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Abstract

We develop a discrete extension operator for trimmed spline spaces consisting of piecewise polynomial functions of degree
p with k continuous derivatives. The construction is based on polynomial extension from neighboring elements together with
projection back into the spline space. We prove stability and approximation results for the extension operator. Finally, we
illustrate how we can use the extension operator to construct a stable cut isogeometric method for an elliptic model problem.
© 2022 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/).
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1. Introduction

Contributions. Consider a function space of C¥ piecewise polynomial splines defined on a background mesh. Let
{2 be a domain embedded into the background mesh without requiring that boundary matches the mesh leading
to so-called cut or trimmed elements in the vicinity of the boundary. The span of every basis function that has
a support that intersects {2 form the so-called active spline space associated with (2. Due to the presence of the
cut elements, this basis is typically very ill-conditioned since the intersection of the domain and the support of
some basis functions may be very small [1,2]. We, therefore, introduce an extension operator that expresses the ill-
conditioned degrees of freedom in terms of the well-conditioned degrees of freedom in the interior of the domain
in a stable and accurate way. Such a discrete extension operator has many uses, for instance, handling of trimmed
elements [3] in isogeometric analysis [4] in a robust manner and as an alternative to adding stabilization terms to
the weak form in cut and immersed finite elements, see [5-7].

To keep the presentation as simple as possible we consider C* tensor product splines but the construction
is very general and allows local refinement as well as splines on triangulations. The basic idea is to split the
mesh into elements with a large respectively a small intersection with the domain 2. To each small element, we
associate a large element in a neighborhood with a size proportional to the local mesh parameter and we then
use the polynomial extension from the associated large element to the small element. This preliminary extension
manufactures a function, which may be discontinuous at the faces belonging to small elements. We then project back
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to the spline space using an interpolation operator. This construction enables us to handle very general situations
and to prove that the extension is stable and has optimal approximation properties in a systematic way.

Previous work. Extension operators for discontinuous spaces were constructed and analyzed in [8], for continuous
spaces an early approach using cell merging in structured meshes was suggested in [9] and then a more general
agglomeration approach was introduced in [10]. A framework for all nodal finite element spaces, including for
instance the family of Hermite splines, was presented in [11]. Examples of applications of extension operators to
cut finite element methods include [12—-15]. Another approach using extension operators, where certain terms in the
finite element formulation are evaluated at an extended polynomial, was proposed for Lagrange multiplier methods
in [16] and in the context of splines using Nitsche type weak imposition of boundary conditions in [17]. Trimmed
elements and immersed methods attract significant interest in isogeometric analysis, see for instance [3,18-21].

Outline. The paper is organized as follows: In Section 2 we introduce the spline spaces including assumptions on
the basis functions, in Section 3 we construct an interpolation operator and establish stability and approximation
properties, in Section 4 we develop the extension operator and establish its stability and approximation properties,
in Section 5 we apply the extension to a cut isogeometric method for an elliptic model problem, and in Section 6
we present some numerical examples based on that method.

2. Spline spaces

o Let ’72 be a uniform tensor product mesh on R? with mesh parameter h € (0, hp]. Let \7;,, ik C CKR?) be a
spline space of piecewise tensor product polynomials of order p with regularity parameter 0 <k < p—1. We
also let Vj, , _ denote the space of discontinuous piecewise tensor product polynomials of order p.

o Let

B={@ict (1)
denote a basis in Vh, .« and define the sub mesh consisting of elements contained in the support of ¢;,

Toi =T €Ty : T C supp(@)) 0
and the set of indices TT c T of the basis functions that contain element T,

Ir={iel:T Csupp(@) (3)
and the corresponding basis functions

Br={@i:iel) @)

e Assume that the basis B satisfies:

Al. The basis functions are locally supported. There is a constant, such that
Tl S 1 (5)

A2. The restrictions of the basis functions By whose support contain T is a basis for Q,(T'), the tensor product
of one-dimensional polynomials of degree p on T,

Qu(T) = span{y; : j € Ir) 6)
and the basis ET is stable in the sense that there are constants such that
RO 28, ~ llvll7, v eQu(T) )
where Ny = dim(Q,(T)) and
V= ZﬁT,i(pilT 3
iETT

is the expansion of v € Q,(7) in the basis gr.

