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Abstract. In this paper, we propose and analyze a reconstruction algorithm for imaging an anisotropic con-
ductivity tensor in a second-order elliptic PDE with a nonzero Dirichlet boundary condition from
internal current densities. It is based on a regularized output least-squares formulation with the stan-
dard LQ(Q)d’d penalty, which is then discretized by the standard Galerkin finite element method.
‘We establish the continuity and differentiability of the forward map with respect to the conductivity
tensor in the L?(Q)%“-norms, the existence of minimizers and optimality systems of the regularized
formulation using the concept of H-convergence. Further, we provide a detailed analysis of the dis-
cretized problem, especially the convergence of the discrete approximations with respect to the mesh
size, using the discrete counterpart of H-convergence. In addition, we develop a projected New-
ton algorithm for solving the first-order optimality system. We present extensive two-dimensional
numerical examples to show the efficiency of the proposed method.
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1. Introduction. The conductivity value varies widely with soft tissue types [21, 40]
and its imaging can provide valuable information about the physiological and pathologi-
cal conditions of tissue [5]. This underpins several important medical imaging modalities
[10, 3, 52, 49, 53, 4, 1]. For example, electrical impedance tomography (EIT) [10, 52] aims at
recovering the interior conductivity distribution from boundary voltage measurement. How-
ever, it is severely ill-posed, and the attainable resolution is limited, and the uniqueness for
anisotropic conductivity is only for a given conformal class [16, 31] (see [23] for some numer-
ics). To overcome the ill-posed nature in EIT, MREIT (magnetic resonance EIT) employs an
MRI scanner to capture the internal magnetic flux density data b induced by an externally
mJected current [30, 47, 27, 22] and then obtains the current density h according to Am-
pere’s law h= o PRV b where pg is the magnetic permeability of free space. This requires

*Received by the editors August 2, 2021; accepted for publication (in revised form) March 2, 2022; published
electronically June 23, 2022.

https://doi.org/10.1137/21M1437810

Funding: The work of the first author was partially supported by the National Natural Science Foundation
of China grant 12101276 and the Ph.D. research startup foundation of Jinling Institute of Technology, grants
040521200103 and jit-fhxm-202117. The work of the second author was supported by EPSRC grant EP/T000864 /1.
The work of the third author was supported by National Key Research and Development Program of China grant
2020YFAQ0714200 and National Science Foundation of China grant 11871385.

fCollege of Science, Jinling Institute of Technology, Nanjing 211169, People’s Republic of China
(huanliumath@jit.edu.cn).

*Department of Computer Science, University College London, London, WC1E 6BT, UK (b.jin@ucl.ac.uk).

§School of Mathematics and Statistics, Wuhan University, and Hubei Key Laboratory of Computational Science
(Wuhan University), Wuhan 430072, People’s Republic of China (xllv.math@whu.edu.cn).

860

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.


https://doi.org/10.1137/21M1437810
mailto:huanliumath@jit.edu.cn
mailto:b.jin@ucl.ac.uk
mailto:xllv.math@whu.edu.cn

Downloaded 08/03/22 to 193.60.240.99 . Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

IMAGING ANISOTROPIC CONDUCTIVITIES 861

measuring all components of the magnetic flux 5, which may be challenging in practice, as it
requires a rotation of the domain being imaged or of the MRI scanner.

The use of internal data promises much improved resolution, and the reconstruction prob-
lem has received much attention. Kwon, Lee, and Yoon [34] proposed a noniterative recon-
struction method for recovering an isotropic conductivity using equipotential lines, and proved
the unique recovery from one current density vector h in two dimensions. Later, an iterative
algorithm known as J-substitution was proposed [35]. With the knowledge of the magnitude
of only one current density magnitude \f_i|, the problem was studied in [42, 43, 54] in the
isotropic case and in the anisotropic case in a known conformal class in [25]. Ammari et al.
[6] studied the recovery of an anisotropic conductivity proportional to a known conductivity
tensor.

It is widely accepted that most biological tissues have anisotropic conductivity values.
The ratio of the anisotropy depends on the type of tissue and human skeletal muscle shows
anisotropy of up to 10 between the longitudinal and transversal directions [46]. The conduc-
tivity for cell membrane, muscle fiber, or nerve fiber structure must be investigated using an
anisotropic tensor model [44, 45, 5]. It arises naturally also in the mathematical modeling of
boundary deformation [2]. Therefore, there has been a growing interest in recovering aniso-
tropic conductivities [48, 8, 7, 37, 38, 39]. The potential of using current densities to recover
anisotropic conductivity A was studied in [48]. The uniqueness of recovering an anisotropic
resistivity distribution from current densities has been established [8, 7] (see also [37, 38] for
power densities and [39] for three-dimensional numerical implementation). Bal, Guo, and
Monard [8] showed that a minimum number of current densities ensures a unique and ex-
plicit reconstruction of the conductivity tensor A locally, and that the reconstruction of A is
about the loss of one derivative compared to errors in the measurement of h. Ko and Kim
[32] gave a resistive network-based reconstruction method for three sets of internal electrical
current densities, by directly discretizing Faraday’s law. In addition, Hsiao and Sprekels [26]
investigated the stability of recovering matrices of the form A = Vp ® Vu.

In this work, we consider the inverse problem of recovering an anisotropic conductivity
tensor A(x) from internal current densities 2 = AVu, where u € H' () solves
4 {—div(AVu) =f inQ,

u=g onl,

where Q € R? (d = 2,3) is an open bounded Lipschitz domain with a boundary T, and
(f,9) € (HY(Q)) x H%(I‘) The anisotropic conductivity tensor A(x) = (Aj; (m))gjzl belongs
to the following admissible set:

(1.2)

d
A= {A € L) : A(z) € Sqal¢? < > Aij()&ig; < BIE VEeR ae. z € Q}

ij=1

with constants 0 < a < 8 < 400, where S; denotes the set of all d X d symmetric matrices
endowed with the Frobenius inner product. We use the notation u(A)(f,g) to explicitly
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indicate the dependence of the solution « on the conductivity A. The LP(Q)%%-norm (1 < p <
o0) on A is given by

lan, = (| S ),

ij=1

and for the case p = oo, it is defined in terms of supremum as usual. When p = 2, it
is naturally induced by an inner product, which is denoted by (,-) r2(Q)da below. For the
recovery of the conductivity tensor A, suppose that we are given a set of L measurements
R, 0 =1,... L, corresponding to the excitations (f¢,g%), ¢ = 1,...,L. To handle the ill-
posedness of the inverse problem, we consider the standard Tikhonov regularization [17, 28],
i.e., the least-squares data fitting regularized with an L?(Q)%? penalty. More precisely, given
the regularization parameter v > 0, we minimize the following regularized functional over the
admissible set A:

L
(1.3) min {7,(4) = ;; |4V AY (6 — oy + LIANE}
Note that the formulation (1.3) involves only the L?(Q)%¢ penalty, and it is suitable for
recovering both smooth and discontinuous conductivity tensors. However, the choice of the
L?(2)%? penalty introduces certain challenges in the mathematical and numerical analysis of
the regularized problem, due to a lack of weak sequential closeness of the parameter-to-state
map. One way to address this issue is to use a stronger norm for the penalty, e.g., || - || g1(q),
but it can be numerically cumbersome to treat the ellipticity constraint (i.e., the bounds on
the extremal eigenvalues of the tensor A in the admissible set A; cf. (1.2)).

In this work, we provide a detailed analysis of the reconstruction approach, e.g., the
parameter-to-state map, especially LP(Q)%? differentiability, well-posedness of the variational
formulation (1.3) (existence of a minimizer, optimality system and consistency), and the finite
element discretization and its convergence. One distinct challenge in the analysis arises from
the fact that the regularized formulation (1.3) involves only an L?(Q)%“ penalty, which does
not induce strong compactness. In order to resolve the challenge, we resort to the concept
of H-convergence [51, 41] and its discrete analogue, i.e., Hd-convergence [19] (developed for
a finite volume scheme). In order to apply the concept, the presence of a nonzero Dirichlet
boundary condition in the governing model (1.1) necessitates revisiting known H-convergence
results; see Theorems 2.8 and 3.3 for the precise statements. Further, we present extensive
numerical results to validate the approach, and the numerical results show clearly the efficiency
and accuracy of the approach.

