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Summary

We construct an exact, explicit parameterisation of a class of doubly-periodic lattices
of equally-strong holes in an infinite elastic plate that is in a state of plane stress.
This parameterisation assumes no symmetries of the lattices’ holes and allows for
any finite number of holes per period cell. It is stated in terms of a conformal map
from a circular domain. We construct this map in terms of the integrals of the first
kind that are associated with a Schottky group that is generated from this circular
domain. Key to our derivation of this parameterisation, is the observation that a
doubly-periodic lattice of equally-strong holes is characterised by the property that the
Schwarz functions of all of its holes’ boundaries are identical up to additive constants.
We also conjecture a condition that is necessary and sufficient for the existence of the
class of lattices that are described by this parameterisation, although we are only able
to verify this condition numerically here. We also present a selection of examples of
such lattices, computed using this parameterisation.

1. Introduction

For the purpose of designing a perforated thin plate that is to be subjected to a given
external loading, it is helpful to be able to determine a priori for which shapes and positions
of the plate’s holes the stress distribution that is induced in the plate by the loading is
in some sense optimised. For instance, it is desirable to determine sets of holes along
whose boundaries the induced stresses are uniformly distributed, as localised peaks of these
boundary stresses are commonly a source of structural failure. Cherepanov (1) considered
an inverse problem of this type for a perforated infinite, homogeneous, isotropic elastic
plate. Assuming uniform loadings to be applied in the normal and tangential directions
along the boundaries of the plate’s holes, he sought sets of so-called ‘equally-strong’ holes.
These possess the property that the induced tangential normal stresses - i.e., the ‘hoop’
stresses - take the same constant value along the boundaries of all of the holes.
Cherepanov (1) proposed an analytical method for constructing an exact, explicit
parameterisation of sets of equally-strong holes. This parameterisation is of the domain
exterior to such a set of holes as the image under a one-to-one conformal map of the
domain exterior to a set of parallel slits. Cherepanov showed how, by first introducing the
Kolosov-Muskhelishvili complex potentials, one can reformulate the governing boundary
value problem as a coupled pair of homogeneous Schwarz problems, expressed in terms
of his parameterising variable. Solutions of this pair provide one with the corresponding
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conformal map. Using this method, he constructed a parameterisation of a single hole and a
set of two symmetric holes (for sets of a finite number of holes, the aforementioned loadings
on the holes’ boundaries are supplemented by a uniform loading at infinity), but also a
doubly-periodic rectangular lattice of holes with a single, symmetric hole in each of its
period cells. For the latter, he took the corresponding pre-image domain to be the exterior
of a doubly-periodic rectangular array of parallel slits, and derived an exact expression for
the corresponding conformal map in terms of elliptic functions associated with a period
rectangle of this doubly-periodic pre-image slit domain. However, it is not straightforward
to implement Cherepanov’s method to construct parameterisations of more general sets
of equally-strong holes, due to the difficulty of finding solutions to the attendant pair of
Schwarz problems.

Recently, Antipov (2) developed an extension of Cherepanov’s method that he used to
construct a parameterisation of sets of any finite number of equally-strong holes (albeit
restricted to sets whose pre-image domain is the exterior of a set of collinear slits).
Antipov’s approach involves rewriting the associated pair of Schwarz problems as a coupled
pair of symmetric Riemann-Hilbert problems. He derived solutions to this pair and
thus the corresponding conformal map in terms of hyperelliptic integrals. As for other
parameterisations of doubly-periodic lattices of equally-strong holes, we first point out that
sets of equally-strong holes in fact represent a limiting case of certain sets of equally-stressed
elastic inclusions (embedded in an infinite elastic plate of another material). An exact,
explicit parameterisation of a doubly-periodic rectangular lattice of such inclusions with
a single, symmetric inclusion in each of its period cells, was constructed by Grabovsky &
Kohn (3). (This lattice was first identified and constructed via a numerical approach by
Vigdergauz (4).) Subsequently, Vigdergauz (5) constructed a parameterisation of a doubly-
periodic rhombic lattice of such inclusions, again with a single, symmetric inclusion in each of
its period cells. These parameterisations in (3) and (5) are also in terms of conformal maps
from domains exterior to doubly-periodic arrays of parallel slits (a rectangular array in the
case of (3), and a rhombic array in the case of (5)) and were constructed using Cherepanov’s
method (1). In both (3) and (5), the derived form for the corresponding conformal map
is expressed in terms of elliptic functions associated with a period parallelogram of the
corresponding doubly-periodic pre-image slit domain. We also mention that Vigdergauz (6)
has devised a numerical algorithm for computing the boundaries of lattices of equally-strong
holes whose periodic structures are of low rotational symmetry (this is based on single-layer
potentials). However, to the best of our knowledge, no other exact parameterisations of
doubly-periodic lattices of equally-strong holes (or the aforementioned elastic inclusions)
have been constructed. Given the important role of lattice structures in solid mechanics,
and the value (both theoretical and computational) of exact solutions, it is of interest to
construct parameterisations of more general doubly-periodic lattices of equally-strong holes.
That is precisely the aim of this paper.

In this paper, we construct an exact, explicit parameterisation of a class of doubly-
periodic lattices of equally-strong holes. This parameterisation assumes no symmetries of
the lattices’ holes and allows for any finite number of holes per period cell. The method that
we use to construct this parameterisation is different to that of Cherepanov (1). Rather, it is
a natural generalisation of the method that was used in (7) to construct a parameterisation
of sets of any finite number of equally-strong holes. In a broader sense, it is an extension of
methods developed most notably by Crowdy over the course of the last twenty years or so, to
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construct solutions to a variety of problems in two-dimensional multiply connected domains.
Further details of these, as well as many of their other applications and a description of the
history of their development (including a list of further relevant references) can be found in
Crowdy (8). The key components of these methods that we use in this paper are the Schwarz
function, conformal mapping from a circular domain, Schottky groups and automorphic - or
rather in our case, quasi-automorphic - functions. To elaborate further, here as in (1), we
begin by introducing the Kolosov-Muskhelishvili complex potentials. However, rather than
use the formulation of the problem as a coupled pair of Schwarz problems as proposed in (1),
we instead proceed by identifying a characterisation of doubly-periodic lattices of equally-
strong holes in terms of the Schwarz functions of the holes’ boundaries. Like Cherepanov
(1) (and as in (7)), in this paper we restrict ourselves to sets of equally-strong holes whose
boundaries are smooth analytic curves. The Schwarz function, S(z) say, of an analytic curve
I', is the unique function that is analytic in a neighbourhood of " and has the property
(e.g., see (8), Davis (9))

S(z)=% forzeTl. (1.1)

For example, for a circle centred on the origin and of unit radius, S(z) is simply 1/z. In
this paper, we show that a doubly-periodic lattice of equally-strong holes is characterised
by the property that the Schwarz functions of all of its holes’ boundaries are identical up
to additive constants (see Proposition 2.1). The same property was identified for sets of a
finite number of equally-strong holes in (7) (see Proposition 2.3 of the latter). We point
out that one can identify the Schwarz function in Cherepanov (1, equation (2.5)), as well
as in (3, equation (2.11)) and (5, equation (3.6)) - indeed, this is not surprising, as it is in
fact related trivially to one of the Kolosov-Muskhelishvili complex potentials (see equation
(2.14) of this paper). However, the Schwarz function is not identified explicitly in any of
(1), (3), or (5) nor, to the best of our knowledge, in any of the other related literature.
Given this characterisation, we then seek to construct a parameterisation of a doubly-
periodic lattice of equally-strong holes in terms of a conformal map from a circular domain.
To do so, we introduce a certain Schottky group that is generated from this circular
domain. Schottky groups have been used previously to construct conformal mapping
parameterisations of numerous classes of singly-periodic lattices, a recent example of which is
presented by Baddoo & Crowdy (10) (this describes singly-periodic domains with polygonal
holes); other examples can be found in (8). However, to date, the use of Schottky groups
for constructing parameterisations of doubly-periodic lattices appears to have been less
common. One example is that which is presented in (11) (this describes doubly-periodic
fluid regions that are formed by the injection of a viscous fluid into a Hele-Shaw cell through
an array of point sources). However, the doubly-periodic lattices that are parameterised in
(11) have a very symmetric structure: their period cells are squares, and each cell contains
just a single, symmetric hole. Whilst it should be possible to adapt this parameterisation
to parameterise square lattices of equally-strong holes with a single, symmetric hole in each
period cell, it does not appear possible to extend it to construct parameterisations of more
general doubly-periodic lattices of equally-strong holes. In this paper, to construct such a
parameterisation, we use a similar type of pre-image domain to that which was used in (11)
(although it is not restricted by the same symmetries - see section 3.1), but a different type
of Schottky group. Indeed, the group that we shall use in this paper is of a different type
to that which is used throughout (8). The Schottky group that is used in (8) (which is also
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the type of group that was used in (7) and also for the aforementioned parameterisations
of singly-periodic lattices such as that in (10), as well as by Antipov (12) to construct a
parameterisation of sets of any finite number of equally-stressed elastic inclusions) is one that
is generated by a set of Mdobius transformations, each of which ‘pairs’ one of the boundary
circles of a corresponding circular domain (generally a pre-image domain, as it is in (7) and
(10)) with its reflection in one of the other boundaries of this domain. (The group that was
used in (11) is in fact a special subset of a group of this type - see also Vasconcelos et al
(13).) The group that we use in this paper (see section 3.2) differs from that in (8) in that
one of the Mobius transformations from which it is generated (which we label by 6y ({)
- see equation (3.7)) pairs two of the boundaries of the pre-image circular domain with
one another. (We also point out that Belokolos et al (14, Chapter 5) use other different
types of Schottky groups, albeit in the context of constructing solutions of certain nonlinear
integrable equations rather than conformal mapping parameterisations.) We construct an
exact, explicit formula for our parameterising conformal map in terms of certain functions
that are associated with this group, namely its integrals of the first kind. This formula is
stated by equation (3.18) (equivalently, (3.19)). This map is quasi-automorphic with respect
to our group - i.e., it is invariant under the action of this group, up to additive constants
(e.g., see Ford (15)). However, this map must be univalent in the closure of our pre-image
circular domain. We conjecture a condition that is necessary and sufficient for this to be
the case, or equivalently, that is necessary and sufficient for the existence of the class of
doubly-periodic lattices of equally-strong holes that are described by our parameterisation
(see Conjecture 3.4). However, we are unable to prove this condition here, and instead
are only able to verify it numerically for specific cases. Some examples of doubly-periodic
lattices of equally-strong holes that we computed using our parameterisation are presented
in section 4.

