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Abstract

We use co-homogeneity one symmetries to construct new families of instantons over Rie-
mannian manifolds with special holonomy groups and asymptotically conical geometry.
In doing so, we give a complete description of the behaviour of Calabi-Yau instantons and
monopoles with an SU(2)2-symmetry, by considering gauge theory on the smoothing and
small resolution of the conifold, and on the canonical bundle of CP! x CP!, with their
known asymptotically conical co-homogeneity one Calabi-Yau metrics.

Furthermore, we classify SU(2)3-invariant Go-instantons on the spinor bundle of the
3-sphere, equipped with the asymptotically conical co-homogeneity one Go-metrics of
Bryant-Salamon, and show that if any non-invariant instanton shares the same asymp-

totic behaviour, its deformation theory must be obstructed.
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Introduction

Inspired by the conjectural picture outlined by Donaldson-Thomas in | |, later ex-
panded upon in | ], also | ], significant progress has been made in generalising
the classical study of gauge theory in dimensions three and four to higher dimensions.

One goal of this programme is to mimic the construction found in | | of invariants
for smooth 4-manifolds using moduli-spaces of anti-self-dual instantons: solutions to a
first-order system of partial differential equations implying the Yang-Mills instanton equa-
tions. The Yang-Mills equations, which are discussed in detail in §1.1, can be defined on
a bundle over any oriented Riemannian manifold: in higher dimensions, finding solutions
to these equations via a first-order system requires the presence of additional geometric
structure.

In particular, instanton moduli-spaces over Riemannian manifolds with special holon-
omy groups possess many of the desirable features found in the four-dimensional case,
see e.g. | , §2.2]. In this thesis, we will focus on two kinds of manifolds admitting
special-holonomy metrics: Calabi-Yau 3-folds in (real) dimension six, and Ga-manifolds
in dimension seven. These geometries are discussed in §1.2, §1.3 respectively.

Obtaining an analytic description of the moduli-space of these instantons in higher di-
mensions presents a significant challenge to the Donaldson-Thomas programme, stemming
from issues of compactness: in general, bubbling phenomena are expected to occur along
calibrated currents with Hausdorff co-dimension four [ ]. We wish to find examples
clarifying the relationship between compactifications of the moduli-space, and the cali-
brated geometry of special-holonomy metrics. This is particularly difficult in the Gs-case,
where we cannot rely on the input from algebraic geometry.

In this thesis, we will exploit symmetries, both of the bundle data and of the underlying
Riemannian manifolds, to construct new examples of instantons on metrics with holonomy
G2 and SU(3). Restricting to this setting, and structure groups of rank one, we will be
able to give explicit descriptions of the moduli-space of these symmetric solutions in §2,
§3, and §4.

Since metrics with holonomy contained in SU(3) and G2 are Ricci-flat, outside of flat
metrics, the maximal symmetries we could hope to exploit are co-homogeneity one, i.e. we
have a Lie group of isometries acting on the Riemannian manifold with generic orbits of co-
dimension one. For this reason, co-homogeneity one symmetries have played a historically
significant role in the study of special holonomy, and we will discuss these symmetries in
detail in §1.1, as well as recalling explicit examples in §1.1, §1.2, and §1.3.

Moreover, if an irreducible Riemannian manifold has holonomy equal to G5 or SU(3)

as the case may be, it must be non-compact to admit any continuous symmetry at all. For-



tunately, there are non-compact Go-metrics admitting S'-symmetries recently constructed
by Foscolo-Haskins-Nordstrom | | occurring in families of arbitrarily large dimen-
sion | , Corollary 9.5], and infinitely many one-parameter families of examples with
a co-homogeneity one symmetry of SU(2)% x U(1) by the same authors | |. Thus,
studying their gauge theory has the potential to provide examples of Ga-instantons on a
large class of geometries: carrying out this project motivated many of the results contained

in this thesis.

To explain in more detail, we note that the co-homogeneity one manifolds of | ]
come in one-parameter families with asymptotically locally conical (ALC) geometry at
infinity, i.e. outside of a compact subset, these Ga-metrics converge to a circle fibration
over a Calabi-Yau cone, with fibres of some length ¢ > 0. In the limit as £ — 0, these
Go-manifolds collapse to a Calabi-Yau 3-fold with asymptotically conical (AC) geometry
at infinity, i.e. the Calabi-Yau is diffeomorphic to a cone outside of a compact subset,

with a Riemannian metric converging to the corresponding metric cone.

The AC Calabi-Yau metrics arising in this limit all admit a co-homogeneity one ac-
tion of SU(2)?, and share the same asymptotic cone, up to double-cover: the conifold,
the SU(2)?-invariant Calabi-Yau cone metric on the ordinary double-point singularity
{(21, 22, 23, 24) € C* | 3, 22 = 0}. The first of these SU(2)2-invariant Calabi-Yau metrics,
defined on the small resolution O(—1) @ O(—1) of the ordinary double point, is unique
up to overall scale, as is the second on the smoothing T*S3. These examples were first
described in | ], with the second discovered independently in [ |. Finally, the
canonical bundle Kp1, cpt of CP! x CP! has a one-parameter family of SU(2)%-invariant
AC Calabi-Yau metrics, up to scale, which arise by varying the relative volume of each
copy of CP!. These are described in [ |, generalising earlier work of | | when

these two volumes are equal.

We investigate SU(2)?-invariant gauge theory on these AC Calabi-Yau 3-folds in §2,
§3: as well as instantons, we also consider Calabi-Yau monopoles, which are a slight
generalisation of instantons on non-compact Calabi-Yau 3-folds cf. (2.1). These Calabi-
Yau monopoles model the asymptotic behaviour of instantons on ALC Gs-manifolds, and
are analogous to Bogomol’yni monopoles found in dimension three: see also §1.1, (1.3).
We expect that the instantons constructed in §2 can be used to construct Go-instantons

on the co-homogeneity one ALC Gy-metrics of | | near the collapsed limit.

Furthermore, in §3.3, we prove that the relevant bubbling and compactness theorems
hold for the instantons constructed in §2, §3 in terms of anti-self-dual instantons along
complex curves in the AC Calabi-Yau, in line with the general picture laid out in | ],

[ | for the compact case.

Far from the collapsed limit, the families of co-homogeneity one Go-metrics in | ]
have AC geometry when ¢ — oo, see | | for partial results comparing invariant instan-
tons on Go-metrics with ALC and AC asymptotics. Two of these families, referred to as
the B;7 and D7 families in the physics literature | |, share the same limiting AC G,
metric: the metric constructed by Bryant-Salamon [ ] on the spinor bundle S(S3) of
the 3-sphere S3, which admits a co-homogeneity one action of SU(2)3. In §4.2, we settle
a question posed in | ], by classifying SU(2)3-invariant instantons over S(S%) and

constructing a new family of examples. Moreover, in §4.3, using the deformation theory of



instantons on AC G2 metrics carried out in | |, we show that the symmetric solutions
from §4.2 are the only solutions with unobstructed deformations in the moduli-space of
instantons sharing the same asymptotic behaviour.

A slightly more speculative suggestion is that, via a gluing procedure, we may be able
to use the instantons on S(S%) to construct instantons on the ALC metrics of the By,
Dy families for ¢ sufficiently large, by considering instantons on some of the incomplete
conically-singular (CS) co-homogeneity one Ga-metrics constructed in | |. These
metrics have a complete ALC end at infinity modelled on a circle-fibration over the coni-
fold, and an incomplete end with a conical singularity modelled on the asymptotic cone of
S(S3). Tt is suggested in [ ], adapting earlier arguments of | |, that the By, D7
families may be viewed as de-singularisations of these CS metrics by gluing in a rescaled
copy of S(S?), and one may be able to produce instantons on these families by following

a similar procedure.

Plan of Thesis

Chapter 1: We introduce the study of gauge theory using co-homogeneity one sym-
metries in §1.1, drawing on the more familiar setting of instantons in dimension four for
examples. This is partly as a warm-up for the slightly more complicated analysis in higher
dimensions, but also because these 4-dimensional instantons will appear as bubbling limits
for these higher-dimensional instantons in §3.3.

Throughout the following, if a manifold M has a co-homogeneity one action by Lie
group K, with exactly one exceptional isotropy subgroup H’, and generic isotropy sub-
group H, we will denote the sequence H C H' C K as the group diagram of M. We will
refer to the generic K-orbit K/H as the principal orbit, the exceptional orbit K/H' as
the singular orbit, and the union of generic K-orbits as the space of principal orbits.

In order to fix conventions, we give a preliminary introduction to the geometry of
co-homogeneity one Calabi Yau metrics in §1.2, in the case K = SU(2)?, and H is either
the diagonal subgroup AU(1) or AU(1) X Zg, i.e. we describe the Calabi-Yau metrics on
O(-1) @ O(-1), T*S3, and O(—2,—2). We will also give a preliminary introduction to
the geometry of co-homogeneity one Ga-metrics in §1.3, in the case K = SU(2)3, and H
is the diagonal subgroup ASU(2) in all three factors, i.e. we describe the G2 metrics on
S(S3).

Chapter 2: We proceed with the main aims of this thesis in §2. We will begin this
chapter with an overview of the results proved in §3: namely, classifying SU(2)?-invariant
solutions to the Calabi-Yau monopole equations. We consider the space of principal SU (2)-
bundles and connections over O(—1) @ O(—1), T*S3, and O(—2,—2) that are invariant
under the SU(2)?-action, and we describe the gauge theory on the complement of the
singular orbit by pulling back bundles over the principal orbit in §2.3. Invariant bundles
over the principal orbit are classified by an integer, but only one of these bundles, denoted
P;, admits irreducible connections. We write down the Calabi-Yau monopole equations
for this bundle explicitly in Proposition 2.3.3, as an non-autonomous, non-linear ODE
system in four variables. We also briefly mention reducible solutions to these equations in

§2.4, which are explicit.



Chapter 3: We cannot generically expect to find explicit solutions in the irreducible
case, but by imposing that the bundle data extends to the singular orbit, we can describe
the space of solutions to the ODEs near the singular orbit using a power-series. In §3.1,
we will find that these local solutions to the monopole equations are always in a two-
parameter family for each extension of the bundle P; to the singular orbit, and we can
obtain a local one-parameter family of instantons by setting one of these two parameters

to zero.

The remaining sections of this chapter are dedicated to finding a qualitative description
of the behaviour of the local solutions in §3.1 as we move away from the singular orbit.
In §3.2, using the existence of invariant sets for these ODE systems, we determine the
asymptotic behaviour of the local instanton solutions to obtain new one-parameter families
of instantons with curvature decaying exactly quadratically at infinity: two families on
O(—1) @ O(-1), one on T*S3, and countably many on O(—2, —2).

We also prove that the families of instantons on O(—2, —2) admit a natural compact-
ifications by instantons with faster than quadratic curvature decay: these fast-decaying
instantons can also be found via a result of | ]. To prove their existence in the invari-
ant setting, we employ a rescaling argument along the fibres of O(—2, —2), and we prove
that these fast-decaying instantons are unique on a fixed bundle via some comparison re-
sults allowing us to compare different members of each one-parameter family of solutions
as they move away from the singular orbit.

We continue discussing rescaling arguments in §3.3. To show the relevant bubbling
result, we can consider an adiabatic limit in which we shrink the metric on O(—1)®O(-1)
along the fibre. We prove that, if we rescale one of the families of instantons on this metric,
in the limit the size of fibre shrinks to zero, this family converges to the standard anti-self-
dual instanton on C2. We use this to prove the compactification result: that if we do not
rescale, this family converges on compact subsets of O(—1) @ O(—1)\ CP* to an (abelian)

instanton in the other family.

Although ultimately unnecessary for proving the results contained in chapters §2, §3,
we also show a bubbling phenomena for the families of instantons on O(—2,—-2). We
consider a limit in which the metric is close to the simplest (non-trivial) example of an
asymptotically locally Euclidean (ALE) fibration: a copy of the Eguchi-Hansion metric on
the total space of the co-tangent bundle of CP!, fibred over the standard metric on CP*.
As one might expect, in this limit, we find that the families of instantons on O(—2, —2),
suitably rescaled, are close to corresponding families of anti-self-dual connections for the
Eguchi-Hanson metric constructed by Nakajima in | ], which are described explicitly
in §1.1.

Finally, in §3.4, we analyse the behaviour of the full system of the monopole equations
away from the singular orbit to prove the non-existence of invariant monopoles on O(—1)®
O(—1) and O(—2,—2). We show that, aside from the one-parameter family of invariant
monopoles on T*S? found previously in | ] and the instantons described in the previous
sections, any other member of the local two-parameter families of solutions to the monopole
equation from §3.1 cannot have quadratically decaying curvature. This corrects a gap in

the proof of | ] for the uniqueness of the family of monopoles on T*S3.

Chapter 4: The last chapter of this thesis is based on a joint work with Matthew



Turner. In this chapter, we discuss SU(2)3-invariant instantons on the metrics of Bryant-
Salamon on S(S?), mostly following | ]: there is only one bundle admitting irreducible
invariant connections over the principal orbits, and we re-write the ODE system in | ]
corresponding to the SU(2)3-invariant instanton equations in Proposition 4.2.1.

As shown in | |, there are two ways of extending this bundle to the singular orbit,
and each gives a local one-parameter family of solutions to the instanton ODEs, which
are given in Proposition 4.2.3. One family has an closed-form expression (4.11), which
describes the one-parameter family of instantons on S(S%) found previously in [ ]. As
shown in [ ], this one-parameter family converges on compact subsets of S(S3%)\ 3
to an explicit member (4.12) in the other family of local solutions, which is defined on all
of S(S3).

However, these authors were unable to determine the behaviour of the other members
of this one-parameter family of local solutions moving away from the singular orbit. We
do so in §4.2; using the existence of invariant sets for this ODE system, and the work of
[ ] on non-autonomous ODE systems with autonomous large-time limits. In doing so,
we obtain a new one-parameter family of (non-explicit) solutions, containing the explicit
solution (4.12) of [ ].

All these invariant examples on S(S®) share the same asymptotic behaviour: they
converge to the SU(2)3-invariant nearly-Kdhler instanton, cf. (4.4), studied in | ] on
the homogeneous space SU(2)? — SU(2)3/ASU(2). In §4.3, we use a computation in
[ ] to show that if an instanton on S(S®) has these asymptotics, and its deformation
theory is unobstructed, then the instanton is necessarily SU(2)3-invariant. Thus, by the
results of the previous section, it must lie in one of the two families given in §4.2, up to
gauge.

Appendix A: We must impose boundary conditions for the invariant Calabi-Yau
structures on the space of principal orbits found in §1.2 to extend smoothly over the
singular orbit. Likewise, we must impose boundary conditions for the invariant bundle
data on the space of principal orbits in §2, §3 to extend to the singular orbit. These
discussions are relegated to Appendices A.1 and A.2 respectively: using the analysis of
Eschenburg-Wang | ] on invariant tensors, which can be adapted to (adjoint-valued)
forms, these are representation-theoretic computations.

Appendix B: To aid the flow of the exposition in §3, most of the explicit computa-

tions for parametrizing local solutions to the ODEs in §3.1 are consigned to this appendix.



Chapter 1
Background

In this chapter, we will give an introductory exposition of the necessary background ma-
terial used in the later chapters, mostly following standard references.

In §1.1, we will use the familiar setting of instantons in dimension four to introduce
the study of gauge theory using co-homogeneity one symmetries. Although much of the
material in this section is well-known, Example 1.1.3 recovers the anti-self-dual instantons
on T*CP! constructed in | | in the co-homogeneity one set-up.

We give an introduction to the geometry of co-homogeneity one Calabi-Yau metrics
in §1.2. In order to fix conventions for the Calabi-Yau gauge theory in §2, §3, we will
briefly describe the general theory of Calabi-Yau metrics foliated by parallel hyper-surfaces,

and explicitly construct the SU(2)%-invariant co-homogeneity one Calabi-Yau metrics on

O(-1) ® O(—1), T*S3, and O(—2,—2) following | ]. The only new material in this
section is the co-homogeneity one description of the family of metrics found by | ]
on O(-2,-2).

The final section §1.3 has a similar structure to §1.2: to fix conventions for the Ga-
gauge theory in §4, we will briefly describe the general theory of Gs-metrics foliated by
parallel hyper-surfaces, and explicitly construct the SU(2)3-invariant co-homogeneity one
Go-metrics of | ] on S(53), following [ .

1.1 Gauge Theory in Four Dimensions

Let (M 4 g) be an oriented Riemannian manifold, and fix a principal G-bundle P — M
with a compact, semi-simple Lie group G. We will denote the adjoint bundle associated to
P by adP. There is a natural gauge-invariant energy functional on the space of connections
on P, referred to as the Yang-Mills energy YM(A) := [,,|Fal?, where Fy € Q? (adP) is
the curvature of a connection A on P, and we take point-wise norms with respect to some
ad-invariant metric on the Lie algebra of G.

A connection on P is referred to as being Yang-Mills if it satisfies the Euler-Lagrange
equations for YM(A):

diyFa =0 (1.1)

where d is the formal adjoint of the induced exterior covariant derivative d4 : Q! (adP) —
02 (adP).



In dimension four, connections minimising Y M(A) can be found by solving the (anti-

)self-dual instanton equations:
*FA = :|:FA (1.2)

where % denotes the Hodge star with respect to the Riemannian metric g and the chosen
orientation. In this section, we shall be concerned with anti-self-dual instantons, i.e.

solutions to (1.2) with *Fy = —F4', admitting continuous symmetries.

Example 1.1.1. Take a non-compact oriented Riemannian 3-manifold (N, g) equipped
with a principal bundle P — N and a Bogomol’nyi monopole: a pair (A, ®), for some
connection A on P and ® € Q0 (adP) satisfying:

Fa=dxds® (1.3)

Pulling back (A, ®) to the product g + df? of g with the flat metric df? on the circle S*,
gives an S'-invariant solution A = A+ ®df to (1.2) on the pull-back of P to N x S'. We
will see in §2, §4.3 that the Bogomol’nyi monopole equations (1.3) have higher-dimensional

analogues.

As it will be useful to us later, let us write down (1.2) in co-ordinates near a hyper-
surface: if we suppose that IV is an oriented hyper-surface in M, then a tubular neighbour-
hood of N C M can be identified with NV x I for some interval I C R via the exponential
map. In these coordinates, the metric on M appears as g = dt* + g; for some t-dependent
metric g on N.

In this neighbourhood, we may always write P as the pull-back of some bundle on N.
Similarly, if P is equipped with a connection form A, then we may write A = A; 4+ ydt,
where A; is a one-parameter family of connections over N, and 7; € QY (adP) is a one-
parameter family of sections of the adjoint bundle.

Via a gauge transformation, we can always choose to set 7, = 0: for each ¢t € I, take
g+ € G such that v + g, L(9,9¢) = 0. We will refer to this choice of gauge as the temporal
gauge, and the curvature of A = A; in this gauge is given by F4 = F4, — 0:A: A dt.

Moreover, given some ¢-dependent orthonormal co-frame (o1, 02, 03),; for g¢°, we can
£ = dt Aoy £ 0, Aoy, of (anti-)self-dual two-forms on M,

write an orthonormal basis w;
where (ijk) are cyclic permutations of (123), so that (1.2) appears in these coordinates as:

FAt/\O'i:FatAt/\O'j/\O'k:O (14)

using the temporal gauge, for (ijk) cyclic permutations of (123).
A natural context where such a family of parallel hyper-surfaces occur is when N is

the orbit of a Lie group of isometries acting on M:

Definition 1.1.1. A compact Lie group K of isometries acts with co-homogeneity one on

a connected Riemannian manifold (M, g) if there is a co-dimension one K-orbit in M.

note, however, we can identify anti-self-dual instantons with self-dual instantons, i.e. with solutions of
xF4 = Fa, by changing the orientation on M.
Znote that this always exists, since every oriented 3-manifold is parallelisable.
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It is not difficult to show that the K-orbits of a co-homogeneity one action foliate a
dense open subset of M into parallel hyper-surfaces, and that these parallel hyper-surfaces
can be written as a homogeneous space K/H, where H denotes the generic isotropy
subgroup of the K-action | |. Moreover, the complete co-homogeneity one manifolds
we will encounter in this thesis will have a unique singular isotropy subgroup® H' C K,
and in this case, M can be equivariantly identified with the total space of a vector-bundle
K xgV — K/H' for some orthogonal H'-representation V, with H C H' realised as the

stabiliser subgroup of some non-zero v € V.

Returning now to the gauge theory: suppose the connection A; in (1.4) is invariant
under some lift of a co-homogeneity one action to the total space of the bundle, then we
can reduce (1.4) to a system of ordinary differential equations in a single variable. In order

to make sense of this, we introduce the following definition:

Definition 1.1.2. Let K be a compact Lie group acting on a smooth manifold M, and
P — M be a principal G-bundle for some Lie group G. P is said to be K-invariant if
there is a lift of the K-action to the total space of P. Furthermore, if K acts transitively
on M, then P is called K-homogeneous.

Homogeneous bundles have been studied in detail in | ]: K-homogeneous bundles
over the homogeneous space K/H can be equivariantly identified with K x g G, where
H acts on G via some group homomorphism X\ : H — G. Moreover, this homomorphism
classifies homogeneous bundles up to equivariant isomorphism.

If K/H is the principal orbit of a co-homogeneity one manifold M with diagram
H Cc H' C K, a homogeneous bundle over the principal orbit can be extended over to
an invariant bundle over M by extending the group homomorphism H — G to a group
homomorphism H C H' — G. The bundle defined by this extension is just the pull-back
via the projection M — K/H' of a homogeneous bundle over K/H'.

The advantage of using homogenous bundles for gauge theory is that K-invariant con-
nection forms can be identified with linear maps on the tangent space at a single point: if
we write b C ¢, g for the Lie algebras of H C K, G respectively, then by | , Thm.A],
any K-invariant connection one-form can be written as a linear map A : ¢ — g, such that
A intertwines the H-representations £ and g, and A|h = dX. In other words, on h, A is
the image of the canonical connection on K — K/H under A, and since K is compact, we
have the H-invariant splitting £ = h @ m for some m C €. Thus the connection is uniquely
determined by the H-equivariant map Al :m — g.

If we work outside of the singular orbit, using the temporal gauge, we can use this
description to view any invariant connection on a co-homogeneity one manifold as a one-
parameter family of linear maps A; : € — g, so that (1.4) becomes a finite-dimensional
ODE system.

Before seeing some explicit examples, which all have a co-homogeneity one action of

SU(2), we will fix the following piece of notation- throughout this thesis, we will denote

3in particular, this will always be the case when the metric is complete, irreducible and Ricci-flat.

11



E1, Es, E3 a basis for the Lie algebra su(2) given by the matrices:

i 0 0 1 0 ¢
FEp = Fo = Ea =

so that [E;, Ej] = 2E}, for cyclic permutations of (123), and the action of U(1) on SU(2)
is generated by E7. Clearly, we can identify the span of Fsy, E3 under the adjoint action of
U(1) with Co, where C,, denotes n'" tensor power of the standard representation of U(1)

on C. We will denote the one-forms dual to E1, Fs, E3 as e, es, e3.

Example 1.1.2. (C%, BPST) C? is equipped with a co-homogeneity one action of SU(2)
via the standard representation, with diagram {1} C SU(2) C SU(2). We can define an
SU (2)-invariant SU(2)-bundle over C? by the homomorphism Id : SU(2) — SU(2), i.e.
the singular isotropy group SU(2) acts via the identity homomorphism on the fibre SU(2).

Outside of the singular SU(2)-orbit at the origin in C2, this bundle is equivariantly
trivial, and can be pulled back from the trivial bundle over the principal orbit S2 c C2.
So, up to the adjoint action of SU(2) on su(2) by equivariant gauge transformations, we
can always put any SU(2)-invariant connection A on this bundle into the diagonal form
A=) 0;E;®e;, for some «;(t) depending on the radial distance t € R>( from the origin.
Furthermore, we require that a;(0) = 1, so that this connection extends smoothly over
the origin as the Maurer-Cartan connection, the unique SU(2)-invariant connection on
the restriction of this bundle to the origin.

Now, since C? has an additional (right) co-homogeneity one action of SU(2), we will
focus on the case that the connection shares this symmetry, i.e. a = a1 = as = as. Using
the standard basis of self-dual forms for the flat metric, we can then write the SU(2)2-
invariant anti-self-dual equations as the ODE t& = 2a(a —1). This has the explicit
solution o = (1 + /@152)_]L for any k € R, extending smoothly over the singular orbit at
t=0.

Clearly, this exists for all ¢ > 0 if and only if k > 0, and x = 0 defines a flat connection.
If k > 0, we can always fix the solution to have k = 1 by an overall rescaling of the metric,
giving the classical Belavin-Polyakov-Schwarz-Tyupkin (BPST) instanton: the absolute

minimum of the Yang-Mills energy over C? with charge one.

Example 1.1.3. (T*CP!, BCC): T*CP! admits a co-homogeneity one action of SU(2)
with diagram Zs C U(1) € SU(2), by viewing T*CP' as the co-tangent bundle of the
homogeneous space CP! = SU(2)/U(1). Here, T*CP! is equipped with the SU(2) x U(1)-

invariant metric of Eguchi-Hanson [ ], which can be written, up to scale, as:
g=dt* +* (1 — ¢ el + e +€3) (1.5)

on the space of principal orbits T*CP! \ CP! = Ryg x SU(2)/ Zo, where t > 0 is the
radial geodesic arc-length extending over CP! at t = 0, and (t) is the unique solution to
¢? =1— % on [0,00) with ©(0) =1, $(0) = 2.

This metric is complete, with a unique asymptotically locally Euclidean (ALE) end
modelled on the flat orbifold C2/Zy. Outside of the origin, we can identify C?/Zs with the

space of principal orbits as smooth manifolds, and |g — gc2/z,| = O(t™*) as t — oo, where
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gc2/z, denotes the flat metric, and we take norms with respect to the Eguchi-Hanson
metric g.

We can define a family of SU(2)-invariant SU(2)-bundles on T*CP! by the homo-
morphism A : U(1) — SU(2) given by taking I’th power of the diagonal embedding
A:U(1) = SU(2) for some | € Z~g. Outside of the singular orbit, these bundles can be
pulled back from bundles over the principal orbit SU(2)/Zs = SO(3): either the trivial
bundle SU(2) x SO(3) when [ is even, or the non-trivial bundle SO(4) — SO(3) when [
is odd.

In either case, using the action of SU(2) on su(2) by equivariant gauge-transformations,
any SU(2)-invariant connection on the space of principal orbits can be written in the
diagonal form A = ), a; E; ® e; for some «;(t), smooth functions of ¢ € Rs¢. This con-
nection extends smoothly over the singular orbit at ¢ = 0 if and only if a1, t'~ (s + a3),
t~!=1 (ag — a3) are smooth, even functions near t = 0, and a;(0) = I, cf. Proposition
A.3.1 in appendix A.

As in the previous example, since the Eguchi-Hanson metric admits an additional
U(1)-symmetry, we will assume the connection shares this symmetry, i.e. as = as. The

corresponding SU(2) x U(1)-invariant anti-self-dual equations, up to gauge, are:

o] =2

AYASY

(Olg — 051) dg == 2%0[2 (011 - 1) (16)

The anti-self-dual equations (1.6) have a one-parameter family of solutions for each [ €

Z~q. This family can be written down explicitly as:

I 1+ CL(y) 21 CLp)

a1 = —_— g =
1-Ch(e) | vt —1

T 21— CLl(p) .7

l
where (@) := K (%) , and parameter & lies in the interval 0 < x < 1.

2

These invariantw one-parameter families were found previously by Boutaleb-Joutei,
Chakrabarti, and Comtet (BCC) in [ ], see also | |. For each fixed I,
the solution (1.7) with x = 0 is a unique abelian solution to (1.6) extending over the
singular orbit, and the solutions with 0 < k < 1 are asymptotic to the flat connection
(a1, a2) = (0,0). At k = 1, there is a transition in asymptotic behaviour: the solution
(1.7) with k = 1 is asymptotic to the flat connection (a1,a2) = (1,1). When [ = 1, the
solution with x = 1 is just the flat connection (ag,as) = (1,1) for all time, but these
solutions are irreducible otherwise.

For each of these families, we can explain the limit x — 1 as a bubbling phenomenon
at infinity, see | , Theorem 5.2]. In terms of solutions (1.7), in the limit x — 1, the
smooth trajectories {(ay,a9) () | t > 0} C R? of the solutions for 0 < k < 1 converge
to a piece-wise smooth trajectory consisting of two components. The first component,
traversed in some sufficiently large time T(k) — oo as k — 1, is the trajectory of the

solution (1.7) with k = 1. The second component, which is only traversed after time 7'(x),

is the trajectory of the anti-self-dual instanton a3 = ag = H% on C2?/Zs descending from
the BPST instanton on C? from Example 1.1.2.
As is computed in [ , §6.1], in the special case | = 1, the invariant one-

parameter family (1.7) with [ = 1 gives all the solutions of the anti-self-duality equations
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(1.2) on this bundle, up to gauge-equivalence. This observation can also be understood
in terms of the framed moduli-space of anti-self-dual connections for the Eguchi-Hanson
metric constructed in | |, which considers the moduli-space of anti-self-dual con-
nections up to gauge transformations asymptotic to the identity. This framed moduli-
space, equipped with a natural metric, is isometric to the underlying Eguchi-Hanson
space | , Theorem 0.3], see also | , §7]. We can recover the description
of this moduli-space in our invariant set-up, at least as a co-homogeneity one manifold, by
considering the orbit of the family (1.7) under constant (¢-independent) SU(2)-invariant
gauge-transformations. Here, the parameter x corresponds to a parametrisation of the
radial parameter ¢ in (1.5) such that £(0) = 0, k(co0) = 1, and the gauge orbits correspond
to the orbits of the co-homogeneity one action of SU(2) on T*CP'.

With these two examples in place, we will now move on to the higher-dimensional
setting. For this purpose, and in order to fix conventions for the gauge theory, we will
introduce two kinds of manifolds admitting Riemannian metrics with special holonomy
groups in the following sections: Calabi-Yau 3-folds in (real) dimension six, and Go-

manifolds in dimension seven.

1.2 Calabi-Yau structures

We first recall the following definition:

Definition 1.2.1. An SU(3)-structure on a 6-manifold M is a pair (w, (), for some non-

degenerate 2-form w, and complex volume form Q = Re2 + iIm{?, satisfying:
wAReQ2=0 %w?’ = 1ReQ A ImQ (1.8)

Moreover, it is enough to specify the pair of real forms (w,Ref2) to determine the
SU (3)-structure [ , §2].

Definition 1.2.2. A Calabi- Yau structure on a 6-manifold M is an SU(3)-structure (w, §2)
that is torsion-free, i.e. dw = dQ2 = 0. A Calabi- Yau 3-fold (M,w, ) is a (real) 6-manifold
M, together with a Calabi-Yau structure (w, ).

