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Abstract. In this paper we develop a fully explicit cut finite element method for the wave
equation. The method is based on using a standard leap frog scheme combined with an extension
operator that defines the nodal values outside of the domain in terms of the nodal values inside the
domain. We show that the mass matrix associated with the extended finite element space can be
lumped leading to a fully explicit scheme. We derive stability estimates for the method and provide
optimal order a priori error estimates. Finally, we present some illustrating numerical examples.
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1. Introduction.

New contributions. Let Q C R?, with d > 2, be an open connected domain with
smooth boundary 9. We consider the wave equation: find u : [0,7T) — H?(Q) such
that

2
(1.1) %—Au:f in (0,7)xQ, u=0 on (0,T)x

with initial data u = up and Ju/0t = uy at t = 0, and right-hand side f : [0,T) —
L?(Q2). The objective of the present note is to design an explicit cut finite element
method (CutFEM) for the approximation of solutions to (1.1). The method uses
a leapfrog scheme for the time discretization combined with an extension operator
which provides values in nodes outside of the domain in terms of the interior nodal
values. The extension is based on a composition of an extension operator from inte-
rior elements into the space of discontinuous piecewise polynomials and an average
operator that projects into the continuous finite element space. The framework is
quite general, allows for several natural implementations, is convenient for analysis,
and may be viewed as a generalization of previous constructions; see [1]. We prove
stability and interpolation results for the extended finite element space. To construct
a purely explicit scheme, we show that the mass matrix associated with the extended
finite element space can indeed be lumped while preserving optimal order for piece-
wise linear elements. Key to this result is that with a properly constructed extension
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operator we can show that the lumped mass matrix is positive definite. This is in
contrast to popular stabilization procedures of the mass matrix such as stabilization
of the jump in derivatives across faces where lumping is, in general, not possible.
Combining cut finite elements, the extension operator, and mass lumping we obtain
a very simple fast explicit method which can handle complex geometric situations
thanks to the flexibility provided by the CutFEM.

We note that the discrete extension operator provides an alternative to weak
stabilization of the cut elements through the bilinear form which controls jumps in
derivatives across faces. The extension operator is therefore of interest in its own right
and may find other applications, for instance, for the computation of physical fluxes
in the shifted boundary method. Furthermore, our construction and theory of the
extension operator may be extended to higher order nodal finite element spaces; see
[9] for a general framework. In this paper we restrict our attention to explicit lumped
methods based on piecewise linears for the wave equation.

Previous work. Cut finite elements allow the boundary of the domain to cut
through an underlying fixed mesh in an arbitrary manner. This procedure manufac-
tures so called cut elements in the vicinity of the boundary that may lead to stability
problems and bad conditioning of the resulting algebraic equations. The remedy is to
add some form of stabilization, for instance, a weak least squares control on the jump
in the normal gradient across element faces, so called ghost penalty; see [4, 8, 18, 23]
for various applications of this concept. Another approach to handle cut elements is
to eliminate them using agglomeration where small elements are connected to larger
elements in order to form an element with a sufficiently large intersection with the
domain; see [20, 7] for discontinuous Galerkin methods, and [1] for an extension op-
erator where degrees of freedom associated with external nodes are eliminated using
a local average of internal node values. For a general introduction to CutFEMs, we
refer to the overview article [5)].

Error analysis of finite element methods for the wave equation was originally
developed in early papers including [13, 2, 3], space time methods were proposed and
analysed in [19, 21]. Recent works on wave equations focus on explicit schemes [11, 12]
and discontinuous Galerkin methods [16, 17]. CutFEMs for the wave equation were
developed in [27, 28], in particular the authors consider higher order elements with
face stabilization combined with an explicit Runge—Kutta time stepping scheme which
involves inversion of the mass matrix.

Outline. In section 2 we first introduce the discrete extension operator and de-
rive stability estimates and interpolation error bounds for the extended finite element
space. Then we formulate the finite element method. In section 3 we prove a sta-
bility estimate for the method and then prove optimal order a priori error estimates
taking also lumping of the mass matrix into account. Finally, in section 4 we present
illustrating numerical examples.

2. The finite element method.

2.1. Standard notation. We shall use the following standard notation: H*(w)
denotes the Sobolov spaces of order s over the set w with norm || - || s (). For s =0
we write L?(w) = H(w) and ||-||12(w) = || - |- In the case w = , we further simplify
and write || - [|z2q) = || - ||. The L?(w) inner product is denoted by (v, w), = [ vw,
and for w = Q we write (v, w)q = (v, w).

2.2. Mesh and finite element spaces. We introduce the following notation.
e We let Q9 be a polygonal domain with € C €y and assume that 75 is a
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quasi-uniform triangulation of Q¢ with mesh parameter h € (0, ho] for some
ho > 0. We let 7, denote the active mesh 7;, = {T € Tro: TNQ # 0} We
let F}, denote the set of interior faces in 7j,.

o We let A}, be the set of vertices in T and denote its cardinality by Np,.

e We define the space of piecewise linear discontinuous functions W}, on 7T, and
the subspace of continuous piecewise linear functions Vj, := W, N C°(Qy,),
where ), = UTEThT-

e We shall often use scalar products and norms defined on a set of mesh entities.
For instance, let 7, C Tp be a subset of elements; then

(2.1) (g = Y wwr, ok = > lvlF

TeT, TeTh

2.3. Discrete extension. It is well known [26, Theorem 5, page 181] that for
domains with sufficiently smooth boundary, there exists a universal stable extension
operator E : H*(Q) — H*(RY), s € N,

(2.2) | Bull s ray S llull ms (o),

Here and below z < y means x < Cy for some positive constant C. We will now
construct a stable discrete extension operator. The construction is based on polyno-
mial extension into the discontinuous finite element space W), and then application of
an average operator to obtain a continuous piecewise linear function in V. We first
recall such an average operator Ay,.

Average operator. Let the nodal averaging operator Ay, : W;, — V}, be defined by

(2.3) Ap Wi dwis Y (w)aps € Vi,
TEX}

where the average of the discontinuous function w € W}, at a node = € A}, is defined
by

(24) (W) = Z KT, 2w (2),

TeTh(x)
where the weights k1, satisfy
(2.5) Kra > 0, Y kra=1,
TeTh(x)

and Tp(x) = {T € Ty, : € T} with cardinality |7,(x)|. The operator A, was
introduced in [24] and is often called the Oswald interpolation operator. We have the
following estimate (see, for instance, [6]):

(2.6) lw — Apwlis, < B3| [w]] 5,
where for z € F, [w](z) = wi(2) —w_(x), with w4 (z) = lime_,o, w(z £enp) and np

a fixed unit normal associated with the face F', denotes the jump in the discontinuous
function w across the face F'. For completeness, we include a brief derivation.
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Proof of (2.6). Letting wr = w|r and using an inverse estimate to pass from the
elements to the nodes, we obtain

(2.7)
lw— ApwllF, = > wr — ApwlF $ Y b lwr — Apwl%, (1)
TEThH T€7-h
(2.8)
S Pwr@) = w)PS > Y > hllwllE S Al
TETh x€XK(T) TETh x€Xy(T) FEFL(x)

where X}, (T) is the set of nodes associated with T, ||w||%(h(T) =Yz € X(T)|w(z)?
Fn(z) is the set of faces belonging to node x € X}, and we finally used the following
inverse estimate:

(2.9)  fwr(@) — (W)= Y wElwr(e) —ws@P < Y pYw]lE

SeTh(x) FeFy(x)

Here we used the fact that the weights in the average sum to one; then to estimate
lwr(z) — wg(x)|? for two arbitrary elements S,T € Ty, (x) we note that there is a
sequence of face neighboring elements {7}}7_;, with n uniformly bounded thanks to
quasi-uniformity, such that 73 = S and T,, = T and using the triangle inequality

n 2
(210)  hwr(z) = ws(@)* = hwn(z) — wi(2)* < hd(z |w; () — wj1($)|>
j=2

n

(2.11) S hwi(@) —wia @S Y M@ Y Al
Jj=2 FeFu(x) FeFn(x)
where at last we us used the inverse estimate |v(z)|> < h1=9||v||% with v = [w]. O