Finally, we point out that we do not claim that our parameterisation describes all doubly-
periodic lattices of equally-strong holes. Furthermore, in this paper we restrict our attention
almost solely to the parameterisation of such lattices, and leave an analysis of their physical
properties for elsewhere.

2. Problem formulation

Consider an infinite, homogeneous, isotropic elastic plate that is perforated by a doubly-
periodic lattice of holes. Suppose that the plate lies in a complex z-plane (z = x + iy). Let
A denote the (infinite) doubly-periodic domain that is occupied by the perforated plate,
and OA denote the boundary of A (i.e., the union of the boundaries of all of the holes in
A). Furthermore, let A denote the closure of A (throughout this paper we use the ‘overline’
notation with respect to a domain to denote its closure). Next, let A denote the doubly-
periodic lattice of holes in A (A = C\ A). Label the two periods of A - equivalently, of
A - by A1 and Ay. We allow A; and Ay to take any (non-zero) complex values such that
0 < arg{A2/M\1} < 7 (without loss of generality). Let D denote a single period cell of A.
Suppose that D contains N > 1 holes (where N is finite), i.e., D is an (N + 1)-connected
domain. An example with NV = 3 is sketched in Fig. 1. Label the holes in D by Dj,
j=0,1,..,N — 1. Furthermore, for j = 0,1,..., N — 1, label the boundary of D; by 0D;.
Let £ denote the outer boundary of D. Label the four sides of £ by £;, j =1, ...,4, where
these are arranged in this order in the clockwise direction around D, and £; maps onto L3
under z — z+ A, and Lo maps onto L4 under z — z+ A;. Of course, to a large extent, the
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precise shape of £ may be chosen arbitrarily (although obviously there are choices for it that
are more natural than others when A is symmetrical). Furthermore, it is not necessary to
specify the precise shape of £ in order to determine a parameterisation of A as a whole. We
shall not specify the precise shape of L a priori. Instead, this will be fixed automatically by
the parameterisation that we are ultimateljz going to construct. In addition, let 0D denote
the complete boundary of D, i.e., 0D = _01 0D; U L, where £ = U?=1 L;.

j=

Lo

Fig. 1 A section of an infinite domain, A, that contains a doubly-periodic lattice of holes with
periods A1 and A2. D is a single period cell of A.

Ly

Now suppose that our perforated plate is in a state of plane stress. We denote the
components of the corresponding stress field as follows. Let o, (z,y) and o, (z, y) denote the
normal stresses in the z- and y-directions, respectively, and 7,,(x,y) denote the shearing

stress at a point (x,y) € A. Furthermore, let o, (z,y) and 7,:(z,y) denote the traction
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components in the normal and tangential directions, respectively, at a point (z,y) € JA,
where we mean the normal direction pointing into A. In addition, let o¢(z,y) denote the
traction component in the tangential normal direction - i.e., the hoop stress - at a point
(z,y) € OA. These components are related by

Ut(xay)+an(x’y) :am(:c,y)+0y(x,y), (213)
Ot(mv y) - Un(xa y) + 2i7—nt($7 y) = QQW(Ly) (O-y(x’ y) — 0z (mv y) + QiTwy(x’ y)) ) (2'1b)

for points (z,y) € 0A, where J(x,y) denotes the angle that the normal direction to 9A
(pointing into A) at a point (z,y) € OA makes with the positive z-axis (see Fig. 1).

As in (1), suppose that uniform loadings are applied in the normal and tangential
directions along JA, i.e.,

Un(ajay) =D, Tnt(xay> =7 for (-'L',y) € aAa (22)

for some constants p and 7. Then, the holes of the doubly-periodic lattice A are said to
be equally-strong if (and only if) the induced hoop stress, o.(x,y), takes the same constant
value along all of their boundaries, i.e.,

o(z,y) =0 for all (z,y) € A, (2.3)

for some constant o. In this paper, as in (1), we shall also assume the stress field to be
bounded at all points in A, including at infinity. As stated in section 1, our aim is to
construct a parameterisation of doubly-periodic lattices of equally-strong holes.

As in (1), we will make use of the Kolosov-Muskhelishvili complex potentials (e.g., see
Muskhelishvili (16)), denoted here by ®(z) and ¥(z). ®(z) and ¥(z) are analytic for all
z € A, except possibly at infinity. They are related to the components of the stress field by

oz(z,y) + oy(z,y) = 4Re{P'(2)}, (2.4a)
oy(@,y) — 0x(2,y) + ity (2, y) = 2 (29" (2) + ¥'(2)) (2.4b)

for all z € A, where here and throughout this paper we use the notation ’ with respect to
a function to denote its derivative.

2.1 Formulation in terms of the Schwarz function

As stated in section 1, in this paper (as in (1)) we restrict ourselves to the consideration
of lattices whose holes have boundaries that are smooth analytic curves (so they contain
no corners or cusps). Then each of these boundaries possesses a Schwarz function. We
shall now derive a characterisation of doubly-periodic lattices of equally-strong holes that
identifies them in terms of properties of these Schwarz functions. For j =0,1,..., N — 1, let
S;(z) denote the Schwarz function of 9D;.

PROPOSITION 2.1. A is a doubly-periodic lattice of equally-strong holes if and only if, for
all z € D,

(i) So(z) is analytic and single-valued,
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(i)
So(z+ X)) =So(2) +1; forj=1,2, (2.5)
for some complex constants 1, j = 1,2,

(iii) and when N > 1,
Sj(z) =8o(z)+7; forj=1,.,N—1, (2.6)

for some complex constants v;, 7 =1,...,N — 1.

Proof. First, suppose that A is a lattice of equally-strong holes. It follows from (2.1a), (2.2),
(2.3) and (2.4a) that
4Re{®'(2)} =0 +p (2.7)

for z € OA. But for all finite z € A, Re{®'(z)} is harmonic since ®(z) and hence ®'(z) are
analytic. Furthermore, since the stress field must be bounded for all z € A including at
infinity, it follows from (2.4a) that Re{®’(z)} must also be bounded at infinity. One may
then deduce that (2.7) must in fact hold for all z € A (including at infinity). It then follows
that ®'(z) = (0 +p +ic1)/4 for z € A, for some real constant ¢1, and hence that

P(z) = (0—1—]1%101)2 +co for z € A (2.8)

for some complex constant co. The values of ¢; and co do not affect the stress field (as
follows from (2.4)) and are not needed hereafter, so we will not specify them.
Now, given (2.8), it follows from (2.1b), (2.2), (2.3) and (2.4b) that

V' (2) = ae” 2@V for z € HA, (2.9)

where a is the constant
g—p
2
But the unit tangent at a point z along JA, pointing in the direction with the interior of
A on the left, is given by dz/ds, where s denotes arc length measured along JA with the
interior of A on the left. It follows that the unit normal pointing into A at this point is
idz/ds. Hence

a= +ir. (2.10)

ds
Now consider the boundary of just one of the holes in A, say 9Dy. From the general theory
of the Schwarz function (e.g., see Davis (9)), we have

-2
e W@y — _ <d2> for z € OA. (2.11)

-2
S(z) = <dz> for z € 9D,. (2.12)
ds
Hence, combining (2.11) and (2.12), it follows from (2.9) that
V' (2) = —aS)(2) (2.13)

for z € 9Dy. But ¥(z) is analytic for all finite z € A and Sp(z) is analytic in a neighbourhood
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of 9Dy. Hence one may deduce by analytic continuation that (2.13) must in fact hold for
all z € A, and hence that

U(z) = —aSo(z) + ¢ for z € A, (2.14)

for some complex constant ¢y. Hence Sp(z) must be analytic for all z € A, except possibly
at infinity. (We also point out that, since the stress field must be bounded at infinity, it
follows from (2.4b) and (2.8) that so must be ¥/(z) and hence also §)(z).) Furthermore, now
let ug(z,y) and uy(z,y) denote the displacements in the z- and y-directions, respectively,
associated with the stress field in A. Then (e.g., see (16, section 32)),

ueley) + iy ,9) = 5 (+0(:) = FC) - TE)) (2.15)

where p is the shear modulus and « is defined in terms of Poisson’s ratio v by k = (3 —
v)/(1 4+ v). These displacements are necessarily single-valued in A. Thus, given (2.8) and
(2.14), it follows from (2.15) that Sp(z) must be single-valued in A.

Now, by the same reasoning as that which lead us to (2.14), one may deduce that the
same relationship must hold between ¥(z) and the Schwarz function of the boundary of
any other hole in A, up to a possibly different additive constant instead of ¢y. Hence the
Schwarz functions of the boundaries of all of the holes in A must be identical up to just
additive constants. In particular, for N > 1, (2.6) must hold for z € A. But furthermore,
for j = 1,2, label the image of D under the translation z — z + A; by Dy,. Also, label
the image of 9Dy under this translation by 0Dy, and the Schwarz function of 9Dy, by
So,x;(2). Then, for j = 1,2, we must also have '

Son, (2) = So(2) + Aj — 5, (2.16)

for z € A, for some complex constant ;. But for z € 0Dy, we have z + \; € 0Dy »;, and
thus it follows from (1.1) that

807)\j(Z+Aj) = Z—FAJ :So(Z)—FAJ (217)

But, by analytic continuation, one may deduce that (2.17) must in fact hold for all z € A.
It then follows from (2.16) and (2.17) that (2.5) must also hold for z € A.

Thus, we have proved that if A is a lattice of equally-strong holes, then the properties
(i)—(iii) of the statement of the proposition all hold (in fact, they all hold for all z € A,
except that Sp(z) might not be bounded at infinity, as mentioned above).

