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Coupled Free Vibrations of Liquid in a Three-
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Abstract

The coupled free vibration of liquid and its elastic cover, such as a plate or a membrane, in a
three-dimensional rectangular tank is investigated through an analytical scheme based on
velocity potential theory for the flow and the linear elastic theory for the cover. For the fluid
domain, the velocity potential is expanded into double cosine series along the longitudinal and
transverse direction respectively, with the corresponding eigenvalues determined from the
impermeable conditions on the side walls. The vertical modes of the potential are obtained
from the Laplace equation. The deflection of rectangular cover is expanded into the same
double cosine series to match the potential, together with additional terms for satisfying the
edge conditions. The polynomials are used for these additional terms which are then expanded
into cosine series. For the expansions of the higher-order derivatives of the deflection, the
derivatives of these polynomial terms are expanded into cosine series directly, rather than being
obtained through differentiating the cosine series of the deflection, to avoid the non-convergent
series. Through imposing the boundary conditions on the fluid-plate interface and edge
conditions, an infinite matrix equation for the unknown coefficients can be established. The
natural frequencies can be obtained when the determinant of the matrix is zero. In practical
computation, the infinite matrix equation is truncated into finite size. Results are first provided
for natural frequencies. This is followed by the corresponding natural mode shapes and
principal strains distribution on the cover. The underlying physics of these results are then
provided.

Key words: fluid/structure interaction; rectangular tank; natural modes; liquid sloshing; elastic

cover; eigenfunction expansions.
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1. Introduction

The motion of liquid inside a tank or container, which is also named as sloshing, has
received extensive study as it can be commonly seen in nature and has a wide range of
engineering applications. Sloshing may occur in lakes, reservoirs, harbours, and bays,
referred to as seiches’, due to some environmental excitation such as winds and
earthquakes. In marine engineering, sloshing can occur in a tank of a ship containing
liquid, for example during its transportation of the liquified natural gas (LNG) and other
types of liquid fuels such as liquid hydrogen (LH>). Violent motion of liquid inside the
tank can be excited by the motion of the ship, especially when the oscillation frequency
of the ship is close to one of the natural frequencies of the tank. This may have severe
adverse effect on the ship stability, also induce large impact loads and cause structural
damage to the tank. On the other hand, sloshing can be used beneficially through anti-
rolling tanks installed in ships to provide a moment to counter that due to wave
excitation?. In addition, during transportation of liquefied fuels by ships or trucks, one
of the main challenges is the potential boil-off which can be caused through evaporation
of liquid fuels. Excessive boil-off gas may influence the operating pressure in the
container and risk the safe transportation. The liquid sloshing in tanks can affect the rate
of boil-off through the heat and mass transfer between liquid and vapor®. There are
many other areas where sloshing can be important. For example, sloshing also occurs
in the liquid-propellant container of spacecraft* and aircraft®, in the fuel tank of other
vehicles such as automobiles®. Furthermore, tuned liquid dampers (TLD) have been

widely used in high-rise buildings to dampen the wind-induced vibration’.

The literature on free surface sloshing modelling based on different governing equations
such as the Navier-Stokes (NS) equations and Laplace equation have been summarized
in Ibrahim® and Faltinsen and Timokha®. In particular, there is an extensive amount of
work on free surface sloshing in a three-dimensional (3D) rectangular tank due to the
practical importance. Based on the velocity potential flow theory, an analytical solution
for small amplitude motions was given by Abramson®. For large amplitude motions,

Wau et al.** developed a fully nonlinear finite element method and obtained the solution
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numerically, and Faltinsen et al.*? obtained the solutions based on the multimodal
approach. Based on the viscous theory, one of the examples is that by Liu and Lin*?,
where NS equations were solved numerically together with the large eddy simulation,
and volume of fluid method was used to track the interface of liquid and air. Apart from
numerical simulation, experimental studies have also been widely undertaken for liquid
sloshing in tanks, such as Caron et al.** for a circular cylindrical tank, Nufiez Aedo et
al.™® for a rectangular tank and Zhang et al.*® for a floating rectangular tank in water

waves.

Resonant sloshing in a container occurs when the excitation frequency is close to one
of the natural frequencies of the tank. When damping is also small, resonant motion can
be exceedingly large. In many cases, a tank can be characterised as a clean tank, and
the viscous damping is small®. Therefore, one of the optimal sloshing suppression
strategies is to shift the natural frequencies of the tank away from the range of excitation
frequencies. Structures such as baffles and elastic floating covers are commonly
designed and installed in containers. For example, a recent work done by Kuznetsov &
Motygin'’ considered the effect of radial baffles to the liquid sloshing in an upright
circular container. In addition, active sloshing control has also been proposed based on
these structures, such as in Hernandez and Santamarina'®, Hasheminejad et al.'°, and
Xie and Zhao?°. Among many options, one of them is to use an elastic thin cover on the
liquid surface. Thus, understanding of the effect of the elastic cover on sloshing is of
important practical relevance. The cover may be an elastic membrane and elastic plate.
Bauer?! considered the free vibration of liquid in a circular tank completely covered by
an elastic membrane or plate based on the Bessel-Fourier series expansion. A 2D
rectangular tank with membrane cover was considered by Parasil & Watanabe??, where
the effect of nonlinearity was included. Using a similar method as in Bauer?, Bauer and
Komatsu?® further investigated a circular tank covered by a doughnut-shaped elastic
plate which covers the liquid surface partially, with the inner circular area of the liquid
surface being free. The problem was reconsidered by Kim and Lee?* using the Rayleigh-

Ritz method. For the case where a circular plate concentrically covers the free liquid
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surface, while the outer liquid surface of a circular cylindrical container remains free,
Amabili® obtained the frequencies of the free vibration by using the Rayleigh-Ritz
method. Recently, Ren et al.? developed two different efficient methods for the circular
tank. Various edge conditions were considered. Extensive results were provided for
natural frequencies, modal shapes, and maximum principal strain. A related problem of
sloshing in cylindrical storage tanks under seismic excitation was considered by

Matsui?’.

