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Abstract

Discontinuous Galerkin Methods

for Friedrichs Systems with Irregular Solutions

Max Jensen Doctor of Philosophy
Corpus Christi College Michaelmas Term 2004

This work is concerned with the numerical solution of Friedrichs systems by discontinuous
Galerkin finite element methods (DGFEMs). Friedrichs systems are boundary value problems
with symmetric, positive, linear first-order partial differential operators and allow the unified
treatment of a wide range of elliptic, parabolic, hyperbolic and mixed-type equations. We do
not assume that the exact solution of a Friedrichs system belongs to a Sobolev space, but only
require that it is contained in the associated graph space, which amounts to differentiability

in the characteristic direction.

We show that the numerical approximations to the solution of a Friedrichs system by the
DGFEM converge in the energy norm under hierarchical h- and p- refinement. We introduce
a new compatibility condition for the boundary data, from which we can deduce, for instance,
the validity of the integration-by-parts formula. Consequently, we can admit domains with
corners and allow changes of the inertial type of the boundary, which corresponds in special

cases to the componentwise transition from in- to outflow boundaries.

To establish the convergence result we consider in equal parts the theory of graph spaces,
Friedrichs systems and DGFEMs. Based on the density of smooth functions in graph spaces
over Lipschitz domains, we study trace and extension operators and also investigate the eigen-
system associated with the differential operator. We pay particular attention to regularity
properties of the traces, that limit the applicability of energy integral methods, which are the
theoretical underpinning of Friedrichs systems. We provide a general framework for Friedrichs
systems which incorporates a wide range of singular boundary conditions. Assuming the afore-
mentioned compatibility condition we deduce well-posedness of admissible Friedrichs systems
and the stability of the DGFEM. In a separate study we prove hp-optimality of least-squares
stabilised DGFEMs.
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Introduction

In 1958 Friedrichs introduced a class of boundary value problems which admits the study
of a wide range of differential equations in a unified framework. Although these boundary
value problems, today known as Friedrichs systems, consist of systems of linear differential
equations of first-order, transformations of second-order elliptic, parabolic and hyperbolic
equations into the setting of Friedrichs are known. Also, many other equations, such as first-
order symmetric hyperbolic systems and second-order equations with anisotropic diffusion,
can be analysed with Friedrichs’ methodology. Yet, while the exploration of such diverse
boundary value problems in a unified framework is of great theoretical value, Friedrichs’ main
motivation was of more practical nature. A number of important physical phenomena are
attributed in the mathematical model to a change of type of the governing equations. We
highlight, in particular, the study of transonic flow, which is of great practical significance. In
this setting, regions of subsonic flow correspond to a local model of elliptic type while regions

of supersonic flow are represented by a hyperbolic equation.

With Friedrichs’ aim in mind to provide a unified treatment for these diverse classes of
equations, it is inevitable that solutions to Friedrichs systems incorporate the mathematical
characteristics of solutions of the individual differential equations. Thus a solution to a
Friedrichs system may be discontinuous as this is not an unusual feature when considering
hyperbolic equations. A solution may exhibit poles at corners of the domain as is well-
documented in the case of elliptic boundary value problems. The list could be extended
further, giving reference to holomorphy, boundary and interior layers and many other familiar
features. Clearly, trying to capture all of these characteristics simultaneously is a major
challenge which remains an unresolved problem at present. The main difficulty is the correct
implementation of the boundary conditions and the treatment of corners of the domain.
Indeed, in order to prove existence and uniqueness of solutions Friedrichs had to impose
constraints on the boundary conditions which severely restricted the range of problems he
was able to analyse. In the language of fluid dynamics he demanded that the number of

in- and outflow components of the differential operator is constant on each simply connected
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component of the domain boundary. In this case one says that the boundary is of constant
multiplicity. Also, he only covered corners by means of case studies rather than within
the general theory. Many authors have since then attempted to overcome these limitations;
we name Morawetz, Lax, Rauch, Phillips and Sarason in particular. Significant progress
has been achieved on individual problems such as the Frankl equation, which serves as a
prototype for transonic flow, cf. (Morawetz 1958) and (Lax and Phillips 1960). Also the
general theory has been advanced steadily. Under certain conditions one can now ensure the
well-posedness of Friedrichs systems with a boundary of non-constant multiplicity, cf., for
instance, (Rauch 1994). Similarly, a number of criteria for boundary value problems on non-
smooth domains have been introduced to guarantee the existence and uniqueness of solutions.

We give a more detailed account on these results in Section 2.6 of this dissertation.

Already in his original paper Friedrichs considered the numerical solution of Friedrichs systems
by means of a finite difference scheme. Several alternative methods have been proposed to
find approximate solutions of Friedrichs systems, including finite volume and finite element
methods. In this dissertation we focus on the application of discontinuous Galerkin finite
element methods (DGFEMs) to Friedrichs systems. These finite element methods include
jump terms originating from a weak formulation of the boundary value problem due to a lack

of continuity within the finite-dimensional approximation space.

DGFEMs exhibit a number of advantages over competing schemes, which are crucial for the

numerical solution of Friedrichs systems. We emphasise their main features:

e DGFEMs for Friedrichs systems are stable in the associated energy norm, which is
stronger than the L2-norm, without requiring the presence of additional stabilising
terms. The constant in the stability bound does not depend on the exact solution u and
is therefore insensitive to discontinuities of u. However, we remark that this constant
does depend on the coefficients of the differential operator; hence it is advisable to
stabilise the method, when it is employed at an intermediate stage, in the course of the

solution of a nonlinear problem.

e Typically, the regularity of the exact solution of a Friedrichs system varies significantly
throughout the domain. Results from approximation theory show that in regions of high-
regularity the exact solution is well approximated by polynomials of high degree, while
in regions of low regularity it is preferable to locally decrease the mesh size. DGFEMs
allow the coupling of elements with high and low polynomial degrees without loss of
efficiency. It is far more intricate to deal with a non-uniform distribution of polynomial

degrees when continuous finite elements are used. In this case care must be taken that
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the numerical solution in elements with a high polynomial degree is continuously linked
to the solution in neighbouring elements where a lower degree polynomial solution has

been used.

e The weak continuity requirements between finite elements in the formulation of the
discontinuous Galerkin finite element method allows one to easily combine elements
of different shape with each other. Indeed, curved boundaries and other geometrical
features can be naturally implemented in the discontinuous Galerkin framework. This

makes the method suitable for computations on complicated domains.

e The implementation of inhomogeneous boundary conditions follows naturally from the
underlying weak formulation of the boundary value problem. In contrast, continuous fi-
nite element schemes such as the one proposed in (LeSaint 1973/74) enforce the bound-
ary conditions by restriction of the trial space. Yet, if the inhomogeneous boundary
conditions cannot be satisfied exactly by functions in the trial space, e.g. because they
are not of polynomial type, then a technique has to be devised to single out functions
which satisfy the boundary conditions in an approximate sense. Ensuring the stability
of such a technique, in particular in view of type-changes, is a non-trivial task that can
be avoided in the framework of DGFEMs.

e For equations of hyperbolic type with a uniform direction of hyperbolicity, cf. Sec-
tion 2.5, the discontinuous Galerkin solution can be calculated element by element.
This is closely related to the fact that discontinuous Galerkin methods can also be

utilised for the time-discretisation of partial differential equations.

These benefits highlighted the fact that the discontinuous Galerkin finite element method
is capable of solving a wide range of Friedrichs systems in a natural and efficient manner.
Clearly, the advantages of the DGFEMs over other schemes are most apparent for problems
of variable regularity and for complicated domains. In fact, we point out that if the exact
solution is globally smooth and if the computational domain is sufficiently simple, then it
should not be expected that the discontinuous Galerkin method outperforms carefully selected
finite difference schemes and simpler continuous finite element methods. Nevertheless, in
early publications, a priori estimates for the discontinuous Galerkin method were limited
to Friedrichs systems whose solution u is globally smooth, i.e. where u is contained in a
Sobolev space W*P(€2), Q being the domain of the boundary value problem and k € N, see
(LeSaint and Raviart 1974) or (Bey and Oden 1996). This shortfall was addressed in (Houston,
Schwab and Siili 2000b) where scalar differential equations were considered. In this paper the

exact solution is only required to be elementwise contained in a Sobolev space so that local
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differences in the regularity could be accounted for by the error bound. Nevertheless, this
paper excludes a very important situation when the exact solution exhibits a discontinuity
along a characteristic curve. There is only one exception, namely when the computational
mesh is exactly aligned with the discontinuity of u, in which case the error bound in (Houston
et al. 2000b) can be applied.

The aim of this dissertation is to extend the analysis of the discontinuous Galerkin method
to Friedrichs systems with discontinuous solutions. More specifically we want to give a mean-
ingful description of the method in this more general setting and prove its convergence. It
is easily seen that for this endeavour the scale of Sobolev spaces is quite unsuitable. On
the one hand, for the spaces W$2(Q2) = H*(Q) with index s € [0,%/5) the construction of
a trace operator by means of density of smooth functions is not possible and thereby the
notion of the boundary value problem and also of the DGFEM becomes unclear. On the
other hand if s > !/5 then discontinuous solutions cannot be treated in sufficient generality,

as is demonstrated by the following example.
Example 1 Let x be the characteristic function of the interval (—'/5,%/2) in R and let
x = (r1,22,...,2,) = (v1,2") where 2’ = (z3,...,2,). We consider the function
u(z) = x(x1) e 1P/, xz e R"
The Fourier transformation of this function is

(€)= (2yn—1 S0E/2) ey n
(Fu)(©) = @m) ' =2 . LERT

Therefore the Sobolev norm ||UH%,VS,2(Q) is equal to

SlIl 61/2 1 + |§’ _|€/‘2/2 ’
/2 ‘/R (T+IaP) e

“a,

/ (1+ |€[2)° | Ful? de = (2m)n—2 / 1+ 1Py
Rn Rfl

sin(£1/2)
§1/2

where C is a positive real constant. The last integral is divergent if s > /5.

>C | (1+[af)
R&

In view of the example we carry out the analysis of Friedrichs systems in a different class of
spaces, namely in the so-called graph spaces. Given a differential operator L a function v is
contained in the associated graph space if v and the image Lv are L9-integrable. Conceptually,

the graph space contains all functions which are weakly differentiable along the characteristics
of L.

In order to carry out the analysis of Friedrichs systems and of discontinuous Galerkin methods

within the framework of graph spaces we develop, in Chapter 1, the relevant mathematical
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properties of these spaces since we require an array of results which are not available from

the literature.

To introduce the notion of the trace of functions in the graph space we start our investigations
with the density of smooth functions. We only need to require the segment property of
Q to show that bounded C°°-functions are dense in the graph space. The density results
in (Friedrichs 1958) and (Rauch 1994), concerned with graph spaces on smooth domains,
do not allow us to incorporate geometric singularities such as corners when () is, say, a
polyhedron. The handling of corners makes up an essential part in the analysis of finite
element methods for Friedrichs systems. Even if the computational domains, consisting of the
polygonal finite elements, approximate the original smooth domain of a well-posed Friedrichs
system arbitrarily well in the refinement process, it is an open problem whether from a
certain point onwards in the course of the refinement the associated Friedrichs systems on
the computational domains are well-posed, too. Sarason, who addressed a related problem in
(Sarason 1962), had to impose strong assumptions on polygonal domains to prove results in
this direction. For instance, he required that the polygonal domain under consideration can

be uniformly approximated by smooth domains which are of uniform constant multiplicity.

We can now define the trace operator on the basis of the integration by parts formula for
smooth functions. The vector space of all traces is called the trace space. It naturally inherits
a norm from the graph space by infimising the graph space norm over all functions with the
same trace. This norm is distinguished by a number of important properties. In particular,
it is, up to homeomorphy, the only norm under which boundary operators on the graph
space can be continuously factorised in terms of the trace operator; we clarify the notion of
boundary operators in the text, however we remark here that they are of great significance in
the statement of boundary conditions for Friedrichs systems. The proof of this factorisation
relies on a description of the kernel of the trace operator in terms of zero extensions, which we
study in Section 1.4. Conceptually, the factorisation confirms that the trace operator collects
all information available, near the boundary, about elements of the graph space. The existence
of a bounded extension operator €, from the trace space into the graph space follows directly

from the uniform convexity and reflexivity of the graph space.

We point out that the formal extension of the integration-by-parts formula to the entire
graph space does not anymore represent an identity between integrals over the domain of the
boundary value problem and its boundary. The failure of the integration-by-parts formula in
its classical sense has profound implications on our investigations into Friedrichs systems as

will be seen in Chapters 2 and 3.

Another difficulty in understanding the well-posedness of Friedrichs systems is that it is
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not possible at present to give an intrinsic definition of the norm of the trace space. An
intrinsic definition of the trace norm does not make reference to functions whose support is not
contained in the boundary 9€2. A different example of an intrinsic definition is, for instance,
formula (1.10) on page 25 which describes the norm of the Besov space BY 741/ (9Q),
which is the trace space of W' (€). An intrinsic definition of the trace space leads to an
intrinsic description of which boundary conditions can be satisfied by functions in the graph
space and provides insight into the dependence of the solution of the Friedrichs system on the

boundary data.

Although we do not give a complete intrinsic description of the trace norm, we elucidate
important aspects. In the Hilbert space setting, that is when ¢ = 2, we begin the analysis of
the trace space with the characterisation of the trace norm by identification with the formal

boundary integral

(/mzsw : ewds)m. (1)

In order to turn (1) into an intrinsic formula one needs to eliminate the reference to £ in the
integrant. This is a delicate task, which depends in part on understanding the eigenspaces
of L, an issue we address later in Chapter 1. We remark here that (1) may also serve as a
starting point for an investigation of the trace spaces in the spirit of Dirichlet-to-Neumann
maps arising in the theory of inverse problems, cf. (Uhlmann 2003), where operators similar

to L are studied by means of pseudo-differential operators.

For the analysis of Friedrichs systems we can concentrate on differential operators with a
Hermitian principal part. In this setting we show that functions from 0 to R™ whose
support is either contained in the in- or outflow boundary of the domain, are integrable in an
L?-sense; yet, that coupling in the tangential direction of in- and outflow components may
result in traces of B%2~1/2 (0Q)-type. This difference decides if energy integral methods are
applicable since these methods are restricted to functions which have a square product, which
is not defined for functions in B2%~1/ 2(092). We also exemplify the presence of strong poles
in the vicinity of characteristic points and corners of the boundary. Still assuming that the
principal part of £ is Hermitian, we return to the spectral properties of L. In particular, we
give an explicit description of the eigenvalues and eigenprojections of L for functions in the

image of €, making use of a modification of the reaction term of L.

After a detailed analysis of trace spaces, we turn to general boundary value problems on graph
spaces. Bearing in mind the low degree of regularity of traces of the graph space, we introduce
a general framework for boundary value problems which underlies the mild assumption that

edges of the domain and points of non-constant multiplicity are a null set in the Hausdorff
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measure of the boundary. In this setting we also consider weak and adjoint formulations of

the original boundary value problem.

We conclude the first chapter with an outlook on operators with skew-Hermitian coefficients
and remarks on the duality properties of graph spaces for ¢ # 2. In particular, we represent the
dual space of the graph space as cone in a vector-valued L?-space and extend the construction

of W%=1/4(Q) to the graph space setting.

In Chapter 2 we pursue the analysis of Friedrichs systems in two stages. In the first stage we
focus on incorporating a large class of boundary value problems into the analysis. We extend
the definition of Friedrichs systems to the setting of boundary value problems considered in
Chapter 1. We then generalise the proof by Friedrichs on the existence of solutions to our
framework. The boundary conditions we impose at that point are formulated abstractly.
How boundary conditions can be implemented by means of matrix functions is the topic of
Section 2.2. Here we also make a connection to the pointwise descriptions of the boundary
conditions introduced by Friedrichs. Our main interest in this section concerns the smoothness
requirements on the matrix functions to render the boundary value problem in our framework
meaningful. We underline that these requirements can be significantly weakened if the trace

space is of L*-type.

When we turn to the question of well-posedness of Friedrichs systems, it becomes evident
that in our general framework, which we designed to incorporate a wide variety of domains
and boundary conditions, solutions may lack important properties. We exemplify the failure
of the integration-by-parts formula and discuss the continuous dependence of the solution on
the boundary data. Other authors have explored the loss of the well-posedness of Friedrichs
systems in the presence of corners and type-changes as well; we refer for instance to (Rauch
1994). However, these investigations are typically targeted at understanding certain analytical
phenomena in the vicinity of singularities and do not provide a suitable foundation for the
error analysis of the discontinuous Galerkin method we have in mind. For more details we

refer to Section 2.6.

In the second stage of our analysis of Friedrichs systems we identify that the loss of well-
posedness is connected to an imbalance between the rank of the boundary conditions and the
rank of the graph space trace operator. Taking this observation into consideration we present a
setting for Friedrichs systems in which we can verify the well-posedness of the boundary value
problem while still admitting type-changes and corners. Certain ill-posed problems, such as
the famous example by Moyer, are discarded automatically. In consequence, this formulation
is a suitable basis for the error analysis of the discontinuous Galerkin method. We end the

second chapter with an outline of a number of important differential equations which can be
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transformed into Friedrichs systems and present a review of the relevant literature on the

subject.

Based on the work in Chapters 1 and 2, we are in the position to construct the discontinuous
Galerkin method for Friedrichs systems with discontinuous solutions. We demonstrate that
the DGFEM is stable and has a unique solution for approximation spaces which are contained
in the so-called broken graph space. The broken graph space is the product of the graph
spaces over the finite elements. Furthermore, we estimate the error of the discontinuous
Galerkin method with the distance between the exact solution of the Friedrichs system and the
continuous functions within the finite element space. An immediate consequence of this result
is the convergence of the discontinuous Galerkin solution to the exact solution for polynomial
approximation spaces. We explicitly include Friedrichs systems with discontinuous solutions

in our analysis.

After having established the main result of the dissertation, namely the convergence of the
discontinuous Galerkin method in broken graph spaces, we focus our attention on the more
classical problem of studying the performance of the DGFEM in Sobolev spaces. At present,
error bounds which are simultaneously optimal in A and p are only known under additional
assumptions. Indeed, optimal error bounds are only known for differential operators, which
have elementwise constant coefficients, and for the streamline diffusion stabilised discontinu-
ous Galerkin method, cf. (Houston et al. 2000b) and (Houston, Schwab and Siili 2002b). The
error bound for general scalar linear first-order differential operators in (Houston et al. 2002b)
is suboptimal in p by p*/2. The error bound due to Georgoulis is suboptimal in A by k2 and
in p by one order, cf. (Georgoulis 2003). We improve the bound, for certain problems, by half
an order in p. In the remaining part of Chapter 3 we investigate the influence of least-squares
terms in the discontinuous Galerkin framework. While our main interest is the stabilisation
of the original discontinuous Galerkin method, the parameterised family of finite element
methods we introduce to facilitate a systematic error analysis also contains a least-squares
method of discontinuous type. We prove for all members of the family an a priori error bound
that is optimal in both h and p. We conclude the dissertation with numerical examples which
clarify that for a range of parameters the additional least-squares terms not only lead to a

stronger stability bound but also improve the approximation properties of the method.

Notation

Given normed spaces X and Y, we denote the space of all bounded linear operators from
X toY by A(X,Y). For A € B(X,Y), we call Y the codomain of A. The codomain is in
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general not equal to the image or range of A, which is the set
ImA:={yeY:3zeX:Ax=y}.

We put B(X) := AB(X, X). We write the operator norms in Z(X,Y) and B(X) as ||-

and || - || z(x), respectively. Consider the product space

B(XY)

| S ——
m-times

Xm::ﬁX:Xx---xX.
i=1

Let x = (x1,...,2y,) € X™ and ¢ € [1,00]. Then

Y2zl « for g € [1,00),

max; ||;||x : for g =00

l[xq :=

defines a norm on X™. Given a submanifold M of R", we generally assume that the function
spaces LI(M)™ and WH4(M)™ are normed by

|- Nzaarym = Il - llzaary,g  and |- lwraarym = [ - llwraan),q

respectively. The most important cases are when M is equal to an open subset 2 C R"™ or to

its boundary 0f2.

Most theorems in this text which concern function spaces, hold for the codomains C! and R,
[ € N. However occasionally we have to distinguish between the real and complex case. In
such situations we extend the notation of the function space by an additional argument, which
identifies the codomain. For instance, we write LI(M,R") for the space of all Li-integrable
functions which map M into R™. The space of complex-valued Li-functions is denoted by
L9(M,C™). In accordance with our notation we also write LI(M,R)™ and L9(M,C)™.

We shall often employ the Einstein summation convention. This means that when an index
occurs more than once in the same expression then the expression is implicitly summed over

this index. For instance, the term
S
i
is abbreviated by a; b;. If the summation convention is employed the range of the index will

always be clear from the context.

The complex conjugate of z € C is Z. The Hermitian conjugate of a matrix B = (B;);; is

the matrix (Bj;);;, which we denote by BM.
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By (f,g)m we mean the sesquilinear product | v [ gdx over M, where the functions f and
g are chosen so that their dot product is integrable. We do not require that f and g are

elements of the same function space.
Finally, we denote the ball with radius ¢ centred at x by Bs(x) and the identity matrix by I.

We make use of the space of distributions 2'(£2) over open subsets 2 C R™. The space of test
functions of 2'(2) is 2(Q).



Chapter 1

Graph Spaces

1.1 Definition of Graph Spaces

Consider a non-empty open set @ C R™ with boundary 9€2. To simplify the notation we
assume that n is greater than or equal to 2 and remark that the theorems in the subsequent
text can be extended to the one-dimensional case with only minor modifications of the proofs.

Choose a conjugate pair ¢, ¢, i.e., ¢,¢' € R such that
1< g < oo, q =—.

Let I,m € N. Given a tensor B € W1 (Q)>*X™*" and a matrix C € L>®(Q)*™, we are

interested in the graph space of the linear differential operator
L:LIQ™ — 2'(Q), v Ok (Bijkvj) + Cijvj.
The formal adjoint of L is defined as
L LYQ) = 2" w > —0 By wy) + (T + 9 By ).
The graph space of L is the set
WA(Q) :== {v e LYQ)™ : Lv € L1(Q)'},

which is equipped with the graph norm

[olleg = l[vllegn = g/”v”qu(Q)m T ”L”qu(g)l'

Generally, we assume that functions in WE](Q) map into C!, however we also allow the case

that I/VLq(Q) contains only the functions which map into R!. Where it is necessary for clarity,

13
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we denote the graph space of complex-valued functions by WE](Q, C") and the graph space of
real-valued functions by WE](Q, R!). We shall require that the coefficients B and C of L are

real whenever we consider the space W (2, R').

In addition to the graph norm, we use the graph semi-norm

vle,q = Ivlego = [1Lv] Loy

and, for v,w € WE(Q), the graph scalar product
(v,w)g = (v,w)g 0 = (v,w)a + (Lv, Lw)q.
By the graph of L we understand the subspace
L(L) := {(v,w) € LYQ)™ x LI(Q)" : Lv = w},
which is endowed with the norm inherited from L9(9)™ x L4(Q2)!. The embedding
T WAH(Q) — LI(Q)™ x LI v (v, Lw) (1.1)

is an isometry between W/(Q2) and I'(L). Thus, depending on our preference, we can under-
stand W?(€2) as a subspace of LI(€2)™ or of L9(Q2)™ x L(2)". The latter perception is the

motivation for the name ‘graph space’. We also consider the adjoint graph which is
(L) = {(v,w) € LY(Q)™ x LY(Q)" : v = —L'w}.
Example 2 Assume that | = n and m = 1. The scalar-valued Sobolev space W14(Q)

coincides with the graph space I/VLq(Q) if L is chosen to be gradient, that is if B;j;, = 0;, where
0; 1s the Kronecker delta. Then

HUH(IJ/VLQ(Q) = HUHqu(Q) + || gradUHqu(Q)n = ||”Hqg7q-
Example 3 Assume that | =1 and m = n. If L = div then W(Q) is equal to the space
Wi(div,Q) = {v e LI(Q)™ : dive € L1(Q)}
since the graph norm is in this case
1ol = 0%y + iV ol ) = 012,

Example 4 Assume that [ = m =n = 3 and let

,;U_mtv_<%_@ Ov_ Ovs %_%)
N N a$2 6.%3, a$3 6.%1, le 6$2 '

Then WA(€2) is equal to W(rot, Q) := {v € LY(2)3 : rotv € L(2)3} since

1ol oy = 0l Lagqys + Irot vl = ol
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Remark 1 Consider the notation Lv = Bij1(0kv;)+Cijvj. This does not have an immediate
meaning if v € W (Q) because there is no standard definition for the product between
distributions Oyv; and Wh°_functions B For our analysis, we shall suppose that the term
Biji(0kv;) + Cijv; represents the distribution Oy (B;jiv;j) + (Cij — Ok Biji)vj, to which we can
apply the above definition for graph spaces. Adopting this convention for the formal adjoint,

we obtain the more common definition

, _ _
Lrwe— — jikﬁkwj—i—Cjiwj.

1.2 Density

Our first investigations of the graph space W/(Q) concern the density of the set of smooth
functions in this space. Consider the approximate identity § — 15, § > 0, with non-negative
C>(Q)-functions v5(z) = 6" 41 (6~ x), satisfying the conditions that the support of 1, lies
within the unit ball centred at the origin and that [[¢1][ 11 (s, (0)) = 1. We write, for v € W(Q),

0=, ., 00) = (v1 % Ys, ..., Um * Vs).

We shall write ' € Q if Q0 is relatively compact in €, i.e. & C Q and Q' compact.

Theorem 1 Let ' € Q and suppose that for v € I/VLQ(Q), 1 < g < o0, the support of v is a
subset of Y. Then, for every ¢ > 0 there exists a function v, € C§°(Q')™ with

[0 = velleq <e

Proof. Step I: Transformation of d(Bv) * 1 and of d(Bv?)

Choose v as in the statement of the theorem. Let u € L7(€)! and assume that § <
dist(supp(v),9Q) and § < dist(9Q',0€). We denote differentiation with respect to the
variable & by Oj; this implies that

Onts(x — &) = —Optbs(x — &),
Hence, by extending u to by setting u(xz) = 0 outside ', we have that

/Q (Dk(Bign vj) * o) () i) d = /Q /Q Ok(Bijh () vy (2)) s — #) d# lim w(w) da

= lim /Q O Biji(2) v; (&) /Q Ys(x — @) ud(z) de di

§'—0
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:61,11110 —Biji (&) vj(& Gk w(; x — ) ()d:vdaz

:nm// Bij() v; () Optbs (@ — &) dis ud(z) da

§'—0

= [ [ 0u(Busn(@) sta — ) vy(0) i i)
QJQ

In the course of integration by parts we used the fact that

(56 > /Q%(i’ — &) uf

As LY(Q)! is the dual space of L(€')! and supp (s * Ok (Bijr v;)) C €', we obtain the identity
of the L9(€Y')! functions

(@) d:c) e 2(Q).

— (O(Bijr vy) * s) (@) =z — /Q O (Bijn () sz — i) v;(&) da

Similarly, we have that
# = OBy (05 + 7)) (@) =2 > O (Bige () /Q 0j(#) (@ — ) di)
—a [ OlBuela) sl = ) vy(a) di

Step 1I: Boundedness of (B(x) — B(x))(0v5)v
Suppose that 6 < dist(supp(v), ). We consider the operator

T ¢ Lie ()™ = Lige()', (T3v)i(x) = /Q(Bijk(fv) — Biji(x)) Opibs(x — &) vj (&) di.

The support of & — Optps(x — &) is contained in Bs(z). Since the Sobolev embedding theorem
holds in Bs(x), the restrictions of components B;j;, to Bs(x) are Lipschitz continuous functions
for which

”BH = ||B”W1»OO(Q)Z><m><n
is a Lipschitz constant. Therefore we obtain continuity of 7§ on the subspace L!(£2)™

||7?5U||L1(Q)lZZ/Q‘/Q(Bijk(fU) — Bij (7)) Okyps(z — @) vj(2) dz| dz

<3 [ | PR 50,500 )] 0y s

0,5,k

§§Z|B||/Q/Q|58kw5(x—;t)|dx o ()] di

=1| B HVT/JIHLl(Q)n ”’UHLl(Q)
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where we used that 6 Op1)s(x) = 67" (Oab1)(6~'z) and the transformation of variables = +— d.

In the case of v € L>()™, a similar bound holds with respect to the L>°-norm, since

[ T3] oo (0 = max eSS-Sup‘Z /Q(Bz'jk(j?) — Bijiu(x)) Okips(x — &) vj(d) dib
1 xX j’k

Bii(2) — B;; . . .
< max ess—supZ/’ #(&) 3 ]k(x)‘]56k¢5(w—:€)]\vj(x)\dx
) T ok Q

<m Bl (3 [ 1600ts(a = )] d) [oll oy
k
= m B [Vl e [z -

Next we apply the Riesz-Thorin interpolation theorem to derive a bound for v € L%(2)™,
cf. Theorem 58 in the Appendix. We select § = 1 —1/q = 1/¢' and p = ¢, so that, for
v e LIY)™,

| [ Bia@) - Bin() dws(() - ) es@raa,

= HIZSUHLCI(Q)I <209m'7a Bl ||vw1||L1(Q)" ”UHLq(Q)m-

The constant 2 is included to cover both the real and the complex case, cf. Theorem 58.
Step ITI: Boundedness of (L)% — Lu°
Since ¥5(x) > 0 for all x € R™, we deduce that

La(Q)!

I3 [ 6Bt B ws(() — ) wy(@)
7.k

l
<X, (> [ 10uBin(@) ~ B aste — 90| a3) " az)
i= Js
< 20m || B[ |15 = [v] | La@ym < 20m || B[l [[¥1]l L1 @) 0]l Lo (@ym-
After applying the identities from Step I, we use the product rule:
10k (Biji v5) * ths — On(Bij v])|l Lagy

= H/Qak((Bijk(:t) — Biji(-) ¥s((-) — &))v; () d;tHLq(Q)l (1.3)

< 20m B[ [¢1llwr1 () [0l Lagym-
Notice that the parentheses in (1.2) and (1.3) are set differently. Finally, as in (1.2),

I(Cuog) w5 = Coy ooy = | [ (Cis@) = O s((-) = ) wy(a)

<L20||C[ poo @yixm 191l L) 10l Lagaym-

La(Q)!
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Step IV: Weakly converging sequence
The last step shows that the sequence

s1(€) = L(v) = Y10 — L(v* Tﬂw)

is bounded in L7(Q)". Hence by the Banach-Alaoglu theorem there exists a sequence t; :
N — N such that s; o t; is weakly converging to an element © € L(Q)!. We want to show
that © = 0. Since supp(v) C € it is enough to test © with functions w € L¥(€')!. We let
{=1/t;(¢) and &' < dist(Y, HQ):

/ v;w; dr = lim V; w?' dx
§'—0
Q Q

= lim lim (L(v)*wé—ﬁ(v*wé))mdx
§'—=04L—00 J

= lim lim vi —v; k) L'wd de =0
el Q( Uy W) )

and so © = 0. We used that w? € 2(Q)".

Step V: Strongly converging sequence

Given € > 0, we can select a sequence to : N — N, such that t3 = t; oty has the property that
for all £ € N we have £ := 1/t3(f) < § and

9 9

v —v* ¢Z“Lq(9)m < 3 o0 [1£(v) = L(v) * WHL‘?(Q)Z < 3.9¢°

Using Mazur’s theorem, cf. (Rudin 1991, p. 67), there exists a finite convex combination

ve =Y Avx iy, > a=1, Ae01], seN,
=0 /=0

such that

(1.4)

H <ZZ; AcL(v) + wz) — L) Lo@)! H;M 31(6)‘ Loy g'

Hence
S [ee] e e
lv = vell La@ym < D Aellv = vx Pl agym <Y .96 < 3
=0 =0

Similarly, but by using (1.4) and the triangle inequality, we have that

(3 13
[£(v) = L(ve)ll Loy < 3 + 3

Consequently, [[v — ve|| g4 < € and v. € C§°(Y)™. 1]/
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Corollary 1 For §,e > 0 there exists a non-negative function ¢ € C§°(B;(0)) such that, for

v as in Theorem 1,

[v—vxdlleg <e

Proof. Choose ¢ =}, \ptp; for Ay and 1 defined in Step V. /]]/

The transformations in Step I and the first bound in Step II are based on ideas in (Friedrichs
1954). We can extend Theorem 1 to all functions in W(Q) using the techniques introduced by
Meyers and Serrin in (Meyers and Serrin 1964), see also (Adams and Fournier 2003, p. 67).
In this case it becomes necessary to admit approximations by functions with noncompact

support.
Theorem 2 The space C*(2)"™ N W4(Q) is dense in W(2), 1 < ¢ < oc.

Proof. Let §2; be open subsets in €2 such that ; € Q;41 and

[j Q; = Q.
i=1

Let F be a partition of unity of Q subordinate to the covering (€11 \ ©Qi_1)ien, where Q_
is taken as the empty set. Let f; be the sum of all fj € J for which 7 is the smallest index
such that supp(f;) € Qi+1\ Qi_1. Then the f; sum to one, too. Choose ¢ > 0. For i € N and
v € W(Q) there exists, according to the last theorem, a function ve; in C§°(Qit1 \ Q)™
such that

3
g.

By construction Q;41 \ ©;_; is only intersected by the supports of v, j_2, v. ;-1 and v, ;.

Hfz” - UsyiHL,q <

Hence the sum

J
v = lim g Ve
=0

is defined and is a member of C'°°(£2)". Notice that because of the layout of the supports of
the v, ;, the sequence
J+1

Jjr— (Z Us,i)

+19;

of L1(Q)™-functions exhibits monotonic and pointwise convergence to (ve)4 as j — oo. Its

members are bounded in the L(Q)™-norm by [|v[|zqq)m + € because

Jj+1 j+l
15 e < [

i+
Lq(Qj)m+ ZZ; | fiv— UE,’i”LQ(Q].)m.
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Hence by the monotone convergence theorem (v. )y is L(2)™-integrable. The same argument

applied to (v;)— and to (Lv.)4 and (Lve)— asserts that v. € W(Q). We conclude that

o0
v = velleg <D || fiv = vey Ly <€
i=0
This proves the density of smooth functions in W(€). /]]/

Theorem 3 The space W(Q) is a Banach space.

Proof. Theorem 2 states that the graph space is a subset of the completion of C°°(Q)™NW(2)
in the graph norm. Let (v;)ien be a Cauchy sequence in C°°(Q)™ N W (Q). Then (v;);
converges to an element v € LI(Q)™ in the L1(Q)™-norm and (Lv;); converges to an element
vg € LY(Q)! in the LI(Q)l-norm. But vg is the image of © under £ in the distributional sense
since, for all ¢ € 2(Q)!,

/Qvﬁ’qﬁd:z: = lim [ v;L¢dxr = lim Qﬁwiadx = /Qqubd:L‘.

1— 00 QO 1— 00

Therefore, C(Q2)™ N W(Q) is a subset of W;(€2). /l]/

As for Wh4(Q), one needs to consider density of C*°(Q)™ and of C§°(R")™ separately. In
our context C5°(R™)™ is the set of all functions on © which are the restriction of a smooth

function with compact support in R".

Example 5 Given 2 = (—1,0)U(0,1), B =1 and C = 0, consider the function
v:Q—{=1,1},z — sign(z).