One may prove the converse as follows. Assuming (i)—(iii) of the proposition statement,
one may show (largely by simply reversing some of the arguments that were used in the
first part of this proof) that ®(z) and ¥(z) as given by (2.8) and (2.14), respectively, define
complex potentials of a stress field that satisfies (2.2) and (2.3) (and is bounded at all points
in A, including at infinity). O

We highlight the fact - demonstrated in the above proof of Proposition 2.1 - that the
Schwarz functions of the boundaries of all of the holes of a doubly-periodic lattice of equally-
strong holes are identical up to additive constants. One can show that these constants
cannot all equal zero; for example, this follows from (2.16) and the fact - which we show in
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the final paragraph of section 6 - that (\; — ;) # 0 for at least one of j =1 and j = 2. We
have not investigated the full ranges of the possible values of the constants p;, j = 1,2, and
Vi, j =1,...,N — 1, that appear in (2.5) and (2.6). Also, the only physical interpretation
that we provide for these constants is that which is evident from the relationship (2.14)
between the complex potential ¥(z) and the Schwarz function Sp(z). Also in section 6,
using Proposition 2.1, we make some checks on the balances of forces and moments for a
doubly-periodic lattice of equally-strong holes. There, we also derive formulae for some of
these forces and moments.

3. Parameterisation by conformal mapping

Given Proposition 2.1, we are now going to construct a parameterisation of a class of doubly-
periodic lattices of equally-strong holes in terms of a conformal mapping. (As stated in
section 1, we do not claim that this parameterisation describes all such lattices.)

3.1 The pre-image domain, D

We shall first describe our pre-image domain, which we denote by D. An example with
N = 3 is shown in Fig. 2. To begin, first let D’ be an (N +2)-connected circular domain (by
a circular domain, we mean a domain whose boundaries are all circles) that consists of the
open unit disc D (i.e., centred on the origin, of unit radius) with N + 1 (mutually disjoint)
discs excised from its interior. We label the outer unit boundary circle of D’ by Cy, N — 1
of its inner boundary circles by C;, j =1,..., N — 1, and its two remaining inner boundary
circles by Cy and C_ . So the complete boundary of D’ is 0D’ = U;.V:_Ol C; UC_nyUCN.
For j =0,1,..., N, —N, we label the centre and radius of C; by J; and g;, respectively (so
in particular, 6o = 0 and go = 1). It is with no loss to the range of the class of lattices that
are to be described by our parameterisation that we may fix §_ completely at some point
on the real axis, and fix J to be real (for example, we may always do so by the application
of an automorphism of D (see (3.1) below)). For the time being, however, we shall only fix
6_n and dy to both be real, and use the remaining degree of freedom that we have at our
disposal to assume that the origin is contained strictly in the interior of D’. (We make the
latter assumption simply for convenience; shortly, we will be considering the reflection of D’
in Cp, and it is convenient to only have to discuss the case when this extends to infinity in
all directions.) However, we point out that our parameterisation is still valid if one should
wish to take one of the inner boundary circles of D’ to contain the origin in its interior (or
to pass through the origin) - indeed, we do so for some of the examples that we present in
section 4. Furthermore, without loss of generality, we label the circles Cy and C_y such
that d_n < dn.

In addition to the above, we introduce a smooth, simple, open curve ¢ that has endpoints
at (4 that lie on C1y, respectively, and which otherwise lies entirely in D’. Furthermore,
we take (x = On(C_n), where Oy () is to be defined in the next section (see (3.7)). We
shall not need to make any further specification of ¢ for the time being. We describe how
our choice of ¢ affects our parameterisation in section 4. We also label by ¢_ and ¢ the
sides of ¢ that are on our left and right, respectively, as we traverse it from (_n to (. The
introduction of ¢ reduces D’ to an (N + 1)-connected domain, the complete boundary of
which is 9D = U;\:Ol C; UL where L=/¢_UC_ny U/l; UCy. It is this (N 4 1)-connected
domain that we denote by D. Again, see Fig. 2 for an example.



10 J. S. MARSHALL

Fig. 2 An example of our pre-image domain D.

3.2 An associated Schottky group, ©

We now introduce the following elementary transformations. First, note that a map (¢)
is an automorphism of the unit disc D if and only if

wo = (£5). 1)

for some « € [0,27) and 8 € D. Next, for j = 0,1,...,N,—N, we define the reflection of a
point ¢ in the circle C; to be ¢;(¢) where

2
q.
0i(()=08; + =2— forj=0,1,..,N,—N, (3.2)
J J (C _ 5])
so that
v;(()=¢ for(eCj,j=0,1,..,N,—N, (3.3)
as one would expect. In particular, for j = 0, we have o(¢) = 1/¢. Note that

again as one would expect (as reflection in a circle should be a self-inverse transformation).
We also introduce

Then, as follows from (3.3) and (3.5),

$;(¢)=( for¢eCj, j=0,1,..,N,—N. (3.6)

In particular, for j = 0, we have ¢o(¢) = 1/¢.
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Using the above transformations, we are now going to generate a special group of Mdbius
transformations, which we will denote by ©. First, we seek the most general Mobius
transformation that maps C'_y onto Cy and the exterior of the former onto the interior of
the latter. We shall denote this transformation by 6x(¢). One may think of 0x(¢) as the
composition of the transformation ¢ — ({ —d_n)/q—n followed by the automorphism ()
that is given by (3.1), followed by the inversion ¢ — 1/¢ (i.e., ¢o(()), followed finally by the
map ¢ — (¢n¢ + dn), and check that this gives

BC— (Bo_n + Q—N)>
¢C—(0-n+PBeg-n) )’

Next, we define Oy11(() to be the image of ¢ under the composition of reflection in Cy,
followed by 6x(¢), followed by reflection in Cy again, i.e.,

On+1(¢) = w0 (O (0(C)))- (3.8)
Using (3.2) and (3.7), one may check that

(6_n +Bg-n)¢—1
(6n(6—n + Ba—n) + qve ™ *(Bo_n + q-n)) ¢ — (On + Bqneia)’

On(C) = On + gne'® ( (3.7)

On+1(C) = (3.9)

Finally, for j = 1,..., N — 1, we define 6,({) to be the image of { under the composition of
reflection in Cy followed by reflection in C';. One may check that

;¢ .
0;(0) = ¢ (9o () = 9 + 7 50 for j=1,..,N -1 (3.10)

- Y

Now, we label the reflection of D’ in Cy by D’ ;. D’ is the (N + 2)-connected domain
that is bounded by the circles Co, C_(n41), C(n41) and C_j, j = 1,..., N — 1, where
C_(n+1) and Cny1 denote the reflections in Cp of C_n and Cy, respectively, while for
j=1,..,N —1, C_; denotes the reflection in Cy of C;. Furthermore, we introduce the
2(N + 1)-connected region, F', that is defined by

N+1
F=D'uD,u ¢ (3.11)
j=0
So the boundary of F is
N+1
oF = | J (C_;uCy), (3.12)
j=1

but while C;, j = 0,1,..., N + 1, are contained in F', C_;, j = 1,...,N + 1, are not. Note
also that, since (by our assumption) the origin is contained in the interior of D’, then D’ |
and hence F' extend to infinity in all directions. See Fig. 3 for an example.

The maps 0;(¢), j =1,...,N + 1, are Mobius transformations. One may check that 6,(()
maps C_; onto C; and the exterior of C_; onto the interior of C; (as already stated for
j = N). Then one may check that the set, ©, that consists of all unique compositions of
the maps 0;(¢), j =1,..., N + 1, and their inverses, is a (classical) Schottky group (e.g., see
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Fig. 3 Sketch of (a section of) the fundamental region, F, that is generated from a domain D of
the type shown in Fig. 2 (with N = 3). F' is bounded by the circles C;, j = £1,£2,+N, £(N + 1)
(Co is not a boundary of F') and extends to infinity in all directions. For j = 1,2, N,N+1, C_; is
mapped onto C; by the map 6;(¢).

Crowdy (8), Belokolos et al (14), Baker (17)). We refer to the maps 6;(¢), j =1,...,N+1,
as the generators of ©. Furthermore, the region F' is a fundamental region of ©; one can
show that the images of F' under all elements of © are mutually disjoint and cover the whole
of the {-plane, the only exception being an infinite set of points known as the limit points
of © (these are the points that can only be reached as the image of a point in F under a
composition of infinitely many of the generators of © and their inverses).

In addition to the above, for j = 1,..., N 4 1, we let b; denote a simple, open curve that
lies entirely in F' and connects an arbitrary point (_; on C_; to the point {; = 6;((—;)
on Cj, and does not intersect by for K = 1,..., N + 1,k # j. Introducing these curves b;,
j=1,..,N +1, reduces F to a (N + 1)-connected region. In particular, we take by to
be our curve £. Furthermore, we take byy1 to be the reflection of ¢ in Cy, which we also
label by £_;1. As will become evident (see section 4), we shall not need to make any further
specification of b;, j =1,...,N — 1.
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Furthermore, for j =1,..., N + 1, we use 6_;({) and Hjl(C) to both denote the inverse of
0;(¢). And for n € Z, we use 07 (() to denote the ‘n-th power’ of 6;(¢) in the obvious way,
e.g., 9;2(0 =0%,(¢) = 0-;(0-5(C)), 0% (C) = ¢, etc. Also, we denote the image of a set of
points under a map in the obvious way, e.g. 6;(D) denotes the image of D under 6;(¢).

Finally, we mention briefly that one could transform D by the application of a Mobius
transformation that maps C'_ and Cy onto a pair of concentric circles, labelled C_y and
Cn respectively, say, centred on the origin and of radius 1 and ¢ respectively, for some
0 < ¢ < 1. Then a special case of the map (the analogue of Ox(¢)) that pairs these two
circles, is of the form é(C) = ¢el9(, for & € R. Then, considering in particular N = 0,
it should be evident how (via a logarithmic transformation) one can make a connection
between the functions to be used in this paper (to be introduced next) and elliptic functions
(with periods 1 and (& —iln§)/(27), where the latter is purely imaginary only if & = 0).