The works mentioned above are all a circular tank with an elastic cover. There is little
work on a rectangular tank based on analytical or semi-analytical procedure. This will
therefore be considered in the present work. The free vibration of the coupled system
of liquid and an elastic cover will be studied through an analytical scheme based on the
linearized velocity potential flow theory and Kirchhoff-Love thin plate theory. It is
worth mentioning here that different from the free surface sloshing, some additional
challenges exist in this coupled fluid-plate problem. One is the higher-order derivative
term in the dynamic condition of the elastic plate, and another one is due to the treatment
of various edge conditions. In this work, an analytical scheme applicable for various
edge conditions has been developed, which allows us to investigate their influence in a
much more convenient way. It should be mentioned that the present problem and
scheme are very much different from those of a circular tank. Physically for the circular
tank, there is no coupling among different circumferential modes in commonly adopted
edge conditions, or, clamped, fixed and free. For the rectangular tank, the modes are
usually coupled. Mathematically, as the solutions in both cases are based on analytical
procedure, the method and derivation are very different. An obvious difference is that
in the horizontal plane one is done in the polar coordinate system, while the other is
done in the Cartesian coordinate system. More importantly, for the circular tank, both
the potential and the cover deflection are expanded into Fourier and Bessel series. The
expansions of the cover deflection and its derivatives are linked through integration by
parts. However, this method cannot be used for the rectangular plate and thus a different

method is used. The potential is expanded into cosine series in the horizontal directions.



122

123

124

125

126

127

128

129

130

131

132

133

134

135

136

137

138

139

140

141

142

143

144

The cover deflection is expanded similarly. To meet the edge conditions, four additional
terms are introduced in each direction in the cover deflection. Without loss of generality,
polynomial functions are used. For the circular tank, the natural frequencies can be
obtained from the roots of an infinite summation which is truncated. For the rectangular
tank, they are obtained when the determinant of an infinite matrix is zero, which is
truncated at a sufficiently large number. However, when the size of the matrix increases,
direct computation of the determinant becomes impractical. A Gaussian elimination
scheme is then used to search for the natural frequencies. Extensive results are provided

for natural frequencies, mode shapes and maximum principal strain.

The paper is organized as follows. In Section 2, the mathematical model and solution
procedure are introduced. Detailed results and discussion on the natural frequencies,
mode shapes and principal strain are respectively provided in Sections 3, 4 and 5.

Finally, conclusions are drawn in Section 6.

2. Mathematical model and solution procedures

We consider the problem of free sloshing motion of liquid in a three-dimensional
rectangular tank of rigid side walls with an elastic cover. The sketch of this problem is
shown in Fig. 1. A fixed Cartesian coordinate system is established on the tank with the
origin located on the centre point of the undisturbed plane of the cover, with its z-axis
pointing vertically upward. The half length and width of the tank are denoted as [ and
b, with their directions along the x- and y-axes, respectively. The depth of the liquid is
H.
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FIG. 1. The sketch of the problem

The velocity potential theory is adopted for fluid motion while the Kirchhoff-Love plate
theory is adopted for the elastic cover in the mathematical modelling. Based on the
assumption that the liquid in the tank is incompressible, the velocity potential ®
satisfies the Laplace equation

0%d N 0%d N 0%d
0x? 0y? 0z?

=0. (1)

We assume that there is no gap between fluid and the elastic cover. The dynamic

condition on the interface of liquid domain and elastic plate can be given as

2

74
pehﬁ + LV*W = —p®, — pgW (z=0), (2)

where W is the deflection of the elastic plate, t is time, p is the density of liquid, g is
the gravitational acceleration, and L = Eh3/[12(1 —v?)], E, h, p, and v are
respectively the flexural rigidity, Young’s modulus, thickness, density and Poisson’s
ratio of the plate. V4= V2V? is the biharmonic differential operator. The right-hand side
of Eq. (2) is the fluid pressure acting on the elastic cover, which is obtained from
linearized Bernoulli equation. For a membrane, the term of LV*W in Eqg. (2) should be
replaced by TV2W, where T is the tension. Without loss of generality, the derivation

and results below will focus on the plate.
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The linearized kinematic condition at the interface can be given as

oW 0
ot 9z’

On the rigid side walls and bottom of the tank, we have the impermeable boundary

(z=0). (3)

conditions as

oo

_ 00 _ 00
0x

— = - = 0. (4)
x==l ay y=+b aZ z=—H

In addition, the boundary conditions for plate edges must be imposed. The most
commonly used types are clamped, free and simply supported edges. On the edge of

x = +1, we have
W(x ==l =0, W,(x = x1) =0, (5a,b)

for clamped edge,

W EWN L (EW S EWN
axz 0y? - 0x3 v 0x0y? - @
x==l x=+1

for free edge, and

(7a,b)

0*wW 0°W
Wkx=+D)=0, =0,
x==l

0x? v dy?

for simply supported edge®. For the other pair of edges at y = +b, the corresponding

equations for the edge conditions can be obtained from Egs. (5) to (7) by simply

2
exchanging x and y. For the free corner formed by two free edges, the condition % =

0 should be also satisfied?®0,

To investigate the free vibration of the system, we may write ® = Re{¢) x e~} and

W = Re{w x e~'*t} where w is a natural frequency of the system, and i = v/—1 is the

imaginary unit. Taking into account Eq. (4), expanding ¢ into cosine series in x and y
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directions, and then solving ordinary differential equation in the z direction, we can

write the solution of ¢ as

IR cosh k,,,,(z + H)
¢ = Z) Z)?mn cos a, (x + 1) cos b, (y + b) coshk, M (8)
m=0n=
where
mn nm
am=2—l, bn=ﬁ' k,znn=a,2n+b,§.

