Advancing Classical Simulators by
Measuring the Magic of Quantum
Computation

James Robert Seddon

Supervisors:
Dr. Earl Campbell
and

Prof. Dan Browne

Submitted in partial fulfillment
of the requirements for the degree of
Doctor of Philosophy
of

University College London.

Department of Physics and Astronomy

UCL

February 19, 2022






3

I, James Robert Seddon, confirm that the work presented in this thesis is my own.
Where information has been derived from other sources, I confirm that this has been

indicated in the work.






Abstract

Stabiliser operations and state preparations are efficiently simulable by classical comput-
ers. Stabiliser circuits play a key role in quantum error correction and fault-tolerance,
and can be promoted to universal quantum computation by the addition of "magic" re-
source states or non-Clifford gates. It is believed that classically simulating stabiliser
circuits supplemented by magic must incur a performance overhead scaling exponen-
tially with the amount of magic. Early simulation methods were limited to circuits with
very few Clifford gates, but the need to simulate larger quantum circuits has motivated
the development of new methods with reduced overhead. A common theme is that algo-
rithm performance can often be linked to quantifiers of computational resource known as
magic monotones. Previous methods have typically been restricted to specific types of
circuit, such as unitary or gadgetised circuits. In this thesis we develop a framework for
quantifying the resourcefulness of general qubit quantum circuits, and present improved
classical simulation methods. We first introduce a family of magic state monotones that
reveal a previously unknown formal connection between stabiliser rank and quasiproba-
bility methods. We extend this family by presenting channel monotones that measure the
magic of general qubit quantum operations. Next, we introduce a suite of classical algo-
rithms for simulating quantum circuits, which improve on and extend previous methods.
Each classical simulator has performance quantified by a related resource measure. We
extend the stabiliser rank simulation method to admit mixed states and noisy operations,
and refine a previously known sparsification method to yield improved performance. We
present a generalisation of quasiprobability sampling techniques with significantly re-
duced exponential scaling. Finally, we evaluate the simulation cost per use for practically
relevant quantum operations, and illustrate how to use our framework to realistically es-

timate resource costs for particular ideal or noisy quantum circuit instances.






Impact statement

For several years global technology companies such as Google and IBM, as well as a
number of specialised quantum computing start-ups, have been engaged in serious ef-
forts toward building working quantum computers. The long-term goal is to develop
devices capable of carrying out useful computations to solve real-world problems that
are intractable for classical (meaning conventional) computers. Prospective applications
include materials and chemistry simulations, drug discovery, machine learning and opti-
misation. In the academic community, much work has been devoted to the development
of quantum algorithms, and to the theory of quantum error correction and fault tolerance,
which will be vital if scalable quantum computation is ever to become a reality. The
question of whether and to what extent quantum circuits can be tractably simulated using
classical computers is of central importance to research programmes both within and out-
side academia. Related to this is the question of what quantum resources are necessary

to provide a quantum speedup.

This thesis is largely concerned with the quantum resource known as "magic". This
resource was previously known to be necessary for universal quantum computation, dif-
ficult to simulate classically, and costly to manufacture experimentally in fault-tolerant
constructions. Quantum circuits using this resource are set in contrast to stabiliser or
Clifford circuits, which can be efficiently simulated on classical computers. The results
presented in this thesis contribute to the resource theory of magic by presenting new
well-behaved measures of magic for general multi-qubit states and operations, and for-
malising the link between magic resources and hardness of classical simulation. We
present a family of classical simulation algorithms that extend the class of circuits that
can be efficiently simulated, and improve simulator performance in the general case. We
anticipate this having application, for example, in numerical studies of error correction

and magic state distillation protocols. The results of this work have been disseminated
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to the academic community through articles published in the Proceedings of the Royal
Society A [[1] and Physical Review X Quantum [2]], and via talks and poster presentations
at a number of international quantum computation and quantum information conferences
and workshops.

Beyond academia, we expect our work to have impact in the ongoing efforts to
build prototype quantum computing devices and develop applications for them. The
field is now entering the so-called Noisy Intermediate-Scale Quantum (NISQ) era, where
devices comprising tens to hundreds of qubits are being constructed and tested. We an-
ticipate that it will become increasingly important to benchmark and verify these devices
against classical simulators. The algorithms presented in this thesis are ideally suited
to simulating quantum circuits with a wide range of models. By using our methods re-
searchers could potentially reduce the computing time needed to produce numerical data,
and access classical simulation results for larger circuit instances with greater depths than

would be possible otherwise.
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Statement of contribution

Part I of the thesis, comprising Chapters 1-3, largely reviews prior art. In Section [I.3|
we give criteria for completely stabiliser-preserving operations, and in Section [2.3] and
Appendix we briefly discuss Choi state robustness and its failure as a well-behaved
measure of magic. Similar material previously appeared in the author’s MRes thesis, and
in our paper Ref. [1]. We include the material in this thesis not as novel work, but as
necessary background to novel results presented in Part II. Some of the discussion on
sparsification in Section [3.4{and Appendix was adapted from our paper Ref. [2].

In Part II, Chapters 4-6, we present our novel contribution. Most of the results in
Section [d. 1] first appeared in Ref. [2]], which was joint work with Bartosz Regula, Hakop
Pashayan, Yingkai Ouyang, and Earl Campbell. The present author’s main contributions
to that work were in developing the classical simulation algorithms, sparsification results,
and associated proofs appearing in Section VII and Appendices C-H of Ref. [2], with in-
put from Hakop Pashayan and Earl Campbell. These simulators and results are discussed
in detail in Section[5.2]and Appendices[E.2|and [F of this thesis. Our co-authors were the
principal originators of the magic state monotone results presented in Section[4.1] but we
include them as they are closely connected to the classical algorithms just mentioned, and
to the novel channel monotones defined by the present author (Section 4.2). The more
general form of the monotone equality lemma (Lemma4.13) is new to this thesis.

The results relating directly to channel robustness (Section4.2.2) and its formulation
as a linear program (Appendix [D.I)), diagonal channels (Section4.4), the stabiliser-Kraus
teleportation scheme (Section [5.1)), the static channel simulator (Section [5.3.T)), the nu-
merical results in Section [6.1] and the simple example in Appendix first appeared in
Ref. [1]], co-authored with Earl Campbell. There we also defined and proved properties
of the magic capacity with respect to robustness of magic (Section 4.3.1)), and proposed

the associated dynamic simulator (Section [5.3.5). The generalisation of magic capacity
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to other magic state monotones presented in Section #.3]is new to this thesis and is the
author’s own work. In Section we include numerical results adapted from our Ref.
[1]. A suggestion by an anonymous reviewer of Ref. [2] resulted in the refinement to the
stabiliser-Kraus subroutine that we call the polar scheme.

The rest of the novel material presented in Part II is the author’s own work and has

not been published elsewhere at the time of submission.
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Chapter 1

Quantum computation and the

stabiliser formalism

Computers can be modelled as devices that take input data, perform a set of instructions
we call an algorithm and return output data [4]. The circuit model of classical compu-
tation is a strictly less general one, but arguably more instructive. In this model logic
circuits [5] are finite-sized constructions that can be used to compute Boolean functions
f:{0,1}" —{0,1}". In a given circuit instance, the input is encoded as an n-bit binary
number, the output is some other m-bit string, and the algorithm is implemented via a fi-
nite sequence of elementary logic gates such as AND, OR, NOT and CNOT (controlled-
NOT), which perform Boolean operations on a subset of bits. Gates are connected by
“wires” which pass the output from one gate to the input of another. This is not a univer-
sal model for classical computation, in the sense of the famous Turing machine model [6,
/] since while logic circuits always halt for any inputs, Turing machines do not. Never-
theless, it has been shown that any function that can be computed by a Turing machine,
can be computed by some circuit family [4]. Crucially, this kind of classical logic can be
realised reliably by physical components such as transistors, enabling their exploitation
in the conventional computers ubiquitous today.

Since logical gates must be implemented by physical components, logical data takes
up physical space, and any logical operation takes place in some finite time. An important
consideration in algorithm design is therefore the amount of memory or space a given al-
gorithm requires, in terms of number of data and work bits, and the number of logical
gates that must be carried out in sequence, which translates to the algorithm runtime.

Classical complexity theory is the branch of computer science concerned with funda-
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mental limits on time and space requirements for different families of computational task
[8]. Computational tasks are often formulated as decision problems, where a problem
instance is specified by an input bit string of length n, and the task of the computer is to
decide whether the output of the algorithm should be “YES” or “NO”, or equivalently,
whether the output bit should be 0 or 1. Problems are sorted into complexity classes
by studying their space and time costs with respect to some computational model, and
how they scale with problem size, as quantified by the length of the input string. For
example, a problem is in P if it can be decided in time polynomial in n by a determin-
istic Turing machine (i.e. one which always gives the same output for a given input),
whereas PSPACE is the class of problems that can be solved using a polynomial amount

of memory.

Other complexity classes are concerned with how easily the solution to a problem
can be checked. A problem is in NP if for every “YES” instance, it is possible for a
deterministic Turing machine to check that a solution is valid in polynomial time. A
famous open question in complexity theory is whether P is equal to NP. It is clear that
P C NP [9]. In the other direction, it is widely conjectured that NP ¢ P, though this has
never been proven definitively. The archetypal illustration of this is the problem of prime
factorisation. There is no known classical algorithm that is able to factor arbitrary n-bit
integers into primes in poly(n) time, but it is straightforward to check a given factorisation
simply by computing the product of the given factors. Therefore the problem is in NP

but is not known to be in P [4]).

Many other practically important problems are not known to have an efficient classi-
cal algorithm. Of particular interest for this thesis is the problem of simulating quantum
systems, which has wide application in many areas of fundamental and applied science
and industry [[10,|11]]. Simulating quantum systems is hard in general, since the amount of
information needed to describe the wave function grows exponentially with the number
of physical particles [[11]. In the early 1980s Feynman [12]] and Manin [[13]] independently
hit on the idea that rather than simulating a quantum system with a conventional com-
puter, which is in essence a physical system that evolves classically, it would be more
natural if the simulator itself evolved quantum mechanically at the logical level. This
proposition eventually led to the field of quantum computation [4]]. The model of quan-

tum computation we focus on in this thesis is the circuit model. This model is analogous
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to the logic circuit in classical computation; quantum bits, or qubits, replace classical bits
as the fundamental unit of information, and reversible logic gates are replaced by unitary
operations. Other models include measurement-based [14, |15]] and continuous variable
[16] quantum computation. Constructing a quantum computer represents a major engi-
neering challenge, and it is only in recent years that serious efforts toward building one
have got underway. It has recently been suggested that we are now entering the era of
Noisy Intermediate-Scale Quantum (NISQ) technologies, and can expect to see devices

comprising 50 to several hundred noisy qubits appearing over the next few years [[17].

There is a widespread expectation that quantum computers will at some point out-
strip the ability of classical computers to simulate them, and there is a body of work
dedicated toward achieving this milestone [18-21]. Quantum complexity theory [22] in-
troduces new complexity classes based on quantum models of computation. BQP, which
stands for bounded-error quantum polynomial time, is the class of problems solvable
with a quantum computer in polynomial time, allowing a bounded probability error. This
is the analogue of a classical complexity class called BPP, comprising problems that can
be solved classically with bounded probability of error. BQP can be shown to contain
BPP, which in turn contains P, and it is hoped that there exist problems in the gap be-
tween BQP and BPP, as this is where the potential for quantum advantage exists. Various
candidate problems have been proposed for which an efficient quantum algorithm exists,
but for which there is no known classical algorithm [4, [23]]. Bravyi, Gosset and Koenig
showed that the 2D Hidden Linear Function problem requires logarithmic depth circuits
in the classical case, but can be solved in constant depth by a quantum computer [24].
The search for unconditional quantum advantage in scenarios where the classical circuit

size grows superpolynomially remains an active field of research.

Meanwhile, a number of techniques have been developed for classically simulat-
ing restricted classes of quantum circuit [25+H29]]. The Gottesman-Knill theorem was an
important early result that tells us that there is a large subclass of circuits, called sta-
biliser circuits, that can be efficiently simulated classically [25} |30, 31]]. The stabiliser
circuits are usually taken to be generated by Clifford gates and measurements of Pauli
observables, supplemented by classical randomness and adaptivity. In order to achieve
universal quantum computation (and thereby quantum speedup), it is necessary to add

another ingredient, and the standard choice is the single-qubit unitary operation known
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as the 7T'-gate. It turns out that in many error correction schemes for scalable quantum
computation, the stabiliser circuits can be implemented fault-tolerantly, but 7-gates can-
not [32,[33]. The usual solution is to “inject” a resource state known as a magic state; by
consuming the magic state, a stabiliser circuit can in effect be promoted to an implemen-
tation of the T-gate 34} 35]]. The catch is that in order to avoid introducing uncorrectable
noise into the computation, these magic states must be prepared to extremely high fidelity
through magic state distillation protocols, introducing a significant operational overhead
every time a T-gate is required in the circuit [33-44]. While the term magic state is often
used to mean the specific resource states used in fault-tolerant quantum computation, in
this thesis we adopt a broader definition. We simply say that a state is a magic state if it is
not a stabiliser state. Similarly, an operation is termed magic if it can convert a stabiliser
state to a magic state. We make precise the definitions of stabiliser states and operations
later in this chapter.

Non-stabiliser circuits can in principle be classically simulated inefficiently by ex-
tending the Gottesman-Knill framework [31]], with a simulation overhead that is expected
to grow exponentially with the amount of magic resource used by the circuit. In this the-
sis, we are primarily motivated by the intermediate regime of noisy “near-Clifford” cir-
cuits, where the magic resource involved is modest enough that simulation may at least
be practical within a reasonable timeframe, given a powerful enough classical computer
[45]. One of the main aims of the thesis is to make precise what is meant by magic
resource, so that we can rigorously quantify the resource cost of a given quantum oper-
ation. Identifying the required resource for a given quantum channel is of interest both
from the point of view of classical simulation, and with respect to the implementation of
prototype fault-tolerant devices where magic state resource must be consumed in order
to complete a sequence of operations. The former application is our focus in this thesis.

There are two main strands to the novel results presented in later chapters:

1. The development of a framework for meaningfully quantifying magic as a resource,
including understanding the resourcefulness of general non-stabiliser operations on

n-qubit systems. This forms the topic of Chapter {4

2. The design and improvement of classical simulation algorithms for emulating gen-

eral quantum circuits on qubits, based on extensions of stabiliser simulation tech-
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niques. Our improved algorithms are presented in Chapter [5| where we also prove

results relating to their performance.

In Chapter [6] we draw on the formal results of Chapters [] and [5] to numerically
estimate classical simulation costs for sequences of gates relevant to practical quantum
algorithms suitable for implementation on near-term devices. We conclude in Chapter
Before turning to this novel work, in the rest of this chapter we introduce fundamental
concepts, tools and notation that will be important throughout the thesis, including the
representation and classical simulation of stabiliser states and operations. We will see
how the stabiliser formalism stands in relation to universal quantum computation and
the theory of fault tolerance. We discuss the idea that “non-stabiliserness” or magic
is a resource for quantum advantage; classical simulation of non-stabiliser circuits is
thought to require computational resources that grow exponentially with the “amount” of
magic. We close the chapter by reviewing how quantum resource theories can be used to
formalise what is meant by the “amount” of some resource. In Chapters [2]and [3] we will
review the prior state of the art in the theory of magic resources and methods for their

classical simulation.

1.1 Preliminaries

In this section we briefly review some important basic concepts and notation. We follow
treatments given in standard texts on quantum computation and quantum information,
such as Refs. [4} 30, |46], and the interested reader can find more comprehensive intro-

ductions to these topics therein.

1.1.1 Definitions and notation

For vectors in a finite dimensional Hilbert space H, we use ||-|| to denote the usual 2-

norm, i.e. |y = [[[v)]| =/¥,]c; ? for ly) =Y ;c;j|j) decomposed in some orthonor-

mal basis |j). We will also make use of the following family of operator norms.

Definition 1.1 (Schatten p-norms). For operator A, the Schatten p-norm for positive
integer p is defined
1
p
I1A]l, = (Z(Sk(A))”> : (1.1)
k

where si(A) are the singular values of A.
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The Schatten norms are unitarily invariant, [|[UAV||, = [|A]|,, for any unitary opera-
tors U and V. The Schatten 1-norm will be particularly important in later chapters. This

is also known as the trace norm and can be equivalently defined,

Al =Te[|A[] =) sc(A), where |A] = VATA (1.2)
k

We will encounter many convex sets. Given a space V, a linear combination of
points 2’ = Y ;pjaj, a; €V, is called a convex combination if }.;p;=1and p; > 0, V.
A set C C 'V is convex if any convex combination of points in C is also an element of C.
For a generic subset S C V, we can obtain a convex set by taking the convex hull conv(S),

defined as the set of all convex combinations of points in S,
conV(S):{a:a:ijsj, ijzl,ijO,SjES,Vj}. (1.3)
J J

Later in this thesis we will describe algorithms using pseudocode. For the most part
the notation used is standard, but for the avoidance of doubt, the notation a < b means
“update variable a to the value b”. For example a <— a + 1 should be read as “increment

aby1”.

1.1.2 The Pauli group

Throughout this thesis we will use the standard convention of representing pure single-

qubit states as C? vectors, expressed in the computational basis:
0) = , 1) = , (1.4)

where |0) and |1) are respectively the +1 and -1 eigenstates of the Pauli Z operator. In

this basis the single-qubit Pauli operators are represented:

1 0 0 1

op=1= , 0o1=X= R (1.5)
0 1 10
0 —i 1 0

op=Y= , O3y=72= . (16)

=)

]
|

p—
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These operators are self-inverse (GJZ = 1), Hermitian (GJT = 0;), and are traceless except
for the identity (Tr(o;) = 28;,). We denote the eigenstates of X and Y as |+) and |+;)
respectively:
0)£|1 1 1 0)£i|l 1 1
|:|:>:‘> |>:_ ’ |ii>:—‘> ‘>:— ) (1.7)
V2 V2 \ 41 V2 V2 \ 4

We will shortly define stabiliser states formally, but for now we simply note that the pure
single-qubit stabiliser states are precisely the six Pauli eigenstates just described. Distinct

non-identity Pauli operators anticommute and compose as
XY=iZ, YZ=iX, ZX=1iY. (1.8)

It follows that the single-qubit Pauli operators with phase 1 or +i form a group,
Py = (i1,Z,X). Generalised Pauli matrices can be defined as n-fold tensor products of
elements from P;. We use a subscript to indicate which qubit a single-qubit Pauli acts
on non-trivially; for example, for a 4-qubit system, Z3 = 1 ® 1 ® Z® 1. We will use the
notation 1, to denote the identity operator for an n-qubit Hilbert space, represented by
the 2" x 2" identity matrix. Let P, be the group of all n-qubit Pauli matrices, let P,+ be
the subset of Pauli operators with real phase, and let P, be the unsigned Pauli operators.
Each P € P4 inherits the standard properties from the single-qubit case. Namely, they
are self-inverse and Hermitian, and traceless unless equal to the identity, TrP = 2”5]3’]1”.

Since ZX = iY, we can represent any P € P, in the form,

n
P=(-1)®T,, T,= (—i)Z'XHz,ka,jk, (1.9
k=1
where ag € 0,1, and a = (z,X) is an element of the 2n-dimensional linear vector space

IF%” Note that the factor (—i)** ensures that any imaginary phase arising from a product

of Z and X operators on the same qubit is cancelled.

Given a pair of unsigned Pauli operators, T,, Ty, € P,+ we can check whether they
commute as follows. Let P =P ®...QFP,and Q=01 ®...® O,, and let N, be the

number of indices such that {P;,Q;} = 0. If N, is even, P and Q commute; if odd, they
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anticommute. This can be expressed in terms of the symplectic inner product,
(a,b) =a,-b,®a,-b,, (1.10)

where @ indicates that addition is modulo 2. This is consistent with the definition of
the symplectic inner product in higher dimensions, as in [F,, addition and subtraction are

equivalent. So, two Pauli operators commute if and only if (a,b) =0,
TaTy = (—1) @Y T, T,,. (1.11)

Using the relation (I.9), and observing that we acquire a factor of (—1) for every place
a Z; operator must be commuted past an Xj operator, it is straightforward to check that

signed Pauli operators P = (—1)%T, and Q = (—1)"T;, compose as
PQ = (=), T, = (1) tho)jltaxXem)p, (1.12)

Note that the expression (z, - X, — X, - Zp) is computed modulo 4, so differs from the
symplectic inner product. However when [P, Q] = 0, the expression evaluates to either 0

or 2, so the product of commuting P and Q remains Hermitian.

1.1.3 Single-qubit rotations

Next we review some basic properties of single-qubit systems. The unsigned Pauli matri-
ces form a real basis for the space of Hermitian operators on C2. In particular, the density

operator for any single-qubit state can be written,

_IL+a~c7

> (1.13)

where a is a real-valued three-dimensional vector, called a Bloch vector, and ¢ is the
vector of non-trivial Pauli matrices. The operator a- ¢ has eigenvalues +|a|| where |-|
is the usual Euclidean norm. The positivity of p imposes ||a|| < 1, while the purity
condition Tr[p?] = 1 is equivalent to ||a|| = 1. This leads to the Bloch sphere picture
(Figure [I.)), where pure states are represented as unit vectors on the unit sphere, while
mixed states are represented as vectors in the interior of the unit ball. The axes %, y

and Z are associated with the Pauli operators X, Y and Z respectively, while an arbitrary
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N

1)

Figure 1.1: The Bloch sphere picture for single-qubit states. As an example, the green vector
represents the Hadamard eigenstate |H) = (|0) +|+))/v/2, which has Bloch vector
a=[1/12,0,1/v/2]". Image produced using the QuTIP package [47].

axis defined by the unit vector d is associated with the operator d - ¢. Pure states can
alternatively be parameterised as |y) = cos(0/2)]0) + €?sin(6/2)|1), up to a global

phase, where 0 and ¢ are respectively the polar and azimuthal angle on the Bloch sphere.

Reversible operations on qubits are represented by elements of the unitary group
U(2). Since global phase can be ignored, the restriction to SU(2) is sufficient to represent

any physical unitary operation. Elements in SU(2) can be parameterised

ePcos(a) —e 7sin(a)
U, B,y)= | , : (1.14)

e’sin(a) e P cos(a)
The isomorphism from SU(2) to SO(3) means that any reversible single-qubit operation
can be represented by a 3-dimensional rotation matrix R in the Bloch sphere. This trans-
forms vectors a in the Bloch sphere as a’ = Ra. Up to overall phase, any unitary operation
can be parameterised as U;(0) = exp(—if(7-c)/2) for some angle 6 and unit vector 7.

For example, a rotation about the Z-axis can be represented

cos(f) —sin(6) 0O
or R:(0)=|sin(8) cos(8) O]- (1.15)
0 0 1

—i0
2

0
0 e

e

U:(0) =

SIS
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Any rotation R;(0) can be generated by a sequence of rotations about a pair of orthogonal

axes b and ¢, such that we have:
R&(e) :RB(93)R5(92)R13(91) — U@(@) :UIA?(93)U5(92)UE(91) (1.16)

for some triple of angles (601, 6>, 63). This covers most of the machinery we will need for
single-qubit unitary evolution, but before moving onto more general quantum operations,

it is worth introducing several important single-qubit gates.

1.1.3.1 Single-qubit Clifford gates

The Clifford gates are the unitary operators that map Pauli operators to Pauli operators.
We will discuss these in detail later, here we give some important examples for the single-
qubit case. The SO(3) matrices for Cliffords are signed permutation matrices. Pauli
operators are themselves Clifford operators, and can be represented as 7-rotations about
the relevant axis (up to a phase), e.g. Z o< Uz(m). Their SO(3) matrices are diagonal,

flipping the sign of the elements corresponding to the other two Pauli operators:

1 0 O -10 0 -1 0 0
Rx=|10 -1 0 |,Rv=]10 1 O |, Rz=]0 -1 0]- (L.17)
0 0 -1 0 0 —1 0 0 1

This is equivalent to swapping basis states, and indeed the X gate is sometimes called the

NOT or bit-flip gate, X |0) = |1) and X |1) = |0).

The Hadamard gate exchanges the Z and X operators, and flips the sign of Y. It can

be represented as a 7-rotation about the axis i = (£ +2)/v/2.

0O 0 1
g LM U, (1), R (1.18)
= — =y (), H=10 —1 0. .
V2 \1 -1 "
1 0 O

The phase gate S, sometimes referred to as P or v/Z in the literature, is a rotation
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through 7 /2 about the Z-axis:

0 10
10 ix T
S— :er2<—), Rs=|-1 0 ol. (1.19)
0 i 2
0 0 1

All single-qubit Clifford gates, of which there are 24, can be generated by composition

of the Hadamard and phase gates [30].

1.1.3.2 Non-Clifford gates

Another gate that we will discuss many times in the course of this thesis is the T-gate,
which we will see has an important role in fault-tolerant quantum computation. This is
represented by a rotation through /4 about the Z-axis, though it is sometimes called the

7 /8-gate in the literature due to the phase factors appearing on the diagonal in the SU(2)

representation.
. 1L _L
10 x e % 0 veoove
T = | =es =1, Rr=|—- —= 0]- (1.20)
0 e 0 €% V2o V2
0 0 1

1.1.4 Representing quantum operations

While unitary operations are central in the circuit model of quantum computation, non-
unitary processes will be of particular interest in this thesis. These include adaptive maps,
where operations are conditioned on the outcome of previous measurements, and noise
channels. The former are often a vital component in architectures for quantum computa-
tion, while the latter can be a serious obstacle. Noise channels are usually understood as
resulting from global unitary dynamics that induce an uncontrolled interaction between
the system combined with its environment; ignorance of the environment manifests as
non-unitary dynamics in the system of interest. Modelling such channels is vitally im-
portant in the theories of error correction and mitigation [30, 48, |49].

Quantum operations are represented by linear maps from an input space 7 to an
output space H,. We will typically assume the input and output space have the same
dimension. The most general maps that are physically meaningful in the sense that they

map physical states to physical states, up to normalisation, are the completely positive
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(CP) maps. These are the maps 7 that preserve the positivity of operators, even when
extended to a larger system: 7 ® 1(A) > 0 for all A > 0. The CP maps £ that also preserve
normalisation are called completely positive trace-preserving (CPTP) maps; these satisfy
Tr(E(A)) =Tr(A), YA. Throughout this thesis we will refer to quantum channels, and this
should be taken to mean CPTP maps, unless otherwise specified. However, non-trace-
preserving CP maps can have a meaningful operational interpretation. For example, we
will sometimes want to consider maps corresponding to post-selection on a particular

measurement outcome. We now review several representations for quantum operations.

1.1.4.1 Kraus representation

Any quantum channel £ on a system S can be modelled as resulting from unitary dy-
namics U a larger system SE [46, 50], where the environment E can, without loss of
generality, be assumed to be initialised in some pure state |yp). To obtain the action of

this process on the state of system § alone, we trace out the environment E.

E(p) = Tre[U(ps @ [wo)(Wol U] (1.21)
= Z<j|EU|‘VO>EPS<‘I/O|EUU>E = ZijK]T. (1.22)
J J

Here {|j)} is any orthonormal basis for the space Hg. In the last line, K; = (j|z U |yo) g
is called a Kraus operator, and (1.22)) is called a Kraus representation or operator-sum
representation of the channel. The representation is in general non-unique because we
can choose any orthonormal basis for the partial trace. If we assume the channel is trace-
preserving, then for any operator A we have

Tr[E(A)] =Tr

=Tr = Tr[A] (1.23)

T T
ZKjAKj ZK]. KjA
J J
where we used linearity and cyclicity of the trace. But Tr [Z j K;K jA] = Tr[A] holds for
arbitrary A if and only if }_; KJTK ;= 1. In fact, given any set of operators {K;};, we

can be sure that £(-) = Y ; K ]()K; represents a valid quantum channel provided that the

operators satisfy the completeness relation,

ZK]TKj =1. (1.24)
J
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It can be shown that any map satisfying this relation is completely positive, hermiticity-
preserving and trace-preserving [46]. We can also model quantum operations that are
trace non-increasing by changing the equality in the completeness relation to an
operator inequality,

Y Klk;j<1. (1.25)
7

Maps represented by Kraus operators satisying (1.25]) remain linear, completely positive
and Hermiticity-preserving. At this point it is useful to define the dual of a map [46],

sometimes called the adjoint map.

Definition 1.2 (Dual map). Given a linear map T, the dual map T* is the map that

satisfies, for arbitrary operators A and B,
Tr[AT*(B)] = Tr[T (A)B]. (1.26)

The dual map can easily be obtained from the Kraus representation. By cyclicity
of the trace, Tr [Zj KjAKjTB] =Tr [A Y, K]TBK]-] . So, we can write 7*(-) = ¥; K}L(-)Kj.

Note that it follows that the map 7T is trace-preserving if and only if the dual map satisfies
T(1)=1

1.1.4.2 The Choi-Jamiolkowski isomorphism

The Choi-Jamiolkowski isomorphism [|51-53]] reveals a duality between states and chan-
nels that will be of central importance in this thesis. Let B(#) be the space of bounded

linear operators on Hilbert space H. Then the isomorphism is encapsulated in the fol-

lowing theorem, where we follow the conventions used in Ref. [46].

Theorem 1.3 (Choi-Jamiolkowski isomorphism [51, 52]]). Suppose T is a linear map
from B(Hp) to B(Ha). Let dgp = dim(Hp). Then there exists a unique operator 1 €
B(Ha ® Hp) such that

7 = (T2 1)(|@)®PF), Tr[PT(Q)] =dpTr[®rP2 Q"] (1.27)
forany P € B(Ha) and Q € B(Hp), where

(1.28)
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and {|j)} is an orthonormal basis for H,, and the transpose in (1.27) is taken with

respect to this basis. The map T and matrix @1 have the following equivalences:
1. Trace-preservation: T*(1) =1 <= Tiu(Pyr)=1/d.
2. Unitality: T(1)=1 <= Trp(®y)=1/d.
3. Complete positivity: T is CP  <— D7 >0.
4. Hermiticity: T(A") = (T(A))" <= &l =or.
5. Normalisation: Tr|®7] =Tr(7*(1))/d.

It follows that @ is a valid density operator if and only if T is a CPTP map. In this case

we call @¢ the Choi state for the channel.

For n-qubit systems, we take {|)}; to be the computational basis. We will usually
consider channels £ from an n-qubit space to an n-qubit space, so that the Choi state ®¢
is a 2n-qubit density operator. We will use the convention of labelling subsystems with
superscripts when necessary (see equation (1.27))), so as to avoid confusion with other

indices used in the subscript. Another useful property is as follows.

Lemma 1.4 (Tensor product Choi state). The Choi state for a tensor product of two maps

T1 ® Tz is a tensor product of the respective Choi states for each map,
q>7’1®7§ :CDTI ®q)7§. (1.29)

This follows from the fact that the maximally entangled state for a 2n-qubit system
can be re-expressed as an n-fold tensor product of two-qubit Bell pairs. Let By label the

k-th qubit in the partition B. We use |®,,) to denote a 2n-qubit maximally entangled state,

/

, 1 2"—1 . .
|CI>n>B\B =>n Z 1)B )8 (1.30)
Zn/z Z Z PP ) (1.31)

Bk k By
®<|0 |0> \7_2|1> n” ) ®|<p \BelBi. (1.32)
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This implies that for the 2n-qubit state |, )? I’ for any 1 <m < n, we can write B =
CD as a partitioning into an m-qubit subsystem C and (n — m)-qubit subsystem D, and
similarly for B’ and then write |®,)" D" |CI)m>C‘C/ R | Pym)? P Lemma then

follows.

1.1.5 Stabiliser states and the Clifford group

The stabiliser states will be central to this thesis. These are the set of states that can be
efficiently represented, and therefore simulated, within the Gottesman-Knill framework
[2531]]. They are also central to the theory of quantum error correction [30]. The details
of the stabiliser formalism can be found in standard texts on quantum computation [4,
30]. For the majority of this thesis, we will focus on the stabiliser formalism as defined
for systems of n qubits, i.e. for systems with Hilbert space of dimension 2", and we will
introduce this setting first. The stabiliser formalism is also defined for systems of qudits,
with odd local dimension d, but we defer discussion of this to Chapter @ For qubits,

stabiliser groups are defined in relation to the Pauli group.

Definition 1.5 (Stabiliser group). Any abelian subgroup S of the Pauli group P, such

that —1,, ¢ S is called a stabiliser group, or a stabiliser.

Note that n-qubit stabiliser groups cannot contain Paulis with imaginary phase, as
these would generate —1,. Recall that any signed Pauli operator P € P, can be rep-
resented P = (—1)%T,, for ag € {0,1} and a € F3", so we can specify any element of
a stabiliser group with a string of 2n 4 1 classical bits, and a stabiliser group with k
independent generators can be fully specified by k(2n + 1) bits.

We say that a state |y) is stabilised by a stabiliser group S if S|y) = |y) for all
S € S [30]. A stabiliser group with m independent generators will have 2™ elements
in total. As we add each independent generator to the stabiliser, in effect we halve the
dimension of the subspace stabilised by the group. When m < n for an n-qubit system,
this subspace is non-trivial, having dimension 2"7". In the context of quantum error
correction, the elements of such subspaces form the codewords in stabiliser codes [30,
48]]. For the purposes of this thesis, we are instead interested in stabilisers S with m = n
independent generators. In this case, there is a unique state |¢) that is stabilised by S. It
is these states that we call stabiliser states. We can therefore specify a stabiliser state by

giving an n-element generating set.
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0)

1+)

1)

Figure 1.2: The single-qubit stabiliser polytope embedded within the Bloch sphere.

We can now justify our earlier claim that there are just six pure single-qubit stabiliser
states, and that these are the eigenstates of the Pauli operators. The computational basis
states |0) and |1) are stabilised by the subgroups {1,Z} and {1, —Z}, respectively. Simi-
larly {1,4+X} stabilises |+) and {1,=£Y} stabilises |+;). There are no other possibilities
for non-trivial stabiliser groups, since distinct single-qubit Pauli operators anticommute.
In the Bloch sphere picture, the six pure stabiliser states form the vertices of an octahe-
dron (Figure [I.2). Points on the facets or within the interior of the octahedron represent
probabilistic mixtures of stabiliser states, and we call these mixed stabiliser states. This
octahedron is the n = 1 instance of a (4" — 1)-dimensional object called the n-qubit sta-

biliser polytope, which is the convex hull of the pure n-qubit stabiliser states,

STAB,, = conv({|9){¢]| : |¢) € STAB,}). (1.33)

The structure becomes much richer for multiple qubits, as it includes both tensor
products and superpositions of the single-qubit states, and we must now specify n gen-
erators to uniquely determine a state. For example, the state |0) ® |0) is stabilised by the

group with generators 1 ® Z and Z® 1.
(1®Z2,Zc1)={11,1%2,Zc1,ZxZ} (1.34)

The Bell states are also stabiliser states:
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* The Bell states |®.) = (|00) 4 |11))/+/2 are stabilised by (Z®Z,£X @ X);
* The Bell states |¥.) = (|01) £ |10))/+/2 are stabilised by (—Z®Z, +X @ X).

Another set of operators fundamental to the study of the stabiliser formalism is the

set of Clifford gates. These unitary operations preserve stabiliser structure.

Definition 1.6 (Clifford group). The n-qubit Clifford group Cl,, is the normaliser of the
Pauli group ‘P, in the unitary group. That is,

Cl, = {U cU(2"):UPU' €P,, VPe Pn}. (1.35)

Equivalently, the Clifford gates are those that map stabiliser states to stabiliser states.

One can show that the Clifford group can be generated by the gate set
G={H,S,CNOT}, (1.36)

comprising the single-qubit Hadamard H and phase S gates already defined, supple-
mented by two-qubit CNOT (controlled-NOT) gates. The list of gates on the right-hand
side of equation (1.36) should be understood as shorthand for {Hj,...,H,} where H; is
the Hadamard on the j-th qubit, and similarly for the S and CNOT gates. The H and S

gates transform single-qubit Pauli operators as

HXH'=Z, HYH =-Y, HZH' =X, (1.37)

sxst=vy, syst=-x, szs'=2z (1.38)

Note that the transformation of ¥ can always be inferred from that of X and Z, from the
relation ZX = iY. Let C;_; denote the CNOT controlled on qubit j and targeted on qubit

k. For two qubits, in block form we have

1 0
Cin = 0 . (1.39)
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More generally we define the CNOT by its action on Z and X operators.

CiwZiCl =2, CiutiCl_, =ZiZ (1.40)

CikXiCly = XX CiaXaCly =X (1.41)

We will see later how these update rules lead to efficient simulation of Clifford circuits

[25]. The gate set G generates a group that preserves the Pauli group, since

« if UPUT € P, and VPV € P, and for all P € P,, then UVP(UV)' € P,, so we

have closure.

« H> =CNOT? = §* = 1, so the identity and inverses can be found in the generated

set.

For brevity, we have not proved that the set G = {H,S,CNOT} generates the whole
Clifford group, but the interested reader can find a proof in Appendix

1.1.5.1 Operator representation
Consider the n-qubit state |¢) stabilised by the group S with independent generating set
{g1,82,---,8n}, 1.e. gj|@) = |¢) for all j. Notice that the operator IT; = (1, +g;)/2 is
the projection onto the +1 eigenspace of the Pauli operator g ;, and we have IT; |¢) = |¢) j>.
Suppose we construct the product of all n projectors IT;:

HG=InTM—i 8187 -8 (1.42)

o 2 24

where the summation on the right-hand side is over all length-n bit strings X =
(X1,...,X,). This summation is obtained by enumerating over all possible multiples of g;
and g? = 1,. Now, notice that any element of the stabiliser S € S must have some decom-
position as a product of generators S = g;,&;,...&j, for some number m. But recalling
that a stabiliser group is always abelian, we are free to reorder this product so that we
can always write S = g'¢>? ... &", where y is a list of integers of length n. Furthermore,
since any Pauli operator is self-inverse, for any generator g we have gk = gk ™42 5o that
without loss of generality we can assume that y is a binary string. But the right-hand

side of equation (1.42)) enumerates over all possible such binary strings, therefore it is a

summation over all elements of the stabiliser, [I =27") ¢cs S.
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We can now check some properties of I1;. First, note that since all Pauli operators

except the identity are traceless , we have,
Tr[llg) =27") Tr[S] =27") 2"8s1, = 1 (1.43)
S S

since exactly one element of S is the identity. Next, HL = I follows from the Hermitic-
ity of § € §. Finally, I1g is positive semidefinite since it is a projector. Therefore I is a
normalised density operator, and furthermore since IT; = I1g, we have Tr[I1%] = 1. This
tells us that it represents a pure state, so there exists some |y) such that Il = |y )(y].
But recall that S stabilises the state |¢). Therefore | (¢|y) > = (¢|TIg|d) = (¢|d) = 1.
Thus |y) = |@) is the unique state stabilised by S, and we can write the corresponding

density operator as,
n

1, ' 1
039l =15 =5 T8 (1.4)

j=1 Ses
This relation is useful in proving many results relating to stabiliser states. For example,
it is manifest from this equation that the transformation of one stabiliser state to another
by a Clifford circuit U is fully specified by the transformation of the generators,
nyut+Ug Ut 1t
vle)olv' =] ————=]1—5"=19'X¢'l. (1.45)

J=1 J=1

where g = Ug;UT, and {g/,g5,...,g)} generates the stabiliser of |¢) = U |¢).

1.1.5.2 Stabiliser tableaux

We saw above that 2n + 1 classical bits are required to specify each generator, so that
O(n?) bits are needed to specify the stabiliser group. This gives us a much more efficient
way to represent a given stabiliser state, as compared to having to write down 2" complex
amplitudes. It will be useful to represent the generators of the stabiliser in so-called
stabiliser tableau form [31]. Recalling that each Pauli operator can be specified by a
binary vector a; = (z;,X;,s;), where Pj = (—1)% (—i)%™ [[{_, Z*X’*, the tableau for

an n-qubit stabiliser state is written:

(1.46)
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For example, the stabiliser state |000) has stabiliser generated by Z;, Z, and Z3, so has

tableaux form:
1 0 0[O0 O 00

01 0{0 000 [- (1.47)
0 01{]00 00

Similarly |001) has stabiliser (Z1,Z,,—Z3), so can be specified as:

1 00/00O0]0
01 0{0 000 [- (1.48)
0 0100 01

Note that these representations are not unique for a given state, as we have freedom in
choosing the generating set. Given any pair of independent generators g; and g, we can
obtain a new generating set by making the substitution g; — g;- = g8k In the tableaux
picture this is equivalent to adding two rows modulo 2, up to some additional arithmetic

to compute the sign bit s;- in the last column.

1.1.5.3 Affine space representation

We next introduce one more representation of stabiliser states, due to Dehaene and De

Moor, that will be instrumental in proving some of our results in Chapter 4}

Theorem 1.7 (Affine space representation of stabiliser states [54,|55]). We can write any

pure n-qubit stabiliser state in the form:

IKC,q,d)

1 dT'x .
=K ;’cld (—1)79) |x) (1.49)

where x € I is a binary vector, K C 3 is an affine space, d is some fixed binary vector,

and q(x) is a quadratic form,
g(x) =x" Ox+ATx, (1.50)

where Q is a binary, strictly upper triangular matrix, and A is a vector. Conversely, any

state written in this form must be a stabiliser state.

An affine space K is obtained by adding some constant shift vector h to all elements

of a linear subspace £ C I}. For example, suppose we take the n = 2 linear subspace
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£ ={(0,0)",(0,1)" }. Then we can get a new affine space by adding modulo 2 some
shift vector, eg. h = (1,1)7, givingus K = L+h = {(1,0)7,(1,1)" }. Now suppose we

set the following parameters:
01
0= . A= , d= ) (1.51)

These are all valid choices according to Theorem so they fully specify a stabiliser

state:

K,q,d) = —= (2(=1)°2°|10) +4' (—1)"|11)) (1.52)

_g|H
[\9)

= ﬁ(|10>+i|11>) =[1)®|+i), (1.53)

which in this case happens to be a tensor product of single-qubit stabiliser states.

1.1.6 Types of classical simulation

We will shortly discuss a famous result called the Gottesman-Knill theorem[25, 31],
which establishes that stabiliser circuits can be efficiently classically simulated. Before
doing so it is worth reflecting on what it means to classically simulate a quantum cir-
cuit. In this thesis, we primarily deal with the following circuit-based model of quantum
computation: (1) a system of n qubits is initialised in a standard state |¢); (2) the sys-
tem undergoes a sequence of quantum operations, which can be mediated by a classical
control computer, and can be represented by a quantum channel &; (3) some subset of w
qubits are measured in the computational basis and the resulting binary string is relayed
back to the classical device. The quantum computer can therefore be viewed as a de-
vice that draws a string x randomly from a distribution p(x), which we call the quantum

output distribution, and which is determined by the Born rule:

p(x) = Tr[([x)(x| @ 1 )E(I¢0)(¢o])]- (1.54)

So, a quantum computer does not in general have the ability to exactly compute any
given Born rule probability p(x), or indeed compute a general expectation value (A)
for some observable A, in any single run of the circuit. If we cannot expect this of a

quantum computer, we should not require it from a classical simulation algorithm. In this
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sense, a classical simulator that has the ability to efficiently draw a bit string x from p(x)
would have the same power as the quantum computer. This is sometimes called weak
simulation in the literature [56], and is thought to be efficient only for restricted classes
of circuit, otherwise super-polynomial quantum advantage would be an impossibility.
Weak simulation can either be exact or approximate. For this type of simulation to be
meaningful, the classical distribution should be quantifiably close to the quantum output
distribution. In this thesis we use the ¢-norm, and we say that two distributions p; and

pa> are d-close if

Ip1 = p2lli =Y |p1(x) — p2(x)] < 6. (1.55)

On the other hand, certain classical algorithms do have the ability to compute or
estimate Born rule probabilities or other expectation values when the quantum device is
suitably restricted. This is often called strong simulation [56]]. For example, as we shall
see shortly, given a pure stabiliser state |¢) and Clifford operation U, it is possible to
efficiently compute both Pr(x) = | (x|U|¢)|* and (¢|UPU|¢) exactly, where |x) is any
computational basis state, and P is any Pauli operator [25, 31]]. In other cases estima-
tion of observable expectation values is possible inefficiently and/or approximately. This
thesis will consider two types of approximation error for direct expectation value estima-
tion. We define these here for Born rule probability estimation, but we will use analogous
definitions for more general expectation values. Given a projector I, quantum channel
£, and initial state p, we say that a random variable P output from a classical algorithm

has additive error § > 0, where usually 0 < 1, if it satisfies
IP—Tr[[IE(p)]| < 6. (1.56)
We say we can estimate up to multiplicative error € > 0 if the variable satisfies
(1—&)Tr[lIE(p)] < P < (14¢) Tr[IIE(p)]. (1.57)

We will usually consider classical algorithms where the additive error 6 or multiplicative
error € can be made arbitrarily small subject to additional runtime overhead. Note that
when Born rule probabilities can be computed exactly or up to multiplicative error, we

can construct a bit-string sampling simulator by computing a chain of conditional proba-
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bilities and sampling the string x one bit at a time. We discuss how this is done in more
detail in later chapters. To prevent ambiguity, we will usually avoid the terms weak and
strong in this thesis, preferring instead to distinguish between expectation value estima-
tion and simulated sampling from the output distribution, and we will be precise about

whether a given method is exact or approximate, and which type of error is assumed.

1.2 The Gottesman-Knill theorem

There are multiple routes to proving the Gottesman-Knill theorem, the key result that
establishes the efficiency of classical simulation of stabiliser circuits. We will work in

the stabiliser tableau picture.

Theorem 1.8 (Gottesman-Knill Theorem [25]]). Suppose that a quantum circuit involves
at most n qubits and can be described as a sequence of m operations from the following
list: (i) computational basis state preparations, (ii) the generators of the Clifford group:
H, S, CNOT; (iii) measurement of Pauli observables, (iv) efficient classical processing.

Then the circuit can be simulated by a classical computer in poly(n,m) time and space.

Before proving the theorem, we first make concrete what is meant by efficient clas-
sical processing. Any quantum computing device must be interfaced with via a classical
control computer, which sends instructions to the quantum hardware telling it which
physical operation to perform at each step. We make the following restrictions on the
computational power of this classical device. We assume a classical register of size
poly(n,m). The classical register can store results of any Pauli measurements carried
out by the quantum device, and the register can be used to decide which instructions to
send to the quantum processor at any later step. This is referred to as conditioning or
adaptivity in the literature. Any kind of classical algorithm can be used to decide in-
structions, provided that it takes no more than poly(n,m) time at each step. The control
computer can therefore introduce any kind of classical randomness, provided it can do so

efficiently.

Proof. The proof will be constructive; for each operation listed in the theorem, we need
to give an efficient procedure for updating the stabiliser tableau. Here we largely follow
an argument due to Aaronson and Gottesman [31]], using a stabiliser tableau augmented

with an additional n rows that represent generators of the destabiliser. This is a subgroup
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that generates the entire Pauli group when combined with the stabiliser generators. While
the inclusion of these additional rows doubles the number of classical bits needed to store
the state during the simulation, we will see that it speeds up the subroutine for simulating
Pauli measurements from O (n?) time to O(n?). This difference can be significant when

the number of qubits is in the thousands. With destabiliser included, the tableau takes the

form,
T T
zZ; X] S1
T T
zZ, X, S

; ; (1.58)
Zyi1 | Xpt1 | Sntl

T T
Zy, Xon S2n

where the first n rows specify the stabiliser, and the last n give the destabiliser. We
assume that the state will always be represented by a single tableau, so the algorithm
requires 2n(2n+2) = (’)(nz) bits of classical memory to store the state. We will denote
Zj.a to mean the a-th element of vector z;, and so on. We also assume the tableau always

starts in a standard initial form

O‘O
0

]l}’lX}’l

0 | L

(1.59)

where 1,x, means the n X n identity matrix. Before describing the algorithm, we note
several properties of the tableau that can be checked by inspection, and that remain invari-
ant even after the updates described below: (1) all elements of the destabiliser commute;
(2) the stabiliser generator in row j anticommutes with the destabiliser generator in row

n+ j, but (3) commutes with all other destabiliser generators.

(i) Computational basis state preparations. This step is straightforward as the
stabiliser group for any n-qubit computational basis state |a) is comprised solely of Z-

operators, differing only in the phase on each generator:

S={(—1)Z,....(~1)"Z,). (1.60)

For the |0") state, the stabiliser group is generated by the single-qubit unsigned Z; op-
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Initial | Final
Zj | Xj | Zj|Xj
001010
o111
1101110
111011

Table 1.1: Truth table for phase gate update in stabiliser tableau method [31].

erators, for j € {1,2,...,n}. It follows that the destabiliser comprises the n single-qubit
X operators. The standard initial tableau (1.59) is therefore already in the correct form
to represent |0"). To generalise to specific computational basis states, we merely need to
set s; to the appropriate value, as per equation (I.60), so if we assume that the tableau is

always initialised in a standard state (I.59), this takes O(n) steps.

(ii) Clifford gates, H, S and CNOT . For unitary operations, we treat both stabiliser
and destabiliser generators alike, as this will ensure that combined they generate the
whole Pauli group. First consider the Hadamard, H. Recall that this gate exchanges the
X and Z operators and changes the sign of Y. So if the Hadamard acts on the j-th qubit,
in each row i we swap z; ; with x; ;. Then, the sign changes only if x; ; = z; ; = 1, so we
update s; < 5; D x; jz; j. Since the entry for each of the 2n rows must be updated, this

requires O(n) steps.

Next consider the phase gate S. This gate maps X to Y, Y to —X, and leaves Z
unchanged. Suppose S acts on qubit j. Again the sign changes only if initially x; ; =
zi,j = 1, so the s; is updated in the same way as for H. The truth table for this update is

shown in Table[I.1] Therefore we simply need to update z; to z; S x;.

Finally consider the CNOT C;_,; from qubit j to qubit k. This leaves Z; unchanged,
but exchanges Z; with Z;Z;; and leaves X} unchanged but exchanges X; with X;X;. This
immediately determines how all the X and Z entries will update, but we need to take care
of any sign changes. In fact one can check that the sign changes only in the exchange
Y;Y, <> X;Z. In terms of the tableau entries, this means that in row i, the sign changes

only when

(xij=zxk=1) AND (x4=z,;=0 OR xjx=z;=1). (1.61)
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In arithmetic, this means we set:
si%si@xi,]‘-znk-(xi,k@zi7j@l). (1.62)

Then we can update the X and Z entries by setting z; j <— z; j @ z; x and x; x < X; x D X; ;.

Therefore the CNOT updates takes O(n) steps.

(iii) Pauli measurement. There are three possible scenarios when simulating mea-
surement of a Pauli observable Q given a state |¢) represented by stabiliser group S.
Either Q € §, —Q € S, or neither is in S. The first task of the simulator is to efficiently
determine which case holds. For simplicity, following Aaronson and Gottesman, we will
assume that Q = Z; for some j € {1,...,n} [31], but the procedure can be generalised to
any Pauli operator. Recall that S is a maximal Abelian subgroup of the Pauli group such
that —1 ¢ S. If £Q ¢ S there must exist a generator of S that anticommutes with Q; oth-
erwise we could construct a larger subgroup by adding Q to the list of generators, which
is a contradiction since S is maximal. Therefore £Z; € S if and only if all generators
commute with Z;, so we just need to check whether any row i € {1,...,n} hasx; ; = 1,
which can be done in O(n) steps. If such an i exists then the corresponding stabiliser
generator anticommutes with Z;, so =Z; ¢ S. Otherwise, either Z j€Sor—Z;€S. We
will see that £Z; € S implies a deterministic measurement result, whereas if +Z; ¢S

the measurement outcome will be random. We deal with each case in turn.

Deterministic outcome, £Z; € S. When Z; € S, then Z; |¢) = |¢), so the measure-
ment outcome is always “+17. If —Z; € S then the outcome is “—1”. In each of these
cases, we do not need to update the state, we only need determine the sign of Z; in S.
This is non-trivial, as £Z; is not necessarily one of the generators encoded in the tableau,
so we cannot simply read off the sign bit from the corresponding row. Naively, one could
use Gaussian elimination to put the stabiliser generator tableau in a standard form so
that =Z; appears in the tableau, but in practice this would take O (n3) steps. Instead the

destabiliser tableau can be used for a more efficient procedure [31].

We first need a subroutine to simulate group operations. Aaronson and Gottes-
man [31] defined ROWSUM(h,i) which simulates a change in generating set (but gen-

erating the same group) by replacing the generator g, represented by row /& with the
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generator g;g;,. For the X and Z entries this simply involves making the update:
Xp < X+ Xy, Zp < Zi+ 7. (1.63)

To update the entry s, representing the phase, we can use the relation (I.12), so that the
new phase will be given by,

(— 1)(511+8) (@0 Xi=Xp2i) (25t 2si+2p Xi—Xy %) (1.64)

Y

so that
Z-X;i— Xy, Z;

Sp & Sp+S8;+ 5

(mod?2). (1.65)

This arithmetic can be evaluated in time O(n).

Let rj, be the A-th row of the stabiliser tableau, representing generator g, excluding
the sign bit, and let rz represent =Z;. Then since some product of generators generates

+Z;, there is some linear combination of rows that generates rz:
n
Y erp=rz, ¢, €{0,1}. (1.66)
h=1

We need to determine which ¢, are non-zero, as then by using ROWSUM we can determine
the sign bit for rz. Recall that (rj,r;) = 0 if and only if the g, and g; commute, otherwise
they anticommute, and that a stabiliser generator g; anticommutes with a destabiliser

generator g;, if and only i = A. Then, since the symplectic inner product is linear,
n
rlJrn; rZ Z rl+n7 rh = (. (167)

So ¢; =1 if and only if Z; anticommutes with g;,,, which occurs only if x;;, ; = 1.
Therefore if we use ROWSUM to combine all stabiliser rows i such that x;;, ; = 1, then
read off the sign bit, we can determine the outcome of the measurement. This takes time
O(nz).

Random outcome, +Z; ¢ S. We argued that when neither Z; nor —Z; is in the

stabiliser group, there exists some P € S that anticommutes with Z;. Then we have

(01Z)]0) = (#1Z;P|9) = — (¢|PZ;|9) = — (¢|Z;]9), (1.68)
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where we used the fact that |¢) = P|¢), and P is Hermitian. Equation (1.68)) can hold
only if (y|Z;|y) =0, so the outcome of the measurement will be either “+1” or “-1”
with equal probability. So, once the algorithm has checked that +£Z; ¢ S, an outcome
can simply be chosen randomly by flipping a fair coin. The state should be projected
onto the +1 eigenspace depending on the outcome of this coin toss. We will now show it
remains a stabiliser state, and we need only replace one of the generators by +Z;, given
a suitable choice of generating set. Let Q = Z; if the outcome was “+1”, and Q = —Z;
otherwise. Let G = {g1,42,...,&x} be the generating set for S represented by the current
stabiliser tableau, and let r; be the row of the tableau corresponding to generator g;. We
first show that the tableau can efficiently be put in a form where there is a single generator
g, that anticommutes with Q, and all other generators commute. Let r, be any row of the
tableau with x, ; = 1, so that g, anticommutes with Z;. Then for all other rows ry,, h # a,
such that x;, j = 1, use ROWSUM to update 1, to represent a new generator g, = g&a-

Then,
81,0 = 81840 = —2108a = 0818a = 08, (1.69)

s0 g, now commutes with Q. This must also be done for all elements of the destabiliser
to ensure consistency of the tableau. Therefore in O (nz) steps we obtain a tableau repre-
senting a change to generating set G’ = {g/, 85, ...,&,} with exactly one element g/, = g,

that anticommutes with Q.

The set G’ still represents the stabiliser S, but the update to the post-measurement
state will now be very straightforward. Recall that any pure stabiliser state can be ex-

pressed as a product of the projection operators for each generator, so we can write

0001 = 51+ &) [1(1+4)). (1.70
j#a

Consider the projector onto the eigenspace corresponding to the measurement outcome,

Iy = (1 +Q)/2. This commutes with all projectors (1 +g")/2 except (1 +g;)/2, for

1+0\ (1+g,\(1+0\ 11+0Q
(52 (5%)(5%) 257

which we obtain,
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so that after normalising, the updated state is

n

W)W = 2Tl |y Wl = 5, (1 =0 1+e) (1.72)
Therefore we simply need to update the stabiliser tableau to replace g/, with Q in the
generating set, and update the a-th row in the destabiliser tableau so that it anticommutes
with Q. A suitable choice is to simply set r 1, = r,, and then complete the update of
the stabiliser tableau by setting the a-th row to the bit string for Q = +Z; (zeroes in all
entries except z, ; = 1, and sign bit s, such that Q = (—1)%Z;). The total procedure to

update the tableau after random measurement outcome therefore takes O (nz) steps.

(iv) Classical processing. By assumption any classical processing in between quan-
tum operations requires no more than poly(n,m) time and space. Having established
that each of the listed quantum processes can be simulated using stabiliser tableaux in
polynomial time, it follows that combining this with classical processing steps remains

efficient. O]

The proof of the Gottesman-Knill theorem shows that we can efficiently simulate
sampling from the output distribution of a stabiliser circuit. Moreover, there is no /-
norm error in this sampling algorithm; since we know that the outcomes of Pauli mea-
surements on pure stabiliser states are either deterministic or occur with equal probability,
we sample from exactly the same distribution as the quantum circuit. The proof can also
be adapted to show that exact estimation is possible in certain settings. For example, it is
clear from the argument above that we can exactly compute the expectation value of any
Pauli operator following a sequence of Clifford gates. In Ref. [31] it is also shown that
the magnitude of any inner product |(¢|y)| for a pair of stabiliser states |@) , |y) € STAB,
can be computed in time O(n’); we omit the details here as inner products will be dis-
cussed in more detail in Section [3.5] of Chapter[3] One can also adapt the proof to show
that additional subsystems in stabiliser states can be appended to the tableau efficiently,
and that when a bipartite stabiliser state is known to be in a product state, tableaux for
the tensor factors can be obtained efficiently [57]]. Finally, Aaronson and Gottesman also

generalised the method to simulate projectors onto stabiliser codes [31]].
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1.2.1 Phase-sensitive Clifford simulators

The stabiliser tableau representation tracks the stabiliser group corresponding to a pure
quantum state, so that strictly speaking it is able to track the evolution of the state vector
only up to a global phase. Clearly this is unimportant if one is only interested in the
measurement statistics for a stabiliser state, but we will see later that it can be useful
to track this phase when a Clifford simulator is used as a subroutine for a more general
algorithm. For example, given a vector |y) = Y ¢ |Si) where |S) is a stabiliser state
with stabiliser group Sy, if we want to make the transformation U |y) =Y ¢, U |¢), where
U is Clifford, using a stabiliser update method, it is vital that we correctly compute the
relative phase oy for each term U |S;) = 04 |Sy). Indeed such a phase-sensitive Clifford
subroutine will be essential for some of the new algorithms we present in Chapter [3
Fortunately several subroutines of this type have appeared in the literature [3, 58-60].
Typically these are based on representing the Clifford preparation circuit for the target
state in canonical form [3] [31, |58, 61}, 62]. For concreteness, we will assume that the
phase-sensitive subroutines employed later in the thesis use the CH-form described by
Bravyi et al. in [3]. Since the details are rather technical, and we have already proved
the Gottesman-Knill theorem using the tableau method, here we will simply state the
capabilities of the simulator. We refer the interested reader to Appendix [A.2]for a brief
overview of canonical forms and a description of the CH data format, and to Section 4.1
of Ref. [3]] for a comprehensive technical description.

The CH-form relies on the fact that any stabiliser state vector can be represented
|¢) = @UcUgy |s), where o is a complex number, Uy is a layer of Hadamard gates, and
Uc is a block of “control-type” Clifford gates satisfying Uc |0") = |0"). In Ref. [3] it is
shown that this form can be fully specified by a data format requiring 3n> + 4n + O(1)
classical bits. Given this data format, the following simulation tasks can be performed in

time at most O (nz):

1. Compute the CH-form for I'|¢), where I is either an elementary Clifford gate from
{S,CZ,CNOT,H}, or a Pauli projector I' = (1,,+ P) /2, for P € Py.

2. Evaluate the inner product (x|¢).

3. Draw a string x from the distribution P(x) = | (x|¢) |*.
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1.3 Completely stabiliser-preserving operations

The Gottesman-Knill theorem establishes the classical simulability of a class of quantum
circuits defined operationally, namely those composed from (i) computational basis state
preparation, (ii) Clifford gates, (iii) Pauli measurements and (iv) classical processing. We
call CPTP maps composed from these operations the stabiliser operations, SO We de-
note by SO,, this class restricted to n-qubit operations. The proof of the Gottesman-Knill
theorem depends on the fact that these operations preserve stabiliser structure. Compu-
tational basis states are stabiliser states, Clifford gates and Pauli measurements map sta-
biliser states to stabiliser states, and the addition of classical adaptivity and randomness
can be modelled by channels that map stabiliser states to convex mixtures of stabiliser
states. In short, any circuit in SO,, preserves the n-qubit stabiliser polytope.

Later in this thesis we will be concerned with the resource theory of magic, and
we will study magic monotones, which quantify the resourcefulness of magic states and
operations. From this point of view, the stabiliser operations are considered free oper-
ations, since they cannot generate magic resource. In resource theories, it is useful to
have an axiomatic definition for the class of free operations. In Ref. [1], we defined the

completely stabiliser-preserving channels as follows.

Definition 1.9 (Completely stabiliser-preserving channels [1]]). Let £ be an n-qubit CPTP

map. We call £ a completely stabiliser-preserving channel, if it satisfies
(E®1,)(p) € STAB,,, Vp € STAB,,. (1.73)

We denote the set of all n-qubit completely stabiliser-preserving channels by SPy, ;..
The notation SP,, , is motivated by the following more general definition:

Definition 1.10 (Stabiliser-preserving channels [1]]). Let £ be CPTP map that acts non-

trivially on n qubits. We say that £ € SP, . if it satisfies
(ER1)(p) € STAB, 1k, Vp € STAB, 14, (1.74)

that is, if the channel remains stabiliser-preserving when applied to an n-qubit subsystem

of an n+ k-qubit system.
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This distinction is significant because there exist channels that are in SP,, ,,_; but not
in SP,, ,, for k < n. That is, there are n-qubit maps that are stabiliser-preserving when
acting on part of a 2n — k-qubit system, but are able to generate magic resources when
applied to a 2n-qubit system. On the other hand, it can be shown that SP,, , = SP,, ,«
for all k > 0 [1]]. This justifies Definition [I.9)as the appropriate definition for the largest
class of channels that can be considered free, in that they do not generate magic resources
on any size of system. For the interested reader, further discussion justifying this choice
can be found in Appendix Bl In Ref. [1] we also showed that there is a convenient

characterisation of completely stabiliser-preserving maps in terms of the Choi state (see

Section [[.1.4.2).

Theorem 1.11 (Choi states for completely stabiliser-preserving maps [1]].). Suppose T
is a linear n-qubit map. Then T is a completely stabiliser-preserving CP map if and only

if its Choi state is a stabiliser state, up to normalisation,

(T®1,)p
Tr[(T ®1,)p]

o7

STAB 1.75

€ STAB,,, Vp € STABy, <=

Moreover, T is a completely stabiliser-preserving CPTP map, T € SP,, , if its Choi state

is a stabiliser state, and Try[@4F] = 1/2".

Since channels from the operationally defined class SO,, are manifestly stabiliser-
preserving, it is clear that SO, C SP, ,. It is then natural to ask whether the two classes
are identical, or if SP,, is a strictly larger class. It has very recently been proven by
Heimendahl, Heinrich and Gross [63] that SO; = SP; j, but SP,, , is strictly larger than
SO,, for n > 2. In Chapter [5] Section [5.I we present an algorithm showing that all
maps in SP, , can be efficiently classically simulated, up to some caveats related to the
number of Kraus operators. The recent result due to Heimendahl, Heinrich and Gross
shows that our SP, , simulator is strictly more powerful than the standard Gottesman-

Knill algorithm [|63]].