3.2.1 The integrals of the first kind

For any Schottky group, there exist what are known as its integrals of the first kind (e.g.,
see (14), (17)). For our group O, we denote these by v,;((), j = 1,..., N + 1. They are
defined by the following properties (i)—(iii):

(i) For j =1,...,N + 1, v;(() is analytic for all ( € F.
(i)
?gdvj(() =— §£ dvj({) =6, forjk=1,..,N+1, (3.13)

Ck C—k

where we integrate around Ciy in the direction with the interior of F' on the right
(i.e., in the anticlockwise direction), and d; ; denotes the Kronecker delta function.

(iii) For all ( € F,
v;(0k(C)) —v;(¢) =Tjr forjk=1,..,N+1, (3.14)

for some constants 7%, j,k=1,..., N + 1.

It is evident from (3.13) that v;(¢), j = 1,..., N + 1, are multivalued. Thus we should really
state (3.14) for defined branches of v;(¢), j = 1,..., N + 1, in order to make the constants
Tiks J,k =1,..., N 4+ 1, definite. We shall take these branches to be ones with branch cuts
along the curves b;, j =1,..., N + 1, and their images under all (non-identity) maps in ©.
Equivalently, one could interpret (3.14) as

/ de(C) =7, forjk=1,...,N+1, (3.15)
by

where we integrate along by from (_j to (. With such a set of cuts in place so that the
constants 7, j,k = 1,..., N 4 1, are definite, it is known that they possess the following
properties. Let 7 denote the square matrix of order (N + 1) with 7; 5 the entry in its j-th
row and k-th column for j, k =1,..., N + 1. Then 7 is symmetric and its imaginary part is
positive definite, i.e.,

Tik =Tk, forj k=1, N+1, (3.16)
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and
N+1

Z zjrplm{r; } >0 for all x1,...,xn41 € R, not all zero. (3.17)
jok=1
We add that properties (i)-(iii) above define v;((), j = 1,..., N +1, for all ¢, not just for
¢ € F. This is because (3.14) provides their continuations to all points that lie outside of
F (recall that the images of F' under all elements of © are mutually disjoint and cover the
whole of the ¢-plane, the only exception being the limit points of ©). One may deduce that
v;((), j =1,..., N + 1, are analytic for all ¢ (including at infinity if F' extends to infinity)
except for essential singularities at the limit points of ©. Additional properties of v;((),
j=1,..,N+1, and 754, j,k = 1,..., N + 1, that are specific to the particular Schottky
group O that we have constructed in this paper, are stated by Lemma 7.1 in section 7.

3.3 The conformal map, z(C), and our class of lattices

Committing a slight abuse of notation, we now introduce the function z(¢) which we define
by

2(¢) = =N (C) + p2vn11(¢) + ¢, (3.18)
where ¢ is a (complex) constant. It follows from (7.1) that one may also write (3.18) as
2(¢) = =N (€) — povN (C) + ¢, (3.19)

where ¢ is another constant.

LEMMA 3.1. z(¢) is analytic for all ¢ € F' and possesses the properties

¢ (0 = § a:0) = e (3.20)

Cn o
¢ eO=- ¢ @0 -m (3.200)

On1 Cov+1)
z(On(Q)) = 2(Q) + A1, (3.21a)
2(On+1(€)) = 2(C) + pa, (3.21D)
with

M = —X2TN,N + H2TN+1,N» (3.22a)
M1 = —A2TN4+1,N — M2TN.N, (3.22b)

where in (3.20) we integrate around Ciy and Cy(y4q) in the anticlockwise direction.
Furthermore, when N > 1,

%dz(() =— % dz(¢)=0 forj=1,..,N—1, (3.23)
Cj C-j

z2(0;(¢)=2()+~; forj=1,.,N—1, (3.24)
with
Yj = —AaTj,N + W2Tj N- (3.25)
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Proof. It follows from property (i) of the integrals of the first kind listed above, that z({)
is analytic for all ¢ € F. Next, it follows from (3.13) that z(¢) also possesses the properties
(3.20) and (3.23). Furthermore, it follows from (3.14) that

Z(GJ(C)) = Z(C) — )\QTN’J‘ + HoTN 1,5 for j=1,.,N+1. (326)

Then (3.21), (3.22), (3.24) and (3.25) follow from (3.26) given (3.16), (7.2a) and (7.2¢). O

Evidently, given the properties (3.20), z(¢) is multivalued. However, as one may deduce
from our earlier remarks on the integrals of the first kind (see the paragraph that follows
our statement of their properties (i)—(iii)), z(¢) is single-valued when ( is restricted to our
pre-image domain D (£ is a branch cut of z(¢), as is /_; and all images of ¢ and ¢_; under
all (non-identity) maps in ©). Furthermore, in view of (3.21) and (3.24), z({) is evidently
quasi-automorphic with respect to ©.

We now take D to be the image of D under z(¢). Furthermore, for j =0,1,...,N — 1, we
take 9D; to be the image of C;. We also take L;, j =1,...,4, to be the images of /_, C_y,
£y and Cl, respectively, so that £ is the image of L (we have attempted to highlight these
correspondences in Figs. 1 and 2). As we will now demonstrate, it is due to the properties
(3.20a) and (3.21a) of z(¢) that D is a period cell of the doubly-periodic domain exterior
to a lattice of holes with periods A; and Ay, while it is a consequence of the additional
properties (3.20b), (3.21b) and (3.24) that this lattice is in fact one of equally-strong holes.
The only caveat to this is that we must also assume the additional conditions on z({) that
are stated in our next proposition.

PROPOSITION 3.2. Suppose that z(¢) is univalent for ¢ € D and that 2/(¢) # 0 for all { € L.
Then D is a period cell of a doubly-periodic domain with periods A; and As.

Proof. Since z(¢) is analytic, univalent and also bounded for all ( € D (one may deduce
the last of these properties from the properties of the integrals of the first kind - see section
3.2.1), it follows from the general theory of conformal mapping that D is a bounded (i.e., it
does not extend to infinity) (N + 1)-connected domain. One may show that £ is the outer
boundary of D as follows. Consider the integral gSL dlog 2’(¢), where we integrate around L
in the clockwise direction, i.e., with the interior of D on the left. Since 2/'({) # 0 for ( € L
(and z(¢) is bounded), it follows that this integral is well-defined. We shall evaluate it as
follows. First, recall that, as stated in section 3.2, Cy is the image of C_y under 0x((),
and that 05 (¢) maps the exterior of C_y onto the interior of Cy. It follows that 6x(¢)
traverses Cy in the clockwise direction as ( traverses C_py in the anticlockwise direction.
Thus

dlog 2/(¢) = —§1§ dlog 2/ (6x(0)), (3.27)

CN C'—N

where we integrate around Cy iy in the clockwise direction. But it follows from (3.21a) that

Z(¢)
(<)
Furthermore, since 6y (¢) maps the interior of C_x onto the exterior of Cy, one may also

deduce (from the general properties of M6bius maps) that the only singularity of O5(¢) is a
simple pole that lies in the interior of C_ . Hence the only singularity of 67 (¢) is a double

Z'(On(Q) = (3.28)
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pole that lies in the interior of C_y. Furthermore, the only zero of 6% (¢) is a double zero
at infinity. Then, it follows from the Argument Principle that

— dlog 0} =2. 2
b dosy©) (3.29)
It then follows from (3.27)—(3.29) that
7§ dlog #'(¢) = 4. (3.30)
C_nUCyN
Furthermore, it follows from (3.20a) that
/ dlog 2/(C) = 0, (3.31)
0_Uly

where we integrate along ¢_ from (_x to (i, and along ¢, in the opposite direction. Then,
combining (3.30) and (3.31) gives

5& dlog2'(¢) = 4ni. (3.32)
L

But then, expanding the integral on the left-hand side of (3.32) gives

51% (darg{d=(C)} — darg{dC}) = 4n. (3.33)

And it is straightforward to check that

ﬁdarg{d(} = —2r. (3.34)

Hence, combining (3.33) and (3.34), one arrives at

y%darg{dz(o} = 2m, (3.35)

i.e., the total change in arg{dz(¢)} after ¢ has completed a circuit of L in the clockwise
direction is 27 (rather than —27). Hence one may deduce that £ is the outer boundary of
D. (We also point out that, even though 2'(¢) # 0 for ¢ € L, both dz(¢) and d¢ will vanish
at (4 if £ is tangential to Cyy, respectively, at these points. In such cases, arg{dz({)} is
obviously not continuous along L and so the integral in (3.35) is not well-defined. However,
one may still deduce that the total change in arg{dz(¢)} after ¢ has completed a circuit of
L in the clockwise direction is 2. We omit further details here.)

Next recall that £; and L3 are the images under z({) of /_ and £, respectively. Then,
since z({) possesses the property (3.20a), it follows immediately that L3 is the translation of
L1 by Ao. Furthermore, L2 and £, are the images under z(¢) of C_y and Cy, respectively.
And Cly is the image of C_y under Ox5(¢). Then, since z({) also possesses the property
(3.21a), it also follows that L4 is the translation of Lo by A;. One may then deduce from
the general theory of tessellations that D is a period cell of a doubly-periodic domain with
periods A\; and Ay, [
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We point out that it follows from (3.20a) that the image of D under the analytic
continuation of z(¢) around a circuit of Cy in the clockwise direction (or equivalently,
around a circuit of C_ in the anticlockwise direction) - i.e., the continuation of z({) out
of D across ¢, from the side of /4 to the side of {_ - is the translation of D by As. And
it follows from (3.21a) that the image of Ox (D) under z(¢) is the translation of D by A;.
By extension, one may deduce how, by further continuation of z(¢), one may map out (in a
one-to-one manner) the whole of the doubly-periodic domain - say A - of which D is a single
period cell. In particular, the pre-image of the whole of A consists of |, 03 (D), plus all
copies of this union (where, by a ‘copy’, we mean a region that is reached by continuation
across 03 (¢), for some m € Z).