Numerical algorithms for recovering matrix parameters have not been extensively studied
[33, 14, 15]. Kohn and Lowe [33] introduced a variational method involving a convex functional
for recovering a matrix-valued diffusion coeflicient but did not present numerical experiments.
Deckelnick and Hinze [14, 15] studied the identification of matrix parameters in elliptic PDEs
from measurements (z,f) € Z x H1(Q) (Z = L?(Q) or Z = H}(?)) using the concept
of H-convergence. This work is inspired by [14, 15]. However, there are major differences
between these works and this work. First, the model in [14, 15] has a zero Dirichlet boundary
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condition, but the model (1.1) involves a nonzero Dirichlet boundary condition. The presence
of a nonzero Dirichlet boundary condition, inherent to the concerned inverse problem, poses
big challenges to the mathematical and numerical analysis of the regularized formulation
(1.3). Most studies deal only with a zero Dirichlet boundary condition, and the concept of
H-convergence and its discrete analogue (i.e., Hd-convergence) have to be revisited, which
in particular requires establishing relevant fundamental results; cf. Theorems 2.8 and 3.3
for the continuous and discrete H-convergence results with a nonzero Dirichlet boundary
condition, respectively. This represents the major technical novelty of the study. Second,
n [15], the authors carry out the optimization by the projected steepest descent method
with Armijo’s rule, whereas we solve the resulting optimization problem by a Newton type
algorithm from measurements (AVu,g) € L2(Q)? x H %(F), which is numerically observed
to be highly efficient and accurate, when coupled with a path-following strategy. Third,
we give a detailed analysis of the continuity and differentiability of parameter-to-state map,
which is essential for rigorously developing the numerical algorithm (see also the work [54]
for relevant results). Last, the works [14, 15] are concerned with variational discretization of
the conductivity tensor, which greatly facilitates the convergence analysis, whereas this work
analyzes the Hd-convergence for general discretization of the conductivity tensor A.

The rest of the paper is organized as follows. In section 2, we analyze the well-posedness
of the formulation (1.3), including existence, optimality system, and consistency, using the
concept of H-convergence. Then in section 3, we develop the finite element discretization, prove
the convergence of the approximations as the mesh size h tends to zero using the concept of
Hd-convergence, and describe a projected Newton method for solving the smoothed optimality
system. Last, in section 4, we present several two-dimensional examples to illustrate distinct
features of the proposed approach. Throughout, the notation C' denotes a generic constant,
which may differ at different occurrences but does not depend on the matrix A and any
functions/parameters (e.g., mesh size h) involved in the analysis. The notation (-,-) with
suitable subscripts denotes the L?(Q), L2(Q)?, or L?*(Q)%? inner product, and (,-) denotes
the duality pairing, e.g., between HE(Q) and its dual H ().

2. The regularized formulation. In this section, we study the well-posedness of the reg-
ularized formulation (1.3) using the concept of H-convergence.

2.1. Preliminary estimates. For any fixed (f,g) € (H'(Q)) x H%(F), and any A € A,
problem (1.1) has a unique solution u € H'(Q). The parameter-to-state map F : A + u is
defined by u = F(A)(f,g). We often write u = F'(A), by suppressing the dependence on the
problem data (f,g). By the Lax-Milgram theorem, we have the following a priori regularity
estimate of the solution u to problem (1.1).

Lemma 2.1. For any A € A and (f,g) € (H'(Q)) x H%(F), there exists a unique solution
u = F(A) € HY(Q) to problem (1.1), and it satisfies

lullm ) < CUF I @y + N9l )

Lemma 2.1 implies that u = F(A) is uniformly bounded in H'(Q) for any fixed (f,g) €
(HY(Q)) x H %(F) Actually, the regularity can be slightly improved using Meyers’ gradient
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estimates [36, Theorem 1]. We denote by @ := Q(«, 3) € (2,00), defined in [36, Theorem 1],
by suppressing its dependence on d, which satisfies ) — 2 as % — 0 and Q — r (r is given
in Theorem 2.2) as ¢ — 1. The next result gives an L9(2) gradient estimate for a nonzero
Dirichlet boundary condition. Throughout, let

Theorem 2.2. Let Q@ C R(d = 2,3) be a bounded C" domain, with r € (2,00), and A € A.
For any f € L*(Q) and g € HY(T), let u € H*(Q) be a weak solution of problem (1.1). Then,
for any 2 < q < Qg, problem (1.1) has a unique solution u € WY9(Q), and there eists
C=C(a,B,d,q,9) >0 such that

lullwra) < CUfllzz@) + N9l mr @)

Proof. Let i be the solution to the Laplace equation —A#@ = 0 in  with 4|r = g € H(T).
Then by the standard elliptic regularity theory, we obtain @ € H %(Q), and HV@HH b <

Cllgll g1 (ry- For any q € Qg, by the Sobolev embedding theorem [18],

4
() %{ ﬁgggg 172 S ).

N

(2.1) H

Thus,
Valsagey < CIVal,3 g < Cllolm
Let w :=u —u € H}(Q), which satisfies

—div(AVw) = div(AVa) + f in Q,
w=0 onI'.

By Meyers’ gradient estimate for a zero Dirichlet boundary problem [36, Theorem 1], we have

IVl pa(oye < CUIAVEl| Lagaya + 1 £l 20) < CUIAl Lo @) |Vl Laya + 1 122(0))-

This and the triangle inequality complete the proof of the theorem. |
The following Hélder inequality for matrix- and vector-valued functions is useful.

Lemma 2.3. If}lJ + % = %, p,q > 1, then for A € LP(Q)%, uw € WIP(Q), and v € H(Q),
there holds

1,1
(2.2) (AVu - Vo) p2(yal < A2 2| Al 1V ul| Logeyel Vol 12 (0)e-

Proof. By the Cauchy—Schwarz inequality and Holder inequality with conjugate exponents
satisfying % + % =1, we have
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[(AVu - V) 12()d]

< AVl 2yl Vol 2y = /ZZAWM d:c) Vol

i=1 j=1

d d 1
DX ZrAm W Z\a ") de) [V 2y
d d 2 % d %
(S () ) o)™ ([ (S 10ju)dn) 1902
j=1

1

d 1 d 1
(o Z|Aw|m dz) ™" ( /Q Ay |0ulP)da ) ™| Vol ey

i=1 =1 j=1

1
\A2J|2m)d:c dezn /Z\a u\%dx) Vol 2oy

4,j= 1
L 1
/ S ) ) (] Z Dju"dz) ™ [V 2 e
i,j=1
Upon taking ¢ = 2n and p = 2m, the desired inequality follows. |
Now we can derive the Lipschitz continuity of the parameter-to-state map F(A) with
respect to the || - [[, -norm for any p € (5?}2, 0.

Lemma 2.4. For any f € L?(Q) and g € H'(T), the mapping F : A + u(A) is Lipschitz

continuous from (A, LP(Q)™%) to H (Q) for any p € (5{?_@, oo]. That is, for any Ay, As € A,

1F(A2) = F(A) 1) < Cle, B, d, p, Q) (| f [ £2(0) + 9]l o)) 1 A2 — Axll],.

Proof. Let u; = F(A;) and ug = F(As2) be the weak solutions to problem (1.1) with A;
and Ao, respectively. By the weak formulations, we deduce

(2.3) (Al(VUQ - VU1>, V’U)LQ(Q)d = —(<A2 - Al)VUQ, VU)Lz(Q)d Yu € H& (Q)

Take ¢ € (2,Q4) such that % + % +4 =1, and let v = up — uy € H}(Q) in (2.3). Then the
definition of A and Lemma 2.3 imply

1.1
o[ 9z — ) Py < d¥ 3142 — Al |Vt oyl (2 — 1) oy
By Theorem 2.2, there exists a constant C' = C(«, 3, d, q,2) such that

lug = urllgr ) < ClllA2 = Aslll, (1 2 + 9l a2 ),

which directly gives the desired assertion. |
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Next we show the directional differentiability of the map F. Fix A € A, and let H €
L>®(9)%4 be a feasible direction such that A+tH € A for small t > 0. Let w € H}(£2) be the

weak solution to the linearized problem

(2.4)

div(AVw) = —div(HVu) in Q,
w =10 on I'.

This allows defining a linear map DF(A) : LP(Q)%4 s H}(Q) by DF(A)[H] = w. Now we
show that the map DF(A) is bounded and represents the derivative of F' with respect to A
in a generalized sense.

