 € [T| with 7' > 7 we define £ € FT by:
o ft[T’T/} = fror forallt € [/ —7].
. ft[T’ﬂ :=( forallt € [T|witht > 71" — 1.

We now define the strategy o°7T:

Definition 9 Given f € FT we iteratively define the sequence {oP"(f) : t € [T]}, as well as
sequences 0,1 € RT and 7 € N”, which all implicitly depend on f, as follows:

« 0 :—1.
e 7 :=0.
o oDT(f) = ol (£011).
o L= [ S PT(P).
For all t € [T — 1] we define the following:
o Ifl; < 20:pT then:

— Opp1:= 0.

- Tip1 =Ty
- oP(F) = ot (F1).
= 1 =l + [y frer [025(F)]
o Ifl > 20,pT then:
— Opy1 = 26,.
— T =t
P (F) = o (F01).

liy1 = fot-‘rl [UPﬁ(f)k

The next theorem gives bounds the general regret of the strategy o™

Theorem 10 o PT has a generalised regret bounded by:

. floga)
Rg"(L.T) < 5vL+8pl + z; .

17
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7. The Development of the Strategy
In this section we develop a strategy oPLWN.C.D) for the OOG F~L(N ,C, D) defined by:

o X = P(ND A0}
o M\ (X)=|X[forall X € X .
o Frp, ={lcalcel0,C]N and d € [0,D]"}.

where, for ¢ € [0,C]V, d € [0, D]" and X € X, we have:

X):= ; ind;.
ec,d( ) Z ¢+ {IEH)? dz

Our strategy has a generalised regret R bounded as:

R(LT) €O (Lln(T) +T(C + D)In(T) m(;ﬁ) .

To construct our strategy we will move between different OOGs: using the strategy of one OOG
to build, via transformations or the doubling trick, a strategy for the next. Recalling that w is our
surrogate for infinity (i.e. we assume the limit w — o0), the sequence of OOGs is as follows:

1. CO. This is the classic game of online convex optimisation over a simplex.

2. FL*. This game is the same as FL except that it has a parameter K such the complexity of a
set X is Apje(X) == wI(|X|# K).

3. FL°. This game is the same as FL except that it has a parameter K such the complexity of a

set X is Apjo(X) = wI(|X| > K).

4. FL.

Note that the above OOGs correspond to the algorithms of Section 3: each OOG A corresponding
to the algorithm A. For each algorithm A, described in Section 3, we will, in this section, define
and analyse a strategy o, for one of the above OOGs A, which is implemented by A. The proofs
of all theorems in this section are to be found in Section §.

7.1. The Game CO

We shall approach the facility location game via the well studied OOG Cb(N ,G) for some N € N
and G € R™. In this subsection we shall refer to CO(N, G) as CO, which is defined by:

o Xp:=An.

o Fip is the set of (differentiable) convex functions f : [0, 1" — R in which 8; f(x) € [0, G]
forallz € Ay andi € [N].

® \ip(x) :=0forallx € Ay.

18
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We now define the Exponentiated gradient strategy o“©(N:G) for CO. We first define n:= é ln(j{\/) .
Given some f € ’Fgo we define JEO(N’G)(f) as follows:
Define w' := 1% /N and for all t € [T'] and i € [N] define:
e whexp(—ndify(w)
' > jein) Wi exp(—nd; fi(wh))

‘We then define: O G
o D (f) = s(w').

The following theorem is a well known result.

Theorem 11 The strategy 0°ONS) has a generalised regret R which is bounded as:
R(L,T) <L+ G+2In(N)/T.

7.2. The Game FL*

In this section, given some K € [N], we consider the 00G FL*(N, C, D, K) which is identical to
FL except that:

AFI:.(N707D7K)(X) =wI(|X]| # K)

for all X € Ajs. In this subsection we will refer to Fi’(N ,C,D,K) as FL°. Letting T :=

K[In(T))/2] we will, in this section, create and analyse a transformation ) from FL® into CO(NN, (C+
D)T). We first define two functions. We define a function v : RY x [N] — [N] such that, for all
d € RV, we have:

e {v(d,i):i€[N]} =[N].
o dydit1) < dyaz) Vi€[N—1].
and we define the function  : [N]T — X7 . such that for all s € [N]T we have:
u(s) = {i € [N]|3j € [T]: 55 =1}
We now define the transformation ) from FL® into CO(N, (C' + D)Y) by:

vy(X)i:=Z(i € X)/K Vie[N], X € X,

pie X =K.

Yy(X); is arbitrary Vi € [N], X € Apj.: |X|# K.

ay(w) = Y | [T ws | 6(u(s)).

se[N]T \i€[Y]
T
By(lea)l(w) :=Te-w+dyany+ Y (duai) — dog@irn) | D W)
i€[N—1] Jjeld]
forall w € Xy (cypyr) and (¢, d) € [0, C]Y x [0, D]V. Note that, given w € Ay, it is easy
to sample from ay(w): just sample T points ¢ uniformly at random, and with replacement, with
probability w;. The fact that ) is a true transformation follows from the following two theorems:
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Theorem 12 For all (¢, d) € [0,C|Y x [0, DI we have that By ({c.a) € Fco(n,(c+D)r) -

Theorem 13 For all (c,d) € [0,C]™ x [0, D] and w € Ay we have:
Byteal@) > [ toaloy(w),
Xpie
We have the following theorem:
Theorem 14 For all L,T € RT we have ¢(L,T) < [In(T)/2]L + D+/1/T +T.
We define oFL*(V.CDK) =y, (o COMN(CHDIT))  Combining theorems 6, 11 and 14 gives us:

Theorem 15 oFL°(V.C.D.K)

R(L,T) < [In(T)/2]L + (2K [In(T)/2)(C + D) + D)\/In(N)/T +T.

