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Abstract:  8 

Applied smouldering systems are gaining popularity for a variety of energy conversion applications. 9 

Radial heat loss plays a crucial role in these systems, as they cause multi-dimensional effects (e.g., in 10 

temperature, airflow, and chemical activity). These effects can control system operation limits and 11 

performance; therefore, a robust understanding of these multi-dimensional effects is crucial for design 12 

engineers. A multi-dimensional applied smouldering numerical model was developed that couples key 13 

physics and chemistry. The model was validated against highly instrumented, multi-dimensional 14 

smouldering experiments.  The model was then employed to obtain a qualitative investigation of multi-15 

dimensional effects and quantitative analysis of the energy balance that dictates the limits of the self-16 

sustaining process.  Moreover, a sensitivity analysis of the system energy efficiency was completed.  The 17 

results provide insight into the interconnected nature of key physical (e.g., temperature, air flow, porous 18 

beds) and chemical (e.g., oxygen concentration, reaction intensity) qualities. Altogether, this work 19 

provides a novel tool for investigating, designing, and optimizing smouldering reactors for a range of 20 

applications such as soil remediation, waste-to-energy, and improving sanitation in the developing world. 21 
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Nomenclature 9 

Latin Letters  
AGAC Pre-exponential factor, s-1 
As Surface area per unit volume of the porous medium, m2 

C Fuel concentration 
Cp Specific heat capacity, J kg-1 K-1 

dp Particle diameter, m 
Dg Diffusion coefficient, m2 s-1 
EGAC Activation energy, kJ mol-1  
H Radial heat transfer coefficient, W m-2 K-1  
hsg Interstitial heat transfer coefficient, W m-2 K-1 
k Thermal conductivity, W m-1 K-1 
kp Intrinsic permeability, m2 

L Column length, m 
Mg Molar weight, g mol-1 
m Total Mass, kg 
Nu Nusselt number 
P Pressure, Pa 
Pr Prandtl number 
𝑞̇ Heat flux, W m-2 
R Column radius, m 
𝑅!"#  Reaction rate, s-1 
Re Reynolds number 
𝑅$ Ideal gas constant, J mol-1 K-1 
T Temperature, °C 
u Darcy air flux, m s-1 

𝜈% Smouldering front velocity, cm min-1 
𝜈&! Oxygen stoichiometric coefficient, kg.O2 kg.fuel-1 
Y Mass fraction 
Greek Symbols 
ΔH Heat of oxidation, MJ kg-1 
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μ Dynamic viscosity, Pa s 
ρ Density, kg m-3 

ϕ Porosity 
𝜎 Stefan-Boltzmann constant, W m-2 K-4 
Subscripts/Superscripts 
b Bulk 
eff Effective 
g Gas 
GAC Granular Activated Carbon 
i Metal Sheet 
in Inlet 
p Peak 
r Radial Direction 
rad Radiation 
s Solid 
sp Spherical 
z Vertical Direction 
0 Initial value 
rad Radiation 
sp Sphere 
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1. Introduction  1 

Thermal porous medium reactors are used for a variety of applications, including: (i) phase change 2 

materials (PCM) [1], (ii) sensible [2] and thermochemical energy storage [3], (iii) waste-to-energy and 3 

resource recovery [4, 5], (iv) pyrolysis and gasification (e.g., for CO and H2 production) [6-8], (v) 4 

household and food industry (e.g., hot water production) [9, 10], and (vi) applied smouldering of organic 5 

liquids/solids (e.g., faeces [11], wastewater sludge [12], granular activated carbon [13, 14], coal tar [15], 6 

bitumen [16]) embedded in an inert porous matrix (e.g., sand, soil). Applied smouldering has been 7 

successfully implemented in different reactors from laboratory scale (e.g., column, 0.003 m3) to 8 

intermediate (e.g., Drum, 0.3 m3) and pilot field-scale (e.g., bin or Hottpad, 3 m3) [17-20]. 9 

Applied smouldering systems are typically operated as a “self-sustaining” process, meaning that the 10 

reaction will propagate, after a local and short ignition event, without further external energy. Self-11 

sustained smouldering results from a local, positive energy balance (i.e., energy released from 12 

smouldering exceeds all losses locally at the reaction front).  Self-sustaining makes applied smouldering 13 

an energy efficient, cost effective, and green technology [21]. When the energy balance becomes negative 14 

(e.g., due to high heat losses [16]), the reaction can weaken towards extinction [22]. Radial heat losses 15 

from the hot inert porous bed trailing smouldering is responsible for transferring 28-52% of total energy 16 

generated out of the system in lab scale experiments [16, 23]. Moreover, heat losses cause a non-uniform 17 

temperature and air flow distribution (i.e., non-uniform air flux) along the radius of the reactor [23-26]. 18 

These factors can decrease the smouldering robustness (i.e., resistance of self-sustaining reaction to 19 

extinction) from center to the wall (i.e., non-uniform reactions [27]). These multi-dimensional effects can 20 

deteriorate the system performance and lead to unexpected failures; however, the interplay between these 21 

effects is not well-understood [28]. 22 

The effects of radial heat losses in smouldering reactors were analyzed via analytical modelling [29]. A 23 

System Energy Efficiency (SEE) analysis was developed using a global energy balance to investigate the 24 
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system sensitivity to reactor radius (𝑅) and quality of the surrounding insulation (represented by a heat 1 

loss coefficient, 𝐻) [29]. That study quantified the diminishing influence of radial heat losses with 2 

increasing reactor radius (e.g., 35% of the energy was lost radially in a batch reactor with 𝑅 = 8 cm 3 

compared to 14% with 𝑅 = 30 cm [29]). These results align with experimental studies that show increasing 4 

scale led to reduced heat losses and extended thresholds for self-sustained smouldering [30, 31] and 5 

smouldering robustness. 6 

Smouldering includes heat and mass transfer processes in porous media coupled with chemical reactions. 7 

Figure 1 shows self-sustaining smouldering reactions, which propagate through the bed in the direction of 8 

air flow, and composed of multiple distinct zones including (i) preheating, (ii) reaction, and (iii) cooling. 9 

Each exhibits dominant physical and chemical processes [32, 33]. The key processes happening in each 10 

zone are summarized in [33] and also in the methodology section. By propagating the self-sustained 11 

smouldering in the system, these three interdependent zones extend in thickness and intensity throughout 12 

space and time.  13 
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Figure 1. (a) Multiple distinct zones of applied smoldering reactor. (b) Conceptual model showing a 
distorted smouldering front (red) that propagate through the contaminated region (gray) and leaving 
clean and hot sand (orange) behind while radial heat loss causes peripheral extinction. (c) Air mass 

flux and temperature distribution at a specific time. (d) Local and (e) global energy balance analysis. 