Extension operator. To define the extension operator, we split 7, as follows:
(2.12) Th = Th,e U Thr,

where Ty, 1 is the set of elements in the interior of © (or with sufficiently large intersec-
tion with €; see Remark 2.1) and 7j, p are the elements that intersect the boundary,

(213) 771,[ = {T €eTh:TC Q}v 77L,B =T \77L,I-

Let Wy, 1 = Wil7,, and Vi, 1 = Vi|7, ;. We construct an extension operator Fj, :
Whir — FpyWy 1 C Wy by using canonical polynomial extensions from a nearest
neighboring element T" € 7, ;. Restricting F}, to V3, ; and composing with the average
operator Ay, we obtain a discrete extension operator Ep, : V1 — EpVy 1 C V. The
space E,Vj, 1 will be our approximation space and we will use the notation

(2.14) ViE = EyVi .

Observe that VhE is a proper subspace of V},; however as we shall see under mild
assumptions on the mesh geometry, it has similar approximation properties.

To make things precise, let Sy : Th. 5 — Th,r be a mapping that associates an
element T € 7Tp, 1 with each element T' € Tj p and assume that there is a constant
such that for all h € (0, ho] and T € Ty, B,

(2.15) diam(T U Sy(T)) < h.
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For hy small enough there is such a mapping Sp; see Lemma 2.4 below. We extend
Sy from Ty, g to Tp, by letting Sp(T) =T for T € Tp 1.

For v € Py(T) we let v¢ € P;(RY) denote the canonical extension such that
vé|r = v. We can then define the discrete extension operator Fj, : Wy, — W), as
follows:

(2.16) (Fav)lr = (vls, (1) |7
and then define the discrete extension operator Ej, : Vi, 1 — Vi,
(217) Ey :AhOFh~

Remark 2.1. In practice, we can generalize the definition of the set of elements
that have a large intersection with the domain as follows:

(2.18) Thir={T €T, :|TNQ| >1h}

for some positive parameter 7. Then for small enough 7 we have Ty 1 C Ty 1,- and we
extend to the small elements 75, g+ = Tp \ Tn,1,-. This approach has the advantage
that fewer elements are mapped resulting in a simpler map Fj. We will employ this
construction in section 3.3 to show that the lumped mass matrix is positive definite.

Remark 2.2. The construction of the extension operator and the forthcoming the-
ory may be extended to higher order polynomials and more generally to nodal finite
element spaces; see [9] for details.

We will now prove that the extension is stable and that the associated interpola-
tion operator has optimal approximation properties.

LEMMA 2.3. Global piecewise linear polynomials, P1(R?), are invariant under the
extension operator,

(2.19) En(v|7.,) = v|7, v € Py (RY).
Proof. Using (2.16) we note that for T' € Ty, g,

(2.20) (Fnv)lr = (vls, (1) | = vr

since v € P;(R?). Therefore,

(2.21) Eplg, =07, veP(RY.

Furthermore, for v € V}, we have Apv = v, since v is continuous, and therefore. in
particular. Apv = v for v € Py (Rd) C R?. Since Ej, = Ay, o F}, and both operators
preserve v € P1(R9). the proof is complete. ]

LEMMA 2.4. For hy small enough there is a mapping Sy, : T, = Tp,1 that satisfies
(2.15).

Proof. Let pga be the signed distance function associated with the boundary 02,
and let Us(992) = {y € R? : |ppa(x)| < 6} be the tubular neighborhood of thickness
20 > 0 associated with 0€). Then there is 6o > 0 such that the closest point mapping
p : Us(09) — 99 is well defined for 6 € (0,0¢]. For T € Ty, p take z € T N O, and
let T, (052) be the tangent plane to 0 at x with exterior unit normal n,. Let pr, (a0)
be a signed distance function associated with 77, (0S2) such that Vpr, (90) = —n,. Let
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Fic. 1. Illustration of the construction in the proof of Lemma 2.4.

Us(T,(09) = {y € R? : |pr,(90)| < 6} be the tubular neighborhood of T, (92), and
let U;H (T, (09)) = {y € R : 0 < pr,(90) < 6} be the one sided tubular neighborhood.
Define the cylinder Cyls(z,n,) with radius 6 and center axis aligned with the normal
n, at x € 9. We then note that since 9 is smooth and T, (9) is a tangent plane
to 0N at x we may apply Taylor’s formula to conclude that there are constants ¢; > 0
and é; > 0, independent of x € 02, such that

(2.22) 00 N Cyls(z,ny) C Ue,s2(T1(09)) N Cyls(z,ny)
for all § € (0,67]. Therefore, it follows that
(2.23) Os(z) = (U (T,(09)) \ U:;s2 (T (09))) N Cyls(z,ny) C Us, (09) NN

for § € (0, 61]; see Figure 1. Then we may take d2 € (0, 01] small enough to guarantee
that § — ¢162 > /2 for 6 € (0,d,]. Taking § = coh for h € (0, ho] with hg = ho(c2)
small enough to guarantee that § € (0,d2], we note that Os(x) is a cylinder of radius
coh and height cph/2. Taking the constant c¢o large enough, we conclude from quasi-
uniformity that there is an element T' € 7 1 such that T C O;(z) for h € (0, hy].
Finally, we note that we can take a ball centered at x of radius proportional to h that
contains both T and Os(z) which completes the proof. 0

LEMMA 2.5. There are constants such that for allv € Vj, 1,

(2.24) | Bl

7 Sl 7

(2.25) IV Ewollz, + a2 |[Fn]ll 7, S Vol

Proof. To prove (2.24) we note that for each T € T;, g we have the inverse in-
equality

(2.26) [o%llr < llvellBs < lvlls, (),

where Bj is a ball with diameter § ~ h such that T'U S,(T) C Bs. Summing over
T € Ty,p and noting that thanks to (2.15) the number of elements in 75 p that Sp
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maps to T is uniformly bounded over all T' € Im(S},),

(2.27) Yo S Y Ml s Do vl S el

T€Th,B TE€Th,B Telm(Sh)

where for the last inequality we used the inclusion Im(Sy) C Tp,;. For (2.25), we
obtain

(2.28) |V Fyol

7. SIVoll7, ,

using the same argument. To estimate the remaining term

(2.29) WEWIE, = D A IEwE,
FeF,
we have for each F' € Fj, [v] = [v — wp] for an arbitrary constant wg. Using the

triangle inequality followed by an inverse inequality to pass from the face F' to the
elements 7y, (F) sharing F,

(2.30) W [FwllE S B2 Fno = wrll3, () S B 7200 = wrllg, 7, )
Next, there is an open ball Bs with diameter é ~ h such that
(2.31) Sp(Th(F)) C Bs,

and then we have

(2.32) h’zwi;g lv = wrll$, (7.
(2.33) <h7? Sl — wrll7, 5y S OCRT2IVOIT 8y S IVOIT By
which concludes the proof. 0

A key property of CutFEM stabilized using ghost penalty is that the weakly
consistent penalty term allows for control of the finite element solution on the whole
mesh domain, by the combination of the stability from coercivity on the physical
domain and the penalty terms. We will now show that such a stability property holds
by construction for the extended space, thereby eliminating the need for additional
stabilization.

LEMMA 2.6 (stability of the extension). There are constants such that for all
v E VhJ,

(2.34) IV Eponll7, S IV™ Rl 75, m=0,1.