The function v lies in C*°(Q) and therefore also in the W(Q)-closure of C*°({2). However it
is not a member of C3°(R). A good approximation by a C§°(R)-function to v in the L?-sense
has a large gradient around the origin and hence it is a bad approximation in the I/VLq Q)

semi-norm. For details we refer to (Adams and Fournier 2003, p. 68).

A sufficient condition for the density of C§°(R™)™ in W (Q) is that © has the segment
property. This means that there exists a family N which associates to every = € 02 a
neighbourhood N, of = and a nonzero vector 1, such that for z € QN N, and 0 < 7 < 1
the vector z 4+ 7y, is an element of 2. Visually the definition means that {2 is not allowed
to lie on both sides of its boundary. The definition of the segment property admits 9Q = 0,
ie. Q =R".
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Theorem 4 If Q) fulfills the segment property, then C§°(R™)™ is dense in W;'(€).

Proof: Let f be a fixed function in C§°(R",R) such that
lz]| <1= f(z)=1 and |z|>2= f(z)=0.
Let fo(z) := f(ex) for e € (0,1). Then f.(z) =11if ||z| < 1/e. If v € W(2), then

Ve 1= (favla-” vf&vn)

belongs to W/ (Q2) and has bounded support. We abbreviate ||B|| := ||Bl| 0 (q)xmxn and
Q. :={z € Q:|z|| > 1/e}. It follows from the chain of inequalities

Veleg0: S el (@) [vlego. + Bl felwroe@) [vllLa@am < L+ IBID 1 llwre @) [0l 2.0

that

[0 = vellego = llv = vellego. < llvllego. +[lvellego. < Clvllege.

The right-hand side tends to zero as € tends to 0. In other words, all v € WY (Q2) can be
approximated by %q(Q)-functionS with bounded support. In order to prove density we may
therefore assume, in combination with Theorem 2, that v is an element of C*(€2)™ N W ()

and that supp(v) is bounded.

We define N to be the family of neighbourhoods N, referred to in the definition of the segment
property. Thus the set

F=suppv)\ |J M
NzeN

is compact and is contained in ). There exists an open set Ny such that F' € Ny € (). Since
supp(v) is compact, we can select a finite number of neighbourhoods Ny, ..., N, € N, such
that supp(v) € No U Ny U---U N,. Moreover, we can select subsets N; € Ny, i € {0,...,k},
such that supp(v) C NoUNyU---UN,, too.

Let F be a finite partition of unity of the union of the N; subordinate to the Nj. Let f; be
the locally finite sum of all f; € F for which ¢ is the smallest index such that supp(f;) C N;.
Let v; = f;v on Q. Suppose that for each i we can find a ve,i € C3°(R™)™ such that

€

— (1.5)

|vi — veillo,g <

Then, putting v = > 7 v, we obtain

K
v = velleg <> llvi — vegilleg < e
=0
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Since supp(vg) € Ny € Q, clearly vy € C5°(R™)™ and therefore v, o := vy.

Fix ¢ € {1,...,k}. We extend v; to be identically zero outside Q. Then v; € C*(Q\ I')™
where T' := 9Q N N;. Let y be the nonzero vector associated with N; in the definition of the
segment property. We define, for 7 € R,

vr(z) == vi(z + TY). (1.6)

A positive 7 corresponds to a translation out of 2. We first show that finite convex combina-
tions of functions v, for suitably chosen values 7; approximate v; arbitrarily well. In a second

step we replace the convex combination by functions in C§°(R™)™.

Select p € Z(Q2)™. The support of ¢ is bounded away from 0€2. Therefore, there exists a
v, € CFP(R™)™ C L4(2)™ such that v, equals v; on the restriction to supp(¢) + Bs(0) where
0 < 6 < dist(supp(g), 092). Similarly to (1.6), we set, for 7 € R,

Vp,r (2) == vy(x + TY).

Because translation and pointwise multiplication are continuous in L?(Q2)™, we observe weak

convergence of Lv, as 7 — 0: if 7 € (0,9)

/Lthpdx:/Lv%ﬂpdxﬁ/ﬁvwcpdx:/Lvigodx as 1 — 0.
Q Q Q Q

According to (1.6), v /(j4+¢) denotes v, with 7 = 1/(j +¢). By Mazur’s theorem we can select

a sequence (v;);ecn of finite convex combinations
S S
vj = Z)\e V1/(j+£) Z)\z =1, M €[0,1], seN, (1.7)
(=0 (=0

such that (v0;);en converges strongly in the first component of the operator:
1(£05)1 = (Lvi)1ll L) < 1/5.

In view of
‘/L(’[)j —vi)de‘ < Z)\@‘/L(U(j+g) — UZ)de ,
=0

the sequence (v;);jen is weakly convergent in the remaining components of the operator.
Repeating the application of Mazur’s theorem inductively for the second, third up to the
n-th component, we construct a sequence (7;);en which converges to v; in the graph space
semi-norm. Continuity of translation in L7(2)™ implies strong convergence of (¥;);en to v;
in W(Q).
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We now replace #; by a function in C§°(R™)™. Let o := min(1, dist(N;, R \ N;)/|ly||). We
then have N; N Q € R"\ (I' — 7y) for 7 € (0,c). To prove this claim, choose an N’ with
N; € N’ € N; such that dist(N',R" \ N;)/||y|| > 7.

Hence IV — 7y with TV := 9Q N N’ lies compactly in N;. Choose 8 > 0 such that 7+ 3 < 1
and < min(7, dist(I" — 7y, R™\ N;)). Then

N.:={zeR": 37 e (-8,8):z+7ye ' —71y)}

is a neighbourhood of T’ — 71 which does not intersect N; N €.

We select j € N such that

.. g .
||Ui - UjHL,q < m and 1/] < Q.

By construction ¥; is a finite convex combination of translations v, with 7 € (0, ), so that
we can expand @; like in (1.7). For each vy, there exists a function i}l/(j+g) e Cg°(RM)™

which coincides with vy /(j1¢) on R™ \ Ny/¢jyg). Then

S
Vie = > Aebiygre)
=0
is a C§°(R™)™-function which fulfills inequality (1.5) as required. /]]/
Corollary 2 The set of W(Q)-functions with compact support is dense in W;*(€2).

The proof uses ideas from the proof of the corresponding result for W14(€2); compare with
(Adams and Fournier 2003, p. 68). However, because the proof in (Adams and Fournier 2003)
relies on the fact that W4(Q) is closed under translation, we reversed the order in which
smooth approximation and translation are used and included weak convergence and Mazur’s

theorem in the argument.
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Remark 2 It is an interesting question, whether the above density results carry over to
higher-order graph spaces; these are spaces {v € L1(Q)™ : Lv € LI(Q)!} where L contains
higher-order derivatives. We would like to draw the reader’s attention to Step II in the proof
of Theorem 1. Observe how Tj is bounded by cancelling the 1/§-term, which is introduced
by differentiating 15, and by using the Lipschitz continuity of B. In the case of an {th-order
operator, differentiation would introduce a factor 1/6° instead. Suppose one continues the
argument of Theorem 1 by requiring that

Bijo(&) — Bija(z)

X4

(1.8)

is bounded independently of v and &. We assume here that B;j, is the coefficient tensor of the
symbol of L, where « is the multi-index of the partial derivatives. With this requirement the
proof of the higher-order analogue of Theorem 1 could be analogously completed like most of
the remainder of this section. However (1.8) implies also that B is constant for ¢ > 1. But if L
has constant coefficients one can in any case bypass Theorem 1 and directly use the sequence
i+ (v ;) in the other proofs of this section. It is beyond the scope of this dissertation to
resolve in which circumstances smooth functions are dense in higher-order graph spaces if L

has non-constant coefficients.

1.3 Lipschitz Domains and Besov Spaces

The properties of () strongly depend on the regularity of 2. In addition to the segment
property, we consider Lipschitz domains, domains with a strong local Lipschitz condition,

polyhedra as well as C*-regular and analytic domains, k € N.

We say that 2 is a Lipschitz domain or, equivalently, has a Lipschitz boundary if for each
point x € 0N there exists a neighbourhood N, of x, an orthogonal coordinate transformation

and a Lipschitz continuous function f, : R*~! — R such that

QNN ={y=1,---+¥n) € No 1y > f(y1,-- -, ¥n-1)},
where (y1,...,y,) are the transformed coordinates of y.

Let 2 be a Lipschitz domain. We say that 2 is a domain with strong local Lipschitz property
if there exist positive numbers 6, L € R, R € N, and a locally finite subcover N out of the NV,

above such that:

1. no point in R" is contained in more than R of the N, € N;

2. the functions f; |y, have the Lipschitz constant L;
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3. for all y,y € {y € Q: dist(y,02) < §} with dist(y,y) < 0 there exists an N, € N such
that v,y € {y € N, : dist(y,ON,) > d}.

The definition of the strong local Lipschitz property is due to (Adams and Fournier 2003).
For a comparison with similar notions of Lipschitz regularity we refer to the classification
of domains by Fraenkel, cf. (Fraenkel 1979). Lipschitz domains with compact boundary, for
example bounded domains, have the strong local Lipschitz property. Lipschitz domains satisfy

the segment property.

Let x be in 99 and choose N, and f, as above. According to Rademacher’s theorem, the
classical derivative of a Lipschitz function exists almost everywhere, cf. (Federer 1969, p. 216).

Consider

€r = (ylu o 7yn—17f$(y17 ce. 7yn—1))

in the local coordinate system. If the classical derivative of f exists at  we assign to = the

outward normal

(8lfx(y17 e 7yn—1)7 cee )8n—lfx(yla ey yn—1)7 _]-)

= 1@l o) B Fare o) D

(1.9)

We remark that if there is a second neighbourhood N, € N of x to which the functions f, is
associated, then fw applied to formula (1.9) defines almost everywhere in N, N N, NN the

same outward normal as f,.

We call a domain C*-regular, k& > 1, or analytic if its boundary is a C*-differentiable or

analytic manifold, respectively.

Let us consider a domain €2 satisfying the strong local Lipschitz condition which is the in-
tersection of finitely many C*-regular domains €;. Then 0 is a subset of the union of the
boundaries 9€2;. Let E be the set of all x € 992 which are contained in more than one 0€2;.
If the closure of F is a null set in the (n — 1)-dimensional Lebesgue measure, we call Q a
C*-regular polyhedron. Let F; be the set of all points in 9Q which are only contained in the
boundary 0€2;. Then we name the simply connected components of F; faces of 2. Finally, a

non-empty intersection between the closures of two distinct faces is called an facet.

We introduce Besov spaces on the boundary of € in order to define a trace operator of
the graph space. To avoid unnecessary technicalities we only consider the Besov space
B4 114 (9Q) and its dual B@9~Y9(99), ¢ € (1,00). A function f is contained in
B?:41-1/ ‘1’(89) if, and only if, f is an LY(99)-function, for which the Besov space norm
/ |f(x) = Fy)|” Ld
1oy = (o + [ e O dS(e.w) (1.10)

weoo  dist(z, y) e
dizt%a;,y)<1 ( ’y)
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is finite with respect to the Hausdorff measure on 0f).

Some authors call the space BY-4"1=1/4(9Q) a fractional-order Sobolev space and use the
notation W1=1/ q/’q/((?Q). However this terminology is not used consistently in the literature.
For instance, in (Adams and Fournier 2003) fractional-order Sobolev space are constructed
by the complex method of interpolation and differ from the class of Besov spaces, which is

defined via the real method of interpolation, cf. (Adams and Fournier 2003, pp. 230 & 250).

Provided € is a Lipschitz domain, we have the characterisation
B4 (90) = {v € LY(0Q) : Fw € WH (R") : v = wlgn}, (1.11)

where the restriction operation is defined, for instance, by virtue of a density argument.
Equation (1.11) describes a special case of a theorem in (Jonsson and Wallin 1984). Jonsson
and Wallin replace 0f2 by a closed set for which it is merely required that it has a Hausdorff
dimension which lies strictly between 0 and n. In the proof of (1.11), the authors demonstrate

the existence of an extension operator
Eoarn : BTV (90) — W (RY), (Eaqrnv)]on = v.
If © fulfills the strong local Lipschitz property, there also exists an extension operator
Eapn : WH(Q) —» WL (RY), (Eqprnv)|o = v.

This result is due to Stein, cf. (Stein 1970). Hence we can define the surjective W4 (Q)-trace

operator
Ty : WH(Q) — BT4A7H7(0Q), v — (Eqrnv)|an
and its right inverse
Eon.a : BUOIV(90) — W (Q), v — (Eaarmv)a.

We remark that all the operators considered in this section are continuous and linear. As
usual, we shall represent linear functionals A contained in B9%~1/9(9Q) with the bracket

notation:
Av=: (A, v)pq,  ve BOOIV(HQ). (1.12)

Definition (1.12) is motivated by the observation that LI(d€) is dense in B#9~1/4(9Q). Thus
we can find a sequence (A;);eny with A; € LI(9€2) which converges to A. Then,

<A,’U>aQ = lim A;vdS.

71— 00 BQ

For the reader’s convenience we prove the density of L(9€) in B#9~1/4(9€) next.
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Theorem 5 The Besov space BY41=1/4(9Q) is reflexive.

Proof: Let
M = {(x,y) € 002 x 0Q : dist(x,y) < 1}.

Observe that 92 and M are disjoint subsets of 9Q2 U M since the elements of M are pairs.
We define on 92 U M the measure

- dS(z,y)
plr) = /maQ a5+ /mM diSt(C'%?/)nJrql_Q’

where k is a subset in 9Q2 U M, element in the o-algebra induced by the Hausdorff measure

on Jf). Consider the operator
@ : BY9IYT (90) — LY (09U M, p),v — w,

where

w(z) =

{U(z) 2 if 2 € 00
v(x) —v(y): if z = (x,y) € M.

Then ® maps B?¢1=1/4(9Q) isometrically onto a closed subspace of LY (9Q U M, j1). We
now use that closed subspaces of reflexive Banach spaces are reflexive themselves. /]]/

Given two reflexive Banach spaces X and Y and a continuous linear operator A : X — Y, we
have that A is injective if, and only if, the image of the dual operator A’ : Y/ — X' is dense
in X', cf. (Wloka 1987, pp. 261-262). Clearly, the embedding of B4 1=1/4'(9Q) into L7(9Q)
is injective and therefore the dual LI(9R) is dense in B#9~1/1(5Q).

1.4 The Closure of ()™

We denote the closure of 2()™ in W(2) by

W2(Q) == 2(Q)™. (1.13)

Just as for Sobolev spaces, the closure of ()™ constitutes an important subspace of W4(Q).
It is particularly helpful that there are a number of different but equivalent descriptions of
W,(Q). In this section we investigate how W () can be defined in terms of zero extensions,

which we shall define next.
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Given a function v € W(Q) we call the function

. v(z) if x € Q,
o(x) =
0 ifzeR"\Q

the zero extension of v. Let B be a tensor function in W1H°(R™)>™*" and let C' be a matrix
function in L°(R™)*™ so that Blg = B and C|q = C. Given

L LYR™)™ — 2'(R™")™, v — 8k(Biijj) + Czj vyj,
we call the graph space WyI(R") an extension of W(€2).

Suppose that 2 is a domain with strong local Lipschitz condition; then by the Sobolev embed-
ding theorem the coefficient tensor B is Lipschitz continuous, cf. (Adams and Fournier 2003,
p. 85). Kirszbraun’s theorem states that every Lipschitz function defined on a subset of R”
can be extended to all of R” without increasing the Lipschitz constant, cf. (Federer 1969,
p. 201). Therefore the strong local Lipschitz condition ensures the existence of an extension
Wi(R™) of W(Q). However in many cases W;?(€2) can also be extended from more general
domains, provided the coefficients B and C possess additional regularity. For instance if B

and C' are constant then W/(Q) can be extended from all open sets Q to R™.

Theorem 6 Let Q2 be a Lipschitz domain. Suppose that B and C are chosen as above so
that Wy(R") is an extension of Wi'(2). Then v € W'(Q) is a member of W () if, and only

if, the zero extension © of v belongs to Wy(R™).

Proof. Suppose that v is a member of W (). Let (v");en be a sequence in Z(2)™ converging
to v. The image Lo is the distribution which is defined for w € Z(R™)! by

/ z}ﬁ’wdx:/vﬁ’wdx: lim [ v L'wdz = lim (Lvi)wdm:/ (Lv) wde,
n )

1—00 (9] 1—00 9] n

where (Lv) denotes the zero extension of Lv and L' the formal adjoint of L. Therefore
Lo e LR and © € Wi (R™). Notice that this part of the proof does not require the
Lipschitz continuity of 0f2.

Suppose that the zero extension v of v is an element of W (R"). For f. as in the proof of
Theorem 4, the product f.v is a member of VVéKR”) and approximates v as € — 0. Hence on

replacing © with f.0, we may assume that © has bounded support.

Since (2 is a Lipschitz domain, we can assign to every x € 92 a bounded neighbourhood N,

and an orthonormal coordinate system {yi,...,y,} of R” such that QN N, is the graph of a
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Lipschitz function M C span(yi,...,yn—1) — Ry, and such that QN N, lies above 92 N N,.
Select, for every N, a neighbourhood N, € N, and define the set

F =supp(d) \ |J N,
€00
which is compact and contained in €2. There exists an open set Ny such that F € Ny € Q.
Since supp(v) is compact, we can select a finite number of neighbourhoods Nj; := in, i€

{1,..., K}, such that supp(v) C NoUN;U---UN,.

As in the proof of Theorem 4, define the functions f; by a partition of unity subordinate to
the N; and set @; := f;0. By Theorem 1, 0 is an element of I/VLq’O(Q). Fix i € {1,...,x} and
let L be a Lipschitz constant of 92 N N, with respect to the local coordinate system. We
denote by C' the cone

n—1 21/2
{Zu;?/JER un>L(Zug) }
=1 =1

Select an approximate identity § +— 5 such that supp(¢n) € C. By applying Corollary 1
with an € > 0, § := dist(ON,, dN,)/2 and with the above approximate identity, we obtain a

mollifier ¢ which satisfies
105 — 0 % Blleqg <e

The construction of ¢ implies that supp(¢) € Bs N C. Hence the support of ©; x ¢ is subset
of supp(9;) + (Bs N C) C 2N N;. We define, for 7 € R,

O () := (0 % @) (x — T yn).

Notice that, in contrast with equation (1.6), the translation is directed inwards for positive .
For 7 € (0,0) the support of v, remains in QN N, and therefore ©; is an element of C5°(R™)™.
Like in the proof of Theorem 4, we use the weak continuity of the translation operator to

construct a sequence of finite convex combinations of v, which converges strongly to the

element v; * ¢. /1]

The corresponding theorem for W4(€) is given, for instance, in (Adams and Fournier 2003,
p. 71, p. 159). However, for W14(Q), it is not necessary to construct ©; * ¢, which is the
reason for requiring Lipschitz continuity of 0€2. Indeed if B and C are translation invariant,

i.e. constant, then it is possible to prove the theorem by demanding only the segment property

of Q.
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1.5 Trace and Integration by Parts

The construction of the trace operator of W1P(2) via density of smooth functions is well
known. Similar definitions for W9(div,Q2) and W9(rot, ) exist, too. In this section we
extend the concept of the trace operator to general first-order graph spaces, subject to the

assumption that €2 fulfills the strong local Lipschitz condition.
We set B(v) := B(v,z) := (Byji(x) vi(x))s;. For v € WHI(Q)™ and w € W (Q)!,
(B(v)v,w)sn = (Lv,w)q — (v,L'w)q. (1.14)
By the Holder inequality
(B(v)v,w)oal < [[vlleqllwle,q- (1.15)
This, together with the continuity of €gq q, shows that for all v € Wh4(Q)™ the functional
(B()v,-)aa : BV (00) = R, g — (B(v)v, g)an

is a continuous mapping. Therefore, (B(v)v,-) belongs to the dual B#%~1/4(dQ)!. From

(1.15) we also obtain the continuity of the linear operator
T, : WH(Q)™ — BP9~ Y9(9Q), v — (B(v) v, Yo

in ||+ |cq As WH(Q)™ is dense in W(Q), ¢ extends to a continuous linear operator, which

is defined on the entire graph space. We have therefore proven the following theorem.

Theorem 7 Let 2 be a Lipschitz domain. Suppose that, for a given v, the sequence (v;);eN

of WH4(Q)™-functions converges to v in W'(Q) as i — co. Then, the operator

Te, - WA(Q) — Bq’q’*l/q(é)ﬂ)l,v — lim (B(v) v, -)aa =: (B(V) v, )sn

1—00
exists and is continuous. The operator norm of T depends on the norms ||BHW1,00(Q)Z><m><TL
and H83979H,%(BQ’&’J—UQ’(aQ)Z wid () only. Here Epqq refers to the extension operator de-

fined on page 26.

As a byproduct of the above construction, we can formally extend the integration by parts

formula to all functions v in W(Q) and w in W(2). We define the continuous bilinear form
W(Q) x WE(Q) = R, (v,w) = (v,w) g = (Lv,w)q — (v, L'w)q. (1.16)

Assume that v € () and w € I/VL‘{/(Q) and let (v;);en and (w;) en be sequences of smooth

functions which converge to v and w, respectively. Then, due to equation (1.14),

lim lim (B(v) v, wj)a0 = (v, w)p()-

1—00 J—00
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Remark 3 We emphasise here we are dealing with three different bilinear forms which are
conceptually identical, but have different domains. In equation (1.14) we find on the left-hand
side the mapping

Brat=1a(o0)™ x BUIVE (0Q) (v,w) = (B, w) 0.
In Theorem 7, we exchange the domain of the first argument but keep the same notation:
WE(Q) x BOT T (9Q), (v, w) = (B(v)v, w)on.

Finally, in equation (1.16) we consider the bilinear form (v, w) g(,). We use a different notation
here to emphasise that (-,-)p(,) acts in both arguments on functions with domain ) rather

than on functions with domain 0S), cf. also Example 25.

We do not want to conceal that there is a certain degree of arbitrariness in our choice of
the codomain quqﬁl/q(aﬁ)l of Jo. On the one hand, the image of J. can be a proper
subspace of B%:%—1/4 (09Q)!. Consider for example a hyperbolic convection equation which has
characteristics tangential to the boundary. In this case B(v) vanishes on 0f) and therefore
the image of Tp, is {0}. On the other hand, we could have defined J. with an even larger
codomain, for instance by choosing a smaller space of test functions in equation (1.14) and

the subsequent construction of Te.

Of all possible choices there is certainly one distinguished codomain, namely the image of
Tz. We therefore call Im Jg the trace space of W(Q) and denote it by W3 (092). We equip
Wg‘i(aﬁ) with the norm

oll ¢ = mf{wllc,q € R : Tz (w) = v}, (1.17)

which we call the trace norm of Wg‘i (02). We then introduce, as a substitution for Te, the

operator
T, : W) — Wi (09),v — Tro.

We call T the trace operator of VVLq (©2). Where unambiguous we abbreviate Tz by T. By

construction ||T||«%(V%Q(Q),W#(8Q)) - 1.

Theorem 8 Let v € W (09Q). There exists a unique element v € W (Q2) with Tv = v such

that [|0]|c.q = |v]l74-

Proof. Recall the embedding J from page 14. Since WE](Q) is complete, it is isometric to a

closed subset of LI(2)™ x LI(Q)!. A closed subspace W of a uniformly convex Banach space
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X is uniformly convex itself. Equally, reflexivity of X implies reflexivity of W. The inverse
image T~ v is a closed convex set in W(2). The result now follows since in uniformly convex
and reflexive Banach spaces, closed convex sets contain a unique point which is closest to the

origin, cf. (Benyamini and Lindenstrauss 2000, p. 40). /]]/
Corollary 3 The graph space is reflexive and uniformly convex.

Theorem 8 asserts that the infimum in the definition of the trace norm, i.e. in equation (1.17),

is attained. Choosing © as above, we define the extension map

Erq : WH(09Q) — WH(Q), v — 0. (1.18)
If ¢ = 2 then &g , v is the orthogonal projection of 0 € W(2) to T~1v. In particular € is
linear.

One consequence of the next theorem is that Wi (9%) is complete, cf. (Rudin 1991, Theorem
1.41).

Theorem 9 The kernel of T is equal to VI{;{O(Q).

Proof. Every function in Z(£2)™ has a trivial boundary trace and therefore, by continuity,

WEZO(Q) C ker J. It remains to show the implication in the other direction.

Suppose that v lies in the kernel of T.. Let © be the zero extension of v and let £ be an
extension of L. By £/ we understand the formal adjoint of £, which is an extension of L.
According to Theorem 6 we only need to prove that ¢ is an element of VVL‘J(R"). It is apparent

that © € L(Q)™. We apply L to © in the sense of distributions. Let ¢ € Z(R™)!, then

/nm'gbdvz/ﬂuwdvz/gzde—<B(u)v,¢>m:/gm¢dv.

Hence the zero extension of Lv is equal to Lo and therefore Lo € LY(Q). /]]/

The operator T earns its designation ‘trace operator’ by virtue of the next theorem. Let V'
be a metrisable vector space. An operator J : W/(Q2) — V is called boundary operator if J is

continuous and if
Vo,0 € Cg°(R"™) : v|gq = 0]gq = Jv = J0. (1.19)

Clearly, T and ‘j'L are boundary operators.

Theorem 10 The continuous operator J : WE](Q) — V is a boundary operator if, and only
if, Tv = Tv implies that Jv = Jo for v,v € W(1).
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Proof. Suppose that J is a boundary operator and that Jv = J0. Hence v — 0 € ker T. Ap-
proximation by Z(€)™-functions shows that Jv = go. The implication in the other direction

follows since v|gq = 0]gq forces Tv = To for v, 0 € Z(Q)™. /]]/

Theorem 11 For every boundary operator § : W7 () — V there exists a unique linear
operator J : W7 (0Q) — V such that § = J o T, ie. such that the following diagram is

commutative:

) —

WE(o0)
J (1.20)
d ‘
v
Moreover if V' is a normed vector space then the operator norms of J and J are equal, that is

’\3\\@(1/1/;(69),\/) = 13l zwac).v)-

Proof. The existence of J is a direct consequence of the previous theorem. The chain of

equalities
- 1( 0 Tywlly 1( 0 Tywlly
131l zwao0),v) = sup = su = 131l zowac0).v
(W7 (09),V) weni) [Tw|7 4 weni) w2 MZ(2),V)
w#0 w#0
implies that J and J have the same operator norm. /]]/

By Theorem 11 we can identify the set of boundary operators with the set of continuous
operators whose domain is W,J‘Z(BQ). The trace space is, up to equivalence of norms, the only

space for which this identification is valid.

Theorem 12 Consider a normed space W and a continuous operator Ty : W (Q) — W.
Suppose that for all boundary operators { : VVLQ(Q) — V' there exist continuous operators
J:W — V such that J = J o Tyy. Then WZ(0R2) is homeomorphic to the image of Ty .

Proof. Consider the associated operators T : W — WZ (09) so that T = Je o Ty and
Tw : W — W;(@Q) so that Ty = T o T¢. Hence

(Jh:{jhOTW:‘jhOrj-Wo(Jh, TW:{j'WoTL:‘j’Worj'[JOTm/.

Thus T o Ty is the identity operator of Wg‘z (09) and Tw o T is the identity operator of
Im Ty. Therefore ‘j'L\ImW = T;‘,l By the hypotheses ‘j'L|1mW and Ty are continuous. /]]/
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We have learned that boundary operators can be viewed as operators which map Wg‘?(aQ)-
functions instead of W(Q)-functions. However, in order to assess the continuity of a mapping
WH(9€) — V, we need to return to the norm of W¥(2) as before; this is due to the definition
of the trace norm. In order to remedy this shortcoming one needs to construct a norm on
Wg? (02) which is equivalent to the trace norm but is defined with only intrinsic properties
of WF(09). For a number of well-known spaces an intrinsic definition of the trace norm is

known; we consider three classical examples.

Example 6 As illustrated in Example 2, W4(Q) is isomorphic to T/T/;;q(Q) if L = grad. On

page 26 we already introduced the surjective trace operator
Tirragq) : WH(Q) — B¥41711(9Q).
The operator Tgraq, defined via Theorem 7, is

{Igrad W

a0 = BETVI00Q) v (w i (v, 1+ w)an)-

Since
B 1/4(9Q)t — BEEY9(90), w — v - w.

maps surjectively, we obtain the natural identification of Tgpaqv with the functional w +—
(v,w)aq, which is an element of B4%~1/4(9Q). Similarly Twia)v can be understood as a
functional in B99~1/4(9Q) by using the canonical embedding of B#41=1/9(9Q) into the space
B®9:=1/4(9Q):

v (w € B Y9HQ) — (v, w)aq).
Both identifications are consistent with each other because both are based on density of

smooth functions. Hence Im Toq is equal to Bo#:1-1/ 7(0Q).

Example 7 For domains with smooth boundary the trace space of W?(rot, ) is isomorphic
to H='/2(div, 9Q), cf. (Cessenat 1996). The result has recently been generalised to bounded
Lipschitz domains. It remains true if H='/?(div,0Q) is defined as

{ve H/2(09) : Ine H-2(00)V ¢ € HX(Q) : (v, gradg) = (n.¢)};
for details we refer to (Buffa, Costabel and Sheen 2002) and (Tartar 1997).
Example 8 So far all examples of trace spaces we have considered were proper subsets of
the codomain B®%~1/9(9€)). In contrast, the trace space of W?(div, Q) equals B>2~1/2(90).

The proof for bounded Lipschitz domains can be found, for instance, in volume 3, p. 204 in
(Dautray and Lions 1988-93).
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We conclude the section with a theorem which is similar to Theorem 9. In both cases we
examine density of smooth functions v. in the pre-image T~ !w: for Theorem 13 assuming
that w € Wy (99Q), while for Theorem 9 we only considered w = 0. In contrast to Theorem
13, in Theorem 9 we required that the functions for which density is assumed have compact

support.

Theorem 13 For each v € W(Q2) and € > 0 there exists a v. € C>°(Q)™ NW(Q) such that

v — v:||c.g < € and such that Jv = Ju. for every boundary operator J.
,q Y Y

Proof. Let € > > 0. Select v, v.; as well as vs and vs; like in the proof of Theorem 2. We
define

Jj—1 00
vy 1= g Vit E Vg i-
i=1 i=j

By the monotone convergence theorem, v; belongs to C*°(Q)™ N W (Q). Because v; — v is
an element of C§°(2)™, we deduce from (1.19) that Jv; = Ju.. However, by (1.5),

[e.9] e} 28 )
o —vjlleg <D llvs = velleg <D0 57 =2 e
=7 =7

Therefore,
1dvs — dvellv = 1|dvs — ujllv < [|3]| 2° <.

Letting j — oo proves that Jvs and Jv. have the same trace, which coincides, by continuity,
with the trace of v. /1]

1.6 Hilbert Space Setting

We assume in this section that VVLq (Q) is a Hilbert space; that is, we require that ¢ = 2.
We continue our study of the trace space of W2(2). Obviously, W;2(99) is a Hilbert space
equipped with the scalar product

WE(0Q) x W2(0Q) — R, (v,w) — (€0, Egow) g

The starting point of our analysis is the observation that the extension operator € := € 9
maps into a subset of I/I{g (©2) which contains smoother functions than the graph space in

general.
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We introduce the second-order linear differential operator
O: L*(Q)™ — 2(Q)™, v L'Lv +v
and define the space
Wo(Q) == {v e L*(Q)™: Lv € L*(Q)" and Ov € L*(Q)™}.
We equip the space I/VgO(Q) with the norm
[0]le.0 = llvllz2@)m + [£vll L2y + Ov]] L2 (@)m-

Since VVLQO(Q) is a subspace of W2(Q), the trace operator T, is defined for all functions in
W2 4(€2). However since the image of L|w2, (@) is contained in W7 (), we can define the

second trace operator
Tt Wo(Q) — B227Y2(00)™ v (B(v) Lv, Yaq == (=T o L)v.
The integration by parts formula (1.14) applied to L’ takes for smooth function v, w the form
<—B(V)H v,w)gn = (L'v,w)q — (v, Lw)q.
Substituting v by —Lwv, we obtain for v € V[/EO(Q) and w € Wh2(Q)™
(B()H L, w)oq = — (L' L, w)g + (Lv, Lw)g = (v, w) e — (Ov, w)q. (1.21)

We formally extend the integration-by-parts formula (1.21) and introduce the following no-

tation, motivated by Remark 3:

%2,0(9) X %2(9) — R, (v,w) — <£’U7w>B(u)H = (v, w) g, — (Ov, w)q.

Theorem 14 The image of €., that is the set of minimisers in the graph norm for given

fixed traces, is equal to the kernel of O:

ker O :={v € WLQO(Q) : Ov =0}.

Proof. Let v € ImEy. It follows that v is the smallest element in v + %20(9) with respect
to the graph norm and therefore (v,w)z = 0 for all w € WEO(Q) Yet by (1.21), (v,w)e =
(Ov, w)q and therefore Ov = 0 in the sense of distributions. Now let v € {v € VVLQO(Q) :0v =
0} and v = ETpw. Clearly Tpo = Tpv and O(0 — v) = O — Ov = 0. Hence (0 — v,w)e, =0
for w € WA(Q) and therefore v = v. /]]/

Corollary 4 The image of ¢, is the orthogonal complement of WEO(Q) in W2(Q).
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We carry over the result of Theorem 14 to the adjoint operator L’ by reversing the role of £’

and L. Let Ogs := LL' + I. Then the image of €./ is the space
{ve W%OU(Q) : Ogv =0}
According to Theorem 14 the trace norm of v € W2(99) fulfills the identities
HUH‘?T: (8&1),851))@ = <£’ELU78LU>B(1/)H' (1.22)

If v is smooth, then the term on the right-hand side is an integral over 0f2 instead of over €;
this property is advantageous for the construction of an intrinsic representation of the trace
norm. Thus, in order to make (LEgv, Ev) g, fully intrinsic, one would want to have a

better understanding of the mapping indicated in the diagram below by the dashed lines.

Theorem 15 The following diagram, not considering the dashed arrows, is commutative:

Je
K
L X
Vi

Proof. We first consider the vertical arrows on the left. Let v € Im €. Then
O Llv = (LL)Lv + Lv = LOv = L0 = 0.
From Ov = 0 it follows that Lv € W3 (Q):
L'y = —v. (1.23)
Therefore Lv € Im Eg/. We also have that Og/w = 0 for all w € Im E¢/; therefore
L(=LNw = w. (1.24)

The combination of (1.23) and (1.24) implies that —L/|;, e., is the inverse of Lliy e, . The
commutativity along the horizontal arrows on the top and also along the horizontal arrows
at the bottom follows directly from the definitions of Tz and €. Commutativity along the
descending diagonal arrow is a consequence of the definition of T ¢. Finally, the ascending

arrow follows by reversing the roles of £ and of L'. /]]/
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Corollary 5 The spaces Im €, and Im €, are isometric with the isomorphism L.

Proof. We denote v := Lv. Then
(v,0) g, = (v,v)q + (Lo, Lo)g = (L', L'0)q + (0,8)q = (8, 0) 1/

proves the result. /1]

The isometry between Im & and W2(0(2) as well as between Im €/ and W3 (99) is a direct
consequence of Theorem 8 and (1.18). Therefore, according to the proof of Corollary 4, the
graph space is isometric to the orthogonal sum of the image and the kernel of the trace

operator.

1.7 Square Systems

If Im €, and Im €/ coincide, we can examine the eigenvalues and eigenfunctions of Ly ¢, -
We can use the information about the eigensystem of L to characterise the trace space in

more detail.

