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We study weighted programming, a programming paradigm for specifying mathematical models. More
specifically, the weighted programs we investigate are like usual imperative programs with two additional
features: (1) nondeterministic branching and (2) weighting execution traces. Weights can be numbers but also
other objects like words from an alphabet, polynomials, formal power series, or cardinal numbers. We argue
that weighted programming as a paradigm can be used to specify mathematical models beyond probability
distributions (as is done in probabilistic programming).

We develop weakest-precondition- and weakest-liberal-precondition-style calculi a la Dijkstra for reasoning
about mathematical models specified by weighted programs. We present several case studies. For instance, we
use weighted programming to model the ski rental problem — an optimization problem. We model not only
the optimization problem itself, but also the best deterministic online algorithm for solving this problem as
weighted programs. By means of weakest-precondition-style reasoning, we can determine the competitive
ratio of the online algorithm on source code level.
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1 INTRODUCTION AND OVERVIEW

Weighted programs are usual programs with two distinct features: (1) nondeterministic branching
and (2) the ability to weight the current execution trace. A prime and very well-studied example
of weighted programs are probabilistic programs which can branch their execution depending on
the outcome of a random coin flip. For instance, the program { C; } [%] {C; } weights the trace
that executes C; with probability !/s and the trace executing C, with 1 — 15 = 2/s. The weighted
outcomes of the two branches are then — simply put — summed together.
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Besides applications as randomized algorithms for speed-up in solving computationally intractable
problems, probabilistic programming has over the past decade gained rapidly increasing attention
in machine learning. There, probabilistic programs serve as intuitive algorithmic descriptions of
complicated probability distributions. As Gordon et al. [2014] put it:

“The goal of probabilistic programming is to enable probabilistic modeling |[...] to be
accessible to the working programmer, who has sufficient domain expertise, but perhaps
not enough expertise in probability theory [...].”

In this paper, we consider more general weights than probabilities — in fact: more general than num-
bers. We should stress that we are not the first to consider weighted programs (see e.g. [Aguirre and
Katsumata 2020; Brunel et al. 2014; Gaboardi et al. 2021] and see Section 7 for detailed comparisons).

Our goal was, however, not to merely go from probabilistic to weighted programming, just for
the sake of generalization. Instead, we advocate weighted programming as a programming paradigm
for specifying mathematical models. In particular, our prime goal is to take a step towards making
mathematical modeling more accessible to people with a programming background. In a nutshell:

Render mathematical modeling accessible to the working programmer,
who has sufficient domain expertise, but perhaps not enough expertise
in the respective mathematical theory.

Towards that goal, let us have a look at how such modeling could work in practice.

Weighted Programming as a Paradigm for Specifying Mathematical Models

As a motivating example, we consider the classical Ski Rental Problem [Komm 2016], a classical opti-
mization problem, studied also in the context of online algorithms and competitive analysis [Borodin
and El-Yaniv 1998]. A precise textual description of the problem is as follows:

The Scenario: A person does not own a pair of skis but is going on a skiing trip
for n days. At the beginning of each day, the person can chose between two options:
Either rent a pair of skis, costing 1€ for that day; or buy a pair of skis, costing y€
(and then go skiing for all subsequent days free of charge).

The Question: What is the optimal (i.e. minimal) amount of money that the person
has to spend for a pair of skis for the entire length of the trip?

Using weighted programming, we can model the scenario of this

optimization problem in a quite natural, simple, and intuitive way by The Scenario:

the weighted program opt on the right. Intuitively, this weighted ~ - while(n>0){
program tests each day whether the vacation is already over (Line . ni=n-13

1). If not, it does the following (Lines 2—-5): First, it decrements the (

vacation length by 1 day (Line 2). It then models the two options

that the person has for each day by a nondeterministic branching ’ o1

(Line 4). In the left branch, it realizes the first option: Paying 1€ 4 JR

(Line 3). In the right branch, it realizes the second option: Paying y€ 5. Oysn:=0
and then setting the remaining vacation length to 0 (Line 5), because }

with respect to having to pay for a pair of skis (not with respect to

the joy of skiing) the vacation has effectively ended. }

If we now want to answer the question of the optimization prob-
lem, we first chose a suitable semiring. In this setting of opti- The Question:
mizing (i.e. minimizing) incurred cost, the tropical semiring 7~ = wp Jopt] (1) = ?
(N*°, min, +, oo, 0) comes to mind. The carrier set of this semiring
are the extended natural numbers. The addition (&) in this semiring is taking the minimum of two
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numbers. In the program, this is reflected by the fact that in Line 4 we would like to make whatever
choice is cheaper for us. The multiplication (®) is the standard addition of numbers. In the program,
this is reflected, for example, in Line 3, where we add a 1 to the current execution trace.

For actually answering the question of the optimization problem, we determine a weakest pre-
condition of sorts, but interpreted here in a more general “quantitative” setting, with respect to
post“condition” I — the multiplicative identity of the semiring; in this case, I is the natural number 0.
Intuitively, this will for each path multiply together the weights along the path (recall: semiring
multiplication is natural number addition). Then, we sum over the weights of all paths (recall:
semiring summation is natural number minimization), thus yielding the accumulated costs along
the least expensive path. As a result, our weakest-precondition-style calculus will yield

wp [opt] (1) = ney,

i.e. the minimum of the numbers n and y. This is precisely the solution to our optimization problem:
If the trip length n is larger than the cost of buying skis, we should buy skis which will cost us y€.
If n is smaller than y, we should instead rent each day (at cost 1€/day) which will cost us n€.

Toward competitive analysis, we can now model the cost of a deterministic online algorithm
onl that solves the ski rental problem and determine wp [onl] (I). Then, we can compute the
ratio wp [onl] (1) /wp [opt] (1) to determine the competitive ratio of the online algorithm onl.

We stress that program opt from above is not strictly speaking executable. For that, one would
need some sort of scheduler who determinizes the nondeterministic choices. It is also not im-
mediately clear what weighting the individual execution traces on a physical computer would
mean. Instead, the above weighted program encodes a mathematical model, namely an optimization
problem, by means of an algorithmic representation — much in the spirit of a probabilistic program
that is also not necessarily meant to be executed but instead models a probability distribution.

Lastly, we would like to note that determining weakest preconditions is related to inference in
probabilistic programming [Gordon et al. 2014], where one is concerned with, e.g., determining the
probability that the probabilistic program establishes some postcondition.

Contributions. Our main technical contribution is the — to the best of our knowledge — first
weakest precondition-style reasoning framework for weighted programs, which conservatively
extends both Dijkstra’s classical weakest preconditions and weakest liberal weakest preconditions.
Our weakest pre calculi capture the semantics of unbounded and potentially nonterminating loops
effortlessly, while other works explicitly avoid partiality (see Section 7). Our weakest liberal
preweightings even give a nuanced semantics to nonterminating runs in order to reason about
such traces as well. We demonstrate the applicability of our framework by several examples.

To achieve a high degree of generality and applicability, our framework is parameterized by
a monoid of weights for weighting computations of programs and so-called weightings that take
over the role of “quantitative assertions”. We prove well-definedness and healthiness conditions of
our calculi, provide formal connections to an operational semantics, and develop easy-to-apply
invariant-based reasoning techniques.

Outline. Section 2 provides preliminaries on monoids and semirings. Section 3 introduces the syn-
tax and operational semantics of weighted programs. We introduce our weakest (liberal) preweight-
ing calculi for reasoning about weighted programs in Section 4. Invariant-style reasoning for loops
is presented in Section 5. In Section 6, we demonstrate the efficacy of our framework by means
of several examples. In Section 7, we give an overview of and a comparison to other works that
study weighted computations. We conclude in Section 8. Proofs and supplementary material can
be found in Batz et al. [2022].
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2 MONOIDS AND SEMIRINGS

The weights occurring in our programs are elements from a monoid. Intuitively, this is because we
would like to “multiply” the weights on a program’s computation trace together in order to obtain
the total weight of that trace. In particular, this multiplication should be associative and allow for
neutral, i.e. effectless weighting. In Section 4.2 further below, we introduce monoid modules that
are another important ingredient for our theory.

Definition 2.1 (Monoids). A monoid ‘W = (W, O, f) consists of a carrier set W, an operation
©: WX W — W, and an identity ] € W, such that for all a,b,c € W,

(1) the operation @ is associative, i.e. a0 (boc) = (a®b)Oc, and
(2) Yis an identity with respect to O, i.e. a0l =J0a = a

The monoid W is called commutative if moreoever a © b = b ® a holds. A

Important examples of monoids are the words monoid (I'*, -, €) over alphabet T' # 0 and the
probability monoid ([0, 1], -, 1) (the latter is commutative). Another algebraic structure that plays
a key role in this paper are semirings. Even though they are not strictly required for our theory, they
render the application of our framework easier and more intuitive. This is because every semiring
is a monoid module over itself, which we explain in more detail in Section 4.2. Our definition of
semirings is stated below; for an in-depth introduction, we refer to [Droste et al. 2009, Ch. 1, 2]. As
usual, multiplication © binds stronger than addition @ and we omit parentheses accordingly.

Definition 2.2 (Semirings). A semiring S = (S, ®, ©, O, I) consists of a carrier set S, an addi-
tion®: S XS — S, a multiplication ©: S XS — S,a zero0 € S, and a one I € S, such that

(1) (S, &, 0) forms a commutative monoid;
(2) (S, O, J) forms a (possibly non-commutative) monoid;
(3) multiplication distributes over addition, i.e. for all a,b,c € S,

a® (bdc) =a0b ®adc and (a®b) ©c =aGc ® boc; and
(4) multiplication by zero annihilates S,i.e. 00a = a®0 = 0. A

Our “cheat sheet” in Table 1 lists various example semirings along with possible applications in
a weighted programming context. Further well-known semirings not considered specifically in
this paper include (i) the Lukasiewicz semiring [Gerla 2003; Nola and Gerla 2005] motivated by
multivalued logics and related to tropical geometry [Gavalec et al. 2015], (ii) the resolution semiring
[Bagnol 2014] from proof theory, (iii) the categorial and lexicographic semirings [Sproat et al. 2014]
used in natural language processing, (iv) the thermodynamic semirings [Marcolli and Thorngren
2011, 2014] employed in information theory, and (v) the confidence-probability semiring [Wirsching
et al. 2010]. We leave the study of applications of weighted programs over these semirings for
future work. Finally, we mention that more complicated semirings can be created from existing
ones through algebraic constructions like matrices, tensors, polynomials, or formal power series.

