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Abstract: Finite difference time domain (FDTD) and pseudo-spectral time domain (PSTD)
methods are numerical electromagnetic simulation techniques, which have been employed to
perform rigorous simulations of broadband illuminations in several contexts. However, the
computational cost of calculating the incident source fields introduced into the FDTD/PSTD
grid can be considerable. In some cases this can exceed the computational cost of what
might be considered the principal part of the FDTD/PSTD algorithm, which calculates the
spatial derivative of fields throughout the computational grid. In this article we analyze
an existing method that has been used to approximate broadband illumination, which uses
knowledge of the field only at a central frequency of the spectrum. We then present a new
approximation of the broadband illumination, which is more accurate, whilst remaining
computationally tractable. Finally, we present some examples to verify the accuracy and
efficiency of the new method and compare these results with the existing method.

© 2022 Optical Society of America

1. Introduction

The finite difference time domain method (FDTD) [1] is a numerical electromagnetic
simulation technique that is commonly used in a wide variety of applications [2—6]. One of
the main advantages of the FDTD method is its ability to solve Maxwell’s equations in the
time domain, thus allowing simulation of the propagation of broadband electromagnetic
fields through scattering media. In the FDTD method, space and time are discretized, and
the electric and magnetic fields are calculated on a 3D rectangular grid. The FDTD method
is an initial value problem, where electric and magnetic fields known at an initial point in
time are used to iteratively calculate the field at a later point in time. Focussed beams are
introduced into the simulation through equivalent electric and magnetic current densities
which produce the desired beam profile [7]. This requires that the current densities, and
therefore the field associated with the focussed beam, are computed at each time step of
the FDTD simulation [1,7], in a plane z = z transverse to the optical axis, called the
source interface plane. This calculation can be considerable since it generally involves the
calculation of a diffraction integral, at multiple wave numbers, followed by the evaluation of
a Fourier transform to calculate the field in the time domain.

The pseudo spectral time domain method (PSTD) [8], is a memory-efficient variant of
FDTD that employs the discrete Fourier transform to calculate the spatial derivatives of
the electromagnetic fields instead of central differences. The use of spectrally evaluated
spatial derivatives allows fields to be sampled at near the Nyquist rate, which allows for
sparser sampling than is possible using the FDTD method. This allows for coarser grids to
be used, thus allowing physically larger computational volumes to be simulated using the
PSTD method compared with the FDTD method.

In what follows we refer to the field introduced at the source interface plane, at each time step,
as the "incident wave source". The simplest incident wave source used in the FDTD/PSTD
method is the plane wave. However, many optical applications require the simulation of
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more complicated illumination beams. In this paper we focus on the simulation of focussed
Gaussian pulses in the focal region. This choice is motivated by the fact that pulsed beams
allow the simulation of a broadband response using a single FDTD/PSTD simulation.
Several works propose approximate approaches to calculating the field associated with
focussed beams, such as those based on the Debye-Wolf integral [9, 10], which describes the
electromagnetic field distribution in the focal region of high NA objective lenses [11-21].
As will be explained later, our goal is to develop a technique that does not require multiple
monochromatic components to be stored in order to simulate pulsed focal fields. This is
because such approaches lead to unfeasible storage and computational loads in FDTD/PSTD
simulations.

Even though our interest is primarily in approximating time-domain simulations of focussed
broadband incident fields, it is instructive to mention some works where approximations and
calculations of focussed beams have been made in the frequency domain.

One such example introduces an eigenfunction expansion of the electric field in the focal
region of the lens [11, 12]. In another work T6rok et al. [13] compared four approximations
of the Debye-Wolf integral, which represent the directly evaluated integral as a sum of
simpler integrals, and showed that the direct integration is the fastest method. Leutenegger
et al. [14] calculated the focussed beam by applying the two-dimen-sional Fourier transform,
achieving good accuracy and maintaining a limited computational time. More recently, a
generalization of the Debye-Wolf integral that includes any kind of aberration has been
proposed by Wang et al. [15].