These two assumptions are standard and non-restrictive. Here and below the a < b means a < Cb where the
constant C is independent of & and the intersection of the computational mesh and the domain boundary, but may
depend on p and k.
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Remark 2.1. The number of elements in 7}, ; for the standard basis of B-splines with maximum regularity k = p—1
is (p + )%

Remark 2.2. Our constructions and analysis extend to more general spline spaces including local refinements,
splines on triangulations, and tensor products of splines of various order and regularity. The essential assumption is
that we have a piecewise polynomial space and a basis that is local and the restriction of the basis functions to an
element spans a suitable polynomial space. We have chosen the most common situation of uniform tensor product
splines to keep the presentation simple.

e Given a domain {2 C R? with Lipschitz boundary 32 we define the active mesh

T ={TeT,: TN #B) )
and we let
2, = Urer, T (10)

We let the active basis B C B consist of all basis functions that contain an active element in their support,
B={peB:3T €T;,T C supp(e)} = Urer, Br (11)
and we denote the index set of B by I. The associated active spline space V}, , x is defined by
Vi, p.k = span(B) (12)

For T € 7, we use the notation ET = Br, and TT =1Ir.

3. Interpolation

In this section, we construct an interpolation operator mj : LX) — Vi, p.k- This operator is based on first
extending the function outside of the domain, and then using standard interpolation operators for spline spaces.
We establish basic stability and approximation properties. We also show an estimate of the error in the interpolant
of a discontinuous piecewise polynomial function, where the bound is in terms of a jump operator measuring the
size of the jumps in derivatives across faces. For background on spline (quasi-)interpolants we refer to [22-25].
The word quasi here refers to the fact that these operators are not necessarily interpolating in the classical sense,
with a pointwise evaluation of data, and instead evaluate data in some smoother sense while still retaining other
fundamental properties of interpolation operators.

3.1. Definitions

e There is a continuous extension operator
E.: H(2) > v > vFe e HY(RY) (13)
independent of s, such that
05l sy S Ivllasce) (14

This continuous extension exists given that the boundary 92 satisfies some minimal smoothness properties,
approximately equivalent to that of a Lipschitz domain, see [26]. When not needed for clarity we simply write
E.
v =v.
e For each element T € 7T, let Pr, : LX(T) — Q,(T) be the L%(T) projection. For v € H*({2) and each
element T € 7, we may expand the projection Pr ,(v5|r) € Q,(T) in the basis Br,

Prpvlr =Y Vrigilr (15)
ielr
Thus for each element T € T;,; we obtain a potential coefficient D7 ; multiplying basis function ¢;. We finally,
take an average over the coefficients 7 ; obtained from each of the elements T in the support of ¢; to get the
3
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final coefficient for ¢;. More precisely, we define

=Y (Ori)rer;, ¢ (16)

iel

where the average is a convex combination

Ori)ren, = Y Kkrivr (17)
T€Th,i
with arbitrary weights «7; such that 0 < k7r; < 1 and ZTeTh KT = 1. Note that the weights can be

individually chosen for each basis function.

Remark 3.1. Let B} = {¢7 ; : j € Ir} be the dual basis to By on T, characterized by

o1 (@ilr) = 8;) (18)
Then there is XY*",i € Q,(T) such that go;’j(w) = (X;’i, w)r for w € Q,(T) and we can extend the action of (p;fT to
L*(T). We then have go’;,j(PT,pvh) = <p;j(v|T) and therefore

o3 0lr) = 05 (Propvlr) = Y Orawh (i) =07 o
ielr
which allows us to express the interpolant in terms of the dual basis
o =Y (97,0l rer, ¢ o0
iel

3.2. Properties

The spline space V}, p  is invariant under the interpolation operator. To see this we consider an element T, clearly
Pr ,v =v on T. Expanding v in the spline basis B and restricting to 7,

ZE“PMT =v|r = Prpv= ZﬁT,mMT 21
iel ielr
Since the expansions are unique we conclude that vy ; = v;, for all T € Ty ;, and therefore (V7 ;)rey;, = v;. It

follows that ;v = v for v € V}, , x. Furthermore, introducing the notation

op, 7 = Uicr, supp(¢;) (22)

we note that the restriction of the interpolant m,v to T depends only on v restricted to wj 7, and since
diam(supp(¢;)) < h we have

diam(w;, 1) < h (23)

We now proceed with some basic stability and approximation results for the interpolation operator.

Lemma 3.1. There is a constant such that

I7nvllr S Mol s ve L wnr) (24)

Proof. Starting from the definition (16) of the interpolant and the expression for the coefficients (17) we obtain

vl S 10 ren, PR S Y Y 3k (25)

ielr i€lr T'eTy
E. 2 Ec 2 Ec
SO PRI S D Y g S IR, , (26)
ielr T'eTy i i€lr T'eTy
where we used the equivalence (7). This completes the proof. [
4
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Lemma 3.2. There is a constant such that for all v € H"({2)

e — mpullamy S A" llmsw),  0<m<k 27)

where s = min(r, p + 1).