1.4 Universality, fault tolerance and state injection

Aaronson and Gottesman have shown that the problem of simulating a stabiliser circuit
without classical adaptivity is in a complexity class called GL (or parity-L) [64], which is

conjectured to be strictly contained in P 31} 64]]. This suggests that stabiliser operations
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are not universal even for classical computation (i.e. there exist algorithms that one could
run on a classical computer that cannot be simulated by stabiliser circuits without the aid
of a classical co-processor). On the other hand it is believed that a universal quantum
computer could perform certain tasks that are currently intractable for classical computers
[4, 23]]. Certainly, stabiliser circuits are not universal for quantum computation, so it
is natural to ask which sets of primitive quantum operations are needed to construct a
universal device. In this section, we address this question and illustrate how this naturally

leads to the notion that magic states are a resource for quantum computation.

1.4.1 Circuit synthesis

Real quantum devices are subject to physical constraints so that only certain classes of
quantum operation may be carried out in a single operation cycle. For example, super-
conducting architectures typically have a 2D layout where only nearest neighbour inter-
actions are available, so that the native gate set only includes single-qubit and local two-
qubit gates. More complicated multi-qubit interactions must be synthesised as a sequence
of layers of few-qubit gates. We say that a gate set G is universal for quantum computation
if any n-qubit unitary operation U € U (2") can be realised (up to arbitrarily small error)
by a sequence of gates from G. A sequence of early results due to Deutsch [65] and Di-
Vicenzo [[66] showed that any n-qubit unitary operation U € U (2") can be synthesised by
gates from the set G| = {CNOT,U;(0)} is universal, where Uz(0) = exp|—i(?- 5)0/2].
This is not the end of the story, as it is not possible to correct arbitrary errors on gates
from a continuous set. For scalable quantum computation on real quantum hardware, it is
necessary to seek discrete gate sets with known fault-tolerant constructions [33,|67]]. This
means we must sacrifice the ability to synthesise arbitrary unitary operations exactly. For
the purposes of quantum computation it is sufficient to have the ability to implement U up
to some small error § which can be made arbitrarily small by increasing the depth of the
circuit [68-71]. Clearly, a Clifford generating set such as Gc = {H,S,CNOT } will not
suffice, since for any fixed n the Clifford group Cl, is finite. Remarkably, however, only
a minimal addition needs to be made to achieve universality. Boykin et al. [72]] showed
that only one more single-qubit gate need be added to reach universality. Specifically, the
Clifford+T set, generated by Ger = {H,S,CNOT, T}, is known to be universal, where
T is defined T = diag(1,¢"™/4). In fact, the addition of any non-Clifford single-qubit gate

is enough to reach universality, though 7 is the usual choice in fault-tolerant schemes
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[33].

The next question is whether a given n-qubit circuit can be synthesised efficiently.
It can be shown that generic unitary operations in SU(2") cannot be approximated ef-
ficiently by a finite library of gates that act on a bounded number of qubits, and there
exist U € SU(2") that require at least Q(2"log(1/¢€)/log(n)) library gates [4,|73]]. For a
quantum algorithm to be efficient, there must exist polynomial-sized decomposition into
few-qubit gates. Fortunately, it is not necessary for each of these gates to be elements
of any particular standard gate set, due to the famous Solovay-Kitaev theorem [74, [75].
To state the theorem we need the notions of a dense set, and of an €-net. We say that a
set (G) is dense in some other set S if for all W € S, and for arbitrary error € > 0, there
always exists some U € (G) such that |[U —W||; < €. As shown by Boykin et al., the
Clifford + T set satisfies this criterion. The condition for an &€-net is a weaker one; we
say that a set R is an €-net for S, for some fixed €, if for every U € S, there exists W € R

such that ||[U —W||; < €. The theorem can then be stated as follows:

Theorem 1.12 (Solovay-Kitaev theorem for SU(2) [74]]). Let G be a finite subset of SU (2)
such that the set (G) generated by G is dense in SU(2), and for each W € (G), W' € (G).
Then (G). Then for any € > 0, the set (G)y consisting of sequences of at most M =

O(log€(1/€)) gates from G is an €-net for SU(2), where c is a constant.

The Solovay-Kitaev theorem was first proven for SU(2), as stated above, and subse-
quently generalised to SU(d) for arbitrary d [74]. It is natural to ask what is the optimal
value for c. In early constructions it was found that the theorem held for ¢ ~ 3.97, and it
can be shown [4}[73,(76] that ¢ > 1. In recent work [68-71]], notably due to Kliuchnikov,
Maskov and Mosca [68]], and to Ross and Selinger [[71], it has been proven that the lower
bound of ¢ = 1 is achievable for synthesis using the Clifford + T set. In summary, if a
circuit can be efficiently implemented using any finite few-qubit gate set, then one can

construct an efficient implementation in terms of Clifford + T.

1.4.2 Fault tolerance and magic state injection

Two broad strategies can be deployed against the noise that inevitably arises on real quan-
tum hardware. Recently, much attention has been focused on noisy intermediate-scale
quantum (NISQ) devices [[17]], comprised of up to several hundred imperfect physical

qubits. It is acknowledged that these near-term devices, currently in development by
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various groups in academia and industry, will be incapable of full-scale quantum com-
putation. Instead, many groups have proposed techniques tailor-made to these noisy de-
vices [77]], including algorithms that are inherently robust against noise [78], or through
error mitigation protocols employing classical post-processing [7/9-81]], randomised cir-

cuit constructions [49, |80, |82], or other active error recovery techniques [83]].

In the longer term, scalable universal quantum computers will require quantum er-
ror correction and fault tolerance. These ideas have a longer history than the NISQ-era
proposals just mentioned, and there exists an extensive literature on the topic 33,48, (67,
84-87]. A detailed review is beyond the scope of this introduction, but we give a brief
sketch. The central idea of quantum error correction is that logical qubits are redundantly
encoded in a larger number of physical qubits, so that an error on any individual qubit
is not fatal to the computation. In stabiliser codes [30, 88|, a logical code space of di-
mension 2% is fixed by specifying a stabiliser group with n — k independent generators.
Measurement of the stabiliser generators will yield a pattern of “£1” outcomes called
a syndrome. At least one “—1” outcome indicates that an error has caused the state to
migrate outside the codespace. Classical decoders can be used to infer the most likely
physical error corresponding to a given syndrome, and therefore the necessary unitary

correction.

The simple model just described implicitly assumes that while errors could occur
in the logical quantum circuit, the process of syndrome extraction and correction could
be done perfectly. More realistically, we have to assume that any quantum operation, in-
cluding all gates and measurements involved in syndrome extraction and error correction,
can be faulty. The theory of fault tolerance [[33,|85] is concerned with engineering proto-
cols so that logical quantum information remains protected, even when all operations are
faulty. A central result is the fact that quantum codes can have a threshold [67]. Loosely
speaking, threshold theorems show that provided the maximum single-qubit error rate p
for any operation is below a certain threshold p., logical errors can be efficiently sup-
pressed by increasing the number of physical qubits, so that a noisy quantum device with
error correction can efficiently simulate an ideal quantum computer. Conversely, if the
physical error rate is too high, increasing the size of the code only amplifies the logical
error rate. Therefore engineering gates to operate below threshold is a key consideration

in experimental efforts to build quantum computers.
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Each logical operation in a circuit must have an implementation in the codespace
which is itself fault-tolerant. One way to make a gate fault-tolerant is to find a transver-
sal implementation, where each physical gate in the protocol acts non-trivially on no
more than one physical qubit in each code block. For example, logical Z in the toric code
is fault-tolerantly implemented by multiple single-qubit Z gates. The intuition behind
this is that when errors do occur they need to remain localised in order to be correctable.
Multi-qubit physical gates can spread errors throughout the code block, corrupting the
logical quantum information. However, the Eastin-Knill theorem [32]] states that for a
given quantum error-correcting code, the set of gates that can be implemented transver-
sally cannot be universal. For many stabiliser codes, only certain Clifford gates have a
transversal implementation, while non-Clifford gates do not. Various techniques can be

used to sidestep this problem [33]], though they typically come with significant overhead.

The magic state model [33-44] is one of the leading schemes for implementing
fault-tolerant non-Clifford gates. Certain non-Clifford unitary operations can be emulated
deterministically by a non-unitary circuit, called a state injection or gate teleportation
gadget, that consumes a magic state along with the logical input state, but where all other
circuit elements employed are stabiliser operations [89]. At this point it is instructive
introduce the Clifford hierarchy [89]. We take the Pauli group to be the first level of
the hierarchy. Then we say that the k-th level of the hierarchy is the set of gates that
map the Pauli operators to the (k — 1)-th level by conjugation. For example, the Clifford
gates make up the second level, since for any U € Cl, and Pauli P € P,, UPU" € P,
Of interest for the present discussion are the third level gates, which map Pauli operators
onto Clifford operators, UPU" € Cl, for all P € P,. We will shortly see that any third-

level gate can be implemented deterministically by state injection.

The key idea is to take a teleportation circuit consuming a entangled state | ),
apply the third-level gate U to the teleported state, but then commute U back through the
circuit onto a secondary input state. This is illustrated for single-qubit U in Figure
Commuting U past the conditional X and Z gates transforms them to Cy = UXU" and
Cz = UZU", which are Clifford gates by virtue of the fact that U is a third-level gate.
This shows that implementation of the non-Clifford gate U can be traded for preparation
of the magic state (U ® 1) |®..). This can be straightforwardly generalised to arbitrary n-

qubit third-level gates by parallelising the Bell state preparation and measurement circuit.
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X
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Figure 1.3: State injection gadget for general third-level n-qubit gate U [89]]. When the resource
state is the Bell state |®,) = (|00) +|11))/+/2, the protocol simply teleports a state
|w) unchanged from qubit 3 to qubit 1, after which the gate U is applied. But when
U is a third-level gate, we can propagate it back through the circuit onto the initial
resource state, converting the Pauli corrections X, Z into Clifford corrections Cx, Cz.

Figure 1.4: Gadget for “teleporting” a state |y) between qubit lines.

High fidelity preparation of an entangled resource state may in itself present chal-
lenges, but the construction can be streamlined for third-level gates diagonal in the com-
putational basis [35, 89]]. The “half-teleportation” gadget shown in Figure [I.4] transfers
an input state |y) from qubit 2 to qubit 1, by means of an entangling gate followed by a
conditional Clifford correction. Now suppose we replace |+) with a resource state U |+)
for diagonal third-level U. The CNOT commutes with any single-qubit diagonal gate
applied to the control qubit, so as in the the general case we can obtain an identity with
a circuit that teleports |y) from qubit 2 to 1 and then applies U. This is illustrated for
the 7'-gate in Figure where we use TXT" = aXS, where « is an unimportant phase.
Again one can generalise this for general n-qubit diagonal third level gates (Figure[I.6).

In this way, the burden of a fault-tolerant construction is shifted from direct imple-
mentation with physical gates to high fidelity preparation of the magic state. This can
be achieved by distillation protocols that consume large numbers of noisy magic state
copies, and output a much smaller number of higher fidelity magic states [33-44]]. This
process is costly experimentally, both in terms of the storage space required for the reser-

voir of noisy magic states, and the time needed to distil each magic state ready for injec-
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Figure 1.5: State injection gadget for the T-gate [90].
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Figure 1.6: State injection gadget for diagonal third-level n-qubit gate U [[90].

tion. There is ongoing work to develop highly optimised magic state factories in order to
drive down these space and time requirements [91} 92]]. More importantly for this thesis,
the arguments above motivate the idea of magic states as a computational resource that
can be traded for non-Clifford gates. A classical simulator that admits adaptive Clifford
circuits initialised with magic states, is in effect also a classical simulator for non-Clifford
gates. In the next section we start to consider schemes that extend stabiliser simulators to

circuits involving magic.

1.5 Simulating circuits with magic

It has been known since at least 2004 that one can simulate universal circuits using ex-

tensions of the Gottesman-Knill algorithm, but with an overhead exponential in the num-
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ber of magic resources required [31]. We sketch two such algorithms here, again due
to Aaronson and Gottesman [31]]. The first simulates stabiliser circuits initialised with

magic states, the second deals with arbitrary non-Clifford gates.

The method for magic states assumes that the initial state p is a tensor product
state comprising m blocks of up to b qubits, p = ®;-”:1 p;j, and exploits the fact that
Pauli operators always have tensor product structure for any partitioning of qubits, P =

;”:1 P;. The circuit is assumed to be a sequence of polynomial-sized Clifford circuits
U; alternating with single-qubit measurements Z;. We stipulate at most M measurements.
Note that this model allows for state injection, but at least one measurement is needed
for each injection gadget, so that # injected magic states implies at least # measurements.
Rather than evolve the density operator, we can move to the Heisenberg picture and
evolve the Pauli operators. For example, the probability of obtaining each outcome for

the first measurement is,

1+U{Z,U
—lllp (1.76)

1+2
Pr(il):Tr{ 5 lUlpr} ~Tr 5

Since U is a Clifford operator, Z; is mapped to some new Pauli operator U ]’r ZiUy=P=

"1 Pj. Then we can rewrite as:

m

®[Pjpj

j=1

1 1

+ =[] T [Pip;] (1.77)
j=1
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Each trace in this product involves at most b qubits, so can simply be computed by matrix
multiplication in time (’)(22b ) , which is tractable if b is small. A biased coin is flipped
based on the computed probabilities, and based on the result, the appropriate projector is

applied to the state,
1 (1+2)UpU{ (1+2)
4 Pr(+1)

/

p' = (1.78)

The process is repeated for the measurement of the second qubit, except that equation
is now a linear combination of four terms, so the measurement step now involves
2 -4 = 8 terms, each taking time O (m22b ) to evaluate. By the time we get the final mea-
surement, there are 22M 1 terms, so the total runtime is O (m22M +2b ) . For the case where

we inject f magic states, there are at least ¢ blocks of qubits and at least # measurements,
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so the runtime is O (2% ).

The method for non-Clifford gates is based on decompositions of b-qubit gates U in
the Pauli basis, which can have up to 4% terms, U = ):?il ¢;P,. Let r(P) be the 2n-element
vector labelling the positions of Z and X operators for Pauli P. Then a pure stabiliser

state p with generators g is updated as

iy
UpU' =Y ciciP. ( J;g"> P; (1.79)
i k=1

noq 4 (_1)<r(gk)7r(Pj)>gk) (1.80)

=) cijP; (H >
L,J

k=1

where ¢;iP;; = c,-c;P;Pj. With each additional non-Clifford gate, each term branches a

4217[

further 42% times. In the worst case, we need to keep track of coefficients, and

O(4") strings of length O(n), representing Pauli matrices and inner products.

Measurements are simulated by letting projectors ITp = (1 4+ Q)/2 act by conju-
gation on the evolved state p’. We omit the details here, but the result is that the de-
composition retains the same form as equation (1.80), and the number of terms does not
increase. To evaluate the trace of Ilpp,I1p, where p; is the state at the 7-th step of the
circuit, Aaronson and Gottesman note that the trace of each term is either +2"¢;; if P;;
1s in the stabiliser, and O otherwise, and (’)(42b’ ) terms must be summed. Putting this all

together, the algorithm requires time and space O (42b’ )

Both of the techniques just described have runtime exponential in the number of
magic resources. We draw attention to the fact that both those methods are state/gate-
agnostic, in the sense that the strength of the scaling does not depend on the details of
the particular resource consumed, only on coarser parameters such as the total number of
non-Clifford gates or magic states, and the number of qubits on which they are defined.
It is natural to ask whether there are not, for example, gates that are easier to simulate
because they more closely approximate stabiliser states, and indeed this will be one of
the central questions considered in this thesis. To this end, it is useful to formalise how
quantum resources can be quantified. To close this chapter, we introduce some of the

basic machinery of quantum resource theories.
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1.6 Resource theories and monotones

Performing certain quantum information processing tasks requires access to resourceful
states and operations. Resource theories have become an important tool for the study of
many phenomena in quantum information theory [93-935], including entanglement [96,
97|, coherence [98], contextuality [99], athermality [100], and numerous others. Our
main interest in this thesis is in the resource theory of magic [[1H3, 101-104]]. Resource
theories can be used to study questions such as which resourceful states can be intercon-
verted [103,|105,|106]], and the rate at which higher quality resource states can be distilled
from many lower quality copies [33-44].

A resource theory can be defined by specifying a class of free operations F [93],
such as local operations and classical communication (LOCC) in entanglement theory
[107]. One can then identify the set of free states S as those states that can be prepared
from a standard fiducial state using free operations alone. By virtue of being non-free,
states outside S therefore acquire value as resourceful states. Likewise non-free opera-
tions are considered resourceful. Beyond the binary distinction of free versus non-free,
it is useful to assign a resource value to a state of interest. This can be done using a

resource monotone.

Definition 1.13 (Resource monotones). Given a resource theory equipped with a class
of free operations F, we say that a mapping M from states to the real numbers is a
monotone for that resource if it is non-increasing under the class of free operations. That
is, for all states p:

M(E(p)) < M(p), VEEF. (1.81)
We call this property monotonicity.

For example, for any well-defined resource theory, once we have specified the set
of free states S, we can always define the relative entropy distance to the set of free
states [93]. The relative entropy of a state p with respect to state o is defined S(p||o) =
Tr[plogp] — Tr[plog o]. Then the relative entropy distance with respect to the set of free
states S is given by Ds(p) = infscsS(p||o). The relative entropy is contractive under
CPTP operations [108] (i.e. S(E(p)||E(o)) < S(p||o) for any CPTP &), and it follows
that Ds must be non-increasing under CPTP free operations. Several other properties are

advantageous in proving results in magic theory. We note that monotones defined in the
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literature do not always have the properties defined below, but we will make use of them

many times in this thesis.

Definition 1.14 (Faithfulness). We say that a monotone M is faithful if there is a con-

stant ¢ such that M(p) =cif p € S, and M(p) > c otherwise.

For entropy-like monotones such as relative entropy distance, the constant c is zero.
We can see this easily for the relative entropy distance, since S(p||c) >0, butif p € S
then infscsS(p||o) = S(p||p) = 0. Many of the magic monotones we consider later in
this thesis are defined in such a way that ¢ = 1. However, this is a matter of convention,
as each of our quantifiers can be converted into a monotone such that ¢ = 0, simply by
taking the logarithm. For the purposes of this thesis, we find the non-logarithmic variant

to be more convenient.

Definition 1.15 (Submultiplicativity/subadditivity). We say that a monotone is submulti-

plicative under tensor product if for any pair of states p and o, we have:

M(p®o) < M(p)M(o). (1.82)

Submultiplicativity applies to non-logarithmic monotones. Equivalently, if M is submul-

tiplicative, then the logarithmic version is subadditive:

logM(p @ o) <logM(p)+logM(0o). (1.83)

When submultiplicativity/subadditivity holds, it ensures that one cannot increase the
apparent resourcefulness of a state by preparing a free state on an auxiliary subsystem.
We note that submultiplicativity is not a strict requirement for all quantifiers in all con-
texts, as it is conceivable that measures that do not have this property may be useful in
the study of processes such as catalysis, and activation of bound resources [105} [109].
Indeed, some authors have defined quantifiers of magic that can be supermultiplicative
for some states [110], but we will later argue that this property can be problematic in
attempting to quantify classical simulation costs. Indeed, submultiplicativity is key to
proving several novel results presented later in this thesis. Returning to the notion of
faithfulness, there is a natural choice of the constant ¢ depending on whether a monotone

is of the (sub)multiplicative or (sub)additive type. For subadditive monotones, we expect
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that composing one state with another via the tensor product adds some non-negative
real number to the monotone value. But we want to ensure that composing with another
stabiliser state does not increase the magic content. It therefore makes sense to set ¢ = 0,
since O is the additive identity for the set of real numbers. For submultiplicative mono-
tones, composing two states at most multiplies their value, so it is natural to choose the

multiplicative identity, and define monotones so that ¢ = 1.

Definition 1.16 (Convexity). A monotone M is convex if for any state p =Y.;q;p;, we

have:
M(p) < Y. |a;|M(p))- (1.84)
J

Again, convexity is not a strict requirement for a resource monotone; indeed, log-
arithmic monotones are typically non-convex [111]]. However, it holds for many of the

monotones we introduce later, and is instrumental in proving further properties.

1.7 Summary and outlook

In this chapter, we introduced the stabiliser formalism [30] and other key concepts in
quantum information and computation. We showed that stabiliser circuits can be sim-
ulated efficiently by a classical computer [25, 31], but that promotion to universality is
achieved by the addition of one type of resource, namely non-stabiliser, or magic, re-
sources [35]. Exploiting these resources fault-tolerantly is a major engineering challenge
that must be overcome if scalable quantum computation is to become a reality [33]. The
computational power of stabiliser circuits supplemented by ¢ magic resources, as quan-
tified by the runtime of a classical simulation, appears to be exponential in ¢, though the
precise scaling depends on the particular algorithm employed. For the early simulators
of Section the scaling was O(4") or worse, so that the algorithms quickly become
impractical even for relatively small numbers of magic state copies. In more modern
algorithms, we still expect asymptotic exponential scaling O(2*), but recent work [3|
59, 160, [103]] has enabled the coefficient o to be significantly reduced. With these new
methods the performance scaling is sensitive to the “amount” of magic per gate (or state),
where “amount” is made precise by the resource theory of magic [[101-103,|112]. In this
way, the exponential scaling is tamed so that classical simulation remains tractable for
larger non-stabiliser circuits. The main aim of this thesis is to contribute to this effort to

improve classical simulators, both by further developing the resource theory of magic,
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and by designing new classical algorithms with improved performance. In the next two
chapters we review related prior work where stabiliser simulation methods have been ex-
tended to more general classes of quantum circuit, broadly divided into two strands. In
the next chapter, we will review quasiprobability methods, including phase space meth-
ods and related techniques, which can be applied for general density operators. In con-
trast, the stabiliser rank techniques reviewed in Chapter 3| are usually restricted to pure
state evolution, but can lead to faster classical simulators. In the main part of the thesis,
following these chapters, we will present our novel work that improves and extends both

quasiprobability and stabiliser rank techniques.



Chapter 2

Quasiprobabilities and phase space

methods

2.1 The phase space picture of quantum mechanics

The Wigner function has a long history in quantum theory, having first been introduced
by Wigner in 1932 as a quantum analogue for probability distributions over classical
phase space [113]]. Given a classical system with coordinates x; and momenta p;, one can
write down a probability density function P(x;; p;) for finding the system in a particular
infinitesimal region of phase space. In contrast, in quantum mechanics the possibility of
writing down a joint probability distribution for position and momentum is famously pro-
hibited by the uncertainty principle. Nevertheless, Wigner realised that one can formulate
a real-valued function W (x;, p;) that shares many features of a probability distribution. A
crucial difference is that its values can go negative, and it is in this sense that the Wigner
function yields a quasiprobability distribution. When this Wigner function is integrated
over either position or momentum, the correct quantum mechanical probability density

for the conjugate variable is recovered.

More recently, phase space techniques have seen application in the field of quan-
tum optics, where negativity of the Wigner function has been proposed as a signature of
nonclassicality [[114, [115]]. Conversely, the Gaussian states are those with non-negative
Wigner functions. This result is known as Hudson’s theorem [116,117]], and these are of-
ten seen as continuous-variable analogues of stabiliser states [[118]. As quantum informa-
tion theory emerged as a field in its own right, various authors sought to define and study

Wigner functions for discrete, finite-dimensional quantum systems [[119]]. In particular,
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Gibbons et al. [119] proposed axioms that candidates for discrete Wigner function W
should possess in order to be consistent with the continuous-variable counterpart. These
include the stipulation that for systems of dimension d, W should be a mapping from
the space of operators to functions W(p,q) on a phase space, which can be modelled as
a d x d lattice; and the Wigner function should be covariant with respect to the action
of Heisenberg-Weyl operators, meaning that the values W(p,q) are permuted between
phase points (p,q) but the set of values does not change [[118]. It turns out that for di-
mension d, there are d%*! distinct definitions for generalized Wigner functions satisfying
the constraints of Gibbons et al. [119]. It was subsequently shown that stabiliser states
in prime-power dimension are precisely those that are non-negative for all valid choices
of Wigner function [120,|121]. However, Gross [118] showed that in any odd dimension

there is a natural choice of Wigner function.

Gross’s discrete Wigner function is based on the stabiliser formalism for odd-
dimension qudits. Since this thesis is largely concerned with systems of even dimension,
we will only give a brief outline here, and refer the interested reader to Ref. [118]]. Given
the standard single-qudit basis {|x) } ,cr, = {|0),[1),...,|d — 1)}, the shift and boost op-

erators can be defined analogous to Pauli X and Z,
X(q)|x) =|x+q modd), Z(p)lx)=aw"l|x), 2.1

where o is a primitive d-th root of unity, ® = exp(#%). These then generate the

Heisenberg-Weyl operators T = T(, ;) = w=2"'PZ(p)X(q), where a = (p,q)T € F, x

P4
F,;. Notice that 27! is not defined for d = 2, so that this definition cannot be applied
to qubits. Multi-qudit Heisenberg-Weyl operators are constructed by forming tensor
products of the single-qudit operators, and these can similarly be labelled by vectors
(p,q) € F; x F/; where p and q are the direct sum of the entries (p,q) for each qudit.
Heisenberg-Weyl operators compose according to 77, = w271<a’b>Ta+b where (-,-) is
the appropriate symplectic inner product for the space V = 7, x ;. Thus equipped with
the symplectic inner product, V is called the phase space. Qudit stabiliser states are spec-
ified by maximally commuting subgroups of the Heisenberg-Weyl operators. The qudit

Clifford operations correspond to symplectic affine transformations on the phase space

[118], and it follows that their action on elements of stabiliser groups can be simulated
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efficiently, as in the qubit case.

The Heisenberg-Weyl operators form a complete basis orthonormal with respect to
the Hilbert-Schmidt inner product, up to normalisation, i.e. d " Tr [TaT Tb] = 8, p. Any
density operator therefore has a unique expansion in this basis. The characteristic func-
tion specifies the expansion coefficient for each Heisenberg-Weyl operator. The discrete
Wigner function due to Gross [[118] is obtained by taking the symplectic Fourier trans-

form of the characteristic function,

p=Y Wo(a)da, Aa=d "y o 07T (2.2)
acV beV

where A, are a set of orthonormal operators with unit trace called phase point opera-
tors. The Wigner function for Hermitian p is always real-valued, but in general can take
negative values. This is key to the interpretation of equation [2.2] as a quasiprobabil-
ity distribution. The discrete Hudson’s theorem due to Gross [118]] states that for pure
states, the stabiliser states are precisely those with a non-negative Wigner function, which
means their density operator description can be modelled as a proper probability distri-
bution over phase point operators. It follows that any convex combination of stabiliser
states must also have non-negative Wigner function, but it can be shown that the converse
is not true, and there exist non-stabiliser mixed states with non-negative Wigner function.
These are known as bound magic states 101}, 122]]. While a supply of noisy magic states
that are not bound can be refined to magic states with higher purity via magic state dis-
tillation, this cannot be done for bound magic states using stabiliser operations alone

[1O1]].

2.2 Wigner function negativity as a computational re-

source

The fact that states with positive discrete Wigner function can be cast as probability dis-
tributions over phase point operators suggests that they may be simulated by random
sampling of these operators. Indeed, Veitch et al. [[101]] showed by explicit construction
of a classical algorithm that states and measurements with non-negative Wigner function
can be simulated efficiently if the intervening operations are limited to Clifford gates.

This result is therefore strictly stronger than the Gottesman-Knill theorem for qudits, as
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it shows that efficient simulation remains possible for a subclass of magic states, and for
measurements beyond projective measurements in stabiliser bases. Independently, Mari
and Eisert [123] developed a similar classical simulation scheme for odd qudit systems,
which additionally allows efficient simulation of quantum channels with positive phase
space representation. Thus, to achieve any speedup over classical computation, a quan-
tum circuit on a system of odd dimension must involve Wigner negativity in either state
preparations, transformations or measurements.

Later work made this notion of Wigner negativity as a resource quantitative by defin-
ing magic monotones [102}, |124]. In a follow-up paper Veitch et al. [[102] introduced the

sum negativity sn and the related quantity mana Myy, defined,

sn(p) = Z ‘Wp(u)| (2.3)
w:W, (u)<0
My (p) = log[[|Wp||1] = log[2sn(p) + 1]. 2.4)

Veitch et al. showed that the sum negativity is unique as a quantifier of magic for qudits,
in the sense that any reasonable magic monotone based on the negativity of the Wigner
function must be a function of sn(p) alone. Both sum negativity and mana are monotone
under stabiliser operations, but the mana has the convenient property of being exactly
additive. The mana distinguishes bound and distillable magic states since positively rep-
resented states have My (p) = 0, whereas My (p) > O for distillable states. Indeed,
Veitch et al. use their monotones to numerically analyse magic state distillation proto-
cols, comparing conversion rates for known protocols with the upper bound derived from
magic monotones [[102]. Wigner negativity can therefore be seen as a necessary resource
for quantum advantage.

In this thesis our primary interest is in the cost of classical simulation, and it has
been shown that Wigner negativity can be directly related to runtime for a class of Monte
Carlo-type algorithms based on quasiprobabilities [[124]. Wigner functions can be sit-
uated within a broader class of quasiprobability representation through the notion of a
frame [1245127]. In this picture we first define a pair of operator bases {F(A)};ca
and {G(A)} en, called the frame and dual frame respectively, which satisfy the relation
A =Y,cAG(A)Tr[AF(A)] for any Hermitian operator A, where the label A runs over

some defined space A. For example, this can be satisfied by choosing A to be the qudit
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phase space already described, choosing the frame to be the phase point operators nor-
malised by dimension F(u) = A,/d", and the dual frame to be the unnormalised phase
point operators, G(u) = A,. However, the frame concept is more general, as the frame
and dual frame bases are allowed to be overcomplete, and A is not constrained to have

the structure of a phase space.

Having defined the frame and dual frame, one can define a quasiprobability distribu-
tion for any density operator, W, (A1) = Tr[F(A4)p]. Of course, when the frame is chosen
to be the set of normalised phase point operators, this is precisely the discrete Wigner
function identified by Gross [118]. One can also define distributions for unitaries U and

measurement effect operators E:
Wy(A'|A) =Tr [F()U)UG(/I)UT , W(E|A) =Tr[EG(A)]. (2.5)

Notice that for the representation of U, this notation is suggestive of a conditional prob-
ability for transition from point A to point A’, and W(E|A1) suggests the probability of
obtaining some the measurement corresponding to E given a system at point A. Indeed

by applying the Born rule along with the definitions above,

Pr(E|UpU*) = Y W(EIM )Wy (X |A)W,(A). 2.6)
AT A

However, we must keep in mind that these functions should be understood as quasi-
probability distributions rather than proper probability distributions, since they can take
negative values. Nevertheless, Pashayan et al. [124]] proposed a Monte Carlo simulation
method involving a renormalisation of the quasiprobability distribution, so that a genuine
probability distribution can be recovered. The negativity of W), is defined to be the /-
norm, [|[Wp|[1 =X 1ea |Wp (1) | Pashayan et al. define the point-negativity of a unitary U
at point A to be ||[Wy (-|A)]|1 = Xprea [Wu (A/|1)]. To define probability distributions, we

normalise the distributions as

_ Wy [2)]

Pr(Alp) ==, Pr(A|U,A) = WoCl

2.7)
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We can then rewrite the Born rule probability from equation (2.6)) as

Pr<EyUpU*‘) = Y EpaPr(A|U,2) Pr(Alp), 2.8)
AA

where By, = W(EIV)-sign(Wy (M |)Wp (1)) - [Wo (M) ]l1- Wplli (29)

The simulation strategy is therefore to randomly sample a point A from the distribution
{Pr(A|p)},cn, before sampling a transition to a second point A’ from the distribution
corresponding to the unitary U. This can be straightforwardly extended to a length T
sequence of unitary operations U;, where each U, is described by its own quasiprobability

distribution. Pseudocode for the procedure is given in Algorithm|I]

Algorithm 1 Pashayan quasiprobability simulator [[124]

Input: Initial state p described by quasiprobability function W,; Sequence of unitary
operations U = Ur oUr_; o...0oUj, each described by function Wy,; measurement
effect operator described by function W (E|-); number of samples M.

Output: Estimate E for Tr[EUpU"].

. E<0
2: form < 1toM do

3: Sample Ay from {Pr(A[p)} en-

4 Q< sign(Wy(Ao)) X [|[Wpl|s

5: fort < 1toT do

6: Sample A, from {Pr(A'|U,A—1)} pren-

T Qe Qxsign(Wo (A1) % W, (1)l
8: end for

90 En+ QXW(E|Ar)

10: E+—E+E,
11: end for N
12: return E =E/M.

Let A = (Ag,...,Ar) be a vector representing a trajectory of sampled points A, in
Algorithm([I] Then let

Ej = W(E|Ar)-sign(Wp(%0)) - [Wp |11
T
x | | sign(Wy, (A A1) - [[Wo, (+| A1) []1 (2.10)

t=1

We can then compute the expected value of the random variable E,, evaluated in step @
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We have

T
E(En) =Y Pr(Zolp) (HPrMU& > 2.11)

A t=1

=) W(E[Ar) <ﬁWU, Al A1 )> Wy (o), (2.12)
)

=1

where in the last line we combined the definition of the probability distributions in equa-

tion (2.7) with the random variable (2.10) to rewrite

Wy (A0)|

sign(Wp (X)) - [Wpll1 Pr(A|p) = sign(Wp (o)) - Wy |11
[Wp ll1

=Wp (o), (2.13)

and similarly for each unitary operation U;. But given the quasiprobability distributions
defined using the frame and dual frame above, line is an expression for the Born
rule probability, Pr(E|UpU") = Tr[EUpU'] = E(E,,). In other words, the random
variable output from Algorithm [I]is an unbiased estimator for the quantum mean value
Tr [E UpU T] Therefore E will converge to the quantum mean value given a large enough
number of samples M. The critical question is how large M needs to be to achieve a
given precision, as this governs the runtime. Pashayan et al. make use of the Hoeffding

inequality.

Theorem 2.1 (Hoeffding inequality [128]]). Given a sequence of M i.i.d. random vari-
ables Xj bounded by |Xj| < b and with expected mean value E(X), the probability that

M X /M deviates from the mean by more than € is upper bounded by:

2
{ } < 2exp (—%) (2.14)

Supposing that we want to achieve a fixed precision and success probability, we can

¢
“Lu|>

use the following corollary, which follows immediately from Theorem [2.1]

Corollary 2.2 (Hoeffding inequality - sample complexity). Suppose that we can generate
a sequence of M bounded random variables {X;} as described in Theorem We can
achieve the precision |E(X)— Z}/IZIXJ'/M < € with probability at least (1 — pga1) by
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setting the number of samples as follows:

1 2
M= 2b2—ln( ﬂ (2.15)
[ g2 Pfail

We have already seen that E(Em) =Tr [E UpU T] . Pashayan et al. [[124]] define the

total forward negativity M_, for a circuit to be the maximum negativity over all possible

trajectories:

e LA (HMUf> H}LaX\W(EMT)!, (2.16)
=1 T

where My, = max; |Wy (-|A)]|1 is referred to as the negativity of U;. Then, com-
paring with equation (2.10) one can check that the random variables En generated in
Algorithm |1|is bounded as ‘Em‘ < max|Ejy| = M_,. Therefore if M samples are gener-
ated by the algorithm, by Hoeffding’s inequality (Corollary [2.2)) the output of the classical

algorithm will be within additive error € of the quantum Born rule value with probability

at least (1 — pg1) provided that M is set to be at least:

M > 2M2_>$1n(pf2aﬂ) . (2.17)
Pashayan et al. [[124] demonstrated the method by classically simulating 100-qutrit ran-
dom Clifford circuits, where k qutrits were initialised in a magic state, and the remain-
der initialised in the |0) state, choosing the canonical phase space frame, so that the
quasiprobability distribution for the initial state is the discrete Wigner function. Re-
call that in Ref. [102] the mana was defined My (p) = log|[||W,||1], and is an additive
monotone, so that for k copies of a magic state p, the mana is My (p=*) = kM (p).
Therefore the runtime for this instance of the algorithm is O (HWp@k H%) =0 <2kMW(p ) ) )
so exponential in the number of magic states k. This feature is shared with the
Aaronson-Gottesman algorithm [31], but the key difference is that whereas the Aaronson-
Gottesman algorithm treats all single-qubit magic states on an equal footing, the strength
of the exponential scaling in the Pashayan simulation is sensitive to the single-qubit mana
My (p) appearing in the exponent.

The phase space formalism for odd-dimension qudits, combined with the quasiprob-

ability simulation framework therefore provides an elegant connection between the quan-

tification of magic as a resource and the hardness of classical simulation. However, our
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primary interest for this thesis is the setting of qubit quantum circuits, and here we find
that the convenient phase space picture breaks down [[129, |130]]. It is certainly possible
to develop a meaningful phase space framework for even dimension [|110], but one finds
that many of the properties that lead to the striking connection between Wigner function
negativity and magic theory in odd dimension are lost. We will discuss the reasons for
this breakdown in Section First, it will be useful to introduce alternative approaches

that allow us to construct practical quasiprobability simulators for the qubit case.

2.3 Robustness of magic

It is clear that in the state vector picture, any pure state can be written in a basis of sta-
biliser states, and we will consider decompositions of this type in Chapter[3] However, it
is also the case that the pure stabiliser state projectors |@ ){¢|, where |¢) € STAB,, form an
overcomplete basis for the set of 2"”-dimensional density matrices [[103]. One can see this
by recalling that any pure stabiliser state projector can be written as a product of Pauli
projections (Section [[.1.5.1). For example in the base case for a single qubit, we have
|0)0| = (1 +2Z)/2 and |1)(1]| = (1 — Z)/2. But then we can write Z = |0)(0] — |1)(1].
We can similarly decompose any Pauli operator as a linear combination of pure stabiliser
states. In turn, it is well known the Pauli operators form a complete basis for the space
of Hermitian operators. We can therefore write the normalised density matrix for any
state as an affine combination of pure stabiliser state projectors p =3} q; ‘q) j><¢ j‘ where

|¢j> € STAB,, and } ;q; = 1 (Figure . In general, g; can be negative, so this is again

Figure 2.1: Schematic illustration of a density matrix p € D, decomposed as an affine combi-
nation of elements from the stabiliser polytope STAB,,. Figure reproduced from our
paper Ref. [1]].

a quasiprobability distribution. It is clear that the basis of stabiliser projectors is over-
complete, since the number of n-qubit stabiliser states grows faster than 4". It follows

that there are typically many possible stabiliser decompositions for a given density oper-
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ator. The robustness of magic (RoM) was defined by Howard and Campbell [103] to be

the minimal ¢;-norm ||g||; = ¥; |¢;| over all valid decompositions [103]].

Definition 2.3 (Robustness of magic (RoM) [103]]). Given the density operator p for an

n-qubit state, the robustness of magic 'R is defined:

R(p) = mqin{uc?lh 1Y a;]9;)(9i| =p.|9;) € STABn} (2.18)
J

=min{1+2p: (14+p)py —pp-=p, p>0,p+cSTAB,} (2.19)

The robustness of magic is a well-behaved magic monotone, having the following

properties:
1. Convexity: R(L;4,p;) < X;|a;|R(p));
2. Faithfulness: If p € STAB,,, then R(p) = 1. Otherwise R(p) > 1;

3. Monotonicity under stabiliser operations: 1If £ is a stabiliser operation, then

R(E(P)) <R(p);
4. Submultiplicativity under tensor product: R(ps @ pp) < R(pa)R(ps).

The RoM can be calculated using standard linear programming techniques [131] (for
example using the MATLAB package CVX [132]]). The naive formulation of the linear
program is practical on a desktop computer for up to five qubits (the number of stabiliser
states increases super-exponentially with n). It was recently shown by Heinrich and Gross
[133] that when states possess certain symmetries, the original optimisation problem can
be mapped to a more tractable one, so that RoM can be calculated for up to 10 copies
of a state. For example, this strategy can be applied when the state is a k-fold tensor
product of T-states, p = |T)T|*¥. There is a known lower bound which can be directly

computed, namely the stabiliser norm, defined as follows.

Definition 2.4 (Stabiliser norm). Given a normalised n-qubit state p the stabiliser norm
is defined.:

Y. |Tx[Pp]l, (2.20)
P€P+

1
Il = 5

where P is the set of unsigned Pauli operators.
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The stabiliser norm is multiplicative, convex, and is a one-way magic witness in
the sense that ||p|| > 1 implies that p is a magic state, but the converse is not true. It
is always the case that |[p||, < R(p), and a tighter lower bound is obtained from the
formula:

(2.21)

Although the stabiliser norm gives rather a loose bound, it is significant that it is mul-
tiplicative, since it means that for n copies of a magic state p with ||p|| > 1, one has
R(p®") > |lp|l5- In other words, though RoM is itself submultiplicative, we cannot ex-
pect it to be dramatically so for many-qubit states, as it is lower bounded by a quantity

that increases exponentially with #.

A further key result of Ref. [103] is that robustness of magic directly quantifies
simulation cost for a classical algorithm. Howard and Campbell adapt the approach
of Pashayan et al. [124] to classically estimate observables for stabiliser circuits with
mixed magic state inputs; rather than sampling over points in phase space, one samples
a stabiliser state from the distribution which can then be evolved efficiently using the

Gottesman-Knill theorem. Pseudocode is shown in Algorithm

Algorithm 2 RoM simulator [[103]

Input: Vector q describing stabiliser decomposition of an n-qubit state, p =
Y qr |0k )0k, |9r) € STAB,,; description of a stabiliser circuit &; stabiliser observ-
able E; number of samples M

Output: Estimate E for Tr[EE(p)].

. E<0
2: form<1toM do

3 Sample | @y )(x| from {Pr(k) = ﬁ}.

4 E < sign(qy) ||all1 TI[EE(|0x) {0k )] > Computed using Gottesman-Knill.
s E«E+E,

6: end for

7: return E = E /M.

Again, one can demonstrate the validity of the simulator by showing that the output

variable is an unbiased estimator, and that each Em is bounded by the ¢;-norm of the
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distribution, then applying Hoeffding’s inequality. We have:

ZPr -sign(qx) || qll1 TrEE(|9e)(9x])] (2.22)

=Y acTHEE(|9i){(0x])] = TH[EE (p)]. (2.23)
k

This shows Em is an unbiased estimator for the quantum mean value. To bound Em,
notice that Tr[EE (|¢x)(Pk|)] € [—1, 1] when E is a Pauli observable, or in the range [0, 1]

if a stabiliser projector. Therefore, by inspecting step ]

[Enl < max [sign(qi)llq]l1 TEEE (19e){@)]] < llall1- (2.24)

Using the Hoeffding inequality (Theorem [2.1]), we obtain the following result.

Theorem 2.5 (RoM simulator performance [103]]). Given an n-qubit magic state with

, for |¢) € STAB,,, where {|qi|/||q||1} can be

known decomposition p = Y qi |9 )
sampled from in time poly(n), we can estimate the mean value of a stabiliser observable
E up to additive error € and with success probability at least (1 — pgy1) with polynomial

space and with runtime at most,

2
=l W

) Tpoly(n). (2.25)
Prail

If the known decomposition of p is optimal then the runtime is O(R(p)z).

In practice, when n is large, the exact optimal decomposition is hard to compute.
However, it is often the case that the initial state to be simulated is a tensor product of
few-qubit magic states. In this case, supposing without loss of generality that n = bk for
some small b, and arbitrary k, one can break the state into blocks of b qubits, p = (X)]J‘-:l pj
and compute the optimal decomposition for each block. Typically, the composite decom-
position will be suboptimal for n-qubit state, but will be a valid quasiprobability distribu-
tion that can be used in the algorithm. Importantly, this also ensures that the probability
distribution {|gx|/|/q||1} is a product distribution so can be efficiently sampled from. In
this case the runtime of the algorithm will be O (H’J‘.ZIR(p j)2>. Since RoM is submulti-
plicative, it is beneficial to make b as large as is tractable for numerical optimisation.

The framework naturally extends to a subclass of non-stabiliser circuits: those that
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may be implemented by deterministic state injection [34, [103]], including all gates from
the third level of the Clifford hierarchy (recall Section . For such cases, the non-
Clifford gate is replaced by a sequence of stabiliser operations taking a resource state p
as input. This admits classical simulation using the method described above, and each
consumed resource p contributes a factor R(p)? to the runtime. It has recently been
shown [[134] that gadgetisation can be extended to third level diagonal gates subject to
depolarising noise. By modifying the state injection gadget, the n-qubit pure resource
state is replaced by a noisy 2n-qubit resource state. Taking the 7-gate as an example, the
resource state |T') is first replaced by a two-qubit ideal resource |T+) = |T) ® |+) state
with modified injection circuit. Depolarising noise is then simulated by applying Pauli

errors to ideal resource state pr = |T+)(T+|, that is,

3
p= (1 - f) pr + %(leTZ1 +20p1Z0 + Z1 220171 2). (2.20)

The cost of simulation then scales with R(p), exploiting the reduced robustness of the
noisy resource state. However, more generally, magic channels cannot necessarily be
implemented using deterministic state injection, and in this case it is not clear that the
robustness of some resource state is the appropriate measure. Recall from Section [I.3|
that a channel £ is completely stabiliser-preserving if and only if its Choi state ®¢ is
a stabiliser state. It follows immediately that the RoM of the Choi state is faithful in
the sense that R(Pg) = 1 only for stabiliser channels, and is strictly larger otherwise.
One might wonder whether this quantity is suitable as a measure of magic for channels.
It turns out that it fails to be a well-behaved measure of magic, for reasons that will
become clear when we make precise the notion of a channel monotone in Chapter[d For

completeness, we prove some properties in Appendix [C.1]

The quasiprobability simulation method of Howard and Campbell [[103] is clearly
similar in spirit to that of Pashayan et al. [[124]. It is natural to ask whether decomposition
over stabiliser projectors can be understood through the formalism of frames. Recall that
given a fixed frame and a dual frame, a unique quasiprobability distribution is computed
for any p. This is not the case for robustness of magic, where many possible decomposi-
tions are possible, and the optimal decomposition must be found by linear optimisation.

Therefore if there exists a frame {F(A)} that leads to the function W, (A1) = Tr[F(A)p]
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such that |[W,||1 = R(p), the choice of frame must be state-dependent. For the interested
reader, in Appendix [C.2] we show how such an optimal frame can be found starting from
any known stabiliser projector frame [135]. However, it is not clear whether much insight
or practical advantage is gained by viewing stabiliser projector decompositions from this
perspective. One may ask if there exists a more natural phase space picture which pro-
vides a suitable frame for the n-qubit case. In the next section we argue that while there
are ways to modify the phase space construction to this end, their usefulness with respect

to practical classical simulation of quantum circuits is limited.

2.4 Phase space picture for qubits

At this point the reader may ask why the elegant phase space construction has direct
application in quasiprobability simulators for qudits [101} [102, 124], whereas for even
dimension we must resort to overcomplete bases such as the set of stabiliser state pro-
jectors [103]. Fully understanding the differences between odd- and even-dimension
systems is a field of active research [[110,|129, 130] outside our scope, but we will sketch
some of the issues pertaining to classical simulation. One useful perspective is via con-
textuality [[130]. Given the set of binary observables O = {O;}; that can be measured on
a given system, we call a subset § C O non-contextual if one can simultaneously make
an assignment A(0;) € £1 for all O; € S that is consistent with respect to compatible
observables. That is, A(O;)A(Ok) = A(0;Oy) for all commuting O}, 0k, 0;0; € S. If
such an assignment is not possible, then the presence of contextuality is indicated. Con-
textuality has often been proposed as a signature of non-classicality, and can be studied

in a state-dependent or -independent setting [ 130, 136-139].

For qudits, a non-contextual value assignment is possible for any subset of the
Heisenberg-Weyl operators by setting A (Ty) = 1 for all u. This follows from the compo-
sition law T, Ty, = > (ab) Ty+1, which reduces to Ty Ty, = T,4p for any pair of compat-
ible Heisenberg-Weyl operators, (a,b) = 0. In this sense, there is no state-independent
contextuality in stabiliser computation for odd d qudits. Indeed, for odd dimension the
emergence of state-dependent contextuality has been shown to align with Wigner func-
tion negativity and hardness of classical simulation [140, |141]. This argument fails for
qubit systems due to the non-existence of 2! in F,. In fact, state-independent contex-

tuality can be demonstrated for Pauli measurements n-qubit systems with n > 2; this can
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be proved for two qubits, for example, via the Mermin square [[137, |138]. This prob-
lematises efforts to portray contextuality as a resource for quantum speedup in the qubit
case. It has also been proved that for any definition of the Wigner function following
the framework of Gibbons et al. [[119], there always exist stabiliser states with negative
Wigner function [130]. Several authors have shown that one can recover a consistent pic-
ture connecting contextuality, Wigner function positivity and classical simulability for
qubits, but only by imposing strict restrictions on the free states and operations in some
way. For example, Delfosse et al. [129] introduced a model of computation restricted
to rebits at all steps of the quantum circuit, while Raussendorf et al. constrain the free

measurements to those preserving positivity [[130].

Recent work by Raussendorf et al. [110] has attempted to re-align Wigner function
positivity with classical simulability for all stabiliser states by modifying the definition of
phase point operators. Standard phase point operators are sums over all Heisenberg-Weyl
operators, and differentiated by a phase assignment on each term. The altered definition
involves a sum over so-called closed non-contextual (cnc) subsets of the phasespace.
Thus the new phase point operators are labelled by a subset and a phase assignment. It
turns out that since a non-contextual assigment is always possible in the qudit operators,
the only non-trivial cnc set comprises the whole phase space, and the associated Wigner
function coincides with the standard definition. In stark contrast, in even dimension there
is an explosion in the number of maximal cnc sets, leading to a complicated constellation
of new phase point operators. The new basis is massively overcomplete, so that the cor-
responding Wigner function is non-unique and must be optimised. Raussendorf et al. de-
fine a robustness measure for this set analogous to the RoM, and show that their measure
is strictly smaller. However, their new definition of phase point operators is not closed
under tensor product, which means one cannot easily construct product quasiprobability
distributions as was the case in the RoM simulator [[103]] (Section [2.3)). It is therefore not
known how to use the modified phase space picture to obtain more than a small constant
factor speedup over Howard and Campbell, and the optimisation problem appears to be

strictly harder.
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2.5 Simulating CPTP maps

While the set of operations accessible in the Pashayan simulator [[124]] is universal, the
natural choice of frame for qudits does not carry over to qubits, where the optimal choice
of stabiliser frame is state-dependent. This leads to ambiguity when considering a se-
quence of unitary operations, as the frame that is optimal for a given state or gate is
suboptimal for others. Meanwhile, the RoM simulator [103] is able to admit univer-
sal quantum circuits by gadgetisation, since, for example, any Clifford+7 circuit can be
simulated by a stabiliser circuit with injected magic states. From the point of view of
classical simulation, this may lead to inefficiency, since typically synthesis of an arbi-
trary single-qubit rotation requires multiple 7" gates. It is likely advantageous to simulate
each single-qubit gate more directly. Below we review quasiprobability techniques ex-
tended to deal with general CPTP maps. In addition to the goal of driving down the
simulation cost for arbitrary gates, this is motivated in part by the need to simulate noisy
quantum devices, which may involve imperfect gates, intermediate measurements and

non-stabiliser noise models.

2.5.1 Clifford and Pauli-reset decomposition

In Ref. [45], Bennink et al. proposed an algorithm, which we will call the Oak Ridge sim-
ulator, which takes an approach similar in spirit to Howard and Campbell [103]]. In this
simulator initial states are decomposed as an ¢;-norm-optimised linear combination of
stabiliser states, just as in Ref. [[103]. However, the Oak Ridge simulator admits a larger
class of quantum circuit, since magic-increasing CPTP maps can be directly decomposed
without gadgetisation, as a quasiprobability distribution over stabiliser channels from a
class we will refer to as CPR. This is the set of Clifford gates, supplemented by Pauli
reset channels. The latter are stabiliser-preserving CPTP maps that perform the follow-
ing sequence of adaptive operations (1) measure the Pauli observable P; (i1) if outcome is
“—17, perform a Clifford correction to map the state to the “+1” eigenspace, otherwise
do nothing. For a single qubit, the Pauli reset channels are simply the stabiliser circuits
that prepare the six pure stabiliser states. Bennink et al. show that the affine span of
CPR contains all CPTP maps, so for any quantum channel £ it is always possible to write

E =Y 9Tk, where g; € R and T, € CPR. We can define a cost function analogous to
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RoM,
Rcpr(€) ZHED{H(IHI Y aTe =€, TkECPR} (2.27)
x

In practice the linear program to find an optimal decomposition is only tractable for up
to two qubits. The authors therefore assume an n-qubit quantum circuit £ is specified
as a composition of L two-qubit circuit elements &;, € =& o0& _10...06 08 A
quasiprobability decomposition is found for each circuit element £; = Y q,(cj )ﬁ, and for
the initial state p = Y q,(co) |0 )(Px|. This gives an overall quasiprobability distribution

for the output state £(p) = Yx qkﬁ((‘¢k0><¢ko

labelling an initial stabiliser state and trajectory through the circuit,

), where k is an (L + 1)-element vector

L .
Qk:qu(cj,-)v and Tx =Ty, 0Tk, ,0...0T,. (2.28)
=0

Renormalising this quasiprobability distribution gives us a product probability distribu-
tion which can be sampled from in the same way as for RoM, but the sample cost is now
proportional to Héle [Rcpr(£;)]?. This is consistent with the notion that the simulation
cost should be exponential in the number of gates, but also captures the fact that some

channels can be represented more efficiently than others.

The caveat here is that CPR is a strict subset of the stabiliser operations; indeed, Ben-
nink et al. acknowledge that they do not consider general adaptive stabiliser operations
[45]]. We will show explicitly later in this thesis (Section [5.3.1)) that there exist stabiliser
channels that are not in the convex hull of CPR. Therefore Rcpr cannot be considered a
measure of magic, as it is not faithful with respect to the set of stabiliser operations, and
there is no guarantee that a given stabiliser circuit can be efficiently simulated with the

Oak Ridge algorithm.

2.5.2 Pauli propagation

We close this chapter by discussing a pair of complementary simulation algorithms pro-
posed by Rall et al. [142]]. These make use of quasiprobability techniques, but are also
reminiscent of the non-Clifford simulator due to Aaronson and Gottesman [31]] (Section
[1.5), as they involve expansion in the Pauli basis. Rall et al. treat the Pauli expansion
of a generic operator A as a quasiprobability distribution. The normalising factor is the

stabiliser norm introduced earlier as a lower bound for RoM. That is, we can always
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write A = Y. pcp, gpP, where gp = Tr[PA]27", and P, is the set of unsigned Pauli op-

erators. Recalling that the stabiliser norm is defined [|A| = 27" Y pep, |Tr[PA]], it is
clear that we can normalise the coefficients form a probability distribution. There are
two variants of the technique. The first samples a Pauli operator from the distribution,
and then propagates it through a sequence of channels £ = £ o...0 &M, sampling
a new Pauli operator whenever it is mapped to a linear combination of more than one.
Finally a sample value for a target observable is obtained, and the process is repeated
many times, as usual. In the second variant of the method, an observable is propagated
backward through the circuit, and each sample is obtained by evaluating the transformed
observable with the initial state. Observables need not be Pauli operators in general, but
are assumed to have tensor product structure. The algorithms admit general CPTP maps
on bounded number of qubits, subject to overhead related to the stabiliser norm. Rall

et al. call the forward and backward propagation variants Schrodinger and Heisenberg

propagation, respectively.

For both variants, the algorithm leads to an unbiased estimator for the quantum
mean value. Since ||p|| is a loose lower bound on the RoM for any density operator p,
one might imagine the associated algorithm improves on the RoM simulator. However,
the simulators have some unusual properties that mitigate against this. In both cases, the
worst-case runtime depends on the overall stabiliser norm maximised over all trajectories.
Considering Schrodinger propagation first, note that |Tr[EP]| can be as large as 2" if E
is a Pauli observable. If E is a local observable acting on k qubits, E’ ® 1,,_; then the
runtime will be O(Z"*k), even if E is a stabiliser projector. It therefore seems that the
Schrodinger variant is likely only practically useful when all but a constant number of

qubits are measured. In addition,when £ is an adaptive (i.e. non-unital) channel, such as

a state injection gadget, ||E(P)||, can be larger than 1, even for stabiliser operations.

The Heisenberg variant does not suffer from limitations as severe as Schrodinger
propagation. Remarkably, the sampling cost is independent of the input state, since
Tr[Pp] € [—1,+1] for any normalised state p. In this respect, the hardness of simulating
magic states is sidestepped in the Heisenberg variant by back-propagating observables to
meet the initial magic state, which is assumed to have tensor product structure. It is still
in general inefficient for non-unital stabiliser maps, but the possibility is left open that the

Heisenberg simulator may perform better than the RoM simulator for certain circuits, for
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example circuits comprised solely of unitary gates and unital stabiliser-preserving noise
channels. Hakkaku and Fujii have recently compared Heisenberg propagation with the
RoM simulator for random Clifford + T circuits subject to depolarising noise of strength
p [[134]. It was found that the technique based on RoM tends to perform better for modest
amounts of noise, but there is a crossover where Heisenberg propagation gains the ad-
vantage for circuits with large p. For random Clifford +T circuits for example, the RoM
simulator has the advantage for circuits with error rate smaller than p ~ 0.06 —0.11, de-
pending on the precise configuration. Broadly speaking, the RoM simulator appears to
gain the advantage for noisy random circuits where the amount of magic per unit cell is

higher, either due to higher density of 7" gates, or lower error rates.

2.6 Summary and outlook

We have reviewed prior work on quasiprobability distributions over “free” elements, and
saw that the negativity of such decompositions can be viewed both as a well-behaved
measure of magic resource and a quantifier of hardness of classical simulation. We argued
that the phase space approach that has been applied successfully for odd-dimension qudits
is unsuitable for the study of magic resource and classical simulation in the qubit case.
Instead, the robustness of magic was proposed as a magic monotone for general n-qubit
states [[103]. The RoM simulator admits universal quantum circuits via gadgetisation, but
this restricts the gate set to Cliffords supplemented by third-level hierarchy gates such as
the 7" gate. This may introduce unnecessary classical simulation overhead, as multiple,
and sometimes many, third-level gates are required to synthesise each generic single-
qubit rotation, and each state injection gadget requires the initialisation of at least one
auxiliary qubit. In the last section of the chapter, we discussed direct decomposition of
general CPTP maps, avoiding the cumbersome gadgetisation step. Both the Oak Ridge
[45] and Pauli propagation [142]] methods were efficient only for a restricted subclass
of stabiliser operation, however. This hints at the possibility that further performance

improvements can be gleaned by expanding the class of simulable operations.

In Part II of this thesis, we will present novel work showing how faithful measures
of magic can be defined for quantum channels, linking these to classical simulation over-
head for non-stabiliser circuits. We will also introduce generalisations of the quasiproba-

bility methods reviewed in this chapter leading to provable performance gains [2]. Before



88 Chapter 2. Quasiprobabilities and phase space methods

presenting this novel work, in the next chapter we will review a class of simulators based
on stabiliser rank [3} 59} |60]. Whereas quasiprobability simulators can provide additive
error estimates for individual Born rule probabilities, stabiliser rank simulators allow the
estimation of Born rule probabilities up to multiplicative error. This makes them suit-
able for emulating the ability of a quantum computer to randomly draw a bit-string from
the full distribution. We will see that classical simulation cost can be linked to a magic

resource monotone in this context as well.



Chapter 3

Stabiliser rank methods

3.1 State vector decompositions

Just as a density operator can be decomposed as a linear combination of pure stabiliser
state projectors [103], any state vector can be expressed as a superposition of stabiliser
states [[143]. The exact stabiliser rank y (y) [3, 59, 60] for a given state y is the small-
est number of stabiliser terms needed to specify the state. Loosely speaking, stabiliser
rank simulators work by combining Clifford simulation results computed separately for
each stabiliser term, so that the runtime is a function of the number of terms ). Various
techniques have been proposed for reducing this runtime by replacing the exact decom-
position with a sparsified proxy [3} 60]. In particular, Bravyi et al. [3] introduced a
sparsification technique that leads to a classical simulation algorithm where the runtime
is quantified by a well-behaved continuous monotone called stabiliser extent. We will re-
fer back to Ref. [3]] many times throughout this thesis, especially in Chapter 5] where we
extend the sparsification techniques, so we will use the shorthand BBCCGH to denote
this paper (after the authors Bravyi, Browne, Campbell, Calpin, Gosset and Howard).
In this chapter, we first review work on stabiliser decompositions of pure magic states,

before turning to the associated simulators.

3.2 Exact stabiliser rank

The question of whether arbitrary pure states on n qubits can be written as a subexpo-
nential superposition of quantum states was posed by Garcia, Markov and Cross [[143]],
motivated by the fact that while the dimension of Hilbert space grows as 2", the number

of n-qubit stabiliser states grows faster (Q(2”2/ 2)). However, they found that one can
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construct families of tensor product states |¥) = |y)®", such that the overlap with any

polynomial-sized superposition of orthogonal stabiliser states vanishes as n — oo. For

these “stabiliser-evading” families of states, |¥) cannot be expressed with a polynomial
number of terms in any stabiliser basis, even approximately. However, whether the num-
ber of terms could be reduced by allowing superpositions of non-orthogonal stabiliser
states was left an open question. Bravyi, Smith and Smolin used this idea to define a

quantifier of non-stabiliserness.

Definition 3.1 (Stabiliser rank). Given an n-qubit pure state |y), the stabiliser rank is

defined:
k
x(v) :min{k: W)=Y ciloj), o) € STAB,,}. (3.1)
j=1

Since stabiliser rank is defined only for pure states, the notion of monotonicity is
only well-defined for purity-preserving operations. Purity-preserving stabiliser opera-
tions such as Clifford gates will update each stabiliser term, but will not increase the
number of them, so in this sense stabiliser rank is a pure-state magic monotone. It is also
submultiplicative, since given exact decompositions of states ¥ and ¢, with y(y) and
x(9), we can always form a valid, but possibly sub-optimal decomposition of |y) ® |@)
with x (y)x (¢) terms, so that x(y @ ¢) < x(v)x(9).

Upper bounds for the stabiliser rank can be obtained by finding explicit decomposi-
tions for given states. In Ref. [59], Bravyi, Smith and Smolin give a numerical method
for finding stabiliser decompositions. The method is based on a random walk over k-
tuples of stabiliser states, (¢y,...,¢). If a state is left invariant by projection onto the
subspace spanned by some k-tuple, then k£ must upper bound the stabiliser rank. Upper
bounds for tensor powers |H)“" of the Hadamard state |H) = cos(x/8) |0) +sin(x/8) |1)
(Clifford-equivalent to the T state), were initially found up to the n = 6 case [59]. This
was extended to n = 7 by BBCCGH [3]], where numerical searches were also carried out
for tensor products of Haar random single qubit states |y) “" (Table . Much more
recently Kocia [|144] found an improved upper bound for the n = 12 case. Computing
stabiliser rank exactly becomes intractable for many-qubit states, but one can compute
upper bounds by breaking tensor product states up into blocks of m or fewer qubits, where
lw) “™ has a known decomposition. For example, using Kocia’s 12-qubit upper bound

x(|H)®'?) < 47, then for n = 12m one obtains x (|H)*") < x(|H)®'?) T = O (20463).,
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Number of qubits, n | Hadamard state |[H)®" | Generic n-qubit magic state | y)*"
1 2 2
2 2 3
3 3 4
4 4 5
5 6 6
6 6 8
7 12 14
8 12 -
12 47 -

Table 3.1: Selection of known upper bounds for stabiliser rank for tensor products of Hadamard
states and Haar random states. [3, 59]]

However, Qassim et al. [[145]] have very recently discovered a method for directly obtain-
ing decompositions for m-qubit product states, giving the state-of-the-art upper bound
of x(|H)*™) = (’)(20"3963’"). BBCCGH obtained an analytic upper bound for generic

nm-qubit states of the form |y)®" for m < 5, and where | ) is an n-qubit state

M fm—1
x(Jp)o™) < " : (3.2)
m

In their recent paper, Qassim et al. gave a new asymptotic upper bound for the n = 1

case, x([y)*") = O((m+1)22).