By substituting Eqg. (8) into the dynamic equation of plate, we have

LV*w + (pg — p.hw®)w = ipw Z Z Pn €OS A (x + 1) cosb,(y + b). (9)

n=0m=0

The solution of w may be written as

w=w,+w; +w,. (10)

Here, w, can be written in the form of double series given the right-hand side of Eq. (9)

wy = z 2 Cpun €OS A (x + 1) cos b, (y + b), (11)

n=0 m=0
and w; and w, in Eq. (10) are introduced to account for edge conditions at x = + [

and y = +b, respectively. We may write w;, in the following form

[oe]

Wy = ) cos by +b) - fu(), (12)

n=0
We notice that the edge conditions in Egs. (5) to (7) have two conditions on each side
and four in total, involving derivatives up to third order. Taking this account, we may
write

fe=a? (D) +a? (3 +a® (@) e @) ay)

Similarly, we may write w, as
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Wy = ) 05 @+ D) gu () (14)

m=0

with

=D +e@Q) +e Q) v a9

In this way, the satisfaction of the governing equation is taken care of by C,,, in Eq.
(11), edge conditions at x = +1 by d,(f), i =1,2,3,4in Eq. (13), and edge conditions by
c,(,?, i =1,2,3,4in Eq. (15), while they are all coupled. Then, w can then be written as

-3

n=0

Con, X COS @ (x + 1) cosb,(y + b) + Z cosb,(y +b) - f,,(x)

0 n=0

NgE

3
I

+ Z cosa,(x+1) gn(y). (16)

Here we may notice that w in Eq. (16) is similar to that in Li et al.> for a plate without

liquid, where a different procedure is followed.

We may expand G)l and (%)l (i = 0~4) into following series

u,(,il) cosa,(x+1), 17)

(3) =D u? cosbuly +b), (18)
n=0
where u¥ = §,, and
) > "
V=14(-1+ (D" ;
I {( 2(2)), S0’
n-m

) n>0"

1/3, n=
@ = {8(1 + (=DM

n2m?
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0, n=20
u = {12(n ~8)(1+ (DY ;

o n>0
1/5, n=20

u = 16(m2n? — 24)(1 + (=1)M) .
r—; , n>0

Substituting Egs. (16), (17) and (18) into (9), then based on the orthogonality of the

trigonometric functions, we have

IS

zk@%¢?+ D dP) = SpnConn + iP0 Py (mn=0123,..), (19)

=1
where
Smn = —[L(a%, + b3)* + pg — p.hw?], (20)
- 4La? 12La?
@ = (Lathy + pg = Pehw?puy — =5 8208 — 5t 813
241 24La
+<376n 5 mufv5
241, 2a2,L x i(i — 1) p&?
= ~Smolty + 3 000y ———— , (21)
. ALb2 12Lb2
mn = (Lbit + pg = pehwptyy) ——57 6oz =~ 815
241, 24Lb
+<7I'm0_ lznﬂﬁv5
241, 2b2L x i(i — 1) u&?
= —SOn‘[,[(l) l4‘ 6m06i4-_ z l2 ) (22)

and 5 Is the Kronecker delta function.

Here we may notice that the expansions of the derivatives of f(x) and g(y) are
obtained respectively from Eqgs. (17) and (18) directly, rather than from the derivatives

of their expansions, as the latter may lead to a non-convergent series.

10
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The kinematic condition is
—iow = ¢,, z=0. (23)

Substituting Egs. (8), (13), (15), (16) into Eg. (23), and further based on the

orthogonality of trigonometric functions, we have

—iw (Z pD g® 4 2 uDe (l)> =k tanh K,y H Py + i0Cpp.

(m,n=0,123..) (24)

From Egs. (19) and (24), we can write P,,,, and Cp, in terms of ¢ and d{” as

iw
P = —
mn K nSmn tanh k., H + pw?
Z[( Sunttly + BO)AD + (St + @D )est], (25)
2
pw
Coin = —

Smn (kmnSmn tanh k., H + pr)

4

1 o
+ S—Z(a,(:}ncf,? + L d). (mn=0123..) (26)
mn

i=1

Apart from Eqgs. (19) and (24), edge conditions also need to be imposed on w in Eq.
(16). By using orthogonality of trigonometric functions and substituting the expressions

of #,,,, and Cmn in Egs. (25) and (26), we can obtain systems of linear equations for

unknowns c ) and d(l) shown in various edge conditions of appendices. The matrix

equation can be written as
A-x=0, (27)
where x is a column vector which can be written as

— T
X =[Cy,Cq) e Cpy e, dg, dy, ..., dy, ... 1",

11
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with ¢,, = (¢, 2, ¢S, ) and d,, = (d°,d?,dS,d$P). The coefficients of
matrix A in Eq. (27) can be obtained from individual equations in the appendices for
each set of edge conditions. In practical calculation, truncations are made for m and n

at M — 1 and N — 1, respectively.

The natural frequencies correspond to the roots of det{A} = 0, or the values of w* at
which the coefficient matrix is singular. As the size of matrix increases, direct
computation of its determinant becomes impractical. To search for the roots of
det{A} = 0, we vary w* with a sufficiently small interval Aw*. We then use the
Gaussian elimination algorithm with column pivoting. When the Gaussian elimination
reaches the kth row, column swapping is conducted to ensure the diagonal element to
be the principal one. When the absolute value of the principal element is sufficiently
small or is below a given small threshold value, then the matrix is regarded to be
singular. To reduce the computational cost, we may investigate det{A} = 0 directly for
smaller M and N, which can give a good estimate for the positions of the solutions.