Proof. For m = 0, we add and subtract Fjv and use (2.24) and (2.6) to conclude
that

(2.35) [Envll7, = [[AnEnoll 7,

(2.36) < |1 Fwollz, + I = An)Epoll 7,
(2.37) S 1wl + B2 [E] 7,
(2.38) S [Ewoll 7, + [ Fnoll7,

(2.39) S ol .-
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For m = 1, we proceed in the same way but we instead employ the stronger stability
(2.25) of the operator Fj,

(2.40) IVEwv|7,, = [[VARFyvll7,

(2.41) < IVEwll7, + IV = Ap) Fro)l 7,

(2.42) < |VEwoll7 +h7HII — Ap) Enoll7,

(2.43) S IV Ewll7, + b2 [Fro]l| 5,

(2.44) S Ivellz, .

and thus the proof is complete. ]

2.4. Interpolation. We begin by defining some interpolation operators that will
be needed in the analysis.
e Let m, : HY(Q4) — Vi, be an interpolation operator of average type (see [10]
or [25]), which satisfies the standard elementwise estimate

(2.45) ||U - 7Th'U||Hm(T) ,S ]’I,Q_m||U||H2(7*h(T))7 m = 0, 1,

with 7,(T) C Ty the neighboring elements of T. Composing 7, with the
continuous extension operator F we obtain an interpolation operator 7, o
E : HY(Q) — Vj, and using the stability (2.2) of the continuous extension
operator we have

(2.46)

1B = 7h Eol pm 7y S 027 1Bl iz, S B2 ollgz), m=0,1.
For simplicity, we will use the notation Fv = v and m,v = 7w Ev when
appropriate.

e We shall also need an interpolation operator P, : L*(Q) — F,W}, 1, which we
define by noting that the sets S; ' (T) for T € Tj, ; provides a partition of T.
Then there is § ~ h and a ball Bs 7 such that

(2.47) S, N(T) C Bsr.

On each ball B; ¢ there is Py v € P1(Bs 1) such that

(2.48) IV™ (v = Pogo)llgs . S W02y, m=0,1.
Defining P, : L?(T;,) — Wj, by

(2.49) (th)|s;1(T) = (Ph,TEUNs;l(T)v

we obtain the global error estimate

(2.50) IV™ (v = Pyo)ll7s, S h* " |lolluz),  m=0,L

Observe also that P, satisfies Pybv = Fj,(Ppv)r, where we introduced the
shorthand notation (v); := v|7, ;.
e We define the interpolation operator I, : H(Q) — VhE by Inu := Ep(mpEu);.

LEMMA 2.7. There is a constant such that for all v € H?(S),

(2.51) |Bv = Tollg, + RV (B — L)y, S B [0llae .
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Proof. Adding and subtracting 7 Ev and Fj (7, Ev); and using the triangle in-
equality,

(252)  [[Bv = Invllgm(7,) = |Ev = Ex(mnEv) | e (7,)

(2.53) < ||Bv = mpEvl| g,y + [T EBv — Ep(mh Ev) 1| gm7)
(2.54) < (I = m)Eollggm iz + |70 Ev — Fa(mnBo) | sy
(2.55) + (I = Ap) Fu(mnEv) 1] rm (73,)

(2.56) =I1+11+1I1I.

Term 1. Using (2.46), we directly have
(2.57) I = 70) Bl () S B* " vl m20).

Term II. Adding and subtracting P,v, recalling the identity P,v = Fj,(Prv)r,
and using the triangle inequality, we obtain

(2.58) |ThEv — Fi(mn E0) 1|l gm (73,

(2.59) < | mhBv — Proll g1y + 1Phv — Fp(mn B0) 1] (13,
(2.60) < | mhEv — Proll g1,y + [ FR(Phv — T E0) 1| g (13,
(2.61) S lmnEv — Pl gm7)

(2.62) < I Bo = oll sy + 10 = Paollazm

(2.63) ST ol ),

where we used the stability estimates (2.24) for m = 0 and (2.25) for m = 1 for Fj,
added and subtracted v and used the triangle inequality, and used the interpolation
error estimates (2.46) and (2.50).

Term I11. Using the approximation result (2.6) for the average operator Ay, in-
serting the continuous function 7, Fv into the jump, and using an inverse estimate to
pass from faces to elements, we obtain

(2.64) (I = Ap)Fn(mnEv) 1| (7)) S AT = Ap) Fn(mn Ev) 1|7,
(2.65) S WP [Fa(mn B 7,

(2.66) S W2 [Fn(mn Bo)r — mn B 5,
(2.67) ST Fy(mnEv)r — mnEv|| 7,
(2.68)

SR 20,

where we used the estimate for Term II with m = 0 in the last step. O

2.5. Finite element method. In order to formulate the finite element method
we use the following notation.
e Partition [0,7] into N intervals of length k¥ = T/N, and let t, = nk for
n=0,1,...,N. Welet u" = u(t,) and v : 2 — R denote a function at time
t,. Define the discrete first (forward) and second (central) time differences

n+l _ ,n
(2.69) "=
k
I L S i | " e
(2.70) OP" = 12 = E(@w — " h).
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Note that 87 should not be interpreted as d; o 9; but as an operator defined
by (2.70).
e Define the central difference

(271) 5{0” = %(@U” + 8{1]"71),

and note for use below that we have the summation by parts formula

N-1
(2.72) > 2k, Su™)
(2.73) : = (N L) + @V TN T = (0l wh) — (0 w?)
N-1
(2.74) =) 2k(60", w").
n=2

e For the spatial discretization we employ Nitsche’s method and define the
bilinear form

(2.75)  ap(u,v) = (Vu, Vo) — (Vau,v)aa — (u, Vav)aa + ’yh_l(u,v)ag,

where V,, = n -V with n the exterior unit normal and v > 0 a parameter.
Method. The CutFEM takes the following form: forn =1,..., N—1, find uZH €
V,F| such that

(2.76) (8?%{4)) +ap(up,v) = (f",0) Yv € VhE

with initial data u?L,u,lI € V;, specified below. The resulting updating formula takes
the form

(2.77) (up ™ v) = (2uf, 0) = (up ™" o) + K2ap(uy, v) + K2 (", ).

2.6. Matrix formulation and mass lumping. We formulate the method on
matrix form and replace the mass matrix with a diagonal matrix obtained by lumping
the mass matrix in order to obtain an explicit method.

e Let {4;};cz, be the nodal basis in V} enumerated by the index set Zp, let
{%‘}iezl,h be the nodal basis in Vj, ; enumerated by the index set Z;, ;, and
let {©F}iez, ,, with oF = Ej¢;, be the corresponding basis in V;Z. Denote
the dimension of V}, by NV},, and the common dimension of V}, ; and VhE by
thj.

e To keep track of the different expansions, we employ the notation

(2.78) Vpov= Z Vithi, Vi dv= Z bigis Vi v = Z Uipf

i€Lp i€ln,1 1€Ln,1

e Define the mass matrix, stiffness matrix, and load vector associated with the
full finite element space V}, by

(2.79) (My0,@)z, = (v,0), (A0, @)z, = an(v,w), (b, @)z, = (f,0)

for all v,w € V.
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e Define the mass matrix, stiffness matrix, and load vector associated with the

extended finite element space by
(2.80)

(Mh,faﬂ {J)Ih,l = (v,w), (Ah,fﬁv @)Ih,l = ah(”?“’)a (bh,l7ﬁ)\)l-h,l = (fv w)
for all v,w € VhE.
For implementation purposes it is convenient to work with the standard nodal
bases in V}, and V}, 1 and to express the matrices associated with VhE in terms

of the standard matrices associated with V}, using a matrix representation of
the extension operator. Recalling first that the extended basis is defined by

cpfj = Eypi, @ € Iy, 1, we have E/h\’u = ¢ for all v € V}, 1, and therefore the
matrix representation of Ej, : Vj, 1 — VhE is the Np, 1 X Np 1 identity matrix
and Vp, j = VhE . Next, define the matrix representation of Ej, : Vj, 1 — V}, by