Proof. We have the invariance
(mw)lr = w, w € P,(wr) (28)

since the spline space is invariant under the action of 7, and polynomials can be represented exactly in the spline
space. Therefore, for any w € P,(wj; 7) we have,

lv—mpvllgmay < v —wllgney + llw — TR gmer) (29)
S v —wlame, ) +h " lw = mollr (30)
S v —wllamey, ) +h " lm(w — )7 (3D
S v —=wlame, ) +h " [w = v, (32)
SET B @) (33)

where we first used the stability (24) and then choose w according to the Bramble—Hilbert lemma, see [27, Lemma
4.3.8]. Summing over the elements and using the stability (14) of the extension operator completes the proof. [

Lemma 3.3. There is a constant such that

o —mvlle, S vl v € Vipo (34)
with
p
lli?, =Y RV, (35)
=0

where F, is the set of interior faces in T;, and [V.v] denotes the jump in the l:th normal derivate over a face.

Proof. Proceeding in a similar manner as in the proof of Lemma 3.2 we note that for any w € P, (wp,r) we have,
using the L? stability of m;,,

(I —mvllr = I — 7)) — Wit S v — wla, , (36)
Finally, taking w € P,(wp,7) such that w = v on T and using standard estimates, see [28,29], for face stabilization

of higher order elements we get

p

o —wli?, , <D RHIVLIG,, (37)
1=0

where Fj, ; is the set of interior faces in 7,,;. O

Remark 3.2. Note that the A-scaling in jj, is chosen such that we have the inverse inequality

il < vl v E Vi p,—1 NCU2) (38)

Remark 3.3. The estimate (34) may be viewed as a generalization of estimates for Oswald interpolation introduced
in [30], from piecewise linear spaces to spline spaces. This type of operator is also used for the analysis of interior
penalty stabilized finite element methods [31,32]. In the case of high-order finite element spaces an hp-analysis
was considered in [33]. In this context, Lemma 3.3 is instrumental for the analysis of the skeleton-based stabilized
methods proposed in [18].
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4. Extension

4.1. Definitions

e To define the extension operator we partition 7, into the set of elements 7, that have a large intersection with
{2, in the sense that

yh® <|T N Q) (39)
for a parameter y > 0, and the set of elements 7;,5 =Tu\ ’ThL with a small intersection. We thus have

Ti=TEUTS (40)
We also define

OF =UpeniT C 0 @1)

oletsS,: ’7;15 — T,F be a mapping that associates a large element to a small element such that
diam(S,(T)UT) S h (42)

According to Lemma 2.4 in [11] there is such a mapping for domains with Lipschitz boundary when the mesh
is sufficiently fine. In general, such a mapping is non-unique.
o We let

Bt =UyuBr B, BS=B\B* (43)

be the set of active basis functions that contain a large element in their support and the set of remaining active
basis functions, respectively. We then have the (interior) direct sum

Vh,p,k = Vh’:p,k @ Vhsjp,k (44)

where
Vi, e =span(BY),  V;S,, = span(B°) (45)

The index sets of B- and B% are denoted by I* and IS, respectively.
e We define the extension operator

By Vif i = Vi (46)
in such a way that

(lsyr) rs T T

Byv)|r = 47
R et 47)
where v¢ denotes the canonical extension of a polynomial v on 7 to a polynomial on R¢.
e We define the extension operator
Ej: VhL’p’k SV mpByv € pr’k C Vipk (48)
where the extended finite element space V,fp’ « 1s defined by
Vlfp,k = Ej VhL,p,k (49)

e Extending the mapping S, from 7,° to T by setting S,(T) = T, for T € T,-, we note that the set valued
mapping S, L T,k — T, induce a partition M, of T, into macro elements

Mr = UT’eSh_](T)T/’ T € 7;,L (50)

that thanks to the property (42) satisfy
diam(Mr) < h (51



E. Burman, P. Hansbo, M.G. Larson et al. Computer Methods in Applied Mechanics and Engineering 403 (2023) 115707

The macro elements M7 are invariant under S, in the sense that if 7 C My then S;,(T’) C Mr. Let VhMp _, be
the space of discontinuous tensor product polynomials of degree p on M,,. Then it follows from the invariance
of M, under S;, that Vh"!”p,_1 is invariant under By,

w = Byw, w e Vhlt/lpﬁl (52)

e If we choose the weights «7; in the average (17) such that
k=0,  T'eT} (53)

for all basis functions ¢; € B%, then the extension operator takes the form

. vL L L L\S E

Ey: V20" > v @EwW) €V, CVipi (54)
where vl = Zie L Vi € Vth,k denotes the expansion of v € V, ,; in the large basis functions and
v$ = Zi oS Vi € Vhsp’k denotes the expansion of v in the small basis functions. This means that the

component (E,v)t of E,v in VhL,p’k is identical to v’ and the extension operator determines a suitable

component in Vhs, k- In particular, we note that with weights satistfying (53) the extension operator does not
change v on 2F,

(Exvl g = vlo (55)

4.2. Properties

Lemma 4.1 (Preservation of polynomials). If v € Q,({2), i.e., a tensor product of one-dimensional polynomials of
degree p on (2, then

Eh(U|QhL) =0 (56)

Proof. 1t follows from the definition of B, that B, (v| QhL) =vand mpv =v. O

Before proving a stability result for the extension operator we show the following technical lemma which provides
a bound for the right-hand side of (34) for a function of the form Bjv € V;, , _; with v € V}, , .