Tight lower bounds have proved difficult to obtain. Bravyi, Smith and Smolin [59]
previously showed that x (|H)®™) = Q(m'/?), and Peleg et al. [146] have recently im-
proved this bound to Q(m). However, it is expected that in the limit of large m the
stabiliser rank should scale superpolynomially. In Section [3.5] we explain how one can
simulate sampling from a stabiliser circuit with magic state injection in time O(x(y)),
where |y) is the injected magic state [3} [60]. Since this class of circuits is universal for
quantum computation, polynomial scaling of stabiliser rank would imply BQP = BPP
[3]]. In any case, the presently known suboptimal stabiliser decompositions for m copies
of the Hadamard state described above lead to a simulation method for Clifford + T cir-
cuits with runtime O(y) = O(2%%%™), where m is the number of T-gates [59]. The
desire to drive down simulation overhead for these circuits has motivated several authors
to address the question of whether and to what extent the number of stabiliser terms can

be reduced by relaxing the requirement for an exact decomposition, and instead allowing
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superpositions of stabiliser states that approximate the target state. We discuss this next.

3.3 Approximate stabiliser rank and stabiliser extent

The notion of an approximate stabiliser rank was first introduced by Bravvi and Gosset
[60]], and developed further by BBCCGH [3]. Bravyi and Gosset [60] gave a randomised
algorithm for generating an approximation |£*) to the magic state |[H)*" up to arbi-

<£*|H)®t‘2 > 1 — §. The method is based on writing |H)*"

trary error § in the fidelity,
as a summation over terms |%] ®...® %) in a non-orthogonal basis, where |0) = |0) and
1) = |4). The exact summation is over all 2! elements of the linear space F; the approx-
imation strategy is to randomly generate k-dimensional subspaces £ C I}, until one with
the desired fidelity is found. They showed that an approximation of rank O (2%-2¥§~1)
can be obtained in time O ((cos(%) )48 _2). In Ref. [3|], BBCCGH defined the approx-

imate stabiliser rank for the general case.

Definition 3.2 (Approximate stabiliser rank [3]). Given n-qubit state y, and precision

parameter 8 > 0, the approximate stabiliser rank ¥ is defined,

x5(¥) vagn{x(le) Hy—wl <68} (3.3)

Note that this differs slightly from an earlier definition due to Bravyi and Gosset
[60], where the error § was specified with respect to fidelity rather than norm ||y — y/||.
In Section 3.4 we will see that the revised definition is convenient for a sparsification pro-
cedure introduced by BBCCGH, applicable to generic pure states with known stabiliser
decomposition [3]. Computing the approximate stabiliser rank exactly is hard, but it can
be upper bounded using sparsification. Using this method, for a pure state with decom-
position |y) =Y c; }¢ j>, for ’(]) j> € STAB,, the approximate stabiliser rank satisifies,

le]l?

25(w) < 1+?7 (3.4)

where ||c||; = ¥ |c;] is the ¢;-norm of the vector of coefficients ¢. This motivates the
definition of stabiliser extent, a continuous pure-state measure of magic that turns out to

be easier to work with than stabiliser rank.

Definition 3.3 (Pure-state stabiliser extent [3]). Given an n-qubit pure state |y), the



3.3. Approximate stabiliser rank and stabiliser extent 93

pure-state stabiliser extent & is given by
E(w) =min{[lc|t: Y c;l9;) =[y), [9;) € STAB,} (3.5)
J

The stabiliser extent is invariant under Clifford operations, and can be computed as
a convex optimisation problem. By strong duality, we can recast the problem in terms of
witnesses. We must first define stabiliser fidelity, the maximum fidelity between a target
state and any stabiliser state [3], F(y) = max|4)estaB, [(V]9) %, The dual form of the

problem can then be expressed as

2
E(y) = max (W2 (3.6)

o) F()
This immediately leads to a lower bound; for any w we must have & () > F(y)~!.
Solving the optimisation problem directly is tractable only for a few qubits. In contrast
to robustness of magic, however, this is ameliorated greatly by the multiplicativity of

stabiliser extent for an important class of states, as follows.

Theorem 3.4 (Multiplicativity of pure-state stabiliser extent [3]]). Suppose |y) = ®§:1 ‘ )

is a tensor product state such that each ‘l;/j> is a state on at most three qubits. Then:

E(y) =[1&(w)) (3.7)
j=1

This means that the stabiliser extent can be efficiently computed for any product
state, provided each tensor factor is on no more than three qubits. For example, we
can exactly compute the extent for the magic resource state needed to implement any
Clifford + T circuit. This is all the more remarkable, since it has recently been proven
that stabiliser extent cannot be multiplicative in general [[147]; the property must vanish
at some number of qubits greater than three.

Importantly, a number of the tools developed in Ref. [3]] can be carried over to
decompositions of unitary operations. This will be useful when we consider stabiliser
rank simulation techniques for general quantum circuits, as it means that gadgetisation
can often be avoided, eliminating the need to re-synthesise arbitrary qubit rotations in

terms of T gates, and potentially reducing simulation overhead. The extent for unitary
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operators is defined in terms of Clifford gates rather than stabiliser states.

Theorem 3.5 (Stabiliser extent for unitary operators [3]]). Given an n-qubit unitary U,

the unitary stabiliser extent is defined,

E(U)=min{|lc|]}: Y ¢;V;=U, V; €Cl,}. (3.8)
J
This can be connected to the stabiliser extent for resource states |V) = V |+') for

diagonal gates V, via the lifting lemma.

Lemma 3.6 (Lifting lemma [3]]). Let |V) be the resource state for a diagonal t-qubit
unitary V, with decomposition |V) =Y ;c; |(])j> over equatorial stabiliser states ‘¢j> =
W;|+!), where W; are diagonal Clifford gates. Then V =Y. ;cWj, so that £(V) < [|¢||}.
Ifllellf = &(IV)) then E(|V)) = E(V).

This allows stabiliser rank simulation methods to be applied directly to circuits in-
volving arbitrary phase gates, without the need for Clifford + T compilation and gadgeti-
sation. We will shortly discuss these classical simulation techniques, but first we consider

the sparsification procedure already mentioned.

3.4 Sparsification

In the context of stabiliser rank methods, sparsification refers to techniques for reducing
the number of terms in a stabiliser decomposition. We already discussed the method of
approximating |[H)®' by randomly sampling linear subspaces of dimension smaller than r,
introduced by Bravyi and Gosset [60]. That method was tailored to the specific structure
of that particular type of magic state. Other classes of state lend themselves to similarly
tailored approximation techniques. For example, consider tensor product states \6>®l,
where |0) = cos(0/2)]0) +sin(6/2)|1). If 6 is sufficiently close to zero, a reasonable
approximation strategy is to expand |9>®’ in the standard basis and truncate amplitudes
below a certain cutoff. This yields an upper bound for approximate stabiliser rank of
order 2/2(c0s*(8/2)) with h, being binary entropy [3].

We will now discuss a sparsification method, introduced by BBCCGH [3]], which
can be applied to any known exact decomposition, and is particularly effective when

used with decompositions that are optimal with respect to the stabiliser extent. The spar-

sification procedure is described in Algorithm 3]
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Algorithm 3 BBCCGH sparsification procedure. [3]]

Input: Decomposition of n-qubit pure state [y) =Y ;c; M) j>, where {<p j> € STAB,,; tar-
get number of terms k.

Output: Sparsified vector |Q) with k terms.

1: function SPARSIFY(|y),k)

2 for ¢ < 1 to kdo

3 Sample index jo from probability distribution {P; = |c;|/[|c[|1 }

1 |0a) < (¢ju/|€jo|) [97a)-

5: end for

6: 1)« (lleli/k) X |0a)

7 return |Q)

8: end function

Thus the subroutine SPARSIFY outputs randomised k-term vectors |Q), which may
in general be unnormalised. The utility of this procedure as an approximation method is

established by the sparsification lemma [3]], which we restate here.

Lemma 3.7 (BBCCGH sparsification lemma). Given an n-qubit state with known de-
composition |y) =Y ;c; ‘¢j> where ‘¢j> € STAB,,, the distribution of random vectors

|Q) output by SPARSIFY (|y) , k) satisfies:

2
(1) ~ @) ) < 10 (3.9

In Chapter [5| we show how sparsification can be extended to density operators, and
for comparison it is intructive to evaluate error with respect to the trace-norm. In Ap-

pendix [E.T| we prove the following simple corollary to Lemma

Corollary 3.8 (BBCCGH sparsification trace-norm error). Given a normalised n-qubit
state |y) =Y. iCj ‘4) j>, for any k > 0, one can sample from a distribution of sparsified

vectors |Q) using the procedure SPARSIFY (| W) ,k), such that:

—ro

el el

E — |Q)Q <2—F—+—. 3.10
(M) (wl = 1)@ 1) < N (3.10)
Lemma implies that the average squared norm error in vectors output from
SPARSIFY can be made arbitrarily small by choosing a large enough number of terms
k. Specifically, E(|||w)—|Q)||*) < 82 can be satisfied for any & > 0 by setting
k= [(|le|l1/8)*]. This immediately yields the upper bound for approximate stabiliser

rank y5(y) given in equation (3.4). With the above choice for k, Lemma [3.7] guar-
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antees that there exists at least one |Q) such that |||y) —|Q)|| < §. It follows that
Xs(W) <k <1+ |c||2672. This is true for any decomposition optimal with respect
to extent, so y5(w) < 1+ &(y)82. This provides a computable upper bound for the
approximate stabiliser rank, though it is known not to be tight in all cases [3]]. Since we
will use similar proof techniques in Section[5.2.3.1] it is useful to reproduce the proof of

the sparsification lemma [3|] here.

Proof. Given a state with decomposition Y ;c;|¢;), which we assume to be normalised,
the for-loop of Algorithm (3| generates i.i.d. random vectors |@q) such that P; =

Pr(|wa) = (cj/|cj])|9;)) = |cj|/llell1. This vector has expected value,

|w0‘ ZPJ o ‘¢J> ZHCH M’J |‘I/> (3.11)

)] flefli”

Then for a random sparsification , E(|Q)) = @ Yr _E(log)) = |w). We want to com-

pute the expected value of

W) = 1)1 = (wly) — (¥IQ) - (Qly) + (Q|2). (3.12)

Since |y) is normalised, E((y|y)) = 1. We also have E((y|Q)) = (y|E(]Q)) =
(y|y) = 1. To evaluate E((Q|Q)) we expand,

lel? ¥
@) ="5" ) ) (@u|ay) (3.13)
oa=1p=1
el ¢ el ¢ »
=2 Y (wa|wa>+7 Z (o] 0p) (3.14)
o= =170

Since |@y)is normalised, the first summation contributes a constant value of ||¢||3/k. In

the second term, [@wq) and |wg) are independent, so

E( (0a]0g)) = E((0a])E(Jag)) = <|‘|”c'|}’? _ ﬁ 3.15)

Since there are k(k — 1) terms in the second summation, we obtain

2 k(k—1 7 1
lelly | kGe—1) _ Jlelly 1 (3.16)

B((@le)) = S0+ =2 =T
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Then we have:

i

—o

]
k

el
k

E(|[|y) - Q)]*) = -1+ E(Q|Q)) = =1 — — < (3.17)

| =

This completes the proof. ]

The BBCCGH sparsification lemma shows that sparsified vectors are close to a tar-
get state on average. In itself, this does not preclude the possibility of occasionally ob-
taining |Q) that are poor estimates for |y). One can check numerically that this is rare,
but it is preferable to analytically bound the probability of obtaining such outliers, not
least because we need to understand how this could affect the accuracy of simulation
algorithms using a sparsification step. Bravyi ef al. addressed this issue with the sparsi-

fication tail bound [3]].

Lemma 3.9 (Sparsification tail bound [3]]). Suppose we set the number of terms k in

SPARSIFY so that k > ||c||3/82. Then the following inequalities hold.

E(QQ) —1) < §? (3.18)

2
pe{ 1)~ Q)P < (@12) ~ 146} > 1 -2exp (—SF‘S(W)) (3.19)

Here F(y) = max|)cstaB, |(V]0) \2 is the stabiliser fidelity.

Note that the usefulness of the tail bound depends on (Q|Q) being close to (or
smaller than) 1. Though equation (3.18) makes (Q|Q) > 1 rather unlikely, in princi-
ple it can be as large ||¢||3. Normalising |Q) does not solve the problem, as the BBCCGH
sparsification results only give guarantees about the closeness of the unnormalised vector.
The issue can be avoided by a post-selection step where we estimate (Q|Q) (e.g. using the
techniques described below in Section and then discard if we find (Q|Q) — 1 > §2.

A second difficulty can arise in cases where the stabiliser fidelity F () is not small.
According to inequality (3.19)), for fixed 9, the probability of failure (that is, of obtain-
ing |Q) that fails to satisfy the condition in braces in (3.19)) is at most 2¢O, This
upper bound can become non-negligible if the stabiliser fidelity is not sufficiently small.

Bravyi et al. [3]] argue that for important classes of states, the stabiliser fidelity is expo-

nentially small in the number of qubits n. Let us unpack this by considering a specific
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case. Assume that (Q|Q) ~ 1, so that the expression in square brackets in (3.19) is
I|w) —|Q)||> < 82 From (3.19), a target error & is compatible with a given success
probability p only if the stabiliser fidelity satisfies

52
Fly)< ————. (3.20)

B 8log (%p)
To make this concrete, let us use the modest assumptions that we want error 6 no larger
than 0.1, and success probability better than 1/2. This can be achieved only when
F(y) <0.0009. For ¢-fold tensor products of the T-state |T'), stabiliser fidelity is mul-
tiplicative 3], so F(|T)®") ~ (0.854)". It follows that is satisfied only when we
have at least 45 copies of |T). The minimum value of # needed to satisfy (3.20) in-
creases for more stringent & and p. Curiously, the sparsification tail bound also seems
to suggest worse performance for states containing /ess magic, as quantified by stabiliser
fidelity. For example, if instead of the m/8-state |T) we consider ¢-fold tensor prod-
ucts of the 7r/32-state |7/32) = (|0) 4 ¢™/19[1)) /1/2, we need at least t ~ 1200 before
(3.19) gives a non-trivial lower bound on p. Therefore there is a large class of interest-
ing intermediate-sized quantum circuits for which the BBCCGH sparsification tail bound
cannot be applied. In Chapter[5] Section[5.2.3.1] we will show how to sidestep these diffi-
culties by considering the difference in the trace norm between |y){y| and the ensemble

p1 =Y oPr(Q) |<%>‘<QQ>| from which sparsified vectors are drawn, rather than fidelity of the

|w) with any particular sampled |Q).

3.5 Inner products, exponential sums and norms

We next review methods that take advantage of stabiliser rank decompositions to simulate
quantum processes involving non-stabiliser resources, at the cost of some overhead. In
Section [3.6] we discuss integration of these techniques into quantum circuit simulations.
Here, we first consider methods that have been developed for estimating inner products
and norms for states with stabiliser decompositions.

Bravyi, Smith and Smolin [59] proposed an algorithm for classically simulating
Pauli-based computations (PBC), a model where a system is initialised with an m-fold
product magic state |H >®m, and a sequence of adaptive Pauli measurements are car-

ried out. Polynomial-time classical processing is applied to the measured eigenvalues
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to output a single bit. They showed that any n-qubit Clifford + T circuit with m T-
gates can first be converted into an n + m-qubit generalised PBC initialised in the state
10)“"|H)®™ . This PBC can in turn be simulated by repeating a PBC on m qubits sup-
plemented by classical processing. The stated aim of Ref. [59] was to show that an
(n+ k)-qubit quantum circuit can be simulated by an n-qubit quantum circuit with ad-
ditional classical processing taking time 20(k>p01y(n), but our main interest here is in
their algorithm for simulating a PBC using classical computation alone, which is able

to simulate any m-qubit PBC in time 2%"poly(n), where a =~ 0.94. Given a x-term

stabiliser decomposition of the initial state, |y) = Z;C:] o \q) j>, one can express the prob-
ability of obtaining a string of measurement outcomes {oy,...,0,}, where 0; = *1, as
Pr(o1,...,00) =¥ xcick (9j|TLo,...0, |9k ), where I, ., is a product of ¢ Pauli projectors.
Since there are y? terms in the summation, the total runtime will be O(x>7), where T
is the time to evaluate each <¢ i |H01m0t ’¢k>- It was already known that a stabiliser inner
product could be evaluated in O(n?) time. Bravyi, Smith and Smolin [59] gave a proce-
dure to compute <¢_,- |Hol . 0f ]¢k> with same n> scaling, but avoiding having to simulate all
t Pauli projections explicitly. Instead they used the affine space formalism developed by
Dehaene, De Moor and Van den Nest [54, 61] to show that for a pair of stabiliser states
|¢) and |@’), and a stabiliser group S, one can write (y|Ilg|p) = 27" YxeF, of ™),
where F' is a degree-two polynomial which depends only on parameters specifying I1g,
v and ¢. They showed that the sum is equal to either O or 202@™, for m € Fg and
p € {n,n+1,...,2n}, and that this can be computed in time O (n3) . The time to compute
the outcome probability for a single string will be O ( %2n3). The probability of obtaining
a given outcome at the z-th step of a PBC is conditional on the # — 1 previous outcomes,
so to exactly simulate one run of a PBC requires computing O(n) probabilities, with total
runtime O (x2n*). In practice the exact stabiliser rank of |y) = |[H)®" will not be known,
so a sub-optimal decomposition can be used. Using the result of Qassim et al. [[145], the

runtime to simulate a PBC with n copies of |H) will be O ((2%3%37)2%) ~ 0 (207%m1%).

The algorithm just described computes probabilities exactly. Bravyi and Gosset
[60] showed that the runtime for computing the probability (y|II|y) = ||IT|y) 1> can be
reduced from quadratic to linear in stabiliser rank ), by tolerating a multiplicative error
€. The error can be made arbitrarily small, at the cost of runtime factor O (6*2). Since

the runtime for circuits with significant magic resource will typically be dominated by the
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expected exponential scaling of ¥, in many scenarios O(xs_z) scaling will be cheaper
than the O ( xz) scaling for exact computation, even at relatively high precision. Bravyi

and Gosset exploit the fact that stabiliser states form a projective 2-design 148, 149],

1

- K2 ®2
sTaB,, b, 101 - [ duw)lwitwl2, (321)

€STAB,,

where p denotes the Haar measure. It follows that, if we let |¢;) denote a stabiliser state

drawn uniformly at random from STAB,,, we have:

_ 2wl

2
|H‘I/>||7 E(|<¢i|‘/’>|4)_m' (3.22)

2}1

E(|{ilw)I) =

One can therefore estimate the norm ||| y)||* by randomly sampling stabiliser states |¢;) to

generate the random variable = zfn L oiw) %, From (3:22), it follows that E(n) =
4

[|w)||> and Var(n) < % Using Chebyshev’s inequality, by choosing L = [4£72] the

following holds with probability at least 3 /4.

(1—g)llyl* <n < (1+¢)|wl*. (3.23)

One can then amplify the success probability by taking the median of means. Taking M
estimates {11,M2,...,Mu}, the median satisfies equation (3.23)) with probability at least
1 — prait, provided we choose M = O(log(1/pga)) [150]. In total we need to compute
LM = O(e %log(p,i)) terms |{¢:]w) 2. Assuming a k-term decomposition of | ), this
means computing O (ke “2log(py,)) stabiliser inner products (¢,|¢,). Bravyi and Gos-
set proposed another exponential sum method for doing so, outputting a triple of integers
(r,s,1) such that (¢,|¢p) = r-2%/% . ¢™/* in time O(n?®). They also gave a method for
choosing stabiliser states uniformly at random using the affine space description, tak-
ing time O(n?) on average, but O(n?) in the worst case. Overall, the total worst-case

runtime for the fast norm estimation procedure is given by

kn? 1
3
N = O (kMLn’) = O (?mg pfaﬂ). (3.24)

If the exact stabiliser rank decomposition were used (k = x(y)) the runtime would be

xn 1
@ <F log Im) .
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BBCCGH refined this procedure in two ways [3]]. First, they showed that it is un-
necessary to sample from the full set of stabiliser states, as one can use the restricted
set of equatorial states. These are the stabiliser states with full support in the standard
basis. That is, they can be written |@,) = 2~"/2 YxeF; X Ax |x), where A € A, and A,
is the set of n X n symmetric matrices with off-diagonal entries in [F; and diagonal en-
tries in [F4. Sampling uniformly from this subset is significantly more straightforward
than sampling from STAB,,, as it amounts to uniformly sampling a matrix of .4,. This
always takes O(nz) time, rather than only on average, as was the case in the previous
procedure. BBCCGH [3] that if we define a random variable 14 = 2"|(¢4|w)|*, where
|@4) is sampled uniformly from the equatorial state |y) is any unnormalised state vector,
then E(n4) = ||w||* and Var(n) < ||w]||* which allows the same norm estimation routine
as before, but with a simplified sampling step.

BBCCGH also improved the inner product subroutine [3|]. Again, an exponential
sum algorithm is employed, but the method is adapted for the CH-simulator (see Section
. The modified subroutine has the same asymptotic n°-scaling as in Ref. [60], but
turns out to perform significantly better for intermediate sized systems. For example,
benchmarking on a Linux PC with 3.2GHz 15-6500 CPU, the BBCCGH algorithm was
shown in Ref. 3] to have average runtime 0.036 ms for n = 60, compared with 1.72ms for
the method due to Bravyi and Gosset [60]. In combination with the improved sampling

step, this leads to significant improvement to the fast norm estimation technique.

3.6 Emulating quantum circuits

There are two main paradigms for simulating quantum circuits within the stabiliser rank
literature: the gadget-based model where non-Clifford gates are implemented by state
injection [3, 59, 60], and gate decomposition methods [3|], where each non-Clifford gate
is itself decomposed in some way. We will first describe these simulation models, and
then sketch how each of these methods can be used to simulate sampling from the output
distribution of a quantum circuit.

With respect to gadget-based techniques, two strategies can be identified, referred
to as fixed-sample and random-sample in BBCCGH [3]. For both strategies assume an
n-qubit circuit U = G;U,C;_ ...C U Cy initialised in the state |0") with ¢ non-Clifford

gates U; interleaved with Clifford layers C;. First each non-Clifford gate U; is replaced
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by a state injection gadget consuming a corresponding resource state |U;). We assume
for simplicity that each gate acts on a single qubit, but in general this assumption is
not required. The initial state is now an (n +t)-qubit state |0") ® |y), where |y) =
®%_, |U;). The first strategy, the fixed-sample method, is to bypass the adaptivity inherent
to gadgetisation by post-selecting on the “+1" outcome of each measurement, so that
the circuit corresponds to a well-defined Clifford unitary C, up to a normalising factor,
U |0") =2'/2(1,,® (0/])C|0") | w) . By using an exact decomposition of |y) and applying
phase-sensitive Clifford simulation with post-selection and normalisation, one obtains a
stabiliser decomposition of the final state of the circuit, |[y') =Y ;c; \q) j> for some vector
of coefficients ¢. One can then estimate Born rule probabilities as described earlier.
BBCCGH [3] noted that sparsification cannot be used in this fixed-sample method, as any
error in the initial state decomposition may be magnified by the normalisation factor 2 /2,
The runtime for norm estimation will be at least Q(y (y)e~2). In practice the optimal
decomposition will not be known, so the runtime will typically be (9(8*2 L. x(l//m)),
where |Y) = ®,, |l// j> is a suitable partitioning of |y) into few-qubit blocks for which the

exact stabiliser rank can be computed.

The random-sample strategy [3, 60] can be applied in the case where each non-
Clifford gate is taken from the third level of the Clifford hierarchy. As discussed in
the last chapter, when this holds, state injection can be performed deterministically us-
ing Clifford corrections alone, so that the necessary correction can be efficiently simu-
lated for any outcome. For each run of the circuit, an outcome is chosen at random for
each gadget. Then one simulates the circuit U |0") = 2//2(1,, ® (x|)Cx [0") |w) where x
is the vector of outcomes sampled for each gadget and Cx is the Clifford circuit adapted
with the corresponding Clifford corrections. Repeating this sampling many times, pro-
vided a -close approximation is used for |y), the error in the outcome distribution is
O(8) on average [60]. Using sparsification followed by norm estimation, the runtime is
O(&(y)82e72), where & is stabiliser extent and § is the sparsification error. Repeated
sampling cannot be avoided, as any individual sample x would suffer from the same error
amplification as the fixed-sample method. Aside from the reduced number of terms, a
second advantage of sparsification is that, by Theorem & is exactly multiplicative,
provided each resource state injected is on no more than three qubits. Therefore, one can

employ a decomposition that is provably optimal.
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Gadgetisation can be avoided altogether by employing direct decomposition meth-
ods. BBCCGH introduced the sum-over-Cliffords method [3]]. As discussed earlier, one
can decompose non-Clifford gates as a linear combination of Cliffords V =} ;c;K;. As-
sume a circuit U = GU;C;_ ...C U Cy, where C; are Clifford gates and U; are not. By
repeated use of the lifting lemma (Lemma [3.6) for each U, this translates to stabiliser
decomposition of the final state of the circuit. There are two key advantages over gad-
getisation. First, the 7-qubit auxiliary system on which resource states are prepared is
not needed, so Clifford simulation subroutines take poly(n) time instead of poly(n+1).
More importantly, sum-over-Clifford admits gates outside the Clifford hierarchy, so re-
compilation for a specific gate set is not necessary. Typically multiple third-level gates
are needed to synthesise an arbitrary rotation, so the number of non-Clifford gates ¢ can
be significantly reduced if the circuit can be decomposed directly. Indeed, optimal de-
compositions are known for some important cases. Arbitrary single-qubit Z-rotations

U:(6) = exp[—i0Z/2] can be decomposed as [3],

U:(0) = {cos(g) — sin(%)] 1+ fzsm(g)s. (3.25)

Using the lifting lemma, this can be shown to be optimal, so that £(U:(0)) =
E(U:(0)|+)) = [cos(%) +tan(Z) sin(%)]z. BBCCGH [3] also gave an optimal decom-
position for the CCZ-gate, showing that &(CCZ) = £(CCZ|+?)) = 16/9. This leads to
runtime o< [T:_, £ (U;). This can lead to very significant savings compared to the case

where gates must be recompiled for the Clifford+T set.

Before closing this section, we sketch how we can perform simulated bit-string sam-
pling from the output of a quantum circuit in time O(&) [3]. We will defer consideration
of the full technical details until Chapter [5| where we develop our own sampling algo-
rithms. Consider the setting where we have an n-qubit quantum circuit U with initial
state |@), and final computational basis measurement on a subset of w qubits. Without
loss of generality we can assume that the first w qubits are measured. If we represent the
output of the circuit as a bit-string x of length w, then the circuit outputs x with proba-
bility P(x) = ||IIU |¢)||*, where Iy = |x)(x| ® 1,,_,,. Suppose we want a “black box”
classical algorithm that approximately emulates the operation of the quantum circuit, so

that it outputs a string x with probability Py, (), such that ||P — P /1 < 8, for § > 0.



104 Chapter 3. Stabiliser rank methods

Computing each Py, (x) individually and sampling from the resulting distribution is in-
efficient, as in general this will involve 2" calculations. Instead, the strategy is to sample
each bit one by one by a chain of conditional probabilities. Let x; be the j-bit string

obtained by truncating the last w — j bits of x; we use Xq to denote an empty string. Let

Pr([x;-1,;])

3.26
Pr(x;_) 20

Pr(yjlx;_1) =

be the probability of sampling the j-th bit to be y;, having sampled x;_; for the first j — 1
bits. Here [x;_;,y;] means the concatenation of x;_; with y; to form a j-bit string. Then

the probability of obtaining string X can be decomposed as
Pr(x) = Pr(x[Xy—1) Pr(xy—1|Xw—2) - .. Pr(xa|x;) Pr(x;) (3.27)

Let |y) = U |¢) be the final state of the circuit, and assume we have obtained a stabiliser
decomposition of this state by one of the methods outlined earlier, with £;-norm equal to
\/W . Let SPARSIFY be the sparsification subroutine described in Algorithm |3 and
let FASTNORM be the fast norm estimation method described in Section [3.5] To sample
a string of measurement outcomes, we first perform one call to SPARSIFY to obtain a
decomposition with k = O (& (y)8g 2) terms, where Jy is the sparsification error. Then
we call FASTNORM to estimate the marginal distribution for the first qubit, and flip a
biased coin to select either x; = 0 or x; = 1. Next, we use FASTNORM and the relation
(3:26)) to compute Pr(x; = 0|x;) and Pr(x, = 1|x;) and sample from this distribution. We
repeat this process for each conditional probability in the chain until all qubits
have been “measured”. There are w calls to FASTNORM, each of which has runtime
O (ks;]\z,n3) , where gry is the relative error. Therefore the total runtime to generate one
w-bit string is O (wks;]%n3). It can be shown that to achieve an ¢;-norm error of no more
than & in the final distribution we must set both €ry and dg proportional to § /w, and that

this leads to the runtime given in the following theorem.

Theorem 3.10 (BBCCGH bit-string sampling algorithm [3]). Given an n-qubit pure state
with decomposition |y) = Ycj ‘¢j>, for stabiliser states ‘¢j>, there is a classical algo-
rithm that samples from a distribution Py, (X) that is 8-close in {y-norm to the quantum

distribution P(x) = ||Tlx |y) 2 with probability at least (1 — pgaq1), for any pgai, 0 > 0.
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The runtime of this algorithm is given by
t=0(||c||;6 *w*n’ log(wpgi)). (3.28)

If the decomposition of |y) is optimal with respect to stabiliser extent, the runtime is

proportional to & ().

In this sketch we have neglected several technical details, but we will give a full

analysis when we introduce our improved algorithm in Chapter [5

3.7 Summary and outlook

We have seen in this chapter that decomposing magic states as superpositions of sta-
biliser states can lead to fast classical algorithms that are able to simulate sampling from
the output of near-Clifford quantum circuits. The runtime of these algorithms can be re-
duced dramatically by approximating the target state vector by one with fewer stabiliser
terms. Of particular relevance to our work in later chapters are the sum-over-Clifford and
sparsification techniques introduced by BBCCGH [3]]. For ideal quantum circuits, these
methods are typically much faster than the quasiprobability simulators discussed in the
previous chapter. For example, the robustness of magic R can be shown to be strictly
larger than stabiliser extent & for magic states, often by a significant margin [2]. Fur-
thermore, the runtime of the Howard and Campbell simulator scales with R2, while for
fast norm estimation the scaling is only linear. Quasiprobability simulators also have the
disadvantage that they are not suitable for simulated sampling as they can only estimate
Born rule probabilities up to additive error.

The main limitation of the stabiliser rank techniques described so far is that whereas
the Howard-Campbell simulator is able to simulate noisy stabiliser operations applied
to imperfect magic states, and the Oak Ridge [45] simulator admits noisy non-stabiliser
operations, stabiliser rank methods have previously only been defined for ideal circuits
initialised with pure states. While the stabiliser extent and robustness of magic are some-
what similar in flavour as they are both defined in terms of the ¢;-norm of a decomposition
into stabiliser states, the decompositions are of different type, and the simulation tech-
niques appear to be unrelated, save for their use of Gottesman-Kanill-like subroutines. The

precise connection between the two classes of simulator and their associated monotones
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has previously not been fully understood. In Chapter f] we will show that by relaxing
the definition of robustness of magic on the one hand, and redefining stabiliser extent for
density operators on the other, the connections between these two avenues of research
start to be revealed. In the process, we can obtain improved performance for both types

of simulator.
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Chapter 4

Quantifying magic for qubit states and

operations

In this chapter we develop a comprehensive framework for quantifying the magic of
general n-qubit states and operations, which encompasses and extends the quasiproba-
bility and stabiliser rank approaches reviewed in Chapters [2]and [3] In Chapter [5] we will
make use of this framework to design improved algorithms for performing various clas-
sical simulation tasks. For this chapter, we instead focus on resource-theoretic aspects.
We first introduce a triplet of new magic monotones for states, which are efficiently com-
putable for important classes of many-qubit states, and elucidate connections between the
stabiliser rank and quasiprobability pictures. In Section [4.2] we introduce well-behaved
monotones that quantify the magic embodied by quantum channels outside SP,, ,, the set
of completely stabiliser-preserving maps. Finally, Section 4.4] provides techniques for

more easily calculating these quantities for the case of diagonal channels.

4.1 Magic monotones for states

In this section we define three new magic monotones for states: density-operator extent,
generalised robustness of magic, and dyadic negativity. These monotones were first in-
troduced for magic theory in our article Ref. [2]. We will argue that each can be seen as
an extension of the stabiliser extent, previously only defined for state vectors, to general
density operators. Meanwhile, two of the new monotones can be cast as relaxations of
the definition of robustness of magic. In Chapter[5| we will show that each of these magic
monotones characterises the performance of a different simulation task. In this way we

find that there is a deep connection between the previously disparate stabiliser rank and



110 Chapter 4. Quantifying magic for qubit states and operations

quasiprobability simulation methods. For now, we will define the monotones, give some

important properties, and show how they are related formally.

4.1.1 Stabiliser extent for density operators

Recall that the pure-state extent [3] is defined in its primal formulation as,

E(w) == min{|lc|f : [y) =Y c;9;):]6;) € STAB,}, (4.1)
J

or in the dual formulation, & (y) := max {|(w|y) |*: | (0]¢)| < 1V|¢) € STAB,}. We

extend this definition to density operators p via the convex roof extension [151, [152],

which yields the average pure-state extent minimised over all ensemble decompositions.

Definition 4.1 (Density-operator stabiliser extent). Given an n-qubit density operator p,

the density-operator extent X is defined,

E(p) := min {ZP/@ (vj):p =Y piWiXvil.p; > 0} : 4.2)
j J
When there exists an optimal decomposition such that &(y;) = Z(p) for all yj, we say

that the decomposition is equimagical.

In general, the convex roof extension is difficult to compute, but we will see that
an exact optimal decomposition can be found for any single-qubit state. In combination
with the multiplicativity properties discussed in Section4.1.5] this means that the density-
operator extent can be computed efficiently for any product state p = ®;p;, where each
p; is either a single-qubit state, or a pure state on up to three qubits. We note that the
density-operator extent is manifestly a direct extension of pure-state extent to the domain
of general density operators, since trivially the density operator for any pure state |y)

has a unique ensemble decomposition p = |y)(y|. It then follows immediately that

E(lyXyl]) =S(v).

4.1.2 Generalised notions of robustness

Recall that robustness of magic (RoM) [103]] was defined using projectors,

b

R(p):= mqin{!lq!h P =Y a;] 001 [47) € STABn}, (43)
J
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or alternatively in terms of a pair of mixed stabiliser states,
R(p) :=min{2p+1:p = (1+p)ps —pp_:p+ €STAB,,p>0}.  (4.4)

We obtain two new monotones by relaxing these definitions in two different ways. First,
in place of the projectors in equation (4.3)), we allow decomposition in terms of outer
products |L)(R|, which we call stabiliser dyads, where |L) and |R) can be different sta-
biliser states, and the coefficients for each dyad are allowed to be complex. We call this

new quantity the dyadic negativity.

Definition 4.2 (Dyadic negativity (primal form)). Given an n-qubit density operator p,

the dyadic negativity is defined:

9

A(p) := min { lalli:p :Zaj IL;X(R;j|: |Lj),|R;) € STAB,, 0 € C} . 45)
J

Similar quantities have been defined for other resource theories; for example the pro-

jective tensor norm in the theory of entanglement [153] [154], and the ¢;-norm of coher-

ence [155]. Since projectors are a special case of stabiliser dyads, the dyadic negativity is

optimised over a strictly larger set than RoM, so it is always the case that R(p) > A(p).

Indeed, we will see that the gap is often significant. The dual formulation of the dyadic

negativity [95] can be defined in terms of a class of witnesses Wy .

Definition 4.3 (Dyadic negativity (dual form)). Given an n-qubit state p, the dyadic

negativity is given by:

A(p) = max{Tr[Wp]: W € Wy}, (4.6)

where W ={W :|[(LIW|R)| <1 V|L),|R) € STAB,, W Hermitian}.  (4.7)

The final monotone we define in this section is the generalised robustness of magic
(gRoM). Analogous generalised robustness quantities have previously been defined for
the resource theory of entanglement and others [[156,|157]. The generalised robustness is
a relaxation of the definition (4.4)), up to a change in variable. Whereas in equation (4.4))
both p; and p_ were required to be mixed stabiliser states, here we only require this of

the positive part of the decomposition.
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Definition 4.4 (Generalised robustness of magic (primal form)). The generalised robust-

ness A" for an n-qubit state p is defined:

AT (p):=min{A >1:Ap, —(A—1)p_=p, p.cSTAB,}, (4.8)

=min{A:p <Ap;, p+ €STAB,}, (4.9)

where p_ can be any normalised density operator.

For a given state p, comparing the optimal A = A, in equation (4.8)) with the op-
timal p = p, for equation (4.4), and noting that we obtained the gRoM by relaxing the
constraints on the optimisation, it must be the case that A, < p, + 1. Then since we have

AT(p) = A, and R(p) = 2ps + 1, the standard and generalised RoM are related by
R(p)>2AT(p) —1>A"(p) (4.10)

The dual form of the gRoM is obtained by restricting the set of witnesses VW, to be
positive semidefinite, which has the effect of simplifying the condition | (L|W |R)| <1 to
(¢p|W|¢) < 1 for stabiliser states |¢) € STAB,,. Let W be this class of witnesses. We

can then give the dual formulation as follows.

Definition 4.5 (Generalised robustness of magic (dual form)). Given an n-qubit state p,

its generalised robustness A+ can be defined:

AT (p) = max{Tr[Wp] : W e W'}, (4.11)

where Wt ={W: (¢|W|p) <1,W >0}. (4.12)

Note that W is strictly contained in W,. Therefore the maximal value of Tr[Wp]
over W € W™ can be no larger than that over W € Wy, so AT (p) < A(p). Both gRoM
and dyadic negativity are computable in the sense that they can be formulated as stan-
dard convex optimisation problems, but the optimisation quickly becomes intractable for
more than a few qubits, due to the super-exponential increase in the number of n-qubit
stabiliser states. However, we will see that the results of Section make both quan-
tities efficiently computable for n-fold tensor products of single-qubit states. This differs

from the standard RoM, where we can construct non-optimal decompositions for n-fold
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tensor products, but optimal decompositions achieving ¢{-norm equal to R are hard to

compute.

4.1.3 Generic monotone properties

Results due to Regula on generalised resource theories [95] imply that each monotone

M defined earlier in this section satisfies the following properties:
1. faithfulness: M(p) = 1 if and only if p € STAB,;
2. monotonicity: M(p) > M(O(p)) for any O € SP, ,, and any qubit state p;
3. strong monotonicity (monotonicity on average under selective free measurements):

KipK;
M(p) = Y piM (”—) , (4.13)

Pi

where p is an n-qubit state, and {K;}; are the Kraus operators of a quantum
channel such that each Kraus operator is completely stabiliser-preserving, i.e.

Ki|) < |¢") € STAB,, V |¢) € STAB,,, and p; = Tr(Kiij);
4. convexity: M(¥;p;p;) <X;piM(p;);
5. submultiplicativity: M(®;p;) <TT; M(p;).

We also have the following relations between the monotones. For the special case of pure

states, the connection between the monotones is crystallised as follows.

Lemma 4.6 (195]). For any pure state y, A (|y){y]) = A(lw)(y]) = E[ly)(y]] = & (y).

This result was already proved by Regula in the context of generalised resource
theories [95]], but here we reproduce the proof given in the Appendix of Ref. [2]], which

is more intuitive for our setting.

Proof. By definition E(|y)(y|) = E(y). We will prove that A(|y)(y|) = E(Jy)(y]),

then argue that the same proof strategy holds for A™. For any state |y), there exists a

decomposition optimal with respect to pure-state extent:

2
|W>:;Ck|¢k> s.t. E(|w><wl):5(w)=(ZICk\)- (4.14)

k
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Expanding |w){y|, we obtain a (possibly non-optimal) decomposition over stabiliser

WY =Xk chen |9

dyads, , so that

Ayl < Lleslleel =Y lesl Ylerl = Lleil)?=&w). @15

Now we prove the inequality A(|y)(y|) > &(y). From the dual formulation of pure-
state extent, there exists some unnormalised witness |®) such that |(@|y)|* = &(y),
and |(w|¢)| <1 for all |¢) € STAB,,. But in the dual formulation of A, we have that
A(p) = maxwew, {Tr[Wp]}, where the witnesses in W € W, satisfy | (L|W|R) | < 1 for
all |L),|R) € STAB,,. In particular this condition is satisfied by W = |w){®| for the
w-witness optimal w.r.t. §(y). So |@)(w| € Wy but in general this might not be the

maximal witness w.r.t. the dyadic negativity. So,

Ally)(w)) = Tl o) o] [y)(v] = [(o|y) > = &(v). (4.16)

Combined with inequality @.13), this proves A(|y)(y|) = E(|y)(y|) = E(y).

Now, by definition the witness class YW appearing in the dual form of generalised
robustness is a restriction of Wy, so AT(p) < A(p), as we argued when defining the
monotones. Thus immediately we have AT (|y)(y|) < &(y). Nevertheless we still find
that |@){@| € W™, so by the same argument as above we have AT (|y)(y]) > E(y).
Hence AT (|w){y]) = E(|ly)Xy]) = E(y) and equality between all four quantities has

been established for the case of pure states. 0

An ordering of the monotones is established by the following theorem.

Theorem 4.7 ([95])). For any density operator p on any number of qubits, we have

At (p) <Ap) <

(1]

(p). (4.17)

Proof. The first inequality we have immediately by comparing the dual forms of A and

AT, as discussed above. Proving the second inequality requires convexity and the result

of Lemma Any state p has some optimal decomposition p =} ; p; ’Wj>< V|, such
that E(p) =Y, p;&(y;). Now using the convexity of the dyadic negativity, A(p) <

Y piA(Jw;)(wj|). But from Lemma §4.6| we know that for pure states A(|w;)(y;|) =
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&(w), so we have, A(p) <X p;&(|w;)wj|) = E(p) which completes the proof. O

4.1.4 Optimal decompositions for single-qubit states
Beyond the generic properties that hold for other resource settings, in Ref. [2] we proved
results for single-qubit states specific to magic theory. These take the form of three

lemmata leading to the following theorem.

Theorem 4.8. For any single-qubit state p, we have A*(p) = A(p) = E(p), and further-

more p admits an optimal equimagical decomposition.

The first lemma establishes the equality of the monotones for density operators in
the convex hull of certain subsets of pure states. The second and third lemmata will show

that any single-qubit density operator lies within such a convex hull.

Lemma 4.9 (Monotone equality lemma). For any @-witness |®), we define the set B, to
be the convex hull of all pure states  for which |{®|w)|? = & (). It follows that for all
p € By we have AT (p) = A(p) = E(p) = (0|p| ).

We omit the proof of this version of the lemma, as we will shortly prove a variant
generalised to other classes of witness. For now we consider the other two lemmata
required to prove Theorem It remains to show that for any single-qubit density
operator p, we can find a suitable set of pure states and witnesses such that p € By,.
The second lemma gives an explicit form for all optimal single-qubit witnesses. This
is achieved with the aid of the Bloch sphere, which can be divided into eight octants,

defining the positive octant as follows.

Definition 4.10. The positive octant is the set P := {p : (X),(Y),(Z) > 0}. We further

subdivide the positive octant as follows:

Px ::{p:p€P7<X>§<Y>7<
PY::{p:p€P7<Y>§<X>a<Y>§<Z>}>

Pz:={p:pcP(Z) <{X),(Z) <{V)]}.

ol
IA
N
-

(4.18)

where we use the shorthand (M) := Tr[pM].

The region Py is shown within the positive octant in Figure d.1| The strategy is to

prove the results for all states in the region Py. This is sufficient to prove Theorem {4.§|
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mixed
stabilizer states

Figure 4.1: Region Py within positive octant of the Bloch sphere. The variable g specifies the
optimal witness for pure states, as defined in Lemma [{.T1] In the orange region of
the surface, all states share the same witness, with ¢ = 1/2/3. In the green region ¢
varies continuously between \/2% and 1. Image by Earl Campbell, reproduced from
Ref. [2] under CC-BY 4.0 license.

for all single-qubit states, since any point in the Bloch ball is Clifford-equivalent to some
point in Py, and our monotones are Clifford-invariant. We can now state the second

lemma.

Lemma 4.11. Let |y) be any pure, single-qubit magic state in the set Py. Then the

w-witness |®) that achieves | (y|®)|*> = & () has an operator representation,

14+gH+/1—-¢%Y

o)l = 4T

(4.19)

where \/2/3 < q <1 and H = (X +Z)/\/2. Furthermore, if | W) is in the set Py N\ Px or
Py NPz then g = \/2/3 and the w-witness takes the form

1+(X+Y+2)/V3

42
1+1/V3 (320

|w)(@f =

The form of the optimal w-witness established here is used in Lemma[4.12] below,
to prove that any single-qubit state is in the convex hull of a set of pure states sharing the
same optimal witness. Combined with the equality lemma, (Lemma[4.9), this completes

the proof of Theorem [4.8]

Lemma 4.12. For any single-qubit non-stabilizer state p, there exists an @-witness |®)
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such that p € B, (as defined in Lemma4.9).

The proofs of these lemmata are due to Earl Campbell, so we omit the full technical
details for Lemmata[d.11]and[4.12} the interested reader can find these in Ref. [2]. Below
we instead sketch the proofs, as the intuition from these arguments will later be useful
as a stepping stone toward understanding decompositions of noisy single-qubit rotations.
Note that while Lemma.11]and Lemma[#4.12]relate specifically to the single-qubit case,
Lemma {9 holds for general n-qubit systems. Before sketching the arguments we state
and prove a slightly more general version of the lemma than that given in Ref. [2]], which

applies for any Hermitian witness, rather than just those of the form |w){®|.

Lemma 4.13 (Generalised monotone equality). For any Hermitian witness W € YV we
define the set By to be the convex hull of all pure states W for which (y|W|y) =
A(|w)(y|). It follows that for all p € By we have

A(p) =E(p) = Tr[Wp]. (4.21)

Similarly, for positive witnesses W € W, if By is the convex hull of all pure states

such that (y|W™|y) =A™ (Jy)(y

), then for all p € By+:
AT (p)=Alp) =E(p) =Tt[W'p]. (4.22)

, such that

Proof. If p € By there exists a decomposition p = }.;p; “VJ’ >< Vi
(w;|W|w;) = A(lw)w]) for all j. Then by the definition of density-operator extent,

E(p) < L pi&(w)) =Y piA(v;) (4.23)
J J

=Y pi Te[W [y )w;|] = Tewp], (4.24)

where we used the fact that the monotones are all equal for pure states. But since W is
a feasible witness, the dyadic negativity of p is lower bounded by Tr[Wp] < A(p), so
Z(p) < A(p). Whereas by Theorem [4.7| we always have A(p) < E(p). This proves the
statement for witnesses W € WV. An identical argument holds if we replace YW with W+

and A with AT, proving the second statement. U

We can then give the following immediate corollary:
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Corollary 4.14 (Monotone inequality). Suppose p is an n-qubit state such that A* (p) <
A(p), i.e. there is a gap between the generalised robustness and dyadic negativity. Then
for any set of pure states B' such that p € conv(B'), the elements |y) € B’ cannot all share
the same optimal witness |®) for the pure-state extent, and neither can they share the
same optimal witness W € W for generalised robustness. Similarly, if dyadic negativity
and density-operator extent are gapped, A(p) < Z(p), then for any set B as defined

V) € B cannot all share the same ®-, W- or W -witness.

above,

We now sketch the proofs for Lemmata and The first step to prove
Lemma is to notice that, given a pure state with optimal decomposition |y) =
Yicj ‘(]) j>, we can equate the primal and dual solutions for the stabiliser extent to ob-
tain the relation (¥;|c;|)* = |L;cj(®|¢;)

every valid m-witness satisfies |[(@|¢)| < 1 for any |¢) € STAB|, it follows from this

2 . . . .
, where |®) is an optimal witness. Since

relation that the optimal witness must be tight against every state in the decomposition,

|(@|9;)| = 1. Next we express the unknown witness |@)(®| in the Pauli basis,
o) 0| =A(1+q.X +q,Y +q.Z). (4.25)

To find the unknown variables, one can apply the following constraints: |@){®| is rank-1
SO q)% + q% + qg = 1; it is positive so A > 0; and g, = g, which follows from membership
of Py and the tightness of the witness against |+) and |0). This leads to the witness form
given in equation (4.19). Specialising to states in the intersections Py N Pz and Py N Py,
one finds that g, = g, = g, resulting in equation (4.20).

To prove Lemma we consider slices S through the positive octant (Figure
parameterised by a constant f = Tr[poF|, where 6r = (X +Y + Z)/+/3 . Notice that
every state in the positive octant must lie in one of these slices. The states w])f , l[/}/ and
l//% are the unique pure states that lie at the intersections between Sy and Py NPz, Pz Py
and Py N Py respectively. By Lemma [.11] these all share the same optimal witness
|, ){@,| (equation (4.20)). Then by Lemma for all states p in the purple shaded
region, the three monotones are all equal to (®,|p|®.), since they are in the convex hull
of {1//}( ) 1//}/ , l//f }. States outside the triangle can be expanded p = (1 + r404 + rpop +
for)/2 (see Figure . One can show that any such p is a convex mixture of a pair of

pure states \CI>§>(CI>2,E| = (L+ra0sa£4/1—ri+ f205+ foF)/2, which share an optimal
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Figure 4.2: Slice Sy through the Bloch sphere, labelled by parameter f = Tr[por], where oF =
(X +Y +Z)/+/3. The axes shownare defined by the coordinates 74 = Tr[pc4] and
rg = Tr[pop|, where 64 = (X +Z —2Y)/V/6, and 63 = (X — Z)/+/2. Figure by Earl
Campbell, reproduced from Ref. [2]] under|CC-BY 4.0 license.

witness. This completes the argument.

4.1.5 Multiplicativity and comparison with robustness

In Chapter [2| we discussed the fact that the robustness of magic is submultiplicative and
cannot be computed efficiently for many-qubit states. In contrast, we next prove that our

monotones are multiplicative for tensor products of single-qubit states.

Theorem 4.15. Let 6; be single-qubit states. Then
A(®;0}) = E(®;0;) = AT(®;0)) HA+ o)), (4.26)

and furthermore p = ®;0; admits an optimal equimagical decomposition, p =

Y, pi|wiXwj|, where E(p) = &(y;) for all j.

Proof. 1t i1s clear from the definition of density-operator extent = that it is submulti-
plicative, since a decomposition for p = ®;0; can always be constructed from opti-
mal decompositions of the single-qubit states ;. Then, since Theorem [.8] showed that
A" (o) = E(0;) for all j, we have the upper bound Z(®;0;) <[1,;&(0;) =[1,A" ().
To prove equality, we need to show that [T;A™(0;) < E(®,0;). Another consequence

of Theorem (4.8 is that every single-qubit state ¢; has an optimal W™ witness of the
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4 I
O = 0.95|H)(H| + 0.055

Thm. 3.14

] 10 20 30 4¢
n number of qubits

Figure 4.3: Comparison of robustness of magic with new magic monotones for many copies of
the noisy Hadamard eigenstate p. Straight grey line shows the exact multiplicative
scaling for our monotones, AT (p®") = A(p®") = E(p™"). Dots show robustness of
magic R computed exactly, up to 5 qubits. For larger n, 'R can only be bounded
(shaded region). The upper bound (red line) is based on submultiplicativity, relative
to known decompositions. Two lower bounds are shown: (i) R > 2A™ — 1 given in
equation (4.10), tighter for low numbers of qubits (blue line); and (ii) exponential
bound from Theorem .16 which is tighter for larger numbers of qubits (lower red

line). Adapted from Fig. 1 in Ref. [2]] under CC-BY 4.0 license.

form ]wj><coj

, so that AT (0;) = <a)j|p|a)j>. It was shown by Bravyi et al. 3] that if
{|@;)} are valid witnesses, then so is |Q) = ®; |@;). This gives us a lower bound for the

generalised robustness of p = @ ;0. Therefore,

[[A7 (o) =[T{wj0)]0;) = (Q®,0;|Q) < AT(®)0;). (4.27)
J J

But it is always the case that AT(®;0;) < E(®;0;) (see Theorem4.7). This gives us the
equality (4.26). To see that the n-qubit state admits an optimal equimagical decomposi-
tion, recall that Theorem [4.8] guarantees an optimal equimagical decomposition for any
single-qubit state. This naturally gives a decomposition for the n-qubit state, where each

term has the form []; }l//j><ll/j

, where & (y;) = E(0;). It was already shown by Bravyi et
al. [3]] that the pure-state extent is multiplicative for single-qubit states (recall Theorem
in Section . It follows that for each pure-state term ®; |y/; ) l[/j| in the decom-
position of p, we have & (IT; |w;)}{w;|) =T1;£(w;) =1,E(0;), so the decomposition is

equimagical. 0

The discussion of Theorem (4.8 showed how to obtain an optimal decomposition

analytically for any single-qubit state. We have just seen that the monotones are multi-
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plicative for single-qubit states. These two results combined show that our monotones
can be computed efficiently for tensor products of single-qubit states. Robustness of
magic is submultiplicative, but in Section we saw that it has a multiplicative lower
bound, namely the stabiliser-norm, ||| ;. In Ref. [2]] we used this to show that there is an
exponential gap between our new monotones and the robustness of magic. We state the

theorem here but omit the full proof, which can be found in our paper [2].

Theorem 4.16. Given any single-qubit magic state p, there exist positive real constants

o and B where o0 > B and

2 < R(p®") (4.28)

2P = A(p®") = AF(p™") = E(p°"), (4.29)

As a concrete example, for the Hadamard |H) state this holds with oo = 0.271553
and 8 = 0.228443. Figure[4.3|shows how the monotones scale for many copies of a noisy

Hadamard state. There is a significant gap for all values of n.

4.2 Measures of magic for quantum channels

So far, we have largely considered monotones that measure magic resource for n-qubit
states. These monotones are useful in the setting of quantum circuits where all opera-
tions are in SP, ,, but the initial state of the system is non-stabiliser. This is the case,
for example, when all non-Clifford gates in a circuit are implemented by magic state in-
jection (recall Section |1.4)), as in the Clifford + T model. However gadgetisation is not
necessarily the optimal strategy for simulating gates outside the Clifford hierarchy such
as small-angle rotations, since the number of magic states required can be much larger
than the number of non-Clifford gates. This motivates the development of measures for
quantifying the magic of quantum channels directly, without recourse to gadgetisation. In
this section we introduce several well-behaved magic monotones for quantum channels.

Channel robustness is an analogue of robustness of magic, and relates to quasiproba-
bility decompositions of channels over maps from SP,, ,. Generalised channel robustness
is defined analogously to the generalised robustness A" introduced earlier in this chapter.
Next, we define dyadic channel negativity, based on generalised quasiprobability distri-

butions over a class of linear maps we call dyadic stabiliser channels, DSP,, ,, which
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contains SP,, , as a strict subset. Though it is not clear that computing dyadic channel
negativity is tractable in general, we discuss methods for computing upper and lower
bounds. We also introduce channel extent by analogy with density-operator extent. This
last quantity is not strictly a full channel monotone, but we find application for it in later
chapters. Each quantity we define is associated with overhead for at least one classical
simulation task that we will describe and discuss in detail in Chapter [5] In this section
we state and prove their properties. First, however, we discuss desiderata for channel

monotones.

4.2.1 Channel monotone properties

For states, the key feature of a monotone is that it is non-increasing under completely
stabiliser-preserving operations. For a channel monotone, the equivalent property is that
the value of the monotone for a particular channel £ should not increase if the channel
is pre- or post-composed with a completely stabiliser-preserving channel. Thus, for a
map M from channels to real numbers, if we are to call M a channel monotone, at a

minimum we require the following property.

Definition 4.17 (Monotonicity for channels). Let M be a function that assigns a real
number to every n-qubit CPTP map. We say that M is a channel magic monotone, if and

only if, for any n-qubit map &:
(PO) M(g Oggp) S ./\/l(g) and M(ggp 05) S M(E) (4.30)

for all completely stabiliser-preserving maps Esp € SP, p.

Typically though, for a useful channel monotone there are several other properties

that are desirable. These are as follows:

(P1) Faithfulness: If £ is a CPTP channel, then M(€) = 1 if £ is completely stabiliser-

preserving (£ € SP, ,), and strictly larger than 1 otherwise;
(P2) Convexity: M(¥;q;€;) < ¥;|a;j|M(E));
(P3) Invariance under extension: M(E ®1,,) = M(E), for any m > 0.

(P4) Submultiplicativity under tensor product: M(E4 @ E'8) < M(EAYM(E'B);
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(P5) Submultiplicativity under composition: M(E,0E&1) < M(E)M(&r).

Properties (P1), (P2) and (P4) are familiar from the study of magic state monotones,
but (P5), submultiplicativity under composition, is specific to the channel picture. Note
that property (P3), invariance under extension, is a distinct condition from (P4), as while
submultiplicativity under tensor product (P4) combined with faithfulness (P1) entails
M(E®1,,) < M(E), they do not imply the inequality holds in the other direction. In
practice it is usually straightforward to prove (P3) if the monotone has been defined with
care, but we include it as a separate monotone property since it is useful as a stepping
stone to prove submultiplicativity under tensor product.

Once faithfulness and submultiplicativity under composition are proven, channel
monotonicity (PO) follows as a special case, because for any Esp € SP,, ,, and any CPTP

map &, we then have:
M(Eo&sp) < M(E)M(Esp) = M(E), (4.31)

since M(Esp) = 1 for faithful M, and similarly M (Espo &) < M(E). Therefore we

consider properties (P1)-(P5) sufficient to identify a well-behaved channel monotone.

4.2.2 Channel robustness

In Chapter 2] we discussed the Oak Ridge simulator [45]], where general quantum chan-
nels were decomposed as quasiprobability distributions q over elements from the set
CPR, which comprises the Clifford gates supplemented by Pauli-reset channels, and the
simulation overhead was quantified by the ¢;-norm squared of the decomposition HqH%
The associated cost function is Rcpr(€) = ming{[|ql|; : £ =X ;¢;E;,E; € CPR}. Ben-
nink et al. acknowledged in [45] that CPR does not give a comprehensive enumeration
of adaptive stabiliser channels. The upshot is that its convex hull CPR is strictly con-
tained in SP, ,. Consequently, not all stabiliser channels can be positively represented in
terms of CPR elements. This means that Rcpr is neither a faithful measure of magic,
nor monotone under composition with stabiliser operations. While Bennink et al. did not
set out to design a well-behaved channel monotone, the fact that Rcpg is not a monotone
directly impacts the performance of their simulator. We will discuss these implications
further in Chapter [6] Our goal for now is to define a well-behaved, computable channel

monotone based on quasiprobability distributions over stabiliser channels. We define the
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channel robustness as follows:

Definition 4.18 (Channel robustness ). Given an n-qubit CPTP map, the channel robust-
ness R is the optimal {1-norm minimised over quasiprobability decompositions of £ in

terms of completely stabiliser-preserving CPTP channels.

R.(E) :mqin{Hqu :quSj:E,EjESPn,n} (4.32)
J

=min{2p+1:(1+p)Ey —pE_=&,p>0,EL €SP, ,}. (4.33)

We will see below that the channel robustness is a well-behaved channel monotone.
First we address its computability. CPR-decompositions are computed by minimisation
over a finite set of Clifford gates and Pauli-reset channels. Similarly, we need a finite
set of vertices in order to compute R in practice. We can do this using the Choi state
characterisation of completely stabiliser-preserving maps. Recall that an n-qubit linear
map 7 is trace-preserving if and only if its Choi state satisfies Try(P7) = 1,/2", and is
in SP,, ,, if and only if ®7 is a stabiliser state. Therefore an equivalent definition is

L,

R«(E)= min {2p+1:(1+p)p+_PPZCP/EB,pZO,TrA(pi):—n}.
p+ESTAB, 2

This can be calculated by linear program given access to a list of all stabiliser states (see
Appendix [D.1I). Note that we sidestep the problem of explicitly finding the vertices of
the set SP, , by including the constraint on the partial trace. If we omit this condition,
we recover R(Pg), the RoM of the Choi state. We will show later in this chapter that
for gates U from the third level of the Clifford hierarchy, R.(U) = R(®y). This does
not hold for more general quantum channels, and it can be shown that R(®¢) is not
a well-behaved channel monotone since it is not submultiplicative under composition
(see Appendix [C.1I). Nevertheless, we will see later that R (D) can be useful for lower

bounding other monotones that are harder to compute.

Returning to the channel robustness, we note that for diagonal channels &, the prob-

lem is equivalent to a decomposition of the state £(|+)({4-|*") of the form,

E(+)+") = (1+p)p+ = pp-, (4.34)



4.2. Measures of magic for quantum channels 125

where p+ € STAB,,, and the condition on the partial trace for the general case is replaced
by the requirement that all diagonal elements of the states p4 are equal to 1/2". In
the special case where p are pure, this implies they are diagonal Clifford-equivalent to
graph states [[158]], though more generally they may be mixtures of states that individually
do not have full support in the standard basis. Reduction to an n-qubit problem is advan-
tageous for computation, since the number of vertices of the stabiliser polytope grows
super-exponentially with n. Full technical details of this simplification will be discussed

in Section .41

We now prove that the channel robustness is faithful (P1), convex (P2), invariant
under extension (P3) and submultiplicative under tensor product (P4) and composition

(PS).
(P1) Faithfulness: Suppose £ is an n-qubit CPTP map. There are two cases:

(i) £ € SP,, .. In this case, ®¢ is itself a mixed stabiliser state, and since £ is trace-
preserving it satisfies Tr(®g) = 1,/2". So D¢ is already trivially a decomposition of the

correct form, with p =0, so that R,(£) = 14+2p = 1.

(i) £ ¢ SP,,. Then by faithfulness of robustness of magic (Section [103]), O
has R(®P¢) > 1. Since the definition of R.(E) is a restriction of R(Pg¢), it must be the
case that R(Pg) < R.(E). Therefore R.(E) > 1.

(P2) Convexity: Take a set of Choi states Pg; corresponding to channels &;, with op-
timal decompositions ®g; = (1+pj)pj, —pjpj_,, where each p;, separately satisfies
Tra(ps) = %, so that R.(£;) = 1+2p;. Now take a real linear combination of such

channels,

E=Y a&i=Y qi&i+ Y ak (4.35)
i jeP keN

where P is the set of indices such that g; > 0, and N is the set such that ¢z < 0. We

assume that }°;¢; = 1 so that Tr(®g) = 1. Then the Choi state for £ is

De=Y q;[(0+pppj. —pipi ] = Y lal [(1+po)px, — prpr_] (4.36)
jeP ke

= (Z qi(1+pj)pj, + . |61k|PkPk> - (Z aipipi-+ Y laxl(1 +Pk)Pk+>-
jeP keN jeP keN

Note that the terms inside the brackets are all non-negative, so can be renormalised to
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obtain a probabilistic mixture over stabiliser states. We define

5. - Yjerqi(1+pj)pj, + Xren lqk|Prpr_

_ - , 437
+ I+ (4.37)
+ 1+
and B — YicrqipiPj- + Lren laxl( Pk)qu 4.38)
P

where p =Y. icpqipj+ Yken |qrl(1+ px). This allows us to rewrite the Choi state as
P =(1+ [9') p+ — pp—. Since p are convex combinations of stabiliser states satisfying
Tra(pj+) = 2,,, they must satisfy the same condition. Given that p > 0, it is clear that
the decomposition is in the required form, except that it is not necessarily optimised to

minimise 1+ 2p. So,

R (Z%‘Q’) <1+2p=Y lgjl(14+2pj) + Y lael(1+2px) (4.39)
J

jeP keN

=) 1aiR(E))- (4.40)

(P3) Invariance under extension: We want to show that
R.(142E8) =R.(E@18)) = R.(E). (4.41)

Recall from Lemma|[I.4]that tensor product channels have product Choi states,

AA'|BB A|

B B AB A'|B
Peh 1 =B @ @) ‘ A8 ) |0, (@ 1P (4.42)

The state @?'B will have some optimal decomposition @?'B =(1+p) pﬁB — pp”B, where
Tra(p48) = 1,/2", with channel robustness R.(£4) = 1 +2p, whereas |CI>m><CI>m|A/|B/ is

itself a stabiliser state so that:

ST — (14 p)p8 0@, ) (@l P — pp*B @ D)@, F . (443)

This is a valid stabiliser decomposition satisfying the trace condition, (since Tra/[p48 ®

1D, )@V 1B] = Tra(p2B) @ Trar (|Pp NP P) s0 we have

Ri(E@ 1) <RL(E). (4.44)
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We now show that R.(£) < R.(E®1,). Consider an optimal decomposition for
@?‘gﬂy = (14 p')pl. — p'p_, such that R.(E ® 1,,) = 1 +2p', where Tryp(p+) =
Tpim/2"t™. Here we do not assume that p’. are products across the partition AB|A'B/,
as was the case in equation (4.43)). However, we have just seen that ®gzq, factorises, so

that by tracing out systems A’B’ we obtain

Des = (14 p') Trap (p') — p' Tra (p1). (4.45)

Partial trace of a stabiliser state remains a stabiliser state, so this is a stabiliser decompo-
sition. We need to check that the condition on partial trace condition holds,

?]ln

Tra(Trap (pL)) = Tranw (PL) = 57 (4.46)

but this is clearly the case from the fact that p! were constrained such that
Traa(p+) = Lpem/2™™.  So we again have a valid optimal decomposition and
R.(E) <1+2p =R.(E4 ®18). Combining with the inequality in the other direc-
tion, (.44)), we obtain the equality R.(E®1) =R.(E) =R«(1XE).