We will see some concrete examples of Calabi-Yau structures in the co-homogeneity
one setting later in this section. In order to understand their construction, it will be useful
to recall some generalities on Calabi-Yau geometry in co-dimension one, following | ]:

We start by noting that if ¢ : N < M is an oriented immersion of a real 5-dimensional
manifold N into a 6-manifold M, then an SU (3)-structure on M naturally equips N with
an SU(2)-structure i.e. an SU(2)-reduction of the frame bundle. To be more explicit, by

[ , Proposition 1], an SU(2)-reduction is equivalent to the following:

Definition 1.2.3. An SU(2)-structure on a 5-manifold N is a triple of 2-forms (w1, wa, ws)

and a nowhere-vanishing 1-form 7, satisfying;:

1. w; Awj = d;5v, with v a fixed 4-form such that v A n is nowhere-vanishing: i.e. v is

a volume form on the distribution H := kern.
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2. Xawy; = Y.iwy = w3(X,Y) >0, ie. (w1,ws,ws) is an oriented orthonormal basis
of self-dual two-forms on H, with respect to the volume form v, and a Riemannian
metric g on H defined via g(X,Y)v = w; A (Xwa) A (Y _ws) for X, Y € H.

So, given some 6-manifold M with an SU (3)-structure (w,(2), and an oriented immer-

sion ¢ : N — M, an SU(2)-structure on N arises as follows:
n=1"(nw) w = "w wy = (" (RoRe) w3 = ¢* (RuIm) (1.9)

where 7 the canonical unit normal to «(N) C M, defined by the chosen orientation and
the Riemannian metric ¢ induced by (w, ).

If ¢ is an embedding, then we can view N C M as an oriented hyper-surface, and a
tubular neighbourhood N C M can be identified with N x I for some interval I C R
using the exponential map. In these coordinates, the metric on M appears as g = dt® + g;
for some t-dependent metric g on N, and (1.9) gives rise to a family of SU(2)-structures
(n,wi)er on N inducing g;. In this neighbourhood, the SU(3)-structure (w, {2) on M takes

the form:
w=dt An+uw Q= (dt +in) A (w2 + iws) (1.10)

and if (w,Q) is Calabi-Yau, i.e. w, Q are closed, then (1,w;),c; satisfy the following

structure equations on N:
dwr =0 dws An) =0 dwa Am) =0 (1.11)
along with the evolution equations for ¢ € I:
dn = Qw1 dwy = —0¢(ws A 1) dws = O (wa A1) (1.12)

Observe that (1.11) is preserved under (1.12). This allows us to interpret a Calabi-Yau
structure (at least locally) as a flow by (1.12) in the space of SU(2)-structures satisfying

(1.11) on some fixed 5-manifold. This motivates the following definition:

Definition 1.2.4. A hypo-structure on a 5-manifold N is an SU(2)-structure satisfying
(1.11). We refer to (1.12) as the hypo-evolution equations.

Putting aside completeness of the resulting metrics for a moment, the Riemannian

cone is an important class of examples for this construction of Calabi-Yau metrics:

Example 1.2.1. (Calabi-Yau cone) Let N be a 5-manifold equipped with a fixed hypo-

structure (1°¢, w?¢) satisfying the following structure equations:
dn’® = 2wi® dws® = —3w3® A n*® dws® = 3ws® A n*° (1.13)

Then the following 1-parameter family (7, w;) of SU(2)-structures:

teR~o

n = tn* wi = t2ws® (1.14)
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satisfy (1.11), (1.12) iff (n°¢,w?¢) satisfies (1.13). As in (1.10), this family defines the

()

conical SU (3)-structure (wc, Qc) on Rsg x N:
we = tdt A0 + t2wie Qc = t2 (W€ + iws®) A (dt + itn®®) (1.15)

which is Calabi-Yau iff (7°¢,w?¢) satisfies the structure equations (1.13). We refer to an
SU(2)-structure (n°¢,w;®) satisfying (1.13) as being Sasaki-FEinstein: one can show that
such an SU (2)-structure induces a Sasaki-Einstein metric ¢g°¢ on N, or in other words, the
Calabi-Yau metric go induced by (we, Qc) on Rsg x N is a metric cone go = dt? + t2¢%°
over g*¢. Sasaki-Einstein metrics exist in abundance, see e.g. | |, so this construction

yields many (incomplete) examples of Calabi-Yau metrics.

Another class of examples of Calabi-Yau metrics that can be constructed using solu-
tions to (1.11), (1.12) are in the co-homogeneity one setting: concretely, there are four
known examples of complete co-homogeneity one Calabi-Yau 3-folds in the literature.
Three of these share a symmetry group? SU(2)?, and can be written the form M =
SU(2)? x g V for some singular isotropy subgroup H' C SU(2)?, and H’-representation
V:

Example 1.2.2. O(—1) @ O(—1) over CP!, with a metric obtained by Candelas and
de la Ossa in | ], also known as the small resolution of the conifold. The metric
is unique up to rescaling by a constant factor, and as a co-homogeneity one manifold
we have the diagram AU(1) C U(1) x SU(2) C SU(2)?, where AU(1) is the diagonal
U(1) subgroup. The U(1l) x SU(2) representation is given by the following: viewing
q).v = que™.
By applying the outer automorphism exchanging the factors of SU(2) C SU(2)?, we can

v € V = C? as a quaternion, and ¢ € SU(2) as a unit quaternion, then (eie,

get another co-homogeneity one metric from the small resolution, with singular isotropy

group U(1)x SU(2) C SU(2)?, but this metric is distinct only up to equivariant isometries.

Example 1.2.3. TS over S3, with a metric also considered in | ] and found
independently by Stenzel in | ]. This is also referred to as the smoothing of the conifold
and again, this metric is unique up to overall scale. The group diagram is AU(1) C
ASU(2) C SU(2)?, and we have as a ASU(2) representation V = su(2), i.e. SU(2) acts
via the adjoint representation. As a smooth manifold, it is diffeomorphic to R? x S3, the

only rank 3 vector-bundle over S? up to diffeomorphism.

Example 1.2.4. O(—2,—2), the total space of the canonical bundle over CP! x CP!,
with a metric found by Calabi in | ] (unique up to overall scaling), which was later
generalised to a one-parameter family of metrics by Pando-Zayas and Tseytlin in | .
This parameter represents the relative volume of each CP* as the zero-section of O(—2, —2),
and Calabi’s construction considers the case when these two volumes are equal. The group
diagram is Ko o C U(1)? C SU(2)?, where Ka 5 is the kernel of the map U(1)? — U(1)
given by (e, ei2) s 20172102 and as a U(1)%-representation we have V = Cy _o, i.e.

for complex number V 3 v, (e?1, %) v = 2(%1=02) Note that there is a (non-unique)

“the construction of Calabi [ ] on the canonical bundle O(—3) — CP? has co-homogeneity one
symmetry group SU(3), but the asymptotic geometry is less relevant to our considerations. We also thank
Udhav Fowdar for pointing out that O(—3) cannot admit irreducible invariant instantons for the rank-one
gauge groups considered in this thesis.
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isomorphism Ks o = AU(1) x Zg C U(1)?, where we define AU(1) x Zs C U(1)? as the
(internal) direct product of the diagonal subgroup AU (1) and the Zy-subgroup generated
by (2™, e'™), by sending Ko o 2 (01, e2) s (1, i), (27 102=01)) € AU(1) x Zs.

The asymptotic model for the geometry of these spaces (up to Zg-cover) is the unique
co-homogeneity one Calabi-Yau metric cone over SU(2)%/AU(1) = 5% x S3, referred to
as the conifold in | ]. In the co-homogeneity one setting, there is an obvious diffeo-
morphism identifying the space of principal orbits with the smooth manifold underlying
the conifold, and pulling back any of these asymptotically conical metrics to a metric on
the conifold via this diffecomorphism, by | 1, [ ], we have |i*g — gc| — 0 as
t — oo, where t denotes the radial parameter on the cone, i*g denotes the pulled-back

metric, and we take norms with respect to the conical metric g¢.

To have a uniform set-up for the gauge theory in later sections, we will describe the
construction of these examples in detail. This will involve finding solutions to the evolution
equations (1.12) in the space of invariant hypo-structures on the principal orbit S? x 3 =
SU(2)2/AU(1), and extending to the singular orbits in the complete cases.

We will use the basis F1, E, E3 for su(2) such that [E;, E;] = 2E}, for cyclic permuta-
tions of (123), and fix a basis for left-invariant vector fields on SU(2)?:

) ) ) (1.16)
U*:=(0,E,) V*:=(0,E) W*:=(0,Es)

with respective dual one-forms u!,v!, w!, u?,v%, w?. Denote U* = Ul £ U?, V* =
V£ V2 W+ = W! 4+ W? with respective dual one-forms u®, v, w*. Here, the vector
field U™ generates the diagonal subgroup AU(1).

We let m C su(2) @ su(2) be the AU(1)-invariant complement of the span of U™T.
Observe that the adjoint action of the isotropy subgroup AU(1) on m is given by m =
(U=, VI WL V2 W2 2R Cy @ Cy, where U~ spans a trivial representation of AU(1),
and {V% W'},_1 5 each span a complex one-dimensional representation with weight two.

Note that if Zs C SU(2)? is a subgroup of the flow generated by the vector field
U, then the adjoint action of Zs on m is trivial. Hence, without loss of generality, we
will always assume the principal isotropy subgroup of the SU(2)2-action is AU(1) in this
section.

With this in place, let us define the standard invariant Sasaki-Einstein structure
(n°¢,ws¢) on SU(2)?/AU(1) as:

se

U

U Wi = —2(v At — v A w?
! il ) (1.17)

W Wl

wit = 2( AV Fwl Aw?) Wit = %(vl Aw? —w' Av?)

It is easy to check that (n°¢,w¢) satisfies the Sasaki-Einstein structure equations (1.13).
The corresponding Calabi-Yau cone over SU(2)?/AU(1) has the conical SU(3)-structure
(we, Qc¢), as in (1.15), and we refer to this cone as the conifold’.

note that any invariant Sasaki-Einstein structure on SU(2)?/AU(1) can be obtained from (1.17) by
rotating the plane spanned by (w5®, w3®). However, since any of two of these structures induce the same
Sasaki-Einstein metric ¢g*¢, we will make this particular choice without loss of generality.
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Furthermore, it is not hard to show that the space of invariant two-forms on SU(2)%/AU(1)

is four-dimensional, and spanned by wg®, wi®, w5®, w3®, where we define:

wy = %(vl Awt + 0% A w?) (1.18)

By using this basis of invariant two-forms and the invariant one-form 7°¢, we have the

following description of the space of hypo-structures:

Proposition 1.2.1 (] ). Up to transformations by isometries with respect to the

induced metric, any invariant non-degenerate family of hypo-structures (n, w1, w2, ws),c;

on SU(2)2/AU(1) can be written:

n =" w1 =upwy® +uwi® wr = pws® wz = vowy" + Vaws* (1.19)

for some A(t),uo(t), u1(t),vo(t), v3(t) such that p? == —ud +u3 = —v3 +v3 > 0, A > 0,
and voug = 0.

At least one of vy or ug must vanish: if vy vanishes, we will refer to this family as a

hypo-structure of type L, while if uy vanishes, we will refer to this family as a hypo-structure

of type TZ. We will write these two situations explicitly below, along with corresponding

hypo-evolution equations (1.12):

1. Type Z:
n = An* w1 = upwy© + ugwi© wo = pws° wg = pws* (1.20)
The corresponding hypo-evolution equations are:
Orup =0 Oruy = 2\ Or(Ap) = 3p (1.21)
2. Type IZ:
n = An* wy = pwi* Wy = pws* w3 = vow(" + v3ws* (1.22)
The corresponding hypo-evolution equations are:

O = 2 Ot (puA) = 3us Or(Avg) = 3u Ot(Avg) =0 (1.23)

The constants ug, —Avg appearing in (1.21), (1.23) are fixed by topological data: they are

the coefficients of co-homology classes [w], [Re€] on Rsg x S% x S with respect to the

generators [w(i], [wi® A n°¢]. If both these constants vanish, then u; = v = p, and clearly

A =t, = t? is a solution to the resulting evolution equations:

O = 2\ O(uA) = 3u

giving rise to the conical Calabi-Yau structure (we, Q¢) of the conifold.

For each of the families, one can write down the corresponding invariant Calabi-Yau

metric g = dt? + g; explicitly on the space of principal orbits, cf. | , Prop.2.16]:
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1. Type Z:

g =dt® + X(n*)? + 5 (u1 — uo) ((v)* + (wh)?) + 3 (w1 + o) ((v*)? + (w?)?)
(1.24)

2. Type IZ:

g=dt* + N*(1°)? + 3(vs —vo) (v7)2 + (w)?) + 3(v3 +vo) (v1)? + (w™)?)
(1.25)

With this description in hand, the problem of finding invariant Calabi-Yau metrics
on the space of principal orbits is reduced to finding solutions to the evolution equations
(1.21) or (1.23). We can write the complete Calabi-Yau metrics as solutions extending to

the singular orbits at ¢ = 0:

Lemma 1.2.2 ([ Al ). Up to transformations by isometries with respect to
the induced metric, the space of SU(2)%-invariant Calabi-Yau structures (w,Q) on M can
be identified with:

(i) For M = O(—1) @ O(-1), the ray {(Uy,U;) € R? | Uy = —Uqy < 0}.
(ii) For M = O(—2,—2), the open convex cone {(Uy,Uy) € R? | Uy > |Up| > 0}.

These invariant Calabi-Yau structures induce a hypo-structure of type I on the principal

orbits, with (Uy,Uy) := (up(0),u1(0)), and:

U:f — 3U§u1 + U1(3Ug — U12)
ui — Ug

p? =i —UZ M= (1.26)

The proof of part (i) in the co-homogeneity one set-up can be found in | , Thm.2.27],
part (ii) is similar, and verifying that these Calabi-Yau structures extend to the singular
orbits is left to the appendix A.1.

We will comment on the parameters (Up,U;) appearing in Lemma 1.2.2: clearly
{(Ug,Uy) € R? | Uy > |Ug| > 0} can be identified with the Kihler cone of O(—2,—2)
generated by the Kihler classes of the two copies of CP' € O(—2,—2). It is not hard to
see that multiplicative rescalings of the cone are equivalent to constant rescalings of the
metric, and the point Uy = U; = 0 is identified with the conifold u1 = u = 2, A = t.
Furthermore, the diffeomorphism arising from exchanging the two copies of CP! acts on
this cone via reflection Uy — —Uj, and the Calabi construction in [ | produces exactly
the metrics in the subset fixed by this action.

Calabi-Yau structures on the cone boundary U; = +Uj (excluding the origin) are
not quite the same as those found on the boundary of the Kéahler cone of O (—2,—-2)
however, which generically have Zs-quotient singularities. Rather, they are a (smooth)
branched double-covering®: up to exchanging the factors of CP!, this boundary gives the
Calabi-Yau structure on O(—1) @ O(—1) over CP! = SU(2)2/U(1) x SU(2). In the rest

Sthese quotient singularities do not appear in our set-up, as we only define A, j1, uo, u1 at the identity
coset on the principal orbit.
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of this thesis, for ease of notation, we will fix the scaling convention for this metric to be
(Uo, U1) = (~1,1).

Finally, for the Calabi-Yau structure on T*S3, we give the explicit solutions to (1.23)
extending to the singular orbit S3 cf. [ , Thm.2.27]:

Lemma 1.2.3 (] ). Up to scale, and transformations by isometries with respect to
the induced metric, there is a unique SU(2)?-invariant Calabi-Yau structure on T*S3. It

induces a hypo-structure of type L on the principal orbits, with:

2\ 5 sinh 3s 2
=3 ¢
(sinh 3s cosh 3s — 3s)3

<2> 5 (sinh 3s cosh 3s — 33)% (2) 5 (sinh 3s cosh 3s — 38>%
vy = — V3 =

3 tanh 3s

wnN

(sinh 3s cosh 3s — 33)%

(1.27)

3

sinh 3s

for s € [0,00), where s(t) := fg A~ N(t)dt

1.3 (5 structures

Recall that a Gs-structure on a 7-manifold M is a reduction of the frame bundle to the
exceptional Lie group Gs. This is equivalent to existence of a non-degenerate 3-form
¢ € Q3(M) which is fixed by the point-wise action of Go C SO(7) in some framing of the
tangent space at every point. Furthermore, this data determines a Riemannian metric,
volume-form, and orientation on M.

Existence of such a structure on some oriented 7-manifold is purely topological: it
is equivalent to the existence of a spin structure [ , Ch.11]. On the other hand,

constructing torsion-free Go-structures is much more difficult:

Definition 1.3.1. A Gy-manifold (M, ) is a 7-manifold equipped with a torsion-free
Ga-structure, ie. dp = d*¢o = 0.

Although their existence was first suggested by the work of Berger | |, the first ex-
amples of complete, irreducible Go-manifolds were only constructed much later in | 1,
by exploiting co-homogeneity one symmetries. Subsequently, another co-homogeneity one
example was found in | ], which was later generalised to a one-parameter fam-
ily in | |, and a partial proof of existence for a second one-parameter family was
given in [ ]. More recently, infinitely many families of complete, co-homogeneity one
Go-metrics have been found in | ], confirming earlier predictions in the physics
literature [ ]. In order to understand these constructions, it will be useful to recall
some definitions regarding Go geometry in co-dimension one:

If o : N — M is an oriented immersion of a 6-manifold NV into M, then a Go-structure

¢ on M naturally equips N with an SU(3)-structure:
w=1"(nip) ReQ = "p ImQ =" (—ns*p) (1.28)

where 7 the canonical unit normal to ¢«(N) C M, defined by the chosen orientation and

the Riemannian metric induced by .

20



If ¢ is an embedding, then we can view N C M as an oriented hyper-surface, and a
tubular neighbourhood of N C M can be identified with N x I for some interval I C R
using the exponential map. In these coordinates, the metric on M appears as ¢ = dt* + g,
for some t-dependent metric g; on N, and (1.28) gives rise to a family of SU (3)-structures

(w, ), inducing g;. Meanwhile, the Ga-structure on M appears as:
@ = dt N\ w + Re) xp = —dt AN ImQ + $w? (1.29)

and if this Go-structure is torsion-free, then (w, Q),.; satisfy the following structure equa-

tions on NV:
dwNw=0 dRe2 =0 (1.30)
subject to the evolution equations:
dw = O;ReQ dlmQ = —19, (w?) (1.31)

Observe that (1.30) is preserved under (1.31). This allows us to interpret a torsion-free
Go-structure (at least locally) as a flow by (1.30) in the space SU(3)-structures satisfying

(1.30) on some fixed 6-manifold, cf. | ]. This motivates the following definition:

Definition 1.3.2. A half-flat structure on a 6-manifold N is an SU(3)-structure (w, §2)
on N satisfying (1.30). We refer to (1.31) as the half-flat evolution equations.

Furthermore, by | , Thm.17.4], every real-analytic half-flat structure arises this

way, i.e. is induced by an embedding into a Ga-manifold.

Example 1.3.1. (G2 cone) Let N be a 6-manifold equipped with a fixed SU (3)-structure

(w”K Qi ) satisfying the following structure equations:
dw"™ = 3R dmQ" = 2 (") (1.32)

Then the following 1-parameter family (w,(2) of SU(3)-structures:

t€R>0
w = t2w"E Q=3 (1.33)

satisfy (1.30), (1.31) iff (w™&, Q") satisfies (1.32). As in (1.29), this family defines the

conical Go-structure oo on Rsg X N:
oo = t2dt A W™ + 3ReQE xpo = —t3dt A TmQ"E + %t4 (w”K)z (1.34)

which is torsion-free iff (w™®, Q") satisfies the structure equations (1.32). We refer to
an SU(3)-structure (w™X, Q") satisfying (1.32) as being nearly-Kdhler: one can show
that such an SU(3)-structure induces a nearly-Kihler metric ¢"* on N, or in other words,
the Go-metric go induced by ¢ on Rsg x N is a metric cone go = dt? + t2¢™¥. The
handful of known nearly-Ké&hler metrics, either those with homogeneous [ ] or co-
homogeneity one | | symmetries, provide (incomplete) examples of Ga-metrics using

this construction.
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Example 1.3.2. (Locally-conical G3) Take a 5-manifold N’ equipped with a Sasaki-
Einstein structure (7°¢,w?¢), and a principal Sl-bundle S' < N — N’ equipped with a

connection 1-form 6 such that the curvature df satisfies df A w;¢ = 0, i.e. df is an anti-

self-dual 2-form for the induced metric on H = ker n®¢, cf. | , Lemma 3.5]. Then,
for some constant £ > 0, the family of SU(3)-structures (w, (2);cp_, on N:
w = 0n*e A O 4 twse Q=12 (10 — itn*) A (wi® —i (w3® — Q%dﬁ)) (1.35)

satisfies (1.30), (1.31). If we define the locally conical Ga-structure ¢ using this family
as in (1.29), then metric grc induced by ¢rc satisfies gro = dt? + t2g% + 0262 + O(t~1)
as t — 0o, where ¢*¢ is the Sasaki-Einstein metric on N’ induced by (n°¢, wi®).

Moreover, if we denote £ as the unit vector-field with respect to grc associated to
the infinitesimal S'-action on N, then we can recover an asymptotically conical SU(3)-

structure (w’, Q') on N’ x R+ by defining:
W= Eapre ReQ := 01.0lkerg ImQY == —¢ax o0 (1.36)

The torsion of this SU(3)-structure (1.36) vanishes as ¢ — 0 and we recover the conical
Calabi-Yau-structure (1.15) from (1.36) in this limit.

Another class of examples of Ga-metrics that can be constructed from solutions to

(1.30), (1.31) are the co-homogeneity one setting:

Example 1.3.3. The spinor bundle S(S?) of the 3-sphere admits a one-parameter family
of co-homogeneity one Go-metrics described by Bryant-Salamon in | |. This parameter
represents the volume of the zero-section S® C S(S3), or alternatively, the coefficient of
the co-homology class [¢] of S(S3).

The total space of the spinor bundle can be written as S(S?) = SU(2)? X asu(2) H where
ASU(2) acts on the right diagonally, and admits co-homogeneity one action of SU(2)3,
viewed here as acting on the left. The corresponding group diagram is A 23SU(2) C
A12SU(2) x SU((2) € SU(2)3. Here, A12SU(2),A123SU(2) C SU(2)® denotes the
diagonal SU (2)-subgroup in the first two factors of SU(2)3, and the diagonal subgroup in
all three factors respectively.

As a smooth manifold, S(S%) is diffeomorphic to S% x R*. This diffeomorphism can
be written SU(2)3-equivariantly as a map S(S%) — SU(2) x H descending from the map
SU(2)2 x H — SU(2) x H given by (p1, p2,v) = (p1p2,vp1). Here, we identify S3 x R*
with SU(2) x H, equipped with the SU(2)3-action

(q1,92,43) - (p,v) = ((1P%2; G3vG1) (1.37)

The asymptotic model for the geometry of these metrics, up to overall scale, is the
co-homogeneity one Ga-cone over the nearly-Kihler S3 x S3 = SU(2)3/A1235U(2).
Note that the group of outer-automorphisms permuting the factors of SU(2)? yield non-
equivalent isometric actions of SU(2)3 on S(S%) in general, although these induce equiv-
alent actions on the cone. In particular, the subgroup of cyclic permutations gives three

non-equivariantly isometric realisations of S(S%).
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Example 1.3.4. S3 x R* admits another co-homogeneity one Go-metric, first described
in [ |, and later generalised to a one-parameter family by [ |, referred to as
B; family. Here, the group acting is SU(2)2? x U(1) C SU(2)? via (1.37). These metrics
have asymptotically locally conical geometry, with end modelled on a circle bundle fibred
over the conifold, pulled back from SU(2)? fibred over the link SU(2)2/AU(1). This
bundle is equipped with a connection one-form coming from the canonical connection on
SU(2)% — SU(2)?/AU(1), and the freedom to rescale the length of the circle fibre by some

constant, with fixed overall scale, gives rise to the one-parameter family of By metrics.

It can be shown that, as the length ¢ of this asymptotic circle fibre collapses to zero in
this one-parameter family, the Go-metric degenerates to an SU(2)%-invariant Calabi-Yau
metric on the U (1)-quotient of S2 x R*: this collapsed limit is precisely the co-homogeneity

one Calabi-Yau metric on the smoothing 7*S3.

Example 1.3.5. S% x R?*, admits yet another distinct family of co-homogeneity one Go-
metrics, referred to as the D7 family in | ], with a rigorous proof of existence found
later in | ]. Again, the group acting is SU(2)? x U(1), but with SU(2)? x U(1) C
SU(2)? acting as (1.37) with a cyclic permutation” (123) € S3. These have the same
asymptotically locally conical geometry as the B7-family, with ends modelled on a circle
bundle fibred over the conifold, pulled back from SU(2)? fibred over the link.

It can be shown that, as the length ¢ of this asymptotic circle fibre collapses to zero in
this one-parameter family, the Go-metric degenerates to an SU(2)%-invariant Calabi-Yau
metric on the U (1)-quotient of S3 x R*: this collapsed limit is precisely the co-homogeneity
one Calabi-Yau metric on the small resolution O(—1) & O(—1).

For the remainder of this section, we will describe Example 1.3.3 on the spinor bundle
S(S3) in further detail, following | ]. To align with the notation in §1.2, we will
SU(2)3-equivariantly identify the principal orbit SU(2)3/A123SU(2) with SU(2)? via
the inclusion map SU(2)? x {1} < SU(2)3, where we view SU(2)? x {1} acting on the
left of SU(2)? in the obvious way, and {1} x {1} x SU(2) acting diagonally on the right.
Since {1} x {1} x SU(2) acts trivially on the singular orbit, we can identify the singular
orbit SU(2)3/A125U(2) x SU(2) with SU(2)?/A125U(2) in the same way.

Using basis U, V*, W+, U~, V=, W~ of left-invariant vector-fields on SU(2)? as in
(1.16), we can then write the tangent space of SU(2)? as:

(UT VI WH e U,V , W) =su,(2) ®su_(2) (1.38)

i.e. ASU(2) acts as two copies of the adjoint representation.

As is shown in | |, up to isometries with respect to the induced metric, the space
of SU(2)3-invariant half-flat structures on S® x S2 is at most two-dimensional. Up to these

isometries, any non-degenerate family of SU(2)3-invariant half-flat structures (w, D)ier-,

"taking the inverse permutation yields another non-equivariantly isometric copy of the Dy family.
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appears as:

ReQ) = +833u~ Av™ Aw™ — 8428 Z ut AT Aw™
(uvw)

ImQ = —8a3u™ A vt Awt + 8as? Z um AvT AwT (1.39)
(uvw)

w:4a,8(u_/\u+—|—v_/\v++w_/\w+)

for some o > 0, 8 > 0 real-valued functions of ¢, where Z( denotes the sum over cyclic

wuVwW)

permutations of (uvw). The induced metric dt? + g; on R~g x S3 x S is given by:
g =dt* +4a? ((u+)2 + (v + (w+)2> +48% (u™)? + (v7)* + (w)?) (1.40)

This metric has holonomy contained in Go iff (w, ) solve the evolution equations

teR~o
(1.31), i.e. «a,f are solutions to:

2 .
I

Clearly, taking a = %t, 8= ?t is a solution to (1.41): this corresponds to taking the

(1.41)

= e

conical Ga-structure (1.34) over the unique (up to isometries) SU(2)3-invariant nearly-
Kéhler SU(3)-structure (w”K,Q”K) on S3 x S3, given by setting o = %, 8 = ? in
(1.39). It is straightforward to verify that the SU(3)-structure defined this way satisfies
the nearly-Kéahler structure equations (1.39).

There is also a one-parameter family of complete solutions to (1.41) extending to the
singular orbit S3 = SU(2)%/A 2SU(2), representing the volume of this orbit with respect
to the induced metric. However, without loss of generality, we will fix this volume by the

following transformation:

Lemma 1.3.1. («a, ) — (as, Bs) is a symmetry of (1.41), where as(t) := a(gt), Bs(t) =

@ for some § > 0.

Up to overall rescaling of the metric on S(S3), this transformation describes pulling
back the metric by the diffeomorphism rescaling the fibres of S(S?) by a constant §. Up
to this rescaling, we can uniquely solve (1.41) extending to the singular orbit by change
of variable r(t) = v/33(t), r € [1,00), so that the solution to (1.41) appears as:

a=1y1-r3 B=2 (1.42)

As previously mentioned, the asymptotic model for this geometry is the cone over the
SU(2)3-invariant nearly-Kahler SU(3)-structure (w™%, Q%) on 3 x $3. Outside of the
singular orbit, we can identify S(S®) with the smooth manifold R+q x S x S underlying
the cone, so that the complete Ga-metric g as in (1.40) with («, 3) defined by (1.42)
satisfies |g — go| = O(t™3) as t — oo, where ¢ denotes the radial parameter on the cone,

and we take norms with respect to the conical metric gc, see | ]-
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Chapter 2

Calabi-Yau Gauge Theory: Set-up
and Results

In the next two chapters, we will give a complete description of the behaviour of Calabi-
Yau instantons and monopoles with an SU(2)%-symmetry, on Calabi-Yau 3-folds with
asymptotically conical geometry and SU(2)? acting with co-homogeneity one.

We consider gauge theory on the smoothing and small resolution of the conifold,
and on the canonical bundle of CP' x CP!, with their known asymptotically conical
co-homogeneity one Calabi-Yau metrics, and find new one-parameter families of invari-
ant instantons. We also entirely classify the relevant moduli-spaces of instantons and
monopoles satisfying a natural curvature decay condition, and show that the expected
bubbling phenomena occur in these families.

Before carrying this out, in §2.1 we will give an overview of the Calabi-Yau monopole
and instanton equations, and of the results of the analysis contained in Chapter §3.

Once this is done, in §2.3 Proposition 2.8, we will write the SU(2)2-invariant monopole
equation on the smoothing, small resolution, and the canonical bundle of CP! x CP! as
a system of ODEs. Before analysing the full system in the next chapter §3, in §2.4, we

briefly mention explicit solutions to these ODEs corresponding to reducible connections.

2.1 Overview

Let (M 6 w, Q) be a Calabi-Yau 3-fold as in Definition 1.2.2, where w denotes the Kéhler
form, and = Ref) 4 iIm{2 denotes the holomorphic volume form on M such that éw‘g =
iReQ AImS); and fix a principal G-bundle P — M with a compact semi-simple Lie group
G. The pair (A, ®), for some connection A on P and non-trivial ® € Q° (adP), is called

a (Calabi-Yau) monopole if it satisfies the Calabi- Yau monopole equations:
Fanw?=0 Fi AReQ = «d @ (2.1)

where * is the Hodge star of the Riemannian metric defined by (w,Q), Fi4 € Q2 (adP) is
the curvature of A, and d4 : Q° (adP) — Q! (adP) is the induced covariant derivative. We
refer to the section ® as the Higgs field for this monopole.