7.3. The Game FL°

In this section, given some K € [N], we consider the OOG Fio(N ,C, D, K) which is identical to
FL except that:

has a generalised regret R that is bounded by:

A (X) == wI(|X| > K)

FL°(N,C,D,K)
for all X € A . In this subsection we will refer to FL° (N,C,D,K) as FL°. We will now analyse
a transformation Z from FL° into FL*(2N, C, C 4+ D) which is defined as follows:

Yz(X) =X U{N+i:i<K—|X[]} VXeX:.:|X|<K.

Yz(X) is arbitrary = VX € Ao | X| > K.
az(X'):=6X'N[N]) VX'e Xpie@n.c.04D) X'N[N]#0.
az(X):=6({1}) VX'e XpieN.CoeD) - X'N[N]=0.
Bz(lea) =Lz 4 Ve,d € RY .

where ¢, d € R are defined so that:

¢i:=c¢, di:=d; Vi€][N].
¢:=0, di:=C+D ¥ie[2N]\[N].
The following theorem asserts that Z is a genuine transformation:
Theorem 16 Z is a transformation from FL°(N, C, D, K) into FL*(2N, C,C + D, K).
We also have the following theorem:
Theorem 17 Forall L,T' € RY we have ¢z(L,T) < L+T.
We define o' (V.C:DK) . — - <0Fi°(2N7cﬁc+D)>, Combining theorems 6, 15 and 17 gives us:

FL°(N,C,D,K)

Theorem 18 o has a generalised regret R that is bounded by:

R(L,T) < [In(T)/2]L + (2K [In(T)/2](2C + D) + (C + D))/In(2N)/T +T..
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7.4. The Game FL

In this subsection we will refer to the OOG FL(N,C, D) as FL.
By considering the game FL°(N, C, D, N) we automatically have that the strategy of

gives us a generalised regret 12, for the game FL, that is bounded by:

R(L,T) < [In(T/2)]L + (2N [In(T)/2](2C + D) + (C + D))/In(2N)/T .

Utilising the doubling trick of Subsection 6.3 on the game FiO(N ,C, D, K) gives us a strategy,
oFLIN.C.D) for the game FL, with generalised regret R bounded by

L°(N,C,D,N)

R(L,T) € O (L In(T) + T(C + D) In(T) 1“2@) .

Specifically, we define a := [In(7"/2)](4C +2D), b := C + D and the OOG G, which appears

in Subsection 6.3, the same as FL except that A\g(X) := (aK +b)/(a +b). Forall § > 1 we
then define the strategy o, appearing in Subsection 6.3, as equal to oFL°(N.C.D,[(6(a+b)-b)/a])

Combining theorems 10 and 18 gives us the following theorem:

Theorem 19 Define a := [In(T)/2](4C + 2D), b := C + D, and the OOG G as the same as
FL except that Ag(X) := (aA,(X) +b)/(a +b) for all K € Xy ¢ p)- Also define ol =
oFL°(N.CD.[(0(atb)-b)/al) for gil § > 1. Then the strategy oPT, as defined in Definition 9, has a
generalised regret, with respect to the OOG FL(N, C, D), of:

RZ(L,T) €O (L In(T) + T'(C + D) In(T) IH(J{V)> .

L(N,C,D) T

With Theorem 19 in hand we let our strategy o" be equal to oPT .

8. Proofs

We now prove the theorems in sections 4, 6 and 7, in order.

8.1. Proof of Theorem 1

By a simple induction we have, forall i € [N — 1], s; = > jeli] Wo(j)- This immediately gives us
A = f(w). Also, this gives us, via another induction, that, for all : € [N — 1]:

=

(dogry = (k1)) S5

»

I
x5
™)
]

F

(dugy = dorsy) | D wog)
i JE[K]

i

T
Now, the derivative of (Z elk] wv(j)) with respect to w,;) is equal to 0 if k£ < ¢ and equal to

T (Z el wv(j)> if £ > 7. This means that Ts;- is the derivative of
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T
> kev—1) (doky = dugis1)) (Zje[k] wv(j)> with respect to w,,(;). Since Y¢; is the derivative of
¢ - w with respect to w, ;) we then have that g, ;) is the derivative of f (w) with respect to Wy (5)-

This completes the proof.
|

8.2. Proof of Theorem 2

We utilise the notation defined in Algorithm 7. Given a node u, of B we let || (u) be the set of leaves
of B which are descendants of .

Lemma 20 We have p, = 1.

Proof We first prove, via reverse induction on ¢ (i.e. from § = H to § = 0) that for all nodes u at
depth § we have p), = > jel(u) Pr()- This is clearly the case when § = H because then u is a leaf
SO Py = Pr(w) and J(u) = {u} so 37 jel(u) Pi = Pr(u)- Suppose the inductive hypothesis holds for
d = ¢’ (for some &’ € [H]). Then, if u is at depth 6’ — 1, we have that <(u) and >(u) are a depth ¢’
S0:

Z DPr(j) = Z DPr(y)
jel(w) FEb(a(u)UL(>(w)))
Z pT Z pT(j)
jE(<(u)) FEH(PE(u))
/

= Pau) T Do)
Pl

so the inductive hypothesis holds for § = § — 1. This proves the inductive hypothesis and hence
that:

J€(vo)

= >

ke[N']

=2 m

ke[N]
=1

Now let [ := 771(7) where i is as in the theorem statement. For all § € {0} U [H], let as be the
ancestor of [ at depth . We have the following lemma:

Lemma 21 We have: s
P(l=vpy |vs = as) = -
as
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Proof
We prove via reverse induction on § (i.e. from é = H to 6 = 0)
When § = H we have a5 = [ so:

Pl =vy |vs =as) =Pl =vu |vg =1)

so the inductive hypothesis holds for § = H. Now suppose the inductive hypothesis holds for § = ¢’
(for some &' € [H]). We now show that it holds for § = §’ — 1. Firstly, if ay = <(ag_1), we have:

p,<1(v /1)
Plvy = ag |vs—1 = ag—1) =P (7‘5/—1 < - jr 1,
pq(vél—l) pb(“&’—l)

/
Pa(ug_y)

= /
pq(”§/71) +p>(v6,71)