Lemma 4.2. There is a constant such that

I1Bivllj, S A" IV, 0<m=<k, v E Vipik (57)

Proof. Consider a face F shared by elements 7,(F) = {T}, T»}. Let ws be a ball of radius § such that
T US,(T)HUT, U S(T,) C ws (58)

Since Ty and T, share a face and S, satisfies (42) we conclude that there is such a ball with radius § < h. For
w € P,(w;) we then have the estimates

2[+1 [ 2 2[+1 ! 2 21 1 2
RV, Byl = RV, (Bro — w7 S B2 IV, (Brv — w)l1 7 r) (59)
2 2 E 2 2i E 2
S IBrv — w”ﬁ(p) Slv— w||5h(771(p)) Sl - w”w(; S h v ”HM(Q,E) (60)

where we used inverse inequalities to pass from the face to elements and to remove derivatives, then we used the
identity

(Brv — w)lr, = W, 1)) — Wls, 1) = (v — w)ls,(1;)" (61)
followed by stability
1(qls, )N < gl q € Qu(Su(T)) (62)
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of polynomial extension, and finally, in the last inequality we choose w to be the L?(w;) projection of the continuous
extension v%¢ restricted to ws and used a standard approximation result on the ball with diameter § < 4. Note that
we need the continuous extension in the last step since the ball ws may not be contained in {2. Summing over all
faces and using the stability (14) of the continuous extension operator the desired estimate follows. [

Lemma 4.3 (Stability). There is a constant such that

IV Epvlle, S IV, O<m=<k, veVip (63)

Proof. Using the stability (62) of polynomial extension we get

V™0 S NIV 0TS veQ,(T), TeT}t (64)
where we recall that My = Upes! (T)T, and therefore
h
V" Brvllam, S IIV'"vllThL (65)
Adding and subtracting v € Vj, , x we have
IV"Epvllg, = IV"m,Byvl g, (66)
SV, — DByl + IV Byl g, (67)
S hT"(w — DByl 7, + IIV’”UIIThL (68)

where we used the stability (65) of B, to estimate the second term. For the first term we employ Lemmas 3.3 and
4.2,

=" tn — DByvlly, S h " I1Buvllj, S IIvllama) (69)
which completes the proof. [J

We now define an interpolant 7/ : LX) — V, p.k by applying the discrete extension operator to the
interpolation operator defined in (16), v := E,m,v. This interpolation into the extended space satisfies the
following approximation result.

Lemma 4.4 (Approximation). There is a constant such that for all v € H"(2),

lvE — mFvlluma,) S llgs@)y, O0<m <k, s=min(rp+1) (70)

Proof. Let m} : L%(12,) — Vh”""p,f1 be the element-wise L? projection. We then have
lv = 7 vllamg, S R lgsavwy), s = min(, p+ 1) 1)
Adding and subtracting ;v and nhnhM v =y Bhn,ﬁ” v, where we used the invariance (52), we get the identity
v — 1 By(mpv) = v — v + v — nhn,iwv + nhn}{”v — 1, By (mmh0) (72)
=v—nhv—i—m,(v—n,ﬁ”v)%—nhBh(n,f’lv—nhv) (73)

Using the triangle inequality, inverse inequalities, the L stability of 7; and By,

lv — 704 Ba(rav) |l m ) (74)
< |lv = mpvllgmez,) + 7@ — 7 V) ame,) + ll7wnBa(@) v — ,0) | mers) (75)
< v = mpvllameny + " lmn@ — 7 )7, 4+ B 7 By v — )l 7, (76)
< v = mpvllnegy + b7 v = mtvllg, + A" v — ol (77)
STl s (78)

Here we used the interpolation estimate for 7, in Lemma 3.2 and the estimate (71) for n,ﬁ"’ . To estimate the third
term in (77) we added and subtracted v and once again used the approximation of 7} and 7. O

8
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We end this section with some results on the properties of the extended basis. To that end, let I* C I be the
indices for the basis B, and note that BF = {E,¢; : i € I} is a basis in V,fp’k. Using the notation

of = Eng; (79)
for the extended basis functions, we then have the expansion
NL
v=">Y Bigf (80)
i=1

of v e V,fp’ - We next present a lemma that collects the basic properties of the extended basis functions and then
we show an equivalence between the degrees of freedom norm and the L? norm. The latter result is crucial in the
proof of bounds on the condition number of stiffness and mass matrices.