Proposition 2.5. Let f € L?(Q) and g € H'(Q). Then for any p € (5§2j2,oo], the operator
DF(A) : LP(Q)%4 s H(Q) is bounded:

[wll gy < Cle, B, d, p, DN HI|, 1L F | 22() + llgllmary)-

Further, for any p € (5(?_‘12,00], the map F(A) is differentiable in the sense that for any
A, A+ H € A, there holds

(2.5) lim |1F(A+ H) - F(A) - DF(A)[H]| g1 @

—0.
5], —0 I,

Proof. Fix H € L>®(Q)%?, f € L?(Q), and g € H'(T"). The weak formulation of problem
(2.4) is to find w € H} () such that

(AVw, VU)L2(Q)4 = —(HVu, V’U)L2(Q)d You € H&(Q)
Choose g € (2,Qq) such that %—1— % —i—% = 1. Then Lemma 2.3 and letting v = w € H}(Q) give
9 1,1
o[Vl gya < d27a|[H|, VUl Lol Vool L2 ya-
By Theorem 2.2, there exists a constant C' = C(«, 3, d, q,2) such that

IDE(A)H 1) < CNHIL ANl 220) + 9llm@)-

This shows the first assertion. Let R = F(A+ H) — F(A) — DF(A)[H]. Then R satisfies

div((A+ H)VR) = —div(HVw) in Q,
R=0 on I

With % + % = 1, the preceding argument leads to VR 12y < CllH,llwllLaqye- Since w
satisfies (2.4), by [36, Theorem 1], we deduce

IVl La@ye < CllHVU| Lo(qya-
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The choice of p € (5?_‘12, oo] implies ¢ € (2, Qi%id) C (2,Qq). By choosing € > 0 such that

gq=qg+e= 42—:1(1 < Qg, we have, again by Theorem 2.2,

Lf
IV ullLgq)e < Mg I Vull Ly < CIEIE 1Vull gy < CIHIGA 2(0) + gl ).
The preceding estimates together give

1Rl 0y < CIHIGAL N 220y + 9l ),
completing the proof of the proposition. |

2.2. Well-posedness of problem (1.3). Note that the regularized functional J, involves
only the L2(Q)%? penalty H\AH\%, which is weaker than the commonly used Sobolev smooth
penalty or total variation penalty, and does not induce very strong compactness to ensure
the weak sequential closeness of the parameter-to-state map, which is commonly used for
analyzing the well-posedness of the optimization problem [28]. To justify the approach, we
employ the concept of H-convergence. First, we recall the concept of H-convergence [41] for
elliptic problems with a zero Dirichlet boundary condition. Note that the H-limit is unique.

Definition 2.6. A sequence { A"} en C A is said to be H-convergent to A € A, denoted by
Ar o4, if for all f € (HY(Q))', we have up, — u in HY(Q), and A"Vu,, — AVu in L?(Q)<,

where u,, is the solution to
—div(A"Vu,) = f inQ,
U, =0 onl,
and u solves the problem with A™ replaced by A.

The following version of the div-curl lemma plays an important role in the analysis.

Lemma 2.7. Let {U, = Vg }nen and {Vy hnen be two bounded sets in L?(Q)® with (un, Vi) —
(thoo, Vio) weakly in H'(Q) x L2(Q)¢ and divV, — divVy, strongly in H=1(Q). Then for any
¢ € C*(2), we have

lim OVuy, - Vpdr = / OV - Voodzx.
Q Q

n—oo

Proof. The proof can be found in [51, p. 91]. We sketch the proof for completeness. Since
Pup — Puco in Hy(Q), the strongly-weakly convergence in (-, -) r-1(q), H} () implies

Jim (divVi, $un) g-1(), 13 (0) = (divVeo, Gtico) r-1(0), 13 (0)-
This directly gives
lim (Vi, ¢Vuy +un Vo) r20)a = (Voos 9Vtloo + o V) 2(qya-

n—oo

Meanwhile, by compact Sobolev embedding H'(Q2) «— L2(Q), (V;,u, V) [2(Q)¢ converges to
(Voos oo V@) 12(q)a, and the proof is completed. [ ]
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To prove the existence of a minimizer of problem (1.3), we need the following compactness
result, which is the counterpart of H-convergence for a nonzero Dirichlet boundary condition.

Theorem 2.8. For any sequence {A"},en C A, there exists a subsequence, still denoted by
{A"}, and an element A € A such that for every (f,g) € (H'(Q)) x H%(F), there holds

(2.6) Up — u in HY(Q) and A"Vu, — AVu in L*(Q)%,

where uy, and u be are solutions of problem (1.1) with conductive matrices A™ and A, respec-
tively.

Proof. Since {A"},en C A, there exists a subsequence, still denoted by A™, and A € A

such that A" 25 A [51, Theorem 6.5]. First, we show that for any fixed ¢ € H%(F), there
exists a subsequence of { A"}, cn, still denoted by { A"}, en, such that (2.6) holds, following the
argument of [51, Lemma 10.4]. We define the bilinear forms a,(-,-),a(-,-) : HY(Q) x H () —
R by

an(u,v) = (A"Vu, Vv)2qpe  and  a(u,v) = (AVu, Vo) 2 Yu,v € HY(Q).

The weak formulation of problem (1.1) (with A") is to find u, € K := {u € HY(Q) : u =
g on I'} such that

an (Un,v) = <fav>(H1(Q))’,H1(Q) Vv e H&(Q)-

By Lemma 2.1, the sequence {uy, }en is uniformly bounded in H'(Q2). Thus, we can extract
a subsequence, again denoted by u,, such that u, — u in H'(2). Since the set K is closed
and convex, it is weakly closed, and we deduce v € K. Since the space CZ°(12) is dense in
L?(Q), for any ¢ € L?()%, there exists a sequence {¢.}o~0 C C°(Q)¢ such that ¢. — ¢ in
L?(Q)? as e — 0. For all ¢ € L*(Q),

(¢, A"Vun, — AVU) p2(qya| < [|¢ — dellp2(qya (I[A" Vunl L2 () + [[AVUl| £2(0)a)
+ |((;55, A"Vu, — AVU)LQ(Q)d|

By [51, Lemma 10.3], we obtain

(2.7) A"Vu, — AVu in L*(Q)%.

Next we show

(2.8) (U, U — ) = a(u,u —v) Yo € H(Q).

Since A"Vu,, = AVu, Vu, — Vu in L?(Q)? and div (A"Vu,,) = f, and curl (Vu,) = 0, the
div-curl lemma (cf. Lemma 2.7) implies

(29) (qﬁA"Vun, Vun)Lz(Q)d — (chVu, VU)L2(Q)d Vo € CC(Q)
Repeating the argument of [51, Lemma 10.4] and noting

an(tp,v) = a(u,v),
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we obtain the assertion desired (2.8). Thus we have

a(u,v) = <f, U)(Hl(Q))’,Hl(Q) Yv € H&(Q)

Next we apply a density/diagonal argument to show that for all (f,g) € (H'(Q)) x H %(I‘),
the assertion (2.6) holds. Since the space H %(F) is separable, there exists a countable dense
subset G of H%(F) Let {0,} = {n}. For any fixed {¢*} € G (k > 1), the preceding argument
ensures the existence of a subsequence {(k),} C {(k — 1), } such that

u];n — ¥ in H'(Q) and Ak"Vullzn — AVWF in L2(Q)4,

where u’lzn and uF satisfy

{—div(Ak"Vu’,jn) =f inQ, . {—div(AVuk) =f inQ,
an

uﬁn = gk on I, uk = gk on I,

respectively. To show the convergence for any (f,g) € (H' () x H 3 (T"), we apply a diagonal
argument, i.e., choosing the subsequence {ky}, still denoted by A", i.e., A" = A™. Since G
is dense in H%(I‘), for any g € H%(I‘) there exists {g"} C G such that g8 — g in H%(F) For
any £ € (HY(Q)), we have
(& un) 2y 9) — (6w )y o )|
= [(& un = w)an@yan@) + & un = wPan @y + U = wan @y o)
< &l ey (lun — bl o) + I1u* = ullgre) + 16 ul — u*) @)y mo)]
k k k
<Cllg—g ”H%(r) + (& un — u) )y, 5 @) |

which yields u, — u in H'(2). Since |A"Vu, — A”Vu’fLHLz(Q)d < Clluy, — ul;:LHHl(Q) and
repeating the argument gives A"Vu,, — AVu in L?(Q)%. This completes the proof of the
theorem. m

Theorem 2.8 gives the the H-convergence for a nonzero Dirichlet boundary data, and
further, the H-limit for the nonzero Dirichlet boundary condition case is identical with the
zero case. The next lemma gives the norm inequality for the H-limit [41].

Lemma 2.9. Let the sequence {A"}pen C A be A™ Iy A and A" 5 A0 in L>(Q)4?. Then

(2.10) A<A ae inQ and [|AJ < [JA°)3 < liminf |42

With the compactness result in Theorem 2.8, we can state the existence of a minimizer.
Theorem 2.10. There exists at least one minimizer to problem (1.3).