Evidently, we have yet to prove that z(¢) is univalent for ¢ € D and that 2'(¢) # 0 for all
¢ € L. We shall address these conditions again after the statement of our next proposition,
3.3. We point out, however, that we do not need to assume these conditions in order to
prove this next proposition. Before stating this result, we point out that, by construction,
0D;, 7 =0,1,..., N — 1, are analytic curves. Then, as in section 2.1, for j =0,1,..., N — 1,
we let S;(z) denote the Schwarz function of 0D;. Furthermore, we introduce the functions
S;(¢), j=0,1,..., N — 1, which we define by

S;(Q) =S;(2(¢)) for j=0,1,...,N —1. (3.36)

PROPOSITION 3.3. For all z € D, Sy(z) possesses the properties (i)—(iii) of Proposition 2.1.

Proof. Tt follows from (3.36), (1.1) and the facts that 9Dy is the image under z(¢) of the
unit circle Cy and ¢ = 1/¢ for ¢ € Cp, that

So(¢) =7 (¢1) (3.37)

for ¢ € Cy, where we define Z(¢) = z({). But since z(¢) is analytic for all ¢ € F, it follows
from the fact that the interior of F' is mapped onto itself by reflection in Cj, as well as the
Cauchy-Riemann relations, that z(1/¢) is also analytic for all { € F. Hence, by analytic
continuation, one may deduce that (3.37) must in fact hold for all ( € F. It follows that
So(€) is analytic for all ¢ € D, and hence that Sy(z) is analytic for all z € D. Next, since
z(() is single-valued in the region that is formed from F' by the introduction of boundaries
along ¢ and ¢_1, then so is Z(1/¢) and hence also Sp(¢). One may then deduce that Sp(z)
is also single-valued for z € D.

Next note that, as ¢ traverses C'y(ny41) in the anticlockwise direction, so 1 /C traverses
C4 N, respectively, in the clockwise direction. Then it follows from (3.20b) and (3.37) that

g§dso<<> _ 55 450(¢) = 7. (3.38)

CN C—N

But it follows from (3.20a) that as ¢ completes a circuit of Cyy in the clockwise direction,
so z(¢) is translated by +Ag, respectively. Thus it follows from (3.38) that (2.5) holds for
j = 2. Furthermore, it follows from (3.21b) and (3.37), together with (3.8) and the fact
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that oo(¢) = 1/, that

S0(On(€)) = 2 (o (On(C)))
=z (On+1(#0(Q)))
= 2(po(C)) + 11
=50(¢) + 11 (3.39)
It then follows from (3.21a) and (3.39) that (2.5) also holds for j = 1.

Finally, if N > 1, using arguments analogous to those that we used to deduce (3.37), one
can show that

S;(¢) = 2(@(()) forj=1,..,.N -1 (3.40)
Then, it follows from (3.24) and (3.40), along with (3.5), the first identity in (3.10) and
(3.37), that
Si(0) = 2(0;(w0(C)) =2 (¢7") +75 = So(¢) +7; forj=1,..,N -1 (3.41)
It then follows from (3.36) and (3.41) that (2.6) also holds. O

It follows from Propositions 2.1, 3.2 and 3.3, that our parameterisation describes a class
of doubly-periodic lattices of equally-strong holes provided z(¢) is univalent for ¢ € D and
2'(¢) # 0 for all ¢ € L (as required by Proposition 3.2). We conjecture the following;:

CONJECTURE 3.4. z(¢) is univalent for { € D and 2/'(¢) # 0 for all ¢ € L if and only if

K2

<L 42
. (3.42)

In other words, we conjecture that our parameterisation describes a class of doubly-
periodic lattices of equally-strong holes if and only if (3.42) holds. Equivalently, we claim
that (3.42) is a necessary and sufficient condition for the existence of the class of doubly-
periodic lattices of equally-strong holes that are described by our parameterisation (recall
that we do not claim that our parameterisation describes all such lattices). However, full
details of a proof of Conjecture 3.4 remain to be resolved and are not presented in this
paper. We have only verified this result numerically for specific cases, including for the
examples that we present in section 4.

We highlight the fact that (3.42) depends only on the parameters Ao and us, which
are defined independently of any parameterisation. We also point out that (3.42) does not
depend on Ay or p;. However, our parameterisation automatically fixes A\; and u1 by (3.22).
In fact, for the class of lattices that are described by our parameterisation, one can show
that (3.42) is equivalent to the condition |u1/A1] < 1, as follows. By elementary algebra
(making use of (7.2b)), one can show that with A\; and pq as given by (3.22), we have

IA)? = P = (IX2)® = |e2l) (Irvv]® = Irvsan?) - (3.43)

But, using (3.17) (with ; =0 for j =1,..., N — 1, 2y = 1 and zn4; = £1), along with
(3.16), (7.2a) and (7.2b), one can show that

|Tn41,nv] < Im{Tn N} (3.44)
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It then follows from (3.43) and (3.44) that in fact |us/X2] < 1 <= |u1/A1] < 1 and
|,u2//\2| =1 < |/1,1/)\1| =1.
This completes the description of our parameterisation.

3.3.1 A limiting case

As a check on our parameterisation - including our conjectured condition (3.42) for existence
- we shall now demonstrate that it retrieves as a limiting case the parameterisation that
is presented in (7), which describes sets of a finite number of equally-strong holes (in an
infinite plane). The holes in the period cell D should coincide with such a set in the limit
as |[A1] and |Az2| tend simultaneously to infinity whilst the sizes and locations of the holes in
D remain finite. It seems reasonable to expect that our parameterisation should describe
this limit as ¢_n, gy and |6y — 6| all tend to 0, and thus in this case, reduce to the
parameterisation of (7). We shall now sketch a demonstration of this.

Let us begin by considering the limit as just ¢_n and gy — 0 (so for the time being
we keep |6y — d_n/| to be of order 1). In this limit, Cy shrinks to the point at diy,
respectively. Then, recalling (3.13), one may deduce that in this limit

on(Q) ~ 5 108(C — ) + O(1) (3.45)

for ¢ in some annular neighbourhood of §4 y, respectively. Let us now also let [0y —d_ x| —
0. More specifically, let us fix d_n = (» where (o, # 0 (recall that we have the freedom
to do this, as is mentioned in section 3.1), and let dy — (. Letting e = dy — (o (nOte
that e > 0 since dy > 0_N = (o), it follows from (3.45) and the series expansion for
log(1 — (¢/(¢ — ())) for |e/({ — ()| < 1, that in the limit as ¢_n, gn, € all — 0,

—&

" 2mi(C = Coo)

for ¢ in some annular neighbourhood of (.. But in this combined limit (i.e., as ¢_n, gn, & —
0), one may also deduce the following. First, both C_x and C shrink to the point at (.,
while C_(y41) and Cny1 shrink to the point at 1/{.. Thus, both D" and D reduce to
the N-connected circular domain that is bounded by the circles Cj, j = 1,..., N — 1. This
is precisely the type of pre-image domain that is used for the parameterisation that is
presented in (7). Meanwhile, F' reduces to the 2(N — 1)-connected region that is bounded
by the circles Cy;, j = 1,..., N —1. Hence, the Schottky group © reduces to the group whose
generators are just the N — 1 maps 6;, j = 1,..., N — 1, and their inverses. Then, recalling
property (i) of the integrals of the first kind (see section 3.2.1), one may deduce that in
this combined limit, vy (¢) must be analytic and single-valued in this reduced fundamental
region except for the simple pole at (. that is stated by (3.46). But furthermore, this
limit of v (¢) must still satisty (3.14) for k = 1,..., N — 1 (for some limiting values of the
constants 7n). Thus, in the limit as ¢_n,qn,e — 0, one may deduce that, up to an
additive constant,

un(¢) +0(e?) (3.46)

on(Q) = == K(C,C), (3.47)

2mi

where the function K((, () is defined in section 3.2 of (7). By using similar arguments,
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one may also show that in this same limit, up to an additive constant,
—£
- ——K((, Y. 3.48
uN+1(C) SmicE (€. ¢x) (3.48)

Hence, it follows that in this limit, (3.18) reduces to

() = 3 (K(c,coo> + ( = <2§o> K<<,c;}>) +c, (3.49)

for some constant ¢/. Then, taking [Aa| ~ O(e71), so that [A\a| — oo while [Aae| ~ O(1), up
to multiplication by a constant (of order 1), (3.49) is identical to the form of the conformal
map for the parameterisation that is presented in (7) - see equation (3.24) of (7) - with

p2 b
N @ (3.50)
where the constant a is defined in (7) in the same way as we define it here (recall (2.9) and
(2.10)), and the constant b is defined by (7, equation (2.3b)) (b relates to the corresponding
loading at infinity). (Note that, as stated in the first paragraph of section 3 of (7), the
parameter (o, that appears in (7, equation (3.24)) may be chosen freely, and in particular,
may be chosen to be real and non-zero.) Hence, in this limiting case, our parameterisation
(both the pre-image domain and the conformal map) for a doubly-periodic lattice of equally-
strong holes, agrees with that of (7). Furthermore, the necessary and sufficient condition
for the existence of finite sets of equally-strong holes that is stated in (7) is [b/a|] < 1 (see
Proposition 4.1 of (7)), and this, combined with (3.50), agrees with (3.42). In particular,
it follows that in this limit with N = 1 - i.e., with just a single hole in each period cell of
the lattice - the shape of this hole must tend to an ellipse, as this is the shape of a single
equally-strong hole in an infinite plane (e.g., see Cherepanov (1)).

Finally, we mention that one could retrieve a parameterisation for a singly-periodic lattice
of equally-strong holes by further consideration of the limit as just g_x and gy — 0 (while
|0 — d—n] is kept at order 1), although we shall not do so in this paper. In this limit,
D is the domain bounded by the circles C;, j = 0,1,..., N — 1, and the cut ¢, which now
joins the points dy and d_pn. (Cherepanov (1) also constructed a parameterisation of a
singly-periodic lattice of symmetric equally-strong holes.)

