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Abstract 

The paper presents a lattice Boltzmann (LB) method for premixed and nonpremixed combustion simulations 
with nonreflective boundary conditions, in contrast to Navier–Stokes solvers or hybrid schemes. The current 
approach employs different sets of distribution functions for flow, temperature and species fields, which are 
fully coupled. The discrete equilibrium density distributions are obtained from the Hermite expansions thus 
thermal compressibility is included. The coupling among the momentum, energy and species transport en- 
ables the model to be applicable for reactive flows with chemical heat release. The characteristic boundary 
conditions are incorporated into the LB scheme to avoid numerical reflections. The multi-relaxation-time col- 
lision schemes are applied to all the LB solution procedures to improve numerical stability. With detailed ther- 
modynamics and chemical mechanisms for hydrogen-air, the LB modelling framework is validated against 
both premixed flame propagation and nonpremixed counterflow diffusion flame benchmarks. Simulations of 
circular expanding premixed flames further demonstrate the capability of the new reactive LB method. The 
developed LB methodology retains the advantages of classic LB methods and extends the LB capability to 

low Mach number combustion with potential applications in mesoscale and microscale combustors, catalysis, 
fuel cells, batteries and so on. 
© 2022 The Author(s). Published by Elsevier Inc. on behalf of The Combustion Institute. 
This is an open access article under the CC BY license ( http://creativecommons.org/licenses/by/4.0/ ) 
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1. Introduction 

The lattice Boltzmann (LB) method, which orig-
inates from the kinetic theory of gases, has experi-
enced rapid advancement in the past few decades
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[1,2] . Compared with traditional computational 
fluid dynamics (CFD) methods, the LB method fea- 
tures several advantages [2] : firstly, it is a more gen- 
eral modelling framework than that based on the 
Navier–Stokes equations, so that mesoscopic and 

microscopic features can be easily incorporated; 
secondly, it has more efficient and easier bound- 
ary condition treatments for complex geometries; 
thirdly, due to its explicit and strictly local formu- 
behalf of The Combustion Institute. This is an open 
org/licenses/by/4.0/ ) 
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ation, the LB method is extremely efficient for par-
llel computing [3] . The method therefore has been
xtensively applied to a variety of complex flow
roblems, including multiphase flows [2] , thermal
ows and fluid-structure interactions [4] . 

LB methods have been less well developed for
ombustion simulation so far. This is mostly due
o the fact the classical iso-thermal LB method
s only weakly compressible, and thus the pres-
ure is mainly determined by the local density.
herefore most previous LB-based combustion

imulations feature one-way coupling. To correctly
ccount for thermal compressibility in the LB
ramework, several strategies have been developed
n recent years. The first class is the more complex

ulti-speed LB models [5–8] . The second ap-
roach is the “Low Mach Number Approximation
odel” [9–11] . Alternatively, equilibrium density

istribution functions based on thermal Hermite
xpansion can be used [12–15] . Recent works em-
loying hybrid LB-finite difference models based
n the last two approaches have shown promis-

ng results [11,16,17] . However, an efficient and
obust LB model is still not available for reactive
ows with fully coupled flow, temperature/energy
nd multispecies transport. Furthermore, it has
een generally accepted that the multi-relaxation-
ime (MRT) collision operator can improve the
umerical stability of the LB solver compared
ith the classical single-relaxation-time (SRT)
odel. Building on the coupled LB models [13,14] ,

he present paper aims to incorporate MRT-LB
chemes to solve the flow field, temperature and
ass fractions of species in a pure LB formulation,

n contrast to the usual LB-finite difference hybrid
ethods for low Mach number combustion. The

etails of the model construction are presented in
ection 2 . The model is validated in Section 3 by
onsidering both premixed and nonpremixed
ames. The paper is concluded in Section 4 . 

