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Abstract

In this work we study a modification of the hyperbolic circle problem, which is
one of the problems originally studied by A. Good. We consider the orbit of double
cosets of a Fuchsian group I" by two hyperbolic subgroups H;, H in the hyperbolic
plane.

We use a relative trace formula with suitable test functions for the counting of
lengths of geodesic segments perpendicular to the closed geodesics corresponding
to H; and H,. We present an elementary proof providing the main term in the
asymptotics and an error term of order O(X 213y 'We study the mean square of the
error term and prove that it is consistent with the conjectural optimal error term
O(X1/?%€), To apply the relative trace formula we develop a large sieve inequality
for periods of Maass forms. This requires a more subtle understanding of Huber’s
transform, which is a special case of the Jacobi transform studied by Flensted-
Jensen and Koornwinder. Our counting problem is a special case of counting in
the orthospectrum. We are motivated by previous work on geodesic segments

between a point and a closed geodesic, studied by Huber and Chatzakos—Petridis.



Impact Statement

The hyperbolic circle problem, analogue of the Gauss circle problem in euclidean
space, is at the centre of investigations on the interaction of groups, geometry,
and number theory. We study a modified problem about affine symmetric spaces:
counting in the orbit of double cosets of a Fuchsian group I' by two hyperbolic
subgroups H; and H, in the hyperbolic plane.

In this thesis we examine some important questions in number theory, the
branch of mathematics that underlies digital communication and internet security.
It supports the UK to keep its privileged status in fundamental research in number
theory. This thesis aligns with the EPSRC'’s strategic focus for Number Theory in its
Mathematical Sciences theme. This research makes connections to neighbouring
fields such as the Mathematical Analysis, via spectral theory, and ergodic theory
and dynamical systems.

The beneficiaries of this research are other researchers in number theory,
automorphic forms, and dynamical systems. It is expected that the results will

have high long term impact on these disciplines.
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Chapter 1

Introduction

1.1 The hyperbolic circle problem

Hyperbolic lattice counting problems concern the counting of the number of
points in the orbit of a discrete group I' that lie in a subset of the upper half-plane
H. The discrete subgroup I' is a subgroup of PSL(2,R) thought as the orientation
preserving isometries on H, on which it acts by linear fractional transformations.
One of the classical problems in the field is the hyperbolic analogue of the Gauss

circle problem of counting on average
ri) =#{(a,b) € 2%1a* + b* = k}.
Gauss used a geometric argument to show for r (k) that:

Y rk)=nX+0(Xx"?).
k=X

Counting the average representations of k as a sum of two squares, translates
geometrically into counting the number of integer points inside the disk of radius
v/ X centered at the origin (0,0). In the hyperbolic setting, the integer points (x, y)
are substituted by points in the orbit I'z of some point z € H. The question in this

case is, whether these points lie in the hyperbolic circle of radius X centered at a
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point w € C, namely the estimating of the number
N(X,z,w) = #{y € T2 cosh(dist(yz,w)) < X} ,

where the hyperbolic distance dist is defined in (2.4).

1.2 Counting cosets on Fuchsian groups

The classification of elements of SL(2,R) by means of their trace into elliptic,
parabolic and hyperbolic elements describe all different kinds of motions that
could occur on H, when we act by I'. Let I'y and I',, be each a stabilizer of a point,
cusp or geodesic. Considering the elements of the double coset I'1\I'/T’» of T,
instead of the full group T’, leads to nine different counting problems. This set of
problems was studied by Good [11], who achieved the same asymptotic (letting
the ‘radius ’X — oo) for all of the problems with an error term O(X?'3). Although
this work dates back to the 1983, it is the best result so far. Unfortunately, Good’s
book is quite hard to understand and suffers from peculiar notation, something
that discourages the reader. His method was to define a certain type of generalized
Poincaré series for each different category of elements (elliptic, parabolic, hyper-
bolic) that can be used in the study of the aforementioned counting problems.
Our goal is to use a different, more flexible technique for the solution of the
problem, in the case that both subgroups in the double coset are stabilizers of

closed geodesics. We use a relative trace formula with fairly general test functions.

For the classical hyperbolic circle problem there is more extensive literature,
see [15],[16],[17, Ch. 12]. Already in [14] Huber was interested in the case where
the coset is formed by the stabilizer H; of a closed geodesic and the other stabilizer
is trivial. Some results on this problem can be found in further work of Huber [16],

as well as in Chatzakos’ thesis [5]. We apply Huber’s method to counting double
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Figure 1.1: The orbit of y!l for y € H)\T'/ H;.

cosets of a Fuchsian group I" by two hyperbolic subgroups H;, Ho.

More specifically, this problem concerns the estimation of

N(X, I, 1) = #{y € Hy\I' Hy| inf cosh(dist(yz, w) < X} :
wel
where the group I' is a Fuchsian group of the first kind and H;\I'/ H; is a double
coset of I by hyperbolic subgroups Hj, Hy, that correspond to closed geodesics
l; and [, (see chapter 4 for the relation). In comparison to the case studied on
[16] and [6], this problem appears to be more complicated as we consider two
hyperbolic subgroups of I" that make the double coset, instead of the one stabilizer
being trivial. As it was explained in [23], the problem concerns the counting of
the number of y € H}\I'/ H, such that y - /; and I, have distance less than X. We
can assume that /; lies on I, where [ is the imaginary axis. The distance between
I; and [, is given by the length of the line segment, that is orthogonal to both

geodesics, see figure 1.1. Moreover we take [, = I5. In [23] the distance between [;

a b
and y!, is related to 6 (y) := 2|ad + bc|, for a given y = € H)\I'/H;. More

c d
specifically it is shown in [23, Lemma 1] that:
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Figure 1.2: A closed geodesic [ with norm m? corresponding to the action of an
exceptional point y.
Lemma 1.1. Fory € PSL(2,R) and such that abcd # 0 and u(z, w) the point-pair

invariant defined in (2.3) we have

0(y)-2, abcd>0,
inf(u(y-ix,iy) |x,yeR") =

0, abcd <0.

Thus

max(6(y),2) = 2cosh(dist(yL, 1)),

where dist(y1,1) = inf, wer p(yz,w) and p(z1, z2) is the hyperbolic distance between

z1 and z,.

Similarly to [23, see p.11] and [32, Lem. 8] we may assume that y € I'— H;
is such that abcd # 0 = 6(y) # 2. Those elements y are called regular. From
[23, p. 11-12] we know that there finitely many double coset representatives y in
H)\T'/ Hy for which 6(y) < 2 or equivalently abcd < 0. Those elements y are called
exceptional, see figure 1.2.

The normalization inf,¢; cosh(dist(yz,w)) < X is equivalent to B(y) :=

w€l1
0(y)/2 < X for 6 (y) > 2. Since the exceptional double cosets are finite, our problem
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concerns the estimation of
N(X, b, 1) = #{y € H\T/Hi B(y) < X},

since N(X, I3, 1;) = N(X, I, 1;) + O(1).

Similarly, see [23, Chapter 6],
NX, I1,b) = #{)/ € Hl\F/Hng(T_ly) < X},

where T € PSLy (R) is such that 771 - [, lies on the imaginary axis.

However [23] does not give us a result regarding the main or error term of esti-
mating the number N(X, [}, l) or N(X, [, ;). The authors develop a relative trace
formula that relates sums of integrals of a test function @ to the Selberg-Harish-
Chandra transform of ® and periods of Maass forms u; (see Proposition 1 in
[23]). Further, replacing the test function with a Bessel function they are able to
give results about the periods of Maass forms. The main result ([23, Theorem 2])
achieves an asymptotic formula for the sum of the period squares.

The problem when the two geodesics are the same [/, = I, was also studied by
Tsuzuki [31], but unfortunately his result with error term O(X 5/ 6) is worse than
the general result of Good, see [11, Th. 4], who obtained O(X?/3). We are going to

state Good’s theorem [11, Th. 4] in Chapter 3.

1.3 Statements of our results

Set N(X, 1) := N(X,1,1). Suppose that I is cocompact and torsion-free. Let {u; ‘]’.‘;0
be a complete orthonormal system of real-valued, normalized eigenfunctions for
the discrete spectrum of the hyperbolic Laplacian with eigenvalues 1; = s;(1 - s;).

We call the eigenfunctions u; Maass forms. The eigenvalues A; such that 1; <
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1/4 © 1/2 <s; <1 are called small eigenvalues. We give an elementary proof of

Good’s theorem for H;\I'/ H; with H; a hyperbolic subgroup:

Theorem 1.2. We have

2
NX, D= Y Syi(spu*X%+0(x*?),

1/2<Sj$1
where
(s) = al(s+1/2)T'((s+1)/2) 4
ns=s5 T(s/2)3 s2s—1)
and
ft}zfujds
l

for the geodesic . The big-O estimate depends on the geodesic l.

We call u; the periods of the Maass forms u; along the geodesic /. We will

prove the following large sieve inequality for the periods ;:

Theorem 1.3. Let T, X > 1 and x,,...,xg € [X,2X]. If|xy —xul > 6 >0 forv # y,

then

R - 2
Y| ¥ aixn"m] < (T+XlogTs™)llall?,

v=1 |tj|ST

where

lall = ¥ 1aP)"

61T

Note that this is analogous to Chamizo’s large sieve inequality [3, Theorem

2.2], who worked with sums of Maass forms u;(z) instead of periods %;. We use
similar methods for our proof.

We define the main term of our hyperbolic lattice counting problem as

2
MX,D= Y =y(s)u*X%

1/2<sjsl
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and the error term as

EX,)=NX,)-M(X,]).

Similarly to [6] (see Chapter 2, Proposition 2.12 and Theorem 2.13) we want to
show that on average E(X, 1) is O(X 1 2). We will use Theorem 1.3 to prove the

following result about the mean square of the error term E(X, [):

Proposition 1.4. Let X >2 and 6 > 0. Let X;, Xo,..., Xg € [X,2X] such that | X; —

Xj|>6, wheni# j. Then the following bound holds

R
Y IEXm, DIP < RY*X*?log X +6 ' X*log* X .

m=1

Using Proposition 1.4 we will prove the following bounds for the second

moment of the error term E (X, [):

Theorem 1.5. IfR6 > X and R > X'/?, then

R
Y IE(Xm, DI* < Xlog® X (1.1)
m=1

|-

As R — oo, we have

1 2X
}f |E(x,D|*dx < Xlog® X . (1.2)
X

From Theorems 1.2 and 1.5 we are able to formulate the analogous conjecture

to [6, Conj. 5.7]:

Conjecture 1.6. Lete > 0, then the error term E(X, l) satisfies the bound
E(X, l) — O(X1/2+€) ,

where the estimate depends on |l ande.



Chapter 2

Hyperbolic lattice counting problems

2.1 Preliminaries

In this section we review the core parts of the theory of automorphic forms that
will be used in this work. Our main reference is [17].
LetH = {x+iy|x € R, y > 0} denote the hyperbolic upper half-plane and G be

the group PSL(2,R). The upper half-plane is equipped by the hyperbolic metric

dx)? +(dy)?
(ds)zz—( ) ;2( y) .
The measure element is given by
dxd
du(z) = yzy_

By I we denote a Fuchsian group of the first kind (I' < G) such that the space I'\H
has finite volume with respect to the hyperbolic measure. More generally, a group
I'g such that I'y\H has finite volume is called cofinite.

The group G (and its subgroups) act on H by fractional linear transformations.

Those are defined by:

a b az+b
-z:= .
c d cz+d
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An element g of G can be characterized by the value of its trace. It is called:
o ellipticif |Tr(g)| <2,
¢ hyperbolicif | Tr(g)| > 2,

e parabolicif |Tr(g)|=2.

cosf sinf
Elliptic elements can be shown to be conjugate to a rotation .On

—sin@ cos@

A0
the other hand, hyperbolic elements are conjugate to a magnification ,

0 A1
A > 1 and parabolic elements are conjugate to translation matrices of the form

1 x
, that shift an element z € H horizontally by x.

0 1
We are interested in studying functions f : H — C which satisfy the periodicity

condition

fiyzx)=f(2), yel, zeH, 2.1)

hence they are invariant under this action of I'. We call those functions auto-

11
morphic. If I' contains a parabolic element of the form y = , then the

0 1
action of y on z € H, gives us f(z+ 1) = f(z) by the automorphic condition for f.

This suggests that we can apply concepts of Fourier Analysis for such f. Actually,
this is possible in the case that I" is cocompact, i.e. I'\H is compact, where we

decompose f in terms of eigenfunctions of the Laplace operator.

The inner product of two functions f, g € L?>(T'\H) is defined by

(f,8) := f f(2)g(2)du(z).
T'\H
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We define the hyperbolic Laplace operator on H by

0 0 )

A=-?— + —
¥ (6x2+6y2

Definition 2.1. A smooth function f € L?(T'\H) that satisfies the automorphic
condition (2.1) and is also an eigenfunction of the Laplace operator is called
a Maass form. We denote those by u;, where A; stands for the corresponding

eigenvalue.
Another example of automorphic functions are the Eisenstein series:

Definition 2.2. We define the Eisenstein series on H around a cusp « as

Eq(z,8)= Y. Slog'va)",
yeT\I

where the sum runs over the coset of I' by the stabiliser 'y of a and o, is a scaling

matrix.