3.3.2 Some geometrical properties

We conclude this section by presenting some geometrical properties of the doubly-periodic
lattices of equally-strong holes that are described by our parameterisation. To begin, we
introduce the function h((;x) which we define by

h(¢x) = on(Q) +e*Xoy (¢T1)  for x €R. (3.51)

LEMMA 3.5. For j =0,1,..., N — 1, h({; x) maps C; onto a straight slit (i.e., a section of a
straight line) of finite length that is aligned at an angle x to the direction of the positive
real axis.
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Proof. First, for ¢ € Cy, since ¢ = 1/¢,
h(Gx) =N (¢71) + e oy (¢) = e XA (( x). (3.52)

Hence h(¢; x) maps Cy onto a section of the straight line that is aligned at an angle x to the
positive real axis and passes through the origin. Similarly, for j =1,..., N — 1, for ¢ € Cj},
recalling (3.3) and the first equality of (3.10), it follows that

HC0 = ow (65 (T)) + e un (0-5(0))
=ox (1) +e N (Q) + TN — e XN
_ e—QiX (h(Ca X) _ Tj,N) + W’ (353)

where the second equality follows from (3.14) and (3.16). Hence for j =1,..., N =1, h({; x)
maps C; onto a section of the straight line that is aligned at an angle x to the positive real
axis and passes through the point 7; . Finally, since h({; x) is also bounded for all ¢ € 9D
(this follows from the properties of the integrals of the first kind - see section 3.2.1), then
the slit images of Cj, j =0,1,..., N — 1, under h((; x) are all of finite length. [

PROPOSITION 3.6. If |2 /A2 = 1, then for j =0,1,..., N — 1, 9D; is a straight slit of finite
length that is aligned at an angle % arg {Aap2} + 7 to the direction of the positive real axis.

Proof. With |u2/A2| = 1, it follows from (3.19) and (3.51) that z(¢) = —A2h((; ) +¢, where
X = 3 arg {ua/A2}. The result then follows immediately from Lemma 3.5. [J

Assuming our Conjecture 3.4, it follows from Proposition 3.6 that certain doubly-
periodic arrays of parallel slits form a special class of lattices of equally-strong holes,
albeit a degenerate one: it follows from (2.4b), (2.8), (2.9) and (2.11) that the stress fields
corresponding to these lattices have singularities at the endpoints of the slits. Recall (see
the first paragraph of section 2.1), that we have otherwise been restricting ourselves to
lattices whose holes have boundaries that are smooth analytic curves. Some examples of
doubly-periodic lattices of parallel slits that we computed using our parameterisation are
shown in section 4. We point out that certain arrays of a finite number of parallel slits form
a special class of sets of (a finite number) of equally-strong holes (e.g., see (7)).

For the rest of this section, we suppose that |p2/Az| # 1. It follows from (3.19) and (3.51)
(after some elementary algebra) that one may write

Z(C):H(C;X)+H(C;X+g>+é (3.54)
for any x € R, where we define
H(GX) = i 00R(G ) +it200h (G x + 5 ) (8.55)
with ¢1(x), t2(x) € R defined by
100 +it2(0) = T() = —5 (s + 726 (356)

Note that with |pua/Aa| # 1, for all x € R it follows from (3.56) that T'(x) # 0, and hence
from (3.55) that H((;x) (considered as a function of {) is not identically zero.
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LEMMA 3.7. For j =0,1,....,. N — 1,

(i) H(¢;x) maps C; onto a straight slit of finite length that is aligned at an angle x to
the direction of the positive real axis;

(ii) each point on this slit is the image under H((; x) of two distinct points on Cj, except
for the two endpoints of this slit, each of which is the image of just a single point on
C;.

Proof. Property (i) follows immediately from Lemma 3.5. Now let H'((;x) denote the
derivative of H((;x) with respect to (. For j =0,1,...,N — 1, H'({; x) has a simple zero
at each of the two points on C; that maps to one of the two endpoints of the slit image
of C; under H((; x). However, it follows from (3.51), (3.55), (3.56) and properties (i) and
(iii) of the integrals of the first kind (see section 3.2.1) that H((; x) is analytic for all ( € F'
(including at infinity) and also quasi-automorphic with respect to ©. It then follows from
Lemma 8.1 that H'(¢; x) must have exactly 2(N + 1) zeros in F, at least two of which must
be at infinity. Thus, one may deduce that for j = 0,1, ..., N — 1, the aforementioned zeros
of H'({;x) on C; (which correspond to the endpoints of the slit image of C; under H((; x))
must be the only zeros of H'(¢; x) on C;. Hence follows property (ii). O

Now, following an approach similar to one taken by Garabedian and Schiffer in (18), we
prove the following result.

PROPOSITION 3.8. If |uua/A2| # 1, then for j =0,1,..., N — 1, D; is a convex curve.

Proof. Tt follows from (3.54) with x = 0, and (i) of Lemma 3.7, that for j =0,1,.... N — 1,
and ¢ € C},

Re{z(¢)} = Re{H(¢;0)} +a, (3.57)

where @ is the constant real value of H ({;7/2) + ¢. It then follows from (3.57) and (ii) of
Lemma 3.7, that for ¢ € C}, each value of Re{2({)} is attained exactly twice, except for its
maximum and minimum values, which are each attained just once. Hence, any vertical line
that intersects 0D;, does so at exactly two points, except for lines through the two points
where Re{z(¢)} attains its maximum and minimum values, respectively. But by the same
reasoning, other than starting from (3.54) with any value of x, one may deduce that any
straight line (of any inclination) that intersects 0D;, does so at exactly two points, except
for tangent lines, which intersect 9D; at a single point. Hence one may deduce that 0Dy is
a convex curve. [

We remark that one may deduce from Proposition 3.8 that for |ua/A2| # 1, 2({) is
univalent for ¢ € Cj, for j = 0,1,..., N — 1. This observation may assist with a possible
proof of Conjecture 3.4. We also add that Grabovsky & Kohn (3) point out that the
boundaries of the inclusions in the doubly-periodic lattice that they parameterise are also
convex curves. Furthermore, one can show that the boundaries of equally-strong holes of
finite sets are also convex curves (e.g., by applying arguments similar to those used above
to the parameterisation that is presented in (7)).
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4. Examples

In this section we present some examples of doubly-periodic lattices of equally-strong holes
that we computed using our parameterisation. Further details of how we performed these
computations are provided in section 9.

We first point out that, in order to specify our parameterisation completely, we must
specify values for the parameters §; and g;, for j = 1,..., N,—=N, and a, 3, ¢, A2 and po
(the latter two appear explicitly in our form (3.18) for z(¢)). However, we must also fix
which branch of z(¢) that we wish to take, or rather, fix our branch cuts for z(¢) (obviously,
different branches of z(¢) with the same cuts differ only by additive constants). As stated
earlier (see the paragraph after the proof of Lemma 3.1), the branch cuts of z({) consist
of ¢, £_; and the images of both of these curves under all (non-identity) maps in ©. So
these cuts are determined solely by our choice of ¢ (recall that ¢_; is the reflection of ¢ in
Cy). However, one may deduce from (3.18) and the properties of the integrals of the first
kind (see section 3.2.1) that the only effect that changing these branch cuts of z(¢) has
on any lattice that is described by our parameterisation, is to change the corresponding
values of 7; 5, 7 = 1,..., N + 1, and hence those of A1, 11 and v;, 7 =1,..., N — 1, as given
by (3.22) and (3.25). It then follows that, having specified the parameters ¢; and g;, for
j=1,..,N,—N, and «, 8, ¢, A2 and o, in order to obtain the full range of lattices that
are described by our parameterisation for these parameter values, we need only to be able
to determine the full range of the possible corresponding values of 7w, 7 = 1,..., N + 1.
But it follows from (3.15), taking kK = N and recalling that we take by to be £, that

TiN = /dvj(C) forj=1,...,N+1, (4.1)
¢

where we integrate along ¢ from its endpoint (_x on C_y to its endpoint {(y = On({_N)
on Cy. We have yet to specify ¢ beyond what was said about it in the final paragraph
of section 3.1. However, suppose that the values of 6; and g;, for j = 1,...,N,—N, and «
and 8 have been specified. Furthermore, suppose that /is a particular choice for ¢ in this
case, and that 7; y is the corresponding value of 7; v, for j = 1,..., N + 1. Then it follows
from the properties of the integrals of the first kind, that for any other choice of £ we have
Tjn =Tjn for 5 =1,.., N —1, N + 1, while the set of all possible values of 7x n is simply
{7n.n+m|m € Z}. (We omit further details here, except to mention that one must allow for
the fact that £ may spiral around C_ or C'y or both, and recall in particular the property
(3.13).) Hence, having specified the parameters d; and g;, for j = 1,..., N,—N, and «, £,
¢, A2 and pig, in order to obtain the full range of the possible corresponding values of 7; y,
j=1,...,N+1, we need only to compute these values for just a single choice of the curve /,
say / (as all other possible values of them are trivially related to those that correspond to f,
as we have just described). For brevity, we omit details of the specific choice that we made
for £ in order to compute the examples that we present next. We also point out that since
2(¢) is constructed in terms of only vy (¢) and vy11(¢) and none of the other integrals of
the first kind, one may deduce that our parameterisation does not depend on our choice of
the curves b, j =1,..., N — 1.

We also point out that for all of the examples presented here, we picked Ay and us to
satisfy the condition (3.42).

An example of a ‘square’ lattice of equally-strong holes computed using our
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parameterisation with N = 1 - i.e., with one hole in each period cell - is shown in Fig.
4. In order to compute this example, we first fixed Ay = i, puo = 0, gy = 0.05 and
a = =0. We also fixed _y = —dn. We then solved the (now real) constraint (3.22a)
numerically (using a Newton-type iteration) for the value of dy that gives Ay = 1, and
found this to be 5 = 0.582082 (to 6 decimal places). This gives A\; = 1.000000. From
(3.22Db), these values also give p = 0.222786. We also took ¢ = —0.209266.

2 N

D O O O ¢
D O O O ¢
D O O O ¢
R

Fig. 4 An example of a ‘square’ lattice of equally-strong holes computed using our
parameterisation with N = 1. For this, A\; = 1.000000, A2 =i, pu1 = 0.222786, u2 = 0.