Then, we can further use the Gaussian elimination near these points at larger M and N.

For cases with edge conditions of the same type on the four edges, we can further split

the unknowns x in Eq. (27) into four groups: (a). c{22,d$*"; (b). c{270, a2 (c).

¢D L d2 Y and (d). 2P, a0 (i = 1,2, myn = 0,1,2....), which respectively
correspond to the symmetric-symmetric (S-S) modes, the symmetric-antisymmetric (S-
A) modes, the antisymmetric-symmetric (A-S) modes and the antisymmetric-
antisymmetric (A-A) modes with respect to x and y axes. The detailed analysis for
completely clamped edges can be seen in appendix A, while the other two sets of edge
conditions can be analysed in a similar way. Therefore, the unknowns in each group are
coupled with each other but are fully uncoupled with those in other three groups. In
such cases, the natural frequencies in each group can be obtained from the solutions of

the zero-determinant of the matrix corresponding to this group. For a square tank, it can

12
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be expected that the natural frequencies of the A-S mode are the same as those of S-A

modes.

The free corner condition w,,, = 0 is satisfied automatically by in the present procedure.

Integrate the zero Kirchhoff shear force edge condition at x = —[ in Eq. (6) with respect

to y from —b to b, we have

[[5

-b

M/

dy

y x=-1

b
3 fa3w
B 0x3

-b x=-1

d0%w

dx0dy

d%w
dxdy

dy+(2—v)[

]=O
x=—1y=-b

(28)

=—l’y=b

Using Eqg. (10) for w,,, with ;"' being obtained directly from Eq. (13), and then (B.5)

for n = 0, we obtain

LI 2b(6a” — 24d5")

=0

02w d0%w
2

dx0dy xz_lyzb__axay

x=-1ly=—-b
(29)

In addition, multiply Eq. (6a) by cos b, (y + b) first and then integrate as in Eq. (28).

Using integration by parts twice for the second term, we have

ja3w+(z )63W b,(y +b)d
d0x3 v d0x0y? o lCOS 1Y Y
—b =—

” b
_ bfu/( l) + (2 — V) {[COS bl(y + b) <aax;;;> l — bb%fll(_l)} =0,
x=—1

-b
(30)

or

13
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334

b
Wiyl eyt Wil = 5= X A" (=D = 2 = v)BEf (=D)]

b [(2—-v)b? L 5 3 ) 6 (3 24
= (—dg)+2d§)—3d§)+4d§))+l—3d§)—l—3d§).
(31)
By using Eq. (B.5) for n = 1, we can further have ny|x=—l,y=b + ny|x=—l,y=—b = 0.

Therefore, we have ny|x = 0 when free edge conditions are

=—ly=b ny|x=—l,y=—b
imposed in the appendix of the present procedure. Similar operation can be applied

other free edges, and therefore we have on all the four corners, or ny|x—+ly—+b =0

3. Natural frequencies

3.1 Natural frequencies of a rectangular plate without liquid

When there is no liquid beneath the elastic plate, the rectangular plate is vibrating in the
vacuum. In such acase, p = 0 can be taken in all the above equations. The solution may
be compared with existing results, such as those provided by Leissa®’, to verify the
present procedure. The threshold value used in the Gaussian elimination is chosen as
107*. In TABLE 1 to 3, we give the present results and those from Leissa®® of the six
lowest natural frequencies at three different combinations of edge conditions on the four
edges, namely, completely clamped edges (C-C-C-C), completely free edges (F-F-F-
F), and one clamped, one simply supported and two neighbouring free edges (C-SS-F-

F). The case with aspect ratio [/b = 1.5 is used as an example.

14
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TABLE 1. Natural frequency parameters (1 = 412w,/ p.h/L) for completely clamped edges (C-C-C-C),

(v =0.3).
frequency Leissa® Present results
sequence M=N=10 M=N=15 M=N=20
1 60.772 60.757 60.761 60.761
2 93.860 93.821 93.831 93.833
3 148.82 148.76 148.78 148.78
4 149.74 149.64 149.67 149.67
5 179.66 179.51 179.55 179.56
6 226.92 226.78 226.81 226.82

TABLE 2. Natural frequency parameters (1 = 41w,/ p.h/L) for completely free edges (F-F-F-F), (v =

0.3).
frequency Leissa® Present results
sequence M=N=10 M=N=15 M=N=20
1 20.128 20.101 20.097 20.096
2 21.603 21.431 21.417 21.415
3 46.654 46.393 46.358 46.352
4 50.293 49.952 49919 49.915
5 58.201 57.814 57.748 57.726
6 67.494 67.096 67.050 67.038

TABLE 3. Natural frequency parameters (1 = 4l?w,/p.h/L) for one clamped, one simply supported and
two neighbouring free edges (C-SS-F-F), (v = 0.3).

frequency Leissa® Present results
sequence M=N=10 M=N=15 M=N=20
1 6.9309 6.9094 6.9133 6.9148
2 27.289 27.142 27.159 27.166
3 38.586 38.391 38.384 38.384
4 64.254 63.985 64.001 64.011
5 67.467 67.227 67.194 67.188
6 108.02 107.70 107.69 107.70

In above tables, it can be observed that convergence with N and M has been achieved
for the present results, especially the maximum relative error between results at N =
M = 15and N = M = 20 is smaller than 0.05%. A very good agreement between the

present results and those in Leissa® can also be seen.
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It may seem that by simply taking liquid density p — 0 in the solution procedure in
Section 2 the result will be identical to that of p = 0, or the free vibration of a
rectangular plate in vacuum. However, as it can be seen in appendices the equations

may not reduce to those for rectangular plate in vacuum. In fact, we may consider the

Kmntanh kyynH

term .
Smnkmn tanh kyynH+pw?