We obtain the Calabi- Yau instanton equations for a connection A on P by setting
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®=0in (2.1):
Fanw?=0 FAAReQ =0 (2.2)

Note that if a monopole (A, ®) has d4® = 0, then A is also a (Calabi-Yau) instanton, i.e.
a solution of (2.2), but the existence of a non-trivial parallel section ® implies that the

connection A must be reducible in this case.

In terms of the complex geometry, the first condition of (2.2) says that F4 is a primitive
Lie algebra-valued two-form, while the second condition says it is of type (1,1). Further-
more, it is not hard to prove that instantons minimize the Yang-Mills energy functional
YM(A) := [,,|Fal* on the space of connections on P, where we take point-wise norms
with respect to some ad-invariant metric on the Lie algebra of G. Hence, on the special
unitary frame bundle SU(E) of some hermitian vector bundle E over M with trivial de-
terminant bundle, a Calabi-Yau instanton is also referred to as a Hermitian Yang-Mills
(HYM) connection in the literature.

When G is abelian, (2.1) and (2.2) are linear equations, and the moduli-space of their
solutions are well-understood: if G = U(1) for example, any two-form on M which is an
instanton in the sense of (2.2) is harmonic, with the converse holding when (M, w, ) is
compact with full holonomy SU(3). Even when M is non-compact, every U(1)-bundle
carries a unique Calabi-Yau instanton with decaying curvature when (w, ) is asymptot-
ically conical with full holonomy SU(3) by | , Theorem 5.12]. For non-abelian
gauge groups, one usually seeks a description of the gauge theory starting with the next
simplest case of rank one groups: in particular, without loss of generality', we will always
take the gauge group to be SU(2) in this chapter.

We will study the Calabi-Yau monopole equations (2.1) with the assumption of SU(2)?-
symmetry for both the Calabi-Yau structure and the bundle data: the Calabi-Yau monopole
equations were first studied in this setting by | ], for the asymptotically conical met-
ric of Stenzel | ] on the cotangent bundle of S3. There is a one-parameter family of
invariant monopoles for this metric, with a single explicit instanton | , Theorem 2]
appearing at the boundary of this family when the Higgs field vanishes. In this thesis, we
will independently verify this claim using new proofs, as well as proving that the explicit
instanton actually lies in a one-parameter family of invariant instantons for this metric.
We also describe the invariant gauge theory for all the other known examples of SU(2)2-
invariant AC Calabi-Yau metrics, namely the metric of Candelas and de la Ossa | ]
on the small resolution of the conifold O(—1) ® O(—1) over CP!, and the metric of Calabi
[ |, later generalised to a one-parameter family by Pando-Zayas and Tseytlin [ 1,
on the canonical bundle O(—2, —2) of CP! x CP*.

To understand the various components of these gauge-theoretic moduli-spaces, we
must first discuss fixing the asymptotic behaviour of solutions. A natural condition on a
solution of (2.1) on an asymptotically conical metric is that it converges at the conical
end to some model solution (A, P ) on the cone, pulled back from the link. Concretely,
up to double-cover, the metrics on T%S3, O(—1) @ O(—1), and O(—2, —2) all share the

same asymptotic cone with link S? x S, and we have the following potential invariant

!gauge group SO(3) always lifts to SU(2) in our invariant setting, see Proposition A.2.2 of the appendix.
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model solutions: either we have a flat connection with a trivial Higgs field, or we have the
unique non-flat invariant instanton pulled back from S? x S2, which we denote A", with
a possibly non-trivial parallel Higgs field?.

On these asymptotically conical metrics, we find four distinct possibilities for any
invariant irreducible solution (A, ®) to the monopole equations: (i) the curvature does not
decay quadratically, i.e. t?|Fy| is unbounded as t — oo, where ¢ is the radial parameter
of the cone, and we take norms with respect to the cone metric, (ii) (A, ®) is an invariant
monopole which is asymptotic to A" with a non-trivial Higgs field as t — oo, (iii) ® = 0,
A is an invariant instanton which is asymptotic to A" as t — oo, (iv) & = 0, A is an
invariant instanton which is asymptotic to a flat connection as t — oco?.

We shall restrict to cases (ii)-(iv) by only considering invariant solutions with quadratic
curvature decay. In general, this is a natural assumption to make for solutions on asymp-
totically conical metrics, since solutions on the cone converging to some model solution
have curvature decaying (at least) as a two-form on the link of the cone. As far as the
author is aware, this thesis is the first situation for which we have a complete description
of this moduli-space for the invariant co-homogeneity one gauge theory. Also, although
we were unable to prove this in full generality, cf. Remarks 3.3.3, 3.3.6, 3.4.13, we conjec-
ture that situation (i) does not actually arise, i.e. any invariant solution to the monopole
equations on T*S3, O(—1) @ O(—1), and O(—2, —2) without quadratic curvature decay
must blow up in finite time.

We now summarise the main results of chapters §2, §3. For the metric of Stenzel, there
is a single SU(2)-bundle admitting irreducible invariant connections, which we denote
P4, and we find a one-parameter family of instantons, and a one-parameter family of

monopoles:

Theorem A. In a neighbourhood of S C T*S3, up to gauge, invariant solutions to the
monopole equations are in a two-parameter family (S, ‘I’)g,w &, x € (—o0,00), containing
a one-parameter family of invariant instantons with x = 0. Moreover (S, (I))E,x extends
over all of T*S® when.:

i) £€(—1,1),x =0, as an irreducible instanton asymptotic to A®™ at infinity,
X ymp Y
(ii) € = £1,x =0, as a flat connection,

(iii) € =0,x € (0,00), as an irreducible monopole asymptotic to A“®™ with a non-trivial

parallel Higgs field at infinity.
Otherwise, (S, <I>)§X cannot extend over T*S® with quadratically decaying curvature.

See Proposition 3.1.3 for a proof of the local statement, Theorem 3.2.1 for parts (i), (ii),
and Proposition 3.4.6 for (iii). The existence of the one-parameter family of monopoles
(S, @), == (S, ®)g,» X € (0,00), and the instanton Sy := (5, ®), , was already established
in [ ], which considered only local solutions (5, @), , with £ = 0: we fix a gap in the

2these monopoles (A", ®,,) pulled back from the link actually come in a one-parameter family,
parametrised by the mass m = |®,,| > 0. This is explained in more detail in | ].

3one can also show that for (ii), (iii), solutions have ezactly quadratic curvature decay, while for (iv),
solutions have curvature decaying faster than quadratically, and moreover, have curvature bounded in
L2-norm.
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proof of | , Theorem 1] by showing these are all the invariant monopoles with quadratic
curvature decay. We also note here that there is a (non-equivariant) isometric involution of
T*S3, arising from the map exchanging the factors of SU(2) in each SU(2)2-orbit, which
sends (5, )¢, — (5, @) ¢,

For the small resolution O(—1) @ O(—1), there are two SU(2)-bundles admitting in-
variant irreducible connections, denoted Fy1q and Pj o, and these are equivariantly iso-
morphic over the complement O(—1) @ O(—1) \ CP!. We find that each bundle carries a
one-parameter family of instantons R., R, respectively, and the family R/, contains an

invariant abelian instanton Rj:

Theorem B. In a neighbourhood of CP! ¢ O(—1) @ O(—1), invariant instantons are in
two one-parameter families R, € € (—00,00) and R.,, € € [0,00), up to gauge. Moreover

R., R., extends over all of O(—1) & O(—1) when:
(i) € € (0,00), as an irreducible instanton asymptotic to A" at infinity,

(ii) € €[0,1), as an instanton asymptotic to A®®™ at infinity, which is abelian if € =0

and irreducible otherwise,
(iii) e=0 or € =1, as a flat connection.

Otherwise, Re, R., cannot extend over O(—1) @ O(—1) with quadratically decaying curva-

ture.

See Propositions 3.1.5, 3.1.6 for a proof of the local statement, Theorems 3.2.6, 3.2.7
for parts (i)-(iii).

We can also show that, as the curvature of the invariant family R. blows up on the
calibrated co-dimension four CP' in the limit € — co, we get the expected bubbling and

removable-singularity phenomena:

Theorem C. Let R, be the one-parameter family of invariant instantons and Rf, the

invariant abelian instanton extending over O(—1) & O(—1). Then, in the limit € — co:

(i) Up to an appropriate rescaling, R bubbles off a family of anti-self-dual connections

along CP! ¢ O(—1) @ O(-1).

(i) Without this rescaling, R. converges uniformly to R{y on compact subsets of O(—1)®
O(-1)\ CP!.

See Theorem 3.3.2 for proofs and a more precise statement of these results. The proof
of Theorem C is more involved than for a similar co-homogeneity one bubbling theorem
for instantons found in | , Theorem 2]: everything was explicit in that case, whereas
we must genuinely prove (i) here to obtain the relevant compactification result (ii).

There are countably many bundles over O(—2,—2) admitting irreducible invariant
connections, which we denote Py_;; for | € Z. The number | € Z can be understood
topologically by associating a rank two complex vector bundle to P;_;; via the standard
representation: this associated bundle splits into a direct sum of line bundles pulled back
from O(£(1 — 1), £l) — CP' x CP*. Each bundle P;_;; carries a one-parameter family of

instantons Qlal similar to the family R/, of Theorem B: Qf) is abelian, Qlal is asymptotic
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to A" at infinity when the parameter oy > 0 is less than some finite critical value ozlcrit,

and the asymptotic behaviour of this family jumps to a flat connection at the critical

value. However, there is a new phenomenon on O(—2,—2), as the instantons Qflcm are
l

not themselves flat when [ # 0,1, and they are rigid in the moduli-space of invariant,

irreducible instantons with this asymptotic behaviour.

Theorem D. In a neighbourhood of CP' x CP! ¢ O(—2, —2), invariant instantons are in
countably many one-parameter families Qlal, l€Z, ag €[0,00), up to gauge. Moreover,
Qfll extends over all of O(—2,—2) when:

(i) o € [0, afrit) for some afrit € (0,00), as an instanton asymptotic to A" at infinity,

which is abelian if a; = 0 and irreducible otherwise,
(ii)) 1 =0,1, oy = afrit as a flat connection,

(i) I # 0,1, oy = afrit as an irreducible instanton asymptotic to a flat connection at

nfinity.
Otherwise, Qlal cannot extend over O(—2,—2) with quadratically decaying curvature.

See Proposition 3.1.1 for a proof of the local statement, and Theorems 3.2.8, 3.2.9
for parts (i)-(iii). See also the end of §3.3 for a further discussion of the behaviour of
instantons on O(—2, —2).

The existence and uniqueness of these fast-decaying instantons on O(—2, —2) verifies
the results of | ] in the SU(2)%-invariant Calabi-Yau 3-fold setting: if we fix the
holomorphic structure on the rank two complex vector-bundle pulled back from the direct
sum of O(£(1 — 1), £l) — CP* x CP!, then there is a unique Hermitian-Yang-Mills con-
nection that is asymptotic to the flat connection at infinity, which is compatible with this
holomorphic structure.

In the final result, the proof of which can be found in Proposition 3.4.1, we show that
Theorems A - D fully describe the moduli-space of the SU(2)2-invariant Calabi-Yau gauge
theory:

Theorem E. There are no irreducible, invariant monopoles on O(—2,—-2) or O(—1) &

O(—1) with quadratically decaying curvature.

Remark 2.1.1. One may be able to replace the assumption of invariance in Theorem F
with the assumption of finite intermediate energy Er(A, ®) := [}, |Fa A ReQ? + |d4®|?,
by adapting the techniques found in [ | for Ga-monopoles.

2.2 Monopole and Instanton Equations

Consider again the monopole equations (2.1), for a connection A and ® € QY (AdP) on
some principal bundle P over a Calabi-Yau 3-fold (M,w, ). As it is more convenient for

our purposes, we can rewrite (2.1) as:

Fanw?=0 (2.3a)

1
FANTmQ = =2 da® A w? (2.3b)
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Let us assume we are in the general set-up of §1.2: we let N C M be a (real) hyper-surface,
and we suppose that N foliates M into parallel hyper-surfaces, up to working on a tubular
neighbourhood N x I C M for some I C R. As in (1.10), we can write the Calabi-Yau
structure (w,§2) on M in terms of a one-parameter family of hypo-structures (7, w;), on
N.

Moreover, in this neighbourhood, we may always write P — M as the pull-back of
some bundle on N, and we can view any ® € QY (AdP) as a one-parameter family of
sections ®; over N. So, using the Calabi-Yau structure (1.10), and the temporal gauge on
a tubular neighbourhood of N, (2.3) takes the form:

1
FAtAngr]+§dAt<I’Aw%:0 (2.4a)
1
Fa, Awi A+ 5atAt Aw? =0 (2.4b)
1
FAtAw3+8tAtAw2/\n:dAt(I’/\w1/\n—5@@0% (2.4c)

We refer to the equation (2.4a) as the static monopole equation, and (2.4b), (2.4c), as
the monopole evolution equations, where (2.4b) is just the condition (2.3a), and the other
two arise from (2.3b). Furthermore, it is not difficult to compute that the static equation
(2.4a) is preserved by the evolution equations. Similarly, in the case ® = 0, we will refer

to the respective equations as the static and dynamic instanton equations.
Remark 2.2.1. The instanton equations are equivalent to the gradient flow
* (FAt A\ wl) = —OtAt

of a Chern-Simons functional CS,,, : A x I — R on the space of connections A on P
pulled back to N :

1
CS,,(Ag + a,t) :== 2/ tr

2
<a/\ <2FA0 + da,a+ aAa)) A wi(t)
N

3

with initial conditions Ai—y, satisfying (2.4a).

2.3 Invariant Monopole and Instanton ODEs

Away from the singular orbit, the general set-up of (2.4) clearly applies to the co-homogeneity
one metrics on O (—2,-2), T*S3, and O (—1) ® O (—1). We will also suppose that the
bundle, connection, and Higgs field are invariant under the SU(2)2-action, so that (2.4) is

a system of ODEs for the invariant connection and Higgs field on SU(2)?/H, where the
relevant principal isotropy subgroup H is given by H = Ko _9 or H = AU(1).

Recall §1.1: by | ], we can write such invariant bundles as SU(2)? xy G —
SU(2)2/H for some compact gauge group G and homomorphism \ : H — G. These
bundles are referred to as SU(2)%-homogeneous. Recall also that an invariant connection
on this bundle can be written as an H-equivariant linear map A : su(2) ® su(2) — g, such
that Al, = d\. Here, g, h = u(1) denotes the Lie algebra of G, H C SU(2)?, and dA\ is
the image of the canonical connection on SU(2)? — SU(2)?/H under \.
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If H= Ky _2, G =5SU(2) then the defining homomorphism K3 5 — SU(2) of the
homogeneous bundle is classified by a pair (n, j) € Z x Zy. Using the isomorphism Ky _9 =
AU(1) x Zy C U(1)%, we can write these as:

i,
0 o -1 0 em? 0
0 0 24w i
e’,e”).(e",e") — ) 2.5
(e, ¢). (27, ) (0 _1> (0 9> (25

for some (n,j) € Z x Zy, and similarly (with j = 0) for every homomorphism AU (1) —
SU(2). We will denote the corresponding homogeneous SU (2)-bundles over SU(2)%/H as
P, j, P, respectively, although since the action of Zy in (2.5) is trivial on the Lie algebra
of the gauge group SU(2), for the following section, it will suffice just to consider P,.
The canonical connection on P, appears as nFE; ® u™, and the space of invariant
connections can be identified as an affine space for intertwiners of AU (1)-representations
given by left-invariant one-forms on SU(2)2/AU(1) and the composition of (2.5) with
the adjoint action on su(2). We summarise the results in the following proposition, and

compute curvatures:

Proposition 2.3.1. SU(2)%-invariant connections A on Py, and corresponding curvatures

Fa, are of the following form:

(i) If n =0, then for some ai,as,as3 € R,

A=a1F1®@u +asFy®@u” +asbE3s®@u” F4= %(alEl + asFEy + CL3E3) X® w‘lge
(2.6)

(ii) Otherwise, for some ag,a1,az2,b1,ba € R, where ay =ag =b; =by =0 if n # 1:

A=a1(E;®@v' + B3 @w') + b (B3 @ v — By @ w?)
+ az(Ey @ v* 4+ B3 @ w?) + bo(F3 @ v2 — Ea @ w?) + aoFy @ u™ +nE; @ u’

Fa = 3(a1az + b1b2) Bl @ wi® + 3(a1by — brag) Bl @ ws®
+3 (a3 +b]+a3+03—n)E1@wi® + 3 (—af — b3 + a3 + b3 + ag) B1 @ wi®
+ %(ao -1) (a1 (E2 Qw' — Es ®v1) + by (Eg Qv + Es ®w1)) A ¢
+ 3(ap + 1) (a2 (B2 ® w? — E3®v?) + by (B2 ® v* + E3 @ w?)) An™
(2.7)

In a similar way, we can classify SU(2)2-invariant sections of the adjoint bundle: an
SU (2)2-invariant section of AdP, appears as an element of the Lie algebra su(2) invariant

under the AU(1) action. This understood, the following proposition is immediate:

Proposition 2.3.2. SU(2)%-invariant sections of AdP, are of the form ® = ¢1E; +
P2 Es + ¢3FE3 for some ¢1, P2, p3 € R, where ¢po = ¢p3 =0 if n # 0.

There are some useful facts about the bundle data of Propositions 2.3.1 and 2.3.2
that should be noted before continuing: firstly, it is clear that the bundles P, admit

only reducible invariant connections when n # 1, and when n = 1, from the explicit
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expressions for curvature, we see that an invariant connection given by (2.7) is reducible
iff either ag = 1,a3 = by =0, or ag = —1,a1 = by =0, 0r a1 = by = as = by = 0.

Secondly, on P, — SU(2)?/AU(1), there is an invariant gauge transformation gener-
ated by the vector field £ on the fibre, which acts by rotation on the plane spanned by
FEs, E3, and leaves Fy fixed. In the notation of Propositions 2.3.1, 2.3.2 for n # 0, this acts
as a rotation (ay + iby, as + iby) — (ew(al +iby1), e (ay + ibg)) by some common angle 6,
and acts trivially on (ag, ¢1).

Using Propositions 2.3.1, 2.3.2, we can now write down (2.4) on O (-2, —2), T*S3, and
O (—-1)® O (—1) as ODE systems for the coefficients appearing in these two propositions.
Since we are primarily interested in finding non-abelian solutions to (2.4), it will suffice to

consider the case for n = 1*:

Proposition 2.3.3. On P, — Ry x SU(2)?/AU(1) with Calabi-Yau structure (1.19),

invariant monopoles (A, ®) can be written, up to gauge, as:
A:al(E2®v1+E3®w1)+a2(E2®v2+E3®w2)+aoE1 Ru + F ®u+ b =9k

with (ag, ay,az, @) real-valued functions satisfying the following ODE system:

. 4\
ao = E (( ?+a3— uo— (ap — af + a%)ul)

: 3 Uy —u
@ =53 ((ap — 1)ayvs — (ap + 1)agvy) — 2———age

g (2.8)
; 3 u1 + Ug
a2 = 5 ((ao — Daivo — (ag + 1)agv) — 2 a1
2\
; 3
¢ = E ((a% + CL% — 1) vy — 2a1a21}3)

Proof. We use Propositions 2.3.1 and 2.3.2 in the monopole equations (2.4): we use the
temporal gauge to put the connection into the form A; = a1ly + b1J1 + asls + baJs +
apEy @ v~ +nEy @ ut, where Iy, I, J1, Jo are defined by:

I ;== B, @ v + B3 @ w! Jii=FB300 - Bow!
I := B, @ 0% + B3 @ w? Jo = B3 ® 0% — By @ w?

Then dAt(I) = [At, (I)] =¢ [At, Eﬂ = 2¢ (—a1J1 +b1l1 —asJs + b2]2). This implies dAt(I) A
w% vanishes, so the static equation (2.4a) is just the single condition ajbs — biag = 0.

Equation (2.4b) also only has a single component, giving:

. 4\
do = ﬁ((a%+b%+a§+b§—1)“0—(ao—a%_b%+“%+b%)ul)

Splitting (2.4¢) into E1, Eo, F3 components, the E1 component gives:

3

6= 2 (B4R +B+ 8- 1) = 2araa + biba) )

4See §2.4 for explicit abelian solutions in the case n = 1: the solutions for n # 1 are similar.
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Meanwhile the Fo, F'5 components together give:

) 3 Ul — U
= ((ag—1 _ 1 _9

di " ((ap — 1)ajvz — (ag + 1)asvy) asp
. Uy — Uo

by = — —1)b — 1)b -2 b
YV ((ap — 1)byvz — (ag + 1)bavo) 20
Gg = 2§\)N ((ap — 1)ajvg — (ap + 1)agvs) — 2u1 + Uo a1¢
. 3 uL +u

by = m ((ao — l)blvo — (ao + 1)62’03) -2 ! 0b1¢

We can now use the invariant gauge-transformation generated by F; to simplify this ODE
system, which appears as the symmetry of the equations. Using the static condition
a1by — asby = 0, we will use this symmetry to set by = be = 0, thus giving the ODEs in
the form stated. O

We note here that (2.8) displays some further discrete symmetries:

Proposition 2.3.4. The following involution is a discrete symmetry of (2.8):

<a07 a17 a27 ¢) — <a07 _a17 —0/2, ¢) (29)

Specialising to the case of (2.8) with ug =0, we have an additional symmetry:

(a0, a1, a2, ¢) = (—ag, az, a1, ¢) (2.10)

Remark 2.3.5. If one is also free to vary the Calabi-Yau structure, (2.10) becomes a

symmetry of the full system (2.8) with ug — —ug.

Proof. One can easily check that the symmetries of this proposition are indeed symmetries
of the ODE systems in question. We comment instead on the origin of such symmetries:
(2.9) is a residual symmetry from the invariant gauge transformation that we used to
set by = by = 0: it is simply the rotation by angle 7 of the plane spanned by FEs, E3.
Meanwhile, (2.10) is the symmetry arising from interchanging the two factors of SU(2) on
the principal orbits: this explains why one must alter the Calabi-Yau structure to see it

as a symmetry of (2.8). O

We also recall that a natural condition on solutions to the monopole equations on
asymptotically conical CY 3-folds is to require quadratically decaying curvature. In terms

of our ODE system (2.8), this requirement takes the following form:

Lemma 2.3.6. An invariant solution (A, ®) to the monopole equations determined by a
solution (ag, a1, az, ) to (2.8) has quadratically decaying curvature if and only if a;, tai®,

tas are bounded.

Proof. Using the expression for curvature Fq = Fl4, — 0 A¢ Adt in the temporal gauge, the
explicit expressions for Fy,, Ay, given in (2.6), and the scaling of k-forms on the cone, it is
clear that t2|F4| is bounded if ag, a1, as, tag, tar, tas are bounded. The converse is clear for
tao, ta1, tag, and note that t2|F,| is bounded only if a? +a3 — 1, and —a? + a3 +ag are: the
first of these implies aj, as must be bounded, and since | — a2 + a3 + ag| > |ao| — |a} — a3

this implies ag must be bounded also.
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Up to terms decaying faster than O(t~1), as t — oo, the ODE system (2.8) is asymp-
totic to (2.8) on the conifold:

i 4
ap = 7 (ao — a% —l—a%)
) 3
a) = ?t (ao — 1) al — 2(12(Z)
3 (2.11)
as = _?t (CLO + 1) as — 2a1¢
. 6
¢ = — 30102
and comparing the expressions for tag, tai, tas gives the statement of the lemma. ]

2.4 Reducible Solutions

Before conducting an analysis of the full system (2.8), we will briefly say something about
the reducible case, i.e. if we consider abelian or flat connections. Firstly, note that the
trivial flat connection A’ on P, — SU(2)?/AU(1) = S? x S3 appears in two distinct

SU (2)%-invariant gauge-equivalence classes’, which can be represented by:
A =B ou' + Ey®o' + By @ w! A% = By @u? + By ®v° + E3 @ w? (2.12)

i.e. in terms of Proposition 2.3.1, we have ay = 1,a1 = 1,b4 = a2 = by = 0, or
ag = —1l,as = 1,b1 = a1 = by = 0 respectively. These are clearly just lifts of the stan-
dard Maurer-Cartan form on SU(2) to P;, and A}, A} are exchanged via non-equivariant
diffeomorphism obtained via exchanging the factors of SU(2) in SU(2)?/AU(1).
Secondly, note that if both a; = a2 = 0 then the connection is abelian, and we can

solve (2.8) explicitly on the space of principal orbits:

C -2
— ¢ = —3I(t) (2.13)

ap(t) = p

where I(t) = %, and C' is a constant of integration.
Using the results of Appendix A.2, we see that a generic solution (2.13) can extend
over the singular orbits S2, or 2 x S? only if® C' = 2ugu1(0), I =0, and can never extend

over the singular orbit S3.

Remark 2.4.1. For later reference, we note that the generic abelian solution (2.13) on
O(—1) ® O(—1) \ CP! is also unbounded near CP' unless C' = 2uguq(0).

Remark 2.4.2. Note that the curvature of the abelian instanton (2.13), viewed as a
harmonic two-form, has norm decaying to O(t=2) as t — oo with respect to the cone
metric. The existence of abelian instantons on O(—1) & O(—1), O(—2,—2) with this
curvature decay, and their uniqueness on a fized bundle, follows from [ , Thm. 1A]
and its refinement [ , Thm. 5.12] for AC Calabi-Yau 3-folds.

Salthough these represent the same connection up to non-equivariant gauge, at least on S? x S3.
Sthe converse will also hold for a suitable choice of bundle extension.
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Chapter 3

Calabi-Yau Gauge Theory:
Analysis

In the following chapter, we will classify quadratically decaying solutions to the SU(2)2-
invariant Calabi-Yau monopole equations (2.8), beginning by parametrizing solutions near
the singular orbit at ¢ = 0 in §3.1. This uses the theory of singular-initial value-problems,
and the computations in Appendix A.2 to extend the solutions over the singular orbit at
t=0.

Once we have parametrized solutions to (2.8) near ¢t = 0, we will consider the long-time
behaviour of these local solutions as we move away from the singular orbit. We carry this
out in two parts: firstly for the subsystem of (2.8) when the Higgs field ¢ vanishes in
§3.2, i.e. for the Calabi-Yau instanton equations. With this done, in §3.4 we investigate
solutions for which the Higgs field is non-vanishing.

We also prove the relevant bubbling and compactness theorems in §3.3 for the families

of instantons constructed in §3.2.

3.1 Local Solutions

We consider the full system (2.8). Unlike with the reducible case, in general this will not
have explicit solutions, and instead, we will analyse the qualitative behaviour of solutions
as they move away from the singular orbit.

To determine their behaviour near the singular orbit, we will apply the theory of
singular initial value problems of the form [ , Thm.4.7): ty = M_1(y)+M(t,y), where
M(t,y)t~', M_1(y) are smooth functions of their arguments. To have unique solution
near t = 0, we require that M_1(yo) = 0 at the initial value y(0) = yp, and that the
linearisation dy,M_1 has no positive integer eigenvalues. This theory, combined with the
boundary conditions found in Appendix A.2, will allow us to construct local solutions to
(2.8) extending over the singular orbits at ¢ = 0.

In all cases, we will find that solutions to the monopole equations are in a local two-
parameter family for each bundle extending P; over the singular orbit, with the vanishing
of the second parameter corresponding to the vanishing of the Higgs field ¢, and thus a
local one-parameter family of instantons.

First of all, there is a countable family of bundles P_;;, | € Z extending P; over the
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singular orbit S? x S? by Proposition A.2.1. However, we can reduce our computations
to the case [ > 0 by the diffeomorphism exchanging the factors of SU(2) in the SU(2)2-
orbits on the total space of the bundle, since this map sends Py_;; — P, 1_;. As this map
acts on the underlying Calabi-Yau structure (1.20) by sending the constant ug — —uy,
the monopole ODEs (2.8) also transform, but solutions of the transformed system are

equivalent to solutions of (2.8) under the symmetry (2.10):

Proposition 3.1.1. In a neighbourhood of the singular orbit of Pi_;; — O(—2,—2) local

solutions to (2.8) are in a two-parameter family (Ql, @l)al 5 = (ap, a1, ag, gb)alﬁl for each
leZ. Forl >0, these solutions satisfy:
a=1— 20+ O(t?) ¢ =B+ O(t?)
1 Uy — U, 142 -1 141
== — '+ Ot = qt ot
ax lﬁzaz Uy + Uo +O0@t™7) az=ait’" " +O({™)

Proof. We write (2.8) for a Calabi-Yau structure of type Z:

. 4\
ag = ? ((a% + a% — 1)UQ — (ao — a% + a%)ul)
. 6
¢ = *;CHCLQ
a _i(a —Da; — 22" %00 .
1= 2\ 0 1 2
) 3 u + u
agz——(a0+1)a2—2 L 0a1¢

2

We consider solutions to (3.1) with this Calabi-Yau structure given by (1.26), for any
U1, Up with Uy > |Upy| > 0. Recall the power-series of A, u1, u near ¢t = 0 is given by:

A(t) = 3t 4+ O(t3) uy = Uy + O(t?) p=1/U: = U2+ O(t?)

Although we cannot apply | , Thm.4.7] directly, we can use the boundary conditions
for extending smoothly to the singular orbit in Appendix A.2 to re-write this system in

the correct form.
First, we assume [ > 0. Then, using Proposition A.2.3, we can define smooth functions
X1, X5 such that a1 = X1, as = t/"1 X5, and (3.1) becomes:
ap = O(t)
b= 0"
. 1(1 Ui —Up
Xi=-1= —1-20)X; —2X B O(t
1 t<2(a0 ) X1 20 U1+U[)>+ (t)
. 1
Xo = _2725 (ao -1+ 2l) Xo + O(t)

Since the extension conditions also require ag(0) = 1—2I, once we fix constants o := X2(0),
0; := ¢(0) such that {X7(0) + X2(0)¢(0)4/ gi;gg = 0, then y(t) = (ag, X1, X2, ¢) satisfies
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a singular initial-value problem with linearisation:

0 0 0 0
P 0 0 0 0
yo -1 = U1 —U, Ui —U,
5X100) —2¢/gtar =20 =2\ /55500
— T 0 0 0

at initial value yg = (1 —2l,— lalﬁ“ / U1+U0 , O, Bl) This has a unique solution once we
fix yo, since det (kId — dy, M_1) = (k + 21) k3 > 0 for k > 0.