. Numerical method 

.1. MRT-LB model for flow field 

The MRT LB model [13] is used to solve the
acroscopic Navier–Stokes equations. The model

s based on Hermite expansion [13,14] . We apply
he method in the standard two-dimensional nine-
elocity (D2Q9) LB model. The evolution of the
ensity distribution function is, 

f i ( x + e i δt, t + δt ) − f i (x , t ) = 

−(
M 

−1 SM 

)
i j 

[
f j (x , t) − f eq 

j (x , t) 
]

+ 

δt 
2 

( C i (x + e i δt, t + δt) + C i (x , t) ) , (1)

here f i (x , t) is the particle distribution function
ith velocity e i at position x and time t . δt is the

attice time interval. M represents the orthogonal
Please cite this article as: Z. Wang, T. Lei and K.H. Luo, Lattice
tions for low Mach number combustion, Proceedings of the Co
11.011 
transformation matrix [13,18] and S is the diagonal
relaxation matrix given by, 

S = diag ( s 0 , s 1 , s 2 , s 3 , s 4 , s 5 , s 6 , s 7 , s 8 ) . (2)

 i is a correction term to eliminate the deviation
from third-order velocity moments [13,14] . 

Different from the incompressible LB model,
the equilibrium density distribution function f eq 

i is
chosen to be [19,20] : 

f eq 
i (x , t) = w i ρ

{
θ + 

e i · u 
c 2 s 

+ 

1 
2 c 4 s 

[
(e i · u ) 2 − c 2 s u 

2 
]

+ 

1 
6 c 6 s 

[
(e i · u ) 3 − 3 c 2 s u 

2 
]}

(i � = 0) , (3)

f eq 
i (x , t) = w i ρ

{ 

θ + 

1 − θ

w i 
+ 

e i · u 
c 2 s 

+ 

1 
2 c 4 s 

[
(e i · u ) 2 

−c 2 s u 
2 
] + 

1 
6 c 6 s 

[
(e i · u ) 3 − 3 c 2 s u 

2 
]} 

(i = 0) . (4)

For a gas mixture with thermal dilatation effects,
θ is the dimensionless temperature defined as θ =
r̄ T / c 2 s , with r̄ = R 

∑ 

k Y k / W k , and c s = δx/δt/ 
√ 

3
is the lattice sound speed. R is the gas constant,
and Y k and W k are the mass fraction and molecu-
lar weight of species k, respectively. The improved
equilibrium distribution function f eq 

i remains pos-
itive when θ is small [20] , and has shown better
numerical stability in simulations of compressible
laminar and turbulent flows. Here we apply it to
the combustion simulation where large temperature
variations exist. 

In order to eliminate the implicitness in Eq. (1) ,
ˆ f i = f i − 0 . 5 δtC i is used [13] . The evolution

Eq. (1) can be implemented in the moment space
as, 

m 

∗ = m − δtS (m − m 

eq ) + δt 
(

I − S 

2 

)
ˆ C , (5)

where m = M ̂

 f , and the equilibrium is, 

m 

eq = ρ
[
1 , 2 θ − 4 + 3 u 2 , −3 θ + 4 − 3 u 2 , u x , 

3 u x u 2 y −u x , u y , 3 u 2 x u y −u y , u 2 x −u 2 y , u x u y 
]

T . (6)

The correction term in moment space is given as, 

ˆ C = 

(
0 , −3 

(
∂ x Q x + ∂ y Q y + ∂ x R x + ∂ y R y 

)
, 

3 
(
∂ x Q x + ∂ y Q y + ∂ x R x + ∂ y R y 

)
, 0 , 0 , 0 , 0 , 

−∂ x Q x + ∂ y Q y + ∂ x R x − ∂ y R y , −∂ x R y − ∂ y R x 

)
, 

(7)

with Q x = ρu x (θ − 1 + u 2 x ) , Q y = ρu y (θ − 1 + u 2 y ) ,
R x = c 2 ρu x (θ − 1) , and R x = c 2 ρu y (θ − 1) . 
s s 
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Finally, the macroscopic variables can be calcu-
lated as, 

ρ = 

∑ 

i 

ˆ f i , u = 

∑ 

i e i ˆ f i 
ρ

. (8)

Detailed Chapman–Enskog analysis can be found
in Li et al. [13] . The shear viscosity in momentum
equation is μ = (1 / s 7 − 0 . 5) δt p, The ideal gas law
p = ρ r̄ T then gives, 

μ = 

(
1 
s 7 

− 0 . 5 
)

ρδtθc 2 s . (9)

A single relaxation time version of the similar
model is used in Feng et al. [16] and Guo et al. [20] .