/
Py,

- 7
pq(”s'q) +p‘>(”5'71)

and if ay = >(ag 1), we have:

/
<1(U ’_ )
P(vsy = ag | vs—1 = agr—1) =P (T(S/_l > = —(:— 1’ )
pq(v(;/_l) pb(“d’—l)

/
B Pavy_y)
/ /
pq(vé’fﬂ + pD(

=1

Vsr_1)
/

. p[>(v5/_1)

/ /
p<‘(05/71) +p'>(”5/71)
Py,

= / /
pq(”&’—ﬂ +p'>(U5/—1)
so in either case we have:

/
Py,

P(vs: = as | vs—1 = as—1) = — ;
Patwy_) T Powy_y)

/
Py
/
2
/
Play,

/
Py,
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and hence, by the inductive hypothesis we have:

P(l =vg |vy—1 = ag—1)
=P(l = vy |vy = ay Nvg_1 = ag_1)P(vy = ag | vs—1 = ag_1)
P(l = vy | vy = a)P(v5 = agr | o1 = agr_1)
D
=—~P(vs = ay | vy—1 = ag_1)
as
!
_Dbi Pay
Pas Pag_,
pi

= /
Payr_,

so the inductive hypothesis holds for § = 4’ — 1 and hence holds for all é. |

Taking 0 := 0 in Lemma 21, and noting that the algorithm returns ¢ if and only it vy = [ then
gives us that the probability of returning ¢ is:

P(l = 'UH) ZP(Z =V ‘ Vo = ao)
_ Pi
= pgo
_pi
= pgo
= Di (N

where Equation (7) comes from Lemma 20.

8.3. Proof of Theorem 6

Given f € FgT we have:

te[1) /¥

=22 [ el w(n)

g J Xn

/ £ low] [oe(Bw (£))]
X-

o Xg

( ; fe [aw]> [oe(Bw ()]
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<23 [ Bl lnBw()

te[1]”
= L (o, bw(f))
Now suppose we have L, T’ € RT. Let:

f = argmax;c o ) {L£ (mw(o), f)}

where Q(L,T) is the set of all f € F7T such that there exists z € AXg with Ag(x) < T and
L (v*, f) < L. Note that by the definition of generalised regret, and the above inequaltiy, we have:

RZWNL,T) = £ (mw(o), f) < £ (o, bw(F))

Since f € Q(L,T') choose x € Xg such that with Ag(z) < T'and £ (¥”, f) < L. Since Ag(z) < T
we have, by definition of a transformation, that Az (1w (z)) < I'. By definition of ¢y (L, I') and
the fact that ¢ is non-negative and concave in its first argument, we have:

£ (7@ 5(F) = 7 3 Bw(F)ww(x)

te(T]

Z¢W

te(T]

IN
N -

-

cb(())

IN
H\H

IN
RS

> @q

T
(f
r)

So we have )y (z) € Xy such that £ (’wa Bw(f)) < ¢(L,T) and Ay (vyy(x)) < T. By
definition of generalised regret, we then have:

L(o.fw(f)) < RE(S(L.T),T)

Combining with the above inequality that RmW(U)( L.T) < L (o, Bw(f)) gives us the result.

IN

(L,

8.4. Proof of Theorem 10

We now analyse the strategy o7, First, choose some arbitrary f € F' and take the notation in
Definition 9 when applied to f. Now let j be such that 7,1 = p2/ and let = be an arbitrary element
of X. Forall i € [j] U {0} let s; be the first trial ¢ on which §; = 2. We define s;+1 := T + 1.
Note that, for all ¢ € [j] U {0}, we have that:
{t€T|0t:2i}:{t€T|Si§t<8z‘+1}
and forallt' € {t € T'| §; = 2!} we have 7y = 5; — 1.
We start with the following lemma:
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Lemma 22 Forallt < j we have:

Si+1— 1

Z / flelT(H<TL (a’2i,f[5i_1vsi+1—1})

Proof

Si+1— 1 Si+1—1

> / LPTH = S /X fo lofe, (£

Si+1— 1

- Z / folo% oy (1 =Ty ®)

i 1L, T
= Z / t[Sls +1] tsl+1(f[si_1’si+l_1])]

Si4+1— 1

- X J AR o (gl )

S / ftszs:illerl 1] [ ol 81+1(f[si—1, 3i+1_1])]

T+51
<3 / A CORNC SR )
d 1, 1
:Z / Fie e o (gl s
t'=1
t'=1

—7Tr <02i’ f[si—l,si+1—1]>

We Equation (8) comes from the fact that o*f,t( f') is independent of f;, for all ¢ > t’ (for any
t'€Tand f € FT). [ |

Lemma 23 Given i is such that i < j and \g(x) < 2, we have:

87;+171

TC (UQi,f[si—Lsz-ﬂ—l}) < p2'T + v Z fv (@)

I —a.
t'=s;
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Proof We have Ay (x) = )\g () = 0 so, by the generalised regret of o2 we have:
2 (o, gi-tus)

gTjof (,c (wx, f[Si*LSM*”) ,0)

<TvL( ('}’I, f[si—l,si_;_l—l]) + Tp2z

T

=12t 403 [ g (o)
t=17%
T

=Tp2' +v Z ft[s"_l’s"“_l] (x)
t=1
(si41—1)—(s:—1) T

:TIOQZ + U Z ft[si—l,si+1—1] (x) + U Z t[Si—l,Si+1—1] (fl:')
t=1 t=(si+171)7(8171)+1
Si+1—58;

T
RN S e R N T
t=1 t:(si+1,1),(si,1)+1
Si4+1—S35 T

=Tp2' +v Z ft[si_l’si“_l] (x) +v Z ¢(z)
t=1 t:T,(Si+1,1),(Si,1)+1
Si+1—Si

=Tp2 +v Y (g
t=1

Si+1—8i

=Tp2 +v Y frrsim1(2)
t=1
Si+1 —1

=Tp2' +v > fulx)

I —q.
t'=s;

Combining lemmas 22 and 23 gives us the following lemma:

Lemma 24 We have:
si+1—1 si+1—1
> [ Rl T Y o)
t=s; X t=s;

forall i € Nwith 2" > \ge(z) and i < j.