Let D(I'\H) be the space of functions f on L?>(T'\H) such that f and Af are
smooth and bounded. Every automorphic function can be written as a sum of
Maass forms and Eisenstein series, which is known as the spectral theorem in the

theory of automorphic forms. We recall [17, Theorem 7.3]:

Theorem 2.3. Let f € L?(T'\H) be an automorphic function. Then f can be expressed

in terms of Maass forms uj and Eisenstein series Ey as follows:

f@ =) (fupu;(@
! (2.2)
+Zif+oo(f Eqf(- 1+it)>E (z 1+it)alt

= a7 oo y L 72 a ’2 ’

where the u; have eigenvalues A j, a finite number of which satisfy 0 < A; < 1/4.
The expansion converges in the norm topology. If f (z) € D(I'\H) then the expansion

(2.2) converges pointwise absolutely and uniformly on compact sets.
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The question now becomes: What automorphic functions are useful in our
lattice point problem and what information can we extract from the spectral
decomposition? All of the hyperbolic lattice counting problems mentioned in the
beginning involve the notion of distance in the hyperbolic plane. This distance p

can be expressed in terms of the point-pair invariant function u.

Definition 2.4. For two points z, w € H we define the point-pair invariant u by

|z — w?
2.3)

u(z, w) = .
43z w
We see immediately that it satisfies u(gz,gw) = u(z,w),g € G. Then the

hyperbolic distance p is given by

coshp(z,w) =1+2u(z,w). (2.4)

We notice that the distance cosh p(z, w) would change if we acted on either z or
w by some element of I'. Hence the function cannot be automorphic on any of
the two variables and the spectral theorem cannot be applied. We solve that issue

by summing over all elements of the group.

Definition 2.5. Let k(z, w) be a point-pair invariant on H, that is k(z, w) =
k(u(z, w)) and k(1) is a function on R of compact support. We define its au-
tomorphization by

K(z,w)=)_ k(ulyz, w)).
yer

The sum converges because it has finite support for any fixed z, w.

Definition 2.6 (Eq. 1.62 [17]). For a function k = k(u) that depends only on the
distance u, i.e.

k(z, w) = k(u(z, w)),
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we define the Selberg—Harish-Chandra transform through the equations

quozfmkmxu—w*”dw
g(r) :Zq((sinhg)z),

h(t) = foo ee(rydr.

—00

For the automorphization K one can prove its spectral expansion, see [17, Th.

7.4]:

Theorem 2.7. Let K(z, w) be the automorphization of a smooth test function k
satisfying k(z, w) = k(u(z, w)) and whose Selberg-Harish-Chandra transform h(t)

satisfies the following conditions fore > 0:

h(t) even,
1
h(t) is holomorphicin the strip |3t| < 3 +e€,

h(t) < (|t|+1)727¢  inthestrip.
Then K (z, w) has the spectral expansion
K(z,w) =) h(tjuj@uj(w)
j

1 [ 1 . — 1 .
+;Ef_ooh(t)Ea(z,§+lt)Ea(lU,§+ll‘)dty

where the t;’s parametrize the discrete spectrum i.e. s; = % +itj, withA; =s;(1-s;).
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2.2 Results on hyperbolic lattice counting problems

2.2.1 Results on the hyperbolic circle problem

The most studied problem among hyperbolic lattice counting problems in the

hyperbolic space was the hyperbolic circle problem. We aim to estimate
NX)=#yelldu(yz,w)+2 < X}.

The first to consider was Delsartre [8]. Huber began his investigation on the
hyperbolic circle problem in 1959 with his paper [15]. He used a Dirichlet series
given by

1 N
G(s,z,w) =) (—) )

yel coshp(yz, w)
which converges absolutely and uniformly for z and w in compact sets of H and

Rs>1.

There is the following main result about N(X):

Theorem 2.8 (Selberg[29], Giinther[13], Good[11]). Let " be cocompact or cofinite

and z, w be two points inH, then

NX)= ), \F( ~2)

@ u; (W) X% +0(X*3).
1/2<sj<1 I(s Sj+

Selberg’s work is unpublished but available online. Giinter’s work is for gen-
eral rank one symmetric spaces. Good’s book covers all nine cases. One method

of proof, see also the proof of [17, Thm. 12.1], is to apply Theorem 2.7 to the

functions
1, u< %,
+
= —4u | X+Y-2 -2 X+Y-2
= zt+ 5972, Psus2,
0’ X+4Y 2 < u,
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and

—

’ u=s

k™ (u) =4 —éu + X;Z’ X—Z—z <y < X2

b
N

0,

which are smoothings of the characteristic function on the interval [0, (X —2)/4]
and compute suitable bounds for the corresponding Selberg-Harish-Chandra
transforms h*(¢). Here Y is a large parameter such that Y < X to be determined

for optimizing error terms.

2.2.2 Huber’s work on counting in conjugacy classes

Assume, unless stated otherwise, that I" is cocompact. Let T be a hyperbolic
conjugacy class, i.e. T = {a~!P"a,a € T’} for a primitive hyperbolic element P.
Here v is the number of times the invariant geodesic of P wraps around itself. For

yeT,let

p=puly)=infp(yz, 2).
zeH

When y € T, we see that u(y) = u(P"), hence u(y) is constant in conjugacy classes.
We write p:= (%) = u(P"), which is the length of the closed geodesic correspond-
ing to the hyperbolic conjugacy class €. The hyperbolic lattice counting problem

in conjugacy classes counts
N, T2 =#{yeTlpyz 2 <t} 2.5)

Huber in 1954 used the Dirichlet series

Glz,8) =) ( ! )s

rex coshp(yz,z) -1
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to prove (see [14, Satz B])

1 U R

N(t,%,z) ~ —
(%2 p-1vsinh(£)

as t — oo, where p is the genus of I'\H. We notice that the asymptotic growth is
exponential for ¢, because Huber counts the number of y € T such that p(yz,z) < t.
This is different to the distance used in the hyperbolic circle problem, where the
counting is performed in terms of cosh p(yz, z) for y € T".

When Huber revisited the problem in 1998, in [16], he increased his flexibility by
considering a bigger family of automorphic functions and their spectral expan-

sion.

We now explain his work. We introduce a new system of coordinates (u, v)

on the upper half-plane: let z = x + i y and define

u(z) =loglz| and wv(z)= —arctan(%) . (2.6)

For these variables, we can verify that the ranges are

/4 b8
—oco< U(z) < +oo and —§<v(z)<5.

From the definitions of © and v it also follows that

cosv(z):|—y| and sinv(z):—i.
z

|z]

A0
Moreover, for a diagonal hyperbolic element P = we have (see equations

0 A1
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[16, p. 19 eq.23])

u(Pz)=u(z)+2logAd and v(Pz)=v(z),

where 1?2 is the norm of P. Hence, acting by diagonal hyperbolic elements does
not change the coordinate v. The hyperbolic metric ds® = (dx* + dy*) /y* on the
hyperbolic upper half-plane H now becomes ds* = (du(z)* + dv(z)?)/ cos® v(z).
This approach allowed him to obtain a much stronger result for N(z,%, z), namely

the inequality (see [16, p. 11]) for X = 4:

1
Nt,%,2) - ——H x| < E256x34 +6.75x172) 2.7)
2n(p-1) v v
where
sinh(¢/2)
= Q. (2.8)
sinh(u/2)

The problem was solved by studying the spectral expansion of the series (see [16,

p- 16, eq. 4])
(cosh(z,yz) - 1)

CEWICe e

yexT
for f € Cj[1,00): the space of real functions of compact support that are bounded
in [1,00) and have at most finitely many discontinuities. Since I' is cocompact and
f has compact support, A(f)(z) is finite. Using equation [16, p. 20, eq. 26] Huber

rewrote this series as

AP@= Y f—mi),

yEPIT cos? v(yz)

in the coordinates u, v. Huber explained that A(f)(z) is an automorphic function
that captures the analytic information needed to attack the problem of count-
ing N(¢,%,z). As an analogue to Theorem 2.7 he proved the following spectral

expansion about A(f)(z) (see [16, p. 17]):
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Theorem 2.9. The automophic function A(f)(z) has the following spectral expan-

sion

AN =) cj(Nuj(z),
J

where c;(f) = 2it7dtj (f). Here

uj:flujds

is the period of the eigenfunction u; along a segment | of length [,ds = (/v on the

invariant geodesic of P. The transform d;, called Huber transform, is given by

d,(f) =f0n/2f(;)mdv,

cos? v/ cos? v
with A = i + t2. The function &, is the solution to the differential equation

A

é-/l(v) +
A cos? v

T
E2w)=0,ve (_E’E)’
with initial conditions {,(0) = 1 and &, (0) = 0.

We can write ¢ (v) in terms of a sum of Legendre functions (see [6, page 5]):

1 s+1
Sr/l(U) = —P(T

S . .
N )F(l—5)(P5_1(ztanv)+Ps_1(—ztan )

and after substituting x = tan v, the transform takes the form

1 s+1 S\ [®
dt(f):ﬁr(T)F(l—E)fo FOP+1)(Ps_1 (ix) + Py (—ix)dx.  (2.9)

Huber, also proved the following important Lemma about the periods ;:

Lemma 2.10. For the sequence of period integrals {Tﬁ}‘;‘;o, the following bound is

true:

Y lwilP<T.
;=T
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We have better results than Lemma 2.10, for example Tsuzuki proved the

following asymptotic, see [32, Th. 1, p. 2388]

Y lw ~ lent) vz 4 oo,
Ajsx T

In this problem the Huber transform d;(f), is an analogue to the Selberg-
Harish-Chandra transform. With the right choice of test function f the series
A(f)(z) can be used to count N(¢,%, z). Huber showed that by choosing f to be the
characteristic function on the interval [0, vVX2-1 ] one gets A(f)(z) = N(t,%, z).
Asis done in the hyperbolic circle problem, we smooth the characteristic functions
in order to get good results for the error term. Chatzakos and Petridis in [6] defined

the functions for x > 0:

1, x<U,
+(x? ={ v-
ff+D =912 Uu<x<v,
0, V<x,
and
1, x=<T,

fr*+1)=4 U-=x T<x<U,

for U= v X?—1and T, V satisfying the condition 0 < U/2< T < U < V <2U. With
this choice of test functions they provided another proof of Good’s theorem on

N(t,T, z) for I' cocompact or cofinite :

Theorem 2.11 (Chatzakos—Petridis [6]). Let X = sinh(z/2) / sinh(u/2), then we
have

N(t,%,20= Y Alspadjuj2X% +0(x*3),
1/2<sj<1
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where A(s) is given by

)\ I(EYr(1-3)r(s-1
A(S):Zscos(n(s 1)) (2) ( 2) (s 2).

al'(s+1)
Let

E(X,2):=N(,%,2)- Y  A(sj)ijujz) X",
1/2<sj=1

be the error term in the hyperbolic conjugacy class problem. Chatzakos—Petridis
also showed the following results about the second moment of the error term

E(X, z) for I cocompact or cofinite:

Proposition 2.12 (Chatzakos-Petridis [6]). Let X > 2 and X1, X>,..., Xr € [X,2X],

such that | X; — Xj| > 6 for somed >0, when i # j. Then the following bound holds

R
Y IEXm, 2P < RY*X*log X +6 ' X*log? X .

m=1

Theorem 2.13 (Chatzakos-Petridis [6]). [f R0 > X and R > X 12 then
1 R
— Y |EXm, 2)|* < Xlog* X .
R m=1

As R — oo, we have

1 2X
}fx |E(x,2)°dx < Xlog* X .

This theorem suggests that the correct order of growth for the error term
E(X,z)is O(X1/2%¢).

Good in his book [11] considers all counting problems for I' cocompact or
cofinite. For the conjugacy class problem instead of using the series A(f)(z), used
by Huber and Chatzakos—Petridis, he considers Poincaré series P¢(z, s, m)[11, p.
73, Eq. 7.1] over single cosets I'1\I" and its automorphic expansion. His result is

the following formula, (see [11, Th. 4]):
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Theorem 2.14 (Good [11]). Let S be a hyperbolic conjugacy class, Az, A be specific
constants and a; (%, 2) be the product of uj(z), iij, g(sj), where g(s;) is an explicit

product of Gamma functions. Then

2 ; 2/3
N(t,%,2) = ———E X 42151 a;j(T,2) X% +0(x*3).
vol(T\H) v * 21,2<Zsj<1 7 ()

Unfortunately we cannot match the Gamma functions g(s) with A(s).

Parkkonen and Paulin used ergodic methods and more specifically the
geodesic flow to study the hyperbolic lattice counting problem in conjugacy
classes in [25] and gave an asymptotic for the counting of common perpendicular

arcs in negative curvature, see [26, Th. 1, p. 901].



Chapter 3

A proof of Good’s theorem for

counting geodesic segments

3.1 Arelative trace formula

We let I' be cocompact. In this section we investigate a relative trace formula
suitable for the problem of counting in the double coset Hy\I'/ Hj.