2.2. MRT-LB model for temperature and species 
fields 

The target temperature and mass conservation
equations in this study are, 

∂ t (ρc p T ) + ∇ · (ρc p T u ) = ∇ · (λ∇T ) + ω t , (10)

∂ t (ρY k ) + ∇ · (ρY k u ) = ∇ · (ρD k ∇Y k ) + ω k . (11)

Here ω t and ω k are the heat release rate and mass
production rate due to combustion, respectively. λ
is the thermal conductivity of the gas mixture, and
D k is the diffusivity of the species. In line with the
recent work on LB-finite difference method [11,16] ,
the current work assumes the diffusion of species
obeys the Fick law. For hydrogen-air combustion,
the conservation of mass is ensured via a correction
to the concentration of nitrogen. Of all 9 species,
only 8 species transport equations are solved, and
 N 2 = 1 − ∑ 8 

k=1 Y k . 
To solve the above governing equations, MRT

LB models are developed with the consideration
of the variation of thermophysical properties [21] .
The evolution equations are: 

g i (x + e i δt, t + δt) − g i (x , t) = −(M 

−1 S t M ) i j [
g j (x , t) − g eq 

j (x , t) 
] + δt F t,i + 0 . 5 δt 2 ∂ t F t,i , (12)

h k,i (x + e i δt, t + δt) − h k,i (x , t) = −(M 

−1 S k M ) i j [ 
h k, j (x , t) − h eq 

k, j (x , t) 
] 
+ δt F k,i + 0 . 5 δt 2 ∂ t F k,i . (13)

F t,i and F k,i are source terms [21] . g i (x , t) and
h k,i (x , t) are distribution functions for the tempera-
ture and the mass fraction of species k, respectively.
The corresponding equilibrium distribution func-
tions g eq 

i and h eq 
k,i are given as, 

g eq 
i = w i T 

[ 

1 + 

e i · u 
c 2 s 

+ 

( e i · u ) 2 

2 c 4 s 

− u 2 

2 c 2 s 

] 

, (14)

h eq 
k,i = w i Y k 

[ 

1 + 

e i · u 
c 2 s 

+ 

( e i · u ) 2 

2 c 4 s 

− u 2 

2 c 2 s 

] 

. (15)
Please cite this article as: Z. Wang, T. Lei and K.H. Luo, Lattice
tions for low Mach number combustion, Proceedings of the Co
11.011 
To avoid discrete lattice effects, the source terms 
distribution functions are, 

F ζ , i = w i F ζ

(
1 + 

e i · u 
c 2 s 

τζ − 0 . 5 
τζ

)
, (16) 

with ζ = t, k, and τζ being the relaxation time. The 
source terms are: 

F t = 

D t 

ρc p 
∇ T · ∇ (ρc p ) + T ∇ · u + 

ω t 

ρc p 
, (17) 

F k = 

D k 

ρ
∇ Y k · ∇ ρ + Y k ∇ · u + 

ω k 

ρ
. (18) 

More details about the transformation to the mo- 
ment space can be found in Lei et al. [21] . The gra- 
dient of a quantity (e.g., T and Y k ) is evaluated us- 
ing an LB approach from the distribution functions 
[22] . 

Finally, the macroscopic temperature and 

species concentration can be obtained as 

T = 

∑ 

i 

g i , Y k = 

∑ 

i 

h k,i (19) 

The thermal diffusivity D t and species diffusivity 
D k are related to the relaxation times 

D t = δtc 2 s (τt − 0 . 5) , D k = δtc 2 s (τk − 0 . 5) (20) 

2.3. Nonreflective characteristic boundary 
conditions for LB method 

For simulations of reactive flows, the domain 

boundaries can result in spurious wave reflec- 
tions of physical information. Here we incorpo- 
rate a generalized characteristic boundary condi- 
tions (CBCs) to the current LB solver, which can 

suppress wave reflections at the boundary where 
the local flow direction is not perpendicular to the 
boundary. The CBC is applied to momentum, tem- 
perature, and species conservation equations. The 
compressible Navier–Stokes and species transport 
equations for multi-component reacting flows can 

be transformed into a characteristic form Poinsot 
and Lele [23] , Sutherland and Kennedy [24] , Yoo 

et al. [25] : 