 1 

One-dimensional (1D) smouldering models were used to investigate the effect of chemical mechanisms 2 

[34-36] and extinction criteria [16, 22, 37]. In such models, a global heat loss coefficient is employed as 3 

a sink term [16, 22, 33], and it is usually adjusted to match the slope of the experimental centreline 4 

temperature behaviour [24]. The fraction of carbon oxidized and the fraction of oxygen consumed depend 5 
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on the front temperature, which is affected by heat losses [26]. While these 1D models elucidate useful 1 

features, they cannot capture key multi-dimensional effects, e.g., smouldering front distortions [23, 26], 2 

non-uniform air flux [23, 38].  These important features have been suggested by analytical calculations 3 

[38] and experiments [25, 26, 28] to drive peripheral extinction (i.e., unconsumed fuel near the wall) due 4 

to radial heat losses [25, 27]; see Fig. 1. Previous 2D smouldering numerical modelling are summarized 5 

in Table 1. 6 

Table 1.  2D numerical smouldering models available in the literature 7 

Porous 
Medium Fuel Motivation Discussion Ref 

Alumina Bead  Carbon - Heat loss 
- Front shape 
stability 

- Effect of radial heat loss 
- Smouldering front shape 
 

[23] 

Peat  Peat - Heat loss 
- Shrinkage of 
structure 

- Effect of radial heat loss and inorganic content  
- Structure of natural downward smouldering  
 

[27] 

Cellulosic 
material 

Cellulosic 
material 

- Heat loss - Investigation of the mechanisms controlling smouldering [39] 

Polyurethane 
foam 

Polyurethane 
foam 

- Heat loss  
 

- Investigation of the complexity of the reaction mechanism 
- Effect of radial heat loss 

 

[40] 

Charcoal  Charcoal - Heat loss - Investigation of oxygen concentration 
 

[41] 

Foam 
insulation  

Foam 
insulation 

- Heat loss - Effect of radial heat loss 
 

[42] 

Foam 
insulation  

Foam 
insulation 

- Heat loss 
 

- Effect of radial heat loss 
 

[43] 

Carbonaceous 
rod 

Carbonaceous 
rod 

- Heat loss 
- Diffusion of 
oxygen  

- Effect of radial heat loss and oxygen distribution 
 

[44] 

Cigarette Cigarette - Heat loss 
- Diffusion of 
oxygen  

- Effect of radial heat loss 
- Radial oxygen mass transfer 
 

[45] 

Porous object Porous object - Heat loss  - Air flow distribution [38] 
Sand/soil/ Waste oil 

sludge (WOS) 
- Bed heterogeneity 
(e.g., WOS 
concentration, 
sand/soil 
permeability) 

- Proof of concept, sensitivity analysis, and design of Hottpad 
 

[20] 

Soil  Coal tar - Heterogeneity - Effect of Coal tar and permeability heterogeneity  
 

[46] 

Sand Coal tar - Multi-dimension-
al air flow field 

- Smouldering propagation 
- Thermal robustness 

[47] 
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The studies in Table 2 generally developed and validated 2D numerical models to show the effects of 1 

radial heat losses on the non-uniformity of temperature [27, 44, 45], air flux [23, 38], oxygen mass fraction 2 

[41, 43] and chemistry distribution that affect the smouldering front shape, velocity, and propagation [23, 3 

27, 44].  4 

Previous 2D studies showed peripheral extinction [27, 39, 40] with the centerline self-sustaining 5 

smouldering weakening to global quenching (i.e., complete extinction) by increasing radial heat losses 6 

(e.g., H > 20 W/m2 K). Heat losses also lowered temperatures [45] and oxygen consumption near the wall 7 

in comparison to the centerline [43]. Increasing the radial heat loss decreased the smouldering front 8 

velocity because of decreasing temperature and reaction rate (i.e., char mass fraction distribution) [39, 42] 9 

and, by increasing the radial heat transfer coefficient from 20 to 100 W/m2 K, the maximum temperature 10 

and smouldering front velocity decreased to roughly one third [44]. Pozzobon et al. [23] performed a 11 

numerical and experimental investigation of radial heat loss effect in temperature distribution, 12 

smouldering front shape, and oxygen consumption. They showed that, by decreasing the fuel mass 13 

concentration from 3.6 to 2.3%, the smouldering front shape was inverted from concave to convex. This 14 

shift in the smouldering front shape was hypothesized to result from a competition between non-uniform 15 

reactions and non-uniform air flux; but this hypothesis has not yet been rigorously tested. 16 

A phenomenological 2D numerical model capable of simulating smouldering in heterogeneous domains 17 

was developed to simulate applied smouldering [20, 46, 47]. This model was validated to perform 18 

sensitivity analyses on key design parameters of commercial-scale systems, including permeability 19 

heterogeneity in and fuel concentration (here, waste oil sludge (WOS) saturation). Valuable practical 20 

insight was achieved through this modelling.  For example, it was shown that smouldering systems could 21 

operate well with high levels of heterogeneity in WOS saturation (e.g., due to poor-mixing), but were 22 

highly sensitive to heterogeneity in the soil permeability (e.g., from using a widely graded soil). However, 23 
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that model was not capable of simulating coupled effects with heat losses (e.g., non-uniform reactions and 1 

non-uniform air flux).  2 

Considering the previous research, it is not entirely clear how coupled non-uniformities (e.g., in 3 

temperature, air flux, and reactions) will affect applied smouldering under a range of conditions relevant 4 

for applications. Therefore, this study aims to address this knowledge gap by combining the most rigorous 5 

components of established smouldering models into a new, multi-dimensional numerical model.  Towards 6 

this goal, this study aimed to: (i) develop a 2D numerical model to simulate 2D heat transfer in an inert 7 

porous medium; (ii) conduct heating experiments, i.e., no fuel within the porous medium, to validate the 8 

heat transfer model; (iii) develop a simple chemical mechanism for granular activated carbon (GAC) 9 

smouldering; (iv) develop a 2D smouldering model applying the developed chemical mechanism; (v) 10 

conduct 2D GAC smouldering experiments to validate the smouldering model; (vi) use the validated 11 

model to resolve the global energy balance dynamics, (vii) perform qualitative and quantitative analysis 12 

of the factors that promote global and local smouldering quenching. Altogether, this work provides novel 13 

insights into the global energy balance and multi-dimensional effects in applied smouldering systems, 14 

which are also beneficial for other thermal porous media technologies. 15 

 16 

 17 

 18 

 19 
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2. Methodology 1 

2.1 Modelling 2 

An axisymmetric, 2D numerical model was developed in COMSOL Multiphysics (Version 5.5) using 3 

high resolution of 0.05 cm discretization. The computational domain used cylindrical coordinates and 4 

simulated: (i) a porous medium composed of clean sand mixed with granular activated carbon (GAC) and 5 