(2.81) (End, @)z, = (B, @),
for all v € Vj, 1, w € V3. We note that f?h is an Nj X Nj, 1, matrix and that
it follows from (2.81) that E?hﬁ = E;/v We then have for v,w € V, p,
(2.82)

(0, My, 1)z, , = (Env, My, 1 Epw)z, , = (Env, Enw) = (Eqv, My Epw)z,
(2.83) = (Eh@aMh(Ehw))I;L = (o, (E:Mhﬁ;h)w)zh,z-

Therefore, the mass matrix on the extended finite element space can be ex-
pressed in terms of the mass matrix on the full finite element space as follows:

— T __ ~
(2.84) My 1 = E, MyEy,

and in the same way

~ =T _ =< ~ =T,

Define the lumped mass matrix M L as the diagonal matrix with diagonal
elements equal to the row sums of the mass matrix M}, ,

. 0, £

(2.86) My, ;5 = Y Z 7&]-
ZlEIh,I(i) mi, =17,

where for each ¢ € Zj, 1,

(287) Ih’[(i) = {j € Ih,[ : mij 7é 0}

is the set of indices for which there is a nonzero entry in the ith row (and
column due to symmetry) of M}, ;. We also define the induced lumped mass
inner product

(2.88) (v,w), = (M3, @)z, ,, vwe V.
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Ezxplicit method. We define the lumped mass method: forn =1,..., N — 1, find
u™ € ViE | such that

(289) (8?“2,1})[/ + ah(uﬁvv) = (fZLL7U)L Vv € VhE

with initial data u),u), € Vj and f7 € V;F a suitable approximation of f(¢").

Using the fact that M 1 is diagonal, we obtain the explicit updating formula for
n=2,...,N—1,

(2.90) aptt = oup — vt — KM Ay ) + K2y,
where ETLL is the load vector associated with the lumped mass inner product
(2.91) o2, 0)z,, = (f0)0, v € EWVar

Tt follows that b? = M, Lﬁ;, where ﬁ? is the internal nodal values of f;'.

3. Analysis of the method. The forthcoming error analysis essentially relies
on discrete stability of the method and approximation properties of the extended
space. In particular, we employ the Ritz projection onto the extended finite element
space and derive the corresponding basic approximation results. Related error esti-
mates for standard finite element spaces have been derived in [2, 3, 13], and in the
context of elastodynamics in [31, 32]. We also prove an estimate for the lumping error
which demand a more complicated analysis compared with the standard estimates for
piecewise linear elements; see Chapter 15 in [29], for instance. Furthermore, we show
using some natural restrictions on the construction of the extension operator that the
lumped mass matrix is indeed positive definite.

3.1. Ritz projection. In this section we will discuss the Ritz projection on
the extended finite element space V;F. This will provide us with an interpolant with
properties suitable for the error analysis of the wave equation. It also provides an
analysis of Poisson’s equation discretized using the extended space VhE in a CwtFEM

framework.
Let

(3.1) ol = 1V0ll* + Al Vavl3q + 27 o]0

LEMMA 3.1. The form ay, defined in (2.75) is continuous,
(3.2) an(v,w) S lPollalllwlln, — v,we HY2(Q) + Vi,
and for ~y large enough coercive,
(3-3) ol S an(v,0),  veV.

Proof. The continuity follows directly from Cauchy—Schwarz, and to establish the
coercivity we start from

(3.4) an(v,v) = [|[Vo[* = 2(Vav,v)a0 + vh ™" |v30.
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We have the estimate

(3.5) 2(Vnv,v)aa < 2[|[Vavlaallv)oa

(3.6) < C|IVoll7 a0)h™ 2 v ]lon

(3.7) < C%|IVol1 7, 00y + 07 AT Hol3e
(3.8) < C*| V|7, + 67 hTHv3a
(3.9) < C%||Vol* + 67 vl 50,

where we used the inverse estimate h'/2||Vv|ganr < C||Vol|r, the stability (2.34) of
the discrete extension operator E}, and finally the fact that 73, ; C . Combining the
estimates we find that

(3.10)  an(v,v) > (1= C2)|[Vo]|* + (v = 0D wlFg 2 IVol® + 27 lv]3e,

where we chose § small enough and ~ large enough. Finally, (3.5)—(3.9) give the
estimate h||V,v|%q < [[Vo||? the coercivity (3.3) follows. 0

In view of Lemma 3.1, we note that we can define the norm

(3.11) ””th = ap(v,v), veVF,
directly associated with the Nitsche form, which is equivalent to ||| - |||, on V;F,
(3.12) [ollay ~ Mollln, v eV,

It will later be convenient to work with || - ||, instead of ||| - |||5-
The Ritz projection Ry, : H*(Q2) — Ep (Vi 1), for s > 3/2, is defined by

(3.13) an(Rpv,w) = ap(v,w) Yw e ViF,
and we have the following error estimates.
LEMMA 3.2. There are constants such that
(3.14) lo = Ruovllla S hllvllazy, o= Ruvll S B2 |lvll ()
Proof. Here we add and subtract an interpolant
(3.15) v = Rpollln < [l = Invll[n + [ Tnv — Riollln
. ~ - VIIH2(Q KU — LI V|||h,
(3.16) S P2l ) + I wv — Ryl

where for the first term on the right-hand side we used the interpolation error estimate
(2.51) together with the cut trace inequality (see [30])

(3.17) lwll3onr < P HwlF +2lIVwlF,  we HY(T),

to estimate the boundary contributions.
For the second term, coercivity (3.3), orthogonality (3.13), and continuity (3.2),
give

(3.18) |Hfh1}—Rh’U|H,2l Sah(IhU—Rh’U,I}Z’U—th)
(3.19) = ap(Ipv — v, Inv — Ryv)
(3.20) S [Hpv = ollln |l {nv — Rpvl|[n,
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and therefore, using once more the interpolation estimate (2.51) for Iy,
(3.21) 110 = Bavllln < [IHav = vllln S Rllvllg2(0)-

The L? estimate is established using duality in the usual way. 0

Remark 3.3. Note that up = Rpu is the finite element solution to
(3.22) —Au=f inQ, u=0 on 00
and thus (3.14) provides error estimates for a CutFEM based on the extension operator
E}, for the Poisson equation.

3.2. Estimate of the lumping error. We begin by showing a stability estimate
for the lumped inner product; then we prove an estimate of the consistency error
resulting from lumping the mass matrix. Finally, we use the representation of the
lumping error to show that the lumped mass matrix is indeed positive definite.

Let ||v]|2 = (v,v)r be the norm associated with the lumped scalar product. We
then have the stability

(3.23) lvll7 S lollz,  ve V.

This estimate follows from the L? stability (2.34) of the extension operator followed
by equivalence of the lumped product and the full L2 product on the set of interior
triangles

d ~
(3.24) 1Enoll7 < lloll7, ~ k2[00 ~ o],

where X}, ; denotes the set of nodes in 75, ; and for a discrete set X the norm ||v[|% =
[0lli2 ) = 2sex v*(x). Note that the last relation above holds since all elements of

M}, must be O(h?), since only interior nodes are considered.

LEMMA 3.4. There is a constant such that
(3.25) (v, w) = (v,w)| S P?([VolalVulle, v,we V.