∂ t u x + 

1 
ρc 

(
L 

(x ) 
4 − L 

(x ) 
1 

)
= 

1 
ρc 

(
T 

(x ) 
4 − T 

(x ) 
1 

)
+ d u x + s u x 

∂ t u y + L 

(x ) 
3 = T 

(x ) 
3 + d u y + s u y , 

∂ t ρ + L 

(x ) 
2 + 

1 
c 2 

(
L 

(x ) 
4 + L 

(x ) 
1 

)
= T 

(x ) 
2 

+ 

1 
c 2 

(
T 

(x ) 
4 + T 

(x ) 
1 

)
∂ t p + L 

(x ) 
4 + L 

(x ) 
1 = T 

(x ) 
4 + T 

(x ) 
1 + d p + s p 

∂ t Y i + L 

(x ) 
5 i = T 

(x ) 
5 i + d Y i + s Y i , (21) 

where c = (rT ) 0 . 5 is the speed of the sound, con- 
sidering the compression work is neglected in this 
 Boltzmann method with nonreflective boundary condi- 
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in Table 2 . 

Table 1 
The 12-step skeletal mechanism of hydrogen-air combus- 
tion. 

1 H + O 2 � OH + O 

2 H 2 + O � OH + H 

3 H 2 + OH � H 2 O + H 

4 H + O 2 + M → HO 2 + M 

5 HO 2 + H → 2 OH 

6 HO 2 + H � H 2 + O 2 
7 HO 2 + OH → H 2 O + M 

8 H + OM + M � H 2 O + M 

9 2 H + M � H 2 + M 

10 2 HO 2 → H 2 O 2 + O 2 
11 HO 2 + H 2 → H 2 O 2 + H 

12 H 2 O 2 + M → 2 OH + M 

Table 2 
Thermodynamic parameters. 

μ0 1 . 8405 × 10 −5 Pas 
β 0.6759 
Pr 0.75 
Sc H 

0.14 
Sc OH 

0.53 
Sc H 2 O 

0.6 
Sc H 2 O 2 0.82 
Sc H 2 0.21 
Sc O 2 0.8 
Sc O 

0.53 
Sc HO 2 0.8 
Sc N 2 1.0 
tudy. d and s are viscous and source terms, T is
he transverse derivative term which can be found
n Yoo et al. [25] . 

The wave amplitudes L 

(x ) 
i are defined as, 

L 

(x ) 
1 = 

1 
2 

(u x − c )(∂ x p − ρc∂ x u x ) , 

L 

(x ) 
2 = u x 

(
∂ x ρ − 1 

c 2 
∂ x p 

)
, 

L 

(x ) 
3 = u x ∂ x u y , 

L 

(x ) 
4 = 

1 
2 

(u x + c )(∂ x p + ρc∂ x u x ) , 

L 

(x ) 
5 i = u x ∂ x Y i . (22)

or the inflow boundary (take x = 0 for example),
 

(x ) 
1 can be computed using Eq. (22) , and the rest
re: 

L 

(x ) 
2 = η2 

ρR 

cl x 
(T − T 0 ) + T 

(x ) 
2 , 

L 

(x ) 
3 = η3 

c 
l x 

(u y − u y, 0 ) + T 

(x ) 
3 , 

L 

(x ) 
4 = η4 ρc 2 

1 − M 

2 

2 l x 
(u x − u x, 0 ) + T 

(x ) 
4 , 

L 

(x ) 
5 i = η5 i 

c 
l x 

(Y i − Y i, 0 ) + T 

(x ) 
5 i , (23)

here η are the relaxation coefficients and take the
alue of 0.278 as in previous works [25,26] . The
ubscript 0 represents the prescribed values of in-
et variables. In the present study, it is sufficient
o specify L 

(x ) 
5 i = 0 for the mass fraction of species

25] . 
The outflow boundary (take x = l x for example)

s given by, 

 

(x ) 
1 = σ1 c 

1 − M 

2 

2 l x 
(p − p ∞ 

) − β1 

(
T 

(x ) 
1 − T 

(x ) 
1 ,exact 

)
+T 

(x ) 
1 + V 

(x ) 
1 + S 

(x ) 
1 , (24)

here the relaxation coefficient σ1 is set to 0.25
23] and β1 equals to the local Mach number [26] .
p ∞ 

is the target pressure, and M is the maximum
ach number at the boundary, T 

(x ) 
1 ,exact is the steady

alue of T 

(x ) 
1 , and σ1 and β1 are the relaxation coef-

cients for pressure and the transverse term, respec-
ively [25] . The rest wave amplitudes can be directly
omputed using Eq. (22) . 