Lemma 4.5 (Properties of extended basis functions). There are constants such that

diam(supp(¢;")) < h, o ooy S 1 1)

and, with 8;; = 1 if supp(gaiE )n supp(gojE ) # @ and 0 otherwise,

max 8; <1 (82)
iell ’
jelk
which means that the number of nonempty intersections between the supports of an extended basis function and the
neighboring extended basis functions is uniformly bounded.

Proof. We first note that if there is no element T € Sh(’ThS) in the support supp(g;) then (piE = E;¢; = ¢;. These
are basis functions in the interior that are not affected by the extension and obviously satisfy the desired properties.
If on the other hand there is T € 7;,5 such that S,(T) C supp(p;) then <piE # ¢;. Using the definition (48) of the
extension operator E, we have ¢f = 7, B,¢;. We start by noting that the support of Bj,¢; is given by

SUPP(Bh(Pi) = UT€7'hL,TCsupp(<p;)MT (83)

where My is the macro element defined in (50). Using the fact that diam(supp(g;)) < h and diam(M7) < h we
conclude that

diam(supp(By¢;)) < h (84)
Recalling the definition (22) and properties of the domain wj, 7 that influences w;v on T, we finally find that

Supp(@;”) C Uay, 7nsupp(Byg)£0@h, T (85)
which in particular means that

diam(supp(¢;*)) < h (86)

since diam(wy, ) < h and diam(supp(B;¢;)) < h, see (23) and (84).
Next using an inverse estimate to pass from the max norm to the L? norm followed by the L? stability of m,
we have for any element T C supp(¢pF),

171 Brpi ooy S B~ N Brgill 7 < - IBugills, ;o S 1Buspil oo, 1) (87)

wp T~
Using stability of polynomial extension we may estimate the right hand side as follows
2 2 2
1B111 %0, 10 S 1001 gty S 10Ty < 1 (88)

Finally, (82) follows from the fact that supp(¢’), i € I*, is contained in a ball Bs(x;) with § < & and x; the
midpoint of a unique element 7; and therefore |x; — x;|lga > h. Thus supp(gf) N supp((pf ) # O for a uniformly
bounded number of indices j € I*. O
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Lemma 4.6 (Equivalence with the degrees of freedom norm). Assume that the weights k7 ; in (17) satisfy (53).
Then there are constants such that

ol ~ A 015N (89)

Proof. We recall that since the weights satisfy (17) we have
(Ev)lgr = vlgr (90)

see (55), which means that the extension does not change v on (2. Then we can apply the equivalence on the
element level (7) on elements T € T,

d 2 d a2 2 2 2
RNy S D0 01N, ~ D0 IIF Sy D llzag = 115 ©1)
TeTE TeTE TeTk

where we emphasized the dependency of y in the last inequality. Conversely, using (81) and (82) it follows that

i = Y 900l ePa S Y Wil 1018785 (92)
i,jell i,jell
Sl (Y 8) S Y ik (93)
iell jelt ierl

which completes the proof. [

5. Application

To illustrate the application of the extension operator we consider an elliptic model problem with homogeneous
boundary conditions in a domain {2 in R? with smooth boundary, find u : 2 — R such that

—Au=f in 02, u=0 onaf? 94)

We use Nitsche’s method together with the extended spline space to discretize the problem. Since the below material
is standard and only for illustration we only sketch the main arguments, for simplicity we assume k = 1. The method
takes the form: find u;, € VhE’p’k such that

ap(up, v) =(f,v)o, VYve Vf,,,k 95)
where
ap(v, w) = (Vv, Vw)o — (Vu, who — (v, Vaw)ae + B~ (v, w)ag (96)

As is well known the key property required to show that a; is coercive on the trial space V;fp, ¢ 1s the inverse
inequality

RIVlZ, SIVVIS,  ve VE 97)
We note that for T € 7, we have
hVa 3 onr S RBLOT] IV ey S RIOL N TR V|7 (98)

Assuming, |32 N T|h=@=D < 1 which holds for instance if the boundary is Lipshitz, we get by summation over
T €Ty,

RVl onr S IVOIG, (99)

which combined with the stability of the extension operator in Lemma 4.3 directly establish the desired estimate
(97). It then follows using standard arguments that for 8 large enough (depending on the constant in (97)),

Il = VoIS + B/ hlviGe S an(v, v), Yo € V), (100)
If we let e, = u;, — Jrfu we immediately see that |||u — uy||| < |||u —nfulll + |llex ]| and