3 WEIGHTED PROGRAMS

For a monoid W = (W, @, I) of weights, we study the W-weighted guarded command lan-
guage ‘W-wGCL featuring — in addition to standard control-flow instructions — branching and
weighting. If the monoid ‘W is evident from the context, we omit the symbol and write just wGCL.

1Also known as max-min-semiring. The name Bottleneck semiring is taken from [Pouly 2010]. Quantitative verification
using this semiring is further studied in [Zhang and Kaminski 2022a,b].
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Table 1. Weighted programming cheat sheet.

Optimization via the Tropical semiring (N*®, min, +, +oo, 0)

Weighting O a:
Accumulate cost a
Postweighting f:

Cost that is accumulated after program ter-
mination; typically choose f =0

Branching @:

Choose branch that will accumulate minimal cost

wp [C] (0):
Minimal accumulated cost amongst all termi-
nating executions of C

Optimization via the Arctic semiring (N*%, max, +, —co, 0)

Weighting O a:

Accumulate cost a

Postweighting f:

Cost that is accumulated after program ter-
mination; typically choose f = 0

Branching &®:

wip [C] (f):

Minimum of wp [C] (f) and the min-
imal accumulated cost amongst all non-
terminating executions of C

Choose branch that will accumulate maximal cost

wp [C] (0):
Maximal accumulated cost amongst all termi-
nating executions of C

Optimization via the Bottleneck semiring! (R*%, max, min,

Weighting O a:
Restrict capacity of current branch to a
Postweighting f:

Upper bound after program termination;
typically choose f = +oco

Model Checking via the Formal languages semiring (2, U,

Weighting O a:

Append symbol a to current trace
Postweighting f:

Language that is appended to each termi-
nated trace; typically choose f = {€}

Combinatorics via the (extended) Natural Numbers semiring (N*%, +,

Weighting O a:
Make a copies of current path/trace
Postweighting f:

Number of copies that is made of each ter-
minated path/trace; typically choose f =1

Hidden Markov Models via the Viterbi semiring ([0, 1], max,

Weighting O a:

Let what follows happen with probability a
Postweighting f:

Probability additionally multiplied to each
terminated trace; typically choose f = [¢],
i.e. the indicator function of some event ¢

Branching &®:

p[C] (f
Same as wp [C]] (f) if all executions of C
terminate, else 4+c0

—00, +00)

Choose branch with accumulate maximal capacity

wp [C] (f):
Maximum bottleneck amongst all terminating
executions of C

Branching ®:

wip [C] (f):
Maximum bottleneck amongst all executions
of C

.0, {¢})

Account for/aggregate behavior of both branches

wp [C] ({e}):

Language of all terminating traces of C

Branching &®:

wip [C] ({¢}):
Language of all terminating and nonterminat-
ing traces of C

0, 1)

Sum up number of paths/traces of both branches

wp [C] (1):

Number of all terminating paths/traces of C

Branching @:
Choose branch of maximal probability

wp [C] ([¢]):

Maximal probability of a terminating execu-
tion establishing ¢

wip [C] (
Same as wp [C]] (f) if all executions of C
terminate, else +oo

;0’ 1)

wip [C] ([o] ):
Maximal probability of a non-terminating ex-

ecution, or a terminating execution establish-
ing ¢

Verification/Debugging via the Boolean semiring ({0,1}, Vv, A, 0, 1)

Weighting O a:
Assert predicate a

Postweighting f:

Postcondition (a predicate) that should be
established after program termination

Branching ®:

Angelic choice: choose “most true” branch
wp [C] (f):

Weakest precondition of f, the weakest pred-
icate g so that starting in g, program C can
terminate in state 7 |= f

wip [C] (f):

Weakest liberal precondition of f, the weak-
est predicate g so that starting in g, program C
can either diverge or terminate in state 7 |= f

Feature Selection via the Why semiring (propositional positive DNF, V, A, 0, 1) over a finite set

of variables X, ..., X,
Weighting O a:

Use resource a

Postweighting f:

Combinations of resources used after termi-
nation; typically choose f =

(cf. [Dannert et al. 2019])

Branching &®:
Alternatives: use resources via Cy or via Cy
wp [C] ([¢]):

Possible alternatives (disjunction) of resource
sets (conjunction) to reach event ¢

wlip [C] ([¢]):

Possible alternatives (disjunction) of resource
sets (conjunction) to either not terminate or
reach event ¢
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3.1 Syntax
wGCL programs C adhere to the grammar

C — {C}e{C} Oa (branching | weighting)

|
| x=E | if (@) {C1} else {C;} (assignment | conditional choice)
| C15Cy | while(@){C:} (sequential composition | loop)
| skip = 01 | {Ci1}a® {Co} = {0asCi @ {0bsC,} (syntactic sugar)

where x is a program variable from a countable set Vars, E is an arithmetic expression over Vars, ¢
is a Boolean expression (also called guard), and a is a weight from the monoid’s carrier W.

Our programs feature branching “{ C; } & { C, }” and weighting “© a” of the current computation
path where a € W represents some weight. For example, we can express a probabilistic choice
“execute C; with probability 1/3 and C, otherwise” as { Cy } 1,®25 { C2 } over the monoid ([0, 1], -, 1).
We allow for syntactic sugar in weightings, e.g. © a* for some a € W, x € Vars.” The symbol ©
used in the weight-statement is reminiscent of the corresponding monoid operation in ‘W. The
symbol & we use for the branching-statement will become evident in Section 4.

3.2 Program States

A program state o maps each variable in Vars to its value in N. To ensure that the set of program
states is countable,” we restrict to states in which at most finitely many variables have a non-zero
value. Intuitively, those that appear in a given program are possibly assigned a non-zero value.
Formally, the set X of program states is given by

> = {o:Vars >N | {x € Vars|o(x) #0} isfinite }.

We overload notation and denote by o(&) the evaluation of the (arithmetic, Boolean, or weight)
expression £ in o, i.e. the value obtained from evaluating & after replacing every variable x in &
by o(x). We denote by o [x > v] the update of variable x by value v in state 0. Formally:

v ify =x,
o(y) otherwise.

olx—uo] = /Iy.{

3.3 Operational Semantics

To formalize our notion of weighted computation paths, we define small-step operational semantics
[Plotkin 2004] in terms of a weighted computation graph, or rather a weighted computation forest.*
Apart from our special weight operation © a, the operational semantics is standard but we include
the details for the sake of completeness. Intuitively, the computation forest of ‘W-wGCL contains
one tree Tc , per program C and initial state o representing the computation of C on initial state o.

Definition 3.1 (Computation Forest of W-wGCL). For the monoid ‘W = (W, @, )), the computa-
tion forest of W-wGCL is the (countably infinite) directed weighted graph G = (Q, A), where

e O=(WGCLU{|})xZxNx{L, R}" is the set of vertices (called configurations);

e A C QX W xQ is the set of directed weighted edges (called transitions) which is defined as
the smallest set satisfying the SOS-rules in Fig. 1. A

2The corresponding program i := x §while (i > 0) {®a§i = i — 1} requires introducing a fresh loop-variable i € Vars.
3We restrict T a priori to avoid technical issues; even wGCL programs over uncountable ¥ reach just countably many states.
4A path-based semantics in terms of trees is convenient for technical reasons; it allows to distinguish programs like skip
from { skip } @ { skip }. The latter has two terminating computation paths with weight [ and the former has only one.
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o’ =0 [xm [E](o)]
(x=E, o,n, B) vy (|, 0/, n+l, B)
(Cy, 0, m, By Fa (1, 0, n+1, B) (C1, 0,1, B) +a (C}, 0/, n+1, f) and Cj#]

(assign) (weight)

(©a, o,n, B) +q (|, o, n+l, B)

(C15Co 01 B) va (o o mrd, ) O4Y THC 3G oo B ra (Cl3Co o min By 4P
A (if) ll i (else)
(it () (i} else (G2}, o, 1 B) 1y (Ch, &, n#1, ) (it () (Ci} else (G2}, o m B) 11 (Cov 0, oL, )
1. branch) r. branch)

{C1Y®{Cy}, 0, n B) vy (Cy, 0, n+1, BL) ( {Ci1ro{Cr}, 0, n B) +1 (Co, 0, n+1, BR) (
ok
(while (¢ ) {C}, o, n, B) Fy (Cywhile (@) {C}, o, n+l, B)

g lE-e (
(while (¢ ) {C}, o, n, B) vy (|, o, n+1, B)

(while)

break)

Fig. 1. Structural operational semantics of wGCL-programs.

We use the notation k1 F, k instead of (k, a, xz) € A. Intuitively, for a configuration (C, o, n, f),
the component C represents the program that still needs to be executed (thus playing the role of
a “program counter”) and C = | indicates termination; o is the current program state (variable
valuation); n is the number of computation steps that have been executed so far and f is the history
of left and right branches that have been taken. Remembering the number of computation steps and
the history of left and right branches ensures that G is indeed a forest. Moreover, it is easy to check
that G has no multi-edges, i.e. there is at most one weighted edge between any two configurations.

Note that G is finitely branching and that the only rules that alter the branching history f are
(I branch) and (r. branch). In particular, (if) and (else) do not change § because they are not truly
branching: Indeed, all configurations of the form (if (¢ ) {C;} else {C; }, o, n+1, ) have a
unique successor configuration which depends on whether or not o satisfies ¢.

An initial configuration is of the form x = (C, o, 0, €) for arbitrary C and o. For initial configu-
rations we also write (C, o) instead of (C, o, 0, €). By definition of A, initial configurations have
no incoming transitions; they are thus the roots of the trees in the computation forest. Similarly, a
configuration (|, o, n, f) is called final. Final configurations are the leaves of the forest.