As stated in section 3.1, it is with no loss of generality to the class of lattices that
are described by our parameterisation that we may fix d_ completely and dn to be
real. Furthermore, evidently our parameterisation allows us to choose Az, since it appears
explicitly in (3.18). Also, obviously the constant ¢ that appears in (3.18) corresponds simply
to a translation, which one could think of as fixing the location of the centroid of one of
the holes of the parameterised lattice, say Dy. Then, of the eight real parameters that are
represented by dn, q1n, @, S and ps (recall that 5 and po are complex), it seems natural
to think of two as corresponding to A\; and of one as corresponding to the area of one of
the holes, say Dy again. We make the following observations. Comparing Fig. 4 and Figs.
ba—bd, it appears that increasing |0n —d_ x| increases the area of Dy and the real part of A;.
Furthermore, comparing Figs. 5¢ and 5d, it appears that moving dy and §_ closer to Cy
while keeping |6y — d_ | fixed, also increases the area of Dy. Comparing Figs. 4 and 5e-5g,
it appears that increasing q_n and gy decreases the real part of A\; but has little effect on
the area of Dy. Considering also Figs. 6a and 6b, it appears that increasing o decreases
the imaginary part of A\; but has little effect on the real part of A; or on the area of Dy.
Also, from Figs. 6¢ and 6d, it appears that increasing || increases the real part of Ay, but
that changing arg{$} has little effect. In addition, comparing Figs. 4 and 7, it appears that
|2/ A2| and arg{p2/A2} correspond to some sort of aspect ratio of the holes and some sort of
common orientation of them about their centroids, respectively. The latter correspondence
can be stated exactly when |u2/Aa| = 1, when the holes degenerate to slits, as stated by
Proposition 3.6 (see Figs. 7d and 7e). One might think of these last two correspondences as
accounting for the parameter us. We point out that similar observations have been made
for sets of a finite number of equally-strong holes (e.g., see (7), albeit with b/@ replacing
ta/ A2, as stated by (3.50)). Furthermore, for j = 1,..., N — 1, it seems natural to expect
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d; and g; to correspond to the location of the centroid of the hole D; and also its area.
Examples with N > 1 are shown in Figs. 8 and 9.

20 20 U |
DO O O D COCOCOC
0 O O O D COCHCOC
DO O O DO COC
2 N TN _2\hm/_\f
-2 -1 0 1 2 -2 -1 0 1 2
(a) 6y = 0.9 (b) 61n = £0.9
(A1 = 1.073, 1 = 0.461) (A = 1.118, pu3 = 0.714)
2~ - - w v - v 2o U U WU U W
1f o o o o o o o 110 O O O O O O
0fo o o o o o o 0rO O O O O O O
-1t o o o o o o 1O O O O O O O
e 2l . oA
-2 -1 0 1 2 -2 -1 0 1 2
(¢) 61n = £0.15 (d) 6_n = 0.6, 6 = 0.9
(A1 = 0.561, 1 = 0.013) (A1 = 0.559, p13 = 0.077)
i v e A v awawiwiswiwswswAW 2~ N
1O 000000 11000000000 1O O O
DOO0OOOO0OC 0000000000 o O O O
A0 00000 C 4000000000 11 O O O
PlaValaWalalalia Platalalalnlalalala) PN P ~
-2 -1 0 1 2 -2 -1 0 1 2 -2 -1 0 1 2
(e) gv = 0.5 (f) gxn =0.25 (g) g+n = 0.01
(A1 = 0.617, 1 = 0.208) (A1 = 0.445, 1 = 0.187) (A1 = 1.514, 1 = 0.224)

Fig. 5 Further examples of doubly-periodic lattices of equally-strong holes computed using our
parameterisation with N = 1. For these, the corresponding values of d+n, g+n, a, B, A2 and pq
are the same as for the example shown in Fig. 4, except as stated. We also state the corresponding
values of A1 and p1, as computed from (3.22) (we report these to 3 decimal places in order to save
space; for the same reason, we omit the corresponding values of ¢).
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n1 = 0.225 + 0.000i)

Fig. 6 Caption as for Fig. 5.

However, this still leaves three of the real parameters that are represented by dn, ¢+,
«, [ and po as unaccounted for. Some of these remaining parameters might correspond
in some way to the value of u;. Or, it is possible that some of them might actually
be redundant (so that it would be with no loss to the range of the class of lattices that
the parameterisation describes that we may fix them too). In particular, some of these
parameters might correspond only to the location and shape of the outer boundary £ of
the period cell D of the parameterised lattice and thus not have any effect on the lattice
as a whole. However, we leave a more comprehensive analysis of the effects of all of these
parameters and the range of the class of lattices that are described by the parameterisation
for elsewhere.

5. Closing remarks

To conclude, we suggest some other possible applications of the results that we have
presented here, as well as some potential lines of further inquiry.

Evidently, it remains to prove that the condition (3.42) is necessary and sufficient for the
existence of the class of doubly-periodic lattices of equally-strong holes that are described by
our parameterisation. It may be possible to do this by following a similar approach to that
which was taken in (7) to prove the corresponding existence condition for sets of a finite
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Fig. 7 Caption as for Fig. 5.

number of equally-strong holes (see Proposition 4.1 of (7)). It would also be of interest to
determine whether or not our parameterisation in fact describes all doubly-periodic lattices
of equally-strong holes.

One might envisage some of the doubly-periodic domains that are described by our
parameterisation as defining geometries of interest for a variety of other problems. Perhaps
most notable in this regard are the domains exterior to doubly-periodic arrays of parallel
slits, and also those exterior to arrays of approximate ellipses and discs (e.g., see Figs. 4-7).

Furthermore, it may be that one could adapt our parameterisation to parameterise other
interesting classes of doubly-periodic domains. For example, combined with the ideas of
Baddoo & Crowdy (10), one might be able to construct a parameterisation of doubly-
periodic domains with polygonal holes. Or, we point out that, given the property that is
stated by Proposition 2.1, one may identify the domain exterior to a doubly-periodic lattice
of equally-strong holes as being of a special class of planar domains known as quadrature
domains, or rather what one might refer to as generalised quadrature domains. Domains
exterior to sets of a finite number of equally-strong holes were identified as such in (7), and
we refer the reader there for further details, and also to (8) and Gustafsson & Shapiro (19)
for more information on quadrature domains in general. More commonly, a quadrature
domain is characterised by the property that the Schwarz functions of the boundaries of all
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Fig. 8 Examples of lattices of equally-strong holes computed using our parameterisation with
N = 2. For these, the corresponding values of §+n, g+n, @, 8, A2 and po are the same as for the
example shown in Fig. 4, except as stated. Furthermore, §1 = 0, g1 = 0.15 for those in Figs. 8a—8c,
while ;1 = 0.55+0.2i, g1 = 0.1 for those in Figs. 8d and 8e. We also state the corresponding values
of A1, u1 and 1, where the latter was computed from (3.25).

of its holes are in fact identical, and that this single Schwarz function has polar singularities
in the domain (but is otherwise analytic in it). The domains that are parameterised in
(11) in fact have this property (although this fact was not stated explicitly there) and may
thus be identified as doubly-periodic quadrature domains. However, it might be possible to
extend the parameterisation that we have presented in this paper to parameterise a more
general class of doubly-periodic quadrature domains. Whilst parameterisations of general
classes of finitely-connected quadrature domains are known (e.g., see (8)), parameterisations
of doubly-periodic quadrature domains appear to be much less common - indeed, we are
unaware of any other than that which is presented in (11) and that of the present paper.
Such parameterisations would be of interest not only within the context of quadrature
domain theory, but also for the numerous physical applications to which quadrature domains
have been found to be relevant (e.g., see (8) and (11) for examples of these).
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Fig. 9 Examples of lattices of equally-strong holes computed using our parameterisation with
N = 3. For these, the corresponding values of d+n, g+n, o, 8 and u2 are the same as for the
example shown in Fig. 4, except as stated. Furthermore, 61 = 0.55 + 0.2i, ¢1 = 0.1, 2 = —0.251
and g2 = 0.15. We also state the corresponding values of A1, p1, 71 and .

6. Appendix A: Forces, moments and areas

Throughout this section, we take A to be a doubly-periodic lattice of equally-strong holes
and make use of Proposition 2.1, including the forms (2.8) and (2.14) for corresponding
complex potentials ®(z) and ¥(z). We shall make the following checks on the balances
of forces and moments. First, let F, and F, denote the resultant forces in the z- and
y-directions, respectively, acting on an oriented arc I" that is contained entirely in A, where
these are the forces exerted by the right side of T on its left side. Then it is known (e.g.,
see Muskhelishvili (16, equation (33.1))) that

Fo +iFy, = —i |®(2) + 2P/(2) + ¥(2) . (6.1)

where here and in the following, [ |r denotes the change of the bracketed quantity after z
traverses I' in its positive direction. It follows from (2.8) and the fact that ¥(z) is single-
valued in A, that if I is a closed curve, then these resultant forces are zero. In particular,
this includes if I is any one of 0D, j =0,1,...,N —1, or L.

Now, let M denote the resultant moment about the origin acting on I' due to the forces
Fz and F,. Then it is known (e.g., see Muskhelishvili (16, equation (33.3))) that

M= Re{— 220/ (2) + 2%(2)); +/F\I/(z)dz}, (6.2)

where we integrate along I' in its positive direction. It follows again from (2.8) and the fact
that W(z) is single-valued in A, that if I is a closed curve, then

M = Re {54 \I/(z)dz} . (6.3)

It then follows from (6.3), along with the fact that ¥(z) is analytic for all z € D and
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Cauchy’s Theorem, that the resultant moment about the origin acting on £ is equal but
opposite to the sum of those acting on dD;, j =0,1,..., N — 1.