(ii) a surrounding, solid metal sheet representing the column stainless steel wall. The model dimensions 6 

mirrored the experimental setup in Fig. 2. The governing equations (Eqs. (1-17)) were solved at every 7 

node in space and time to simulate 2D smouldering and heat transfer. The numerical model considered 8 

two phases: (i) solid (i.e., GAC, sand) and (ii) gas. Pyrolysis reactions were assumed to be negligible [30, 9 

48, 49], as the GAC used was nearly entirely carbon (> 90%) and exhibited low volatiles content [13, 30]. 10 

Moreover, thermogravimetric experiments performed on GAC under an inert atmosphere (i.e., using 11 

nitrogen) resulted in a negligible mass loss (Supplementary Material, Section C). Therefore, the GAC 12 

smouldering kinetics followed a global, 1-step oxidation mechanism [13]: 13 

𝐺𝐴𝐶 + 𝜈&!𝑂'
("#$,⎯⎯.	𝜈)*	𝐶𝑂 +	𝜈)*! 	𝐶𝑂' (1) 

where the oxidation reaction rate (RGAC) was described as a first-order Arrhenius reaction [50] : 14 

𝑅!"# = 𝐴!"#𝑒𝑥𝑝 4−
𝐸!"#
𝑅$𝑇+

8 (𝑌!"#)<𝑌&!= (2) 

where 𝐴!"#  is the pre-exponential factor, 𝐸!"#  is the activation energy, 𝑇+ is the solid temperature, and 15 

𝜈&! is the oxygen stoichiometric coefficient. The mass fraction of GAC and oxygen are defined as 𝑌!"# =16 

𝑚!"# 𝑚!"#,-⁄  and 𝑌&! = 𝑚&! 𝑚./0⁄ , the subscript “0” refers to initial, and 𝑚!"#  and 𝑚&!are the mass of 17 

GAC and oxygen, respectively. The kinetic parameters (𝐴 and 𝐸) were estimated via a Genetic Algorithm 18 

(GA) optimization method coupled with thermogravimetric experiments performed under an oxidative 19 

atmosphere (i.e., using air; see Supplementary Material, Section C). Although the use of the Arrhenius 20 
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equation and reaction rates for heterogeneous reactions has been questioned [51-54], this simplistic 1 

approach is extensively used in the literature of thermal degradation of solids and liquids [13, 32, 36, 55]. 2 

While it is beyond the scope of this paper, it is worth noting that the rate of a heterogeneous reaction 3 

should explicitly consider the decrease in reactant-product surface area as the reaction consumes the solid 4 

surface [51-54]. This dependency is approximated in Eq. (2) via including YGAC. 5 

The conservation of mass for the solid phase is [13]:  6 

𝜕(𝑌!"#)
𝜕𝑡 = −𝑅!"#  

(3) 

and the gas phase is [23, 43]: 7 

𝜕(𝜌$𝜙$)
𝜕𝑡 +

1
𝑟
𝜕(𝑟𝜌$𝑢0)

𝜕𝑟 +
𝜕(𝜌$𝑢1)
𝜕𝑧 = 𝑄$ 

(4) 

where 𝑄$ represents the volumetric mass generation rate for the gas phase: 8 

𝑄$ = (𝜑!"#𝜌!"#)(𝑅!"#) (5) 

The bulk transport of oxygen in the gas phase was described by Eq. (6) [13]: 9 

𝜙$
𝜕(𝜌$𝑌&!)

𝜕𝑡 +
𝜕<𝜌$𝑢0𝑌&!=

𝜕𝑟 +
𝜕<𝜌$𝑢1𝑌&!=

𝜕𝑧

=
1
𝑟
𝜕
𝜕𝑟 4𝑟𝜙$𝜌$𝐷$

𝜕𝑌&!
𝜕𝑟 8 +

𝜕
𝜕𝑧 4𝜙$𝜌$𝐷$

𝜕𝑌&!
𝜕𝑧 8 + 𝑄&! 

(6) 

where 𝐷$ is the diffusion coefficient, 𝑌&! is the mass fraction of oxygen in the air, and 𝑄&!represents the 10 

mass per unit volume per unit time for oxygen consumption and was defined by Eq. (7): 11 

𝑄&! = −(𝜙!"#𝜌!"#)	𝜈&!𝑅!"#  (7) 

where 𝜑!"#  and 𝜌!"#  is the GAC porosity and density, respectively.  12 

The conservation of energy considers local thermal non-equilibrium (LTNE), i.e., the temperature of the 13 

solid (𝑇+) differs from the temperature of the gas (𝑇$) [13, 29, 33]: 14 
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(𝜌	𝐶2)3%%
𝜕𝑇+
𝜕𝑡 =

1
𝑟
𝜕
𝜕𝑟 K𝑟𝑘3%%

𝜕𝑇+
𝜕𝑟 M +

𝜕
𝜕𝑧 K𝑘3%%

𝜕𝑇+
𝜕𝑧 M + ℎ+$ 4

𝐴+,+2
𝑉+2

8 <𝑇$ − 𝑇+=

+ 𝑄$34 

(8) 

𝜙$𝜌$𝐶5%
𝜕𝑇$
𝜕𝑡 + 𝜌$𝐶5%(𝑢0

𝜕𝑇$
𝜕𝑟 + 𝑢1

𝜕𝑇$
𝜕𝑧 )

=
1
𝑟
𝜕
𝜕𝑟 4𝑟𝜙$𝑘$

𝜕𝑇$
𝜕𝑟 8 +

𝜕
𝜕𝑧 4𝜙$	𝑘$

𝜕𝑇$
𝜕𝑧 8 + ℎ+$(

𝐴+,+2
𝑉+2

)(𝑇+ − 𝑇$) 

(9) 

where 𝐴+,+2 and 𝑉+2 are the surface area and volume of the sand, respectively, and 𝑄$34 represents the 1 

volumetric energy production rate from GAC oxidation (∆𝐻!"#): 2 

𝑄$34 = 𝜙!"#𝜌!"#(∆𝐻!"#𝑅!"#) (10) 

The interfacial heat transfer coefficient (ℎ+$) between the solid and gas phases is based on an empirical 3 

Nusselt (𝑁𝑢) versus Reynolds (𝑅𝑒) and Prandtl (𝑃𝑟) correlation [56]: 4 

𝑁𝑢 =
ℎ+$	𝑑2
𝑘$

= 0.001	(𝑅𝑒6.89𝑃𝑟6/;) 
(11) 

Eq. (9) assumes effective thermal properties for solid phase [13]: 5 

(𝜌𝐶2)3%% = (𝜙+)(𝜌+𝐶5&) + (𝜙!"#)(𝜌!"#𝐶5"#$) (12) 

𝑘3%% = (𝜙+)(𝑘+ + 𝑘0.<) + (𝜙!"#)(𝑘!"#) (13) 

𝜙$ = 𝜙 − 𝜙!"#  (14) 