With the wave amplitudes known, the physical
alues at the boundary can be calculated through
q. (21) . To apply the CBC to the LB solver, the
quilibrium part of distribution fictions can be cal-
ulated using the physical values obtained. And a
econd-order extrapolation method is then used to
et the nonequilibrium parts, following the idea of 
he nonequilibrium-extrapolation approach [27] . 
Please cite this article as: Z. Wang, T. Lei and K.H. Luo, Lattice
tions for low Mach number combustion, Proceedings of the Co
11.011 
2.4. Thermodynamic properties and chemistry 

Detailed thermodynamic properties and reac-
tion chemistry can be incorporated in the present
LB framework. In this study, the hydrogen-air com-
bustion is considered using a 12-step skeletal mech-
anism [28] involving 9 species, as shown in Table 1 .

The thermodynamic properties such as heat ca-
pacity are specified using the classical NASA poly-
nomials. The thermal diffusivity of the gas mixture
D t , and the diffusivity of species k, D k are defined
using constant Prandtl and Schmidt numbers: 

D t = 

μ

ρPr 
, D k = 

μ

ρSc k 
. (25)

The dynamic viscosity can be obtained from a
power law [16] : 

μ = μ0 

(
T 

T 0 

)β

. (26)

The heat release rate can be calculated from the
species mass production rate and standard en-
thalpy of formation: 

ω t = 

∑ 

k 

ω k 
h 0 f ,k . (27)

Parameters used for Eqs. (25) and (26) are those rec-
ommended in Cerfacs database [17] and are listed
 Boltzmann method with nonreflective boundary condi- 
mbustion Institute, https://doi.org/10.1016/j.proci.2022. 
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Fig. 1. Flame temperature (a) and speed (b) at differ- 
ent equivalence ratios for hydrogen-air flame propagation. 
The system pressure is at 1 atm. The results are compared 
with Cantera results using the same mechanism. 

 

2.5. Overall coupling of current model 

The present model allows the hydrodynamic and
thermodynamic quantities to be fully coupled, un-
like most previous LB models for combustion. At
the beginning of each time step, based on the lo-
cal temperature T and mass fraction Y k , the ther-
mal and chemical parameters ( ω t , ω k , c p ) are cal-
culated first. Then transport properties including
viscosity μ, thermal and mass diffusivities D t , D k

are also computed. Multiple MRT-LB solvers for
flow, temperature and species are run in parallel. T 

and Y k are also used to calculate the dimension-
less temperature θ , which is required for the dis-
crete equilibrium distribution functions in the flow
solver. The density and velocity information ( ρ, u )
are passed from the flow solver to the temperature
and species LB models. 

3. Validation of the reactive LB method 

To validate the above new LB method for
combustion, we first consider the classical one-
dimensional (1D) flame propagation, and then the
two-dimensional (2D) counterflow diffusion flame.
The third validation case is the premixed circular
expanding flame. 

3.1. 1D flame propagation 

For the pseudo-1D flame propagation case, the
domain has a left inlet and a right outlet in the x -
direction, with periodic boundary conditions in the
y -direction. At the left inlet, the fresh gas velocity
and mass fractions are fixed, and the temperature
is set to 300 K. At the outlet, the CBC described
in Section 2.3 is used to set the outlet pressure to
atmospheric pressure. The grid size and time step
are set to 5 × 10 −6 m and 2 × 10 −8 s, respectively.
At the initialization of the simulation, the left and
right half of the domain are filled with fresh and
burnt gases at different temperatures. The flame
propagation speed can be evaluated using the same
method in Feng et al. [16] . Different equivalence ra-
tios ranging from 0.6 to 2 are considered. The flame
temperature and speed are shown in Fig. 1 , together
with those obtained using Cantera (data available
from Cerfacs website [29] ). For the stoichiometric
case, the mass fraction of species and temperature
profiles are also compared with Cantera results in
Fig. 2 . Very good agreement has been achieved. 

To demonstrate the effect of different bound-
ary conditions, the evolution of the flame speed is
shown in Fig. 3 , with the characteristic boundary
conditions and Zou-He pressure boundary condi-
tion [30] being used at the outlet. In both cases, the
characteristic inflow boundary condition is used to
specify the velocity at the inlet. It is seen that Zou-
He pressure boundary condition leads to signifi-
Please cite this article as: Z. Wang, T. Lei and K.H. Luo, Lattice
tions for low Mach number combustion, Proceedings of the Co
11.011 
cant oscillation of the flame speed and the simu- 
lation does not converge. 