We can now define computation paths. For k € Q, let succ(x) = {x’' € Q| Jaec W:k +, k' }
be the set of all possible successor configurations. A computation path of length n € N is a finite
path 7 = koK1 ...k, in G, i.e. ki1 € succ(k;) foralli =0,...,n — 1, such that k, is initial. The set
of all such paths is denoted Paths; . Since G has no multi-edges, for two configurations x and
k' € succ(k) we denote the unique weight a € W such that k +, x’ by wgt(x k”). The weight of a
computation path kok; ...k, is then defined as

n—-1

wgt(KoKy ... ky) = @ wgt(k; kiv1) = wgt(ko k1) © wgt(ky k2) © -+ - © wgt(kp—1 kp) .
=0

Recall that our monoids are not commutative in general, and thus the order of the above product
matters. The last state of computation path 7 = kox; ... k, is the program state at configuration x,
and is denoted last(rr) € 3. The computation path 7 is called terminal if k,, is final. Given an initial
configuration ko, we define the set of terminating computation paths starting in ky as

TPaths,, = U { 7 € Pathsy, | 7 is terminal } .
neN

Note that TPaths,, is a countable set for each k(. An infinite computation path is an infinite sequence
KoK1 - .. such that kg . .. x; is a computation path for all i > 0.
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) z
wp [C] (v)
/\/ /Z wp [C] (y)
. f
~wp [C] (¥)
R ~ . R -y c
[N T T e
. XD\I
i ‘ \7,’ . y ® .
B s Vi @ o ]
(a) The set perspective: Starting in wp [C] (¢/), (b) The map perspective: Given initial state o,
C can terminate in ¢. Starting in =wp [C] (¢ ), wp [C] (¢) determines all final states z; reach-
C either diverges or terminates in =y, but it can- able from executing C on o, evaluates ¥
not terminate in ¢. in each 7;, and returns the disjunction over

these truth values.

Fig. 2. Two perspectives on the angelic weakest precondition of program C with respect to postcondition .

4 WEIGHTING TRANSFORMER SEMANTICS

Throughout this section, we develop a weakest-precondition-style calculus a la Dijkstra [1975]
for reasoning about weighted programs on source code level. We start with a recap on Dijkstra’s
weakest preconditions. We then gradually lift weakest preconditions to weakest preweightings.

4.1 Weakest Preconditions

Dijkstra’s weakest precondition calculus is based on predicate transformers
wp [C]: B — B, where B = {0, 1}” is the set of predicates over ¥,

which associate to each nondeterministic program C a mapping from predicates to predicates.
Somewhat less common, we consider here an angelic setting, where the nondeterminism is resolved
to our advantage. Specifically, the angelic weakest precondition transformer wp [C] maps a post-
condition i over final states to a precondition wp [C] () over initial states, such that executing
the program C on an initial state satisfying wp [C] () guarantees that C can® terminate in a final
state satisfying i, see also Figure 2a. More symbolically, if [C], denotes the set of all final states
reachable from executing C on o, then

o E wp [C] (¢¥) implies dre[Cls: 7 E ¢.
While the above is a set perspective on wp, a different, but equivalent, perspective on wp is the map
perspective, see Figure 2b. From this perspective, the postcondition is a function ¢: ¥ — {0, 1}
mapping program states to truth values. The predicate wp [C] () is then a function that takes as

input an initial state o, determines for each reachable final state 7 € [C], the (truth) value ¥/(7),
and finally returns the disjunction over all these truth values. More symbolically,

wp [C] (9) (@) = \YAR'GF

7€[Cls

SRecall that C is a nondeterministic program.
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It is this map perspective which we will now gradually lift to a weighted setting. For that, we
first need to leave the realm of Boolean values in which the predicates live. Instead of acting on
Boolean-valued predicates, our calculus will instead act on more general objects called weightings.

4.2 Weightings and Modules

For probabilistic programs, Kozen [1985] and later Morgan et al. [1996] have generalized predicates
to real-valued functions f: ¥ — RZ (called expectations [Mclver and Morgan 2005]) associating
a quantity to every program state. With weightings, we generalize further by associating a more
general “quantity” to every program state. Our wp-style calculus acts on these weightings instead of
Boolean-valued predicates. Weightings form — just like first-order logic for weakest preconditions
— the assertion “language” of weakest preweighting reasoning.

Let us fix a monoid ‘W of weights. As with predicates and expectations, we need notions
of addition and multiplication operations for our weightings. The monoid ‘W constituting our
programs’ weights, however, only provides a multiplication ©. We hence require that our weightings
form a ‘W-module M which does provide an addition. This is inspired by the probabilistic setting
where the program weights — the probabilities — are taken from the interval [0, 1]°. Expectations,
however, map program states to arbitrary extended reals in R‘;’O to reason about, e.g. expected
values of program variables. Another advantage of distinguishing between ‘W and M in general is
explained in Example 4.4 further below.

We now define modules formally. (Monoid)-modules are similar to vector spaces over fields in
that they also have a well-behaved scalar multiplication.

Definition 4.1 (Monoid-Modules). Let W = (W, ©, I) be a monoid. A (left) 'W-module M =
(M, &, 0, ®) is a commutative monoid (M, ®, 0) equipped with a (left) action called scalar multipli-
cation ® : W X M — M, such that for all monoid elements v, w € W and module elements a, b € M,

(1) the scalar multiplication ® is associative,ie. (vOW)®a = v® (WQa),
(2) the scalar multiplication ® is distributive,ie. vQ® (a®b) = (v®a) ® (v®b),
(3) 1is neutral w.r.t. ® and O annihilates,ie. J®a=a and v®0=0. A

We are now in a position to define weightings:

Definition 4.2 (Weightings). Given a ‘W-module M, a function f: ¥ — M associating a weight
from M to each program state is called weighting. We denote the set of all weightings by W.
Elements of W are denoted by f, g, h, ... and variations thereof. A

The structure (W, @, 0, ®), where @, 0, and ® are lifted pointwise, also forms a ‘W-module. We refer
to W as the module of weightings over M. We emphasize that all the results developed in this paper
apply to the important — and simpler — special case where the monoid and the module together
form a semiring: The multiplication © of a semiring S = (S, ®, ©, 0, ) is then the left-action ® of
the multiplicative monoid of (S, ©, J) to the additive monoid (S, &, 0). For this reason, we write ®
instead of ® (as both are associative and it should be clear from the rightmost multiplicant’s type)
and adopt the following convention:

CONVENTION. In all examples in this paper, unless stated otherwise, both the monoid ‘W and the
W-module M are given in terms of a semiring S that will be clear from the context.

®Note that probabilities form a monoid under multiplication.
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Towards our goal of defining a weakest-precondition-style calculus for weighted programs, we
restrict to naturally ordered’ w-bicontinuous modules:

Definition 4.3 (Natural Order). Given a module M, the binary relation < € M X M given by
a=<b iff dceM: adc=0b

is called the natural order on M. If < is a partial order, we call M naturally ordered. A

The unique least element of a naturally ordered module is 0. We say that M is w-bicontinuous if (1)
both the natural order < and the reversed natural order > are (pointed®) w-cpos [Abramsky 1994,
Sec. 2.2.4], and (2) the operations @ and © are w-continuous [Abramsky 1994, Sec. 2.2.4] functions
(w.r.t. both < and >). In particular, for M to be w-bicontinuous, we require the natural order <
to possess a greatest element T. The definition of naturally ordered w-bicontinuous semirings is
completely analogous. All these properties translate to the aforementioned module of weightings:
W is naturally ordered’ if the underlying module M is naturally ordered and joins/meets can be
defined pointwise. For example, the Boolean semiring 8 and the tropical semiring 7~ described in
Section 2 are w-continuous. Please confer [Batz et al. 2022, App. A] for details on the above terms.

Example 4.4 (Modules). Let ' be a non-empty alphabet. The structure £ = (2™, U, 0, -) forms
a module over the word monoid I'*. Here, I'® := I'* U T'? is the set of all finite and w-words over T,
and the subsets of I'™ are subsequently called w-potent languages over I'. Our interest in £;° stems
from the fact that we want to study infinite program runs as in Section 4.4. We stress that this
cannot be achieved by simply defining a semiring on 2'" . In fact, even though such a semiring can
be defined, its multiplication would not be w-cocontinuous (a counterexample is given in [Batz et al.
2022, App. B.3]). On the other hand, £ does form an w-bicontinuous module (cf. [Batz et al. 2022,
App. BA4]). A

4.3 Weakest Preweightings

We now define a calculus for formal reasoning about weighted programs a la Dijkstra. In reference
to Dijkstra’s weakest precondition calculus and Mclver & Morgan’s weakest preexpectation calculus,
we name our verification system weakest preweighting calculus.

First, we notice that predicates just form a specific semiring, namely (B, Vv, A, 0, 1) and thus
they are in particular modules over their underlying “Boolean monoid” ({ 0,1}, A, 1). We refer to
this as the module of predicates. With that in mind, we can now generalize the map perspective of
weakest preconditions to weakest preweightings, see Figure 3a. Instead of a postcondition, we now
have a postweighting f: ¥ — M mapping program states to elements from our ‘W-module M.
The weakest preweighting wp [C] (f) is then a function that takes as input an initial state o,
determines the weight w of each path starting in ¢ and terminating in some final state 7, scalar-
multiplies the path’s weight w to the corresponding postweight f(7) from the module M, and
finally returns the module sum over all these so-determined weights, see Figure 3a.

Figure 3b depicts how the general weighted setting is instantiated to a probabilistic setting: the
postweightings become real-valued functions (expectations), the path weights become the paths’
probabilities, and the summation remains a summation, thus obtaining an expected value.

One of the main advantages of Dijkstra’s calculus is that the weakest preconditions can be defined
by induction on the program structure, thus allowing for compositional reasoning. Indeed, the same

"More generally, partially ordered modules (where the partial order is compatible with the algebraic structure, e. g. addition
and left-action are monotone) also work. However, the natural order is the least (w.r.t. C) such partial order. We employ the
natural order for simplicity.

8We additionally require existence of a least element L.

The natural order on W is the point-wise lifted natural order on M.
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wp [C] (f)

DI e g -

(a) Weakest preweightings: Given initial
state o, wp [C] (f) (o) determines the weight
w = ajay- - - of each path starting in o and termi-
nating in some final state 7, scalar-multiplies w to
the corresponding postweight f(7), and returns

g
?
1
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wp [C] (f)

f\
AN

20 L o) -

(b) Weakest preexpectations: Given initial
state o, wp [C] (f) (o) determines the expected
value (with respect to the probability distribution
generated by executing C on o) of f evaluated in
the final states reached after executing C on o.

the module sum over all so-determined weights.

Fig. 3. The meaning of weakest preweightings generally and weakest preexpectations specifically.

applies to our weighted setting. In the following, we fix an ambient monoid ‘W of programs weights
and an w-bicontinuous ‘W-module M that constitutes the habitat of our weightings W. We now
go over each construct of wGCL and see how a weakest preweighting semantics can be developed
and understood analogously to Dijkstra’s weakest preconditions.