𝜑+ = 1 − 𝜑 (15) 

where 𝜌+ , 𝜌!"# ,	𝜌$ ; 𝜙+ ,	𝜑!"# , 𝜙$ ; 	𝐶5& , 𝐶5"#$ , 𝐶5% ; and 𝑘+ , 𝑘!"# , 𝑘$  are the densities, porosities, heat 6 

capacities, and thermal conductivities of the sand, GAC, and gas, respectively. Radiative heat transfer was 7 

embedded in the effective solid conductivity following the Rosseland approximation ( 𝑘0.< =8 

16𝜎	𝑑2𝑇+;/3) [56], where 𝜎 is the Stefan-Boltzmann constant [57]. Conductive heat transfer within the 9 

metal sheet was also modelled [23]: 10 
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(𝜌/ 	𝐶2/)
𝜕𝑇+
𝜕𝑡 =

1
𝑟
𝜕
𝜕𝑟 K𝑟(𝑘/)

𝜕𝑇+
𝜕𝑟 M +

𝜕
𝜕𝑧 K𝑘/

𝜕𝑇+
𝜕𝑧 M (16) 

where 𝜌/ , 𝐶2/ , 𝑘/  are density, heat capacity and thermal conductivity of the metal sheet. The model 1 

parameters not described above are presented in Table 2 and the initial and boundary conditions are 2 

provided in Table 3. The heater was simulated by a constant heat flux (measured) delivered at the inlet 3 

boundary. The Darcy air flux was initiated at x=0 m by a constant 𝑢$,/4 (measured). 4 

 5 

 6 

 7 

 8 

 9 

 10 

 11 

 12 

 13 

 14 

 15 

 16 

 17 

 18 

 19 

 20 

 21 
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Table 2. Numerical Model Input Parameters 1 

Parameters Value Unit Ref 

𝑙𝑜𝑔	(𝐴!"#) 3.79 log(1/s) This work  

𝐶5"#$ 1100 J/ kg K [58] 

𝐶2' 	  440.8 J/ kg K [59] 

𝐶!"#  0.03 - This work 

𝐷$ 4.35	 × 10=> m2/ s [60] 

∆𝐻!"#  -24.9 MJ/ kg [30] 

𝐸!"#  72.9 kJ/ mol   This work  

𝐻 7 W/ m2 K1 This work 

𝑘!"#  0.25 W/ m K [58] 

𝑘/ 14.7 W/ m K [61] 

𝑘2 1.4 ×10-9 m2 This work 

𝑚+ 10.019 kg This work 

𝑚!"#  0.301 kg This work 

𝑀$ 28.97 g/mole [62] 

𝜙 0.442 - This work 

𝜙!"#  0.05 - This work 

𝜌!"#  1311 kg/ m3 This work 

𝜌?"#$	 44.4 kg/ m3 This work 

𝜌/ 8000 kg/ m3 [63] 

𝑞̇ 22028±1053 W/m2 This work  

𝑅 5.4 cm This work 

𝑅$ 8.314 J/ mol K [56] 

𝑢$,/4 0.05 m/s This work 

𝜈&! 2.304 kg. O2/ kg. fuel [30] 

𝜈)*	 0.63 kg. CO/ kg. fuel [30] 

𝜈)*! 2.67 kg. CO2/ kg. fuel [30] 

σ 5.67×10=A W/m2 K4 [56] 

 2 
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 1 

Table 3. Initial and Boundary Condition in Numerical Simulation 2 

Eq. Initial Condition 

(𝑡 = 0) 

Boundary Condition 

(3) 𝑌!"# = 1 

𝑧 = 0	&	0 < 𝑟 < 0.054 →

⎩
⎪⎪
⎪
⎨

⎪⎪
⎪
⎧ −(𝑘+ + 𝑘0.<)

𝜕𝑇+
𝜕𝑧 = 𝑞̇ 	→ 0 ≤ 𝑡 ≤ 𝑡B

−(𝑘+ + 𝑘0.<)
𝜕𝑇+
𝜕𝑧

= 0	 → 𝑡B ≤ 𝑡 ≤ 𝑡%
𝑇$ = 𝑇-

𝜌$𝑢$ = 𝜌$𝑢$(𝑡)	h
𝑢$ = 0	 → 0 ≤ 𝑡 ≤ 𝑡$
𝑢$ = 𝑢- → 𝑡$ ≤ 𝑡 ≤ 𝑡%

𝑌&! = 𝑌&!,-

 

(4) 𝑃 = 	101375	Pa 

 𝑧 = 0	&	0.054 < 𝑟 < 0.057 → j
−(𝑘/)

𝜕𝑇+
𝜕𝑧 = 𝑞̇ 	→ 0 ≤ 𝑡 ≤ 𝑡B

−(𝑘/)
𝜕𝑇+
𝜕𝑧 = 0	 → 𝑡B ≤ 𝑡 ≤ 𝑡%

 

(6) 𝑌&! = 0.23 

𝑧 = 0.76	&	0 < 𝑟 < 0.054	 →

⎩
⎪
⎪
⎨

⎪
⎪
⎧ −(𝑘+ + 𝑘0.<)

𝜕𝑇+
𝜕𝑧 = 0	

−<𝑘$=
𝜕𝑇$
𝜕𝑧

= 0	
𝑃$ = 𝑃-

−<𝐷$=
𝜕<𝜌$𝑌&!=

𝜕𝑧 = 𝜌$𝑢$(𝑌&!,- − 𝑌&!)

 

(8-9) 	𝑇+ =	𝑇$

= 	295	𝐾 
𝑟 = 0	&	0 < 𝑧 < 0.76	 →

⎩
⎪
⎪
⎨

⎪
⎪
⎧−(𝑘+ + 𝑘0.<)

𝜕𝑇+
𝜕𝑟

= 0	

−<𝑘$=
𝜕𝑇$
𝜕𝑟 = 0

−<𝐷$=
𝜕<𝜌$𝑌&!=

𝜕𝑟 = 0
	

𝑢0 = 0

 

(8) 𝑇+ = 	295	𝐾 𝑧 = 0.76	&	0.054 < 𝑟 < 0.057	 → h−(𝑘/)
𝜕𝑇+
𝜕𝑧

= 0 

(16) 𝑇+ = 	295	𝐾 𝑟 = 0.057	&	0 < 𝑧 < 0.76 → h−(𝑘/)
𝜕𝑇+
𝜕𝑟

= 𝐻(𝑇+ − 𝑇C)	 

 3 
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The effective radial heat loss coefficient (𝐻) was determined by a sensitivity analysis (Supplementary 1 

Material, Section B) based on an established methodology [29]. In this work, H is the only model 2 

parameter not independently known and represents the radial heat losses at the outer surface of the column 3 

wall (Fig. 1). 𝐻 is further introduced in the Supplementary Material, Section B. 4 

Table 4 shows the equations for a new global energy balance in two-dimensions based on the approach 5 

developed by [16, 22]. The energy rates at inlet (heat influx, 𝐸̇/4) and the outlet (convective outflux, 𝐸̇*DE) 6 

were calculated by integrating the energy fluxes over the column radius. The radial heat loss rate (𝐸̇F*++) 7 

was integrated over the column outer surface area and the oxidation rate (𝐸̇*G/) was integrated over the 8 

column volume. The net energy rate (𝐸̇43E) corresponds to the sum of these four components (Eq. 21). 9 

The integral over time of the energy rates results in the net energy (Ei) associated with each component j. 10 

 11 

Table 4. The Rate and Accumulation of Energy  12 

Energy Eq.  