There have been a number of studies which employ the FDTD/PSTD method to simulate
time-domain fields in the focal region of a converging lens. Davidson and Ziolkowski [16],
created a model for introducing a focused beam for rotationally symmetric linear-optics
problems, reducing the problem to two dimensions (if rotationally symmetric samples
are employed). Capoglu et al. [17] described a procedure to represent a focused pulse as
a finite sum of plane waves, by calculating an angular spectrum decomposition of each
monochromatic component. They also generalized this method to general laser TEM
modes [18]. This method can be used to simulate electric and magnetic fields with good
accuracy even if high NA lenses are employed, and it is faster than direct integration. Despite
those advantages, Capoglu et al.’s approach remains computational demanding, because
several plane waves must be summed in order to accurately represent the Gaussian pulse.
Capoglu et al.’s method has inspired other subsequent works. Singh, Tan, and Chen made
a model [19], which extended Capoglu et al.’s work [17, 18] by introducing dispersion
and polarisation compensation of the beam. Even Bessel beams have been analytically
approximated with the same approach by Wu er al. [20,21].

In this paper we introduce a new approximate method for calculating the time domain fields
associated with a focussed pulse, which significantly improves the computational efficiency
of the FDTD/PSTD method. This new method employs a 6th order Taylor expansion of the
inner function in the Debye-Wolf integral, and is valid only for low numerical apertures.
The remainder of the paper is organized as follows. In Section 2, we introduce the rigorous
definition of a focussed beam as the incident wave source for FDTD/PSTD methods. In
Section 3, we summarize an existing approximation of the incident wave source, which uses
the field at the central frequency to simulate the focussed beam of a broadband incident
wave source [2]. In Section 4, we describe a new analytical approximation of the incident
field in the time-domain, which is based on calculating the Taylor expansion of the inner
function of the Debye-Wolf integral. In Section 5, we compare the performance of the two
approximations of the incident wave source for some example applications.

2. Rigorous definition of the incident field for FDTD/PSTD methods

Although this article is focused on two approximate methods, we must first start with an
introduction of the rigorous formulation of the incident field. This will enable us to assess
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the relative accuracy and performance of the approximate methods. With the aid of Fig.
(1), let us start by defining the monochromatic component of the electric field at a point
(x,y,z) in the vicinity of the focus of a lens, which is calculated with the Debye-Wolf
integral [9, 10,22]:

E(r,z;v) _ _% //u (s) Meibr”%(r-s+z\/17|S|2)dsxdsy (1)
Q

where r = (x,y), r + s is the dot product of the vectors r and s, v is the frequency, c is the
speed of light in a vacuum, f is the focal length of the objective lens, 7 is the refractive

2, ¢(sx, sy;v) specifies the

profile of the field on a Gaussian reference sphere located in the exit pupil of the lens ,

Q= {(sx, sy) € RR? “ [s2 + sg < % } and u (sx, sy) is a vector which describes refraction

index in the focal region, s = (sy,5y), |s| = /1 -2 =

by the lens of the field incident upon the Gaussian reference sphere of the lens, and is
calculated using the generalized Jones matrix formalism [23,24]. For the remainder of this

. Z(2)* (52452 .
paper we will assume ¢(sx, sy;v) = e (W) (SX“y), where W is a parameter that controls the
waist radius of the Gaussian illumination. Assuming a collimated beam linearly polarised in
the x-direction is incident upon the aperture of the objective, we have [23]:

Gaussian profile of the
field at the aperture

5./( ux! uy)

»

Gaussian
reference

Figure (1) A typical optical system to which the Debye-Wolf formula (Eq. (1))
can be applied. The function ¢ (sxs uy) specifies the profile of the field incident
upon the aperture, which is mapped by the lens to the function ¢ (sx,sy) on the
Gaussian reference sphere. Each point (uy, uy) uniquely corresponds to the vector

(s xSy, 1 = s% - s%,)), which defines the direction of a particular ray in the sample

space (see [24] for more details).
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Given that the FDTD/PSTD method simulates the propagation of the electric and magnetic
fields in the time domain, the incident field must also be introduced in the FDTD/PSTD
computational space in the time-domain at every iteration of the method. The source
fields are usually introduced on a plane transverse to the optical axis (usually the z
direction) in a region free of scatterers. Irrespective of whether the FDTD or PSTD method is
employed, the monochromatic components of the focussed pulse are calculated by modulating
monochromatic fields found using Eq. (1). Namely, a pulse with a Gaussian shape in the
time domain can be described by the following modulation terms:

H(v) = iPei2mvio =P (v=0)* Frequency-domain  (3a)
. . 0\
H(t) = F {H()} (1) = g7l ”( P ) Time-domain, (3b)
+00

where F {H(v)} (1) := [ H(v)e"™™'dy is the Fourier transform, vy is the central

frequency, #¢ controls the delay of the pulse peak and P controls the pulse width. We use
the superscript *R’ to denote fields related to the rigorous case, which is not subject to
any approximations. Namely, ER(r,z, 1) and ER(r, z;v) are the time domain and time
harmonic incident fields associated with the rigorous incident wave source, respectively.
The rigorous definition of the incident field, which would be calculated and introduced into
the FDTD/PSTD grid domain in a plane z = z; is given by:

ER(r,zv) = HOE(r, z3v); (4a)

ER(r,2,1) = 2Re {T{ﬁ(v)ff(r, . v)}(t)}, (4b)

where Re{x} denotes the real part, and the factor of 2 has been included to normalize the
inverse Fourier transform with the real part.

In general, the calculation of Eq. (4b) has a large computational cost because for each
point (x, y, z) and each time step ¢, three integrals must be calculated (two integrals from
Eq. (1) and one from the Fourier transform). This calculation can be sped up by using the
Fast Fourier Transform (FFT) [25], to avoid the integration related to the Fourier transform.
However, in order to apply the FFT, all monochromatic components must be calculated and
stored in advance for each grid point on the plane where the source is introduced, which
requires a substantial amount of computer memory. This article has been motivated by
the need to reduce the computational load of Eq. (4b), which must be calculated for each
time-step within the FDTD/PSTD algorithm.

3. Approximation based on a incident wave source that employs the central
frequency of the spectrum

In this section we review an existing incident wave source, which is an approximation of the
rigorous incident wave source that we will denote the central frequency approximation [2,26].
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We consider this existing approximation for two reasons. The first reason is to understand
the properties of this incident wave source. The second reason is in order to provide a
comparison with the new incident wave source, which will be introduced in the next section.
The central frequency approximation calculates only the field E (r, z; vo) at the spectrum’s
central frequency vg. This considerably reduces the amount of computer memory required
to perform the simulation. This single monochromatic component is used to generate
an approximate broadband incident waveform, which is introduced into the FDTD/PSTD
algorithm.

We use the superscript *C’ to denote fields related to the central frequency approximation.
Namely, E C(r, z,t) and E C(r, z; v) are the time domain and time harmonic incident fields
associated with the central frequency approximation, respectively. E ¢ (r, z;v) is defined as
the multiplication of the modulation in spectral domain H(v) of the central monochromatic
component (Eq. (1) with v = vy). Each Cartesian component 7 = x, y, z of the approximate
incident field in the frequency and time domains (at the source interface z = z;) is given by:

~ < E (0, z;
ETC(r,zs,v) = H(v)ET(r,zS;vo)M; VT =x,y,2. (5a)
ET(Or,Zs;VO)
c E(r,z5;v0) .r
ES(rzy.1) = 2Re] 2rL2s2%0) prg oy Vr=xy.z  (5b)
E+ (0, 245 v0)

where 0, represents the origin of the transverse coordinate system r = (0, 0) in the plane
E 7 (0r,253v)
ET (Or ,2530)
that the approximation matches the rigorous case at the point (0, 0, z5) on the source plane.

We emphasize that this approximation requires only a single frequency component of the field
to be calculated and stored, thus avoiding the storage of several monochromatic components.
This incident wave source (Eq. (5b)) is introduced into the FDTD/PSTD grid (at the source
interface z = z5) as a computationally efficient approximation of the rigorous case (see Eq.
(4b)). This approximation has the useful property that the temporal and spatial dependencies
are separable, so that we need to update only the time dependent function, and not the space
dependent function, at each time-step of the FDTD/PSTD algorithm, dramatically reducing
the computational load relative to the rigorous case.

z = z5. The factors have been included to modify the complex amplitudes such

3.1.  Angular spectrum analysis

In order to analyze how the central frequency approximation perturbs the focused beam, rela-
tive to the rigorous case, we compare the angular spectrum of the rigorous and approximate
fields at the source interface z = z; where the approximation is defined.