For simplicity we assume that L is a primitive closed geodesic, namely L is tra-
versed only once. By conjugation we can assume that the axis of the closed
geodesic L is the imaginary axis I, so that L = H;\I, where H; is a hyperbolic

subgroup of I of the form

Let [ represent the closed geodesic L on the imaginary axis. Here m? is the norm

of the primitive closed geodesic L. For a path o : [a, b] — H, we define its length by

b "t
= 200
a
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It follows that len(/) = 2log m. Suppose I'\H is compact and let k: ( — % %) — R be
a test function that depends only on v, the angle defined in (2.6). In practice we

also assume that k is even. We consider its automorphization with respect to I':

K():= Y k((ya).
’}/EHl\r

Firstly, we develop the geometric side of the relative trace formula by integrating
K over the geodesic segment /.

We split the sum into the identity coset H; and the rest of the cosets. For the coset
H; and z =iy € l we have that k(v(yz)) = k(v(2)) = k(0), since an element y € H;
is a magnification, that preserves the angle v(z) to the imaginary axis. Hence, we
compute

fK(z)ds: k(O)len(l)+f Y k(v(yz)ds. 3.1)
l lye H)\T-H,

For the second sum we have:

fl Y k(v(yz)ds= Y Y | k(v(yyo2)ds

ye HI\['—Hj yeH|\T—H,/H; yoe H V!

= Y flk(v(yz))ds,

)’EH] \I'-H/H;

(3.2)

because H;j is the stabilizer of / and we notice that action with the elements of H;
on [ will cover the whole imaginary axis 1.

The function K(z) is automorphic with respect to I'. Since k(v) is a function of the
angle v to the imaginary axis only, we wish to apply Theorem 2.9 for

k(v(z)):= f(;) .

cos?(v(z))

In order to ensure convergence of the series K(z) = A(f)(z) we assume that either

f€Cjl1,00) or fis in the Schwartz class. In the first case the series is finite, while
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in the latter case we can write K(z) as a Stiltjes integral:

I P o M P Kl 3

2 2
yem\r \€os“v(yz) Cos- v

where

N(V,2):=#{ye Hi\T'|v(yz) < V}.

For X =1/ cos v we have that
N(v,2) = N(,%,2) < X

by (2.5), (2.8) and Huber’s bound (2.7). Applying integration by parts on the
integral from (3.3) shows that K(z) converges if f and its derivatives are rapidly

decreasing.

By Theorem 2.9 we get:
K(z) =) 2dy,(/Tju;(2) . (3.4)
i

The spectral side of the relative trace formula comes from integrating the above

over /. Equating (3.1) and (3.2) with (3.4) gives:

1 _ o
f)-len(l) + > flf(coszU(Yz))ds—;zdrj(f)u] :

YEHI\F—Hl/Hl

In order to evaluate

NX,D= ) 1,
yeHl\l"/Hl
B(y)<X

where B(y) = |ad + bc|, we analyse further the geometric side, specifically the

integral
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Iopy ;) _fo" (;)ﬂ
]Y(f)_j;f(COSZU(YZ) ds= 0 / cos?v(y-iy)) y '

where we used that the hyperbolic metric ds is given by ds* = (dx* + dy*) [ y*.
We would like to express ]% (f) in terms of the matrix entries of y. We show the

following result.

a b
Lemma3.1. Letz=iyandy = , then

c d

1 B (azy2 +b%) (czy2 +d%
cos?v(yz) y? '

Proof. We notice that

cosv(yz) = S(rz) .

lyzl

a b
Since z=iyandy= we compute:
c d

_aiy+b _(aiy+b)(-ciy+d) acy*+bd+(ayd—bcy)i acy*+bcd+yi

YETCiyrd T Iciy+dP ciy+dP? iciy+d?
hence S(yz) = |ciy+d|2 . Therefore,
S v+ b\
cosv(yz) = Stra) =— 4 (Iafy |)
lyz| lciy+d|*\|ciy+d|
_ Y
laiy+bllciy+d|
_ y
Va2 D2\ v d?
from which we conclude that
1 _(@y*+ by +dP)

cos?v(yz) y?
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The result of Lemma 3.1 is an analogue to Lemma 1.1, which was proved in

[23]. We now present its proof:

Proof of Lemma 1.1. From [23, p. 9, eq. 9] we have that

atx b?

. Y
Auly-ix,iy) = — + — + xy+d*= - 2.
Y y Xy

X

Let h(x,y) =4u(y-ix,iy). We want to find the minimum value of &, hence we

compute its gradient:
hy(x,y) =0 = y° =

Using that y in the equation of hy(x, y) = 0 we get the solutions

2 12
, b
@t

Working in a similar way we find that the solutions to the equation h,(x, y) are

,  a’h?
V= aa
Let x2. =|(bd)/(ac)| and y>. =|(ab)/(cd)|. Then we compute

h(Xmin, Ymin) = 2lad| +2|bc| - 2.

Now, suppose that abcd < 0 then there are two cases: either i) ad > 0 and
bc < 0orii) ad <0and bc > 0. The second case is not possible because ad —bc = 1.
In the first case we have h(xmin, Ymin) = 0.

On the other hand, if abcd > 0 then eitheri) ad >0 and bc >0 orii) ad <0
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and bc < 0. In both cases we have
h(Xmin, Ymin) = 2lad + bc| - 2.

Moreover the point (Xmin, Ymin) Minimizes h because h(x, y) goes to co as x or
y approaches either 0 from above or co. More precisely, there exist constants

C, M € R such that for all N > M and for all (x, y) ¢ [1/N, N]Z,h(x,y) =C-N. O

Using Lemma 3.1, we see that the integral ]é( f) takes the form

o b*d? d
]}I,(f):f f(azczy2+—y2 +a?d* +b*c? 73/
0

Now, similarly to [23], we introduce the change of variables y = e, hence dy =

e'dt = dy/y=dt. So we have:

Iy (f) :f fla*c*e* +v*d*e ™ + a*d* + b*c?)dt.

—0o0
Let p = d'e* + b'e !, with @’ = a®c* and b’ = b*d?, so that dp = (2d'e*! -

2b'e™?")dr. We compute:

dfe dp _ dp ___dp
T 2alet —2ple2t 2(a'e2! — b'e~21) - 2 /—p2—4a’b’

because

p2—4a’b' — (a/)2e4t+ (b/)26—4t+2a/b/_4a/b/ — (a/eZt_ b/e—Zt)Z

— (azczezt _ bZdZe—Zt)Z )

In order to find the lower limit of the integral after the change of variables to p, we

need to compute min,g(a®c?e?’ — b*>d?e?"). Using the first derivative test, we
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end up with:
b?d? 1 bd
2a’c?e® —2b*d*e™? =0 o et = o t:—log‘— .
a?c? 2 ac
We conclude that
T ):f +a?d® + b2 c? ,
o 2|abcd|f(p )\/p2—4a2b2c2d2

Suppose that the element vy is such that abcd > 0, namely B(y) > 1. Because ad —
bc = 1, we immediately get that a®d? + b?>c®> = 2abcd + 1. Now let g = p +2abcd,

which gives us

* flg+1)

aq.
4abed \/ q(q —4abcd)

In order to match our test function with the ones defined in [16] and [6], we finally

Jy(f) =

introduce the change of variables x> +1=g+1 = dx=dq/2x=dq/(2,/q) and

the integral becomes

0o f(x?>+1)

Jhf) =2 f — = dx.
Y / Vaabed V x2 —4abced

We recall at this point that
0(y) =2B(y) =2(ad + bc) .

Since ad — bc = 1 implies a’d? + b*c®> — 2abcd = 1, we can relate the quantity

4abcd that appears inside the integral with B(y). We have:

B(y)* = a*d* + b*c* + 2abcd = 1 + 4abcd

— B(y)?—1=4abcd,
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which leads to
00 f(x?>+1)

VBO2-1/x2— (B(y)2-1)

This is the contribution to the geometric side of our trace formula for the double

dx.

Jy(f)=2

coset Hi\I'/ H;.

Now, suppose that abcd < 0, i.e. B(y) < 1. Following the same process we find

that
fe's) 2
Ji(f):zf faer) g
0 V2-BE?-1
Let
[e’s) 2
G(z) =2 f _Jerh 3.5)
VZ2-1\/x2—(z2-1)
and

©  f(x*+1)
0 Vx2—(z2-1)

then we have proved the following formula:

q(z)=2 dx, (3.6)

Proposition 3.2 (Relative Trace Formula). Let f € C;[1,00) or f :[1,00) — R be in

the Schwartz class. For q as in (3.5) and q as in (3.6), we have:

flenh+ Y GBON+ Y qBm)=Y.2dy, (T
yeH|\[-H;/H; YeH\'-H;/H; J
B(y)<1 B(y)>1

3.2 Applications of the relative trace formula

3.2.1 The geometric side of the trace formula

To apply the relative trace formua we want to choose a test function f so that
q(B(y)) = 1, whenever B(y) < X, namely ¢ is the characteristic function on the
interval [0, X]. However, this is not continuous and we will need to use smoothings
of the characteristic function instead, following ideas from [6]. Motivated by the
Selberg—Harish-Chandra transform, we want to write g as a Weyl integral (see

[9, Chapter XIII] for the definition of such integrals, more information will be
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given in Chapter 4). We rewrite (3.5) using the substitution u=x*+1 = dx =

du/(2vVu-1), as

(2) = oo fi(u) du
9 z2 \/u—l\/u—zz'
We therefore set
F(u) = W) .
u—1
We now let
©  F(u)
= du.
8=, Vs

From [17, equations 1.64] we can recover F (and consequently f). We get:

1 [e® 1
F(u) = ——f dg(v). 3.7)
T Ju v—u

The outcome is

q(z) = g(z%) .

Now, we choose g to be piecewise linear so that g is a smoothing of the character-

istic function. Let H = Y2 +2Y X. We choose

1, yst,
2_
g(y) =1 % X2<y<(X+Y)? (3.8)
0, y=(X+Y)2.

We now compute F using (3.7).

e When u > (X + Y)? then F(u) = 0.

e For u < X? we get

1 (X+Y)? ,
F(u) =—-—— Udl/,
() anZ _v_ug( )
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since the derivative of g is 0 for u < X2. We compute:

(X+Y)? 1 (X+Y)?

F(u)=— dv = vv—u

nH Jxz v—Uu nH

X2

:niH(\/(X+ V) —u-VX2-u).

Hence, for u < X?, we get

f(u):iwu—l(\/()ur Y)z—u—\/Xz—u).
TH

Since in (3.5) f appears as f(x? + 1) we write

f(x2+1):ix(\/(x+ VZ-x2-1-VX2-x2-1),
TH

38

After setting a = VX?—1 and A = /(X + Y)? -1 the previous expression

becomes

2
2 _ _ _ —
fx“+1) = - x(\/A2 x2—Va? xz).

e When X?<u<(X+Y)?or equivalently a< x < Aforu= x%+1we get:

(X+Y)?
F(u)=——
T Ju vVUi—Uu

g'(wdv

and with a similar computation:

2
f(x2+1):—Hx\/A2—x2.
/1
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We conclude that
ix(\/AZ—xz—\/az—xz) x<a
nH ’ ’
f(x2+1):<ix A% —x2, asxs<A, (3.9)
aH
0, else.

Since the corresponding ¢ is an overestimate of the characteristic function of the
interval [0, X] we denote this function as g* and similarly we denote f by f* and

g by g*. After defining

1, y<X?-H,
2 _
g8 (1) =1 XHy, X’-H<y<X? (3.10)
0, y=X?

and repeating the same process, we obtain the test function

2

ﬁx(\/az—xz—\/Tz—xZJ, x<T,
T
0, else,

where T=vX2-H-1.

Given these choices of f~, f*,let § (z?) = G (z) and g (z%) = ' (z) be the

corresponding functions for the exceptional terms, namely

e’} f+(x2+1)

~+(Zz) =2 —dx
& 0 Vx2-(z2-1)
and
o'} — (2
(Y =2 R

0 x2—(z2-1)
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For B(y) < 1 we notice that

“nH

00 £+ (42 A a
g (By?) Sf wdx— 2 (f \/Az—xzdx—/ \/az—xzdx).
0 0 0

After the change of variables x = Asin ¢ for the first integral and x = asin ¢ for the
second integral we see that

(A% - a®m

By < 2
§FByY)s——F—=1. (3.12)

A similar calculation gives that §~(B(y)?) < 1. We note that by discretness and
inequality (3.12) the sums for the exceptional terms are O(1). Also note that

ffm=fm=o.