Proof. The functional J, is bounded from below by zero, and thus we can find a minimizing
sequence {A"},en C A such that

n—o0

lim J,(A") = /ilrelfétJW(A)'
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By Theorem 2.8, since the sequence {A"},cn is bounded in L>(Q)%?, there exists a sub-
sequence {A™}rcy and some A € A such that A™ I Ain L)% Letting ufy, =
u?(A™), 0 = 1,...,L, we have quk —uf(A),£=1,...,L in H(Q). Hence, the weak lower
semicontinuity of the L?(2)-norm and Lemma 2.9 give

L
1 o
Ty(A) = 2 3 AV — B 22000 + 2IIAII2
2 @' 9
/=1

IN

n/—o00

L
1 . n' - .. n 2
thmf;_ljuA Vil — 32y + 3 liminf LA™
< liminf Jy(4") = nf Jo(4).

Thus, A is a global minimizer. This completes the proof of the theorem. |

Next we derive the expression of the gradient J“/y of the functional J, and the first-order
necessary optimality system using the adjoint technique. The former allows applying popu-
lar gradient-descent type algorithms, whereas the latter is useful for designing Newton type
methods. Let the adjoint variable ¢, £ =1, ..., L, solve
211) {—div(Av;aﬁ) = div(A(AVuY' — 1)) in Q,

=0 on I

We show the differentiability of J,(A) in the LP(Q)%4 topology. For two vectors a,b € R%, we
denote the symmetrized tensor product by (a ® b);; = %(aibj +ajb;), 4,5 =1,...,d, and the
Frobenius inner product between two matrices A, B € R? by A- B. The lengthy but routine
proof is deferred to the appendix.

Theorem 2.11. Letting p' be defined in (2.11), for any H € L>(Q)%¢ such that A+tH € A
or sufficiently small t > 0, the directional derivative 0 18 gLven
f ficiently Il 0, the di jonal derivati JA’Y(A)[H} f J, is gi by

(2.12) T (A)[H] = /Q (i (vuf ® Vil + Vil ® (Avuf - Hf) + M)) - Hda.
/=1

Moreover, if A is an interior point of A, then J.(A) is Fréchet differentiable in the LP(2)%4

topology for any p € (5‘5{"’2, Q).

Next we derive the first-order necessary optimality system of problem (1.3). Recall the
subset K :={A € Sylal <A< BI} C Sy givenin (1.2), with A < B indicating that B — A is
symmetric positive semidefinite. Since K is a convex and closed subset of Sy, we can define
an orthogonal projection Px : S — K, characterized by the following variational inequality:

(A— Pg(A)) - (B— Pg(A) <0 VBeK.
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Theorem 2.12. Let A* € A solve problem (1.3); then the tuple (A*,u’,p’) satisfies the
following optimality system, for every A > 0,

, —div(A*Vu) = f£ in Q,
primal
ut = gz on T,

—div(4*Vp?) = div(A*(A* V! — hY)) in €,
dual '
p- =0 on T,
complementarity
L
A*(z) = Pk (A* - Z(Vue @ (A*Vul — ') + Vul @ Vp' + ’yA*)) a.e. in .
(=1

Proof. The optimality of A* implies J! (A*)(B — A*) > 0 for all B € A. In view of (2.12),
it can be rewritten as

L
/Q (A* AN (Vul @ (AVu! — 1) + Vil © Vit qAT) - A*) (B—A"dz <0 VYBe A
(=1
The inequality is equivalent to
L
(2.13) A* =Py (A* AN (Vi © (A k) + Vi © Vit + 7A*)),

(=1

since P4 is a projection onto a closed convex subset in a Hilbert space. Now for every = € €2,

L
P (A*(x) AN (Vi (@) ® (A (@) Vil (2) — B () + Vil (2) © V' (z) + 7A*(x))>

)
L

L
= arg min ]HA*(;;;) A (Vi (@) ® (A% (@) Vul (z) — B(x)) + Vil () ® Vp!(2)

)
X

This and the uniqueness of a projection onto convex sets imply that the relation (2.13) is indeed
equivalent to the pointwise projection A*(x) = Py (A*(z) — AL (Vul(z) @ (A*(x) Vul () —
R (z)) + Vul () @ Vpi(z) +vA*(2))) a.e. in , which directly implies the desired complemen-

tary condition. ]
Remark 2.13. Choosing A\ = % in the complementarity condition gives
L
(2.14) A*(z) = PK< — 1 Z Vu' @ (A*Vut — ) + Vit @ Vpe) a.e. in €.
/=1

This choice is employed in the numerical implementation in section 5.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 08/03/22 to 193.60.240.99 . Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

872 HUAN LIU, BANGTI JIN, AND XILIANG LU

Last, we state a convergence result with respect to the noise level. Suppose that we are

given a set of noisy measurements Rtd ¢ L*(Q)% ¢=1,...,L, with a noise level 4, i.e.,
(2.15) 1h* — R0 agqpe <6, £=1,...,L.
Accordingly, consider the following optimization problem:
L
. 1 > Y
(2.16) Y {Jg(A) Y Z 1AVu‘(A) - h£’6”%2(9)d + 2||A|H§}-
/=1

The next result shows the convergence of regularized solutions to a minimum norm solution
as the noise level ¢ tends to zero, i.e., regularizing property of problem (1.3). The minimum
norm solution A' is defined by At € argming - oy | AJl5, where Ta(h,L) = {A € Apt =
AVUl(A), 0 =1,... , L} is assumed to be nonempty. This result ensures that the solutions to
the regularized problem (1.3) don’t differ too much from the reference solution, provided that
the noise level § is sufficiently small and the regularization parameter « is chosen properly.

Theorem 2.14. Let H“ satisfy (2.15), let A% € A be a solution of problem (2.16), and
suppose that v — 0 and f — 0, as 6 — 0. Then up to a subsequence, there holds A% — A in

L2(Q)%4 as § — 0 for some minimum norm solution A.
Proof. Given a sequence {dx}ren with limg oo 0 = 0, we choose 75 > 0 such that
1

limg_ oo e = 0 and limg_ o 7;5% = 0. Further, let A, = Af/;c € A be a minimizer of
%%(A) over A. For any minimum norm solution AT € A, there holds Jﬁf]’j (Ag) < Jg’;(AT).
at is,

L
1 - Yk
5 Z HAkVU Ak he’akH%Q(Q)d + ?H‘Akwg
=1
1 L 5
- k
(2.17) < 5 D 14TVt (AY) = RS T g + AT gy
=1

L Yk 2
< 282+ SIAT5-
< 50 + 5 14
This and the condition on ~y; imply

2
(2.18) lim sup Il 4klI3 < lim Sup(LWk 167 + [lAtI3) = I1AT;.

By Theorem 2.8, there exists a subsequence, again denoted by { Ay }ren, A4, AY € A, such that
A, 5 A and Ay, — A weak * in L>*(Q)%?, Lemma 2.9 implies

(2.19) A< A ae i@ and JJAJ < [l AolI3 < liminf | A 13

By the definition of H-convergence, we have ul(Ay) — uf(A) in HY(Q), ApVul(A4y) —
AVut(A) in L2(Q)?. Since ||h¢ — h£75’<|]L2 )yt < Ok, from the estimate (2.17), we deduce

(2.20) Z |AVU! (A) = B[l p2(qye < hmmfz | AxVul(Ar) — B5%% | 12 ya = 0.
/=1
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Therefore, A € T A(ﬁ, L), and it is a minimum norm solution. From (2.18) it follows that
Aj, — A% weak * in L®(Q)%4 and A < A” a.e. in Q. Then we have

limsup ||| Ay — All3 = limsup([ A%l + [IAI3) — 2(Ax, A) L2y
k—o0 k—o00
< 2| All5 — 2(Ao, A) r2(qyaa < 0.

In conclusion, Ay — A in L?(Q2)%? as k — oo, and A is a minimum norm solution. [ |

Remark 2.15. Note that the minimum norm solution A is generally nonunique, and it
does not necessarily coincide with the exact conductivity tensor. Nonetheless, it coincides
with the exact conductivity tensor if the set 7 A(i_i, L) consists of one singleton. Under suitable
regularity conditions on the problem data and given a sufficient number of current densities,
the anisotropic conductivity tensor is uniquely determined [8, 7]. Then the set Z A(ﬁ, L)
consists of one single element, and accordingly, the minimum norm solution is unique, and
also by the standard subsequence argument, the whole sequence converges to the unique
minimum norm solution as § — 0.