3.2. Nonpremixed counterflow diffusion flame 

The 2D nonpremixed counterflow diffusion 

flame is then simulated. The computational do- 
main is shown in Fig. 4 (a) with a dimension of 
0.01 m × 0.004 m. The left and right boundaries 
are fuel and air inlets, respectively. And the top and 

bottom sides are pressure outlets. The mass frac- 
tions of N 2 in the fuel and air are 0.97 and 0.76 
respectively. At two inlets, the fuel and air have 
the same temperature of 300 K and equal mass 
flow rates. Two strain rates 25 s −1 and 50 s −1 are 
considered, which correspond to mass flow rates 
0.12 kg m 

2 s −1 and 0.24 kg m 

2 s −1 . One example 
of the temperature and velocity fields are shown in 

Fig. 4 (a). Despite the relatively small domain size 
compared to the flame thickness, no numerical arte- 
fact is visible at any of the boundaries, thanks to the 
CBC used. The temperature profiles for both strain 

rates from LB simulations are compared with Can- 
tera calculations in Fig. 4 (b), showing good agree- 
ment. Note that Cantera uses ‘mixture-averaged’
transport properties which are different from the 
constant Prandtl and individual Schmidt numbers 
(see Section 2.4 ) in the present study. This may have 
led to the difference. 
 Boltzmann method with nonreflective boundary condi- 
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Fig. 2. Mass fraction of species (a) (b) (c) and temper- 
ature profile (d) for 1D hydrogen-air flame propagation. 
The fresh gas is a stoichiometric mixture of hydrogen and 
air at 1 atm and 300 K. The LB results (lines) are com- 
pared with Cantera calculations (symbols). 

Fig. 3. Comparison of the flame speed when using 
characteristic boundary conditions and Zou-He pressure 
boundary condition [30] at the outlet. The fresh gas is a 
stoichiometric mixture of hydrogen and air at 1 atm and 
300 K. 

Fig. 4. Hydrogen-air counterflow diffusion flame. The 
temperature at both inlets are 300 K. Atmospheric pres- 
sure. (a) Temperature (K) and velocity fields (m/s), the 
strain rate is 50 s −1 . (b) Temperature along axial direc- 
tion for two different strain rates, results are compared 
with Cantera calculations. 
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3.3. Premixed circular expanding flame 

The 2D circular expanding flame is simulated
using the present LB model. A lean premixed hy-
drogen/air mixture with an equivalence ratio of 
0.6 is considered at the pressure of 5 atm. The
setup is similar to the direct numerical simulation
(DNS) work in Altantzis et al. [31] where curved-
sided quadrilateral grids were used. A quarter of 
the flames is simulated as shown in Fig. 5 (a). The
domain size is 0.01 m × 0.01 m. The CBC is used
to apply pressure outflow boundary to the top and
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Fig. 5. Premixed circular expanding flame. (a) Tempera- 
ture and velocity fields at t = 0 . 0009 s for the case with an 
initialization of 7 cells. The white dash-dot line shows the 
flame front shape in the DNS simulation when the flame 
size is similar. Note in Altantzis et al. [31] only the az- 
imuthal direction from π/ 4 to 3 π/ 4 is simulated. (b) Com- 
parison of the mean flame radius between the present sim- 
ulation and the DNS simulation results. (c) Time history 
of the integral heat release rate. 

 

 

 

 

 

 

 

 

 

 

right sides of the domain, and the left and bot-
tom sides are symmetric boundary conditions. The
bottom left corner is initialized with burnt gases at
the temperature of 1865 K, and the rest of the do-
main is initialized with hydrogen/air mixture at the
temperature of 298 K. The properties of the burnt
gases are obtained from 1D flame simulation. 

Three cases are tested. For the first one, the
burnt gas is initialized with radius R 0 = 0 . 0005 m.
For the other two cases, the flame front is per-
turbed to R 0 (θ ′ ) = 0 . 0005(1 + A 0 cos (4 n 0 θ ′ )) , with
Please cite this article as: Z. Wang, T. Lei and K.H. Luo, Lattice
tions for low Mach number combustion, Proceedings of the Co
11.011 
A 0 = 0 . 01 and n 0 = 7 and 3. In the simulation case 
without perturbation, the flame front remains cir- 
cular till t = 0 . 0003 s, and then the cells start to 

form. For the case with an initial perturbation of 
7 or 3 cells, flame propagation leads to the splitting 
of cells into small ones the same as the DNS results 
in Altantzis et al. [31] . One example can be seen in 

Fig. 5 (a), with the flame shape compared with the 
DNS simulation. 