Next, we prove submultiplicativity under composition (P5) before tensor product

(P4) as the former is useful in proving the latter.

(P5) Submultiplicativity under composition: R.(£,0&)) < R.(E1)R«(E2). The
channels £; and &, will each have an optimal decomposition £; = (1+p;)E; + —p;E; -,
where R.(£;) = 1+2p; and &; 1 are CPTP maps and completely stabiliser preserving.
We obtain &0 &) = (1+¢)E&, —g&’, where

E=0+q) N1+ p)A+p1)&rs ol y+papi1&a_o&i ], (4.47)
E =g p(1+p1)&a_o& 4 +(1+p)p1&ay o0&, (4.48)
and g=p1+p2+2pip2- (4.49)

The set SP,, ,, is closed under composition and convex, so both &' are in this set. There-
fore, we have a valid decomposition for & o & that entails R.(E,0&1) < 1+2¢g. One
finds 1 +2¢g = (14+2p1)(14+2p2) = R«(E1)R«(E2) which completes the proof.

(P4) Submultiplicativity under tensor product: R.(ERE') < R.(E)R.(E'). We
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treat tensor product as a special case of composition. For n-qubit £ and m-qubit £’
RA(EREN <RAERL)RL(1,RE"). (4.50)
But by the invariance under extension property,
Ri(ERLy)Ru(1,RE") = R(E)RA(E). (4.51)

This completes the proof.

Notice that the proof of submultiplicativity under tensor product (P4) followed im-
mediately from submultiplicativity under composition (P5) and invariance under exten-
sion (P3), and did not depend on any specific features of channel robustness. Therefore,

for other monotones we omit the proof of (P4).

4.2.3 Stabiliser extent for unital channels

We next define a quantity somewhat analogous to density-operator extent. Recall that

stabiliser extent for unitaries [3]] (Section [3.3) was defined as

E(U) :min{uc\ﬁ:U:chKj,Kj eCln} (4.52)
J

where Cl,, is the set of Clifford gates. We can also define this using Choi states, &(U) =

min{||c||% HU)=Xjcj ‘Kj>}, where |W) =W ® 1 |®), for maximally entangled state

|®), and the minimisation is over the Choi states of Clifford gates. It could be the case

that £(|U)) < &(U), because there are many pure stabiliser states that do not correspond

to Cliffords. By analogy with the move from pure-state to density-operator extent, we

introduce the stabiliser channel extent.

Definition 4.19 (Stabiliser channel extent). Let U, = {V =V (-)\V':V € U(2")}. Let £
be a CPTP map in the convex hull of U,, £ € conv(U,). The stabiliser channel extent
. is defined

E*(S):min{ijé(Vj) ZEZijVj, VjGUn} (4.53)
J J

:min{ijg(vj) :cpg:ij\v,-XVJ-\, VjeUn}, (4.54)
J J
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where ®¢ and ‘Vj><Vj‘ are the Choi states for € and V; respectively.

Again, the definition based on the Choi-Jamiolkowski isomorphism is restricted so
that the minimisation is only over those ‘Vj> that represent unitary operations. Note that
the stabiliser channel extent is not a monotone in the general sense, as it is defined only for
unital channels. Nervertheless, restricting to channels in the convex hull of U,,, E, is non-
increasing under composition with Clifford gates and convex mixtures thereof. Channel
extent can therefore be considered a monotone with respect to this restricted set. This
includes important noise models such as the depolarising or dephasing channel. Despite
this limitation, in Chapter [5| we will show that decompositions of the form (4.53) lend
themselves to classical simulation, and we give techniques for finding decompositions in

Chapter|6]

4.2.4 Generalised channel robustness

In this section we introduce a monotone which extends the generalised robustness A™
(Section 4.1.2) to the channel picture. In the late stages of preparing this thesis we were
made aware of parallel work by Saxena and Gour in which generalised channel robust-

ness is defined in a similar way [159].

Definition 4.20 (Generalised channel robustness). Let £ be an n-qubit CPTP map. Then

the generalised channel robustness of £ is given by:

AF(E)=min{A>1:£=AE, —(A—1)E_, &, €SP,,, & €CPTP}  (4.55)

1
= min{?t :®¢ < Ao,0 € STAB,,,, Tra[o] = 2—2}, (4.56)

where ®g¢ is the Choi state for £.

First we show that the two definitions are equivalent. Fix the channel of interest &,
and consider the set of feasible stabiliser states { o} such that &g < Ao for some A, with
Trslo] = %. From Theorem in Section we know that ¢ must be the Choi state
for some stabiliser channel £, € SP, ,. Now consider the Hermitian operator p_ defined

. AG—CI)g

11 (4.57)

By construction, Tr[p_] = 1, and since ®g < Ao, we have p_ > 0. Therefore p_ is a
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valid density operator, so corresponds to some CP map £_. Moreover by linearity we

have Tra(p—) = 1,,/2", so £_ is also trace-preserving. So,

AEL =&
ﬁ:é’, — E=A5 -(A-1E., (4.58)
where &, are both CPTP, and £, € SP,, ,. Minimising A in in this decomposition, subject

to A > 1, is therefore equivalent to the minimisation in equation (#.56). Next we will

prove the standard channel monotone properties.

(P1) Faithfulness. Suppose that £ € SP, ,. Then trivially, £ = A&, with A = 1. Con-
versely, suppose that & ¢ SP,,. Then in any decomposition & = A&y — (A —1)E_,
where &£, € SP,, , it cannot be the case that A = 1, otherwise £ "= &, which is a contra-

diction. Therefore all feasible solutions have A strictly larger than 1.

(P2) Convexity. Consider a CPTP map of the form £ = }; qx&, where g are real, and
each & is itself a CPTP map. For each &, there exists some A; > 1 and o} € SP, ,,
Tra[or]) = 1,/2", such that ®g, < A40x, where A (&) = A. Then,

Z |qk|ﬂ,k6k > Z |qk|CI)gk > quq)gk = P, (4.59)
k k k

Now since oy are all normalised stabiliser states, the operator

|9k Ak

kA (4.60)
YjlailA

o = Zpkck, where p; =
k

is also a normalised stabiliser state. Moreover, Tra[o”] = Y pr Tra[ox] = 1,,/2". Then

letting A" = ¥ |qx| A, we have:

A
o' =Y W G ¥ g ror > @ @61
k k

This is a feasible solution to the optimisation problem for the state ®¢, so A’ > A (E).

But recall that 4, = A (&), so we have:

AF(Y ar&) <A/ =Y arl AT (&) (4.62)
k k

(P3) Invariant under extension. To show A (£) < A} (€ ®1,,) for n-qubit £, consider
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the solution optimal for &, i.e. <I>‘§B < Ao for A = Af(€) and some 6 € STAB,,, such

that Tr4[6] = 1,,/2". Then the Choi state for £ ®1,, is

o PP =P o) ¥ <docw @y, =10 (4.63)

where 6’ = 6 ® ®y,, € STAB; (). But,

1
Tran[0'] = Tra[0] @ Tra [Py, ] = 2”1’% (4.64)

sothat A (E®@1,) <A =AF(E).

Now to prove the other direction, suppose we have the solution optimal for (€ ®1,,),

so that CID’gglfiB/ < Ao for some o € STAB) (4 m), With Traa[0”] = 1,5 /2"™ and

AM=AFHE®1,).Sop=2A0c— @?g]'iy > 0 is some unnormalised density operator p,
with trace Tr[p] = A’ — 1 with partial trace over AA proportional to 1,,4,,/2""". Tracing

out the subsystem A’B’, we obtain:
p/ =Traplp] = Ao —dg >0 (4.65)

where 6’ = Try/p/[0]. But tracing out subsystem A, on the left-hand side:

L,
i.

1,
Tralp'] = Trg (Traa[p]) = (A" — 1) Trp {Z’L"ﬂ =A'=1) (4.66)
Whereas, on the right-hand side, Tra[A'0’ — ®¢] = A’ Tra[o’] — 1,,/2", so that Tra[0”] =
1,/2". Since o’ is a stabiliser state satisfying the trace criterion, we have a feasible
solution ®¢ < A’'0’, so that we must have A} (£) <A’ = Af(E®1,,). Having proved
the inequality in both directions, we have A} (£) = A} (£ ® 1,,,) for any CPTP map &

and any m > 0.

(P5) Submultiplicativity under composition. Consider £ = &, o £}, where & and &
are CPTP. Let 4| = A (&) and A, = A} (&,). Then there exists some stabiliser state o7,
such that:

1,

o0 (4.67)

Aop —Pg, >0, Tralol] =

First we deal with the special case where &, is a completely stabiliser-preserving channel,
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so that Af (&) = 1. In this case, since & is completely positive,
/’\.1(52@)]1”)(61)—(82®]1n)(q)gl) >0 = lGl—q)gzogl >0 (4.68)

where 6/ = (£, ® 1,))(07). This gives us a feasible solution for £ = & 0 &1, s0 Af(€) <
AL (&) = AT (&N (&)

Now we deal with the general non-stabiliser case, where A, = A (&) > 1. Then
there exists some CPTP completely stabiliser-preserving channel &, and CPTP map

& such that & = &+ — (A, — 1)&,—. Rearranging, we obtain a map,
T=MN—-1)&E=héE—&. (4.69)
But A, — 1 >0, so 7 is a completely positive map. Now let:
A= (&E01,) (Mo —Pg,) >0, (4.70)
where the inequality follows because &, is a completely positive map. Let:
B=(T®1,)(A401) = (hé&E®1,)(Aor) — (E@1,)(Aop) >0 4.71)

where the inequality again follows from the fact that 7 is completely positive. Com-

binining the inequalities (4.70]) and (4.71)), we obtain:

0<A+B 4.72)
= (&£201,)(M01) — (£2®1,)(Pg,) + (A€o @1,) (M101) — (E2@1,)(A101)
A o(Ery @) (01) — (E221,) (P, ). 473)

But (&, ®1,)(Pg,) = Pg,0e, = Pg, and & is a completely stabiliser-preserving CPTP
map, so that (&4 ® 1,,)(01) = ¢’ is a normalised stabiliser state such that Tr4[0’] =
1,,/2". Then we have 411,06’ > ®¢, which gives us a feasible solution for the composed

channel, so

AT (E0&) < MA = A (EDA](&). (4.74)
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4.2.5 Dyadic channel negativity

Next we define a channel monotone analogous to the dyadic negativity defined for states.
It can also be viewed as a dyadic variant of the channel robustness. Although stabiliser
dyads do not represent physical states, they can be represented and updated efficiently
using stabiliser techniques, and so are useful for classical simulation, as we will discuss
in detail in Chapter[5] Unphysical maps such as the dyadic Clifford maps, defined below,

can be similarly useful.

Definition 4.21 (Dyadic Clifford maps). We say that an n-qubit linear map U is dyadic
Clifford if it can be expressedU(-) = UL(-)U;; where Ur,Ug € Cl,, are Clifford operators.

Channel robustness R, was defined with respect to maps that were (i) CPTP and
(i1) completely stabiliser-preserving. Dyadic maps are in general neither positive, trace-
or Hermiticity- preserving. Nevertheless, they can be efficiently simulable under certain
conditions. To show this, we first define a notion of completeness for dyadic maps. We

then specialise to those that also preserve stabiliser structure.

Definition 4.22 (Complete dyadic maps). We say that a linear n-qubit map T is a com-
plete dyadic map if we can write it in the form T (-) = ¥ ; Lj(-)R;, where {L;};and {R;};

separately form complete sets of Kraus operators,
YLiLj=1, YRR;=L1. (4.75)
J J

We use CD,, to denote the set of maps satisfying this condition. We now define the
subset of maps in CD,, that are completely stabiliser-preserving. We will call this set the

dyadic stabiliser channels, DSP,, ,,.

Definition 4.23 (Dyadic stabiliser channels). We say that the n-qubit map T (-) =
YL ]()Rj is a dyadic stabiliser channel, T € DSP,, if it is a complete dyadic map,
and each Lj and R;j is individually a completely-stabiliser-preserving operator, i.e.

Li®1,|9)<|9¢’), where |¢") € STAB,,,V |¢) € STAB,,, and likewise for all R;.

Definition [4.23]is chosen so as to ensure a well-behaved monotone, but also so that
we can exploit the structure of these dyadic channels for classical simulation in Chapter
5] A key property in this respect is that such maps are contractive with respect to the

Schatten 1-norm (see Appendix [D.3). We now define our monotone.
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Definition 4.24 (Dyadic channel negativity, A,). Let £ be a CPTP map on n qubits. The
dyadic channel negativity A, is defined as

Ac(&) =min{|lall; : £ =Y o4Ti, Ti € DSPy,}. (4.76)
k

We can immediately see that this quantity is upper bounded by the channel robust-
ness R, since the CPTP maps in SP, , are a subset of DSP, ,. Next, we show that
the dyadic negativity of the Choi state lower bounds A.. Given any decomposition of
the form above, we can write the Choi state ®¢ = ), 04P7,. The Choi state for each

sub-map 7 can be written

&7 = Z (Lj@1,) @)D (R} ®1,) ZVJWJ [Li)(R] @.77)
j

where, e.g.
e Ly LD (s
D et v,

, (4.78)

and similarly w; = [|(R; ® 1,,) |®) ||,

}L j><R J-| is a normalised stabiliser dyad. By

the Cauchy-Schwarz inequality, for each 7y, we have }; vﬁ-k) wg.k) <1 (see Appendix [D.3)).

So we can write g =Y (xkvgk)wgk) L x)(Rj |- The ¢;-norm of this distribution is

Z‘akv w! ’—Z|ak|v wh < Jlal];. (4.79)

Therefore, for any channel distribution of the above form, > A(Dg¢), and in par-
ticular this is true of the optimal channel decomposition w.r.t the definition (4.76), so
A(Dg) < AL(E).

Faithfulness (P1). If £ is a CPTP map in SP,,, then it can be written £(-) =
YiK j(-)K}L, where K are all completely stabiliser-preserving. Then £ € DSP,, ,, so there

exists a trivial decomposition with ¢;-norm equal to 1, so A.(€) < 1. But the Choi state

negativity lower bounds A, and A(®g) = 1 for £ € SP,, ,, s0 A (E) = 1.

Conversely suppose £ is CPTP but not stabiliser-preserving. Then its Choi state is

not a stabiliser state, so A, () > A(Pg) > 1.

Convexity (P2). Suppose we have € = Y Bi.&. There exist optimal decompositions
for the sub-channels & =Y. ; o+ 7; «, such that A, (&) =X « ](xj,k}. Then the channel £
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can be decomposed €Y. ; x fr@; T x- The £1-norm of this decomposition is

=Y Bl A (&) (4.80)

k

Y Beotia| = Y 1Bl Y |y
Jk k j

So A(€) < Xk |Brl A (&)

Invariance under extension (P3). It is straightforward to show A, (E ® 1,,) < A, ().
Given a valid optimal decomposition & = Y, o T, with T (-) = Zij,k(-)R;k, and

A (€) = ||a|l; we can always extend it with the m-qubit identity map:
EQLn=Y 4Te@Lu(-) =Y T/ (), (4.81)
k k

So that the individual Kraus operators are extended as L}k =Lj;®1,, and le,k =
R; @ 1,,. Moreover, a completely stabiliser-preserving Kraus operator remains so when
tensored with the identity. Therefore, the extended maps 7, = T ® 1,, satisfy all the
necessary criteria, so that 77(’ € DSP,tmn+m. So the £1-norm of the distribution is an

upper bound for the dyadic channel negativity of £ ® 1,,,

A(ED L) < llafli = A(E). (4.82)

Now to prove the other direction, suppose an optimal decomposition of the channel
extended by the identity map can be written £4 ® ]l;‘),/ =Y ockﬁAA/, where the maps
T = Zij,k(‘)R;,k are in DSP,4 1y nym. We have Choi state decomposition q)c‘fA@]lﬁ‘n/ =
Y« 0Py, where

O = (T @ 1) (1Prsn )@l ™) = L IL Rl (483)
J

! /
where |L; ) = (Lj.‘:,‘;’ Q188 ) |®, 1) "B are sub-normalised pure stabiliser states, and

similarly for |R; ). Since the Choi state for a tensor product channel factorises, P 1,, =

de @ Py, to obtain Pg, we trace over subsystems A’B’,
b =Tryp [q)gA@)ﬂ%’] = ZakTrA’B’ Dy (4.84)
k

Using stabiliser bases {|p)} for A’ and {|¢)} for B, and using the shorthand
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p.q) =|p)®lq),
Trap @ =YY (P.q|Ljx) (Rix|P:q)- (4.85)
J P4

For a single bra-ket:
(palLjx) = (p" < B LAY @18 |, ) 15 (4.86)
= ("L ®1B) @0 @ (g |0, (4.87)

1

=7 P Pl L @)Y @18 |, ). (4.88)

Similarly, (p,q|R;x) =272 (p|R,|q) ® 1,|®@,). For each k, we use the form of the

above decomposition to define new sets of n-qubit Kraus operators labelled by indices

(J,7:9)s

1
Jpa)k — 2_%

/ 1 /
(" L gy Rijparx =57 P Ri la W (4.89)

Then the (pure), Choi state for each Kraus operator, e.g. L(J pa) k@ 1, |D,) = < p, q}L j7k>,

is a sub-normalised stabiliser state, since L;; was completely stabiliser-preserving, and

|p), |g) were stabiliser states. Therefore L’( , are completely stabiliser-preserving,

5p4),

and likewise for R’( Moreover, for each k,

j’p’q)'/k.

i g
Y L ailpgr=2" L lalL] kZ|p (pILjxlq) (4.90)
Jpa i
:2_m2<‘1|ZLj,kL', q) (4.91)
R
=27"Y (gl Lnsmla) =27") (qlg) 1n =1, (4.92)
4q q

where we used 1, @ Y, |[p)(p| = Ly4m in line (#.90), and in the last line the fact that
|g) are basis vectors for an m-qubit subsystem, so there are 2™ terms in the summation.

’ ' . . /
Therefore, {L(j,p7q),k}l7p>q (and likewise {R(j’p’q%

Kraus operators, so that we can define reduced maps:

) j.p.q) form a complete set of stabiliser

/
ZL]M ,pq)k (4.93)
Jpq

such that 7, € DSP,,, and comparing with equations #.83) and (#.88), we see that
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Trpp @y = P, where @, is the Choi state for 7,'. Combined with equation (#.84), this
implies that there exists a feasible decomposition of the n-qubit channel, £ = ¥ o7,
Then by the usual argument, A, (€) < ||a||; = A«(E ®1,,) for any m > 0. Having proved
the inequality in both directions, we have A, (£) = A.(E ®1,,), for any CPTP map £ and

any m > 0.

Submultiplicativity under composition (P5) Suppose 71,72 € DSP,, ,, having de-

compositions T (-) = Zij,k(')Rj- 4 Then:
TooTi() =Y LiaLy (R R, . (4.94)
BJ
If we define L i =Lj2Lj 1, then we immediately see that
T _ T T _ il _
ZLM.,L i = ZLJ.,7 (Y LioLjoLy = ZLJ.,’IL 71 ="1n, (4.95)
iJ 7 J 7

and similarly for R; . Each Kraus operator is also completely stabiliser-preserving, since
it is the composition of two completely stabiliser-preserving Kraus operators. Therefore

for any 71,7, € DSP, , the composed map 7' = 70 7; is also in DSP,, ,,.

Now consider that for any two CPTP maps &; and &;, each will have an optimal
decomposition & = Y 0 ; Tis, such that A.(&) =Y ‘(XkJ ‘ Then the composed CPTP
map can be expressed as £,0E =Y, ik Q20 i1Tk207; 1. This is a feasible decomposition
with /1-norm ¥ ¢ |01 || @ 2| = Av(E1)AL(E2). So we have A, (£ 0E) < AL(E)A(E2).
We have shown that the dyadic channel negativity is a well-behaved channel monotone,
but it is not clear how to compute it exactly for all channels. In Section4.2.2] we showed
that the condition on the Choi state for trace-preserving maps Try [®¢] = 1,,/2" provided
a practical means to compute channel robustness. One might ask whether analogous
conditions can be found for complete dyadic channels as defined by equation (4.75]). For
the interested reader, in Appendix we present partial results towards better charac-
terisation of the set of complete dyadic channels, based on a polar decomposition of the
Choi matrix. We hope that in future work this will lead to improved methods for finding
optimal dyadic decompositions. For the moment, we are in general only able to bound
the dyadic channel negativity. The dyadic negativity of the Choi state provides a lower

bound, and this is tractable for tensor products of single-qubit channels. We next discuss
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decompositions over discrete subsets of DSP,, ,,, which yield upper bounds.

4.2.5.1 Upper bounds via dyadic Clifford maps

By definition, any unitary operation trivially satisfies UTU = 1, and the Clifford gates are
manifestly completely stabiliser-preserving. Therefore, any map of the form 7 = L(-)R,
where L and R are Clifford gates, is in DSP, ,. Provided a channel can be written as
a complex combination of such maps, the following quantity upper bounds the dyadic

channel negativity.
Aci (&) =min{|all; : Y ouLi(-)Re =E(:), Ly, Ry € Cl,}. (4.96)
k

We call Ac; the dyadic Clifford negativity, but we note that it is not a well-behaved
channel monotone. While it is convex and submultiplicative under composition, it is
not faithful with respect to maps in SP, ,. We show this in Appendix [D.2] However, it is
clearly the case that Ac|(€) = 1 for any channel £ that can be written as a convex mixture
of Clifford operations. In Chapter |§] we will see that Ac;(£) = A.(E) for certain classes

of noisy single-qubit operations, including noisy 7'-gates.

Before moving on to a more comprehensive set of dyadic stabiliser channels, we
reflect on the size of the optimisation problem defined by equation (4.96). There are 24
single-qubit Clifford gates, so for the single-qubit channel problem there will be 576 ver-
tices. However, for two qubits, there are 11,520 Clifford gates, and therefore over 132
million vertices, so the problem already looks formidable for two-qubit channels. There-
fore if this technique is to be useful for multi-qubit channels, techniques for reducing the

problem size using symmetry will be important.

4.2.5.2 Upper bounds using dyadic projective channels

When proving submultiplicativity, we showed that the composition of any two maps
in DSP, ,, is also in DSP, ,. Therefore we can form a larger subclass of dyadic sta-
biliser channels by composing physical stabiliser channels O with Clifford dyadic maps

Uix()=U J-(-)UkT . Here we consider adaptive stabiliser channels of the form:

o(p) = ZK,-pK]T, (4.97)
J
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where we assume that the kraus operator has the form K; = V;II; for some Clifford V;
and projector I1;, where {H j} are a set of orthogonal projectors. Operationally, these are
channels where a Clifford V; is carried out conditioned on obtaining the measurement
outcome j associated with the projector IT1;. We then form the dyadic stabiliser channel

T =U; 0O ol,;,, where U are dyadic Clifford maps. Explicitly, these have the form,
T() =Y UKU;(-) UK U}, (4.98)
s

We can compact this notation: consider the operators multiplying the input dyad on the

left. If Ky = VI1; for some Clifford V; and projector I, then
UVILU; = UV,UU LU, = V]I, = K] (4.99)

where V| = U;V,U; is some new Clifford gate, and IT, = UJTHSU j is some new stabiliser-
preserving projector. Since conjugation by a unitary operator preserves orthogonality,
the new projectors {II;}  are orthogonal, and {K!}, remains a complete set of Kraus
operators. We can do the same for the operators multiplying on the right, so that we have
T(...)=Y,K.\(...)K", where the Kraus operators on the right are related to those on
the left by

K! = UnU/KU[U = UKV (4.100)

In the last expression we absorb all the Clifford gates into a pair of Cliffords U and V. We
can therefore fully specify 7 by a complete set of stabiliser-preserving Kraus operators
{K;}, and a pair of Clifford gates U and V. We call the class of maps having the form
above the projective dyadic stabiliser channels, PDSP. We can use this class to define a
quantity that upper bounds dyadic channel negativity, which we call the projective dyadic
negativity.

Ap(€) =min{|e|; : ) 4Tk =€, T €PDSP}. (4.101)
k

The class PDSP includes as base cases those maps where U =V = 1, i.e. physical
stabiliser channels of the form (4.97)). This ensures that important stabiliser-preserving
channels such as state injection gadgets and Pauli-reset channels have Ap = 1. This also
ensures that any CPTP map can be decomposed using only maps in PDSP, as it was

shown by Bennink et al. that Clifford gates and Pauli-reset channels are sufficient for this
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purpose [45]]. We show in Appendix [D.5]that projective dyadic negativity is computable
for single-qubit channels, but likely intractable in general for n-qubit channels with n >
2. Nevertheless, the scheme could be used, for example, for circuits decomposed into
CNOTs and noisy single-qubit gates. Alternatively the circuit could be decomposed into
single-qubit operations supplemented with a minimal number of multi-qubit operations,
all of which may be non-stabiliser. Single-qubit operations would be decomposed using
the dyadic channel scheme, while multi-qubit operations could be decomposed using

standard channel robustness.

4.3 Magic-increasing capacity of quantum channels

We have so far considered channel monotones based on different types of stabiliser de-
composition of a channel. We now introduce another family of channel monotones that
quantify the ability of a channel to to increase the resourcefulness of an initial state. Each
is defined with respect to a particular magic state monotone M. It is natural to consider

the largest possible increase in M, over any initial state.

Definition 4.25 (Magic capacity with respect to generic monotones). Given a generic

magic monotone M, we define the magic capacity C g with respect to M,

4.102
e T Mip) (*+102)

where Dy, is the set of 2n-qubit density operators.

Analogous quantities have previously been defined for the resource theories of en-
tanglement [160] and coherence [[161]. Notice that the maximisation on the right-hand
side must be normalised by the resourcefulness of the initial state, M(p). We will show
that when defined with respect to several of the magic state monotones already encoun-
tered, the magic capacity possesses the five standard channel monotone properties (P1)
to (P5), as well as another feature we call stabiliser-saturation (P6). The essence of this
property is that we only need optimise over pure stabiliser states. For mixed states or even
non-stabiliser states, the capacity still captures the largest possible increase in robustness
of magic. We define this as follows.

(P6) stabiliser-saturation: We say that the magic capacity Cpq is stabiliser-

saturated if for any n-qubit state p, which may be non-stabiliser, and for any CPTP
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quantum channel &, the following holds:

M[(E@1,)(p)]
M(p)

< M[(E@1,)(1¢)(9:])]; (4.103)

for some pure stabiliser state |@.) € STAB,,. When this property is satisfied, Cx((€) =
MIE @ Tn(|4)(9:)].
The magic capacity Cy4 inherits properties (P1) and (P2) directly from the magic

state monotone M, as described in the following theorem.

Theorem 4.26. Let M be a magic monotone (non-increasing under channels € € SP,, ),
and let Cnq be the associated magic capacity as defined in equation (#.102). Then the

following statements hold.
1. Capacity Cay is faithful for any faithful monotone M. (P1)
2. If M is convex then C 4 is convex. (P2)
Properties (P3 - P5) then hinge on proving stabiliser-saturation (P6), as follows.

Theorem 4.27. Suppose M is a magic monotone that is convex, faithful, and submulti-
plicative under tensor product, and let Cq be the associated magic capacity. Suppose
that Cy is stabiliser-saturated (P6); that is, we assume that for any 2n-qubit state p and

n-qubit channel the associated magic monotone M satisfies

M[(E@1,)p]

M(p) < M[(E@La)([9)9])] = Cm(E), (4.104)

for some pure stabiliser state |@) € STAB,,,. Then C, is invariant under extension, and

submultiplicative under tensor product (P4) and composition (P5):

(P3) Cm(E@1,)=Cm(E), VYm>0 (4.105)
(P4) Cpm(E2®E1) <Cm(E)Cm(E2) (4.106)
(P5) Cm(E20&1) <Cm(E)CMm(E). (4.107)

We will next prove Theorems [4.26] and for the general case. In the following
subsections we show that C , is stabiliser-saturated when defined with respect to standard

and generalised robustness of magic, and dyadic negativity.
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Proof of Theorem[d.26] To prove statement (1), we note that if M is monotone un-
der completely stabiliser-preserving channels, then M[(E @ 1,)(p)]/M(p) < 1 for any
€ € SP,,. But if M is faithful then M(o) =1 for all o € STAB,,. It follows that
the inequality is saturated by stabiliser initial state, M[(£ ® 1,)(0)]M(0c) =1, and
Cm(E) =1if £ € SP, ,. Conversely, suppose instead that £ is non-stabiliser-preserving,
but still CPTP. Then there exists at least one stabiliser state ¢ € STAB,, such that
(E®1)(0o) is not a stabiliser state. Then by faithfulness of M, M[(E®1)(0)] > 1,
and so Cp(€) > 1.

Statement (2) follows straightforwardly from convexity of M. Suppose a channel
& has decomposition £ = Y, qx&, for some n-qubit CPTP maps &. There exists some

optimal state p, that achieves Cy((£) = M[E @ 1(p.)]. Then

(4.108)

MIESL)(P)] _ MIEkau(ED L)(P:)] ) MIEE L) (p.)
M(p.) M(p.) S My

where the last line follows by convexity of M. But by definition, each ratio

M[(E@1,)(ps)]/ M(p«) can be no larger than C (& ). So we have,

Cr (Y ak&r) < Y larlCad(&). (4.109)
k k

This proves the second statement. ]

Proof of Theorem By assumption, M is convex, faithful and submultiplicative un-
der tensor product, and C 4 is stabiliser-saturated. We first prove invariance under exten-
sion (P3). We claim that if M is faithful and submultiplicative under tensor product, then

for m > 0, for any |@) € STABy,, 1, there exists some state |y) € STAB,, such that

M (& L ) (0091"™)] = M (2 @ 1) (wilwl™) . (4.110)

Consider a (2n + m)-qubit stabiliser state |@), with partition A|B between the first n and
last n +m qubits. Ref. [57] shows that the state |¢)*? is local Clifford-equivalent to
p independent Bell pairs entangled across the partition A|B (here “local” means with
respect to the bipartition rather than per qubit). Since there are n qubits in partition A, p
is at most n. Let B'|B” be a partition of B into n and m qubits. Then by local permutation

of qubits within B, we can take these p < n Bell pairs to be entangled across A|B’. So
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)48 = (L, @ U?) |l//>AB/ 4 >B” where U? is a Clifford operation, |1V>AB/ € STAB,, and
|y’ )BH € STAB,,. So writing the channel corresponding to U? as U2, for any € on n

qubits, we know that

M[ (80 10 (0)001")] = M[(Lao2e®) (£ o 1) (aw ™) & v ) |)].
4.111)

Since 1,, @ U® represents a (reversible) Clifford gate, by monotonicity of M:

M| (@ 1) (19001 = M| (&4 2 1) (W)W ™) @ [y ) (v
= M[(* e 1) (wy*™)]. @.112)

/!
where in the last line we used the fact that |y’ >B 1s a stabiliser state, and hence does not
contribute to the monotone value, since M is submultiplicative under tensor product, and

by its faithfulness property, M (|y/)(y'|) = 1. The state |y)(y|*? "isa 2n-qubit state, so
equation (4.110) holds.

So, the maximum M generated by £4 ® 1,4, over all (2n+ m)-qubit stabiliser
states is no larger than that generated by £4 ® 1, and Caq(EA®1,,) < Caq(EA). The
other direction can be easily proved by noting that for any 2n-qubit state p = (£ ®
L,)(l¢)¢
the tensor product with some m-qubit stabiliser state |¢') € STAB,,. That is, M(p) =
M(p®|¢')@'|), and consequently Crq(EA @ 1,,) = Caq(ED).

), where |¢) € STAB,,, the monotone value does not change if we form

Next we prove (P5), submultiplicativity under composition, Ca(€] 0 &) <
Cm(&1)Ca(&2). Consider the n-qubit channel € = &, o &}, where & and &, are CPTP
maps. Suppose O, = |¢)(d.| is an optimal choice of initial stabiliser state, such that

Cm(E) =M[(E®1,)(0)]. Then,

Cm(&) = M(E@T,)(0.)] = M[(E201,)(p)] (4.113)

M[(&2@1,)(p)]M(p)
; .

4.114
M(p ( )
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where p = (€] ® 1)) |9+ )(@+|. Then, since the relation (4.104]) holds by assumption,

M[(E2®1,)(
Mi(p

Cu(€) = ; IMP)  \ppiee) <cuElcmE)  @l1s)

where the last inequality follows because by definition,
M(p) = M[(&1 @ 1,)(|ow)(0x])] < Cm(&r). (4.116)

This proves C, is submultiplicative under composition.

Finally, we have already shown for previous channel monotones that invariance un-
der extension (P3) and submultiplicativity under composition (P5) together imply sub-
multiplicativity under tensor product (P4), and the argument does not depend on any

other details of the monotone. This completes the proof. 0

Taken together, Theorems {.26] and imply that given a magic state monotone
M known to be convex, faithful and multiplicative under tensor product, we need only
prove stabiliser-saturation (P6) to show that Cy, satisfies properties (P1)-(P5). In the
next three subsections, we prove (P6) holds for capacities with respect to standard and

generalised robustness of magic, and dyadic negativity.

4.3.1 Magic capacity with respect to robustness of magic

Definition 4.28 (Magic capacity with respect to robustness of magic). For any n-qubit

channel, the magic capacity is defined,

Cr(€) = ngBsz[(é’@]ln)(|¢><¢|)], (4.117)

where 'R is the robustness of magic.

We prove stabiliser-saturation below, so that this definition is equivalent to the def-
inition for the generic case (Definition . Since R is convex, faithful and submul-
tiplicative under tensor project, by Theorems [4.26] and the capacity Cr also has
properties (P1-P5). Recall that to prove stabiliser-saturation, we need to show that for
any n-qubit state p, including magic states, and for any CPTP quantum channel &, we

have
R((E@1,)(p))

R(p)

<Cr(€) = RUE@ L) ([9:)(0:])), (4.118)
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for some pure stabiliser state |¢.) € STAB,,. We use similar arguments to those deployed
in [160]. Consider an n-qubit channel £. Any 2r-qubit input state p will have an optimal
stabiliser decomposition p =} ;g; ‘¢j><¢j
Yjlgj|- By linearity (E®@1,)(p) =%, ¢,;(E®1,) |(]>]><¢j| ). Then by convexity of RoM,

where };q; = 1, and such that R(p) =

R(E@ 1) (p)) < Y la;I R((E€ @ 1) (|9;)94])- (4.119)
J

For any stabiliser state ‘(p j>, the optimal pure stabiliser state | ¢, ), satisfies

Cr(E) =RUE@ L) (19:)(¢:])) = R((ER1,)(|0;){9)])) (4.120)
— R(E@1,)(P)) <RUERLL)(|9:)(0:]) Zlqjl—cn EYR(p). (4.121)

Rearranging we obtain inequality (4.118).

4.3.2 Magic capacity with respect to generalised robustness

Here we consider the magic capacity Co+ with respect to AT, the generalised robustness

of magic (gRoM), which we introduced in Definition 4.4]

Definition 4.29 (Magic capacity with respect to generalised robustness of magic). For

any n-qubit channel, the magic capacity is defined,

CA+(€) = |¢>g§%§B2nA+[(5®]ln)(|¢><¢l)] (4.122)

The gRoM is convex, faithful, submultiplicative under tensor product, and monotone
under channels in SP,, ,. So, once again we complete the proof that capacity with respect

to gRoM, Cp+, satisifies all six properties by showing that it is stabiliser-saturated (P6).

Let p be any 2n-qubit density operator, and let £ be any n-qubit CPTP map. Recall

that the gRoM for 2n-qubit states can be defined:
AT (p)=min{A : p < 10,0 € STABy,}. (4.123)

Then there exists some A, > 1 and mixed stabiliser state o, such that A,c, —p > 0, and
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AT (p) = A.. Since € is a CPTP map, it preserves the positivity of the operator A, o, — p:
(E@1,)[Ako—p] >0 = A(E®1,)(0ox) > (E®1,)(p), (4.124)

where the second line follows by linearity of £. Let p’ = (£ ® 1,)(p) and
p" = (£ ®1,)(0x). In general both operators can be non-stabiliser states. Using the defi-
nition of A again, there must exist 6" € STAB,, such that p” < A/c” for A = AT (p").
It follows that p’ < A,.p” < A.A'c!. This expression gives us a feasible solution for the
optimisation problem in equation (@.123), with respect to p’ as the state of interest.

Therefore we must have A*(p’) < LA = AT (p)AT(p”). We can rewrite this as
AT[(E@Ta)(p)] < AT(P)AT[(E®1,)(0)]- (4.125)

2

Now o is a mixed stabiliser state so has some ensemble decomposition 6, =} ; p; ’¢j><¢j

where |¢j> € STABy,, pj > 0and }; p; = 1. By convexity of A and linearity of &,

AT[(E@L,)(0)] < ) piATI(E@1a)([9;)()])] (4.126)
J

< Y piAT[(E@ L) (194)9:])] (4.127)
J

= AT[(E@Ln)(|9:)(9-)] (4.128)

where in the second line |@.) is any stabiliser state that maximises AT[(E®1,)(|¢)o])]
over |¢) € STAB,,. Combining equation (4.128)) with (4.125)) and rearranging,

A[(E@1,)(p)]
At (p)

S ATIE@ L) (10:)(9:])], (4.129)

proving that C,+ is stabiliser-saturated.

4.3.3 Magic capacity with respect to dyadic negativity

For dyadic negativity, it is convenient to define the capacity in terms of the maximum
increase over stabiliser dyads. However, to do this, we must first extend the definition of

dyadic negativity, previously defined for density matrices, to general operators on n-qubit
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Hilbert spaces. For any operator A, we define this as:
A(A) =min{||o| : Y o |Lj)}R;j| =A, |L;),|R;) € STAB,}. (4.130)
J

This is always well-defined, since the stabiliser dyads form an overcomplete basis for
the space of n-qubit operators. One can easily check that this quantity remains convex,
so that for any A = Y ;a;B;, we have A(A) < ¥ ;|a;|A(B;). We can also extend the
notion of faithfulness, using normalisation appropriate for dyads. We treat an operator
as free if A(A)/||Al|; = 1. This is equivalent to saying that when the operator is nor-
malised, it can be written as a convex combination of stabiliser dyads. Conversely, if
A(A)/||A|l1 > 1, then the operator is non-stabiliser. The extended dyadic negativity is
also submultiplicative under tensor product for any pair of operators. If we have opti-
mal decompositions A =} ; «;0; and B = }; B0k, where o; are stabiliser dyads, then
A®B=1Y;,0;B0;® oy gives a feasible solution since the tensor product of two sta-

biliser dyads remains a stabiliser dyad. Therefore A(A®B) <Y i |oj| - |Bx| = A(A)A(B).

We now consider the increase in dyadic negativity under CPTP channels. Given any

n-qubit operator p with optimal decomposition p =Y ; &; |L;)(R;

b

(Smn)(p):Zaj(em,,)quij\). (4.131)
J
Then by convexity,
AlE@ 1) (p)] < ) loy|Al(E @ L) (|L; )R] (4.132)
J
< A(P)A[(E @ Ly)(|Le )R |)] (4.133)

where |L,)(R,| is the dyad that maximises A[(£ ®1,)(|L)(R|)] over all |L), |R) € STAB,,.
Therefore we define the magic capacity with respect to A, which we call the dyadic magic
capacity, as

CA(&) = |L>7|R§%%§AB2’1A[(5 ® Ln) (IL)(R])], (4.134)

so the quantity is stabiliser-saturated in the sense that the maximum increase in negativity
is achieved for a stabiliser dyad. The dyadic magic capacity inherits convexity and faith-

fulness from dyadic negativity as per the arguments in the proof of Theorem 4.26] We
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can confirm that Cy is invariant under extension by adapting the proof of Theorem
We simply need to notice that the dyadic negativity is invariant under Clifford dyadic
maps of the form U(-)V', where U and V are Clifford gates, since these map stabiliser
dyads to stabiliser dyads. Then the proof can be modified by replacing stabiliser projec-
tors by stabiliser dyads, and conjugation with a single Clifford gate by application of a
map U(-)V'. Similarly we can substitute projectors for dyads in the rest of the proof to

show that C is submultiplicative under composition and tensor product.

4.3.4 Sandwich theorems

The magic capacities defined in the previous sections can be harder to compute than some
of the other channel monotones we have introduced, since without further simplification
they involve evaluating magic state monotones once for each 2n-qubit stabiliser state (or
dyad). We will discuss methods for easing this calculation for diagonal channels in
For now, we establish some results that provide rigorous upper and lower bounds for the
magic capacity. We first consider capacity of some channel £ with respect to robustness.
The lower and upper bounds are given by the robustness of the Choi state R (®¢) and the

channel robustness R. (&), respectively.

Theorem 4.30 (Sandwich theorem for R-based monotones). For any CPTP map &, the

following inequalities hold,
R(®g) < Cr(E) < Ru(E). (4.135)

Moreover, if the unitary operation U is in the third level of the Clifford hierarchy, then we
have equality, R(®Py) =Cr(U) = R.(U).

Proof. By definition &g = (E®1,)(|®,)(P,|). But |®,) is a stabiliser state, so R(Dg)
can be no larger than R((E®1,)(|¢«)(¢+])) = Cr(E), where |¢,) is the stabiliser state
that achieves the capacity, and so R(®Pg) < Cr(E).

Now suppose £ = (14 p)E4 — pE_ is the optimal decomposition of £ into CPTP
stabiliser-preserving maps, £+ € SP,,, so that R.(£) = 1 +2p. Then for any input
stabiliser state ¢ € STAB,,, we can write down a valid stabiliser decomposition of the

output state,

(E@1,)(0) = (1+p)(E+ ©1,)(0) — p(E- @ 1,)(0). (4.136)
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In particular this is true for the stabiliser state 6, = |@,){(@.| that is optimal with respect to
the capacity. But equation (4.136) could be a non-optimal decomposition, so its £;-norm

1+2pis at least as large as R((E ®1,)(0x)). So,
CR<5):R[(5®]ln)(G*)] < 1+2p:7—\’,*(g), (4.137)

completing the proof of the first statement. Having done so, to prove the second statement

it suffices to show that R(®y) = R.(U).

For any n-qubit unitary channel &/ = U(-)U" from the third level of the Clifford
hierarchy, deterministic state injection is possible [35, 89]. That is, given a Hilbert space
H=Hs®Hp® Hc @ Hp, where each subspace is comprised of n qubits, there exists a

completely stabiliser-preserving circuit £y such that, for any 2n-qubit input state p,
Trge | Esi(P @ pP) | =U @ 1,(p*P) (4.138)

Where @, is the Choi state for U. The circuit Egy comprises a complete Bell measurement
on BC, followed by a Clifford correction on subspace A conditioned on the outcome of

the Bell measurement. It can be represented by Kraus operators,
K;=(C; 015 M; (4.139)

where M; = 1® ‘<I>{,-><<I) j ‘BC ® 1P are the Kraus operators corresponding to elements of
the Bell basis !CIJ j>, and C; is some unitary Clifford correction. Now consider an optimal
decomposition of the Choi state, ®;; = (1 + p)p+ — pp—, such that R(Py) = 1+2p. We
now show that by substitution into equation (4.138)) we can obtain a decomposition of
the channel that satisfies the trace-preservation condition required for channel robustness.

We have

&P =U1,(|ONDP) = Trpe | Esi(D)F @ | D) D|P) (4.140)

= (1+p)pP? — pp2?, (4.141)

where pAP = Trpc[Esi(p4? @ |@)D|“P)] € STAB,,, since Esp € SP,,,,. We want to
show that Trs(py) = 1,/2". First, note that Trs(ps) is independent of the Clif-
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fords C;, since the partial trace depends only on the Bell measurement outcome prob-
abilities, p;j = Tr [Mj(piB@) |<I>>(CI>\CD)MH. Therefore Tra(ps) = Trapc(pl.), where
pL=Y;M;j(pf® D) (D|P )M]T is the post-measurement state. Then,

Tra(Pe) = ;TrABc M (2% @ |@)(@| ) ]| (4.142)
= Trasc [ZM}-M,- (P22 @)@ (4.143)
J
= Trapc [piB ® |<I>><<I>|CD] (4.144)
— Tre [|c1>>(c1>\CD} - %. (4.145)

In going to the second line, we used the fact that the partial trace over BC is cyclic with
respect to operators that act non-trivially only on Hp ® Hc. In going from the second
to the third line, we used the fact that {M j} is a complete set of Kraus operators, so
Y M;M ; = 1. We have shown that the decomposition (4.141) satisfies the trace preser-
vation criterion. Since the decomposition may not be optimal, we have that R, (i) <
1 +2p = R(Py). But from the proof of the first statement R(Py) < Cr(U) < R.(U),

so it must be that equality holds. [

We note that the result that R(®Py) = R.(U) for third-level gates carries over to
the case of decompositions of 2(|+){4-|") for diagonal third-level gates. That is, there
always exists a decomposition satisfying the constraints of equation (4.34)) that is optimal
with respect to R(®y;) = R(U(|+){+|*")). This can be seen by following the argument
of Theorem .30} but replacing the full 4n-qubit teleportation circuit with a 2n-qubit state

injection circuit, as discussed in Section|I.4]

Theorem 4.31 (Sandwich theorem for A™-based channel monotones). For any CPTP

map &, the following inequalities hold,
AT(Dg) <Cp+(E) SAT(E). (4.146)

Moreover, if the unitary operation U is in the third level of the Clifford hierarchy, then we
have equality, At (®y) = Ca+ (U) = A (U).

We omit the full proof as it is almost identical to that given for Theorem {.30 with
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R, Cr and R, replaced with AT, Co+ and A respectively. We can also prove a sandwich

theorem for the channel monotones based on dyadic negativity.

Theorem 4.32 (Sandwich theorem for A-based channel monotones). For any CPTP map

&, the following inequalities hold,
A(@g) < CA(E) < AL(E). (4.147)

Proof. Assume & is an n-qubit channel. The first inequality, A(Dg) < Ca(€), is proved
using the same steps as for Theorem {.30] so we omit the details. To prove the second
inequality, recall that there exists a decomposition over stabiliser dyadic channels 7;

optimal with respect to dyadic negativity A, that is,
E=Y a;T; st A(E)=Y |oy). (4.148)
J J

Meanwhile, there exists a normalised stabiliser dyad |L, )(R.| that achieves the dyadic ca-
pacity, CA(E) = A[(E®1,)(|L«)(R4|)] (recall that we are using the extended definition of
dyadic negativity given in Section [4.3.3). Then using the dyadic channel decomposition

(4.148) and the convexity of dyadic negativity,
=AY oi(Tj®1,)(L <ZyaJ\A L)R.)].  (4.149)
J

Now recall that stabiliser dyadic channels take the form 7 () = Y Lk(-)RZ, where {Ly }1
and { Ry} are both complete sets of completely stabiliser-preserving Kraus operators. Let
I, = ||Ly @1, |Ls)]|| and let |Ly) = Ly ® 1, |L.) /Ix and likewise for the Kraus operators
acting on the right, i.e. ry = |[|[R; ® 1, |R.)||. Then using convexity again, for any stabiliser

dyadic channel 7 we obtain
AT @ L) (IL)(R:])] < ZlkrkA L) (Re ] Zlkrk, (4.150)

where |L;)(Ry| is a normalised stabiliser dyad. But Y,/ =Y, 7 =1 by the complete-
ness of the Kraus operator sets {L;}; and {R;}r. Then using the Cauchy-Schwarz
inequality, Y [y < \/ (e l2) - (Xwry) =1, and so A[(T @ L,)(|L«)(R.[)] < 1 for all
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n NS

1 6

2 60

3 1,080

4 36,720

5| 2,423,520
6 | 315,057,600

Table 4.1: Number of pure stabiliser states Ng for number of qubits .

stabiliser dyadic channels 7. Using this fact with the inequality (4.149) we have
CA(E) <Y |Otj| = A.(&), completing the proof. O

4.4 Computing monotones for diagonal channels

Direct computation of the robustness of magic R for an n-qubit state involves solving
a linear program where the number of vertices is equal to the number of n-qubit pure
stabiliser states, N [[103], [133]]. The size of this problem quickly becomes prohibitively
large, since Ny increases super-exponentially with n (Table [4.T)), and in practice we are
limited to five qubits. Similarly, computing generalised robustness and dyadic negativity
for entangled states is tractable up to three qubits. Typically computing channel mono-
tones is even harder. An n-qubit optimisation problem over channels is equivalent to a
2n-qubit optimisation over states, so naively, direct computation appears impractical for
n > 2. Meanwhile computing projective dyadic negativity is tractable only for single-
qubit operations. This difficulty is aggravated when calculating magic capacities as in
principle we have to repeat the optimisation for every state (€ ® 1,)(|¢)(¢|) such that
|¢) € STAB,,. The inability to compute monotones exactly in the most general case
does not prohibit the use of sub-optimal decompositions for classical simulation. For
example, given channel decompositions & = Y, prTx and & = Y, g1 T, we can always
construct decompositions for £ ® & or & o £ in the obvious way, such that the ¢;-norm
will be the product of the two. However, ideally we would like to increase the number of
qubits for which the problem is tractable, so as to optimise simulation costs.

In Ref. [133]], Heinrich and Gross used permutation and Clifford symmetries of the
Hadamard and face states states to simplify the problem for multiple copies, e.g. states
of the form |y") = |w)®". This allowed them to compute R(|y)) exactly for up to 10

copies, and to solve the problem approximately for up to 26 qubits, including determining
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an associated sub-optimal decomposition. However, their method depends on the specific
symmetries of these states, and cannot be applied to more general states. In the channel
picture, in some cases we can ameliorate the difficulty of computation by looking for
Clifford gates that commute with the channel of interest. In the rest of this section, we

present techniques that ease computation of our monotones for diagonal channels.

4.4.1 Reducing the problem size

Consider the case where £ is a diagonal channel, meaning it has a Kraus representation
where each Kraus operator is diagonal in the computational basis. This includes diagonal
unitaries as a special case. It is straightforward to see how the problem can be simplified
for standard and generalised channel robustness, R, and A}, as well as magic state
monotones for the Choi state. If £ is diagonal, the operation £ ® 1,, commutes with
any sequence of CNOTs targeted on the last n qubits. But the maximally entangled state
|®,) can be written |[P,) = Uc(|+") ®10")). Here Uc = ®'}_,U;, where U; is the CNOT
controlled on qubit j and targeted on qubit n+ j. Given any magic state monotone M,

and letting pe = E(|+"){+"]),
M[@e] = M[(E @1,)(|Pn)(Pn])] = M[pe @ [0")(0"[] = M[p¢]. (4.151)

For the channel robustness we aim to decompose pg in terms of states p+ € STAB,,, but
need to take care that the trace condition Trs (p).) = 1,/2" is satisfied for the equivalent
2n-qubit Choi states p’,. In Section4.4.1.1| we show that this holds provided all diagonal

elements of py are equal to 1/2". So we can write,

R.(&) = min {1+2p: (1 +p)ps —pp- =E(H)N+""), p>0,},  (4152)

when &€ is diagonal and where T, = {p : p € STAB,and (x|p4 |x) = 1/2" V¥x}. The
same argument applies for generalised channel robustness, except that we remove the
constraint that p_ € STAB,,.. So provided &£ is diagonal, calculation is tractable up to
n=>5 for R.(€) and R(Pg¢) , and up to n =3 for A (E) and AT (Pg). We show in

Section {.4.2] that computing magic capacities can also be greatly simplified.
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4.4.1.1 Trace condition for diagonal channels

Consider that the Choi state for a diagonal channel has a decomposition
@ = Uc(pe @ 0)(0”") U = (14 p)ps — pp-, (4.153)

where pe = E(|+")(+"|) and Uc = ®'j_,U; is the tensor product of CNOTSs U; that are
controlled on the j-th qubit and targeted on the (n+ j)-th. Then

pe ®10)(0|°" = (1+ p)pl. — pp’, (4.154)

where p/. € STAB,, since U is Clifford. Now applying the stabiliser-preserving channel

1, ® & that resets the last n qubits to |0)(0|*" to both sides we obtain
pe @[0)(0]*" = (1+p)pL @ |0)(0]" — pp” @ [0)(0[". (4.155)

So from equation (@-153), we obtain ps = Uc(p” ©|0)(0|“")U, and the TP condition

becomes
1,

o = Tra(p) = Y- (xf Ue (p ©10)(01*") U )" (4.156)

X
where |x) are the computational basis states on subsystem A. Recall that Uc can be
written as a tensor product of CNOTSs Uc = ®?:1U ;. The CNQOT gate controlled on the

j-th qubit and targeted on the (n+ j)-th qubit can be expressed:

Uj =0} @ 1+ [1)(1| @ X = lej (x| @ X (4.157)

Xj=

Then the tensor product of all » CNOT gates can be written:

Uc =®'j_ 12 i )| @ X7 =Y )] © X (x) (4.158)

.X]f
where x is an n-bit string, and X (x) = X} | X2, ... X5". But X (x)® WA 208 = ly)t e

x)® for any |y). So we have:

Uc(pL @ 000" UL =Y (x| pL [x) [x)(x|* @ [x) (x| (4.159)

X
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Combined with equation (4.156), the trace-preservation criterion can be expressed as
% =Y. (x| pY |x) |x)(x|. Therefore, £ are trace-preserving provided that all the diagonal
elements of p/ are equal to 1/2".

For a given diagonal channel, there always exists a decomposition that satisfies these
conditions and has ¢/;-norm equal to the channel robustness as defined for the full Choi
state. We do not give the full proof here, but sketch the argument. Given any decomposi-
tion of the full Choi state ¢ = (1+ p)p; — pp— for diagonal &, satisfying the trace con-
dition, one can always find a new decomposition ®¢ = (14 p)Epiac(p+) — PEpiac(p-)
where Epiag(p+) still satisfy Tra (Eprac(p+)), but are now the Choi states for diagonal
channels. Here Epjag is a stabiliser circuit that maps any stabiliser Choi state 7 to
some other stabiliser Choi state ®7+, where 7~ is diagonal. Notice that the Choi states

for diagonal maps 7 have the general form:

1 \A[AB 1A 1B
7 = 5 Leirli) 1" (T K7 (4.160)
Js
In general ¢; ; can be complex or zero, but terms on the diagonal are constrained. In par-
ticular, trace-preserving diagonal channels cannot change the weight of particular com-
putational basis states, so the probability distribution for measurements in the standard
basis is the same as for |®,), that is, (p,q|P7|p,q) = %5,,#. The circuit Eppag is defined

by the following steps. For each j from 1 to n:

1. Perform a parity measurement (Z ® Z) between qubits j and n+ j.
2. If even parity (+1 outcome), do nothing. If odd parity (-1 outcome), perform an X
gate on qubit j.

This stabiliser-preserving channel leaves Choi states for diagonal maps (and crucially, the
target Choi state ®¢) invariant, but updates general Choi states to have the form (4.160).
One can check that the circuit preserves the property Tra(p+) = 1,,/2". We then obtain

a decomposition in the desired form:

Epiac(Pe) = Pe = (1 + p)épiac(p+) — Pépiac(p-) (4.161)

Where Epiag(p+) = (€4 ®@1)(|P)(D|) are Choi states for n-qubit diagonal channels £

But as described above, the CNOT sequence Uc commutes with diagonal channels acting
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on the first n qubits, so we can obtain n-qubit representatives of these channels:
Ex([+")(+"]) @ [0)(0]*" = Uc[(E+ @ 1) (|@) (@) UL (4.162)
Discarding the last n qubits we obtain the desired n-qubit decomposition:
E(HNH"]) = (L+p) & (IH")+"]) = pE-([+"H+"D. (4.163)

Once again, the same arguments apply for generalised robustness, since we only need

discard the constraint that £_ is stabiliser-preserving.

4.4.2 Magic capacity in the affine space picture

In this section we will make use of the formalism due to Dehaene and De Moor (Section
[I.1.5.3), in which stabiliser states are cast in terms of affine spaces and quadratic forms

over binary vectors [[54} |55]], to prove the following theorem.

Theorem 4.33 (Magic capacity for diagonal operations). Suppose the n-qubit channel

Ep is diagonal. Let
1

o=k

Y Ix), (4.164)

xek
where x € % are binary vectors and K C 5 is an affine space. Then, for any well-

behaved magic state monotone M, we have Cq(Ep) = maxx M[Ep(|C)K])].

That is, given an n-qubit channel &£, provided the channel is diagonal, the capacity
Ca(€) may be calculated by optimisation over only the n-qubit states |KC) as defined in
equation (4.164)), rather than over all 2n-qubit stabiliser states.

Recall that any pure n-qubit stabiliser state can be expressed in the form

K, q,d) = /K] Y @ X(=1)79 [x), (4.165)

xeC

where K C [} is an affine space, d is some fixed binary vector, and ¢g(x) has the form
q(x) =xT Ox+ATx. Here Q is a binary, strictly upper triangular matrix, A is a vector, and
addition is modulo 2. Conversely, any state that can be written in this way is a stabiliser
state. Also recall that every affine space is related to exactly one linear subspace, by

K = L+ h for some shift vector h, and the dimension k = dim(K) of an affine space
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means the dimension of the corresponding subspace. Instead of enumerating all elements
of an affine space, we can specify it by a shift vector h and an n x k matrix where each

column is one of the generators of the corresponding linear space,

811 812 v 8lk
G:(gl 82 gk>: g1 8j2 v &k |- (4.166)
gn71 gn~2 T gi’l7k

We have freedom in our choice of k independent generators, and we can transform be-
tween equivalent generating sets by adding any two columns of G. We are also free
to swap any two columns. A general transform between generating sets can therefore
be represented by an invertible matrix S of dimension k X k, multiplying on the right
G — GS.

Any linear transformation of the affine space can be fully specified by the transfor-
mation of the generators and the shift vector. In particular, we can represent the action
of a single CNOT by multiplication on the left by a matrix C [54, 61]. If the CNOT has
control qubit j and target qubit k, then C has 1s on the diagonal, a 1 in the jth element
of the kth row, and zeroes everywhere else. A sequence for a 2n-qubit system, in which
CNOTs are always controlled on the first n qubits, and targeted on the last n qubits can

be represented in block form as

1 0
C= : (4.167)

M 1
where each block has dimension n x n, and M can be any binary matrix. We use this

formalism to prove the following lemma, which leads directly to Theorem 4.33]

Lemma 4.34 (Equivalences for diagonal channels). Suppose Ep is a diagonal CPTP
channel, and let M be a well-behaved magic state monotone (faithful, monotone under
completely stabiliser-preserving channels and submultiplicative under tensor product).

Then the following statements hold.

1. All initial stabiliser states with the same affine space K result in the same value of
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M. That is, for any valid q, ¢/, d and d,

M((Ep@1)(IK,q,d)(K,q,d])] = M[(Ep @ 1)(|K,¢,d'XK,q . d'])]. (4.168)

2. Given a 2n-qubit state |¢) € STAB,,,, there exists some n-qubit |¢’) € STAB,, such
that M[(Ep @ 1n)(|9)(@])] = M[Ep(|¢")9"])].

Proof. We first prove statement 1. Since any magic monotone must be invariant under
Clifford operations, we need to show that there exists a Clifford unitary U that converts
(Ep@T1)(IK,q,d)(K,q.,d]) to (Ep@1)(IK,q,d')K,q',d|). A suitable choice for U is
one such that U ‘¢K,q,d> = ‘¢K,q’,d’>a and, crucially, that commutes with the channel &p.
Since &p is given to be diagonal, any diagonal Clifford U will suffice. The affine space
remains unchanged, so we only need show there is always a diagonal Clifford that maps
g — ¢ and d — d’ for any ¢, ¢/, d and d’. That this is always possible is perhaps already
evident from Ref. [54]], but for completeness we give the argument here.

We can convert d to d’ using appropriately chosen S; gates, meaning the gate

diag(1,7) acting on the jth qubit. Consider the action of S; on a basis vector:

Ix) ifx;=0
S;[x) = (4.169)

i’X> ifXj: 1

If we define basis vector e; so that it has 1 in the jth position and zeroes elsewhere,
we can write the action of S; as S;|x) = i° i ¥ |x). Note that the form of this equation is

independent of the value of x, so we can write:

T
Si|brc.qa) = |1q1/2 sz —1)45; |x) (4.170)
— ¥ il d”e XS [x). (4.171)
xeX

So, we can flip any bit of d by applying the correct S gate, leaving ¢(x) unchanged.
Now consider g(x) = x’ Ox + ATx, which we must convert to some other

q(x) =x"Q'x +A'Tx. We can use the same trick as above to convert any A to any

other A’, by replacing S; with the Z; gate, i.e. diag(1,—1) acting on the jth qubit. For Q

we can use the controlled-Z gate between the jth and kth qubit, which we denote CZ ;.
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This acts on basis states as CZ i [x) = (—I)XTMJ'kX ), where M j. is the n x n matrix with
a 1 in position (j,k) and zeroes everywhere else. The set of all {M jk} form a basis for
n x n binary matrices, hence we can convert any Q to any other Q' by an appropriately
chosen sequence of CZ gates, leaving d and A untouched. This completes the proof of

statement 1.

Now to prove statement 2. From statement 1 any stabiliser state |¢) is equivalent to
1K) = |K|~"/% ¥ xexc [X), up to some diagonal Clifford, for some /C. The strategy is to find
a Clifford unitary U that commutes with £p, and converts the 2n-qubit stabiliser state |KC)
to some product of two n-qubit states |[K') = |K},) ® |Kj). If such a Clifford gate exists,

we would have

M{(Ep @ 1) (JKNK])] = M [(Ep@ 1) (|4 )Kh | @ [Kp)(Kp])] (4.172)
= M[Ep(|K})(ICh]) @ [Kp )(K[] = M[Ep (|ICh)(KA])]

where the last step follows as |K%) is a stabiliser state so makes no contribution to the
robustness. The state |[K') = U |K) can be factored as |K, ) ® |Kj) provided its generator
G’ can be written in diagonal matrix form,

G, 0

G = : (4.173)
0 G

where G/, and G, have n rows, representing generators for affine spaces Ky and Kj.

We now show that we can always reach this form by a Clifford Uc comprised of
a sequence of CNOTs targeted on the last n qubits. Such a sequence always commutes
with &p ® 1,,. Suppose we have some 2n X k generator G for an affine space K with
k =dim(K):
Ga

G— : (4.174)
Gp

where G4 and Gp are each n x k submatrices. The full matrix G will have rank k, and
G4 will have some rank m < k. Either G4 is already full rank (m = k), or it can be

reduced to the following form by elementary column operations, which is equivalent to
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n | Stabiliser states | Total affine spaces | Non-trivial affine spaces
2 60 11 7

3 1,080 51 43

4 36,720 307 291

5 2,423,520 2451 2419

Table 4.2: Number of n-qubit stabiliser states compared with number of affine spaces. By triv-
ial affine spaces we mean those comprised of a single element, which correspond to
computational basis states. Diagonal CPTP channels act as the identity on such states.

multiplication on the right by a k x k matrix S:
Ga— GaS= (G 0), (4.175)

where G, is n x m (and hence full column rank), and 0 is n x (k —m). Multiplying G on

the right by S, we interpret as a change in the choice of generating set:

GaS G, 0
G— GS= = . (4.176)
GpS Gy Gy

Now, apply the Clifford Uc described by the matrix C in equation (@.167). This trans-
forms the generator to:
, 1 0 G, 0 G, 0
G =CGS = = . 4.177)
/! / !/ /! /
M 1 Gz Gp MG, +Gp Gy
Note that if G4 was already full rank, the change of generating set is not necessary. If we
can set the bottom-left submatrix to zero, then Uc |KC) can be factored as described above.
This is possible if there exists a binary matrix M such that MG/, = G}. But G/, has full
column rank m, so there exists an m x n left-inverse G;{_li:ft such that G;x_li:ftG,/ax =1, where

1 is m x m. Then we can set M = GgGI’A_liﬁ, so that:
MG, = GG, LGy = Gl = G}, (4.178)
Then G’ = CGS is in the form @I73), so Uc|K) = |K/}) ® |K}), as required. O

Lemma shows that if £p is diagonal then for any 2n-qubit stabiliser state |¢) we
have that M[(Ep @ 1,)(|9)(¢])] = M[Ep(|IC)(K])] for some n-qubit affine space K. So,
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the capacity with respect to any well-behaved magic state monotone can be calculated
by maximising over just the representative states |K), proving Theorem Table
illustrates the reduction in problem size. For example, whereas naively for a two-qubit
channel we would need to compute M for all 36,720 four-qubit stabiliser states, using
the result above we only need check one stabiliser state for each of the 7 non-trivial two-
qubit affine spaces. The problem therefore becomes tractable up to five qubits for Cz and

up to three for Cp+.