3. Numerical discretization and convergence. In practice, numerically solving problem
(1.3) requires suitable discretization. Since the problem involves variable coefficients, it is most
conveniently carried out using the Galerkin finite element method [13, 12]. Throughout, we
assume that the domain 2 is a polygon in two dimensions or polyhedron in three dimensions.
Let T be a quasi-uniform triangulation of the domain {2 with a maximum mesh size h. We
employ the piecewise linear finite element spaces V;, € HY(Q) and X; C L?(Q) defined
respectively by

Vi, = {’Uh eC(): ’Uh’T e P(T) VT € T},
Xn = {An: (An)ij € L*(Q), (Ap)ijlr € P(T),i,j=1,...,d,VT € T},
where P;(T) consists of all linear functions over T'. The discrete admissible set Aj, is given by
Ap = AN Xy, Let Vo = Vi, N HY(Q) C Vj, whose elements vanish on the boundary T', and
denote by V;(I') the trace space of Vi, on I'. Let Py : L*(Q) — V0 be the standard L?*(Q)
orthogonal projection. Then it is H'(2)-stable [11], i.e.,
1P (u = @)l g3y < Cllu = @l g a)-

To formulate the finite element approximation of problem (1.1), we fix a function g, €
V3, (I') which approximates the given Dirichlet boundary condition g. Then the finite element
problem for problem (1.1) reads, Find uy, € V}, such that up, = g on I" and

(3.1) (AhVuh, V’Uh)Lz(Q)d = (f, Uh)LQ(Q) V’Uh € Vh,().

This defines a discrete forward operator F} : A, — uyp, (again suppressing the dependence on
the problem data (f,g)).

Remark 3.1. Since the space V(') is dense in H%(F), there exists g5, € V3 (I") such that
th_gHH%(r) —0ash—0.Ifg e H> (I"), a standard choice for the Dirichlet data g5 € V,(I)

is the Lagrange interpolation Ipg of g [13, 12]. If g € H%(F), we may let g; be the L?(T)-
projection of g onto V4 (I") [20, 9].
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Throughout, we take g, = @|r, with @y, € Vj, and ||ty — @ g1(q) — 0, where 4 satisfies
—A% = 01in Q and a|p = ¢ (i.e., @ is the harmonic extension of g from the boundary T to
the domain €2). Then by [13, p. 143] and [50, p. 200] and the density of V3, in H({2), Vi, in
H (), we have

1 _1 . ~
|w —upllgr) < B2a™2 inf  |lu— (Un + vp)ll g1 (o)
UhEVh’O

1 _1 . ~ ~ ~
§B2a 2 (Uhlen‘;‘ho ||u —Uu-— vhHH&(Q) + Hu - uhHHl(Q))

Upon choosing vy, = Py(u — @) € V30, then we have

lunll @) < llu—unllai@) + [ull @)
1 1 ~ ~ ~
<B2a2(2llu — allgr (o) + 1 = @nll (o) + lull g o)

Thus, |lupl| g1 (q) is uniformly bounded. This fact will be frequently used below.
Now we can formulate the discrete counterpart of problem (1.3):

L
: 1 ¢ 2 gl 2
(3.2) i {J%h(Ah) =3 ; 1ALV (Ap) = hE|1 20 + 2 1Al -

3.1. Convergence analysis. To analyze the convergence of problem (3.2), we use the
concept of Hd-convergence defined below. It was introduced in [19] and [14] in the context of
finite volume and finite element discretizations of boundary value problems, respectively, to
adapt H-convergence results to a discrete setting.

Definition 3.2 ([14]). A sequence {An} C A is said to be Hd-convergent to A € A, denoted
by Ay Hd, A, if for all f € H- (), we have up — u in H'(Q), and ApVu, — AVu in
L2(Q)?, where uy, € Vi, is the finite element solution to

(A}LVU}17 Vvh)LQ(Q)d = <f, vh>H*1(Q),H§(Q) Yy, € tho,

and u solves —div(AVu) = f in Q and u =0 on the boundary T.

Next we establish the Hd-convergence for a nonzero Dirichlet boundary condition, which
will be useful for the convergence analysis of the discrete problem (3.2).

Theorem 3.3. Assume that {Ap, € Ap}tp>o C A with Ap Hd g for any given f € H=Y(Q),

g€ H%(F), gn € Vi (L) with ||gn — gHH%(F) — 0. Let up, €V}, and u € HY(Q) be the solutions

of the following finite element problem and the elliptic problem (1.1), respectively: up € Vj
with up|r = g, with

(AnVun, Vop) 2pa = (frvn) g1 @)ui) Yo € Vao,

and u solves —div(AVu) = f in Q and uw = g on the boundary I'. Then there holds

up, — u in HY(Q) and ApVuj, — AVu in L*(Q)%.
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Proof. Let @ € H'(Q) with @|r = g. Then
(AV(u — 1), Vo) 2 (e = (f + divAVE, 0) gy mi) Y € HY(Q).
Let z, € V3,0 be the solution to the finite element problem
(ApVzp, Vop)p20d = (f + divAVE vr) 1) m1) Y0k € Vi
By the Hd-convergence [14, Theorem 3.1], we have (up to a subsequence)
(3.3) zp —u—ain HY(Q) and A,Vz, = AV(u—a) in L*(Q)%
We denote by uy, € Vj, with ap|r = gp and
(ApVap, Vop)20d = (—divAVa, Uh)H—l(QLHOI(Q) = (AVa,Vup)r20d  Yup € Vi

By definition, A,Viy, is the L?(Q)-projection of AV onto the space VVj, g := {Vuy, : vy, €
Vho}. Since VV}, o is the standard piecewise constant finite element space and it is dense in
L?(Q)? space, we deduce

(3.4) ApViay, — AVE  in L2(Q)%

Meanwhile, by the definition of up, we can split up into up = z, + 4y, and furthermore, in
view of (3.3)-(3.4), we have A,Vu;, — AVu in L*(Q)%. It remains to show that u, — u
in H(Q). Since the sequence {uy,}5~0 is bounded in H!(£2), there exists a weak accumulation
point & € H(), and it suffices to prove 4 = u. Then up to a subsequence, let u; — @ in
H}(Q). For any f € H(Q), let yp, € Vio and y € H () be solutions to the finite element
discretization and the continuous PDE, respectively, i.e.,

(AnVyn: Von) raiye = (Fron) m-r).m@  Yon € Vo,
(AVY, Vo) raiye = (f,0) -1y i) Yo € Hy(Q).

Then the Hd-convergence [14, Theorem 3.1] implies y, — y in H}(Q), A, Vy, — AVy in
L2(Q)%. For any given ¢ € C5°(9), we define

By = (¢Athh, Vuh)Lz(Q)d.
Then direct computation gives

Eh = (AnVyn, 6Vun) 2y
= (AnVyn, V(oun)) r2(qya — (AnVyn, upn Vo) 2 (0)a
= (ArVyn, VIn(dun)) 2y — (AnVyn, unV o) 2(q)a
+(AnVyn, V(pun — In(¢un))) L2 (qya-

Then using the weak formulation of y;,, we obtain
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Ey, =(f, In($un)) -0y, m1(2) — (AnVn, unVé) L2y
(3.5) + (AnVyn, V(pun — In(¢un))) L2 (q)e

where I;, denotes the standard Lagrange interpolation operator. Then there hold

In(¢up) — ¢ in Hy(Q) and  ||pup, — In(¢up)| m1(q) — 0.

Indeed, by the standard interpolation estimate [12], we have

lgun — In(dun)ll gy < ChIID* (¢un) | r2ery < chlldlwzeomlunllmry VT €T,

so that ¢up — In(¢up) — 0 in HG(Q) as h — 0T since [|u | 1(q) < C. This and the weak
convergence ¢uy, — ¢t imply Ip,(¢up) — ¢i. Upon passing to the limit A — 0% in the identity
(3.5), we obtain

lim Ej, = (f, D) -1(0),m1 () — (AVY, WV ) 12(q)a

h—07t
= (=div(AVy), ) g-1(0),m1(0) — (AVY, WV ) 2(q)a
= (AVy, (bVﬂ)LQ(Q)d

Likewise, repeating the preceding argument yields

Eh = (AhVuh, ¢Vyh)L2(Q)d

ANV uR, V(dyn)) r2)e — (AnVun, ynV o) 12(q)a

ApNun, VIR(9yn)) r2(@ya — (AnVun, Yy Vo) L2 (0
+(AnVup, V(oyn — In(dyn))) 20y

= ([, In(Dyn)) -1 ()12 () — (AnVun, yn Vo) 12(q)a
+(ArVup, V(oyn — In(dyn))) r2()d-

= (
= (

Passing to the limit A — 07 in the last identity gives

lim Ep = (f, 0y) g-1(0),m11 ) — (AV, yV)12(q)a

h—0t
= (=div(AVu), oY) -1y, mi () — (AVU, yV ) 12(q)a
= (AVu, ¢Vy) r2(q)a-

Since the two limits are identical, we conclude
(AVy, dVi) 12(q)a = (AVU, §VY) 120

Since the choice of the functions f and ¢ is arbitrary, we have Vu = Vu. Since up — @ weakly
in H'(Q2), by the Sobolev embedding theorem and trace theorem, uj;, converges to u strongly
in L*(T), i.e., [|i|lr — gnllp2qry — 0. This directly gives 4|r = g = u|r. Together with the
identity Vu = Va, we obtain u = %, which completes the proof of the theorem. |
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The next result is a discrete analogue of Lemma 2.9 [14, Corollary 3.1].