Proof Direct from lemmas 22 and 23
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Lemma 25 Forany k < j with 28 > \ge () we have:

Z / fe oM ()] < p(2T = 2T +vTL (v, f)
t=sg
Proof
T j sit1—1
S [ R @I=3 Y [ #ePT)
t=sg i=k t=s
J ' si+1—1
S p2T+r ¥ f@) )
i=k t=s;
J siy1—1
=p@T -2 T+v> " N fila
i=k 1= Si
=p(@T = 2T +v Z fila
t= Sk
< p(2F =T+ qut
= p(2Z - 2MT + VTE ", f)
where Equation (9) comes from Lemma 24 |

Lemma 26 Forall v < j we have:

Si+1— 1

loiyi—1= Z /ft

where s, ., 1 is as in Definition 9.

Proof From Definition 9 we have I, = [ fs, [0 T (f)] and for all ¢ € [T] with 5; <t < si41 we
T

have ly1 :=l; + [, fr41 [0 (f)] so by induction we have the result. [ |
Lemma 27 Forany k < j 4+ 1 We have:

Sp—1 k—1

Z / filo ] <2025 T+ 3 ¢

i=1

Proof Let ¢ be an arbitrary number such that ¢ < k. By Definition 9, we must have that either
lsyr—1= fX filo 51+1 1(F)]orls,,  —2 <2pb,,, 2T = 2p2"T. In either case we must have:

oyt < 202°T + / £ (0P L (F)]
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—2p2T + /X foo? i ()
< 202'T + ¢*
Substituting into the equality of Lemma 26 gives us:

Si+1—1

tzs:i /Xft [oPT(£)] < 2p2T + ¢*

SO:
sl k—1si+1—1
DT - DT

;/Xft [0} (f)]—; ; /Xft 02T ()]

k—1

=" (22T + ¢*
Y. (rr )
k—1

< 2p2kT + Z q2i
i=1

Lemma 28 If \g(x) < 277! We have:
p2 Tt <wL (", f)
Proof From Definition 9 we have [5;—1 > 2 - 271 pT so, by lemmas 24 and 26 we have:

2pT < 1,1

:ijﬁﬁwﬁun

t=s;j—1
s;—1

<pP T4y > fil)

tZSj_l

T
<pPI T+ v fi(x)

t=1

T
SN ol AT
XS
= p2 7T +vTL (Y, f)

sop2t = (2-1)p2 "1 = p2 — p2I Tt <vL (", f)
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Lemma 29 If \g(z) < 297! then:
1 .
DT T 2°
L(oPTF) SBLO" f) +200g(2) + 7 > 4

where k := min{k < j | A\g(z) < 2F}

Proof Combining lemmas 25, 27 and 28 gives us:

DT gy _ L d /DT
L(o ,f)—T;/Xft[t ()]

1 iy DT 1 o DT

-5 3 (f)]+TSZk/Xft oPT(f)
k—1

< <2p2’f 5 q) + (27 = 28+ vL (v, f)
=1

k—1

: 1 i

=vL(Y" £+ 2"+ o2+ 2
=1

1 k-1

<L P+ 2+ WL (v ) + 5y dF

~

which, since 27! < A\g(z), is bounded above by:

k—1
T 1 20
UL (7", f) + 200g(2) + Y 4

=1

Lemma 30 If \g(z) > 277! then:
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T
=1
[ |
Lemma 31 We have:
1 [logy(Ag(®))]
DT x 2°
L(a", f) <5vL (v ) +8p2g(2) + z; q
i—
Proof Direct from lemmas 29 and 30 |
So we have shown that for any € X' and f € F' we have:
1 [logy(Ag(2))]
DT 21
LoD F) <L (Y, ) +8pAg(x) + Zl q
1=
Theorem 10 follows.
[ |

8.5. Proof of Theorem 11
Given vectors a,b € Ay we let D(a, b) be the relative entropy between a and b. That is:
D(a,b) = Z a;ln %
’ . bi
1€[N]

It is a standard result that D(a, b) > 0.
Suppose now that we have some f € fgo. Let u be an arbitrary vector in A and forallt € T’

let w' be as defined in the text (in the definition of O'CO(N’G)).

Since f; is convex we have, by definition of a convex function:

fr(w") = fo(w) < (Vfi(w")) - (w' —u)
s0, by letting g' = V f;(w') we have:
D (filw') = f(w) <D (" w' —g' ) (10)
teT teT

Let:

Zy =Yy whexp(—ng})
1€[N]
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t+1

Since, for all ¢ € [T — 1], we have w; ™ = w! exp(—ng!)/Z; we obtain:

Wit
D(u,w') — D(u, wt+1) = Z w; ln< Zut )

i€[N] i

_ Z w; In <€XP(Z—t"795)>

1€[N]

=0 Y wigi— Y uin(Z)

1€[N] 1€[N]

= —nu-g' — In(Zy)

=—nu-g' —In| Y wlexp(—ng!)
1€[N]

1 2
>—nu-g' —In| > w <1 —ngi + 51° (97) ) (11)

1E€[N]

b2

1
N ot ot L2 t
=—nu-g—In|1—-nw g+277 g w; (g

1€[N]
> —n(u-g'—w'-g" 22 (12)
1€[N]
> —n(u-g'—w'-g") QZ w!G?
1€[N]
t t t 1 22
=-n(u-g —w-g)--nG

2

where equations (11) and (12) come from the inequalities exp(—x) < 1 — z + 22/2 (for z > 0)
and In(1 + =) < x respectively.
So we have:

1
D(u, ,wt) _ D(u,wtﬂ) > _n(u . gt o wt . gt) §n2G2

which implies:

D(u,w') = D(u,w" ™) = Y D(u,w') - D(u,w™) > Y —n(u-g'—w'-g') -
te[T) te([T]