4.4.3 Dimension of affine space

We next make further observations that will later help interpret numerical results in Chap-

ter

Observation 4.35 (Dimension of initial affine space limits generation of magic). Suppose
U is a diagonal unitary acting on n qubits, and suppose |K) is a stabiliser state associated
with some affine space IC, k = dim(KC). Then for any well-behaved magic state monotone
M, we find that M(U |K)) = M(U’ |¢')) where U’ |@') is a state on only k qubits, and U’
is some k-qubit unitary. Therefore M(U |K)) is upper-bounded by the maximum M (p)

achievable for an k-qubit state p.

Proof. We prove the result by showing that there is a sequence of Clifford gates that takes
U |K) to the product of a k-qubit state and an (n — k)-qubit stabiliser state. We know from

Lemma @ that for diagonal unitaries, all states with same affine space have the same

magic, so it is enough to consider the state |KC) = \/ﬁ Y xeic |X). A diagonal unitary will
map this to some state U |K) = ——= ¥\ €% |x), where {¢'} will be a subset of the

NI

diagonal elements of U. The affine space K has a generator matrix of rank k. Lemma
4.34] showed that a sequence of elementary row operations on the generator matrix can
be realised by a sequence of CNOT gates. So we can use Clifford gates to transform any

rank k generator matrix as

1
G—G =AG= , 4.179)
0

where 1 is the k X k identity. Each element of K can be written x =}’ ;g; +h, where
Y igj 18 some combination of columns of G, and h is a fixed shift vector. The matrix A
represents a sequence of CNOTs collected in a single Clifford unitary Uy, that acts on

n-qubit computational basis states |x), where x € I, as Uy |x) = |y(x)) ® |h'), where h’/
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is an (n — k)-length vector, and y(x) is a k-length vector given by,

y(x) =Ax =) Ag;+Ah. (4.180)

b’ j
Note that y(x) is only defined for x € &, and that h' is independent of x. Elements x € F
that are not in K could be mapped to a vector where the last n — k bits are not h’, but these
never appear as terms of U |K). Since Us must preserve orthogonality, each |x), where
x € IC, maps to a distinct element of the k-qubit basis set {|y) }. Since y are length k and
there are 2% distinct elements, they must form the k-bit linear space £’ = Fé So we can

write

UAU |K) = Oy @ |n) = |L)) @ n'), (4.181)

1
\/m yeL'
where |£) is a k-qubit stabiliser state, and U’ is the k-qubit diagonal unitary with ew)/’@‘) =
¢% as the non-zero elements. The state In ) is a stabiliser state, so does not increase
the monotone value of UpU |K), and therefore M(U|L(K))) = M(UsU|L(K))) =
MU' |L")), where U’ |L') is a k-qubit state. O

Finally, consider the special case of multi-control phase gates M; ,,, defined
M, , = diag(exp(in/2'),1,1,...,1), t€Z. (4.182)

By convention, controlled-phase gates typically apply the phase to the all-one state |1"),
but the form given above is Clifford-equivalent to the conventional version, and is more
convenient for the arguments below. Notice that M, , acts as the identity on states |/C)
unless K contains the zero vector 0" = (0,...,0)7, soif 0" ¢ K, we get R(M, ,|K)) = 1.
But if 0" € IC, then K is a linear subspace. So for this type of gate, to find all possible
values of R(M; ,|IC)) > 1 we need only consider linear subspaces. The following theo-
rem implies that we only need solve one optimisation for each possible k < n rather than

one for every linear subspace.

Theorem 4.36. Consider the n-qubit gate M, , defined by equation (4.182), and let L

and Lp be linear subspaces such that dim(Ly) = dim(Lp) = k. Then for any well-
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behaved magic monotone M,

M[Min|La)] = MM; | Lp)]. (4.183)

Proof. We largely repeat the arguments of Observation for the special case where
the phases are given by
/2! if x=0"
Ox = (4.184)
0 otherwise.
Since dim(L4) = dim(Lp), their generator matrices G4 and Gp have the same rank. It
follows from the arguments of Observation [4.35] that there exists an invertible C, corre-
sponding to a sequence of CNOT gates, such that Gg = CGy, and |Lp) = Uc |L4), Where
Uc is a unitary Clifford operation. The state M; ,|L4) can be expressed with precisely
the same basis vectors as | £, ), but with updated phase. Clearly, since any CNOT acts as

the identity on |0"), we obtain

1 :
UcMin|La) = 575 X, exp(i6x) [x) = Mi0 | Lp) (4.185)
xeLlp
Since U is a reversible Clifford, equation (4.183) follows by monotonicity. O

From Theorem then, to find C((M; »), we only need calculate M(M; ,|L))
for a single representative subspace for each possible value of dim(L£). Recall that for
n-qubit stabiliser states |£), k = dim £ can take integer values from O to n. The states
with k = 0 correspond to single computational basis states without superposition, so are
unaffected by phase gates. That is, for n-qubit multicontrol phase gates we only have to
evaluate M for n distinct states. Compare this to the number of optimisation problems
we would need to solve without using the above observations (Table §.2)).

We can go further. From Observation for a subspace with dim(£) =k < n, it
must be the case that M, |L£) is Clifford-equivalent to (U’ |£')) ® |i’) for the k-qubit state
|£’) and (n — k)-qubit computational basis state |4’), and some diagonal k-qubit unitary
U’. By inspection of the phases given by equation (#.184), U’ can only be the k-qubit

multicontrol gate M; ;. This leads to the following.

Observation 4.37 (n-qubit multicontrol gates). For any fixed t and n-qubit state |L)
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where dim(L) = k < n, we have:

MM, ,

L)) = MM |L)) (4.186)

where |L') is the k-qubit state with L' = Fé and M is any well-behaved monotone.

We have seen in this section that we can significantly ease the computation of magic
capacities for all diagonal channels, and we can simplify the problem still further for
highly structured gates like the multicontrol gates considered above. Our results showing
Clifford-equivalences between certain magic states of the form £(|KC,q,d)(KC,q,d|) may

also be of interest for the study of state conversion.

4.5 Summary and conclusions

In this chapter we presented several contributions to the resource theory of magic for
states and operations on n-qubit systems. We summarise the measures of magic pre-
sented in the preceding sections in Table .3 Of the quantities listed in this table, all are
novel contributions except for robustness of magic R, which was introduced by Howard
and Campbell [103]. All are well-behaved magic monotones in the sense we described
earlier in the chapter, with the exception of channel extent, whose domain restricted to
channels in the convex hull of the unitary operations. The general pattern has been that we
started with state monotones related to decompositions of a particular type, then defined
channel monotones corresponding to analogous decompositions of channels. Finally we
defined magic capacities, based on the maximum increase in magic with respect to one
of the magic state monotones. In the last part of the chapter we showed that computa-
tion of the monotones can be significantly simplified for the case of diagonal channels.

We note that the family of extent-type monotones is incomplete compared to the other

Type State monotone | Channel monotone | Capacity | Sandwich theorem
Robustness R (Ref. [[103]) Ry Cr Y
Gen. robustness AT A Ca+ Y
Dyadic A Ay Ca Y
Extent ) =, (restricted) - N

Table 4.3: Families of magic monotones presented in this chapter. “Sandwich theorem” column
indicates whether we were able to prove the chain of inequalities M (Pg) < M, (£) <
Cm (&) for each family. Note that the channel extent E, is defined only for channels
that can be expressed as a convex combination of unitary operations.
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monotones we studied. In addition to the fact that it is not clear how to define an appro-
priate extent monotone for general CPTP maps, we did not discuss capacity with respect
to density-operator extent . In part this is because computing this capacity would likely
be intractable. Although computing X is a solved problem for tensor products of single-
qubit states due to the results of Section {.1] it remains hard in general for multi-qubit
states. Consequently we do not expect the associated magic capacity to be computable in
the general case. Nevertheless, if a generalised channel extent could be defined, it may
be possible to bound the capacity using a sandwich theorem. We leave these matters as
open questions for future work.

In the next chapter we will show that for every one of the magic monotones we have
presented, there exists a classical simulation algorithm where the monotone quantifies
the performance in some respect. We will see that the different types of decomposition
used in the definition of each monotone lead to simulators that are useful for distinct

simulation tasks.






Chapter 5

Classical simulation algorithms for

non-stabiliser circuits

We next introduce several improved classical algorithms, addressing previously unre-
solved questions on the classical simulation of stabiliser circuits supplemented by magic
resources. We first introduce an efficient subroutine for updating a stabiliser state subject
to a completely stabiliser-preserving CPTP map. Surprisingly, while the Gottesman-Knill
theorem i1s well known, and various extensions have appeared in the literature, to our
knowledge the classical simulability of general completely stabiliser-preserving CPTP
maps SP,, , has not previously been studied.

Having shown in Chapter [ that the connection between stabiliser extent and robust-
ness of magic can be understood formally via three new magic monotones for states, in
Section[5.2lwe show that each monotone is associated with a different classical simulator
for stabiliser circuits with magic state inputs. We demonstrate how stabiliser rank meth-
ods, previously limited to pure state evolution under unitary gates and projective Pauli
measurements, can be extended to the density operator picture, admitting mixed magic
state inputs and noisy stabiliser channels. In the process we obtain a significant improve-
ment in performance. We also present a generalisation of the quasiprobability sampling
method discussed in Chapter [2] improving the exponent in the exponential scaling of the
runtime with magic resources.

We then present a suite of simulation algorithms for circuits that involve general
magic channels as well as magic states. Each simulator is linked with one of the channel
monotones defined in Chapter @ These can broadly be classed into static simulators,

based on precomputed channel decompositions, and dynamic simulators, which call op-
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timisation subroutines during the simulation. In this sense the Oak Ridge simulator [45]]
discussed in Section was an example of a static simulator, though its performance
was not related to a true magic monotone, and its efficiency was limited by a restricted
set of free operations. We show how it can be generalised so that is efficient for all
CPTP completely stabiliser-preserving maps on bounded number of qubits SP, ,, with
runtime measured by the channel robustness. This yields reduced runtime for certain
non-stabiliser channels. We go on to present static simulators with performance quanti-
fied by generalised channel robustness and dyadic channel negativity. We also introduce
a bit-string sampling algorithm for noisy non-stabiliser circuits restricted to unital chan-

nels, with the simulation cost of each circuit element given by its channel extent.

Next we present a family of dynamic channel simulators associated with magic ca-
pacity monotones. These can lead to reduced sample complexity, at the cost of having to
solve few-qubit optimisation problems on the fly during the simulation. In Chapter|[6] we
will combine the insights from the resource theory of magic with the understanding of
classical simulation overhead developed in this chapter to estimate simulation costs for
specific classes of channel, so as to compare the performance of our various simulators
in different contexts. For now, we introduce an efficient stabiliser-Kraus subroutine that

functions as a key part of several of our algorithms.

5.1 Stabiliser-Kraus subroutine

The original Gottesman-Knill algorithm showed that the update of stabiliser states under
Clifford operations, and the computation of both the outcome probabilities and post-
measurement states after a Pauli measurement can be done efficiently. Efficient update
rules for certain composite stabiliser operations can be devised straightforwardly. In
particular one can efficiently simulate the channel &€ =} ; p;€; provided the update rule
for each &; is known and {p;}; can be efficiently sampled from. Indeed, the Oak Ridge
simulator [45] can efficiently simulate convex combinations of elements in CPR, the
set of Clifford operations supplemented by Pauli reset channels. However, there exist
completely stabiliser-preserving channels outside the convex hull of CPR, and for these
the algorithm as stated in Ref. [45]] is not efficient. Here we present a subroutine for
probabilistically performing the update of an n-qubit stabiliser state for any CPTP map

in SP,,, ,», m < n. This allows efficient simulation of any completely stabiliser-preserving
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CPTP map, subject to modest assumptions about the channel decomposition. We present
two versions of the subroutine, one of which first appeared in our article Ref. [1]], the
other being a variant introduced in our pre-print Ref. [2]]. To our knowledge, a result for
the efficient simulation of general stabiliser-preserving CPTP maps had not previously

appeared in the literature prior to Ref. [1]].

Both variants use the fact that the Choi state for any completely stabiliser-preserving
CPTP map & € SP,,,, is a mixed stabiliser state, so can be decomposed as a convex
combination ®¢ = Y; p;|9;){(¢;|, where |¢;) € STAB,, are pure stabiliser states. In

turn, each pure stabiliser state corresponds to a completely stabiliser-preserving Kraus

operator in the decomposition of the channel, |¢;) = K;®1,,|®,,). In general K; may
not preserve trace, so that transition probabilities for each operator depend on the initial
state p. However, the total channel £ is trace-preserving, which means that the final state
E(p) will be some probability distribution over pure stabiliser states. Given initial state

|¢), the probability of obtaining the outcome corresponding to the j-th Kraus operator is

? where Q) =27"/2y jl7)®@|j). This probability can always

given by P; = p;||K;|9)|
be computed efficiently and exactly (up to machine precision in the coefficient p;). The
full probability distribution can then be computed efficiently provided the number of
Kraus operators is not too large. We will make this precise shortly. The first version of
the subroutine is given in Algorithm 4] We assume that the channel is supplied as an
Nk-length list of couples L = {(p1,91), ..., (Png, PNy ) }» Where each couple corresponds
to the coefficient p; and pure stabiliser state ¢; from the j-th term of ¢ =Y, p;[9;)(9;].
For concreteness, we assume that the description of the initial state Y and each ¢; is given
in stabiliser tableau format [31]], requiring O(mz) classical bits to describe each Kraus
operator, and O(nz) for the initial state. Without loss of generality we assume that & is

applied to the first m qubits.
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Algorithm 4 Stabiliser Kraus update subroutine (Teleportation scheme)

Input: Initial n-qubit stabiliser tableau for state | y), length N list L with entries (p;, ¢;)
describing the Choi state decomposition for m-qubit channel £.
Output: Updated n-qubit tableau for state |y').
1: for r + 1 to N do
2: Prepare tableau 7;. for (2m + n)-qubit state |¢,)*% @ |y

(142 & )@l ") 0, @ [9) |

CcD
g ,
Use T} to compute P, <— p, .

end for

Sample index s from distribution {P;}.

Prepare tableau 7; for |¢,)*% @ |y)P.

Update tableau T after projection (140 @ |®,,)(®,,|5¢).
Find reduced tableau 7" after discarding subsystem BC.

A

We call this the teleportation scheme, since the Choi state is employed as a resource

state for gate teleportation [89]]. Recall that for an m-qubit linear map 7,
T(p?*) = (@n]* @78 ® p€ |®,,) " (5.1)

Here, the Choi state ®x. = |¢,)(¢,| is a pure state, and the map acts on the partition A
which comprises the first m qubits, so that partition D contains the last (m — n) qubits.

We can then write the state update as
V) =K' @ 1P 1y)'" = (15, (@, @ 17,) 1) 2 v)P. (52

Thus the input state |y) is first prepared on the partition CD, and the resource state |¢,)
is prepared on partition AB. In our algorithm, this corresponds to preparing the (n+ 2m)-
qubit tensor product tableaux 7, and 7 in steps |2 and |§|, which takes O((n+2m)2)
steps (Section [I.2)). We then perform a post-selected Bell measurement on the 2m-qubit

partition BC. This corresponds to a projector,

1B, ) (D = ﬁ (1 +ijm+j§]l +Xij+j). (5.3)
j=1

So, evaluating each probability P, in step [3]and performing the update in step [7 amounts
to simulating a sequence of 2m weight-2 Pauli measurements using a tableau of size
(n+2m), which takes time O (m(n+2m)?), (see Section . In step [§8| we need to

discard the unwanted partition BC. It follows from the Gottesman-Knill theorem and
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Ref. [57] that if we know that an (n + 2m)-qubit stabiliser state is in product form,
we can prepare the tableau for one of the tensor factors in time (’)((n +2m)2). In all,
since we need to evaluate Nx probabilities P, and then perform the final update, the
algorithm divides into 2Nk + 3 computations, each taking time O (m(n+2m)?). Since
m < n, the whole subroutine is completed in time O (Nxmn?), so the runtime is efficient

in n provided Ng < poly(n).

We call the second variant of the subroutine the polar scheme (Algorithm [5)), as it
relies on the fact that the Kraus operator corresponding to a normalised 2m-qubit pure
stabiliser Choi state |@) can be written in a canonical polar form K = 2h2UT1, where U
is a Clifford gate, and IT is a stabiliser projector of rank 2”~" [63]. This scheme may
reduce the runtime in some cases, at the cost of requiring polar decomposition of each
Kraus operator. The channel description is supplied as a list of triples (p;,U;,I1;,h;),
where |§;) = 21/2UT1;®1,, |®,). For fixed initial state, the probability 2" p;||TI; | y) H2
depends only on the projector I1; and coefficient 2hip j» since U leaves the norm invariant.
K corresponds to a unitary Clifford operation when II; = 1,,. In this case, 7; = 0 and
K lw) H2 = 1, so the probability for sampling this Kraus operator is simply p;. One
can therefore reduce the overhead by splitting L into a unitary part Ly = {(p;,U;)};
and non-unitary part Lyy = {( p;., U J’.7H i»hj)};j, with Ny and Nyy entries, respectively,
so that Ny = Ny + Nyy. Assuming one can efficiently compute Py = zyg | Pj» Where
the sum is over all coefficients for Clifford operations, one can then flip a biased coin
to randomly choose the unitary or non-unitary branch of the channel. If we select the
unitary branch, we simply read off the probability for selecting the j-th Clifford, and

transition probabilities for non-unitary terms need not be computed.

To analyse the runtime, consider that the rank 2" stabiliser projector may be writ-
ten as the product of /, Pauli projections, so computing ||TI, |y)||* takes time O (hn?).
Since h, < m, the for-loop starting in stepis completed in runtime O (Nyymn?). Mean-
while any m-qubit Clifford gate can be decomposed as a sequence of (’)(m2 / logm)
elementary Clifford operations from the set {H,S,CNOT}, each simulable in time
O(n?), so step |14] takes time O(Nyymn?). If we suppose that Ny < poly(n), then
Ny,Nyu < poly(n), and step |1| completes in time poly(n). The worst-case runtime is
then poly(n) as for the teleportation scheme. However, for certain channels the polar

scheme may perform better on average, since computing transition probabilities is only
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Algorithm 5 Stabiliser Kraus update subroutine (Polar scheme)

Input: Initial n-qubit stabiliser tableau T for state |y), description of the channel £ in
the form of a length-Ny list Ly list of Clifford operations ( p}, U ]’), and length-Nyy
list of non-unitary operations (p;,U;,I1;,h;).

Output: Updated n-qubit tableau for state |y').

1: Compute Py =Y. p;.

2: Set PATH < “U” with probability Py, else PATH <« “NU”
3: if PATH = “NU” then

4. for r < 1 to Nyy do

S Compute P, + 2 p,||IL, [y) |2/(1 — Py)
6: end for

7 Sample index s from distribution { P }.

8 U+ U TT < T1;.

9: Compute tableau 7" for |y') = IT|y) /|| IT|y)||
10: else
11: Sample index s from distribution { ps/Py }1€v ey
12: U<+ U, T «+T;
13: end if

14: Update tableau T" for state following Clifford, |y") = U |y/).

necessary if the non-unitary path is sampled.

The restriction to poly(n) Clifford terms can be relaxed if we modify Algorithm|[35]to
allow that, rather than an explicit list, we have access to a function that efficiently returns
the description of a Clifford gate U; with probability p;. For example, consider a random
sequence of ¢ Clifford gates, each chosen from a library of at most » elements. This is a
product distribution, so sampling a gate sequence is efficient in ¢ despite the fact that the
total number of Clifford terms Ny in the channel decomposition is O(5"). This motivates

the following definition.

Definition 5.1 (Simulable channel decompositions). Suppose an n-qubit completely

stabiliser-preserving CPTP map £ € SP, ,, has Kraus decomposition,

Nny

Ny
EC) =Y piUi(OUT+ Y auki( K] (5.4)
j=1 k=1
where p;j,qi > 0, Uj are Clifford operators and K, is a non-unitary completely stabiliser-
preserving Kraus operator. We call this a simulable decomposition if:

1. The number of non-unitary operators is bounded by Nyy < poly(n);

2. There exists a procedure that can compute Py =Y. ; p;, sample from {pj/Pu};and
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compute a description of the unitary Uj, all in poly(n) time.

By ensemble ambiguity, this definition of simulability refers to a specific decompo-
sition (e.g. described by a data structure IL), rather than being a property of the map &
itself, though there can exist channels that do not admit a simulable decomposition. The
class of simulable channel decompositions encompasses a wide range of practically im-
portant stabiliser operations, including the random Clifford circuits already mentioned.
Simulable decompositions can also be found for any channel of the form £ = &' ®1,,_,
where £’ € SP;,;, and b is a small constant [[1]]. This follows because by Carathéodory’s
theorem, the Choi state ®¢/ can be expressed as a convex combination of at most 4%
pure stabiliser states. For circuit families where b has a fixed upper bound, Nx does not
grow with n. This restriction is not too onerous, since practical quantum algorithms are
typically synthesised in terms of one-, two- and three-qubit gates, and noise channels
are often assumed to act locally. Moreover, sparse stabiliser decompositions are often
known for important channels. 7-gate injection gadgets and the single-qubit depolar-
izing channel can be decomposed with only two and four Kraus operators respectively.
Analogously, a decomposition of a stabiliser state is called simulable if we can sample a
pure state from the ensemble in poly(n) time. Having defined simulable decompositions,

we can state the following.

Theorem 5.2 (Gottesman-Knill for CPTP maps). Given a sequence of n-qubit CPTP
maps £ =Ero...0& of length T, where each & € SP,, , has a known simulable decom-
position, and initial stabiliser state with simulable decomposition p =}.;p; }¢j><¢j},

then the following procedures are possible.

1. Sampling of a pure stabiliser state |¢") from an ensemble p' =Y. ; p'; |9}, such

that p' = E(p), in worst-case runtime T - poly(n).

2. Sampling of a bit-string X of length w from a distribution Pr(x) = Tr[IIkE(p)],

where Iy = |x)(x| ® 1,,_,, in worst-case runtime (T +w) - poly(n).

3. Estimation of the expected value of a stabiliser observable O (meaning a gener-
alised Pauli operator or the Born rule probability for a stabiliser measurement),
such that the estimate W satisfies || —Tr[OE(p)]|| < € with probability at least

(1 — p). The estimate is computed in worst-case runtime T - poly(n) - 82—2 log (%)
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Proof. The validity of this theorem follows by application of the stabiliser-Kraus update
subroutine. Procedures 2 and 3 both take procedure 1 as a starting point. Let & =
Y, qE-t)ICy) be the decomposition of the 7-th circuit element into maps corresponding to

conjugation with a single Kraus operator, Kkl = g (-)Kj(m. Then the final state p’ can

J J
be decomposed as an ensemble:

P = Y PindiKil 0o} (@)l K] (5.5)
i

where j is a vector of length 7'+ 1 representing a trajectory through the circuit and choice
of initial state, so that g; = p;, Hthl qE}T) and Kj = Hi:l Kj(f) It is possible that K |¢ j0> =
0 for some j. Let [P denote the set of trajectories such that K; ]q) j0> # 0. Then let |¢j,_,~0)

be the normalised final state for a trajectory j € PP,

7iK; | 8o ) 2

o) = VI here = gy ) 56

v

Then the final state p’ can be written as an ensemble over pure stabiliser states,

p'=£(p) =) Bl9i){¢il- (5.7)

jepP
Let j; denote the trajectory up to the ¢-th circuit element. Let |¢j, ,) be the normalised
pure state at step # — 1. Then let |¢j,) be the pure state renormalised after applying the

t-th Kraus operator,
t
Kjg ) ’ (ijfl >

_— (5.8)
1K 165, )1l

|¢5,) =

. t . . .
But we can also write |@;,) = K;, |9j,) /|| Kj, |9j,) |, and Kj, = K](.[)Kj[fl. Combining this

with equation (5.8), we obtain the recurrence relation,

1K, [0 = 1K 165, )1 - 11K, 100011 (5.9)

Then by induction, using equation (5.6) we can factorise the probabilities P, as,

L 0y o) 2
B =pj[]a; 1K} 15,0l - (5.10)
=1
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But qg) HK](ZI) 105, )] ? is precisely the probability of sampling the pure state |¢jr> using
the stabiliser-Kraus subroutine described above. So by sampling an initial state |¢;,) with
probability pj,, and sampling a new pure state update for each circuit element & using
the stabiliser-Kraus subroutine, we reproduce the statistics for the ensemble in equation
(3.7). Each of the T subroutine calls takes poly(n) time, so the total runtime for procedure
lis T -poly(n).

The statements on the other two simulation procedures follow almost immediately.
To perform procedure 2, having sampled a tableau describing a pure state |¢') from the
ensemble p’ = £(p) using procedure 1, we can sample a bit string of length w by simu-
lating a Z-basis measurement on each of the first w qubits in turn [60], each taking time
poly(n). There are w of these measurements so the total runtime is (7 + w) - poly(n).
Then the probability of sampling the string x given state |¢’) is Pr(x|¢’) = Tr[I1x |¢'}{¢'|].
The probability obtaining state |¢;) from procedure 1 is Pr(q)j) = P4, so the marginal prob-
ability Y; Pr(x|¢;) Pr(¢;) for sampling x is given by Tr [Ty ¥; A |¢j X 0; H = Tr[IIxE(p)],
as required.

Finally to perform procedure 3, assume for simplicity that we want to estimate some
Pauli observable O; a near-identical argument holds for Born rule probabilities. First we
sample a pure stabiliser state |¢;) using procedure 1, then evaluate u = <¢j‘0‘¢j> using
the standard tableau method. Repeating this sampling procedure M times and taking the
mean yields an unbiased estimator for (0), as E(u) = ¥; P Tr[O| ¢ )(¢5]] = Tr[OE(p)].
Then using Hoeffding’s inequalities, to obtain additive precision € with probability at
least (1 — p) we require M = (52_2 log <l%ﬂ samples. Sampling each pure state from the

channel and evaluating u takes time 7 - poly(n), so this gives us the stated runtime. [

We end this section by defining the notion of a simulable circuit decomposition.

Definition 5.3 (Simulable circuit decomposition). Let £ € SP,,,, be a CPTP, completely
stabiliser-preserving map, with a decomposition into a sequence of T circuit elements
E=Ero...&. Let D be a data structure describing &, constructed as follows. Let
D ={Li,..., Lz}, such that for each j, L; is a list describing a circuit element £; € SP, ,,
in the format described earlier in this section. Since D describes a sequence of T circuit
elements, we say that it is a decomposition of length T. We say that D is a simulable

circuit decomposition if T < poly(n) and each L; describes a simulable decomposition
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(as per Definition of the channel &;.

The efficient simulability of such decompositions is the starting point for the main
results of this chapter, which deal with the classical overhead involved in simulating
resourceful states and operations. Before considering general magic-generating channels,
we first consider the case where all operations are stabiliser-preserving, but the circuit has

mixed magic state inputs.

5.2 Algorithms for stabiliser circuits with magic state in-

puts

We now present three classical simulation algorithms associated with the new magic
monotones for states introduced in Section {.1], which first appeared in our article Ref.
[2]. Recall that the generalised robustness (gRoM) A" and dyadic negativity A can be
considered relaxations of robustness of magic (RoM) R [[103], while the density-operator
stabiliser extent X is closely related to pure-state extent [3]] and stabiliser rank [59, 60]].
All three monotones coincide for pure states, and for n-fold tensor products of n-qubit
mixed states. We will shortly introduce three very different simulation algorithms, whose
classical simulation overhead is respectively quantified by one of the three monotones.
The dyadic frame and constrained path simulators are descendants of quasiprobability
methods [103] |124], whereas the density operator stabiliser rank simulator generalises
stabiliser rank methods [3| |59, |60] which previously only admitted pure state evolution.
In this way the magic monotone framework presented in Chapter 4] provides the formal
link between previously unconnected simulation methods.

We first introduce two quasiprobability-like simulators. The first is the constrained
path simulator, associated with gRoM. In standard quasiprobability methods, the runtime
needed to achieve any fixed precision with high probability is a function of the ¢;-norm of
the distribution. The constrained path technique trades the ability to estimate to arbitrary
precision for efficient runtime; the maximum precision is a function of the monotone
AT, while the runtime is not. The second quasiprobability simulator we call the dyadic
frame simulator. This improves on previous quasiprobability simulators by using a novel
choice of frame, namely the set of stabiliser dyads, so that “free” operators are those in the

convex hull of ¢/? |L)(R|, where |L),|R) € STAB,. In contrast with a conventional choice
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of frame elements, dyads are not guaranteed to be Hermitian or positive semidefinite, and
can be traceless. We show that these technical issues can be circumvented, and in doing
so we can reduce the sampling overhead.

The third simulator will be the density operator stabiliser rank simulator. We ex-
tend the method of Ref. [3]] to deal with general density operators (and therefore mixed
states). This enables powerful stabiliser rank methods to be applied to the simulation
of noisy circuits with imperfect magic state inputs. In Ref. [3]], it was shown that us-
ing sparsification, the runtime for their simulator can connected to the pure-state extent.
We present a refinement to the sparsification procedure that allows us to sidestep some
technical issues with the results of Ref. [3]] (see Section [3.4), and obtain a significant

improvement in performance.

5.2.1 Constrained path simulator

Recall that in standard quasiprobability method, a target state p is expressed as an affine
combination of elements of some frame F. The frame is chosen so that free operations
can be efficiently simulated when applied to elements in the frame. In Ref. [103]] Howard

and Campbell took the frame to be the set of pure stabiliser state projectors, so that the

target state is expressed p =} ;q; ‘¢j><¢j , where ‘¢j> € STAB,,. We can always com-
bine all the positive and negative terms of the decomposition into convex combinations
o, and o- respectively, to write p = A0y — (A —1)o_ , where A = ¥, >0q; > 1, s0
that |g||; =24 — 1. Recall from Chapter 2| that Tr[EE(p)] for simulable £ € SP,,, and
stabiliser observable E can be estimated to arbitrary additive precision € > 0 in time
O(Hqﬂ%e_z) using the standard quasiprobability sampling procedure. The procedure for
each sample can be split into two steps: (i) randomly sample the positive or negative
path with probability A /||g||; or (A —1)/||¢||1 ; (ii) sample an individual frame element
|¢)(¢| € F from the selected convex combination o+, and then compute Tr[EE(|¢)(@])].
Since step (ii) is efficient, any increased runtime for simulating magic states arises in
step (1) rather than step (ii). In other words, sampling a frame element from the convex
combination 64+ does not incur additional overhead, once we have taken into account the
renormalisation of the distribution in step (i).

The alternative strategy we present here is to constrain sampling to the positive path

so that step (i) is avoided. This is equivalent to making the approximation p ~ Ao, and

comes at the cost of an unavoidable systematic error of size |(A — 1) Tr[EE(o-_)]|. The
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A<2/(1+c) |A>2/(1+4c)
Po| <[A(1+c)=2| | A=A(1+c)—1 “FAIL”
|Ps| > |A(1+c) -2 A= At Pl

Table 5.1: Error bounds for constrained path simulator (Algorithm @) in different parameter
regimes, for input state such that p < Ao, where ¢ € STAB,,. The output from the
algorithm depends on the parameter A, and a variable Ps € [—A, 4] which is computed
in the course of the algorithm, and satisfies |Ps — A Tr[Pc]| < § with high probability.
When |Ps| is large (bottom row), the algorithm always outputs non-trivial bounds. If
|Ps| is small (top row), the algorithm returns a meaningful estimate if A < 2/(1+c¢),
but returns the “FAIL” flag otherwise.

advantage to this approach is that since Tr[EE(0-)] is no longer evaluated explicitly, o
need not be an efficiently simulable state. It is natural to connect this strategy with primal

solutions for the gRoM problem,

p=A"(p)o—(A"(p)—1p-, (5.11)

where o is a mixed stabiliser state, but p_ can be any density operator. Since systematic
error is unavoidable, the first term need not be estimated to high precision. We will prove

the following theorem.

Theorem 5.4 (Constrained path simulator). Let p be an n-qubit density matrix s.t. p <
Ao, where o € STAB,, let £ € SP,,, be a completely stabiliser-preserving CPTP map
with a simulable circuit decomposition D, and let P be a Pauli observable. Then for any
C, Prail there exists an efficient classical algorithm, terminating in runtime T, that either
outputs an estimate P and error bound A, such that ‘}? — (P>‘ < A with probability at
least 1 — pgi1, or returns a flag “FAIL” indicating that with high probability it is not able

to do so given the provided inputs. The runtime T for the algorithm is bounded by

2 ) -poly(n). (5.12)

1
T< 2—210g( :
Prfail

c

The size of A, and whether the algorithm returns “FAIL” depends on A and a variable
Ps € [—A, A] computed by the algorithm (see Table|[5.1). When A <2/(1+c) the algo-

rithm outputs a non-trivial estimate with probability at least 1 — pg;).

Proof. To prove the theorem we give the algorithm, show that the error bounds are satis-
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fied for each case, and then analyse the runtime. We rely on the stabiliser-Kraus subrou-
tine (see Section[5.1). Let STABILISERCIRCUIT(A, DD, P, 8, pgyit) be a function that takes
as input a quasiprobability decomposition of operator A, a simulable circuit decompo-
sition ID of stabiliser channel £, Pauli observable P, and parameters 8, pg,j, and, using
the procedure described in the proof of Theorem [5.2] outputs an estimate Py such that
|Ps — Tr[PE(A)]| < § with probability at least 1 — pg,;. Pseudocode for our simulator is

given in Algorithm 6]

Algorithm 6 Constrained Path Simulator

Input: Target state p; real numbers A,c, pgj > 0, and stabiliser state 6 € STAB,, s.t.
p < Ao and c, pgj < 1; Pauli observable P and channel £ € SP,, with known
simulable decomposition D.

Output: Estimate P and error bound A, s.t. [P —Tr(PE[p])| < A with probability 1 —

Prail-

0+ cA

Ps < STABILISERCIRCUIT(AG,D, P, 0, pail)-

Prax < min{l,Ps+8+A—1}

Pin ¢ max{—1,Po —86—A+1}

if Prmax — Prnin < 2 then
P <+ (Pmax +Pmin)/2
A<+ (Prp\ax — Pain) /2
return P, A

else
return “FAIL”

. end if

R N

—_—
—_ O

Choosing Pyax and Py, to be given by the expressions in steps 3 and 4 ensures that
for all A and P, |P—Tr(PE[p])| < A holds with probability 1 — pgi. The major caveat
is that there are certain regimes (for large A and small P, as shown in Table [5.1]), where
the algorithm fails by determining bounds that are trivially true, —1 < Tr[PE(p)] < 1.
Nevertheless, in some regimes we efficiently obtain a biased but non-trivial estimate. We
first briefly explain the rationale for the min and max expressions given in steps 3 and 4,

before analysing the error bound and runtime.

For target state p, when there exists A > 0 and o € STAB,, such that p < Ao, then
there exists some density matrix p_ such that p = Ao — (A — 1)p_. Step 2 estimates Ps

such that |Ps — A Tr(PE[o])| < § with probability 1 — pg;. We use this to place bounds
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on Tr(PE[p]),

Te(PE[p]) = A Tr(PE[6]) — (A — 1) Te(PE[p_]) (5.13)

<Pe+8+(A—1) (5.14)

Here we have used the fact that p_ is a density operator, £ is a CPTP map, and P has
eigenvalues +1, so | Tr(PE[p_])| < 1. Similarly one obtains Tr(PE[p]) > P — 0 — (A —
1). Trivially,

Tr(PE[p])| < 1, so in case either expression exceeds this (for example if Py
is close to 1) we simply take either Ppax = 1 or Ppin, = —1 as necessary. If both Pyax =1
or Pyin = —1, then the procedure gives the trivial result that —1 < Tr(PE[p]) < 1, so in
this case we have the algorithm return “FAIL”. We now show how to obtain the non-

trivial bounds in Table
Case 1: |Ps| > [A(14+c¢) —2|.

If |Ps| > |A (14 c¢) —2| then either Ps > 0 or P < 0. Assume first that P > 0. Then
Ps > |A(14+c¢)—2| >2—A(1+c) and Ps > A(1+c) —2. Recalling that 6 = cA, we
have Ps+8+A —1>1and P — 8 — A +1 > —1. Therefore step [3| sets Pnax = 1 and
step |4] sets Ppin = P — 6 — A + 1. Then with probability at least 1 — py,j; we know that,

—1<Ps—8—-A+1<Tr[PE(p)] < 1. (5.15)

So in steps @ and El, we obtain
Ps—A(14c)+2 A(l+c)—|P
o~ Al+c) P G0 bl 1Y (5.16)

P=
2 ’ 2

In the case when |Ps| > |A(1+¢) — 2| and Ps < 0, by the same argument,
1< T[PE(P)] < Ps+8+A—1< 1. (5.17)

It follows that P = (Ps + &8 + A —2)/2 and A has the same value as in equation (5.16).
So in Case 1 the estimation error is at most A(1+¢)/2, and tends to 6/2 = cA/2 as
|Ps| — A.

Case 2: |Ps| < |A(14+c)—2|and A < 2/(1+c).
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Combining these conditions we have +P5 <2 — A — &, so that
Ps+6+A—-1<1, and P;—6—A+1>—1. (5.18)

Then the algorithm sets Pyax = Po+0 +A — 1 and Py, = Po — 8 — A + 1. We have

Prin < Tr[PE(p)] < Prax With probability at least 1 — py,;;, and we obtain:

P=Ps;, A=A(1+c)—1. (5.19)
So if |Ps| is small, we obtain less information about Tr[PE(p)], but we still have a non-
trivial estimate as long as A <2/(1+c¢).
Case 3: |P5| < |A(l+c¢)—2|and A >2/(1 +¢).

Here we have that [A(1+c¢) —2| =A(1+c¢)—2, so0 |Ps| < |A(1+c¢) —2|. Following

the same argument as for Case 2 but with inequalities reversed, we find:

Ps+6+(A—1)>1, (5.20)
Ps—6—(A—1)<—1. (5.21)
But this means that the algorithm must set Pyax = 1 and Ppax = —1. In this case estimat-

ing A Tr[PE(0)] yields no useful information, so we return the “FAIL” flag.

Runtime analysis: The runtime is dominated by the estimation of A Tr(P£[c]) using the
stabiliser-Kraus subroutine, as the other steps are trivial to evaluate, and can be computed
in constant time. Since ¢ € STAB,,, and by assumption ID provides a simulable circuit
decomposition for £ € SP, ,, there is no additional sampling overhead due to negativity.
The prefactor A increases the variance of the estimator, but we compensate by setting
the precision to 0 = cA, where 0 < ¢ < 1, so that 6 < A. The rationale for this is that
the systematic error due to our ignorance of p_ is unavoidable, and this error is of size
A — 1. Therefore there is a limit to the precision we can achieve by increasing the runtime
of the sampling step, and we should set the precision commensurate with the size of A.
By the Hoeffding inequality the smallest number of samples M sufficient to achieve this
precision is

M = [2A28 2log(2pp,1) 1 = [2¢ 2log (2pg,i) - (5.22)
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Each sample is obtained in poly(n) time (Theorem[5.2)), yielding (5.12). O

Our explicit algorithm for estimating Pauli expectation values easily adapts to es-
timate Born rule probabilities for stabiliser projectors II by replacing the assumption
| Tr(PE(p))| < 1 for any p with 0 < Tr(II€(p)) < 1. We emphasise that the runtime
for the constrained path simulator is constant with respect to A (i.e. the generalised ro-
bustness AT (p) when the decomposition is optimal), depending only on the parameters
c and pgy. In this sense, we achieve efficient runtime by trading off against precision
in the estimate; it is the error A which scales with the magic monotone rather than the
runtime. We envisage the constrained path algorithm having application as a fast observ-
able estimation method for circuits with a relatively small amount of magic, or where
high precision is not required. For example, it may be of use for the simulation of noisy
near-term devices. The fact that the simulator can often return a “FAIL” outcome when
A > 2/(14c) limits its application to large-scale circuits with significant amounts of
magic. However, a surprising feature is that even when A is large, the simulator can still
efficiently return non-trivial estimates provided Tr[PE(p)] is sufficiently close to either
+1 or —1. This suggests it may be useful for the study of highly structured circuits where

a final measurement is expected to take the value either +1 or —1 with near certainty.

5.2.2 Dyadic frame simulator

Next we introduce a new simulator for estimation of stabiliser observables up to arbi-
trary additive precision, with runtime that scales with a generalised notion of negativity,
namely the dyadic negativity defined in Chapter @ By generalising the notion of frame
as defined by Pashayan et al. [[124], the dyadic frame simulator can outperform all previ-
ously known n-qubit quasiprobability simulators.

Recall that the RoM simulator was based on decompositions p =} ;q; |¢j><¢j|

where g; € Rand ) ;q; = 1. When p is a magic state, some of the g; must be negative,

so that ||g||1 > 1. The runtime of the associated Monte Carlo simulator scales with [|g||3,

so that the optimal runtime for the simulator is quantified by RoM, R(p)? = (min ||g[|?).
The simulator can be related to the formalism of Pashayan et al. [124] by allowing the
specification of frame and dual frame to be state-dependent, so that making the optimal
choice recovers the robustness of magic (See Appendix [C.2). In Ref. [124], it is im-

plicitly assumed that frame elements are Hermitian. We show that this requirement can
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be relaxed, so that we can supplement stabiliser frames with non-Hermitian stabiliser
dyads. The runtime of the resultant simulator scales with the square of the dyadic neg-
ativity A(p)2. Dyadic negativity is often significantly smaller than RoM, dramatically
improving the performance in some cases. Operators are now considered free if they are
in the convex hull of the dyads ¢’ |L)(R|, where |L),|R) € STAB, and ¢ € R. In par-
ticular, because dyadic negativity is faithful, a density operator p is free if and only if

p € STAB,.

There are two technical issues to be overcome in designing our dyadic frame sim-
ulator. The first relates to the fact when a stabiliser projector is updated by conjuga-
tion with a stabiliser Kraus operator, any global phase is cancelled, so the sign of terms
in the quasiprobability distribution remains invariant under these updates. This is not
the case for dyads since, for example, the same Clifford operator can result in a dif-
ferent phase depending on the input state. The second difficulty relates to the com-
putation of intermediate transition probabilities. For the stabiliser-Kraus updates de-
scribed in Section the transition probability for a Kraus operator K was computed as
Pr(K|¢) = Tr[K|¢)(¢|K']. This strategy fails for non-Hermitian dyads, since they are
not normalised by trace, but we will see that the subroutine can be amended to recover an
unbiased estimator. We first illustrate the basic algorithm with a simplified version, where
the stabiliser circuit elements are restricted to be convex mixtures of Clifford gates. We
subsequently generalise to cover all completely stabiliser-preserving circuits with magic
state inputs, in particular showing how the stabiliser-Kraus subroutine can be updated
to appropriately compute transition probabilities for Kraus operators applied to general

stabiliser dyads.

For the simplified algorithm we assume the following restricted simulation setting.
The input to the algorithm will consist of (i) a known dyadic decomposition of a mixed

magic state p =Y ; ot |L; (R;

; (i1) a circuit description comprising a list of 7 quantum
operations {0(1)7 ..,0T) }; and (iii) a stabiliser observable P. We stipulate that each ol
must be a convex mixture of Clifford channels, o\ = Yk p,(f) Uk(-)UZ , and we assume
this decomposition is known and simulable as per Definition[5.1] We use the term mixed
Clifford circuit to describe the class of circuits satisfying these conditions. The output of
the algorithm is again an estimate for a stabiliser observable (P) = Tr[PE(p)]. For sim-

plicity we assume P is a Pauli operator, but the procedure can be easily adapted for sta-
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biliser projectors. Here £ = 0" o...0 O, The restriction on O) means that the whole
circuit can be expressed as an ensemble over unitary Clifford gates £(-) = ¥ pkUk(-)Ulz ,
where k = (ky,k», ..., kr) is a vector that represents a Clifford trajectory through the cir-
cuit Ug = Uy, ... Uy, Uy, , and py is a product distribution and so can be efficiently sampled
from. The simulator (Algorithm [/) proceeds by sampling elements from the initial dis-

tribution, computing an estimate, and averaging over many samples.

Algorithm 7 Dyadic Frame Simulator - Mixed Clifford circuits

Input: Initial state with known decomposition p =}’ ; @; ‘L j><R J-|, where ‘L j> , |R j> €
STAB,,; simulable decomposition I for mixed Clifford circuit £(-) = ¥ pkUk(-)UlI
of length T'; target Pauli P; number of samples M.
Output: Estimate P for Tr[PE(p)].
1: form < 1toM do
2: Randomly sample index j with probability |a;|/||||;.
3 Randomly sample k with probability py.
s L R < L) (R 0]
S: Pt llaliRe{e (R} |PIL; )}
6: end for
7. P Yo P, /M
8: return P

In step ¢® is a final global phase taking into account the initial phase % =
aj/ |ocj| and the action of the sampled unitary circuit on ‘L_,-> and |R_j> respectively.

Whereas the RoM simulator dealt with projectors |¢){(¢

, so that any global phase on
|¢) is unimportant, here |L j> and ‘R j> can represent different stabiliser states and the
combined phase can affect both the magnitude and sign of the real-valued sample P. The
standard stabiliser tableau method [30] (Section[I.2)) cannot track this global phase, but
subsequent extensions can [3, 59, |60]. For concreteness, we assume that we use the CH-
simulator of Ref. [3] (Section [[.2.T)). For step [5] recall that any Pauli operator is also a
Clifford gate, so to compute any (R'|P|L’) for [L'),|R’) € STAB,, we can perform the up-
date |[L") = P|L'), then compute the the complex inner product (L'|R"). Both these steps
are efficient using the CH-simulator [3,|59,|60]]. Thus steps 3 and 4 are efficient. Note that
the two parts of the dyad Uk |L;) and (R;|U, T — (Ux |Rj))" are updated independently.
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We can check that the method gives an unbiased estimator,

E(P) =Y H‘Zﬁ’ i (Ilocl i Rege/ s (R [PILG 10 ) (5.23)
Jjk T
— Re{Y e[| pic T [PUk IL;) (R}] Ulﬂ} (5.24)
J.k
=Re{Tr|PY pUk(Y o |L;) (R;DUY) | } = Tr[PE(p)). (5.25)
K j

We can apply Hoeffding’s inequality in the same way as for the standard quasiprobabil-
ity technique. Using the fact that each P is in the range [—||a||1,+||a||1], we find that
the total number of samples needed to achieve additive error € and success probability
1 — ppfair is M = [2]|ct||2€ 2 1og(2pp,i) 1. When the decomposition of p is optimal with
respect to dyadic negativity as per Definition[4.2] we have that ||ct||; = A(p). In this case,
the worst-case runtime will be O (A(p)?).

This simplified algorithm can be used only in the case where the stabiliser circuit is a
convex mixture of unitary Clifford operations, so channels are restricted to be unital. Our
main goal, however, is to admit more general stabiliser channels. In particular, extending
to adaptive Clifford circuits with mixed magic state inputs allows for universal quantum
computation [35]. We will shortly show how appropriate transition probabilities can be
computed efficiently even when the input operator is not a state but a dyad, provided that
we restrict to simulable channel decompositions as set out in Definition This leads

to the following theorem.

Theorem 5.5. Let p =Y ;0 |L;) (R;

, be a known stabiliser dyadic decomposition of
an initial n-qubit state, where aij € C and the probability distribution {|o|/||a||1} can
be efficiently sampled. Let £ = 0D o...0c0W pea sequence of completely stabiliser-
preserving channels with simulable circuit decomposition. Then, given a stabiliser ob-
servable E, one can estimate (E) = Tr(EE|p]) within additive error €, with success prob-

ability at least 1 — pyaj) and worst-case runtime

o3 (2)
7= lo Tpoly(n). (5.26)
2 log| o — ) Tp y(n)

Furthermore, if the dyadic decomposition of p is optimal then ||c||; = A(p).

To prove Theorem [5.5] we give pseudocode for the dyadic frame simulator and
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prove its validity and runtime. For brevity the pseudocode assumes that each channel
oW is specified by a list of at most poly(n) Kraus operators. Once we have proved the
validity of this algorithm, we will argue it can be extended to general simulable circuit
decompositions. The algorithm has two subroutines: (i) Algorithm [§] which is a variant
of the stabiliser-Kraus subroutines, adapted to probabilistically update stabiliser dyads;
and (ii) Algorithm [9] which is an outer quasiprobability sampling routine that samples
an initial dyad from the initial non-stabiliser state and propagates the dyad through the

circuit.

Algorithm 8 Stabiliser Kraus update subroutine (dyadic scheme)

Input: Initial stabiliser dyad o = |L)(R|; length-Ng list of pairs L with entries
(¢;,U;,I1;,h;) representing Kraus operators ,/g;K; = /g;2"/?U;I1;, where q; > 0
are weights, U; are Clifford gates, and I1; are stabiliser projectors of rank 2nhj,

Output: Updated dyad o’ = |L') (R/|.

1: function DYADUPDATE(0,LL)

2: for r < 1 to Ng do

3: P+ ||g, 11,011 | ;

4: end for

5. P 1YV R

6: Sample s from {0, ..., Nk} with probability P
7: if s =0 then

8: o'+ 0

9: else
10: o' < |L') (R'| = q;UIT; |L) (R|TT] U > Computed with CH-simulator.
11: end if
12: return ¢’

13: end function

In Algorithm we use the trace norm, [|A||; = Tr [\/ﬂ} , rather than the trace
used in the usual Born rule to calculate the transition probabilities for propagating
with a particular Kraus operator. While Tr(ITp) = |[TIpII’||; for physical states p,
this does not hold for all dyads |L)(R|. We illustrate that the trace norm is the appro-
priate choice with a toy example. Consider the scenario where the penultimate dyad
is 671 = |40)(—0|, the final stabiliser channel O(7) is defined by Kraus operators
K; =1®10)(0] and K; = U ® [1)(1] for some Clifford U, and the observable E to be
evaluated is the stabiliser projector E = |1)(1| ® 1. Now, the channel O7) leaves (7~

unchanged, O7) (40)(—0|) = H0)(—0]. It is therefore clear that the correct contribution
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Algorithm 9 Dyadic frame simulator

Input: Initial state p with known dyadic stabiliser decomposition p =} ; &; !L j> <R ils

2

number of samples M; set of channel decompositions {L(l), . ,]L(T)} describing the
completely stabiliser-preserving circuit £ = 0T o ...00W); stabiliser observable E.
Output: Estimate E for Tr[EE(p)], where £ = 0T o...0 0.

I: Let Pj = || /||ct||1 define a probability distribution.
2: form<1toM do

3: Sample r with probability P,.

4: 60— |LOY (RO =|L)(R,|, € « o,/ |0

5: fortr < 1toT do

6: o) « pYADUPDATE(c~ 1, L)

7: if 6() =0 then > Terminate trajectory if “zero” selected.
8: o) 0

9: break
10: end if

11: end for
12: E, Re{ ||| 1€’ Tr [E G(T)} } > Computed with CH-simulator.
13: end for

14: return E « Y En/M

to the expectation value estimate (line [I2]in Alg. [9) should be

En = |a|iRe{Tr [HG(T)]} (5.27)
= |la[iRe{Tr[([1)(1| @ 1) |+0)(—0|]} (5.28)
= [lefiRe{(—[1) (1]+)} = —[l[1/2, (5.29)

where we used cyclicity of the trace, and neglect the phase ¢'® for brevity. We must en-
sure that the transition probabilities computed in line [3] of Algorithm 8 produce statistics
that converge to this contribution. Supposing we were to naively use the trace to compute

transition probabilities, Pr; j = Tr [K jG(T_l)K]T] , we would obtain

Pre.y = Tr[(1.@ |0)(0]) [+0)(—0] (1 ©]0)(0])]
Prez = Te| (U@ [1)(1]) #0)(=0] (U* @ [1)1])] = (~|U*U+)] (1]0) |2 = .

(—I+) =0, (5.30)

Here we have a problem, because both paths evaluate to zero, preventing E,, from making

any non-zero contribution to our estimate. By contrast, in our algorithm we use the



188 Chapter 5. Classical simulation algorithms for non-stabiliser circuits

Schatten 1-norm to compute transition probabilities,

Py = [[(T©]0){0]) HO)—O0[ (T ©[0){0]) [l = [ HO)(=O0l [l = 1 (5.31)
Py =||(U @ [1){1]) #0X -0 (UT @ [1){1])]1 (5.32)
= | (10) PIIU [+)) {1 ({(=DU |l = 0. (5.33)

This method correctly tells us that we should select Kraus operator K| with certainty,

resulting in the correct contribution E,, = —||a||1 /2.

Below we prove that this strategy leads to an unbiased estimator for (E), where
each individual sample is bounded as |E,| < ||a||;. As per standard quasiprobability
simulators (see Chapter [2), to estimate an observable within additive error of € with
success probability pguec > 1 — prail, we require M > 2”2‘—2H%log (ﬁ) samples from our
algorithm [103], [124]]. The total runtime given in Theorem [5.5]is the product of M and
the runtime to compute each sample. To prove the validity of our algorithm we must:
(i) explain how the probabilistic stabiliser dyad update o — ¢,K,6K, can be carried
out efficiently, (ii) show that the values P, in steps [2H5] of Algorithm [§] form a proper
probability distribution, and (iii) show that E returned by Algorithm @ is an unbiased

estimator for (E) = Tr[EE(p)].

(i) Efficient stabiliser update with Kraus operators. In Algorithm [§] we must

compute the trace norm ||¢.K,|L)(R|K||;, where K, = 2""/2U,I1, for all N entries

(qr,Uy, X1, h,) € L, and then perform the update |L)(R| — |L')(R'|. Any accumulated
phase is tracked throughout, but here we absorb this factor in |L')(R’| for brevity. Unlike
the trace, the trace norm does not depend on the overlap between K, |L) and K, |R), and
their vector norms can be calculated separately. Since U, leaves the norm invariant, the

transition probability depends only on the initial dyad, projector and normalisation,
h
lg- K, ILYR|KE [y = qr[|K L) || - [ K/ [R) || = g,2" | TL[L)]]- [ TL |R) . (5.34)

The projection of each pure state onto a stabiliser subspace can be computed using stan-
dard stabiliser simulation techniques in time O(hn?) [31]], as we did for the stabiliser-
Kraus subroutine discussed in[5.I] We must compute the norm for 2Nk projected sta-

biliser states, so the total runtime for computing all transition probabilities for a single
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step ¢ is O(hNgn?).

Once all N transition probabilities are computed, the algorithm randomly selects
some K; o< U,Il; , and in step computes IL')(R'| o< U,IT, |L)(R| TI,U;. Assume we use
the phase-sensitive CH-simulator [3]] (Section [I.2.1). It was shown in Ref. [3] that the
update corresponding to the projection (1 + Q)/2, where Q is a Pauli operator, can be
carried out in O(n?) steps. A rank 2"~" stabiliser projector can be decomposed as a
product of & Pauli projections, so the projective part of the update takes time O(hn?).
Meanwhile, any n-qubit Clifford operation can be written in canonical form comprising
O(n?/1og(n)) gates from the standard gate set {CNOT,H,S} [31]. CNOT and S updates
can be performed in time O(n), and H in time O(n?) [3], so the Clifford update for
U, can be completed in time O(n*/log(n)). Since h < n and we have assumed that

Nk < poly(n), the time taken is poly(n).

Combining all steps, the total time for a single call to DYADUPDATE will be
O(h(Ng + 1)n?) +O(n*/log(n)). Since h < n and for simulable decompositions Nx <
poly(n), the call is completed in poly(n) time in the general case. In the special case
where we restrict each O') to act on at most b qubits, for some fixed b, the runtime for

a single call can be improved considerably. In that case, Nx < 4?” and the worst-case

runtime will be O(b(4?> + 1)n?) + O(b*n? /1og(b)).

(ii) Valid probability distribution. From the definition of P in step |5 of Algo-
rlthm I it is clear that Z " oP-=1and P,...,Py > 0. Hence, to show that {P,} is
a probability distribution, it suffices to show that Py > 0. It is given that the channel

0" is a CPTP map, so its Kraus representation o =Y, q-K-(-)K] must be complete,
Y (v@-K-)"(\/@-K+) = 1. Then for any pure state | y),

L =TrO(w){w])] ZTrMTrKW vIK V| = ZH@KWH (5.35)

Let Q) be the Ng-element real vector where the r-th entry is QL") = |/aK ).
From equation (5.35]), we have that HQ("’) H < 1. Then for any normalised dyad |L)(R|
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we can express Y ,.—; P, as a scalar product between Q(L) and Q(R),

Nk
Y 2= Y IVarke L) |- /e R) | (5.36)
r=1 r=1

~L oo -ob .o < le®|-|e®] <1, (5.37)

where in the last line we used the Cauchy-Schwarz inequality to show that },~; P <1,
as promised. We note that the strategy of using an ‘abort’ outcome Py was deployed in
the appendix of Ref. [142] to simulate post-selective channels, that is, maps that do not
have a complete Kraus representation. In our case each map does have a complete set of
Kraus operators; the fact that P, for r > 1 can sum to less than 1 instead arises from the
non-Hermiticity of the initial dyad o.

(iii) Unbiased estimator. Finally we show that the expected value of E in Al-
gorithm 9] is Tr[EE(p)]. Let the (T + 1)-element vector r = (rg,ry,...,rr) label a
particular trajectory through the circuit, in the following sense. The first entry ry la-
bels the initial dyad O'r(o) = |Ly,)(Ry,| selected in steps For ¢+ > 1, the entry r,
gives the index of the Kraus operator chosen at the 7-th circuit element and we write
ICEI)(-) = Kr(: )()Kr(f ), and use qy) to denote the corresponding prefactor. Let Gr([) de-

note the current dyad updated up to the 7-th Kraus operator along the trajectory r, so that

o) = qst)le) (Gr(tfl) ) /Pr(t), where P is the probability of obtaining the outcome cor-

responding to the map ICSI). The probability A of choosing the trajectory r is given by
P =11, Pr(t), where Pr(o) = |0y, |/]|@]|1 is the probability of sampling the initial dyad
O'r(o). Fort > 1, Pr(l) = ||q£t) /cﬁf)(cr("”) ||1 is calculated in the 7-th call to Algorithm

Then the final dyad Gr(T) for trajectory r is

1) _ aeke(0r”)

fo (5.38)
p./PY

where K (-) = ICﬁT) o... ole)(-) and gy = H,TZqut). This dyad satisfies ||6r(T)||1 =1,
but is only defined for those trajectories with Pr(t) > 0 for all z. We write P to denote the
set of all such non-zero probability trajectories.

Now, there are two mutually exclusive possibilities for a given iteration of Algorithm
@ either we pick r; > 0 at each circuit element, so that r € P, and we obtain normalised

Gr(T), or r; = 0 for some step ¢, and the iteration terminates with Gr(T) = 0. Since these
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are the only possible outcomes, the total probability of terminating must be Perm = 1 —
Y rep Pr. The expectation value of the random variable E,, in step[I2]can now be explicitly

written as

E(En) = Pem-0+ Y PRe{ | a[| e Tr [Ecr(”} } (5.39)
repP
= Y PORe{||a] e Tr [Eqr;cr(or“’))} 1, (5.40)
reP

where in the second line we have cancelled the factors Pr(t) for ¢+ > 1 with those in
the denominator of equation (5.38). The real vectors r ¢ P are never chosen when
(1)

running the algorithm, since they correspond to paths where P

hence IC( )( = 1)) = 0. Since ICr(G,EO)) =0 for all r ¢ P, we can freely add these zero-

= 0 for some ¢, and

probability trajectories to the summation (5.40). Thus
E(En) = ¥ A Re{l|a]1e® Tr| EqeKe(0i”)]} (5.41)
r

— Y PORe{|| ]| 1€ Tr | E

o

Z K ’Lro RVoD]}

IyeesiT

(0)

where in the second line P, "’ is taken outside the inner sum since it is independent of 7;

for t > 1. The inner summation is over all Kraus trajectories, and by linearity

) quCr_qu Do oY gk =0Mo. 00 =¢. (5.42)
r

Tyeees”

(0) i

Hence, using Py

E(En) = Y PORe{ | a0 Tr{EE (L) (R, )]} (5.43)
= Re{Tr

EE(Y 04y ILr)(Rry]) | } = TI[EE ()], (5.44)

ro

We have proved that E(E) = Tr[II€(p)], so E is an unbiased estimator, with each sam-
ple satisfying |E,,| < ||c||;. This implies we need (2||Oc||%8’210g(2pf_aill)] samples.
To compute each sample, we need to make 7" calls to STABILISERUPDATE, and we

showed in part (i) that each call takes poly(n) time. Therefore the total runtime is
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|| 2e21og(pg) Tpoly(n), as stated in Theorem

We have proved the statement of the theorem for circuit decompositions {£ = 0o
...00"}, where each O is specified by poly(n) Kraus operators. Recall that simulable
channels (Definition are those with at most poly(n) non-unitary Kraus operators, but
where the number of unitary Kraus operators could be larger than poly(n) provided they
could be efficiently sampled from. Since unitary operations U leave the Schatten 1-norm
invariant, for any normalised dyad o we always have P; = ||q;U jCFUjT |1 =g;in stepof
Algorithm 8] so the transition probability can be read off from the coefficient. Therefore,
we can modify Algorithm [§] to include a unitary path where transition probabilities do
not need to be computed in a dyad-dependent fashion (see Algorithm [5]in Section [5.1).
Consequently the result also holds for completely stabiliser-preserving channels with

simulable decomposition (Definition [5.1)). This completes the proof of Theorem[5.5]

5.2.3 A stabiliser rank simulator for density operators

In Chapter [3] we reviewed the development of stabiliser rank simulators [3} [59} 60]. For
circuits to which they are applicable, namely those involving pure initial states and stan-
dard stabiliser operations such as Clifford gates and Pauli measurements, they typically
perform better than quasiprobability simulators. Indeed, the sparsification and fast norm
estimation procedures presented in Ref. [3]] allow computation of Born rule probabilities
up to multiplicative error in time linear in the pure-state stabiliser extent of the initial
magic state. This enables simulated sampling of the output from small-to-intermediate
size quantum computers. However, the method has previously only been applied to cir-
cuits with pure state inputs, preventing a direct comparison with simulators for more
general noisy states and operations such as the RoM simulator [[103], or the Oak Ridge
simulator [45] which can simulate any few-qubit CPTP map, subject to additional run-
time dependent on the negativity.

In this section we extend the method of Ref. [3]] (which we call the BBCCGH simu-
lator) from the state vector picture to general density operators, allowing the application
of stabiliser rank techniques to mixed states and noisy circuits. Through the lens of the
density operator picture, we are able to recast the sparsification technique as a procedure
which samples from an ensemble. This leads to a refinement of the sparsification lemma
upon which the BBCCGH simulator rests, avoiding some technical obstables and signifi-

cantly improving performance. We first present and prove our new sparsification results,
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before introducing our bit-string sampling simulator for noisy quantum circuits.