From (3.8) and (3.10), since 0 < g~ (y) < 1in [0, X*] and g~ (y) = 0 for y > X?,

we clearly have that

gBw)s Y 1= ¥ gBwY). 613y
}/EHl\r—Hl/Hl }’EHl\r—Hl/Hl )/€H1\F—H1/H1
B(y)>1 1<B(y)<X B(y)>1

By its definition N (X, [) can be written as

NX,D= ) 1+ > 1,
y(—:Hl\F/Hl yeHl\F—HI/Hl
B(y)<1 1<B(y)<X

so from (3.13) we have

1+ Y g (BW*)=sNX,D=s Y 1+ Y g*(Bm?).
Y€H1\F/H1 Y€H1\F—H1/H1 )/EHI\F/Hl }/EHI\F—Hl/Hl
B(y)=<1 B(y)>1 B(y)<1 B(y)>1

(3.14)
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3.2.2 The spectral side of the relative trace formula

We proceed with the analysis of the spectral side of Proposition 3.2 for f*. The
computations regarding f~ follow in the same way. The integral transform that

appears in the Huber transform in (2.9) is
[e.0]
f FHO®+1)(Ps1(ix) + Ps_1(=ix))dx
0

and for the specific test function f* that we chose in (3.9), it becomes

a
f ix(\/A2 - Var- xz)(Ps_l(ix) + P, 1 (—ix) dx
o TH

42
+f —I_I.X'\/ AZ —XZ(PS_I(iX) +Ps—1(—iX))dx.
a T

For y >0, let

VY
Js(y) = fo x\/y = x2(Ps-1(ix) + Ps_1 (—ix))dx,

then the Huber transform of f* can be written as

(1 E)JS(AZ) —Js(@?)

(3.15)

We prove the following Lemma for d,(f™):

Lemma 3.3. Forany s = %+ itwithteRorl/2<s<1 and|s| < A% we have:

s+2 s+2

af =1 22
n s+2 Ac—a

,yz(s) A3—S_a3—5

* b1 A% — g2
v3(s) A—a

-2
T m(1+o(|t|x ),

(1+0(t|X2)

(1+0(1X™ %) (3.16)
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where
y (s)_EF(s+ 1/2)T'((s+1)/2) 4 y (S)_z Ir'(1-28)/2)I'(2-:s)/2)
T I(s/2)? ses—=1 " T 2 (ra - 9)/12) PTG - 9)12)
IT((=1-9)/2)T((s—2)/2)
and vy3(s)=—-= .

2 T(-s)/2)'(s/2)

Proof. By the definition of the Legendre function Ps_; we have that

A
Js(A?) :fo xV A% = x2(Ps_1(ix) + Ps_1(—ix))dx

A 1-ix 1+ix
:f vaZ—xZ(gFl(l—s,s;l; 5 )+2F1(1—s,s;1; 5 ))dx.
0

Applying formulas [12, 9.136.2 and 9.136.3] fora = (1-9)/2,=5/2,z = —x%to

both hypergeometric functions inside the integral, we get

A -
J5(A%) :2D(s)f xV/ A2 = 32 ZFI(Q,E;E;—xz)dx, (3.17)
0 2 22
where
VT
D =
O

A? 1-s5s s 1
1(A%) = D) [ VA= uah (1255 u)du
0 2 22
and for u = vA?> = du = dvA?, the resulting integral is
A3D(s)f1\/1 ” F(l_s L vAZ)dv
0 211 2 y2»27 .
By [12, Eq. 7.512.12] we have
I'(3/2) l1-s s 15
A% = A®D(s F =, 1=, = =A%
J5(A?) ”r(5/z)“( 3 lig i)
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By [24, Eq. 16.8.8] for g = 2,z = — A% we have for s # 1/2,1

J.(A%) =A3D(s) I'(3/2)I'(1/2) (F((l =8)/2)T(2s=1)/2)T((1 +8)/2) 451y

I'(A-29)/2)I'(s/2) I'(s/2)T((4+58)/2)
% 2 F (2 1-3 _1_5.3—28 2-_14—2)

3 2 2 ) 2, 2} 2 ) 2 )
F(sliZ)l“((l—23)/2)1"(1—5/2)A_53F2(£’s+1’s—3;23+1,£;_A_2)
(=82 ((5-15)/2) 22 2 2 2
F((—l—s)/2)F((s—2)/2)A_23F2( ,§,—l;ﬁ,2;—A_2 )

I'-1/2)r@3/2) 22 2 2 (3.18)
3 I'a/2)Irars2) (F((l—s)/Z)F((Zs—1)/2)F((1+s)/2) -1
=A"D(s) A’ x
I'(1-s)/2)I'(s/2) I'(s/2)T'((4+s)/2)
S s 3-2s o
XzFl(l—E,—l—E,T,—A )
I'(s/2)T((1-28)/2)T(1—-5s/2) _s (s+1 s—3 23+1__A_2)
T((1-$)/2)T((5-5)/2) N\ T
+F((_l_S)/Z)F((S_Z)/Z)A_23F2(1,§,—1;ﬂ,b;—/}_z)).
I'-1/2)r'@a/2) 22 2 2

Excluding D(s), we compute the Gamma factors for the first summand to be

Y1(8)(2/(s+2)), where

(S),_ZT(S+1/2)F((S+1)/2) 4
Y1 T2 I'(s/2)3 s@s—1)

are the Gamma functions appearing in [32, p.16, Th.25]. We work similarly for the

other summands to get

m T((1-28)/2)T(2-5)/2)
Y2(s) = — 3
2 (T((1-9)/2))T((5-35)/2)

and

1T(-1-9)/2)T((s—2)/2)

L e e G YOIOD)

If |s| < A2, we use the series expansion of the hypergeometric functions that

appear in the expansion of J;(A?) to compute that

3-2s
2

—-1-

2Fi(1-35-1- 2, 5= A7) = 140(111A7?),
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)

s+1 s-3 2s+1
2B - A) =1+ 0(11147Y),

2 2 2
3 1 s+3 4-s
3F(1,5, -5, === A7) =1+ 0(112A72).
2 2 2 2

We use the same methods to compute J¢(a?). Since a, A ~ X we have

aif = 5 =T (T (-3 s U - e?)

B Y1 (S) 2 As+2 _ as+2
o s+2 A2-a?

s YZ(S) A3—s _ aS—s
17 A%2-qa?

(s) A-a 2
B 1+ 0(1172x7?).

(1+0(1t1X72))

(1+0(1t1x™2))

We note that using Stirling’s approximation (A.1) the gamma functions ap-

pearing can be bounded as follows:

1/2

Y1) < tI72, ya(9) < [t173% and ys(s) < |t 72. (3.19)

More generally we can prove the following result about d;(f™):

Lemma 3.4. Let f* be the function from (3.9), then there exists ¢ € [a?, A?] such

that

di(f7) =

r(Z)ra-3) f\ff X
0 ¢

7312 2(ps—1(ix) +Ps_1(—ix))dx.

- X

Proof. We define

Gs(y,x) = x\/ y = x?(Ps_1(ix) + Ps_1(=ix))
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so that the Huber transform of f can be written as

2T (59T (1-3) J5(A2) - Js(a?)
d:(f") = =7 H .

Since H = A? — a?, we can apply the Mean Value Theorem for J on the interval
[a?, A?]. In order to do so, first we have to compute the derivative of J;. By the

Leibniz Rule, we have

VY o
Ji(y) = Gs(y, \/?)(\/?)’—Gs(y,O)O'+f0 a—sz(y,x)dx

1 VY
:Efo x (Ps_l(ix)+Ps_1(—ix))dx.

Using the Mean Value Theorem we find ¢ € [ A% = X?-1<E<(X+Y)%2 -1,

such that

2r(S)r(1-3
di(f*) = (i;é J}A&
_IEE)rQ-3

i)f\/g *
2302 A T

Ps_1(ix) + Ps_q1(—ix))dx.

Using Lemma 3.3 we prove the main estimate for the Huber transform of f*

as follows:

Proposition 3.5. i) Foranys= % +itwithteRorl/2<s<1 and|s| < A%, we
have
(%-}-it) 1, Yz(%-l—it) 5 1
Xz+lt+ ( )Xi—ll’
b4

a(fh =21 2 iy
T 2

+O(‘)/1(% + it)(|t|x—%y+ ‘yz(% + it))|t|2X—%Y) .
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ii) LetteRandt#0. Then d;(f") can be written in the form
dt(f+) =a(t, X, Y)X%‘Ht +b(t, X, Y)X%_it,

where

a(t,X,Y),b(t,X,Y) = O(min{|t| V21|32 X/Y}).

iii) Lett¢R, i.e. s€(3,1], then the Huber transform can be written as

o) o v2(8) (3=8y g
=S X

+ 0(Y+ (r(% - s)‘X”Z) .

iv) Fort =0, we have

do(f") < X"?1og X .

Proof. i) We use the Mean Value Theorem for the function x*?/2 to find

& € [a?, A?] such that
AS+2 _ aS+2 s+2
A2-a® 2

&s/2 (3.20)

and notice that %2 = X*+ O(|s|| X*~!| Y). Also by the Mean Value Theorem

for the function x®~9/2 we find { € [a?, A?] such that

A3—S _ af.’)—s 3—5
== (=972 3.21)

Az_az

We see that {17972 = X175+ O(|]1-s|| X~*|Y). For the last summand in (3.16)
we use Stirling’s approximation to conclude that it is O(1). Hence, using

(3.20) and (3.21), for |s| < A? we write (3.16) as:

ai(f") =

Y1($) XS4 Y2(s) 3— S y1-s
T T 2

+0(In @I XHY +ya() 1| X ] v).
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After plugging s = % + it to the last formula the result follows.

ii) Suppose that r € R, t # 0. From (3.15) and (3.18) we have that

di(f )_71(3) 2 (A”z F (1_5 s 3- 28,—A_2)

nH s+2 2" 2
s s 3-2s
_as+22Fl(]-__y_1__) ’_a—Z))
2 2 2
)fz(s)(A3 S,F, (S+1,S_3,28+1;—A‘2)
nH 2 2 2
s+1 s—3 2s+1
- ag_stl( » ) ;_a—Z))
2 2 2
Y3($) 3 1 s+3 4-s 2
As 2(1;—,——;—,—;— )
nH 2 2 2 2
3 1 s+3 4-5s 2
_a3F2( !_)__}_}_;_ )
2 2 2 2

We know from part i) that the terms containing X'/?>*?* come from the terms

containing the function Gg(x), where

s 3-2s
Gs(x) = x822, (1—— -1--, ,—x_l).
s( ) 2 2 2 2

Using G¢(x) we can write

o r1(8) 2 Gy(A*)-Gyla®)
d(f7) = T Ss+2 H

e G1-5(A?) - Gy_s(a?)

We use formula (A.3) for the two hypergeometric functions appearing in
Gs(A?) and G,(a?) for parametersa =1, =1/2,y=3,A=—5/2,z=—-A"?

orz=-a2and e*? = (2-z+2(1 - 2)!/2)/z. We also use Stirling’s approxi-
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mation for the Gamma functions appearing to get the bound

271(s) 2 Gy(A?) - Gs(a®)
T S+2 H

32 A5/2+d5/2

<t~ < 1|73 x32y1

By the Mean Value Theorem, we find ¢ € [a?, A%] such that

Gs(A?) - G(a®)

I =G§(f)-
But we have
s+2 S s 3-2s
G/ - - s/2 F 1__’_1__, , = -1
<(&) 5 & 1( > >3 ¢ )
1-s/2)(-1-9)/2 s § b5b-2s _
+ s/2 — T T y 1 )
¢ B-29)/2 ° 1( > ¢ )

using (A.2) for the derivative of  F;. We again apply Stirling’s approximation
for the gamma functions y; and formula (A.3) for the two hypergeometric
functions in G4(¢) with parametersa =1, =1/2,y =3, A =-5/2,z = —& 1
for firstoneand a =2, =1/2,y =3, A = —s/2, z= —¢ ! for the second one.

The resulting bound is given by

y1(8) 2 Gs(A%) —Gs(a?)
T s+2 H

< |f|_1/2X1/2 .

Hence, if we set

Yi(s) 2 GS(AZ)_Gs(az)X—(l/ZHI)

a(t,X,Y)=
T Ss+2 H

and use the Stirling asymptotic for the Gamma functions appearing in the

expression we get

a(t,X,Y)=O(min{|#]7"%,t173"2X/Y}).
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We do the same for G;_;(x) as above and the coefficient b(t, X, Y) defined as

G1_s(A%) — G1_s(a?
b(t,X,Y):(Yz(s) 1-5(A%) = G1—s(a”)
H

3(8) 3 1 s+3 4-s _

Y (A3 2(1)_7__; ) ;_A 2)

aH 2 2 2 2

_a F 7_’__)_)_;_a X ( lt)
3 2( 2272 ' 2 )))

Note that here we also bound the summands involving the functions 3 F» by
using the hypergeometric series expansion (notice that the factors involving
s appear on the denominator) and Stirling’s approximation for y3, see (3.19).

For z = A or a, we have that

hence those terms are negligible and will not affect the overall bound that
we get from the terms involving G;_;(x). We conclude the same bound for

b(t, X, Y) that we got for a(¢, X, Y) and the result follows.

iii) It follows fromi). If s=1,i.e. £ =—i/2, from [12, Eq.8.711.1] we have that
Py(xix) = 1. We see that d_;;»(f) = 2/m) X + O(Y). If s # 1 we estimate
the Gamma factors in i) using Stirling’s approximation and keep the factor

I'(3-s).

iv) We first need a bound on the sum P_;,2(ix)+P—_1/2(—ix). The transformation
formula [24, Eq. 16.8.8] for the hypergeometric function used above, is not

valid for s = 1/2, hence we are going to use the integral representation [12,
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8.713.3]. Firstly, assume that x < 1. Then we have

P_1/2(ix) + P-1/2(—ix) <<f (cosh?® t+ x> V4dr
0
<<f (cosh)™?dt
0

<1.