We refer to the supplemental document for the angular spectrum definition [27] and for
its calculation in the rigorous (ﬁf (@, z5; v)) and approximate (f(f (@, z5;v)) cases. The
following equation shows the relation between the two angular spectra (see the supplemental
document for more details):

fITC(a,zs;v):M NR(V

— —, 250 ; VT =x,y,2. (6)
ER(0,,z3v0) " " \wo 7 )

Given that (ozx, ay, /1 - a - 0/3) is the direction of propagation of a plane wave component

of the angular spectrum, the meaning of Eq. (6) is that, for a given frequency v, each plane
wave component of the angular spectrum of the approximate case is given by a rescaled
version of the same plane wave related to the rigorous case, whose propagation direction has

2 2
been modified from (ax,ay, 1-a2- ag) to (Vloax, Vioozy, \/1 - (Vlocxx) - (Vloay) )
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Figure (2) Plot of the angular spectrum error (see Eq. (S5) of the supplemental
document) as a function of A = %, calculated in four cases of source interface plane
z = zg, where zg = Oum, =50um, —100um, —200um, for a numerical aperture NA =
0.097. The smallest error is in focus (z = Oum), and the error increases as z increases
when A is far from the wavelength related to the central frequency Ao = v%) = 1300nm.
The angular spectrum for the rigorous and approximate cases have been calculated with
Eq. (S2) and Eq. (S4) of the supplemental document.

Fig. (2) shows a plot of the relative error at the source interface of the angular spectrum
of the incident wave source of the central frequency approximation relative to the rigorous
case. It is clear from the figure that the relative error increases as a function of the distance
of the interface plane from the focus, and also increases as |1 — Ag| (or |v — vg|) increases,
showing that the approximation is not reliable for values of v far from vy.

4. Approximation based on a incident wave source that employs the Taylor
expansion

In this section we introduce an alternative approximation of the rigorous wave source that
employs a sixth order Taylor expansion of the inner integrand function of Eq. (4b) to find an
approximate analytical solution for focussed fields in the time domain which does not require
any integrals to be evaluated. We will refer to this as the Taylor-based approximation. In
order to construct this incident wave source we first need to re-write explicitly the rigorous
incident field in the time-domain (details in supplemental document):

ER(r,z,1) :==2Re {T{I:I(V)E(r, z v)}(t)}

7r2W2T3+7rvg p2 |s \2

// w(s) |(=iTy+voPY) e~ wPWhsl g i2anPy

e :

dsxdsy

J—
@)

3
where cp = M and Ty = t — ty — g (r -s+zy/1 - |s|2). The main idea of this
approximation is to seek a suitable approximation of the integrand function of Eq. (7) that
can be integrated analytically, in order to find an explicit approximation of Eq. (4b). We use

superscript > T * to denote fields related to this new approximation. Let us call int® (s) the



inner function of Eq. (7). This function can be written as int® (s) = f (s) ), where

u (s) (=iTy + voP?)

f(s)= T (8a)
2
V1- |s|2(7rP2W2 + |s|2)
mPW2T? + 7TVOP2|S|2 )
g(s)=- - 2nvoPTy, (8b)

aP2W? +|s|?

and f is a vector function and g is a scalar function. We want to apply the Taylor expansion
to the integrand inner function of Eq. (7). However, in order to maintain the exponential term
(the term g, which has an exponential decay) we apply the Taylor expansion to the functions
f and g separately. Let us start by calculating the sixth order of the Taylor expansion of both
functions:

[ (sx5y) = T§ (sx05y) (%a)
g (5x:8y) 2 T2 (55 5y) (9b)

where TJ?, T;’ are the 6-th order Taylor expansions of the vector function f and the scalar
function g, respectively. The first approximation of the integrand function is:

int® (s, sy) ~ Tf (s 5y) eTé(55v) (10)

In order to make Eq. (10) analytically integrable we need to have a second order polynomial in
the exponent, in which case the integrand function becomes a multiplication of a polynomial
and a Gaussian function having a complex argument. By manipulating the second order of
Taylor expansion to the exponent term Tg (Sxs sy), we obtain:

T6 (S) ET (s) _ T6 (S) eTG(s)+[Tg2(s)—Tg2(s)]