5.2.3.1 Sparsification lemma for density operators

Stabiliser rank simulators exploit the fact that any state vector |y) can be expressed
as a linear combination of stabiliser states, |y) = ZIJ‘.ZI cj |¢j>, where c¢; are complex.
Recall that the stabiliser rank x(y) is the smallest number of terms k needed for a
given state |y) [3, 59, 60]. The runtime for computing stabiliser observables using an
exact decomposition is lower bounded by x (). Computing the exact stabiliser rank
is intractable for many-qubit states, and known upper bounds can be large. Instead,
the strategy of BBCCGH is to approximate |y) with a sparsified k-term vector |Q) of
smaller stabiliser rank, using the subroutine SPARSIFY (see Section @ To recap, BBC-
CGH [3, Lem. 6]) showed that for any pure state |y) and any integer k > 0, one can use
SPARSIFY to generate random (un-normalised) states |Q) with k stabiliser terms such
that E(|| |y) — |Q) ||*) < ||e||3/k. In Appendix we present a simple corollary of [3|

Lem. 6]), which implies that

B )y~ @ ) < 215 IelE el (545
T Vk kK vk
For any target precision Js > 0, choosing k > 4||c||3 /82,
E(| [w)(w] - 12)(Q[[h) < 85+ O(&5). (5.46)

We call this the BBCCGH sparsification lemma [3|]. With high probability and
subject to some technical caveats (see Section [3.4)), by combining sparsification with
fast norm estimation, BBCCGH simulates sampling from the quantum distribution
P(x) = | (x|y) | up to trace-norm error & in runtime | c[|?8; *poly(n,w). So, assum-
ing an optimal decomposition (£ (y) = ||c||?), the runtime scales linearly with extent &.
Below we improve on this algorithm in three main respects: (i) we extend the simulator
from pure to mixed magic state inputs, so that the average-case runtime is proportional
to the density-operator extent = (Definition [4.1); (ii) we show that important cases ad-
mit decompositions such that = yields the worst-case runtime; and (iii) we derive a new
sparsification lemma that, with minor caveats, improves the runtime over the BBCCGH

simulator by a factor of 1/ds. Our new sparsification lemma also removes some lim-
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Algorithm 10 BBCCGH sparsification procedure. (Bravyi et al. [3]))

Input: n-qubit state decomposition [y) =Y c; ’q) ;). where ]q) ;i) € STAB,; k > 0.
Output: Sparsified vector |Q) with k terms.
1: function SPARSIFY(|y),k)
2 for ¢ <~ 1 to kdo
3: Sample |@¢) < (cjo /|cjo|) |9, ) With probability |c;, |/]le]|:-
4: end for
S Q) (llelh /k) X |0c)
6 return |Q)
7: end function

itations that made certain parameter regimes problematic for the original simulator(see
Section [3.4). In Section [5.2.3.2] we present the algorithm in detail. First we state and

prove our improved lemma.

For convenience we restate the BBCCGH sparsification procedure in Algorithm
Given an integer k and state vector with known decomposition |y) = ):’;:1 cj ‘q) j>, the

SPARSIFY subroutine outputs a random k-term vector,

il & el
_T Z:: ., where Pr<|a)a | ]‘ \¢,>> =Tl (5.47)

so that each term is i.i.d sampled stabiliser state. It follows that E(|@y)) = |w)/||¢||1, and

in turn E(|Q)) = |y).

Since the sparsification |Q) is a random superposition of non-orthogonal terms, it
need not have unit norm. In Ref. [3], after obtaining a state |Q) from SPARSIFY, one
estimates its Euclidean norm, and discards the state if its norm is not close to 1. A state
post-selected in this way will be close to the target state with high probability, given some
assumptions (recall Section [3.4)). In our extended simulator, we instead use a sampling
strategy that avoids the post-selection step. After SPARSIFY returns a random |Q), we
estimate ||Q||, and normalise the vector. Then, instead of bounding the error between an
individual sample and the target state |y), we bound the error between |y) and the whole

ensemble as captured by the density matrix

[\9 Q|

Q’Q] ZP L (5.48)

Saie)

Intuitively, this is advantageous because coherent errors in each sample smooth out to
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a less harmful stochastic error. Similarly, randomising coherent errors improves error
bounds in the setting of circuit compilation [162-165]]. Our refinement to the BBCCGH

sparsification lemma is summarised in the following theorem.

Theorem 5.6. Let p; be the mixed state in equation (5.48). Let |w) be an input state
with known decomposition |y) =Y. ;c; }¢j>, where ’(Z)_,-> are stabiliser states, let ¢ be the

vector whose elements are the coefficients c;, and let
Cye = llelly YlejlI(w]os) . (5.49)
J

Then there is a critical precision 8. = 8(Cy.c — 1)/||¢||7 such that for every target preci-
sion &g for which 8s > O, we can sample pure states from an ensemble py, where every

pure state drawn from py has stabiliser rank at most [4||c||?/8s] and

o1 — W)l < 8+ O(82). (5.50)

When |y) is a Clifford magic state (see below) [3], the critical precision is O, = 0, and

sampled pure states in py have stabiliser rank at most [(2++/2)]|¢||?/3s].

Notice that the theorem sets a critical precision §. above which we can achieve the
promised 1/8s improvement in the runtime over BBCCGH [3]]. For 85 < &, our runtime
has the same leading order ds-scaling as BBCCGH but with a much smaller constant
prefactor, yielding improved performance. Clifford magic states were defined in Ref. [3]]
as those states |y) that are stabilised by a group Q of Clifford unitary operators with
generators UX;U ¥, where X ;j 1s the Pauli X operator that acts on the j-th qubit and U is
unitary. This includes the important case of T states |[T) = T |+). For Clifford magic
states the improvement holds for arbitrarily small Jg.

We first argue that Theorem [5.6) follows from two lemmata. We will then prove the
lemmata. First, Lemma/5.7|captures the idea that the ensemble (5.48) can be made close
in the trace norm to the target state |y ){y/| by choosing sufficiently large k, up to a term

that depends on the variance of (Q|Q). The second lemma then bounds this variance in

terms of Cy ., ||c||1 and k.

Lemma 5.7 (Ensemble sampling lemma). Given a state |y) =Y ;c;|¢;) where ¢; are

stabiliser states, we can sample from an ensemble of pure states py such that every sam-
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pled pure state has stabiliser rank no larger than k and

2|lel3

o~ [yl < =500+ /Var[ (0] (551)

where |Q) is the random sparsified vector defined in equation (5.47).

We will show that this can be proved by splitting ||p; — |y){y] ||| into two terms via
the triangle inequality, then showing that they are upper bounded by /Var[(Q|Q)] and

2||c||3/k respectively. With this established, it remains to bound the variance.

Lemma 5.8 (Sparsification variance bound). Using the notation of Lemma the
variance of (Q|Q) satisfies the bound

B 4
Var[(Q|Q)] < 4<Ck D, 2”;2”1 +O (%) , (5.52)

where C = Cy . is as given in equation (5.49). When |y) is a Clifford magic state as
defined in Ref. [3],

4
Var[(Q|Q)] < 2||kc2H1 +O (k%> . (5.53)

We will prove Lemma 5.8 by expanding Var[(Q|Q)] as a series of terms of the form
E({q|wg) (0, |@y)), treating the cases where the indices o, B, A and p are all distinct,
then where @ = f3, but (a, A, 1) are all distinct and so on. Assuming these lemmata to

hold, we can prove Theorem [5.6]

Proof of Theorem[5.6] Substituting k = 4||c||?/8s and & > 8(C —1)/||c||? into equa-
tion (5.52) from Lemma/[5.8] we obtain

52 5
Var[(Q[Q)] < = (1+O0 | —= | |, (5.54)
4 ]l
and hence, using /1 +x < 1+ |x],
Var[(Q|Q)] < %JFO(SSZ). (5.55)

Using Lemma with k = 4/|c||?/3s and (5.53)), we obtain the main result of Theo-
rem that ||p1 — [w)(y]||1 < 85+ O(82). When |y) is a Clifford magic state, equa-
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Figure 5.1: For the target state |y) = (cos(6)[0) +sin(0) |1))®'% with two choices of 6, we
plot the trace norm error ds when using a k-term sparsification. EB (Exact Bound)
refers to equation and is valid for all &g, with the variance exactly bounded
by equation (5.93). LO (Leading Order) refers to our Theorem expression k =
4¢||3/8s, and is valid provided 8s > 8. with . highlighted by a vertical line. Note
0 = /8 corresponds to the Clifford magic state |H), for which &, = 0. PA (Prior Art)
shows the cost of Ref. [3]]. The exact stabiliser rank is ) (see Theorem 2 of Ref. [3]))
and this is upper bounds PA. When C # 1 and &5 < &,, then EB shows that there is still
a large saving even though LO is not valid in this regime. To better understand the
deviation of the leading order expression from the exact bound, we refer the reader
to the proof of Lemma [5.§] and in particular Fig. [5.2] and to the discussion below
following equation (5.56). Plot produced by Earl Campbell, reproduced from Ref.
[2] under CC-BY 4.0 license.

tion (5.53) combined with Lemma(5.7] gives

2+V2)|lellf 1
oy =yl < %HD(E). (5.56)
We then obtain the second statement of the theorem by setting k = [(2+/2)]/c||3/3s].
[

Theorem tells us that provided the target error dg is no smaller than a critical
precision 9., one can sample from an ensemble of sparsified states p; that is s-close
in the trace norm to |y), where the number of stabiliser terms is k = [4||¢||3/8s]. This
gives a factor 1/8s improvement over the BBCCGH [3]] sparsification lemma, where
k= [4]c||3/82]. When & < &, one can compute C and obtain a sharp bound on the
trace-norm error by using Lemmas and directly. In this case, the &g 2 scaling of
k is recovered, but with a prefactor often much smaller than in the original BBCCGH
sparsification lemma. This is because one typically finds that (C —1)/||c[|? < 1 for
many-qubit magic states. We illustrate this in Fig. [5.1] where we compare our sharpened
>®N

trace-norm bound with that of Ref. [3] for states of the form |yy) = |y)~", where
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|y) are single-qubit magic states, and N = 100. While 85 > 8(C — 1)/||c||? we have a
quadratic improvement over equation (5.43)), but even in the high-precision regime, we
find a significant reduction in k. We now prove Lemmata [5.7 and upon which the

above proof of Theorem [5.6| rests.

Proof of Lemmal[5.7, Given target state |y) =Y ;c; ‘d) ), we must bound the error & =

lp1 — |w){w] |1 where p; is defined

{IQ Q|
1=

QIQ} ZP L (5.57)

< Q)

Here |Q) = (||c||1/k) Yo |@¢) are the random sparse vectors returned by SPARSIFY (Al-

orithm (10) with probability Pr(Q). First we introduce the operator p; = Irnevel,
g p y P p 1

where 1t = E[(Q|Q)]. Then using the triangle inequality,

0s = [|p1+p2 —p2 — (W)Wl 1 < [lp1 — p2ll1 +[|p2 — W)Xl |1 (5.58)

For the first term,

1 1
lor = pall = 1 ]934 (705~ 3 ) I (5:59
Using Jensen’s inequality, that is, E(f(X)) < f(E(X))) for random variable X and convex

function f, we can bring the expectation value outside the norm,

1 1

o1~ pall < 21219 (7~ )| =y Elu - (@191

That u = E[(Q|Q)] = 1+ (||e||? — 1) /k was shown in Ref. [3]], and explained in Section
Loosening with u=! < 1 gives ||p; — p2||1 < Elu —(Q|Q) ],

the average deviation from the mean. Using Jensen’s inequality,

Elp—(QQ)| < \/EW—<Q|Q>|2= V/ Var[(Q[Q)], (5.60)
= ||p1 —p2ll1 </ Var[(Q|Q)]. (5.61)

Next, we bound ||p — |[w)(y/|||1, by first finding an explicit form for p,. Observe that
1QNQ| = [|c[2k 2 Lo p |@a){0p]. Recall from Algorithm [10] that |wg) = c;|¢;) /|c)]
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with probability |c;|/||¢|/1, so that E(|wg)) = |y) /||c|l1 [3]. Then,
B(l0)(@) - upo — LI . o) og] (562

Let 0 := E[|0g){wq|]. We split (5.62)) into two summations as follows:

C 2 [
upo = L1 (2 Euwaxwm]) ¥ (ZEHwa><wau)] LG

oZp

- L <a§ﬁ’lﬁcuy> (ga)], oo
:k1 (Z!w w|> llti ZG

o7p

In the first contribution, we used the independence of wy and g when o # f3, so that
E[|wg)@p|] = E(|0x))E((@g|), and that E[|oq)] = |w) /||c||1. Next, there are k(k—1)

terms and k terms in the first and second summations respectively, so

lel? .

upa = (1=k) ly)yl+ = (5.65)
Using this form for p,, we have that
o2 = 1w)(wl e = 1" lwp2 =y )wl 1, (5.66)
=p A=k =) [w)wl+ el ol
Substituting in the value of pu we find 1 —k~! — u = —||¢||3/k and so
lle3 <ollli. <
o2 = (W)l = 10~ vyl . (5.67)

where we have used the triangle inequality, ||o||; and u=! < 1. Substituting equa-

tion (5.61) and equation into equation (5.58), we obtain
A 2l
s = llpr = [W)wllh < == + v/ Var[(QIQ)], (5.68)

completing the proof. [
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Proof of Lemma In Ref. [3] it was shown that

n=E[Q[Q)] = @J%E(B), (5.69)

where B =Y, ¥ g.4(0«|0g). Since |0g) and g ) are independently sampled for dis-

tinct o and 3, we get

E (0] 0g)) = E((0a])E(|0g)) = <|‘|”C||T’g>. (5.70)

We use similar proof techniques to bound E[(©|Q)?], and in turn bound the variance. We

begin with

»—‘-lk

(Q|e)?

2
(Z wa|wﬁ>> , (5.71)
o.p

4 2
(g (o + T fodon)) 6
o B#a
4
= %(k2+2k3+32) (5.73)

since there are k terms in the sum over . Whereas from equation (5.69) we have
E[(QIQ)]* = H H L(k* +2kE(B) + E(B)?). (5.74)
Comparing these expressions, for the variance we obtain

Var[(Q|Q)] = E[(Q|Q)°] ~E[(QIQ)]* = %(E(Bz) ~E(B)®).  (575)

By counting terms in the summation B, and using the relation (5.70]), we find

K (k—1)2

E(B)? = (k(k— 1)E[{(0a|op)])* = o
1

(5.76)
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Expanding B2, we get

# = (L L (odon)) (L (0o 57

@ o A U#A
= )Y (odog)(oy|ou)+B (5.78)
(a.pA.pn)eA

where A is the set of all possible combinations (¢, 3,4, 1) where all four indices are
distinct, and B’ denotes the remaining terms where at least two of the indices are equal.
Now, if (a,,A, ) are all distinct, then <wa|wﬁ> and <co;L |co“> are i.i.d. variables, so

E({0q|wg) (0 |0y )) = E((0q|wp))E({®s|@y)). This yields

k(k — 1)(k —2)(k—3)

4
lelly

E(B?) = +E(B). (5.79)

Substituting the expressions (5.76) and (5.79) back into (5.75)), we obtain

_ lellt gy
Varl(Q10)] = 1 E()

k(k —1)(4k —6)
4

. (5.80)

We must now consider terms (@g|wg) (@ |wy) in the expansion of B* where
(or,B,A,u) are not all distinct. We use the notation B to indicate the sum of
all terms where indices j and k are equal but all others are distinct, e.g. Bj_, =
Yo <wa\a)ﬁ> <(0a|wu>, where the summation is over terms such that o, 8 and pu
are all distinct, and so on. There are k(k — 1)(k — 2) terms in each summation of
this type. Similarly for the terms sharing two pairs of indices, we use the notation
Bj—o:u=p = Xa#p <wa]a)ﬁ><wa}a)ﬁ>, and these have k(k — 1) terms. From equa-
tion (5.77), we never have terms where a = f3 or A = p. We then have

B = B)_q ‘|‘Bu:(x +B?L:ﬁ +B”/3 +B)L:a;u:/3 +Bu:a;l:ﬁ- (5.81)
One can check that E[B; _ | = E[B,_g] and E[B;},_,| = E[B;_p]. Therefore

E[B/] = ZRG{E[B/I:[?] + E[Buzﬁ]} +E[B7L:a;u:[3 +B[J=OC;7L:[3]‘ (5.82)
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Next we note that

EBi-pl =2 Y. ) El(wd|op)(wp|au)] (5.83)
o fFootuAp
= k(k—1)(k—2)E[(0q||E[| 0p ){ 0p||E[| @u)]
_ K _ch)H%k 2 (ylo |y, (5.84)

where o = E[|og)(@g]] = L;(lc;l/llelh)[9;){¢)];
}a)ﬁx(oﬁ\ = |9;)(¢;| is defined as p; = |c;|/|l¢[i. Next we consider E[B u—p)- Taking

of sampling

the modulus and using the triangle inequality we obtain

EBu-pll<) ), ). Ell{oa|op){w|op)]] (5.85)
@ proatiAp
=k(k—1)(k—2)E[{0g|0p) (wp| ;)] (5.86)
- _ch)u(f ~2 tyloly). (5-87)
1

Similarly, for the last two terms B” = Bj _.,—g + B —q;1—p» We obtain

EB"] <) Y. Ell (0] op) (0ofg) ] +ZZE (0o|0p) (0p|0)]

o pra

:2;[51}3 (0q|0g) (0p| 0 )]. (5.88)

By cyclicity of the trace, E[{ 0q| g ) {0p| 0y )] = E[Tr[|0g){0q| |@g)(0g]]], so

E[(0u]0p) (0p|0u)] = Tr[El oo} (a [Bl|os @] = Tr[0?],  (589)
= |E[B"]| <2k(k—1)Tr[c?] <2k(k—1). (5.90)

Combining the results (5.82), (5.84)), (5.87) and (5.90) gives us

k(k—1)(k—2)
el

E[B'] <4 (y|o|y) +2k(k—1). (5.91)

Writing
= llell? (wl o w) = llell, Y lesll (wlos) [ (5.92)
J
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and substituting the expression for E(B’) into equation (5.80) we obtain

KB —3k2+2k 4 1 4k3 — 10k* + 6k
+ IIC||( )_ + (5.93)

which to leading order in 1/k gives us the general bound appearing in Lemma[5.8]

9 2
Var[(Q|Q)] < @ +2 (@) +0 (;) (5.94)

For Clifford magic states stabilised by a group Q of Clifford operators, there exists [3]]

an optimal decomposition

) =Y cqlo,) = 5] W Zq|¢o (5.95)

qeQ qeQ

where | @) is some stabiliser state that maximises | (y|¢o) |. Then

el =191 (1Q11{wlgo) )" = [ {wldo) |~ (5.96)

and 6 =Y,c0Pqq|90)(Po| ¢', where p; =|Q|~!. This yields

(yloly) = ngq<w|q!¢o><¢olq*\w> (5.97)
qe
1
= Y g (Wlg0) (90l y) = [ (W]90) > = —. (5.98)
/<o el

where we used the Hermiticity of ¢ and ¢|w) = |w). This shows that for optimal decom-

positions of Clifford magic states, C = 1, and leads to the simplified bound

2
Var[(Q|Q)] < 2 (IlckH ) +k33, (5.99)

completing the proof. [

Finally, we comment on the effect of the constant C when |y) is not a Clif-
ford magic state. Recall that C can be written in terms of the expected overlap,
C = ||¢|?E [| (y|®)|?], and enters into Theoremvia the critical precision o, = 8(C —

1)/|le||3. Consider |y) = |y’ VN Where |y') are pure states. When |y) is a product of
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C = (Bloo|)l|cll?

|3

N~
003 ©
(@)

01 0.2 03 049
|9) := (cos(0)]0) + sin(6)|1))

Figure 5.2: The variable C as introduced in equation (5.92), plotted as a function of the angle
0 for a class of single-qubit states. This is the C value for one copy of the state,
for n copies we must raise to the n™ power. The prefactor C — 1 appearing in equa-
tion (5.93) is key to the behaviour of the bound, as when C = 1, the variance scales
asymptotically as O(1/k?). We highlight two specific angles 8 = {7/8,0.1187} that
correspond to angles used in Fig. For 8 = /8, we have C — 1 = 0 and so the
O(1/k?) is exact as can be seen in Fig. For 6 = 0.1187, we have the maximal
possible value of C and Fig.|5.1|shows the maximal deviation from O(1/k?) scaling.
Plot generated by Earl Campbell, reproduced from Ref. [2]] under CC-BY 4.0/license.

N pure states, we can write each randomly sampled stabiliser state as |@) = @ _, |0y),
where |0 ) are i.i.d. random vectors. It follows that E [| (y|w) |*] = (E [| (y’|@e) [*])V.
Since |wy) are always stabiliser states, when |y’) are non-stabiliser states, we have
| (y/|0q) |* < 1. Therefore the threshold precision &, < 8C/||¢||7 = 8(E [| (y/| ) |*])Y
vanishes for large N when |y) is a tensor product of N pure states. Moreover, in Figure
[5.2] we plot values of C for a class of single-qubit states, showing that C — 1 is close to

zero even when N is not large.

5.2.3.2 Bit-string sampling algorithm

We next show how to simulate sampling from the output distribution of a circuit with
noisy magic state inputs. Assume we measure the first w qubits. Let ITy = |x)(x| ® 1,,_,
be the projector representing the outcome where we obtain bit-string x. The probabil-
ity of obtaining the string x is given by the Born rule, P(x) = Tr[[Ixp]. We call P the
quantum probability distribution. Here we deal with the simulation task of classically
sampling from a probability distribution Py, (X) over w-bit strings x such that Py, is &-
close in £;-norm to P, with high probability. We saw in Section that this can be done
efficiently for poly-sized stabiliser circuits. The BBCCGH algorithm introduced in Ref.

[3] performs this task for pure magic states |y), with runtime that scales linearly with the
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Algorithm 11 Bit-string sampling algorithm (simplified)

Input: n-qubit density operatorp =}, p; ‘ v j>< V|, with known decompositions ‘ v j> =

Y ) |¢,); number of bits w; target precision 6 > 8y, ¢, Vj, where 8y,  is the critical
precision for state y; (see Theorem [5.6)).
Output: w-bit string x.

1: Randomly draw y; with probability p;.
2: k< [12||c(j)||%/5]
3: |Q) <= SPARSIFY(y;,k)

2

4: Estimate Pr(x; = 0) = % using FASTNORM [3]. x « (x1)
5: x1 < 0 with probability Pr(x; = 0), x; < 1 otherwise.
6: for b < 2 tow do )

. - iy = Pl e )7
7: Estimate Pr(x, = y|x) = PR = mjep SN FASTNORM.
8: Sample x;, <— 0 or x;, <— 1 accordingly and concatenate, X <— (X, xp).
9: end for

pure state extent & (y).

The algorithm presented in this section allows sampling from mixed magic states p
in average runtime linear in density-operator extent Z(p). The simulator is closely related
to the BBCCGH simulator [3], differing in two key respects: (i) whereas BBCCGH deals
only with pure states, our variant admits general mixed states; and (ii) we employ our
improved sparsification lemma to reduce runtime. We also avoid a post-selection step
needed for the BBCCGH algorithm (recall Section [3.4). We give simplified pseudocode
showing the key steps in our procedure (Algorithm[IT)), for the case where the target error
8 is greater than the critical value 8, introduced in Theorem 5.6} Full pseudocode for the
case of arbitrary precision is given in Appendix where we also prove the validity and
runtime for the general case. The main steps in the algorithm are (1) the sampling of a

random pure state }l//j> from the ensemble p =} ;p; “l/j >< Y

, (2) a call to SPARSIFY
to generate the k-term approximation |Q), and (3) computation of a chain of conditional
probabilities using at most 2w+ 1 calls to the subroutine FASTNORM which estimates the
norm of a given vector (see Section and Refs. [3,60]). Here we first sketch the proof
before discussing the runtime improvement over BBCCGH [3]]. We initially assume that

0 > &, returning to the & < &, case at the end of the section.

We want to show that the classical probability distribution P, satisfies the inequal-
ity ||Psim — P||1 < 8 +O(8?%), where P is the quantum distribution. We split the proof

into two parts. First, we consider an idealised algorithm EXACT where the calls to FAST-
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NORM are replaced by an oracle that can compute ||TI |Q)|| exactly given k-term spar-
sification [Q). Let Pex(x) be the probability of obtaining the string x as the output of
EXACT. We will first show that Pey is ds-close to the quantum distribution P in £;-norm,
and then show that Py;;,, is €-close to Pex. We then split the error budget so that 6 = ds+ €.
In Appendix [E.2{ we show that the optimal strategy is to set §s = 6 /3 and € =265 /3.

Let x,, = (x1,...,%,) be the bit string comprising the first m bits of x, and let
|Q,,) =TI, |Q) be the projection of the first m qubits of |€2). We can obtain the proba-
bility Pr(x|Q) = Pr(x;)Pr(xz|x;)...Pr(x,|x,_1) of sampling x from EXACT given fixed
sparsification |Q) by multiplying the conditional probabilities Pr(x,|x,_1) computed in
step [7] of Algorithm|[IT]

el [1)]° I [2)]* _ (T[] Q)€

Pr(x|Q) = = =Tr |[IIy———1|. (5.100
i > menl®  hew-nl>  lel? { <QVQ>} 100

Thus EXACT simulates sampling from the quantum state |Q) /|||Q)|| exactly; any error

arises solely from the sparsification procedure. Now consider that randomly choosing

a pure state Y; from p =¥ ; p; |w;)(¥;|, generating a random approximation |Q) using

SPARSIFY and then normalising is equivalent to sampling a pure state from the ensemble,

7= Lo/ Lr(ely) Gl - Xl s.101)
Jj Q

/\

where Pr(Q|y;) is the probability of SPARSIFY outputting the vector |Q) , and pl(j ) is
the expected projector E(|Q)Q| / (Q|Q)) as defined in equation (5.48)), both conditioned
on the input to SPARSIFY being ‘ll’j>- From our argument above it follows that Pex (X) =
Tr[IIxo]. A key conceptual difference between our method and that of Ref. [3] is that
while the BBCCGH sparsification results are concerned with the distance ||y — Q||* for
a particular random sparsification €, here we compare the target state p with the full
ensemble over sparsifications ¢. From our sparsification lemma (Theorem [5.6)), for each

pure state |y;), we have that ||p1(j) — [y )| | < 85+ O(82). 1t follows that |6 —
plli <o+ O(SSZ), and so,

|Pex — P||1 < 85+ O(83). (5.102)

Next we argue that Py is €-close to Py, the distribution arising from our full classi-
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cal algorithm, including the calls FASTNORM. Recall from Section [3.5]that FASTNORM
is able to output an estimate 1 for ||€,,||* up to some multiplicative error gy with prob-

ability (1 — ppNn), which we can set arbitrarily small, such that
(1= &) [[Qml* <1 < (1+ )12l (5.103)

and that each call takes time O(kn38§1\% log ( pl;l\ll)) when the vector |Q,,) has k stabiliser
terms. One can show (see Appendix [E.2) that estimating the chain of w conditional
probabilities (5.100) using FASTNORM leads to a total multiplicative error 3wegy in the

distribution sampled from, i.e.
(1 — 3W£FN)Pex(X) < Psim(X) < (1 + 3W£FN)Pex(X)7 (5.104)

so to achieve multiplicative error € we must set egy = €/3w. One can similarly show
that to achieve overall success probability at least 1 — pg,j, it is necessary to set the
parameters for FASTNORM so that pex = pril/(2w). This governs the runtime of each
call to FASTNORM. By combining this result with equation (5.102)) we have ||Pygm —
Pl <8+0(8?%).

To analyse the runtime of our simulator, we define £ =¥, iP ille|[3, where e/ is the

vector of coefficients in the decomposition |y j> =), cgj ) ‘(]) j>. Recall that for an n-qubit

state vector with k terms, the runtime of FASTNORM is O(kn3£1§§). From the previous
discussion, if we selected the j-th pure state in the decomposition of p, we will have set
ko< [|e)]26~" and epy o< Sw™!. In a single run of the full algorithm, FASTNORM is
called O(w) times. Therefore the runtime to generate a single w-length bit string is 7 =
O(||eV)||2w3n38~3) with probability p;. So the average-case runtime is OEWRn3673).
Through Z, this average-case runtime is sensitive to the particular decomposition of p
supplied to the simulator. In the case where the decomposition is optimal with respect to
the density-operator extent & (Definition , we have Z = E(p), so that the average-case
runtime is linear in E(p). Recall from Theorem (4.8|in Section that all single-qubit
states admit an equimagical decomposition that naturally extends to all tensor products
of single-qubit states. In that case ||c/)|| = Z(p) for all j, so that we can give the worst-

case runtime as O(E(p)).

The runtime scaling of @(8~3) holds provided that the sparsification error &g is not
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smaller than the critical threshold &, = 8(C — 1)/||c||?, where C is defined in equation
(5.49). However, the algorithm is still valid for the case of arbitrary precision, ds < . In
this case we recover the same leading order scaling as Bravyi et al., namely O(5%) [3],
but typically with a prefactor improved by several orders of magnitude (see Figure [5.1).
A detailed technical analysis is provided in Appendix [E.2] including explicit proof of the

following theorem, which captures the results discussed above.

Theorem 5.9. Let p = ijj}l//j><wj’ be an n-qubit state where every pure state
has a known stabiliser decomposition }l//j>:Zrc£j)|¢,). For every ‘l[/j>, let
Ci =l ol [ (wlon) 2 Let E=Y;pjfel)
1)/cD|3}. Then for any pgi > 0, and 8 > 24D there exists a classical algorithm

2 and let D = max{(C; —

that, with success probability (1 — pg), samples a bit-string X of length w with proba-
bility Py (X) such that:
|Psim — Pl < 8 +0(87), (5.105)

where P(x) = Tr(Ilkp), and Tl = |x)(x| @ 1,,—,, is a projector. The algorithm returns x

with random runtime T where the average runtime is
E(T) = O(w'n’E8 " log(w/ prai))- (5.106)

If the decomposition of p is optimal with respect to the definition (4.2)), then the expected
runtime is O(E(p)). Moreover, if the state decomposition is equimagical, then the right
side of (5.100) also bounds the worst-case runtime.

If arbitrary precision 6 < 24D is required, this can be achieved at the cost of an

increased runtime:
E(T) = OWrnPE(6 3 +3D6 *)log(w/pai) )- (5.107)

Finally we note that the method can be adapted to classically estimate Born rule
probabilities. In this case, rather than drawing a single sparsified state |Q)(Q|/ (Q|Q)
from the ensemble and computing a chain of conditional probabilities, we generate a
large number of sparsifications |Q), compute [|TT|€2)]|>/|||Q) ||, and take the mean, using
the Hoeffding bound [128]] to determine the number of samples needed to achieve given

precision. For technical details see Appendix [E.3] This procedure outputs an estimate 1
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satisfying
In —Tr[TIp]| < 3epn Tr{IIp] + 8 + O(5?) (5.108)

with probability (1 — p) in average runtime

E(t) = 0(3n3sm§6310g (1%) > : (5.109)

Note that the error in the estimate includes both a multiplicative error contribution due
to fast norm estimation, and an additive error contribution arising from sparsification and
Hoeffding sampling. While the linear scaling with E suggests the method might perform
better than quasiprobability methods, whose performance scales with the square of the
associated monotone, the scaling with & is worse for the present method, so care must be
taken in choosing the optimal strategy. We discuss this further in Section of Chapter
6

5.3 Algorithms for magic-generating channels

In this section we present classical simulation algorithms for non-stabiliser circuits,
where the runtime is quantified by an associated channel magic monotone, so that the
simulators always deal efficiently with completely stabiliser-preserving circuit elements.
In all simulators considered here, we assume a circuit composed from a sequence of chan-
nels {&1,&,,...,&} acting on an initial stabiliser state, which without loss of generality
we take to be |0"). The circuit ends with some final state p = £....0& 0 &1 (]0") (07]),
and we simulate measurements performed on this final system state. We typically assume
that each channel acts non-trivially on a bounded number of qubits (e.g. 2 or 3). This
setting allows the (inefficient) classical simulation of universal quantum circuits with-
out the need for cumbersome gadgetisation. Our algorithms are not restricted to discrete
gate sets such as Clifford + T, and therefore admit more direct simulation of arbitrary

non-Clifford gates, leading to reduced overhead in many cases.

We first introduce a class of simulators we call static simulators, as they make use
of precomputed, and therefore static, quasiprobability distributions for each element of
the circuit. Our first static simulator works by sampling a trajectory of CPTP maps in
SP, , from a quasiprobability decomposition of a non-stabiliser circuit, and its runtime

is directly related to the channel robustness of each circuit element. The constrained
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path channel simulator, dyadic channel simulator and stabiliser rank simulator for noisy
rotations that follow have performance quantified by one of our measures of magic for
channels, and employ related channel decompositions. In contrast, the class of simulation
algorithms we call dynamic channel simulators recompute magic state decompositions at
each step in the circuit, leading to subtle trade-offs in the runtime complexities. For
example, the dynamic simulator associated with magic capacity (w.r.t. robustness of
magic) can reduce sample complexity compared to the static channel simulator associated
with channel robustness, at the cost of increased runtime per sample.

We will make repeated use of the stabiliser-Kraus subroutines described earlier (Sec-
tion[5.T)), which guarantee that simulation of circuits built from few-qubit stabiliser chan-
nels is efficient, as well as helping to reduce overhead for the simulation of non-stabiliser
operations. For example, we will show that our quasiprobability simulators always per-
form at least as well as the Oak Ridge algorithm [45]] in terms of sample complexity, and
give examples of specific cases where we obtain a speedup. For most of the simulators
we discuss, the precise variant of the stabiliser-Kraus subroutine used is unimportant;
we simply assume that we have access to a procedure STABILISERKRAUS defined as

follows.

Definition 5.10 (Generic stabiliser-Kraus function). Let £(-) = ¥; K ]()KJT be a com-
pletely stabiliser-preserving CPTP map, specified by a simulable channel decomposition
IL, where the j-th element represents the Kraus operator K. Then let STABILISERKRAUS
be a procedure that takes as input a representation of a stabiliser state |§), and a chan-
nel decomposition 1L and probabilistically outputs a representation of an updated pure

stabiliser state,

|¢") < STABILISERKRAUS(|¢),LL), (5.110)

such that with probability p; = HK]|(]))H2 the updated state is chosen to be |¢') =
Kj|9) /\/Pj. The update is completed in poly(n) time.

5.3.1 Static channel simulator

Here we present the static channel simulator. This can be viewed as a generalisation of the
Oak Ridge simulator [45] (Section [2.5.1)), differing in two important ways; firstly in the
set of operations treated as “free”, and secondly in the way sampling over free operations

is performed. Whereas the Oak Ridge algorithm employed the Cliffords and Pauli-reset
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channels (CPR) as free operations, in our simulator we optimise channel decompositions
with respect to SP,,, ,,,, so that all stabiliser channels are represented non-negatively. This
includes CPR as a strict subset. While the Oak Ridge simulator sampled over a discrete
set of operations where each was itself a CPTP stabiliser channel, we first sample ei-
ther the positive or negative path of the decomposition, before using the stabiliser-Kraus

subroutine from Section |5.1{to sample individual Kraus operators.

We assume that each circuit element £; in the circuit decomposition £ = & Mo, .0

acts non-trivially on at most m qubits, and is decomposed,
D = (1+ppe —pie?, where &),V €SP, and CPTP.  (5.111)

We quantify the negativity of the decomposition by defining Q; = 1+2p;. Recall that the
channel robustness R, (Definition is the optimal value of Q;, that is, R, (& (j)) =
minQ;. The runtime to precompute decompositions is bounded since we restrict £ () to
be m-qubit circuit elements. We then assume that a description of each Séfl) is provided
to the main simulator as a list IL.((){ i, in one of the formats described in Section One

can define a composite quasiprobability distribution,

ac= [T (t+p;) TT (=p)). (5.112)

J:kj=0 Jikj=1

where k € IF% 1s a vector representing a choice of either 5(§J ) or g](f ) at each circuit element

&;. We can renormalise this to obtain a product probability distribution.

=[] () I (py) (5.113)
Jjikj=0 Q; k=1 Qj

Hence we can write the density operator for the final state of the circuit as follows,
E(190)(90l) = QY i (|90){dol) (5.114)
k

where each & = SIELL) 0...0 5,511) gives a trajectory of SP,, ,, channels through the circuit,
Ak = sign(gk), and Q = H]T:1 Q;. As usual, we give pseudocode for the static channel

simulator (Algorithm [12)), before arguing for its validity and analysing runtime. The
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Algorithm 12 Static channel simulator

Input: Circuit description {E M @ g }, where each £() has a known decom-

position with ¢;-norm Q; as per equations (5.111]), and each stabiliser sub-channel
Séﬁ) € SP,, m 1s specified by a simulable channel decomposition ]L((){ %; stabiliser ob-
servable E; initial stabiliser state |¢); number of samples M.
Output: Estimate E for expectation value (E) = Tr[EE(|o))].
1: Set £« 0and Q + [T, Q;
2: fori=1toM do
3: Sample vector k according to the distribution {px}.
Prepare representation of initial state |¢y).
for j=1toT do
|¢;) — STABILISERKRAUS(|¢;_1) ,L,(Cj))
end for
E; « sign(qk)Q (97 |E|¢r)
9: E< E+E;
10: end for
11: return E « E /M

A

expectation value (E) at the end of the circuit is given by

Tr(EE(|90)(90])] = QY Pk Tr[EE (|90} (o] )]. (5.115)
K

This decomposition yields a quasi-probability distribution with £;-norm
lalh =Y Al =) Ipkle =] 2 (5.116)
k k j

where q is a 27 -element vector with entries gx. By sampling a vector k in step [3| we
randomly choose a stabiliser-preserving trajectory through the circuit. Crucially, (5.113)
gives a product distribution, so this first sampling step is efficient. If we could effi-
ciently compute the mean value (E), = AxQTr[E&(|do){@o|)] for any given stabiliser
sub-channel, we would have an unbiased estimator for (E) = Tr[EE(|@o){@o|)]. The vari-
ance is increased by Q > 1, but by the standard arguments [45, 103} |124]any fixed addi-
tive error € > 0 in the estimate could be achieved with high probability by repeating the
sampling procedure M = O(e2||q||?) times. However, computing each (E), exactly
cannot always be done efficiently in the depth of the circuit, since if each channel 515,] )

has Nk Kraus operators, then (without further knowledge of its structure), the Kraus de-

composition of the trajectory £ has NI terms. So even when Nk is bounded, the time to
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compute all contributions (E), would be exponential in 7.

Instead, the simulator tracks the evolution of a probabilistically updated pure sta-
biliser state through the sampled trajectory &. In each iteration of step [6] the algo-
rithm selects the channel decomposition ]L,(Cj ) for either the positive (k; = 0) or nega-
tive (k; = 1) part of the decomposition of non-stabiliser channel £ (/). This is passed to
the STABILISERKRAUS subroutine, which then probabilistically selects a Kraus operator
with which to update the stabiliser state. Because ]L,(Cj ) represents a CPTP completely
stabiliser-preserving map, it in effect has ¢1-norm 1, so the internal sampling carried out
by STABILISERKRAUS does not increase the variance, and the sample complexity of the
simulator depends only on Q =[];Q;. The end result is that by combining the outer
quasiprobability sampling routine, with the inner sampling routine, we have an unbiased
estimator for (E). To generate a single sample, there are T calls to STABILISERKRAUS.
Since we stipulate that each £ () acts non-trivially on no more than m qubits, the number

of Kraus operators is bounded, so each call to STABILISERKRAUS completes in poly(n)

time. Therefore to generate M samples the total runtime 7 is

T=M-T-poly(n) = EHCIII%ln( 2 ﬂ T - poly(n), (5.117)

Prfail

where M is chosen to achieve additive error € with probability at least 1 — pg,jj, using a
Hoeffding inequality in the usual way [124, |128]]. Recalling that ||¢||? = H]T:1 Q;, and
that R.(€ (J )) optimises Q;, we see that when we have access to optimal decompositions
for each circuit element £() the runtime is quantified by the channel robustness. Our

arguments above lead to the following result.

Theorem 5.11 (Static channel simulator). Suppose & is an n-qubit non-stabiliser circuit
that can be decomposed as a sequence of circuit elements, £ = € Mo ... 0&W), where
each EY) acts non-trivially on at most m qubits, so that the channel robustness can be
computed. Then for any stabiliser state |@o) and stabiliser observable E, and parameters
0, prail > 0, there is a classical algorithm that outputs an estimate E for the expectation

value (E) = Tr[EE(|o)(o|)] in time:

T= Eln(p;ﬂ -T-poly(n)-ﬁ[R*(E(j))]z, (5.118)

Jj=1
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where the estimate satisfies:

‘E— <E>‘ <e (5.119)

with probability at least 1 — pg,;1.

To compare our runtime with that of the Oak Ridge simulator [45], recall that their

algorithm has cost function

Repr(€) = min {[[plli: ) pjA; =€}, (5.120)
J

so that simulating a given circuit element £(/) contributes a factor Rcpr (& (j))z to the
runtime. Since CPR C SP,, ,, it must be the case that R, < Rcpr, potentially leading to
lower simulation sample complexity if there exist channels with R, < Rcpr. We now
give a toy example demonstrating a significant advantage to our simulator. Consider the
single-qubit CPTP map £y defined by a Z-measurement followed by a Hadamard gate
conditioned on the “-1” outcome. This has Kraus representation K; = [0)(0|, K, =
|—){(1]. This is clearly a completely stabiliser-preserving map, so has channel robustness
R.«(Ex) = 1. For a single qubit, CPR consists of the 24 Clifford gates, and 6 Pauli-reset
channels. We find that Rcpr(Em) = 2. Since Ay € SPy 1, this confirms that CPR is a
strict subset of the completely stabiliser-preserving channels, and indicates that Rcpr
is not a monotone under stabiliser operations. We also note that the calculated value is
larger than the robustness of magic for any single-qubit state, despite Ay being a stabiliser
operation. For a circuit containing 7 uses of the channel Ay, the samples required for a
CPR simulator would be proportional to RCPR(EH)ZT = 4T Whereas, for our simulator
R (AH)ZT = 1, so simulation of this circuit element is efficient.

While the above example is quite artificial, a reduction in sample complexity is also
achieved for channels where Rcpr(E) > R« (£) > 1. Given a circuit with L non-stabiliser
elements £) | the sample complexity for the CPR simulator would be proportional to
H]L Repr(EW))2. Since R.(EV)) < Repr(EW) for any channel, the sample complexity
for our simulator will never be greater. While our simulator sometimes incurs a modest
increase in the runtime per sample, this must be weighed against a reduction in runtime by
a factor exponential in the number of circuit elements where R..(£()) < Repr(E)). The
obvious next question is whether there are any natural non-trivial examples where this

happens. In Chapter [6] we will show that gate sequences subject to amplitude-damping
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noise provide one such case.

Finding optimal CPR decompositions is only tractable for one- and two-qubit cir-
cuit elements, as the three-qubit case already involves a linear program with nearly 93
million variables [45]]. For general channels, our simulator suffers from a similar prob-
lem, as three-qubit channel decompositions are optimised over six-qubit stabiliser states.
However, the problem can be greatly simplified for diagonal channels (Section 4.4)), and
remains tractable for five-qubit operations. This allows our algorithm to take advantage
of the submultiplicativity of channel robustness. When R(£®") < R(E)", it is advanta-
geous to decompose the composite channel £#", provided the linear program is tractable.

In Chapter [6] we consider this strategy for sequences of single-qubit Z-rotations.

5.3.2 Static constrained path channel simulator

We have seen that the gRoM A (p) for states lower bounds the additive error sustained
by a fast but noisy simulator (Section [5.2.1), which admits stabiliser circuits with magic
state inputs. We now show how this constrained path simulator can be extended to admit
magic channels, so that the performance is quantified by generalised channel robust-
ness A;. Recall that for a channel £, this quantity is the minimum A > 1 such that £ =
AEL — (A —1)E_, where £, is a CPTP, completely stabiliser-preserving map, whereas
can be non-stabiliser. Equivalently, in the Choi state picture, A} (£) =minA : &¢ < Ao,
where o is a normalised stabiliser state such that Tr4[c] = 1,/2". We showed in Section
that given two channels £ and &,, if feasible solutions for the above optimisation
problem are given by ®¢, < 4,07 and $¢, < 1,0, then a feasible solution for the com-
posed channel £ = &, 0 &) is given by ®¢ < A1 4,0’ for some stabiliser state 6’ satisfying
Trs[o'] = 1,/2". This can be extended to a sequence of circuit elements of length T.
That is, suppose we are given a circuit & = EW) o...0EM) where for each £U) we have
a known solution ®,; < A;6;, such that 6; = (Sf) ® 1,)(|2n){y]) is the Choi state
for some completely stabiliser-preserving channel SSJ). We called &(rj) the constrained

sub-channel of £U). It follows that there exists a decomposition:

E=2AE —(A—1)E (5.121)

T
where A =[]4, & =&"o. .0el. (5.122)
=1
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Algorithm 13 Constrained path channel simulator

Input: Simulable constrained path decomposition D = {(A;, L)) ,T:1 for a circuit &;
initial stabiliser state o; stabiliser observable E; number of samples M; parameters
¢, prait > 0. R

Output: Estimate E and error bound A, s.t. |[E —Tr(E|@o)(¢o|)| < A with probability

1 — prail.
10 A« erzl 7Lj
2: 8« cA
3: D« {L(j ) ]T':1 > Extract sequence of stabiliser channels.
4: Eg < STABILISERCIRCUIT(A 0, E, 8, pail)-
5: Emax < min{l,Ec+8+A1 —1}
6: Emin < max{—1,Ec—06—A+1}
7. if EIlax — Enin < 2 then
8: E < (Emax + Emin) /2
9: A+ (ErRalX —Enin)/2
10: return £, A
11: else
12: return “FAIL”
13: end if

We can use this to extend the constrained path simulator for magic states to non-stabiliser
channels. We say that the circuit £ = E7 o... & has a simulable constrained path decom-
position DD if there is a feasible solution for each &£ (i ), such that the constrained stabiliser
sub-channel &(rj) has a simulable decomposition IL.; as per Definition The simula-
ble constrained path decomposition can be specified as a list of coefficients paired with
channel decompositions, D = {(4;,1L;) ,T:p As usual, a simulable decomposition can
always be found when each circuit element acts on a small bounded number of qubits.
Pseudocode is given in Algorithm [I3] In principle the initial state can be a magic state
as in Algorithm [6] but for brevity we assume that the initial state is a stabiliser state.
As in the original constrained path simulator, the runtime is dominated by the procedure
STABILISERCIRCUIT in step 4. This subroutine uses the techniques of Section to
simulate the evolution of the stabiliser state o through the stabiliser circuit D, outputting
an additive error estimate for the mean value of the observable E with high probability.
Since D' comprises a sequence of T simulable decompositions of stabiliser channels, this
subroutine completes in time T =T - 2%2 log (lﬁ) -poly(n).

Once again, the algorithm is efficient with respect to system size, and it is the error
bound A that increases with magic. The analysis of the error bound is identical to that

summarised in Table [5.1] for the constrained path simulator, except that here the vari-
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able A is the product of A; for the composed channels (step , rather than arising from
decomposition of the initial state. In the case where we are able to find an optimal de-
composition for each circuit element, then A = erzl A (EW), so that the accuracy of
the estimator is governed by the generalised channel robustness. As mentioned in Sec-
tion where we defined A, late in the preparation of this thesis we became aware
of complementary work on the generalisation of channel robustness by Saxena and Gour
[159]. They also propose a constrained path channel simulator which differs in some
details. In particular, we note that their algorithm may have wider application than the

one presented here, as it allows precision to be improved at the cost of greater runtime.

5.3.3 Static dyadic channel simulator

The channel robustness monotone associated with the static channel simulator [/1]] intro-
duced in Section@is closely related to RoM, so that the static simulator can be seen as
the counterpart in the channel picture to the RoM simulator for magic states [[103] (Sec-
tion 2.3). By extending the frame to include non-Hermitian stabiliser dyads, the dyadic
frame simulator of Section was able to achieve the same simulation tasks as the
RoM simulator with significantly reduced runtime [2]], since by Theorem we have
R(p®™)/A(p®™) > 27" for some Yy > 0 any single-qubit magic state p. We can improve
on the static channel simulator in an analogous manner by expanding the set of free op-
erations from the completely stabiliser-preserving channels SP, , to the dyadic stabiliser
channels DSP,, ,, introduced in the previous chapter (see Deﬁnitionin Section .
In practice, this strategy may be limited by the fact that it is not clear that computing the
dyadic channel negativity exactly is tractable. Nevertheless, we showed in Section 4.2.5]
that it is at least practical to optimise over the projective dyadic stabiliser channels PDSP,
a subset of DSP, for the single-qubit case. Thus by supplementing CPTP stabiliser chan-
nels with single-qubit PDSP maps, there is potential to reduce simulation costs for some
channels.

We must first make a further extension to the stabiliser-Kraus subroutine (Algorithm
[I4). We assume that the description of the dyadic map is provided analogously to the
simulable channel decompositions we have discussed previously, except that instead of a
single list of Kraus operators, the map is represented by a pair (L, R), where L specifies
the Kraus operators that act on the left and R describes those that act on the right. The

entries of each list have the format (¢t;,U;,I1;, k), where 2hil2y ;I1; is the polar decom-
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position of a stabiliser Kraus operator (see Section[5.T), and «; is a complex coefficient.

We call (IL,R) a simulable decomposition if the list has at most poly(n) entries. As in

Algorithm 14 Dyadic stabiliser channel update subroutine

(L,R), representing a map in

Input: Initial stabiliser dyad o = | ){@r|;

DSP,, ,, where L is of length Nk and has entries ((x](.L),U J(L),HE.L),hE.L)) representing
(L)
polar-decomposed stabiliser Kraus operators aj(.L)Kj(-L) = ocj(-L)Zhi / ZUJ(L)HE-L), and
similarly for R.
Output: Updated dyad 6’ = |¢]) (¢z|.
1: function DYADICMAPUPDATE(G, (L, R))

2: for j < 1 to Nx do
(L) (R)
Pj p(hj"+h; )/2|]aj(.L)oc(.R)H§.L)GH§R)T||1

3: i

4: end for

5. P 1-YM P

6: Sample s from {0, ..., Nk} with probability P

7: if s = 0 then

8: o +0

9: else 0 R
10 o' [0f) (0] =2+ 2P ol uin® g, ge IV U
11: end if
12: return ¢’

13: end function

Section {.2.5] the transition probabilities in step [3|can be evaluated by computing norms

for each side of the dyad separately,
L L R L) (R L R
o af P ort ") = logP ey | fou)| - 0w . (s.123)

This is done in polynomial time using standard stabiliser techniques. Meanwhile the
phase-sensitive state update in step [[0] can be carried out efficiently using the CH-
simulator (Section b [3]. The argument to check that the computed values {P, ]rvio
form a proper probability distribution is virtually identical to that given in the proof of
Theorem We can define real-valued vectors QX), where X = L or X = R, with
: (X) _ ~h™ /21| o X)) : o
entries Oy’ =2 o, 'II;" " |¢x)||. Then, by virtue of the definition of complete
dyadic stabiliser channels (Definition {.23] in Section [4.2.5)), it is always the case that

2
ervil 2h§X) Ocr(X)ng) |ox ) H = 1. Then by the same chain of reasoning as in equations
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(5.35) to (5.37), we have that HQ(X) H =1 and,

Nk
B <o Jo <.
r=1

Then since Py =1 — Z]rvi | P- by definition, {P, zrv *, 1s a valid probability distribution.
We next modify the static channel simulator of Ref. [1]] to admit decompositions
over dyadic channels. Suppose we have a circuit £ =& (M o...£W. For the static channel
simulator, we split the quasiprobability decomposition for each circuit element £ @) into a
positive and negative part, each of which constituted a CPTP stabiliser channel (equation
(5.1T1))). Here the coefficients in the decomposition are complex, so there may be more

than two complete dyadic stabiliser channels in the decomposition,

eV =Y BT where T cDSP,,, BY=|BY. (5.125)
k

Recall that the dyadic channel negativity A,(£®) is the minimal ¢;-norm |||, over
all valid decompositions (Definition 4.24)). We present the pseudocode in Algorithm
This algorithm yields an unbiased estimator for (E). Since the proof repeats arguments
made for previous simulators, and involves some lengthy algebra, we omit it here, giving
full technical details in Appendix [F| The performance of the simulator can be stated in

the following theorem, proved in the appendix.

Theorem 5.12 (Dyadic channel simulator). Suppose an n-qubit non-stabiliser circuit £
has decomposition £ = EM o, o 5(1), where each circuit element EY) has a known
decomposition into simulable dyadic stabiliser channels as per Definition with 01 -
norm B\"). Then for any initial stabiliser state |¢©)(¢(0)|, stabiliser observable E and
any constants €, pg > 0, an estimate E for the mean value (E) = Tr [E E(1¢0) o \)]

can be computed in time

2 2 T
7="In T -poly(n) - TTiB"?, 5.126
sin( 2 )7 poty(n) [ T8 (5,126

such that with probability at least 1 — pg,j, we obtain ’E\ —(E )) < &. When the decompo-

sition for each & ) is optimal with respect to the dyadic channel negativity, the runtime

is O(n, [A*(é’(’))]2>.
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Algorithm 15 Static dyadic channel simulator

Input: Circuit description {£(1). £ .. £}, where each £) has known decompo-
sition with ¢;-norm B®") as per equation (5.125), with each dyadic stabiliser sub-
channel 7;((j ) e DSP is specified by simulable decomposition (]L,(f),R,(f)); stabiliser
observable E; initial stabiliser state 6(©) = |¢(©))(¢(9)]; number of samples M.

Output: Estimate E for expectation value (E) = Tr [E E(|¢ D)9 |)] :

1: SetE < 0,0« 0,B+« [[",BY. > Initialise phase angle 6.
2: for j=1toM do

3 Prepare representation of initial state o0,

4 forr=1toT do

5. Sample k, with probability |B."| /B().

6 0 <+ 0 +arg Bk(:) > Update phase angle.
7 6") < DYADICMAPUPDATE (o), (L,(C:),R,(;)))

8 if 6) =0 then > Terminate trajectory if “zero” selected.
9: o) 0
10: break
11: end if
12: end for _
13: E;«+ Re{Be’6 Tr [E G(T)] } > Computed with CH-simulator.
14: E — E —+ E j
15: end for

16: return E < E /M

5.3.4 Sampling simulator for non-stabiliser channels

We next sketch how the mixed-state stabiliser rank simulation techniques developed in
Section [5.2.3] can be extended to simulate noisy unital channels, such as non-Clifford
gates subject to dephasing or depolarising noise. Since the bit-string simulator for magic
states was described in detail in Section [5.2.3] and Appendix [E.2] we do not give full
pseudocode. Instead, we modify the sparsification method to deal with this simulation
setting, and then outline how the simulator proceeds.

Suppose that the system is initialised with a stabiliser state |@y), and the circuit com-
prises T’ channels £ = E7) 0 £V o 0 £, 50 that the final state is p = £(|¢o)(@o)).

We assume that for each circuit element £(") we have a known decomposition:
£n = Zpt,juz,ja U j() = Ul‘-,j('>UtTj’ (5.127)
J

where each U, ; is a non-Clifford gate, with known sum-over-Clifford decomposition

U:.j = Yk ct.jkVs,jx for Clifford gates V; ; . We will assume that that the Clifford decom-
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position of U; ; is optimal with respect to unitary extent, so that &(U; ;) = || j||3, where

¢;,j is a vector with elements ¢; ; ;. Then the final state of the circuit can be written as an

ensemble over pure states, p = }; pj |w;)(y;|, where j is a vector of indices j;, such that

Pj = PT,jrPT—1,jr_, ---P1,j, and
Vi) = UrjyUr 1, - Ui j 190) - (5.128)

In effect, the noisy circuit £ is decomposed as a probabilistic mixture of ideal non-
Clifford unitary circuits. In turn, using the Clifford decomposition of each U, j,, we can
Vi) = Yk Cjx |Pk), where
\0) = VT jrir---Vijik |90), and ¢jx = €T jy kp - -C1,jy k- By Theorem each pure

state |l[/J><l//J‘ can be approximated up to O(Js) error in the trace-norm by an ensemble

express each pure state as a superposition of stabiliser states,

p; of random states [Q)(Q2| / (Q|Q), subject to the caveats on the size of dg explained in
Section[5.2.3.1] The random vectors |Q) are defined by

M
Cill1 Cjk
”;4” Z |@y), where Pr{]a)a) :cj,k\¢k>/\cj7k|} = ik
a=1

Q) = 16Kl
el

(5.129)

Here ¢ is the vector with elements c¢jk, and M = [4]|¢j||3/8s]. But each coefficient fac-

torises as ¢jk = C7,j, ky - - - C1,j, k;» SO We can factorise each £;-norm as

T

lejlh = Y lei| = X
K

kT,...,k] 1=

T
=[IVew). (5.130)
t=1

| CZJI 7kI
1

Moreover, the probability distribution used to sample the sparsified vectors |Q) is a prod-

uct distribution,

. T »
Pr{0u) — ey [9w) /lcix ]} — |'|C;j’ﬁl _ M‘Wk‘) 5.3
t= 5]

We can then approximate the final state of the circuit p by an ensemble p’ defined

N ) 121€
P —JZpJpJ, pj—gPr(Qle) Q) (5.132)

satisfying ||[p — p’[1 < 85+ O(6¢). Here Pr(Q|y;) is the probability of obtaining |€)

from the SPARSIFY subroutine given target pure state ‘l//J> We simulate sampling a bit
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string from the output distribution of the circuit as follows.
1. Sample a unitary non-Clifford trajectory j from the product distribution.
2. Randomly compute a sparsified, unnormalised state vector |Q).

3. Use repeated calls to FASTNORM to sample one bit at a time as per Section [5.2.3]

and Appendix [E.2]

The rest of the analysis closely follows that for the mixed-state stabiliser rank simulator,
so that given an n-qubit circuit, to sample a bit string of length w with failure probability

at most pg,, the average runtime E(7) is given by

E(t) = O(w*n*E(8 ) log(w/prait)) (5.133)
_ T

where =Y pilejli =Y p[]&(U)0)- (5.134)
J J =1

G

But {p;} is a product distribution, and factorising each p; yields £ = [T, Z,, where
E = Y P, €Ut j,). So o represents the multiplicative cost factor for simulating each
non-stabiliser channel £() in the sequence. This simulation technique depends on the
existence and computability of decompositions £ =y jPt.jUs j. Clearly such decom-
positions do not exist for non-unital channels, for example. However in Chapter [0] we
show that computing optimal decompositions is practical for sequences of single-qubit

rotations subject to commonly used unital noise models. For such optimal decomposi-

tions, &, is equal to the channel extent defined in Sectionm

5.3.5 Dynamic channel simulator

We now introduce a class of algorithmss we call dynamic simulators. In contrast to
the static channel simulator, where all decompositions are assumed to have been pre-
computed, dynamic simulators compute convex optimisations on-the-fly for few-qubit
subsystems as the algorithm steps through the circuit. The additional overhead required
to solve these intermediate optimisations can sometimes be traded with runtime savings
elsewhere. We illustrate this idea with a simulator related to the magic capacity with
respect to RoM, Cr. Consider the setting where we have an n-qubit circuit where each
non-stabiliser circuit element acts on at most m qubits, where m < n. Suppose we par-

tition the circuit into an m-qubit subsystem A on which a channel £ acts non-trivially,
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and subsystem B containing the other n —m qubits. Naively it is not tractable to update
the quantum state using matrix multiplication, since qubits in A could be entangled with
those B. So, without prior knowledge of the entanglement structure, we have to apply
the channel to the whole n-qubit system, which takes time exponential in n. To overcome
this difficulty, we use the fact that any bipartite stabiliser state is always local Clifford-
equivalent to some number 0 < b < m of independent Bell pairs, tensor product with a
separable state [S7]], where m is the number of qubits in the smaller partition. Given an
m-qubit circuit element, an n-qubit initial stabiliser state can always be efficiently ma-
nipulated so that the state update can be computed on a subsystem of at most 2m qubits.
After computing a decomposition for the new 2m-qubit magic state, we can sample a new
pure stabiliser state and move to the next circuit element. In Section [6.1] of Chapter [6]
we will show that there exist few-qubit channels £ such that C (£) < R.(&). For such
channels, and for any stabiliser state p, the robustness of the output state £(p) will al-
ways be less than the ¢;-norm of the decomposition of £ into stabiliser-preserving CPTP
channels. Our dynamic simulator takes advantage of this.

We will shortly present pseudocode, but first make several definitions. First, let
Q = {(gr,9r)}» denote a stabiliser decomposition of a magic state p = Y., g, |9 ){9x|.
Then, let |Q||; denote the ¢1-norm ||q||; for the vector of coefficients g,. Let OPTIMISE
be a function that takes as input a density matrix p and outputs an optimal stabiliser

decomposition Q and its corresponding norm ||Q||;,

(Q,]|Ql|1) = oPTIMISE(p), where | Q|1 =R(p). (5.135)

Then let QUASISAMPLE be a function that randomly selects a pure stabiliser |y) from Q

with the appropriate weighting, as well as tracking the sign:

. |61r|

(lw),A) < QUASISAMPLE(Q) where Pr(|y/><—\¢,))_”QHl,

% = sign(q,)
(5.136)

Fattal et al. showed in Ref. [57] that any bipartite stabiliser state |¢)A|B

can always
be transformed by local Clifford gates VA ® 128 and 14 ® W2 into b independent Bell
pairs, entangled across the partition A|B. If the partition A comprises m qubits, then b
can be at most m. It follows that given a tripartite state |¢>AB €, we can always find some

Clifford local to subsystem BC such that subsystem AB is disentangled from C, i.e. there
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exists a Clifford gate 14 @ UBC such that,

Since the unitary acts as the identity on subsystem A, it commutes with any channel of
the form £4 ® 15€. So, applying the Clifford U, followed by the channel £4 ® 15¢ and

finally applying the inverse U is equivalent to applying the channel alone,
(1A QU)o (EA 2 18C) 0 (14 @ UBC) = £4  15€. (5.138)

We can take advantage of this to apply the non-stabiliser channel to the disentangled 2m-
qubit tensor factor instead of the full n-qubit state. We can then decompose the updated
state and sample a new pure stabiliser state from the quasiprobability distribution, before

re-entangling with the global system.

We need to be able to appropriately partition the system prior to applying this dis-
entangling Clifford. We specify each subsystem S by n-bit string s, where a; = 1 if the
k-th qubit is in A, and a; = 0 otherwise. Suppose a enumerates the m qubits on which the
channel £ acts non-trivially. Let B be the subsystem containing the first m qubits not in A,
and let b(a) be the string describing this subsystem. Then let 0 = (1,..., 1) be the string
where every entry is 1, and let c(a) = a® b(a) @ o, so that c(a) specifies the remaining
n—2m qubits. The results of Fattal et al. [57] show that an appropriate Clifford can be
found in poly(n) time. Define DISENTANGLE to be the classical procedure that performs
this task, taking as input the stabiliser state ](])}AB ¢ and vectors specifying the choice of
partition a, b, ¢ and returning the disentangling Clifford and the the tensor factors of the
disentangled state,
>AB

0"\, UPC) « DISENTANGLE(|9)*5C a,b, ¢). (5.139)

(|o'

In Algorithm [I6] we present pseudocode for the dynamic channel simulator. As
for the static channel simulator, we represent a sampled trajectory through the circuit
by a vector Kk, such that the output of the true quantum circuit would be p = ) j gk Ok.
The major difference is that gx cannot be decomposed as a product distribution, as the

quasiprobabilities for each intermediate decomposition will depend on the stabiliser state
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Algorithm 16 Dynamic channel simulator

Input: Circuit description {5 W e@ . & (T)} where each £) acts non-trivially on

a partition comprising at most m qubits, specified by a binary vector al/) ; stabiliser
observable E; 1r/1\1t1a1 stabiliser state |@); number of samples M.
Output: Estimate E for expectation value (E) = Tr[EE(|do)(¢o])]-

1: Set E + 0.

2: fori=1toM do

3: Prepare representation of initial state |@).

4: 0«1 > This variable tracks the sign and overhead due to sampling
5: for j=1toT do

6: a,b,c«— al) bal)) c(al)). > Specify qubit partitions
7: ( \¢J’._1>AB, | j’/_l)C,UBC) — DISENTANGLE(|¢j_1>ABC,a,b,C).