Newlll* < anlen, en) (101)
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By the consistency of Nitsche’s method a; (e, ep) = ap(u — Jr,f u, ep). Using the Cauchy—Schwarz inequality and
(97) we see that

1
ap(u —wfu, en) S (u —mfulll + 12V, — 7f w)llao)lllenll] (102)

Using a trace inequality (see for instance [34]) we see that
2
1 . .
e — mfulll + 172 Vol — mfwllae S YR HID = mfwllg, (103)
i=0
where D' is the standard multi-index notation for derivatives of order i. Then we use the approximation property
in Lemma 4.4

IV =y wlle +h~ u - miulle +hID*w — wywlle S h ullas @) (104)
and obtain the optimal order a priori error estimate for u € H"({2),
W —unlll S B~ ullgs@), s =minG, p+1) (105)

We can also show, following the ideas of [35], using Lemma 4.6 and the properties of the extension, that the
condition number « of the stiffness matrix associated with the form a,, satisfies the estimate

© <h2 (106)

Remark 5.1. Observe that it is straightforward to design and analyze a similar method in the case of fourth-order
elliptic PDE, indeed the ideas of [36] carry over verbatim if the ghost penalty terms are omitted.

6. Numerical experiments

In this section, we present a number of numerical experiments in 2D, where a high-resolution polygonal domain
is immersed in a structured quadrilateral mesh equipped with full regularity B-spline basis functions. For details on
implementation, see [37].

Extension choices. To construct the extension operator according to the above description, we must make the
following three choices:

e The value of the parameter y > 0. This parameter determines the partition of the mesh into large elements
T,F respectively small elements 7,° according to (39), which in turn gives the partition of the active basis
functions into large basis functions B* respectively small basis functions 5. The partition of the elements in
one specific example is illustrated in Fig. 1(b) and the corresponding partition of the basis functions in Fig. 2.

e The small-to-large element mapping Sy, : TS — T . This mapping defines the extension operator B, according
to (47). In our experiments, we construct S, by associating each small element 7 with the large element T’
that minimizes the distance between the center of mass of 7 N {2 and the center of mass of 7' N (2. This is
illustrated by the arrows in Fig. 1(b).

e The weights kr; in the definition of the interpolant. In the extension E,v = 7, B,v the weights determine the
coefficient for ¢;, defining how much weight (B, v)|r should be given for all 7 in the support of ¢;. For our
numerical examples, we choose the weights associated with each basis function ¢; € B as follows. If ¢; is a
large basis function, ¢; € BE, we set the weights for the elements its support, 7 € Tj, ;, to

e F A (107)
If ¢; is a small basis function, ¢; € BS, we set the weights for the elements its support, T € Ty, ;, to

kr; =T N 2| (108)
We then normalize the weights associated with each basis function ¢; € B such that ZT&T;, kri = 1. This

choice of weights fulfills (53), which means that the coefficients for large basis functions are unaffected by
the extension.

11
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m- N
mmmananiE
\ ) .

— il
(a) Immersed domain (b) Element association

Fig. 1. Mesh and element association. (a) The domain (2 and the active mesh 7. (b) The case y = 0.5 with corresponding large elements
colored purple and small elements colored pink. The small-to-large element association S, is illustrated by red arrows.

(a) All basis functions (b) Large basis functions (¢) Small basis functions

Fig. 2. Large and small basis functions. Partition of basis functions into large and small in the case y = 0.5. Here full regularity B-spline
basis functions of order p =2 are used, and hence the support of a basis function will cover a 3 x 3 block of elements in the mesh. In
the plots, each basis function is indicated by shading of its support and a marker at the center of its support.

As an illustration of how this realization of the extension couples small basis functions onto large basis functions,
we present the supports of some extended basis functions in Fig. 3. Note that the above choices directly affect this
outcome, where for instance an average with only a single non-zero entry per basis function would produce fewer
couplings between any small basis functions and large basis functions.

Work flow. In practice the extension is applied to our method on a linear algebra level, by the following steps:
e Assemble the square linear system of equations for the original method
An=0b (109)

where 7 € RI™Yipk) are coefficients for the full approximation space Vi, p .