Assignment. The weakest precondition of an assignment is given by

wp [x = E] (y) = ¢[x/E],
where i/ [x/E] is the replacement of every occurrence of variable x in the postcondition ¢ by the

expression E. For weakest preweightings, we proceed analogously. That is, we “replace” every
“occurrence” of x in f by E. Since f is actually not a syntactic object, we more formally define

wp [x = E] (f) = f[x/E] = AO'.f(O'[xHO'(E)]).

So the weighting f of the final state reached after executing the assignment x := E is precisely f
evaluated at the state o [x > o(E)] — the state obtained from o by updating variable x to o(E).

Weighting. Consider the classical statement assert ¢. Operationally, when executing assert ¢
on some initial state o, we check whether o satisfies the predicate ¢. If o |= ¢, the execution
trace “passes through” the assertion and potentially proceeds with whatever program comes after
the assertion. If, however, o [~ ¢, then the execution trace at hand is so-to-speak “annihilated”.
Intuitively, these two cases can be thought of as multiplying (or weighting) the execution trace
either by a multiplicative identity one or by an annihilating zero, respectively.

Denotationally, the weakest precondition of assert ¢ is given by

wp [assert o] (V) = @AY .

Indeed, whenever an initial state o satisfies the precondition ¢ A ¥, then (a) executing assert ¢
will pass through asserting ¢ and moreover — since the assertion itself does not alter the current
program state — (b) it terminates in state ¢ which also satisfies the postcondition . Dually, if o
does not satisfy ¢ A ¢, then either (a) executing assert ¢ does not pass through asserting ¢ or
(b) it does pass through the assertion but o does not satisfy the postcondition .
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When viewing the above through our monoid and module glasses, A is just the scalar-multipli-
cation in the module of predicates. So in other words, wp [assert ¢] () weights (multiplies) i
with ¢. Therefore, we generalize from conjunction with a predicate to (scalar-)multiplication with
a monoid element a from ‘W and introduce the statement © a into the programming language.
Operationally, our execution traces are weighted and the © a statement scalar-multiplies the current
execution trace’s weight by an a. Denotationally, the weakest preweighting of © a is given by

wp [@a] (f) = a0 f.

Remark 4.5 (On Non-commutativity and Notation). Recall that multiplication of weights is gener-
ally not commutative — think, for example, about the word monoid I'*. In the light of potential
non-commutativity, the flipping of the sides, i.e. © a in the program syntax versus a © __in the
denotational weighting transformer semantics, is on purpose: Programs are usually read (and
executed) in a forward manner. Assuming that the weights along an execution trace are collected
from left to right, from initial to final state, weighting by a is a right-multiplication, appending at
the end of the current execution trace the weight a.

Weakest preweightings, on the other hand, are backward-moving: The f is a postweighting
that potentially abstracts or summarizes the effects of subsequent computations. Whenever we
encounter on our way from the back to the front of a program a weighting by a, we thus have to
prepend a to the current postweighting f, yielding a left-multiplication a © f in the denotations. A

Branching. We now consider the classical angelic nondeterministic choice {C; } 0 {C; }. Op-
erationally, when “executing” this choice on some initial state o, either the program C; or the
program C, will be executed, chosen nondeterministically. Hence, the execution will reach either
a final state in which executing C; on ¢ terminates or a final state in which executing C; on ¢
terminates (or no final state if both computations diverge).

Denotationally, the angelic weakest precondition of { C; } O { C; } is given by

wp [{C1}o{C}] (¥) = wp [Ci] (¥) v wp [C] (V) .

Indeed, whenever an initial state o satisfies the precondition wp [C1] (/) V wp [C2] () then
executing C or executing C; will terminate in some final state satisfying the postcondition 1.

Again viewed through our module glasses, V is just the addition of the module of predicates. So
in other words, wp [{C; } O {C2}] () unions (adds) wp [C1] (¢) and wp [C2] (¢ ). We thus
generalize from disjunction of two predicates to addition of two module elements and introduce
the statement { C; } ® { C; } into the programming language. Operationally, we have the same
interpretation as in the classical case: Either the program C; can be executed or the program C;.
Denotationally, the weakest preweighting of { C; } ® { C; } is given by

wp [{Cre{C}] (f) = wp[G] (f) @ wp [C] (f) -

wp [Ci]] (f) tells us what element we obtain if C; is executed, and the module addition @ tells us
how to account for the fact that either C; or C; could have been executed.

Conditional Choice. We now consider the classical conditional choice if (¢) {C; } else {C; }.
Operationally, when executing if (¢ ) {C; } else {C; } on some initial state o, we check whether
o satisfies the predicate ¢. If o |= ¢, the program C; is executed; otherwise the program Cs.

Denotationally, the weakest precondition of if (¢ ) {C;} else {C;} (and in fact also the
weakest precondition of { assert ¢ 3 C; } O { assert —¢ ¢ C; }) is given by

wp [if (@) {Ci}else {C2}] () = o Awp [Ci] (¥) V ~@Awp [C] (¥) .
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Indeed, whenever an initial state o satisfies the above precondition then either ¢ [= ¢ and then
— since then o must also satisfy wp [C;] (/) — executing C; will terminate in a final state satisfy-
ing ¢, or ¢ £ ¢ and — since then ¢ must also satisfy wp [C2]] (/) — executing C; will terminate
in a final state satisfying ¢.

In terms of monoids and modules, ¢ A could be viewed as a scalar-multiplication by either [
(leaving the right operand unaltered) or by 0 (annihilating the right operand). However, general
monoids do not posses an annihilating ¢. In order to reenact the desired behavior, we introduce the
Iverson bracket [¢] of a predicate ¢, which for a weighting f € W defines the weighting

flo) ifolg,

\ otherwise .

([¢1 f)(o) = {

With this notation at hand, we define the weakest preweighting of if (¢ ) {C; } else {C, } by
wp [if (@) {Ci} else {C}] (f) = [elwp [Ci] (f) © [=elwp [C] (f) .

By convention, [¢] binds stronger than @. Depending on the truth value of ¢, the above weakest
preweighting thus selects either the preweighting wp [C;] ( f) or the preweighting wp [C2] ( f).

Sequential Composition. Our composite statement C; § C; is standard. Operationally, C; is
executed first and then — provided that C; terminates — C; is executed. A distinguishing feature of
the classical weakest precondition transformer is that it moves backwards through the program,
and the same applies to our weighting transformer, i.e.

wp [C13C] (f) = wp [Gi] (wp [C2] (f)) -

Indeed, to compute the weakest preweighting of the composition C; § C, w.r.t. to some f € W, we
first compute an intermediate weighting wp [C;] ( f), which we then feed into wp [C4].

Looping. Operationally, a loop while (¢ ) { C} is equivalent to the infinite nested conditional
if (@) {Csif (@) {Csif (@) {Cg...} else {skip}} else {skip}} else {skip},

which is the same as saying that while (@) {C} = if (¢) {Cswhile(¢){C}} else {skip}.
With the rules for conditional choice and composition as explained above, it is thus reasonable to
require that the preweighting wp [while (¢ ) {C}] (f) should be a fixed point of the function

X = [olwp [C] (X) & [-o] f

which is indeed just the wp-characteristic function defined above. For both the classical weakest
precondition transformer as well as for our weighted wp, we choose the semantics to be the least
fixed point, which exists uniquely if the ambient module M is w-continuous (see Theorem 4.7
below). In the classical Boolean setting, this corresponds to choosing the strongest (least) possible
predicate that satisfies the fixed point equation. This ensures that the weakest precondition contains
only those initial states where the loop can actually terminate in a state satifying the postcondition
— but no such states for which the loop cannot terminate at all. Taking the least fixed point in the
weighted setting generalizes this intuition as we will show in Theorem 4.15 below.

Properties of wp. Based on the above discussion, we now define wp formally, state healthiness
and soundness properties, and provide several examples.

Definition 4.6 (Weakest Preweighting Transformer). The transformer wp: wGCL — (W — W) is
defined by induction on the structure of wGCL according to the rules in Table 2. The function

br: WoW, X [-¢lf e [plwp [C] (X)
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Table 2. Rules defining the weakest preweighting wp [C] ( f) of program C w.r.t. postweighting f.

C wp [C] (f)

x:=E f[x/E]

C15GC wp [C1] (wp [Co] (f))

if (¢) {Ci}else{C}  [olwp [Ci] (f) & [=elwp [Ce] (f)
{Gle{C} wp [Ci] (f) @ wp [C] (f)

Qa aof

while (¢){C"} Ifp X. [=el f & [e]lwp [C'] (X)

whose least fixed point defines the weakest preweighting of while (¢ ) {C} is called the wp-
characteristic function of while (¢ ) { C } with respect to postweighting f. A

THEOREM 4.7 (WELL-DEFINEDNESS OF wp). Let the monoid module M over ‘W be w-continuous.
For all W-wGCL programs C, the weighting transformer wp [C] is a well-defined w-continuous
endofunction on the module of weightings over M. In particular, if @ is the wp-characteristic function
ofwhile (@) { C} with respect to postweighting f, then

wp [while () {C}] (f) = | |}
ieN
Our wp satisfies the following so-called healthiness criteria (see e.g. [Hino et al. 2016; Hoare 1978;
Keimel 2015; Mclver and Morgan 2005]) or homomorphism properties [Back and von Wright 1998]:

THEOREM 4.8 (HEALTHINESS). Let the monoid module M over ‘W be w-continuous. For all W -
wGCL programs C, the wp transformer is

(1) monotone, ie. forall f,ge W, f < g implies wp [C] (f) < wp [C] (g),
(2) strict, i.e. wp [C] (©0) =0,
(3) additive, i.e. forall f,g € W, wp [C] (f ® g) = wp [C] (f)@wp [C] (g9).
(4) Moreover, if W is commutative, then wp is homogeneous, i.e. foralla € W and f € W,
wp [C] (a0 f) = aowp [C] (f),
and together with (3), wp then becomes linear.

Homogeneity does not hold in general: Consider the formal languages semiring L, and the
program C = © { a } with the constant postweighting f = I = { € }. Then

wp [C] ({b}-f) = {a}-{b} = {ab} # {ba} = {b}-{a} = {b}-wp[C] (f).