Proof. Using the definitions (2.80) and (2.86) of the mass matrix Z/\l\hJ and the
lumped mass matrix M we have

(3.26) (v,w)r, — (v,w) = (0, ML@)z, , — (T, My 1)z, ,

(3.27) = (0, (Mg, — My,1)®)z, , = (v, B@)z, ,

with B = J/\J\L — M\h,l. We note that the elements gij of B are

(3.28) bij = Zlfzh”l(i)\{i} e Z B J:7
—Myij, i # ]

with m;; > 0. Since 3“ = — Zlezh I(i)\{i}@-l it follows that B is a graph Laplacian
on the undirected weighted graph with vertices X1, enumerated by Zj, 7, and edges

(329) Eh,I = {(Z,]) S IhJ X IhJ : ﬁ@ij ?é 0}
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with weights m;; > 0. We can then write the form (@, E@)Ih as a sum of positive
semidefinite forms associated with the edges. To that end we associate with each
graph edge (i,7) € & 1 the positive semidefinite Np, ; x Np, ; matrix

(330) §(1,j) = mij(ei [029] €; — €5 ® €j — €j X €; + €j [ ej),

where {e;}z, , is the canonical basis in RN®1. Note that ﬁ(i,j) maps the two dimen-
sional space span{e;, e;} into itself, and the corresponding matrix takes the form

~ . 1 -1
(3.31) B(i,j)lspan{ei,ej} = Myj |:1 1 :| :
One can then verify that

(3.32) B= Y Buj,

(1,3)EEn,1
which gives the identity
(3.33) (@, BO)g, , = Y, (0 —0) (@ — @;);
(4,5)€En, 1

see [15, Chapter 13]. Using the Cauchy—Schwarz inequality together with the fact
that m;; ~ h? we obtain

(3.34) (a,m)zwghd< > (vivj)2)l/2< > (wiwjﬁ)

(4,4)EER, 1 (4,5)€En, 1

1/2

We next note that

(3.35) Yoowi—v)P< Y Y (i)’ =k,

(i,j)eé‘h,I ieIh,I jEIhJ(’L‘)

where Zj, 1 (i) C Zy,s is the set of indices connected to the node ¢ by an edge E € &, ;.
Next, let 75 (7) be the set of elements with at least one node in Zj, ;(¢) and note that
it follows from the construction of the extension operator and shape regularity that
there is a uniform bound, independent of & € (0, ho] and ¢ € 7y, 1, on the number of
elements in 7, (i) and that diam(7;(¢)) < h. We then have

(3.36) > bt (=) S v = vl S PV 6
JE€Ln,1(3)

since v € V},. It follows that

(3.37) *= Y Y (wi—v)S Y RV

1€Th,1 jELK,1(1) 1€Tnh,1

2 2 2
Ty S PVl

Combining (3.34) and (3.37) and applying Lemma 2.6 we arrive at the desired esti-
mate. O

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 05/24/22 to 193.60.240.99 . Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

EXPLICIT TIME STEPPING IN CUTFEM WITH EXTENSION A1269

3.3. Positive definiteness of the lumped mass matrix. The mass matrix
associated with the extended basis {¢F}icz, , is obviously positive definite but the
extended basis functions may in fact be negative on elements at the boundary. To
guarantee that the lumped mass matrix is positive definite we will therefore restrict
the construction of the extension operator in the following ways:

o Let Thrr={T €Ty :|TNQ >7|T|}, with 7 € (0,1] a parameter, and let
Th,B,r = Tn \ Th,r,-- Then we have T, 1 C Tp. 1 and Ty g+ € Tp,p, with
equality for 7 = 1. We extend the definition of Vj, 1 to Vi, 1 = Vi|7;, , , and
let

(3.38) Ep:Vig = VFEcCW,

be defined as in (2.16) and (2.17) with the mapping Sy, : Tr. g, — Tn,1, which
means that we extend from elements T € 75 s in the interior of Q2 not from
elements T' € Tp, ;1 - \ Tn that intersect the boundary.

o We will use an average operator Aj, with unit weight on all elements 7" € Tj, 1 -
which implies

(3.39) ) Trr = 0l 2

These assumptions enable us to confine potential negative values of the extended
basis functions to elements T° € 7Tj, g, with a measure that can be bounded by
Th®. This restriction of the construction of the extension operator is, in particular,
important if the local mesh size varies, which may be the case even if we are using
quasi-uniform meshes. The parameter 7 will depend on the constants in the quasi-
uniformity assumptions, which we can see in the forthcoming proof of Lemma 3.5.
Note, however, that in CutFEM regular meshes are, in general, used and then the
quasi-uniformity constants are moderate.

LEMMA 3.5. Assume that the extension operator satisfies the above restrictions;
then for T small enough the lumped mass matriz is positive definite.

Proof. First, we observe that the lumped mass elements takes the form

(3.40) Moo= Y Ma= Y /fzwfwlYE:/Q%E( > %E) =/Q<piE-

l€Tn,1 IE€Th, 1 1€Th 1

Here we used the fact that 37, 7 ¢©F = 1, which holds since the sum of all basis
functions associated with nodes bélonging to elements in 7Tj 1, is one on 7y 7 and
the extension operator is linear so that

(3.41) Z 0P = Z Erp; = Eh< Z s0i> =FEpl =1,

1€Ln,1,T i€l 1,T i€Ln,1,T

where in the last step we used Lemma 2.3. To show that fQ ©F > 0is positive we first
note that if supp(¢?) N SK(Th.5.-) = 0, then ¥ = ¢; and |supp(¢;)| > Th? which
together with the fact that ; is positive on its support guarantees that fQ p; > 0.
Next, if there is T € supp(¢Z) N Sh(Th,B,) we have T' € T, 1 since Sj, maps into 7y, 1.
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We then have the estimates

(3.42) / of = / of + / of
Q QﬁThJ‘T Qﬂ/Th,B,T

(3.43) 2/ i = 10N T 107 | L= 975 5.0)
QﬁTh,I,-,—
(3.44) > C1h? — Cyrh?

for 7 small enough. Here we used the fact that ¢Z = ¢; on T, s -, due to the property
(3.39) of the average operator, and the fact that there is an element T' € 7, 1 such
that T C supp(¢F) and therefore

(3.45) / ©; > / @i > C1h?,
Qﬂﬁ%[’.r T

where in the last step we use nodal quadrature to compute the integral of the linear
function ;|7 which is equal to one in at least one node. Furthermore, we used the
bound [|9F || L @7 5.) S 1, which holds since

(3.46) [ArEn@ill ey S 1 Fnpill Lo viry) S 1,

where N(T) is the set of elements in 7}, sharing a node with 7" and finally we used
the fact that Froi|r = (@ils,(1))¢ and the gradient of ¢; is bounded by Ch~! and
according to Lemma 2.4 the distance between T and Sy (T) is bounded by Ch. a

3.4. Discrete stability. To prepare the terrain for the error analysis we will
prove stability for a slightly more general version of (2.89). Indeed, we introduce
a right-hand side that consists of two parts, expressed as functionals on V,, r1 =
{ro}N_and ro = {r3}N_,  r? 1 Vj, — R. They will later be identified with two
different sources of approximation error driving the perturbation equation. The reason
for this split is that optimal estimates require r; and 75 to be continuous with respect
to different (discrete) topologies, r; with respect to a discrete H!-norm, and ry with
respect to a discrete L?-norm. This is a consequence of fact that the test function
in the derivation of the stability estimate is a discrete first order time derivative and
that the lumped mass approximation estimate (3.25) requires control of the gradient
of the test function. To avoid the appearance of mixed derivatives, which cannot
be controlled, we apply summation by parts in the r; part and move the discrete
time derivative from the test function to the functional. To provide bounds in term
of these functionals, we recall the standard definition of norms for linear functionals
l:V, — R, using the appropriate norms,

[1(v)]
(3.47) [2apx = sup 12
veV;E\{0} [v]

_ [(v)]
Lx = sup .
veV,E\{0} vl

’
ap

The abstract scheme that we consider takes the following form: forn=1,..., N—
1, find v"*! € V}F| such that

(3.48) (020", w)p + ap(v™, w) = r"™(w) vw € V;EF
given v°, v! € V,. Here 7™ : V}, = R are the linear functionals of the form

(3.49) r(v) =ri(w) +ri(v).
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Let us first derive the bounds necessary for the two contributions r; and ry, when
their argument is a central difference of the form ké;v™. For rq(kd;v™), we sum over
the contributions r7 and apply the summation by parts formula (2.72) to move the
central difference from the test function of the form kd;v™ to the functional,

N-1 N—-1
(3.50) > 2k (60| = | D 2k(r} (50") + 15 (6,0™))
(3.51) < Pt HN) T N =g (0!) = ey (07)]
N-1 N-1
(3.52) + D 2k((GrT) (") + D 13 (60™)]
n=2 n=1

Next, turning our attention to ro, we have in view of (2.71),

(3.53) ry (6po") = %r?(@tv" + ",

and therefore

N-1 N-1
1
(854) D r5@n) =y @M + 3 S5 5@ )+ rh(0).
n=1 n=2

Applying this in the right-hand side of (3.52), it follows that, using 75 = %(ré”rrg_l),

N-1
(3.55) > 2k (80™)| < Jri T M) ! 0N 1 (00)] + ] (1)
(3.56) + [y T O]+ [y (8107
N-1
(3.57) + Y 2k[((6erD) (07) + (75) (00" ).