— 0 ,,(s)TG (s) ems) Te(s) x oTe ()62 (g) | (11

where T2 (s) is the Taylor expansion to the 6-th order of the vector function T? (s)e EHORHOIR

Given that T%? (s) is a sixth order polynomial in the variables (s), it can be rewritten as
762 (s) = th:O anzo nm S sy , where T,,,,, are three-dimensional coeflicients. Now we in-
sert the approximation of Eq. (11) in Eq. (7) and we obtain the first step of the approximation:

Ey((x,y,z,1) :==cpRe // T2 (5, 5) €7 (55) ds s,y

\s|sN,;‘
6 6
=cpRe Z Z T.m // s"s’feTg(‘X ‘Y)dsxdsy
n=0 m=0 NA
{lslﬁ " }
2
¥ (o
=cpRe ZZT,,,” s / s eTe (sx: ‘>)dsy dsx¢. (12)
n=0 m=0 3
()




The exponent Tg (Sxs sy) in the inner integral is a second degree polynomial of the variable

sy and can be rewritten as T (sx. sy) = ¢(sx) — ((sy)sy +B(sx))’, where all parameters
c(sx),a(sy), B(sx) are polynomials in the variable 5. By rearranging the variables in this
way we can rewrite the inner integral as:

2
€ (5x) / S;ﬂe—((l(sx)sy+ﬁ(sx)) ds, (13)

NA 2_52
n x

where c(s,) is a second order polynomial in the variable s, and Eq. (13) can be solved
analytically by using the erf function [28]. The result can be written as:

(5) -
(%) -2

=co [erf(a(sx)z +,8(sx)) - erf( —a(sy)z+ ﬂ(sx)) + pm(sx)e_(“(sx)“ms*))z]

From the simulations that we have run we have seen that the Gaussian terms

e f(MA) 2
[pm(Sx)e’((l(Sx)ZﬁB(Sx))z]Z )

are much smaller in amplitude than the terms re-
z=- (N—A)z—si

7
lated to the erf function, so we can neglect those terms. We approximate the erf function terms
of Eq. (14) with their sixth order Taylor expansion in the variable s, so that Eq. (14) becomes:

()=
/ Sgle—("(sx)sy’fﬁ(s)‘))ysy ~
(%) -5

2
(M)

Q

co [erf(a(sy)z + B(sx)) —erf( — a(sy)z+ B(sx))]

~ ZE;?SQ (15)

6
h=0

= (3
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By substituting Eq. (15) into Eq. (12) we can calculate an approximate analytical solution:

2
E{(x,y,z,t) :==cpRe Z Z T.m sﬁec(“") / s;”eTé(“’“sy)dsy ds
n=0 m=0 _Na 5
7 (Ma) -5
(16a)
NA
6 6 /] 6
~cpRe Z Z T.m / sﬁe"(x") Z E,'q”sﬁ ds
n=0 m=0 NA h=0
n
NA
6 6 6 /]
=cpReq > D' ENTun / st g b (16b)
m=0 n=0 h=0 i
n
n+m

Keeping only the terms having the exponent of s smaller or equal to 6, and rearranging
the terms of Eq. (16b) such that kK = n + h, we find the analytical approximation of the
electric incident field:

NA
6 6 Y
E"(x.y.z0)=cpRe] > > Cou / sk (59 g,

m=0 k=0 _Na
n

NA

6 6 Y

=crRe) ), ) O / sye)dsy (17

m=0 k=0 _Na

n

where C,,1 = 22;]5 Eka_h,m.

Given that the term c(sy) is a second degree polynomial, the integrals appearing in Eq.
(17) can be solved analytically by calculating the complex erf function, as we have done
in Eq. (14). Given that the evaluation of the complex erf function can be computationally
expensive, we have approximated that function as follows:

erf(x +iy) ~ fi(x, ), i {p <4} (18a)
erf(x +iy) ~ +1, if {p>4}n{|9| < %}; (18b)
erf(x +iy) ~ —1, if {p>4}ﬂ{|0—7r| < %}; (18¢)
erf(x +iy) ~ fo(x, y), if {p>4)n {% <10 < %} (18d)

where p = 4/x2 + y2 and 6 = atan (%) are the polar coordinates in the Euclidean plane and
fi(x,y) and f>(x, y) come from approximations *7.1.29* and *7.1.23” of Abramowitz and
Stegun [29] (details in the supplemental document). With those approximations, the erf
function is approximated with a relative error smaller than 10~> over the entire complex
plane.