Lemma 3.4. Let the sequence {Ap}n>o be Ap, Hdo A and Ap 2 A% in L°(Q)%4?. Then
A<A ac inQ and A < A < limint |44 1
—}

Now we can state a convergence result for a sequence {Ap, }p~¢ of solutions of the discrete
problem (3.2). It is a finite element version of the result obtained in [19].

Theorem 3.5. There exists at least one solution Ap, € Ay, to problem (3.2). Further, there
exists a subsequence { Ap o and A € A such that Ay — A in L*(Q)4? and A is a solution
of problem (1.3).

Proof. Problem (3.2) is a finite-dimensional optimization problem, and the existence of
a minimizer Aj, follows directly from the coercivity and continuity of the functional J, ;. It
remains to prove the convergence. By Theorem 3.3 and Lemma 3.4, there exists a subsequence

{Ap € Ap }p~o and A € A such that Ay Hd 4 and Ay = A% in L>(Q)%?, and
(3.6) A<A%ac. inQ, and |JA|> < ligninfmAh/H@.
— 00
Let ut, (Ap) = Ff(Ap), u*(A) = FY(A),i=1,..., M. Then we have
uh (Ap) — ub(A) in HY(Q), and A Vul, — AVa! in L2(Q)%
The argument of Theorem 2.10 implies
A) <liminf J, ;/(Ap).

Jy(A) < liminf Jy p (Ap)

Next, Theorem 2.10 implies that problem (1.3) has a solution A € A. Then we have

J,(A) < J,(A) < hm mf Jyw (Ap) < lim sup Ty (Ap) <limsup J, v (A) = J,(A).
h'— h'—0

Consequently,

(3.7) lim Ty e () = 4 (A) = J,(A).

In particular, A is a minimizer of the functional .J,. Furthermore, direct computation gives
1 L ¥
5 D AV (A) = Ap Vg (Ap) 172 + A - Awll
(=1
L
=J (A) + J,y h’ Ah/ + Z AVu he, he - Ah/Vqu, (Ah’)>L2(Q)d - ’y(A, Ah/)Lz(Q)d,d.
=1

Now (3.6) and the convergence Ay — A% in L>(Q)%4 imply
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lim (AVu'(A) — 1’ kY — ApVub, (Ap)) 2 @ = [[AVUf(A) — Ef”; @

h!'—0+

lim (A, Ay ) 2(qyaa = (A, A%) 2 iqyaa > [|Al3.
h—0+

These identities together with (3.7) imply

. 1 ¢ ¢ 2 g 2
Jim > Z |4V (A4) ~ A Tufy (A 2aqpe + 214 - Awll
<2J4( Z AV (A hz”m (Q)d — 'Y‘”A‘Hz =0,
which completes the proof of the theorem. |

3.2. Projected Newton algorithm. Based on the necessary optimality system in Theo-
rem 2.12, there are several different ways to develop algorithms for solving the regularized
formulation (1.3). One direct choice is gradient descent, which was explored for a related
inverse conductivity problem in [15]. Generally, gradient type methods are known to converge
steadily but often slowly, especially when the sought-for conductivity tensor is nonsmooth.
Thus, it is still of much interest to develop efficient algorithms. In this part we develop a pro-
jected Newton algorithm. First we derive the necessary optimal condition of the finite element
problem (3.2). The argument in section 2 shows that the directional derivative J. , (Ap)[H]
of J, n(Ay) is given by
(3.8)

L
Ty (A / (Z Vg (Ap) @ (ApVul (Ay) — h) + Z Vb (Ap) ® Vil + 'YAh) . Hdx
=1

for any feasible direction H € X}, such that A, + H € Ay, where ufl(Ah) = F,f(Ah) €V, and
ﬁfl € Vho, £=1,...,L, solves

(3.9) (AhVﬁi, V’Uh)L2(Q)d + (Ah(AhVqu(Ah) — HK), Vvh)Lz(Q)d =0 V’Uh € Vh(T)

The optimality condition can be interpreted pointwise as

L
1 -
(3.10) Ap(z) = PK< - Yl (Ap) ® (ApVulh — B) + > Vb (A) @ Vp;;)) a.e. in Q.
(=1

~
HMh
)

In sum, the first-order necessary optimality system in the variational form is given by

(AhVufl, Vvh)Lz(Q)d - (fg,vh)Lz(Q)d =0 Yo, € Vh,O; {=1,...,L,

(ARV B, Von) L2 (ye + (An(ApVuf, — B, Vo) 2gpa =0 Yo € Vig, £=1,...,L,
L

(Z Vuy @ (ApVub — hY) + Vul @ Vph +~vAp, Dy — Ah>L2(Q)dd >0 VD e A
/=1
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To apply the Newton method, one crucial step is to derive the Newton update (at, p’, A)
for the unknowns ( .t A). This can be achieved by solving

(AVup™, Vuy) g2y + (ARVE, Vop) 2 iqya = (ARVuy", Vop) 2 ()

Vop, € Vo, 0 =1,...,L,

(A(Vp," + ARVuy™ — 1) + AL (AVU"™), Vo) 2 gqye + (AR(ARVE, Vog) 12y
HARVE, Von) p2iya = (ApVp"™ + AR (AR U™ — BY), Voy) 12y

Vop € Vol =1,...,L,

—

® (AVu") +vA + V' ® (ApVuy™ — 1Y), Dp) [2(qa.d

Mh

(3.11)

(Vuy" @ Apva’ + Vat™ @ Vp," + Vi © Vuy™, Dp) 20yt

+
M- I

—

(V" @ (ARVu™ — hY) + V" @ V" + AR, Dy) pa

I
M= ¢

()

~
Il
—

VD, € .Ah.

The solution of the coupled system (3.11) is denoted by Ag,ﬂfl",ﬁi", ¢ =1,...,L. When
formulating the Newton method for the KKT system, we do not treat directly the variational
inequality (i.e., the box-constraint on the extremal eigenvalues of Ay, or equivalently the
projection operator in (3.10)). That is, we use the Newton iteration to update the solution to
(3.1), (3.9), and (3.10) without the pointwise projection Px. After computing the updates, we
project the updated solution onto the convex set Ay, which can be performed pointwise. This
leads to a projected Newton algorithm, whose details are listed in Algorithm 1. Note that
each iteration of the method requires solving one coupled linear system in the state variable
ﬂfl, adjoint variable p‘fl, and conductivity tensor Aj,. The stopping criterion in line 6 is taken
so that the relative error

{n+l e, L+l 57
{\HAZ“—AZHQ g™ " aey o™ = o e L}
A=1,...,
22

1 ’ £n+l ’ _0n+1
A% "Ml 220 5"

falls below a given tolerance 7 or the max iteration number exceeds a predetermined number.

It is well known that Newton type algorithms converge very fast, if a good initial guess is
provided, which, however, is generally nontrivial. Meanwhile, the choice of the regularization
parameter y is very important in order to obtain satisfactory reconstructions. To choose a
suitable regularization parameter and to provide a good initial guess for the Newton algorithm
simultaneously, we adopt an easy-to-implement yet very powerful path-following strategy,
which has been successfully applied in many applications [29]. Specifically, fix a decreasing
factor p € (0,1), and we apply Algorithm 1 with 7, = y9p™. with the initial guess given by
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Algorithm 3.1 Projected Newton algorithm.

1: Given initial guess A?L,ui’o,pi’o, ¢=1,...,L.
2: for n=0,1,2,... do -
3:  Obtain the increments A™, @"", p*™ of Ay, uf{",pi’” by solving the Newton system (3.11).