For each term of the sum in the right-hand side we have,
n n —n n— n — 1 n n— 1
(3.58) (der})(v™) + (75) (0" ") < (II8erT 117, e + T3 NZ, ) = (17, + 120" 172

Therefore,

N-1 N-1
(359) Y 2k|((GerD) (") + 50" NI < Y 4k (0T Nlan e + 17512 5)
n=2

n=2
2 n—1(12\%
(3.60) x, ma (2, + 9" 7)%.

Note that we used the identity (2.71) and a triangle inequality to pass from d; to J,
and in a similar fashion we have passed from 75 to r5. Now introducing the relevant

norms of the functionals {r7}N=" and {rg}) =1
N-1
(3.61) M e = 172 e+ Dt + D F 0T e
n=1
N-1
(3.62) el = 5 " o + I73llex + Y 2875 ] L x-
n=1
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Note that we used the identity (2.71) to pass from §; to J;. Combining (3.52) and
(3.60), we get for all € > 0,

N-—-1
(3:63) | D 4kr"(0w™)| S e O, 5 + 2l )
n=1
(3.64) e (DN + 012, + oY, + 10wl + 12, + )2,
n|2 n—1/2
(3.65) e (2, + 190 3))-

LEMMA 3.6. Let v, n =1,...,N — 1, be defined by (3.48), and assume that
(3.63) s satisfied. If k/h < ¢ with ¢ sufficiently small, then the following stability
estimate holds:

2

(3.67) SN0°I7 + 1ot IG, + 1001, + lirallz, s + 727 «-

2 -1
e Gl

(366)  max (90" F+ o7

Proof. To prove stability, we test (3.48) with w = 4k&v"™ = 2k(9;v™ + dyv" 1)

forn=1,...,N — 1, and sum over the time levels,
N-1 N-1
(3.68) 2k(020"™, O™ + O™ ) + Z 2kap (v, 0™ 4 O™ Y)
n=1 n=1
N—-1
(3.69) = > 2kr™ (" + 0" ).
n=1

Here the first term on the left-hand side satisfies

N-1
(3.70) D 2k(070", 0™ + 0" = 2]|00N M7 — 2]|00°1F
n=1
since
(3.71) E(970™, 0,v™ + 00" M) = (9™ — O™, O™ + 0™
(3.72) = [|0:0" (|7 = 10" |17 -

Next, for the second term we have

N-1 N-1

(3.73) > 2kan (0", 0" + 9" ) = D 2ay, (0", 0" — ")
n=1 n=1

(3.74) = 2a5, (V7 0™) = 2ap, (v1, 0Y).

Inserting (3.70) and (3.74) into (3.68), we obtain

(3.75) 20100V 2 4 2an (0N T 0N = 2)|00° |2 + 2a5, (00, 01)
N—1

(3.76) + Z ™ (2k (O™ + O™ 1)).
n=1
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Using the identities

(3.77) B0V I, + 20 (0N o) = V2, 10N

ap’
(3.78) k21100° 13, + 2an (0, 01) = 017, + [[0°I17

ap?

we may write (3.75) in the form

(3.79) 200N = K20, A+ oV IE, + 1oV,
(3.80) = 2(10:0°17 = K*[102°2, + Ilv'll2, + 100112,
N-1
(3.81) + ) 2k (9" + O ).
n=1

Using an inverse inequality followed by the stability (3.23), we get

(3.82) lwll?, < h~2llwllF;, < A2 lwlli,

ap ~
. . _ N_l .
which, with w = 0;v , gives

(3.83) K0 G, S h TR 00 T, < h TR 0™ T L

Using the Courant-Friedrichs-Lewy (CFL) condition Ch=2k? < Cc? < 1, where C'is
the hidden constant in (3.83), and k/h < ¢ with ¢ small enough due to assumption in
the lemma, we arrive at

(3.84) 180" 4+ 0™1Z, + ™I,
N-1

(3.85) < 200:°Z + [0 2, + 10017, + 2| 2kr" (™)) -
n=1

Applying now the bound (3.63) in the last term of the right-hand side of the last
expression we obtain, for all € > 0,

3.86
3.87
3.88

(1= e)Uow™ ML + ™IE, + 0™ HIZ,)
<201 +)(l00° 17 + 0113, + [1°l1Z,)
+e 7 C(lIrlllz, % + llr2lll «)

2 —1)12
e max (012, + 00" ).

(3.86)
(3.87)
(3.88)
(3.89)

3.89

Next, keeping N fixed on the right-hand side, we note that (3.86) holds if N in the
left-hand side is replaced by an arbitrary n = 2,..., N —1. Taking the maximum over
n on the left-hand side we get

(3.90) (1L=e), mae (190" 3+ 0" 2, + 0" 2,)
(3.91) <201+ &) (|0 I3 + 02, + 0°12,)
(3.92) + 71Ol 12, 5 + li2ll, )

n||2 n—1(2
(3.93) ey oma (02, + 1907 3))-
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Finally, using a kick back argument and taking e small enough, we obtain

(3.94) poma (0w~ + o 2, + o2, )

(3.95) SN0 (17 + 1017, + [1°[1Z,,

(3.96) +llIrallz,  + 727 %

which completes the proof. 0

Remark 3.7. Clearly the bound also holds for [[v"||2, and [[8;v™!||7 separately.
For instance,

o7y max o2, < max (oM o2, + o, ),

If we assume that the max in the left-hand side is taken for n*, we immediately see
that

(3:98) o I2, < 10w T+ e 2, + o T,
. < n—1)2 n||2 n—1)2 )
(3.99) <, max (o + o2, + lon 2,

3.5. Error estimates. We will now combine the approximation properties and
stability estimates proved in the previous section to derive error estimates for the
CutFEM approximation. To simplify the notation we denote a continuous function
at a certain time level ¢, v™ := v(t") and its partial derivatives
a'H'L,U a’fﬂv

t) and (d]"v)" =
For m = 1 we will drop the superscript.

Before we derive the error estimates we recall the following elementary results for

the finite difference discretization in time.

(3.100) dv(t) = (t"), meNy.

LEMMA 3.8. For functions v € L>(0,T;L?(Q)) there exists positive constants
such that

(3101) ||6{”v"|| S ||d;"v||Loo(07T;L2(Q)), m € {1, 2}, n > O,
(3.102) |07v™ — 0Fv™ Y| S k|| d}v|| e o,m220)) T > 2,
(3.103) 070" — div™|| S K|l divl| Lo 1r2(0)), 1> 2,

Proof. We only prove the first inequality (3.101). For m = 2, the case m =1 is
similar. Taking the L?-norm over 2 and using partial integration in time and

(3.104)

1 -
|0Fv™]| = HkQ(v"+1 — 20" ") ‘
vt 0% e 0%

tn_l tn+1

1 v 1
< ol =—@)| dt+ =
~ k2 S ( )HatQ()H = /t"

(3.107) S [ld7vll Lo en1 gntriL2 ()

O%v

(3.106) ("t —t) “W(t)" dt
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and the proof of the first estimate (3.101) is complete. The second estimate (3.102)
follows using the same technique. Finally, for (3.103), once again using partial inte-
gration it follows that
(3.108)

L

1 ! ("1 —1)3 0t (t 1 — 4)3 9ty
2,mn _ g2, mn - R
ojv"™ — djv 2 (/t" : 97 (t) dt—i—/tn 5 8t4(t) de | .