—~ . . L
e Given y > 0, assemble the extension matrix Ej, € R4™Vir&*dimVij, ) that maps the large degrees of freedom

onto all degrees of freedom. An example pseudocode description of this assembly is provided in Fig. 4. In
case y = 0 the extension matrix E; reduces to the identity matrix.
e Solve the reduced system

(Ef AEyw, = Elb (110)
dim(V,:, )

where u, € R
e Expand u, in coefficients for the full approximation space Vj ,x via

ut = E,m, (111)

are coefficients for the extended space V}fp_ e
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ﬁ

[@)=]

Fig. 3. Extended basis support. Illustrations of extended basis functions (y = 0.5) which incorporate small basis functions with support in
the element indicated in the upper left subplot. In each subplot the center of the original large basis function is indicated by a square and
its support is shaded in light blue while the centers of associated small basis functions are indicated by circles and their supports are shaded
in light pink. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

Model problem. We consider the non-homogeneous version of the application examined in Section 5, i.e., we solve
the Dirichlet problem

—Au=f in 02, u=gp onaf? (112)
using Nitsche’s method: find u;, € V,fp_ « such that

an(up,v) = (), YveV/ , (113)
with a;, given by (96) and

li(w) = =(gp, Vawls + Bh~ (gn, whse (114)

In all experiments, we use the Nitsche penalty parameter f = 25p>. Note that this method does not include any
additional stabilization terms for ensuring optimal stability properties regardless of how the domain cuts through
the mesh, cf. [5,7,38].

In our quantitative experiments, we use the bean-shaped geometry in Fig. 1(a) as our domain {2, whose boundary
d{2 is constructed as the cubic spline interpolation of the periodic angular data points

0 = {0, —1/2, /20, /4, /2, 7, 37 /2, 0} (115)

x={(6) (-6s)> (5610)- (1) (35" (76%)- (0s)- ()} (116)

A problem with a known analytical solution is manufactured by deriving f and gp from the ansatz u =
%) (sin(2x) + x cos(3y)), and we present a numerical solution to this problem in Fig. 5.

Worst case mesh. We embed the domain {2 in a structured quadrilateral mesh equipped with B-spline basis functions
of order p and maximum regularity k = p — 1. To mitigate the effect of chance in the cut situations generated in
our convergence and stability studies we for each mesh size i generate a sequence of 100 meshes by translating
the original background mesh by sh( 1}3 ), where s incrementally goes from O to 1, and then report the worst result
from this sequence.

Convergence. In Fig. 6 we collect our convergence studies:

e Firstly, in (a)—(b) we consider convergence using p = 2 basis functions and extension for a wide range of
y € [0, 1]. We note poor convergence results in the case without extension (y = 0), likely due to loss
of coercivity in the method in the worst cut situation. We also note that for larger y the errors are initially
somewhat higher, which seems reasonable since then more basis functions close to the boundary are extended.

13
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procedure EXTENSIONMATRIX(7)
TE 0, BE 0 > Partition of elements and basis functions
for all T € T}, do
if vh¢ < |T'N Q| then
TE+— TEUT, BE « BY U (Ui=r9i)
end if
end for

T+ T\ TiE, BS « B\ BE

for all T' € 7715 do > Small-to-large element association
Sp(T) 4 argming, e dist(|T NQ™ [qzde, | T NQ™ [ g2 d:p)

end for

By, « sparse(|BC|, |B]) > Preliminary extension from VhLW,€ to a dG-space

for all T € T}, do
if T e 7;LS then
T+ Sh(T)
for i € I%G do
set ¢ € R™¥IBrl such that ;|7 = Z'fiTlll CiP1. ()
B\h(i, IT/) ~c
end for
elseA
Bh(I%G, IT) — Id|BT|
end if
erld for
(Bh)*,ls — @

I, + sparse(|B], |BIG|) > Interpolation from the dG-space to Vj, i p
for all i € I do
for all T € 7;,; do
if p; € B and T € 7,° then
KT < 0
else
KT |T N Q|
end if
end for
normalize such that ZTeTh BT = 1
for all T' € 7;,; do
find j such that Ir(j) =i
(In)i 13e () < K.
end for
end for

return E;, <+ I;, By, > Final extension matrix
end procedure

Fig. 4. Extension matrix assembly. For a convenient description we here assume that Bj, extends into a discontinuous Galerkin version of
the space V), p.«, discontinuous between all elements. We let previously used notations extend to this dG-space, signified by superscript ‘dG’.
The local ordering of the basis functions in the elementwise index sets is assumed fixed.

14
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//'\

Fig. 5. Numerical solution. Model problem solution using extension with y = 0.5 and full regularity B-spline basis function of order p = 2.

e Secondly, in (c)—(d) we consider convergence using p = 1, 2, 3 basis functions and extension with y = 1 and
note that optimal order convergence seems to be asymptotically obtained.

Condition number scaling. To ensure stable computation of the condition number we convert our sparse matrix A
to a full storage matrix and employ dense linear algebra for the computation, i.e., using cond (full(A)) in Matlab.
In Fig. 7 we collect studies of how the condition number scales with h:

e Firstly, in (a)—(b) we consider the condition number A-scaling using p = 2 basis functions and extension for a
wide range of y € [0, 1]. We note that without extension (y = 0) the condition number seemingly can become
unbounded. Also, for y > 0 the size of y seems to have the effect that for larger values, a smaller mesh size
is required before entering the desired asymptotic 42 scaling found in (106). This delay we attribute to the
dependence of y in the bound (91).

e Secondly, in (c) we consider condition number %-scaling using p = 1, 2, 3 basis functions and extension with
y = 1 and note that the desired 42 scaling is plausibly asymptotically obtained in all cases, even though that
stage in not quite reached in the case of p = 3.