4:  Update A}, ufl’n, ﬁf;" by

n+1 __ 1 In+l _  In —n {n+l _ UIn _ln _
AT = Ay AR w T =y, py T =y oy, E= 1

Project AZ'H onto Ay, and reset AZ'H.
Check the stopping criterion.
end for

the solution of the v,,_1— problem, i.e.,

L

: 1 ¢ AN V=1 4112

i { s (4) = § D IAVCA ) = Pl + 5 AR
=1

This step warm starts the Newton update and is done to fully exploit the fast local convergence

of Newton type methods. The final regularization parameter is determined by the classical

discrepancy principle [17, 28], i.e., determining the smallest k* € N such that

L
Z HAW;C*,hvui(Avk*,h)(fea 96) - hz”%%g)d < Lo?,
=1

where A, j, denotes the minimizer for the discrete functional .J, ;. In summary, there are two
loops in the algorithm: one is the inner iteration as shown in Algorithm 3.1, and the other is
the outer iteration, which performs the path-following strategy over the penalty parameter .
Due to the fast local convergence of inner Newton iterations and proper initial guess from the
path-following strategy, one often needs only one or two inner iterations to ensure convergence,
and hence, Algorithm 3.1 is expected to be highly efficient, which is also confirmed by the
extensive numerical experiments in section 4.

4. Numerical experiments and discussions. Now we present several two-dimensional nu-
merical experiments to demonstrate the accuracy and efficiency of the algorithm. All the
experiments are carried out using FreeFEM++ [24] on a personal laptop. The domain € is
taken to be the square (—1,1)2. We use an (N + 1) x (N + 1) uniform square grid with
N = 20 and mesh size h = 2/N. The current densities h’ = AVu' for reconstructing the
conductivity tensor A are simulated by solving problem (1.1) using the Galerkin finite element
method with a finer mesh. The noisy data R%9 are generated by perturbing the exact data Rt
pointwise as A% (z) = h(z)(1 + 6¢(z)), where ¢ is uniformly distributed on [—1,1], and § > 0
denotes the relative noise level. In the numerical experiments, Vj,(7) is chosen as Ps finite
element space and X}, (7) is the P; discontinuous finite element space. Due to the use of cubic
finite elements, the choice N = 20 is sufficient for ensuring reasonably accurate reconstruc-
tions for noisy data. Numerically this choice is observed to significantly outperform low-order
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Table 1
The test cases for the conductivity tensor. The functions £ := 2+ sin(mz1) sin(nzz2) and ¢ := 0.5sin(27z1),
and l(z) = 1.5xs, + 0.5xs, + 2x55 + X5, with S1 = [—0.4,0.6] x [—0.4,0.6], S = [—1,—-0.7] x [-0.4,0.1],
S5 =1[0.7,1] x [-0.8,-0.3], and Sy = Q\ Ui_, S;.
Example A Ais Aoo Feature
1 1 0 1 constant
2 1+ 2% + 22 0 142?423 smooth
3 I3 0 14¢2 smooth, oscillatory
4 13 ¢ 14 x? + 23 nondiagonal
5 1+ |z1] + |z2] 0 2+ |sin(mzy) sin(mxz)| nonsmooth
6 1+ |z1] +|z2| |x1z2] 24 |sin(7x1)sin(nzz)| nonsmooth, nondiagonal
7 l(x)€ 0 I(z)(1+¢3) discontinuous

finite elements. To investigate distinct features of the approach under different problem set-
tings, we consider examples with either diagonal or nondiagonal anisotropic conductivities,
and unless otherwise stated, the data correspond to five (i.e., L = 5) different Dirichlet data
(91,92, 93, 94, g5), given by (w1 + z2, 72 + 0.522, 21 — 0.123,0.1(cos(10z2) — cos(10x1)), z122)
and a vanishing source f = 0. This choice is motivated by the fact that in the two-dimensional
case, four judiciously chosen excitations are sufficient to ensure the unique recovery [8, 7]. The
reconstruction procedure is initialized with a constant matrix A% = [_21 }1], and in order to
warm start the algorithm, we take v9 = 10 and reduce its value by a factor p = 0.7 after each
inner loop. Below we use AT (with entries A;j, i,j = 1,2) to denote the exact conductivity
tensor. The test cases and their distinct features are listed in Table 1.

The accuracy of a reconstruction A with respect to the exact one A' is measured by the
relative error e = || A — AT|[, /|| AT||l,. The relative errors for the examples given in Figures 4.1
4.7 with different noise levels are given in Table 2. It is clearly observed that for all examples,
as the noise level § decreases, the reconstructions become more accurate. For exact data, the
reconstruction error e is nonzero, since the mesh used for the inversion step is not very refined,
and there is an inevitable discretization error (and also requires suitable regularization). One
can also observe that the errors in the reconstruction of the discontinuous conductivity tensor
(Example 7) are much larger than the continuous cases in Examples 1-6, since the sharp edges
cannot be accurately captured. This clearly indicates the numerical challenge associated with
recovering nonsmooth conductivity tensors.

Table 2
The numerical results (accuracy error e) for Examples 1-7.

Example \6| 0% 1% 5% 10%

1 3.490e-4 1.538e-3 4.180e-3 8.456e-3
1.492e-3 3.571e-3 8.452e-3 1.237e-2
2.731e-3 4.498e-3 1.256e-2 1.963e-2
5.496e-3 1.110e-2 2.065e-2 3.249e-2
1.771e-3 3.566e-3 9.463e-3 1.438e-2
2.499e-3 3.975e-3 9.999e-3 1.509e-2
4.970e-2 4.965e-2 5.029e-2 5.283e-2

N OOt W N

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 08/03/22 to 193.60.240.99 . Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

882 HUAN LIU, BANGTI JIN, AND XILIANG LU

Figure 4.1. The reconstructions for the conductivity tensor for Example 1: the top, middle, and bottom
rows refer to Ai1, A1z, and Asz, respectively. Column 1 is for exact conductivity, column 2 for reconstruction
with exzact data, column 3 for noisy data with § = 5%, and column 4 for the cross section along {z2 = —0.7}.

To gain further insight into the reconstructions, we present in Figures 4.1-4.7 the exact
conductivity tensor, the reconstructed tensors for exact and noisy data, and a cross section.
These plots show clearly that the reconstructions are fairly accurate, even in the discontinuous
case, agreeing well with the quantitative results in Table 2. Indeed, the kinks in the nonsmooth
conductivity components can be accurately resolved, showing clearly the accuracy of the
proposed approach. A careful comparison between the results shown in Figures 4.1-4.2 and
Figures 4.3-4.7 indicates that the reconstructions of an isotropic conductivity tend to be
more stable than the anisotropic case. This is consistent with existing theoretical findings
[7, Theorem 2.4]. Nonetheless, Figures 4.5-4.7 show that the approach can also stably and
accurately recover an anisotropic conductivity tensor of distinct features for both exact and
noisy data (with up to 10% of noise in the data).

Next we briefly examine the convergence behavior of the algorithm. In Figure 4.8, we
present the convergence of the relative error and residual for Example 4 versus iteration
number (without stopping by the discrepancy principle). It is observed that as the noise level
& decreases from 10% to 0%, the accuracy of the reconstruction A improves steadily, which
partly agrees with Theorem 2.14. Also from Figure 4.8, we observe a robust convergence of the
algorithm: it converges after about 30 iterations, irrespective of the noise level §. Although
not presented, these observations also hold for other examples. These results confirm the
efficiency of the projected Newton algorithm for conductivity tensor recovery.
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12 14 16 18 2 22 24 28 28

04 05 08 1

1 98 05 04 02 0 02 04 05 08 1 -1 08 05 04 02 0 02 04 05 08 1 -1 98 05 04 02 0 02 04 05 08

1 08 05 04 02 0 02

04 05 08 1

1
1 08 05 04 02 0 02

12 14 16 18 2 22 24 26 28

12 14 16 18 2 22 24 26 28

12 14 16 18 2 22 24 26 28

Figure 4.2. The reconstructions for the conductivity tensor for Example 2: the top,

04 05 08 1

middle, and bottom

rows refer to A11, A1z, and Asz, respectively. Column 1 is for exact conductivity, column 2 for reconstruction
with exact data, column 3 for noisy data with § = 5%, and column 4 for the cross section along {z2 = —0.7}.