L o2
-n°G"T
ol

S0, since relative entropies are positive, we obtain:
1
D ’UJ1> —nlu - t_wt. t—*2G2T
(u, )_tez[;] n(u-g g — 5

which, upon rearranging and substituting into Equation (10) gives us:

Z(ft( <Zg cw' — gt u)

teT teT
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1
< —D(u,w) + 577G2T

—_3 =

=— Z u;i In (Nu;) + 177G2T
m, 2
ZE[N}

1
< - Z u;In (N) + 577G2T
ZE[N

1
< -~ In(N szT
_nn( )—1—277

= G+/2T In(N)

This implies that:

£( CONG), Z/ £ [0CONO) £

te[T]
— Z w')]
te[T]
- f Z ft(wt
te[T|
= 111 (Z(ft( ) ) th
teT teT
2In(N) 1
<q + =) fi(u)
T T ; ¢
2In(N) 1
=G + = fe [6(u)]
T T ; Ayt
2In(N) 1 “
=G -
T + T teZT/AN Je ']
<o/ 2B L p iy p) (13

We are now ready to bound the generalised regret. Suppose we have L,T" € R" and assume
f € Fpand u € X5 are such that A (u) < T'and £ (v, f) < L. By Equation (13) we have:

£ (9O F) <Ly f) + G\/TlT(M <L+ GFII;(N)

Maximising across all such u gives us the result.

8.6. Proof of Theorem 12

Suppose we have ¢ € [0,C] and d € [0, D]. We first show that Sy (¢, q4) is convex. This is true

since, first, Zje[i] Wy(qd,5) 18 linear and the function g : Rt — R* with g(z) := 27 is convex,
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T
and hence (Z el wv(d,j)> is a convex function of a linear function and hence convex. Hence

ZiE[N—l] (dv(d’i) — dv(d,i+1)) (Zje[i] wv(dﬁj)) is a positive sum of convex functions and hence
convex. Since T¢ - w + d, g,y is linear and hence convex, we then have that 3y (¢, q) is a positive
sum of two convex functions and is hence convex.

We now show that ||V 8y (e q)(w)|e < T(C + D) for all w € Ay which will complete the
proof. We have:

T-1
N-1
av(d,i) [5y(EC,d)](’w) = Tcy(dz +7T Z v(dz - v H—l) Zwv(d,j
j=i J€li]
T-1

N-1

< ch(d,i) + 7 Z (dv(d,z’) - dv(d,z’+1)) Z Wy(d,j)
Jj=t JE[N]

N—

T—

< ch(d,i) +7 - (dv(d,i) - dv(d,iJrl)) 1t

J

N—1
=Teyg)+ T Z dy(di) — du(dit1))

] =i

< Yeyap) + Yy,
<YC+TYD

[ay

2

8.7. Proof of Theorem 13

Suppose we have some ¢ € [0,C]Y, d € [0,D]Y and w € Ay. For X € P(|[N]) we define
9(X) := > icx ¢ and for all i € [N] we define h;(X) := Z(X C {v(d,j) : j € [i]}) We start
with the following lemma:

Lemma 32 We have:
/ g loy(w)] < Tw -
Xpre

Proof We have:

/XFL. g lay(w)] = /XFL. g | > 6us) I] ws

s€[N]T €[]

| s g (o))

=2 | I v

se[N]T \ig[Y]

)
- 5 (o) oo

se[N]T \ig[Y]
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¥ ()

se[N]T \i€[Y] JE[Y]

> (H)

JE[Y) se[N]T \i€[Y]
(14)

We now analyse the term 3 /yr (Hz‘em wsi> c,, forall j € [N]. Without loss of generality let
7 = N. Then we have:

5 (H}ws@) e Y (H)

se[N]T \ig[YT se[N]T \i€[Y]

y oy (H)

sNE[N] s€[N]T-1 \i€[Y]

ey (11-)

sNE[N] s€[N]|T-1 [Y-1]
= 2 waen | 1D ws
SNE[N] i€[T—1] s;€[N]
=Y e | I
sNE[N] 1€[T—1]
- Z Wsn Csy
SNE[N]
=w-c
Substituting into the above gives us the result. |

Lemma 33 Forall i € [N] we have:

T
/XFL- hi [ay(w)] = (Z wv(d,j))

JEli]

Proof Letting V := {v(d,j) : j € [i]} we have:

/X hi loy(w)] = /X hi [ > s I w&]

se[N]T €[]
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= ws, hi 16(1(s))]
Z ig} /XFL' g

se[N]T

s€[N]T \i€[T]

- Z sti I(k eV Vk € u(s))

se[N]T \:i€[T]

= 3 (] we | 265 € v viex)

se[N]T \:i€[Y]

= Z H ws, | Z(s € V)

se[N]T \:i€[Y]

=2 | 1w

scVT \i€[Y]

I

i€[Y] i€V

1

ie[Y] sV

()

T
(5
Jeli]

Lemma 34 Forall X € XFi' we have:

lea(X) = g(X) +dyam + > (dogas — du(girn)) hi(X)
1€[N—1]

Proof Let j be such that v(d, j) = argmin,c x d;. For all i < j we have that v(d, j) ¢ {v(d, k) :
k € [i]} so since v(d,j) € X we have X € {v(d,k) : k € [i]} and hence h;(X) = 0. On the
other hand, for all k such that v(d, k) € X, we have, by definition of j, that d,g ) > dy(d,j) 50
by definition of v, we have v(d, k) < v(d,j) and so for all i« > j we have v(d, k) € {v(d, k') :
k' € [i]}. Hence, for all i > j we have X C {v(d, k) : k € [i]} which implies h;(X) = 1. Putting
together gives us h;(X) = Z(i > j). This implies:

dy(d,N) + Z (du(aiy — dudit1)) hi(X)
1€[N—1]
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= dvan) + Z (duai) — du(ai+1)) Z(i > j)
1€[N—1]

N—1
= dy@a,n) + Z (du(ai) — du(a,i+1))
i=j

dy(an) + (do(ag) = doa.n))
= du(dy)
= mind;
1€X
By definition of g(.X) we then obtain the result. [

We are now ready to prove the theorem. By Lemma 34 we have that:

| tealorw)
:/XFL. g lay(w)] + dv(d,N)/ 1 [ay(w)] + Z (dv(dﬂ‘) - dv(d7i+1))/ hi [ory(w)]

ArLe i€[N—1] ApLe

Substituting in lemmas 32 and 33 gives us the result.