Secondly, assume that x = 1, then we have

o0
P_1/2(ix) 4+ P_1/2(—=ix) <<f (cosh? t + x) " Y4dr
0

a2 [7((E2) e0) ar,

Now we set u = cosh #/x and compute:

fooo((cosm)z+l)_”4dt= Cu eyt —E —au

X 1/x vVxiu? -1
S 1/4 X
= | W+t ————du
1/x vVxiu?-1

o0 X
+f W+ ————du.
2

Vxiu?-1

For u = 2 we notice that

X
< —,

Vx?-u?-1 U

hence we can bound the second integral as follows:

* 9 1/4 X * 9 1741
f (u“+1)" —du<<f (" +1)""""—x1.
2 xcuc—1 1 u

ViiE—1

As for the first integral we compute

2
X
(u2 + 1)—1/4

X
———du <<f G —
1/x Vxiu?-1 1/x Vx2u?2 -1

2
du.

50
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Let xu = coshr, then we have

2 X cosh_l(Zx) )
—duzf dr =cosh™ " (2x).
fl/x vVxiu?-1 0

We conclude that

2 X
W +1)" Y ————du<logx.

1/x vxiu? -1

Now, we have shown in Lemma 3.4 that d;(f") < [, Vi_x

0 e

Ps_1(—ix)|dx for every r and for some ¢ € [a?, A?], hence we have

| Ps—1(ix) +

X

Ve x . .
+f |P_1/2(ix) + P_y/2(—ix)|dx
1

o x Ve X
<<f0 E—xzdx+fl ,/g_—leogxdx

< 1+f\/_\/_—log\/gdx
1 é‘ l_x?z

|P_1/2(ix) + P12 (—ix)|dx

1
d() (f+) < f
0

< 'ogé < X% 1og X .

3.2.3 Proofof Theorem 1.2

We will now use our results about the Huber transform d,(f*) to analyse the
spectral contribution to the relative trace formula, Proposition 3.2, and finally

prove Theorem 1.2.
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Proof of Theorem 1.2. We have by Proposition 3.5:

. 2 US| 2l
Y2d,(fHuit= Y, SyispurXi+=0@-s)y2(spuit X Y
j 1/2<s;<1 T

+o( Y (@ 2Y+‘F(%—s])‘A2X”2))

1/2<sj<1

+ Y 2d,(fHu*+0(X*logX),
0#tj€R

where the last term is due to the estimate for dy(f*) (see Proposition 3.5(iv)).

1

Since the spectrum is discrete, for s; corresponding to a small eigenvalue, s; — 5 is

bounded away from zero. As the number of small eigenvalues is finite, we get

TV + )r(1 - 5j)|@2x"?) = oy + x'12).
1/2<sj=1 2

For the same reason,

1
Y —ra(s)@-s)ur X = 0(x1?).
1/2<s;s1 70

Let

SH=Y 2d.(fHui?,

0#¢;€R

then

ZZdt(f uir= Yy ng(S])u]2X51+S(f)+O[Y+X1/210gX) (3.22)

1/2<s;<s1 7t

Using Proposition 3.5 and the discreteness of the spectrum, we get
SfH =Y 2d/(fHut+ Y, 24 (fNuy”
I£j1=1 l£j1<1

= Y 2d,(fHai?+0o(x'?).

|l‘j|21
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Since d;(f*) is an even function of ¢, see e.g. (4.1), after using dyadic decomposi-

tion we get the bound

Y 24 (fOE;° < ) 2di(f )5

|tj|21 Iszl

=2 | X 2|dr(f+)|u72) (3.23)

n=02n<g;<2n+l

<) sup |dtj(f+)|( Y a\jz)

n:02"5tj<2"+1 2n5[j<2n+1

From Proposition 3.5 and Lemma 2.10, we compute

o0
S < X2y 27 minfon, xy 4 X2,

n=0

We split the sum according to n <log,(X/Y) and n >log,(X/Y). We get

S <xt ¥ 27min{on, xy !}
n<log,(X/Y)

4 xle2 Z 2'”/2min{2”,XY'l} 4 xl/2
n=log,(X/Y) (3.24)

<« X7 Z onl2 | x312y -1 Z g=ni2 | x1/2
n<log,(X/Y) nzlog,(X/Y)

< Xy V2, xlz,

With this result for the spectral side and the analysis for the geometric side of our
trace formula in Proposition 3.2, we can finally show Theorem 1.2. From the above
we have that
~+ 2 + 2 2 —2 Si
gBmI)+ Y gBW)= Y —nlspuXxy

yeHNT=Hy/H, YeH\T—Hy / Hy 1/2<sj=1 7t
B(y)<1 B(y)>1

+ O(XY—”2 +Y+ X”Zlogx) :



3.2. APPLICATIONS OF THE RELATIVE TRACE FORMULA 54

But the sum for the exceptional terms vy, i.e. B(y) <1, is O(1) because there are
finitely many such terms and by equation (3.12) we know that g*(B(y)?) = 0(1)

for B(y) < 1. Hence we have that

2 . _
Y g BwY= Y Snp@Exy+o(Xy ey + x'logx).
ye H\T—H, / H, 1/2<sj<1 7T
B(y)>1

1
We notice that the choice XY~z = Y < Y = X?/3 balances the two error terms

and makes them equal to O(X?/3) . Tt follows that

2 —_—~ .
Y. gBWYN= Y SnGpwixY+0(X*F).
YeH\I'-H/H; 1/2<s;=1 Y
B(y)>1

We work similarly for the sums of g7, g~ and use equation (3.14) to get that

2 .
NX,D= Y 1+ Y ZSyis)u?Xs+0(x*3).
YEHI\[/H;  1/2<s;j<1 7
B(y)<1

Since the first sum is of order O(1) we conclude that

2
NX, D= Y Zyi(spa*Xxsi+0(x*?).
1/2<sj<1 7T

Remark 3.6. For s =1, using the fact that

— U
vvol(T'\H)v

the contribution to the main term of N(X, ) is

N o2 @

2 =—X.
b3 7 vol(T'\H)v2
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Remark 3.7. Let [;, I, be representatives of two closed geodesics and H; a hyper-
bolic subgroup of I that corresponds to /; and H, a hyperbolic subgroup that
corresponds to l,. We assume that /; and 77! - I, lie on the imaginary axis I, for

some T € PSL,(R). Then we consider the series

K@):= Y kwr'y2).
YEHZ\F

Similarly to the proof of Proposition 3.2 we have

K(z)ds = Z Z k(v(r'ly)/oz))ds
h yeHo\T'yoe Hy v h

= Y k(v 'yz)ds.
YeHL\T/H Y1

The geometric side of Proposition 3.2 is the same for B(r™'y) in place of B(y). The
difference in the spectral side case comes from the periods #;. The sum appearing

there becomes

ZZdtj(f)f uj(z)dsf uj(z)ds.
tj ll l2

For the sum thsTfll u;j(2)ds [, uj(z)ds, we use Lemma 2.10 and the Cauchy-
Schwarz inequality to obtain the same bound as the one in the proof of the main

theorem. We have

2\ 1/2
fuj(z)ds‘) <T,
I

s(z

OSIjST

Z u]-(z)dsf uj(z)ds
I

0<t;<T L

2
j; uj(z)ds‘ Z
1

OSQST

which can be used to show equations (3.23) and (3.24) in this case and the same

error term as in Theorem 1.2 follows for N(X, [1, I»).



Chapter 4

Average results for the error term

4.1 The large sieve inequality

4.1.1 The Jacobi transform

In this chapter we prove Theorem 1.5, namely that on average the error term
E(X,])is O(X”2 logg‘/2 X). In order to do so, we relate the integral transform d;(f),
which we call Huber’s transform, to the Jacobi transform studied by Flensted-
Jensen [10] and Koornwinder [20],[21]. Then, we develop a large sieve inequality
for periods of Maass forms (see Theorem 1.3). To prove the inequality, we choose
the integral transform to be a Gaussian and study its inverse transform. We use
itin the relative trace formula (Proposition 3.2) and follow Chamizo’s proof of a
similar sieve inequality for values of Maass forms (see [3, Th. 2.2, p. 306]). For the
proof of Theorem 1.5, we follow the ideas of Chatzakos and Petridis, where we use
our new sieve inequality (Theorem 1.3) in place of Chamizo’s inequality [3, Th.
2.2, p. 306].

From the definition of the Huber transform (2.9) and working similarly to the
proof of Lemma 3.3 (see (3.17)) we can see that given a test function f, its Huber

transform can be written as:

_ [T e2 l1-=ss1 5
dt(f)—fo flx +1)2F1( —515) x)dx, 4.1)
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where s = %+ it,asusual te Ror 1/2 < s < 1. Now, let us make the change
of variables x = sinhw — dx = cosh wdw. Hence, we can rewrite the Huber

transform as

2 1—s .12
dt(f):f f(sinh w+1)2F1(T ,—sinh w)coshwdw.
0

s1
'2'2
We now introduce the Jacobi functions. For the discussion and formulas below,

see [20, Ch. 2]. Consider for «, 8, 1 € C and w > 0 the differential equation

1 d AU (w) ,
(Bap @) —(Bap@)——=| =@+ p"Uw),

where p=a+ f+1 and

—t)2a+1 2+1

A(a,ﬁ)(W) =Aw) := (et_ e (et+ e—[)

Then the function
N P AN PN o ainh2
Pu(w) =\ (w).—gFl(E(p+z,u),z(p—lu),a+1,—smh w),

is a solution to the differential equation above with ¢(0) = 1 and ¢'(0) = 0. This
is called the Jacobi function of the first kind. A second linearly independent
solution (Jacobi function of the second kind) to the same differential equation for
u#—i,—2i,-3i,..., is the function:

Dy (w) = (e - e_t)i“_ngl(%(,B —a+1-ip), %(p —iw),1—iy,—

sinh? w) '

The two solutions ¢ and ® are related via the formula

1 1
VAT @+ 1) gu(w) = Ze@Pu(w) + S c(-pP_u(w),
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for
2PT(3ip)T(3(1+ i)
FA/2(p+iw)TA/2(@—B+1+iw)

c(W) = C(a,p) () =

The Jacobi transform of a function f is defined as

fw = flap@ = (V2/T(a+ 1))[O fw)o,w)Aw)dw .

We notice that the Huber transform is related to the Jacobi tranform as follows
d.(f)=(Vr /22" hw,

for a = —%,ﬁ =0,p= %,u = t and h(w) := f(sinh? w + 1). The Jacobi transform
has been studied extensively in [10],[20] and [21], where many properties for
¢u(w) and c(u) have been shown. For Ry > 0, s’ = 0,0 > 0, following [20, eq.
3.10,3.11] and [9, Chapter XIII] we define the Weyl fractional integral transform as

(W;f(f))(s’) of a function f as

1

(W“ (f))(S) = TIJ)

foof(v) (cosh(ov) — cosh(as)* d(coshov),

where d(cosh v) = sinhvdv and f is taken such that the integral converges (e.g. f

is rapidly decreasing). By analytic continuation W7 extends to an entire function

of u by

(_1)71 [e¢] dn _
WU N — h _ h Npu+n—1 h ,
( N(f))(s) Turm Js (d(coshov)"f(v) (cosh(ov)—cosh(os)) d(coshov)
where

n=0,1,2,..., Ru>-n.

Here, by d" f(v) /d(coshov)" we mean the application of chain rule to the func-
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tion r(x) = f(v), for x = cosho v, hence

dr d" f(v)
dxn rix)= d(coshov)?

It can easily be seen (see [19, page 4],[20, page 153]) that

W, =WJ oW/ (4.2)

and in particular

g g __ g (0]
Wﬂ OW_IJ—W_“OWIJ =id,

which shows that the Weyl transform can be inverted. One very important property

of the Jacobi transform, proved in [20, eq. 3.7, Cor. 3.3] (see also [19, eq. 2.10]) is

that
fw=FeoFup(HW), 4.3)
where
Fap(f)(s) =232 W 5° Wﬁi% () (4.4)
and

Fc(f)s) = \/Zfoof(t) cos(st)dt
T Jo

denotes the Fourier cosine transform (see also [12, p. 1121]). This was proved
in [20] for functions f of compact support, but the proof remains the same for
f such that the integral defining the Jacobi transform converges. We can use
equations (4.3) and the properties of the Weyl fractional integrals and Fourier

cosine transform to invert the Jacobi transform. We have
_3gq_3 1,4
f(s)=273¢ szﬁ_% oW o F (s, (4.5)

where & 1 is the inverse cosine transform of a function. For simplicity, from now
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on we assume that f is such that f(sinh? s+ 1) € cosh™! s-.%, where . is the space
of even rapidly decreasing functions on R (see [19, p. 3]). From [12, p. 1092, eq.
4.(iv)] even functions satisfy Z.(f)(s) = Z (f)(s), where Z (f)(s) is the classical

Fourier Transform:

1 0 ;
F =— ne''dt.
(f) (S) AV, 271 f;oof( )e

Hence, in equation (4.3) we can substitute the Fourier cosine transform %, with
the classical Fourier transform . We also define the convolution of two functions

f,g (see [12, p. 1088]) as

(f*g)(t)::f fmglt—-1)dr.