4.1. Practical implementation of the Taylor-based approximation

The accuracy of the approximation of Eq. (17) depends on both the spatial location and
time instant at which the field is evaluated. The relative error between the rigorous and



Taylor-based incident wave source is minimized when x = 0 or y = 0. In particular, the
terms containing s, and sy to first order vanish when x = 0 and y = 0, respectively, from

Ts=t—ty— g (xsx +ysy+z4/1 — (s2 + sg)z) in Eq. (7). Under this condition, Ty is better

approximated by the Taylor expansion. When x = 0 or y = 0, the variable of integration of
the inner integral of Eq. (16a ) can be chosen to maximize the efficiency of the approximation.
In particular, the inner integral of Eq. (16a ) should be the s, variable associated with the
null coordinate (x or y). Eq. (16a ) has been derived by choosing the inner integral related
to sy, which is more suitable for the case y = 0. On the other hand, in the case x = 0, it is
better to choose the inner integral of (16a ) related to s, and the outer integral related to s,.
The most efficient way to use the Eq. (17) in a FDTD/PSTD simulation is to evaluate
the Taylor-based approximation at the points (x, 0, z,¢) and (0, y, z, t), and use the radially
symmetric properties of the integral in Eq. (17) to evaluate the field at all points. The
approach we follow is based on existing works [9, 10] and is described in the supplemental
document. This approach allows us to re-write the rigorous field in Eq. (7) as:

Iy(p, 2, 1) + I(p, z,1) cos (26)

19)

R —
ER(x,y,z,1) = I (p, z,1) sin (26)

Il(p’ <5 t) COS(O)

where (p, 0) are the polar coordinates of the Euclidean plane. Now we explain how to use Eq.
(19) to evaluate the rigorous field at each point of the space (x, y, z) towards the calculation
of the rigorous field only at the points (0, p, z) and (p, 0, z). From Eq. (19) we have:

ER(p,0,2,0) = Ih(p,z,1) + L(p. z.1) (20a)
ER0,p,2,1) = Ip(p, 2,1) = L(p, 2,1) (20b)
and then
1 R R
lo(p,z,1) = 3 (EX (0,0,2,1) + E; (0,0, 2, t)) ; (21a)
1
hip.20) = 5 (Ef(p,o, 21 - ER(0, p, 2, r)) . (21b)

In order to maintain this symmetry in the Taylor-based approximation, we calculate the
Taylor-based approximation at the points (p, 0, z, ¢) and (0, p, z, #) and we approximate the
functions Iy and I, by using Eq. (21a) and Eq. (21b), where Ef is replaced with EI After
that, we use Eq.(19) to calculate the Taylor-based approximation at each point in space.

We have seen that the efficiency of the Taylor-based approximation can be further enhanced

by modifying the integration domain Q = {(sx,sy) € R?|[s? + s% < %} during the

calculation of the points E ff (p,0,2z,1) and Ef (0, p, z, ). In the case x = 0, the integration
domain is modified to:

2 2
NA NA
—,/(T) —s2 <8y < (7) -5y . -N(y) <sy <N(y)¢,

(22)

Q= (5x,8y) € R?
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where N(y) = (0.935(1 -2y 0.99%) NA and where n,, = 20 x 10°°.

5. Comparison of the two approximations of the rigorous incident wave
source

In this section we compare the approximations presented in the previous sections. There are
some physical parameters related to the simulation of the broadband illumination that must
be chosen in advance, including vg, 7, W, the frequency bandwidth of the beam Ay and the
numerical aperture NA. In all examples shown here, we have chosen the parameters related to
a Thorlabs TELESTO-II Spectral Domain OCT Imaging System [2]: vo = 2.3061 x 10'*Hz
(giving a wavelength in air related to the central frequency of 1y = Vio = 1300nm) and

Av =3.015 x 10"3s7! ( corresponding to a wavelength width of 170 nm in air), = 1.42,
NA =0.097, W = 1.44 x 10'*Hz.