Recovering the local solutions extending smoothly over the singular orbit when [ < 0,
for a fixed Calabi-Yau structure, is a straightforward procedure: we consider the solutions
for | > 0 as previously, but with Uy — —Up. Applying the transformation (2.10) to these
solutions gives solutions to (2.8), and it is easy to verify from Proposition A.2.3 that these

solutions extend to P 1_;. ]

Remark 3.1.2. By setting §; =0 in (Ql, @l)al 5,7 We obtain a local one-parameter family

of instantons i.e. solutions to (2.8) with ¢ =0, and for | > 0 these solutions have:

2
ab _ 6oy

_ — T 421 21+2 9

near t = 0, where a3’ denotes the abelian solution to (2.8) extending over the singular
orbit of Pi_y;.

Moreover, when | = 1, these solutions have:

6

S 3
Ui + Uy

mm(a% — D2 +0(tY) (3.3)

ag=—1— Oz%—l)tQ—l—O(fL) ay = a1 +
As their proofs are similar, we will state the results for solutions extending over singular
orbits S? and S% without proof. The correct re-parametrisations, corresponding initial

values yo, and linearisations dy,M_; as in | , Thm.4.7] can be found in Appendix B.

Starting with S, we note that by Proposition A.2.1, the bundle P; extends uniquely

over this orbit, and we denote this extension Piq:

Proposition 3.1.3. In the neighbourhood of the singular orbit, solutions to (2.8) on Pq —
T*S3 are in a two-parameter family (S, (I))&x = (ao,aJr,a,,gb)&X, where ay. = ay + ao,

a_ = a1 — az. These solutions satisfy:
9
ap=E¢+0?) ap =1+ <8(§2 —1) - x) 24+O0tY a-=€¢+0(Y) ¢ =xt+O0O(t%

Remark 3.1.4. By setting x =0 in (S, ®), ,,

instantons i.e. solutions to (2.8) with ¢ = 0. For later reference, we give some additional

we obtain a local one-parameter family of
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terms in the resulting Taylor series:

a0 = €+ 15E(-1+ €)% +O(1)
ay =1+ g(—1 + O+ O(th) (3.4)
a_ =&+ %g(—l + %+ O(th)

Finally, the bundle P; extends in exactly two ways over S? = SU(2)?/U(1) x SU(2),

and we denote these possible extensions P14 and P; g cf. Proposition A.2.1:

Proposition 3.1.5. In the neighbourhood of the singular orbit of Pyq — O(—1)®O(—1),
solutions to (2.8) are in a two-parameter family (R, V), s = (ao, a1, a2, ¢), 5, with:

) 1
ap=—1+et> + Ot a1 = —ﬁﬁ +0(tY az=1- §6t2 +0(tY ¢ =dt>+ O(th)
Proposition 3.1.6. In a neighbourhood of the singular orbit of Pig — O(—1) ® O(—-1),

solutions to (2.8) are in a two-parameter family (R, \I/’)e,ﬁ, = (ap, a1, ag, qb)el,(;/, with:
ap =1+ O(t?) a; = € 4+ O(t?) az = O(t?) ¢ =6+ O(t?)

Remark 3.1.7. For later reference, we note that ao = —%6/(5%2 +O(t*) for the resulting
power-series of (R', V'), 5.

Having computed these two-parameter families of local solutions to the monopole equa-
tions (2.8), by uniqueness, we see that the following one-parameter families are the local
solutions to the instanton equations, i.e. (2.8) with ¢ = 0:

Se=(5.®)y Re=(RV),, Rao=(RTV),, L= (Q’, @l)al )
For later reference, we have already computed some additional terms in the power-series
of S, lal, in (3.4), (3.2), (3.3). For the analysis of the family R/, it will be more useful to
first apply the transformation (2.10), and then compute higher-order terms with respect
to (2.8) with ug — —ug. To explain why, observe that the instanton equations for a
hypo-structure of type Z, i.e. (2.8) with ¢ and vy vanishing, has at least one of a; or ag
vanishing identically, and if both vanish we have the abelian solution. From the boundary
conditions of Propositions A.2.3, A.2.7, which of a; or as must necessarily vanish will
depend on how we extend the bundle P; to the singular orbit: we have a; vanishing for
Py1qa and Py for [ > 0, while ap vanishes for P g and Py_;; for [ <0.

However, we can always reduce our analysis to a single ODE system with, say, ai
vanishing identically by applying (2.10) to (2.8) and mapping ug — —uyp: this is the same
as pulling back these equations by the diffeomorphism exchanging the factors of SU(2) in
the SU(2)2-orbits on the total space of the bundle. This has been previously explained for
the solutions Qlal, and we can apply the same reasoning to the family R.,: the caveat here
is that if we exchange the factors on the singular orbit S?, then the bundle P; and the
Calabi-Yau structure on the principal orbits now extends over S? = SU(2)%/SU(2) x U(1)
rather than our convention S? = SU(2)%/U(1) x SU(2).
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With this explained, let us denote Py ;1 as the bundle obtained from P; g by exchanging
the factors of SU(2)?, and pull back the local one-parameter family of invariant instantons
Ré, on Pjg to a local one-parameter family of invariant instantons on Py . Corollary
A.2.8 ensures that these solutions actually extend to SU(2)?/SU(2) x U(1), and for later

reference, we compute some higher order terms in the power-series:

Lemma 3.1.8. In a neighbourhood of the singular orbit, solutions to (2.8) on Py with
¢ = 0 are in a one-parameter-family, pulled back via (2.10) from the one-parameter family

',, and these satisfy:

ag = —1— g (2 =1)¢* + O(t") as =€ + %6’ (6/2 — 1)+ o(th (3.5)

3.2 Solutions to the Instanton Equations

Using the description of solutions to (2.8) near the singular orbit, we will now describe
the qualitative behaviour of the solutions as we move away from this orbit. We will focus
first on the case ¢ vanishes i.e. instantons: in this case, by Lemma 2.3.6, the requirement
of quadratic curvature decay is equivalent to considering bounded solutions.

Our general strategy of proof will be to find forward-invariant sets for this system,
where we define a subset S C R™ to be forward-invariant for an ODE system x = F (x, 1)
if a solution x(t) contained in & at some non-singular initial time ¢*, must remain in S
for all forward time t > t* for which the solution exists. After determining the long-time
behaviour of any solutions lying in these sets, we will then take the power-series solutions
of §3.1, valid for small times ¢ > 0, and establish which of these local solutions enter our
forward-invariant sets, and hence remain there for all time.

This strategy will be sufficient in most cases, i.e. for Theorem 3.2.1 on T*S3, Theorems
3.2.6, 3.2.70on O(—1)®O(—1) and Theorem 3.2.8 for special cases of bundles on O(—2, —2),
as the power-series solutions will lie in our invariant sets at arbitrarily small non-zero times.
However the general case of O(—2,—2) in Theorem 3.2.9 requires more care, and we will
employ a rescaling argument to determine which of the local solutions enter our invariant

sets.

We will start with the smoothing 7%S3. Recall from §2.4 (2.12) that the equivariant
equivelance classes of the flat connection A4, A} are trivial solutions to (2.8). Recall also
the canonical connection A" := F; ® u™ is the unique non-trivial invariant instanton on
the conifold pulled back from the link SU(2)2/AU(1).

A single explicit non-trivial solution to (2.8) on the smoothing was found in | ,
Theorem 2:

1 4
a0—¢—0 al—az—i m (36)

given locally by the power-series S¢ in (3.4) with £ = 0. We now show that this instanton

actually lies in a one-parameter family:

Theorem 3.2.1. Invariant instantons with quadratic curvature decay on Piq — T*S3 are

in a one-parameter family S¢, —1 < £ < 1, up to gauge. Moreover:
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(i) The isometry exchanging the factors of SU(2) on the principal orbits of T*S® sends
Se = S_¢, with explicit fized point Sy given by (3.6).

(ii)) S1 = A?, S_1= Ag, and Sg¢, —1 < & < 1 are irreducible with lim;_,o Se¢(t) = A",

Proof of Theorem 5.2.1. We will prove that the local solutions S¢ given by the power-series
(3.4) near the singular orbit exist for all time if |{| < 1 and are otherwise unbounded.

First, we formulate (2.8) with ¢ = 0 in terms of a; = a3 + a2, a— = a1 — as:

ap = folata— — ag) at = fi(aoa- —ay) a— = f-(apa+ —a-) (3.7)

where we define:

4\ 3(vs + vg 3(v3 —wo
for="2 g Hs o) A )
I 2\ 2\
By non-degeneracy of the hypo-structure (1.19), the functions fy, f4, f— are all strictly

positive on (0, 00), so the following lemma is immediate:

Lemma 3.2.2. Critical points of (3.7) fort € (0,00) are given by the following triples

(ap,a4,a_):
(1,1,1) (1,-1,-1) (-1,1,-1) (~1,-1,1) 0,0,0)

Proof. This follows by a simple computation: note that these critical points are just the
canonical connection A and the flat connections A}, A% under the symmetries (2.9) and
(2.10). O

Lemma 3.2.3. The following sets in R? are forward-invariant for (3.7):
(0,00)° (0,1)° (1,00)°

Proof. (i) We bound a solutions (ag, ay,a_) lying in the quadrant (0,00) with bound-
ary ap = 0, ay = 0, and a— = 0. We can exclude the axes at intersections of these
planes by local uniqueness to ODEs; since (3.7) has three families of solutions given

by setting any two of (ag,a+,a—_) to be identically zero.

At a9 = 0,ay > 0,a_ >0, a9 = foara_ > 0, with equality iff ay = 0 or a_ = 0.
Since a solution cannot hit any of the axes, this implies both are zero if ag = 0, but
since (0,0, 0) is a critical point, by uniqueness one cannot have this situation either,
and hence the inequality is strict. This implies a solution with ag > 0,a4 > 0,a— >0

for some non-zero time cannot leave this region at ag = 0,a4+ > 0,a_ > 0.

One obtains the same result for ay and a_ by repeating the proof with permuted

subscripts 0, 4, —.

(ii) We show that the boundary of the unit cube also bounds solutions lying inside it.
By the symmetry of permuting 0, +, —, and the previous result, it will be enough to
show this for the top face of the cube: i.e. prove that a solution with 1 > ag > 0,1 >
a+ > 0,1 > a_ > 0 cannot leave this region via ag = 1,1 > a4 > 0,1 > a_ > 0. We
have, at ap = 1,1 > a4 > 0,1 > a_ >0, ap = fo(ara— —1) <0, with equality iff
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both a; = a_ = 1. However since (1,1, 1) is a critical point for (3.7), this cannot be
the case, hence the inequality is strict, and we cannot have a solution with 1 > ag >
0,1 >ay > 0,1 > a_ > 0 leaving this region at ag = 1,1 > ay > 0,1 > a_ > 0,

arguing as before.

(iii) The proof that the quadrant (1, 00)3 bounded by the planes ag = 1, ay = 1, and
a— = 1 goes almost exactly as for the previous part of the lemma: at ag = 1,ay >
l,a— > 1, ag = fo(aga— —1) > 0 with equality iff both a4y = a_ = 1, hence the
inequality is strict, and we cannot have a solution leaving this region via ag = 1, a4 >
l,a_ > 1.

O

Having established these results, we can immediately see from the local solutions S¢
in (3.4) for some sufficiently small non-zero time (ao,a4,a-), € (0, 1)3 for 0 < € < 1,
and (ao, a4, a-)¢ € (1, )3 for 1 < &, so we have a rough bound on the behaviour of our

solutions as t — co. However, we can use Lemma 3.2.3 to show an improved statement:

Lemma 3.2.4. The following sets are forward-invariant for (3.7):
(i) Seo := {(ag,a4,a_) € (1,00)* | ara_ > ag,apa— > ay,apay > a_}
(ii) So:= {(ao,as,a_) € (0,1)* | aya_ < ap,apa_ < ay,apay < a_}.

Proof. Given an ODE system x = F (x,t) in R", if one has a hypersurface h(x) = 0 such
that Vh - F (x,t) > 0, where V is the gradient of h, and “-” denotes the standard dot
product on R”, then for all time for which a smooth solution x(¢) exists, it can only cross
hypersurface h(x) = 0 in the same direction as Vh.

In the case of (3.7), we use the hypersurfaces {(agp,a;,a_) € R?® | ap = aya_},
{(ap,ar,a_) €R? | ay = apa_}, and {(ag,as,a_) € R® | a_ = arap}:

(i) S is the region in (1,00)3 bounded by these three hyperbolic paraboloids, with
triple intersection at (1,1, 1), and intersecting pairwise along three line segments in

R3. We can exclude the intersections by noting that

{(a0,ay,a_) € [1,00)% | ay = apa_,a_ = apay} =
3
{(a()aa-l-va—) = [1700) ‘ a— = a4,ap = 1}
which lies in the boundary of (1, 00)3. So using the previous lemma, and the sym-
metry of permuting 0, +, —, it will be enough to prove that a solution contained in

Sso, at some initial time, cannot leave via {(ag, at,a_) € [1,00)* | ap = apa_}. We

calculate for h = aja_ — ag, with ag > 1,a4y > 1,a_ > 1:
Vh-(ag,a4,a-)|—g = ara— (f+(a—? = 1) + f-(a3* = 1)) >0

Repeating the proof with indices 0, 4+, — permuted gives the result for surfaces defined

by agpa— — a1 = 0 and agas — a— = 0 respectively.

1) Sp 18 also bounded by these three hyperbolic paraboloids, but in (0, , as we
ii) Sp is also bounded by th hree h boli boloids, but in (0,1)3, VA

have defined it) points outward. As for the intersections, we can again exclude them,
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as before for (ag,ay,a_) € (0,00), but also for

{(ag,ay,a_) € [0,1 | ay = apa_,a_ = apa, } =

{(ao,a4,a-) €0, 1]3 | ay =a—,a9 =1} U{(ao,a+,a-) € [0, 1]3 |lay =a- =0}

which lies in the boundary of the unit cube. Now the calculation is exactly the same
as the previous part of the lemma, with 0 < ag < 1,0 < ay < 1,0 < a— < 1 and
h =aia_ — ap, giving Vh - (ag, a4, a—)|,—_, < 0.

O

Note that solutions (ag,a+,a_) to (3.7) lying inside Sy, Soo have ag, a4, a_ monotonic

in t. We can then use this fact to determine their asymptotic behaviour:

Lemma 3.2.5. A solution (ag,at,a_) to (3.7) lying inside Sy at some time t* > 0, exists
for all forward time t > t*, and is asymptotic ast — oo to (0,0,0). A solution (ag,a+,a_)

lying inside S at some time t* cannot be bounded for all t > t*.

Proof. We begin by looking at solutions lying in Sp. Forward-time existence and bound-
edness of these solutions follows from the boundedness of Sy, and since ag, ay,a_ are all
(strictly) monotonically decreasing in Sp, the solution (ag, a4, a—) must have a limit lying
in the closure. To determine that limit, we reparameterize (3.7) in terms of the variable
s, as in the explicit solutions given by (1.27):

- 4)\? 3(vs + vo) 3(vs — vg)

ap = 7(a+a, —ap) a4 = T(aoa, —ay) a- = T(aomr —a_)
(3.8)

In particular, by using (1.27), one can check that Afy — Cy > 0 as s — oo for some strictly
positive constant Cy, and similarly Afy — Cx > 0. If a solution (ag, a+,a—) to (3.8) lying
in 8o does not have aya_ —ag — 0 as s — oo, then we get a contradiction: otherwise for
s sufficiently large we can bound g above, away from 0. Said more explicitly, if we do
not have a;a— —ag — 0, then we do not have agp — 0, so for some constant Cj < 0, there
exists s* > 0 such that ag(s) < Cf for all s > s*. Integrating this inequality would give
the contradiction a9 — —o0 as s — oo, thus we must have a;a_ —ag — 0 as s — o0.

One then repeats this argument for a4 (s), to obtain that a solution in Sy must tend
to a critical point of this system in the closure of Sy as s — oo: either (0,0,0), or (1,1,1)
by Lemma 3.2.2. Since ag, at,a_ are all strictly decreasing, we must have (ag, ay,a_) —
(0,0,0).

Now we deal with solutions (ag,a+,a—) to (3.7) lying in So.. These have ap, a4, a—
strictly increasing as long as the solution exists, so again, if a solution is bounded and
exists for all time, it must have limit lying in the closure of S. Let us assume this is the
case and derive a contradiction: since the right-hand side of (3.8) has a limit as s — oo,
this implies that (ag, a+,a—) must also have a limit. Since Afy — Cy > 0 we have, for a
fixed constant Cjj > 0, some S > 0 such that for all s > S

ap > Cylatra— — ap)
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and likewise for a4+. As such, a bounded solution existing for all time cannot have si-
multaneously ag,ay,a— — 0 as s — oo, since this would require (ag,at,a—) — (1,1,1),
which is impossible by the monotonicity of ag, at,a—_. Therefore, at least one of ag, G, a—
must be bounded below away from 0 for s sufficiently large, and hence the corresponding

ag, @+, a_— must be unbounded above as s — oo. ]

We can now conclude the proof of Theorem 3.2.1: the first point is clear by applying
the symmetry outlined in (2.10) to the local power-series of (ag,a+,a—)g, i.e. (3.4), and
noting that the fixed point & = 0 is the explicit solution (3.6). For the rest, by using (3.4),

one finds the flat connection (ag,a4,a—); = (1,1,1) is a critical point, and:

ap — a—_ay = J (52 -1) &2 + O(th)

10
45— 63¢2
40

(&2 -1)&? + oY

ay —aga_ =1— ¢ (& -1+ 0(t"

27

- —a4a9 = — g5

In particular, for non-zero ¢ sufficiently small, and 0 < £ < 1, we have (ag, ay,a_) ¢ (t) € So,
while for 1 < ¢ we have (ao, a+,a-)¢ (t) € Soo. Using the symmetry (2.10) for § < 0,
Theorem 3.2.1 follows. O

On O(—1) ® O(—1) and O(—2, —2) there are multiple ways of extending the invariant
bundle P; to the singular orbit. Each extension carries a distinct one-parameter family of

irreducible instantons:

Theorem 3.2.6. Invariant instantons with quadratic curvature decay on Py1qg — O(—1)&®

O(—-1) are in a one-parameter family R, € > 0, up to gauge. Moreover:
(i) Ro = A%, and R. are irreducible for e > 0.
(i1) limy—yoo Re(t) = A" for e > 0.

Theorem 3.2.7. Invariant instantons with quadratic curvature decay on P1o — O(—1)®

O(—1) are in a one-parameter family R.,, 0 < € <1, up to gauge. Moreover:
(i) R} is abelian, R} = A%, and R., are irreducible for 0 < € < 1.
(i) limy_o RL (1) = A" for 0 < € < 1.

Here, the canonical connection A" := F; ® u™ is the unique non-trivial invariant
instanton on the conifold pulled back from the link SU(2)?/AU(1), and A%, A} are the
equivariant equivalence classes of the flat connection given by (2.12).

For instantons over O(—2,—2), we also split the statement of the theorem into two

cases. The first case is similar to the situation of Theorem 3.2.7:

Theorem 3.2.8. Invariant instantons with quadratic curvature decay on Pi_;; — O(—2, —2)

with I = 0,1, are in a one-parameter family QZOCZ,O < a; <1, up to gauge. Moreover:
(i) Q} is abelian, QY = A?, Qi = A%, and Qlal are irreducible for 0 < a; < 1.

(i) limyoo QL () = A for 0 < oy < 1.
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The second case exhibits a new phenomenon: now, the instantons appearing at the
boundary of the moduli-space of instantons with asymptotics A" are not themselves flat,

but are asymptotic to the flat connection:

Theorem 3.2.9. Invariant instantons with quadratic curvature decay on Py_;; — O(—2, —2)
with 1 # 0,1, are in a one-parameter family Qixu 0< < ozfrit for some afrit > 0, up to

gauge. Moreover:
(i) Q) are abelian, and Qfxz are irreducible for 0 < oy < o™t

(i) limy—eo Qlal (t) = A for 0 < o < alcrit, limy oo Qlalcm(t) = Aﬁ for 1 < 0, and
limy_ 0 Qlacrit (t) = Ag forl > 1.
l

Proof of Theorems 3.2.6, 3.2.7, 3.2.8. Most of what is required to prove these theorems
boils down to studying the qualitative behaviour of a single ODE system. We study
solutions to (2.8) with ¢ =0, a; = 0:

. 4\ . 3

ap = *? (a%(ul — UO) + apuy + UO) as = _ﬁGQ (ao + 1) (3.9)
where we have a family of Calabi-Yau structures defined by hypo-structures of type Z, so
that wo,u1, 4, A are non-degenerate solutions to hypo-evolution equations (1.21).

We consider forward-invariant sets for this system, see also Fig. 3.1 below:

Lemma 3.2.10. The following sets are forward-invariant for (3.9):
(i) Hy = {(ap,a2) € R? | +as > 0}

(ii) Reo := {(ag,a2) € R? | ag < —1,1 < az}

(iii) Ro := {(ap,a2) € R? | -1 < ap < 1,0 < az < 1}

Proof. (i) Since there is always a non-trivial abelian solution (ag, 0) to (3.9), by unique-
ness a solution hitting as = 0 at some time ¢* > 0 must be there for all time ¢ > 0.
Furthermore, since the symmetry (2.9) exchanges the upper/lower-half planes, we

can reduce to the case of as > 0 in what follows.

(ii) In the following, we will split the upper-half plane into four quadrants centred around
the critical point (—1,1), and look at the sign of ap along ap = —1 and ay along

a2:1.

Since A > 0 for all £ > 0, and as > 0 by assumption, the sign of as is the same as that
of —(ap+1), and the sign of ag is the same as that of — ((a3 — 1)(u1 — uo) + (a0 + 1)uq).
Then az > 0 for all ag < —1. Since A > 0, solutions to the hypo equations (1.21)
must have u; £ ug strictly increasing. In addition we must have u = m >0
for all time t > 0, so w1 + up must be strictly positive for all time ¢ > 0, and hence
also u1. Thus at ag = —1, we have that ay < 0 iff as > 1. Thus a solution in R, at
some initial time t* > 0, cannot leave via either of its boundaries ag = —1 or ag = 1,
and since the intersection (—1, 1) is a critical point, the solution must remain in R,
for all time t > t*.
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(iii) As shown in the first part of the lemma, no solution can hit as = 0, the bottom of
R, unless it is contained in as = 0 for all time. From the proof of the second part of

the lemma, we see that a solution in Rg cannot exit Rg via. the top as = 1,ag9 > —1,

or the side ag = —1,a9 < 1. All that remains to show is that the side ag = 1,
1 > a9 > 0 is bounding. This follows from the fact that u; + ug must be strictly
positive, since at ag = 1, a9 = —i—g\((a%(ul —up) + u1 + up) < 0.

O

These sets determine the behaviour of solutions lying inside them:

Lemma 3.2.11. A solution (ag,az) to (3.9) lying inside Ro at initial time t* > 0 exists
for all forward time t > t*, and converges to (0,0) as t — co. A solution lying inside R

at initial time t* > 0 cannot be uniformly bounded for all t > t*.

Proof. For the bounded set Ry, it is clear that solutions exist for all time, but it remains
to prove their asymptotic behaviour. Since ao < 0 in Rg, ao is strictly decreasing, and
as it is bounded below, as must have a limit as € [0,1) as t — oo. To get a limit for ag,
notice that the first equation of (3.9), together with the hypo-evolution equations (1.21),
gives:

d

7 (aop®) = —4X (a3 (u1 — ug) + uo) (3.10)

Written in integral form on the interval ¢ > t*, this is the equation:

1 ¢ * *

ap(t) = 2 ((/ 4\ (a%(ul — up) —|—u0)> + ag () (t )> (3.11)
t*

Since the hypo-structure A, ui,ug, u is asymptotically conical as a function of ¢ and ag

bounded, as t — oo (3.11) gives:

1

t 0 o

" + 0@t ~ —a3

for some T > t* sufficiently large. Hence we also have a limit ag — —a3 as t — oo. Since

az > 0, integrating the second equation of (3.9) gives us, as t — oo:

t t
oalt) = ax()ep (- [ Han+ ) ~ oty emp (@3- 1) [ 2) = et
where C' is some constant of integration. As as < 1, this implies as — 0, and thus also

ag — 0.

Now we come to solutions lying in R.. Since R« is forward-invariant, and a solution
lying in R has do > 0 for all finite ¢, the statement for finite ¢ follows directly from the
previous lemmas. All that is left is to prove that if a solution exists for all time in R,
then it cannot be bounded. We will assume that it is, and derive a contradiction:

If a solution is bounded, then since as is strictly increasing in R, ao must have a limit
as t — oo, and as before, the integral formula (3.11), and the boundedness of ag gives that
(ap,az) must have a limit lying on the curve ag = —a3. Since ay is strictly increasing, we

can bound ag away from 1, thus for some t large enough, we can also bound ag away from
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—1. Call this bound C| i.e. there exists T, such that for t > T we have ag < C < —1.

Then we also have that:

) 3
ags > —ﬁag(C—i— 1)

So by integrating this inequality, we get:

as(t) > as(T) exp (‘2?;(0+ ) /t i)

T

. . _3(C+1) .
but the right-hand side grows to O(t™~ 2 ) as t — oo, hence we have a contradiction. [

We now conclude the proof of Theorem 3.2.6, by applying our analysis above to the
local power-series R, of Proposition 3.1.5 with § = 0, so that (ag, a2), € R for € > 0 while
(ag,a2), € Roo for € < 0 at sufficiently small non-zero time. Taking € = 0 gives the flat
connection (ag, az), = (—1,1), which is a critical point of (3.9).

Theorems 3.2.7, and 3.2.8, also follow from what has been said. In the first case, in
order to apply the results of the previous lemmas, one must first pull-back the Calabi-Yau
structure via the involution ug — —ug by exchanging the factors of SU(2) on the principal
orbits, which pulls back the local solutions to solutions of the form (3.5). These invariant
instantons extend on the singular orbit SU(2)?/SU(2) x U(1) rather than SU(2)?/U(1) x
SU(2) as is our convention, but one can fix this by again applying the involution lifted to
the total space of the principal bundle i.e. (2.10). Similarly for the latter case, to consider
[ = 0, one considers the local solutions on Py ; for the original Calabi-Yau structure pulled-
back via the involution, and then applies the involution again on the total space of Py 1
to get the result on P .

With this in mind, we can apply our analysis to the local power-series (3.5) and
(3.3). We see that these situations exhibit the same behaviour: up to invariant gauge
transformation (2.9), for some sufficiently small t* > 0, for 1 > ¢ > 0 (respectively
L > a1 > 0) we have (ag,a2). (t*) € Ro (respectively (ao, az),,), while for ¢ > 1, we
have (ag,az2). (t*) € Roo (respectively (ag,a2),, (t*)). We also see that (ag,az2),(0) =
(—1,0), hence by uniqueness (ag, az), must correspond to the abelian solution to (3.9),
and (ag, az2), (0) = (—1,1). O

The proof for the remaining case of Theorem 3.2.9 requires slightly more care:

Proof of Theorem 3.2.9. We are again studying solutions to the ODE (3.9). Looking at
the local power-series solutions in Proposition 3.1.1, we see that they do not initially lie in
the sets Ry or R covered in our previous analysis. However, we will show that the only
possibilities are that such solutions either enter Ry or R in finite time, or are otherwise

asymptotic to the flat connection Ag:

Lemma 3.2.12. Let Ry := {(ap,a2) € R?* | 1 > ay > 0,a9 < —1}. A solution (ag, az) to
(3.9) lying in Ry at initial time t* > 0 can remain in Ry for all forward time t > t* only
if it is asymptotic to (—1,1) as t — oo, and must otherwise enter one of Ry, R in finite

time.
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Proof. Since the hypo-structure (1.20) is non-degenerate, p > 0, A > 0, u; = uy > 0 for
t>0. So, in Rq:
4\

) 3
2 ((a% —1)(u1 — ug) + (ap + )ug) >0 ag =——as(ap+1) >0

a0 = 2\

Hence, a solution lying in R; can only leave in finite time via the boundaries {as =
1,a9 < —1} or {ap = —1,0 < az < —1}, since (—1,1) is a critical point for (3.9). Since
ag is strictly positive on the first boundary, and ag is strictly positive on the second, this
proves that if a solution leaves R4 in finite time, it must actually cross the boundary and
end up in the regions R, R respectively.

If a solution remains in R for all forward-time, then by monotonicity (ag,az2) has a

limit lying in the closure. The existence of a limit, combined with the integral formula

(3.11), gives that (ag, az) must also converge to a point lying on the curve ag = —a3, which
only intersects the closure of R; at (—1,1). O
a2

Roo
b
Aj
R1 Ro
1 Acan 1 ap

Figure 3.1: Distinguished sets for (3.9), and possible asymptotics: the flat connection AZ
at (ag,a2) = (—1,1) and A" at (ag, a2) = (0,0).

We must also prove a comparison lemma for two solutions to (3.9), which will allow

us to compare our power-series solutions away from the singular orbit at ¢ = 0:

Lemma 3.2.13 (Forward-Comparison). Let (ag, az2), (ao,a2) be two solutions to (3.9). If
ap(t*) < ap(t*), az(t*) > az(t*) > 0, at initial time t* > 0, then ap(t) < aop(t), as(t) >
as(t) >0, for all forward time t > t* for which these solutions exist.

Proof. Let t > t* > 0 be the first time for which the condition ag < ag, as > ao fails. By
uniqueness of solutions to ODEs, we cannot have both ao(t) = ao(t) and az(t) = aa(?),

hence we must have exactly one of these. In the first case, at ¢:

ao — ao = —ﬁ((a% —a3)(u1 — ug)) <0
but this implies ag(t**) — ao(t**) > 0 for some t* < t** < t, which contradicts ¢ being the

first time the condition fails. In the second case, at t:

3

—ﬁ((ao — ao)a2 >0

Qo — Qg =

but this implies ag(t**) — a2(t**) < 0 for some t* < t** < ¢, which is again a contradiction.
O
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Another ingredient we will need is a slight improvement on the comparison lemma,

restricted to solutions lying in R;:

Lemma 3.2.14 (Improved Comparison). Let (ag, az2), (Go,a2) be two solutions to (3.9),
with ap(t*) < ao(t*), az(t*) > az(t*) > 0, at some initial time t* > 0. Then ag — ag is
strictly increasing Vt > t* for which (ag,a2) (t) € Ri.

Proof. By the forward-comparison lemma, ag < ag, as > as > 0 for all time ¢ > ¢*, and
by definition (ag + 1) < 0 for all time ¢ > t* such that (ag, az) (t) € R1. Rewriting as — ao
using (3.9):

. : 3 . . .
ag—ag:ﬁ(ag(ao—ao)—i—(ag—ag)(ao—i—l))>0

for all such ¢, and hence as — ao is strictly increasing in t as claimed. O

With these out of the way, we are almost ready to prove the theorem. First of all, it
is clear that the one-parameter family Qlal of local solutions to the ODEs (3.9) given by
Proposition 3.1.1 with 8; = 0,; > 0, are all contained in Ry for some t* > 0 sufficiently
small, and up to gauge transformation (2.9) we can assume this one-parameter family has
a; > 0. The local solution with a; = 0 is clearly the abelian solution by uniqueness.