Rate of cone heater 
𝐸̇/4 = n 𝑞̇	2	𝜋 r dr

(

-
 

(17) 

Rate of GAC oxidation 
𝐸̇*G/ =p −∆𝐻!"#(𝜙!"#𝜌!"#)𝑅!"# 		2	𝜋	𝑟	𝑑𝑟	𝑑𝑧

(,H

-
 

(18) 

Rate of radial heat loss 
𝐸̇F*++ = n 𝐻	(𝑇+()*+) − 𝑇C)2	𝜋 R d𝑧

H

-
 

(19) 

Rate of convective hot air 
𝐸̇*DE = n (𝜌$𝑢$)	𝐶2% q𝑇$(-*..01) − 𝑇Cr 2𝜋	𝑟	𝑑𝑟

(

-
 

(20) 

Rate of net 𝐸̇43E = 𝐸̇/4 +	𝐸̇*G/< − 𝐸̇*DE − 𝐸̇F*++  (21) 

Accumulation 
𝐸I(𝑡) = n 𝐸̇I𝑑𝑡

E

-
 

(22) 

Accumulation of net 𝐸43E	(t) = 𝐸/4(t) +	𝐸*G/<(t) − 𝐸*DE(t)−	𝐸F*++(t) (23) 

 13 
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A multi-dimensional global energy balance [16] was performed to determine System Energy Efficiency 1 

(SEE) which normalize the effects of heat losses against the energy generated, following the approach of 2 

[29]:   3 

System	Energy	Efficiency =
𝐸43E(𝑡)

𝐸43E,.</.?.E/)(𝑡)
~	
𝐸*G/(𝑡) −	𝐸F*++(𝑡)

𝐸*G/(𝑡)
 

(24) 

where 𝐸43E,.</.?.E/)(𝑡) was estimated by assuming a perfectly insulated column (𝐻 = 0	𝑊/𝑚'𝐾 ). 4 

Moreover, Eq. (24) assumes that the net accumulated energy (Eq. 23) is dominated by 𝐸*G/(𝑡) and 5 

𝐸F*++(𝑡), since 𝐸/4(𝑡) is an initial effect and is negligible compared to the energy added through 6 

smouldering. Then, a SEE sensitivity analysis was conducted by changing the radius of column (𝑅) and 7 

heat loss coefficient (H). Model simulations were compared with published studies showing: (i) analytical 8 

[29], (ii) numerical [22, 23], and (iii) experimental [26, 30] results.  9 

2.2 Experiments 10 

This work conducted 3 experiments (with 3 repeats each, nine total) to provide a robust, unique data set 11 

for 2D heat transfer as well as 2D smouldering. Figure 2 shows a schematic of the experimental setup. 12 

The smouldering experiments (Table 5) were carried out in a stainless-steel column (316 Stainless Steel) 13 

with a 1 cm layer of clean sand and a 75 cm layer of sand/GAC, topped by a 9 cm layer of a clean sand. 14 

The heat transfer experiments used the same setup, but only used clean sand (i.e., no GAC). GAC is a by-15 

product of coal pyrolysis and was chosen as a model fuel because it minimizes chemical complexity [13, 16 

25, 30, 48, 49]. The column was wrapped in a 4 cm insulation layer (Superwool plus, Morgan Thermal 17 

Ceramics) and enclosed by an aluminum jacket to hold the insulation in place. 18 

 19 

 20 

 21 

 22 
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Table 5. Experimental Test Specifications 1 

Exp. # 
(-) 

GAC 
Concentration 

(𝐶!"#) 

Repeats 
(-) 

Heater 
Stabilization 

Time 
(𝑡+E.?) [s] 

Air on 
Time 

(𝑡$) [s] 

Heater off 
Time 

(𝑡B) [s] 

1 0 3 470 1023 2400 

2 0.02 3 660 1020 4320 

3 0.03 3 632 3655  4380  

 2 

The thermocouples (Type K, Inconel, Omega) were placed at (i) the centerline spaced 3 cm apart and (ii) 3 

radially from 13 to 61 cm, spaced 12 cm apart (see the position of the thermocouples, Fig. 2). Temperatures 4 

were recorded every two seconds by a data logger (Multifunction Switch/Measure Unit 34980A, Agilent 5 

Technologies). The sand (K&E Sand and Gravel, WP #2) was sieved to achieve a grain size between 6 

0.118 and 0.200 cm. GAC (McMaster-Carr, CAS Number: 7440-44-0 particle size between 0.425 and 7 

0.85 mm) was combined with sand at 0.02 and 0.03 kg/kg sand using an electric mixer (Kitchen Aid), and 8 

then carefully packed in the column to ensure good homogeneity. The intrinsic permeability of the bed 9 

was measured in the column (𝑘2) [56, 64, 65] and did not change after smouldering; unsurprising since 10 

the fuel load was so minor (i.e., 2% to 3% of the fuel bed by mass; see Supplementary Material, Section 11 

A). An external radiative cone heater (500 W, 240 V, Fire Testing Technology Ltd.) was placed below 12 

the column. The heater temperature was set to 1000 °C, providing the heat flux required for smouldering 13 

ignition. The heat flux (𝑞̇) from the heater towards the column inlet boundary was measured using a High 14 

Temperature Heat Flux Sensor (HTHFS-01, FluxTeq) attached to a quartz window (Esco product Inc.) 15 

placed at the bottom of the column (Fig. 2). See additional information on this measurement in the 16 

Supplementary Material, Section A. 17 
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Figure 2. Schematic view of experimental setup. For smouldering experiments, the contaminated 
region (sand mixed with GAC) is represented by the gray layer. For heat transfer experiments, the 

contaminated region is fully replaced by clean sand (orange layer). 