8: Compute 8, (EV @ 1,,)(|9_;)(@)_, ")

9: (@, Q1) < opTimMISE(p))
10: (100", 2;) + QUASISAMPLE(Q))
1: L J>ABC (Ln@UC) |91 @ |97 )€ > Undo the Clifford gate
12: Q<—Q><HQJ|]1><7L

13: end for

140 Ei < Q(¢r|E[9r)
15: E« E+E

16: end for

17: return E < E /M

sampled in the previous step. Consider the j-th circuit element. After step [/| of the
algorithm, we have some randomly selected stabiliser state Ok; 1> where k;_ labels the
trajectory prior to the j-th channel £ (/). We do not assume k j 1s a binary vector; instead
its elements label the pure stabiliser states sampled in each step. After steps [§ and [0 we
have a magic state px, | = (5;‘ ® 156 (0k,_, ), up to a Clifford rotation on subsystem BC.

This state is decomposed as,
P, , = (&} @15 (ox, qu Ok, - (5.140)

We need to take care here which trajectories are included in the summation. The initial
state that is input to the channel is fixed by the vector k;_;. So by by summing over
the final index k;, we sum over all j-step trajectories k; = (k;_1,k;) consistent with the
previous (j— 1)-step trajectory labelled by k;_;. Let [|Qx; ,[[1 = Xy, ‘qkj’ be the /-
norm for the computed decomposition of pk; ,. We assume that each circuit element

acts on sufficiently few qubits that computing the optimal decomposition is tractable, so
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that [|Qx; ,[[1 = R(px;_,). Then in steps[I0]and[12] we sample a stabiliser state ok; with
probability |gk;|/[|Qx;_, |1, and the variable O picks up a factor commensurate with norm

|Qx;_, ||+ and the sign of the sampled element.

Now, compare this with the true evolution of the quantum circuit. The final state of

system prior to measurement may be expressed

p=ETocT Vo oW(|go)d0l), (5.141)

where for clarity we omit the the tensor product and partition notation (i.e. & () is
shorthand for £U) ]lBC ). Using the vector notation defined above, we can write
Ok, = |@0){@o|, since all trajectories must start with the specified initial state. Then from
the relation (5.140), we can rewrite the state after the first circuit element as a quasiprob-

ability distribution optimal with respect to robustness of magic, so that.

p= Zle Nl No. 0Pgy,. (5.142)

Note that the decomposition (£() ® 1)(ok,) = Yk, Gk, Ok, is simply a rewriting of the
quantum state after the first channel in the circuit has been applied, it is not an artefact of

our algorithm. Applying this rewrite recursively to all circuit elements,

T
p=Y .Y (J]a)ow = quok, (5.143)

ky kr j=1

where g = (HJT: 1 qkj) and ok = Ok,. Normalising each coefficient gk; with the appro-

priate norm ||Qy,_, [|1 = R(p;_, ), the final state is written,

T

|qx; |
p= ZPkaGk, where  pr =[] ’

T
L o =TTsi VYR(px, ). (5.144
.5 %= sien(an)Ripy,)- 6149

The true mean value for the observable E given final state p can be decomposed:
= ZkakEk, where Ex = TI‘[EGk]. (5145)
k

Unlike the static simulator, the full distribution {py} is never explicitly computed. In-

deed, it is not a product distribution, because each set of quasiprobabilities {qkj}kj and
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the corresponding £;-norm depends on the trajectory k;_; sampled in earlier steps. Nev-
ertheless, on each iteration, the simulator randomly samples an output QxEx with prob-
ability px. These probabilities exactly match the weightings in equation (5.145]), which
was derived from the quantum evolution of the circuit, so the simulator is an unbiased
estimator for the mean value of observable E. The number of samples needed can there-
fore be computed in the usual way based on max{|E;| }. For any trajectory k, the value is
bounded as |QxEx| < |Qk| <L R(px, ,) <L Cr(£"), where Cr is the magic capacity

with respect to RoM. This leads to the following result.

Theorem 5.13 (Dynamic channel simulator). Suppose £ is an n-qubit non-stabiliser cir-
cuit that can be decomposed as a sequence of circuit elements, £ = £ Mo, . oW,
where each ) acts non-trivially on at most m qubits, where m is sufficiently small that
the robustness of magic for a 2m-qubit stabiliser state can be computed in time Tr. Then
for any stabiliser state |y) and stabiliser observable E, and parameters 8, pg > 0,

there exists a classical algorithm that outputs an estimate E for the expectation value

(E) = Tr[EE(|go)(¢ol)] in time

T
T:%In< 2 >-T~(poly(n)+TR)-H[C(E(’))]z, (5.146)
€ Dfail =1

where the estimate satisfies

E— <E>’ < € with probability at least 1 — pgj.

Notice that for every sample, 7" optimisations are performed, as well as T calls to
DISENTANGLE, which has poly(n) runtime. If Cgr(€) = R.(€) then we would simply
not use this method, so that the only optimisations are in the preprocessing. On the other
hand, if [],Cr (& (t )) < [, R«(E (t)) then the dynamic simulator can be faster than the
static simulator; here we have a trade-off of increase in per-sample runtime, versus a
multiplicative reduction in sample complexity. Indeed, the sampling cost is likely to be
the bottleneck for highly non-stabiliser circuits. In Chapter [6| we discuss circuits where
the dynamic simulator may have an advantage.

In theorem [5.13] we require that m is small enough that finding optimal decomposi-
tions for 2m-qubit states takes time 7. Since this time grows super-exponentially with
2m, in practice we need m < 2 in the general case. However, for the case of diagonal chan-
nels, we can again use the results of Sectiond.4Jto increase the number of qubits. Lemma

showed that for diagonal m-qubit channel £ and any 2m-qubit state |¢), there exists
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a stabiliser state |¢’) on only m qubits such that R[(E @ 1)(|¢)o|)] = R[E(|")¢'])].
The proof of the lemma hinged on the stronger result that U |¢) = |¢’) ® |¢”") for some
Clifford operation U that commutes with £ ® 1. Therefore we can use this Clifford in
the same way as that employed in the DISENTANGLE subroutine in Algorithm[5.3.5] For
diagonal channels a modified DISENTANGLE procedure can be used so that the system
can be put in the form \q)}_l}A ® 9] 1)B where subsystem A comprises only m qubits.
This in principle allows the simulator to admit diagonal circuit elements on on up to five

qubits.

5.3.6 Dynamic dyadic channel simulator

Here we show how the dynamic channel simulator of the previous subsection can be
adapted to take advantage of the reduction in ¢;-norm typically obtained by moving to
a dyadic frame. The obvious change is that the optimisation routine used in step [9 of
Algorithm (16| will be over dyads rather than stabiliser projectors, but several other mod-
ifications are needed. First, if the current stabiliser dyad is |L)(R|, the Clifford that dis-
entangles subsystems AB from C in step [7|is typically not the same for |L) as it is for
|R). Therefore we must apply a dyadic Clifford map to the stabiliser dyad, rather than a
unitary Clifford operation. Second, although each circuit element £ (/) is a CPTP map,
the operator it is applied to in step [J] is a stabiliser dyad rather than a density operator.
Therefore the output matrix v; = (§U) @ 1n)(|L)(R|) can be non-Hermitian and non-
positive. This means we need to make use of the extended definition of dyadic negativity

introduced in Section

Let OPTIMISEDYAD be a procedure that finds a complex linear decomposition

over stabiliser dyads for an input operator v, minimising ¢;-norm ||Q||,
(Q,|Q||1) <~ OPTIMISEDYAD(V) s.t. [|Q1 = A(v). (5.147)

Here Q = { (o, |Lx)(Rk|) }x is returned as a list of complex coefficients ¢ and stabiliser
dyads |Ly)(Ry|, such that v =Y, oy |L)(Ry|. Let DYADSAMPLE be a subroutine that takes
as input a distribution over stabiliser dyads QQ, and returns a randomly selected stabiliser

dyad |L;){Ry| and the corresponding phase,

(|L")R'|,0) < DYADSAMPLE(Q), (5.148)
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Algorithm 17 Dynamic dyadic channel simulator

Input: Circuit description {& W e@ . & (T)}, where each £U) acts non-trivially on a
partition comprising at most m qubits, specified by a binary vector al/) ; stabiliser
observable E; initial stabiliser state |¢p); number of samples M.

Output: Estimate E for expectation value (E) = Tr[EE(|¢o))].

1. Set E < O.
2: fori=1toM do

3 Prepare representation of initial dyad |Lo)(Ro| = |¢o){do]-

4 01,00 > Q and ¢ track sampling overhead and phase respectively.
5 fort=1toT do

6: a,b,c—a® pal) ca®). > Specify qubit partitions
7 (IL_ A8 |L" )€, UBC) « DISENTANGLE( |L,_1 )¢ Ja,b,c).

8 (IR_ Y2, [R" )€, VEC) < DISENTANGLE( |R,_1)**¢ a,b,c¢).

9: Compute VA8 « (€0 @1,,)(|L,_ (R _, ")
10: (Q:,]|Q¢[|1) + OPTIMISEDYAD(VAZ))
11 (ILYR|*® , 6;) < DYADSAMPLE(Q,)
12: IL)EC = (1, @ UTBC) |ILVAB o |1 )¢ > Undo left Clifford gate.
13: IR )€ = (1, @ VIBC) RN B @ |R!_ )€ > Undo right Clifford gate.
14: Q<+ O0x|Qfl1, 0« 6+6

15: end for

16 E; + Re{Qe® (R7|E|L7)}
172 E<+ E+E

18: end for

19: return E < E/M

so that |L')(R'| = |Ly)(Ry| with probability |ox|/||Q||1, and then 6 = arg(o:;). We present
pseudocode for the simulator in Algorithm[I7] We make use of the same DISENTANGLE
subroutine and partitioning scheme as Algorithm[16] The proof that the random variable
E;in Algorithm is an unbiased estimator for (E) closely follows that for Algorithm
The key difference is that we express the final state of the quantum circuit as a dyadic

decomposition, rather than in terms of stabiliser projectors (cf. equation (5.144)).

Let k be a vector labelling the full trajectory of stabiliser dyads chosen in the inner
for-loop, and let k; label the trajectory up to and including step ¢. At the beginning of
loop ¢ the current dyad is |th7 . ><Rk[7 . |, up to a Clifford dyadic map that commutes with

0. Applying circuit element ¢ we obtain a non-stabiliser dyad,
Vi, = (€Y@ 1)(|Li_, {Ri_,|) = Y o, |Li, )R, |- (5.149)
ke

Following the same reasoning as in Section [5.3.5] the final state can be expressed p =
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Yk ke’ Ok |Lk, , )(Ry, |, where

T T T
Pk:HA’a—kJa Qk:tl:IlA(Vk,,l), ¢k=l_21¢k,, ¢, = arg(og,).  (5.150)

Again, we note that the above quasiprobability distribution is derived by considering the
evolution of the full quantum state through the circuit, but each coefficient py is precisely
the probability of the simulator selecting the trajectory k, and ¢/®%Qy is the complex
prefactor computed by the algorithm for that trajectory. Therefore the classical simulator
gives an unbiased estimator for the quantum mean value, with each random variable E;

bounded by the product of dyadic magic capacities,

T T
E| < o =TT ) <JTCa€™). (5.151)
t=1 t=1

So, by the standard arguments, the number of samples M required will be O ([T, Cx(£®)?).

We therefore have the following theorem.

Theorem 5.14 (Dynamic dyadic channel simulator). Suppose £ is an n-qubit non-
stabiliser circuit that can be decomposed as a sequence of circuit elements, £ = £ 7)o
...0EW where each EV) acts non-trivially on at most m qubits, where m is small enough
that the dyadic negativity for a 2m-qubit stabiliser state can be computed in time Ty.
Then for any stabiliser state |@g), stabiliser observable E, and parameters 8, pgyy > 0,

there exists a classical algorithm that outputs an estimate E for the expectation value

(E) =Tr[EE(|@0)(@o])] in time:

T
T %“1(;92 ) T (poly(n) +7a) - TTICA (€, (5.152)
fail

t=1

~

E— <E>‘ < € with probability at least 1 — pyj.

where the estimate satisfies

Since the dyadic negativity is typically significantly smaller than the robustness of
magic, for many circuits the dyadic variant of the dynamic channel simulator may offer
a significant reduction in sample complexity. As for the dynamic channel simulator of
Section [5.3.5] the restriction to few-qubit operations can be partially reduced for diago-
nal channels by the addition of a subroutine to find a commuting Clifford gate that can

disentangle each part of the stabiliser dyad. However, we should note that the optimi-
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sation time for dyadic negativity, T5, can be significantly larger than that for robustness
of magic, T, as the number of qubits increases. Therefore the improvement in sample
complexity must be weighed against the increased time to optimise decompositions for

each sample in deciding which simulator to use for a given circuit.

5.4 Summary and conclusions

In this chapter we introduced a suite of classical simulators for magic states and opera-
tions, each of which is associated with one of the magic monotones defined in Chapter
Ml We first introduced a triplet of simulators for stabiliser circuits with magic state in-
puts, corresponding to the three magic state monotones discussed in section 4.1 This
completes the strand of work establishing the connection between quasiprobability and
stabiliser rank methods, as we have shown that one can construct simulators of both types
where the performance is quantified by magic monotones which coincide for important
classes of states, namely pure states and tensor products of single-qubit states. Our sta-
biliser rank simulator allows bit-string sampling from circuits with noisy magic state
inputs, with runtime comparable to pure state stabiliser rank simulators. Indeed, we have
shown improved scaling with respect to precision compared to the BBCCGH sparsifica-
tion technique [3]]. Meanwhile our dyadic frame simulator enables observable estimation

with runtime significantly reduced compared to prior qubit quasiprobability simulators.

Next we introduced the family of static simulators which make the conceptual move
from decompositions of states to decompositions of channels, and have performance that
scales with some channel monotone. While this move introduces some technical com-
plications, it has the potential to yield faster simulation of certain circuits, as we can
avoid overhead associated with gadgetisation. Moreover, it opens up the possibility of
simulating non-stabiliser noise channels, such as amplitude damping, in a more efficient

manner.

In the last part of the chapter we introduced the class of dynamic channel simulators.
The sandwich theorems proven in section [4.3.4] of the previous chapter established that
magic capacity monotones C ¢ lower bound their associated decomposition-based mono-
tones M. Although the two types of channel monotone can coincide in some cases, in
Chapter [l we give examples where there is a gap. Our dynamic simulators exploit this

gap to reduce the number of samples needed to achieve a given precision, trading off
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against the need to solve linear programs on-the-fly. A detailed analysis of this trade-off
is left for future work.

Thus far we have focused on establishing the validity of our classical simulators,
and their relationship to well-behaved magic monotones. The performance of our algo-
rithms in practice will depend on the computed monotone value for the particular circuit
decomposition to be simulated. In the next chapter we illustrate how the monotones can

be employed in more realistic settings.



Chapter 6

Resource costs for elements of quantum

circuits

In this final research chapter we investigate simulation overhead for practically relevant
scenarios by numerically or analytically evaluating the magic monotones introduced ear-
lier, or bounding their value when direct computation is not practical. We hope that the
illustrative examples we provide in this chapter suggest regimes in which the algorithms
presented in Chapter[5|may be useful, and point the way toward finer-grained circuit anal-
yses, and indeed practical classical simulations, that could be carried out in future work.
It is beyond the scope of this thesis to conduct a review of the literature on quantum al-
gorithms. Instead we briefly review some basic principles of quantum simulation [10]], in
order to motivate our consideration of particular types of operation in this chapter.

The starting point for any quantum simulation using qubits is to fix how the physical
system of interest is to be represented. Systems of spins can be directly identified with
qubit systems, and their Hamiltonians are naturally expressed as a sum of Pauli terms.
However, many important problems in materials science and quantum chemistry are con-
cerned with systems of electrons [11, [166]. For electronic systems it is vital to ensure
that the encoding respects the correct fermionic statistics. The standard approach is to

work in the second quantised picture, and a typical electronic Hamiltonian has the form

1 i
H= Zhw-ajaj + 5 Z hi7j7k71ajajakal, (61)
] i,j.k,l

where a} (aj) is the creation (annihilation) operator for the j-th fermionic mode, and

h;,j and h; ; i ; are coefficients. The Jordan-Wigner [[167, [168|], Bravyi-Kitaev [169] and
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other [170H172] encodings provide a mapping from fermionic to qubit operators while
preserving all fermionic anticommutation relations. In this way the second quantised

Hamiltonian can be re-expressed as a sum of Pauli terms.

Having fixed a representation, a key task is to simulate time evolution under the
Hamiltonian, U (1) = exp(—iHt) for some time . However, the problem of synthesising
an n-qubit unitary operator using a standard library of gates is a non-trivial task, and
cannot be done efficiently for arbitrary H (recall Section [I.4). One approach is to ap-
proximate the time evolution using a Trotter-Suzuki decomposition [[39}173-177]]. For a
Hamiltonian written as a sum of k-local Pauli terms H =} ¥ hjHj, the evolution for the
full time 7 is written as a product of short time-steps, A, U(r) = (exp(—iHAt))"/*". One

can then use the first-order Trotter formula [[168]],
U(At) = []exp[—iH;At] + O((Ar)?), (6.2)
J

so that for small Az, the first term is a good approximation for U (At). Then by repeat-

ing the sequence ¢/At we can recover an approximation for the longer time evolution,
. t/At

U(t) ~ ([1;exp|—iH,Ar]) /

proximation, but the greater the number of few-qubit gates exp(—iH jAt) that must be

. The shorter the time-step Af¢, the more accurate the ap-

implemented. More sophisticated techniques have been proposed to reduce the number
of gates, such as the use of higher-order Trotter product formulae [[175}|176] or random
compilation [165, 178]]. The long sequences of small-angle Pauli rotations needed for
this type of algorithm motivates our study of these gates later in the chapter. However,
for such schemes, each logical gate must be executed with extremely high fidelity, as oth-
erwise errors will accumulate and overwhelm the intended computation. High accuracy
digital quantum simulation of the type described above therefore falls within the domain
of error-corrected, fault-tolerant quantum computation, and remains out of reach for the

present.

Recently, approaches better suited to NISQ devices have been proposed, including
classical-quantum hybrid algorithms such as the variational quantum eigensolver (VQE)
[78], illustrated in Figure The method is based on the variational principle that
the energy expectation value for any state |y) can be no smaller than that of the ground

state of the Hamiltonian |Ey), (y|H|y) > (Eo|H|Ey) = Ep. A quantum subroutine is
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Figure 6.1: (a) Variational quantum eigensolver. A quantum subroutine is embedded in a clas-
sical optimisation loop. The quantum circuit is parameterised by a set of angles
{61,..., 6y} which specify an ansatz state, and a set of Pauli observables to be mea-
sured. A classical control computer attempts to minimise H(6,...,6y) =Y php (P),
by varying the parameters {6,...,6y} sent to the quantum processor based on the
statistics obtained from each iteration. (b) Illustration of a hardware-efficient lay-
out. Layers of hardware-native entangling gates Ugnt are interleaved with layers
comprising single-qubit gates U (6; ;). The entangling layers remain fixed, while the
single-qubit layers are parameterised by a set of vectors {0,...,0,}.

parameterised by a vector of classical parameters 0, so that the circuit prepares an ansatz
state |@). The average energy (H) is estimated by measuring each term in the Pauli
decomposition H. This quantum subroutine is nested in a classical optimisation loop,
which iteratively sends updated @ to the quantum processor using a standard method
such as gradient descent.

The ansatz circuit can either be physically motivated [11, 78, |179], or based on a
hardware-efficient construction drawn from the gates that can be easily implemented on
a given quantum device [180]. In the former case, a time evolution operation can be
Trotterised, but with far fewer gates than would be needed for conventional quantum
simulation [[11} [179]. Meanwhile, a typical strategy in hardware-efficient schemes is
to interleave layers of fixed entangling gates and parameterised single-qubit gates [180]
(Figure [6.1b), chosen from a hardware-native gate set. In contrast to conventional dig-
ital quantum simulation, VQE circuits are designed to have low depth, and there is no

restriction to small-angle rotations. It has been argued that VQE is robust against certain
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types of noise [11,|181}/182], and techniques have been developed for further mitigating

against errors [49, 79, |181]], making it attractive for implementation on NISQ hardware.

In this chapter, the question we are interested in is how far quantum subroutines of
the types described above can themselves be classically simulated using stabiliser tech-
niques. This is relevant both for the verification and benchmarking of prototype devices,
and as an indicator of how large circuits must be to exceed the reach of classical simu-
lation. In addition to long sequences of small-angle rotations motivated by Trotter meth-
ods, and shorter sequences of larger angle noisy rotations motivated by VQE, we will
also consider multi-qubit controlled phase gates, which may be useful in more efficient
synthesis of universal circuits beyond the Clifford + T library [183]]. Code to compute
the numerical results presented in this chapter was written in MATLAB [184], using the
package CVX [132] to solve convex optimisation problems, and has been made available
at the public repository Ref. [[185]]. We also made use of MATLAB code written by Toby
Cubitt, for permuting subsystems and generating Haar-random unitaries [186]]. We first
consider resource costs for estimating observables using our robustness-based channel
simulators (Section [6.1]), comparing our methods with the Oak Ridge algorithm [45]. We
will then show how certain types of noisy gate can be decomposed for use with the bit-
string sampling simulator introduced in Section [5.3.4] Finally in Section [5.3.4] we look
at the cost of observable estimation using the dyadic frame simulator and compare this

with the sparsification method over a range of parameters.

6.1 Robustness-based channel simulators

6.1.1 Single-qubit rotations with amplitude damping

Consider a sequence of noisy operations, where a noise channel &,, acts between each

unitary gate {{;, and where p is a parameter denoting the error rate,

E=E&,0Upo...0E ollho&,ol. (6.3)

This could, for example, model a layer of parameterised single-qubit rotations in a VQE
circuit (Figure [6.1b). Below, we compute the simulation cost for a single step in such a
computation, comprising a single-qubit rotation and an amplitude-damping channel. We

compute the cost with respect to our static and dynamic channel simulators (Algorithms
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Figure 6.2: Comparison of C(£), R. () and Repr(E), where & is a single-qubit X -rotation 2/(6)
composed with an amplitude damping channel &, for noise p = 0.1. We consider
both possible orderings: noise after unitary (£, oU(0)), and noise before unitary
(U(0) o &y). Figure adapted from our article Ref. [1]]

and[16). Recall that the worst-case overhead factors for these algorithms are given by
the square of the channel robustness £, and magic capacity C respectively. Since the static
simulator generalises the Oak Ridge simulator[45]] (see Section [2.5.1)), we compare with
the analogous cost function for that algorithm, Rcpr. We note that amplitude-damping
noise is not stabiliser-preserving, so in general can increase the robustness. This is in
contrast to dephasing and depolarising noise, which we will study in Section [6.2] and

which tend to reduce overhead in our simulators.

In modelling the effect of noise for intermediate steps in the sequence (6.3)), we
have a choice of ordering. We can take the circuit elements to be either £, 0l orUdjo .

These choices are equivalent in the sense that
(Epollp)o(Epoly)o &y =Epo(Upo&p)o(UioE)p), (6.4)

but could lead to different sample complexity when &, and U{; do not commute. We
studied circuit elements made up of a single-qubit Pauli X-rotation U(6) = exp(iX6)
composed with an amplitude damping channel £, with noise parameter p, defined by
Kraus operators K| = diag(1,1/1—p), K> = /p|0)(1|. We computed the respective cost
functions for a range of values of p and 6. For noise p = 0.1 we see that when the noise
channel follows the gate, there is no difference between the three quantities (Figure[6.2).
However, if the noise channel acts before the unitary, both our monotones show a reduced

value, whereas Rcpr increases. Recall that the reduction in sample complexity for ¢ uses
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Figure 6.3: Normalised channel robustness [R.(U®")]'/" plotted for Z-rotations U(6) =
exp[iZ0] and for n qubits, up to n = 4. Figure reproduced from our article Ref.

[1].

of the channel is given by (R./Rcpr)* .This suggests that for intermediate-sized circuits
using this noise model, the better strategy with respect to sample complexity would be
to choose the ordering ¢/(0) o &,, and either our static or dynamic channel simulator
in preference to the Oak Ridge simulator (with the caveat that the dynamic simulator

requires additional per-sample runtime to compute intermediate decompositions).

6.1.2 Reduced overhead from submultiplicativity

We define normalised channel robustness for single-qubit gates U, defined as
[R«(U ®”)]1/ " This allows us to quantify the per-gate savings in sample complexity
that can be achieved by grouping single-qubit rotations in n-qubit blocks. In Figure
m we present results for qubit Z-rotations U = exp[iZ6], up to four qubits. We find
that strict submultiplicativity is observed for all values of 6, with significant reductions
between the n = 2 and n = 4 cases for a wide range of angles. For the static channel
simulator there are therefore large performance improvements to be gained by blocking
together gates acting on different qubits in order to obtain an optimal decomposition for

the composite channel.

6.1.3 Multi-qubit controlled-phase gates

Recall from the sandwich theorem for RoM-based monotones (Theorem [4.30) that
R(®Pg) < Cr(€) < R«(€) for any channel £. We found numerically that for all
amplitude-damped Pauli rotations studied, Cr (£) = R.(E) up to solver precision, and
in the absence of noise we had full equality R(®g) = Cr(€) = R«(E). Theorem [4.30)

also states that all measures are equal for gates from the third level of the Clifford hi-
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Figure 6.4: Comparison of quantities for multicontrol phase gates (see equation . Left:
Multicontrol-Z gates (t=0). Middle: Multicontrol-S gates (t=1). Right: Multicontrol-
T gates (t=2). Figure reproduced from our article Ref. [1].

erarchy. Under what conditions does this equality persist for more general multi-qubit
operations? In the most general case, our monotones can only be computed for two-qubit
channels, since optimising over all six-qubit stabiliser Choi states is intractable. How-
ever, we showed in Section .4 that R and C can be evaluated for diagonal channels on

up to five qubits. As a special case we consider multicontrol phase gates of the form,
M, , = diag(exp(in/2'),1,...,1), t€Z (6.5)

where n denotes the number of qubits. The family includes familiar gates such as CZ

(t=0,n=2),CCZ (t =0, n=3), multicontrol-S (t = 1) and -T (¢t =2).

We find that the inequalities are tight for the n = 2 and n = 3 cases, but that this does
not persist for larger system sizes (Figure[6.4). The = 0 case (the family of multicontrol-
Z gates) turns out to be a special case (Figure [6.4] left panel). Here we find equality for
all three quantities up to n = 4. For the t = 0, n = 5 case, R(q)Mo,s) = Cr(Mos) holds,
but R. (M0,5) is strictly greater than both. Note also that for + = 0, all three quantities

increase with each increment in 7.

The families of gates with ¢+ > 0 follow a pattern qualitatively similar to each other.
The results for the £ = 1 (multicontrol-S) and ¢ = 2 (multicontrol-T") cases are shown in
the middle and right panels of Figure [6.4, For n =4, r > 0, the same situation holds
as forn =5, =0, as we find R(®Py,,) = Cr(Mi4) < R«(M;4). Atn =35, all three
quantities separate. In contrast with the multicontrol-Z, we see that R(CIDM,,H) decreases
as we go from four to five qubits, while Cr (M, ,) levels off. We see similar behaviour

for all non-zero values of ¢ investigated numerically. Our current techniques limit us to
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Linear subspace Number of qubits, n
dimension, k 2 3 4 5
1 1.414 | 1.414 | 1.414 | 1414
2 1.849 | 1.849 | 1.849 | 1.849
3 - 2.195 | 2.195 | 2.195
4 - - 2.264 | 2.264
5 - - - 2.195

Table 6.1: Final robustness after multicontrol-T gate applied to input stabiliser states |£) with
k=dim(L). In each column, the maximum robustness (i.e. the capacity) is highlighted
red.

five-qubit gates, but we conjecture that the capacity will remain level for n > 5. This is a

special case of the following conjecture.

Conjecture 6.1. For any fixed t, the maximum increase in robustness of magic for M; ,
is achieved at some finite number of qubits n = K by acting on the state ’—l—K > Therefore

Cr(Myn) =R (M x| +5)) foralln > K.

This conjecture is partially justified by Observation from Chapter [ which
stated that for stabiliser states defined by the linear subspace £ with dimension k < n, we
have R(M; , |£)) = R(M, x|+*)). Consider the maximisation over initial stabiliser states
performed to calculate the capacity C. In Section 4.4, we showed that for the family of
gates M, ,, we only need to calculate robustness for one representative initial stabiliser
state for each possible dimension of linear subspace; that is, for M;, we only need to
compute the final robustness for n initial states. In Table we present the relevant
values for the family of multicontrol-7 gates (r+ = 2) and make two observations. First,
notice that in each row of Table[6.1](i.e. for fixed k = dim(L)), the RoM is constant with
n. Indeed, this is a generic feature of the M; , gates as formalised by Observation
Second, in the last column of Table we see that R(M; ,|L)) increases with k for
k <4, but at k = 5 the value drops. With a little thought we can see that this is necessarily
the case if R(Py, ;) < Cr (M, s); we saw earlier that for diagonal gates U the Choi state
robustness is equal to R(U |+")), and |+") is a representative state for the k = n case.

Our current techniques limit us to five-qubit operations, so we are unable to con-
firm numerically whether R(M; , |£)) continues to decrease with increasing dim(£). An
intuition for why a decrease is plausible goes as follows. A stabiliser state |£) with
dim(£) = k will have 2 equally weighted terms when written in the computational basis,

so will have a normalisation factor of 27%/2. The non-stabiliser state M; » |L) is identical
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Figure 6.5: Channel robustness against robustness of Choi state for random n-qubit diagonal
gates, up to n = 4. Black line indicates R, = R(P). Each red dot represents the
data point for an individual gate. Fewer points were calculated for larger n due to the
increased time to calculate each value. 1000 data points were calculated for n = 2,
300 for n = 3, and 60 for n = 4. Reproduced from our article Ref. [1].

to |£) apart from the phase on the all-zero term |0...0). As k becomes large, the ampli-
im/2!

tude of the term % 0...0) becomes very small, so that M; , |£) has increasingly large

overlap with the stabiliser state |£). We would therefore expect M, , |L) to have a small

robustness if k is large. In summary, for few-qubit gates, control by additional qubits

tends to increase the magic capacity. For example, CZ is a Clifford gate but CCZ is not.

In contrast, our conjecture suggests that for gates controlled on many qubits, this effect

vanishes.

6.1.4 Random diagonal unitary operations

Next we compute channel monotone values for diagonal gates U = ¥, e% |x) (x|, with
0, chosen uniformly at random. We are particularly interested in understanding when
R(Pg) < C(€) < R«(E) is tight or loose. In Figure we compare the Choi state
robustness with the channel robustness. For every 2-qubit gate tested we observed that
R(Pg) = R« (E) up to numerical precision. For 3- and 4-qubit gates we typically saw
that R(Pg) < R.(E), though the gap is not often large. While the difference is slight for
a single gate, these quantities influence the rate of exponential scaling when considering
N uses of the gate, and lead to a large gap for modest N.

We compared the RoM of the Choi state with the magic capacity but do not plot this
data as it was equal up to solver precision for every random instance we observed. This is
curious since there exist diagonal gates U for which R(®Py) < Cz(U). While such gates
exist, our random sampling does not tend to provide examples. We can explain this by

a concentration effect. By Observation [4.35| for an n-qubit stabiliser state |KC) specified
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by affine space K of dimension k, and for any diagonal U, there exists a k-qubit state
|w) such that R(U |[K)) = R(y). The n-qubit random diagonal gates concentrate (with
high probability) within a narrow range of values for the magic capacity, close to the
maximum possible magic capacity for an n-qubit diagonal gate. Recall that for diagonal
gates, R(Py) = R(U|+")). If R(Py) < Cr(U) then by Theorem we must have
that C(U) = R(U |K)K|UT) for some affine space K of non-maximal dimension k < 7,
since up to phases, |[+") is the unique stabiliser state with affine dimension n. However,
U |K)K|UT is Clifford equivalent to some k-qubit state U’|¢’), where U’ is diagonal,
|¢') is a stabiliser state, and k < n. Then R(U |K)/C|U") would be upper bounded by
the maximum Cg (€) for k-qubit diagonal unitary operations. But if Cx (&) is close to
the maximum possible for n-qubit diagonal unitary operations, then it is strictly larger
than the maximum magic capacity for k-qubit diagonal gates, so it is impossible for

U | )| UT to achieve the magic capacity.

6.2 Channel decompositions for bit-string sampling

The stabiliser channel extent . for unital channels, defined in Section4.2.3]as

(x]

(&) =min{}_p;&(U)):E=Y pUtj}, where U;(-)=U;(-)U]. (6.6)
J J

is not a true channel monotone, as it is not defined for non-unital channels. Nevertheless
in Section we showed that when such decompositions exist, they can be employed
in a classical algorithm which simulates sampling from the output distribution of a quan-
tum circuit. For a sequence of channels € = £ o...0 W), the average runtime of this
simulator scales with [T, Z.(& (t )) in the optimal case. Since the optimisation is over all
possible decompositions, and there are an infinite number of unitary operations, comput-
ing the channel extent exactly is not tractable in the general case. However, we can upper
bound the quantity by optimising over a finite set of unitary operations. The following

observation will also be useful.

Lemma 6.2 (Lower bound for channel extent). Suppose € can be written as a convex
mixture of unitary channels. Then the channel extent is lower bounded by the dyadic

channel negativity, E,(E) > A«(E).

Proof. Suppose an optimal decomposition of £ is written & =} ; pjU;, so that it has
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channel extent E.(€) =Y p;&(U;). For each U; there exists an optimal (with respect

to unitary extent) decomposition U; = Y ; c;«V;r where V;; are Clifford gates, so that

Yilcjxl = /& (Uj). Then we can rewrite the decomposition of the channel as:
* ki
E= ijUj(')U; = Z pjcj,kcj,mVLk(')Vj,m’ (6.7)
j j7k7m

This now has the form of a complex linear combination of dyadic Clifford maps

Vi)V

i m> With £1-norm equal to

Z ‘ijchCj,ml = ij;}cj7k|2}cj,m} = ZPJ‘S(U/') =E.(E). (6.8)
J m J

Jokm

But recall that the dyadic Clifford maps are a subset of the stabiliser dyadic chan-

nels {7;}, which form the vertices for the dyadic channel negativity problem,
Av(&) =min{|la : ¥;a;T; =€} (see Definitions and in Section
4.2.5). Therefore E,(E) > A (E). O

Since the dyadic channel negativity is lower bounded by the dyadic negativity of the
Choi state, A(P¢) (Section 4.2.5)), this immediately leads to the following.

Theorem 6.3 (Sandwich theorem for channel extent and dyadic channel negativity). Sup-
pose & is a channel where a decomposition £ =Y ; p jU; exists for unitary operations U;.

Then,
A(@g) S AL(E) S E.(E) <Y pi&(U)), 6.9)
J

where each unitary operator has optimal decompositionUj =Yy ¢; iV If L p i&(U;j) =

A(Dg) then the decomposition is optimal, and
A(@g) = Au(€) =E.(€) = }_p;E(U)), (6.10)
J
Moreover, when this holds, the dyadic Clifford decomposition

Jrk,m

is optimal with respect to dyadic channel negativity.

It is also always the case that E,(€) > E(®P¢ ), where E is the density-operator extent,
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since the optimisation on the RHS is over a strictly larger set (all pure states) than the LHS
(restricted to unitary operations). It is not clear whether these quantities are always equal.
Nevertheless if we have some subset of channels & where, for each £ € S, we can find
an optimal (w.r.t. density-operator extent) decomposition ®¢ =} ; p; |w;)(w;| such that
each |y;) satisfies two conditions: (i) |y;) corresponds to a unitary U; and (ii) unitary
extent is equal to the pure-state extent of the Choi state, &(U;) = &(|U;)); then we can
deploy arguments simular to those used for magic states [2]] in Section [.1]to assist with
the channel problem. We will show that this strategy is successful for single-qubit Pauli
rotations subject to dephasing noise. Subsequently we use heuristic techniques to obtain

decompositions for rotations subject to depolarising noise.

6.2.1 Decompositions for dephased single-qubit Z-rotations

Consider the channel £ = &, 0lUy, where Uy (-) = Uy (-)U;,

the dephasing channel, £, = (1 —p)1+ pZ. Here 1 is the identity map, and Z(-) = Z(-)Z.

for Uy = exp[—i¢Z] and &, is

Then the composed channel is written:

E=(1—pUs+pZolls = (1— p)Up+ Uy 72 (6.12)

where we used the fact that Z = iUy ,. We could simulate the dephased gate operation
using the algorithm of Section [5.3.4] with the same overhead as for the ideal gate, simply
by sampling either Uy or Uy, 5 /> With probabilities (1 — p) and p respectively. However,
we would like to reduce the overhead by finding an optimal decomposition for the noisy
channel. Single-qubit diagonal CPTP maps have a one-to-one mapping with single-qubit
states in the equatorial plane of the Bloch sphere, via the relation ®7 = T (|4 )(+|). For

our channel we have

De = (1= p)Uy ([+){+]) + pUyy 72 (|+)(+]) (6.13)
= (1=p) | W XWs| + P |Woir/2)(Wpi/2] (6.14)
where
U= [ _Lfr e 6.15
(W) = a|+>—ﬁ i | |‘l’a><‘lfa|—§ pia . . (6.15)
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So
Pe = % 2i 1 2i 2 (1Pl pe e (6.16)
(1—p)e?d 4 pe2i(0+m/2) 1
Consider the following ansatz for a decomposition of the Choi state,
D¢ =q|Wo)(Wol+(1—q) |Wrja—0)(Wnjaol- (6.17)

where 0 < g < 1. We can assume without loss of generality that when ®¢ is a magic
state and p > 0, both ¢ and 6 are in the range (0,7/8), as all other cases are equivalent
up to Clifford rotations. This decomposition is equimagical since |Wp) and |Yyz/4_g)
are Clifford-equivalent. We will show it is optimal with respect to channel extent. The
argument will be similar to that used for density-operator extent [2] (Section @.1.4)), but
the geometry here is somewhat simpler since we only need consider the equatorial plane.
Any pure state |yy) in the equatorial plane is Clifford-equivalent to one in the x-z plane,
via a rotation by 7 /2 about the X-axis,

—iXr
4

in/4

lyp) =e expl } |l//9>:cos<g—9> |0>+sin(g—9)\l>. (6.18)

In BBCCGH [3]], it was shown that states of this form have optimal decomposition
W) = <cos<% — 0) — sin(% — 6)) 0) + \/Esin(g — 9) I+, (6.19)

One can check that H |yy,) = |y Ja- o) S0 they have the same extent, and the optimal de-
composition for |y Ja— o) is simply the expression (6.19) with |4-) and |0) interchanged.
So for both states the extent is

Etv0) = 0wmsa-0) = (cos (B ) - v2- l)sin(§>)2. 620

Recall from Section that an optimal witness |®’) must be tight against each term
in the optimal decomposition, so if |(@'|ye)|* = & (we), then |(@'|0)| = |(@'|+)| = 1.
We have assumed that 0 < 6 < 7 /8, so both coefficients in equation (6.19) are positive.

It follows that (@'|0) = (®’[+). Then since the optimal decomposition for |y, / 1) 18
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the same but with |0) and |+) permuted, |@’) must also be an optimal decomposition
for that state. Rotating back to the equatorial plane, |Wp) and |y /4_g) must share an
optimal witness |®). Recall from Lemma that since ®¢ is in the convex hull of
two states that share the same optimal @-witness, it follows that E(®g) = (0|Pg|@) =
& (yy). Therefore the ansatz is optimal with respect to density-operator extent. But since
E(De) < E,(E), it follows that the corresponding decomposition of the map £ is optimal

for channel extent.

It remains to determine the values of g and 6 that equations and (6.16) are

consistent. In the matrix representation, our ansatz can be written

1 1 e—2i9 1+ (1— e—2i(7‘£‘/4—9)
P = 3 . _ 1 (1= (6.21)
qe219 + (1 _ q)eZz(n/4—9) 1
By equating the expression (6.16) with (6.21]), we find
(1 _p)eZi(f) +p82i(¢+ﬂ?/2) — quiQ + (1 . q)e2i(7'£/4—9) (622)
—  (1-2p)e*® = ge*% +i(1—q)e %°, (6.23)

We then solve for g and 6. Then, using straightforward algebra and trigonometric iden-

tities, one finds that the equation has a unique solution in the range 0 < 6 < 7/8,

0(¢,p) = %arcsin[(l —2p)sin(20 + 7 /4)] g (6.24)

We can use the solution above to check the noise level p that negates all magic for the

rotation Uy. The extent goes to 1 when 6(¢, p) = 0. So from equation (6.24),

1 1

P=3—

2 2[sin(2¢)+cos(2¢)] (6:25)

In Figures [6.6b] and [6.6a we plot channel extent for a range of values of ¢ and error
rate p. In Figure |6.7| we compute the ratio E(E, oUy)N /E(Uy)N. This quantifies the
factor reduction in runtime for the bit-string simulator that we obtain by using an optimal

decomposition of the dephased rotation, as compared to the naive decomposition given

in equation (6.12).
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Figure 6.6: (a) Channel extent of dephased Z-rotation &£, oly, as a function of ¢, plotted for
different values of the noise parameter p: p = 0 (blue), p = 0.005 (brown), p =
0.01 (green), p = 0.05 (red), p = 0.1 (purple). (b) Extent for the same channel as a
function of error rate p, plotted for different values of ¢: ¢ = /8 (blue), ¢ = /16
(brown), ¢ = /32 (green), ¢ = 7/64 (red).
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Figure 6.7: Here we plot the ratio &(€, olUy )" /Z(Uy )" against noise parameter p, for N = 100.
That is, we show the ratio of the simulation overhead for N uses of the noisy channel,
to that for N uses of the ideal rotation U,. The ratio is plotted against p for ¢ = /32
(green), ¢ = /16 (brown) and ¢ = /8 (blue).

6.2.2 Decompositions for depolarised single-qubit rotations

We now consider Z-rotations subject to the depolarising channel,

&= (1-pL+2(X+Y+2), (6.26)
where X'(-) = X(-)X for Pauli X, and so on. In this case, the channel £, o Uy is not diag-
onal, so cannot be modelled using single-qubit states as in the previous case. However,
we find that provided Uy is a Pauli rotation, optimal decompositions for the noisy chan-
nel can be obtained numerically using a relatively modest library of unitary operations.

Given any finite set of unitary operations S, the following gives an upper bound for the
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Figure 6.8: Channel extent for depolarised Z-rotations £ = £, oUy, where U = exp(—iZa) for
o€ {n/8,n/16,w/32,7n/64,/128}. The channel extent Z,(&) is plotted against
error rate p, and is found numerically to be equal to the dyadic negativity of the Choi
state, A(Pg), up to solver precision, for all data points shown.

channel extent.

[x]

S(g) = min{ijé(Uj) €= ijuj',uj' € S} > E*(E) (6.27)
J J

We call this quantity the S-extent. By Lemma we then have that for any channel in

the convex hull of S, the stabiliser channel extent £, is bounded by

A(Pg) < E.(€) <

(x]

s(€). (6.28)

Let Sy = Cl, U {U,y}, the set of Clifford operations supplemented by a single noise-
less non-Clifford gate Uy. We compute the quantity Eg, (E€poUy) for Z-rotation Uy and
depolarising noise &, for a range of values of the parameters ¢ and p. We find that in
all instances evaluated, we have Eg, (EpolUy) = A(CI)gpoU¢), up to the precision of the
solver (error of less than 10~ in the computed quantities). We plot this for a range of
parameters in From equation this implies that the computed decompositions
are optimal up to solver precision, and provides evidence that Z. (&) = A () = A(Pg)
when £ is a depolarised rotation about a Pauli axis. We note this alignment between
Z.(&) and the upper bound computed from the set Eg » 1s not obtained for rotations about
non-Pauli axes. For example, for the depolarised THT-gate we find a gap between =

and the upper bound based on the set Cl; U{THT}. One can obtain tighter bounds by
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Figure 6.9: (a) Bounds on channel extent for depolarised THT -gate, £ = £,0 THT, where p de-
notes the error rate. The channel extent is lower bounded by dyadic negativity of the
Choi state A(®g) (Dashed blue line). Upper bounds are computed by searching for
optimal convex mixtures derived from finite sets of unitaries. These are (i) the Clif-
ford gates supplemented by the noiseless gate, Syyr = Cly U{THT} (black x) and
(ii) the union of Sygy, Clifford orbit, and 10000 Haar-random single-qubit unitary
operations (red +). (b) Difference between each upper bound and A(®Pg¢).

optimising over a set of unitary gates generated randomly according to the Haar measure.
In Figure 6.9 we show bounds on channel extent for the depolarised THT state, using (i)
Srur = Cly U{THT}, and (ii) a set of 10000 Haar-random unitaries supplemented by
Sryr and the Clifford orbit of THT. We also computed the bound using the union of
Sra7 and the Clifford orbit, but found this does no better than Syyr alone. In contrast
adding Haar-random unitary operations to the set provides a tighter bound. The final set

has 10168 elements, and the linear program remains easily tractable.

Since the decompositions obtained numerically using Sy are not equimagical, em-
ploying them in the sampling simulator (Section [5.3.4) leads to a random runtime 7.
For a sequence of L depolarised Z-rotations £(*), the mean runtime is proportional to
Hthl (&€ (’)). When drawing a single bit-string, each noisy gate contributes a factor
O(1) to the runtime if a Clifford gate is sampled, or O(&(Uy)) otherwise. One may
prefer to obtain a guarantee of worst-case runtime smaller than O(&(Uy)). To this end,
we propose a heuristic algorithm (Algorithm that searches for (possibly subopti-
mal) equimagical decompositions. The key idea is to construct the Clifford orbit of Z-

rotation Uy, with progressively larger extent & (Uy ), and use standard convex optimisation
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to check whether the target channel £ lies within the convex hull of this orbit.

The variable E; tracks a candidate value for the extent, starting with the dyadic
negativity of the Choi state, and for each value of E;, step [5] computes the parameter
a that specifies a Z-rotation Uy such that &(Uy) = E;. The formula used in this step
is straightforwardly derived from the analysis of extent given by Bravyi et al. [3]. For
completeness we give the derivation in Appendix [E.4] The following step computes the
Clifford orbit O, of this gate. Since the unitary extent is Clifford-invariant, every element
of Oy has the same extent. In step[7] the quantity Q is in effect the robustness with respect
to O;. When this evaluates to 1, it means that the target channel is within the convex hull
of the elements of O;. This step can be formulated as a linear program where the polytope
conv(Qy;) has at most 242 = 576 vertices, so can be computed relatively quickly, and it
is practical to choose A to be fairly small. Clearly one could optimise the algorithm by
adaptively changing the interval size close to Q = 1. If in the final iteration one has
0 =1and oy < ¢, then the algorithm will have found a possibly suboptimal equimagical
decomposition with Y; p; k& (Vi) = E(|Uq,)) = Er < E(Uy).

We call the quantity Eg (&) output from Algorithmthe equimagical extent bound.
In practice, we find that the technique is successful in finding equimagical decomposi-
tions that are close to optimal. In Figure[6.10awe plot channel extent and the equimagical
bound against the error rate p for noisy 7-gates. We find that the discrepancy between the

heuristic bound and the channel extent is small (~ 10~3) when the error rate is very low

Algorithm 18 Equimagical decomposition search

Input: Target depolarised Z-rotation £, o Uy, interval A > 0.
Output: Equimagical decomposition of the channel £, comprising elements of some set
O. Computed value of the O-extent, Eg(E).
1: Compute dyadic negativity of the Choi state Ey = A(Dg¢).

2:1t+0,0+2,a<+0. > We need to initialise Q > 1, the precise value is
unimportant.

3: while 9 > 1ANDa < ¢ do

4: E, +— Ey+ At

5: o + arcsin(E; sin(%")) .

6: Compute Clifford orbit Oy = {V;x : Vjx = CiUaCr, C;j,Cr € Cly}

7: Compute Q = min { lall{|XjkqjxVixk=E,Vjk € Oy}, storing optimal distribu-
tion q.

8: t+—t+1

9: end while

10: return O,_{, E; 1, q.
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Figure 6.10: Stabiliser channel extent and equimagical upper bound for depolarised single-qubit
gates. Magic measures plotted against error rate p for (a) 7-gate subject to depolar-
ising noise £, 0 T, and (b) noisy 7 /32-gate, £, oexp(—i(m/32)Z).

(p < 1%) or very high (p > 33%), just before the channel becomes stabiliser-preserving).
For intermediate values of p, the gap between =, and Eg was largest (~ 0.0112) at
p ~ 20%. For small-angle rotations the gap is narrower. Results for depolarised rotations
exp(—i(m/32)Z) are shown in Figure Here the gap is maximised in the range
9% < p < 11%, but only reaches ~ 0.0026. Since the gap is so narrow, the suboptimal
equimagical decompositions produced by Algorithm [I8 may be used in many practical
scenarios with only minor runtime penalties, provided the amount of magic gates is not

very large (for example more than ~ 200 T-gates or ~ 700 7 /32-gates).

6.3 Runtime comparison between dyadic frame and sta-

biliser rank

In Section we briefly discussed the fact that in addition to bit-string sampling,
sparsification of density-operator extent decompositions can be used to estimate stabiliser
observables (see Appendix [E.3| for technical details). Given magic state p, completely
stabiliser-preserving channel £ and stabiliser projector I, then with probability at least
(1 — prair), given optimal decomposition of the state p we can compute an estimate 7 for

Born rule probability Tr[I1E(p)] satisfying,

In —TrIIE(p)]| < e Tr[IIE(p)] + &' + O (7). (6.29)
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This estimate is produced in average runtime

E(tsr) = O(E(p)n3eF§5’3log(p2 )) (6.30)
fail

For the dyadic frame simulator with additive error &, the worst-case runtime is

2
ToE = O (A(pz) 3 1og(i> ) (6.31)
0 Dfail

Now assume that p is a tensor product of single-qubit magic states, so that A(p) = E(p),

and p has an equimagical decomposition, so that the expression (6.30) gives the worst-
case runtime (Theorems [4.8 and [4.15)). At first sight, it appears that the stabiliser rank
simulator would perform better, since it depends only linearly on the monotone value
rather than quadratically. However, the stabiliser rank runtime Tsg has worse scaling
with target precision in the estimate than the dyadic frame runtime Tpr. Despite the
exponential scaling with monotone value, there may be parameter regimes where the

dyadic frame simulator has the advantage.

The optimal choice of algorithm will depend on the fine details of the circuit to be
simulated, and when the runtimes are of the same order of magnitude, constant factors
and lower order terms will play a role. Here we make some simplifying assumptions
to approximately characterise the regimes where one or the other simulator is favoured.
We assume that we have no knowledge of the true value of Tr[IIE(p)], so that it could
take any value between O and 1. Then the bound on the estimate for the stabiliser rank
simulator becomes

In —TrIIE(p)]| < 3epn + 8+ O(87). (6.32)

Splitting the error budget between the two first order contributions, 6 = 3epny + 6, and
optimising the runtime, we find that we should set 8’ = (3/5)8 and egny = (2/15)5. We
can neglect the n* and log (2pf_alll) factors, since these are the same for both algorithms.
Absorbing all constant factors into Kgg, to first order we can express the runtime for
the stabiliser rank algorithm as Tsg = KsrZ(p)8 >. Meanwhile making the same sim-
plifications for the dyadic frame simulator, we obtain runtime Tpg = KDFA(p)ZS 2. We
have assumed that p is a tensor product state, p = ®;f:1 p;j, where each p; is a single

qubit state. Then A(p) = E(p), and we can directly compare the runtimes, up to constant
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Figure 6.11: Runtime comparison for dyadic frame and stabiliser rank methods for initial magic
state p = p;;', plotted against number of state copies ¢ and scaled target precision
0/(Ksr/Kpr) 1/3, Runtime ratio Tpp /Tsr is plotted with logarithmic scale. (a) Com-
parison when each state copy is the T-gate resource state py; = |T)(T|. (b) Compar-
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factors. The ratio of runtimes is

F _ KprA(p)?62 _ Kpr
sk KsrA(p)6—>  Ksg

A(p)&*. (6.33)

To make the discussion more concrete we study some specific cases. Assume
that the system is initialised in the state p = 0 ® p;,, where & is an (n — t)-qubit sta-
biliser state o, and py; are single-qubit magic states. By faithfulness and multiplicativ-
ity of dyadic negativity, we have A(p) = A(p;;’) = A(pm)'. Consider the case where
pu = |T)(T|, the resource state for the T-gate. Here we have A(p) ~ (1.1716). In Fig-
ure [6.1T](a) we plot the runtime ratio for up to up to 300 magic states. The horizontal
axis shows target precision 0, scaled by the ratio of constant factors to the power % We
note that the constant factors for each simulator are of similar size, so we can conser-
vatively estimate that 0.1 < (Ksr /KDF)(I/ 3) < 10. Consequently we can expect that if
we were to compute the runtime exactly, and plot the unscaled error &, the values on
the horizontal axis would be shifted by no more than one order of magnitude in either
direction. Despite the quadratic scaling of the dyadic frame runtime with A, there is a

surprisingly large region where it retains the advantage over the mixed-state stabiliser
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rank simulator. Even for low precision (8 /(Ksr /Kpr)'/>

~ 0.1), the dyadic frame sim-
ulator is favoured for circuits including up to approximately 44 copies of the T state.
For sharper precision, 8 /(Ksr /Kpr)'/> < 0.005, this regime extends to over a hundred
copies. Compare this to the family of circuits where the single-qubit magic states are
Py = | W64 ){ Wi 64|, Where |Wz e4) = cos(m/64) [0) +sin(m/64) [1) (Figure [6.11[b)).

Then the initial state has dyadic negativity A(p) ~ (1.0386)". As we would expect, the

region where the dyadic frame is preferred extends to a significantly greater number of
magic states when the per-state negativity is small; the region reaches hundreds of state
copies for any precision 8 /(Ksg /Kpg)'/? <0.1.

Since the channel extent simulator (Section works on the same principles as
the mixed-state stabiliser rank simulator, it can be adapted in exactly the same way to
estimate Born rule estimation probabilities, with the same runtime scaling as equation
(6.29), except that the density-operator extent E(p) is replaced by the product of the
channel extent for each circuit element, Hthl (& (’)). One can then carry out a similar
comparison with the dyadic channel simulator. We omit a full analysis here, as a sequence
of ¢ Z-rotations exp(—iZo) decomposed individually results in the same numerics as ¢
copies of |y ) = cos(@) |0) +sin(e) |1). We leave more fine-grained analyses of specific

circuit instances for future work.

6.4 Summary and conclusions

We began this chapter by highlighting Pauli axis rotations as an important primitive for
quantum simulation. While long sequences of fault-tolerant logical gates are needed for
conventional quantum simulation methods such as estimation of energy spectra via phase
estimation, recent variational algorithms designed for NISQ-era devices only require low
depth circuits, and errors are mitigated against rather than corrected. The analysis of
noisy rotation gates using our framework is a first step towards classical simulation of

such NISQ-tailored algorithms.

We first evaluated our RoM-based channel monotones for amplitude-damped gates,
showing that our simulators achieve significant speedup over the Oak Ridge simulator
[45]. We computed the same monotones for multi-qubit controlled-phase gates and ran-
dom diagonal gates to investigate the bounds derived analytically in Chapter {] finding

them to be tight in a number of scenarios. We conjectured that for controlled-phase gates
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M , from the family defined in Section [6.1.3] the capacity to generate magic does not
increase indefinitely as the number of qubits n increases. Instead we expect that the ca-
pacity is capped at some finite n, and we provided arguments and numerical evidence for
this claim.

In Section [6.2] we showed how to obtain optimal decompositions analytically for
dephased Pauli rotations, and using heuristic search methods for depolarised gates. We
showed that both cases also yield Clifford dyadic decompositions that are optimal (up to
solver precision) with respect to the dyadic channel negativity. These channel decom-
positions can be used directly in classical simulations. We then compared the runtime
Tsr of the density-operator extent simulator with that of the dyadic frame simulator, Tpp,
for estimation of Born rule probabilities. Despite Tpr having a poorer scaling with the
amount of magic, the dyadic frame is faster at producing high precision estimates if the
number of qubits is not too high. For large numbers of highly magic states, stabiliser
rank simulators retain the advantage. These results can be straightforwardly generalised
to channel simulators.

There are of course myriad reasons for selecting one simulator over another. The
dyadic frame algorithm is limited to additive error estimates, and as such is unsuitable for
bit-string sampling; stabiliser rank methods are better suited to that task. However, the
stabiliser rank simulator for channels (Section [5.3.4) can be used only when each magic
channel is expressible as a convex combination of unitary operations. So if the task is to
estimate an observable for a circuit involving a non-unital noise model, for example, the
dyadic channel or channel robustness simulator must be used. Since computing optimal
dyadic channel decompositions is difficult in the general case, it may be beneficial to hy-
bridise the method with easier to compute channel robustness decompositions. The two
types of decomposition are fully compatible, since the completely stabiliser-preserving
channels are a strict subset of the dyadic stabiliser channels. We anticipate that the tools
and results presented in this chapter for computing the resource value of elementary op-
erations will be useful for developing highly accurate estimates of classical simulation

overhead for specific circuit instances in future work.






Chapter 7

Conclusions

In the first part of this thesis, we set out the prior state-of-the-art in the resource theory
of magic and stabiliser-based classical simulation techniques for n-qubit circuits, and the
connections between the two. Previous classical simulators were largely divided into
those based on sampling from quasiprobability distributions [45] 103, |124]], and those
based on stabiliser rank decompositions of pure states or unitary operations [3, 59, 60].
In the past, some similarities had been noted between the two strands; for example, /-
minimisation is used to compute resource monotones associated with both quasiproba-
bility and stabiliser rank methods [3,|103]. However, beyond these isolated observations,
the two types of simulator were previously treated as unrelated in the literature, and the
connection between them was not understood. The previous literature also lacked com-
prehensive study of the classical simulation of general quantum channels using stabiliser
techniques. Amongst authors on quasiprobability methods, Bennink et al. [45] and Rall
et al. [142] had designed algorithms that would admit general CPTP maps. A natural
expectation for a stabiliser-based simulator of general n-qubit circuits is that it should
be able to efficiently simulate any sequence of few-qubit stabiliser channels, whereas for
each of these algorithms there exist relatively simple stabiliser operations that can only
be simulated inefficiently. Meanwhile, Bravyi et al. [3] introduced powerful sparsifica-
tion techniques for simulating pure magic states and unitary non-Clifford operations with
reduced runtime, but did not show how the simulator could be extended to noisy circuits.

In the main part of the thesis, we presented our novel techniques and results, ad-
dressing the issues described above. In Chapter 4] we made several contributions to the
resource theory of magic, focusing on resource monotones that quantify the performance

of classical algorithms we introduce later in the thesis. We first discussed a new family of
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magic state monotones, elucidating the link between quasiprobability decompositions of
density operators and stabiliser rank decompositions of pure state vectors. In particular
we saw that for pure states, the generalised robustness and dyadic negativity, which are
closely related to quasiprobability simulators, are equal to the stabiliser extent, which
is directly connected to the sparsification technique introduced by Bravyi et al. [3] for
stabiliser rank simulation. The new state monotones are multiplicative for single-qubit
mixed states, and pure states on up to three qubits, making them efficiently computable
for many important cases. In the rest of the chapter we extended the framework to the
channel picture, defining magic monotones for general CPTP multi-qubit maps. These
can broadly be divided into monotones directly based on channel decompositions of var-
ious kinds, and those that measure the maximum increase in magic over all input states.
We studied the relationships between these monotones and presented techniques for eas-

ing their computation in the case of diagonal channels.

We began Chapter [5| by introducing a subroutine for simulation of completely
stabiliser-preserving channels, showing that they are efficiently simulable subject to rea-
sonable constraints on the number of Kraus operators. This had not previously been
proven in the literature, and recent work due to Heimendahl, Heinrich and Gross has
shown that our result is strictly stronger than the Gottesman-Knill theorem [63]]. We then
studied the connection between magic resource theory and classical simulation by de-
veloping a number of algorithms whose performance was measured by the quantifiers of
magic introduced in the previous chapter. We first presented a trio of simulators associ-
ated with the new magic state monotones described in Section These lend practical
significance to the fact that the new monotones are significantly tighter than robustness of
magic; for example our dyadic frame simulator is provably faster than previously known
qubit quasiprobability simulators for product states, by a factor exponential in the num-
ber of magic states. In addition, we modified the sparsification technique introduced by
Bravyi et al. [3]], yielding a signficant reduction in runtime for bit-string simulation, and

extending the method to mixed states.

We then introduced a suite of simulation methods for CPTP maps on qubits. We
divided these into static simulators, based on stabiliser decompositions of channels that
can be precomputed prior to running the simulation proper, and dynamic simulators, as-

sociated with our capacity monotones, where few-qubit magic state decompositions are
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computed on the fly as the algorithm steps through the circuit. The latter can achieve
reduced sample complexity for circuits with many highly non-stabiliser channels, at the
cost of increased runtime per sample. Our channel simulators open the way for classical
simulation of NISQ-era quantum circuits, including noise models, using stabiliser-based
methods, as well as reducing overhead for non-Clifford operations by avoiding gadgeti-

sation.

A key advantage of classical algorithms associated with computable magic mono-
tones is that one can meaningfully estimate classical simulation overhead for a given
circuit, or family of circuits, without having to run the simulation. This has clear prac-
tical benefits since we can separate circuits into those which are tractable or intractable
given particular classical computing resources, and can provide insight into which types
of circuit are suitable candidates for demonstrating quantum advantage. In Chapter [6]
we discussed such estimates for a number of practically important classes of quantum
operation. We showed how to obtain optimal decompositions for Z-rotations subject to
dephasing or depolarising noise, which can be used in simulated sampling scenarios.

We ended the chapter by showing that while performance scaling with monotone
value plays a central role in determining which simulator is the best choice for a given
circuit, other factors such as target precision also come into play. In particular we com-
pared dyadic frame and stabiliser rank techniques for estimating observables for circuits
using many copies of single-qubit magic states. In this setting, the results of Section
imply that the respective monotones quantifying runtime for each simulator take the
same value. The stabiliser rank simulator is preferred for circuits consuming very large
amounts of magic, since it is quadratically faster in the monotone value. However, we
showed that when high-precision estimates are required, there is nevertheless a signif-
icant parameter regime comprising intermediate-sized circuits where the dyadic frame

simulator will have the advantage, due to its more modest error scaling.

7.1 Outlook and future work

The work presented in Chapters [ and [5] leaves open a number of directions for future
investigation. In Section[4.2.3| we introduced the stabiliser channel extent, and explained
that while it is defined only for CPTP maps that can be expressed as a convex mixture of

unitary operations, it nevertheless has practical application, for example, in the simulation
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of unitary gates subject to depolarising or dephasing noise, as studied in Chapter[6] This
type of decomposition is of particular interest, as it can be used to simulate sampling
from the output distribution of a quantum circuit (Section [5.3.4). This is in contrast
to the dyadic channel simulator (Section[5.3.3)), which is only able to estimate Born rule
probabilities up to additive error. It would be useful to extend the definition of the channel
extent to admit decomposition of general CPTP maps. This would allow simulation of
bit-string sampling for circuits involving non-Clifford gates subject to non-unital noise
models such as amplitude-damping, or those involving non-stabiliser measurements with

adaptivity.

Most of the channel monotones we have discussed can be computed exactly for
general few-qubit CPTP maps, along with the associated channel decompositions. The
channel extent is one exception, and the dyadic channel negativity may be tractable only

for single-qubit maps. We showed in Sections [6.2.1] and [6.2.2] that we can compute op-

timal channel extent solutions for depolarised or dephased phase gates, which also yield
optimal dyadic channel decompositions. However, it is not known how to efficiently com-
pute optimal decompositions for more general channels. In Section [4.2.5| we proposed a
method to upper bound the dyadic channel negativity using dyadic projective channels.
It is an open question whether bounds computed in this way are tight, and evaluating
even this bound becomes intractable for two-qubit channels. Methods to compute these
quantities more efficiently would allow classical simulation of a larger class of quantum
circuit. One route to achieving this could be to use symmetry reduction techniques sim-
ilar to those Heinrich and Gross [133] for the case of RoM; such techniques can likely
also be applied for other magic monotones. For example, dyadic negativity for states can
currently only be computed on a standard desktop or laptop for up to three qubits, and the
channel robustness can only be evaluated for two-qubit channels, unless the channel can
be diagonalised by Clifford gates. Due to the submultiplicativity of the magic monotones
considered, the ability to find optimal decompositions for larger numbers of qubits could
reduce simulation overhead, as it would allow gates acting in parallel or in sequence to

be decomposed in a single block.