For all three cases, it can be seen from Fig. 5 (b) 
that the mean flame radius increases linearly, which 

also agrees with the finding in the DNS. Note that 
the current configuration is slightly different from 

the DNS simulation in two main aspects: firstly, 
a larger value of A 0 = 0 . 01 is used compared to 

0.001 in the DNS work, to create effective perturba- 
tions, because the present work employs a uniform 

Cartesian mesh; secondly, the DNS simulation uses 
a more detailed mechanism. These two aspects may 
have contributed to the small quantitative differ- 
ence between LB and DNS simulations in Fig. 5 (b). 

Finally, Fig. 5 (c) shows the integral heat release 
rate of the expanding flame over the whole domain 

with iH RR = 

∫ 
A ω t . For the case with no pertur- 

bation, iH RR grows linearly with time until later 
in the simulation. In the perturbed cases, iH RR 

increases nonmonotonically, which indicates the 
flame propagation has successive fast and slow pe- 
riods. These characteristics are similar to the DNS 

results [31] . 

4. Discussion and conclusion 

We have developed a lattice Boltzmann (LB) 
model for low Mach number combustion. The val- 
idation cases for both premixed flame propaga- 
tion and nonpremixed counterflow diffusion flame 
show the accuracy of the present model. Differ- 
ent from recent LB-FD (finite difference) hybrid 

models [11,16,17] , the present modelling frame- 
work is purely based on the LB formulations. The 
thermal compressibility is accounted for, thanks 
to the Hermite expansion based equilibrium dis- 
tribution functions. Momentum, temperature and 

species transport are fully coupled, which makes 
the current model applicable for more complex re- 
acting flows. The simple structure and explicit na- 
ture of the classical LB method are retained in the 
present method. Although the current model is 2D, 
the formulations detailed above can be extended to 

three dimensions straightforwardly. 
The MRT schemes are applied to the entire so- 

lution process, including separate relaxation times 
for the hydrodynamic and nonhydrodynamic mo- 
ments, leading to improved numerical stability 
compared to SRT schemes. Thus, the present work 

offers an alternative approach to the recursive 
regularized collision models [17,20] to apply the 
Hermite expansion-based equilibrium distribution 

functions to reactive flow simulations. 
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It is worth noting that treating species and tem-
erature equations using distribution functions re-
uires more computer memory than LB-FD hybrid
ethods [11,16,17] . On the other hand, a pure LB

ormulation as developed in this study is compu-
ationally efficient on massively parallel computers
nd can easily treat boundary conditions for com-
lex geometries. Therefore, a unified LB formula-
ion for all equations of combustion simulation, as
eveloped in this study, offers an attractive alterna-
ive to traditional combustion simulation methods.
he LB-FD formulation [16,17] is another attrac-

ive option. In follow-on studies, it would be inter-
sting and important to conduct a rigorous com-
arison between the pure LB and LB-FD formula-
ions for reactive flow simulations. 

The generalized characteristic boundary condi-
ions incorporated into the LB framework have in-
luded the transverse derivative terms, and thus can
e applied to boundaries where the flow direction

s determined by the internal flow field. Wave re-
ections at the boundary can be eliminated. In all
hree test cases, the CBC-based outflow boundary
an impose accurate pressure and does not affect
he flow field inside the computational domain. In
ur tests, previous LB boundary conditions such
s Zou-He [30] and non-equilibrium extrapolation
ethod [27] have failed in these cases, especially

or the counterflow flame and circular flame where
he local flow direction is not perpendicular to the
oundary, as shown in Figs. 4 (a) and 5 (a). 

Finally, the kinetic, mesoscopic nature of the
ure LB methodology developed here can easily

ncorporate mesoscopic and microscopic features
hat are difficult for conventional Navier–Stokes
olvers. This opens up a wide range of applica-
ion areas such as microscale and mesoscale com-
ustors, catalysis, fuel cells and batteries. Future
ork will explore these applications, as well as new

egimes of combustion. 
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