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Objectives

Solution Method

Acknowledgements

Results of studies of the effects of bubble encapsulation and confinement

Assumptions and Governing Equations

•To develop the numerical model for the dynamics of a bubble, encapsulated in a 

shell, and located in a narrow elastic vessel filled with a viscous fluid

•To study the effects of bubble coating and vessel stiffness, on the bubble-vessel 

deformations, radiated pressure, amplitude and frequency spectra of oscillations
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Conclusions

The resonance frequency of a bubble is shown to be strongly affected by the vessel wall stiffness, and the 

membrane (bulk) stiffness of the bubble coating, while the influence of the coating bending stiffness is 

relatively small. The resonance frequency is shown to increase with the vessel wall stiffness.

The wall deformation pattern is mainly influenced by the vessel wall stiffness and liquid viscosity; the amplitude 

of wall deformations and wall stresses depends on the membrane stiffness of the bubble coating.

The development of a buckling instability in the bubble shell is governed by the shell bending stiffness, and also depends on the 

pressure field in the liquid around the bubble, which is strongly affected by the vessel and bubble stiffness, and the vessel diameter.
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ds=50nm, Es=23.6MPa; Ev= 1MPa

ds=300nm, Es=3.93MPa; Ev= 1MPads=50nm, Es=23.6MPa; Ev=10MPa

The effect of the bubble shell 

bending stiffness Bs on the 

resonance frequency of 

bubbles with radius R1o=3mm 

confined in vessels with 

Rv=4mm and Ev= 1MPa and 

10 MPa

ds=15nm, Es=78.7MPa; Ev= 1MPa

* The bubble and vessel deformations are shown magnified by 10 times
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Elastic vessel mode

Gas

Ultrasound wave

Micro-bubble

R1o ~ 3 mm

Blood capillary (wall thickness dv ~1mm)

Shell thickness

ds~ 0 - 300nm
~ 8 mm

- a long elastic membrane-type tube of a 

thickness dv ~1mm, radius Rv ~4-100mm, 

and elastic modulus Ev ~ 0.1-10 MPa
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- an incompressible 

homogenous Newtonian liquid 

with properties similar to water
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Ultrasound wave:

- a finite-thickness linear 

elastic structure, undergoing 

small deformations
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Gas inside the bubble
• Dynamics of a spherical (unconfined) coated bubble (Hoff, et al, 2000);

• Resonance frequency of oscillations of uncoated bubble confined in:

– a rigid vessel (Oguz and Proseperetti, 1998), and

– an elastic vessel (Qin and Ferarra, 2007);

• Free non-spherical oscillations of uncoated bubbles (Hao and Prosperetti, 1999);

• Static buckling of a hollow spherical shell (Koiter, 1969)

Validation Cases

The governing equations subject to boundary 

conditions are solved using the FEM package 

COMSOL MultiPhysics v. 3.4. The fluid-

structure interaction is calculated using the  

ALE method on the non-uniform moving mesh.
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Forced bubble oscillations (f = 2.3MHz,  pac = 10kPa) – shape deformations* and radiated pressure frequency spectra

The results of analysis of free and forced oscillations are shown for bubbles with the internal radius R1o = 3mm and shell thickness ds = 0 – 300 nm, 

placed in vessels with radius Rv = 4mm, length Lv = 200 mm, wall thickness dv = 1mm, and elastic modulus Ev = 0.1 - 50 MPa

The effect of the vessel wall stiffness Ev on the forced oscillations of

coated bubbles (ds = 50 nm, Es = 23.6 MPa) 

The effect of the bubble shell bending stiffness Bs on the forced 

oscillations of bubbles with radius R1o=3mm confined in vessels with 

Rv=4mm and Ev=1 MPa

The effect of the vessel 

stiffness Ev on the resonance 

frequency of coated bubbles 

(ds = 50 nm, Es = 23.6 MPa) 

and uncoated bubbles 

(0.0643 Pa m)

Resonance frequency of confined bubbles
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