Let m = [. We decompose the coefficients of L into their Hermitian and skew-Hermitian

parts

Blhk := /5 Biji + /2 Bjir, Cl="1,Ci; +1/2Cy,
By =2 Bijt — /2 Bjir, Cy="/2Cij —/2Ci

and define
L v Op(Blyy) + Clhuyy L% tw e O(Biv;) + Civj

Analogously to Remark 1, L and (L") may be rewritten as

Lhiv s Yy Bl (9kv;) + /2 0k(Bl05) + Diyvj,

. | 1 (1.25)
(L") 2 v = =12 Bl (9kvj) — /2 0x(Blsy,05) + Dy,
where Df’j = C’ihj +1/5 6;€Blhjk. Similarly, £L* and (L%)" can be transformed to
Lo v 1/QBz]k( j)+1/26k( z]kvj)+D E (126)

(L2) tv e 1/2Bmk( v;) + /2 Ok ijkvj) D7jvj,

where D7, := C}; + 150, B2, One can read off directly from (1.25) and (1.26) that

ijk*

LM + (LMo =2D", L3y — (L%) v = 2D%v. (1.27)
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Hence, for v € Im &z,
Lo = (LM + (L%)v = —L" + L5v + 2(D" — D).

The two situations in which Im g and Im g are guaranteed to coincide are the purely
Hermitian case, that is £ = £", and the purely skew-Hermitian case, that is £ = £°. In the

next two sections we concentrate on these two cases.

Replacing the coefficient matrix C' in £ by another matrix in L% (2)"*™ leaves the graph
space unchanged as set. However, the graph norm changes up to equivalence, at least if the
graph space is understood as a subset of L?(€2)™ and not as a subset of LI(Q)™ x L1(Q)!, cf.
definition (1.1). Therefore we may select C' freely as far as the definition of the trace space is
concerned. Later, in order to simplify the search for eigenvalues, we choose C;; = —1/5 Ok Bijr,
which results in D" = D® = 0.

1.8 The Hermitian Case

In this section we make the additional assumption that £ = L. Our aim is to characterise
the trace space of WA(Q2). In particular, we compare the trace space with the space L%(99),
which is similar to a weighted L?-space on the boundary. While an intrinsic definition of the
trace space for all differential operators with Hermitian coefficients remains out of reach, we

identify conditions under which an intrinsic description of WZ(9€2) can be given.

The Vector Space L%(99)

Given that B(v,z) is Hermitian at = € 02, we can find an unitary matrix X and a real
diagonal matrix A such that B(v,z) = X"AX. We define the (m x m)-matrices
1: A,‘j > 0,
(E4)ij == and  (E_)y =

0: otherwise 0: otherwise

liAij<O,

and Fp:=1—-FE; — E_. We set
By(v,x):=X"AE, X, B_(v,x2):=X"AE_X, |B|(v,z):=By(v,2)— B_(v,2).

The matrices B4 (v, z) and B_(v,z) split B(v, z) into its positive and negative semi-definite
part, i.e. B(v,z) = By (v,x) + B_(v,z) and for all v € R™ we observe that v B, (v, 2)v > 0
and that v"B_(v,2)v < 0. Clearly, B, (v), B_(v) and |B|(v) are Hermitian matrices. A
splitting with these properties is unique and in particular it does not depend on the choice
of X.
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Next, let us consider the vector space
L%(09) := {v : 0Q — R™ : v is measurable and ||[v||p < oo}

where || - || g is the norm which is induced by the scalar product
(v,w) — / oM | B|(v) wdsS.
[2}9]

The space LQB (09) is isometric to a weighted L?-space. We consider the union of m disjoint

copies of 9€). Formally that is the set
0, = {{z,i} : z € 00}
i=1

We define on 0f2,,, the measure

u(k) = / A;| dS, K C OQ,.
) ; maﬁi‘ |

Then the operator
O : LH(00) — L*(0Qm, 1), v — w such that w|gn, = (Xv);
is an isometry between L%(9€2) and the Hilbert space L?(9,, i), provided we agree on the
assumption that X is measurable.
We decompose L%(99) by means of projections

Py LE(09) — LE(09) ,v — XHE, X0,
P_: LE(09) — LE(09) ,v — XHE_Xw.

Conceptually, Im P, contains the functions which vanish outside the outflow boundary and
Im P_ contains the functions which vanish outside the inflow boundary. Clearly, P, and P_

are projections and Im P is the orthogonal complement of Im P_ in L%(9).

Sometimes we prefer to use the matrix functions XHE, X and X"E_X instead of to P, and

P_. For that purpose we define the abbreviations

Py : 00 -R™™ 2 XHE, X,
P00 —=R™™ z— X"E_X.

Like B4 (v) and B_(v) also the matrix functions P, and P_ are independent of the choice of
X because they are the projections onto the sum of the eigenspaces which are associated to

the positive and to the negative eigenvalues, respectively.
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Suppose that w € W2(€2) is the W2 (2)-limit of the sequence (v;);eny where v; € C(R™)™ N
W2(Q) and v;]po € ImPy. Then (v;) is a Cauchy sequence in L%(012) because, according to
(1.15), for i,j € N
lvi = w3l = (B@) (vi = v3), (vi = vj))oe < llvi = vjlIZ.
Let v be the limit of (v;) in L%(09Q). Then B(v)v and Tew are equal in the sense of
B>271/2(9Q)™ since for all ¢ € B>>1/2(9Q)™ we have
(B(v) v, ¢)ag = lim (B(v) v, d)oa = (B(v)w, d)sa.

The first equality holds because v — B(v) v is a continuous mapping in L%(99); the second
follows from the continuity of T¢. To summarise the observation in a theorem, we introduce

the notation

2 5 W2(9Q)
W2(Q):={ve CRY™ NWEQ) svlogg €M P}~
9 W2(Q)

W2 () = {v € CRM)™ N W) : vlon € Im Py} =,

Theorem 16 The operators v € WL?JF(Q) — v|pn and v € VVﬁ_(Q) — v|9q map continuously
into Im Py C L%(99) and ImP_ C L%(0R), respectively.

Proof. The result VVL2 ,(£2) is proven above; the result for Wg_(Q) follows analogously. ////

In general, VVL2 ,(Q2) and VVLQ_(Q) are not dense in W2 (9£2). We consider an example with

constant coefficients.

Example 9 Let Q = {(z,y) € R? : 2 > 0} and

-1 00 5 0 0 —1
Lv=0,| 01 0]|v+=EL 0 0 1]o. 1.28
NG (1.28)

000 -1 1 0

The space %2+(Q) contains at least all functions in W12(Q) x {0} x WH2(Q) and Wg_(Q)

contains at least all functions in {0} x W12(Q) x W12(Q). Consider the change of coordinates

-1 1 0
V= — 1 1 0w,
V2
002
under which the operator L transforms to
010 001

Lv=d,[100|v+d, |00 0]
000 100
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A function (vi,vs,v3) is an element of W2 (Q) if, and only if, v; € W*(Q) and (va,v3) €
W2(div, Q). Consequently, W () is spanned by functions of the type (—v1/v/2,v1/v/2,0)
and (v2/v/2,v2/+/2,v3). The trace space of W2(12) is

{(u1 — ug, uy + us,0) : uy € BE*V2(Q)™ and uy € B>~ 12(00)™}

with the intrinsic norm (HulH?gQ’Q’m(amm + HuQ\|l292,27,1/2(aQ)m)1/2. Since uy is in general not
an element of L%(992), we deduce that W2, () + W2_(€) is a proper subspace of W2(12).

In the above example the spaces VVL2 () and Wg_(Q) are coupled by the second coefficient
matrix in (1.28). The situation is different for graph spaces for which W2, (Q) and W2_(Q)
are independent of each other. Let  be an element of €2 and N C R" be a neighbourhood
of . For a fixed k € {1,...,n} the entries B;;, form an (m x m)-matrix which we denote

by B¥. Suppose that in N N Q there is a Wh*®-coordinate transformation such that all

B* have the same block diagonal structure, that is there are numbers r1,...,rs such that
l=r<re<...<rs=m+1landforte{l,...,s}
re < i <regr and (§ < rpor repn < j) = B = Bijp = 0. (1.29)

It then follows that also B(v) fulfills (1.29). Let us suppose that the s submatrices

(B(V)ij)ri<ij<ris

are either positive or negative semi-definite on N N 0€). The block structure of the coefficient
matrices implies that we can separate VVLQ (Q) into s individual graph spaces, that are the
subspaces with the coefficient matrices (ij)rtéi,j@t +1- By means of a partition of unity we
can then show that v|sony is contained in L% (092N N) for any v € W2(2). Indeed, locally
the spaces which are associated to a positive semi-definite block in B(v) constitute Wg 4 while
the subspaces associated to a negative semi-definite block in B(v) constitute WL{ Hence, if
0% can be covered by neighbourhoods such as N then W((2) is equal to W/LQ+(Q) + WE_(Q)

Theorem 17 Suppose that there is a neighbourhood N C R™ of a point x € 90) and a
WL (N N Q)™*™m_coordinate transformation such that the transformed coefficient matrices
of the principal part of L satisfy (1.29) on QN N. Moreover, assume that the blocks on the

diagonal of B(v) are either positive or negative semi-definite on Q2 N N. Then, the operator
Ty : C3°(R™)™ — LE(O2N N), v = v|oann

has a continuous extension to W2(Q2). In addition, (B(v) Ty v, d)aq = (T v)(¢) for all test
functions ¢ € B>>1/2(0Q N N)™.
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It is evident that a general principle for the intrinsic formulation of the trace norm cannot

depend on the coefficient B(v) only.

Example 10 Let Q = {(z,9) € R? : £ > 0} and Lv = (—0,v1,0,v2,0)". According to
Theorem 17 the trace space is a subset of L%(02). The boundary matrix B(v) coincides with
the corresponding term of the graph space considered in Example 9. However, the trace space

considered in this example is not contained in L%(0€2).

With Theorem 17 we do not cover the case where individual blocks of B(r) change from

positive to negative semi-definite type. Theorem 17 cannot be extended to such settings.

Example 11 Let Q := {(z,y) € R? : y > |z| and y < 1} and L : v — y* v, a € (0, 00).
We denote the union of the in- and outflow boundary by 9, that is Q' = 0Q\ {(z,y) €
90 :y=1}. Given x € 0, B(v) is negative definite if z < 0 and positive definite if z > 0.
The extension &g of a function g : 9 — R is

— T

(x,y) — cosech(ig) (g(—y,y) sinh(yya ) +9(y,v) sinh(y;m>>.

It follows that the trace norm of g is
! 1 1 2 2 /2
(/0 y“cosech(2y'~%) (cosh(2y' =) (9(y,9)* + 9(=v, %)) — 29(y,y) 9(~v,Y)) dy)- (1.30)

Suppose that

9(y,y) = 9(=y, ). (1.31)

Then the integrand of (1.30) simplifies to 2y® tanh(y'~%) g(y,y)?. Since tanh(y) is asymp-

totically equal to y as y — 0, the trace norm is, for functions which satisfy (1.31), equivalent

(/Olyg(yvyfdy)m-

to

Therefore
Toqy : CC(R™)™ — LH(0Q),v — vlaq (1.32)

can only have a continuous extension to WE(Q) if « > 1. We now examine boundary functions
for which g(—y,y) = 0. Then, the integrand of the trace norm is y* coth(2y'~%) g(y,y)?. For

these functions the trace norm is equivalent to

(/01 v gly,y)? dy)m-
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Again we find that o > 1 is a necessary condition for the existence of a continuous extension

of (1.32) to W2(S2). A corresponding result also holds if g(y,y) = 0.

Taking inspiration from this example, we illustrate a technique which can be used to clarify
when the restriction v|gq is meaningful and contained in L%(99Q) for v € W2(Q). Suppose
we can find a positive function ¢ : Q — (0,1) such that the trace 1|pn equals 1 on the
inflow and 0 on the outflow boundary. Furthermore, let us assume that Bj;j 1 is contained
in Who(Q) for all admissible indices 4,j, k. Then W3 () is the intersection of the graph
spaces associated to the operators v — Oy (Bjji 1 v;) and v — Ok (Bjj (1 — 1) v;). Since these
operators have as boundary matrices B_(v) and By(v), respectively, their trace operators
map, by Theorem 17, into LZBw(GQ) and LQB(lfw)((?Q), respectively. This in turn proves that
the trace operator of W2(Q) maps into L%(92). In the example above, choosing the function
V(z,y) = (y — 2)%/(2y)%, we get that By 1,1 = —1/2(y — 2)® is contained in WH>(Q) if,
and only if, a > 1.

Example 11 makes it evident that L%(02) is in general not large enough to contain all traces
of Wg(ﬂ)—functions. However, if singularities only occur at certain locations we can embed
WZ2(09) into a local version of the space L%(92). Let M be the union of all neighbourhoods N
which satisfy the hypotheses of Theorem 17, that is in N the operator L is of block structure
after a coordinate transformation and each block in B(v) is either positive or negative semi-

definite throughout N N 9. We then introduce the space

LQBJOC@Q) = {v : 0Q — R™ : v measurable and VK &€ M NoSY : / v|B|(r)vdS < oo}.

K
We would like to know if the restrictions v|pg of functions v € W2 (£2) are contained in
LQBJOC((?Q). Suppose that K € M, that v € W2(Q) and that (vg)gen is a sequence of smooth
functions which converges to v in W2(€2). Since K is compact, we can find a finite covering
of K with bounded neighbourhoods N; of the kind described in Theorem 17. Let F be a
partition of unity subordinate to the N;. Moreover, let f; be the finite sum of all fj € F with
supp(fj) N K # 0 for which i is the smallest index such that supp(f;) C N;. We set v; := fiv
and vy ; 1= f; v on Q. Then vk — v; as k — oo in W2(Q). Applying Theorem 17 we verify
that

/ v; | B|(v) v; dS < oo.
KNN;

Thus v|pq is a member of L2B’10C(8(2).

We typically require in addition that S = 9\ M is a null set in the (n — 1)-dimensional
Hausdorff measure of 9§ because only then is the embedding of W2 (9€2) into L% (99)

injective.
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We conclude the section with remarks on the regularity of |B|(r) and the transformation X.
If 09 is C%-regular in a neighbourhood of = € 9Q, then B(v) is locally an element of W1, A
partial answer when By (v) and B_(v) share this degree of regularity is given in the following
theorem. The proof of the theorem is based on perturbation theory of linear operators. For

an overview of the relevant prerequisites see the Appendix.

Theorem 18 Let x € 02 and assume that 0€) can be represented in a neighbourhood of x
by the graph of a twice continuously differentiable function. If there is an € > 0 such that
B.(0) contains at most one simple eigenvalue of B(v,z), then By (v) and B_(v) are of the

class B>2'/2 in a neighbourhood of x.

Proof. Because the eigenvalues of B(v, x) change continuously with z, there is a neighbour-
hood N, of x such that there is at most one eigenvalue contained in B, 3(0) and no additional
eigenvalue contained in By, /3(0). As pointed out in the Appendix, by possibly reducing the
size of N,, we can assume that all A-groups and therefore all total projections are well-defined
in N,. Clearly, the projection onto the sum of eigenspaces which are associated with eigen-
values larger than 2¢/3 is continuously differentiable. If B./3(0) contains an eigenvalue A
then the eigenprojection is continuously differentiable as it is a total projection. Moreover, in
such a case A itself is continuously differentiable so that |A| is a Lipschitz function. Therefore
B, (v) is Lipschitz continuous in N, which implies that By (v) is contained in B>>'/2. An

analogous argument applies to B_(v). /]]/

Corollary 6 If Q is a C?-domain and the differential operator is scalar, i.e. m = 1, then
By (v) and B_(v) are members of B>%/2(9Q)m*™,

Proof. If m =1, then B(v) has only one eigenvalue. /]]/

The following example, which goes back to (Rellich 1937), demonstrates that even for very
smooth functions B(v) the transformation X can be singular if a multiple eigenvalue branches

at the origin.

Example 12 Consider

o s cos% Sin% ' 00
T:R—> R x+—e 2 ,  with T(0) :=
2

.2
sin 2 —cos 2 00

The function is infinitely differentiable for all x € R and the same is true for the eigenvalues,

which are +exp(—1/x2) for x # 0 and zero for x = 0. But the associated projections onto



1.8. THE HERMITIAN CASE 46

the eigenspaces are given, for x # 0, by

cos? L cos L sinl sin? L —cos i sinl
X X T xr X xr
bl
cos L sinl sin? L —cos i sinl cos? L
X xT xT xT X x

These matrix functions are infinitely differentiable on R \ {0}, but they cannot be extended
continuously to x = 0 and do not have a uniform Lipschitz constant on R\ {0}. Furthermore,
there is no function of eigenvectors of T' that is continuous in a neighbourhood of 0 and that

does not vanish at 0.

As noted in the Appendix, singularities of the eigenprojections cannot occur under analytic
perturbations if the matrix function is real and symmetric. Therefore on a part Q" of the
boundary which is analytic and on which B(v) is real, symmetric and analytic, we find that

the transformation X is analytic, too.

Eigenvalues and Eigenvectors

Under the condition that not only £ = L" but also D" = 0 holds, we can fully characterise the
eigensystem of L on the restriction to Im €. We can use this information on the eigenspaces

to improve our understanding of the trace space.

From D" = 0 we deduce that

Llime, ==L me, =L e, - (1.33)

It follows directly that L|py e, is normal. Moreover the graph norms with respect to £ and

L’ coincide in Im & :

(v,w)e = (v, W) + (Lv, Lw)g = (v,w)q + (L'v, L'w)q = (v, w) .

We obtain, for v € Im ¢, and v := Lo, the two identities

v+i=v+Lv=LLv+Lv=L(Lv+v)= (v+9)

(1.34)
v—v=v—Lv=LLv—Lv=L(Lv—-—v)=—(v—1)

Theorem 19 The space Im E, is the orthogonal sum of the eigenspaces Eig(L|yy ¢, , 1) and
Eig(L|mme, , —1). In addition, the operators

Pi:Imég — Big(Llme,,1) v Y2 (v+9),
Pi:Imég _>Eig(£“|1mgga_1) y U 1/2 (U _,D)?

are projections onto Eig(L|mm e, ;1) and Eig(L|mm e, , —1), respectively.



1.8. THE HERMITIAN CASE 47

Proof. Equations (1.34) show that 1 and —1 are eigenvalues of L, i.e. the elements of the
point spectrum of the operator. Given v € Im &g, we write v = Yo (v + ) + /5 (v — D)
where /5 (v + ¥) € Eig(L|lmme,,1) and Y/ (v — ¥) € Eig(Llme,,—1). The functions vy €
Eig(Llmme, 1) and v_1 € Eig(L|ime, ,—1) are orthogonal since

(vi,v-1)g = (v1,v-1)Q + (v1, —v_1)q = 0.

The operators P and P.; are surjective because Piv; = vy and Pjv_1 = v_1, which also

shows that P and P.; are projections. /]]/

Since the complement L‘V[{)QO(Q) may have the eigenvalues 1 or —1 too, the eigenspaces
Eig(L|mme, 1) and Eig(L|mme, , —1) do not have to coincide with Eig(L, 1) and Eig(L, —1).

Notice that the mappings P1 and P.; are nothing else but the orthogonal projections onto
Eig(L|ime,.1) and Eig(L|lime,,—1). We extend their meaning to all of W2 (09): For
v € W2 (09Q) we mean by Piv and Pqv the elements of, respectively, Eig(L|pme,,1) and
Eig(L|m e, , —1) which are closest to v.

We remark that one could also prove Theorem 19 by means of the factorisation

O=(L+I)(-L+1).

Example 13 Let Q = (0,1) and Lv = 0,v. Then the space Im €, is equal to the space of

solutions of

—0%v+v =0,

x T

which is the span of e* and e™*. In agreement with Theorem 19, we observe that Le® = e*,

that Le™™ = —e™* and that (e*,e™ ")z = 0.

In the previous section we have used the projections P and P_ to illustrate that under certain
conditions the restrictions v|sg of functions in the graph space are contained in L%(992).
Similarly, we can utilise the projections P and P to identify classes of functions v in L% (9)

for which we can guarantee that B(v)v is a member of the trace space.

We record that given a boundary function v € W#(9€2), all members u € W;2(2) with trace
Ju = v differ only by W/L%O(Q)—functions. Because Im P and VVLQO(Q) are orthogonal to each
other, all extensions of v have the same P 1-component. In this sense we extend the meaning
of Py and P.; by defining

P WEON) — WEHOQ),v— TPy Ep v,
Py WE(0Q) — WE(ON),v — TPy Epv.
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Consider two functions v, w € B>*1/2(9Q)™ such that v € ImP; and w € Im P4. Then

[v]|3 = (Lv,v)pup = (B()v,v)on < vl
[wlF = (Lw, w) gy = — (B(V) w,w)aa < [lw].

Consequently, the sets

{B(v)v:v € B221/2(0Q)m N Im{Pl“'”BL

I (1.35)
{B(v)w:w € B2%1/2(9Q)™ N ImT_l“ ”B}

are contained in W2(0€2). Equation (1.35) gives a lower bound on the size of the trace space.

In general, passing v through P; and P.; leads to a loss in regularity in the sense of Besov

spaces. This is even true if the coefficients of L are of class C°.

Example 14 Let Q = (—1,1) x (0,1) and let

e V7 forz >0,

Lou(z,y) = B(x) Oyv(zx,y), where B(x) :=
(z,y) = B(x) Oyv(z,y) () {0 forz <0,

The coefficient B belongs to C°°(R?). We consider the constant function w : 9Q — R,z + 1
on the boundary. For x < 0 it follows immediately that (Ecw)(z,y) = 0. Thus also Pjw
and P-yw vanish in this region. For x > 0 we can construct the projections by the method of

characteristics:

exp(yexp 1l/z)
P = P =
111)((13,3/) 1—|—expexp 1/1’7 1w(1‘,y)

exp((1 —y)expl/xz)
1+expexpl/z
The functions P 1w and Pqw are elements of C*°(§2). In contrast the traces (Piw)|aq and

(Pyw)|sq are discontinuous at the points (0,0) and (0, 1).

In order to more clearly understand the previous example we consider the operator O in more

detail; when fully expanded it reads
Aikm 8anL + Bim 35% + CZ'L Uy,

where

Aikm =4 Bijk Bij
Bim = 28k(BijkBLjH) + 2Bijk(6k'BLjH) + 2Bij,€(8kBij), (136)

CiL = 2Bijk}(ak/€Blei) + (ak:Bijk)(anBLjn) + 511-

If O is a scalar operator then its Fichera function is

o0 — R,z — (Bim - akAikm) Vg = (BK - akAlm) Vg.
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Because of the particular choice of the coefficients in (1.36), the Fichera function of O vanishes.
For a general class of second-order degenerate elliptic-parabolic equations Fichera (Fichera
1956) decomposed the boundary of €2 into three regions: Y3 is the set of all points of 92 for
which Ay, vj, v, is positive; Xy is the set of all points where Ay, v v = 0 and (BH — 8kAkn) >
0; finally ¥ is the complement 02 \ (X3 U X3). The ‘Generalised Dirichlet Problem’ for
second-order degenerate elliptic-parabolic equations is to determine a solution of Ou = f
which vanishes on ¥y + ¥3. This problem has been analysed by a number of authors. In
particular, we refer to the work by Oleinik and her student Radkevi¢. For details see (Oleinik
and Radkevi¢ 1973) and (Magenes 1996). Important contributions are also due to Kohn
and Nirenberg. We highlight (Kohn and Nirenberg 1965), (Kohn and Nirenberg 1967) and
(Kohn 1978).

The next theorem, which we cite from (Kohn and Nirenberg 1967, p. 801) in abbreviated
form, shows that, by possibly rescaling L, one can ensure basic smoothness properties of
the projections P and P1. In view of the special structure of our problem we simplify the
statement of the theorem by making the assumption that X9 = (). For the general case we

refer to the original publication.

Theorem 20 Let ) be a bounded domain with C*°-boundary. Suppose that the coefficients

of the linear differential operator
Ou = Ay, Opev + By Ov + Cv

are real and of class C* in Q. The leading part of the operator is degenerate elliptic-parabolic,
pe. Ape(x) & Ee > 0 for all € € R™ and x € Q. The Fichera function (B, — 8 Ay ) v, vanishes
on 9. If X3 is closed and if —C' is sufficiently large in comparison to ||AkHHW3,oo(Q) then for

every r > 1 there exists a constant C(r) such that

ullwr2@) < Cr) | fllwr2@) (1.37)

for all f € W™2(Q) and all solutions v of Ou = f, u|sg, = 0.

The requirement that —C needs to be of adequate size is not a severe restriction. For a €
(0, 00) we introduce the operator L, := a L. Clearly, the norms ||-|| ¢ and || ||, are equivalent
and consequently the same holds for ||- || and |- ||, , where T, is the trace operator associated
to L,. However, inspection of (1.36) shows that by choosing « sufficiently small we can
increase the ratio between A and C as necessary because the component d;, in the definition

of Cj, is not affected by the rescaling.
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In contrast, the condition that 33 is closed limits the applicability of Theorem 20. It implies
that the boundary 9€) consists of a finite number of components each of which either belongs
completely to X3 or to its complement. We have seen in Example 14 that if 33 is not closed

then the solution of Ou = f is in general not smooth on €.

We now apply Theorem 20 to obtain a regularity estimate. Suppose that (1.37) holds. Let
u € Wr22(Q) and o = €. Tpu € WA(Q) where 7 > 2. We set v := @ — u. Since B(v,z) # 0
if, and only if, z € X3, we know that v|y, = 0. Taking (1.37) into account, we deduce
from Ov = —Ou € W"2(Q) that & € W"2(Q). Moreover L1 € W 12(Q). According to
the definition of P; and P and recalling Theorem 19, the restrictions P 1| B2.2.7+3/2(30) and
Pl p22rts/2(gg) map into B227=3/2(9Q)).

Certainly, it would be desirable to obtain similar regularity estimates for systems of equations.
However, we are not aware of any results corresponding to Theorem 20 for degenerate elliptic-
parabolic systems. For a more general investigation of degenerate elliptic-parabolic systems
we refer, for instance, to (Bertiger and Cosner 1979) and the subsequent publications by the

authors.

The Vector Space 1?5(2)

In the next chapter we refer to the closure

W2(Q) = (ol v € Cro@m} 127 (1.39)
of C§°(R™)|q in the norm
I

This space is equal to W(2) if W2(99) is a subset of L%(092). For VVL2 5(£2) we can introduce
the trace operator Tg. We define

(e, 0] nym !
LB O RY)™ = Rv e (o3 + [fvlF) 72

Tp : WE2(Q) — LE(09),v — vlan
by continuous extension from the space of smooth functions.

Example 11 from the previous section shows that Tp is in general not surjective. However,
Tp is an injective operator on the restriction to Im &g N W25 (). Namely, choose v €
Im € NW25(Q) \ {0}. Then, there is a w € B>*1/2(9Q)™ so that (B(v)v, w)aq # 0. Since

w —2P_w is contained in L%(dN) and
(B(v)v,w)aq = (|B|(v) v,w — 2P_w)sq,

it follows that Tp v # 0. We have the following alternative characterisation of VVL2 5(82).
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Theorem 21 A function u € W2(S2) belongs to VVL%B(Q) if, and only if, there is a function
v € L%(09) such that (B(v)u,w)an = (B(V) v, w)aq for all w € B>21/2(9Q)™.

Proof. Suppose u € W2(Q2) and v € L%(09). We have that (B(v)u,w)sn = (B(v) v, w)sq
for all w € B>>1/2(9Q)™. Then (B(v)u,w)sq < ||v|5||w|s for w € B>>1/2(dQ)™. Thus
w +— (B(v)u,-)sq has a continuous extension to L%(9€). Let (u;)ieny be a sequence of
C3°(R™)™-functions converging to u. Then we have

lim (B(v) (v —u;), w)an = lim (B(v) (u —w;),w)sq = 0

1— 00 1— 00

for all w € L%(9€). Thus the sequence (u;laq)ien converges weakly in L%(9Q) to v. By
applying Mazur’s theorem we can pass to a sequence (i;)ien of C5°(R™)™-functions which
converge to u in WA(£2) and strongly to v in L%(99). Thus (i;);en is a Cauchy sequence in
the VVL2 5(£2)-norm and u € WE 5(€2). The implication in the other direction follows by setting
v="Tpu foruEWEB(Q). /]]/

Unlike for L?(€2)™, matrix functions in L (9£2)™*™ do not define endomorphisms on L% (952).

Consider the following example.

Example 15 Suppose that 9Q = {(z,y) € R? : y = 0} and that

1 0
B(v,x) = (O sin%:) , x € 09.

J(:c)z(? ;), x € 00

does not define an endomorphism on L%(0). For instance the image of (0,1/z)" € L%(0%)
is the function (1/z,0))" which does not belong to L%(092).

The matrix function

For this reason we introduce the set
Ly 0Q)™ ™ . ={J e L*0Q)™ ™ : 3C > 0Vz € 09 : JH |B|(v) J|; < C? |B|(v)]2}-

Here we denoted with ‘<’ the partial ordering of positive semi-definite matrices, i.e. at each

x € 08 the matrix C'|B|(v) — J7|B|(v) J|, is positive semi-definite. We now have as desired
[T vl[p < Cllv]ls

for v € L%(09) and C as in the definition of L (99)™*™. We remark that P} and P_ are
members of L (0Q)™*™ with C' = 1.
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1.9 Boundary Value Problems

In the context of first-order graph spaces we understand under the term boundary value

problem the following task:

BVP 1 Let J: I/VLQ(Q) — V' be a boundary operator with respect to the graph space of L.
Given f € L*(Q)™ and h € V, find u € WA(Q) such that Lu = f and Ju = h.

Clearly, for general L, g, f and h neither existence nor uniqueness of u is guaranteed. We

call BVP 1 the classical formulation of the boundary value problem.

In order to analyse Friedrichs systems, it is necessary to consider the weak formulation of
the boundary value problem. In contrast to the classical formulation, here the boundary

conditions are imposed via bilinear forms.

Before we can state the weak formulation, we have to agree on an appropriate space of test
functions. For that purpose we introduce the set of smooth functions which vanish on a closed
subset S of €2 with Hausdorff measure zero. The test space consists of the closure of this set
in the W12(Q)-norm:

Wy 2 (RMS)™ = {v e WL2(R?)™ : supp(v) € R" \ S}.

Consequently 2()™ C W&’2(R"\S)m. The restriction of functions in VVOI’Q(IR”\S)m to 02

constitute the set

B2 (00\8)™ := {v € B221/2(9Q)™ : supp(v) € I\ S}.

The spaces Bg’2’1/2(8§2\5)m and W&’Q(R"\S)m are equipped with the B>%1/2(9Q)™- and

WL2(R™)™-norms, respectively.

We restrict our attention to boundary operators J which map W2 (Q)-functions into the
dual of 3372’1/2(69\5)7”, which we denote by BS’Q’_l/Q(aQ\S)m. By construction vy,vy €
B2272(90\S)™ coincide if, and only if, (v1, w)aq = (va, w)aq for all w € B2>/*(90\S)™.
The introduction of the pair of spaces (33’2’1/2(89\5)’", BS’Q’_I/Q (0Q\S)™) allows us to con-
sider boundary operators which are smooth with the exception of the set .S, where we allow

the operator to be singular.

BVP 2 Let J : W2(Q) — 33’2’_1/2(89\5)’” be a boundary operator with respect to the
graph space of L. Given f € L*(Q)™, h € Bg72’_1/2(8Q\S)m, find u € W2 (Q) such that
Yw e Wy (R™\S)™:

<Lu, w>Q + <Hu,w>ag = <f, w>Q + <h,w>gg.
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Let V = Bg’Q’_l/ 2(\S)™. Then every solution of BVP 1 solves BVP 2. Now consider a
solution u of BVP 2. Testing u with functions in 2(£2)™ implies that Lu = f. Consequently
(Ju, w)aq equals (h,w)yq for all w € Bg’2’1/2(89\5’)m, which implies equality of Ju and h in
3372,—1/ ?(99\S)™. Therefore every solution of BVP 2 solves BVP 1.

Example 16 Recall the definition of ) and L from Example 11. We select J so that it

imposes the inflow boundary conditions on this domain:

(dv)loe, = vloq, and (Jv)|sa\aq, =0
where 0€); = {(z,y) € 02 : x < 0 and y € (0,1)}. Let S = {(0,0),(—1,1),(1,1)}. In
Example 11 we noted that, independently of «, the function v(x,y) = 1/,/y is a member of

the graph space. We are interested in the continuity of the linear form

1
3:32’2’1/2 IS = R, w — {(Ju,w)gq = —wd(z,y).
S2(90\5) @owion = [ T-wd)

Because of density it is sufficient to consider elements w € B§’2’1/2(6’Q\S)m whose support
is bounded away from S. Without loss of generality we can assume that supp(w) C 0€;.
However then Jw = (B(v)v,w)sq. Thus ||J]]

norm of J.

BBV (90)\8)™ R) is bounded by the operator

Consider a family of functions (w;)e(z,1—) Which are translations of each other and whose

support is contained in the set
{(~y,y) €0 1y e (t—e,t+e)}.

A decrease in t results in an increase of the term Jw;. It is evident that J is not continuous with
respect to the L?(02)™-norm since the L?(0))™-norm of w; is invariant under translation
and since the support of w can be concentrated arbitrarily close to the origin by passing to
families (w¢)ie(e1—c) With sufficiently small . In contrast, the B§’2’1/2(8Q\S)m-norm of wy
increases as t \, € as an inspection of (1.10) reveals. This difference makes the continuity J

with respect to the Bg’z’l/Q(ﬁﬁ\S)m—norm possible.

Finally, we observe that if we replace the domain of J by W2(§) we do not obtain a continuous

linear map anymore. This is easily seen be choosing w(xz,y) = 1/,/y.

Example 16 brings us to the delicate and important issue as to whether we can assume that
the bilinear form (J-, -)oq has a continuous extension to WA(2) x W3 (£2). We are interested in
the extension of (J-, -)sn because the analysis of Friedrichs systems is based on energy integral

methods which rely on the positivity of

(% <£-’lvv 7)>Q + <8/U7 U>BQ-
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Certainly for the boundary value problem considered in Example 16 such an extension does

not exist.

If the image of J is contained in W2 (99) and J : W2 () — WZ(99Q) is continuous then
J naturally induces a continuous bilinear form on the graph space via density of smooth
functions. Let v € C§°(R™)™ and w € C§°(R™)™; then

(du, w)an = (LEL Jv,w)q — (Eg v, L'w)a < [|Eg || gllw] e

(1.39)
=3 vllsllwle < 13lzmz@)nwzo0) Il clwlle

For the first equality we used that Jv lies in the domain of € and integration by parts. The
meaning of (Jv,w)aq in (1.39) is given by the embedding of WZ(9Q) into B2%~1/2(9Q)™ in
the sense of Theorem 7. Because of the bound (1.39) we can extend (v,w) — (Jv,w)sq to
a bilinear form which acts in both arguments on functions which are contained in a graph
space. This extension is comparable with the extension of (B(v)-,-)sq in Section 1.5; confer

in particular with Remark 3.