Atm = n = 0, this is always zero when p tends to zero but

is not equal to zero. It becomes non-zero when p = 0. This kind of difference may affect
the results of w*, which depends on the edge conditions. For C-C-C-C conditions, it is
noticed that some frequencies at p — 0 are the same as those at p = 0 and others are
not. As m=n =0 belongs to the S-S modes, only the natural frequencies
corresponding to S-S modes are affected while others are not. For F-F-F-F edge
conditions, as shown in (B1) to (B4) in appendix B, there is always a factor (a2, + vb?2)
in the series which equals zero at m = n = 0. Therefore, the coefficient matrix will

always be the same for both p — 0 and p = 0, so as the solutions of w*.

Physically, when p — 0, the dynamic effect of the liquid on the plate will disappear, or
the right-hand side of Eq. (2) will be zero. However, the kinematic condition in Eq. (3)
remains. As the integration of the normal derivative of the potential, d¢/on, over the
fluid boundary must be zero due to mass continuity, or the Laplace equation, the
integration of the right-hand side of Eq. (3) over the plate must be zero because
d¢p/dn = 0 on all other boundaries. This means that the mean of the deflection w must
be zero. This condition is not always necessary or is not met for a plate in the vacuum.
Therefore, these two cases are not identical. Also, physically, when p is very small, the
liqguid may not be treated as incompressible. If we include the compressibility effect at
small p, for example through the wave equation V2® — &,,/c? = 0, where c is the
speed of sound in the liquid, then these two cases do become identical. In fact, by
substituting Eqg. (8) into the wave equation, we can have k2,, = a2, + b2 — w?/c?.

Then equations in appendices will become for plate in vacuum when p — 0.
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3.2 Natural frequencies of the coupled fluid-elasticity system

We now consider the case of liquid in the container with an elastic cover. The natural
frequencies are calculated based on the solution procedures developed in Section 2. In
the following calculation, dimensionless variables are used based on three characteristic
variables, namely, the half-length [, the density of liquid p, and the acceleration due to
gravity g . Based on their combinations, all parameters mentioned below are

nondimensionalised with an asterisk as its superscript, or b* = b/l, H* = H/l, m" =

peh/(pD), L = L/(pgl*) and w* = w,/1/g.

We consider the effect of different ratios of b/l on the natural frequencies at different
edge conditions. The natural frequencies w™ corresponding to different values of b* are
provided in TABLE 4 to 6 for completely clamped edges (C-C-C-C), completely free
edges (F-F-F-F), and completely simply supported edges (SS-SS-SS-SS), respectively.
They are arranged in the ascending order of w*. Further to the previous analysis, we
have marked the group which each natural frequency belongs to in TABLE 4 to 6. The
results for different combinations of these three conventional edge conditions can be

obtained in a similar way.

For the free surface sloshing problem in a 3D rectangular tank, the modes at different
m or n are fully uncoupled and natural frequencies can be easily obtained from w2, =
gkmn tanh(k,,,H), m,n = 0,1,2 .... In general, w,,,, # Wnm When n = m. However,
they become the same frequency when [ = b. This means that swapping n and m, or
swapping the wave patterns in x and y will give the same frequency. When there is a
plate on the top of the liquid, the modes at different m and n are not fully uncoupled.
However, swapping the patterns in the x and y directions of a square tank still give the
same frequency if the edge conditions on four sides are same. Mathematically, in S-S
and A-A groups discussed previously, ¢ and d can be simply swapped. In A-S, when ¢

and d are swapped, it becomes S-A. This means that we can swap the deflection
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409  patterns in the x and y directions, and they give the same natural frequency, as can be
410 seen in the following tables.
411
412 In TABLE 4, we can observe that for each column corresponds to mode sequence i (i =
413  1~6), the natural frequencies will decrease as the increase of b*. This is similar to the
414  trend of a rectangular plate in vacuum, shown in Table C1 in Leissa®® for the same edge
415 condition. However, we may find for F-F-F-F and SS-SS-SS-SS, this trend may not be
416  followed in our results shown in TABLE 5 and 6. These are different from the
417  observation in Tables C15 and A1l in Leissa®® for the same edge conditions where this
418  trend still remains for a rectangular plate in vacuum.
419
420 TABLE 4. Natural frequencies w* at different b* with completely clamped edges C-C-C-C.
421 (m* =0.001,L* = 0.1,H* = 1,v = 0.3)
b* w”*
1 2 3 4 5 6
1/2 | 16.0994(A-S) 28.6810(S-S)  43.9108(S-A)  47.7197(A-S)  52.6813(A-A)  67.5184(S-A)
2/3 | 11.8108(A-S) 22.3649(S-A)  23.1988(S-S)  30.2318(A-A)  41.7875(A-S)  43.7442(S-A)
1 | 9.1023(S-A)  9.1023(A-S)  16.2526(A-A)  18.4141(S-S)  21.5904(S-S)  28.4469(S-A)
3/2 | 4.1779(S-A)  8.0426(A-S)  8.4907(S-S)  10.9605(A-A)  15.1390(S-A)  15.9108(A-S)
2 | 2.6628(S-A)  5.1360(S-S)  7.6821(A-S)  8.4637(S-A)  9.2951(A-A)  11.9837(A-S)
422
423 TABLE 5. Natural frequencies w* at different b* with completely free edges F-F-F-F.
424 (m* =0.001,L* = 0.1,H* = 1,v = 0.3)
b*
1 2 3 4 5 6
1/2 | 1.2002(A-S) 15010(A-S)  1.6934(S-A)  2.4870(A-S)  3.0521(A-A)  3.1625(S-S)
2/3 | 1.2010(A-S)  1.5037(A-S)  1.5076(S-A)  2.5184(A-S)  2.6080(A-A)  3.0194(S-A)
1 | 1.2022(S-A) 12022(A-S) 15079(S-A) 1.5079(A-S) 2.2786(A-A)  2.4421(A-A)
3/2 | 0.9059(S-A)  0.9537(S-A)  1.2032(A-S)  1.5116(A-S)  1.6891(A-A)  1.8050(S-S)
2 | 07197(3-A)  0.7302(S-A)  1.2038(A-S)  1.3170(S-S)  1.4693(A-A)  1.5081(S-S)
425
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TABLE 6. Natural frequencies w™ at different b* with completely simply supported edges S5-55-55-SS.