8.8. Proof of Theorem 14
Recall that, by definition of ¢y, we have:

¢y(L,F) = maX{[ﬁy(f)}(lby(ﬂﬁ)) | (.%',f) € XFi' X fFi'? f(.%') <L, )‘Fi' (l’) < F}

Suppose we have L,T' € RT. When I" > w we trivially have that [3y/(f)](¥y(X)) < w for all
X € Xgje and f € Fpj. so:

¢y(L,T) <w <T < [In(T)/2]L+ D\/1/T +T

Now let’s consider the case that I' < w. Suppose we have some (X, f) € Ao X Fpje with
f(@) < L,and Apjo(z) < T. Letc € [0,C]Y and d € [0, D]V be such that £ g = f and let
w = Yy(X). Since A\ (X) < w we have | X| = K and hence also w; := Z(i € X)/K. Let k be
such that v(d, k) = argmin,¢ x d;. For all i € [N — 1] we have:

T T
Y
D owuay | S| D wuay | =17 =1
J€li] JEN]
and for i € [k — 1] we have:
T T

2wy | =| D wiay
jeli] JEINN\{k}
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T
(5000 o
JE[N]

— (1 1/K)"
< exp(=1/K)Y
_ 1/K)K[1n (T)/2]
= exp(—[In(T)/2])
—In(7)/2)

D

»
=)
/-\

IN
@
»
=)
/\

=+/1/T
Substituting both these inequalities into the definition of 5y (/¢ q)](w) gives us

By (Le.a)(w)
T
=Tc w+dygnN) + Z (du(ai) — du(a,i+1)) Z Wy(d,j) )

i€[N—1] jeEli]

k—1 N—-1
<Tec-w+dyqn +Z o(di) — do(d,it1) \/1/7T+Z o(dyi) — du(d,i+1))

i=1 i=k

=Tc w+ Z (dv(d,i) - dv(d,i+1)) \/1/777 + dy(a,k)

=Tc -w+ l/TZ (dv(d,i) - dv(d,i+1)) + dy(d k)

— Te- 1/T( (1) — do(@r)) + du(a)
<Tc -w+ dv(d,l)\/ﬁ + dy(a k)
< Tc-w+Dm+dv(d,k)
ch-'w—l—D\/1/7T+mi)I(1di
1€
=7 /K + D+/1/T ind;
ZEZ;(CZ/ + DV/1/T + mind

< KMn(T)/2] Y ¢;/K +D\/1/T + min d;

1€X
< I(T7)/2] ) ¢; + DMl/T%—gi}rgdi
i€X
< MIn(T)/2] (Egi)?di + ZCZ) + D\/1)T
1€X
= [In(T)/2]lc,a(X) + D\/1/T

So, since I' = 0, we have:

[By(F)](y(X)) < [In(T)/2}le,a(X) + D/1/T + T
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< [In(T)/2]L+ D+/1/T+T
Since this holds for any (X, f) € X;e X Frje with f(z) < L and Ap5.(z) < T, we have:

éy(L,T) < In(T)/2]L + D/I/T +T

8.9. Proof of Theorem 15

The result comes directly from theorems 6, 11 and 14

8.10. Proof of Theorem 16

Given X € AXj;. with | X| > K we have A;.(X) = w. Since, for all X’ € Xpien.corp) We
have Apieon ccip) (X') < w we trivially have that AFi'(ZN,C,C+D)(¢Z(X)) < Apjo(X). On
the other hand, suppose we have X € X . with [ X| < K. Then |9z (X)| = [ X[+ [{N +i:i <
K — |X[}] = [X] 4+ K — [X| = K and hence Apie oy o opp)(¥2(X)) = 0 = Agjo(X). Soin
any case Api oo oo p) (Y2(X)) < Apgo (X).

Now suppose we have some f € Fpi.. Let c,d be such that f = /. 4 and let ¢, d € R?N be
defined as:

Ci = Ci, d; :=d; Vi € [N]
é:=0, di:=C+D Viec[2N]\[N]
Note then that 8z ({c.a) = £, 5. Since & € [0, C]*" and d € [0,C + D]?N we have that 5z ({c.q) €
FrLe2N,c,c+D,K)- All that is left to show is that [3z(le,q)](X') > fXFLo leg [az(X')] for all

X' e Xris@an,c,o+p) a0d (c,d) € [0,C]N x [0, D]N. We have two cases:

e In the case that X’ N [N] = () then for all i € X’ we have i € [2N]\ [N] so ¢ = 0 and
d; = C + D. This means that:

Bz (lea)l(X') =L, o(X)) =D e+ min di=C+D>ci+d
iex

~ tealit)) = [

Xpr,0

fea BN = [ toalaz(x)

Xpr,0

e In the case that X' N [N] # () choose i € X' N [V] that minimises d;. Since i € [N] we have
di <D< C+D=djforallj € X"\ [N]so:

mind; =d; = min d; = min d;
jex’ JEX'N[N] JEX'N[N]

<

and we also have:

Zéj: Z éj—i- Z éj

jeX! JEXN[N] JEXN([2N]\[V])
= Z ¢+ Z 0
JEXN[N] JEXN([2NN\[N])
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SO:

[Bz(le,a

8.11. Proof of Theorem 17

Given L,T" € R suppose we have (X, f) €
If I' > w we trivially have that [Bz(f)](vz(X

X’

d. G

JjEXN[N]

) = €é7a(X)
= Z Cj

+ min d
!
jexr X

2.