Conversely, we can question whether a boundary operator g : W2(2) — V for which (J-, a0
has a continuous extension must have the codomain WZ(9Q). For our needs it is sufficient to

consider the Hermitian case £ = L". We make the assumption that the scalar product
V x CRRM™, (v,w) — (v, whoa = (v, (wlon)) oo (1.40)
is meaningful and that
Vu e WRAQ) Vo € CERM™ : [(Fu,w)onl < C llulle |wll (1.41)

holds for some constant C' > 0. Then for fixed u the linear mapping w — (Ju,w)sqn has a
unique continuous extension to W#(92). Thus by the Riesz representation theorem there is
a T(u) € W£(0) such that

Vw € WEOQ) : (Ju,w)aq = (EcT(u), Egw)e = (B(v) L ELT(u), w)aq.

Since B(v) L ExT(u) is a member of the trace space, we deduce that there is a boundary
operator J : W2 (Q) — W2 (9Q) such that (Ju,v)aq = (Ju,v)eq for all u € W2 (Q) and
v € CP(R™)™. In this sense a continuous extension of (J-,-)aq exists if, and only if, the
codomain of J is W2(92). Having said this it is easily seen that we can also allow codomains

which can be continuously embedded into W2(0).

Theorem 22 Let L = L". Consider a boundary operator J : W(2) — V such that (1.40) is
meaningful and (1.41) is satisfied. Then (J-,-)pq has a continuous extension to W(Q) x W3 (Q)
if, and only if, V' is continuously embedded into W2(9%2).
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Remark 4 Theorem 22 and Example 16 now make a fundamental difficulty in the analysis
of Friedrichs systems quite apparent. On the one hand we desire to allow boundary operators
with a large codomain in order to implement boundary conditions which exhibit singularities.
On the other hand we also want to limit the size of the codomain to W3 (99) so that the
applicability of energy integral methods is not restricted. We shall return to this issue in the

next chapter.

To familiarise ourselves with the concept of weak boundary value problems we consider an ex-
ample. We use the opportunity to introduce the °-adjoint boundary operator of J : VVLQ(Q) —
BS’Q’_l/Q((?Q\S)m with respect to the pivot (-,-)so. We denote the dual space of W(2) by
W2(Q)'. For all v € W(Q) and w € BE*'/?(90\S)™ we have the bound

(Jv,w)on < H5"%‘(%2(9),BS’Q’_UQ(BQ\S)’”) [v]le ‘|wHB§72’1/2(8Q\5)7n'
Therefore the operator
o . p22,1/2 m 2/ W/
3°: By7 (OM\S)™ = M (Q) w = (v = (Jv, w)oq)
is continuous. Moreover for all v, w € I/VO1 2(R™\S)™ the identity
(v,3°w)pq = (Jv,w)s0 (1.42)
holds.
Example 17 Let Q = (0,1)? and let £ be

L:L2(Q)? — 2'(Q)2, (v, y), va(z,y)) — (ayvl,azayvg)"'.

B(v) = (22 xi) .

We denote the four edges of the domain by I, Is, I3 and I as indicated in the figure.

Accordingly,

i) ]3
I

€
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Clearly, T vanishes on Iy and Iy. On I and I3 the matrix B(v) is invertible and therefore

the function values of v are well-defined on I and I3:
v(z,y) = Be) (Tv)(z,y),  (z,y) € LU (1.43)

On each characteristic the graph space is isomorphic to W12(0,1)? and the trace defined via
(1.43) agrees, up to a null set, with the W12(0,1)2-trace taken point-by-point on I, and I3.

Thus we can define the boundary operator
3 W2(Q) — WF(09), (v1,v2) — ((2,0) = (0, Vwv)")

We want to show that J has a continuous extension to W2(2) x W ().

In Example 11 we used a function 1 : Q@ — (0,1) to write W2 (Q) as the intersection of
the graph spaces associated to the operators v — O (B 1 vj) and v — O (Biji (1 — ) vj).
By choosing ¢ (x,y) = (1 — x) for the current example we demonstrate along the same lines
that the restriction of (vi,v2) € W2 () to Iy U I3 is contained in L% (I U I3). Since the
coefficient in the first component of L is constant, the set of restrictions vi|r,ur, of functions
(v1,v2) € W2() is actually equal to L?(I; U I3). This can also be seen by combining the
eigenspace decomposition of Example 13 with (1.35).

Let S = {(0,0),(0,1),(1,0),(1,1)}. Requiring that J° satisfies equation (1.42) for all v,w €
WOM(R”\S)’” implies that

3°(v1,v2) = (VT v2,0)™.
Then \/z vy is an element of L?(I; U I3) if vy is contained in the set

LA U I3,z) = {xv\11U13 :/ vadac<oo}.

I1UI3

Using the continuity of Tg and that ImJ C Wz (02) we establish that (J°,-)sq has a
continuous extension to W2(Q) x W(Q2). Because of (1.42) also the bilinear form (J-,-)aq

can be continuously extended. Thus J maps into W;(@Q) Taking into account that
LI, UIs,z) — L*(I; U I3, z),v1 — vz vy

is a surjective mapping, we deduce that the set LQB(Il U I3) is in fact equal to the trace space.

We now come to the statement of the weak adjoint formulation of a boundary value problem.
The "-adjoint boundary operator to J : W(Q) — B§’2’71/2(8Q\S)m is

3 Wy (R™\S)™ — W2(Q) v — §° + T°u. (1.44)
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For the definition of T° we substitute the codomain B%2~1/2 (0Q)™ of T by the larger space
3372,—1/ 2(6Q\S)m. Then (1.42) is applicable. The motivation for the construction of J’ is
that for all v € W2(Q), w € Wy*(R™\S)™

(Lo, w)q + (Jv, whaa = (v, L'w)g + (v, w)aq. (1.45)

The weak adjoint formulation of the boundary value problem then has the following form:

BVP 3 Let J : W2 (Q) — B§’2’_1/2(OQ\5)’” be a boundary operator with respect to the
graph space of L. Given f € L*(Q)™, h € Bg’Q’_l/Q((?Q\S)m, find u € W2 (Q) such that
Yw e Wy (R™\S)™:

(u, L'w)q + (u, Jw)aq = (f,w)q + (h, w)sq.

Obviously BVP 2 and BVP 3 are equivalent. Finally, we consider the strong formulation of

the boundary value problem.

Observe that we can extend the domain of J’ to the whole graph space Wg, (Q) if, and only
if, (J-,-)oq has a continuous extension to W2(Q2) x WA(Q2) . Similarly by identifying J and
J in (1.20), we can state that J’ is contained in B(WE(0Q), W2(09)') if, and only if, there
is a continuous extension of (J-,-)sq. In general, J' is only contained in the larger space
B(BE2(00\S)™, W2(09)').

BVP 4 Let J : W2 () — 33’2’_1/2(69\5)’” be a boundary operator with respect to the
graph space of L. Given f € L*(Q)™, h € B§’2’_1/2(89\5)m, find a function u € W(Q) and
a sequence (u;);en such that u; € WH2(Q)™ and Ju; = h for i € N and

lim |Ju — wu]|g = 0.
1— 00

Strong solutions, i.e. solutions of BVP 4, are weak solutions, i.e. solutions of BVP 2. Suppose
that v € VVL2 (Q) is a strong solution which is approximated by a sequence (u;);eny whose
elements satisfy the boundary conditions exactly. Then for all w € VVO1 2(R™\S)™ we have

{f,wla + (h,w)oq = (lim Lu, w)q + (lim Ju;, w)se = (Lu, w)a + (Fu, w)eo-

71— 00

In contrast, not every weak solution is a strong solution. Evidently, if a weak solution
satisfies boundary conditions which are not contained in J(W1'2(Q)™) then u cannot be
strong. However the difference between weak and strong solutions is more subtle than this.
For instance, in Example 25 consider a weak solution of a homogeneous boundary value

problem which is not strong.
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In the framework of Friedrichs systems to understand when weak solutions are also strong
is closely related to the question of well-posedness. The reason is that for a large class of
problems it is possible to prove that weak solutions of Friedrichs systems exist and that strong

solutions are unique.

Remark 5 We introduced the adjoint operator of L formally in (1.1). We shall now clarify
how the formal adjoint is connected to the adjoint operator in the sense of unbounded oper-
ators. We denote the adjoint operator in the sense of unbounded operators by L¢ in order
to distinguish it from the formal adjoint. We assume that | = m. The domain D(L°) is the
space of all w € L?(Q)™ for which

3C eR Vv e WAQ) : C ol 2@ym > (Lv,w)aq. (1.46)

If w € D(L®), then by the Hahn-Banach theorem the functional v — (Lv,w)gn can be
extended to a continuous functional on L*(Q)™. The extension is unique since Wz (€2) is
dense in L?(2)™. By the Riesz representation theorem we can assign to every w € D(L°) a

unique element L°w € L?(Q2)™ such that
Vo e WAQ) : (Lo, w)an = (v, Low)aq.
Adapting Theorem 13.8 in (Rudin 1991) to our notation, we obtain that
DL =1"(L)*

= {(w1,ws) € L2(Q)™ x L2(Q)™ : (—Lv,w1)q + (v, w2)q = 0}, (1.47)
where - marks the orthogonal complement in L*(Q)™ x L?*(Q)™. Choosing v € 2(Q)™ in
(1.47) forces wy = L'wy. Then, for v € WA(Q), the integration by parts formula (1.14) implies
that wy € ker Jg/. Since pairs (w,L'w) with w € ker Tz, are members of the complement of

I"(L), the adjoint in the sense of unbounded operators is the restriction of the formal adjoint,
defined by (1.1), to ker Jg:

L0 — L/|ker71;" (1.48)
Applying Theorem 13.13 from (Rudin 1991), we learn that the restriction of O to
D(O) = D(LOL) = {.CL' S WQQ(Q) Le ker‘.TU}

is a one-to-one mapping onto L*(Q)™, where D(O) and D(L°L) are defined by substituting in
(1.46) the operator L with O and L°L, respectively. Moreover it follows from Theorem 13.13
in (Rudin 1991) that O|pe) is a self-adjoint operator. We therefore remark that O is not
to be mistaken for the adjoint of O, despite the fact that Ogs describes the set of minimisers

of the adjoint of L.
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1.10 The Skew-Hermitian Case

Graph spaces of operators with skew-Hermitian coefficients in the first-order component of
the operator share many properties with their Hermitian counterpart discussed in Section 1.8.
We exemplify this close relationship by exhibiting a decomposition of Im €, into eigenspaces
which resembles the decomposition we gave in Section 1.8. We shall not consider the analysis
of the skew-Hermitian case further than that since investigations in this direction are not the

objective of this dissertation.

We assume that L = L£* and that D® = 0. Then, according to Theorem 15,

Llme, =L e, = L e, - (1.49)

Clearly, Ll e, is normal and the graph norms with respect to £ and £’ coincide in Im €.

We derive, for v € Im ¢, the two identities:

¢

v+iv=—-LLv+ilv=L(-0+iv)= i(v+id), (1.50)
v—it=—LLv—iLlv=—L@+iv)=—i(v+iv) '
Theorem 23 The space Im €, is the orthogonal sum of the eigenspaces Eig(L|im ¢, ,7) and

Eig(L|mm e, , —1). In addition the operators

Pi:Im &, — Big(Llme, 1), v — 2 (v +i0),
P Im &g — Eig(Llme, , —1),v — Y2 (v —i0),

are projections onto Eig(L|mm e, i) and Eig(L|m e, , —1), respectively.

Proof. Almost identical to the proof of Theorem 19. /l]/

1.11 Remarks on Duality

We end the chapter with general remarks on the dual space of W(Q), ¢ € (1,00). We allow
m # | and do not impose symmetry conditions on the coefficients of the differential operator.
As before, we assume that () satisfies a strong local Lipschitz condition. In Corollary 3
we already stated that W7 () is reflexive and uniformly convex. Since the graph space is
isometric to a closed subset of L(Q)™ x L?(Q)! it also inherits separability from this space.
We turn our attention to the question of how the dual W;/(Q2)" of W%(Q2) can be represented
explicitly.
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Theorem 24 For every A € W(Q)' there exist elements (w1, w2) € LY (Q)™ x LY(Q)! such
that, for all v € W4(Q),

A(v) = (w1, v)q + (w2, Lu)q. (1.51)

Let V be the set of (w1, ws) € LY(Q)™ x LY(Q)" which fulfill (1.51). Then, there exists a

unique element w € V' such that
[Alway = 1@l Lar@ym < Loy = It {lw]] Lo @ym x ooy = w € V} (1.52)

Proof. The dual of LI(Q)™ x L1(Q)! is LY(Q)™ x LY()". We identify W (Q2) with T'(L)
through J, cf. (1.1). Then the elements of the dual of W (Q) are functionals defined on
the subspace TI'(L) of LI(Q)™ x L(Q)!. By the Hahn-Banach theorem in uniformly con-
vex Banach spaces the norm-preserving extension of a linear functional is uniquely defined,
cf. (Werner 2000, Exercises 1.4.13, 1.4.18 and IIL.6.7). Let A € W ()" and let (w1, w2) €
LY(Q)™ x LY(Q)! represent the norm-preserving extension of A. Clearly, (w;,ws) satisfies
(1.51) and (1.52). All elements in V' are extensions of A from TI'(L) to LI(Q)™ x L9(Q)!, thus

their norms are larger than or equal to [|Al]yyaq)- /1]
Theorem 25 The set V' is equal to the complete affine space w + T"(L'|xer g, )-

Proof. Let w € V. Since for all v € Z(Q2) we have
<U)1 — Tf)l, U>Q + <UJ2 - ’lDQ,L’U)Q — O)

we know that wy —wy € VVL‘I,/(Q) with L' (wg — w9) = w; — wy. Hence for v € WEI(Q) it follows
that

0= (wy — w1,v)q + (wz — Wa, Lv)g = (w2 — Wa, V) g()H

and therefore w € w + I"(L/[xerg;,)- To prove the implication in the other direction, suppose

that w € @ + T"(L|xer,,). Then,
<w1 — w1,1}>g + <w2 — W2, LU>Q = <w1 — wq, U)Q + <£/(w2 — ’lI)Q),’U)Q =0

and thus w € V. The set is closed due to the continuity of the trace operator. /]]/

The proof of Theorem 24 is similar to the corresponding proof for W4 (2)-spaces, cf. (Adams
and Fournier 2003, p. 62). Recall that we already encountered T"(L'|ierq.,) in equation
(1.48) in the Hilbert space setting. The exponents in the next theorem are applied to each

component. We characterise w in more detail.
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Theorem 26 Let ¢’ be a positive even integer. Then w € w + T" (L' |y, ,) fulfills
L(wf™) = af ™! (1.53)

in the sense of distributions if, and only if, W = w.

Proof: We define, for (—L'w,w) € I"(L'|xer 7, ) and (w1, W2) € W+ I (L' [ker 7, ), the functions
Suwp R = Rt |01 — tL'w|| Ty + 02 + twl|Ty -
The L7(Q2)-norm is Fréchet differentiable. Indeed, if ¢’ is an even number, then the derivative

(Dl -] qL'q/(Q))(w) is ¢ w?!, cf. (Werner 2000, p. 114). Therefore ¢}, ;(t) equals, by the chain

rule,
/Qq'(wl —tL'w)? L (L) + ¢ (g + tw)T L w da.
For t = 0 the derivative simplifies to
Boal0) = [ = () + g7 7w, (1.54)

Since @ is the minimiser of the L¥(Q)™ x L¥(Q)!-norm in w + I"(L'ker;, ), necessarily
row(0) = 0 for all w € kerJzs. Hence, choosing w € 2(), it follows from (1.54) that

w,w

the distribution

¢ (~&@@{ ) +af ™)
equals zero and therefore that w fulfills (1.53). Now suppose that @ € w + I'(L'|xerq,,)
satisfies equation (1.53). This implies by (1.54) that ¢/, ;(0) = 0 for w € 2(2). Also, by
(1.54), there is a constant C', depending on w, such that for all w € ker Tz the inequality
$rp.5(0) < Cllw||gr g holds. Hence, by Theorem 9, ¢/, ;(0) = 0 holds for all w which are
elements of the closure ker Tp/. Since the L?(Q)-norm is convex, ¢, 4 attains a minimum

at the origin and therefore @ is the minimiser of the L9(2)™ x L?(Q)"norm in the space
W+ I"(L |ker 7, /1]

Corollary 7 The function w‘{”l is an element of WEI(Q).

For general g € (1,00) one needs to include the sign function into the Fréchet derivative of
v ||U||qu(Q)7 namely
(DIl - [440) () = gsign(w)]w*~".

Observe that @w? ' e LI(Q)™ x L1(Q)! since (¢ — 1)g = ¢. Obviously, each element in
LY(Q)™ x L7(Q)! which fulfills (1.53) is a norm-preserving extension of a functional over

WA(Q). If ¢ = 2, Theorem 26 recovers the Riesz Representation Theorem for Hilbert spaces.



1.11. REMARKS ON DUALITY 62

Example 18 Let ¢’ be a positive even integer. Suppose that L is the mapping VVLQ(O, 1) —
L?(0,1),v — O,v. According to Theorem 26, the functions

F:(0,1) = R2, 2 — (%, (¢/ — 1)/ (@ Vem),
9:(0,1) = R* 2 —(1,0)
represent norm-preserving extensions of linear functionals over W.(Q2). The sum f + g does

not satisfy (1.53) unless ¢ = 2. Hence the set of minimising elements is, in general, not a

vector space and the operator
WA(Q) — LY(Q)™ x LY, A — w (1.55)

Is nonlinear.

Nevertheless, inserting (aw;, awsz), o € R, into equation (1.53) proves that the set of min-
imising elements w is closed under scalar multiplication. Therefore it is a cone. Example 18
discourages us from searching for a generalisation of the Riesz Representation Theorem for

q # 2, considering the distinguished role of w as norm-defining element in equation (1.52).

Instead, we take Theorem 24 as our starting point for investigations in a different direction.
First we illustrate how, by utilising the L?-scalar product instead of the graph space scalar

product as pivot, the dual space can be embedded into the set of distributions.

Select w € W + T"(L'|ier g, ). The representation of the functional A by formula (1.51) shows
that the restriction of A to Z(Q)™ is equal to the distribution

T:2(0)™ — R, v (wy + L'ws,v)q. (1.56)

If two functionals A1, Ay € W(Q2)" have the same restriction to Z(2)™, continuity of A; and
Ao implies that they coincide at least on VVL'{O(Q). Since, by the Hahn-Banach theorem, every
continuous functional on WE{O(Q) can be extended to a continuous functional over W (€2),
we know that every element in WE{O(Q)’ can be identified with a distribution which has a
representation like (1.56). Given, instead, a distribution A of type (1.56), integration by

parts makes apparent that A € VV&O (©). We summarise our findings in the next theorem.

Theorem 27 Let VVL%'(Q) be the image of the mapping
W LAQ)™ X L9Q) — D)™ (wr,w) o {wr + s, Yo
and equip I/VL%’(Q) by the norm
(w1 + L'ws, Yallws ) = min{[| (@1, Do) || o ymx oy = ® € (wi, wa) +T(L)}.

Then W!/(Q) is isometric to the dual of W ;(€).
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Proof: It remains to show that the minimum in the definition of || - HWL%/(Q)-norm is attained
and that the norm is isometric to the operator norm of the dual. The reasoning that the set
of elements in LI(Q)™ x L(Q)!, which are mapped by ¥ to the same functional as (wy,ws),
coincides with (wy,ws) + IV(L') is similar to the proof of Corollary 25. Now the theorem

follows from the existence of a norm-preserving extension of functionals in Wy;(2)’ to the

graph space. /1]



Chapter 2
Friedrichs Systems

Friedrichs systems are boundary value problems which fulfill three requirements: these are a
symmetry and a positivity condition on the differential operator, and an adjointness condition

on the boundary conditions.

We discuss the boundary conditions in two stages. First we introduce semi-admissible condi-
tions, which ensure only existence of solutions in a weakened sense; then we examine under
which circumstances the boundary conditions become admissible, which guarantees that the
just mentioned solutions solve the boundary value problem as described by BVP 1. In prac-
tice boundary conditions are usually imposed by means of matrix functions J : 90 — R™>*"™,
We therefore derive criteria for the abstract definitions of admissibility and semi-admissibility
which are easily applicable to matrix functions J. We also address the delicate question of
well-posedness of Friedrichs systems. Using Moyer’s example we highlight difficulties involved
in the analysis of general admissible boundary conditions. These findings prompt us to focus
on Friedrichs systems which satisfy an additional new constraint. These systems satisfy a
stability estimate which will also play an important role in the next chapter on discontinuous
Galerkin finite element methods for Friedrichs systems. After we have discussed these more
theoretical issues we turn to a number of examples of Friedrichs systems. We illustrate how
first-order hyperbolic systems and second-order hyperbolic, elliptic and parabolic equations
can be transferred to the framework of Friedrichs. We then turn to the Frankl problem which
is a representative for the important class of mixed-type equations. We end the chapter with

a literature review.

For Friedrichs systems we consider the case of ¢ = 2. Only then we are able to exploit
symmetry fully. We make the underlying assumption that all functions in the graph space

are real-valued.

64
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2.1 Definition of Friedrichs Systems

Symmetric Coefficients: Let [ = m. We call the operator
L LQ(Q)m — @,(Q)m, V= ak(BZ'jk Uj) + Cij Uy

Friedrichs symmetric if the coefficients B and C' are real and if B is symmetric in the first
two indices ¢ and j, i.e. if By, = Bj, for all 4,5 € {1,...,m} and k € {1,...,n}. In contrast
with the operators we considered in Section 1.8 we do not require that C;; = —1/ 2 OpByji, but

allow any C' € L*>°(Q,R)™*™. We sometimes rewrite L as
L v Yo Bijr(0kv;) + Y2 Ok(Bijrvs) + Dijuy,
where D;; := Cjj + s Ok Biji- The symmetric component of the assignment
WE(Q) x WE(Q) — R, (v,w) = (Lv,w)g
is the bilinear form
Y2 (Lo, w)g + Y2 (v, Lw)e = (D", w)a + /2 (v,0) ), (2.1)

where D" = 1/5D 4 /5 D" is defined as on page 38. Notice that the symmetric part of
(Lv,w)q does not contain any derivatives. If L is Friedrichs symmetric, then the adjoint L' is
Friedrichs symmetric, too. Obviously, the fact that L is Friedrichs symmetric does not mean
that £ is a symmetric operator. In fact, if D = 0 then the symmetric first-order coefficients

imply that £ is a skew-symmetric operator on the restriction to WZO(Q):

Vo, we Wgo(Q) (Lo, whyg = — (v, Lw)g. (2.2)

Positivity: We call the operator L positive if D" is uniformly positive definite on €, i.e. if

there exists a constant v > 0 such that for all z € Q,v € R" : vH DP o[, > yoH v|,. Since
(Lv,v)q = (D", v)q + Y2 (v, V) B(v)s (2.3)

it is apparent that for v € W2,(Q) the product (Lv,v)q + (Jv,v)aq = (Lv,v)q is positive
if v # 0. Equation (1.25) shows that if a Friedrichs symmetric operator is positive then its
adjoint is positive, too. Positive Friedrichs symmetric operators are called accretive operators

in short.

Semi-Admissible Boundary Conditions: Let S be a closed subset of ) with Hausdorff measure
zero. Semi-admissible boundary conditions are chosen so that (Lv,v)q + (J v, v)aq is positive

definite on the function space T/VO1 2 (R™\S)™. Generally, we say that a boundary value operator

R WAQ) — B2 2(00\8)™, v — Ru
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is positive semi-definite if for all v € W&’Z(R"\S)m the term (Rv,v)gq is non-negative. We

call a boundary operator J semi-admissible whenever
I+ T =12 (2.4)
is positive semi-definite. The definition of semi-admissability is motivated by the bound
(Lw,v) + (Jv,v)00 = (DM, v)g + (Ru,v)a0 > 7 (0,0)q, ve W2 (RMNS)™, (2.5)

which is derived from (2.3), recalling v from the last paragraph. If J is semi-admissible with
respect to T = T then the "-adjoint boundary operator J" : W(}’Q(R”\S)m — W2 (Q) is
semi-admissible with respect to the adjoint trace operator Jg.: For all v € VVL2 (Q), w e
W01’2 (R™\S)™

(v, W) — /2 (B(v) v,whaa = (Fv,w)aq + /2 (B(v) v,w)aq = (Rv,w)aq.
This implies that, for all v € W&’Q(R”\S)m,

(v, L'v)q + (v,d V)aa > v (v,v)q. (2.6)

We label the spaces that contain the functions which satisfy the boundary condition Jv = 0
by the subscript J:

W2g(Q):={v e WZ(Q) : Jv =0}, C{HR™)™ = {v € CFR™)™ : Jv = 0},
In particular, we have
Wy (RMS)™ = {v € Wy (R™\S)™ : Vu € WAQ) : (3 + T) u, v)aq = 0}.
From (2.5), (2.6) and the Cauchy-Schwarz inequality we deduce the stability of the boundary
value problem on these spaces: for v € W0132 (R™\S)™, w € W0132, (R™\S)™:
1Ll r2@m = Wll2@m, 1L Wl L2@m = lwll p2()m- (2.7)

Before we turn our attention to boundary value problems as specified in Section 1.9, we
shall first examine a class of more general solutions. Employing in BVP 3 only elements of
W&’HQ, (R™\\S)™ as test functions, we can use stability on Wolfg?/ (R™\S)™ to derive the following
result:

Theorem 28 Let L : W2 () — L*(Q)™ be an accretive operator and J : W2 () —
BS’Q’_1/2(6Q\S)’” be a semi-admissible boundary operator. Suppose that g € Wz (Q),
f € L*(Q)™. Then there exists a function u € WZ(S2) such that for all v € W&’;,(R”\S)m

(u,L'v)q = (f,v)q + (3 g, v)oq- (2.8)
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Proof. We define f := f + Lg. Consider the problem
find @ € WA(Q) s.t.Vv € Wi, (R™S)™ : (i, L'v)q = (f,v)a. (2.9)

Inequality (2.7) implies that L’ is injective on WO1 ’32, (R™\S)™. Hence we have a unique
correspondence between functions v € T/VO1 ’32, (R™\S)™ and functions w in the image W :=

L’(Wol’gz/ (R™\S)™). Accordingly, we can assign to every w the scalar product <f, v)Q:
AW = Rw e (f, (L) w)e = (f,v)a.
This mapping is linear and bounded; for the latter consider
, . 1.
[(fsval < 1 fllzz@m [vllzz@m < 5 [ £l 2@ym 1wl p2(qym-

By the Hahn-Banach theorem there exists a continuous extension of A to L?(2)™. By the
Riesz representation theorem we can select a function @ € L%(Q)™ such that (i,L'v)q =

(i, wyg = (f,v)q for all v € Wol’gz,(]R”\S)m. From 2(Q)™ C Wol’gz,(]R”\S)m it follows that
L4 = f in the sense of distributions and therefore that @ € WZ2(£2) and that @ solves equation

(2.9). Since
Vv e Wys (RMS)™ : (i — g, L'v)q = (f,v)a — (Lg,v)a + (g,v)5 = (f,v)a + (9,v)5

the function u = @ — g satisfies equation (2.8). /]]/

The proof of Theorem 28 is an adaptation of the corresponding proof in (Friedrichs 1958). A
closely related argument has been utilised by Morawetz (Morawetz 1958) to demonstrate the
existence of a weak solution of the Tricomi equation. The result has been published in the same
issue of ‘Communications on Pure and Applied Mathematics’ in which also (Friedrichs 1958)

appeared.

Clearly the solutions of BVP 3 solve (2.8). But do the solutions of (2.8) satisfy BVP 37 As
far as the differential operator is concerned, the answer is affirmative. By assuming that v

m

in equation (2.8) is a member of Z(Q)™ we deduce that Lu = f. However, regarding the
validity of the boundary conditions, more thought is needed. We deduce from Lu = f and
(2.8), that

(Ju,v)on = (Jg,v)eq with v e Bg:;,’lﬂ(R”\S)m. (2.10)

This in itself does not imply that Ju = Jg. Consider the following example in which the

solution of (2.8) does not satisfy the boundary conditions.
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Example 19 Let Q = (—1,1) and Lv = zv' + v. The solution of the ordinary differential
equation Lu = 0 can be written as

c_exp( [P —Ldr) =<2 forx,z9 <0,

% for x,zg > 0,

allowing a discontinuity at 0. Clearly L is Friedrichs symmetric and positive with v equal to
/5. Since B(v) =1 on the boundary, we can choose the semi-admissible boundary operator
d = 0. Although it might be surprising at first, (2.8) has only one solution, namely u = 0.
All other solutions in (2.11) are inadmissible, because they do not lie in W*(Q) due to a pole

at the origin.

Suppose we had chosen Jv = v instead. Still the only solution of (2.8) is u = 0, independent
of g. Evidently, for J g # 0 this u is not a solution to BVP 3.

Theorem 28 induces an equivalence relation in I/I{g(ﬂ) We say that two functions g, ¢ share
the same equivalence class [g] if for all f € L?(©2)™ both functions result in the same set of
solutions {us} of (2.8), keeping in mind that we have not proven uniqueness of solutions of
(2.8). Equivalently g € [g] if, and only if, (J(g — g),v)an = 0 for all v € Bg:;;l/Q(R”\S)m.
Therefore the definition of the equivalence relation is independent of the choice of f.

2,2,1/2

We use the annihilator of B0 P

(R™\S)™ with respect to (J-,)sq to rephrase the above

statement:

(Bys PRS0 = {w € ImJ : Vv € By3" > (R™\S)™ : (w,v)s0 = 0}

c BX* 2 00\8)™.
Then
[9] = g+ 871 (Byy A (R™\S)™) o,
Clearly [0] = 37" (By 5"/ (R™\S)™) 2.
Admissible Boundary Conditions: If

(B @M\ S)™) s = {0} (2.12)

we call J and J’ strictly adjoint. Notice that J and J’' are strictly adjoint if, and only if,

whenever u € W*(€2) we have that

(Vv e Byg' 2(R™S)™ : (Ju,v)g = 0) = Ju = 0. (2.13)



2.2. MATRIX-VALUED BOUNDARY CONDITIONS 69

If the boundary conditions are strictly adjoint and semi-admissible, we say that they are

admissible.

We subsume how strict adjointness and semi-admissibility are interconnected: The boundary
operator J has the codomain B§’2’71/2(8Q\S)m. In Theorem 28 we test the equality of Ju
and Jg with functions in ng;l/ 2 (R™\S)™. However, since Bg:;,’l/ 2 (R™\S)™ is in the general
case not dense in Bg’2’71/ 2 (0Q\S)™ this method can only distinguish functions on a subspace
V of B§’2"1/2(8Q\5)m. Strict adjointness demands that J maps into V' to ensure that the
boundary conditions are in fact attained. We formulated this condition by saying that the

complement (Bg’g,’l/z(]R”\S)m)ia of V in ImJ is trivial.

Friedrichs Systems: A boundary value problem consisting of an accretive first-order linear
differential operator on 2 C R™ and an admissible boundary condition on 0f) is called a

Friedrichs system.

Theorem 29 A boundary value problem of type BVP 1 which consists of an accretive opera-

tor L, an admissible boundary operator J : W(Q) — B§’2’71/2 (0Q\S)™, boundary conditions

h =Jdg € Im{J and a right-hand side f € L*(2)™ has a solution u in W().
Proof. The existence of u follows from Theorem 28 and (2.13). /]]/

We attend to the question of uniqueness in a later section about well-posedness. First we

transfer the definition of Friedrichs systems to a less abstract setting.

2.2 Matrix-Valued Boundary Conditions

The boundary operators considered in practice can almost exclusively be represented by

matrix functions which are defined on the boundary. By that we mean that there is a mapping
J 09 — R™X™
such that for all v € C§°(R")™
(dv)(x) = J(z)v(x). (2.14)

We say that J is a boundary operator, is semi-admissible, is strictly adjoint or is admissible

if J can be extended to a continuous operator

3: WR(Q) — BX*1200\8)™, v — Jv|sq (2.15)
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which has the respective property. To analyse J we introduce
J = B(v)+ J" and J*:=B(v)+ J. (2.16)

Notice the similarity between (1.44) and (2.16).

Theorem 30 Consider a mapping J € L*(0Q)™*™ such that, almost everywhere on 02,

the matrices
R(x) := J(z) + Y2 B(v)(z) (2.17)

are positive semi-definite. Suppose that J has a continuous extension in the sense of (2.15).

Then J is a semi-admissible boundary operator.

Proof. For all functions v € BS’Q’I/Q(E)Q\S)’” the term
(Rv,v)a0 (2.18)

is non-negative. /1]

If one had to pin down the meaning of strict adjointness for individual matrices J(z) and

B(v,z) for a fixed z € 92, one would probably think of
{0} ={velmJ(z): Vw € ker J'(z) : v-w = 0} (2.19)

in the view of (2.12). Analysing (2.19) is a first step towards understanding the more complex
concept of strict adjointness of boundary operators. In the next theorem we present conditions
which are equivalent to (2.19) and which are in practice often easier to validate. We remark
that the results beginning with Theorem 31 and ending with Corollary 8 are, up to minor

modifications, due to (Friedrichs 1958).

Theorem 31 Consider the matrices J(x) and B(v,z) for an x € 09Q2. Then (2.19) holds if,
and only if,

ImJ*(z)NIm J(z) =0 (2.20)
or, equivalently,

ker J'(z) + ker JH(z) = R™. (2.21)
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Proof: We consider (2.20) first. We use that the kernel of J'(z) is equal to the orthogonal
complement of the image of the adjoint operator. We choose the orthogonal complement with

respect to the canonical scalar product in R™:
ker J'(z) = (Im J' (z)") 1= = (Im J*(z)) =™,

Let v € R™. Then J(z)v-w = 0 for all w € (ImJ*)*®" C R™ if, and only if, J(z)v €
Im J*(z). We now turn to (2.21). It holds if, and only if, (2.20) holds because

ImJ*NImJ = 0< (ker J’)J—Rm N (ker JH)J_Rm —0
< (ker J' + ker JH)LR’" =0 (2.22)
& ker J' + ker J7 = R™,

For completeness we show that
(ker J) 1= 0 (ker JHYLE™ = (ker J' + ker JH) =™,

Let v € (ker J')*®™ N (ker JH)#™ and split w = wy + wo with wy € ker J’ and wo € ker J7.
Then (v, w)gq = (v, w1)en+ (v, w2)aq = 0. Conversely, suppose that v € (ker J’'+ker JH)+=m,
Let wy € ker J' and ws € ker JH. Then (v, w1)gq = 0 and (v, ws)sq = 0. /]]/

It proves to be helpful to express condition (2.19) in terms of projections. We do not have
to require that these projections are orthogonal; that is, we consider all pairs of matrices
P,, P, € R™*™ for which

P,+P =1, P,P,=PFF,=0.

It follows that P, P, = P, and that P, P, = P,.

Theorem 32 Consider a matrix function J € L>®(9Q)™*™. At a point x € 90 condition
(2.19) is fulfilled if, and only if, there is a pair of projections P, Py € R™*™ gsuch that

JH(z) = =B(v,z) P, J'(z) = B(v,z) Py (2.23)
or equivalently such that
J(z) = —(Pm)" By, z), J*(z) = (Py)" B(v, z). (2.24)

Proof. We first show that (2.19) implies (2.23). The identity ker J"(z)+ker J'(z) = R™ holds
if, and only if, there is a pair of projections Pu(z) and Py (z) into ker J'(x) and ker JH(x),
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respectively. By definition of JH and J’ there is a matrix function R € R™ ™ such that
JH(z) = R — Y5 B(v,z) and J'(x) = R" + /5 B(v,2). We then have the relation

RP = (J™(x) + Y2 B(v,2)) Py + (J'(x) — /2 B(v,z)) P
:1/QB(V,.CIZ) Py — 1/2 B(v,z) Pjn.