The next theorem states that wp indeed generalizes the map perspective on classical weakest
preconditions as anticipated at the beginning of Section 4.3. The operational semantics as well as
TPaths(c ), wgt, and last are defined in Section 3.3.

THEOREM 4.9 (SOUNDNESS OF wp). Let the monoid module M over W be w-continuous. For all
CewGClL,oeXandf eW,

wp [C] (f) (o) = @ wgt(r) © f(last(x)) . (1)

meTPathsc, o)
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/s (meaning g >« g') w2 =9
“Jlg  (meaningg=wp [C] (f))  “YJ/[x>0](1+1) & [x=0](2min3) =g
C if(x>0){01301}else {{02}d{03}}
Y/ (postweighting is f) /B
(a) Style for wp annotations. = € {<,=,>}. (b) Annotations for Example 4.10.

Fig. 4. Annotations for weakest preweightings. It is more intuitive to read these from the bottom to top.

wp-Annotations. In the spirit of Hoare-style reasoning, we will annotate programs as is shown
abstractly in Fig. 4a and concretely in Fig. 4b. Read the annotations from bottom to top as follows:

(1) /J]f This first annotation states that we start our reasoning from postweighting f € W.

(2) ™J] g The superscript wp before the annotation indicates that this annotation is obtained from
applying wp [ ] (). The program passed into wp is the line immediately below this anno-
tation — in this case C — and the continuation passed into wp is the annotation immediately
below the program — in this case f. Hence, this annotation states g = wp [C] ( f).

(3) ")} g’ This last annotation states that g > ¢’, for = € {<, =, >}. We thus allow rewriting, or
(like the classical rule of consequence in Hoare logic) to perform a monotonic relaxation.

Let us illustrate wp by means of two examples. Recall our convention that the monoid ‘W and the
module M stem from a semiring S unless stated otherwise.

Example 4.10. Let S =7 = (N*®°, min, +, oo, 0) be the tropical semiring and consider a wGCL-
program C. Theorem 4.9 implies that for all states o € 3,

wp [C] (0)(c) =  “minimum weight of all terminating computation paths that start in ¢”

where the weight of a path is the usual sum of all weights along that path. Notice that the above “0”
is the map to the natural number 0 and not the semiring 0 = co. For instance, we can verify that

wp[ if (x>0){01:01}else {{02}{03}} [J(0) = 2.
For that, consider the program annotations in Fig. 4b, which express that 2 = [x > 0] (1+ 1) &
[x =0] (2min3) = wp [C] (0) where C = if (x > 0) {...}. This reflects that if x > 0 initially,

then the only possible terminating path has weight 1 + 1 = 2. Otherwise, i.e. if x = 0, then the
minimum weight of the two possible paths is also 2. A

Example 4.11. Let S = Lr = (ZF*, U, -, 0, { €}) be the semiring of formal languages over T.
Similarly to Example 4.4, we now choose the monoid ‘W = I'* of words and view Lr as a I'*-module,
i.e. the weighting-statements are of the form © w for some single word w € I'*. The weightings W,
however, associate an entire language to each state. For all initial states o € X, we have

wp [C] ({€}) (o) = “language of all terminating computation paths starting in ¢”,

where each terminating path contributes the single word obtained from concatenating all symbols
occurring in the weight-statements along this path (this may also yield the empty word € = I). A

4.4 Weakest Liberal Preweightings

The weakest preweighting calculus developed in the previous section assigns a weight to each
initial state o based on the terminating computation paths starting in o and the postweighting f.
In particular, wp ignores (more precisely: assigns weight 0 to) nonterminating behavior, i.e. the
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preweighting wp [C] (f) is independend of the infinite computation paths of C. For instance, in
the formal languages semiring Ly 5} with monoid ‘W = {a,b }", we have for all f € W that

wp [while (true){®@a}] (f) = 0 = wp [while(true){ob}] (f),

even though the computation trees of the two programs are clearly distinguishable.

In this section, we define weakest liberal preweightings (wlp) as a means to reason about such
infinite, i.e. nonterminating, program behaviors, thus generalizing Dijkstra’s classical weakest liberal
preconditions. Unlike Dijkstra’s weakest liberal preconditions who just assign true (instead of false)
to any nonterminating behavior, our weakest liberal preweightings can inspect nonterminating
behavior more nuancedly. As a teaser: our weakest liberal preweightings can distinguish between
while (true) {©a} andwhile (true) { © b} as we will demonstrate below.

Reconsidering the map perspective on weakest preconditions explained in Section 4.3, the weakest
liberal precondition of program C with respect to postcondition i maps an initial state o to true
iff (i) C started on o can terminate in a state 7 satisfying ¢, or (ii) it is possible that C does not
terminate at all, or both. In more symbolic terms,

wip [C] () (@) = \/y() v [},

7€[Cls
where [[c]][l holds iff the nondeterministic program C may not terminate on ¢.'° We have

wip [C] (¥) (o) = wp [C] (¥) (o) v [C]T  and  wlp [C] (false) (o) = [C]}. (2)

implying that wlp [C] (false) captures precisely the nonterminating behavior of C, and hence
wlp [C] (false) characterizes precisely the difference between wp [C] ( f) and wlp [C] ( f).

In the realm of monoids and modules, the predicate false is the zero O of the Boolean semiring.
We now define a weakest liberal preweighting calculus generalizing (2) by satisfying

VfeWw: wip [CT (f) = wp[C](f) & wip [C] (0) .

Intuitively, wlp [C] (0) captures the weights of the nonterminating paths in C: For the two example
programs from the beginning of this subsection considered over the I'*-module L‘{"’a b) of w-potent
formal languages, we get for example

wlp [while (true) {®@a}] (0) = {a®} and wlp [while (true){©b}] (0) = {b“}.

Definition 4.12 (Weakest Liberal Preweighting Transformer). The transformer wlp: wGCL —
(W — W) is inductively defined according to Table 2 with Ifp replaced by gfp and with every
occurrence of wp replaced by wlp. In particular, wlp [while (@) {C’}] (f) is defined as the
greatest fixed point of the characteristic function

Y W-oW, X = [-olf & [plwlp[C] (X) . A
We obtain a well-definedness result analogous to Theorem 4.7:

THEOREM 4.13 (WELL-DEFINEDNESS OF wlp). Let M be an w-cocontinuous ‘W -module. For all
W-wGCL programs C, the transformer wlp [C] is a well-defined w-cocontinuous endofunction on the
module of weightings over M. In particular, if V¢ is the wlp-characteristic function ofwhile (¢ ) {C}
with respect to postweighting f, then

wip [while (p){C}] (f) = []¥HT).

ieN

10Recall that we consider angelic nondeterminism.
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As stated above, we furthermore get the following fundamental property:

THEOREM 4.14 (DECOMPOSITION OF wlp). Let M be an w-bicontinuous ‘W -module. Then for all
programs C and postweightings f,

wip [C] (f) = wp[C] (f) @ wip [C] (0) .
Moreover, we get a statement relating (infinite) computation paths and wlp [C] (0 ):

THEOREM 4.15 (SOUNDNESS OF wlp). Let the monoid module M over W be w-bicontinuous''. Then
for all programs C and initial states o,

wip[C] (0) () = [] € wettmoT. 3)

neN e Patth’CV o)

Note that Theorem 4.15 is phrased in terms of the finite computation paths Paths?c, o) This is
because it is somewhat difficult to define a general infinite product in ‘W that is compliant with
the way our wlp assigns weights to infinite computation paths. Nevertheless, the right-hand side
of (3) depends only on the infinite paths which can be seen intuitively as follows: For arbitrary
n € N consider the finite (not necessarily terminating) computation paths up to length n. Let v(n)
denote the sum their weights, where the weight of each path is additionally multiplied by T, the top
element of M. Then (v(n))en is a decreasing chain in the module M. In the limit (i.e. infimum),
all terminating computation paths will be ruled out as each of them has some finite length. The
limit/infimum of the v(n) exists by our theory and is independent of the program’s terminating
paths. In fact, for programs that do not exhibit infinite paths, we can show that the limit is O using
Kénig’s classic infinity lemma. We discuss the implications of this in Section 5.2.

Note that Theorem 4.15 indeed implies that wlp is backward compatible to classical weakest
liberal preconditions: In the Boolean semiring, the right-hand side of (3) equals true iff there exists
an infinite computation path starting in o, and thus wlp [C] (90) (o) = [[C]]LT holds as expected.

Example 4.16. Reconsider the tropical semiring 7 = (N**, min, +, co, 0) with T = 0. The
infimum [ ] in the natural order is the supremum in the standard order on N**, and multiplication
with the top element T = 0 is effectless as a © T = a + 0 = a. It follows from Theorem 4.15 that

wlp [C] (0)(6) = “minimum weight of all infinite computation paths starting in ¢”,

or co — the tropical O — if no infinite path exists. Hence wlp [C] (0) (o) — where the natural
number 0 is the tropical I — is the minimum path weight among all finite and infinite computation
paths starting in o. For example, for the program C given by

while(x=2){ {x=3305}® {skip} }

and initial state o with o(x) = 2, we have wp [C] (0) (o) = 5 but wlp [C] (0) () = 0 because
there exists an infinite path (only performing skip) with weight 0 < 5. A

Example 4.17. Let M = L° be the module of w-potent formal languages over the monoid of
words W = T'* (cf. Example 4.11). Thus, weightings f € W associate states with languages that
contain both finite and w-words. Let C be a I'*-wGCL program. It follows from Theorem 4.15 that