We shall now determine formulae for some particular forces and moments. For j = 1,2,
if one takes I' to be L;, oriented from zy to zg + A; - where here zy denotes the common
endpoint of £, and Ly - and lets F, ; and F, ; denote the forces F, and F,, respectively,
in this case, then it follows from (6.1) along with (2.5), (2.8), (2.10) and (2.14), that

]‘},j + i]:y,j = —i(0'2;p))\j + <T + l(o'2p)> - (64)
Alternatively, for j =0,1,..., N — 1, if one takes I" to be 0D, oriented in the anticlockwise
direction (i.e., with the interior of D on the right), and lets M; denote the moment M in
this case, then it follows from (6.3) along with (1.1), (2.6) and (2.14), that

M; =Re {—aépj zdz} = T%?Dj (xdy — ydz). (6.5)

It is also evident from the first integral in (6.5) and the complex variable form of Stokes’
Theorem, that for j =0,1,..., N — 1, M; = 27A;, where A; denotes the area of D;. Note
also that, again by the complex variable form of Stokes’ Theorem,

1
J 2i g oD

% 1
1,0 _ _
= 5 (Aefn = M), (6.6)

where the second equality follows from (1.1) and (2.6), the third equality follows from the
fact that Sp(z) is analytic in D and Cauchy’s Theorem, and the fourth equality follows from
(2.5). Furthermore, the total area enclosed by £ must equal that enclosed by a parallelogram
with vertices at 0, A, Ao and A; + Aa, which is Im{A\2\;}. Then, it follows from (6.6) that

— 1
Ap =Im{A\1} — % (Aofin — Mifi2) (6.7)

where Ap denotes the area of D. Evidently, since Z;V:_Ol A; must be real, it follows from
(6.6) that we must have Re{Aofit — A17iz} = 0. Furthermore, since Ap cannot equal zero,
it follows from (6.7) that p; # A; for at least one of j = 1 and j = 2. One might derive
other necessary conditions on the values of p, 7 = 1,2, using the above and the fact that
we must also have 0 < Ap < Im{/\g)\i}, although we shall not do so here.

7. Appendix B: Additional properties of our integrals of the first kind
LEMMA 7.1.
N (¢T1) = —ova(Q) + (7.1)
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where we define TN (() = vy (Z), and a’ is a constant. Furthermore,

TN+1,N+1 = —TN,N; (7.2a)
TN+1,N = —TN+1,N; (7.2b)
TN+1,7 = TN,j fOI‘j == 1, ceey N —1. (720)

Proof. First note that, since vy ({) is analytic for all ¢ € F, it follows from the fact that
the interior of F' is mapped onto itself by reflection in Cy, as well as the Cauchy-Riemann
relations, that Tx(1/¢) is also analytic for all ¢ € F.

Next note that, as ¢ traverses Ciy in the anticlockwise direction, so 1/ traverses
C4(N+1), respectively, in the clockwise direction. Similarly, for k = £1,...,£(N — 1), as ¢
traverses Cj, in the anticlockwise direction, so 1/ traverses C_j, in the clockwise direction.
It then follows from (3.13) that

§£dm () =— §£ A% () = —bnqas for k=1, N + 1. (73)

Ch C_y

Furthermore, it follows from (3.14) that for ¢ € F,

——1

TN (1/0x1(O) = v (1o ©) =ow (0n (7)) =ox (¢ + 7w, (74)

where the second equality follows from (3.8) and the third from (3.14). Similarly,

W (1/0x(0) = vn (1/08(Q) =vx (41 (C)) =ow (1) +7wmsr. (75)

Also, recalling the first equality of (3.10), it follows that for j =1,..., N — 1,

TN (1/0;0) = vw (1/6;0) =vn (6, (C)) =ow (¢T) 75 (70)

Thus (7.4)—(7.6) show that for j =1,..., N + 1, o5(1/6,(¢)) — tn(1/¢) is a constant.
Hence, comparing the defining properties of vy11({) (see section 3.2.1) with all of the

properties of Tx(1/¢) that we have just derived, one may deduce (7.1). Furthermore,

comparing (7.4)—(7.6) with (3.14) (and recalling (3.16)), one may deduce (7.2). O

8. Appendix C: A property of quasi-automorphic functions

LEMMA 8.1. Suppose that a function f({) is analytic for all { € F (including at infinity)
and quasi-automorphic with respect to ©. Then f’(¢) has 2(IN 4 1) zeros in F, at least two
of which are at infinity.

Proof. Since f(¢) is analytic for all { € F, then so is f’({). Furthermore, in particular,
f(¢) ~ O(¢M=) as |¢| — oo, for some integer M, > 2, i.e., f'(¢) has a zero at infinity
of order at least 2. Now, let M; and Mp denote the numbers of zeros (counted according
to their multiplicities) of f/(¢) that are contained in the interior of F' (but not at infinity)
and on OF, respectively. Then, it follows from the Argument Principle that

M 1
Mi+=2 4+ Mo=—@ dlogf'(C), (8.1)
2 27T1 9F
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where the integral on the right-hand side of (8.1) is around OF in the direction with the
interior of F' on the left. If Mg # 0, then this integral is in fact a principal value integral.

Now recall that JF is given by (3.12). Also note that traversing OF with the interior of
F on the left corresponds to traversing all of its boundary circles in the clockwise direction.
Furthermore, recall that for j = 1,...,N + 1, C; is the image of C_; under 6;(¢), and
that 6;(¢) maps the interior of C_; onto the exterior of C;. Then, it follows that 6;(¢)
traverses C; in the clockwise direction as ¢ traverses C_; in the anticlockwise direction.
But furthermore, by the same arguments as those applied to just 05 (¢) in the proof of
Proposition 3.2, one may deduce that the only singularity of #7(¢) is a double pole in the
interior of C_;, and the only zero of ¢(() is a double zero at infinity. Also, since f(() is
quasi-automorphic with respect to O, one may deduce that

1(6(¢) = f:(C) forj=1,...,N+1 (8.2)
05(C)
Given the above, one may deduce that
1 dlog f'(¢ nyg dlog#;(¢) = 2(N + 1), (8.3)
27 Jop " 2mi

where the last equality follows from another application of the Argument Principle.

Finally, it also follows from (8.2) and the aforementioned properties of 6;(¢), that if f/(¢)
has a zero at some point ¢ € JF, then it must also have a zero at 1/¢, which also lies on
OF (at either 0;(¢) or 0_;(¢)). However, recall that F' contains Cj, j = 1,..., N + 1, but
not C_j;, j =1,..., N 4+ 1. Hence one may deduce that Mp is twice the number of zeros of
f/(¢) that are contained in F' N JF. Hence the result follows from (8.1) and (8.3). O

9. Appendix D: Computational details

We first describe how we computed the integrals of the first kind, v;(¢), j =1,..,N + L
For any Schottky group, there exists an explicit representation for the derivatives of its
integrals of the first kind that is known to be valid under certain conditions (e.g., see (14),
(17)). In our case, this representation may be stated as

o1 1 o
vi(0) = o~ ge:(C—&(Bj) c—e(Aj)> for j=1,...,N+1. (9.1)

Here, for j =1,...,N +1, ©; is the subset of © that consists of all maps whose composition
in terms of the generators of © does not begin with 6; or 6_;. For example, Oy contains
OnONn41 but not Oy 10x. Note that the identity map is contained in ©;. A; and B; are
the fixed points of 6;((), i.e., the solutions of §;({) = ¢. One can show that one of these
- that which we denote by A; - is contained in the interior of C_;, while the other - B; -
is contained in the interior of C;. Also, A; and B; and their images under all § € ©;, are
limit points of ©. It is straightforward to derive expressions for A; and B; from (3.7), (3.9)
and (3.10), or to just compute them. We omit any expressions for them here. Of course,
one could easily integrate the sum on the right-hand side of (9.1) analytically, to obtain an
explicit representation for v;(¢) itself, as a sum of logarithms. However, when computing
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v;(¢), one must account for one’s choice of branch cuts for it, and in practice it is easier to
do so by integrating the representation (9.1) for v’(¢) numerically, along a specified path.

The infinite sum in (9.1) is known to converge and provide a valid representation for
v;(¢) under the following conditions (e.g., see (14), (17)). It is valid for N = 1. For N > 1,
it is valid provided that the circles that bound F' are sufficiently small and well-separated.
Furthermore, for N > 1, it is also valid if the centres of the circles that bound F' lie on
a common axis. We emphasise, however, that the integrals of the first kind exist for any
Schottky group, and that our derivation of our parameterisation relies in no way on (9.1).
Hence our parameterisation holds (for all N) regardless of the validity of (9.1).

We used (9.1) for the computations that we present in section 4, or rather, a finite
truncation of (9.1). This truncation was the sum over all maps in ©; whose composition in
terms of the generators of © consists of no more than five of these generators. For example,
for j = N, we included 6%,6%, in our sum, but not 63,6%,. Of course, the number of
terms that one includes in any such truncation must be sufficient for it to attain convergence
to an acceptable degree of accuracy. We found this to be the case for this truncation that
we used, for all of our computations.

For cases for which the representation (9.1) is not valid, or for which the number of terms
that one must include in any finite truncation of it in order to attain sufficient accuracy
is too large for it to be of practical use, it may be possible to develop alternative means
of computing v;(¢), j = 1,..., N + 1. In particular, it may be possible to compute them
by some adaptation of the novel numerical procedures that have been devised by Crowdy
et al (20) - see also (8) - for the computation of the integrals of the first kind (and other
functions) associated with the type of Schottky group that is used in (8) (as pointed out in
section 1, the type of Schottky group that is used in (8) is slightly different to the group ©
that we use in this paper). This remains a matter for further investigation.

Finally, for ¢ € D, we computed z({) by using (3.18) (rather than (3.19)). To do so,
we computed vy (¢) and vy+1(¢) by numerically integrating our truncated forms of (9.1)
for j = N and j = N + 1, respectively. We integrated these from a chosen base point -
which we took simply to be 1 - to ¢, along a convenient path that lies entirely in D. So, for
example, in order to compute z(¢) for ¢ € Cp, we simply integrated along Cy. In addition,
we computed values for 7; v, j = 1,..., N + 1, by using (4.1) and numerically integrating
our truncated form of (9.1) for v’(¢) along our choice for the curve £ (we omit details of
this choice). We then computed Ay, 1 and ~;, j =1,..., N — 1, by using (3.22) and (3.25).
We add that we carried out all of our computations in MATLAB.
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