Consequently, JH(x) = —B(v)(z) P and J'(x) = B(v) Py.. Condition (2.24) is equivalent
to (2.23) by transposition.

Now we assume that (2.24) is satisfied. Let w € Im J*(z)NIm J(x). Thus w € Im P;nNIm Py
which in turn implies that w = 0 and that (2.20) holds. /]]/

The following theorem is a tool we may use to interchange the role of J with the adjoint .J'.
Theorem 33 If R € R™*™ s a positive semi-definite matrix then ker R = ker RH.

Proof. If v € ker R then 2vHRHy = oH R v. Noting that R" is symmetric, we conclude
R'v. - Rhy < Amax (U th) =2 Amax (v- Rv) =0,

where Apax is the largest eigenvalue of R?. Thus RHv = Rv = 0. /]]/

Theorem 34 Consider the matrices J(x) and B(v,x) for an x € 9€). Suppose that (2.17) is
satisfied. Then (2.19) holds if, and only if,

Im J'(z) NIm J™(z) =0 (2.25)
or, equivalently,
ker J*(x) 4+ ker J(x) = R™. (2.26)

Proof. Suppose that (2.19) holds. We choose Py and P as in Theorem 32. Let w =
J'(z) vy = JH(x) vo. We may assume that v; = Py v and vy = Py vy. Then

RP (v —v2) = Yo J'(2)(v1 — v2) + Y2 J(2)N (v — vo) = J'(2) vy — JH (@) va =0

where R = J(x) + /2 B(v,z). According to Theorem 33 it follows that Rv; = Rvs. Further-

more,

B(v,z)(vy +v2) = B(v,z)Pyrvy + B(v,z) Py vy = J'(x) vy — JH(2) vy = 0.
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Hence
R(vr+v2) = (Yo T+ Y2 J*) (01 +v2) = (=(Pp)" + (Pr)"™) B(v,z) (1 + v3) = 0
so that Rv; = —Ruvs = 0. We also have RHv; = —RHuy = 0. Thus
w =15 Jv + Yo Ty =Yg J (01 +v2) + Yo JH (01 + v2) = RM (v + v2) = 0,

which proves (2.25). Condition (2.26) follows by an argument analogous to (2.22).

In (2.20) and (2.25) the roles of J and J" are interchanged. Since J is the "-adjoint of J' we
conclude that (2.25) implies (2.20) if (2.17) is fulfilled. /]]]

Corollary 8 Consider a matrix function J € L*(0Q)"*™. At a point x € 0S) condition
(2.19) is fulfilled if, and only if, there is a pair of projections Py, Pj» € R™*™ such that

J(z) = =B(v,x) Py, J*(z) = B(v,x) Py« (2.27)
or, equivalently, such that
JH(z) = —(P)H" B(v, ), J'(x) = (P By, z). (2.28)

Proof. After an interchange of J and J’ the corollary takes the form of Theorem 32.  ////

Example 20 Consider a boundary matrix B(v) which has at x € 02 the value

B(v,z) = ((1) _?) .

For elements v = (vy,v3) € R? the bilinear form v" B(v, z) v takes the following signs:

WHBW)v>0e0ve V= {(w,wy) € R?: |wi| > |wa|},
WHBW)v=0cv eV = {(w,ws) € R?: |wi| = |wsl|},
WMBWv<0eve Vo= {(w,ws) € R? : |wy| < |wal}.

For the analysis of Friedrichs systems it is often helpful to visualise these regions by means

of a contour plot of v" B(v, z) v:
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Clearly, V.. consists of the left and right quadrant, V_ of the upper and lower quadrant and
Vo of the remaining two diagonals. Using R = B(v) (—P;+ Py+) and R = B(v) (=P + Pr),

we deduce that
Im(Pr)UIm(Pm) CV_UVy and Im(Pr)UIm(Fy) C ViUV

are necessary conditions to satisfy (2.17).

Over the last pages we have worked out a number of criteria to establish condition (2.19).
We will now combine these conditions with regularity assumptions to ensure that the J can

be continuously extended to a strictly adjoint boundary operator.

Our first investigations concern the smoothness of the projections utilised in Theorem 32.
Given a projection P € L (9Q)™*™  we need to ensure that Pv is contained in the space
B§’2’1/2(89\S)m whenever v € Bg’2’1/2(8§2\5’)m. Like in Section 1.9 we let S be a closed
subset of 02 which has Hausdorff measure zero. We assume that for every simply connected

component F of 9Q \ S there exists a C!-diffeomorphism
P:N—->M

such that NNF = F and ®F = {(x1,...,z,) € M : 1 = 0}. Alternatively we could say that
each component F is a C''-manifold with an atlas which only contains one chart. We require
that ® and ®~! are bounded and have bounded derivatives, that is they are of class W1,
Then ®@WH2(N) = WH2(M). Tt follows that ®B>21Y/2(F) = B>%1/2(®F) by restriction to

F'; we refer to Section 1.3 and to the respective theorems in (Jonsson and Wallin 1984).

The projection P is componentwise continuous with Hélder exponent /5 if for all entries P

of P the term

IPyllimomy +sup sup TP =Tt

(2.29)
F (z,y)eF? ”$ - yHl/2
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is finite. Here the first supremum ranges over all components of 92\ S. If a component F' is
unbounded we consider under the second supremum only pairs (z,y) with ||z —y| < 1. If P
satisfies (2.29) we write P € C'1/2(902\ S)™*™.

Suppose that v € Bg’Z’l/Q(OQ\S)m and therefore that v® 'gp € B>2V/2(®F)™. We
can now apply a corollary from (Triebel 1992, p. 205) which states that if P is contained
C'2(9Q \ §)™*™ then the product (Pv) ®~! is an element of B22Y/2(®F)™. Moreover for

fixed P the product depends continuously on v. It follows that P defines an endomorphism
on B2 (90\5)™.

We have now the tools to prove a sufficient condition for the admissibility of a matrix function
in terms of projections. Among other things, we obtain an explicit factorisation of J in the

sense of (1.20).

Theorem 35 Consider a matrix function J € L>(9)™*™ and a pair of projections Py, Py
in CY2(9Q \ §)™*™. Then J is a strictly adjoint boundary operator if, for x € 9Q\ S,

JH(z) = —=B(v,z) Pyu(z), J'(x) = B(v,z) Py(x) (2.30)
or, equivalently,
J(@) = ~(Pp)" (@) B(w, ), J(@) = (P @) Br,a).  (231)

Proof. Clearly, (2.31) follows from transposition of (2.30) and therefore (2.30) and (2.31) are
equivalent. We need to check that J can be continuously extended in the sense of (2.15). Let
u be an element of W () which is the limit of a sequence (u;);en consisting of C§°(R™)™-
functions. Then for every test function v € Bg’z’l/ 2(8Q\S)m we have the bound
(Ju,vho0 = lim (~(Pp)" B(v) ui,v)on = lim (B()ui, ()" v)ag
H
< H‘IH33(%2(9),B2’27—1/2(8Q)m) ”(PJH) H,%(BS’Q’UQ(@Q\S)’") HUHL HU”B§72’1/2(BQ\S)W'
Therefore J is a boundary operator. It follows from the respective definitions of J*, J" and

JH that these mappings are also boundary operators.

We now investigate the strict adjointness of J. We split the test function v into two com-
ponents: v = v; + v, where v; = (Pyu)v and va = (Py)v. We record that v; € kerJ'.

Therefore

(Ju,v)oq = (Ju,v1)a0 — Zlirglo (P B(v) ug, (Py)v)aq = (Ju, v1)aq.

Thus if (Ju,v)gq = 0 for all v € B§v§;1/2(Rn\S)m then (Ju,v)pq = 0 for all functions

v E B§’2’1/2(89\S)m. This implies that J is strictly adjoint. /]]/
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The results we have obtained so far in this section provide us with a recipe to check if a
matrix function is an admissible boundary operator. The first step is to ensure that (2.17)
holds almost everywhere on 0€). After that one verifies that (2.21) or (2.25) are satisfied
for all # € 9Q\ S. Once the kernels or images of J’ and J" are known one constructs the
associated projections Py and Pju. Finally one checks whether Py and Pju are members of
CY2(0Q )\ §)m<m,

Applying the argument of Theorem 35 to the projections P; and Py« proves that if P; and
Py« are of class C1/2 and if (2.17) is satisfied then J’ is a strictly adjoint boundary operator
with respect to the adjoint boundary value problem. It also follows that J is a boundary

operator.

In the statement of the next theorem (2.32) is motivated by (2.26).

Theorem 36 Suppose the matrix function J € L*°(9Q)™*™ is extendable to a boundary
operator. Then J is admissible if for each v € BS’Q’UQ(@Q\S)’" there is a splitting

v =v] + Uy (2.32)

where vy € Bg’iﬁ/z(R”\S)m and vy € Bg’?]’,l/Q(]R”\S)m.
Proof. We split v € B§’2’1/2(8Q\S)m according to (2.32). Let u be the W2 (£2)-limit of the
sequence (u;)ien of C3°(R™)™-functions. Then

(Ju,v)gn = lim (Ju;,v)pq = lim (u;, JH v)gn = lim (u;, JH v2)aa = (J u, v2)aq.

1— 00 71— 00 1— 00

Thus J is strictly adjoint. /1]

We learned in Section 1.8 that in general the kernel of a boundary operator has lower regularity
than the boundary operator itself. If JH and J’ are analytic then, according to Theorem 60 in
the Appendix, the projection onto the kernel is analytic with the exception of a set of measure
zero. We can assume that this set of exceptional points is a subset of S. However, it remains
unclear to us if poles in the vicinity of S can prevent 33,2,1/ 2(89\5 )™ to have a splitting into

B§ ;{1/ 2(}R"\S )™ and Bg’?]’,l/ 2 (R™\S)™. We illustrate the problem with the following example.

Example 21 Let [ = (—1,1). We might think of I as being a section of the boundary of a

smooth domain. On I we define the matrix function
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and the pair of projections

1 -1 x 1 2 —zx
Pr@) = 55 <—x gﬂ)’ Pr@ =@ (m —1)'

The matrix function J = —B(v) Py fulfills (2.17) and (2.19); we omit the details of the

calculation. The kernel of J' is spanned by the function z — (1/x,1)H. Thus 33,3}1/2 (RM\S)™

is equal to {0} and Theorem 36 is not applicable. However, we find that P = P; and

Py« = Py. Consequently, the matrix function J defines an admissible boundary operator.

After we have discussed criteria to establish admissibility of boundary operators we should
also assure that admissible boundary operators are actually available for a large class of
equations. The next example ensures that admissible boundary operators generally exist, at

least if B(v) is sufficiently smooth.

Example 22 Let J = —B_(v). Since —B_(v)+1/2 B(v) = !/5|B|(v) the boundary operator
is semi-admissible. Since J = —P_B(v) and J' = By(v) = PyB(v) = (I — P_)B(v) the
boundary conditions also satisfy (2.19). Therefore J and J' are admissible if P_ is contained
in CY/2(00\ S)mxm™.

In particular for scalar problems only P, and P_ define admissible boundary conditions.

Theorem 37 is an adaptation of Lemma 4 in (LeSaint 1995).

Theorem 37 Consider a matrix function J for which (2.17) and (2.19) hold. If at x € 05}

the matrix B(v,x) is either positive or negative semi-definite then J(x) is equal to
—P_(x)B(v,x) =0 or — P_(x)B(v,x)=—-B(v,z),

respectively.

Proof. We consider the positive semi-definite case first. Let v € ker J'(x). Then
0<Y9Bv,2)v-v=—(J(x) =2 Bv,z))v-v <0.

Thus B(v,z)v = 0 and J(z)v — /9 B(v,2)v = 0. We conclude that v € ker J(z). Conse-
quently,

ker J(x) = ker J(z) + ker J'(x) = R™,

and thus J(z) = 0. We deduce the negative semi-definite case by a duality argument. Because

‘](m) = 0 we have PJ|(kerJ)J- = 0. Therefore Py~ ($)|(kerJ)J- = I|(kerJ)J- and J/(.T) = B(Vam)‘
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The result follows because —B(v, z) is the boundary matrix associated to the graph space of

L. /1]

Finally, we point to the definition of maximal boundary conditions by Lax, which are closely
related to admissible boundary conditions. A boundary matrix J is called maximal at x
with respect to the relation B(v,z)v - v > 0 if there exists no subspace U of R™ which
contains ker J(z) properly and such that B(v,xz)v-v > 0 for all v € U. From the definition
of maximality one can infer that if (2.17) holds then

dimker J = m — rank B_(v). (2.33)

Under the assumption that (2.17) holds, all maximal boundary conditions satisfy (2.19) and
all boundary conditions which satisfy (2.19) can be transformed into maximal boundary
conditions by adjusting J|ier gy so that J fulfills (2.33). For the rather technical proof we
refer to the original sources (Lax and Phillips 1960) and (Friedrichs 1958, pp. 355-357).

2.3 The Codomain L3, (99)

In the last chapter we identified settings in which the trace space is contained in LQB’10 .(09). In
this situation the regularity requirements on the boundary conditions of Friedrichs systems can
be relaxed. To allow a more succinct presentation we consider in this section only boundary

conditions which are defined by matrix functions.

Suppose that W2 (9) C LQBJOC(aQ) and that the set S := 00\ M is a null set in the
Hausdorff measure on 0f). Here M is defined as on page 44. We are interested in matrix

functions J : 92 — R™>*™ ywhich have a continuous extension
3 W2(Q) = L 10.(09),v — J vsq. (2.34)

If Pju € L*°(99)™*™ then the matrix function J = —(Pu)HB(v) € L>®(92)™*™ is extend-
able in the sense of (2.34).

Theorem 38 Let L : W2(Q) — L?(Q)™ be accretive and let J € L>®(9Q)™ ™ be a matrix
function which has a continuous extension J in the form of (2.34) and which satisfies (2.17)
and (2.19). Suppose that ngg;l/Q(R”\S)m is dense in LZBJOCJ,(@Q). Then for all g € W2(Q)
and f € L*(Q)™ there exists a function u € WA(Q) such that Lu = f and Ju = Jg.

Proof. Analogously to the proof of Theorem 28 we show that there is a function u € W(Q2)
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such that for all v € Wol’gz, (R™\S)™ with supp(v|gq) € M

<U>LIU>Q = <f,’U>Q + <Hgv U)E?Q-

By density, (Ju — dg,v)aq = 0 for all v € LQBJOC’H,(aQ) with supp(v|sn) € M. Hence Ju = Jg
by (2.19). /111

The relevance of Theorem 38 is that it covers Friedrichs systems with rough boundary con-

ditions.

Example 23 We denote the Heaviside function with H and use y; = max(y,0) and y_ =
min(y, 0). We let Q = {(x,y) € R? : 2 > 0} and

1 0 0 0 s 0
Lv=0,10 vy O0f|v+0y]|ys 0 y_ |v+w.
0 —1 0 y_ 0

Then, according to Theorems 32 and 38, the boundary operator J := —(P )7 B(v) with

1 0 0
Pm(y)=10 H(y) 0
0 0 0

is admissible.

Example 24 Consider an operator L on Q = {(z,y) € R? : & > 0} which has the boundary

matrix
-1 0 0
1
B(v) = 0 e v sin% 01,
0 0 1

assuming that W2(99) is a subset of LQBJOC(BQ). We impose the boundary conditions

1 0 0
1 N
J(@,y) = [ (—e ¥ Sin%)_ (—e v* sin%)+ (—e 2 sin%)+

0 0 0

To show the existence of solutions of the associated boundary value problem, we merely need
to verify (2.17) and (2.21) or (2.25) and argue that the associated projections are bounded.
The fact that J rapidly changes the components on which it imposes the boundary conditions

does not lead to any difficulties in this setting.



2.4. WELL-POSEDNESS 80

Certainly one can cover far more complicated examples in the framework of Theorem 38.
For instance, one could include discontinuities like the ones seen in the boundary conditions
of Example 23 with the rapid type changes present in the boundary operator J of Example
24. But provided that VVT (00) C L% 106((9(2), we find that however complex the boundary
conditions we consider are, the hardest step of their analysis in the framework of Friedrichs

is determining the algebraic properties of J and B(v).

2.4 Well-Posedness

Having established the existence of solutions to Friedrichs systems, we turn our attention to
the other ingredients of the concept of well-posedness of a boundary value problem, namely
to uniqueness and to the continuous dependence of the solution on the data f and g. The

simplest case is when WZ(99) is homeomorphic to L%(99).

Theorem 39 Consider an accretive operator L and a matrix function J = —(Pmu)"B(v),
Py € L35 (0Q)™*™  which satisfies (2.17). Suppose that W#(92) is homeomorphic to L%(92).
Then, the boundary value problem Lu = f, Ju = Jg is well-posed for f € L*(Q)™ and
g € L%(09).

Proof. A solution u which exists according to Theorem 28. Uniqueness and continuous

dependence on the data follows from

(Ju, u)aq = (|B|(v) (P — P—)PJQ,’LO
<1/(28)|[(Py — P-) Py gl + C B/2llul2
<1/@B)(Ps = P-) Prll iz, (00,2, 0 1915 + C B/2(I[ull Z2qym + 11 Z20m)

and (2.5), where 8> 0, C' > 0. /1]

If W2 (09) is not homeomorphic to L%(9€) we can still prove the uniqueness of strong

solutions.

Theorem 40 Consider an accretive operator L : W2 (Q) — L*(Q)™ and an admissible
boundary operator J : W2 (Q) — Bg’z’_lﬂ(@Q\S)m. Then there is at most one strong
solution u of the Friedrichs system Lu = f, Ju = Jg where f € L*(Q)™ and g € WA(Q).

Proof. Suppose that u and @ in W*({2) are strong solutions of the boundary value problem.

Then u — @ is a strong solution of the homogeneous boundary value problem. Let (u;)ien
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be a sequence of W12(Q)™-functions converging to u — . Then all u; are contained in
Wolg(R”\S)m We deduce now from (2.7) and continuity that u = . /]]/

However even under relatively strong assumptions we cannot assume that the solutions of
a given boundary value problem are strong. Consider, for instance, the following example
which is an adaptation to Friedrichs systems of a problem discussed in (Moyer 1968). It

is constructed from a differential operator with constant coefficients and boundary matrices
B(v) of full rank.

Example 25 We abbreviate the Cauchy-Riemann operator by

LCRU = 7896 By Ui .
8y 896 ()

We choose L = Lcr + I and Q = (0,1)2. The boundary matrix B(v) is then

-1 0 0 1
+ and &+
01 1 0

on the boundary segments x =1, x =0, y = 1 and y = 0, respectively. Correspondingly, we
define

J(.y) = (; ;) J(xy) = ((1) f) J(y) = (3 ‘3) J(xy) = (3 (1))

onx=1,2=0,y=1andy=0. Comparison with (2.17), (2.20) and (2.31) shows that J
is extendable to an admissible boundary operator J : W2(Q) — 35’2’_1/2(89\5)7” where S

contains the four corners of the domain. Using the polar coordinates (¢,r), we set

v(p,7) = 1"?(cos ¢/2, — sin ¢/2).

Since the components of v are the real and imaginary parts of the holomorphic function z~%/2,

it follows that Lorv = 0 and that Lv = v. We note that v belongs to W2 (S2) and that v
satisfies the homogeneous boundary conditions on the bottom and on the left face of ). We
select a radially symmetric function 1p € C*°(R"™) with supp(v) € B;(0) such that 1) is equal
to 1 in a neighbourhood of the origin. Then u = v satisfies the homogeneous boundary
conditions in BS’Q’_l/Q((’?Q\S)m. Moreover, u € W2({2) since

Lu= @'(r) + ¥ (r))v.

Yet, due to the pole at the origin, u is not contained in WEB(Q) and thus the above proof of

the uniqueness of solutions does not apply.
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Moyer highlights the closely related fact that the integration by parts formula (1.14) is not
valid for uw in the classical sense. Indeed for bounded smooth functions w which satisfy
the homogeneous boundary conditions, the Cauchy-Riemann operator Lcg is formally self-

adjoint. Thus for them we have

/LCRw-de:O.
Q

In contrast, for u we find that

/QLCRU cudV = — /01 /OW/Q =) (r) (rd¢) dr = 7 /4.

By continuity, this implies that there cannot be a sequence of C*(R?)2-functions which fulfill
the boundary conditions exactly and converge to u. In other words, while u is a weak solution

of the boundary value problem it is not strong in the sense of Section 1.9.

The failure of the integration by parts formula in this example sheds new light on Remark 3.
There we introduced the bilinear form (-, -) g, to formally extend integration by parts to the

entire graph space. We now see a setting in which the boundary integral
/ (% Bijk VE Wy dsS
o0

is meaningful and differs from (-, -) g(,).-

With Moyer’s example we acquainted ourselves with a solution which on the one hand satisfies
homogeneous boundary conditions and on the other hand possesses a pole which prevents it
from being contained in VVL2 5(€2). For completeness, we mention the subsequent publication
(Sarason 1984) in which the example of Moyer has been expanded and embedded into a class
of boundary value problems for which the solutions are or are not contained in Wg 5 ()

depending on the choice of certain parameters.

Moyer’s construction is different from Example 16 we have seen in the last chapter. Also
there the solutions of the boundary value problem could exhibit a singularities. However these
singularities are always accompanied by singularities in the boundary conditions. Owing to
this interrelation, in Example 16 singularities in the solution can be avoided by appropriately
selecting the space from which h = Jg is chosen. Because of (2.7), controlling singularities
is an important step towards establishing the uniqueness of solutions to the boundary value

problem.

Suppose that J imposes inflow boundary conditions, i.e. J = —B_(v). Then we have the
relation
B(v) =|B|(v) (P; — P-) =2R(P; — P.) = (R+ R") (P, — P.)
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where R is the matrix J + !/5 B(v) we defined in (2.17). In the next theorem we consider a

generalisation of this setting, namely Friedrichs systems for which there is a factorisation
B(v) =R'T (2.35)

where T is a matrix function in L% (99Q)™ ™ and R" = R + RH. Taking the transpose of
(2.35) shows that ker R" is a subset of ker B(v). From

H
R"= (=(Bp)" + (P)") B(v) + (B(v) (—Fr + Pr)) (2.36)
— (=Pp + Py — P+ P B(v) (2.37)
and Theorem 33 it follows that ker R = ker R" = ker B(v). We abbreviate T := — P +

P; — P; + Pj«. Since B and R" are hermitian, we have R" = BT. Hence R" = RMTT
and B(v) = B(v) TT. Therefore by possibly modifying T' on the restriction to ker R we can

assume that 7' is invertible and that 7-! belongs to L3 (9Q)™ ™ as well.

Now let us consider two boundary operators J,J for which there are matrix functions T, 7T
such that (2.35) is satisfied. Denoting R = J + /5 B(v) we have R" = TH (R + R")T~! and

/ Rhw. vdS:/ R'Tlv.TwdS (2.38)
8int”/‘3 8int”/‘3
1T 13 0 aymxm + 1T 1 oo (og2ymocm .
< 7 (09) L (09) By . vds.
2 aint"‘Q

We consider the space W of all measurable functions v on 9€) for which the norm

lollg == V0,008 (v, w)g = /8 Rwds,

is finite. If J = —B_(v) then L%(99) is equal to this space. The bound (2.38) shows that for
all J which satisfy (2.35) the spaces W and L%(0€2) coincide and that the norms || - ||g and

| - || 5 are equivalent on L%(992).

Theorem 41 Let §2 be a domain which satisfies a strong local Lipschitz condition and let L be
an accretive operator on this domain. Given the pair of projections Py, Pj- € L (0)™*™,
we define the matrix function J = —B(v) P;. We assume that there is a second pair of
projections P, Py € L$5(09Q)™*™ such that J' = B(v) Py. We also adopt the hypothesis

that the matrices
R(z) := J(z) + /2 B(v,z), x € 09,

are positive semi-definite. Suppose that there is a matrix function T" € L¥(9Q)™*™ such
that B(v) = R"T on 9. Then for each f € L*(Q)™ and g € L%(0S2) there exists a unique
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function u € I/VLQ’B(Q) which solves Lu = f and Ju = Jg. Moreover, we have the stability

estimate

lullo <A~ flle + 1T Prgle <y~ Ifla+Cllgls, € >0

Proof. We note that
J=—-B()P;=R"(-TP) and J = B(v)Pp=R"(TPp).
Hence, for all v € Cg°(R™)™,

(D", v)q + (v,0) g = (L'v,0)q + (J'v,v)a0
<1/(29) |1£0]1& + /2 |[vlI& + /2 (T By v, T By v)r + /2 (v, 0) 5.

We conclude that
(D", v)q + (v,0)r <7~ |L ]G + 1T By ol (2.39)
Consequently, the mapping
®: OF°(R™)™ — L*(Q)™ x L%(09),v — (L'v, T Ppv)
is injective. Clearly, there is a positive constant C' = C(f, g) such that
(f,0)a + (Jg, v)aa = (fv)a + (T Py g,v)g < C (D", v)q + (v,0)g)/2.  (2.40)
We equip W := Im ® with the norm
(L0, T By o) = (|&0]|§ + |1 T By ol3) /2.
Combining (2.39) and (2.40) shows that the assignment
U:W - R, w= (L'v,TPpov)— (f,v)q+ (Jg,v)aq

is continuous. By the Hahn-Banach theorem and the Riesz representation theorem there is a
pair (u1,ug) in L2(Q)™ x L% (09) such that, for all (L'v, T Pyv) € W,

(ur, L'v)q + (u2, T Py v)r = (f,v)a + (Jg,v)o0.
Testing with v € 2(Q)™ shows that Luy = f. Thus u; € W(2). Moreover,

<UQ,TPJ/ 'I}>R — <B(l/) ul,’l)>3Q = <’U,2, J’1}>ag — <B(I/) ul,v>ag = <Jg,v)3g. (2.41)
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Thus B(v)u; = J*us — Jg in B>>71/2(9Q)™. However, since J*us — Jg is an element of
L%(092), also B(v) uy € L%(952). Therefore uy is contained in I/VLQB(Q) by Theorem 21. Hence

the linear functional
L3(09) = R, v = (—(Pm)™ B(v) u1,v)aq = (J u1,v)a0

is meaningful and continuous. In consequence, we can rearrange (2.41) to J(u; — g) =

J*(u1 — ug). Recalling (2.20), we deduce that Ju; = Jg.

Now suppose there is a second function @ € W(Q) for which Ju is contained in L%(0€2) and
which satisfies L& = f and Ju = Jg. Then L(u; — @) = 0 and J(u; —u) = 0. It follows from
(2.7) that @ = u;.

With Ju; also Ruy; = Juy + J*uy is meaningful. Thus we find
(DMur,ur)q + (ur,ua)r <y Ludlld + 1T Bl =+ IFIR + T Brgllz  (2.42)

similarly to (2.39). /1]

Observe that the hypotheses of Theorem 41 do not require that the boundary matrix B(v)
and boundary conditions are continuous as matrix functions. Nevertheless, the fact that J

has a continuous extension to a boundary operator follows automatically.

Example 26 Recall the setting of Example 25. Let us concentrate on the boundary segment

xz = 0. Here we have

() (5 w5 ) ()

The eigenvalues of R" are 0 and 2. Consequently ker R* # ker B(v) and the last theorem is

not applicable. In Example 20 we learned that the images of the projections

00 10 01 1 -1
PJ = 5 PJ* = 5 PJH == 5 _PJ/ == .
-11 10 01 0 O

have to be contained in V_ U Vy and V. UV}, respectively. In this example if the image of
one of the projections is contained in Vy then condition (2.35) cannot be satisfied. Let P be
one of the projections and suppose that Im P C Vi and v € Im P. From (2.36) it follows that
RMv-v=+B(v)v-v=0. However, then Im P is a subset of the kernel of R. Therefore the
rank of R is at most m — dimIm P # rank B(v). Clearly, the projections Py« and P are

contained in V.
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We bring the section to a close with an example of a Friedrichs system which is not covered
by Theorem 41 but for which the uniqueness of solutions follows easily from the method of
characteristics. Yet, for the system the solutions do not depend continuously on the boundary
data with respect to the L%(02)- and L?(£2)™-norms.

Example 27 We choose the same domain () as in Example 16. We consider the differential

operator Lv = (—04v1 + v1, Opva + vo)H. Then the assignment

. Yo Y
J: 00 — R?*2 (2, y) — sign(x
(2, y) g()<_1/2 _1/2>

defines an admissible boundary operator. We assume that f = 0. The solutions of the

boundary value problem are of the form

(c1(y)e”,ca(y)e™).

The graph norm of these solutions is

1 1/2
(] @ +dupsinnman) . (243

For the boundary data g = (g1, g2)" the coefficients c¢; and co are given by
a)) _ 1 e e\ [91(=y) +g2(~y)
ay)) e\ eV )\ gily) + g2(y)

91(=y) +g2(~y) =0 and that gi1(y) + g2(y) = 1. (2.44)

Suppose that

We plot the function

y — y(ci(y) + ¢3(y)) sinh(y)

for this boundary data, i.e. we plot the product of the integrand of (2.43) with y.
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The plot illustrates that with the boundary data (2.44) the integrand is asymptotic to the
function y — 1/y. Hence for this data there is no solution of the Friedrichs system. We also

consider the family of boundary functions

‘ (o, DMz > 1/, ,
gi(w,y) = {(O,O)H e <1/ i€ N.

Wahile for these functions g; solutions u; of the Friedrichs system exist, the sequence of ratios
between ||g;||p and the graph norm of the respective solution u; diverges as i — 0o. Also the
boundary value problem is ill-posed with respect to the L*(0Q)%-norm because this norm is

equivalent to || - ||p in this example.

2.5 Examples of Friedrichs Systems

In this section we give an overview of a wide range of boundary value problems which can be
analysed in the framework of Friedrichs systems. In this sense the section can also serve us

as a reference. Of particular interest is Example 32 concerning the Frankl equation.

Example 28 (First-Order Hyperbolic Systems) Of the different kinds of equations
which we examine in this section, symmetric first-order hyperbolic systems can be trans-

formed into Friedrichs systems most directly. Consider the Friedrichs symmetric operator
L:v— 8k(Bijk’Uj) + Cij vj.

We call £ uniformly hyperbolic on the domain € if there is a vector @ € R™ such that
Biji () oy is positive definite for all z € Q. Given 3 € R, the differential operator satisfies
the identity

L(e9% %) = O (Byjr, uj) + Bijk uj Ope’™® + Cijue’™® = (L + 3 B(a))u. (2.45)

We used B(w);; = Biji ap. The parameter § can be chosen sufficiently large to ensure
that £ := L + B ayByji, is accretive. Thus, under the transformation u = e BTy the
boundary value problem Lv = f, Ju = Jg is equivalent to the Friedrichs system Ly = e Paw fs
Ju = Je P> g provided J is admissible with respect to L. Notice that transformation (2.45)
does not modify the principal part of the differential operator and therefore W(€2) and I/VLQ(Q)

share the same set of associated admissible boundary operators.

Suppose that the differential operator under consideration is not uniformly hyperbolic but

that there exists a vector field a :  — R" such that Bjji(x) o () is positive definite for all
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x € Q. In the language of fluid dynamics, if o does not have circular streamlines, vortices
or similar features then there might be a coordinate transformation which turns L into a

uniformly hyperbolic operator.

a direction of hyperbolicity

We need to make the statement mathematically more precise. Suppose there a diffeomorphism
® of class W1 from Q to a domain Q such that the vector field 0®/d(z1, ..., x,) o consists
of vectors which are parallel to each other; here 0®/9(z1,...,z,) is the Jacobian of ®. Then
the change of coordinates ® turns L into a uniformly hyperbolic operator £ which has, up
to the change of coordinates, the same solutions as the original system. We use here that
if Biji(x)ax(z) is positive definite then also [(x) Bjji(x) ax(z) is positive definite for all
B(x) > 0. Thus, by rescaling, we can always alter 0®/0(x1, ..., z,) « into a constant vector

field which points into a direction of uniform hyperbolicity of L.

Example 29 (Second-Order Hyperbolic Equations) An attractive feature of Friedrichs
systems is their close connection to second-order hyperbolic equations. Again, a uniform
direction of hyperbolicity plays an important role in the reduction of the boundary value

problem to a Friedrichs system. Consider the second-order differential operator
L:v— 0O (Ajk 8j7)) + aj(ij) +Cwv (2.46)

for which we assume that A € W2>(Q)"*" B € WH>(Q)" and C € L®(Q). We also
require that A is symmetric. The operator L is uniformly hyperbolic if there is an @ € R"
such that for all z € Q the scalar oy, Aji(x) o is negative and A(z) is positive definite in
the orthogonal complement of o in R™. Often the direction of uniform hyperbolicity has the
physical interpretation of time. Analogously to the previous example, some operators are

only uniformly hyperbolic after a coordinate transformation.

By an orthogonal change of coordinates we may assume that o = (1,0,...,0)", that Ay is

negative and that A = 0 for k € {2,...,n}. Then we rename vy := v and u; := ;v for
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i =1,...,n. Hence we have the relationship
n
ZAjk (alul_alul) :Oa .] € {2,,7’L}
=2

We pass to a symmetric hyperbolic operator of first order v +— 8k(Bk v) + Cv with the

coefficients
1 0 0O --- 0 0 0 o --- 0
0—-A11 0 -~ 0 0 0 —Ag-- —Ank
B'=|0 0 Ay - Ag |, BF =10 -Ay 0 -+ 0 |, ke{2,...,n},
0 0 Ap--- A 0—-4, 0 -~ 0
and
0 -1 0 0
-C—-0;Bi —By —By --- —B,

C’ = 0 5']'142]‘ —811422 _61A2n ) (2-47)

0 8]-Anj —81An2 to _81Ann
where the summation index ¢ ranges from 1 to n and the index j from 2 to n. The right-hand

side is defined as

f=(0,-f0,...,00"
Observe that By is positive definite. Thus the system is of the type considered in the last

example and it can be therefore transformed into a Friedrichs system by means of (2.45).

We now turn to the boundary conditions. Let us assume that 2 = [0, 7] xQp, where 7" > 0 and
Qo € R"!, that the direction of uniform hyperbolicity is (1,0,...,0)" and that A;; = —1.
Suppose that we wish to impose initial conditions on {0} x €y. By this we mean that we
prescribe the value of v = go and djv = g1 on this surface. Because B(v,z) = —B(x)
is negative definite we have to choose J(z) = —B(v, ) in order to satisfy admissibility at
x € {0} x Qy. We implement the initial conditions by setting

H

J(ug, u, - . un)™ = J(g0, 91,290, - - -, Ongo)™.

On [0,7] x {0} one can choose from a greater variety of boundary conditions. We shall
investigate them by means of an example. Let ©Qy = (0,1) corresponding to n = 2 and let

Lv = —uy + Uz = 0. Then, for z = 0 we find that
0O 0 0
Bwv)=10 o0 -1]. (2.48)
0 -1 0
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We remark that due to the structure of B(v) we cannot directly impose the Dirichlet condition

ug = go- Let us parameterise the set of admissible matrices by a, b, ¢, d € R:

0 0 0
J=10 a b+1/2
0 C—i—l/z d

We consider three types of matrices which satisfy (2.17) and (2.19):

a0 e | 4
Typel | >0 1 s 0
Type2 | 0 s 1, >0

Type3 | >0 | o] <2 | =b | (Y4 —1%)/a

Type 1 conditions fix the value of u; = 01v on the left side of the boundary. Thus with Type
1 conditions, in combination with the initial condition v(0,0) = go(0,0), we can determine
the values of v on the segment x = 0 and impose in this manner Dirichlet conditions. For
instance, with Jryper(z1,0) = 0 together with v(0,0) = 0 we can model a reflecting boundary.
Type 2 boundary operators correspond to Neumann conditions since they fix the value of d,v.