The convolution satisfies the properties f * g=g* fand f* (g*h) =(f * g) = h.
For the Fourier transform of a convolution of two functions the following property,

also known as convolution theorem, holds

F(f*g)(s) =F())F(g)(s).

4.1.2 Proof of the large sieve inequality

In order to prove our large sieve inequality (Theorem 1.3) we need to apply the
relative trace formula (3.2) for a suitable choice of test function f. Here we choose

d;(f) and estimate f.

Lemma4.1. Let T, Cy, ¢, u, r be positive with T =1 and r < 1. Suppose that u = uy
for some fixed ug > 0. Let d(f) = e~ *T" cos(r 1), where f is defined through (4.5),

then the following inequalities hold:

a) For f we have that:

f) <min{T,r'} and f(sinh®*s+1) < Te <TG for s=2r.
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b) Moreover, we can show forsinh™ u = 2r

(x*+1)  (®  f(sinh®s+1)coshs

% f ]v
—dx= d
»/;t Vx2—y2 sinh™!u \/ sinhz s—u2

T2 (il a2
« Te CT4(sinh™" u-r) )

(4.6)

¢) Forsinh™! u < 2r we have

22
ds < Te €T,

f"" f(sinh?s+1)coshs
S

inh™'u /sinh? s — u?

d) Also we have
© f(x?+1)

0 Vx2+u?

2.2
dx < Te €T,

Proof.  a) Using that the Huber transform is a Jacobi transform with a = —1/2
and =0, we can use that d;(f) = e "“14T* cos(r 1) to recover f. By linearity

of the transforms % and Wg we write the inversion formula (4.5) as

3/2
f(sinh®s+1) = 2—W21 oWloZF 1d,())(s). 4.7)
N 2 T

We use the convolution theorem for ordinary Fourier transform to compute
the inverse Fourier transform of d;(f). Informally, let h;(x) = V2 Te_x2 r?
and hy(x) = (Va/v2)(6(x - r) + 6(x + 1)), where 6 is the delta function.
Then from [12, Page 1119, eq.4] and [12, Page 1119, eq.13] we find that

F(hy) (1) = e /4T and F (hy) (1) = cos(r ). Since

F N d,(P)s)=F (e cos(rs) = F T (F (h) F () (s)

=F N F (1 = hp))(s) = (h1 = ha) (s) .
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We compute the convolution:

(hy * hy)(s) = \/ﬁTfoo e'Tsz(é(s— r—1)+6(s+r-1))dr

= VAT (e TH670" 4 g TPy

We now proceed with the Weyl fractional integrals (equations (4.3) and (4.4)).
From the properties of the Weyl fractional integral [19, Eq. 2.8] and the proof

of [19, Lemma 3.4] we can see that

1
2 1
=—W-".
-1 2cosh(-) -1

By equation (4.2) we can rewrite the Weyl fractional integrals as

1
W2, oWl =W2oW? o W! = W? (—Wl).
SO T e L = o S Coshi () -

Let g(s) := V2T (e~ T ~"" 4 e~ T°6+1%) First we calculate W, (g)(s):
-2

1 [ d 1
"y ® =775 £ dcoshv
E v2Js dcoshvy/coshv—coshs
= szfoo (—r)e TPW=% 4 (y g pyeTow+r)?
S

vcosh v —coshs

dv.

We turn to the study of f(1), i.e. s =0. Using (4.5) we compute

2312 oo W' (W) 2712 poo

1) = 2 h2v—1)"124 hop=°"_ w! v
o va Jo  coshv (cosh2v—1) coshzev 77 o _%(g)(v) v
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Applying the Mean Value Theorem for the denominator, we see that

00 oo | —T e—(w—r)sz (w+r e—(w+r)2T2
f) < T3f f | | ( ) dwdv
0o Jv vcosh w — cosh v

o0 roo (ginh p)~1/2 272 _ 272
< T3f f tsinhv) 7 (Iw—rle'(w_” T (w+re T )deV-
0 v w-—v

\/T

Rearranging the order of integration in the double integral, we see that

o0 roo (ginh -1/2
f <<T3f f inhy) (Iw—rle_(“’_”sz+(w+r)e_(w+”2T2)dwdv
0 v

w-v
0o w (sinh -1/2
:T3f (f sinhy) dv)(lw—rle_(w_’)sz+(w+r)e_(w+”2T2)dw.
o o Vw-v
We have

f”’(sinhv)‘”zd <<fw 1 1 P
—dv — =7.
0o JVw-v 0o Vvvw-v

Hence, we compute

2 5 [ —(w-r)*T? —(w+r)*T?
£ <<f W_l(g)(v)dv<<Tf (1w=rle +(w+re Jdw
o 2 0
-rir 272
<73 <Te "1,
272

IfrT<1 <> T<r'thenTe" " < T, whileif rT>1wehave rTe " T <

1 = Te " T° « r~1. We conclude that
f(Q) <« min{T, r_l}.

Assume now that s = 2r. Up to a constant the integral W_1 1 (8)(s) appeared
2

in the proof of [3, Lemma 3.1(b), p.312]. He proved that for s = 2r and some
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C>0

W_ll(g)(s) << Tze_CTZ(S—r)Z .
2

Since W? is a positive operator, i.e. g = 0 implies W?(g) = 0, we can bound
2 2

the next Weyl fractional integral in (4.7) as follows

2e—CT2(s r)?
- (g)(S) < W1 )
2

W2o (;
5 \2cosh() coshs

coshv
oo —CTZ(U r)?

< T2 sinhvdv.

00 e—CTz(v r)?
< Tzf —  (cosh2v-cosh2s)""?sinh2vdv

vcosh2v — cosh2s
(4.8)

Suppose now that rT' = 1. Let C; = C/2, then from (4.8) we see that

s o [0 e CiTP(w-1)?
f(sinh?s+1) < T?e G177 (=7 sinhvdv.
s vcosh2v—cosh2s

By the Mean Value Theorem on the interval [25s,2v] we get the bound

X ) —-C1T%(s-1? poo e O1 T2 (v—r)?
finh*s+1) < T sinhvdv.

vsinh2s Js v—=S

We apply integration by parts to our integral:

00 e—Csz(v—r)Z 00 o2 )
——— sinhvdv <<f e~ TN /s cosh vdv
s VA Zmi s

0 2 2 .
+T2f e~ T W=, _ /v —ssinhvdv.
S

Let

Qo 2
Klzf e~ O T =N /s cosh vd v
N

and

oo
K = Tzf e~ O T 0=y _ 1) /u—ssinhvdv.
N
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To bound K>, as in the proof of [19, Lemma 3.2,page 5] we use the simple

bound sinh v <« Ue”/(l + v) to conclude for s = 2r:

R 2 2
K, < Tzf e~ T W=, _ 13 2ginhvdv
S

2 [ _c T?(v-r)2+v 3/2
< T e ! (v—=r)"“vdv.
S
With the substitution w = v —r, then

22
K <« Tzf e~ Gl wirw 312, 4 ndw
S—r

2 [ _cir?wl+w. 502
< T e ! wdw
s—r

2

oo 2 1

o)

<<T2f e 2a1?) w2 dw.
S—r

Next, we substitute m = w—1/(2C; T?) to get

o0 22
Ky < T? e T M2 am.

1
S—r———5
2C T2

Let N=s—r—1/(2C,T% and [ = C; T>m?, then we have

00 00 I 5/4 1
K, <« Tzf e~ CLTom? 10512 gy Tzf e‘l( 2) dl
N Cy T2 N2 CT C, T2 /l/Cl T2
T? [ 7
<= e 134 = T‘3/2F(—,C1N2 Tz),
T C T2N2 4

where I'(a, x) denotes the incomplete Gamma function. Bounds for the
incomplete Gamma function are well-known (see [12, Eq. 8.350]), we just
need that I'(a,x) < I'(a) < 1 for a > 0 and x > 0, to conclude that K, «
T-3/2.

For the integral K;, we use the simple bound coshv <« e” and the same

method as before to show that K; < T‘3/21"(%, CIN?T?) < T32.1frT> 1,



4.1. THE LARGE SIEVE INEQUALITY 66

then

1 1
<« — < VT
vsinh2s \/smh2 \/_

and it follows that f(sinh? s+ 1) < Te C1T°(s=7,

Suppose that r T < 1. We know that there is a constant C; > 0 such that

) , 0O e~ Ci1 T2 (w-1)
f(sinh®s+1) « T?2e 1 T°(s=1) sinhvdv.
s vcosh2v—cosh2s

From the bound e=C1 T°6—1? « =CT*8* yised in [3,p.312] when rT <1, we
find C, > 0 such that
e—Cg T2 V2

o0
f(sinh?s+1) < T2~ CeT*(s=r)” sinhvdv.
s vcosh2v—cosh2s

We apply integration by parts to get

—CyT?1% oo

vcosh2v — cosh2s

f(Sinh2 s+1) < Tze_CZTZ(s—r)z(
coshv

N

0o e_CZTZ 2
— Tzf —hv\/coshZU—coshZde
s coshv

2.2 .
f"o e~ TV ginhv
s cosh? v

Vcosh2v — cosh2s dv)

By the Mean Value Theorem on the interval [25,2v] we find the bound

00 e—Cg T2v?

v\/s1nh2 vvVv—sdv

f(sinh®s+1) < Tze—CzTZ(s—r)Z( 2 f
s cosh

0 g=CT*V* ginh
+f —ZVSinhZV\/U—SdU)
s cosh“v

O T2 (s— )2 ®© 2 sinh v
« T2o-CoT(s—7) (Tzf o~ CT%v Jrsdu
s coshv

+f°°e—czrzyz(smhy)B/Z\/_dv)
N

coshv
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Let

o0
L= Tzf e'csz"zvvtanhv\/v—sdv.
S

and

vv—-sdv.

o 2 2 3/2
Ly =f e 217 (tanh y)
s

Using the bound tanh v <« v, we see that
2 [ _cor2e? 2 [ _cor2? 2
Li<T e 2V Vvvvv-sdv< T e 2V vrdy
N S
and
® _CT2? 312 P CT?? 2
L, « e vV —-sdr < e vodv.
S S

Similarly to K; and K, we use the change of variables [ = C, T?v?. We get

fe’s) (S 1 \/C >
f e T2 gy <<f el dl<T" [ e 'Vidl.
s arze CT?20,T2V1 CoT%s?

Hence

oo
f e T 2 dy < T 3r( GoT?s ) < 17,

N

We see that L; < T~ ! and L, <« T3, hence we conclude that

2 2
f(sinh? s+ 1) < Te~ 2T =17

b) We now prove the estimate in b). Suppose that sinh™! 1 > 2r. Using a) we

have

f f(x +1) _f°° f(sinh25+1)coshsd
simh™ u \/sinh? s — 2

2 2
oo g=CGT (=" cosh s
<T ds.
S

. -1 .
inh™'u  \/sinh? s — u2

_u2
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Let k =sinh™! u and ¢ = Cy/2. Suppose that k > 2r then we have

2 2
©o f(xz + ].) —CTZ(IC—I”)Z ©o e_CT (s=1) COShS
——dxxTe ds.
u Vx?-u? k \/sinh2 s—sinh?k

We apply integration by parts to the last integral and the Mean Value Theo-

rem to get:

V/sinh? s —sinh? kd's

k \/ sinh? s — sinh? k 2

2 2

1 [ e ¢T"(=N"coshs

- Ef - \/sinhzs—sinh2 kds
k sinh” s

2 2 2
00 o=cT*(s=1)* cogh p 1 f"o —2¢T%(s—r)e €T (=0

k sinh s

o0 coshs
< Tzf e_CTZ(S_”Z(s -r) Vs—kds
k sinh s

+ lfoo e—CTZ(S—r)Z(C.Llls)?)/Z\/S_ kds .
2 Jk sinh s

These integrals can be bounded the same way as the integrals K; and K>
that appeared before in both cases rT=1and rT < 1.

We use bounds for cosh s and sinh s as before to get

22
00 o=¢T* (571" cogh s

k \/ sinh? s — sinh? k

oo 2 2 1
ds < Tzf e T (s )32 s
k

NG
o —cT?(s—1)? -3/2
+ e VS—rs ds.

k

-3/2

Since s = k > 0 we have that s « 1. After setting w = s — r we get

2 e 2
00 = CT(s=1)" cogh s

k  v/sinh?s—sinh? k

S . 2 0
ds<<T2f eCT”’wdw+f e T Jwdw
k-r k

-r

« e—c(k—r)2T2+f e—l( 12)1’4 dl
cT2(k—r)? cT 2¢T?%\/1/(cT?)