If (ag,a2), = (a§,a$) and (ag,a2),, = (ag ,a$’) are any two of these solutions, then

near the singular orbit:

' 6 2 2y 2 20+2
af —ay = — a’ — o)t + Ot
070 LU + Up) ( ) ) (3.12)

ag —a§’ = (a—d) " O™

So, by the forward-comparison lemma, if (ag, az) a hits the boundary of Ry in finite time
(and thus enters it if oy > 0) then so does ((Io,ag)ag for all 0 < a; < oy. Similarly, if
(a0, az),, hits the boundary of Ro in finite time (and thus enters it), then so does (ao, ag)a;,
for all o > ;. By continuous dependence on initial conditions for singular initial-value
problems, these sets are disjoint open intervals in R>q. Clearly, the set a; € R>¢ for which
(ap, az) o hits the boundary of Ry in finite time is non-empty since it contains 0, so to

complete the theorem, we must prove:

1. There exists a; > 0 such that (ag, az),, enters Roo in finite time.

2. There is at most one a; such that (ag, as) o, Temains in Ry for all time.

The latter statement follows directly from our improved forward-comparison lemma;: if
a > o then ad(t) < af (t),a§(t) > a$’(t) for all t > 0, and dx®(t) — a§ (t) > 0 when the
solutions are in Ry. However, if two distinct solutions lie in R for all time ¢ > 0, they
must both be asymptotic as ¢ — oo to (—1,1) which would be a contradiction as a§ — ag‘/
can be bounded below away from 0.

The former statement can be proved via a rescaling argument, which we state below

as a proposition:

Proposition 3.2.15. Fiz [l > 1. Then a5 > 0,t* > 0 such that (ao,ag)al (t*) € Reo,

where (ag,az),, 1is the one-parameter family of solutions Qfxl to (3.9) near t =0 given in

2%}

Proposition 5.1.1.
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Proof. As has been said previously, every local solution (ag, a2) o, 18 contained in the region
R for small ¢ > 0. Since these solutions can only fail to exist for all forward time if they
leave in finite time via R, it suffices to consider the case that, for all a;, these solutions
exist for all time.
We start by rescaling the Calabi-Yau structure along the fibre Cy _o of O(—2,-2), by
defining, for some § > 0:
A(dt)

Mo(t) = = (u1)y (t) = w1 (t) (3.13)

Near the singular orbit S? x S?, we have the power-series expansions A = 3t + O(t?), u; =
Uy + O(t?) for some fixed Calabi-Yau structure, and for fixed ¢, As(t) — 3¢, (u1)s (t) — Uy
as 6 — 0.
In terms of the rescaled Calabi-Yau structure, the instanton equations (3.9) for (ad, a3) (t) =

(ap, az) (6t) become the family of ODEs, parametrized by o:

: 45%) . 3
ad = —2752 (a3((w1)5 — uo) + ao (u1)s + uo) ay = BT (ao+1)  (3.14)
(u1)5 — ug ’

One can always rescale the one-parameter family of (local) solutions (ag, a2),, to (3.9) to
obtain solutions to (3.14) for fixed § > 0, but one can show that there is a one-parameter
family of (local) solutions extending to the singular orbit for any ¢ > 0.

To verify this claim, we apply the boundary conditions in Proposition A.2.3 for ex-
tending an invariant connection to the singular orbit, which allows us to write ag = tl_ng
for some smooth X3. The ODEs (3.14) can now be written as the singular initial-value

problem:

a0+2l—1

a = O(t) X3 = >

X3 +0(t) (3.15)
which, for every § > 0, has a one-parameter family of solutions by fixing Xg (0) as some
constant kj.

These solutions are determined by the local power-series:
ad=1-21+0(t?) ad = rit =t oY) (3.16)

and by comparing the two power-series, it is clear that the rescaled solutions (ao, az),, (6t)
to (3.14) for any § > 0 have x; = ;071
Meanwhile, for § = 0, (3.14) can be solved explicitly:

ad =1-2I ad = rt' 1 (3.17)

We can always fix x; = 1 for this solution by a further rescaling of ¢, so as § — 0, a
solution (ag,ag) to (3.14) has (ag,ag) (t) — (1 — 2l,tl_1). By assumption, for all ¢ these
solutions exist for all time, and therefore we can always find 7" > 1, § < 1, such that
(ag,ag) (T) € Roo. If we set §(oy) such that 6'~! = o, and take t* = T4, then the

lif we consider the metric on O(—2, —2), rescaled by the diffeomorphism ¢ + §t, this rescaling is the
adiabatic limit as § — 0 of the product of the rescaled metric on the fibres and the two copies of CP! of
fixed volume. See Prop. 3.3.4 in §3.3 for a similar discussion.
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solution (ag, a2),, to the instanton equations (3.9) can be rescaled to a solution of (3.14),

so it must satisty (ag, az),, (t*) € Reo for some oy sufficiently large. O

This concludes the proof of Theorem 3.2.9, in the case [ > 1. As before, one can
consider the case [ < 0 in the same way, by first considering solutions for the pulled-back
Calabi-Yau structure by exchanging the factors of SU(2) on the underlying manifold, and
then applying this diffeomorphism again on the total space of the principal bundle. ]

3.3 Bubbling

Having described the one-parameter family R, of solutions to (2.8) on O(—1) & O(—1) in
Theorem 3.2.6, a natural question would be to ask about the behaviour of solutions as
€ — 00. We will show that there is a familiar bubbling phenomenon | , Thm.4.3.3] in
this setting: after a suitable rescaling of the metric, the one-parameter family of Calabi-Yau
instantons R, converges as € — oo to an anti-self-dual connection along the co-dimension
four calibrated singular orbit S2 = CP! ¢ O(~1) @ O(-1).

We use this result to obtain the expected removable-singularity statement | , §5.2],
which says that as R, bubbles off this anti-self-dual connection, if we do not perform this
rescaling, it will uniformly converge on compact subsets of O(—1) @ O(—1) \ CP! to the
instanton Ry, of Theorem 3.2.7, which extends smoothly over CP!. Recall here that the
abelian instanton Ry, is determined by the unique solution to the ODE (3.9) on [0, c0)
with ag = 0, which has explicit form (2.13) with C = =2, up = —1,u1(0) = 1.

In terms of the solutions to (2.8), the heuristic picture is that the smooth trajectory
{(ap,a2) (t) | t > 0} of the solution R, € > 0 degenerates in the limit ¢ — oo to a
piecewise-smooth trajectory consisting of two components: the first corresponding to the
trajectory of an anti-self-dual connection, which is only traversed in non-zero time ¢ if we

rescale, and the second being the trajectory of the abelian instanton Ry,.

Let us first discuss this rescaling in detail: as O(—1) @ O(—1) has the structure of
a vector bundle, fibre-wise multiplication equips it with an natural SU(2)?-equivariant
action of R~g. Let ss denote the corresponding R-action for some § > 0, i.e. the map
fixing the singular orbit and sending ¢ +— dt on the space of principal orbits. Pulling back
the Riemannian metric g on O(—1) & O(—1) as in (1.24) gives:

si9.= 0% (42 + 23 (") + B (022 + W??)) + 3u5 (02 +(@)?)  (318)

where g, u;, and uy are defined as:

A6t uy + ugp) (0t _
As(t) := (5) ui(t) == (1520)() uy (t) == (u1 — up) (6t) (3.19)
We will refer to the limit 6 — 0 as the adiabatic limit, and recall that here, ug = —1,

and that A(t) = 3t + O(t%), us = 1+ 3t2 4+ O(t*) near t = 0. We claim that s, uj have

well-defined point-wise limits as § — 0%

2¢.f. Prop. 3.3.4., the proof of Prop. 3.3.1 is similar.
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Proposition 3.3.1. Let uy,up, \, i be the solution to the hypo-evolution equations (1.21)
extending to S* with u;(0) = —ug(0) = —1 fivzed. Define \s, ui as in (3.19) for some
60>0. As 6 — 0,

2uf = #? uy — 2 Zxs — £

Near the adiabatic limit, restricted to any finite distance from the singular orbit, s3g is
approximated by the metric §?gr +gp for some & sufficiently small, where gr denotes a lift
of the Euclidian metric on the fibre C? and gp denotes a round metric on the base S?. Here,
the lift of the Euclidian metric on C? to the fibres identifies %nse = u —u?, v?, w? with the
I as an orthonormal basis

of one-forms for the singular orbit S2, viewed upstairs on SU(2)? — SU(2)2/U (1) x SU(2).

standard orthonormal basis of one-forms on S3 C C?, and v!,w

One can always obtain a solution to the Calabi-Yau instanton equation (2.2) on the flat
Calabi-Yau 3-fold C? by pulling-back any anti-self-dual connection on C? to C*> = C? x C,
so at least at the level of tangent spaces, if we pull back some Calabi-Yau instanton by sg
on some sufficiently large neighbourhood of CP! € O(—1) @ O(—1) in the adiabatic limit,
there should appear an anti-self-dual connection pulled back from the fibre. However, the
bundle O(—1) & O(—1) is non-trivial, so to make this a global statement, one must first
choose a connection on this bundle: as we shall see, this connection will be fixed by the

assumption of symmetry.

We first explain how to view the SU(2)?-invariant bundle Pyq over O(—1) & O(—1)
as a bundle over the C2fibres: there is an obvious SU(2)2-equivariant U(1)-action on
S3 x C2, viewed as SU(2) x H, where SU(2)? acts on the left and U(1) on the right,
and this U(1)-action induces a quotient map ¢ : S® x C?2 — O(—1) @ O(—1). By the
definition of P14, its pull-back via ¢ is also the pull-back of an SU(2)-invariant bundle
over C?, via the projection 7 : S x C? — C? onto the second factor. Here, we view C?
as a co-homogeneity one manifold with group diagram {1} C SU(2) C SU(2), and define
the SU(2)-invariant SU(2)-bundle over C? by the homomorphism Id : SU(2) — SU(2),
i.e. the singular isotropy group SU(2) acts via the identity homomorphism on the fibre
SU(2) cf. Example 1.1.2.

The canonical connection on Py 1q over the singular orbit S? = SU(2)?/U(1) x SU(2)
is just the flat Maurer-Cartan form Ag, and this pulls back via ¢ over S® x C? as the
canonical connection (pulled-back via 7) on the singular orbit {0} = SU(2)/SU(2) of the
SU (2)-invariant bundle over C2. Using this choice of reference connection, a connection
defined on ¢* Py 14 over S° x C? descends to O(—1)@®O(—1) if and only if the corresponding

adjoint-valued one-form is basic with respect to the U(1)-action.

Furthermore, the one-form ! is the unique SU(2)-invariant connection on the principal
U(1)-bundle S? — S2, and this induces an SU(2)-invariant connection on the associated
vector bundle O(—1) @ O(—1) — S?. We can use this connection to project any (adjoint-
valued) one-form on S% x C? to its semi-basic component, and thus uniquely lift any
U(1) x SU(2)-invariant SU(2)-connection over C? to a connection over O(—1) & O(-1).

The upshot of this discussion is that, if we recall the SU(2)%invariant anti-self-dual
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instanton over C? given in Example 1.1.2:

1
Asd = T (E1 ®u? + By @ v* + B3 ® w?) (3.20)

then since this connection is implicitly U(1) x SU(2)-invariant, it can be uniquely lifted
to the connection 4254 .= Aasd _ <1+Lt2 — 1) E; @ ul.
With these preliminaries out of the way, we can now state the main theorem of this

section:
Theorem 3.3.2. Let §(e) = V2¢—L. Then, as € — oo:
(1) siRe(t) — A»4(t).
(i) Re(t) — Ry(t) uniformly on compact subsets of (0,00).
Proof of Theorem 3.3.2 (i). We start by rewriting the instanton equations in terms of

the rescaling (3.18), and the lift from an invariant connection on the fibre. If we define

(ag, ad) (t) = (1_2“0 ,az) (6t), and consider some invariant connection A defined by (ao, a2),

as in Proposition 2.3.1, then:
sEA(t) = ad(t) (B, ® v? 4+ F3® wQ) +ad()E @ (u? —ub) + By @ ut

Written in this way, the instanton equations (3.9) for (ap, az) becomes the following one-

parameter family of ODEs for (ag, ag):

ad = 2—);5 ((ag>2 — ag) + 262_)\5 ((1 - a05)> a5 = —i (1 - a05> aj (3:21)

Us Us

By rescaling the family of solutions R, to (3.9), we obtain a one-parameter family of
solutions of (3.21) for each § > 0. We now show that one still obtains a one-parameter
family as § — 0.

Considering the boundary conditions in Proposition A.2.7 for extending (ag,ag) to
t = 0, we can write ag =1-t’X,, ag =1 — t?X, for some smooth functions Xy, Xs, so

that, in a neighbourhood of t = 0, (3.21) becomes the well-defined initial-value problem:
tXo =2(Xo — X2) + O(t?) tXy =2(Xg — X3) + O(t?) (3.22)

hence, once we fix the parameter x := X¢(0) = X2(0), the continuous dependence of (3.21)
on ¢ gives existence of a sufficiently small open neighbourhood of ¢ = 0 such that, for each
0 > 0, solutions to (3.21) are in a one-parameter family. These are determined by the

power-series:
ad =1—rkt> +O0(th ad =1—rkt> +O(th (3.23)

Comparing with the power-series in Proposition 3.1.5 for R., we see that the rescaled

solutions (1_2a° , ag)E (6t) for § > 0 have k = §%¢/2, and so the family of solutions (ag, ag)
exist for all time if kK > 0, 6 > 0 by Theorem 3.2.6.

By continuity, the solutions must also exist for all time for k > 0 as § — 0, but as the
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resulting equations:

tal = 2 ((a3)2 - ag) tad = 2 (ao” — 1) a (3.24)
have the explicit solutions a8 = a} = (1 +I€t2)_1 cf. Example 1.1.2, this is already
guaranteed.

We now set ¢ () = v2ke~! for some given x > 0, which we can always fix to be 1
by a further rescaling. By rescaling the family R. = (ao,a2), to the instanton equations
(3.9), we get a solution (ad,a3) (t) = (1*2‘10,(12)6 (0t) to (3.21). As we have just shown,
the solution has a§(t), aj(t) — (1+ tz)_l as 6 — 0, hence siR(t) — A®4(t). O

Remark 3.3.3. Since (1 + /@'t2)71 blows up in finite time if k < 0, by keeping the freedom
to vary k, this rescaling argument can be used to show that local solutions of Theorem

3.2.6 with € < 0 are not only unbounded but blow up in finite time.

Proof of Theorem 3.3.2 (ii). Let (ag, a2), (t) = (af, a$) (t) denote the one-parameter fam-
ily of solutions to (3.9) corresponding to R.. Using the local power-series in Proposition
3.1.5, and the forward-comparison lemma, it follows that a§(t*), a5(t*) are both strictly
monotonic (increasing and decreasing, respectively) in € > 0 for fixed ¢* > 0, and so
(ag,a2), (t) converges point-wise on (0,00) as € — 00.

Since a$(t) is strictly decreasing in ¢ for all ¢ > 0, € > 0, if we assume that the pointwise-
limit inf. a$(t*) is non-zero, then we can use the inequality a$(t) > a§(t*) > inf. a5(t*) > 0
for all € > 0, ¢ < ¢* to uniformly bound a5 away from zero on (0,t*) and derive a
contradiction. Explicitly, by part (i), for any € > 0, T' > 0, Je(e,T) > 0 such that Ve >
e(e,T), the rescaled solution (ag, az), (V2¢1T) satisfies |ag(v2e=1T) — (1 +T?)71 < e.
By the assumption L := inf, a$(t*) > 0, we can pick &, T'such that 0 < ¢ < L— (1+72)7!,
and then apply our inequality to any € > max{e(e,T),2 (%)2}

e<L—(1+T*<|aS(V2e1T)| — |1+ T%) 7Y < |aS(V2e1T) — (1 +T?)7

since V2e—1T < ¢*. However, this demonstrates the existence of an € > €(¢,T") such that
the inequality |a$(v2e=1T) — (1 + T?)"!| < ¢ fails.

This previous discussion implies that a§ converges uniformly to zero on any compact
interval contained in (0,00), and by using (3.10) to express the derivative af purely in
terms of a$§ (up to some fixed functions of ), we also get the uniform convergence of
af. Now consider the initial value problem defined by the ODE (3.9) with (ag, a2) (t*) =
(ag,az), (t*) at fixed initial time ¢* > 0: this has unique solution (ag, a2), (t) on (0,00),
and continuous dependence on initial conditions guarantees that the limit as ¢ — oo is the
unique solution to (3.9) with ap = 0, and ag(t*) = sup, af(t*). Since this solution must
be contained in the closure of Ry, by Remark 2.4.1, this must be identified with R{, on
(0, 00), the unique solution to (3.9) bounded on (0, c0) with as = 0. O

We will now move on to discussing a somewhat similar bubbling phenomena for instan-
tons on O(—2, —2). Recall Example 1.1.3, there is a one-parameter family of anti-self-dual
instantons for the Eguchi-Hanson metric on T*CP!: we will show that we can recover these

instantons fibred along a co-dimension four calibrated sub-manifold CP! ¢ O(—2, —2), by
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considering an appropriate adiabatic limit of the one-parameter families of Calabi-Yau
instantons QL on O(—2,-2).

Firstly, without loss of generality, we can fix an overall scale for the family of metrics
on O(—2,—2) such that one of the copies of CP! € O(—2, —2) has fixed volume. If we let
the volume of the other CP! € O(—2, —2) go to zero, while rescaling the metric by ss as in
(3.18), (3.19) with § — 0, then the metric s}g is approximated by a fibration é*ggn + g5
of the lift of a rescaled Eguchi-Hanson metric ggp described in (1.5) over a round metric

on the base CP!, for some ¢ sufficiently small. More precisely:

Proposition 3.3.4. Let uj,ug, A\, p be the one-parameter family of solutions to the hypo-
evolution equations (1.21) extending to S? x S? with Uy — Uy = u1(0) — ug(0) = 1 fized.
Define X5, uy as in (3.19), with § = \/2 (U1 +Up). As§ — 0,

%uj{ — ¢? uy — 1 %/\5 — (pm
where (t) is the unique solution to p> =1 — p~* on [0,00) with p(0) =1, $3(0) = 2.
Proof. Let u1,uo, A, u be solutions to (1.21) extending over S? x S? at t = 0. We define:
uf (t) == 5% (u1 + ugp) (6t) uy (t) := (u1 — o) (t) (uA)s (1) == 5%;;)\((%)
with 6 = /2 (U1 4 Up). Then uy, (1)), solve the rescaled system:

o 2(pN)s L 26%(pA)s ( : B 4 -
Us = = Us = —F—— pA)s = 3¢/ ug u
8 Jutu; St 070

(3.25)

with initial conditions uj (0) = 2, (u\); (0) = 0, and u; (0) > 0 a fixed constant. By
varying initial condition uy (0) for this family of smooth initial-value problems, we obtain
a continuous one-parameter family of solutions to (3.25) for each fixed 6 > 0: for § > 0,
these arise by rescaling solutions to (1.21), with uy (0) = Uy — U.

The parameter ug (0) corresponds to varying the overall scale of the resulting Eguchi-
Hanson metric in the limit § — 0; we will fix this by setting u; (0) = 1. We can then can
explicitly solve the system (3.25) with § = 0, by taking:

o’ uy =1 (N =1/ (3)" (¢* = 1)

N

ug =
Since (uM)s = Asy/uju; by definition, the claim is proved. O

With the geometry in the adiabatic limit made explicit, we now discuss the procedure
for lifting invariant connections on T*CP! to invariant connections on O(—2,—2). This
follows a very similar strategy as previously discussed for lifting invariant connections on
C? to O(—1) ® O(—1), and we will only sketch the details here:

First, note that there is an SU(2)?-equivariant U(1)-action on S% x T*CP* given by the
product e — (ew, e_%e) of the standard Hopf action on S* and fibre-wise multiplication
on T*CP!. Taking the quotient by this action, by definition, gives a map S3 x T*CP! —
O(-2,-2).
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Pulling back the SU(2)?-invariant bundle P;_;; by this quotient map identifies it with
the pull-back of an SU(2)-invariant bundle over T*CP! via projection S* x T*CP! —
T*CP! onto the second factor. Here, we view T*CP! as a co-homogeneity one manifold
with group diagram Zs C U(1) C SU(2), with the SU(2)-invariant SU(2)-bundle defined
by the homomorphism A : U(1) — SU(2), i.e. the singular isotropy group U(1) acts as
the I*"-power of the standard diagonal embedding A : U(1) < SU(2) on the fibre SU(2)
cf. Example 1.1.3.

Then, using the canonical connection on the singular orbit S? as a reference connection,
and the SU(2)-invariant one-form u! on S® — S?, we can (uniquely) lift U(1) x SU(2)-
invariant connections on T*CP! to SU(2)%invariant connections on O(—2,—2). In par-
ticular, the one-parameter family of U(1) x SU(2)-invariant anti-self-dual instantons AL
over T*CP! described in Example 1.1.3:

Afi =1 By @ u? + ay (E2 Rvl+E3® w2) (3.26)

with oy, as given explicitly by (1.7), can be lifted to a one-parameter family of SU(2)2-

invariant connections AL := AL — (a1 — 1) By @ ul.

Theorem 3.3.5. Fiz Uy — Uy = 1, 1 > 0, 0 < k < 1, and let § = /2 (Uy + Up),
oy = 1y/k6'"L. Then s3QL, (1) — AL(t) as § — 0.

Proof. We consider solutions to the rescaled system (3.21) with § = /2 (U + Up). Using
extension conditions to ¢ = 0 given by Proposition A.2.3, we can write ag = tI=1X, for
some smooth function Xa(t), so that ag, X5 solve a family of singular initial problems of

the form:
tad = O(t?) Xy = (ag - z) X + O(£2)

This system has a one-parameter family of solutions all the way to § = 0, parametrised

by 7 := X2(0). Comparing with the power-series for lal in Proposition 3.1.1, we see that
v = oot for § > 0.
In the limit 6 — 0, the rescaled system (3.21) converges to the anti-self-dual equations

(1.6) for (af), al):

. 2
i =28 ((ag) _ag> i =220 (a)—1)

which can be explicitly solved by (1.7) with k = (%)2 O

Remark 3.3.6. Since the explicit solution (1.7) blows up in finite time if K > 1, up to
exchanging the copies of CP! C O(—2,—2), one can use this rescaling argument to show
that the local solutions Qlal for metrics on O(—2,—2) with Uy + Uy sufficiently close to 0

must also blow up in finite time for some «; sufficiently large.

3.4 Solutions to the Monopole Equations

In this section, we analyse the qualitative behaviour of solutions to the monopole equa-

tions (2.8) with non-zero Higgs field ® away from the singular orbit. Assuming that the
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connection is not an instanton, we first show that there are no solutions for O(—2, —2), or
O(—1) ® O(—1) with quadratic curvature decay:

Proposition 3.4.1. There are no irreducible invariant monopoles on O(—2, —2) or O(—1)®

O(—1) with quadratic curvature decay.

Proof. We look at solutions to the monopole equations (2.8) with vg = 0,v3 = p, i.e. for

a hypo-structure of type Z given by (1.20):

4N

CiQ = ﬁ (( %-i- a% — 1)UO — (CLO — a% +a§)u1)
. 6
¢ = -
N ST (3.27)
a) = >\ aq aq a9
3
ag = ——(ao =+ 1)a2 — QU1 + uoa1¢

2A W

Recall from Lemma 2.3.6 that a weak condition for solutions (ag, a1, ag, $) was to assume
at least boundedness of ag, aj, as. We will show that there are no such solutions to (3.27)
existing for all time: in particular, we show that if a solution exists for all time with ag
bounded and ¢ non-zero, then a; — as must have at least exponential growth at infinity,
provided certain initial conditions are satisfied. These initial conditions will be satisfied by
the local solutions extending to ¢ = 0 obtained in the previous propositions, up to certain

easily-verified symmetries:

Lemma 3.4.2. The following involutions are symmetries of (3.27):

(ag, a1, az, @) — (ao, —a1, —az, P) (3.28)

(ag,ar,az, @) — (ag, —ai,az, —¢) (3.29)

We now find the set in which our solutions remain for all time:

Lemma 3.4.3. The set RY := {(ap,a1,a2,9) € R* | a1 > 0 > as,¢ > 0} is forward-

invariant under (3.27).

Proof. We let t be the first time a solution (ag, ai, ag, @) leaves R1,. However, none of the

possibilities for a solution to leave R, can hold at t:
(i) a1 = 0,a3 < 0,¢ > 0, since it implies a; > 0.
(ii) ag = 0,a1 > 0,¢ > 0, since it implies as < 0.

(iii) a1 = ag =0, ¢ > 0 coincides with the reducible solution a; = ag = 0. By uniqueness,

this would imply that the solution must be reducible for all time.

(iv) Since ¢(tp) > 0 for some tg < t, if we assume ¢(¢t) = 0, then by the mean value
theorem ¢(t1) < 0 for some to < t; < t which implies a1 (t;)as(t1) > 0.
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Remark 3.4.4. Although we have shown explicitly from the ODFEs that solutions preserve
|p| > 0, it also follows more generally, since the function |®|* : M — R is sub-harmonic
for any monopole (A, ®) over an arbitrary Calabi-Yau 3-fold M. In the invariant co-
2

homogeneity one setting, this implies that if |®(t)|* = 0 for some t > 0, then it vanishes

for all t by the mazimum principle.

We also prove that solutions lying in this set, if they exist for all time, are (exponen-

tially) unbounded as t — oo:

Lemma 3.4.5. If (ag,a1,a2,9) is a solution to (3.27) existing for all time t > t* with ag
bounded, lying in RL at initial time t*, then ay(t) — az(t) cannot be uniformly bounded
for all t > t*.

Proof. Since the CY-structure is AC, A ~ t as t — oo, hence %(ao +1) > 0ast— oo by
assumption. We also have that “11:7“0 — 1 in the same limit. Since a1 > 0 > a9, then for
every € > 0, 37 > 0 such that V¢t > T* the following inequalities hold:

3 3
—(ap — 1)a; > —eaq — —(ap + 1)ag < —eay
2\ 2\
uy — ug wy — ug (3.30)
- az > —(1—¢€ax — . ar < —(1—¢€)ay

Let T := max{t*,T*} for our fixed initial time ¢*, and ¢ := ¢(t*) > 0. Since ¢ is strictly
increasing in RY, we have ¢(t) > ¢ for t > t*. Putting all our inequalities together on

(o e}

t > T, we obtain the following:

ay — ag > (20 — €(2¢ +1))(a1 — az)

and if we choose € < #, then by integrating:
2¢ +

1)
ar(t) — az(t) > (ar(T) — ag(T)) exp((t — T)¢)
O

This completes the proof the proposition, since in all cases, using the symmetries
(3.28), (3.29), for the power series solutions near the singular orbit, one can reduce to the

case of the monopole lying in RI for some small initial time:

1. For local solutions (R’, %), 5 defined by Proposition 3.1.6, since €,6" # 0 by as-
sumption i.e. we do not have an instanton, then up to symmetry one can assume

¢',8' > 0. Hence (ag,a1,a2,$). 5 lies in RE.

2. For local solutions (Ql, @l)azﬂl defined by Proposition 3.1.1, since «g,8; # 0 by
assumption, up to symmetry one can assume «; < 0, ; > 0. Hence (ag, a1, az, d))az,ﬁz
lies in RE . This also covers the case [ < 0, by exchanging the factors of SU(2) on the
principal orbits, and considering the Calabi-Yau structure on O(—2, —2) pulled-back

via this diffeomorphism.

3. For local solutions (R, ¥) ¢.s defined by Proposition 3.1.5, since 6 # 0 by assumption,

then up to (3.29), one can also assume § > 0. While the image of a solution under
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(3.28) may not extend to the singular orbit, existence of a bounded solution extending
to the singular orbit would imply existence of a bounded solution in RZ, under the

symimetry.
O

The existence of invariant monopoles on T*S3 was shown in | |: by restricting to
monopoles that are independent of the base S3-directions, i.e. solving (2.8) with ag = 0,
a1 = ag, Oliveira constructed a one-parameter family of invariant monopoles for 753, first
by considering the local solutions (S, (I))é,x with £ = 0 of this system, and then applying
PDE methods for monopoles on a family of metrics on the fibre. Due to a computational
error in | , Lemma 6, Appendix A], Oliveira did not consider local solutions (S, ®) £x
with § non-zero, but we fix the resulting gap in the proof of the main theorem | ,

Theorem 1] by imposing quadratic curvature decay:

Proposition 3.4.6. Invariant monopoles with quadratic curvature decay on Piq — T*S3

are in a one-parameter family (S, <I))X = (S, <I>)0X, x > 0, up to gauge. Moreover:
(1) limysoo (S, @), (1) = (A", ©y), where y is a constant non-trivial Higgs field.
(i) (S, @)oo = So where Sy is the instanton of Theorem 3.2.1, with a trivial Higgs field.

Proof. We rewrite the monopole equations (2.8) with ay := a; £ a:

. 4\
ag = — (a+a— — @
0= (a4 0)
d+:M(a0a__a+)_2a+¢
2 (3.31)
= S(Uz);vo)(aomr —a-)+2a_¢

6= (5t +a)-1)w- (e - a)un)

for u, \,vs,vy explicit solutions to the hypo-equations given in (1.27), and recall from
Lemma 2.3.6, that we are interested in solutions with ag,a4,a—,tda,,tda_ bounded.

There are three parts to the proof:
1. Solutions to (3.31) extending over the singular orbit with ag,a— # 0 are unbounded.

2. Solutions to (3.31) with ag,a— = 0, which have local power-series (S, ®), , given in
Proposition 3.1.3 for £ = 0, are bounded iff x > 0.

3. In this case, solutions with x > 0 have ay — 0, ¢ — ¢, as t — oo for some constant
oy > 0, and tay ¢ bounded. The solution with &, x = 0 is the explicit instanton (3.6)

found in | ].