Finally one uses matrices of Type 3 to implement Robin conditions.

Example 30 (Elliptic Equations) We study the elliptic equation
Lv =0y (Ajk ij) + 8j(Bj'U) +Cv=f (2.49)

for which we assume that A € W2 (Q)"*" B € Wh*(Q)" and C € L>(Q) as well as that
A is symmetric and positive definite on Q. Suppose there exists a function (p1,...,pn) €
C'(R™)" such that 9x(Aj p;) is positive on Q. As for second-order hyperbolic problems, we

let up = v and u; = d;v. Thus the new variables satisfy the relationship
A(u,... ,un)H = A (Do, ..., 8nu0)H.

We wish to transform (2.49) into a first-order system of the form

ZZ@k(Bz]ku])+ZCl]u]:fl, 1€ {0,,’0}
=0

=0 k=1

‘We choose

BF = _ |, ke, n),

—Apk 0o ... 0
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and
—(C+ 32 Bj) + k(6 Ajkpj) —Bi+6Ajp; ... —Bu+3Ajp,
o aszllk A.n A'ln |
O Ak Any A

where 0 is a positive real number, where the summation indices range from 1 to n and where
BF are submatrices of B which consist of the entries Bijj, with a fixed index k. The right-hand

side is defined as

f: (—f,O,...,O)H.
The matrix D", introduced on page 65, equals
—(C+32;Bj) + Y2 0k(6Ajup;) —'/2Br+ /2045 .. ='/2Bn+ /20 Ap;
—Ya By +1/20 Aj1 pj Aqy Ay
_1/2 Bn+l/2 (5Ajnpj Anl Ann

A symmetric matrix is positive definite if, and only if, all its principal minors are positive.
Because of the positive definiteness of A it is sufficient to show that the determinant of D" is
positive. Let us first consider the case B = 0 and C' = 0. Then, positive definiteness can be

guaranteed by choosing § sufficiently small. If B and C' do not vanish, we use the identity
L(eP% u) = e (Lu+ Baj O (Ajru) + (6% aj Ajk g + B Bj ) u) (2.50)

for § € R and a € R™. By selecting § large and ¢ small enough we ensure the positive
definiteness of D*. For some operators such as u — —Au + u one obtains already for § = 0
and 3 = 0 the positive definiteness of D". For them neither the functions (p1,...,p,) nor the

change of variables (2.50) are needed.

Having transformed the differential operator we turn our attention to the boundary conditions.

Clearly,
—0 Ajpvpp; —Apive ... —Apalg
B = —A.lkyk. O e 0
— ALV 0 .. 0

We assign to each x where a Dirichlet boundary condition is to be implemented two positive

numbers ¢+, g— such that

—0 Ajkvkpj = q+ — q— .
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Then we choose

q— 0 ... 0 1/2 qu—I—l/g q— _1/2Ak11/k: R _1/2Akzn7/k
Alka 0 ... 0 1/2 Alka 0 NP 0
= . . | B= . .
Ay 0 ... 0 Yo Aprvi 0 0

Clearly, R = J + /5 B(v) is positive semi-definite and thus J is semi-admissible. The image
of J* is the span of (1,0,...,0)". Since the columns of A are linearly independent, we know
that for no v the image J contains (1,0, ..., 0)H. Therefore J is pointwise admissible in the
sense of (2.17) and (2.19).

In order to impose oblique Neumann boundary conditions at z € 0f) one needs to select
(p1,...,pn) so that —0 Aj, vy p; is positive at x, e.g. by choosing p; = —v;. Then, the

boundary operator

0 Alek A].ka
0 0 0
0 0 0

is admissible. Since, for instance, solutions of the Laplace equation subject to a Neumann
boundary condition are not unique, we can, in general, not assume that the positivity of
—0 Aji v p; can be fulfilled everywhere on 9€). For the details of the implementation of
Robin boundary conditions we refer to (Friedrichs 1958, p. 359).

Example 31 (Parabolic Equations) We turn to parabolic operators of the form
L:ve 0O (Ajk 8j1)) + 8j(ij) +Cuo (2.51)

where A € W2>(Q)™" B € WL (Q)", C € L>*(Q). In addition, we assume that A is
symmetric, that A;, = 0 if j = 1 and that the submatrix (A;x)2<jr<n is positive definite.

We also demand that Bj is negative on €. Again z; usually has the meaning of time.

We reduce L to the first-order operator with the coefficients
—-B; 0---0 0 —Aop- —Anp
. 0 0---0 ik — Ay 0 - 0

0 0---0 C A 0 - 0
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and
—(C+>,Bj) =By ... =B,
o (9;%1% A.QQ e A.gn ’
Op Ak Apa .. App

where j ranges from 1 to n and &k from 2 to n. The matrix Dy, is equal to

—(C+Zij) —1/232 —l/an
—1/5 By A .0 A
_1/2 Bn Anl cee Ann

Following (2.45), we can pass to an accretive operator by setting
(U1, g, ...,y Uy) 1= (efﬂ“ﬁ“ul7 Uy .oy Up ),
where ( is a sufficiently large real number. The right-hand side is defined as
f=(=ePmyf0,...,0"

We consider again the domain [0,7] x Qg from Example 29. On {0} x €, the matrix B(v)
equals —Bj so that the boundary condition v = gg has to be imposed in order to satisfy ad-
missibility. Just as for second-order hyperbolic equations, we investigate boundary conditions

on [0, 7] x {0} by virtue of an example. Let Qg = (0,1) and Lv = —uy + g = 0. At 2 =0

B(v) = ( _2 _3))

Thus B(v) is a submatrix of (2.48) and so we can reuse the parametrisation with a, b, ¢ and

we have the boundary matrix

d. Again Type 1 corresponds to a Dirichlet, Type 2 to a Neumann and Type 3 to a Robin

boundary condition.

Example 32 (Frankl equation I: Friedrichs’ Method) Friedrichs’ main motivation be-
hind the study of accretive operators and admissible boundary conditions was not so much
the desire to handle elliptic, parabolic and hyperbolic equations in a unified framework but
rather the need to treat differential equations which are in some parts of the domain elliptic
and in other parts hyperbolic. A prototype of these equations is the Frankl equation

0? 0?
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for which one assumes that

0A
—— > 0 for x9 > ¢ for some ¢ < 0,

8%2
x9 A(ze) > 0 for all z5 € R.

If A(y) = y then one calls (2.52) the Tricomi equation. Differential operators of this kind
play an important role in compressible gas dynamics. Typically, the areas where the operator
is hyperbolic correspond to regions of supersonic flow while areas of elliptic type correspond
to regions of subsonic flow. We outline this relationship in more detail in the next example.

However, let us first investigate how the Frankl equation is related to Friedrichs systems.

The authors of (Morawetz 1958) and (Lax and Phillips 1960) studied the Frankl equation on
domains €2 of the type depicted in the figure below.

T2
N 0
Py
n -Tl
Yo\ V4, |05 V3
P b

The subdomain {(x1,z2) € Q : x2 > 0} is star-shaped with respect to the origin in the

(z1,y)-coordinate system, where

v Y VA©) de.
0

The curves v and ~3 are subcharacteristic, that is we assume that
0 2
A(52) +1>0
8.1‘1
along 72 and 3. Finally, 74 and 5 characteristic curves, i.e.
0 2
A(52) +1=0
8561
along 4 and 75. Following (Morawetz 1958), we introduce the new unknowns u; = 04v,

ug = Opv to transform equation (2.52) into a system of equations. Thus (2.52) becomes

A 0YOu (013 Ous _
0 —1) 01 10) 0za
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The equation can be made positive by multiplying from the left with the weight

)

Then the equation is transformed into
Aa Ab\ Ouy —Ab a\ Ous
— + — =0
Ab —a ) Oz a 0) O0x2

1/ _Aala+82(Ab) —A@la—éba
? _Adya— dya oa )

The matrix D" equals

Morawetz proposes the weights

a=x1, b=clr] for 9 <0,

a=wz1, b= (cVAlx|+ [y?/A£)d))/VA for x9 >0,
where ¢ is a real constant which is to be determined with regard to the boundary conditions.
Lax and Phillips verified that on -1 U~y2 U~3 homogeneous Dirichlet boundary conditions are
semi-admissible and maximal, cf. p. 78. Requiring appropriate regularity conditions on A

ensures that admissible conditions can be imposed.

Morawetz treats the singularity at the origin Py by introducing weighted L2-spaces in or-
der to demonstrate the existence of a weak solution of the Frankl equation. Therefore her
methodology does not quite fall into the framework of Friedrichs. However it coincides with
it in its essential points. Based on the findings in (Morawetz 1958), Lax and Phillips proved
that the weak solution is unique and that it can be approximated by smooth functions which
satisfy the homogeneous boundary conditions exactly. They have accounted for the corners
Py, and P» using the semi-definiteness of the matrix B(v) on 74 and 5. Using smooth scalar

multiplier functions they were able to control the effect of the singularity at FPj.

Example 33 (Frankl equation II: The Physical Motivation) As already pointed out
in the previous example, the Frankl equation plays an important role in compressible gas
dynamics. We highlight the important steps in the derivation of the physical model; however,
we leave certain details to the references (Morawetz 1981) and (Dautray and Lions 1988-93,
Chap. X).

We consider a two-dimensional steady flow which is described by the density p, the pres-
sure p and the velocity (u,v). We use the physical coordinates (x,y) and denote partial

differentiation by subscripts. Conservation of mass is expressed by the relation

(pu)s + (pv), = 0. (2.53)
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Postulating that shock waves are either weak or of constant intensity, we deduce that the
flow is isentropic and thus irrotational, that is v, = w,. It follows that p is a function of
the density p alone: p = p(p). One generally assumes that dp/Jdp > 0. Because the flow is
irrotational we can reduce the momentum equation to Bernoulli’s law:

2 2 d
uT v +/p = constant.
2 p

Consequently, p is a function of V where V = u? + v2. For irrotational flow there exists a
velocity potential ¢ such that (u,v) = V. By virtue of (2.53), there is also a stream function
1 which satisfies p (u, —v) = V).

We now change the coordinate system and regard u and v instead of x and y as independent
variables. The space spanned by u and v is called the velocity plane or the hodograph plane.

We use the velocity potential ¢ and the stream function ¢ to set up the system

1
de = 2 (—vdy+ pudy),
7 (2.54)
dy:m( udy + pvdyp),

where p = p(V). By setting u + iv = V €’ we introduce the polar coordinates (V,#) on the
hodograph plane. In these coordinates (2.54) takes the form of the Chaplyguine-Molenbroek
equations:
Vv 1
vo=—1vv, Yo= 7 PV (2.55)
P V(1/pV)v

This system is linear since the coefficients only depend on the coordinate V. We define

A(o) = V% (;/) o= —/cv‘p/ av,

where ¢ = (dp/dp)'/2(p) is the speed of sound. By eliminating ¢ and substituting V by ¢ in
(2.55) we finally arrive at the Frankl equation:

0? 0?
(0) —Qé} —g} =0.
00 Oo
In conclusion then, we are able to reduce the original nonlinear system to a linear differen-
tial equation. However we perform this simplification by means of a nonlinear coordinate

transformation.

To gain a better understanding of the representation of the physical solution on the hodograph
plane we discuss the transformation to the (6, 0)-coordinates considering the important ex-
ample of an exterior flow surrounding an airfoil. Our presentation is based on the description

of this setting in (Dautray and Lions 1988-93).
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sonic line M =1

Figure 1. Steady compressible flow around an airfoil.

o
_________ BlA A
o0
{¥ = const}
M <1
C P
! /
g
C 04
M>1
e
5T N\

0 = {y = 0}

Figure 2. Representation of the flow on the hodograph plane.
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Figures 1 and 2 on page 97 depict the physically important setting of a flow around an airfoil
which is subsonic and uniform at infinity and has a bounded supersonic pocket attached to
the wing profile. We denote the exterior domain by (2., the corresponding domain on the
hodograph plane is 2. By construction, the velocity field (u,v) is tangential to the streamlines
¥ (x,y) = constant. Dautray and Lions impose a no-slip boundary condition from which they
deduce that ¢ is constant on the airfoil boundary. Therefore on the hodograph plane the
contour line ¢ = 0 constitutes the image of 9€2; 2 is its interior. The domain € is unbounded
in the direction of the o-axis. Furthermore the boundary has two vertical asymptotes which
correspond to the angles 64 and fp at the leading and trailing edge of the airfoil. The flow in
the physical plane is uniform at infinity. This point corresponds in (6, o)-coordinates to the

position Py : 0 = 0,0 = 0 > 0.

Since the boundary ¥ (0,0) = 0 is a priori unknown the problem of finding the flow field
remains nonlinear. Yet, in order to solve the problem numerically, one does not need to
handle a nonlinear differential equation anymore but instead one iterates the computational
boundary. Based on the analysis we outlined in Example 32, one typically solves the Frankl
problem on 2 in two stages. One first considers the boundary value problem on the domain
Q) with the shaded triangle A(«, 3,v) removed. Here « is arbitrarily chosen on the open
segment DC and vf3, ya are characteristic arcs. Dirichlet boundary conditions are imposed
consistently with the findings of the previous example. Then one solves a purely hyperbolic
equation on A(a, 3, ) with Dirichlet data on v/, ya. We refer for further details to (Dautray
and Lions 1988-93, vol. 4, p. 14), (Morawetz 1981, pp. 117) and to the references therein.

Example 34 We bring the section to a close with a less common example to illustrate that
besides the above well-known types of boundary value problems there are many other classes
of equations which can be converted to the framework by Friedrichs. The problem considered
is based on Example 8 in (LeSaint 1995). We analyse on the domain Q := [0, Z] x Qg C R3
the equation
2

A;ﬁv—kBlaamv—i—Bg(,;;v%—Bg;%v:f, (2.56)
where div B = 0 and A is a negative constant. We impose the homogeneous Dirichlet bound-
ary condition v(0,x2,x3) = v(Z,x9,23) = 0 for (x9,x3) € 0Qy. We also fix v on the set
0_Q = {(z1,m2,23) € [0, Z] x 0 : Bavay + Bsrs < 0}. Solutions of this problem exhibit, in

general, boundary layers.

We derive from (2.56) the first-order differential system

o, <B1 A>u+82 <32 0>u+83 (B3 0)u+<0 0>u: <f> (2.57)
A0 00 00 0 -A 0
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Because div B = 0, the system is not accretive. A multiplication of (2.57) with

b
0 a

leads to a new system of equations for which

Dh_ ~Y9BNVa—A/200b —A/2(b+ Ora)
—A/2(b+ Oia) —Aa '

Hence we can guarantee the positive definiteness of D" by choosing a = 1 and b = —(1+z1)~'.

To impose the boundary conditions, we define the operator

—(1+21)"'A+B; 0

J =+,
2A 0

) , J=-B_(v)

on 1 = 0, x1 = Z and (x9,23) € 08, respectively. J satisfies (2.17) and (2.19) and is

admissible if A and Bj are sufficiently smooth.

2.6 Literature Review

To put our results into a larger context we outline selected results from the literature on
Friedrichs systems. We focus in particular on endeavours concerning Friedrichs systems on

non-smooth domains.

The analysis of Friedrichs systems was initiated by the publication (Friedrichs 1958). As we
pointed out already, Friedrichs’ primary motivation was to provide a unified treatment for
equations of mixed type. In the main part of the publication, Friedrichs considers boundary
value problems on smooth domains with the condition that the boundary matrix B(v, z) does
not change its inertial type, by that we mean that the number of positive and negative eigen-
values of B(v,x) is a constant function near the boundary. Here the vector field v is locally
extended into the domain. Moreover, Friedrichs restricts his investigations to homogeneous
boundary conditions. In this setting he shows the existence and uniqueness of solutions. For
his proofs he adapts ideas from (Friedrichs 1954) and (Lax 1955) to his setting. In the last
section of the paper, Friedrichs investigates a number of specific boundary value problems
on polygonal domains. He begins with differential operators for which on each face of €2 the
matrix B(v) is either positive or negative semi-definite. He concludes with case studies of the

Tricomi and the Cauchy-Riemann equations.

In the list of contributors to the theory of Friedrichs systems the names of three of Friedrichs’

former Ph.D. students appear repeatedly, namely Cathleen Morawetz, Peter Lax and Leonard
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Sarason. In Example 32 we already referred to Morawetz’ studies (Morawetz 1958) on related
energy integral methods for the Frankl equation. Although similar in character, the results in
(Morawetz 1958) differ from Friedrichs’ work in certain aspects, for example in the domains
considered and in the function spaces employed. While Morawetz is able to prove the existence

of a weak solution, the paper leaves the question of uniqueness open.

The publication (Lax and Phillips 1960) is concerned with a class of dissipative symmetric
operators with maximal boundary conditions. As remarked on page 78, if sufficiently regular,
maximal boundary conditions can be imposed in terms of admissible boundary operators.
Neglecting a possible rescaling, the definitions of dissipative symmetric and accretive operators
are equivalent. Retaining the condition of constant inertial type on each face of a polygonal
domain 2, Lax and Phillips demonstrate existence of a unique solution if at each edge on
one of the faces the function B(v,x) is either positive or negative definite. The authors also
single out a class of so-called unessential points by introducing certain multiplier functions.
Although they to do not provide a general theory for unessential points, they gather sufficient
results to show that the solution of the Tricomi problem constructed by Morawetz is strong

and unique.

A different approach to Friedrichs systems is presented in (Sarason 1962). Here the ques-
tion of existence and uniqueness is addressed on subdomains of R? by locally separating the
differential operator into components of hyperbolic, parabolic and elliptic type. By posing
additional uniformity constraints on the boundary conditions the author shows that weak so-
lutions with square integrable traces are strong and in consequence unique. Sarason extends
his results to a class of cylindrical domains of higher dimension. He also demonstrates the
existence of strong solutions on Lipschitz domains which can be approximated in a uniform

sense by sets with non-characteristic smooth boundary.

The authors of (Phillips and Sarason 1966) consider a category of Friedrichs systems for
which B(v) changes its rank at a countable number of points. Since type-changes in B(v)
typically take place on subsets of 92 of dimension n — 2, their results are most valuable
for boundary value problems on two-dimensional domains. They call a point x singular if
in a neighbourhood of x an inequality fails which, on a global level, characterises accretive
operators. They show that if the set of singular points is discrete then a locally maximal
accretive extension of L exists. In a setting based on these local operators the authors are

able to show existence and uniqueness of solutions.

Using the method of elliptic regularisation Sarason proved in (Sarason 1967) that provided
certain a priori bounds are satisfied the solutions of Friedrichs systems are contained in

W12(Q)™. The author carries over his result to boundary value problems on manifolds.
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The publication (Peyser 1975) is concerned with Friedrichs systems on the domain  :=
{(z1,22,...,2y) € R" : 1 > 0,29 > 0}. The author demonstrates that if a bilinear form,
dependent on the coefficients of the differential operator L, is uniformly positive definite on
0 then the sets of weak and strong solutions coincide. In consequence such a Friedrichs

system has a unique solution. Peyser terms the constraints on L torsion conditions.

With the exception of the settings covered by the publications named above, the requirement
by Friedrichs that B(v) is of constant inertial type near the domain boundary remained a
necessary part for the proof of uniqueness for Friedrichs systems. In (Rauch 1985) the author
weakens the requirement to the condition that B(r) does not change its rank on boundary 0f2.
Jeffrey Rauch, incidently a student of Peter Lax, starts his analysis at a similar point as we in
the sense that he begins with the observation that the image of the trace operator maps into
H~1/? (0). However he only considers boundary value problems on smooth domains. The
main result of the publication is that, under suitable regularity constraints on the boundary
(), in which in

comparison to the unweighted space H*(2) only a weakened regularity condition is imposed

value problem, the solution is contained in a weighted Sobolev space H{,,

in the normal direction near the boundary of the domain.

Applying the method of elliptic regularisation, in (Smoczynski 1987) it is proved that, pro-
vided certain dominance criteria hold, weak solutions of Friedrichs systems are contained in
W2(Q)™ and therefore are strong. In contrast to the analysis of (Sarason 1967), which takes
a similar approach, the results of Smoczynski also cover rank-changes of B(r) which do not
affect the dominance criteria. While the proofs are only given for C'"*°-domains, Smoczynski
indicates that his findings can be transferred to less regular domains which satisfy a curvature

condition.

Another technique to analyse type changes of B(v) is investigated in (Rauch 1994). Suppose
that there is a (n — 2)-dimensional C'-submanifold T' of dQ on which rank B(v) changes.
Rauch’s main assumption to prove that weak solutions are strong is that locally there are two
C'-vector subbundles Npig and Ngpan such that Ny, O ker B(v), Npig O ker Ngpan and that
ker B(v) equals Nyiz on one side of I' and Ngyan on the other side of T'.

In (Secchi 1998) the author complements the results in (Rauch 1994) with regularity estimates
for solutions of Friedrichs systems which have type changes of the kind analysed by Rauch.
However Secchi requires in addition that B(v) is definite on the one side of I" and semi-
definite on the other side. This condition has been relaxed in (Secchi 2000) where only

one-sided definiteness is demanded.

This brief survey of available publications on the theory of Friedrichs systems is by no means
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complete. For instance we have completely neglected the analysis of Friedrichs systems by
means of pseudo-differential operators, cf. (Friedrichs and Lax 1965) and (Sarason 1969/70),
or semi-groups in the case of evolution equations, cf. (Bardos 1970). For the sake of brevity we
also have not given further details about (Tartakoff 1971/72), (Osher 1973), (Friedrichs 1974),
(Bardos and Rauch 1982), (Secchi 1996), which give insight into other aspects of Friedrichs
systems, and we did not survey in detail lecture notes or textbooks on the subject such as
(Friedrichs 1961) or (LeSaint 1995).



Chapter 3

The Discontinuous Galerkin

Finite Element Method

In the two previous chapters we have built up the framework of Friedrichs systems, inves-
tigated a number of their properties and illustrated their relationship to other well-known
types of boundary value problems. Now we turn to the question of how to find solutions of

Friedrichs systems.

While it is in some cases possible and preferable to compute the analytic solution of the
system, the alternative approach of finding a numerical approximation instead is often more
appropriate. This might be because of the complexity of the problem, or because the numerical
computation provides all the information one requires in a suitable form, or indeed because
Friedrichs systems appear in intermediate stages of more elaborate numerical computations

such as in the numerical solution of a nonlinear systems of PDEs.

A wide range of techniques exist for solving Friedrichs systems numerically. Indeed, already
in Friedrichs’ original paper we find a section which is devoted to the analysis of a finite
difference schemes on rectangular domains, cf. (Friedrichs 1958, p. 346-347). In this disser-
tation, however, we shall concentrate on Galerkin methods. These are techniques where the
approximate solution is obtained by restricting the weak formulation of the boundary value
problem to finite-dimensional test and trial spaces. The weak formulation, though based on
the description in Section 1.9, usually incorporates a decomposition of the computational
domain into subdomains called finite elements. It is assumed that the test and trial space

coincide, otherwise one speaks of Petrov-Galerkin methods.

Two important families of Galerkin methods are the discontinuous and the continuous Galer-

kin finite element methods. Our primary interest are the discontinuous Galerkin finite el-
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ement methods, or DGFEMs in short. We also call these schemes discontinuous Galerkin
methods. Occasionally we make comparisons with continuous Galerkin finite element meth-
ods (CGFEMs). For an introduction to CGFEMs for Friedrichs systems we refer to (LeSaint
1973/74), (Johnson 1987), (LeSaint 1995) and to the references therein. We shall not consider
the numerical solution of Friedrichs systems by other methods. The reader interested in the
construction of a finite volume scheme should consult (Vila and Villedieu 1997); for finite

difference schemes (Lees 1961) serves as a starting point.

3.1 The Broken Graph Space

We restrict our attention to boundary value problems of the following type.

BVP 5 Let Q satisfy a strong local Lipschitz condition and let L be accretive. Given the
pair of projections Py, P~ € Ly (0Q)™*™ we set J = —B(v) Py. We assume there is a pair
of projections Py, Py € L35 (9Q)™*™ so that J' = B(v)Py. In addition we require that the

matrices
R(x) := J(x) + Y5 B(v,z), x € 09,
are positive semi-definite and that there is a matrix function T' € L (0€Q2)™*™ such that
B(v) =Y (R+RMT (3.1)
on 0N). Then, according to Theorem 41, the boundary value problem
Lu = f, Ju=g (3.2)

has a unique solution u in VVLQ’B(Q) for f € L?(Q)™ and g € L%(09).

As before we sometimes write Ju instead of Ju to emphasise that J has a continuous extension

to a boundary operator J.

Let T = {k1,k2,...,6N} be a finite decomposition of € into open elements ; which also

satisfy a strong local Lipschitz condition:
N
Q:U/-Ti, and i #j=KkiNkK;=0.
i=1

Consider an element k € T. We abbreviate the interior boundary 0k \ 9 by Oink. As for Q

we denote the outward normal of k by v. In order to formulate the discontinuous Galerkin
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method, we need to equip Ok with a boundary condition. Analogously to the original

mxm and

boundary value problem on €2, we choose the pair of projections Py, Py« € L% (09)
set J = —B(v) P;. We require that there is a pair of projections P, Py € L¥(90Q)™*™ so

that J' = B(v)Py. In addition we have to ensure that the matrices
R(z) = J(z) + /2 B(v,2), @ € Ot

are positive semi-definite and that there is a matrix function T, € L% (9Q)™*™ such that
B(v) = Y5 (R + R") T, on Oiyek. Then we obtain, for every s € T, a restricted boundary

value problem: Find u such that

Lulw = fle,  Julornoo = Jglornons  J oy = J Glayms (3.3)

were, for the moment, ¢ is an unspecified function in L2B(8int/<c). The solution of the restricted
boundary value problem (3.3) on & is contained in WLQ (k). This motivates us to define the

broken graph space

WE,B(Q? T) = @ WE,B(FJ)-

keT

At the boundary Ok; N Ok; between the element x; and a neighbour s;, a member v of
VVLQ 5(£,7) has, in general, two distinct traces: one from the restriction v|., and one from
v|x;. We denote the internal trace (v|x,)|ax, of £; by v and the external trace (v|y;)lox;nox;
of k; by v~. Altogether the external trace v~ is composed from the traces of all elements

neighbouring ;. The difference v — v~ is denoted by [v].

We equip Wg (€, T) with the broken graph norm

ollZ7 =D ol lZ -

keT

In this norm WE (€, 7) is not a complete space. In the next section we will consider another
norm on W25(Q, 7).

3.2 Definition of the DGFEM

To define the discontinuous Galerkin finite element method we introduce the bilinear form

Bpg :%%B(Qv T) x %%B(Qv T) =R, (v,w) — (Lo, w)o + <57)7 w) o0 +Z (3[U]7 w+>3inm
KET

and the linear form

loe : WEB(Q,T) — Ryw = (f,w)q + (39, w)ag.
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The trial and test spaces are equal to a finite-dimensional subspace V of WLQB (Q,7). A
discontinuous Galerkin approximation of the solution u of BVP 5 is a function upg € V' such

that

Vw S V . BDG(uDG7 w) — ZDG(w)' (34)

We need to introduce a compatibility constraint for the boundary conditions of neighbouring
elements to ensure that (3.4) has a unique solution. Let x; be an element neighbouring s;

and let J; and J; be the boundary conditions of x; and ;. We then demand that

Ji = J]/ and Jz/ = Jj (3.5)

on the restriction to dx; N Ok;. If (3.5) holds then

Z <3[U], U+>aintli + 1/2 <B(V) U+7 U+>aint/€

KRET

= 1/2 Z <3[U]7 v+>aintl€ + 1/2 <B(V) U+7 v+>3mm - <H/[U]7 Ui>3mm - 1/2 <B(V) v, Uﬁ>8int'ﬁ3
KET

=2 (0], [oD o + V2 (BW) [o], [0)on = /2y (R0, [0]) oy
KET KET

Thus, the bilinear form Bpg is positive definite:

Vo e %2,3(97 T) : Bpg(v,v) = <Dh U, U>Q + <:RU7 v)oq + 1/2 Z <:R [U]7 [U]>6intl“v'
KeET
Therefore we can equip VVL2 (£, 7) with the energy norm

[0l = [[vllbe,7 := VBoa(v,0), v € W2E(Q,T).

We note that VVL2 5(€,7) is not complete in the energy norm. Occasionally we use the energy

scalar product which is the bilinear form

(v, w)pg = (D" v, w)a + (R, w)ae + /2 D (R[], [w]) oy
KET

Theorem 42 For each finite-dimensional approximation space V in W2 5(Q,T) there exists
a unique solution upg of the discontinuous Galerkin finite element method. The solution

satisfies the stability estimate

luncllpe < I fl2@m +IT Prallr <37 I fllz@m + Cllglls, (3.6)

where C' is a suitable constant.
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Proof. Because V is finite-dimensional, the existence and uniqueness of upq follows from the

positive definiteness of Bpg. Using

Bra(tung, unc) = log(unc) < 1/CNIFIG + /2l unclly + Y2 IT Prgllk + /2 luvs | &

we deduce (3.6). /1]

If J =—B_(v) on 0 then (3.6) simplifies to

luncllvs <y~ Iflz2@pm + v (=B-(v) g, 9)a0-

Remark 6 Let us consider a Friedrichs system which does not satisfy all of the conditions
required in the statement of Theorem 41, like, for instance, Moyer’s example. In this setting
the definitions of By and lpq are still meaningful. Moreover, if the compatibility condition
(3.5) is satisfied then By is positive definite and therefore induces a norm on Y/VL2 5(Q,7).
However, as is seen from Moyer’s example, the term (v,v) g might vanish. Therefore for such

systems the above proof of the stability estimate (3.6) is not applicable.

The formulation of the discontinuous Galerkin method with interior boundary conditions
satisfying (3.5) is stated in (Johnson, Névert and Pitkdranta 1984) and (LeSaint 1995). Two
questions arise instantaneously: Is it always possible to equip the interior elemental boundaries
with boundary conditions satisfying (3.5)7 And if there is more than one set of interior
boundary conditions which fulfills this requirement as well as the conditions we stated on the

basis of Theorem 41, which one should be selected?

Suppose that we set J = —B_(v) on Oinek for k € T. If k; is a neighbour of k; and v; and v;

are the respective outward normals, then
J = —B_(vi) = By(vj) = J

on dk; N Okj;. Therefore, choosing inflow boundary conditions on the interior boundaries is

consistent with (3.5). Putting
Pr=Pnw=P_, Pp=F+=P. and 1T,=PFPy—PFP_ (3.7)
on Ok, the remaining conditions on the interior boundary conditions are satisfied. This

settles the first question.

Suppose J is another permissible set of interior boundary conditions. It then follows from
(2.38) that the energy norms defined with J and .J are equivalent. From this point of view it

appears appropriate to always choose inflow boundary conditions on the interior boundaries.
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We will therefore focus our attention on this choice. However, where no additional effort is

involved we adopt the general setting.

At the end of this section we state, for future reference, the adjoint form of Bpg:

Bpa(v,w) = (v, L'w)a + (v, w)ag +Y_ (0", 8w’ = Fw ) gn (3.8)
KET

If the interior boundary conditions of By are defined via (3.7) then

Boa(v,w) = (v, Lw)a + (v,dwhaa + Y _ (v}, Be(v) [w])gyen- (3.9)
KET

Notice that the interior boundary integrals in (3.9) vanish if w is continuous.

3.3 Literature Review

Since 1973 the discontinuous Galerkin finite element method has been regarded by the nu-
merical analysis and scientific computing communities with increasing interest. In particular,
in the last five years the efforts to gain a better understanding of the method and to widen its
range of application have intensified. We substantiate this observation with the figure below
in which the numbers of entries per year in MathSciNet are recorded which refer explicitly to
the designation “discontinuous Galerkin”. In total the database lists 350 entries of this type

referring to publications before 2004.
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Due to the number of contributions on the discontinuous Galerkin finite element methods
we can only give short descriptions of selected publications. For more comprehensive reviews
on the subject we refer to (Cockburn 1999), (Cockburn, Karniadakis and Shu 2000) and
(Cockburn 2003).

The discontinuous Galerkin finite element method was introduced in 1973 by Reed and Hill
in (Reed and Hill 1973a) and (Reed and Hill 1973b). The authors consider the one-velocity

neutron transport equation

WO + 10y + o (x,y, p,m) = S(x,y, 1,n).

According to (LeSaint and Raviart 1974), the function ¢ represents the flux of neutrons in
the direction (i, n) at the location (x,y) of the physical domain, o is the nuclear cross section
and S represents scattering, fission and inhomogeneous source terms. While for the one-
velocity neutron transport equation the vector (u,n) is fixed, for the full neutron transport
equation (u,7) is an element of the unit circle S!. After defining a discontinuous Galerkin
finite element method, Reed and Hill compare the DGFEM with a CGFEM by means of
numerical experiments. In their examples they highlight the good stability properties the
DGFEM and demonstrate that oscillations in the numerical solution, caused by the presence

of discontinuities in the exact solutions, are damped rapidly.

We remark that already a few years earlier Nitsche proposed for the numerical solution of
the Poisson equation a Galerkin method for which the exterior boundary conditions were
implemented weakly, cf. (Nitsche 1971). However, in contrast to Reed and Hill, he assumed

that the finite-dimensional approximation space is contained in W12(Q).

Motivated by the findings in (Reed and Hill 1973a), LeSaint and Raviart analysed the discon-
tinuous Galerkin finite element method in (LeSaint and Raviart 1974). The authors consider
the discontinuous Galerkin scheme for the one-velocity neutron transport equation. They
demonstrate that the scheme has a unique solution and that there is always an ordering
of the elements such that the solution can be calculated element by element. Assuming
shape-regularity, the authors prove, for meshes with triangular and quadrilateral elements,

the suboptimal error bound
lu = upallL2@)m < CR [lullwprz@m, — C >0,

for solutions w in WPTL2(Q)™.  Here h is the diameter of the finite elements. Based on
superconvergence properties on quadrilateral elements, LeSaint and Raviart improve the error
bound by one order for solutions in u in W?*22(Q)™ N WPTLe(Q)™. In a separate section
they also show that the discontinuous Galerkin method is equivalent to a Runge-Kutta scheme

when applied to ordinary differential equations.
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The authors of (Johnson et al. 1984) apply the discontinuous Galerkin method to a scalar
hyperbolic equation, which in contrast to the neutron equation, does not have a constant

principal part:
Lv = Brogv + Cv = f.

Moreover, they equip the method with an additional term which originates from the streamline

diffusion finite element method; that is their scheme consists of the bilinear form

Bpe(v,w) + Z (L, 0Bropw)a
KET

and of the linear form

loc(w) + Y (f,0BrOpw)a.
KET
Besides § = 0 the authors consider the case § = h. They present a number of results and refer
for their proofs to (Johnson and Pitkéranta 1983). We shall return to this publications in a
moment. Johnson and his coworkers also consider a formulation of the discontinuous Galerkin
method for Friedrichs systems. They introduce the condition that there is a constant C' > 0
such for all v, w € L?(0k)™

(@ v, w)a0 < (Rv,v)a0 + C lw|[Z2a0m- (3.10)
The authors state that under condition (3.10) the error bound
||lu — UDg||L2(Q)m < C ppr1/2 HU||W;D+1,2(Q)m, C >0, (3.11)

holds for u € WPHL2(Q)m,

For the proof the reader is referred to (Johnson and Huang Mingyou n.d.), a publication which
still had to appear according to the references in (Johnson et al. 1984). However since this
paper is not listed in MathSciNet and since the authors do not refer to it in later publications
such as (Johnson 1987) it is unclear to us whether (Johnson and Huang Mingyou n.d.) has
been published or not. Nevertheless (3.11) can be verified by extending the analysis of the
scalar problem in (Johnson et al. 1984) and in (Johnson and Pitkaranta 1983).