Taking the norm and supremum over dfu in time in the right-hand side, we have

R R R
2 / T ga W

THEOREM 3.9. Let uZ'H, forn=1,...,N —1, be defined by (2.89) with initial
data u(,)L = Ryu® and u,1I = Rput. Then if u is a sufficiently smooth solution to (1.1),
the following error estimates hold:

(3.110) I(deu)™ =t = Be(up " + ™ = wi[| S h* + &2,

(3109) S k2||d?U||Loc(tn—1,tn+1;L2(Q))_ O

(3.111) IV (™ —up)|| < h+ K2

Proof. We first note that the exact solution satisfies

(3.112) ((d2u)™,v) + ap(u™,v) = (f,v") Yo e Vi, t € (0,T).
and for n =1,..., N — 1, the numerical scheme satisfies
(3.113) (O2ul, v)p + ap(ul,v) = (fr,0™), Vv eVE.

Subtracting the two equations we obtain the error equation
(8.114) ((d2u)",v) — (OPuf,v)p +an(u" —uj,v) = (f",0) = (flo)e Vo€ VP,

In order to estimate the error, we split it into two contributions using the Ritz pro-
jection,

(3.115) u" —up =u" — Rpu" + Rpu™ —upy = p" + 0"

In the standard manner, we then split the norms in the left-hand side of (3.110) and
(3.111) using the triangle inequality in the contributions from p™ and 67, ||u” —u}| <
[lo™] + 116™|]- In the following paragraphs we estimate the two contributions to the
error emanating from the interpolation error p and the discrete part of the error 6.
The p contribution can be directly estimated using the error estimates (3.14) for the
Ritz projection. For the 6§ contribution we derive an error equation with a right-hand
side that accounts for the lumping error and the error in the difference approximation
of the second order time derivative. The bound for 6 is then obtained by applying
the stability estimate (3.67) followed by a priori bounds for the right-hand side.

The p contribution. Applying the error estimate (3.14) for the Ritz projection we
have the estimates

(3.116) V™| S R [u”]| 2y m=0,1,
(3.117) 1(dp)" | < P2(I(d]"w) ™| g2 (o), ™ =1,2,3,4,

where we used the commutation (diRpv)™ = Ry (dyv)™.
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The 0 contribution. We note that we have the identity

(3.118) ((dfu)", v) — (afuZ,U)L
(3.119) = ((d?u)™,v) — (O} (Rpu™),v)r, + (02 (Rpu — up)"™,v) 1,
(3.120) = ((d7u)", v) — (7 (Rpu™),v) + (970", v) L,

and using the orthogonality of Ry,
(3.121) ap(u” —up,v) = ap(p™,v) + ap(6™,v) = ap(6™,v).

Combining (3.114), (3.118), (3.120), and (3.121), we get the following error equation
for the discrete part 6 of the error:

(3.122) (970™,v)1 + an(0™,v) = (f™,v) — (fi",v)L + (OF (Rpu™),v)r, — ((diw)™,v),

" (v)

where we introduced the functional 7™ : V};, — R. We now split ", by adding and
subtracting suitable terms, in order to apply a stability bound of the form (3.63),

(3.123) 7" (v) = (f",v) = (fil,v)L + (O Rnu",v) L — ((dfu)", v)

(3.124) = (f"v) = (fif,v)r + (07 Rpu", v) 1, — (07 Rpu”, v)
ri(v)
(3.125) T (OB, ) — (@ Ry)”,v) + (2R, v) — ((d2u)", v)
3 (v)
(3.126) =ri(v) +r3(v),

where we have collected the terms associated with the lumping error in r; and the
remaining terms in ry. Below we will prove the following bounds on the residuals rq
and ro:

(3.127) 1171 lllan, % S R2(Jullws. 0,750 @) + [1f Wi 0,7:m2(0))

(3.128) lr2lllo, e S k2 lldiull o 0,7 r2(0)) + B lullwz.e 0.1 12 ().

Here we have omitted higher order terms.  Anticipating the approximation error
estimates (3.127) and (3.128), we may use the stability estimate (3.67), where §° =
0! = 0 since u) = Rpu® and u} = Rju', to obtain

(3120) max (196" 7+ 10702, + 1072, ) S Iz, + el
2

(3.130) S B (llullws. 0,751 (@) + I1f llwoe 0,752 (2))

(3.131) + (k2| diull L0, 02 @)) + PP llullwzo 0,1:12(0)))”

(3.132) < (h? 4+ k%)%

Verification of (3.127). Starting from the definition (3.61),

N-1
. 1illan, % — {V_lllah,* + ”TH'ah,* + kHatr?”ah,*
(3.133) IEet [[r

n=1
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with

(3.134) P() = (7, 0) — (7)1 + (02 Ryu™, v)1 — (92 Ry, v).

I II

We start with estimates of the first four terms in the right-hand side of (3.61), by
considering an arbitrary n. By adding and subtracting (f;’,v) we have

(3.135) I=(f"v) = (R <" v) = R0l + [ 0) = (fi5 o)Ll

Assuming that f;' has optimal approximation properties, we see that

(3.136) (7 0) = (i )L S B2 Lz o]

Qap

where we used the Poincaré inequality ||v]| < ||vl|q,- For the second term and term
II, we apply Lemma 3.4 to obtain

(3.137)  |(fisv) = ()l S BAIV i vlan S B2V I+ B @) 1vlas
and
(3.138) (0FRpu™,v) — (O} Rpu™,v) 1, < A%V 07 Rpu™ || || ay, -

Applying the first inequality of Lemma 3.8, adding and subtracting Vd?u™ and ap-
plying approximation shows that

(3.139) IVOF Ry || < [V p™ || + | Vdiu|| S [IVdFu™| + hlldFu™ || 2 (o).

To sum up we have (neglecting higher order terms)

(3.140)  Ir ok + 17t lanx S B2 (lullwz.o 0. 1201 @) + 1f 12 0.7:12(02)))-

To control the last term in the right-hand side of (3.133), we simply apply the above

arguments to 9;f", 0:f, and 0;(0? Rpu™). For the bound of 9;(87Rpu™) we use
(3.102). This results in similar bounds, but with an additional time derivative,

N—1
(3.141) > k0 la
n=1
N-—-1
(3.142) Sk B (ullws.se nenrsmi ey + I Fllwn o o, enen a2 ()
n=0
(3.143) < K2 ([Jullwsse 0,750 9)) + 11w (0,7:02(52)))-

Verification of (3.128). We recall the definition (3.62),

N—-1
Lo+ D 2k[r5 ]|z ke

n=1

(3.144) sl = [l "

Lok + |2

It follows that

(3.145) lIr2fllz % <4

n
1321?2&]{,(_1 75z, %-
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The ||75]|z,% contribution in the right-hand side can be bounded as follows. Using
(3.23) we see that for all w € L?(Q),

(3.146) (w,vn) < [lwl[[onll < llwlllvnllz-
In particular,
(3.147) (07 Rpu™ — (d7 Rpu)™,v) + ((d7 Rpu)™ — (dju)™,v)
(3.148) < (107 Rpu™ = (df Rpw)" || + [|((d Rpw)™ = (dfu)" ) l|vnl|z-
By the definition of r§ we then have
(3.149) 75 1z = |0} Rpu™ = (di Ruw)"[| + || (d p)" ]
——