 1 

Table 5 shows the experimental conditions, which all followed a standard procedure [13]. The heater was 2 

turned on and stabilized at 1000 °C at 𝑡+E.?, i.e., the time when the thermocouple at specific height above 3 

the heater (i.e., 1 cm and 4 cm in the heat transfer-only and smouldering experiments, respectively) 4 

reached 300 °C. The air supply was turned on at 𝑡$, thereby causing ignition in the smouldering 5 

experiments, and the Darcy flux (𝑢$,/4) was controlled via a mass flow controller (FMA5400 Series, 0-80 6 

L min-1, Omega Ltd). The heater was turned off at 𝑡B (i.e., when the thermocouple 4 cm and 7 cm above 7 
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the heater peaked in the heat transfer-only and smouldering experiments, respectively), while the air was 1 

kept on until the end of the experiment (see Fig. B1, Supplementary Material, Section B). To directly 2 

compare the results from smouldering experiments and simulations, parameters including temperature, air 3 

mass flux, GAC bulk density, and oxygen mass fraction were normalized in Table 6. The time also was 4 

normalized to a Dimensionless Time (𝐷𝑇) [16] to account for differences in the smouldering front 5 

velocities and ignition times [64]. 6 

Table 6. Dimensionless Parameters used in Smouldering Experiments and Simulations 7 

Parameter Eq.  

Time 
𝐷𝑇 = 	

<𝑡 − 𝑡$=𝜈%
𝐿  

(26) 

Solid Temperature 𝐷𝑇+ 	= 	
𝑇+
𝑇+2

 (27) 

Air Mass Flux 𝐷𝜌𝑢$ =	
𝜌	𝑢$

(𝜌	𝑢$)/4
 (28) 

GAC Bulk Density 𝐷𝜌?"#$	 =	
𝜌?"#$		
(𝜌?"#$	)-

 (29) 

Oxygen Mass Fraction 𝐷𝑌&!	 =	
𝑌&!	

(𝑌&!	)/4
 (30) 

 8 

where 𝜈% is the average smouldering front velocity (calculated using the procedure from [66]) and L is the 9 

length of the packed bed. 𝐷𝑇 < 0 represents the pre-heating period before air injection (i.e., when 10 

conduction and radiation dominated); 𝐷𝑇 = 0 signals the beginning of air injection and smouldering 11 

ignition (i.e., when the temperature near the heater rapidly increases due to the energy released by 12 

oxidation); and 0 < 𝐷𝑇 ≤ 1 represents the smouldering propagation time, where 𝐷𝑇 = 1 is the time when 13 

smouldering reached the top of the column and the reaction finished. Other parameters are also explained 14 

in Table 2. 15 
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3. Results and Discussion 1 

3.1 Quantitative Analysis of Multi-dimensional Smouldering 2 

3.1.1 2D Heat Transfer Model  3 

Figure 3 compares the heat transfer-only experiments and simulations. This figure shows excellent 4 

agreement between the experimental and simulated temperature evolutions with errors of 6% and 7% at 5 

the centerline and wall, respectively. When the heater was turned on, the temperatures increased by 6 

conduction and radiation. Then, the air supply was turned on and convection drives heat transfer. As the 7 

heat wave progresses upwards, it is dissipated axially (due to axial convection) and radially (due to heat 8 

losses). The radial boundary condition applied to the simulations in Fig. 3 used 𝐻	= 1.8 W/m2 K which 9 

agrees with [29]. 10 
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Figure 3. Temperature evolution for the heat transfer experiments and simulation along various radial 
positions: a) centerline, b) wall, c) r = 1.5 cm, and d) r = 2.8 cm. The solid lines represent numerical 

results and the shaded region shows 95% confidence interval of experimental results. 

3.1.2 2D Smouldering Model 1 

Figure 4 includes the complexity of GAC smouldering revealed by the numerical model. Like Fig. 3, Fig. 2 

4 also shows excellent agreement between GAC smouldering (0.03 kg GAC/kg sand) experiments and 3 

numerical results at the centerline (error = 5%, Fig. 4a), wall (error = 8%, Fig. 4b), r = 1.5 cm (error = 4 

5%, Fig. 4c), and r = 2.8 cm (error = 7%, Fig. 4d). The peak temperatures (Tp) were quite constant along 5 

the column, where the average centerline Tp was 732 ± 6 °C (experimental) and 718 °C (numerical) and 6 

the average wall Tp was 609 ± 23 °C (experimental) and 480 °C (numerical). The temperature difference 7 

between experimental and numerical results at the wall are likely associated with wall effects that were 8 
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not completely captured by the numerical model. That is, the wall boundary condition only approximated 1 

the thermal resistance offered by the insulation and did not model all thermophysical properties in the wall 2 

materials (i.e., surrounding insulation), for computational efficiency. A sensitivity analysis of the heat loss 3 

coefficient (𝐻) resulted in 𝐻 = 7 W/m2 K, which is within the range expected due to free convection [67]. 4 

Further discussion is included in the Supplementary Material, Sections B. Although slight differences 5 

between model results and experiments at the wall, the model was able to accurately reproduce the key 6 

trends governing the multi-dimensional interplay between heat transfer mechanisms and chemical 7 

reactions during smouldering. 8 

 
Figure 4. Temperature evolution at multiple radial positions: a) centerline, b) wall, c) r = 1.5 cm, and 

d) r = 2.8 cm. The solid lines represent numerical results and the shaded region shows 95% 
confidence interval from experimental results (i.e., three repeats). 

 9 
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While Fig. 4 focused on the good matching in the transient smouldering behaviour, Fig. 5 illustrates that 1 

the key spatial trends were also well-simulated. Figure 5a shows excellent agreement between 2 

experimental and numerical peak temperatures 37 cm from the heater (i.e., away from inlet and outlet 3 

boundary effects). The temperature distribution shows a convex smouldering front, with lower 4 

temperatures at the wall, as expected due to radial heat losses [23, 26, 68]. Figure 5b also shows a good 5 

agreement for the centerline longitudinal temperature distribution between experiments and simulations 6 

at three dimensionless times: 𝐷𝑇 = 0.25, 0.50, and 0.75. These results show that the model is capable of 7 

reproducing: (i) the pre-heating ahead of the front (which validates the effective thermal properties used), 8 

(ii) the position of the smouldering front (which validates the simple one-step oxidation reaction and 9 

agrees with [29]), and (iii) the temperature cooling behind the front (which validates the approach used 10 

for simulating heat losses). 11 

 
Figure 5. a) Radial peak temperature distribution at 37 cm comparing experimental (shaded region) 
and numerical (solid line) results, b) Centerline temperature distribution along the length of the 
column at 3 different 𝐷𝑇: 0.25, 0.50, and 0.75. 