While it is sensible to introduce (3.10) for an error analysis of the discontinuous Galerkin
method under the assumption that the exact solution of the Friedrichs system is smooth,
condition (3.10) appears less suitable if one is interested in investigating problems of low

regularity. In view of the next example our assumption that there is a function 7" such that
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B(v) = R"T seems more appropriate. We remark that our assumption is sufficient for (3.10)

because

({@v,w)a0=—(,T B w)r < (Rv,v)a0 + |T Pl g2 00),12 00y 101 F
< (Rv,v)a0 + 1T Pmll g1z 00),2 (00)) IR | oo (gymxm [0 72 9)m-

Example 35 Representative of a boundary segment of a domain €2 we consider the interval

(—1/2,1/2) on which we define the matrix functions

) 0 0 1 0
Bl) = (0 —x>’ h= <x—1 1)’ = (1—33 0)'

We introduce on (—/5,1/2) the matrix function

—B(v,x) P ifz >0,
J(x) =
—B(v,z) Py ifz <0.

Then J satisfies (2.17) because

= J(x ! v,x) = sign(x z/2 0
R(x) i= J(2) + /2 Blv,) = sign( ><x<x_1> m) (3.12)

is positive definite at x # 0. Consequently, there is a factorisation B(v) = (R + R T. A

calculation shows that T is equal to

sign(x) -1 1—-=

w2 =2x\z—-1 1 )
Observe that T is not contained in L3 (0€)™*™ due to the pole at the origin. Nevertheless
J satisfies (3.10):

1/2
<Jv,w>I:/ (—(1—2z)v1 +v2) wepzdx

~1/2
2 1/2 13 1/2
<— (—(1—x)v1+v2)zxdx/ w3 xdz .
13 —1/2 2 —-1/2
=:A =:B
Term A is bounded by (Rwv,v); because
(—(1—m)v1+v2)2x_2+2 (z—1)2—1)v? (x —1)v1v9
Rv-wv B v+ 2(x — 1) vy vy + v3 v+ 2(x — 1) vy vy + v3

—1)2 -1 2 -1 -1

<oz 1) v 2+2((l‘ ) —1) vLvz
(1-2) ovi+v] (1-2) vi+v]

<2+3+3/2
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Moreover, term B is bounded by 13/2 Hw”%%aﬂ)m' Thus the boundary conditions satisfy
condition (3.10). However the matrices P and P, are a pair of projections which converge in
each entry to the projections P; and Py« on the boundary segment x = 0 in Moyer’s example,
cf. Examples 25 and 26. Similarly, the boundary operator
J(z)
x

converges in each entry to the boundary operator in Moyer’s example on this segment as
x — 0. We remark that pointwise the boundary condition (J(z)/x)u(x) = (J(x)/z)g(x) is
equivalent to J(x)u(z) = J(z) g(z).

The above example raises the question whether there are solutions u of Friedrichs systems
which satisfy (3.10) and which have poles of the type seen in Moyer’s example. In such a
situation a number of problems appear. For instance, it is not clear that such a solution u
has a finite energy norm ||u|pg. Moreover, the integration-by-parts formula might not be
valid and therefore should not be employed without further verification. Observe that in the

construction of Example 35 we used that the boundary segment I has a characteristic point.

We now turn to (Johnson and Pitkdranta 1983). The authors consider the scalar transport
equation on a convex domain in R?. The first part of the publication addresses the proof of
(3.11) for quasi-uniform triangulations. The authors then extend the error bound to LP(€),

2 < p < o0, for piecewise uniform meshes and constant or linear elements.

Assuming that the angle between the element edges and the direction of transport is uniformly
bounded away from zero, Richter deduces in (Richter 1988) for the transport equation an

optimal a priori error bound for the L?(£2)™-norm on semi-uniform meshes
||’LL - uDGan(Q)m S Cthrl HuHWp+1,2(Q)m, C > 0. (313)
For the definition of semi-uniform meshes we refer to (Richter 1988) and (Reed and Hill 1973a).

Three years later Peterson verified numerically that (3.13) does not hold on general triangula-
tions, cf. (Peterson 1991). Peterson uses an example in which certain edges of the triangulation
are aligned with the characteristic direction. He points out that by displacing the mesh the

optimal rate of convergence can be recovered.

Bey and Oden extend the analysis of (Johnson and Pitkdranta 1983) for the transport equa-
tion to approximation spaces with non-uniform polynomial degree, cf. (Bey and Oden 1996).
Assuming that u € W t12(Q) they prove for families of quasi-uniform refinements that there
is a constant C' > 0 such that

lu—upclfe <CY
keT Pk

2s,+1
hess
2s

max{1, hﬁ/pi}HuH%/VkJrlﬂ(HV (3.14)
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where h, is the diameter of k and p, the polynomial degree of the element. Here the parameter
sy is equal to min{py, k} and the streamline-diffusion parameter ¢ introduced in (Johnson et
al. 1984) is set to h,/p2. Bey and Oden complement their a priori analysis with residual-based

a posteriori error bounds and comprehensive numerical experiments.

Lin and Zhou study in (Lin and Zhou 1993) the convergence of the numerical solution of the
discontinuous Galerkin method to the exact solution u of a scalar hyperbolic problem under
the assumption that u is only contained in W1/22(Q), Q c R2. To our understanding, the
arguments of Lin and Zhou need to be refined in subtle points. For instance, we believe their
analysis requires, in fact, the stronger condition that u € W1/2+52(Q), ¢ > 0; for details we
refer to (Triebel 1992, p. 220).

Falk and Richter analyse in (Falk and Richter 2000) linear symmetric hyperbolic equations
with a uniform direction of hyperbolicity. As remarked in the last chapter such equations
can be transformed to the framework of Friedrichs. Falk and Richter illustrate how the
computational domain can by triangulated so that the discontinuous Galerkin solution can
be computed elementwise. Their construction relies on the observation that the boundary
matrix B(v) of a finite element x is definite if the angle between the direction of uniform

hyperbolicity and of the outward normal v of k is sufficiently small.

Houston, Schwab and Siili improved in (Houston et al. 2000b) the a priori error bound by
Bey and Oden in several respects. They demonstrated that the suboptimality in p in Bey and

Oden’s bound can be circumvented by choosing the stabilisation parameter § equal to hy/p:

= wncllfe < €Y
reT

Moreover the error bounds in (Houston et al. 2000b) depend on the regularity of the exact

B

28,+1 9
) Ml g, (3.15)
K

solution u on individual elements and do not require that u is contained globally in W%2(€).
The authors prove the convergence of the discontinuous Galerkin method under p-refinement

and show that the convergence is of exponential rate if the solution is patchwise analytic.

In (Houston, Schwab and Siili 2000a) the error bound (3.15) is extended to the discontin-
uous Galerkin method without streamline diffusion stabilization for scalar operators with

elementwise constant coeflicients.

Houston, Jensen and Siili analyse in (Houston, Jensen and Siili 2002a) methods of discontin-
uous Galerkin type for Friedrichs systems with inflow boundary conditions. They construct
a parameterised space of Galerkin methods, the so-called t-DG family. The t-DG family is
based on the classical discontinuous Galerkin method and incorporates a number of least-

squares stabilised schemes. The authors demonstrate that the error bounds in (Houston et
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al. 2000b) can be transferred to this setting. This thesis contains the results of (Houston et
al. 2002a) in generalised form. In particular, we consider the t-DG family with a wider range
boundary conditions. Moreover, (Houston et al. 2002a), like the other publications mentioned
so far, do assume that the analytical solution of the boundary value problem is contained in

a Sobolev space.

Restricting their attention to h-convergence, Brezzi, Marini and Siili give a streamlined and
extended analysis of (Houston et al. 2000b) and (Houston et al. 2002a) in (Brezzi, Marini
and Sili 2004). In particular, the authors clarify that the internal boundary conditions of
the discontinuous Galerkin finite element method can be understood as the composition of
an averaging term and a jump term. Based on this observation they identify a range internal
boundary conditions for which the discontinuous Galerkin method satisfies an a priori error
bound optimal in h. We remark that despite the modifications of the internal boundary
conditions in (Houston et al. 2002a) and (Brezzi et al. 2004), the internal boundary conditions
are conceptually still inflow boundary conditions, i.e. the associations (3.7) hold. Therefore

they generalise (3.9) in a different aspect than (3.8) does.

3.4 Convergence of the DGFEM in Broken Graph Spaces

The aim of this section is to show that as the approximation space V' is enlarged the discon-
tinuous Galerkin solution converges to the exact solution of the Friedrichs system. Hereby
we do not assume that the decomposition T of €2 is fixed but allow it to be refined. However,
since for different domain decompositions the respective discontinuous Galerkin solutions are
contained in different broken graph spaces we have to introduce a new function space to study

the convergence process.

Let us consider a family of decompositions .7 = (T;);eny of Q such that W25 (Q2,T;) C
VVLQB(Q, T;) if i < j. We equip the vector space

W2, 7) = | W2p(2, )
€N

with the scalar products
(v,w)g,7 = (v, W) 7, (v, W)pa,7 = (V, W)pa,7;, v,w € VVL%B(Q,‘J'Z-). (3.16)

The scalar products are well-defined since if v and w belong to VVL2 5(2,7;) and I/VL2 5(,75)
then (v, w)c 3, = (v,w)e 3, and (v, w)pe,7; = (v, W)pe,7;- We also introduce the energy norm

HUH%G,y := (v,V)pg,7 and the broken graph norm H”Hiq = (v,v)g 7.
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The next theorem is the central result about the convergence of the discontinuous Galerkin
method in graph spaces. In particular, we do not need to require that the interior boundary

conditions are defined by (3.7).

Theorem 43 Let (V;);en be a family of subspaces of WEB (Q,.7) such that C§°(R™)™ is

contained in the closure of the set

2@ nJv
€N
in the broken graph norm and in the energy norm. We assume that the family (V;)ien
is hierarchical, that means that V; C V; if i < j. Let u; be the discontinuous Galerkin
approximation in V; of the exact solution u of BVP 5. Then the sequence (u;);en converges

to u in the energy norm. Moreover, we have the bound
1w — willpe < C inf{|lu —villg.p : vi € WA(Q) NVi}, (3.17)

where C' is a constant independent of u and 1.

Proof. Since u is contained in W25(€2) we can find a v € C§°(R™)™ such that

lv = ulle,7 +[lv = tlpe,7 < Crllv—ullep <e,

where (' is a suitable constant independent of u and v. According to the hypotheses there

is an i € N and a v; € W2(Q) N'V; such that
[v —villg,7 + v —villpe,7 <e.
By Galerkin orthogonality we have that
Bpe(vi — uj, v; — u;) = —Bpa(u — v;, v; — u;).
Using that J[u — v;] vanishes on interior boundaries, we deduce
loi = willBe = —(L(u = vi), 00 — us)a — (I(u = v3), v; — ui)ag-
Thus there is a constant Cy such that
Ca |lvi — uillpe,7 < 180w —vi)llo + 1T (Pr) (u — vi) || ro0- (3.18)
With

Vw € LE(09) : |w|lroa < Csllw| s00,
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we conclude that
= willoe,7 < 2+ C5t + C5 Gy IT Byl s oy &

and that (u;);en converges to u. The bound (3.17) follows from the triangle inequality and
formula (3.18). /]]]

Corollary 9 Under the above hypotheses the sequence (u;);en converges to u in L?(2)™.

LeSaint proves in (LeSaint 1995) a corresponding result for continuous Galerkin finite element
methods for Friedrichs systems. However to show strong convergence in the L?(€2)™-norm he
requires that the solution of the Friedrichs system is strong, i.e. a solution of BVP 4. Under
less restrictive conditions he demonstrates that a subsequence of (u;);en converges weakly to
win L2(Q)™.

We now restrict our attention to the important case that x is an affine image of a fixed master
element &, i.e. Kk = F (k) for all k € T € 7, where F; is an injective affine mapping and
where & is either the open unit simplex or the open unit hypercube in R™. We denote by
Py, (k) the space of polynomials on # with total degree p,. If & is the hypercube then we
also consider the space Q, (&) of tensor-polynomials on & with degree p, in each coordinate

direction.

Let p be the mapping which associates to each x in T an index p,, € N. Then we introduce

the finite element space
SP(Q,T) := {v e L*() :v|, 0 F, € Ry, (R)},

where R, (k) is either P, (%) or Q,, (k).

Under h- and p-refinement, elements of C3°(R™)™ can be arbitrarily well approximated by
functions in SP(Q, T) with respect to the energy and broken graph norm. Thus Theorem 43
is applicable and the solutions of the discontinuous Galerkin method converge to the possibly
discontinuous solution of the Friedrichs system under consideration with at least the rate
specified in (3.17).

3.5 Convergence of the DGFEM in Broken Sobolev Spaces

We now turn to the question how the rate of convergence of (u;);cn can be classified if the
solution is elementwise contained in Sobolev spaces. We restrict our attention hereby to

bounds in the energy norm of the discontinuous Galerkin method.
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We concentrate in the derivation of a priori error bounds on shape-regular decompositions of
Q, that is we assume that there is a parameter o such that for all k € T and all 7 in .7 the
ratio between the radius of the circumcircle R and the inscribed circle r of k is bounded from
above:

R

—<g
r

For the extension of the analysis to anisotropic meshes we refer to (Georgoulis 2003).

Let k be a mapping which assigns to every x in T an index k,; € N. Then the broken Sobolev

space of regularity k is the function space
Wh(Q,T) = {v € LYQ) : v],, € WF1(r)},

which is normed by

/
lollwraom = (3 Nelueag)

KET
The rate of convergence typically observed in numerical experiments is

pir /2

— <C
lu = upellpe <C pigyr=

o |U|Wsm,2(,€)m ; (3.19)
KET
cf. for instance (Houston et al. 2000b). The question arises if this bound can be substantiated
theoretically. According to (Jonsson and Wallin 1984) there is a continuous restriction opera-
tor from W /2 +2 (i)™ to W=2(dk)™ for € > 0. Thus the W /2 +:2())™-norm is stronger than
the energy norm. The optimal order of convergence with respect to the W'/ +22(k)™-norm
is
pir e
P 1) 272

Ju — ttflye2(amm < C(e) ( |l rsn2 (1) (3.20)

where @ is a suitable element SP(€2,T). Clearly, the optimal rate of the elementwise con-
tribution to the energy norm is at least that of (3.20), ¢ > 0. However, within the class
of Friedrichs systems we consider, there are certain examples for which the optimal rate is
higher. For instance, if £ is the identity operator Lv = v then the energy norm coincides

with the L?(£2)™-norm which has the optimal convergence rate
[T <CZ — [t yyron 2oy - (3.21)

Since the energy norm is always stronger than or equivalent to the L?(£2)™-norm the optimal
rate of the energy can never be higher than the one given in (3.21). Yet, we remark that

it is rather untypical to observe the rate (3.21) in numerical examples. For instance, in the
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case Lv = v we observe the higher rate because the first-order part of the operator vanishes.
Thus it is a problem which in practice one would not solve with the discontinuous Galerkin

method. We shall therefore call an error bound optimal if it recovers the exponents in (3.19).

The a priori error bounds in the literature are either based on the L2-projection or on the
so-called H'-projection which we define later in Theorem 51. While the analysis applying
the L2-projection is suboptimal in p by p3/2, the error analysis utilising the H!'-projection is
suboptimal in k by /2 and in p by one order, cf. (Houston et al. 2002b) and (Georgoulis 2003).
Only under the requirement that the first-order coefficient B of L is elementwise constant a
sharp estimate in h and p can be found, cf. for example (Houston et al. 2002b, Remark 3.13);
we note that an optimal h estimate can be proved without the hypothesis that the first-order

coefficient B of L is elementwise constant.

Here, we shall derive an error bound which is suboptimal in h and p by half an order under
the assumption that the underlying meshes have at most one hanging node per element edge
and are quasi-uniform. Thereby we reduce the total degree of suboptimality in A and p from
1'/5 to 1 order. For completeness we show at the end of this section that the error analysis
based on the L2 and H'-projections can be extended from the scalar setting with inflow

boundary conditions to that of BVP 5.

We cite Theorem 4.72 from (Schwab 1998) in a modified form.

Theorem 44 Let Q2 C R? be a polygon and let .7 be a quasi-uniform family of quadrilateral
meshes on (2, with at most one hanging node per edge. Then, for any u € W>2(Q), there
exists a Pu € SP(Q,T) N CY(Q) such that

(pn_sm'i_l)! (pn_sm+2)!
(pn + Sk — 1)!’2%(2?5 + 1)(1% + Sk — 2)'

lu — Pul3r00) <CY max{ } B2 |l

KeT

for 2 < s, < px + 1 such that the right-hand side is finite. Here C' is independent of py, S,
hy and T € 7. If u € W2(k) for some s, > 1 and k € T, then as p — oo

hy

28, —2
lu— Pull?120) < C(s) Z(;) [l 2 -

reT

Although at the first sight the projection Pu seems to be more suitable for the analysis
of continuous finite element methods, it allows us to eliminate the jump terms on interior

boundaries of the discontinuous Galerkin method without weakening the error bound.

Theorem 45 Let Q C R? be a polygon and let .7 be a quasi-uniform family of quadrilateral

meshes, with at most one hanging node per edge. If the solution v of BVP 5 is contained in
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W22(Q) then

(Ps — sx + 1)! (Px — sk +2)!
(P + sk = DI prlpre + 1) (pr + 51 — 2)!

|u — upg|?e < CZ max{

keT

28, —2 2
F R ey

for 2 < s, < px + 1 such that the right-hand side is finite. Here C' is independent of py, S,
h. and T € F. If u € W*2(k) for some s, > 1 and k € T, then as p — oo

h/@ 28,—2
o= uncllbe < Clon) 3 (55) " Tulfonagey

keT F

Proof. We abbreviate n := u — Pu and £ := Pu — upg. Then

€3 = —Boa(n,€) = (£n,€)a + (0, E)aa < C (I€lla + IElIR) Illwi2@)

demonstrates the result. /1]

A similar error bound can be demonstrated for quasi-uniform triangulations with polynomial
spaces J,, (/). However, on the right-hand side of the error bound the semi-norm [y s..2 ()
needs to be replaced by the norm [[ullyysx.2(,), cf. (Schwab 1998, p. 206). We remark that
while our error bound is sharper than the H'-error bound where applicable, it does not cover

dimensions higher than two and meshes which are not quasi-uniform.

We now show, for completeness, that the analysis in (Houston et al. 2000a) for scalar problems
can be extended to boundary value problems of type BVP 5. The next theorem relates
the approximation error of the discontinuous Galerkin method to the distance between the
solution u and a suitably chosen projection u, of u onto the approximation space. We

abbreviate
ni=U— Ur, § = Uy — Upg.

Theorem 46 Let u, be an element of the approximation space V. We assume that the

internal boundary conditions satisfy (3.7). Then

€136 < 21, £'E)al + IT(Pr)nllron + D 11T 13 a0 (3.22)
RET

Proof. From Galerkin orthogonality we have
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Thus, according to (3.9),

(DM€, )+ (RE Ean + 1 ) _ (IBI() €], (Do

KET
=—(n.L'a— (.o —Y_ (", B() [Dan
KET
<1 L€l + Yo IT(Pr Il on + Ve el o + 3 (Vo I 15.000n + Vs €200 )
KET
The result follows now by subtracting /2 [€]1% 90 + 2= /8 €)1 3,0 //]/

We use on the reference element the L?(&)-projection Py, of L?(#)™ onto Q, (k)™. On Q

we utilise the projection
Pay: ()™ — SP(Q,7),0lx = (Pop,(vo Fr)) o Fi .

Where unambiguous we write P» and 152 instead of P, and ]5271,&.

Theorem 47 Let & = (—1,1)" and u € W*2(&) for an integer k, > 1. Let s, be a non-
negative integer which smaller than or equal to min{p, + 1,k}, p,, > 0. Then

A P+ 1 — s ! 1/2
|u— P UHLQ(R) <C(n) <w> |u|WSm2(f%)7

where C'(n) is a positive real number which only depends on the dimension n.
Proof. We refer to (Houston et al. 2002b) and (Schwab 1998, Theorem 3.11). /]]/

Corollary 10 Ifu € W*2(k)™ and 0 < s, < min{p, + 1,k}, kx > 1, px > 0 then

s
. ’u‘WsﬁvQ(n)my

_ P m < C s Sk Kk
= P ullzaguy < Clns5,0) s

where o is the parameter introduced in the definition of shape-regularity.

Proof. The corollary is a consequence of the chain rule and Stirling’s formula. /]]/

In the subsequent analysis we want to select u, := Pru. In view of the structure of (3.22)
we need to ensure that we have control over the difference © — Py u on the boundaries of the
finite elements. The next theorem, which addresses this issue, is cited in modified form from
(Houston et al. 2002b).
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Theorem 48 Suppose that v € W*2(%) for some integer k > 1, and let s, be an integer
such that 1 < s,, < min{p, + 1,ks}, ks > 1, px > 0; then, we have that

lu — Prullp205) < C(n) B(sk, pi) [ulwonz(s)
where ® (s, p.;) is defined by
1

(e ()]
+ <(pn+1 _sﬁ)!>1/4 (Wﬂffﬂ)l/“ (M>1/2-

(pli+1+sli)! (pn‘f‘sn)! (pn+1+3n)!

@(S,{,p,{) =

Corollary 11 Ifu € WF2(x) and 1 < s, < min{p, + 1,k}, kx > 1, p. > 0 then

him_l/Q

Hu - ]52 UHLZ(&%) < C(nv Sk U) 17, ‘U|WSN’2(H)'

(pn + 1)‘%7

Proof. The corollary is again a consequence of Stirling’s formula. /]]/
To bound the term L£'¢ in (3.22) we need to introduce an inverse inequality.

Theorem 49 Let i be the unit hypercube in R". Then polynomials v in Q,, (k) satisfy the

estimate

[l < CpiHUHL?(/%), P> 1,

where C' is a constant independent of p,;.
Proof. The inequality is proved in (Schwab 1998, p. 208). /]]/

We have now collected all supporting results to prove the a priori bound for the discontinuous
Galerkin method under the assumption that the approximation space consists of piecewise

tensor product polynomials.

Theorem 50 Let .7 be a family of shape-regular decompositions of a polyhedron ) such that
each element of the decompositions is an affine image of the hypercube in R™. Then there is
a constant C' > 0 which only depends on the dimension n, the parameter of shape-regularity
o and the differential operator L such that for all u € W*2(Q, T) and discontinuous Galerkin
solutions upg € SP(2,7T), T € 7, the following bound is satisfied:

1/2
HU_UDG”DG<CZ}LSK*I/2 (I)(SK p,.;)—i-(l +p2) M / ‘U|W5m2 .
; KET " 7 " (Pr + 1+ s4)! (=)

Here ® is defined as in Theorem 48 and 1 < s, < min{p, + 1, kx}, k. > 1, ps > 1



3.5. CONVERGENCE OF THE DGFEM IN BROKEN SOBOLEV SPACES 122

Proof. It follows directly from Theorem 48 that

1
IT(Pr)nllko0+2 Y I B omm < C Y b~/ ®(s,pe) [ulwsezgym - (3.23)
KET rET

We turn to integral over € in (3.22). Recall that we denote the projection onto the space of

elementwise constant functions by P, . Then, by adapting the constant C' in the course of

the calculation,

L0 =3 / (~ Bign 045 + Cyi &) da

KET

—Z/m —(Bijk — P20 Biji) Ok&j + Cji &) da

KET

<C 3" (IBgk = Poo Bkl o uymcmen [Elawragyn + 1€l z2guym ) 10l 2y
KeT

2

Pi
< CZ(hn |Bijk = Pa,o Bijlw.oo (gymxmxn 3= [|€ll 2 (eym + HEHLZ(H)m) 101l 22 (s)
KET "

<CY (1 +2) 1€l z2geye nll L2 goym

KET

s [ (s +1
<7/2 Hf”%%g)m + 02(1 + 1) (M) [z 2(k)m - (3.24)
KET

We used that the pull-backs of 0r¢; and n; to the reference element are L?(k)-orthogonal.
Combining (3.23) and (3.24) proves the theorem. /]]/

Corollary 12 Under the hypotheses of the above theorem the approximation error of the

discontinuous Galerkin method satisfies the error bound

=1/
Hu_uDGHDG<CZm ‘u’W‘S‘n72(K/)m , (3.25)

where C' = C(n,0,L,s) depends on the dimension n, the parameter of shape-regularity o,

the differential operator L and the function of regularity indices s.

We already indicated on page 118 that the proof of Theorem 50 can be improved if the

coefficient B of L is elementwise constant.

Corollary 13 Besides the hypotheses of Theorem 50 we assume that the coefficient B of the
differential operator L is constant on each element k € T € 7. Then the approximation error
of the discontinuous Galerkin method satisfies the error bound

m 1/2

lu — upc|lpe < OZ T

HE‘.T

|l ysns2 (i)
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where C' = C(n,o,L,s) depends on the dimension n, the parameter of shape-regularity o,

the differential operator L and the function of regularity indices s.

Proof. Because B is elementwise constant the scalar product (n,L'¢)q vanishes due to L?-

orthogonality. /1]

Remark 7 The error analysis above can be applied without significant modifications to

Friedrichs systems which satisfy condition (3.10) by Johnson and his coworkers.

The a priori error bound due to Georgoulis is also valid for boundary value problems of
type BVP 5, cf. (Georgoulis 2003). We recall from (Houston et al. 2002b) the following

approximation result.

Theorem 51 Let the reference element k be a hypercube in R™. Suppose that u belongs to
Whe2(k)™ for k € T. Then, there exists a Pou € SP(2,T) such that, for p, > 1, k, > 1 and
1 < s, <min(px + 1, k), we have

ho\ 28k 1
_ 2 < K - 2
lu — Poul|z gym < C( > i )\Il(p“’s”)’u‘Hsﬁ(n)m

2 P+ 1
and
h 28,c—2
|u — Poulfyizgym < C(f) U (Prs ) Ul Fron ()
and
P\ 28n—1 \Il(pmsn) 2
lu— Paulagoye < O() " )
L2(09) 2 Pe(pr + 1) Her (k)
where
(P — sk +1)! 1 (Pr — sk +2)!

\Ij(pm Sn) = 0<s5, < Pk

(pn+3fi_1)! pn(l%"‘l) (pn""SH_Q)!’
and C' is a constant independent of h,;, p, and wu.

For the proof we choose the above quasi-interpolation operator to derive the a priori bound.

Theorem 52 Let .7 be a family of shape-regular decompositions of a polyhedron 2 such that
each element of the decompositions is an affine image of the hypercube in R"™. Then there are
constants C1 = C(n,0,L) > 0 and Cy = Cy(n,0,L,s) > 0 such that for all u € W*2(Q,T)
and discontinuous Galerkin solutions upg € SP(2,7T), T € 7, the following bound is satisfied:

Sk—1

_ h
v — upallpe < C1 Z hyr 1P1/2 ¥ (px, SH)l/Z |ulwsn2(s) < C2 Z #3/2 |ulwsw.2(x)
KET ne‘]’p:‘%

Here VU is defined as in Theorem 51 and 1 < s, < min{p, + 1,k }, ki > 1, ps > 1.
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Proof. We abbreviate

ur = Paou, Ni=uU— U, &

Up — Upg-
Then

R\ ss—1
(Ln, E)r < €llx (3) U (pr, SH>1/2|U|H\9K(;{)W

and

p
(0, ) B0 < || Bl oo (arymxmxn [Ellon [nllown < C|BI| oo @arymmon h%}”? €]l lI7llon
K

h}.g Sk—1
< C Bl mymomen €e (55) " DY OB 51 20l oy

using the inequality [|{]/ox < C’p,.;/h,l.g/2 l€]|s, cf. (Georgoulis 2003, p. 75). The second in-
equality follows from Stirling’s formula. /]]/

Remark 8 In the proof of Theorem 45 and of Theorem 50 the suboptimality of the error
analysis originates from the term (Ln,§)q. Understanding this term better is crucial for the
construction of an error bound which sharply reflects the rates of convergence observed in

numerical experiments.

The projections P1 and P-1 defined in Section 1.8 exhibit interesting structural properties
of this term. Let u, be an element of the approximation space V;, and set 1 := u — u, and
€ := ur—upg. We decompose n and & into the components in Eig(L|m e, , 1), Eig(Llme,,—1)
and I/VL%O(Q):

n=m +n-1+no, §=6&6 +&1+ o,

where 11, &1 € Eig(Llme, 1), n-1,€-1 € Big(Llme,, —1) and 1o, & € WZ((Q2). Then

D+I D—-I D-TI\ (m &
(Ln, o :/ D+I D—-1 D+I||na]|]-|¢ca]|de (3.26)
Q
D+I D-1I L 0 &

In the course of calculating (3.26) we used that
JoLmo-&idz = [ono-L'&de = [qmo- (D +1)& d,
JoLno-&o1de = [ono-L'érde = [ono- (D —1)&;da.
Thus the only part in which (Ln, &)q explicitly contains first-order derivatives is the compo-

nent (Lng, &o)a- If & € VN VVLZO(Q) then it is possible to eliminate this term by selecting .,

so that ng satisfies the relationship

Vo € Vi NZ(Q) : (Lno, v =0. (3.27)
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Notice that the bilinear form (Lw,v)q underlying (3.27) is positive definite on Vi, N W2,(€2).
In that sense there is mathematical structure available which can be used to incorporate

(Lno, &o)q into the error analysis.

A more significant difficulty when deriving an error bound by virtue of P and Py arises from
the angles between the components of ¢&. While &1, €1 and & are orthogonal to each other
in the graph scalar product, we do not have control over the angles between these functions
in the L?(Q))™-scalar product. So it is in this indirect way that the derivatives in L come into

equation (3.26). At the moment we are not able to overcome this problem.

Finally, we point out that the matrix in (3.26) is skew-symmetric in the off-diagonal entries.
This implies, for instance, that (L &,&)q is equal to D& - &+ & - & — &-1 - -1 and does not

contain mixed terms.

We remark that it is possible to expand the term (n,L'€)q analogously, which is part of the
adjoint definition (3.8) of Bpg.

3.6 Least-Squares DGFEM

We turn our attention to a closely related but distinct topic concerning the numerical solution
of Friedrichs systems. In a generalised framework of discontinuous Galerkin methods we

investigate the influence of terms of least-squares type on the numerical solution.

We are motivated to study this problem for a number of reasons. For instance, if one considers
the error analysis of the DGFEM, one sees that the underlying difficulty in proving optimal
error bounds is related to an imbalance in the norms which naturally appear in the analysis
of the method, owing to the fact that the symmetric part of By does not contain derivatives.
In the context of least-squares methods this imbalance can be avoided as we demonstrate

below.

Furthermore, by ensuring that the symmetric part of the bilinear form of the Galerkin method
includes terms of first-order we can also strengthen the stability bound of the method. In
Theorem 42 we obtained control over up¢ in terms of the energy norm of the method. However,
one would like to have an explicit bound on the size of Lupg with respect to a suitable norm
as well. Such an enhanced stability bound can be guaranteed in the setting of least-squares

stabilised methods.

Finally we point out that while within the continuous finite element community least-squares
schemes have established a significant position, the application of least-squares methods in the

framework of discontinuous Galerkin methods did not attract much attention. This motivates



3.6. LEAST-SQUARES DGFEM 126

us to assess the performance of least-squares schemes of discontinuous type.

We remark that the current and the next section are an extension of the investigations in
(Houston et al. 2002a) and consequently majority of the findings in this part of the thesis

result from cooperative work with Professor Endre Siili and Professor Paul Houston.

To introduce least-squares stabilised discontinuous Galerkin finite element methods, we ini-
tially restrict our attention to a prototype of these schemes, namely to the LS-DGFEM. For

v,w € W2(Q) we consider the bilinear form
Bus(v,w) = (Jv, Jw)oo + 3 22 (Lo, Lw)e + (B_)e], B-(Wulopn  (3.28)
reT
and the linear form
lus(0,0) = (g, Tw)on + 3 2, L),
reT HF

The LS-DGFEM approximation of the exact solution u on the approximation space V}, is the

function uy g € Vj, which satisfies the condition that
Vw € Vi : Brs(ups, w) = frs(w).

The bilinear form B;g is symmetric and positive definite and therefore a scalar product on

WZ2(2). It in particular induces the LS-norm
[vlles = v/ Bus(v,v)

on the broken graph space. Since {1 s(w) = Bys(u,w), the function u.g is the orthogonal
projection of u to V3 in the LS-DGFEM scalar product. Consequently, the method is stable

and optimal in the LS-norm. This is even the case if u is not contained in a Sobolev space.

Again we can explore the rate of convergence if the solution u of the boundary value problem
is contained in a broken Sobolev space. For the LS-DG method we use the quasi-interpolation

operator defined in Theorem 51.

Theorem 53 Let the reference element k be a hypercube in R™. Suppose that u belongs to
Wke2(k)™ for k € T. Then, there exists a Pou € SP(Q,T) such that, for p, > 1, k. > 1 and

1 < s, <min(px + 1, k), we have
h 28 1
u — Poul|? m<C(—K> — U(pe, se) |y
|| Q HLQ(Q) — 2 pn(pn + 1) (p/i H)’ ‘H (k)

and

B\ 255—2
2 K 2
]u — PQU|W1,2(Q)m < C( 9 ) \Il(pmsﬁ)‘u|H5N(n)m
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and
hi\25:=1 W(ps,85) | 1o
e = Poulagonye < C(5) " ol oy
where
(P — sk + 1)! 1 (pr — Sk +2)!

lI’(pm Sn) = 0<s5, < Pk,

(p,{—ks,{—l)! p,{(pn-l-l) (pn+5n_2)!7

and C' is a constant independent of h,;, p, and u.
We employ the projection Pg in the proof of the next theorem.

Theorem 54 Let .7 be a family of shape-regular decompositions of a polyhedral domain
Q such that each element of the decompositions is an affine image of the hypercube in R".
Then, there is a constant C' > 0 which only depends on the dimension n, the parameter
of shape-regularity o and the differential operator L such that for all v € W*2(Q,T) and
LS-DGFEM solutions uyg in SP(Q,T), T € .7, the following bound is satisfied:

hp\ 25-—1 U (Dyey Sk)
2 K Ky OK 2
U — U <C§ — Ly, ———=u|%sn (- 3.29
H LSHLS = (2> H( H 1)’ ‘H (k) ( )

Here VU is defined as in the previous theorem and 1 < s, < min{p, + 1,ks}, px > 1, kg > 1.

The designation L, stands for

LH} = HBH%OO(H)’H’LXan + H-DH%OO(H)’H’LXM + HJH%“’(@HQ@Q)W‘XWL + ”B—(V)H%oo(aintn)mxm-

Proof. From Theorem 51 and Stirling’s formula it follows that (3.29) below holds if u.g is
substituted by Pou. We also have ||u — uisl||rs < [|[u — Poul|vs. /l]/

Corollary 14 Under the assumptions of Theorem 54 have the bound
h 28, —1
o= wslits <037 (0F) " L lulfron o (3.30)
KeT
where C' in addition depends on the choice of s,, and p, > 1, k> 1,1 < s,; < min(p,+1, k).