5.1. Relative error at the source interface

The first comparison is made at the source interface (i.e., z = z5), where all fields are
known analytically. Thus, we do not use the FDTD/PSTD algorithm for this comparison.
The central frequency approximation has the advantage that it agrees very closely with the
rigorous field when it is calculated near v and it is identical in the case v = vo. However, the
error can be significant at frequencies far from v (as shown in Fig. (2)). By comparison, the
error of the Taylor-based approximation is small and it is accurate even for frequencies far
from vy. For this reason, the incident wave source related to that approximation is superior
to the wave source related to the central frequency approximation for broadband simulations.
Fig. (3) compares the approximations for several different values of z; using the following
error metric:

+00 +00

[ JIER(r z:v) = E€(r,z0)| dxdy
Erre (v.2) = | =g (23)
J [ ERG 20| dxdy

where & = T,C, namely E¢ = ET or E¥ = EC. Fig. (3) shows that the accuracy of
the central frequency approximation is maximized for 4 = Ap. In this case, the central
frequency approximation matches exactly the rigorous case. The error of the Taylor-based
approximation does not change substantially with wavelength, and remains at less than
2% for all cases excluding zg; = —200um, where the relative error reaches 14%. We thus
consider that for this example, z; = —200um is where the the Taylor-based approximation
begins to be invalid. These results show that, in general, the Taylor-based approximation is
more accurate than the central frequency approximation for broadband beams.

In order to further validate the accuracy of the approximations, we have added a sub-
section to section 5) of the supplemental document where two additional error metrics are
considered. These alternative error metrics give similar results to Eq.(23) and suggest that
the Taylor-based approximation is more accurate than the central frequency approximation.

5.2. Relative error after propagating the incident field with the PSTD algorithm

Fig. (4) shows the integrated relative error (see Eq. (23)) of the electric fields obtained using
both approximations, after having propagated all of the three wave sources (EX, ET, E€)
with the PSTD algorithm, from the source plane z = z, to another transverse plane z = zp
(see Fig. (5)). The PSTD simulations employed a spatial step size Ay = % and a time step

of A, = 2]—3 L f." (which is about 25% smaller than the maximum time step allowed by the
stability criterion for PSTD algorithm [8]). This choice of A, results in numerical dispersion,

so that even the numerical propagation of the rigorous field EX will be slightly different
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Figure (3) Plot of the error metric of the central frequency and Taylor-based approxi-
mations (see Eq. (23)) on a log scale, evaluated at the source interface plane z = z;, for
four different values of zg .

to the field at the plane z = zy calculated analytically using the Debye-Wolf integral (see
Eq. (1)). Numerical dispersion does not, however, complicate the comparison since the
numerical dispersion acts in a similar way for the rigorous and approximate cases.

For this test the field was introduced at the plane z = z; = —=50um. Then, the rigorous
and the two approximate source fields have been propagated using the PSTD algorithm to
3 transverse planes located at z = zp = z5 + A;, where A, = 0,50um, 100um. For each
case the relative error (see Eq. (23)) has been calculated. Fig. (4) shows that the error
does not increase with the propagation distance of the field. For this reason, the error of
both approximations is principally related to the error of the fields at the source interface.
As it can be seen in Fig. (4), the field related to the central frequency approximation
remains inaccurate across the spectrum after that the associated wave source is numerically
propagated with the PSTD algorithm.

In the Section 5) of the supplemental document we have plotted similar figures to Fig. (3)
and to Fig. (4) with two alternative error metrics, which give an estimation of the error as a
function of the positive x-axis.

Relative error of the field propagated with PSTD

% Az =0 pm
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o
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=
=
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1100 1200 1300 1400 1500 1600 1100 1200 1300 1400 1500 1600
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Figure (4) Plots of the integrated relative error (see Eq. (23)) of the two approximations
after the incident field has been propagated by the PSTD algorithm (see Fig. (5)) from
the source interface z = zg, where zg = —50um for a distance of Azum.
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Figure (§) Representation of the rigorous incident field (red) and an its approximation
(the draw is valid for both Taylor based and central frequency approximation). The
approximate field is introduced at the source plane (z = zs), and both fields are
propagated to and evaluated at the plane (z = zF).