In (d)—(f) we consider the same studies as in (a)—(c) albeit including simple preconditioning of the stiffness matrix
using diagonal scaling.

The remaining 2> dependence of the condition number we see in these studies is analogous to that of
mesh-conforming methods and can be resolved by means of further multigrid preconditioning [39].

Isogeometric example on a surface. As an illustration that extension is directly applicable in an isogeometric
setting [4], we consider the following problem posed on a curved surface. Let I' C R? be a surface described
via the parametric mapping @ : 2 — I’ C R® with induced Riemann metric G € R*>?, G;; = ; ®-9; ®. Using the
lifting v* = v o ¢! we can formulate the Dirichlet problem on I" as seeking an unknown on the reference domain
(2; find u : 2 — R such that

—Aru*=f inT, u'=g ondrl (117)

where Ap is the Laplace-Beltrami operator on I'. Transforming this problem back to Euclidean coordinates in {2
we can derive a Nitsche’s method for the problem defined by the forms

ap(v, w) = (IG|'*Vv,G™'Vw),, (118)
—(1GI"*n - G~'Vv, w), , + (IGI"?v, ph™" —n - G~ 'Vuw), ,
)= (IG|"?fo & v),+ (IG'*go &, Bh~ v —n-G~'Vv),, (119)
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—%— 4=0.99
— — RefhP*!

log(flu — usll)
mmwwgmm

log(f|u — un|)

tos((19 (u = un) )

log(h) ) b - - log(h)
(c)y=1 (d)vy=1

Fig. 6. Convergence. In these experiments, the largest error among 100 different cut situations is presented for each mesh size &. (a)—(b) Errors
in L?-norm respectively in H'-seminorm when using extension for a wide range of y € [0, 1] and full regularity B-spline basis functions
of order p = 2. (c)~(d) Errors in L?-norm respectively in H'-seminorm using full regularity B-spline basis functions of orders p = 1,2,3
and extension with y = 1.

Since the mesh 7;, and approximation space in this isogeometric setting are naturally defined on {2, rather than on
the curved surface I', we can directly apply the extension to the resulting system of equations. An example solution
is presented in Fig. 8, where a circular reference domain is mapped onto a cone.

7. Conclusions
We provide a recipe for the construction of a family of extension operators for trimmed spline spaces that feature:

e Proven approximation and stability properties. The extension gives additional stabilization by eliminating
the ill-conditioned ‘small’ degrees of freedom, expressing them in terms of well-conditioned ‘large’ degrees
of freedom while maintaining optimal order accuracy for the extended space. This is reflected in a good
performance in our numerical experiments.

e Convenient implementation. The extension describes a mapping from large degrees of freedom onto all degrees
of freedom and is conveniently applied to the linear algebra formulation of the method. Also, since the
extension induces the necessary stability, special stabilization terms or other forms of manipulation are not
required to ensure robustness with respect to how the spline space is trimmed.

e Natural choices in the construction. The choices needed for the construction of the extension operator are
quite natural; the parameter y > 0 determining the partition into large and small elements that in turn gives
the partition into large and small basis functions, the mapping S, onto large elements, and the weights wr;
in the interpolation operator. During our numerical testing, we found no particular sensitivity in how these
choices seem to affect performance.
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Fig. 7. Condition number h-scaling. In these experiments the worst stiffness matrix condition number among 100 different cut situations is
presented for each mesh size h. (a) Condition numbers when using extension for a wide range of y € [0, 1] and full regularity quadratic
B-spline basis functions. (b) Detailed view of the study in (a) limited to the three largest values of y. (c) Condition numbers using full

regularity B-spline basis functions of orders p = 1, 2, 3 and extension with y = 1. (d)—(f) Studies corresponding to (a)—(c) when the stiffness
matrices are also preconditioned using diagonal scaling.

Fig. 8. Extension on a mapped domain. In this example, the domain is a curved surface I" constructed as

I~

—

T

(a) Reference domain

(b) Solution

a map from the unit square

onto the surface of a cone, and a circular trim curve in the reference domain (2. (a) Reference domain (2 and the mesh on which the
approximation space is defined. (b) Numerical solution for a Dirichlet problem using extension (y = 0.5).
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Overall, we find discrete extension a very attractive technology for stabilizing trimmed spline spaces, with solid
performance and a most convenient implementation.
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