1
112 14 16 18 2 22 24 26 28 3 1 12 14 16 18 2 22 24 26 28 3 1 12 14 16 18 2 22 24 26 28 3 1 08 06 04 02 0 02

04 06 08 1

P10 06 04 02 0 02

04 06 08 1

—wen,
|——a,, (=59
|—e—n,, (=59

1 08 06 04 92 0 02

Figure 4.3. The reconstructions for the conductivity tensor for Example 3: the top,

04 06 08 1

middle, and bottom

rows refer to Ai1, A2, and Asz, respectively. Column 1 is for exact conductivity, column 2 for reconstruction
with ezact data, column 3 for noisy data with § = 5%, and column 4 for the cross section along {z2 = —0.4}.
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Figure 4.4. The reconstructions for the conductivity tensor for Example 4: the top,
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middle, and bottom

rows refer to A11, A1z, and Asz, respectively. Column 1 is for exact conductivity, column 2 for reconstruction
with exzact data, column 3 for noisy data with § = 5%, and column 4 for the cross section along {z2 = —0.5}.
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Figure 4.5. The reconstructions for the conductivity tensor for Example 5: the top, middle, and bottom
rows refer to Ai1, A2, and Asz, respectively. Column 1 is for exact conductivity, column 2 for reconstruction
with ezact data, column 3 for noisy data with § = 5%, and column 4 for the cross section along {z2 = —0.5}.
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e, 5%

1
108 06 04 02 0 02 04 06 08 1

1
108 06 04 02 0 02 04 06 08 1

21 22 23 24 25 25 21 28 29

21 22 23 24 25 25 21 28 29

21 22 23 24 25 28 21 28 29

108 06 04 02 0 02 04 06 08 1

Figure 4.6. The reconstructions for the conductivity tensor for Example 6: the top, middle, and bottom
rows refer to Ai1, A2, and Asz, respectively. Column 1 is for exact conductivity, column 2 for reconstruction
with ezact data, column 3 for noisy data with § = 5%, and column 4 for the cross section along {z2 = —0.5}.

1 08 06 04 02 0 02 04 06 08 1

P4 08 06 04 02 0 02 04 06 08 1

2 o4, (=5%)

05 1 15 2 25 08 1 15 2 25 08 1 15 2

2

Figure 4.7. The reconstructions for the conductivity tensor for Example T: the top, middle, and bottom

rows refer to Ai1, A1z, and Az, respectively. Column 1 is for exact conductivity, column 2 for reconstruction
with exzact data, column 3 for noisy data with § = 5%, and column 4 for the cross section along {x1 = 0}.
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log(e)

(a) accuracy error e (b) residual E

Figure 4.8. The convergence of the aglorithm for Exzample 4 with noisy data.

1
1 08 06 04 02 0 02 04 06 08 1

1 08 05 04 02 0 02 04 06 08 1

1 08 05 04 02 0 02 04 05 08 1

Figure 4.9. The reconstructions for the conductivity tensor for Example 3 with three measurements: the
top, middle, and bottom rows refer to A11, Ai2, and Asz, respectively. Column 1 is for exact conductivity,
column 2 for reconstruction with exact data, column 3 for noisy data with § = 5%, and column 4 for the cross
section along {xz = —0.4}.

Last, we examine the influence of the measurement number L on the reconstruction quality.
In practice, the number L of available measurements may depend on the specific application.
In Figures 4.1-4.7, we have always used five measurements. In Figures 4.9 and 4.10, we repeat
Example 3 with three and nine measurements, respectively given by
(i) three Dirichlet inputs (g%, g%, ¢%)(x) = (21 + 22, 2 + 0.522, 21 — 0.123),
(ii) nine Dirichlet inputs (g%, %, ¢, 9%, 9°, 9%, 97, 6%, ¢°) = (v1 + 2, 22 + 0.522, 21 — 0.123,
0.1(cos(10z9) — cos(10z1)), 122, 0.1sin(10z1), 3 + 23, 1 — 0.522,0.1e™1).
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Figure 4.10. The reconstructions for the conductivity tensor for Example 3 with nine measurements: the
top, middle, and bottom rows refer to A11, Ai2, and Asaz, respectively. Column 1 is for exact conductivity,
column 2 for reconstruction with ezact data, column 3 for noisy data with 6 = 5%, and column 4 for the cross
section along {z2 = —0.4}.

It is observed from Figures 4.3, 4.9, and 4.10 that when the number of measurements increases,
the reconstruction becomes more accurate. Thus, a larger number of data is beneficial for
recovering conductivity tensors, as one might expect.

5. Conclusions. In this paper, we have studied both analytically and numerically the re-
construction of an anisotropic conductivity tensor A from the knowledge of multiple current
densities of the form AVu, corresponding to different Dirichlet boundary excitations. We
have established important analytical properties, e.g., Lipschitz continuity and Frechét differ-
entiability, of the parameter-to-state map with respect to LP(Q)%%-norms. We proposed and
analyzed a regularized formulation of Tikhonov type, which is suitable for both smooth and
nonsmooth conductivity tensors. We proved the existence of minimizers and consistency as
the noise level tends to zero by means of H-convergence, and derived the necessary optimality
system and a Newton algorithm for efficiently solving the coupled system. Also we estab-
lished the convergence of the finite element approximation by means of Hd-convergence. The
extensive numerical simulations clearly showcase the significant potentials of the approach.

Appendix A. Proof of Theorem 2.11.

Proof. Since the penalty is quadratic, its gradient expression and differentiability follow
directly. It suffices to compute the gradient of the fidelity term. For any fixed feasible direction

H, let Ip(t) = L[(A +tH)Vul (A + tH) — 1|2, @ — 3l AV (4) ~ 2, (- Clearly,
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To(t) = 31| (A + tH) (Vu' (A + tH) — Vu'(A)) + tHV |72
+ (AVU(A) = 1Y (A+ tH)(Vu' (A + tH) = Vu'(A)) + tHVAE) o g0

Let w® = FJ(A)[H] be the linearized solution for u* at A in the direction of H, and let R’ be
the corresponding residual, i.e., R® = u(A + tH) — u*(A) — tF}(A)[H]. Then

Lo(t) = SII(A+ tH) (V) + 7'V RY) + BV 220
+ (AVU(A) = 1Y, (A + tH)(tVw' + VRY) + tHVU) 1 0
By the weak formulations for p¢ and w’, we have

(Avwzu VPZ)L2(Q)CZ = _(Hvuzu VPZ)L2(Q)CZ7
(AVpZ, V’UJ(Z))LQ(Q)d = —(A(AVUK — EZ), vwe)LZ(Q)d.

Subtracting these two identities gives
(A1) — (HVU', Vp*) 12y = —(A(AVY' — 1Y), V') 12 (g
This and the identity ||R£HH1(Q) = O(t?) from the proof of Proposition 2.5 imply

lim ¢ 1,(t) = lim (AVu®(A) - BY, (A +tH)(Vu' +t'VRY) + HVu')

t—0+ t—0+ L2
= lim (AVu‘(A) = B tH (V' + 'V RY) + HV' + AtV RY) 12 )
t—0

+ (HVuZ, VPZ)L2(Q)d
= (Vuﬁ ® Vpe + VUZ ® (AVue - HZ), H)Lz(Q)d,da

which directly gives the expression of J!(A)[H]. Next, we verify that it defines a bounded

linear functional on LP(Q)%*<, For each £ = 1,..., L, it follows from (2.2) that for any p,q > 1

satisfying ]lg + % = %,

[(Vuf @ Vi' + Vu! @ (AVu! — BY), H) 12 (qya.d]
= [(HVu!, V") 20 + (HVUE, AVUE — ) 120
<N H 1, IV | o VD Nl z2(ya + IV | o (e | AV = B[ 2gya)
< |HH’Hp((HfZ”L2(Q) + HQEHHl(F))”ﬁZ”Hl(Q) + (HfZHLQ(Q) + HQZHHI(F))HAVUE - HZHLQ(Q)d)-

Hence, it is a bounded linear functional on LP(Q)%?. Last, we show that it is actually the
Fréchet derivative of J,(A). Let II, := I,(1) — (Vu* ® Vp* + Vu! @ (AVu! — ht), H)p2qyda
Indeed, we have

I = 3(A+ H)(Vu'(A+ H) = Vu'(4)) + HV |72
+ (AVU(A) = B, (A + H) (Vu' (A + H) = Vu'(4)) (e — (HVU VD) g
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This and (A.1) lead to
L] = ’%H(A + H)(Vu'(A+ H) — V' (A)) + HV |00

+ (AVU(A) — b, H(Vu' (A + H) — Vu'(A))) 12y + (AVU'(A) — B, AVR) 12 )
< A+ H[} oo qaa(IVu“(A+ H) = VU (A2 (00 + [HVU |22 (a)

+[|AVU (A) = 2| p2ayal| H | oo | VU (A + H) = Vil (A)]| 26

+ | AVU (A) = 2|l p2(all All Lo (0 [ VR 12(0a-

This estimate, Lemma 2.4, and Proposition 2.5 yield the desired differentiability. This com-
pletes the proof of the theorem. |
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