“language of all (finite and w-)words that have some
wlp [C] (0) (o) = nguage ofall ( : ,

infinite computation path starting in o as prefix”
1n the statement, we assert w-bicontinuity: our proof makes heavy use of Theorem 4.14 and thus we need wp to be well-

defined. However, it might be possible to prove a link between operational semantics and wlp assuming only «-cocontinuity.
But a proof seems much more convoluted than our current one.
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where we have identified computation paths with the words they are labelled with. In particular, if
all infinite paths of C are weighted with an w-word, then wlp [C] (0) (o) is precisely the language
consisting of all these words. For example, let T' = {a, b} and consider the following program C:

while(x=1){ {x=050a}®{0b} }

Ifinitially o(x) = 1,thenwp [C] (1) (¢) ={ a, ba,bba,...}, wherel = {e},butwlp [C] (0) (o) =
{b®} and hence

wlp [C] (1) () = wp [C] ({€}) (o) U wip [C] (0)(6) = {b®,a babba,...} . A

Remark 4.18 (Probabilistic Weakest Liberal Preexpectations). Mclver and Morgan [2005] and
Kozen [1985] define a probabilistic wlp-semantics where wlp [C] (0) (o) yields the probability
that C diverges on input o. Technically, probabilistic programs are wGCL-programs over the real
semiring (R"Z"O, +,+,0,1) where branching and weighting is restricted to statements of the form
{...} p®¢ {...}, where p + ¢ = 1. However, by Theorem 4.15, our wlp over R, yields for all
loops and all states wlp [loop] (0) (0) € {0 =0, T = co} and is thus trivial. We cannot simply fix
this by choosing probabilities in [0, 1] as our module M since [0, 1] is not closed under addition.
Nonetheless, we can recover the wlp of Kozen [1985]; McIver and Morgan [2005] by considering the
greatest fixed point below or equal to 1 instead of the true gfp in RY, i.e. we would consider a modified
transformer wlp=!. It is easy to show that this is well-defined and still satisfies Theorem 4.14 and

Theorem 4.15 (with the multiplication ©T on the right hand side of (3) omitted). A

5 VERIFICATION OF LOOPS

For loop-free programs, weakest (liberal) preweightings can be obtained essentially by means
of syntactic reasoning. For loops, however, this is not the case since we need to reason about
fixed points. This section introduces easy-to-apply proof rules for bounding weakest (liberal)
preweightings of loops, generalizing rules from the probabilistic setting [McIver and Morgan 2005].

5.1 Invariant-Based Verification of Loops

Let us fix throughout the rest of the section an ambient monoid W of program weights and an
ambient w-bicontinuous ‘W-module M. Since the wp- and wlp-characteristic functions of loops
are w-(co)continuous (see Theorem 4.7 and 4.13), we obtain proof rules for loops by Park induction
[Batz et al. 2022, Thm. A 4]:

THEOREM 5.1 (INDUCTION RULES FOR Loops). Let ®f and ¥r be the wp- and wlp-characteristic
functionals of the loop while (¢ ) { C} with respect to postweighting f. Then foralll € W,

Qp(I) < I implies wp [while (@) {C}] (f) =< I, and
I < ¥e(I) implies I < wlp [while (@) {C}] (f) .

The weightings I are called wp-superinvariants and wlp-subinvariants, respectively (or just invariants
if clear from context). In many cases — in particular for loop-free loop bodies — the above proof
rules are easy to apply as they only require to apply the respective characteristic functional once.
Example 5.5 demonstrates invariant-based reasoning and our annotation-style for loops.

What about the converse directions, i.e. lower bounds for wp and upper bounds for wlp? For
that, the analogous formulations of the above proof rules do not hold in general [Kaminski 2019]. In
the next subsection we show that in the case of terminating programs, these formulations do hold.
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5.2 Terminating Programs and Unique Fixed Points

The notion of universal certain termination is central to the results of this section:

Definition 5.2 (Universal Certain Termination). A wGCL-program C terminates certainly on initial
state o € X if there does not exist an infinite computation path starting in (C, o). Moreover, C is
universally certainly terminating (UCT) if it terminates certainly on all o € 3. A

Certain termination of a program C € wGCL is also known as demonic termination of the program
obtained from C by ignoring all weight-statements and interpreting branching as demonic non-
determinism. Note that all loop-free programs are trivially UCT. A well-established method for
proving certain termination is by use of ranking functions [Dijkstra 1975]. An important consequence
of UCT is that wp and wlp coincide. This is intuitively clear because if C is UCT then wlp [C] has
no additional nonterminating behavior to account for compared to wp [C]. Formally:

THEOREM 5.3 (UNIQUE FIXED POINTS BY UNIVERSAL CERTAIN TERMINATION). Letwhile (¢){C}
have a UCT loop body C and let ®r and ¥y be its wp- and wlp-characteristic functionals with respect
to an arbitrary postweighting f. Then ®y = V.

Furthermore, let I, ] € W be fixed points of ®r. Then

while (¢ ){C} terminates certainly on o implies I(o) = J(o).
Moreover, ifwhile (¢){C} is UCT, then @y has a unique fixed point and

wp [while (¢){C}] (f) = wip [while (¢){C}] (f) .

Hence, the converse directions of the rules in Theorem 5.1 do hold for UCT loops with UCT
loop-body. In particular, we can reason about exact weakest (liberal) preweightings of such loops.

CoROLLARY 5.4. If bothwhile (¢ ) {C} and C are UCT, then for all f € W and alll € W,
I < ®p(D) implies I < wp [while(@){C}] (f), and
Ye(I) <1 implies wlp [while (@){C}] (f) =< I.

Let us now look at reasoning about loops in action. For this, we extend our annotation scheme to

loops as shown in Fig. 5a. Again, read the annotations from bottom to top as follows and consider

> as < for simplicity:

(1) JJJf We start our reasoning from postweighting f € W.

(2) [ I We choose (creatively) an invariant I which we are going to push through the loop body.

(3) WJJI' This annotation is obtained (uncreatively) from applying wp [..] (..), just as in Fig. 4.
The program passed into wp is the loop body C and the continuation is the invariant I. Hence,
this annotation states I’ = wp [C] (I) and by that we have pushed I through the loop body.

(4) </JJ1” This annotation states that I’ < I”, i.e. " overapproximates I’, just as in Fig. 4.

(5) %JJg This annotation g is obtained from I’ — the result of pushing the invariant I through the
loop body (and possibly overapproximating the result) — by constructing g = [—¢] f @ [¢] I".
This annotation states that g > ®¢(I).

(6) /]I This annotation states that g < I, just as in Fig. 4. Since ®(I) < g < I, this final
annotation states by Theorem 5.1 that wp [loop] ( f) < I and we could continue reasoning
with I.

Example 5.5. Consider the arctic semiring A = (N** U { —co0 }, max, +, —c0, 0) and the program

C = while(x>0Ay>0){ {x=x-13y=y+1}®{y:=y—-1}7 0©1 }.
C is UCT, witnessed by the ranking function r = 3x + 2y: Both branches of the loop body strictly
decrease the value of r. We verify that I = [-¢] 0 ® [¢] (2(x — 1) + y), where ¢ = (x > 0 Ay > 0),
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o/ (meaning g < I) 7] [x=0vy=0]0 & [x=0Vy=0](2x+y) = I
Mg G=[=pl f®le]lI”) Yix=0vy=0l0 & [x>0ny>0]1" = g
while (¢){ while(x>0Ay>0){
/0 (meaning I’ = I") T x>0V (x>0Ay>1)] (2x+y) @ 10[x<1vy<1]o =1"
YWIIT (meaning g = wp [C] (f)) W] (expression ommited) = I’
C {x=x-1sy=y+1}®{y=y-1}501
I (we employ invariant I) I [x=0vy=0]0 & [x=0vy=0](2x+y) =1
} }
V/hd (postweighting is f)  /JJ0 =
(a) Annotation style for loops using invariants. (b) wp loop annotations for Example 5.5.

Fig. 5. Inside the loop, we push an invariant I (provided externally, denoted by [|[| I) through the loop body,
thus obtaining I’ which is (possibly an over- or underapproximation of) I’ = wp [C’] (I). Above the loop
head, we then annotate g = [—¢] f @ [@]I”. In the first line, we establish g >< I, for = € {<, =, >}.

is a fixed point of ®y in Fig. 5b. Hence, by Corollary 5.4, we get wp [C] (0) = I. By Theorem 4.9,
wp [C] (0) is the maximum weight among all terminating computations paths. In C, the weight of
a path is the number of times it passes through the loop body. We thus conclude that the number of
C’s loop iterations is bounded by 2(x — 1) + y if initially x > 0 A y > 0 holds. This bound is sharp.

6 CASE STUDIES
6.1 Competitive Analysis of Online Algorithms by Weighted Programming

Field: Competitive Analysis Model: Optimization Problem

Problem: Ski Rental Problem Semiring: Tropical Semiring Techniques: - wp

We now demonstrate how to model optimization problems by means of weighted programming and
how to reason about competitive ratios of online algorithms [Borodin and El-Yaniv 1998; Fiat and
Woeginger 1998] on source code level by means of our wp calculus with the aid of invariants. In
particular, we model both the optimal solution to the Ski Rental Problem itself as well as the optimal
deterministic online algorithm for the problem as weighted programs. We argue that weighted
programming provides a natural formalism for reasoning about the competitive ratio of online
algorithms since weighted programs enable the succinct integration of cost models.

6.1.1 Online Algorithms and Competitive Analysis. Online algorithms perform their computation
without knowing the entire input a priori. Rather, parts of the input are revealed to the online
algorithm during the course of the computation. We consider here the well-known Ski Rental
Problem [Komm 2016]: Suppose we go an a ski trip for an a priori unknown number of n > 1 days
and we do not own a pair of skis. At the beginning of each day, we must choose between either
renting skis for exactly one day (cost: 1 Euro) or to buy a pair of skis (cost: y euros).

The optimization goal is to minimize the total cost for the whole trip. If we knew the duration n of
the trip a priori, the optimal solution would be rather obvious: If n > y, we buy the skis. Otherwise,
we are cheaper off renting every day. This situation would correspond to an offline setting, with
both n and y at hand, allowing for an optimal solution. Conversely, if the trip duration n is unkown
and only the cost y of the skis is known, we are in an online setting of the Ski Rental Problem.
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while(n>0){ c =03
n=n-13 while(n > 0){
{ (x rent %) ni=n-15c:=c+13
01 if (e<y) {
}o{ (x buy %) o1
Oys }else{
n:=0 (x terminate *) Oysn:=0
I }}
(a) The program Copt. (b) The program Cyp).

Fig. 6. The optimal solution to the Ski Rental Problem is modeled by Copt. The program Cyp implements the
optimal deterministic online algorithm.

Lacking knowledge about the entire input a priori often comes at the cost of non-optimality:
An online algorithm typically performs worse than the optimal offline algorithm. Competitive
analysis [Borodin and El-Yaniv 1998] is a technique for measuring the degree of optimality of an
online algorithm. The central notion is the competitive ratio of an online algorithm. Given a problem
instance p, denote by ONL(p) and OPT(p) the cost of an online algorithm ONL and the cost of its
optimal offline counterpart OPT on p, respectively. The competitive ratio of ONL is defined as

ONL(p)
sup —— ,
P OPT(p)

i.e. the smallest constant upper-bounding the ratio between the cost of ONL and OPT for all problem
instances p. We determine such competitive ratios by wp-reasoning on weighted programs.