 12 

3.1.3 Quantitative Model Validation 13 

The robustness of the model in predicting experiments was tested in Fig. 6. The complete temperature 14 

profiles from these simulations and results can be seen in the Supplementary Materials, Section B, which 15 
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align with the results presented above in Fig. 4. Figure 6 compares the average peak temperature (𝑇2) and 1 

smouldering front velocity (𝜈%) for different GAC concentrations from 0 (i.e., heat transfer-only) to 0.03 2 

kg GAC/kg sand. Both the peak temperature and front velocity increase with GAC concentration as more 3 

GAC drives hotter, faster smouldering. By increasing GAC concentration from 0 to 0.03, radial heat 4 

transfer coefficient (𝐻 ) increases from 1.8 to 7.0 W/m2 K (determined using sensitivity analysis, 5 

Supplementary Material, Section B). This increase is because: (i) the higher temperatures experienced 6 

during smouldering with higher GAC concentration should foster greater heat losses due to differences in 7 

the thermophysical properties of insulation (e.g., higher thermal conductivity) and (ii) the mechanism of 8 

radial heat transfer from column wall to the ambient air is free convection heat transfer, which should also 9 

increase with the wall temperature [67]. The model validation was accomplished by comparing the 10 

experimental and numerical peak temperatures and smouldering front velocities, respectively, which 11 

demonstrate excellent agreement: 658 ± 14 (experimental) and 617 ºC (numerical) and 0.36 ± 0.07 12 

(experimental) and 0.37 cm/min (numerical).  13 

 

Figure 6. Peak Temperature (𝑇2) and smouldering front velocity (𝜈%) versus GAC concentration. 
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3.1.4 Global Energy Balance  1 

In further understanding the implications of smouldering system behaviour, Fig. 7 shows a multi-2 

dimensional global energy analysis (see the equations in Table 4). During the preheating time (𝐷𝑇 < 0), 3 

the energy rate leaving the system by radial losses (𝐸̇F*++) is less than the rates of energy entering the 4 

system through the heater (𝐸̇/4) and released by oxidation (𝐸̇*G/), i.e., 𝐸̇F*++ < <𝐸̇/4 + 𝐸̇*G/=, Fig. 7a.  Note 5 

that, while the air supply is off during this period, oxidation is weakly activated by the initial oxygen 6 

present inside the pores. Therefore, the net energy rate (𝐸̇43E) is positive and energy accumulates (𝐸43E) 7 

in the system, Fig. 7b. When the air supply is turned on (𝐷𝑇 = 0), the oxidation energy rate (𝐸̇*G/) is fully 8 

activated and remains nearly constant until total fuel consumption at end of smouldering (𝐷𝑇  = 1). 9 

Moreover, 𝐸̇F*++  increases due to the increasing length of the cooling zone (hot clean sand), which 10 

increases the surface area for radial heat losses (approximately 52 and 70% of the energy added into the 11 

system is lost radially when smouldering with 0.02 and 0.03 GAC concentration, respectively, agreeing 12 

with [26]). However, the energy leaving the system through the outlet (𝐸̇*DE) is negligible when	𝐷𝑇 < 1 13 

(as the exiting emissions are nearly at ambient temperatures). While 𝐸̇/4  is crucial for ignition, the heater 14 

is turned off early in the simulation (𝐷𝑇  = 0.08); therefore, 𝐸̇/4  is negligible throughout most of 15 

smouldering. Thus, the global energy balance is governed by a balance between 𝐸̇F*++ and 𝐸̇*G/. Since 𝐸̇43E 16 

is strongly positive, the system rapidly accumulates energy as smouldering proceeds in a self-sustaining 17 

manner. When smouldering is finished (𝐷𝑇 > 1), energy starts leaving the system (𝐸̇43E < 0) via 𝐸̇*DE, and 18 

𝐸43E decreases to ambient values. The numerical error associated with spatial and temporal discretization 19 

was calculated via the global energy balance and was approximately 2%. Altogether, these results show 20 

expected behaviour, but improve upon previous global energy developments by resolving all terms in a 21 

fully-coupled, multi-dimensional model. 22 
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Figure 7. a) Energy rate for inlet, outlet, loss, and oxidation, b) net cumulative energy and energy rate. 

3.1.5  Quantitative Model Verification 1 

Figure 8 presents the results from a System Energy Efficiency (SEE) analysis (i.e., previously developed 2 

by [29] and presented in Eq. 24). In this analysis, the radial heat losses depend on the radius of the column 3 

(𝑅) and heat loss coefficient (𝐻) and approximate all terms when the smouldering front travelled 33 cm 4 

(i.e., a propagation distance common to many experimental and numerical smouldering studies). 5 

Therefore, a sensitivity analysis with a series of numerical and analytical simulations was performed by 6 

changing 𝑅 and 𝐻. Figure 8 shows that the numerical results are in excellent agreement with the analytical 7 

solutions when 𝑅 > 10 cm. This provides a robust verification of the numerical model. Additionally, the 8 

numerical model predictions are in good agreement with previous experimental and numerical studies, 9 

which provides extra confidence in the model’s predictive capacity over these system conditions [22, 23, 10 

26, 29]. 11 

Figure 8 also reveals that by decreasing 𝐻 and increasing 𝑅 (decreasing surface-area-to-volume ratio), the 12 

SEE improves (agreeing with [29]) due to the diminishing influence of radial heat losses. Moreover, 13 

simulations show that for 𝑅 > 40 cm, the SEE is insensitive to both 𝑅 and 𝐻. However, the analytical 14 

model diverges from the numerical simulations with 𝑅 < 10 cm (i.e., the shaded region in Fig. 8). This 15 
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divergence is due to different assumptions during quenching, where the numerical simulations more 1 

accurately capture the global energy balance terms at conditions near quenching than the approximations 2 

embedded in the analytical model [29].  3 

 

  
Figure 8. System energy efficiency predicted by the calibrated numerical model (coloured circles), 
analytical model (coloured, dashed lines), and previous studies (symbols) from Rashwan et al. [29], 

Zanoni et al. [22], Pozzobon et al. [23], and Martins et al. [26]. Different radius (from 4 to 50 cm) and 
different heat loss coefficients (from 5.4 to 54 W/m2 K) were considered. Increasing H represents 

decreasing the quality of insulation. The shaded gray region shows where the analytical predictions 
are less accurate because of quenching effects. 

 4 

 5 

 6 

 7 

 8 
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3.2 Qualitative Analysis of Multi-dimensional Smouldering 1 

3.2.1 Qualitative Model Validation 2 

2D contour maps and videos of the solid temperature, GAC bulk density, and oxygen mass fraction are 3 

presented in Fig. 9. Figures 9a and 9b compare 2D contours of the experimental and numerical solid 4 

temperatures, respectively, at 𝐷𝑇  = 0.5. These figures reveal similar temperatures and positions and 5 

shapes of the cooling front, smouldering front, and pre-heating zone. The slight differences are related to 6 

the low experimental temperature resolution. Moreover, Fig. 9b shows non-uniform air flux. This air flow 7 

divergence decreases the air mass flux from 0.059 kg/m2s at the inlet boundary to ~0.055 kg/m2s at the 8 

centerline, while it increases air mass flux to 0.082 kg/m2s near the wall.  9 

Three different zones shown in Fig. 1 are determined in Fig. 9a, as previously seen in [33]. Region (I) 10 

notes the end of the cooling zone, which is governed by convection heat transfer between hot clean sand 11 

and inlet cold air from inlet. This region grew to ~13 cm in Figs. 9a and 9b. The shape of the cooling front 12 

in this region is concave (i.e., higher temperature at the wall), as a fraction of the energy released from 13 

smouldering was transferred quickly downward along the highly conductive wall into this region. Region 14 