JEXN[N]

¢+ min

d]
JEX'N[N]

= lea(X N[N])

| tealsx vy
Xpro

/ led [az(X')]
Xppo

Xpjo X Fpjo with f(X) < L and Ao (X)<T
)) < w < L+ T so suppose now that I' < w.

Then we have that A7, (X) < w and hence | X| < K.
Let ¢, d be such that f = /. 4 and let ¢, d € RN be defined as:

G = ¢y,

¢ =0, CZiZ:C—I—D

Note then that 8z ({c q) = ¢, ; so:

[Bz(N(bz(X)) =

dii

B
=,

d((

Vi € [2N]\ [N]

z(le.a)l(Yz(X
)

)

Z ¢; + min CZZ
i€Yz(X) iepz(X)

Z ¢ + min dAZ
J )N[NV]

i€z (X)

D, ¢

l€¢2(X)

i€z (X)N[N]

2.

1€X

i€Yz(X

d;

min
Zéwz X)N[N]

d;

min
i€z (X)N[N]

¢ +

>

¢; +mind;
ieX
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<L4T

So, in either case, we have [5z(f)](vz(X)) < L + I'. Since this applies to all (X, f) with
J(X) < Land A\;.(X) < T we hence have that ¢yy(L,T') < L +T
|

8.12. Proof of Theorem 18

Direct from theorems 6, 15 and 17

8.13. Proof of Theorem 19

Note first that since min{Ag (X) | X € &5} = 1 we also have min{A\g(X) | X € &g} =1
which is required to use the doubling trick. We define the quantities v and p as equal to [In(7")/2]
and (a 4 b)/In(2N)/T respectively. Defining G? (from G), for all § > 1, as in Subsection 6.3 we
have, for all X € AG:

AG(X)

Z(Ag(X) > O)w

T((adg,(X) +b)/(a+b) > O)w
IT( A\, (X) > ((a+0)8 —b)/a)w
Z(
Z(
A

Age (X)

) >
[ X] > ((a+b)0 —b)/a)w
[ X| > [(a+0)0 —b)/a])w
X)

FL°(N,C,D,|(6(a+b)—b)/a]) (

Hence we have that G = FL°(N, C, D, | (6(a + b) — b)/a]) so by Theorem 18 we have that the
strategy o has a generalised regret, with respect to G?, of

% (L,T)
=R’ (L,T)

FL°(N,C,D,|(6(a+b)—b)/a])
FL°(N,C,D,|(6(a+b)-b)/a])

_RgLO(NCD L(0 (a+b)fb)/aj)(L’ )
<[In(T)/2]L + (2|6(a + b) — b)/a][In(T)/2](2C + D) + )VIn(2N)/T +T
<[In(T)/2]L + (2(0(a + b) — b) /a) [In(T)/2](2C + D) + M N)/T+T

=[In(T/2)|L + ((6(a + b) —b)/a)a + b)\/In(2N)/T + T
=[In(T/2)|L + 6(a + b)\/In(2N)/T +T
=vL+pd +T
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which is required for the doubling trick. Since all the conditions for the doubling trick are now
satisfied we can invoke Theorem 10, giving us:

“052
RS (LI»<5VL+8mt+— }: e (15)

where q2i is defined as in Subsection 6.3. That is:

—max{/ftat |f€]:Tt€[]}
which, by above, is equal to:

max { / filg P RCDACEERRRN (] | f e Fht e [T]}
X

Fix some I' € R* and let K := (I'(a + b) — b)/a.
Since the strategy o'L"(N.C.D:[0(a+b)-b)/a]) always selects a set of at most [In(T)][(A(a+ b) —
b)/a] sites we have ¢° < [In(T)/2]](0(a + b) — b)/a]C + D so we have:

[logy (T)] [logy (T)] ;
2'(a+b)—b
2t < 1 - D
DR SN o | 2D oy

mmm :
2i(a+b)—b
< Z:HMﬂﬂWOH;)C+D
=1
[log(I)]

< ) Mn(7)/2]

=1

(+MC+D

Mgz (D141 (¢ 4 b)

< [In(7)/2] C+D
< [In(T)/2]
— [In(7)/2]8

= [In(T)/218

M+MC+D

4@i@—ﬁc+am(vﬂ C+D

(a+@bc+&mawﬂuc+;;}D(Vﬂc P

B I'(a+0b) -0 C+D
= [In(T )/2187C'+874C+2DC+D

:(m(yﬂglﬁiﬂ—ﬁc+4c+p

— 8[In(T)/2]KC + 4C + D

SO:

qu(’)
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co (K(C’ + D) ln(TN)) (16)
We also have:
pl = T(a+b) ln(;N )
_ a(f(:bb a4 1n(:2FN)
= (aK +b) ln(;N )
co (K(C’ + D) In(T) ln(TN)> a7

Combining equations (15), (16) and (17) gives us:

RZ"(L,T) €O (Lln(T) + K(C + D) In(T) IH(Q{V ))

which implies the result.

9. Hypothesis Classes and Infinite Complexities

In this paper we utilise complexity functions that (informally) evaluate as infinite on some actions.
Hence, to give an idea of what these infinities mean, we now consider, as an example, the general
task of “online classification”. Since infinity is not actually a number we will instead use, as a
surrogate, a number w and take the limit w — oo.

In an online classification problem we have a set S and a set H of functions from S into
{—1,0,1} that are known to Learner. We call H the “hypothesis space”. We also have a “com-
plexity” function N : H — R™. Nature chooses some h € # a-priori but doesn’t reveal it to
Learner. Learning proceeds in trials t = 1,2, ..., 7. On trial ¢:

1. Nature chooses some s; € S with h(s;) # 0 and reveals it to Learner.
2. Learner chooses some ; € {—1,1}

3. h(s;) is revealed to Learner

4. If g # h(s;) then Learner incurs a mistake.

Given a strategy for Learner we define its “mistake bound” to be a function M : R™ — R™ such
that M (53) is the maximum number of mistakes made by the algorithm if nature chooses h with
N(h) < B.