< e—C(k—r)sz + T_S/ZF(Z,CTZ(]C_ r)Z)

< e“"(k‘”sz.
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We conclude that

© f(x?+1)
u Vx2-u?

2 2
dx <« Te ¢T" (k=17

¢) Suppose that k <2r. Then from (4.7) and the definition of g we have that

oo W ()W)

f(sinh®s+1) « f ——2 _(cosh2v—cosh2s)™'"?d(cosh2v)
s coshv
o W' (g)()sinhv
< 2 dv

s v/cosh2v—cosh2s

00 poo ((w— r)e_(w_r)sz +(w+ r)e_(“”r)sz) sinh v
< T3f f dwdv

\/cosh2v —cosh2sv/cosh w — cosh v
0 (w - r)e_(“’_”sz +(w+ r)e_(”’”)ZTz)\/sinh v

<« — dwd
\/sinhz f f Vv=syw-v waev
smh 272 22
dv W=Dt () e WA )dw.
\/s1nh2 f ( )

We bound the inside integral:

w A/ <1 h w 1
&dv«ewmﬁf ———dv< eV w.
s Vw—-vJ/v-s s Vw—vyv-—s
Hence, we have that
272
f(Sinh28+l) P — f (w-r)e” (w-r)?T? +w/2\/—+(w+r)e (w+r)=T +W/2\/_)dw
Vvsinh2s

When w < 2r we have

2r

2r
(22 22 1 _(_27212r
(w—r)e” @™ T”“/Z\/wdw«\/Ff e (W= (w—r)dw«—\;;[e (w=r) T]
0

0
\/Fe_crz TZ
T? '

0

<
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Similarly

2r
_ 272 r _p.272
(w+r)e (w+r) T+W/2\/wdw<<‘\/;e et :
0 1

For the integral

o0 272 272
f ((w_r)e—(w—r) T +w/2\/w+(w+r)e—(w+r) T +w’2ﬁ)dw
2

r

we consider again the cases r T > 1 and r T < 1 separately and work as in the

previous step to conclude that

[e.0]

_ _ 272 _ 272 _ _ 272
(w-r)e” W= T+WI2 Sy (war)e” W T HW2 fdw « T327C0° T,
2r

Overall we see that

) \/7 _Cr272
f(sinh?s+1) « T———=¢¢" 1",
Vvsinh2s

For 0 < k = sinh™! u < 2r we split the integral in (4.6) as

% f(sinh?s+ 1) cosh s [ f(sinh?s+ 1) cosh s ® f(sinh?s+1)coshs

s= s+
k V/sinh? s — u2 k V/sinh? s — 12 2r Vsinh? s — u?

s.
For the second integral we have s = 2r and we use the bound from a)
272
f(sinh®s+1) < Te €T

to conclude again that

oo f(sinh2 s+1)coshs

2r Vsinh? s — u2

22
ds < Te ¢ 17,

272
ie_cr T to

. . 2
For the first integral we use the bound f(sinh“s+1) < T et
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get

ds

2r f(sinh®s+1)coshs 2r coshs
I ) ds < Te_chTzf
k Vsinh? s — u? k  v/sinh2sV/sinh? s — sinh? k

2r
_Cr272 1
< Te CrTf
k

ds
vsinh2kvs—k
2
« Te Cr'T? [\/s - k] kr

—Crér?

< Te

d) Lastly we consider the integral

% f(sinh?s+ 1) cosh s o 2r f(sinh?®s+ 1) cosh s o % f(sinh?s+1)coshs S

0 Vsinh? s + u2 0 Vsinh? s + u? 2r Vsinh? s + u?

. . . _ _ 272
For the second integral we use again the bound f(sinh? s+1) < Te=¢(=n"T

and work as before to get that

oo f(sinh2 s+1)coshs

2r Vsinh? s + u?

22
ds < Te ¢ 1T,

For the first integral from the bound f (sinh®s+1) < Tie_cr ’T? e

vsinh2s
have
2r f(sinh®s+1)coshs 2g2 (27 coshs
! ds < Tvre ©" Tf
0 Vsinh? s + u? 0 V/sinh2sV/sinh? s + 1?2
2r
_Cr2T2 1 A2
< TVre ¢ T —ds< Te ¢ T,
0 Vs

We will also use [3, Lemma 3.2], which states:

Lemma4.2. Let REN, b= (by,..., br) be a unit complex vector and let M = (m.,)
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be an R x R complex matrix such that |m.,| = |myy|. Then

R

R
Y bybymy,|<max ) |my,l.
v,u=1 Vo=l

b- Mb| =

Using Lemmata 4.1, 4.2 and ideas from [3] we can now prove Theorem 1.3:

Proof of Theorem 1.3. We follow the proof of [3, Theorem 2.2] replacing u;(z) by

—~

Lljt
Let
R itj/\z
S:Z‘ Y ajx, uj‘ .

v=1 |l’j|ST

By duality there exists a unit complex vector b = (b1, b, ..., bg), such that

s

After changing the order of summation and applying the Cauchy-Schwarz in-

2
itj
by Y ajx, uj) .

|tj|ST

-

equality on the space C we get

-
S lallS§,

where S is defined as
R

itj/\z
byx, uj| .
v=1

S= )
|tjI<T

We can extend the spectrum and achieve the following bound in order to smooth

our sum:
R .
—12/4T? iti |2
]( ) vaxvjuj) .

v=1

S« e
J

After opening the squares and changing the order of summation we get

)

R
S« |lall> max S
* pell 2,.., R}VZ:I| vH
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where we define

—-12/(4T?) —2
Svu= Ze J cos(ryy tj)U;j

J

and

rvu = [log(xy/x,)| .
Since |xy — x| = 6 by the spacing condition, we have

x
—V—l‘z
Xu

9

0
= —.
lxul X

Since X < x,, x, <2X we get
rvu = [log(xy/x,)| <log2.

We recall that there are finitely many double coset representatives y € Hy\I'/ H;

such that B(y) < 1. By Proposition 3.2 and Lemma 4.1(a) it follows that

Sw<min(T,ry )+ Y GBO)+ Y gBuN+ Y. qBEY).
yeHl\l"—Hl/Hl }/EHI\F—Hl/Hl )/EHI\F—Hl/Hl
B(y)<1 1<B(y)<cosh(2ry) B(y)zcosh(2ry,)

By Lemma 4.1(c), (d) for the first two sums and the discreteness of the terms B(y)

we have

Syy < min (T, ry;)+ Y q(B(y).
YEH] \F—Hl/Hl
B(y)=cosh(2ryy)

Lastly, by Lemma 4.1(b) we conclude that

Spmin(Trg) s ¥ eerlom (VAT n)’
yYeEHI\T-H,/H;
B(y)=cosh(2ryy)

)

where c is a positive constant. By a trivial estimate (see bound for 75(x) = N(X/2,1)

in [23, p. 14]) we can prove that the above series converges quickly and is smaller
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than the first term as follows:
Since the terms B(y) are discrete we can assume that B(y) > M, where M > 1.

Using that sinh™ (v/x2 - 1) = cosh™! x we write

e—cTz(sinh_l( /B(Y)g_l)_rV#)Z _ foo e—CTz(COSh_IX_Tvy)Z d(N(x l)) .
M

yeH\T—H,/H,
B(y)>M

We apply integration by parts to get

fooe_CTz(COShlx_’V“)z d(N(x, 1) = [N(x, l)e_CTZ(COShlx_rvy)z]OO
M

M
0 2 -1, 2 _ 1
—ZcTzf Nix, e~eT*(cosh™ x=ryy) (cosh™ x—ry,) dx
M vVxt-1
—cr?, T? 2 [ —CYQ(cosh‘lx—r )2 -1
<e w4+ T e ) (cosh™ x—ry,)dx
M
o w-r
< el 4 TZ/ e —_ " gy,
cosh™' M sinh w

—cr2, T? 2 —erzr2 [ — T2 (w—Tyy)?
e vt 4 Tee Y e (W = ryy) dw
cosh™' M

2 g2
< e !

Hence we have that

1
Sy < min (T, —) .

By the definition of r,, we conclude that

R

R
Yo Svul < ). min(T,Xle—xyl_l).
pu=1 pu=1

By the spacing condition we have

R R X
)" min (T, X|x, —xul_l) <) min(T, —5) )
p=1 j=1 J
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Then we have

R

X
Y min(T, X|x,—x, < T+ Y T+ Y ,—5<<T+X6_1logT,
u=1 1<j<2 Tiaqs}z]

which concludes the estimate for S. O

4.2 Second moment of the error term

In this section we give a bound for the second moment of the averaging of the
error term in counting N(X, [).

We recall that the main term of our hyperbolic lattice counting problem is

2 2 o)
MX,D= Y Zyi(s)u*Xy
1/2<s;<1 70

and the error term is

EX,D)=NX,)-M(X,1]).

Also we define the error term related to a test function f as

Ef(X,)=fMlen(D+ Y  QBy)-2 Y d,NE?,

yeH \I'-Hy/ Hy l/2<SjSl

where

q(B(y)), B(y)>1,
Q(B(Y) =
qB()), By<l,

and g, g are given by (3.5) and (3.6). In the proof of Theorem 1.2 (see (3.22),(3.24))

we showed that

Ep+(X,)=0(XY 2+ x'%),

Ep-(X,D) = 0XY 124 x172),
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Ep-(X,1) < EQX, D+ 0(Y + X log X < Epe (X, 1)

We choose Y such that X”zlogX <Y < X, then
Ep+ (X, ) <E(X,D+0(Y) <Ef-(X,]).
We can now use Theorem 1.3 to prove Proposition 1.4:

Proof. We follow the proof of [6, Proposition 5.3]. We start by choosing Y such

that X'/?log X < Y <« X, then
Ef+(X, D<EX,D+0O(Y)< Ef—(X, D.

In the following we write f for either f~ or f* defined in (3.9) and (3.11). For the

average sum of E(X, [) over points X1, X»,..., Xgr we have

R R
Y IEXm, DI < Y |Ef(Xm, DI* + RY?.
m=

1 m=1

We define the sum

SX,T)=2 Y dy(Nuj”.

T<|tj|<2T

and split the ¢; in the following intervals:
A ={tj:0< || =1},
Ay={tj:1<|tjl <= X*Y 2},
Az ={t;:|t;] > X?Y 72},

Let also

Si:2 Z dtj(f)ﬂyz)

Li€A;
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so that the error term with regard to f can be written as
Ef(X,l) =S51+S5,+8S3.

We start by bounding S;: using the estimates for d;; (f) from Proposition 3.5 we

have

Y 2d,(Hut < XY z].—f"zmin{tj,X/Y}ajz <X’ «yvy,
ti€A; l£j1<1

since there exist finitely many eigenvalues A ; with spectral parameter |£;| < 1.

For S3 we compute

Y 2d,(NuP< Y 117 Pmin{y, X/ VXU

tj€A3 |l’j|>X2Y_2
=3/2y3/2y,—-1--2
SUED DN PR Goid R T

tj>X2Y72

By partial summation and Lemma 2.10 we get
S35« X'’ «y.
Hence we have shown that

Ef(X,D)= Y 2d;(Nu*+0(Y).
tjEAz
We will consider values T = 2%,k = 0, 1,...,log, (X2Y~2) and we sum over only
those T"s to get

Ef(X, 1) < > SX,T)+Y
1=T=2k<Xx?y~2
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and we also add for X, X»,... X to get

R 2
ErmDP< Y | ¥ 8w D| +RYZ.
1 m=1"1<T=2k<x2y-2

>
m=
At this point we use the Cauchy-Schwarz inequality for the inner sum

2 2
Y SXm, T)| <logX Y 1S(Xm, DI
1<sT=2k<X2Y-2 1<sT=2k<X2y-2

Combining the last two inequalities we show

R R
Y (X DE<logX Y (YISO, D)+ RY?.
m=1 1=sT=2k<x2y-2 m=1

In Proposition 3.5 we have written the Huber transform of f as
dy;(f)=X"*(a(t, X, ) X" + b(1,X, V)X,
where a(t, X, Y) and b(t, X, Y) are functions satisfying
a(t,X,Y),b(t,X,Y) < [t|"*?min{|¢|, X/ Y}.
Now using Theorem 1.3 for a]-xitj = dtj (f)ﬁ}, we have

R 2
Y| Y dy(Nu| < (T+XlogTé Mllall;

m=1"T<|tj|<2T

or equivalently

R
> 1S(Xm, TP < (T + Xlog T6 Hlall? .
m=1
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Let us now bound the norm ||al|?:

2 -3/2 1/2:~|2
lalli < Y |lt;I7?minfr;, X/ Y} X115
T<|tj|=2T

< XT’min{T? X*Y™% Y |u;f*.