As before, a higher rate of convergence can occur if the first-order part of £ is degenerate.
The rate in (3.29) coincides with the rate we obtained in Corollary 13. We remark that
for fixed parameters h, and p, the LS-norm is in general stronger than the energy norm
of the original discontinuous Galerkin finite element method. That both norms have the

same optimal convergence rate results from coefficient h,;/p, in (3.28). We comment that the



3.6. LEAST-SQUARES DGFEM 128

coefficient makes the LS-norm mesh dependent. By that we mean that it is not possible to

define an extension of the LS-norm to Wg (€, 7) in an analogous way to (3.16).

Dropping the coefficient h,/p, in (3.28) leads to a modified method and a modified rate
of convergence in (3.29) which would still be optimal but of lower order. In consequence,
we would not be able to guarantee the optimal order of convergence in the boundary terms
(Jv, Jw)aq and (B_(v)[v], B_(v)[w])s, . this way.

int K
Before we continue the mathematical analysis of least-squares stabilised discontinuous Galer-
kin methods we assess the practical performance of the LS-DGFEM in a series of numerical
experiments. We remark that the computations for Examples 36, 39, 40 and 41 were con-
ducted by Professor Paul Houston. We use the opportunity to also verify the a priori error

estimates derived in this section.

Example 36 We consider a scalar advection-reaction problem with smooth analytical solu-
tion. To this end, we let Q = (—1,1)?, B = (8/10,6/10), C = 1 and g = 1. The function f is

chosen so that the analytical solution of the associated boundary value problem is
u(z,y) = 1 +sin(r(1 +z)(1 + y)?/8). (3.31)

This is the same test problem as the one that was used in (Bey and Oden 1996) and (Houston
et al. 2000b).

We investigate the asymptotic behaviour of the least-squares discontinuous Galerkin method
on a sequence of successively finer square and quadrilateral meshes for different p,. In each
case the quadrilateral mesh is constructed from a uniform N x N square mesh by randomly
perturbing each of the interior nodes by up to 10% of the local mesh-size, cf. (Houston et
al. 2000Db).

10 T

10° 1

lu — urs]|Ls

10° F 1
—— Square elements
---- Quad. elements

107 L L
10 10°
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In the above figure we compare the LS-norm of the error with the mesh function h, for

1 < p, < 5. We observe that ||u— u.s||Ls converges for fixed p, at the rate O(hg”ﬂ/ 2) to zero

as the mesh is refined. This is in agreement with (3.29).

10°

10”

10

5 x 5 mesh

10

lu — ups]|Ls

9 x 9 mesh

107 - \\\ Y17 x 17 mesh |
—— Square elements
ool ~ - Quad. elements 33 x 33 mesh |
1 2 3 s 5 6 7
Pr

Finally, we investigate the convergence of the LS-DGFEM with p-enrichment on a fixed
mesh. In the above figure we plot the least-squares norm of the error against p, on four
different square and quadrilateral meshes. In each case, we observe that on a linear-log scale,
the convergence plots become straight lines as the spectral order p, is increased, thereby
indicating exponential convergence in p,,. This finding is consistent with (3.29). Later in this
chapter we prove, in a more general setting, that if the exact solution (3.31) is an analytic

function then the rate of convergence is always exponential as p, increases.

The above figures indicate that the h- and p- convergence of the LS-DGFEM is robust with

respect to mesh distortion.

Example 37 We compare the accuracy of the LS-DGFEM with that of the original DGFEM

for a one-dimensional boundary value problem which has a smooth solution. We let 2 = (0, )

1 0 01 0 1
(2 ) ) ()

The solution to this system of equations is u = (cos(x),sin(x))". The figure below indicates
that both LS-DGFEM and DGFEM achieve optimal convergence rates in the L?-norm for

and select

this system. However, while we observe that for p, > 3 the errors of the two schemes are

virtually identical; this is not so for p, < 2; indeed, in the latter case DGFEM delivers more
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accurate results than LS-DGFEM on each of the uniform subdivisions of the interval (0, )

considered.

— LS-DGFEM |
) ° ; --- DGFEM
- pil32 pi/‘lﬁ pi/‘& pi‘/4 pi‘/Z -

This can also be seen in the next figure which shows the L?-error against the polynomial

degree.

10° f ]
107 4
P |

i% g mesh
T 10° ™ B

z 1 mesh
| 10 v B

— h

El 3 mes
107 s mesh 1
— LS-DGFEM 16

w? -~ DGFEM 312 mesh ]

1 2 3 4

o
o
~

In order to understand the observed behaviour, let us consider a somewhat simpler scalar
problem on Q) = (—1,1), with T = {Q}, B =1 and C = 0. Here the LS-DGFEM approxima-

tion can be expressed in closed form in terms of Legendre polynomials as

Pr—2 . Pr

2141 1

— (Li,uyo Li + E B (Li—y,u')q L.
i=0 i=pr—1

Similarly, for DGFEM we obtain

Ups =

pr—1

2 +1 2 2j+1
Upe = Y 5 (Liywe Li + (Z ! <Lj7u>§2) Ly,
1=0 j:pn
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To derive these identities we used integration by parts, the formula
Ly= Ly — Lypy)/@2n+1), n>1,

and the orthogonality of Legendre polynomials L,, in the scalar product of L*(—1,1). Com-
paring u.s with upe we see that for p, > 3 the first p, — 2 terms in the expansions of urg
and upg coincide. Due to the fact that u is an entire analytic function on R, the higher-order
Legendre modes decay very quickly and hence the difference between u.gs and upq is small for

large py.

Example 38 In this example we address the superconvergence properties of the LS-DGFEM.
We define superconvergence with respect to h as follows: let (uyp,);, be a family of numerical
solutions generated by a finite element method (By, ¢y, Tp)n. Here By, and ¢}, are respectively
the bilinear and linear form of the Galerkin method and T} is an underlying quasi-uniform
mesh. Finally, h is a positive scalar representative for the size of elements of Tj. Suppose
that r € R is the largest positive number such that there is a constant C, depending on u but

not on h, with
|[u —up| oo (@) < C(u) A"

A family of points (&), is called superconvergent of order o > 0 if
|(w = up)(&n)| < Clu) h™7

for all h > 0 and the solutions u considered.

In order to test the LS-DGFEM for superconvergence we introduce the model problem
1 1

= - B = 2 = —]_ = —.

We choose this admittedly simple equation because we wish to track the error decay at

Q=(-1,1), wu(x)

superconvergence points over several refinement stages, using high precision arithmetic with
an 80 digit mantissa. This is necessary as the approximation error at superconvergence points

quickly drops below the usual machine epsilon of 16 digits mantissa.

Overall the rate of h-convergence in the L°°-norm observed for the parameters of p, and
h is hP=+1. Indeed this is the optimal rate which can be achieved by any polynomial L>-
approximation of our test problem. In order to obtain a clear understanding of the behaviour
of the error e, = ul|, —uLs|, on the elements r, we pull back the error to the reference element
and monitor the average over all k thereof:

e h—>R,z— (Z W)lm'

KETH
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h=2"%_p=2 (Gt

p | sc. pt.

k=2

k=3

k=4

k=5

k=6

k=17

guess

2.24325
2.24059

2.14096
2.14539

2.07629
2.08051

2.03976
2.04247

2.02030
2.02183

2.01026
2.01107

4.12836
4.05784
4.14355

4.06922
4.03082
4.08086

4.03588
4.01588
4.04296

4.01826
4.00805
4.02215

4.00921
4.00406
4.01125

4.00462
4.00203
4.00567

6.15645
5.01286
5.12498
6.15309

6.09337
4.99940
5.05608
6.09655

6.05094
4.99699
5.02643
6.05392

6.02662
4.99728
5.01205
6.02850

6.01361
4.99817
5.00565
6.01465

6.00688
4.99890
5.00265
6.00743

8.10292
6.01554
5.99354
6.00543
8.12865

8.05079
5.99772
5.99097
5.99688
8.06714

8.02531
6.00092
5.99871
6.00106
8.03455

8.01263
5.99980
5.99898
6.00011
8.01754

8.00631
6.00006
5.99970
6.00029
8.00884

8.00315
6.00000
5.99984
6.00014
8.00444

0 O O O 0| Oy Ut Ut O e NN

10.0700
7.00043
7.00728
6.99310
7.00935
10.0888

10.0514
6.99520
6.99842
6.99187
7.00025
10.0656

10.0298
6.99961
7.00115
6.99814
7.00224
10.0382

10.0160
6.99957
7.00033
6.99889
7.00092
10.0205

10.0082
6.99980
7.00018
6.99946
7.00049
10.0106

10.0042
6.99990
7.00009
6.99974
7.00025
10.0054

—
~N O

10

N O U R W NN HE OO R W NN RO R W FEREWNY RN NN

12.0710
8.02229
8.01104
8.02713
7.99814
8.02661
12.1012

12.0406
8.00539
8.00035
8.00886
7.99540
8.01046
12.0596

12.0214
7.99902
7.99646
8.00120
7.99422
8.00261
12.0320

12.0110
8.00033
7.99931
8.00123
7.99845
8.00183
12.0166

12.0056
7.99982
7.99933
8.00030
7.99893
8.00068
12.0084

12.0028
8.00002
7.99977
8.00027
7.99957
8.00045
12.0043

12

o 0o oo oo

12

Table 1: Pointwise superconvergence rates. The first column lists the polyno-
mial degree, the second column enumerates the superconvergence points. The
subsequent columns collect the convergence rates as the elemental diameter is

reduced. The last column shows the hypothetical convergence rate indicated by

the numerical experiment

132



3.6. LEAST-SQUARES DGFEM 133

This may not reflect the calculation for the individual element but can indicate some general
qualitative features of the approximation. Two typical averaged errors are depicted on the

graphs in figure below.

0.5 1

(b)

While the left plot shows € computed in a calculation with quadratics, we see on the right a
corresponding result for p, = 5. Both graphs exhibit minima near the Gauf-Lobatto points of
the respective polynomial degree. We therefore make the hypothesis that the LS-DG method

exhibits superconvergence at these locations.

In Table 1 on p. 132 we confirm this conjecture by listing the convergence rates at the Gauf3-
Lobatto points for p, = 1 to p, = 6 and h between 1/2 and 1/256. In this table strong
evidence is given, that at the boundary points —1 and 1 a convergence rate of h*"+ is attained

by the finite element method, while at the interior points a decay of order h’=*2 is achieved.

Example 39 We assess the practical performance of the LS-DGFEM for a scalar linear
advection problem with discontinuous boundary data. We let @ = (0,2) x (0,1), B(z,y) =
(1 +sin(my/2),2), C =0, f =0 and

]-a JJ:O,OSySl,
g(z,y) = sinﬁ(mc), 0<z<1, y=0,
0, 1<2z<2 y=0.

In Figure 3 we compare the performance of the LS-DGFEM with the standard discontinuous
Galerkin method and the streamline-diffusion stabilised discontinuous Galerkin method (SD-
DGFEM), cf. (Houston et al. 2000b). In each case, we show the outflow profile along the
horizontal edge 0 < x < 2, y = 1 on a 65 x 33 uniform square mesh with discontinuous
piecewise bilinear elements (p, = 1). We observe that the performance of the DGFEM and
the SD-DGFEM are very similar, cf. (Houston et al. 2000b); in each case the smooth hill is

very well approximated, with some under-shoots and over-shoots present in the vicinity of
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the discontinuity in the analytical solution. In contrast, the LS-DGFEM is overly-diffusive
leading to the excessive smearing of both the discontinuity and the smooth hill present in the

analytical solution, cf. Figure 3 (c).

We remark that the numerical dissipation inherent in the LS-DGFEM is due to the inclusion of
the least-squares stabilisation into the interelement jump terms rather than the presence of the
least-squares stabilisation in the element-integral terms. Indeed, in Figure 3 (d) we show the
solution generated by employing an unsymmetric least-squares discontinuous Galerkin finite
element method where the element integral terms are identical to those in the LS-DGFEM
while the interelement jump terms and the boundary terms are identical to those arising in the
standard DGFEM. Here, we observe that even though this unsymmetric least-squares method
is more dissipative than both DGFEM and SD-DGFEM, the excessive smearing inherent in
the LS-DGFEM has now been eradicated.

We conclude the example with a comparison of the performance of the LS-DGFEM with the
standard, streamline-diffusion stabilised and the Galerkin least-squares finite element methods
based on continuous piecewise polynomials. In Figure 4 we show the outflow profiles of each of
the aforementioned schemes; here, we again observe that the LS-CGFEM excessively smears
out the solution, though the level of dissipation is very slightly less than when the LS-DGFEM
is employed.

3.7 A general family of discontinuous Galerkin methods

The stability estimate of the LS-DGFEM gives control over the residual Luys. In addition we
have for this scheme an optimal a priori error bound. However Example 39 highlighted that
the LS-DGFEM suffers from an excessive amount of numerical dissipation. Consequently, it
would be desirable to find a method which combines the advantages of the LS-DGFEM with
those of the original discontinuous Galerkin method. In order to conduct the construction of
such a method in a systematic framework, we introduce a family of Galerkin methods which

is parameterised by suitably chosen weight functions.

We introduce the parameterisation in two stages. First, we generalise the LS-DG scheme,
then we combine it with the original discontinuous Galerkin method. We associate to each
element x € T the matrix functions M, : k — [0,1]™*™ and N, : 0k — [0,1]™*™. The

generalised least-squares method consists of the bilinear form

Bio(v,w) =Y Z“(MH Lo, L + (No J0, Ju)oonon + (N B-(0)[0], B- ()]} o
reT F



3.7. A GENERAL FAMILY OF DISCONTINUOUS GALERKIN METHODS 135
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Figure 3: discontinuous Galerkin methods.
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Figure 4: continuous Galerkin methods.
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and the linear form
Iy
bis(w) =) (M f L+ (N Tg, Jw) .
reT PF

The fully parameterised family of methods we consider incorporates terms of the original
DGFEM by means of a convex combination. Let ¢ be contained in the interval [0, 1]. Then

the bilinear form B; is defined by
B, =tBpg + (1 —t) Bys.
Similarly, the linear form ¢; is defined by the identity
b =tlpe+ (1 —t)ls.
A t-DGFEM approximation of BVP 5 is a function u; € V}, such that
Vw € Vy i Be(ug, w) = £e(w).

If t = 1 then the t-DGFEM coincides with the original discontinuous Galerkin method. If
M, =1, N = I and t = 0 for all kK € T then the t-DGFEM is equal to the original
LS-DGFEM.

However, if M, =0, N, = 0and ¢t = 0 for all x € T then B; and ¢; are identical to zero.
Therefore we have to further restrict the set of admissible weights in order to guarantee a
working Galerkin method. In view of the subsequent analysis the following conditions appear

natural: we assume that there are constants p € (0,¢) and £ > 0 such that

forz e k : M, (x)>pl,
for € B B_(v) Nu(2) B_(v) > 221__‘;) B_(v), (3.32)
for 2 € 90N k: iR > JH(z) Nu(x) J(x) > ‘1‘7:: R.

There are two observations to be made. Firstly, condition (3.32) implicitly demands that ¢t > 0
and that M, is positive definite, i.e. we exclude here the original DGFEM and LS-DGFEM.
Secondly, from (3.32) it does not follow that the weight N, is positive semi-definite. Indeed,

we may select N, =0 for k € 7.
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Let v € WE,B(Q’T)' Then

hy;
By(v,0)=> t(D"v,v)q+ (1 —1) o (M, Lo, Lo)g
rET r

+ 3 ol (=B@)[o], (1 +2(1 =) Neo(=B-()))[0]) e

RET

+ Yt {Rv,v)a0nok + (1= 1) (N J v, J 0)ognon
rET

h W
> tyfollZ+ (1 -1 upl ILo]1Z + 2 1l
KET e

2 2
B.ower T 1V R 05000

Thus if (3.32) holds then B is positive definite and defines the norm
o]t :== V/Bi(v,0), v e WZE(Q,T),

which we call the t-norm. Notice that the t-norm is stronger than all other norms on

Wg 5(€2,7T) we considered so far. Due to the parameter h,/p. we do not extend the t-norm
to VVL%B(Q, T).

Theorem 55 For each finite-dimensional approximation space V}, there exists a unique t-

DGFEM solution w;. This solution satisfies the stability estimate

luelle < € (¢ + (1 = 1) maxh/pe) | flla + Cllgllr,

where C' is a constant depending on v, p and fi.

Proof. Existence and uniqueness of u; follow from the coercivity of B;. Using

Bilue,ue) = fo(ur) <t/(29) |1 + /2 el + /(2 0) I (Pa) g%+t /2 el
+ (L= 1)/ @) gl + (L= 1) /2 e,
3 (0= he/@upa) IFI2 + (U= 1) ot/ 2 ) | L),

keT

we deduce the stability bound. /1]

We now turn to the convergence properties of the --DGFEM. In the next theorem we make

use of the abbreviations

1Bl = 1Bllgaeqaymcrmens V] i= mass [Nl poogamymsrns 1M 5= mass | Moy
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Theorem 56 Let 7 be a shape-regular family of decompositions into quadrilateral elements
of a bounded polyhedral domain §2. Suppose that the solution u of BVP 5 is contained in the
broken Sobolev space W*2(Q, 7)™, T € 7. Then

255—1

u—up < 03 By )

Lt 2 Hsk (k)™
KET pli(pli + 1)

where the constant C' depends on t, | M|, |N||, 1, ft, L and where 1 < s, < min{p, + 1,k }

and p, > 1, k> 1.

Proof. Similarly to the error analysis of the original discontinuous Galerkin method we set
uy = Pou, N i=U— Ug, = Up — uy.

Then, by Galerkin orthogonality,

Bt(é-vé-) =—t BDG(naé) - (1 - t) BLS(naé)'

We first focus on the term Bpg(n,€). Recalling (3.7) and L' = L + 2D", we deduce that

Pk 1/2 h,. 1/2
Boc(m,€) < (3 i) (30 K18 €1E) ™ + 2 1C ey Inllalila
eT " reT F

hon+ (Clnlbone) (Z N0

keET keT

+ Inll%00 1T (Pr) €|

The least-squares term satisfies the following bound:

K / o /
B §) < 211 (3 2 nlz) (30 2= 1e )
KET K KET K
/
FINTIBI (X i lnloanoe) (2 i leonnan)
rET rET

FINTIBI (o) ()

KET KET

/2

Combining the last two inequalities we find that there is a constant C' dependent on ¢, || M|,

|NI, w, o and L such that

P h
[ f\lnlli + piHL % + 101 60 + 111 80 + 17117 0000k
keT T f

Now the result follows from Theorem 51. /]]/

Corollary 15 Suppose that the hypotheses of the above theorem hold. Then, there is a
constant C' which depends on t, ||M]||, | N||, p, i1, L and s such that

h,{ 28, —1 9
lu = we|f < CZ( > [l Fon (rym
KET Prt 1

for 1 < s, <min{p, + 1, kx}, px > 1, kx > 1.
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If u is elementwise analytic we can strengthen the theorem significantly. The argument behind

the proof of the next theorem is due to (Houston et al. 2000b).

Theorem 57 Let 7 be a shape-regular family of decompositions into quadrilateral elements
of a bounded polyhedral domain ) and let u be a solution of BVP 5. Suppose that there
is a finite decomposition T of Q such that u|., ' € 7', is extendible to an analytic vector
function in a neighbourhood of k. Assume in addition that all T € .7 are a refinement of 7',

i.e. for all Kk € T exists a k' € T’ such that k C k'. Then the finite element error is bounded

by

h 28, —1
lu—wl? < C) Y (F) " phePemeas(x),
k€T

where 1 < s, < py, b is a fixed element of (0,1) and C(u) is a constant depending on u.

Proof. Fix a k € 7’ and define for any y € & the closed line segment
Siy:={zer: forj#i:a; =y}

Since ul s;, is analytically extendible, it can be transformed into a holomorphic function on

a disk D(z') with arbitrary origin 2’ € S;,. We use the Cauchy estimate
(k) k! :
Haj UiHLoo(D(x/)) < ﬁHuiHL(x(D(m/)), kEN; 1= 1,...,m,

where R is the radius of D(z’), cf. (Rudin 1987, Theorem 10.26). Since S;, is compact, we
can find Ry, > 0 and M > 0 such that

k!
Rk

min

M.

k
10" s | oo s, ) <

Due to the analyticity of u in k, the values of Ry, and M can be chosen so that they change
continuously with y. Since r is compact and 7’ is finite we can adjust Ry, and M so that
one can employ these constants for all x, y and j simultaneously:

5!

RS

min

I Rinin >0 IM >0 Vh €T Vs €N: ulysoc(mm < oM,

where we denote by | - [jys.00(xym the semi-norm over W*°°(x)™. Consider s = ap, +1 € N

with a € (0,1). Using a generic constant C, applying Stirling’s formula gives

(px —s+1)! (s'M)

U (prey ) [l oy <2

(p” +s— 1) mln
< o (L= a)p)eree (el (ap, 4 12004202
T (1 + a)pg) s e—(1+a)ps Rr2noiz§f€+2

<C (F(Ol, 1/Rmin)) Kpm
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where

For p > 1,

OI<IIO}I<11 F(a,p) = \/7112211 = F(amin, p) < 1, Omin = \/11+7p
Hence there are ¢ > 0, 6 > 0 such that for all & € (Qin —&, Amin+¢) we have F(a/,1/Ruyin) <
1 — 4. Thus for p, > 1/e there is ' € N such that F(s'/px,1/Rmin) < 1 — 0. On the other
hand for p, < 1/e the terms F(s'/px,1/Rumin)k, s := 1, are bounded. Therefore by possibly
enlarging C' we obtain with b = |log(1 — d)|, that

qj(pﬁhsl) |u’12/vs’,oo(n)m S Ceibp 3
If kj € T is subset of K" € T’

U < S
s, (K)m — meas( ) Ws oo(n

Summation over x; proves the theorem. /]]/

The key result of the proof is the bound on the term W(ps, sx) [ulysn.2(s). Consequently,
the proof can be easily transferred to the respective error bounds of original DGFEM and
LS-DGFEM. We omit the details here and refer to (Houston et al. 2000b) and (Houston et
al. 2002a).

In a numerical example we compare the performance of a t-method with the original DGFEM
and LS-DGFEM.

Example 40 We consider the one-dimensional wave equation
Ugr — € Uy = 0. (3.33)

The equation can be rewritten as the symmetric first-order system

() () () ()=

where u; = u; and us = cu,. Here we let Q = (0,1) x (0,Y/5) and ¢ = /5, with
ui(x1,0) =0 and u2(x1,0) = ce100@1=1/2)%

for 0 < z; < 1. We remark that according to Example 28 the equation can be transformed

~tu. However, since this transformation is a non-

into a positive system by applying u — e
singular operation on the discrete approximation space SP(2,T) as well, we do not need to

carry it out explicitly for the computation of a numerical solution.
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L | T T
U W e

|w = well L2

t=0
- - t=12
— t=1

In the above figure we compare the performance of the original DGFEM (t = 1) and the
LS-DGFEM (t = 0) with that of the t-DGFEM with M,, = I, N, = I and t = !/, using
h-refinement on uniform square meshes for 1 < p,, < 5. For consistency, in each case the error
is measured in terms of the L?(2)-norm. Here, we observe that the error of the DGFEM is
always smaller than for the t-DGFEM with t = !/5; though the error for this latter scheme
is always smaller than for the LS-DGFEM.

— t=1

‘
10"

However, if we measure the error with respect to the L°°(§2)-norm, then we see that the t-
DGFEM with t = /5 now has clear advantages over both the DGFEM and the LS-DGFEM.
Indeed, in the figure above we see that for p,, > 1, the t-DGFEM with t = 1/2 now outperforms
both DGFEM and LS-DGFEM on some of the meshes employed; this is particularly noticeable

on coarser grids.
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The differences between the three schemes in the last example are quite small, owing to
the smoothness of the exact solution. Motivated by our findings there, we now consider a

boundary value problem with a non-smooth analytical solution.

Example 41 We investigate the performance of the t-DGFEM on the non-smooth linear
advection problem considered in Example 39. To this end, in the below figure we plot the
L°(Q)-norm of the error in the t-DGFEM for 0 < t < 1 on a 33 x 17 uniform square
mesh for 1 < p, < 6 and M, = I, N, = I. Here, we observe that as t increases from
t = 0, corresponding to the LS-DGFEM, the infinity norm of the error first decreases before
increasing sharply as t approaches one corresponding to the DGFEM. This implies that for
each p,, there is an optimal value of the parameter t = t,, , for which the infinity norm of the
error in the t-DGFEM is minimised. We remark that the error curves for each p, are fairly
flat around this hypothetical value t,, , which is good from the practical point of view, since

there is a fairly large range of t around t,, which gives roughly the same error as t,, itself.
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We postulate that the dissipation present in the t-DGFEM with t close to t, is large enough
to provide additional stabilisation for higher p,, cf. (Houston et al. 2000b), yet small enough
to ensure that the error is not adversely affected by the excessive dissipation present in the LS-
DGFEM. Of course, the level of dissipation added into the standard DGFEM by combining
it with the LS-DGFEM can be controlled not only by varying t, but also by allowing M,, and

N, to change from element to element in the mesh 7.

The last two examples substantiate that for suitable parameters ¢, M, and N, the numerical
solution of the t-DGFEM improves or at least recovers the result which would be achieved be

the original discontinuous Galerkin method. However, more importantly, we obtain additional
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control over the stability of the method. This is reflected in our analysis by the improved
stability estimate for members of the {-DG family which includes a bound of the term Luy,
cf. Theorem 55. In contrast to other stabilisation techniques such as slope limitation the
introduction of least-squares terms does not lead to a violation of Galerkin orthogonality. This
characteristic of the least-squares stabilisation makes the t-DG family particularly suitable in
connection with duality based a posteriori error estimators. We point out that the application
of a posteriori techniques plays a central role in the numerical solution of Friedrichs systems
since the regularity of the exact solutions of these systems can vary significantly throughout
the computational domain. Investigations in this direction including the analysis of least-

squares stabilised methods have been pursued in (Siili and Houston 2003).



Conclusions

In this dissertation we extended the definition of the discontinuous Galerkin method to a
mathematical framework which is suitable for the application to Friedrichs systems with
discontinuous solutions. On the basis of this construction we demonstrated that the discon-
tinuous Galerkin solution converges under h- and p-refinement to the exact solution of the
boundary value problem. This finding relies on an error bound which relates the discontinuous
Galerkin error to the distance between the exact solution and the set of continuous functions

within the approximation space.

It was a particular concern to us to include into the analysis type-changes of boundary value
problem and corners of the underlying domain. In order to incorporate these features we had
to identify a mechanism that rules out solutions to Friedrichs systems which do not satisfy
basic requirements such as the validity of the integration-by-parts formula in the classical
sense of domain and boundary integrals. The technique we built our analysis on introduces
a compatibility condition between the trace operator and the boundary conditions by virtue

of a transformation matrix 7" on the boundary.

In the current literature the analysis of the discontinuous Galerkin method is limited to the
study within the scale of Sobolev spaces. We already highlighted in the Introduction that
this setting is not suitable for the study of Friedrichs systems with discontinuous solutions.
However, numerical computations show that for such problems the discontinuous Galerkin
method is a very competitive numerical technique. Indeed, this observation was already
emphasised in the original publication by Reed and Hill, cf. (Reed and Hill 1973a). Therefore,
we believe that the analysis of the DGFEM in the framework of graph spaces is a valuable

addition to the existing literature.

In the course of constructing the mathematical underpinning for the application of DGFEMs
to boundary value problems with discontinuous solutions we established a range of results

regarding graph spaces, Friedrichs systems and numerical techniques.

We proved the density of smooth functions in graph spaces over domains which satisfy the
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segment property. This result allowed us to define a trace operator T for graph spaces on
Lipschitz domains. We emphasised the distinguished role of T through the factorisation of
boundary operators with T, a property which determines T, and the trace space Wy (9€) up
to homeomorphy. We thereby ensured that conceptually the trace defined by T¢ comprises
all the information about graph space functions near the boundary. Since graph spaces are in
general not translation invariant, our proofs differ, in part significantly, from the analysis for
other function spaces such as W14(Q2) and W?2(div, ), for which the corresponding results

are well-established.

We also introduced an extension operator €, from the trace space into the graph space and we
highlighted its various features. For instance, we gave a characterisation of the image of € in
terms of the second-order differential operator O and elucidated the isometric correspondence

between the image of ¢ and the image of the adjoint extension operator by virtue of L.

In view of the examination of Friedrichs systems we illuminated the characteristics of trace
spaces associated to differential operators with Hermitian coefficients. We distinguished be-
tween traces which are concentrated in the in- or outflow components of the boundary and
which are of L%(99Q)-type and traces which are not contained in L%(092) arising from effects

related to corners, tangential coupling and changes in the inertial type of B(v).

We also investigated the eigensystem of L in the image of € and gave an explicit description
of the eigenprojections and considered their regularity properties. As indicated in Remark 8,
the understanding of the eigensystem of £ might also prove valuable for the derivation of an

optimal error bound in A and p for the discontinuous Galerkin method.

We transferred Friedrichs systems into a setting which accommodates a large class of phenom-
ena originating from corners and type changes in the boundary conditions. In this framework
singularities at the boundary can be incorporated if they are confined to a null set in the
Hausdorff measure of the boundary. We carried over the existence proof by Friedrichs for
boundary value problems with admissible boundary conditions. We gave here the charac-
terisation of admissibility in abstract form but detailed in addition the connection to the
definition by Friedrichs in terms of matrix functions on the boundary. We paid particular at-
tention to the regularity constraints on the matrix functions which arise from our formulation
of Friedrichs systems. This included conditions on the projection P;, Py, P and Pjn and a
separate description of the special case when the range of the boundary operator is contained
in 13 1,.(09).

Embedded into this general framework, we selected a class of boundary conditions under

which Friedrichs systems are well-posed und which provided the basis for the above mentioned
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convergence proof of the discontinuous Galerkin method mentioned above. As has been
already highlighted, our arguments ensure the compatibility of the trace operator with the

boundary conditions by virtue of a factorisation of B(v).

Having established the necessary foundation, in Chapter 3 we investigated into the per-
formance of the discontinuous Galerkin method for Friedrichs systems with discontinuous
solutions. To this end, we introduced the class of broken graph spaces, in which the con-
vergence process of the DG method can be studied. In this setting we documented, prior to
the convergence proof, the stability of the method which leads directly to the existence of an
unique numerical solution. We also compared our compatibility condition based on T to the
conditions by Johnson, Névert and Pitkdranta, which have been proposed for the analysis of
the discontinuous Galerkin method assuming that the exact solution is contained in a Sobolev

space.

In a somewhat separate study we addressed the convergence properties of the DGFEM in
broken Sobolev spaces. We improved, for certain problems, the error bound by Georgoulis by
half an order in p. We also derived an a priori error bound for least-squares stabilised discon-
tinuous Galerkin methods which is optimal in h and p. Furthermore, we presented numerical
evidence that least-squares stabilisation leads not only to an improved stability bound of
the method but also influences the approximation properties of the method advantageously.
We then substantiated numerically superconvergence properties of the LS-DGFEM. For com-
pleteness we extended the analysis by Houston, Schwab and Siili on the one hand and by
Georgoulis on the other hand from the class of scalar problems to Friedrichs systems satisfy-

ing our compatibility condition.

Outlook

We wish to highlight two questions for future research which arise from this dissertation. The
first concerns the intrinsic definition of the trace space. There remain a number of techniques
we have not utilised to derive an intrinsic definition. We already pointed in the Introduction
at the theory of pseudo-differential operators which may be capable of shedding new light on
already established results. In a classical problem in electrical impedance tomography one
has to find for a section of the boundary the Neumann condition which leads to the same
solution of a boundary value problem as a given Dirichlet condition. Solving this problem
intrinsically, that is without solving the differential equation, seems to bear similarities to

turning equation (1.22) into an intrinsic formulation.

The second question we stress concerns optimality of the discontinuous Galerkin method in h
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and p in the framework of Sobolev spaces. It would be interesting to clarify whether the ideas
in Remark 8 can be extended to prove an hp-optimal error bound in absence of streamline
diffusion or least-squares stabilisation. Understanding orthogonality properties of the term
(Ln,&)q appears to play a crucial role in developing an error analysis which reflects the rates

of convergence observed in numerical examples.



Appendix

Riesz-Thorin Theorem

We cite the Riesz-Thorin theorem from (Werner 2000, p. 74) in abbreviated form.

Theorem 58 Assume that po,p1,qo,q1 € (1,00) and that py # p1 and qo # q1. Let K €
{C,R} and set ¢c:=1if K=C and c:=2 if K=R. Let 0 < § < 1, and define p and q by

1 1-6 6 1 1-6 4
+—, -= +—.
p p P14 @ @

Suppose p and v are o-finite measures. If T' is a linear mapping with

T:LP(u,K) — L?®(v,K) continuous with norm My,
T:LP(u,K) — L% (v,K) continuous with norm Mj,

then
ITflle <My~ "MY||flle ¥ f € LP(u,K) N LP (, K).
Hence the operator is extendable to a continuous linear mapping
T:LP(u,K)— L v, K)

with norm c M&_er.

Perturbation of Linear Operators

We give a short account on the necessary perturbation theory of linear operators. We follow
the exposition by (Kato 1995) and refer the reader to this book for details. Consider the
interval I C R and let T : I — C™*"™ be a continuous function which assigns to every point

in I a complex-valued matrix. Then, according to (Kato 1995, pp. 106-110), there are m
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continuous functions u; : I — C, i € {1,...,m}, such that if at x € I the multiplicity of the
eigenvalue A of the matrix T'(z) is k then there are exactly k functions p; which attain the

value A at this point.

Consider another choice of functions fi; which represents the eigenvalues of T'. Then, in a
sufficiently small neighbourhood N, of x, the graphs of the functions p; which pass through
A are equal to the graphs of the functions fi; which pass through A. Therefore in N, we can
define the A-group as union of the graphs of u; which pass through A independently of the
choice of the representing functions, cf. (Kato 1995, pp. 66,107).

Under the total projection of the A-group at x € N, we understand the projection to the sum
of all eigenspaces which are associated to an eigenvalue in the A-group. We restate Theorem

5.4 from (Kato 1995, p. 111) in abbreviated form.

Theorem 59 Let T'(x) be differentiable at x = 0. Then the total projection of the A-group
is differentiable at x = 0. If T is diagonalisable, then the functions u; are differentiable at
xz=0.

According to the remark on page 115 in Kato’s book, for diagonalisable operators continuous
differentiability of T'(x) indeed implies continuous differentiability of the total projections and

of the eigenvalues.

However we also need to consider the mapping which associates to every = the eigenprojection
associated to the eigenvalue p;(z). In Example 12 from page 45 we illustrate that this mapping
is generally less smooth than the total projections. The situation changes if we assume that

T, is (in each entry T;;) analytic, cf. (Kato 1995, p. 73).

Theorem 60 Let the function x +— T'(x) be analytic. Then, with the exception of a discrete

set, the eigenprojections are also analytic.
We also cite, again in abbreviated form, Theorem 6.1 on page 120 in Kato’s book.

Theorem 61 If the analytic family T'(z) is real and symmetric, then the eigenvalues p;(x)

and the eigenprojections are analytic on the real axis.
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