An example of online classification is “online linear classification” of dimension n in which
S ={s € R": ||s|]| < 1} and each hypothesis h is defined by a pair (w, 1) € S x (0, 1) such that

h(s) =Z(|lw - s| > p)sign(w-s) and XN(h)=1/u
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The famous “Perceptron” algorithm achieves a mistake bound of M () < 3?2 for online linear
classification.
We can formulate online classification as an online optimisation game G as follows:

o Xg=(S,{-1,0,1})

e Fg is the set of all f € (Xg,R™) such that there exists (s,y) € S x {—1,1} with f(g) =
Z(g(s) #y) forall g € Ag

e Given g € Xg we have \g(g) :=Z(g ¢ H)w +Z(g € H)N (g)

This game is equivalent to online classification by the following relationships (where f; and g; are
Nature’s and Learner’s actions on trial ¢ respectively).

o filge) = L(ge(st) # h(se))
o Ut = gi(st)
e If a mistake is made on trial ¢ then f;(g;) = 1. Otherwise f;(g;) =0

Given a strategy o with mistake bound M (-), its generalised regret RZ satisfies:
1
RZ(L,T) < Lw + TM(F) +wI(I > w)

So, in Online classification, complexities evaluate as infinite on actions that correspond to func-
tions that are not in the hypothesis space: i.e. those that Nature cannot choose.

10. The Failure of Deterministic Algorithms

In this section we prove that no deterministic algorithm, e.g. follow the (approximate) leader, can
achieve the (expected) loss bound of our algorithm; even if the opening costs do not vary from trial
to trial. Specifically we prove the following theorem and corollary:

Theorem 35 Take the online learning problem of Section 2 with C := 1 and D := 1. Suppose
we have a deterministic algorithm A for Learner and a function B : (R)3 — R such that
B is monotonic increasing in its first variable and, for all ¢ € R, there exists N, T € N with
B(2/\/N, N,T) < e. Then, for all ¢ € R" there exists an N and T such that there are N sites, T
trials, and a sequence of Natures selections of cost vectors {ct,d' € [0,1] : t € [T}, and a set

X* € P(IN]) \ 0 such that:

T
1 "
B (TZect7dt(X ),N,T> <e
t=1
and: .

1

72 e (X)) 1
t=1

where X' is selection of A at trial t. In addition, the selection of opening cost vectors need not vary
from trial to trial. i.e. there exists ¢ € [0, 1] such that ¢! := c for all t € [T].
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Theorem 35 has the following corollary:

Corollary 36 For any deterministic algorithm A for Learner, for the problem of Section 2 then:

T T
E (Z zct,dt(xf)> ¢ 0 (m(T) > e gt (X*) + N(C + D) In(T) 1n(N)T>
t=1 t=1

where X' is selection of A on trial t and X* is an arbitrary set of sites.

Corollary 36 follows from Theorem 35 by choosing the function B (in Theorem 35) such that
B(L,N,T) :=In(T)L + 2N In(T)/In(N)/T

We now prove Theorem 35. Suppose we have some arbitrary ¢ € R™. Choose N and T such
that B(2/v/N,N,T) < e. Let X" be the selection of A at trial t. We define the fixed opening cost
vector c by ¢; := 1/v/N foralli € [N].

Definition 37 We partition [T)] into two sets, A and Y, where:
o A:={te[T]:|X! <N}
e YT:={tc[T]:|X!>VN}

Since the algorithm is deterministic, Nature can know the choice of X! before it chooses d.
Hence, we now define an adversarial choice of this vector:

e Ift € Athenforalli € X'setd! := 1andforalli € [N]\ X" setd! :=0.

e Ift € Y then foralli € [N]setd! :=0

Lemma 38 We have:

1
T Z Ect7dt(Xt) Z 1
te[T]

Proof Note thatif £ € A we have:
gct,dt (Xt) > Zrél[an} di

= min 1
1€[N]

and if t € I" we have:
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= |X"|/VN
>VN/VN
=1

So in either case we have £ 4(X") > 1 and hence + > terr) Lot at (X% > 1. [ |

Lemma 39 There exists X* € P([N]) \ 0 such that:

T
1 ,
B <T t§1:ect7dt(x ), N, T> <e

Proof We define j := argmin;c(yj [{t € A : 7 € X'}| and define X* := {j}. We have:

Y KteAriex} =) Y T(ieX’)

1€[N] i€[N] teA

—ZZ (i € X

teA ie[N]

4

teA

<> VN
teA

<TVN

Hence we have that:
{teA:je X< (1/N) D [{teA:ic X'
1€[N]
< (1/N)TVN
=T/VN

Note that on trial £ € A we have d;- =1ifj € X' and d;- = 0 otherwise. Alsoon atrial £ € I" we
have d; = 0. This means:

S =Y+
te(T]

teA tel’

-3

teA

SR T

teA:jeXt teA:jE Xt
=|{teA:je X'}
<T/VN
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And hence, since X* = {j}:

) =53 ()

te[T] te[T]
1 1
S AT DI
\/N Tte[T]
1 1 1
\/N T te(T) \/N
=2/VN

So B is monotonic increasing in its first variable we then have:

T
B (; ;ect,dt(x*),N, T) <B (2NN, N, T)

which, by our choice of NV and 7', is bounded above by e. |

Lemmas 38 and 39 imply Theorem 35.

11. Conclusions and Ongoing Work

In this paper, we have proposed a novel online learning version of the classic Facility location
problem. We have proposed an algorithm for this problem and derived bounds on its expected loss
relative to that of the any fixed set of sites. Ongoing work for this problem includes:

e Complement our study by carrying out an experimental evaluation of our algorithm on real-
world datasets.

e Extend the algorithm to the bandit setting (Auer et al., 2002; Robbins, 1952), when only the
total cost, or perhaps total opening cost and minimum connection cost, is revealed on each
trial.

e In some real-world domains, we may have to pay a migration cost to move sites while select-
ing a subset of sites, or may be limited to how far we can move them. We would like to design
an algorithm to handle such problems.
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