T<|tj|52T

By Lemma 2.10 we can see that
llal|> < XT™?min{T? X?Y ™%},
hence overall we have shown:

R
Y 18X, TI* < (T + Xlog T HX T~ *min{T?, X*Y %}.
m=1

The last part of the proof follows from [6, Page 20]: using the last bound we have

R R
Y IE(Xm, DI* < logX Y ( Y |S(Xm,T)|2)+RY2
m=1 1<T=2k<x2y-2 \m=1

«logX Y (T + Xlog T6 V)X T2 min{T? X?Y %} + RY?.
1=sT=2k<Xx2y~2

We get the bound

R
Y IEXm DI < XlogX Y T+X*6'log*’x Y 1
m=

1 1=T=2k<Xxy-1 1=T=2k<xy-1
+X°Y*log X Y T
XY 1<T=2k<Xx2y-2
+X*67'Y *log® X Y T~ +RY*.

XY-l<T=2k<Xx2y-2
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By trivial bounds for each term individually we can show that

R
Y IEXm, DI* < X?Y 'log X + 67! X*log® X + RY?.
m=1

We notice that the optimal choice for Y is Y = R~!/3X?/3 and that choice gives us
the bound

f |EXm, DI> < RY3X*3log X + 671 X%1log® X,

m=1
which concluded the proof of Proposition 1.4. O

The proof of Theorem 1.5 also follows from the proof of [6, Theorem 5.4]:

Proof. To prove equation (1.1) we choose 6 '« RX'and R > X'2 in the bound

R
Y IEXm, DIP < R X*?log X +6 ' X*log* X .
m=1

We get

R
|E(X,,, DI* < RY3X*3log X + RXlog® X <« RXlog® X .
g g
m=1

To prove equation (1.2) we choose the points X; to be equally spaced in [X,2X]
with § = R™!X. By taking the mesh X/R to tend to 0 and, since the function
|E(x, I)|? is integrable, because it has finitely many discontinuities as a function of
X, we have

X 2X
[E(Xpm, D22 — f ECx, D) 2dx.
R X

1
This implies

1 2X
— |E(x, )|*dx < Xlog3X.
X Jx



Appendix A

Special functions

We use the following special functions, see [12]. We list the main properties that

we use.

Definition A.1. For Rz > 0 the Gamma function is defined as

o0
I'(2) :f e 'tF ldr.
0

By [12, eq. 8.328.1] we have the following Stirling’s approximation

Jim IT(x+iy)ezM |2 ~v2x. (A.1)
yl—o0

Definition A.2. The lower incomplete Gamma function is defined as
X
(@, x) = f e 't ldt,
0
whereas the upper incomplete Gamma function is defined as

o0
['(a, x) :f e 't% e .
X
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Definition A.3. Let Rx >0 and Ry > 0, then the Beta function is defined as

1
B(x,y):f i1 - tde.
0

By [12, Eq. 8.384] the Beta function satisfies

TWIY) _

By =taty)

B(x,y).

Definition A.4. For |z| < 1 the Gauss hypergeometric function is defined by the

power series

a-b ala+1)bb+1) , ala+1)(a+2)b(b+1)(b+2) 4
Z+ "+ Z+... .
c-1 clc+1)-1-2 cc+1)(c+2)-1-2-3

2Fi1(a,b,c;2) =1+

It follows that » Fi(a, b, ¢;0) = 1. For Rb > Rc > 0 the Gauss hypergeometric

function has the integral representation [12, 9.111]
1 ! b-1 c-b-1 a
F(l,b,c;z:—ft_ 1-0""""(1-tz)" “dt.
2Fi ( ) Bb.c—b) Jo ( ) ( )
The derivative of » F; (a, b, c; z) with respect to z is given by

d ab
%(gFl(a,b,c;z)) =—2hla+ L,b+1,c+1;2). (A.2)

We also need the transformation formula [12, 9.132.2]

_ _F(c)F(b—a) _ \-a B B 1
ZFl(a’b’C’z)_—F(b)y(c—a)( 2) 2F1((l,d+1 c,a+1 b,Z)

reorm-a

1

-b
- F\bb+1-c,b+1—-a; -],
+F(a)F(c—b)( zZ) 7o 1( + c,b+ a )

z

where argz<m, a-b#+m, m=0,1,2,... and formulas [12, 9.136.1-9.136.2]:
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Let
_ I'(a+b+3)vm B ~T(a+b+3)2vT
F(a+%)1‘(b+%)’ I'(@)T' (b) ’
then we have
— 1 1 13
2F1(2a 2b,a+b 2\/_) AgFl(a,b,E;z)+B\/EgF1(a+E,b+§,5;z)

and

1 1442 1 1 13
Fi(2a,2b,a+b+; =AsF(a,b,=;z)—-BVzFila+=,b+=,=;z].
Zl(a aTITy T ) 2Fi(ab,552) = BVz 1(“ 2 zzz)

The series

© (a)k(a2)k - (@p)k zF
F ) Yo ; ) Yy ; = T
pFqlar, az,...ap; 1, B2,..., Bg; 2) g} BB Byl

is called a generalized hypergeometric series.

For the series , F; we use the integral formula [12, 7.512.12]:

1
fox“_l(l—x)v_y_lqu(al,...,ap,bl,...,bq;ax)dx
IN(DINEY!
%p.}.qu_yl(V a,.. ap,[.t+V,b1,...,bq;a),
where Ru >0, Rv >0, p<qg+1, if p=¢qg+1 then |al < 1. We also write the

transformation formula [24, 16.8.8] which reads for z € R with |arg(—z)| <7 :

q+1(q+1 r(ak Cl])

Fy(ay,..., ybi,...,bg; )
griFqlar,...,aq+1,01 EDY ]}_[1 T ]}_[1 o0 wj(z)

k#j

with

— ) 1
wi(z) = (—z)“/qHFq(aj, 1-b1+aj,...,1-bg+aj,1-ay+aj,---*...,1-ag1+aj; 2),
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for j=1,...,q+1, where * indicates that the entry 1 — a; + a; is omitted. Lastly

we use the asymptotic of Watson [33], in the form found in [22, p. 237, eq. 11]

oFila+A1+a—-y+A1+a—-Pf+21;2)

29T+ a— B+ 2N) (i )V E2em @V (1 — e )Y ah12(1 4 (A7)
- TA+a—y+ M)y —f+A)z% A1 + e P)r-1/2 ’

(A.3)

where

eﬂ/,:z—zizu—z)”2
z

Definition A.5. The associate Legendre function of the first kind is defined as (see

(12, 8.704])

1
I'(l-p

z+1
z—1

Pl(z) =

Hiz 1-z
2F —v,v+1,1—,u;T .

The associate Legendre function of the first kind is defined as (see [12, 8.705])

F'v+pu+1)

fo(z) = .L(Pff(z) cos(um) —
2sinum F(v—pu+1)

Pﬂ%m).

We use the integral representation for P, " (z) [12, 8.713.3]

)

T(u+1)(z2-1H*2% oo cosh(v+3)t
pobe o EO DI o o

aTv+p+DE=Y)Jo (z+coshp+z

where Rz > -1, |arg(z+1)|<m, R(v+pu)>-1and R(u—-v) >0.



Bibliography

[1]

(2]

3]

(4]

[5]

(6]

[7]

8]

(9]

D. Bump. Automorphic Forms and Representations. Cambridge Studies in

Advanced Mathematics. Cambridge: Cambridge University Press, 1997.

E Chamizo. Topics in Analytic Number Theory. PhD thesis, Universdad

Auténoma de Madrid, 1994.

E Chamizo. The large sieve in riemann surfaces. Acta Arithmetica, 77(4):303—

313, 1996.

E Chamizo. Some applications of large sieve in Riemann surfaces. Acta

Arithmetica, LXXVII.4:315-337, 1996.

D. Chatzakos. Lattice point problems in the hyperbolic plane. PhD thesis,

University College London, 2016.

D. Chatzakos and Y. Petridis. The hyperbolic lattice point problem in conju-

gacy classes. Forum Math., 28:981-1003, 2016.

G. Cherubini. Almost periodic functions and hyperbolic counting . Interna-

tional Journal of Number Theory, 14:2343-2368, 2018.

J. Delsarte. Sur le gitter fuchsien. C. R. Acad. Sci. Paris, 214:147-179, 1942.

A. Erdelyi. Higher Transcendental Functions Volume 2, volume 2. McGraw-

Hill, 1953.



(10]

(11]

(12]

(13]

(14]

(15]

(16]

(17]

(18]

(19]

Bibliography 86

M. Flensted-Jensen. Paley-Wiener type theorems for a differential operator

connected with symmetric spaces. Ark. Mat., 10:143-162, 1972.

A. Good. Local Analysis of Selberg’s Trace Formula, volume 1040 of Lecture

Notes in Mathematics. Springer-Verlag Berlin Heidelberg, 1983.

I. S. Gradshteyn and I. M. Ryzhik. Table of integrals, series, and products.
Elsevier/Academic Press, Amsterdam, seventh edition, 2007. Translated from
the Russian, Translation edited and with a preface by Alan Jeffrey and Daniel

Zwillinger, With one CD-ROM (Windows, Macintosh and UNIX).

P. Giinther. Gitterpunktprobleme in symmetrischen Riemannschen Rumen

vom Rang 1. Math. Nachr., 94:5-27, 1980.

H. Huber. Uber eine neue Klasse automorpher Funktionen und ein Gitter-
punktproblem in der hyperbolischen Ebene. Comment. Math. Helv., 30:20—

62, 1956.

H. Huber. Zur analytischen Theorie hyperbolischen Raumformen und Bewe-

gungsgruppen. Math. Ann, 138:1-26, 1959.

H. Huber. Ein Gitterpunktproblem in der hyperbolischen Ebene. Reine

Angew. Math., 496:15-53, 1998.

H. Iwaniec. Spectral Methods of Automorphic Forms: Second Edition. Grad-
uate Studies in Mathematics, 53. , Revista Matematica Iberoamericana,

Madrid. American Mathematical Society, 2002.

S. Katok. Fuchsian Groups. Chicago Lectures in Mathematics. University of

Chicago Press; 1 edition, 1992.

T. Kawazoe and J. Liu. Heat Kernel and Hardy’s Theorem for Jacobi Transform.

Chinese Annals of Mathematics, 24, 2012.



(20]

(21]

(22]

(23]

(24]

(25]

(26]

(27]

(28]

(29]

Bibliography 87

T.H. Koornwinder. A new proof of a Paley-Wiener type theorem for the Jacobi

transform. Ark. Mat., 13:145-159, 1975.

T.H. Koornwinder. Jacobi functions and analysis on noncompact semisimple
Lie groups. Special functions: Group theoretical aspects and applications,

pages 1-85, 1984.

Y.L. Luke. The special functions and their approximations, volume 1. Aca-

demic Press, 1969.

K. Martin, M. Mckee, and E. Wambach. A relative trace formula for a compact
Riemann surface. International Journal of Number Theory, 07(02):389-429,

2011.

EW.J. Olver, D.W. Lozier, R.E Boisvert, and C. W. Clark. NIST handbook of

mathematical functions. Cambridge University Press, 2010.

J. Parkkonen and E Paulin. On the hyperbolic orbital counting problem in

conjugacy classes. Ark. Mat. 279, no. 3-4:175-1196, 2015.

J. Parkkonen and F Paulin. Counting common perpendicular arcs in negative

curvature. Ergodic Theory and Dynamical Systems, 37(3):900-938, 2017.

L. Parnovski and R. Hill. The variance of the hyperbolic lattice point counting

function. Russ. J. Math. Phys. 12, no. 4:472-482, 2005.

Y. Petridis. L-functions. http://www.homepages.ucl.ac.uk/‘ucahipe/

Lfunctions.pdf. Online notes.

A. Selberg. Equidistribution in discrete groups and the spectral theory of
automorphic forms. http://publications.ias.edu/selberg/section/

2491.


http://www.homepages.ucl.ac.uk/`ucahipe/Lfunctions.pdf
http://www.homepages.ucl.ac.uk/`ucahipe/Lfunctions.pdf
http://publications.ias.edu/selberg/section/2491
http://publications.ias.edu/selberg/section/2491

(30]

(31]

(32]

(33]

Bibliography 88

J-P. Serre. A Course in Arithmetic, volume 7 of Graduate Texts in Mathematics.

Springer New York, NY, 1973.

M. Tsuzuki. Letter to Kimball Martin regarding the paper "A relative trace

formula for a compact Riemann surface" . Unpublished.

M. Tsuzuki. Spectral means for period integrals of wave functions on real

hyperbolic spaces. Journal of Number Theory, 129:1387-2438, 2009.

G.N. Watson. Asymptotic expansions of hypergeometnc functions. Trans.

Cambridge Philos. Soc., 22:277-308, 1918.



	Introduction
	The hyperbolic circle problem
	Counting cosets on Fuchsian groups
	Statements of our results

	Hyperbolic lattice counting problems
	Preliminaries
	Results on hyperbolic lattice counting problems
	Results on the hyperbolic circle problem
	Huber's work on counting in conjugacy classes


	A proof of Good's theorem for counting geodesic segments
	A relative trace formula
	Applications of the relative trace formula
	The geometric side of the trace formula
	The spectral side of the relative trace formula
	Proof of Theorem 1.2


	Average results for the error term
	The large sieve inequality
	The Jacobi transform
	Proof of the large sieve inequality

	Second moment of the error term

	Special functions
	Bibliography