To prove the first part, we will recall the symmetries (2.9) and (2.10) of the problem:

Lemma 3.4.7. The following involutions are symmetries of (3.31):
(CL(),(LJF,(If,d)) = (Cl(), —Q+, —be,(b) (332)
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(a‘Ova‘Jr:a*’d)) = (—(LO,CLJF,—(Li,QS) (333)

We can also prove a strict monotonicity condition for ¢:
Lemma 3.4.8 (Monotonicity). A solution (ag, at,a—,¢) to (3.31) with £¢(t*) > 0, £¢(t*)
0 at some initial time t* > 0, has £p(t) > 0, £¢(t) > 0 for all t > t*.
Proof. We calculate:

é‘d)zo = 52 (aa_ (v — o) + a? (vs + ’Uo)) 10}

In particular, since ¢ # 0 for ap = a_ = 0, and (v3 £ vg) > 0 for ¢ # 0, we have ¢ > 0
at ¢> = 0 iff ¢ > 0. Hence any critical point for ¢ > 0 must be minimum, and since
d(t*) > 0, we must have ¢(t) > 0,¢(t) > 0 for all ¢ > t*. The proof for ¢(t) < 0,¢(t) <0

is similar. O

Using this, we find a set that contains our solutions for all time:

Lemma 3.4.9. A solution (ag,ay,a—,¢) to (3.31) lying in the set
SE = {(ag,ar,a_,¢) € R* | ag > 0,ay > 0,a_ > 0,+¢4 > 0}

at some initial time t* with :t(ﬁ(t*) > 0, remains there for all forward time t > t*.

Proof. Let t be the first time a solution (ag,ay,a_,®) leaves S£. However, none of the

possibilities for a solution to leave S can hold at ¢:

(i) ap = 0,a— > 0,ay > 0, since it implies ag > 0. The same is true if we permute
indices 0, +, —.

(ii) ay = 0,a— = 0,a9 > 0, since then a; = a_ = 0. By local uniqueness and existence
for ODEs, from (3.31), one sees that the solution must have ay = 0,a_ = 0, at least
for some small interval (t — €,t + €). Again one obtains similar results by permuting

indices.
vy

(iii) ap = a4+ = a— = 0 coincides with solution (0,0,0,—3I), where I = ek which is a

solution to (3.31) for any choice of initial condition ¢(t) for ¢t > 0.
(iv) ¢ = 0 is impossible by monotonicity.
O

We can now use monotonicity to bound ¢ away from zero, which will show that solu-

tions in S£ must be unbounded as t — oo:

Lemma 3.4.10. A solution (ag,ay,a_,$) to (3.31) lying in SE with +¢ > 0 at some

initial time t* > 0 cannot have ax uniformly bounded for all forward-time t > t*.

Proof. We start with the case St. Since ayag > 0, we have the following inequality:

a > <2¢— ?’(UZA_M”O)> a_
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3(v3—vp)

As the Calabi-Yau structure (1.27) is asymptotically conical, we have o 0 as
t — 00. So, as ¢ strictly increasing, then for fixed ¢*, 97 > t* such that V¢ > T
7 w - 3(v3 —wo)
=) > ————(
6= o) > St
Then, since a_ > 0, integrating the inequality for a_ gives:
a—(t) = a_(T) exp((t - T)9)
The proof for S is almost identical, since now:
) 3(v3 + vo)
> | =20 — ———— 3.34
ay < ¢ v at (3.34)
with ¢ < 0 monotonically decreasing and 3(%70) — 0. O

To complete the proof of the first part of the theorem, one only need apply this lemma
to the power-series solution (S, ®) £ of Proposition 3.1.3. Up to symmetry, we can take
X, & > 0, so for some 0 < t* sufficiently small, the solution (ag, a4, a—, ¢)E,x (t*) lies in SF
with ¢(t*) > 0, and hence we obtain that these solutions are unbounded.

To prove the second and third parts of the theorem (cf. | , Theorem 1]), we need
to prove local solutions (5, (I))O,X with & = 0, i.e. solutions to the ODE:

ay = —ay (3(1};)\2@0) + 2¢) ¢= —52 (;ai(% —vg) + vo) (3.35)

have fixed asymptotics a; — 0, ¢ — ¢, > 0 only in the case x > 0, and if x < 0 are these
solutions are unbounded as ¢ — oco. By uniqueness, the local solution with xy =0, £ =0
is the instanton (3.6) with ¢ = 0.

We first note that the sign of a4 is preserved by (3.35), hence by using the gauge
symmetry (3.32) we can always reduce to the case a4 > 0 in the following. Assuming this,

we can prove the existence of a set in which solutions become unbounded:

Lemma 3.4.11. Solutions to (3.35) with ay > 0,¢ < 0,¢ < 0 at some initial time t* > 0,

cannot have ay uniformly bounded for all forward-time t > t*.

Proof. This proceeds almost identically to the proof of Lemma 3.4.10, only now we have
the inequality (3.34) is an equality. Again we have ¢ < 0 monotonically decreasing by
Lemma 3.4.8, and integrating the inequality for a4 in terms of ¢(¢*), we have that there
exists 1" > t*, such that for all ¢t > T

ay(t) = ay(T) exp(—(t = T)p(t"))

O]

We also prove the existence of a set in which solutions are bounded for all time, and

have the desired asymptotics:
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Lemma 3.4.12. Solutions to (3.35) with ay > 0,¢ > 0,(;3 > 0 at some initial time t*, are
bounded for all t > t*, and have (a4, ¢) — (0, dy) as t = oo, for some constant ¢, > 0.
Moreover, tas¢ is bounded for all t > t*.

Proof. We already have lower bounds for a; and ¢. We now prove an upper bound for

¢: we have the inequality é _%0’ and hence by integrating ¢ must be bounded above.

Since ¢ is also strictly increasing, this implies the existence of a limit ¢ — ¢, > 0 as
t — 00.

For a,, since 3(1’23;; vo) 0, and ¢ > O strictly increasing, we have the inequality

ay < —2a,¢(t*). Integrating this, we get:

0 < as(t) < ar () exp(=2(t — £)(t"))
giving us the required asymptotics for a4, toa, . O

The final two parts of the proof of the Theorem 3.4.6 are now immediate, since the
local solutions (S, @), to (3.35) given by Proposition 3.1.3 with { = 0, x < 0 satisfies
the conditions of Lemma 3.4.11, while for x > 0 they satisfy the conditions of Lemma
3.4.12. O

Remark 3.4.13. Since the local solutions (ag, a1, as, @) to (2.8) satisfying the conditions
of Lemmas 3.4.11, 3.4.5, or 3.4.10 grow at least exponentially int ast — oo one could also
consider weakening the assumption of quadratic curvature decay to e.g. bounded curvature,

in the statements of Propositions 3.4.1 and 3./.6 .
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Chapter 4
(Go Gauge Theory

In this final chapter, which is based on a joint work with Matthew Turner, we will give a
complete description of the behaviour of Ga-instantons with an SU(2)3-symmetry, on Ga-
manifolds with asymptotically conical geometry and SU(2)? acting with co-homogeneity
one. Note that a result of [ , Thm.E] implies that the only complete, simply-
connected Go-manifold with co-homogeneity one symmetry of SU(2)? is the spinor bundle
S(S3) of S3, equipped with the family of metrics of Bryant-Salamon | ]

We consider Ga-instantons on S(S3) with its one-parameter family of G-metrics,
completing the analysis of | | by constructing a new one-parameter family of Go-
instantons, and classifying the relevant moduli-spaces satisfying a natural curvature decay
condition.

To carry this out, we will first give an overview of the Go-instanton equations in §4.1,
before focusing on the invariant setting in §4.2. We will recall from | ] the system
of ODEs corresponding to the SU(2)3-invariant equations in Proposition 4.2.1, and the
parametrization of its local solutions in Proposition 4.2.3. The new results contained in
this section are Theorem 4.2.5, classifying global solutions to the G-instanton ODEs using
the theory of asymptotically autonomous ODE systems from | .

In the final section §4.3, we use a computation of | | to show Proposition 4.3.5,
which describes the moduli-space of Ga-instantons on S(S3) away from the invariant regime
of §4.2.

4.1 G5 Gauge Theory: Set-Up

Let (M [ gp) be a Go-manifold, equipped with a principal G-bundle P — M for a compact,
semi-simple Lie group G, where ¢ € Q3(M) is a non-degenerate torsion-free Ga-structure
on M. A connection A on P is called a Gao-instanton if it satisfies the Ga-instanton

equations:
¥Fg=—FaNp (4.1)

where * is the Hodge star of the Riemannian metric defined by ¢, and F4 € Q2 (adP) is
the curvature of A.
From (4.1), it is not hard to see that Ga-instantons minimize the Yang-Mills energy

functional YM(A) := [,,|Fal? on the space of finite-energy connections on P.
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We will write (4.1) in the case (M, ) is foliated by parallel hyper-surfaces. Recall
(1.29) from §1.3: in this case, we can write the Ga-structure on M in terms of a one-

parameter family of half-flat structures (w, 2),c;:
@ = dt Aw + Ref) *wz—dt/\ImQ—F%wQ

As it will be more convenient for the following computations, we note that the Go-instanton

equations (4.1) are equivalent to:
Fanxp=0 (4.2)
So, written in the temporal gauge, the Ge-instanton equations for A = A; appear as:

Fa, Aw® =0 (4.3a)

1
Fa, ATmQ — S0 A A\ wr=0 (4.3b)

If the Ga-structure ¢ is torsion-free, in particular if ¢ is co-closed, then (w, ), is subject
to the evolution equation dIm(2 = —%815 (w?). Thus, the Ga-instanton equation (4.3a) is
preserved under evolution by (4.3b).

If (M, ) is a G2 cone, i.e. (w,Q);cp_,
flat structure (w”K Qi ) on the link via w = t2w™%, Q = 307K as in (1.34), t-invariant
solutions to (4.3) are pulled back from solutions to the Hermitian Yang-Mills equations
on the link:

is constructed from a fixed nearly-Kéhler half-

Fa AReQ™ =0 Fan (W) =0 (4.4)

Solutions of (4.4) are referred to as nearly-Kdhler instantons, and appear naturally as

asymptotic limits of Ga-instantons on asymptotically conical Ge-manifolds, cf. | ].

4.2 Invariant Instanton ODEs

We recall | ] for (4.3) in the invariant setting: we consider the SU(2)3-invariant co-
homogeneity one Ga-metrics on the spinor bundle S(5?%) from Example 1.3.3 in §1.3, and
assume the bundle and connection form are also invariant under some lift of the SU(2)3-
action to the total space of the bundle.

SU (2)3-homogeneous bundles over the principal orbit SU(2)3/ASU(2) of S(S3) with
gauge group SU (2) are classified by homomorphisms ASU(2) — SU(2). This gives exactly
two non-equivariantly equivalent bundles over the principal orbit, defined by the trivial
homomorphism ASU(2) — SU(2), and the identity homomorphism ASU(2) — SU(2)
respectively.

By | , Thm. A], the space of invariant connections on these homogeneous bundles
is an affine space of intertwiners of the ASU(2)-action on left-invariant one-forms on
SU(2)3/ASU(2) and on the Lie-algebra of the gauge group. Recall also from §1.3 that
the action of ASU(2) acts on the tangent space of SU(2)3/ASU(2) = SU(2)? as two
copies of the adjoint representation su (2) @ su_(2).
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Since ASU(2) acts trivially on the gauge group for the trivial homogeneous bundle,
the only SU(2)3-invariant connection on this bundle is the trivial flat connection. Mean-
while, for the non-trivial homogeneous bundle, ASU(2) acts on su(2) via the adjoint
representation, thus the space of invariant connections is two-dimensional.

Using this description of invariant connections, and the description of SU(2)3-invariant
torsion-free Go-structures (1.39) in §1.3, | , Prop. 5] write the Ga-instanton equations
(4.3) as follows:

Proposition 4.2.1 (] ). On Rsq x SU(2)? with a torsion-free Go-structure given by

(1.39), SU(2)3-invariant instantons can be written, up to gauge, as:
A=z, (B1ou + Bovt + EB3@ut) 42 (BE1®@u +FE,®v +E3@uw™)  (4.5)

with (x4, x_) real-valued functions satisfying the following ODE system:

2
:’c+:ﬁ*<1—g2—x+>+x2;‘2 33_22%‘(@—1) (4.6)
Here, we can identify both SU(2)3-homogeneous bundles with the trivial SU(2)2-
homogeneous bundle over SU(2)2, up to SU(2)%-equivariant isomorphism. We can retrieve
the case of the flat connection on the trivial SU(2)3-homogeneous bundle by taking z, =
r— =0.
We note here an additional discrete symmetry of (4.6), arising from the non-equivariant

isometry exchanging the factors of SU(2)? on the principal orbits:
Lemma 4.2.2. (z4,2_) — (x4, —x_) is a symmetry of (4.6).

Moreover, to find solutions of (4.6) for the one-parameter family of torsion-free Go-
structures (a, 3) extending over the singular orbit S2, in what follows, it will suffice to
consider the fixed member (1.42). Namely, if we recall Lemma 1.3.1: this one-parameter
family of Go-structures are related by (a, 8) — (as, B5), where ags(t) := @, Bs(t) := @
for some § > 0. So, we get a solution of (4.3) by pulling back the connection via the
rescaling ¢ — 0t, i.e. if (x4 (t),x_(t)) is a solution to (4.6), (x4 (dt),z_(dt)) is a solution
to (4.6) with («, 8) — (as, Bs)-

Now, up to SU(2)?-equivariant isomorphism, we can extend the trivial bundle over
the principal orbit SU(2)? to the singular orbit S® = SU(2)?/ASU(2) in one of two ways:
using either the identity homomorphism ASU(2) — SU(2) or the trivial homomorphism.

As is shown in | ], each extension gives a one-parameter family of solutions to (4.6)
near t = 0:
Proposition 4.2.3 (] ). In a neighbourhood of the singular orbit at t = 0, solutions

to (4.6) are in two one-parameter families T, Té, for parameters v, € R:

1. The family T, extends over the trivial SU(2)?-homogeneous bundle over the singular

orbit, and these solutions satisfy near t = 0:
zy =~t2 +O(th) z_=0 (4.7)
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2. The family T,’Y, extends over the non-trivial SU(2)?-homogeneous bundle over the

singular orbit, and these solutions satisfy near t = 0:
zy =14 0(?) r_ =~ +0(t?) (4.8)

Remark 4.2.4. For later use, we compute some additional terms in the Taylor series of
! J— .
T,y/ near t = 0:

3 3

py=1+7 (v* - 1)+ O(th r_ =+ + i (v* = 1)+t + O(t") (4.9)

Far away from t = 0, the Ga-structure on S(S3) is asymptotic to the conical SU(2)3-

invariant Ga-structure over S® x §3: more precisely a = £+ O(t72), 8 = % +O(t~2) for

t sufficiently large. So if (x4, x_) are bounded a-priori, the system (4.6) differs from the

corresponding instanton equations on the cone

. 1
.’IJ_;_:;

(224 — 323 + 22) T_ = %3:_ (x4 —1) (4.10)
by O(t~%) terms.

We will see later that bounded solutions of (4.6) will converge to critical points of
(4.10): (1,1), (0,0), (1,—1), (3,0). These critical points correspond to SU(2)3-invariant
nearly-Ké&hler instantons: the critical points (1, 1), (0,0), (1, —1) are all the flat connection
in different non-equivariant gauges, while the only non-trivial instanton is A" := (%, 0).
This is identified with the canonical connection on SU(2)? — SU(2)3/ASU(2), and has
been studied previously as a nearly-Kéahler instanton in [ ].

With the two regimes t — 0, t — oo understood, we will now discuss complete solutions

to (4.6). The family of local solutions 7', in Proposition 4.2.3 can be obtained explicitly

by solving (4.6) with x_ = 0, and was found previously in | ]. In terms of variable
r(t) = V/3B(t), these solutions are given by:
2 2y(r—1) —3r
_2( = 411
T3 ( + 29r(r2 — 1) + 37“) v 0 (4.11)

Clearly, these solutions exist for all time if and only if v > 0, and v = 0 is just the flat
connection (0,0). Furthermore, in the limit v — oo, the solution (4.11) converges outside

the singular orbit at 7 = 1 to another explicit solution of (4.6):

vy =2 (1 + ﬁ) z_ =0 (4.12)

The limiting solution (4.12) still extends over the singular orbit, but on a different
invariant bundle: it extends to » = 1 as the member of the family T,’Y, with 4 = 0. This
solution was found previously in | ], but we now show it lies in a one-parameter family

of solutions with + non-zero:

Theorem 4.2.5. SU(2)3-invariant instantons with quadratic curvature decay on S(S®)

are in two one-parameter families T, v > 0, and Tf/,, -1 <4/ < 1. Moreover:
1. The isometry exchanging the factors of SU(2)? on the principal orbits sends Té, —

TL,Y/ .
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2. Ty, T{, T" | are flat, otherwise T, T,’Y, are irreducible and asymptotic to A™K.

Proof. The analysis for the family T, follows from its explicit form (4.11), and the trans-
formation Tfy, — TLV, is not hard to see from applying Lemma 1.3.1 to the local expression
(4.8) for T7,. For the rest of this section, we will prove Theorem 4.2.5 by showing that the

local solutions Tfy/ exist for all time if —1 </ < 1, and otherwise cannot be bounded.

Lemma 4.2.6. The following sets are forward-invariant for (4.6):
(i) Hy :=={(z4,2_) € R? | £z_ > 0}

(ii) Too :={(z1,2_) ER? |2y > 1,2_ > 1}

(iii) 7o :=={(z4+,2-) eR? | 2 <2y <1,0<z_ <1}

Proof. (i) As previously mentioned, setting x_ = 0 gives a family of solutions to (4.6).
Hence, by symmetry of Lemma 4.2.2, we will reduce to the case z_ > 0 in what

follows.

(ii) For xz_ > 0, the sign of #_ is given by the sign of x4 — 1, hence a solution cannot

2

leave T via the line x4 > 1, z_ = 1. Secondly, | = % (33_ — 1), hence a

=1
solution cannot leave via the line x4 = 1, x_ > 1 either. Finally, the intersection

x4 =x_ = 1is a critical point of (4.6), corresponding to the flat connection.

(iii) By part (i), we can always assume x_ > 0. Using the same argument as part (ii), we
see that #_ <0 when1>az4 >0, 24|,y <Owhen1>z_>0,and 24 =2_ =1
is a critical point. Thus, it only remains to show a solution cannot leave 7y via the
line segment x4 = %, x_ > 0. This follows from the inequality, 302 < 82 on t > 0,
which can easily be seen from (1.42). With this inequality, it is clear that:

2

2

bl 2= (3-%)+a2%>0

O

Lemma 4.2.7. A solution (x4,x_) to (4.6) lying in Too at some initial time to > 0,

cannot be uniformly bounded for all t > tg.

Proof. Since x_ is strictly increasing in 7o, if the solution (x4,x_) blows up at finite
time 7', then necessarily the solution cannot be bounded for all ¢ < 7. On the other
hand, recalling the asymptotic behaviour (4.10) of the system, if we re-parametrise (4.6)
by t + et then for ¢ sufficiently large and (z,,z_) lying in a compact subset of T, this

re-parametrised system is asymptotic to the autonomous system:
iy =2x, — 3% +a2? i =6x_(ry —1) (4.13)

up to terms decaying exponentially in . The theory of non-autonomous systems asymp-
totic to autonomous systems can be found in | |: here, we apply [ , Thm.3],
which says that if solutions to (4.13) in T cannot be uniformly bounded for sufficiently

large times, then neither can solutions to (4.6).
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So let us assume for contradiction a solution to (4.13) exists for all time in 75, and is
uniformly bounded. Since z_ is monotonically increasing in 7, there exists an € > 0 such
that x_ > 1€ for t > to. If we let 24 (€) > 1 be the unique solution to 2z, —3z2 +(1+¢)? =
0 in 7%, then x is strictly increasing in 1 < x4 < x4 (e) for time ¢ > to, and hence x is
uniformly bounded below away from 1. But this is a contradiction, since it implies Z_ is

bounded below away from zero, and hence x_ cannot be bounded. O

Lemma 4.2.8. A solution (x4,x_) to (4.6) lying in Ty at some initial time tg > 0

2

converges to A™K = (§, O) ast — o0

Proof. The key to proving this statement will be to show that a solution in 7y must get
arbitrarily close to the critical point (2,0) of (4.13) at some forward time. Once we have
proved this, we can apply | , Thm.2]: since the linearisation of (4.13) near (%, 0) has
only (real) negative eigenvalues, it is asymptotically stable for (4.6).

So, let (z4,z_) be a solution to the re-parametrisation ¢ — e’ of (4.6) which lies in
To. Since z_ is strictly decreasing, there must be an € € (0,1) such that x_ < 1 — ¢
for all forward time. Then we can take T'(e) > ¢ sufficiently large such that &, <
2z — 322 + 22 + € for all t > T, and an z (e) sufficiently close to 1 such that @, <
20, — 322 + (1 —€)’+e<0onzy(e) <xy <1, t>T. Hence, we can bound x, away
from 1 for t > T.

On the other hand z_ (z4 — 1) cannot be bounded above away from zero, since this
would imply that £_ would be bounded above away from zero after some sufficiently large
time, and hence z_ would be unbounded. Combined with the previous observation, this
implies x_ cannot be bounded away from 0, and hence x_ — 0 as ¢ — oo since z_ is
decreasing. Similarly, |2z — Sxi + 22| cannot be bounded below away from 0, and hence

x4 cannot be bounded away from %, and we are done. O

The proof of the main theorem now follows from the local power-series solutions Tfy, =
(#4+,2-), of (4.8): The solution with 7" = 0 is the explicit solution (4.12), and one can
take 7' > 0 otherwise, up to the symmetry of Lemma 4.2.2. Then (z4,2_)., € Ty when
0<v <1, (x.,.,x_)wl € Too when 1 < +/, and Té, with 7/ =1 is the critical point (1,1) of

(4.6) corresponding to the flat connection. O

Remark 4.2.9. There is a solution to the conical equations (4.10) on t € (0,00):

V14+2t2 -1+ 2t2 V14212 -1
Ty = r =" - (4.14)
32 12

interpolating between the flat connection A® = (1,1) as t — 0, and the nearly-Kdhler
instanton A™K = (%,0) as t — 00. One may also be able to apply a construction similar
to [ | to recover the long-time existence of the family of instantons Té, near the

limit v' — 1 using the flat connection near t =0 and (4.14) as an asymptotic model.

4.3 Deformation Theory

In the previous section, we classified SU(2)3-invariant solutions to the Ga-instanton equa-

tions, giving two families asymptotic to the non-trivial invariant nearly-Kahler instanton
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A" on §3 x S3. One might then hope to produce more examples of Go-instantons on the
Bryant-Salamon metric by considering deformations of these symmetric solutions away
from the symmetric regime.

However, using the deformation theory of Gs-instantons on asymptotically conical
G2-manifolds worked out in [ |, we will find that these invariant families actually
classify all Ga-instantons on S(S®) asymptotic to A", at least if their deformations are
unobstructed. For completeness, we will first briefly recount this deformation theory,
following | ], also [ ]

Let (M7,g0) be an AC Ga-manifold, with asymptotic cone C(X), and P — M be
a principal G-bundle with G compact, semi-simple. Extending the radial parameter on
C(X) 2 Rsp x X to a smooth positive function ¢ on M, we define the weighted norms for

smooth compactly-supported adjoint-valued p-forms ® € QF (adP):

k k
y ] 2 . .
ol = (3 [ vl e I@lle; = 3 sup |¢ Vo)
j:0 j=0

for some p < 0, and a fixed connection A on P.

We will use Qi’u (adP) to denote the completion of QF (adP) with respect to the
weighted Sobolev norm W2, and define (%, (adP) := Mi>082; , (adP). A weighted version
of the standard Sobolev embedding in dimension seven | , Thm.2.5.5] can be used to
show that ® € Qf, (adP) implies that H(I)H(Jﬁ < oo for all k£ >0, i.e. |V]A<I>] =0 ().

To consider the space of connections on P with fixed asymptotic behaviour, we fix a
framing at infinity: a pair (Ps, Ax) consisting of a bundle Py, — ¥ equipped with a
connection A, such that P — M is identified with P, pulled back over the conical end
of M. We will define a connection A on P as asymptotic to A at polynomial rate u < 0
if ||A — AOOHW:f,z < oo for all k > 0, where we pull back A to the end of M and use the

k.2 : . — :
W, “-norm defined using the covariant derivative associated to As.

The relevant space of connections we will consider is the set A,_1, i < 0 of all con-
nections asymptotic to A, with polynomial rate strictly less than —1. While A, is
not preserved under arbitrary gauge transformations of P, we consider the subgroup G,
of framed gauge transformations with weight p: gauge transformations of P which are
asymptotic to the identity on Py, at rate u, see | I, [ | for precise details of how
to set-up these weights. The gauge group G, has the property that the point-wise expo-
nential map exp : Qg (adP) — G, is surjective on a open neighbourhood of the identity in
G,., and the tangent space to the G,-orbit through some A € A,,_; is spanned by elements
of the form d4® for some ® € Qg.

Using this framework, we can now begin describing solutions to the Gs-instantons
equations with fixed asymptotics. However, instead of defining their moduli-space directly,
it turns out to be more convenient to describe Ga-instantons in 4,1 as solutions to the

G2-monopole equations:
Fa A s = xds® (4.15)
with (®,A) € 9271 (adP) & A,—1. Since any solution (®,A4) to (4.15) has |®|? sub-
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harmonic, if |®|? decays to 0 as t — 0o, we must have ® = 0 by the maximum principle:

thus we do not actually enlarge the solution space by switching to this set-up.

We are now in a position to define the framed moduli-space of Go-instantons:
M (Ao, ) - ={(®,A) € ngl (adP) @ Ay—1 | Fa A xp = xda®}/G,

for some given weight 1 < 0. In a neighbourhood of a solution (0, A) to (4.15), we can fix
a gauge such that a neighbourhood of [(0, A)] € M (A, i) is described by the zeroes of

the non-linear operator
dag+* (xo ANdaa+aNa)=0 dya=0 (4.16)

on (¢,a) € Qg_l (adP) & Qb_l (adP), where d*a = 0 is the standard gauge-fixing condi-
tion.

The advantage of passing to the monopole equations (4.15) is that linearising the gauge-
fixed equations (4.16) at some fixed solution (0, A) yields the elliptic PDE D4 (¢,a) = 0,

where D, is the Dirac operator:

0 d*
Dy = A 00 (adP)d QL (adP) — Q% , (adP) ® Q! . (adP
A (dA *(*QD/\dA)) ul( ) ul( ) u2( ) /LZ( )

We also note by | , Theorem 4.2.12], for weights —5 < p < 0, the kernel of Dy can
be identified with the deformation space Hllhl(A) of the G-instanton equations at A:

_ ker (% (xp Ada-) : Q/ﬁ_l (adP) — Qi_Q (adP))
im (d,A . Q0 (adP) —» QL_, (adP)>

H;q (A):

defined as the space of solutions to the linearised instanton equations xpAdasa = 0, modulo
linearised gauge transformations d® for some ® € Qg.

By | , Prop.4.4.2], outside of some discrete set of critical weights depending only
on (P, Ax) and the geometry of asymptotic cone, the elliptic operator Dy : Qg,ufl &)
Q}W_l — 92_17M_2 @ Qllc—l,u—Q is Fredholm, so the standard results apply see e.g. [ ,
Prop.4.2.19], [ , Theorem 4.5.3]:

Proposition 4.3.1 (] ). Let =5 < p < 0 be a non-critical weight. Then Dy :
92—1 (adP) @ Qlﬂ_l (adP) — 92_2 (adP) & QllL—Q (adP) has finite-dimensional kernel and
co-kernel. Moreover, there exists an open neighbourhood U C kerD 4 of 0, and smooth map
m: U — cokerD 4, m(0) =0, dn(0) = 0, such that a neighbourhood of [A] € M (Acc, 1) is

homeomorphic to a neighbourhood of 0 in w=1(0).

The point is that if D4 is surjective, then we can apply the implicit function theorem
to obtain smooth solutions of the non-linear equation (4.16) in a sufficiently small neigh-
bourhood of A, and a neighbourhood of [A] € M(A, ) has the structure of a smooth
manifold of dimension indD 4 = dimker D 4. We define A to be obstructed if the co-kernel
is non-empty: in general, this neighbourhood is only smooth of dimension indD 4 if 7=1(0)

contains only regular values.
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In the case of interest, on the spinor-bundle S(S%), we wish to consider the moduli-
space M (A”K ) u) of Gy-instantons with gauge group SU(2), asymptotic to the unique
non-trivial SU(2)3-invariant nearly-Kihler instanton A" on $2 x $3 with rate u — 1. To
understand this moduli-space in more detail, we now consider the role of symmetries in
the weighted set-up of | |, adapting arguments of | , Thm. 1.3].

As before, let (M,¢) be an AC Ga-manifold with asymptotic cone C(X), and let
P — M be a principal G-bundle with compact Lie group G. Denote by Aut(M, ) the
subgroup of diffeomorphisms of M fixing the Ga-structure o, and Aut(P) the subgroup of
diffeomorphisms of P commuting with the G-action. Finally, fix an asymptotic framing
(Poo, Aso) over X for P, and denote by Aut(Ps, Aso) the subgroup of diffeomorphisms of
Po commuting with the G-action and fixing Ao.

Suppose that (M, ¢) has a connected Lie sub-group of automorphisms K C Aut(M, p)
which restrict to automorphisms of (X, ¢|y;) along the conical end. Moreover, assume we
are given a lift of the K-action on Y to P, for which A, is invariant, i.e. a Lie group
homomorphism K — Aut(Ps, Ax), k — kso, and for simplicity we will also assume this
lift has an extension K — Aut(P) to the interior.

Then there is a short exact sequence:

1 > Gu < H, K 1

where H,, C Aut(P) denotes the subgroup of automorphisms covering some element of
K, such that l;:.k:o_ol € g, for all ke H, covering k € K, i.e. the automorphism k is
asymptotic to ko, with rate p. The map G,, — H,, is just the inclusion as automorphisms
of P covering the identity map on M, and the map H, — K is induced by the projection
P— M.

Given some equivalence class [A] € A,_1/G,, denote K14l C K the subgroup such that
k e KW if [kx A] = [A]. We claim that, given A € [A], we can uniquely lift K4 to a
group of automorphisms of P fixing A, asymptotic to the lift k — ko, with rate u:

Lemma 4.3.2. For all A € [A] there exists a unique homomorphism k +— ka lifting
KW — H,,, such that kA = A.

Proof. To see this, let Q;? C Gy, Hﬁ C H,, denote the subgroups fixing A € [A]. Then
KMl ¢ K fits into the exact sequence:

1 » Gt e Hi y KA — 1

In other words, k% .A = g*A for some g € G, if and only if there exists k4 € H,, covering
k such that k4 A = A, with k4 unique up to an element in gf). However, in contrast to

the un-weighted case, G, acts freely on A,_1 | , p-47], and thus k4 is unique. O

We can repeat this discussion at the infinitesimal level: denote by aut(M, ¢) the Lie-
algebra of vector-fields on M fixing the Gg-structure, and aut( Py, As,) the Lie-algebra of
vector fields on Py, fixing the connection A.