(m* =0.001,L* =0.1,H = 1,v = 0.3)

b
1 2 3 4 5 6

1/2 | 1.4977(S-A)  15060(A-A)  15218(S-S)  1.9596(A-S)  4.7899(S-S)  5.1958(S-A)

2/3 | 1.1241(A-A)  1.1493(S-A)  16721(S-S)  19572(A-S)  2.3616(S-A)  3.6550(A-A)

1 | 1.0193(A-A)  15558(S-S)  1.8619(A-A) 1.9808(S-A)  1.9808(A-S)  3.2982(A-A)

3/2 | 1.3514(S-A)  2.0377(A-S)  2.5319(A-A)  3.1297(S-S)  3.9334(A-S)  5.9092(S-A)

2 | 09216(S-A)  1.9329(A-S)  1.9905(S-S)  2.2986(A-A)  2.7888(A-S)  3.1103(S-A)

For the vibration of a completely simply supported plate (SS-SS-SS-SS) without fluid,
as the edge condition is symmetric about y = 0, it is expected to have both y-symmetric
and y-antisymmetric deflection modes at different natural frequencies. For the y-
antisymmetric modes, the corresponding natural frequencies will also be the natural
frequencies of a SS-SS-SS-SS plate with the same length [ but half width b/2. This has
been pointed out in Leissa®® and the reason provided is that a simply supported condition
Is in fact satisfied along y = 0 in such a case. However, we find that it may be not
applicable here. From TABLE 6, we can find that there is no such a relationship between
resultsof b* = 1/2 and b* = 1, and results b* = 1 and b* = 2. This is of course due to
the coupling with of liquid and the side wall effects. For the y-antisymmetric case, for
the potential it is equivalent to the Dirichlet boundary condition ¢ = 0 imposed on y =

0 which is different from the impermeable condition d¢/dn = 0.

4. Mode shapes

Once natural frequencies have been determined, the corresponding natural mode shapes
can be further obtained. Using Egs. (13), (15), (17) and (18), Eq. (16) yields

w(x,y) = Z Z Ly cos a, (x + 1) cosb,(y + b), (32)

n=0 m=0

where
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Lnn = Copn + Z nu'gl)dT(li) + z .u1(1i)cr(r?
i=1 i=1

4 4
= D (B + 105 )T @ + ) (@04 1S, )Ty
i=1 i=1

(33)
and

_ Kpn tanh k,  H
 KkynSmn tanh k, H 4+ pw?’

Tmn

At a natural frequency, w*, when one of the non-zero deflection components 1,7, has
been prescribed, the other I,,,, and the deflection w at each point (x, y) can be further
calculated. Specifically, for completely clamped, free or simply supported edge cases,
based on the natural mode groups (S-S, A-S, S-A, A-A) to which the natural frequency
belongs to, we may prescribe I,, (as I,, is always zero), I,,, I, or I;; respectively to
work out other corresponding I, 2n, Iom+1.2ns Izm2n+1 OF Izm+1 2n+1 t€rms, while the
remaining I,,,, terms of other mode groups are zero. When the equation of prescribing

a particular I,,,,, becomes linearly dependent to the existing ones, we may also prescribe

¢, M) ¢ and ¢ respectively for natural mode group S-S, A-S, S-A and A-A.

In Fig. 2, the normalized mode shapes, or z* = w*/ max[w*], corresponding to the first
six lowest natural frequencies are displayed for a square container covered by a clamped
square plate. Based on the previous analysis, we have also marked the natural mode
groups that the natural frequencies belong to. From the graphs, we can observe that the
mode shapes are consistent with what is expected for the symmetry and anti-symmetry
analysis. For a square tank, the S-A and A-S modes, such as displayed in Fig.2(a) and
2(b), have the same natural frequencies and their mode shapes become identical by
rotating one of them 90 degrees in the clockwise or counter-clockwise direction. In
addition, for different natural modes in the same mode group such as S-A, by comparing
Fig. 2(a) and 2(f), we can obverse that the mode shape becomes more complex with the
increase of the natural frequency. This is consistent with the observation in Ren et al.?

for a circular tank, where further discussion has been provided.
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FIG. 2. Normalized mode shapes with clamped edges (C-C-C-C) in a square tank: b* = 1,m"* =
0.001,L*=0.1,H"=1,v=03. (a). " =9.1023 (S-A); (b). w* =9.1023 (A-S); (c). w* =