(II) shows the remaining length of the cooling zone, which grew to ~23 cm in Figs. 9a and 9b. Similar to 15 

Region (I), Figs. 9a and 9b show that the numerical model captured the major trends in Region (II) 16 

observed in the experiment. This region is controlled by the difference between the smouldering and 17 

cooling velocities and distorted by radial heat losses. Without radial heat losses, this region would grow 18 

indefinitely; however, with heat losses, it would reach a maximum length when the radial heat losses 19 

balance the rate of energy released from smouldering. In this region, the temperatures were higher at the 20 

centerline due to radial heat losses [16, 29]. Region (III) shows the smouldering front associated with 21 

GAC oxidation, which was ~0.15 cm thick at 𝐷𝑇 = 0.5. Figure 9c shows that GAC was fully destroyed, 22 

and only clean sand remained behind the smouldering front. These smouldering front features agree with 23 
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many applied smouldering studies, e.g., [14, 23, 26, 65, 69]. Moreover, the smouldering front is convex 1 

(higher temperatures at the centerline), which agrees with the simulations from [23] under similar 2 

conditions. Unlike the fuel in this region, the oxygen is not fully consumed, i.e., it decreases from 0.23 to 3 

0.06 and 0.12 at the centerline and wall, respectively. Higher oxygen consumption at the centerline fosters 4 

more robust chemical reactions, which contributed to higher peak temperatures. Finally, Region (IV) 5 

shows the pre-heating zone, where the temperature of the sand/GAC layer is increased by the hot air 6 

passing through the smouldering front. It was hypothesized that there is a superadiabatic effect associated 7 

with local radial velocity component that brings heat towards the centre from wall [25]. These numerical 8 

results provide quantitative results that substantiate that hypothesis.  9 

 
Figure 9. 2D contours of: (a) experimental temperatures (Video S1. a), (b) simulated solid temperature 
(Video S1. b), (c) simulated GAC bulk densities (Video S1. c), and (d) oxygen mass fractions (Video 

S1. d). 

 10 

 11 
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3.2.2 Qualitative Analysis of Non-Uniformities 1 

Figure 10 shows a model simulation of GAC smouldering with 0.02 kg GAC/kg sand and 𝐻 = 28 W/m2 2 

K. The non-uniformities of dimensionless parameters including solid temperature, air mass flux, GAC 3 

bulk density, and oxygen mass fraction were investigated (see Table 6). The results are shown in three 4 

different times including 𝐷𝑇 = 0 (i.e., smouldering initiation), 0.25 (i.e., peripheral extinction), and 0.50 5 

(i.e., global quenching). Figures 10b, 10f, and 10j show peak temperatures drop near the wall due to radial 6 

heat losses in the cooling zone that lead to peripheral extinction at the initial time, agreeing with [15, 70], 7 

and global quenching at the latter time (i.e., non-self-sustaining smouldering), agreeing with [31]. 8 

Peripheral extinction fosters an unburned crust along the reactor wall that is cooler and facilitates air 9 

channeling; therefore, non-uniform air mass flux increases from centerline to the wall, agreeing with 10 

experimental data  [23, 26, 38]. This non-uniformity is low initially (e.g., 0.78 to 1.43) then increases (e.g., 11 

0.62 to 1.62) and, finally by quenching the smouldering, reduces again (e.g., 0.72 to 1.28); see Figs. 10a, 12 

10e, 10i. The longitudinal distribution of air mass flux (Fig. 10m) shows minimum air mass flux at the 13 

centerline in the position close to the peak temperature where it tends to move around the hot zone towards 14 

the wall that causes a reduction in forward heat transfer at the centerline. 15 

Figures 10c, 10g, and 10k show 2D contours of the GAC bulk density distributions, which show how 16 

chemical reaction non-uniformities develop in less robust smouldering systems (e.g., with lower SEE 17 

because of high heat loss coefficient (𝐻) and low radius (𝑅)). Peripheral extinction starts at early time 18 

then grows into the reactor center and leads to global quenching. A convex shape of the smouldering front 19 

is predicted, agreeing with the field data in [27], which confirms that, in this scenario, the effect of non-20 

uniform reactions dominates that of non-uniform air mass flux [25]. Figures 10d, 10h, and 10l show 2D 21 

contours of the oxygen mass fraction distribution, where the oxygen supply decreases at the centerline 22 

because of non-uniform air flux that causes lower smouldering robustness. By decreasing the smouldering 23 

robustness, oxygen mass fraction consumption at the smouldering front drops, decreasing from 1 to 0.63 24 
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and 0.72 at DT = 0 and 0.25, respectively (see Fig. 10o). Altogether, Fig. 10 demonstrates the powerful 1 

capabilities of this novel multi-dimensional model in exploring many complicated and interconnected 2 

phenomena. 3 
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Figure 10. (a, e, and i) and (m, n, and o) show radial and longitudinal distribution of dimensionless 
parameters, respectively. 2D contours of temperature and air mass flux were shown in (Figs. b, f, and 

j), GAC bulk density (Figs. c, g, and k), and oxygen mass fraction (Figs. d, h, and l) at DT = 0.00, 
0.25, and 0.50, respectively. 
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4. Conclusions 1 

In this study, a 2D numerical model was developed and validated with experimental results quantitatively 2 

and qualitatively to investigate the effect of radial heat loss on temperature, air mass flux, oxygen mass 3 

fraction and chemistry distribution. For validating the 2D numerical model, a heat transfer model was 4 

developed by eliminating the effect of chemical reactions and then validated with heat transfer-only 5 

experiments. A simplified chemical model (i.e., global one-step oxidation reaction) achieved from 6 

TG/DTG experiments was proposed to describe GAC smouldering in an inert porous medium. Last, a 2D 7 

smouldering model was developed combining the heat transfer and chemical models. 8 

The model predictions were in excellent agreement with the experimental results in terms of temperature 9 

evolutions in space and time, smouldering velocities, and the shape of smouldering front. The model also 10 

reproduced expected dynamics in non-uniform air mass flux and reactions. Moreover, it is perhaps the 11 

first model to accurately simulate both local and global extinction of smouldering across a range of 12 

scenarios. Therefore, this new model is anticipated to accurately predict smouldering behaviour over a 13 

wide range of conditions and is relevant for application and design. Furthermore, a global energy balance 14 

revealed evolutions in the overall system behaviour, and the results compared well with other energy 15 

balance results from numerical simulations, experiments, and analytical modelling in the literature. This 16 

clearly demonstrates the model’s ability to capture the main physics and chemistry of smouldering and 17 

their complex interactions which significantly impact the outcomes. Altogether, this validated multi-18 

dimensional smouldering model is anticipated to help better understand, design, and optimize future 19 

applied smouldering systems.  20 
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