Suppose we have a Lie sub-algebra ¢ C aut(M,¢) of vector-fields which restrict to
vector-fields pulled back from ¥ along the end, and we are given a lift X — X, of ¢

to Py, for which A is invariant, i.e. a Lie-algebra homomorphism ¢ — aut(Py, Axo).
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Moreover, assume there exists an extension of this lift to the interior i.e. a lift X — Xoo
to a vector-field on the total space of P, such that the vertical vector-field Xoo — Xoo,
viewed here as a section of the adjoint bundle, lies in Qg (adP)!.

In this set-up, we prove the following lemma:

Lemma 4.3.3. If A € A,_1 is a Ga-instanton on P asymptotic to A, then there is

well-defined linear map:
L:t— H | (A) L:Xes [L:XOOA} (4.17)

Moreover, ker L C ¢ is a Lie-sub-algebra.

Proof. To verify that (4.17) is well-defined, we will use the identity
LgA:= d(X_IA) + X 1dA = X Fy+day (X_IA)

for any lift X to P of a vector field X on M, where we view the G-equivariant map
X _A from P to the Lie algebra of G as a section of the adjoint bundle. We can show
Lx Ae€ Q}kl (adP) by restricting to the end of M and setting a = A — As. Then for
any ® € QY (adP):

FAm:FA—dACL—[a/\a] dAOOCI):qu)—[a,q)]
Since by assumption, Lx_ A = X 1F4_ +da,, (Xeo1Ax) = 0, we have:

‘CXOOA =X Fa_+Xi(daa+[aNa])+da (XOO_IA)

= dy (X 1) + [a, (XoosAso)] + X2 (daa + [a Aa]) +da (XOO - Xoo)

To show that this lies in QL_I (adP), we note that XA € Q°(adPy) has constant
norm along the end, and X restricts to a vector-field pulled back from ¥, so | X| grows
linearly. Moreover, a € QL?I (adP), Xoo — Xoo € Qg (adP) by assumption, thus L A €
Q}L—l (adP).

As in the previous discussion for K4, L(X) = 0 if and only if there is a unique
lift X — X4 to a vector-field on P such that £x,A = 0, and the vertical vector-field
X4 — X on P lies in Qg (adP), viewed here as a section of the adjoint bundle. This
section X4 — X'OO is precisely the one for which £ XOOA =dy <X A— Xoo), SO uniqueness
follows from the injectivity of d4 : €, (adP) — Qb—l (adP) [ , Cor.4.2.6].

Now, since the lift of [X, Y] _ can be identified with the commutator [X«,, Yoo] on Py
for all X,Y € & then it is not hard to see that [X,Y], := [X4,Ya] also satisfies the
two conditions for lifting [X,Y] to P if L(X) = L(Y) = 0, and so ker L C ¢ is a Lie
sub-algebra. 0

With this general picture understood, let us return to the Bryant-Salamon metric on
S(S%). Any principal bundle P — S(S?) must be trivial for gauge group SU(2), and we
fix an asymptotic framing by the homogeneous bundle P, = SU(2)? Xasu(2) SU(2) —

'note that such an extension always exists if P admits a K-invariant connection asymptotic to A, with
rate p — 1.
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SU(2)3/ASU(2), where ASU(2) acts on the gauge group via the identity map. Recall
that the SU(2)3-invariant canonical connection associated to this homogeneous bundle is
the nearly-Kahler instanton A™¢ considered in §4.2.

Consider the Dirac operator D 4 : 92—1 (adP)EBQ}L_l (adP) — 92_2 (adP)@QL_Q (adP),
associated to a Go-instanton A € A,,_; on S(S%) asymptotic to A, By [ , Thm.6.5.5],
this operator is Fredholm with index indD 4 = 1 between —2 < u < 0, and below the crit-
ical rate p = —2 the index jumps to indD 4 = —1.

Remark 4.3.4. The SU(2)3-invariant family T,, v > 0 given by (4.11) decays to A™E
at the critical rate with p = —2: i.e. |Ty — A"| = O(t™3) as t — co. We note an error
in [ , Prop. 5], as the invariant instanton Tj) given by (4.12) shares this asymptotic

decay rate. Moreover, we expect this holds for the whole invariant family T;,, -1<+ <1.
We will use this computation to prove the following proposition:

Proposition 4.3.5. Any Ga-instanton on S(S®) asymptotic to A™S with rate —2 < pu —
1 < 0 is either obstructed or gauge-equivalent to an instanton in the one of the families
T, T,’y/.

Proof. We will use the computation of the index in | ] to show that, if an instan-
ton A € A,_1 is not obstructed, then it must be SU(2)3-invariant, for some lift of
the action of SU(2)% to P asymptotic to the action of SU(2)? on the framing bundle
Py = SU(2)% x agu(2) SU(2) — SU(2)*/ASU(2). Once this is proven, the result follows
from the existence and uniqueness results of Theorem 4.2.5 in the previous section, since
any connection asymptotic to the non-trivial connection A™¥ on the asymptotic link must
have quadratic curvature decay.

So to prove invariance, we note that if A is not obstructed, the deformation space

H;_l (A) is one-dimensional for weights —2 < p < 0 by | , Thm.6.5.5]. Since the
map L : su(2)? — Hi_l (A) defined in Lemma 4.3.3 is linear, then the kernel has co-

dimension at most one in su(2)3. However, since this kernel is a Lie sub-algebra of su(2)3,
it cannot have co-dimension one, and so L must vanish on all of su(2)3.

As previously discussed, this implies that we can uniquely lift su(2)? to a Lie-algebra
of vector-fields on P fixing A, such that these vector-fields are asymptotic to the in-
finitesimal action of SU(2)% on the homogeneous bundle P,, = SU(2)3 X asu(2) SU(2) =
SU(2)3/ASU(2). Since these vector-fields are complete, and SU(2)? is simply-connected,
it follows by [ , Ch.3 Thm.7, Ch.4 Thm.3] that these vector-fields integrate to give a
unique lift of the SU(2)3-action to P fixing A. O
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Appendix A

Extending invariant data to the

singular orbit

A.1 Calabi-Yau structures

By considering SU(2)?-invariant SU(3)-structures on the space of principal orbits of
O(-2,-2), O(=1) @ O(—1), and T*S? in §1.2, and imposing that these SU(3)-structures
be closed, we obtained ordinary differential equations (1.21), (1.23) depending on geodesic
parameter t € Ryg. In this appendix, we compute the boundary conditions that these
SU (3)-structures must satisfy in order to extend smoothly to the singular orbits at ¢t = 0.
For O(—1)®O(—1), this analysis has been carried out in | , Lemma 4.1] and partially
carried out for 7%S% in | , Lemma 4.2]. However, for completeness, we will include

proofs of these results to match the conventions in this thesis.

We will use the method of computing these boundary conditions developed by Eschenburg-
Wang in | |. We will briefly recall this technique:

Suppose K is a compact Lie group acting with co-homogeneity one on a smooth man-
ifold M, and for simplicity, we will assume there is exactly one singular K-orbit, with
corresponding group diagram of M given by H C H' C K. Recall that, in this case, M
can be equivariantly identified with K x g V for some orthogonal H'-representation V',
such that H is identified with the stabiliser subgroup of some non-zero vg € V.

Let p denote the space of left-invariant vector fields on the singular orbit K/H'. H’
acts on the tangent space of M as the direct sum p @ V, so that any K-invariant form on
M can be viewed as an H’-equivariant map from V into the exterior algebra of forms on
p @ V. The evaluation of this map at vy € V' is an H-invariant form on p @& V', or in other
words, a K-invariant form on the principal orbit.

To extend K-invariant k-forms to the singular orbit, one writes down a basis of the
finite-dimensional space of H-invariant elements of /\k (p* @ V*), obtained by evaluating
H'-equivariant maps V — /\k (p* @ V*) that are specified by homogeneous polynomials
in the coordinates of v € V.

If a € /\k (p* @ V*) denotes such a basis element, then it has a well-defined degree
d € Z>o, defined as the degree of the equivariant homogeneous polynomial map V —

A" (p* @ V*) evaluating to « at vp. As is shown in | , Lemma 1.1] any K-invariant
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form a(t)a on the space of principal orbits, for some smooth function a(t) of the geodesic
parameter ¢, extends smoothly over the singular orbit at ¢+ = 0 if and only if a(t)t~¢ is
a smooth, even function of ¢ near t = 0. We will refer to such a function a(t) as having

degree d.

We will use this procedure to write down the boundary conditions for SU(2)?-invariant
two-forms and three-forms on the co-homogeneity one manifolds O(—-2,—-2), O(—1) &
O(—1), and T*S3. We summarise below:

Proposition A.1.1. Let a = At A % + uw§® + u1wi + uswi® + usws® be an SU(2)%-
invariant two-form on Rsq x SU(2)%/Ka,_2. Then a extends smoothly over the singular
orbit S? x S? = SU(2)%/U(1)? att = 0 if and only if uz, us, A are odd, and ug,u1 are even.

By a result of Hitchin in [ , §2], it is enough to determine w and Re{) to deter-
mine the whole SU (3)-structure, so we only need to determine the additional boundary

extension conditions for the three-form Re() to extend (w, () to the singular orbit:

Proposition A.1.2. Let ReQ2 = pwi® Adt — X (vowie + v3wi€) An®e be an SU(2)%-invariant
three-form on Rsg x SU(2)?/Ka —a. Then ReQ) extends smoothly over the singular orbit
52 x 82 = SU(2)2/U(1)? at t = 0 iff u, vy are even, \vs is odd, (Avs)' (0) = 3u(0) and
Avp(0) = 0.

For O(—1) & O(-1), it will suffice to check the boundary conditions for 2-forms:

Proposition A.1.3. (c.f. [ , Lemma 4.1]) Let o« = Adt An®® +uow® +uiwi® +usws®
uzwi€ be an SU(2)%-invariant two-form on RsoxSU(2)?/AU(1). Then « extends smoothly
over the singular orbit S? = SU(2)?/U(1) x SU(2) at t = 0 if and only if ug, u1, ug, u3 are
even, X\ is odd, up(0) + u1(0) =0, u2(0) = uz(0) = 0, and uj(0) + uf(0) = 2X(0).

Since O(—1) @ O(—1) arises as the small resolution of the conifold, realised as the
affine variety {22 + 23 + 22 + 23 = 0| (21, 22, 23, 24) € C*}, the complex structure on this
singular variety extends automatically to CP! € O(—1) @ O(—1). We can use this fact to

obtain the following corollary to Proposition A.1.3:

Corollary A.1.4. Let (w,Q) be an SU(2)%-invariant Calabi-Yau structure on Rsg x
SU(2)2/AU(1). Then Q extends smoothly over the singular orbit S* = SU(2)?/U(1) x
SU(2) att =0 if w extends.

For the smoothing 7%S3, we compute the following boundary conditions for two- and

three-forms:

Proposition A.1.5. (c.f. [ , Lemma 4.2]) Let o = Xdt A ¢ + upw{® + ujwi® +
w3 +uzwi® be an SU(2)%-invariant two-form on Rsgx SU(2)2/AU(1). Then « extends
smoothly over the singular orbit S = SU(2)2/ASU(2) at t = 0 if and only if ug, u1,us
are odd, ua, X are even, uz(0) =0, uj(0) + u5(0) = 0, and 2X(0) = v} (0).

Proposition A.1.6. Let 8 = Y, wjwi® A dt + Y, viwi® A n*¢ be an SU(2)?-invariant
three-form on Rsg x SU(2)2/AU(1). Then B extends smoothly over the singular orbit
S3 = SU(2)2/ASU(2) at t = 0 if and only if ug,vo, u1,v1,us,v3 are even, uz,ve are odd,
u1(0) = v1(0) = 0, up(0) 4+ u3(0) = vp(0) + v3(0) = 0, 3(up(0) — u3(0)) + 2v5(0) = 0, and
v (0) + v5(0) + 3u5(0) = 0.
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The rest of this section will be devoted to the proofs of these claims:

Proof of Proposition A.1.1. First of all, we describe how to rewrite the Cartesian coordi-
nates on the fibre Co o in terms of vector fields on SU(2)?/AU(1) x Zy. Here, let da®,
dz' denote the Cartesian coordinate one-forms on the fibre Cy,—2 at the identity coset in
SU(2)2/U(1)%. The flow (e*,e7%.t) of the vector field U~ on SU(2)? x C along the curve
y(t) = (1,1,¢) is identified with (1, 1, e**t) by the U(1)? action, so along v, the polar coor-
dinate vector field on Ca _5 is identified with %U ~ and we may write dz® = 4tu~ = 3tn*°
and dz! = dt.

Here we will denote the tangent space to the fibre Co _o as V, and p as the span
of left-invariant vector fields (V1 W' V2 W?2): clearly, the tangent space at a point of
O (—2,—2) can be identified with p & V. As AU(1) x Zg-representations, V is trivial
and p = Cy @ Cq, so the space of AU(1) X Zy invariant two-forms on p @ V is (real)
5-dimensional: explicitly, if p!? := v1? 4 jw'?, then a basis for this space can be written
as the real and imaginary parts of dz® A dz', pt A pY, p? A P2, pt A P2

As a U(1)2-representation, the space of AU(1) x Zy invariant two-forms decomposes

into the following irreducible representations:
N @ V*) D (2 nda', p' AP PP AP @ (P AP ERP@Can (AL

To apply the general machinery of | , Lemma 1.1], we find U(1)2-equivariant maps
V — A%(p* @ V*) into the space of invariant two-forms defined by a homogeneous polyno-
mial of fixed degree. The two-forms arising from degree zero homogeneous polynomials are
the U(1)2-invariant two-forms dax® Adz!, p* Ap!, p? Ap?, while the degree one homogeneous
polynomials have the single generator z — zp' A p?, where z € Ca,_2. This evaluates at

z =1 to a multiple of the two-forms w5®

and w3® by taking real and imaginary parts.

We now rewrite the generic smooth SU(2)2-invariant two-form « on the space of prin-

cipal orbits:

a = Adt A0’ 4 upwi® + uiwi® + uaws® + ugws®

A 2 2
= § (da:O A dwl) + g(UQ — U1)<’Ul A\ wl) + g(uo + ul)(UQ A w2) 4 u2w§€ + u3w§e

thus, by the previous calculation, « extends to the singular orbit at ¢ = 0 if and only if

us, uz, A are odd, and ug, w1 are even. ]

Proof of Proposition A.1.2. We denote V, p, p', p?, da, dz! as in the previous proof. As
irreducible U (1)2-representations, the (real) 8-dimensional space of AU(1) x Z-invariant

3-forms on p @ V' can be written Cy g @ Cy _4 ® 2Cs _o, corresponding to a splitting:
((d2® — idz") Apt AP?) @ ((da® + idat) Apt AP @ ((da +idast) AP AP ) jm12 (AL2)

and as before, we must find generators for U(1)?-equivariant polynomial maps from V into
the space of invariant 3-forms.

The U(1)%invariant 3-forms corresponding to a degree zero polynomial are spanned
by (dz® —idz') A p' A p?, with real and imaginary parts dt A wi® + 3tn® A wi® and dt A
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w5t — 3tn*¢ A w3®. Homogeneous degree one polynomials have the two generators z
2(dx® + idxt) Ap? AP for 2z € Cy,—2, which evaluate at z = 1 to dt A v A w? and
3tn® A v Aw’ by taking real and imaginary parts, and finally homogeneous polynomials
of degree two have the single generator z + 2%(dz" + idx!') A p! A p?, which evaluates at
z =1 to dt N w3® — 3tn*® A ws® and dt A ws® + 3tn®® A ws®.

This splitting of the space of invariant 3-forms provides the boundary extension condi-

tions for a generic invariant 3-form. Applying this to the specific 3-form:

A
ReQ) = pdt N\ w3® — 3 (vowg® + v3w3®) A 3tn*e

defined by a generic hypo-structure (1.19), shows that this 3-form extends if and only if

(,u + %) is even, ( — %) has degree two and % is odd. O

Proof of Proposition A.1.3. We first describe a change of coordinates from left-invariant
vector fields on the principal orbits of O(—1) & O(—1) to a coordinate system adapted to
the boundary extension problem. We identify S? C O(—1) @ O(—1) with S? C imH, and
the fibre over i € S? with H, so that SU(2)? acts on S? x H as:

(q1,q2) - (z,y) = (121, G2y q1)

With this description of the SU(2)2-action, we will write vector fields on SU(2)? as vector
fields on S? x R*:

Here, let (2%, 2%, 22, 23) denote Cartesian coordinates on the fibre. Along the curve
y(t) = (i,t) € S? x H, the vector fields U', U2, V! V2 W1 W? are given by:

Ul — % _ (i, te~) = (0, —it) U? = a% _ (1,et) = (0, it)
Vvi= % . (ejsie_js,te_js) = (—2k, —jt) V2= a% - (i,ejst) = (0, 1)
Wi = % _ (ehsie™ e te™™) = @), —kt)  W2= d% _ (i.e™t) = (0, kt)
Clearly & = 525, and:
VZ= t;; W? = ta?& U™ = —2t8?61
so that:
da® = dt da' = —2tu” da? = tv? da? = tw? (A.3)

We will now describe the boundary conditions for extending 2-forms over the singular
orbit. Here, V will denote the tangent space to the fibre over i € S2, and p denote the

complement of the Lie algebra of U(1) x SU(2) in SU(2)?, i.e. p = (VL W) and V is

0 0

: o] o)
the span of the coordinate vector fields 575, 571, 572, 553
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Recall that the AU(1)-invariant subspace of A% (p* @ V*) is 5-dimensional: it contains
the real and imaginary parts of (dz" + ida') A (da? + idz®) in A2(V*), o' Aw! in A?(p*),
and the rest is spanned by the real and imaginary parts of (dx2 + idaz3) A (vl — iwl).
We find a basis for these in terms of U(1) x SU(2)-equivariant homogeneous polynomials
V — A2 (p* @ V*), evaluated at some vy € V.

Firstly, since {1} x SU(2) C U(1) x SU(2) acts trivially on A?(p*) and p = Cs as a
U (1)-representation, it is clear that v! Aw! = 2 (w§® +ws®) is U(1) x SU(2)-invariant, thus
identified with a degree zero homogeneous polynomial map.

Second, observe that the action of U(1) x SU(2) on V arises from the restriction of the
natural action of SU(2)? on the left and right of C? respectively: viewing the U(1) x SU(2)
action this way, it not hard to see that A%(V*) & (R @ Cs) @ su(2) as a U(1) x SU(2)-
representation, where U(1) is understood as acting trivially on the SU(2)-representation
and vice-versa.

The trivial sub-representation in A%?(V*) is spanned by the standard symplectic form
dzAdx'+dz? Adz?® on V, and the su(2) is spanned by the standard anti-self-dual two-forms
on V, ie. dz® Adx' — daz? Adx® under cyclic permutations of (123). Identifying V with H,
and su(2) with imH, a degree two equivariant homogeneous polynomial map L : H — imH
is given by L(v) = viv for v € H, which evaluates at v = 1 to dz° Adz! —dx? Adz3. In terms
of coordinates (A.3), the images of these degree zero and two homogeneous polynomials
V — A%(V*) respectively, are:

3t se 3t2 se se 3t se 3t2 se se
—Edt/\n "‘T(Wo + wi®) —Edt/\n —T(wo + wi®)
Third, amap L : V — V@p* is U(1) x SU(2)-equivariant if L(que™).z = q (L(v).ze 2?) e=%,
where z € C, v € V (identified as elements of p, H respectively), and (e?,q) € U(1) x
SU(2). There are two degree one homogeneous polynomial maps L;(v).z = wvlz for
l € {j,k}. Identifying L;(v) with an anti-symmetric endomorphism in End (V & p), so
naturally an element of A? (p* @ V*), and evaluating at v = 1, gives dz? A v! + da?® A w!

and da3 A vt — dz? Awl, or —%wge and —%wge in terms of coordinates (A.3).

This splitting provides the boundary extension conditions for a generic invariant two-
form o = Adt A n*° 4 >, wiw!® on the space of principal orbits. Rewriting o with respect

to our basis:

1 A
a=1 <u - t> (=2tdt Ay + 2(wf + wi%))
1 (3] + uop )\ se 2 se se
+Z > +? (2tdt/\77 + 17 (wp” + wi ))
G )+ P

we see that, to extend avto t = 0, ug, u1, ug, ug must be even, A must be odd, ug(0)+u;(0) =
0, u2(0) = ug(0) = 0, and ug(0) + uf(0) = 2X'(0) as claimed. O

Proof of Corollary A.1./. By Proposition A.1.3, if the Ké&hler form w of an invariant
Calabi-Yau structure (w, ) extends over the singular orbit S? = SU(2)?/U(1) x SU(2) at
t =0, then (w, ) must it induce a hypo-structure of type Z on the principal orbits: if the
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evolution equations (1.23) are satisfied with A(t) odd, u(t) even, and 1(0) = 0, then vy(t)
must vanish for all . For a hypo-structure of type Z solving the evolution equations (1.21),
re-parametrising ¢ — r, r(t) := /A pulls back the corresponding holomorphic volume
form from the conifold. Hence if w extends, then O(—1) @ O(—1)\ CP! has a holomorphic
volume form pulled back from the conifold, and hence it extends automatically to the
singular orbit SU(2)%/U(1) x SU(2) = CP' ¢ O(~1) ® O(—1) at r(0) = 0 of the small
resolution O(—1) & O(—1). O

Proof of Proposition A.1.5. We first describe a change of coordinates from left-invariant
vector fields on the principal orbits of 7%S3 to a coordinate system adapted to the bound-
ary extension problem. The coordinate system we will need is achieved via the isomor-

phism:
T*S% = SU(2)* X asyr(2) su(2) = S x imH C H x imH

Identifying su(2) with the imaginary quaternions imH and SU (2) with the unit quaternions

S3 C H, this map can be explicitly given along with its inverse:

(p,q.y) — (ap, pyp) (z,y) — (2,1, 2yZ)

By requiring this map is equivariant, we get a description of an SU(2)?-action in this new

coordinate system via the embedding in H x ImH:

(q1,q2) - (z,y) = (@22q1, (19q1)

With this description in hand, we will write vector fields on SU(2)? as vector fields on
T*S3: here, let (z',22 2%) denote the Euclidean coordinates on the fibre of S3 x imH.
Along the curve v(t) = (1,1t), the vector fields U', U2, V1, V2 W' W? are given by:

d - d .
vt= L) e = (i) = L) (i) = (i.0)
ds s=0 ds s=0
1 d —js _jS;1,—Js . 2 d is .
V= I (e77%,e%ite %) = (—j, —2tk) Ve= s (e7,it) = (4,0)
s=0 5=0
1 d ks _ks:y —ks . 2 d ks
W* = s (6 ,eite ) = (—k,2tj) wWe = ds (6 7Zt> = (k,0)
s=0 s=0
Clearly % = %, and:
V=V 4+ V2= (0,-2th) = o 0w oy (0,2t5) = 202
= — ) - 81:3 T - 28 = 81)2
so that:
drt = dt dz? = 2tw™ da = —2tv™ (A.4)

We proceed with the calculation describing the boundary conditions for extending 2-forms
over the singular orbit: here, V will denote the tangent space to the fibre of 7%S%, and
su(2)” will denote the tangent space to the singular orbit i.e. su(2)” = (U, V=, W),
and V is the span of the coordinate vector fields %, 8%2, 8%. As ASU (2)-representations,
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both su(2)~ and V are isomorphic to the adjoint representation, and isomorphic to R@ Cs
as AU (1)-representations, where the trivial component of this representation is spanned

by U~ and % respectively.

The 5-dimensional space of AU (1)-invariant 2-forms on su(2)~ @V can be written as the
span of u~ Adz!, dz? Adx?, v~ Aw™, and the real and imaginary parts of (da:2 + ida:3) A
(v™ —iw™), and as before, we associate an integer degree to each component in a splitting
of this space, by taking the degree of some ASU(2)-equivariant homogeneous polynomials
in v € V, and evaluating at some non-zero vy € V.

To achieve this, we first identify su(2)~ and V' with the imaginary quaternions imH.

Then as ASU(2)- representations:
A2(imH @ imH) = 2A? (imH) @ (imH ® imH*) 2 2imH ¢ (imH @ imH*)

where the second of these isomorphisms arises from the equivariant isomorphism * :
A? (imH) — imH given by the standard Hodge star on R?:

wdx! = dx® A da? xdr?® = dx® A dz? wdz® = da' A dz?

First of all, is not hard to see equivariant polynomial maps L : imH — imH have a single
degree one generator L(v) = v, which evaluates at v = i to u™ = v~ Aw™, *dx! = dr’Adz>
respectively. The latter can be rewritten as —4t?v™ A wt in the coordinate system (A.4).

To determine the space of equivariant maps imH — imH ® imH*, we identify the
adjoint action of SU(2) on imH with the standard action of SO(3) on R3: equivariant
polynomial maps from R? into R? ® (Rg)* with this action are spanned by the constant
map id : R? — R3, the degree-one polynomial v — . X v, and the degree-two polynomial
v — (.,v)v, where x denotes the cross product on R3 and (.,v) denotes the Euclidian
dot product with v. These evaluate at v = (1,0, 0) to idg +idc,, jc,, and idr respectively,
where we denote the map between the trivial AU(1)-representations in imH as idr, and
the maps corresponding to the identity and multiplication by complex number i between
the AU (1)-representations Cy as idc, and jc, respectively.

Considering these as 2-forms on su(2)~ @ V, from the linear map idg + idc, we get
do' Au~ +dx? Av™ +da® Aw™ which can be rewritten as dt Au” 42t (wT AvT —vT Aw™)
using our coordinate system (A.4). Meanwhile jc, gives do3 A v~ — dz? A w™, which can
be rewritten as —2t (vF Av™ +wt Aw™), and idg gives do' A u~ which is rewritten as
dt Nu~.

This splitting provides the boundary extension conditions for a generic invariant two-
form a = Adt A n*° 4+ >, wjw® on the space of principal orbits. Rewriting o with respect

to our basis:

2 4 4
§<2)\——)th +WU+/\M++3(UQ—U3)0/\M
2uy

+43—(v+/\v7+w7/\w+) (dt/\ +2t(w+/\1f—v+/\w*))
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we see that for a to extend we must have wg,u;,us are odd, ug, A even, uz(0) = 0,
u((0) 4+ u4(0) = 0, and 2X(0) = v} (0) as claimed. O

Proof of Proposition A.1.6. We denote V, su™(2), do', dz?,dz? as in the previous proof.
Identifying V', su™(2) with the imaginary quaternions imH, then the space of 3-forms on
su”(2) @V can be written as a ASU(2)-representation:

A? (imH @ imH) 2 2A® (imH) @ 2 (imH ® A? (imH*)) 2 R? @ 2 (imH  imH*)

where again, the second of these equivalences arises from the equivariant isomorphism
% : A\? (imH) — imH given by the standard Hodge star on R3.

Now the space of equivariant maps from imH — imH ® imH* was given in the previous
proof: its image, when evaluated at ¢ € imH, is spanned by idg + idc,, jc,, and idr with
degrees 0, 1, and 2 respectively. So, denoting u™, v~, w™ as el, €2, €3, the degree zero
maps on imH ® imH* corresponding to idg +idc, are Y, e’ Axdz® and Y, da’ A xe’, which

can be rewritten as:

3 3
3 (dt A (wi€ — w3®) — 3tws® A1) 3 (4dt A wi® — 3t (wie + wi) A7)

The degree one maps on imH ® imH* corresponding to jc, are €3 A xdz? — €2 A xdz® and

dz® A xe? — dx® A xe3, which can be rewritten as:

9 9
étwfe A€ gtwfe A dt

and the degree two maps on imH ® imH* corresponding to idg are e! A xdz! and da' A xel,

which can be rewritten as:

9 se se se 3 se se
—th(CUO +WS )/\77 gdt/\((&)o — Wy )

Furthermore, the invariant (degree zero) maps spanning imH — A? (imH) are the constant

map dz!' A dx? A dx® and e! A e? A e? respectively, which can be rewritten as:
3 3
§t2dt A (wgf — w5®) thdt A (wgf — w3®) An*e

We now rewrite an invariant 3-form 8 = >, uw;w® A dt + Y, v;wi® A n® in terms of this

basis:

3
B = o (dt A (i — wi?) — Bt A ™) — =2 (dt Aws® — 1t%uge +wi®) A nse)

1 1
+ 3 (uop + ug) dt A (wg® + ws®) + <2 (uo + ug) + 375) dt A (wg® — w3®)

1
+ 5

+ wwi® A dt + viwi® An*

1 3¢
vo — v3) (WEE — Wi) A e + <2 (vo + v3) + :2) (Wi + wi®) A e

uptus +u3 u1

So for S to extend, applying | ] 2, , and vg — v3 must be even, ¥ and 4

t )
must be odd, and ( (vo + v3) Sty ) % (up —|— us) 3t must be degree two. Unravelhng
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these conditions, we get wug, vg, u1,v1,us, v3 must be even, ug,ve must be odd, ui(0) =
v1(0) = 0, up(0) + u3(0) = v (0) + v3(0) = 0, 3(up(0) — uz(0)) + 2v5(0) = 0, and v{j(0) +
v4(0) + 3ub(0) = 0 as claimed. O

A.2 Bundle Data

By considering SU(2)2-invariant Calabi-Yau instantons and monopoles on the space of
principal orbits Rsg x SU(2)2/AU(1) of T*S3, O(—1) & O(—1), and O (-2, -2) in §2,
we obtained ordinary differential equations depending on the geodesic parameter ¢ € R~y.
In this appendix, we check the boundary conditions used in §3.1 for these data to extend
smoothly to the singular orbits at ¢ = 0.

Firstly, we must extend the invariant bundle: let H denote the principal isotropy sub-
group of the SU(2)? action, and H' the singular isotropy subgroup. Recall from §1.1 that
the homogeneous SU(2)-bundles over the principal orbit, defined by the homomorphism
H — SU(2), can be extended to an SU(2)%-invariant bundle over the total space by
extending the homomorphism H — SU(2) to a homomorphism H C H' — SU(2).

Recall also §2.3: homogeneous bundles P, ; over the principal orbits of O (—2,—2)
are classified by a pair (n,j) € Z x Zo. Using the isomorphism of the principal isotropy
subgroup Ko o = AU(1) x Zg C U(1)?, we can write the associated homomorphism

KZ,Q — SU(Q) as:
i,
0 o -1 0 e’ 0
0 _if 2im T
e, e"). (e, ") A A5
(e, e). (6, ) (0 _1> (0 9> (A5

and similarly for the bundles P, over the principal orbits of T%5%, O(—1) ® O(—1) asso-
ciated to homomorphisms AU (1) — SU(2) of the principal isotropy subgroup AU(1).

Proposition A.2.1. Up to equivariant isomorphism, the SU(2)?-invariant SU(2)-bundles

extending P, P, ; to the singular orbit are given by:

(i) Eaxtending over S3 = SU(2)?/ASU(2): Py, Py extend to P, Py defined by homo-

morphisms Id, 0 respectively.