16.2526 (A-A); (d). w* = 18.4141 (S-S); (). w* = 21.5904 (S-S); (f). w* = 28.4469 (S-A).
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Similarly, we display the normalized mode shapes of the first six lowest natural
frequencies of free edges (F-F-F-F) in Fig. 3. As there is no condition imposed on the
deflection and slope at the edges, the mode shapes are expected to be quite different
from those for clamped edges shown in Fig. 2. We can observe that the two mode shapes
shown in Fig. 3(a) and 3(b) belong to S-A and A-S modes respectively, which
correspond to a same natural frequency as explained previously. Similar pattern is also
shown in Fig. 3(c) and 3(d). However, major differences exist in the shape patterns
shown in Fig. 3(a) and Fig. 3(c). For example, the mode shapes in Fig. 3(c) and Fig.
3(d) are more curved than those in Fig. 3(a) and Fig. 3(b). Numerical results also show
that different from Fig. 3(c) and Fig. 3(d) where the maxima of the deflection are located
at the corners, in Fig. 3(a) and Fig. 3(b) they are located respectively at the middle of
the edges. Besides, the mode shapes shown in Fig. 3(e) and Fig. 3(f) are all A-A modes,
and the two corresponding nodal lines (where deflection is always zero during the
vibration) are all straight ones along the x- and y-axes. This can be also observed from
the result of 1,,,,. Based on the previous analysis, in A-A modes, only I,,,11 241 May
not be zero, and then as cos(2m + 1)m/2 = 0 and cos(2n + 1)m/2 = 0, it gives
w(0,y) =w(x,0) =0.
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FIG. 3. Normalized mode shapes with completely free edges in a square tank: b* = 1,m" =
0.001,L*=0.1,H* =1,v=0.3.(8). " = 1.2022 (S-A); (b). w* = 1.2022 (A-S); (). w* = 1.5079
(S-A); (d). w* = 1.5079 (A-S); (e). w* = 2.2786 (A-A); (f). w* = 2.4421 (A-A).

In addition, for a square tank covered by a plate of the same edge conditions, it is also
observed that some mode shapes have symmetry or anti-symmetry feature with respect
to the diagonal line. For example, both Fig 3(e) and 3(f) belong to A-A mode group, but
are diagonally symmetric, or w(—y,—x) =w(x,y) , and anti-symmetric, or
w(=y,—x) = —w(x,y), respectively. This can also be seen from the result of
Lmiizner (M =0,12,..) . Lmy12n41 = Lns1zmer (6n = dpyn =0,1,2...) gives
diagonally symmetric modes, while ;112041 = —lnt1i2m+r  (Cp = —dp,n =

0,1,2 ...) gives diagonally anti-symmetric modes. When b # [, the mode shapes are
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522 shown in Fig. 4 for a plate with completely clamped edges (C-C-C-C). There is no

523  longer diagonal symmetry or anti-symmetry.
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FIG. 4. Normalized mode shapes with completely clamped edges in a non-square tank: b*
2,m"=0.001,L"=0.1,H =1,v=0.3.(a). w* =2.6628 (S-A); (b). w* = 5.1360 (S-S); (¢). w*
7.6821 (A-S); (d). w* = 8.4637(S-A); (e). w* = 9.2951(A-A); (f). w* = 11.9837 (A-S).

5. Principal Strain

The principal strain of the rectangular plate cover can be calculated as the eigenvalues

of the following strain tensor matrix

h Wy Wiy
or the solution of det[e — AI,] = 0, where I, is the identity matrix of size 2. It further
yields
h cos wt 2 5
A2(x,y,t) = [V +wy, £ (wxx — Wyy) + 4wy, |, (35)

given that w is real and thus W = Re{w(x,y) X e™1“t} = w cos wt. For each position

(x,y), the maximum of the principal values A4,,,,(x,y) can be obtained as

max {

similar procedure can be found in Ren et al.?® for an upright circular cylindrical tank

A

2

cos wt

A

cos wt

)

}a or Amax(x; y) = %[lwxx + W)’Yl + \/(Wxx - Wyy)z + 4W9?3’" A

with an elastic cover. In Fig. 5, we display the maximal principal strain at different
positions on the elastic cover with completely clamped edges in a non-square tank at
different natural modes corresponding to the cases shown in Fig. 4. From the figure, we
can observe that when the mode shape becomes more oscillatory, the maximum
principal strain tends to more oscillatory as well. For the clamped edge case, the peaks
of the maximum principal strain occur on the edge, which is consistent with the

observation in the rectangular channel®.
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558  FIG. 5. Maximal principal strain distribution on the elastic cover with completely clamped edges (C-
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6. Conclusions

An efficient solution scheme has been developed to investigate the coupled free
vibrations of liquid in a three-dimensional rectangular container covered by an elastic
cover. This scheme is applicable for any combinations of edge conditions. Examples
are provided for the three most common ones, namely, clamped, free edge and simply
supported.

When p — 0, the results are not always identical to that when p = 0. This is due to the
assumption of the incompressible liquid, which may not be valid as p — 0. When the
compressibility effect is included through replacing the Laplace equation with the wave

equation, these two cases of p — 0 and p = 0 become identical.

When the cover has the same edge type on its four sides, the entire coefficient matrix
can be split into four independent block matrices, from which four groups of natural
frequencies can be obtained. Correspondingly, the natural modes can be split into four
mode groups which are uncoupled from each other, with mode shapes either symmetric
(S) or antisymmetric (A) with respect to the longitudinal and transverse directions,
respectively. For a square tank, the S-A and A-S modes share the same natural
frequencies, and their mode shapes could be mutually converted through rotating the

tank in clockwise or counter-clockwise direction by 90 degrees.