I II

Term I is first bounded using inequality (3.103) in Lemma 3.8 and then, since we have
not proved L2-stability of Ry, we add and subtract d}u, use the triangle inequality
and the inequality (3.117),

(3.150) I < K?||di Rpull o< (0,7;22(0)
(3.151) < K2 (I diull o o,7;c2 () + i (w = Ruw) | o= 0,7;22(2)))
(3.152) < K2 (ldyull L~ 0,702 () + B2 di ]l oo 0,72 (92)))-

For I we apply (3.117) to obtain

(3.153) 1(dZp)" (| < P2 [Jull w2 0,102 ().
We conclude that, omitting high order terms, we have as claimed,
(3.154) 172lllz. % S K lldiull Lo o.1502()) + B2 llullw2.0.1:m2()),

which completes the proof. ]

4. Numerical examples. In the numerical examples below we use the follow-
ing implementation of the extension operator. The mapping S is constructed by
associating with each element T € T, \ Tp,1 the element S in 75 ; which minimizes
the distance between the element centroids. For each x € &), \ X}, the weights in the
nodal average (-), (see (2.4)) is taken to be 1 on precisely one element T, € Ty, (x) and
zero on all elements in 7, (x) \ T,, where we recall that T, (x) is the set of elements
which has x as a vertex. Note that this choice of weights corresponds to simply defin-
ing the nodal value in x € X, \ Xn 1 by ((Fpv)|r,)|e, where Fj, is defined in (2.16).
The Nitsche parameter was set to v = 10 in all computations and the initial data
is the extension of nodal interpolant in interior nodes. For definiteness, we define
h:= +/2|T|, where |T| is the area of the element (or extended element).

4.1. Space-time convergence.

4.1.1. A Dirichlet problem. On the disc Q = {(z,y) € R* : r < 0.5}, with
r = /22 + y2, we consider a problem with manufactured solution

(4.1) u = (1 — 4r?) cos (wt)
corresponding to the right-hand side

(4.2) f = (4w*r? — w? + 16) cos (wt)
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0.8
0.6 -
0.4
0.2

0.5

0.5 0.5

Fic. 2. Elevation of the computed solution on a particular mesh.

log of error

-12r

-10 8 6 4 2 0
log of meshsize

Fic. 3. Convergence at time T = 1, Dirichlet case. Dashed line has inclination 1:1, dotted line
has inclination 2:1.

with w = 27. We solve this problem over one period, i.e., with T' = 1. The timestep k
is coupled to the meshsize h by k = Ch with C fixed. On our initial mesh, h = 0.025
and k = 1/500.

In Figure 2 we show the solution (on the third mesh in a sequence of halving the
meshsize) after one period, and in Figure 3 we show the convergence at time 7T in
L?(Q2) and in H'(Q). The expected convergence of O(h?) is attained in L? and O(h)
in H.

4.1.2. A Neumann problem. In this example we use the same domain and the

same meshes, timesteps, and final time T as in section 4.1.1. We use the fabricated
solution

(4.3) u = 8(r?/2 — r*) cos(wt)
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corresponding to the right-hand side

(4.4) f = 4w (22t + 2y + 4a?y? — 2% — y?) + 322 4 32y% — 4) cos (wt)
with w = 27.

In Figure 4 we show the convergence at time 7" in L*(Q) and in H'(£). Again,
the expected convergence of O(h?) is attained in L? and O(h) in H'.

~H' error]
L2 error

log of error

-10 -8 -6 -4 -2 0
log of meshsize

Fia. 4. Convergence at time T' = 1, Neumann case. Dashed line has inclination 1:1, dotted
line has inclination 2:1.

0.8

0.6

0.4

0.2

-02r

FiG. 5. Small mesh used for computation of the CFL condition. Cut moves across the last row
of elements.

4.2. CFL condition. As is well known, e.g., [22, 14], the leapfrog scheme has
a CFL condition on the timestep that can be written

2

h\/Amx (1\7;1%1)

(4.5) k <ah, where o:=
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LR
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05F
304

0.3

0.2

0.1 I I I I |

Fic. 6. CFL condition depending on placement of cut.

with Apmax(S) the maximum eigenvalue of the matrix S. To investigate how the
cut elements affect the CFL condition, we consider a small problem with Neumann
boundary conditions on all uncut boundaries, and a Dirichlet condition on the cut
boundary. The mesh with cut elements indicated is shown in Figure 5. We move
the cutting line from close to the uncut element to far from the uncut element, as
indicated in Figure 5. We denote by d the distance from the uncut cell divided by
h, 0 < d < 1. The corresponding « is given in Figure 6 for two choices of 7. The
choice of the Nitsche parameter «y affects the conditioning of Ay, ;, so in Figures 8 and
9 we show graphs of )\min(g;h ;) and )\max(ﬁm 1), respectively. We note that v =1 is
too small to give a coercive problem when d is small, but that Amin is not affected
by increasing v beyond the point where Ay, ; is positive definite. It is the maximum
eigenvalue that is adversely affected by 7, and we conclude that for large distances
from the uncut mesh it would be beneficial for the CFL condition to either lower ~,
change the definition of A in the Nitsche term, or modify the method according to
Remark 2.1. This question is left for future work.

4.3. Increasing frequency. Here we show the effect of a pulse with decreasing
support approaching the boundary. Our domain is (—0.81,0.79) x (—0.8,0.8) and
has Neumann boundary conditions on the uncut boundaries y = +0.8. On the uncut
boundary x = —0.81 we impose Dirichlet conditions strongly, and on the cut boundary
at x = 0.79 we impose zero Dirichlet boundary conditions weakly. In Figure 7 we
show how the mesh is cut in a closeup. We set A = 8.9 x 1073 and k = 3.93 x 10~
The initial solution is given by

(4.6)  wu(x,y) = (1 + cos(w|z +0.01]/dp) if |x 4+ 0.01] < dp, u(z,y) =0 elsewhere

and dyu = 0, with different dy. This pulse splits into two, one going left and hitting
the uncut boundary and one going right and hitting the cut boundary. We show
snapshots of the solutions different times and for different dy in Figures 10-18. Note
the dispersion error becomes more pronounced as dp decreases. The difference in
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quality of the solution at the uncut and cut boundaries boundary is small and does
not become more pronounced as the support of the pulse decreases. We note that
as the frequency increases and the meshsize must (eventually) be decreased to avoid
dispersion errors, which means the weak Dirichlet data will also be better resolved.

-0.76
-0.765
077 |
0775
078 |
-0.785
079
0795 |

08" L]

0.745 0.75 0.755 0.76 0.765 0.77 0.775 0.78 0.785 0.79 0.795

Fic. 7. Closeup of the mesh at the lower right corner.

0.151
0.1 /’

0.05 /

2005 F
=~ 01f !
015

-02F —1=10

-0.25F,

03 I I I I ]
0
d

Fic. 8. Minimum eigenvalue of A\hJ depending on placement of cut.
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60

Fic. 9. Mazimum eigenvalue of A\h’] depending on placement of cut.
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F1G. 10. Pulse at t =0 for dgp = 0.2.
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F1G. 11. Pulse at t = 0.65 (left) and t = 0.9 (right) for do = 0.2.
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Fic. 12. Pulse att = 1.2 for dg = 0.2.
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F1a. 13. Pulse at t =0 for dop = 0.1.

F1G. 14. Pulse at t = 0.7 (left) and t = 0.85 (right) for dg = 0.1.
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Fic. 15. Pulse at t = 1.2 for dg = 0.1.
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Fic. 16. Pulse att =0 for dop = 0.05.
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F1G. 17. Pulse at t = 0.74 (left) and t = 0.84 (right) for do = 0.05.
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Fic. 18. Pulse at t = 1.2 for dp = 0.05.
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