6.1.2  Modeling Infinite-State Online Algorithms as Weighted Programs. Together with wp-reasoning,
weighted programs over the tropical semiring 7~ provide an appealing formalism for the competitive
analysis of infinite-state online algorithms since (1) (nondeterministic) programs naturally describe
algorithmic problems- and solutions, and (2) reasoning on source code level enables reasoning about
infinite-state models. Modeling online algorithms as weighted programs is inspired by [Aminof et al.
2009, 2010], who employ finite-state weighted automata for the automated competitive analysis
of finite-state online algorithms. We drop the restriction to finite-state algorithms which comes,
however, at the cost of full automation of their verification.

Consider the nondeterministic weighted program Cop; on the left-hand side of Figure 6 (let us
ignore the annotations for the moment). An initial program state o € ¥ fixes an instance of the Ski
Rental Problem given by the duration o(n) of the trip and the cost o(y) of the skis. Every execution
of Copt on o corresponds to one possible solution: Each iteration of the loop corresponds to one day
of the ski trip. As long as the trip did not end (n > 0), we can either rent the skis (first branch) or
buy the skis (second branch). If we buy the skis, there is no further choice to be taken, so the loop
terminates. The cost of each choice is modeled by weighing the respective branches appropriately.

Now recall that in the tropical semiring 7~ we have @ = min, ® = +, 0 = o0, and I = 0. Thus, the
weight of a terminating computation path 7 is the sum of the weights along 7, i.e. the cost of the
solution given by n. This enables determining the optimal cost for every initial program state o, i.e.
every instance of the Ski Rental Problem, by wp-reasoning (cf. Example 4.11) since

wp [[Copt]] (1) (0) = “minimum weight of all terminating computation paths starting in ¢” .
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Program Cop on the right-hand side in Figure 6 implements the optimal solution for the online
version of the Ski Rental Problem. The decisions made by C, must therefore not depend on n.
Let us compare the programs Cope and Copy. Program Coy is obtained from Cop¢ by introducing a
counter ¢ keeping track of the elapsed time and by replacing the nondeterministic choice in Copt by
a deterministic one. As long as the current duration of the trip is smaller than the cost of the skis,
we rent the skis. As soon as this duration is at least the cost of the skis, we buy the skis. Since Cyp
is deterministic, the cost of Cop; on o is given by wp [Coni] (1) (0).

6.1.3 Determining Competitive Ratios by wp-Reasoning. Due to the above reasoning,
wp [[Conlﬂ (1) (o)
sup .
cex Wp IICopt]] (J) (0)

is the competitive ratio of Coy1. Hence, we obtain the competitive ratio of Cyp by determining
wp [[Copt]] (1) and wp [Con] (1). This can be done in an invariant-based manner:

THEOREM 6.1. We have
wp [Copt] (1) =ney,andwp [Con] (1) =[n=0]00[0<y](2y-1)@[n<y—-1]n).

Proor. Since both Cop; and Copy are UCT (witnessed by the ranking function n), it suffices to show
that the above weightings are fixed points of the respective characteristic functional by Corollary 5.4.
We proceed by annotating the programs. See [Batz et al. 2022, App. E.1] for details. O

The fact that wp [[Copt]] (I)=n®y = Aoc. o(n) min o(y) corresponds to our informal description
from the beginning of this section: Depending on whether the duration of the trip n exceeds the
cost y of the skis, it is optimal to either immediately buy the skis or to keep renting them every day.
The cost wp [Conl]] (1) of Cop is more involved. If n = 0, the cost of Coy is 0. Otherwise, i.e. if the
trip lasts for at least one day, there are two cases. If n is strictly smaller than y, then the cost of Cyy
is the minimum of 2y — 1 and n. Otherwise, i.e. if n is at least y, the cost of Cyyy is 2y — 1.

We can now determine the competitive ratio of Cyy. Let, for simplicity, both n > 0 and y > 0 so
that n ® y > 0. This assumption is reasonable since the problem becomes trivial if the trip ends
immediately or the skis are gratis. Given two weightings f, g with g > 0, we define § = AO’.%.
We conclude that the competitive ratio of Coy is 2 since 2 is the smallest constant upper bounding

wp [Con] (1) _ (2y—-D@[n<y-1]n
wp [[Coptﬂ (I) noy

= [nZy](2—$)®[n<y]l-

6.2 Mutual Exclusion

Field: Formal Verification Model:  Computation Traces

Problem: Mutual Exclusion Module: w-potent Formal Languages Techniques:  wlp

In this case study, we instantiate weighted programming with the module of w-potent formal
languages to reason about infinite behaviors of a semaphore-based mutual exclusion algorithm.
This is done in an invariant-based manner enabled by wlp-reasoning.

6.2.1 A Mutual Exclusion Protocol. Consider the program Cpy shown in Fig. 7a and disregard the
weightings for the moment. Program Cy,,s models N processes participating in a semaphore-based
mutual exclusion protocol. On each iteration of the non-terminating while loop, a scheduler selects
one of the N processes. The status £[i] of the selected process i is either idle (n), waiting (w), or
critical (c). If the process i idles, it enters the waiting state. If the process i is waiting, it checks
whether the binary semaphore (modeled by the shared variable y) allows to enter the critical section
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(y > 0) and, if so, enters the critical section. Otherwise, i.e. if y = 0, the process must continue
waiting. Finally, if the process i is in the critical section, it releases the critical section and updates
the semaphore appropriately.

It can be shown by standard means that the protocol modeled by Cyyt indeed ensures mutual
exclusion. That is, whenever we start in a state where at most one process is in the critical section
and y = 0, it will never be the case that more than one process is in the critical section. However,
the protocol exhibits unfair behavior. Suppose the semaphore forbids some waiting process k to
enter the critical section, i.e. y = 0 and £[k] = w. It is then possible that the scheduler behaves in
an adversarial manner such that process k is going to starve, i.e. wait forever.

6.2.2 Reasoning about Infinite Behavior by wlp-Reasoning. We prove that the protocol exhibits
unfair behavior by weighted programming and wlp-reasoning. To that end, we instantiate our
framework with the I'*-module'? £ of w-potent formal languages over I' (cf. Example 4.17), where

r= U wowcn
JjeN\{o0}

Recall that our module addition @ is union U, the monoid and scalar-multiplications are concatena-
tions and the zero element is O = 0. Intuitively, (finite or infinite) behaviors of Cyyy,; correspond
to (finite or infinite) words over I'. For instance, the w-word C;W,” indicates that process 1 enters
the critical section and that subsequently process 2 waits forever. This is realized by weighing the
branches of the loop body in Cp,: appropriately: If the process i enters the critical section, waits, or
releases the critical section, we weight the corresponding branch by C;, W;, or R;, respectively. This
is similar to labeling the states of a transition system by atomic propositions to express properties
of the system in, e.g. LTL [Baier and Katoen 2008]. Notice, however, that the transition system
underlying Cpy is infinite so that standard finite-state model checking techniques do not apply.
Now recall from Example 4.17 that the language of w-words produced by the loop in Cpyt on initial
state o is wlp [Cut] (©) (o). Since the natural ordering < on L is C, verifying that Cpy indeed
exhibits the described unfair behavior boils down to proving that

[1<k<NAtkl=wAy=0]W? < wlp [Cru] (0) ,

i.e. we are obliged to prove a lower bound on the weakest liberal preweighting of Cpyt w.r.t.
(irrelevant) postweighting 0, which is done in an invariant-based manner [Batz et al. 2022, App.
E.2]. The above property indeed states that Cpyy exhibits unfair behavior: Whenever some process
k is waiting and the semaphore forbids entering the critical section (y = 0), the behavior W is
possible, i.e. process k might wait forever.

6.3 Proving a Combinatorial Identity by Program Analysis

Field: Combinatorics Model: Combinatorial class

Problem: Counting bit patterns Semiring: Natural numbers Techniques: wp

We instantiate our framework with the semiring (N**°, +, -, 0, 1) to count the number of computation
paths in our programs. If a program C does not contain weight-statements, it follows from Theo-
rem 4.9 that the number of terminating computation paths starting in o is given by wp [C] (1) (o).
More generally, given a predicate ¢ over the program variables, the number of paths terminating in
a state satisfying ¢ on initial state o is given by wp [C] ([¢] 1) (o). Thus, counting computation
paths reduces to weakest preweighting-reasoning as illustrated in the following example.

12This is the only example in this section where we do not pursue the default method of specifying both the monoid ‘W
and the module M at once by means of a single semiring S.
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while (true){

N
@{i:zj}g m=0%c:=0¢//res:=1[]3
Jj=1 while(n>0){
if (e[l =n){ ni=n-13{
tfi] =w c:=0//append(res, 0) 3
telseif (£[i]=w) { Yo {
if (y>0){oCsy=y-15¢£[i] =c} ci=c+13//append(res, 1) 3
else{oW;} m = max(m, c)
telseif (£[i]=c) { }
OR sy =y+15¢[i] =n }
}

(b) The program Ccount-

(a) The program Crmyt.-

Fig. 7. The program Cmyt is a mutual exclusion protocol adapted from [Baier and Katoen 2008]. The program
Ceount generates n-bit strings and stores the maximum number of consecutive 1’s in m.

Suppose we were to count the number of bit strings of length n that avoid the pattern “11”.
Program Ceoupt in Fig. 7b non-deterministically “constructs” bit strings of length equal to the (input)
variable n and simultaneously keeps track of the maximum amount of consecutive 1’s that have
occurred in variable m. Since we are interested in counting strings not containing “11”, we have to
determine wp [Ceount] ( [m < 1] 1). To handle the loop in Ceount, we employ the loop invariant

I = [m<1]([c=0]Fib(n+2) & [c> 0] Fib(n+1))

and verify that I is indeed a fixed point of the wp-characteristic functional of the loop [Batz et al. 2022,
App. E.3]. Here, Fib(n) is the n-th Fibonacci number defined recursively via Fib(0) := 0, Fib(1) := 1,
and for all n > 2, Fib(n) = Fib(n — 1) + Fib(n — 2). Since Couyt is obviously certainly terminating
and I is a fixed point of the wp-characteristic function of the loop w.r.t. postweighting [m < 1] 1,
we have

Wp [Coount] ([m <1]1) = TI[c/0][m/0] = Fib(n+2),

by Theorem 5.3, i.e. the number of “11”-avoiding bit strings of length n is equal to Fib(n + 2).