The effect of aspect ratios of the tank on natural frequencies is investigated through
various b/l. It is observed that the elastic cover with completely clamped edges, the
present results show a similar trend with those of a rectangular cover in vacuum.
However, for the completely free or completely simply supported case, due to the effect
of the tank walls and fluid, the trends will no longer be the same as those of a rectangular

cover in vacuum.
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For different natural modes in each mode group, it is observed that both the graphs of
mode shape and the maximum principal strain become more oscillatory with the
increase of natural frequencies. The peaks of the maximum principal strain occur at the

side walls for completely clamped edge case.
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670
671  Appendix A. Linear equations for completely clamped edges case
672 Fromw(x = —1) =0:

4 e}
673 D D (B S+ B T = ZZWS + @) Tn 17

i=1 m=0 m=0 i=
Aqq

674 n=0,12,..) (A.1)

675 Fromw(x =1) = 0:

4 [e's)
676 DD (S B ) Toun (D™ )
i=1 m=0
Ay
0 4
677 Z Z(MS)Smn + a(l) )Tmn ( 1)m (L),
m=0 i=1
678 n=012,..) (A.2)

679 Fromw(y = —-b) =0:

4 0
c80 D (B S + A o) T 82 = Z Z(ug?smn + B T a2,

i=1 n=0 n=0 i=
By
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682

683

684

685

686

687

688

689

690

691

692

693

694

695

696

(m=0,12,..) (A.3)

Fromw(y = b) = 0:

4 o
DD (S + @) T (~ D" € = ZZ(u“)Smﬁﬁf&)Tmn( " d?,

i=1n=0 n=0 i=
By
(m=012..) (A.4)
Fromw,(x = —1) = 0:
4
Zi x (-1t x d®P =, (n=012..) (A.5)
i=1
Fromw,(x =1) = 0:
4
Z ixd? =0, (n=012..) (A.6)
i=1
Fromw,(y = —b) = 0:
4
z ix(-Dtxc® =o, (m=012..) (A.7)
i=1
Fromw,(y = b) = 0:
4
Zi xc =0. (m=012,..) (A.8)

i=1

Through (A.1) + (A.2), (A.5) + (A.6), and using uY = u$ =0 and 2, =

u;‘fﬂ = 0, we can obtain

o
4O h 4@
n 2 » Un 3’
(2411 - 5 415)
@
4 = " e
(2A12 - A14-) " 2
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699

700

701

702

703

704

705

706

707

708

709

710

711

712

713

714

715

716

where Y; has only c,,,., terms and Y, has only c,,,, terms.

Through (A.3) + (A.4), (A.7) = (A.8), we can write c,, in terms of d,, in a similar

way as

1
@ _ X L@
Cm - 2 ) Cm - _T;

(2B1, — 5B1s)

2

@ _ X2 @ _ Cr(n)
' == Cm = ——

(2B12 - Bl4) 2

where X; hasonly d,,,,, termsand X, has only d,,, terms. Then, we put d,, into X; and

X, , and we can split all the unknowns of c, into four groups, namely

@b S,i_l),cg,al and c2Y (i =1,2;m =0,1,2...). Similarly, we can also split
d into four groups as 2, d$* ™, d%) and d* P (i = 1,2;n = 0,1,2....). Then,

(20) d(Zi) .

the unknowns can be split into four fully independent groups, namely: (a). c,;.”, d5;,”;

(). ¢V, d$3H (). 2D, L, dE Y and (d). ¢ 2P, dS D, while within each group,

the unknowns are coupled.

Appendix B. Linear equations for completely free edges

07 5
From [—W +v— =0:
0x2 dy? x=—1

2,0

[o%e} 4 .
" " knnSmn tanh k., H + pw?

m=0 i=1

) . (i-2)
; v(i—1)i ;
S
2,

4 (o) .
-2 1) @+ vbd) ki ta0 Ko H = peo? iy
" " kynSmn tanh kpp H + pw?

=1 \m=0

+ (—1)i? (—vbg + (1—1_21)z>} d =0 (n=01.2,..) (B.1)
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731

a2 a2
From [—W +vZ¥ =0
ox? ay%l,_,

a®) ko tanh ky, H — pw?ul?

o 4
™ p2) x Zmn
Z z( ) {(am +vbi) kpynSmn tanh k., H + pw?

(i-2)
N v = Dipyy, -
+ (afnuff ) 2 )} s
2,

m=0 i=1
= (o @) ke tanh kpnH — pw?uls
Z Z (a2, + vb2)(—1)™ x
kmnSmn tanh k,,,,,H + pw?

m:

i—1)i ;
+ (vb,% — (1—2)>} d =0 (n=012..) (B.2)
2w 92w .
From [W + V% - = 0:

2, (@)

4 o i
Z Z(Va + b2 ) x r(rll)nkmn tanh kp, H — pw Hn
£ moeon Ky Smn tanh k., H + pw?

. 1) '
+ (—1)} <va,2n — —(l 2 )i )} c,(,ll)
2, (@)

ii (a2 + b?) x WD o tanh ke H — pa?uls
v + by kmnSmn tanh k,,, H + pw?

n=0i=1
(i-2)
; v(i—1)i ;
+ (b,%yﬁ,? < 1)2 fm >} d =0 (m=012,.) (B.3)
(32w 92w .
From W + Vﬁ b =0:

a® k. tanh ke H — paw?ul?

1> (vaz, +ba)(—1)" x
Z:(:) moeon kS tanh k.. H + pw?

1) '
+<va,2n—(l = )l>}cr(rll)
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0i=1 m n kmnSmn tanh kmnH + pwz
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From[—+(2—v)aay] = 0:

x=-1

4
z <—”x -Dixi+—-"2)1adP=0 (®m=012..) (B.5)

, ! 13 13
i=1

From[ +(2—v)a ay] =0:

x=l
(2= v)B? 6855 248
Z(-%xi+l—;3+ E l4> dY =0 n=0,12,..) (B.6)
i=1
23w .
From [ + (2 — )6y6x2 e 0:

4
(2 —v)a? . 6053 246; ,
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. b FEER
=1
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=/ 2-val 655 248
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