(ii) Esxtending over S* = SU(2)?/U(1) x SU(2): P, extends to P,go defined by homo-
morphism i" x O for all n, and Py also extends to Pyiq defined by homomorphism
% x Id.

(iii) Extending over S? = SU(2)?/SU(2) x U(1): P, extends to Py, defined by homo-
morphism 0 x i" for all n, and Py also extends to Piqo defined by homomorphism
Id x 4°.

(iv) Eaxtending over S% x S? = SU(2)?/U(1)%: P, extends to P, defined by homomor-

l

phism " x ™, where | +m = n, and either j = mmod2 or j = [ mod2.

where Id, 0 : SU(2) — SU(2) denote the identity and the trivial homomorphism respec-
tively, and i™ denotes the n-power of the diagonal embedding i : U(1) — SU(2).

Proof. The first two parts of the proposition follow directly from the previous discussion,
and the group diagrams AU(1) C ASU(2) C SU(2)?, and AU(1) C U(1) x SU(2) C
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SU(2)? for T*S and O(—1) @ O(—1), respectively. The third part follows via exchanging
the factors of SU(2)? for O(—1) ® O(—1), i.e. writing the group diagram as AU(1) C
SU(2) x U(1) c SU(2)2.

The group diagram for O (—2, —2) is given by Ky o C U(1)? C SU(2)?, so the singular

homomorphisms are classified by a pair of integers (I, m):

3101 +imbo 0
c ) (A.6)

(e 102 s o
0 6—1[01 —1imba

where the principal isotropy group Kz _2 is uniquely defined as the kernel of (A.6) with
(I,m) = (2,—2). One can realise the isomorphism K _5 = AU(1) x Zy C U(1)? in
exactly two ways, either with Zy C U(1)? defined as the subgroup generated by (%™, e'™)
or Zy C U(1)? defined as the subgroup generated by (e™,e?™), equivalent up to the
automorphism exchanging the factors of U(1) c U(1)2.

The first of these isomorphisms Ky o — AU(1) x Zg C U(1)? is given by the map
(€1, €102 1 (1 ei01) (27, ¢i92=01)) and if we re-write (A.6) as:

(ewl 61‘92)'_> pif2—ith 0 " gill+m)on 0
) 0 e—i02+i61 0 e—i(l4+m)61

and fix the Zs-generator (e*7™ ei™), then (A.6) restricts to AU(1) x Zs C U(1)? as the
homomorphism (A.5) with j = mmod2 and [ + m = n. By exchanging the factors of
U(1) € U(1)?, which also exchanges (I,m) in (A.6), we get the homomorphism (A.5) with
j=1Ilmod2 and | + m = n. O

With a little extra work, the following proposition can also be seen from the previous

discussion:

Proposition A.2.2. Any SU(2)2-invariant SO(3)-bundle over O(—1) & O(—1), T*S? or
O(—2,—2) admitting irreducible invariant connections has a lift to an SU(2)?-invariant
SU(2)-bundle.

Proof. By definition, an invariant SO(3)-bundle lifts if the homomorphism H' — SO(3)
from the singular isotropy subgroup H’ to the gauge group lifts to SU(2). On the other
hand, to admit irreducible invariant connections, the invariant SO(3)-bundle restricted to
the space of principal orbits must lift to the invariant SU(2)-bundle P i.e. if we denote the
principal isotropy group by H, the homomorphism H — SO(3) lifts to the homomorphism
H — SU(2) given by (2.5) with n = 1.

The statement for 7*S3 and O (—1) @ O (—1) is then immediate from Proposition
A.2.1. As for O (-2, —-2), the SO(3)-bundles are classified by the singular homomorphisms
U(1)?2 = SO(2) C SO(3):

1 0 0
(e1,e) — |0 cos (101 + mb2)  sin (161 + mbs) (A7)
0 —sin(l16; +mba) cos (1601 + mb2)

which lift to the SU(2)-homomorphism (A.6) when [, m are both even.
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By the assumption of irreducibility, we require [ +m = 2, so it suffices to consider the

case where [, m are also both odd. Restricted to Ko _o C U(1)?, this gives:

1 0 0 1 0 0
(e, ey [0 -1 0 0 cos(261) sin(26;) (A.8)
0 0 -1 0 —sin(261) cos(26;)

up to the automorphism exchanging the factors of U(1) C U(1)2. Recall from §1.10 that
both ('™, ™) (e2™ ™) € Ky o act trivially on the tangent space of the principal orbits
of O(—2,—-2) given in terms of basis (1.16), but one of (e'™,e%™), (e%™, ™) acts non-
trivially on s0(3) by (A.8), and so every invariant so(3)-valued connection one-form on
the principal orbit can only take values in the set of fixed-points u(1) C so0(3) and must
therefore be reducible. O

In any case, now we have classified possible extensions of invariant bundles over the sin-
gular orbit in Proposition A.2.1, for the rest of this section, we will describe the conditions
for smoothly extending invariant connections and sections of the adjoint bundle.

For any SU(2)%invariant connection A, it will suffice to describe the conditions for
extending SU(2)2-invariant adjoint-valued one-forms: if we denote A : H' — SU(2) the
homomorphism extending the bundle over the singular isotropy subgroup H’, then we can
use the canonical connection d\ over the singular orbit as an SU(2)2-invariant reference
connection to get an SU(2)2-invariant adjoint-valued one form A—d\. In order to calculate
these extension conditions, we apply a similar analysis as in [ , Lemma 1.1] applied
to adjoint-valued forms, cf. | ]

For brevity, we will restrict to the case that the bundle extends the homogeneous
bundle P; over the singular orbit, i.e. the bundle admits irreducible invariant connections:
recall Propositions 2.3.1, 2.3.2, on P; pulled back to the space of principal orbits, an

SU (2)%-invariant connection A can be written:

A:al(E2®vl+E3®w1)+bl(E3®v1 —E2®w1)

(A.9)
+ ag(Ey @ v? 4 B3 @ w?) 4 bo(E3 @ v* — By @ w?) + agE1 @ u™ + By @ u™

for some (ag, a1, ag, by, be) functions of geodesic distance ¢ € R from the singular orbit

at t = 0. Meanwhile, an SU(2)2-invariant section ® of the adjoint bundle can be written:
¢ =oE; (A.10)

for some function ¢ of t € R<y.

Proposition A.2.3. (A.9) extends to the singular orbit S* x S* = SU(2)?/U(1)? on P,
with | +m =1, if and only if ap(0) =1 —m, ag is even, and:

(i) If1 > 1, then a1,by must be of degree | — 1 and ag,be of degree
(ii) If m > 1, then a1,by must be of degree m and ag, by of degree m — 1.

Proposition A.2.4. (A.10) eatends to the singular orbit S? x S? = SU(2)%2/U(1)? on
Py, with 1 +m =1, if and only if ¢ is even.
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Proposition A.2.5. (A.9) extends to the singular orbit S® = SU(2)%/ASU(2) on Py
if and only if a1, az, ap even, by,be odd, bj(0) = —b,(0), a1(0) — az(0) = ap(0), and
al(O) +6L2(0) =1.

Proposition A.2.6. (A.10) extends to the singular orbit S = SU(2)%2/ASU(2) on Pq
if and only if ¢ is odd.

Proposition A.2.7. (A.9) extends to the singular orbit S* = SU(2)?/U(1) x SU(2) on
Poa, Pro iff:

(1) On Pypa: a1, az, ag br, by even, a1(0) = b1(0) = b2(0) =0, a2(0) = —ap(0) = 1, and
ay(0) + 2a5(0) = b5(0) = 0.

(2) On Pio: a1, b, az, b, ag even, az(0) = b2(0) =0, ag(0) = 1.

By exchanging the factors of SU(2) C SU(2)? in Proposition A.2.7, we also obtain the

following corollary:

Corollary A.2.8. (A.9) extends to the singular orbit S? = SU(2)%/SU(2) x U(1) on
Py, Poa iff:

(1) On Puao: a1, a2, ag by, by even, az(0) = ba(0) = b1(0) = 0, a1(0) = ap(0) = 1, and
ali(0) — 2a(0) = H(0) = 0.

(2) On Po: a1, by, az, by, ag even, a1(0) =b1(0) =0, and ap(0) = —1.

Proposition A.2.9. (A.9) estends to the singular orbit S? = SU(2)?/U(1) x SU(2) on
AdPy14, AdPy o if and only if:

(1) On Pyq: ¢ even, and $(0) = 0.
(2) On P1go: ¢ even.
In the remainder of this section, we will explicitly prove these claims:

Proof of A.2.3. We first calculate the boundary extension conditions for invariant sections
of Q' (AdP,,,). Here, denote g = su(2), p = (VL WL V2 W?) and V the tangent space
of the fibre Cy _5, spanned by the Cartesian coordinate vector fields %, %. Clearly
p @V is a U(1)%invariant splitting of the tangent space of O (—2,—2), and as U(1)2-

representations:

g=(B1) & (B, E3) XR@® Coop, p= (VLW (VEW?) 2CopdCop V=Co_s
(A.11)

while as AU(1) x Zg-representations!:

9= (B1) ® (B, B3) *R®Coppyy p=VL,WHe (2 W) =C,eC, V=R
(A.12)

note the factor of Zs in Koo &2 AU(1) x Zz does not appear in the representation theory, as it always
acts trivially on the tangent space and the Lie algebra of the gauge group.
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Recall that, since [ + m = 1, the space of AU(1) x Zg-invariant adjoint-valued one-
forms in g ® (V* @ p*) is spanned by the real and imaginary parts of Fj ® (daco + idml),
(B2 + iE3) @ (v! —iw') , (B2 + iE3) @ (v? — iw?).

To apply the analysis of | , Lemma 1.1], we use (A.11) to look for a basis in
terms of U(1)2-equivariant homogeneous polynomials p : V — g ® (V* @ p*), evaluated at
lev=_C

First assume I > 0. By making the identification of the fibre Cartesian coordinate
one-forms dz® = dt and dz' = 3tn*¢ = 4tu~ along ~(t) = (1,1,t) € SU(2)? x C, and by

taking real and imaginary parts, we obtain the following splitting:

degree ‘ polynomial p(z) ‘ evaluation at z =1
1 2By @ (dz® + ida") Ey @ dt, By @ 4tu™

-1 | 27N By +iEs) @ (vl —iw') | B, @ vl + Bs@w!, —Ey @ w! + B3 ®@ 0!
l (B4 iB3) @ (v —iw?) | By ®0v? + B3 @ w?, —Ey @ w? + B3 ® v?

We can recover the case [ < 0 by exchanging P, ,, — Py, , since clearly, the polynomials
of degree [ —1 and [ are exchanged by this map, and we are working under the assumption
l+m=1.

We now apply this calculation to an invariant connection A of the proposition: the
canonical connection d\ on P, is given by d\ = [F1 ® u' + mE; ® u?, so writing the
SU(2)2-invariant connection A in (A.9) as an invariant section A — d\ € Q' (AdP,,,), we

get:

A—d/\:al(E2®vl+E3®w1)+bl(E3®vl—E2®w1)
+ ag(Ey @ v* 4 E3 @ w?) 4 bo(E3 @ v* — Ey @ w?) 4 (ag — 21+ 1)Fy @ u™

So if I > 0, we require ap(0) = 2] — 1, ag be even, a1, b; to have degree [ — 1 and ag, b2 to
have degree [ to extend A. Again, one gets the corresponding claim for | < 0 by exchanging
the factors of SU(2). O

Proof of A.2.J. The degree of a function appearing as the coefficient of an SU(2)2-invariant
element in Q° (AdP,,,) on the principal orbits is determined by a U(1)%-equivariant ho-
mogeneous polynomial from V' = Cy _5 to g = (1) & (Ea, E3) = R @ Cy 2.

When [ + m = 1, there is a single degree zero polynomial given by the constant map

F1, so the invariant section ® = ¢ F; must have ¢; even. O

Proof of A.2.5. Let g denote the Lie algebra of the gauge group SU(2), V denote the
tangent space to the fibre of T*S3, and su(2)~ denote the complement of the Lie algebra
of ASU(2) in SU(2)?%, i.e. g = (E1,E2, E3), su(2)~ = (U~,V~,W~), and V is the span
of the coordinate vector fields %, %, %
T*S3 can be written as the ASU(2)-invariant splitting su(2)~ @V, with ASU(2) acting
as the adjoint on imH @ imH. An invariant element of Q! (AdP) is determined by an
ASU(2)-equivariant map V — g ® (su(2)” @ V)", where ASU(2) acts as a ASU(2)-

representations:

as in (A.4). Recall that the tangent space of

g® (su(2)” ®V) = imH ® (imH & imH)*
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So that the space of SU(2)%invariant one-forms on adPyq is identified with the space of
ASU (2)-equivariant maps:

L:imH — imH @ (imH & imH)"

Recall from the proof of A.1.5, the space of equivariant polynomial maps imH — imH ®
imH* evaluated at ¢ € imH is spanned by idr + idc,, jc,, and idg with respective de-
grees 0,1 and 2. Here, we are denoting the map between the trivial AU(1) C ASU(2)-
representations in imH as idg, and the maps corresponding to the identity and multi-
plication by complex number ¢ between the AU (1)-representations Cy as idc, and jc,
respectively.

The maps idr + idc,, in this setting, are £y @ u~ + Ea ® v~ + F3 ® w~ and B ®
dz! + By ® dz? + F3 ® d2?, and in the coordinates on the principal orbits (A.4), these are

written:
Ei@u +FE@uv +E3Qw™ B1@dt+2t(Ba@w™ — E3®@0v™)

Similarly, the maps jc, are Eo ® w™ — B3 ® v~ and Fy ® dr® — F3 ® da? here, and in
coordinates (A.4):

Ey@uw —FE3Q@u™ —2t (Ba vt + Es®@w™h)

and finally, the maps idg correspond to E; ® dz' and E; ® u~, where the first of these is

rewritten F; ® dt in coordinates on the principal orbits.

With this grading of the space of AU(1)-invariant subspace of adjoint-valued one-forms,
we can now check the extension of any SU(2)2-invariant adjoint-valued one-form defined
on the principal orbits to ¢t = 0, by writing any such adjoint-valued one-form as a t-
dependent linear combination of these Lie algebra-valued one-forms. To apply this result
to the connection A in (A.9), we need to use the canonical connection to get a section of

Q! (adPy). In this case, the canonical connection is:
AA=E,@ut+Eov T +FE3w’

Writing A — d) in terms of the basis above, this is:

-1
A—d\= <“1+2“t2> 2t (By @ vt + B3 @ w)
B b1 + by
2t
+(a1—a2) (E1®U_+E2®’U_+E3®w_)—l—(bl—bg) (E3®U_—E2®w_)

b1 + b
2t

)(E1®dt—2t(E3®v+—E2®w+))

+(a0—(a1—a2))E1®u—+< >E1®dt

b1+bo
t

2 for connection A in (A.9) to extend to the singular orbit at ¢ = 0. This is equivalent
to the requirement ai, ag, ag even, by, b odd, b;(0) = —b5(0), a1(0) — a2(0) = ap(0), and

So we require aj — as to be even, 2t2=L p _ p, be odd, and ag — a1 + as be degree
q b t b b ) g
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a1(0) + a2(0) = 1, as claimed. O

Proof of A.2.6. Write, V, g as in the previous proof. The space of SU(2)%-invariant
sections of adP is identified with the space of ASU(2)-equivariant maps L : V — g,
and homogeneous generators for the polynomial elements gives extension conditions for
SU (2)%-invariant sections restricted to the principal orbits. L is a ASU(2)-equivariant

map:
L :imH — imH

This has a single polynomial generator L(v) = v for v € imH, so that for ¢ € ASU(2),
qL(v)g~' = L(qug™!), and the corresponding invariant section evaluated at i € imH is Fj.

This generator is degree one, so AU (1)-invariant section ® = ¢F; must have ¢ odd. O

Proof of A.2.7. We first calculate the boundary extension conditions for invariant adjoint-
valued one-forms. Here, denote Lie algebra of the gauge group g = su(2) = (Ey, Es, E3),
the space of left-invariant tangent-vectors on the singular orbit p = (V1 W), and V the
tangent space of the fibre of O (—1) @ O (—1) over a fixed point in S?, spanned by the
co-ordinate vector fields 8%0, %, %, % as in (A.4). Recall that U(1) x SU(2) acts on
p trivially for the SU(2)-factor and as Cy for the U(1)-factor, and on v € V' (identified as

an element of H) as (%, q).v = que™.

An SU(2)2-invariant adjoint-valued one-forms is determined by a U (1) x SU(2)-equivariant
map V — g® (p® V)", and we find the subset of homogeneous polynomial maps in each

of the cases of the proposition:

1. P = Py1q: In this case, U(1) x SU(2) acts on g as imH for SU(2), and trivially for
U(1).

We first find homogeneous polynomial generators for SU(2)2-invariant adjoint-
valued one-forms on the singular orbit S2, i.e. equivariant maps L : V — g ® p*,
where the domain is identified with H, and the image is understood as a space of
real linear maps H D C — imH. In this setting, SU(2) x U(1)-equivariance is the
requirement that the map evaluated at v € H given by L(v) : C — imH satisfies
L(que=®).p = q (L(v).(e*p)) g where p € C, (e, q) € U(1) x SU(2).

There are two such polynomial generators, both of degree two: L;(v).p = vilpv, for
l € {j,k}. Evaluating at 1 € H to the maps L;(1).p = lp, and writing in terms of the
explicit basis for g, p, these are Fy @ v! + Es®@w! and E3®v! — B, @ w' respectively.

We also find homogeneous polynomial generators for SU (2)?-invariant adjoint-valued
one-forms on the fibre V, i.e. equivariant maps L : V — g® V™, where the domain is
identified with H, and the image is understood as the space of real linear maps H —
imH. Here, SU(2) x U(1)-equivariance is the requirement that the map evaluated
at v € H given by L(v) : H — imH satisfies L(que=").p = ¢ (L(v).(cjpeie)) q where
peH, (e, q) € U(1) x SU(2).
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There are two polynomial generators of degree one, given by L;(v).p = pilv+ (p, vli),
where | € {1,i} and {(.,.) denotes the Euclidian dot-product on R*. Evaluating at
1 € H to the maps p — pi+(p,i) and p — Im (p), and writing in terms of the explicit
basis for g, V' in co-ordinates (A.3), these are Fy ® dt + t (E2 @ w? — F3 ® v?) and
t (—2E1 Qu  +Fy@v2+ F3® w2) respectively.

There are also two polynomial generators of degree three, given by L;(v).p = (vl, p)viv
for [ € {1,7}. Evaluating at 1 € H to the map p — (I, p)i, and writing in terms of
the explicit basis for g, V' in co-ordinates (A.3), these are F ® dt and —2tE; ® u~

respectively.

Now we have obtained this splitting of the AU(1)-invariant subspace of adjoint-
valued one-forms, we can check the extension to the singular orbit of any SU(2)2-
invariant element of Q! (adPyq) defined on the principal orbits. To apply this result
to the connection A in (A.9), we need to use the canonical connection to get a section

of Q! (adPyq). In this case, the canonical connection is:
d\ = B @ u® + By ® v* + B3 @ w?
So writing A — dX in terms of our basis above:

A—d)\:al(E’2®vl—|—E3®w1)+b1(E3®v1—E’2®w1)

az — 1

+ 2 (t(EQ ®1}2 + Es ®w2) — 2tEy ®u_)
b

+?2 (t(E3®’U2 —E2®w2) —E1®dt)
(ap + 2a9 — 1)

. b
. (tEy @ u )~|—?2E1®dt

it follows we require aj, ag, ag by, by even, a;(0) = b1(0) = by(0) = 0, a2(0) =
—ap(0) = 1, and a{j(0) + 2a45(0) = b5(0) = 0 to extend A to ¢t = 0.

. P =Py : In this case, U(1) x SU(2) acts on g = (E1) @ (E2, E3) as R @ C, for the
U(1)-factor, and trivially for the SU(2)-factor.

We first find homogeneous polynomial generators for SU(2)2-invariant adjoint-
valued one-forms on the fibre V', i.e. U(1) x SU(2)-equivariant maps L : V —
g ® V*, where the domain is identified with H, and the image is understood as
the space of real linear maps H — imH. Here, SU(2) x U(1)-equivariance is the
requirement that the map evaluated at v € H given by L(v) : H — imH satisfies
L(que=).p = M (L(v).(gpe™)) e where p € H, (e, q) € U(1) x SU(2).

There are two polynomial generators of degree one given by L;(v).p = (p,vl)i,
where [ € {1,i}, and {(.,.) denotes the Euclidian dot-product on R*. Evaluating at
1 € H to the maps p — (p,[)i and writing in terms of the explicit basis for g, V' in
co-ordinates (A.3), these are £y ® dt and —2tFE; ® u~ respectively.
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Finally, there are an additional two polynomial generators of degree one, given by
Li(v).p = (p,vli)+ilvp for | € {1,i}. Evaluating at 1 € H to the maps p — (p, i) +ip,
p +— Im (p), and writing in terms of the explicit basis for g, V' in co-ordinates (A.3),
these are Fq ® dt + t(E3®v2 —Eg®w2) and t(E2®1)2+E3®w2 —2F, ®u*)

respectively.

Next, we find homogeneous polynomial generators for SU(2)%-invariant adjoint-
valued one-forms on the singular orbit, i.e. equivariant maps L : V — g ® p*,
where the domain is identified with H, and the image is understood as the space
of real linear maps H D C — imH. Here, SU(2) x U(1)-equivariance is the re-
quirement that the map evaluated at v € H given by L(v) : C — imH satisfies
L(que™).p = ¢ (L(v).(pe_%e)) e~ where p € C, (¢, q) € U(1) x SU(2).

There are two polynomial generators of degree zero, the U (1) x SU(2) invariant maps
Li(v).p = pl, where [ € {j,k}. Writing these in terms of the explicit basis for g, p,
these are Fy ® v! + F3 ® w! and E3 ® v! — Fy ® w' respectively.

Given our description of the AU(1)-invariant subspace of adjoint-valued one-
forms, we can now check the extension of any SU (2)%-invariant section of Q! (ad P o)
defined on the principal orbits to the zero section, since any such section must be a

linear combination of these Lie algebra-valued one-forms with associated degree.

To apply this result to the connection A in (A.9), we need to use the canonical

connection to get adjoint-valued one-form. In this case, the canonical connection is:
d\ = nE; @ u'
so writing A — d\ in terms of our basis above:

A—d)\:al(E2®vl+E3®w1)—f—b1(E3®v1—E2®w1)
a
+ 7 (B2 @0 + By 0 w?) 2B @ u”)

b
+ 2 (((Bs @ — B @ w®) + By @ di)

+ao—|—202—1

, (tEr®@u™) — %El ® dt

and so we require a1, b1, ag, be, ag even, az(0) = b2(0) = 0, and ap(0) = 1 as claimed.
]

Proof of A.2.9. Write, V, g as in the previous proof. The space of SU(2)2-invariant sec-
tions of adP is identified with the space of U(1) x SU(2)-equivariant maps L : V — g,
and homogeneous generators for the polynomial elements gives extension conditions for
SU (2)2-invariant sections restricted to the principal orbits.

1. P = Py1q: in this case, a map L : H — imH is U(1) x SU(2)-equivariant if
L(que™) = qL(v)q, where v € H, (¢, q) € U(1) x SU(2). This has a single degree
two homogeneous polynomial generator L(v) = viv, which evaluates at 1 € H to
1 € imH corresponding to the element Fq € g. Hence, the invariant section ® = ¢pFq
must have ¢(0) = 0, and ¢ even.
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2. P = Pjo: in this case, a map L : H — imH is U(1) x SU(2)-equivariant if
L(que™) = €9L(v)e ™, where v € H, (¢?,q) € U(1) x SU(2). This has a sin-
gle degree zero homogeneous polynomial generator given by the constant map i,
corresponding to the element F; € g. Hence, the invariant section ® = ¢F; must

have ¢ even.

A.3 Bundle Data: Eguchi-Hanson

In this section of the appendix, we consider extending SU(2)-invariant connections on
T*CP!, equipped with the Eguchi-Hanson metric (1.5), smoothly over the singular orbit
CP! via the method of | ]

Recall Example 1.1.3, if we identify the underlying space of T*CP! with T*CP! =
SU(2) xy(1) Ca, where C is the irreducible U(1)-representation with weight two, then the
obvious SU(2)-action on T*CP! has the group diagram Zy C U(1) C SU(2).

There is a family of SU(2)-invariant SU(2)-bundles on T*CP! defined by the homo-
morphism A : U(1) — SU(2) given by taking I’th power of the diagonal embedding
A:U(1l) < SU(2) for some | € Z~¢. Recall that on these bundles, any smooth SU(2)-

invariant connection over the space of principal orbits can be put into the diagonal form:
A=oFi1®e1 +asFy ey + azFE3 ® es (A.13)

for some a1, as, ag smooth functions of the geodesic distance t € Ry from the singular
orbit at ¢t = 0.

To ensure this connection extends smoothly to the singular orbit at ¢ = 0, we compute:

Proposition A.3.1. (A.13) extends smoothly over the singular orbit CP' = SU(2)/U(1)
on the invariant bundle defined by N if and only if oy is even, a1(0) = I, as + a3 has

degree | — 1, and ao — a3 has degree [ + 1.

Here, we refer to a function a(t) defined on some open neighbourhood of 0 € [0, 00) as

having degree d > 0 if a(t)t~% is a smooth, even function of ¢ in this neighbourhood.

Proof. First, we note that the singular isotropy subgroup U(1) acts on the tangent space
of T*CP! over the identity coset in the base CP! = SU(2)/U(1) as two copies of Cy: one
spanned by left-invariant vector-fields Eo, F3 on CP!, and one spanned by the vector-fields
in the fibre Cy. Moreover for each [ € Z, U(1) acts on the Lie algebra of the gauge group as
R&Cyy, where the trivial representation is spanned by E7, and the weight 2/-representation
is spanned by Fo, Fjs.

By | ], an SU(2)-invariant Lie-algebra valued one-form extends smoothly over the
singular orbit if it is in the image of the evaluation map at some non-zero z € Co, on the
space of U(1)-equivariant homogoneous polynomial maps Cs — (R @ Cy) ®g (Co @ Cy)*
of degree d, with coefficients given by smooth functions of degree d.

To understand this in more detail, we shall see an example: we can construct two
U(1)-equivariant degree-one homogeneous polynomials Re,, Im, taking z € Cy to R-linear
maps Re;,Im, : C3 — R defined by Re,(w) := Re(zw), Im,(w) := Im(Zw) for w € Cs.
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Evaluating Re,, Im, at z = 1 gives the corresponding SU(2)-invariant adjoint-valued one-
forms F1 ® es, F1 ® e3, 1 ® dxg, and F1 ® dxq1, where dxgy, drq denote the Cartesian
coordinate one-forms on the fibre Cs.

We can repeat a similar construction for equivariant homogeneous polynomial maps
p, : Co = Cy @R (Co2 @ Co)*. By evaluating at z = 1 and taking real and imaginary parts,
we get the following table:

degree ‘ polynomial p, ‘ evaluation at z =1

1 ZE1 ® (e + ie3) E1®er, Er ®e3
=1 | 27N (By+iEs3) @ (2 —ie?) | Ba®e’* + E3® e, —Ey ® €% + E3 ® €
I+1 | 2N (By+iEs) @ (24 ie?) | Ea®e* —F3@e® By ®ed — B3 ® e

with a similar table replacing es, es with the Cartesian coordinate one-forms dxg, dri on
the fibre. Note that by switching to polar coordinates in Cy, we can identify dz® = dt and
dx! = 2te; along the ray y(t) =t € Co.

Now, to apply | | to the connection (A.13), we can use the canonical connection
d\' = |E; ® e on this bundle as a reference connection, to get the adjoint-valued one
form A — d\!, which extends over ¢ = 0 if and only if A extends. Along ~(t), we can write

A — d\ in terms of our basis:

A—d\ =22 (2B ®e) +

(a2 +a3z) (B2 ®e2 + B3 ® e3)

-+ (az — 053) (EQ ® ey — FE3 ®€3)

[JE ST

So, for A to extend smoothly over the singular orbit at ¢ = 0, we require a1(0) =1, o to

be even, as + ag to be degree [ — 1, and as — a3 to be degree [ + 1. O
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Appendix B

Singular Initial Value Problems

For use in the following proof, we note that the Calabi-Yau structure on 7%S? is given by

(1.27), and we compute the power-series near ¢t = 0 of the following expressions:

4\ 2 3 (v3 — o) 1 3 (vs + o) 9 3
7 t+ ®) 2\ t+ ®) 221 4+ ()
3vg 1 3 9 3vs 1 3 9
— =——+ = t —_— ==+ - t
2 2t2+2+0( ) 2 2t2+4+0( )

Proof of Proposition 3.1.5. Let (ag, a1, as, ) be a solution to (2.8) on T*S3. Using Prop.
A.2.5, define smooth functions a_, A4, such that a1 —as = a_, a; + as = 1 + t2A,
¢ = ty. Then y(t) = (ag, ¥, A+,a_) must satisfy a singular initial value problem with

linearisation:

-1 0 0 1
0 -1 -1 §¢
¥ -2 -2 ¥
2 0 0 -2

dyoM—1 =

at initial value yo = (§ , %(52 —-1)—x,&, X) for some £, x € R. This initial value problem
has a unique solution once we fix yp, since det(kId — dy,M_1) = (k + 3)* k2. O

For use in the following proofs, we note that the Calabi-Yau structure on O(—1) @
O(—1) is given by (1.26) with U; = —Uy = —up = 1, and the power-series of A, u;, p near
t = 0 satisfy:

A(t) = gt +O(t?) u =1+ %&2 +O(th =3t + O3

Proof of Propositions 3.1.6. Let (ap,a1,a2,¢) be a solution to (2.8) on O(—1) & O(-1).
Using Prop. A.2.7 for extending on P g, y(t) = (ao, a1, a2, @) satisfies a singular initial

value problem with linearisation:

-2 0 0 0

0 0 0 —2v3¢

dyoM_1 = o 0 4y
V3
0 00 -2
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at initial value yo = (1, €,0,0") for some €, € R. This initial value problem has a unique
solution once we fix yo, since det(kId — dy, M_1) = (k + 2)* k2. O

Proof of Proposition 3.1.5. Let (ag,a1,a2,¢$) be a solution to (2.8) on O(—1) & O(-1).
Using Prop. A.2.5 for extending on P14, we define smooth functions Xo, X1, X2, such
that ap = —1+12Xg, a1 = t?X1, az = 1 +t*>Xs, and ¢ = t?). Then y(t) = (Xo, X1, X2,)

satisfies a singular initial value problem with linearisation:

-4 0 0 -8

0 -2 =23 0
dy, M—1 =

at initial value yp = (e, —%(5, —%e, 5). This initial value problem has a unique solution

v
once we fix yp, since det(kId — dy, M_1) = (k + 6)* k2. O
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