Ay=2 Ac=45
Field time RAM time RAM
R) 2h 3m 460 MB 57h 56m 22s 18 GB
©) Im 02s 4.66 MB 22m 47s 90 MB
(T) Im 14s 23 MB 1h 06m 37 MB

Table (1) A table showing the computational time required to calculate the introduction
of the entire incident field in the PSTD algorithm at the source interface z = —=50um,
for the rigorous case (R), central frequency approximation (C) and Taylor-based
approximation (T). In the first case, the PSTD grid domain spacing was set to Ay = %,
whilst in the second case it was setto Ax = %. For both cases the time step has been

setas: A; = LU—AX.

2V3 ¢

5.3. Computational time and RAM occupied to calculate the incident field in the
rigorous and approximate simulations

In this section we compare the rigorous incident field and the two approximations in terms
of computational time and memory occupied. For each case, the computational time is the
total time needed to calculate the incident field for all time steps of the PSTD algorithm.
The occupied memory includes the RAM related to all variables employed in the calculation
of each incident field.

Tab. (1) shows data for the three different ways used to calculate the incident field, in



229

230

231

232

233

234

236

237

238

239

240

241

242

243

244

245

246

247

248

249

250

251

252

254

255

256

257

particular, the rigorous, central frequency approximation and Taylor-based approximation.
For each simulation, the computational time and RAM required to perform the computation
are shown. For both cases (A, = % and A, = %), computational time and occupied memory
are much smaller for the approximations ((C) and (T)) than the rigorous case (R). In the case
Ay = %, it is clear that the approximation can save many hours of simulation and many GBs
of RAM.

5.4. Limitations of the Taylor-based approximation

The principal limitation of the Taylor-based approximation is related to the filling parameter
F of the Gaussian beam at the aperture plane, which specifies the fraction of the beam
that is inside the physical aperture of the objective lens. From the Gaussian component of
the Debye-Wolf integr%l (see Eq. (1)) we calculate the filling parameter as F (v) such that
fz‘(%'“)2 = e_(%/”ls‘) = F(v) = %% If F(v) > 1 the aperture is underfilled,
which means that a small diameter Gaussian fits well within the aperture. If F(v) < 1 the
aperture is overfilled, which means that much of the beam is not transmitted through the
aperture. In Fig. (6) we have plotted the averaged error of Eq. (23) over all the frequencies of
vo+ &

the spectrum [ Err (z) := ﬁ f Err (v, z) dv | for several values of NA and F(vg). Each
pair (F(vg), NA) is related to a single simulation, and the error is showed as a function of
I‘i—A, for four cases of F(vp). Both fields (rigorous and Taylor-based) have been calculated at
the focus (z; = 0). Fig. (6) shows that the rigorous incident field is well approximated by the
Taylor-based approximation in the underfilled case, and the error increases as a function of
the numerical aperture. The error of the central frequency approximation (right side of Fig.
(6)) is roughly independent of the choice of NA, but even in this case the filling parameter
F(vp) significantly affects the accuracy of the approximation.

Another important limitation of our approximation is that it can be employed only for
time-domain focussed pulses whose monochromatic components are fundamental Gaussian
beams (TEM g 0)) on the Gaussian reference sphere of the lens, unlike the central frequency
approximation or Capoglu ef al.’s approach [18], which can be generalized to any transverse-
electric-magnetic mode(TEM () )-
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Figure (6) Plots of the average over the frequencies of the error (Eq. (23)) of the
Taylor-based (on the left (T)) and central frequency (on the right (C)) approximations
as a function of N;_IA’ for four cases of filling parameter. Each field has been calculated
in focus (zg = 0).

6. Conclusion

In this paper we have studied two incident wave sources that are approximations of the
rigorous incident field for FDTD/PSTD methods for simulations of focussed Gaussian
pulses. We have analyzed the central frequency approximation that employs the complex
amplitude calculated at only the central frequency of a spectrum to approximate a focussed
broadband beam in the time-domain. We have also introduced a new approximation which
employs the Taylor expansion to approximate the rigorous incident field. This new analytical
approximation is accurate for underfilled apertures, but remains accurate in the overfilled
case for low numerical apertures. We showed that the error related to the central frequency
approximation increases for frequencies far from the central value, whilst the Taylor-based
approximation well approximates the rigorous field for all frequencies in the spectrum,
therefore the Taylor-based approximation is a reliable approximation of the rigorous field.
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