7 RELATED WORK

We organize related works in three categories: (1) Other generalized predicate transformers,
(2) semiring programming paradigms, (3) other approaches to modelling optimization problems.

7.1 Generalized Predicate Transformers and Hoare Logics

A well-known concrete instance of generalized, quantitative predicates are potential functions
®: ¥ — Ryy. Such functions are used in amortized complexity analysis [Tarjan 1985] can be
regarded an instance of the weightings introduced in this paper. Carbonneaux [2018]; Carbonneaux
et al. [2015] present a resource bound verification system for a subset of C programs based on
potential functions. A non-trivial subset of their verification rules can be recovered by instantiating
our framework with the tropical semiring, and interpreting their resource consumption statement
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tick(n) as our weight primitive © n. More specifically, Carbonneaux et al. [2015] define a quan-
titative Hoare triple { ® } P { @’ }, where ®, @’ are potential functions, and P is a (deterministic)
program. Such a triple is valid iff for all initial states ¢ € ¥ such that P terminates in a final state ¢’ it
holds that ®(¢) > n+ ®'(0”’), where n is the resource consumption of P started on o. It follows that
{wp [P] (®")} P{®} is always a valid triple; furthermore, wp [P] (@) is the least potential X
that validates the triple { X } P { ®’ }. While the programming language from [Carbonneaux et al.
2015] has advanced features such as procedures and recursion, it lacks a non-deterministic choice
as present in wGCL. A promising direction for future work is to investigate whether the automatic
inference algorithm of Carbonneaux et al. [2015] can be extended to non-deterministic programs.

Very recent works have studied predicate transformers and Hoare-style logics from an abstract
categorical perspective. A generic approach to define predicate transformers, like our wp and
wlp, is given by Aguirre and Katsumata [2020], but only for loop-free programs. On the loop-free
fragment of wGCL, our weakest preweighting transformer wp is an instance of their framework.
They capture the computational side effects, like our weightings, in a monad. More precisely, our
transformer is obtained from the composed monad MSet (Writer w -) of a multiset monad
MSet - that distributes over a writer monad Writer w -. This specific instance, however, is
not discussed explicitly by Aguirre and Katsumata [2020]. The writer monad corresponds to our
weighting monoid ‘W, whereas the multiset monad captures the branching construct {C; } ®{C; }
that we treat via ‘W-modules. In contrast to their work, our wp is defined for loops. Moreover,
we introduce two transformers, wp for finite computations and wlp that additionally accounts for
infinite computations. Finally, the correspondence to an operational semantics is not established in
[Aguirre and Katsumata 2020]. An interesting direction for future work is to explicitly construct a
strongest postcondition transformer for weighted programming, which Aguirre and Katsumata [2020]
define non-constructively as an adjoint to wp. Problems with defining strongest postexpectations
for probabilistic programs, see [Jones 1990], demonstrate that giving a concrete strongest post
semantics is far less easy, even if it can be defined abstractly as an adjoint.

In a similar spirit, Gaboardi et al. [2021] introduce the notion of graded categories to unify
graded monadic and graded comonadic effects. The gradings are over partially ordered monoids
(pomonoids) and can, for example, model probabilities or resources like our weightings. In the
setting of imperative languages, they consider it “natural to have just the multiplicative structure
of the semiring as a pomonoid” [Gaboardi et al. 2021, Sec. 6] because their programs only have one
input and output. The additive structure of semiring gradings has been used to join multiple inputs
for resource consumption in the A-calculus with comonadic contexts [Brunel et al. 2014; Ghica and
Smith 2014; Petricek et al. 2014]. In contrast, we use addition to join multiple outputs in monadic
computations, e. g. branching in our examples (Fig. 6 and Fig. 7). Hence, it might be interesting
future work to extend their categorical semantics with branching. They go on to construct a Graded
Hoare Logic (GHL) with judgments v, {¢} C {/} corresponding to [¢] w < wp [C] ([¢¥])) given
(Boolean) pre- and postconditions ¢, i/, program C, and a weight w from a semiring. Although
unbounded loops have been studied in concrete instances, they restrict to bounded loops in the
general setting: “This allows us to focus on the grading structures for total functions, leaving the
study of the interaction between grading and partiality to future work” [Gaboardi et al. 2021, Sec.
2]. Our work does not impose such restrictions. Both of our verification calculi wp and wlp deal
with possibly unbounded loops.

Swierstra and Baanen [2019] handle effects by monads, focussing on functional rather than
imperative programming. They show how to synthesize programs from specifications using general
results on predicate transformers. Combining these synthesis techniques with the above monad
instance of [Aguirre and Katsumata 2020] for the synthesis of weighted programs is an interesting
direction for future work.
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7.2 Computing with Semirings

There exist a number of computation and programming paradigms in the literature that — similarly
to our approach — are parameterized by a semiring. O’Conner [2012] and Dolan [2013] show that
computational problems such as shortest paths, deriving the regular expression of a finite automaton,
dataflow analysis, and others can be reduced to linear algebra over a suitable semiring. They also
provide concise Haskell implementations solving the resulting matrix problems in a unified way.
The heart of these techniques is to compute the so-called star or closure x* = 1+x+x2+. .. where x is
a matrix over the semiring. The same x* is also the least solution of the equation x* = 1+x - x*. This
fixed point equation is closely related to the Ifp occurring in our wp. In fact, it can be interpreted
as an automata-theoretic explicit-state analog to our wp. Our framework, however, extends this
to infinite state spaces and allows reasoning in a symbolic fashion. The above techniques, on the
other hand, would require an infinite transition matrix x, and are therefore limited to finite-state
problems, e. g. shortest paths in finite graphs.

Functional and declarative approaches for programming with semirings have also been explored.
Laird et al. [2013] and Brunel et al. [2014] consider functional languages parameterized by a semiring
and provide a categorical semantics. Their languages feature weighting computation steps similar
to our language. Additionally, Brunel et al. [2014] provide static analysis techniques to obtain
upper bounds on the weight of a computation. Indeed, with an appropriate semiring, the semantics
defined in these works also allows reasoning about e. g. best/worst-case resource consumption,
reachability probabilities, or expected values. In contrast to [Brunel et al. 2014; Laird et al. 2013],
our programming language is imperative and our semantics generalizes weakest preconditions.
Moreoever, while Laird et al. [2013] exemplify how their framework can be used to detect infinite
reduction sequences, it does not provide a general way to assign a weight to diverging computation
paths as our wlp does. Brunel et al. [2014] do not deal with infinite computations.

Belle and De Raedt [2020] pursue a declarative approach by computing the weighted model count
of logical formulae in some theory where the literals are weighted in a semiring. Applications
include matrix factorization, computing polyhedral volumes, or probabilistic inference. Furthermore,
Balkir et al. [2020]; Cohen et al. [2008] study weighted logic programs with a focus on parsers.
This declarative paradigm is, however, rather different from our weighted programs which allow
specifying models in an algorithmic, imperative manner.

Kleene Algebras with Tests (KAT) [Kozen 1999, 2000] can model imperative programs in an
abstract fashion by identifying them with the objects from a Kleene algebra with an embedded
Boolean subalgebra. An important application of KAT is equational reasoning; and hence to e. g.
derive the rules of Hoare logic by applying algebraic manipulations. Note that a Kleene algebra is
itself an idempotent semiring whose purpose, however, is not to model weights of any kind but
the programs themselves. Nonetheless, to reason about weighted computations similar to us, KAT
was recently generalized to Graded KAT [Gomes et al. 2019] by replacing the Boolean subalgebra
with a more general object that can be viewed as a semiring with additional operations and axioms.
The elements of this semiring constitute the graded (or weighted) outcomes of the tests. However,
(Graded) KAT are no concrete programming languages; their main purpose is to prove general
results about imperative languages with loops and conditionals in an abstract fashion. Indeed,
investigating which of our wp (wlp) and invariant-based proof rules can be derived in Graded KAT
is an appealing direction for future work.

7.3 Optimization
There exists a large amount of work on modelling and solving optimization problems. A prominent

example is constrained optimization (e. g. linear programming [Horen 1985; Schrijver 1999]) for
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which standardized- and domain-specific languages exist [Lofberg 2004; Nethercote et al. 2007].
Modelling and solving optimization problems with weighted programming differs mainly in two
aspects from these techniques. (1) The way how optimization problems are modelled and (2) what is
modelled and for what purpose. Regarding aspect (1), techniques like integer linear programming or
languages like MiniZinc model optimization problems in a constraint-based manner. With weighted
programs, we describe these problems instead in an algorithmic fashion. As an intuition, constrained
optimization vs. weighted programming could be considered analogous to logic programming vs.
imperative programming.

Regarding aspect (2), constraint-based techniques often model one particular problem instance
for which an optimal solution is computed. Weighted programs, on the other hand, provide a means
to model and reason about every (out of possibly infinitely many) problem instance at once. This
comes, however, at the cost of computability. The case study on the ski rental problem exemplifies
this: We verify the competitive ratio of the optimal online algorithm for every trip duration of the
ski rental problem. Automating this verification process is an appealing direction for future work.

More closely related is the work by Bistarelli et al. [1997], who generalize Constraint Logic
Programming (CLP) by parameterizing CLP with a semiring S. Elements and operations of S take
over the role Boolean constants and connectives. This allows to, e. g. solve optimization problems
by finding atom instantiations of minimal cost.

8 CONCLUSION

We have studied weighted programming as a programming paradigm for specifying mathematical
models. We developed a weakest (liberal) precondition-style verification framework for reasoning
about both finite and infinite computations of weighted programs and demonstrated the efficacy of
our framework on several case studies. Future work includes automated reasoning about weighted
programs using, e.g., generalizations of k-induction [Batz et al. 2021; Sheeran et al. 2000] and
weighted program synthesis [Alur et al. 2015; Manna and Waldinger 1980]. Further directions are
weighted separation logics [Batz et al. 2019; Ishtiaq and O’Hearn 2001; Reynolds 2002] as well as to
investigate “sampling” algorithms for weighted programs. For instance, what would be an analogon
to MCMC sampling in a weighted setting?
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