Ultimately, stabiliser-based classical simulators will find their main application in
the simulation of realistic intermediate-sized circuits. In this thesis, we have focused on

developing the resource-theoretic foundations upon which simulators can be built, leav-



7.1. Outlook and future work 261

ing implementation for future work. During the final stages of the preparation of this the-
sis, several papers have emerged demonstrating how stabiliser-based simulation methods
can be employed in practical settings [[187, |188]], and pointing the way to new directions
of enquiry for improving performance. This research direction opens up the possibility
of simulating error-correction protocols implemented on real-world quantum computing
hardware where noise may look very different to the depolarising or dephasing noise
model often assumed in earlier work. Other sub-circuits important for fault-tolerance in-
clude magic state distillation and injection protocols based on realistic chip layouts [189]
and these are also amenable to simulation using stabiliser methods. For these reasons, we
believe that stabiliser-based simulation techniques will remain relevant beyond the NISQ
era, and further refinement and optimisation of these techniques will be highly beneficial
in extending their reach. We expect that accurate simulations using realistic noise mod-
els will be invaluable in helping to inform design decisions for the fault-tolerant quantum

computing architectures of the future.






Appendix A

Clifford circuits

A.1 Generating the Clifford group

Let (G) be the group generated by the gate set, G = {H,S,CNOT} and let (G,) be the
restriction to n-qubit circuits. We want to show that (G,) = Cl,,, where Cl,, is the n-qubit
Clifford group. It is manifestly clear that G, C Cl,. We now argue that the sets are
equivalent by showing that any U € Cl,, can be decomposed as a sequence of gates from

G. We first prove a simple lemma for the two-qubit case.

Lemma A.1. For any two-qubit Pauli operator with real sign, P® Q € P> 4, (except
P® Q = +1,) there exists V € (Gy) such that V(P® Q)VT = Z® 1. Similarly there
always exists V' € (Gy) such that V'(P@ Q)VT =X ® 1.

Proof. First we consider the case that P # 1 and Q # 1. From equations (1.37)) and (1.38])
we can map HXH = Z and SYST = X, so we can always map P® Q to +Z ® Z. Now we

can apply CNOT from 2 to 1, C;_,1, to obtain £Z ® 1.

Next consider the case when Q = 1. In this case we can simply apply H or S to obtain
+Z® 1. Finally, if P =1, we first map 1 ® Q — £1 ® Z, then apply C;_;; followed by
Cr,ytomap £1R®Z — +Z®Z — +Z® 1. Now note that S> = Z, and HS’H = X, so
that X and Z are themselves in (G;). Then if we have obtained a negative sign on the Z

operator we append X to our sequence of gates to flip the sign,
Xo1)(—Zeo)XTel)=(Zo1)(X’®1)=Zx1. (A.1)

This proves the result for Z&® 1. Then we can simply apply the Hadamard to the first
qubit to obtain X ® 1. O
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Now we prove the general result.

Theorem A.2 (Generating the Clifford group). The Clifford group is generated by G =
{H,S,CNOT}.

Proof. Since the Pauli operators form a complete operator basis, any unitary transfor-
mation is fully specified (up to a phase) by its action on this basis. But from the earlier
discussion, we know that a Clifford update to any Pauli operator is fixed by how the
unitary operation maps each Z; and X; [30]. We can therefore uniquely (up to a phase)

describe any Clifford unitary U € Cl,, by a list of Pauli operators,

Ly :{P17P27"'7PH;Q17Q27'-~;Qn}; (A.2)
where P;=UZU', Q;=UX;U" (A.3)

Note that since unitary operations preserve hermiticity, P;, Q; cannot have imaginary
phase. We will show that for any Ly for U € Cl,, there exists a circuit V € (G,) that maps
each P; to Z; and each Q; to X;. It then follows that L+ = Ly, and hence U = VT, up
to a phase. But V' € (G,), which will prove that any U € Cl, is in the group generated
from the gate set G.

First, consider P, = Pl( 2 ®P1(2) ... ®P1(”) , where Pl(j ) is some single-qubit Pauli op-
erator acting on the j-th qubit. We will consider in turn each pair Pl(j - ® Pl(j ), beginning

with j = n. By Lemma |[A.1| we can use gates from (G,) to map Pl(jfl) ®P1(j) —Z®1.

Repeating this process for each pair of qubits, we are able to find a sequence of gates
V1 such that Pl’ =VP VlT = Z;. Now this circuit will have mapped Q; to some other
Pauli operator Q] = V1Q1V1T, but is constrained by commutation relations. Recall the

commutation relations for Z; and Xj,

[Zjazk] = 07 [Xjaxk] = 07 {Z]7XJ} =0 v]vk (A.4)

;X =0 j#k. (A.5)

That is, Z; and X; anticommute if and only if j = k. Since unitary operations preserve
commutation relations, analogous relations must hold for the P; and Q;, and any subse-
quent unitary transformations. Therefore P| = Z; and Q)] must anticommute. Since Z;

has the identity on every qubit except the first, Q] must have either £X or £Y in position
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1. If £Y, we can simply apply the S gate, which maps Y to X but leaves Z invariant, so
without loss of generality, we can assume that Q] = +X ® Q/](z) X... Q;,(z). Then applying

Lemma 1 repeatedly as we did for P;, we obtain, for some Vl’ € (Gn),
VIOV =X ®@X @1, (A.6)

Note that since V] acts non-trivially only on the last n — 1 qubits, Z; is left unchanged.

Then we apply the CNOT from 1 to 2, so that we have,
Clazzlchz =7, CH2X1X2CL2 = X1. (A7)

Thus we have found a sequence of gates V1” € (G,) that maps P; to Z; and Q; to
X1. Now, all the other Pauli operators in the list IL;; will have been transformed as well,
Pj — P]’-’ , Q) — Q;-’ . But the commutation relations must still hold, so that each P]’/ must
commute with both Z; and X;. This is only possible if they all have the identity in the first
position, P/ =1 ®..., and similarly we must have Q7 = 1 ®.... Therefore any future
operations need only be applied to the last n — 1 qubits, leaving Z; and X; invariant. We
then follow the same procedure to map P» — Z, and Q> — X, using only gates from
(Gn). We repeat this iteratively for all qubits until we have found a sequence of gates
Vv =Vv!.. V)Vl € (G,) that maps all P; — Z; and Q; — X;. But we earlier argued
that finding such a sequence implies that V' = U up to a phase, so this completes the

proof. [

A.2 Canonical forms

Since any stabiliser group can be prepared using Clifford operations, any stabiliser state
can be specified by giving the (non-unique) Clifford circuit U that prepares it from a
standard initial state,

|90) =U10"). (A.8)

It is useful to decompose Clifford circuits [31}, 61]] in a canonical form. This is clearly
relevant to the synthesis of more general circuits, but also has application in classical
simulation. In Ref. [31], Aaronson and Gottesman showed that any unitary Clifford

operation can be decomposed as an 11-layer circuit of the form H-C-P-C-P-C-H-P-C-P-
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C, where H means a layer of Hadamards, P is a layer of single-qubit phase gates, and
C is a layer of CNOT gates. Hadamard and phase layers contain at most O(n) gates,
since $* = H? = 1. It was previously known that for any CNOT circuit on 7 qubits, there
is an equivalent CNOT circuit consisting of at most O(n?/log(n)) CNOT gates [[190].
Applying this to Aaronson and Gottesman’s construction, it follows that Clifford circuits
can be put in canonical form comprising O (n?/log(n)) gates from {H,S,CNOT }. While
this asymptotic scaling can be shown to be optimal with respect to gate count, other
authors have sought to improve the construction in various ways [58,, 62]]. For example,
Maslov et al. [62] reduced the number of layers to 7 by allowing layers of CZ gates,
so that the canonical form is C-CZ-P-H-P-CZ-C, leading to circuits with two-qubit gate
depth of 14n — 4. Van den Nest [61] showed that any stabiliser state |¢) can be prepared
with a circuit of the form H-C-P-CZ, but did not give an algorithm for computing this
decomposition for an arbitrary |¢). Garcia, Markov and Cross [58] gave an explicit
algorithm for computing a 5-layer preparation circuit of form H-C-CZ-P-H, given the
stabiliser generators for |@), leading to an efficient algorithm for computing stabiliser

inner products.

A.3 CH-form and Clifford simulation

Here we review a standard form for representing stabiliser states introduced by Bravyi
et al. in Ref. [3]], and sketch how it can be used for classical simulation tasks. The
CH-form builds on the work on canonical Clifford circuits described above, but is geared
toward a compact data format for classical simulation of stabiliser circuits, rather than
Clifford circuit synthesis. Using results from the sequence of papers described in the
previous paragraph, Bravyi et al. note that any n-qubit stabiliser state preparation can
be decomposed as a computational basis state preparation [s), followed by a layer of
Hadamard-type (“H-type”) gates, of the form Uy = ®1}[:1 U;, where U, is either the
identity or the Hadamard, and finally a layer of control-type (“C-type”) gates, which
are those Clifford operations satisfying Uc|0") = |0"). For full generality, Bravyi et al.
include a complex number @, so that any vector proportional to a stabiliser state can

be expressed |¢) = @UcUy |s) . The Hadamard-type gates can be described by a binary
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vector v € {0, 1}" specifying on which qubits to apply a Hadamard, so that,
Uy=H"QH"”®..oH". (A.9)

The C-type operators are specified by stabiliser tableaux specifying how Uc maps each
single-qubit X and Z operator. Note that since any C-type unitary Uc leaves invariant the
state |0"), which has stabiliser group S = (Z,,25,...,Z,), Z operators are never mapped

to X or Y operators. If we express the transformations as

ULZ,Uc = 11z, UXUc=i"]]X; rigMi (A.10)
i .

J Jj=1

then Uc can be encoded in a tableau comprising three n X n binary matrices G, F and
M, and an n-element Z4-valued vector ¥. Therefore any stabiliser state can be specified
by the data format (F,G,M,¥,v,s,®). The space requirement is then 31> +4n+4 O(1)
classical bits, where the constant term comes from the space needed to store one complex

number to some fixed precision.

An advantage of the CH-form is that the updates for the S, CZ and CNOT gates
are particularly straightforward to compute. If I is one of these three gates, then we can
simply write I'|¢) = w(T'Uc)Uy |¢), so that U. =T'Uc, and F, G, M, and y are updated

using tableau operations similar to those already described, in time O(n).

Hadamard gates require a few more steps. First, a Hadamard H), applied to qubit
p is written in the Pauli basis as H, = (X, +Z,)/ /2. This allows it to be commuted
through the Uc layer using the known relations (A.10), eg. Z,Uc = Uc H?:l Z](.;” 7. Thus
H), is transformed to a linear combination of two Pauli operators, determined by ¥, and
the p-th row of F, G and M. Then this operator is commuted through the H-layer us-
ing the somewhat simpler relations Z,H,, = H,X,,. This first step leaves @, Uc and Uy

unchanged, but has the effect of splitting |s) into a superposition of two terms,

Hp(a)UcUH) |S> = oUcUy < (A.11)

(—1)%[t) + i (~1)P |u>>
\/§ ’

where a, 3, t and u depend on p and the initial data (F,G,M, ¥, v,s). For the case where

t = u, any phase is simply absorbed into @. Bravyi et al. [3] show that when t # u, the
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superposition has a CH-form,
U (|t) +i° |u)) = &' WcWy |s') (A.12)

where Wc is composed only of gates from {S,CZ,CNOT }, and which can be computed
in time O(n). Then Wy becomes the new H-layer, and W¢ is combined into the C-
layer using standard tableau rules. There are at most O(n) elementary gates in W, and
each tableau update takes O(n) time, so the total time to compute the updated data for a
Hadamard gate is O (n?).

To compute the inner product (x|@), first note that |x) = 7:1X;Cj |0™). Then recall

that C-type operators are defined by the relation U¢ [0") = |0"), so we can write

(x|¢) = (0" (fI]UEXch)UH ). (A.13)
j=

where each UgX ;Uc is known from the initial data (F,G,M, %) (see equation (A.10)).
The problem then reduces to a product of n single-qubit inner products of the form either
iHi <uj’sj>, where uj,s; € {0,1}, or it <uj|i>. This can be computed in time O(nz).
The expression (A.T3)) can also be used to infer the necessary probabilities to draw a
string x with probability | (x|¢) |2, but we omit the details here [3].
Finally, a Pauli projection IT = (1, 4+ P)/2 can be commuted through the C- and H-

layers in a similar way to the Pauli decomposition of the Hadamard, again in time O (nz) .

This completes the list of stabiliser operations.
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Further results on stabiliser-preserving

maps

In Chapter[I|we defined the set of completely stabiliser-preserving CPTP channels. These
were shown in [[1] to be exactly those maps £ whose Choi state D¢ is a stabiliser state that
satisfies Tra (®¢g) = 1/d, where d is the dimension of the system. The second condition
is just the generic requirement for a map to be trace-preserving, and by removing this
condition, one is left with the maps that are not necessarily trace-preserving, but com-
pletely stabiliser-preserving in the sense that for all n + k qubit stabiliser states p, and for
any k, € @ 1;(p) is proportional to a stabiliser state. In Chapter {4/ we defined channel
monotones with respect to the set of completely stabiliser-preserving maps SP,, ,, and
the efficient simulability of maps in SP,, is key to the algorithms presented in Chap-
ter S| However, alternative perspectives on what constitutes a stabiliser operation have
been proposed, and in this appendix we give some examples and results related to these

approaches.

B.1 SP but not completely SP maps

Beyond the well-known set of standard stabiliser operations (Clifford gates, Pauli mea-
surements and classical co-processing), the simplest notion of a stabiliser map is perhaps
the set SP, o first mentioned in Chapter [Il This is the set of maps &£ that are stabiliser-
preserving on an n-qubit system in the sense that £(p) € STAB, for all p € STAB,,. It
is well-known that there exist maps 7 that are positive but not completely positive [4],
so that 7 (A) remains positive for any positive operator A, while the same does not hold

for 7 ® 1(A). Famously, the transpose is one such positive but not completely map, and
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the negative partial transpose can be used as a test for witnessing entanglement [191),
192]. Here we show that there exist analogous stabiliser-preserving but not completely-
stabiliser-preserving maps.

Consider the single-qubit channel £r defined by the Kraus operators {|0)XT'|, |[1XT_ |},
where |[T) =T |+) and |T| ) = T |—). Operationally, this channel could be implemented
by measuring in the basis {|T),|T| )}, then resetting the state to |0) or |1) conditioned
on the outcome. Clearly, applied to any single-qubit state, the output will be some prob-
abilistic mixture of |0) and |1), and so must have R =1, so & € SPyo. But if &7 is

applied to one qubit in a Bell pair, we obtain:
1 * * * *
(er @ 1) (|4 )P+ ]) = S(10T7)OT"| + 1TL)(ATL]), (B.1)

where |T*) = TT|4),

T}) =T"|—). From this output state, we can deterministically
recover a pure magic state on qubit 2 using only stabiliser operations, by making a Z-
measurement on qubit 1 and then performing a rotation on qubit 2 conditioned on the
outcome. The output state has robustness R ((E7 @ 1)(|® @, |)) = R(|T)) = v/2. This
example easily extends to show that for any 7, there exist maps that are in SP, o but not
SP,, 1 (and hence not in SP,, ;). Strikingly, this example shows that given access to SP ¢
as well as the standard stabiliser operations, we can deterministically prepare a perfect
magic state, and then perform state injection to implement the 7" gate. This would allow

universal quantum computation. We can summarise the result in the following theorem.

Theorem B.1. The set SP,, g is strictly larger than SP,, ,,. Moreover provided we have ac-
cess to a system with at least n+ 1 qubits, the standard stabiliser operations are promoted

to universality by SPy, o.

Of course, the standard stabiliser operations are themselves contained in SP,, . For
state injection, we need at least one entangling Clifford gate, which would be contained

in SP,, o for n > 2. Therefore we have the following corollary.

Corollary B.2. For n > 2, access to SP, allows universal quantum computation for

systems with at least n+ 1 qubits.

It is therefore clear that we should not consider channels in SP, to be free op-
erations from a computational point of view, since they allow stabiliser circuits to be

promoted to universality.
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B.2 Stinespring dilation of stabiliser channels

Some authors have argued that the study of the resourcefulness of unitary operations is
useful as a proxy for more general channels [115], as any CPTP map can be implemented
by performing some unitary operation on a larger system via Stinespring dilation [S0].
That is, we can express any channel as £(p) = Trg[Uar(p ® |@){¢ |)U,ZR] where A is the
system of interest, R is an m-qubit reference system, Usg 1S some unitary operation on
the joint system AR, and |¢) is some pure state. Note that without loss of generality, we
can assume that |@) is a stabiliser state, since any 14 ® Vg such that V' |y) € STAB,, can

be absorbed into Ugg.

As an example of how this might be useful, one could seek to quantify the magic of
a quantum channel by employing some well-behaved measure of magic M, defined for

unitaries and minimising this quantity over all minimal dilations,

Ms(E) = inf {M(U) : E() = Trr[Uar(- & [0)ODUjel}- (B.2)

The operational intuition is that if one had access to such a resourceful U and a large
enough system initialised in a stabiliser state, one could implement £ without any further

access to magic resource.

However, we argue that this is problematic as a means to measure magic, as it fails
the test of faithfulness. In this case faithfulness would mean that all completely stabiliser-
preserving channels have a Clifford Stinespring dilation (i.e. the unitary operation Ujg
would be a Clifford gate), while all resourceful channels do not. Suppose that the mono-
tone My, is faithful, such that My, (C) = 1 for any Clifford gate C (for example, this is
true of the unitary extent [3|]). Certainly there do exist channels for which Mg = 1, since
trivially this is true for any Clifford gate. Moreover, for any channel £ with the ability
to generate magic, it must be the case that Mg > 1, since we assume that the reference
system is initialised as a stabiliser state, and the partial trace preserves stabiliser states, so
the optimal U must be non-Clifford. However, it is not the case that Mg = 1 for arbitrary

completely stabiliser-preserving channels. This is proved by the following theorem.

Theorem B.3. There exist completely stabiliser-preserving channels £ € SP, , for which



272 Appendix B. Further results on stabiliser-preserving maps

it is impossible to construct a Clifford Stinespring dilation of the form:

Es(p) = Trr[Uar(p © |9)O UL, (B.3)

such that the reference system |@) is a stabiliser state and Uy is a Clifford gate and
Es = E. Moreover there are stabiliser channels for which it is not possible to do this even

approximately, in the sense that 3€ € SP,, , such that:

1
€ —E&sll, > X (B4)

for all Clifford Stinespring dilations Es.

Proof. Recall that every completely stabiliser-preserving n-qubit channel £ € SP, , has

a stabiliser Choi state:

- 1 2"—1 ‘ ‘
D¢ = (€4 @ 1p)(|PNP|s5) € STAB2,,  where  |@) = 57 Z Dalidg- (B.S)
Jj=0"
and for trace-preserving maps, Try(Pg) = 1/2". Conversely, every normalised state
satisfying the above conditions is the Choi state for some completely stabiliser-preserving
CPTP map. Now, note that |®) is itself a stabiliser state. Let & be a generic Clifford

Stinespring implementation of some channel, where we assume that the reference state

|@) is a stabiliser state and the global unitary operation U is a Clifford gate. Then from

equation (B.3), we get

+

P, = Tra[Usk © Lp(|9)( @45 @ [0)(0[o)ULx ® 18] = Tral| )0 | 1) (BO)

where |9") 1pr = (Uar @ 1) |®) 15 ® |9) g is a stabiliser state.

Consider the channel £ with Choi state:

1p

@e = IO}l @ £ + (1 - p) 1)1}, &

> B.7)

This is a completely stabiliser-preserving CPTP map for any p between O and 1. If it is
possible to implement this channel as some Clifford Stinespring dilation &g, so that &g =

D¢, then there must exist a pure stabiliser state on some larger system ABR whose partial
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trace over R gives us the RHS of equation (B.7). Comparing measurement statistics, we
see that this cannot be true for arbitrary p. The expectation value for Z; = Z4 ® 1p on the

state in (B.7)) is:
Tr[Z1@g] =p—(1—-p)=2p—1. (B.8)

Whereas from equation (B-6)), we obtain Tr[Z;®Pg,| = Tr[(Zy ® 1pg)(|¢')(9’|45z)]- But
Tr[ZPg,| € {0,+1} since Z® 1 is a Pauli operator and |¢’) is assumed to be a stabiliser
state. Conversely, from equation 2p — 1 can take any real value in the range [—1, 1].
Therefore if (2p—1) € (0,1) or (2p—1) € (—1,0), then £ # Es unless U is non-Clifford
or |¢) is a magic state.

Now let us fix the channel £ to be the instance with p = 1/4, and consider how well

Es can approximate £. Considering the diamond norm distance, we have:

1€ =Eslls =supllE@L(p) —Es@ L(p)]]; (B.9)
> e - (B.10)
=2DTr(CI)g,CI)gS) (B.11)

where Dry(-,-) is the trace-norm distance. But the trace-norm distance upper bounds
differences in measurement statistics, D1(p,0) = maxyy | Tr[II(p — o)],| where II are
projectors. Let IT; = (1, +Z ® 1) /2 be the projector onto the positive outcome of the Z;
measurements. Above we saw that for £ we have

1+(2p—1)

— B.12
) )2 ( )

TI‘[HZCDg] =

whereas for a Clifford Stinespring dilation we must have Tr [I’IZCIDgS] =0, 1/2 or 1.
Therefore for any &, with p = 1/4,

1 1
| Tr [z (Pe — Pgy) || > Z_O =7 (B.13)

It follows that for £ with p = 1/4, we have ||€ — &s||, > 2D (Pg, Pg,) > 1/2 for any
Clifford Stinespring dilation &s. [

Note that the argument does not rely on the non-unitality of the channel described

in the proof. For example, take the following bit-flip error channel £x: with probability
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(1 — p) do nothing, with probability p apply an X gate. This has the Choi state:
Dg, = (1—p) [ @ NPT |+ p|PT NPT (B.14)

where |@71) and |P) are Bell states with even and odd parity, respectively. Then if we
replace Z; with —Z1Z, = Z, ® Zp in equation and what follows, the argument still
goes through.

We have shown that there exist completely stabiliser-preserving channels £ whose
Stinespring dilations cannot be even approximately Clifford. It follows that for these
channels Mg(&) must be strictly larger than 1, so this cannot be considered a faithful
measure of magic. This does, however, give us an interesting perspective on the status
of classical randomness and processing as stabiliser operations, compared to the “fully
quantum” stabiliser operations such as Clifford gates and Pauli measurements. The proof
rested on the fact that in setting up the channel £ we can set p to be any real number, as
classical randomness with conditioning preserves the stabiliser polytope. On the other
hand, a global Clifford unitary followed by a Pauli measurement cannot reproduce the
same statistics. Therefore classical processing can be seen as a qualitatively different
kind of computational resource that cannot be recovered from Stinespring dilation of
Clifford operations. Nevertheless it is appropriate to include classical operations as part
of the set of free operations, precisely because their effect on stabiliser states can be

efficiently computed.

B.3 Incomplete Kraus representations

Our main focus has been on completely stabiliser-preserving CPTP maps, but one can
similarly define completely stabiliser-preserving maps that are not trace-preserving. In
particular we can define completely positive trace-contractive (CPTC) maps that are also
CSP, i.e maps such that Tr[€(p)] < Tr[p]. Just as all n-qubit CPTP maps can be expressed
by some complete set of Kraus operators {K}, such that }*; KJTK i =1,, any CPTC map
T can be represented by an incomplete set such that } ; K;K j < 1. For any CPTC T we
can always find another map 7 such that £ =7 + 7, is a CPTP map. In general these
completions to a CPTP map are non-unique, and we say that 7 is the complement of 7

with respect to £.
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Since finding a complementary 7| for a trace-contractive CP map 7 is always pos-
sible, and there is often considerable freedom in this choice, one might expect that if 7 is
also completely stabiliser-preserving, we could also find a complementary 7 that is also

completely stabiliser-preserving. Here we show that in fact this is not always possible.

Theorem B.4. Let TC be the set of all trace-contractive, completely stabiliser-preserving
and completely positive maps. There exists a map T € TC such that, for any completion
to a CPTP map, £ =T + T, the complement T, can never be completely stabiliser-

preserving.

Proof. From the Choi-Jamiolkowski isomorphism, we have a condition on the reduced
state on subsystem B. A map € is trace-preserving if and only if pp = Try[Dg] = %.
Now let pgo = Tra[®7] and pp | = Trs[®P7,]. The operators pgo and pp; are both
positive semidefinite because 7 and 7 each have a Kraus representation. Using the
Choi-Jamiolkowski isomorphism we have ®¢ = ®7 + &7, . Taking the partial trace over

subsystem A,

1
7 = PB,0+ PB,1; (B.15)

where pp j = Tra[®7;] Although there could be many possible maps 7, that complete 7
to a CPTP channel, the reduced state pp 1 on subsystem B is unique and fully determined
by pg.0,

1
pp1 =T [Pr] = 7~ PBo- (B.16)

If pp 1 is proportional to a stabiliser state, then we can always find some unnormalised
stabiliser state ®7; whose partial trace is pp 1, which means the CPTP channel ®¢ can
be stabiliser-preserving. But since partial trace is stabiliser-preserving, if pg is not a
stabiliser state, then @7, must also be non-stabiliser, meaning 7 can generate magic.
By assumption 7 is a completely-stabiliser-preserving map. &7 must be propor-
tional to a stabiliser-preserving map, and since it does not represent a complete CPTP
channel it can be unnormalised, but for it to be trace-contractive, it must satisfy certain
constraints. First, we clearly must have Tr[®7| < 1, but the eigenvalues of its reduced
state pp are also constrained. The map 7 is trace-contractive if and only if its Choi
state satisfies % —Tra[®7]" > 0. For a positive matrix, the eigenvalues are invariant un-
der transpose, so the condition is equivalent to % — pB,o = 0. The unnormalised state has

a spectral decomposition over some basis {|j) }, so using this basis to write 1 =Y ;[ /){ ]
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we have:

XL Epsliil = 0 (B.17)

where p; > 0 since pp o > 0. It then follows that (1/d) — p; > 0 for all j, so T is trace-
contractive provided no eigenvalue of pgp is larger than 1/2.

Let @7 have the form ®7 = ¢(|00)(00| + |0+)(0+]). This is proportional to a mixed
stabiliser state, so corresponds to a completely stabiliser-preserving map. Taking partial

trace:
31
pB,o = c(|0)O] +[+)X+|) = 5 . (B.18)

[\S R

Solving this, we find pp has eigenvalues A+ = ¢(1+ %) We can ensure that the con-
straints on trace-contractive maps are satisfied by choosing ¢ so that A, < %, which holds
provided ¢ < 1/(241/2). We choose the maximal allowed value, ¢ = 1/(2+4+/2). Then
we have that

1 [0)0]+[+){+]

TrA[cD’Yl] =pPB1= 5 — 2+\/§ . (B.19)

We can check that this is proportional to a non-stabiliser state. In fact, it turns out to be a

pure magic state, with robustness of magic /2. Therefore 7 is not completely stabiliser-
preserving. To summarise, the channel 7 with Choi state 7 as defined in equation
and ¢ = 1/(2+/2), is a completely positive, completely stabiliser-preserving
trace contractive map. We have shown that for any CPTP map £ of which 7 is a sub-
channel, the complement of 7 in £ cannot be completely stabiliser-preserving. This

completes the proof. [



Appendix C

Robustness of magic technical details

C.1 Robustness of the Choi state

Here we confirm that the robustness of the Choi state, R (P) has the properties convexity
and submultiplicativity under tensor product. We then give an example to show that it is

not submultiplicative under composition.

Convexity: This follows immediately from convexity of robustness of magic. Consider

a real linear combination of n-qubit channels: £ = Y, ¢x&. The Choi state for £ is

P =Y qu(E@ 1) (|Qu)(Qn]) = ) axPs,, (C.1)
k k

where @, is the Choi state for &. Then by convexity of robustness of magic:
R(®e) < ) laR(Pz,). (C2)
k

which shows R(®¢) is convex in &.
Submultiplicativity under tensor product: The maximally entangled state ]Qn+m)AA/|B B
>AA’BB’ _

as defined by equation (I.28) in the main text can be factored as |Qin
\Qn>A‘B|Qm>A/‘B,. So the Choi state for a channel £44" = g4 ®€’A/, where £4 and

E are respectively n-qubit and m-qubit channels, can be written:

cI)g - (84 ® g/A’ ® ]l”+m> <|Qn+m><gn+m’AAl‘BBl) (C-3)

— (gA ® ]1n) (1202 A) (g’A/ ® ]1,,,) (1N Q) = Bpr @ D.p.  (C4)
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Then by submultiplicativity of robustness of magic for states, we have:
R (q)gA@g/A/) S R(@gA)R (q)glA/) y

which is the desired property.

Failure of submultiplicativity under composition: Let £ be the single-qubit Z-reset
channel defined by Kraus operators {|0)(0|,|0)(1|}, and let &, be the conditional channel
defined by {|T)(0],[1)(1|}, where |T) = T |+). These channels respectively have Choi
states Pg, = [0)(0| ® 5, and Pg, = 3(|T0)TO|+ [11)(11]), with robustness of magic
R(®Pg,) = 1 and R(Pg,) ~ 1.207.

The composed channel &, o £ has a Kraus representation {|7)(0|,|7)(1|}, and so
has a Choi state g0, = |TNT|® 5, with R(Pgyog,) & 1.414 > R(Dg, )R(Pg, ). Soiitis

not the case that the robustness of the Choi state is submultiplicative under composition.

More intuitively, such counterexamples arise for channels £ where the stabiliser
state |¢,) that results in maximal final robustness R[(€ ® 1,,)(|@«)(¢«|)] is not the maxi-
mally entangled state |Q2,), as then we can always boost the output robustness by using a

stabiliser-preserving operation to prepare |¢,) before applying £.

C.2 Robustness of magic and stabiliser frames

In this appendix we show how the robustness of magic [103]] can be directly related
to a Wigner-function-like quasiprobability decomposition over some frame [124]]. We
say that a frame F = {F (1)} is a stabiliser projector frame if it is paired with a dual
frame G = {G(1) = |95 )(d2|}ca Where each A labels a unique stabiliser state, and
|A| = |[STAB,|. Note that the terminology we use here should not be confused with that
introduced by Garcia, Markov and Cross [58, 193], who use the term stabiliser frame to
refer to an orthornormal basis for a stabiliser subspace. It can be shown that a valid choice
of stabiliser projector frame can be constructed by setting F (1) = a ¢, )(¢;| —B1, for a
suitable choice of & and 3 [194]. Starting from any such valid pairing of frame and dual

frame, then we must have, for any density operator p,

p =Y GA)Tx[F(A)p]. (C.5)
A
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On the other hand, there exists an optimal decomposition with respect to the robustness

of magic such that [[135]]
p =Y a:G(2) (C.6)
A

where in general ¢, can be negative. Then from equations (C.5) and (C.6), we have

0= ZG (g2 — T[F (4)p]). (C.7)

Now let Ay = g) — Tr[F(1)p], and let 7' = {F'(A1)}, where F/(A) = F(A)+A; 1. We
can check that F is still a valid choice of frame for dual frame G. For any Hermitian

operator A,

Y G(A)Te[F'(2)A] =Y G(A) Te[F (A)A] + Y G(A)A; Tr[1A] (C.8)
A A A
=A+Tr[A ZG (g5 —Tr[F(A)p)). (C.9)

But from equation (C.7)), the summation in the second term is equal to zero, so A =

Y5 G(A) Tr[F'(1)A] for any A. Now if we consider the state of interest p, we have

Wy (L) =Te[F'(A)p] = Tr[F(A)p +Ayp] = Tr[F(A)p] + Ay = g;. (C.10)

Therefore F’ is a valid frame with dual frame G, such that the quasiprobability function
WI; yields the same weight as the decomposition that is optimal with respect to robustness

of magic.






Appendix D

Additional channel monotone technical

details

D.1 Linear program for channel robustness

In this section we show explicitly how computing the channel robustness may be for-
mulated as a linear optimisation problem, without explicitly enumerating the extreme
points of SP, ,. In Howard and Campbell [[103], the optimisation problem for calculating

robustness of magic for states was specified as follows.

minimise ||q||;

subjectto Aq=Db,

where q is a vector of coefficients, b is the vector of Pauli expectation values for the
target state ¢, and A is a matrix whose columns are the Pauli vectors for the stabiliser
states. For n-qubit channels, we have 2n-qubit Choi states, so the number of generalised
Paulis is Np = 4%, and the number of stabiliser states is Ng = 22" H?L (2j + 1) [103].
Then b has Np entries, q has Ny entries, and the dimension of A is (Np x Ng). From this

)

construction we can recover optimal decompositions of the form ®¢ =} ;q; }¢j><¢j

where } ;g; =1 and ‘q) j> are the pure stabiliser states.

We want to restrict the problem to decompositions of the form ®¢ = (1 + p)p+ —
pp—, where p > 0 and p+ correspond to trace-preserving channels, and can in general
be mixed. Rather than enumerating all the extreme points of the set of stabiliser states

corresponding to maps in SP, ,, it is more convenient to retain the same A matrix and
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modify the constraints. We still need to start from a finite set of extreme points, i.e. pure

stabiliser states, so first rewrite as:
D =Y q;.Pj+Y.9i Pj=Y.PiPi— Y.Pi Pj (D.1)
J j J j

where g, are the positive quasiprobabilities, g;_ are the negative quasiprobabilities, and
Pj. = |qj.|. In the Pauli vector picture we can write this as b = Ap; —Ap_, where all
the entries of p+ are non-negative. We define a new variable vector p which will have

twice the length of the previous q, i.e. 2Ny entries:

p= (D.2)
and define a new (Np x 2Ng) matrix A’ in block form, A’ = (A _A>. Then we have:
, P+
Ap=(a —a)| "] =4p;—4p =b. (D3)

P-

So now we need to minimise ||p||; =Y, p; subject to A’p=b and p > 0.

Next, we need the trace-preserving condition. Provided £ is CPTP, if one part of the
decomposition is trace-preserving, then the other will be as well, so we only need enforce
the constraint on one of p; or p_. Assume that we check p. The condition for a Choi

state P48 = £4 @ 18(|®) (D|*®) to be trace-preserving is:
B 1
Tra (@) = - (D.4)

where d is the dimension of the subsystem. We need to convert this to a constraint on the
vector b, corresponding to @, which is given by b, = Ap... First, note that all Paulis

are traceless except for the identity Py = 1, so for the maximally mixed state:

1 Tr(P;
<Pj> =Tr (Pjg) = % = 5J’70, (DS)

so if the first entry in a Pauli vector is always (1), the maximally mixed state has Pauli
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vector:
1

bg=1_]. (D.6)
0
where 0 is the zero vector. However, we need this to hold just for the reduced state on

B rather than the full Pauli vector. Consider that if the whole state is written ®38 =

Yk 7jkPj @ By for some set of coefficients r; s, then the expectation values are given by:

(P@Py) =Y rjxTe(PP;@PuP) = Y 1j1d*8; 18 = d*rym. (D.7)
Jk Jk

The reduced state is:
Tra(®8) = Z];rﬁkdsj,opk = dzk"rokpk. (D.8)
Js
and the entries of the reduced Pauli vector will be:
(Pn) =d Zk:ro,k Tr{PuPi} = d*rom = (Py® Pp). (D.9)

So for condition to hold for the reduced state on B, we combine equations
and (D.9) to get (B,) = (Py® Py) = Ou 0. Thatis, we just need to look at the entries of b
corresponding to Paulis of the form 1 ® P;. These should all be zero except the first entry,
which corresponds to (1 ®1). Note that b, = Ap will in general not be normalised, but
this does not matter, since we are only interested in whether or not entries are zero. We
can use a binary matrix M to pick out the values of interest. As an example we consider

the two-qubit case, and assume that the entries are ordered as:

(D.10)
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Here, we are only interested in the 2nd, 3rd and 4th entries. We form a new vector ¢ by

left multiplying with M:
01000 ---0 (1®X)
c=Mb,=|0 0100 - 0|by=]{1xY)]- (D.11)
00010 -+ 0 (1®2Z)

Then the condition we need is just ¢ = 0. To convert this to a condition on the 2Ng-entry

variable p = P , we first pad A with zeroes: A, = (A 6), where 0 is the (Np x Ns)
p_
zero matrix. We then have

= -\ [ P+
by = Ap: =Ap. +0p- = (4 0) — Asp, (D.12)
p-
so that ¢ = Mb, = MA, p. Therefore, p; is trace-preserving when MAp = 0. We can

therefore specify the new optimisation problem as:

minimise ||p||; = ij
J

subjectto A'p=b,
p=>0,

MA+p =0

where A’ = (A —A>, and A; = (A 6), with A and b having the same definitions
as previously, 0 is the zero matrix with dimension the same as A, and with M being
the binary matrix that picks out the (1 ® P;) entries from the vector A p. Most of this
is straightforward to implement. The step that requires some care is in correctly con-
structing the matrix M, as it will depend on the choice of ordering of Pauli operators
in the construction of A and b. If the B subsystem has n qubits, then we will need to
constrain 4" — 1 non-trivial (1 ® P;) expectation values to zero, so M should have di-
mension ((4" — 1) x Np). If the Paulis are ordered as in the example given above for
2-qubit Choi states, then the construction is just M = (6 1 0 --- 6), where 1’ is
the ((4" —1) x (4" — 1)) identity, and O denotes a column of zeroes. We have imple-

mented this linear program in MATLAB, using the convex optimisation package CVX
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[132], and have made the code available from the repository Ref. [[185].

D.2 Dyadic Clifford negativity properties

In Section [#.2.5| we defined the dyadic Clifford negativity, a quantity that can be used to

upper bound the dyadic channel negativity,

ACl(E):min{HaHl :Zajkcjkzg} (D.13)

Jjk

where we have use the shorthand Cj to mean Cj(...) = Cj(.. )CZ where C; and Cy, are
Clifford gates. Here we show that this quantity cannot be a channel monotone; we show
that, while it is convex and submultiplicative under composition on its domain, it cannot

be a faithful monotone for completely stabiliser-preserving CPTP maps.

Convexity: Suppose we have a set of channels with optimal decompositions:
&=y ach), (D.14)
jk
such that Acy (&) = ||a®)||. Then if we form a linear combination of these,
£=Ya&=Ya ) acy. (D.15)
s Sk

This is a valid decomposition of £ over dyadic Clifford elements CJ(.,?, with £;-norm:

Y laso)l = ¥ lasllay) (D.16)
Suj7k S,j,k
=Y lal Y le)] (D.17)
sk
=Y las|Aci(&). (D.18)

However, this may not be an optimal decomposition for &, so Aci(€) < ¥, |gs|Aci(Es)-

Submultiplicativity under composition: For any composition of a pair of dyadic

Clifford elements, we have:

CimoCji(...) = CCj(..)CICl = Cp(..)CI = Cpy (D.19)
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for some new pair of Clifford gates C;, and C,. So when composing two optimal dyadic

Clifford decompositions:

Eo = Z};aﬁkcj,k, Aci(Eq) = |latl;, (D.20)
Js
&p = lZﬁl,mCl,m; Aci(Eg) = [IBll;; (D.21)
we obtain:
Epoly = Zkajvkgﬁ oCix= /; 0 kBrmCj 1) ko) - (D.22)
Js Jsiokm

This dyadic Clifford decomposition has ¢;-norm given by:

Y, |iBim|l =Y, ||| Biml (D.23)
Jk,lm Jik,m
=Y |aji| Y. |Brm (D.24)
J.k lm
= Ac1(Ea)Ac1(Ep). (D.25)
Again, this decomposition may not be optimal, so:
Aci(Ego&q) < Aci(Ea)Aci(Ep). (D.26)

Measure is not faithful for stabiliser-preserving CPTP maps: Clearly, we have
that for any Clifford operation 2/(...) = U(...)U", we have Ac|(U) = 1, since the chan-
nel can be trivially represented by a single dyadic element C; ;, for some j. It immedi-
ately follows that any CPTP map & that can be represented as a probabilistic mixture of
Clifford operations (for example, the depolarising channel) also has A¢|(€) = 1. How-
ever, numerically we find examples of completely stabiliser-preserving maps that have
Ac1(€) > 1. In particular we find that the Pauli reset channel £ defined by Kraus opera-
tors {|0)(0],|0)(1]} has Aci(€z) = 2. In contrast, this channel is a free operation for our
static simulator, and even for the more limited Bennink et al. CPR simulator. However
we have also seen numerically that there exist non-stabiliser operations for which the

Clifford dyadic simulator does better than the static simulator.
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D.3 Dyadic stabiliser channels are norm-contractive

Suppose we have a normalised initial dyad |¢p) (§z|, and a map T € DSP,, (see

Definition (4.23). Define real-valued vectors v and w such that v; = ||L;|¢)||, and
wj = ||[R;j|¢g)|. Since {L;}; is a complete set of Kraus operators, we have v-v =

Y HL j |¢)L>||2 = 1, and similarly for w. Now consider the norm of the dyad after T

has been applied:
IT(19e)0rDlIt = 1| L7100 (0rl R (D27)
J
< YL 19| - 1R 19g) | (D.28)
J
=V-w, (D.29)

where we used the triangle inequality in the second line. Then by the Cauchy-Schwarz
inequality

[T (o) PrDI1 < v-w </ (v-v)(w-w)=1. (D.30)

We can then see that 7 € DSP,, are norm-contractive in the more general case. We
can express any n-qubit operator A as the singular value decomposition A = UDV™,
where U and V are unitary, and D = Y ; 0 ;){j|, with 0; being the singular values, for
some basis {|/)}. But then we can express it as A = ¥ ; 0;U | j){(j|V" = ¥ ; 0, |w; ) ¢;]
where ‘l[/j><(2)j‘ are normalised dyads, since U and V are unitary. Then 7 (A) =
Y 0;T(|w;)¢;]). So we have:

IT@l < X oI T(wi)oiDll < ¥ oy = lll. (D31)
J J
where the last step follows since the Schatten 1-norm is the sum of the singular values.

D.4 Towards Choi matrix criteria for dyadic channels

In this appendix, we give a partial characterisation of Choi matrices for dyadic channels

as defined by in the main text, restricted to a subset defined as follows.

Definition D.1 (Bifurcated channels). We say that a map T is a bifurcated channel if it

can be written in the form:

T =Uoc&oV (D.32)
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where £ is a CPTP map, and U and V are dyadic unitary maps, i.e. U(-) = UL(-)U;, and
where Uy, and Ug are unitary operators, and similarly for V. We use BC,, to denote the

set of n-qubit instances of such channels.

The term bifurcated refers to the fact that a standard CPTP channel has been split
into two asymmetric ‘branches’ by composition with dyadic unitary maps. This class of
maps is a subset of the complete dyadic maps BC,, C CD,,, and a strict superset of the

following stabiliser-preserving subclass.

Definition D.2 (Bifurcated stabiliser channels). We say that a map T is a bifurcated
stabiliser channel if it has the form T =UoE oV, where £ is a CPTP map in SP, ,, and
U and YV are dyadic Clifford maps. We denote this class of channels BSP,, .

Notice that BSP,, ,, is a superset of PDSP,, ,, defined in Section @, as we simply
require that £ is a CPTP map, making no assumptions about the weight, orthogonality,
or number of Kraus operators. We also have SP,, , C BSP,, , but it is not clear whether
all dyadic stabiliser channels can be expressed as a convex mixture of maps in BSP. We
can make the following statement about the Choi matrices corresponding to bifurcated

channels 7" € BC,,. This applies to non-stabiliser maps as well as maps in BSP,, ;.

Theorem D.3 (Choi matrix criteria for bifurcated channels). Let T be a linear n-qubit
map. Then T is a bifurcated channel, T € BC,, if and only if its Choi matrix (IJ‘i‘rB has a

polar decomposition CI>’§\—B = WP satisfying:
1. Tra[P]=1,/2";
2. W is a tensor product of a pair of n-qubit unitary operators WA = UA @ V5.

Note that the first condition is straightforward to check if we know the matrix &,
since P = \/CIDZ}CIDT. In other words it depends only on the unique positive operator P,
and not on the unitary operator W. The second condition may be less easy to check,
since if ®7 is not invertible, W is not unique, and we would need to check whether or not
there exists a suitable W that is non-entangling across the partition A|B. We will prove
Theorem [D.3]shortly, but first remark that we can immediately specialise this to criteria

for bifurcated stabiliser channels.
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Theorem D.4 (Choi matrix criteria for bifurcated stabiliser channels). Let T be a linear
n-qubit map. Then T is a bifurcated stabiliser channel, T € BSP, ,, if and only if its
Choi matrix dD’ﬁ‘rB has a polar decomposition Cbﬁ‘rB = WP satisfying:

1. Tra[P] =1,/2";
2. W is a tensor product of a pair of n-qubit Clifford operators WAB = UA @ VB

3. Pis a stabiliser state, P € STAB,,.

Moreover it is also the case that @7 must be a convex mixture of stabiliser dyads, 1 =

¥,pie |Li)R;|-
We now prove Theorem [D.3

Proof. By the arguments of Section 4.2.5.2] we can rewrite any map of the form 7 =
Uo& oV as follows:

T() = YUKV ()VgK Uy (D.33)

J
=Y UKV (K], (D.34)
j

where {K’} is a complete set of Kraus operators for some CPTP map &, and U’ and V'
are unitary operators. Therefore without loss of generality, we can assume that maps in
BC,, take the form in line (D.34). Henceforth we drop the prime to simplify the notation.

Consider the Choi matrix for a map of this form,

7 =Y (UK @ 1,) | @u)(Pul (K] @ 1L,). (D.35)
j

Using the fact that (M ®1,,) |®,) = (1, @ M") |®,) for any matrix M [46], we have:

o7 = (UVT) Y (Kj@1,) [@u)(Pul (K] @1,) = (U VT ), (D.36)

J

where it is important to be clear that (U ® V1) is not a map acting on ®¢, but a matrix

multiplying it on the left. But since ®¢ is positive semidefinite, and (U ® VT) is a unitary
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operator, equation (D.36)) is the polar decomposition of ®, so:

g =/ DF DT (D.37)

Therefore if £ is a CPTP map, it follows that:

: 1,
Try {\/op;cpT} =, and Tr{\/dﬂrqh—} = 1. (D.38)

Conversely, suppose 7 is an n-qubit linear map with Choi matrix ®, and suppose
it has a polar decomposition ¢ = WP, where P = 4/ CIDfFCI)T satisfies Try P = 1,,/2",
and the unitary W can be written as a tensor product of product of two n-qubit unitary
operators W = U ® V. We immediately have that Tr[P] = Trg[1,/2"] = 1, and P is always
Hermitian and positive semidefinite by construction, so it is a valid, normalised density
operator. Since it satisfies the condition on the partial trace, it must be the Choi state for
some CPTP map, &, so that P = ®¢. The channel must have some Kraus representation
oK

D = Y (K; @1,) [ @)@l (K] @ 1) (D.39)

J
for some complete set of Kraus operators {K|} ;. Then if the unitary W is a tensor product,

the Choi matrix for 7 has the form:

Dy =(UV)Y(K;j@1,) @) Py| (K] ©1,) (D.40)

J

=Y (UKVT @1,) [®n)(Pu] (K] @1,). (D.41)
J

Then since the Choi matrix is unique, the map 7 can be written:
T()=Y UKV ()K]. (D.42)
J

Therefore 7 is a bifurcated channel, 7 € BC,,. O]

D.5 Counting projective dyadic stabiliser channels

For a single qubit, counting the number of maps in PDSP, the set of projective dyadic

stabiliser channels (recall Section #.2.5.2)) is relatively straightforward. First we include
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the dyadic Clifford elements as a special case. As discussed above, we require that Kraus
operators have the form U;II;, where U; are Cliffords and {H j}j is a set of orthogonal
projectors. If we take this to be the trivial set containing a single trivial projector 1, then
we have the Clifford operations. By equation (4.100) the operators acting on the right are
also Clifford gates, so we have the dyadic Clifford elements. For a single qubit, there are

576 of these.

Now we count the maps in PDSP corresponding to channels with Kraus rank 2.
For the single-qubit case, there are only three possible sets of orthonormal stabiliser-

preserving projectors (before we include adaptivity),

{ng)} = {#} = {|+)+[, [=)X=1}, (D.43)
(= {20 = e - D4
{Hﬁz)} = {#}F {10)O[, [1)(1]}. (D.45)

Let us consider the set {HS.Z) } The left operators { K;} = {C jHSZ)} take the form:
Kj = Co|0)(0] = [90)(0] , K1 = Cy [1){1] = |¢)(1] (D.46)

where |@) and |¢;) are some pure single-qubit stabiliser states. Clearly there is redun-
dancy among the Clifford gates in terms of how they map |0) and |1), so we only need
to count all combinations of |@y) and |@;): there are 36 in total (neglecting phase, which
we will consider shortly), but we need to divide these into three cases. For each |¢y), we
can have either (¢o|¢1) = 1, (@o|@1) = 0 or |(o|¢1)| = 1/+/2. For each | @) there is 1 of

the first case, 1 of the second, and 4 of the third.

Now for each pair of left operators K, K] we need to count the distinct pairs of right

o)) (o)

same Clifford gates U and V for both values of j, so that orthogonality must be preserved.

operators taking the form UK }VT = , recalling that for each map 7, we use the

For the case where |@o) = |¢1), we must have U |¢o) = U |¢1), so once | ¢} ) is chosen from

the 6 possible choices, |¢;) is already fixed. Similarly, when (¢o|@;) = 0, once we fix
|¢6>, there is only one stabiliser state |@;) orthogonal to it, so there are 6 choices here. In

the case where |{¢g|¢;)| = 1/v/2, for each choice of |¢6>, we can map |¢;) to any of the
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four states such that ‘ <¢6 ‘ (})1’> ] = 1/+/2. Then for each of the possibilities just mentioned,
we have 6 possible choices for (0| vi= <¢) ‘ Since we always have <¢ !(l) > = 0, there

is then no further freedom in the choice of |¢;").

We summarise this counting in Table Following the same counting argument

Case Choices for: Total choices
[60) | 191) | |6g) | lo1) | (95
(¢o]91) =1 6 1 6 1 6 216
(¢o|¢1) =0 6 1 6 1 6 216
[(dloD|=1/v2| 6 | 4 | 6 | 4 6 3456
3888

Table D.1: Counting the number of elements 7 corresponding to the set of orthogonal projectors

{ng) }, neglecting phase.

for the other stabiliser projector sets given in (D.43)) and (D.44)), we obtain another 3888

each, so neglecting phase, in total we have 11664 maps 7 of Kraus rank 2.

What happens if take phase into account? We want to use these maps in the con-
text of a decomposition £ =}’ ;c;7;. Clearly for the dyadic Clifford elements, phase is
unimportant as it can be absorbed into the coefficient ¢;. Similarly for maps with Kraus
rank 2, a ‘global’ phase (i.e. the same phase on both terms K’(...)K’; ) can be absorbed.
However, a ‘relative’ phase between terms K(...)K{ and Ki(...)K{ is non-trivial. For
example, the CPTP map & defined by Kraus operators |0)(0|, |1)(1] is clearly not the

same as the dyadic map:

T(--) = 10)O] () [0)O] — [1) (1] (-..) [1)(1] (D.47)

which is obtained from & by setting, for example, U = Z and V = 1 in equation (4.100).
Let’s assume we fix the phase convention for our matrix representation of the 24 Clif-
ford gates (so that for example the Hadamard gives H |0) = |0) etc) . Then the global

phases arising from applying a given Clifford to each pure stabiliser state will be of the

inr/4

form e , where r is an integer from O to 7. For example, in the standard matrix rep-

resentation, H |0) = |+), but H |+i) = ¢"*/4|—i). Without loss of generality, we can then
assume that for the Kraus rank 2 maps 7 the first term K)(. . .)K(’)'T in the decomposition

T(...) =Y,K!(...)K"" has phase +1 (since any phase can be absorbed by the coeffi-

) 1"

cient), while the second term K{(...)K| "' has phase ¢/4 | r € Zg. Including this factor
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of 8, this brings the total number of elements 7 with Kraus rank 2 to 8- 11664 = 93312.
Including the Clifford dyadic elements, the total number of distinct maps for the single-
qubit case 1s 93888. Clearly this represents a much larger optimisation problem compared
to considering the 576 dyadic Clifford elements, but it would still be feasible to enumer-
ate these maps and solve the problem on a standard laptop or desktop PC. For two qubit
channels, the number of elements we need to consider would be astronomical, so the

problem is probably not tractable without significant simplification.






Appendix E

Sparsification and bit-string sampling

technical details

E.1 Trace norm error for BBCCGH sparsification

As discussed in Section [3.4] the BBCCGH sparsification lemma [3, Lem. 6] entails that,
given a pure state with exact stabiliser decomposition [y) =Y i ¢; |q) j>, one can randomly

generate a k-term sparsification |Q), such that

leli?
E(lly) - 19 11%) < =+, (E.1)
where ||-|| is the standard vector norm. In order to compare with our new sparsifica-

tion result, which deals with density operators, we need to translate this in terms of the
trace norm. In this appendix we prove the following simple corollary to the BBCCGH

sparsification lemma.

Corollary (BBCCGH sparsification trace-norm error). Given a normalised state
ly) =Y iCj ‘¢j>, for any k > 0, one can sample from a distribution of sparsified vec-
tors |Q) = (||c||1/k) XX _ | |@y), where |@g) are stabiliser states, such that:

el Nell?

E([ly)Xw]—1Q)Q[ 1) < ZW T (E.2)
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Proof. Let |A) = |y) —|Q). Then for any particular |Q) we have,

[W)(w] = [QUQ[ = [w)(y] — ([w)(w]+|A)NA]

—|A)y] = lw)Al) (E3)
= [AX W+ [w)(Al = |A)A]. (E4)
Using the triangle inequality,
Tw)(w] = 12)0Q I < 2[[ AN [[1+ [T AXA] 11 (E.5)
=2(|IA)- llw) I+ 1Ay 1> (E.6)
=2[[[A) ] + 1A%, (E7)

where the last line follows because | ) is normalised. Since the above is true for any |Q)

taken from the distribution, it follows that,
E(|| lw){w| — 1@XQ] 1) < 2E([[|A)]]) + E([[|A)]%). (E.8)

For the second term, the BBCCGH sparsification lemma [3, Lem. 6] tells us that we have
2
E([[[A)]17) < [lell3/k.
This leaves the first term. From Jensen’s inequality, for any random variable X, we

have that E(X) < \/E(X?2). So,

E(|All) < VE(IAI) (E9)

< lell (E.10)

vk

where the second line again follows from Ref.[3, Lem. 6]. Substituting into the inequality

(E.8), we obtain the result. O

E.2 Bit-string sampling simulator technical details

In this appendix, we give full pseudocode for the bit-string sampling simulator presented
in Section[5.2.3|(Algorithm[I9)), prove its validity as a method to classically emulate sam-
pling from the quantum distribution P(x) = Tr[IIxp]|, and analyze its runtime. This con-

stitutes a proof of Theorem[5.9] The material in this appendix first appeared in our article
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Algorithm 19 Bit-string sampling for mixed states

Input: Decomposition p = ¥ p; |w; )} y;
biliser state decomposition }l//j> =), C,(»j )

, where for each y; we have a known sta-

¢,(j )>. Real numbers ds, ppn and €gn.

Number of bits w.
Output: String x of length w, sampled from a distribution P”(x) = ¥; p;P;(x), which
approximates P(x) = Tr(Ilxp), where Iy = [x)(x| @ 1,,_,,.
Select index j with probability p;.

—_—

2 k4 [4])cV]| 185

3: |Q') + SPARSIFY(|Y;).k)

4: W« FASTNORM(|Q/>,pFN,8FN)

50 |Q) + |@) VW

6: x < () (initialise empty string)

7 Py 1

8: for b < 1towdo

9: Pix0) < > (x,0) denoted the b-bit string formed by appending O to the

(b — 1)-bit string X. FASTNORM(H(XQ) ’.Q.),pFN,SFN)
10: P(xb = O|X) — P(X,O) /Px
11: if P,—o < 1/2 then

12 P(xp =1|x) 1 =Py,

13: else

14: Px,1)  FASTNORM(ITy 1) [€2),PFN,€EN)
15: P(Xb = HX) — P(x,l)/Px

16 P(x, = 0fx) ¢ 1 - Py

17: end if

18: Select y € {0, 1} with probability P(x; = y|x), then x;, < y.

19: P(X,Xb) — P x P(xb\x)
20: X < (X,xp)
21: end for

22: return x

Ref. [2]]. As described in Section[5.2.3] Algorithm[I9]draws bit strings x from a classical
distribution Py, (X), using two subroutines from Ref. [3], SPARSIFY and FASTNORM. As
sketched in the main text, our strategy is to define an idealised algorithm EXACT where
calls to FASTNORM are replaced by an oracle which can compute HI’Iy Q) || exactly for
any un-normalised |Q) and bit string y. The algorithm EXACT draws from a distribu-
tion Pe(x). We first show that P is s-close to the quantum distribution P. We then
argue that the distribution Py, that Algorithm [19) draws from is €-close to Pex. Finally

we optimise the choice of dg and € and analyze the runtime.

EXACT is identical to our Algorithm[T9] except where our algorithm estimates prob-

abilities ||TT;]Q) H2 using FASTNORM, EXACT computes them exactly. Therefore EX-
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ACT first samples a state ‘I//j> from the ensemble with probability p;, and chooses a
sparsification Q) = |Q;,) with probability g;; = Pr(Q;,|y;). Given the selected |Q), a

bit string is sampled by choosing each bit in turn via a series of conditional probabilities:

Pr(x|Q) = Pr(x;)Pr(xz[x1) ... Pr(x,|x,—1) (E.11)
_ ey Ll
ST —T {HX<Q|Q>]. (E.12)

Here we use the notation x,, to denote the string comprised of the first m bits of x, so
that Iy, = @', |x;)(xj| @ Ln—m. We take Xo to be the empty string, so that ITy, = 1.
The probability of choosing y € 0,1 for the m-th bit, given m — 1 bits already sampled, is
computed as:

Pr(y[%m—1) = |Mix,e 0 [/ [Ty 1)) (E.13)

Thus EXACT outputs bit strings X sampled from a distribution:

I |2 [ \sz>H

llenl?

Tr[ Ty |©2;1)(<2) ]

—ZZPJC]]Z <QJI|QJI>

(E.14)

ZZPJ‘ZJ,

‘le><911‘
=Tr |TIx
r ijij, <QJI‘QJI>

e ()| -

, and each pl(j )

Tr [pr’} ,

()

where p’ = Y.; p;p, given by

= %Pr(mwj)%. (E.15)

In other words pl(j ) is the expected sparsification given target pure state ‘ l[/j>, as defined in
Eq. (5.48). In step |2} k is chosen so that by our improved sparsification lemma (Theorem
in Section [5.2.3.1)), we have le(j) — ‘%X%}Hl < 85+ O(82), provided & > &,

where 0. is the critical precision. We will return to the §g < . case at the end of this
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appendix. By the triangle inequality we have

o' =pll = | L et =L pi[wi)wil (E.16)
J J 1
< Yoiflel” = viwil |, (E.17)
J
<Y pilds+0(83)] = 85+ 0(83). (E.18)
J

Since Pex(x) = Tr[[Ixp’] and for the quantum distribution we have P(x) = Tr[[Ixp’], It
follows that ||Pex — P|1 < 85+ O(82).

It remains to show that using a sequence of calls to FASTNORM, Algorithm

generates probability distributions Py, (x) that well approximate Pey (X), where
Pim(x) = Y pjq;1Q;.1(x). (E.19)
J

Here each Q;,(x) is the probability of Algorithm |19|returning x given the sparsification
|Q_,~,l>. We now drop the subscript as we consider a single sparsification [Q). Recall
that FASTNORM takes as input error parameters pgn and €gyn, and un-normalised vectors
I1;|€) with known k-term stabiliser decomposition. Then with probability (1 — ppn) it
returns a random variable 7] that approximates HHy Q) ||2 to within a multiplicative error
of &N,

(1 — &) [T Q) | < m < (1+ &) | TT5 12} (E.20)

Algorithm [I9)approximates the chain of conditional probabilities by calls to FAST-
NORM. The probability of choosing y € {0,1} for the m-th bit of x, conditioned on the

first m — 1 bits being x,,,_1 is therefore bounded as:

2 2
e ||H(Xm—17y) ‘Q>‘2‘ S Pr(y’Xm—l) S € HH(Xm—hy) |'Q'>}2} 7
||me71 ‘Q>H anmfl ’Q>H

with probability (1 — prn)?, where

1 4+ &N
4+ = .
I Féepn

(E.21)

So, given a particular sparsification |Q), the w-bit string x is sampled from a distribution
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Q(x) which satisfies

2
ML, [)]]

I, 1)) g
z 0(x) < [ &
wi ||y, Q)]

I,y 12"

[T
m=1
with probability at least (1 — ppy)2*. This simplifies to

(1+ &mn)"| Tk [Q)]?

. (E.22)
(1— &)™l |2)]

1—epn)" [Tk | Q)]
(1+&m)" (|1
One can check that (14 &pN)"/(1 — &gn)" < 1+ 3wepn, whenever epny < 1/5, and

the analogous result holds for the lower bound. Therefore Q;,;(x) approximates

| TTx [2;1) ||2 /112.0) ||2 up to multiplicative error 3wepy. Comparing (E.14) with (E.19)),

we therefore obtain:

(1 — 3W€FN)Pex(X) < Psim(x) < (1 + 3W€FN)Pex (X) (E.23)

If we want to bound the total multiplicative error due to the sequence of calls to

FASTNORM to &, then we must set ey = €/(3w). It then follows that
||Psim_Pex||1 <e&. (E.24)

In the first part of the proof we showed that ||Pex — P||; < 85+ O(8Z) (provided we are

above the critical precision threshold &.). Combined with Eq. (E.24), we obtain
[Pim = Pll1 < &+ 85 +0(&), (B.25)

where P(x) = Tr[IIkp].

Similarly the error bound given above is only obtained with probability (1 —
pFN)ZW ~ 1 —2wpEn, so to obtain the above closeness in £;-norm, with failure probabil-
ity at most pg,1, we must set ppN = prait/ (2w). If we select the state |1I/j> in step (1} then

~12
k< 4|c\) H 155_ ' 1 1. To return a single bit-string x there are at most 2w calls to FAST-

NORM, so the runtime is O (wkneqng log px) = O(w3n3|| V)| ?63_182 log(w/ptai1))- Re-
call that the statement of the theorem defined the quantity Z = ¥ iDj | %, so that the

time 7" to obtain a single bit string is non-deterministic. The expected (average-case)
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runtime is O(w3n3§5§ Le2log(w/pait)). If the decomposition is optimal with respect to
the monotone Z, then we have & = Z(p) and the average-case runtime is O(Z(p)). For
equimagical states, E(p) = &(y;) for all j, and this expression becomes the worst-case

runtime.

We now optimise the choice of dg and €. Setting the total error budget 6 = g+ €,
by inspecting the runtime we find that the best constant is obtained by setting ds = 6 /3
and € = 29/3. Substituting the optimal choice of §s and € into the expected runtime, we
obtain

E(T) = Ow*n*Z8 3 log(w/ prail) )- (E.26)

The above holds for the case where the sparsification error dg is no smaller than a
critical value 8, = 8(C; —1)/||c\)||2, where C; = Hc(j) ler |cr|| {wj]9,) |* is defined for
the randomly chosen pure state |l[/j>. Therefore, to ensure we are above the critical error
regime for any |y;), we can require that §s > 8D, where D = max{(C; —1)/||c/[|2}.

This entails 0 > 24D for the overall precision.

Now suppose that we want to achieve arbitrary precision, 6 < 24D. In this regime,
one can amend the expression for k in step[2] to achieve any desired precision, at the cost
of slightly poorer scaling in the runtime. We first use Lemmata [5.7 and [5.8] to obtain a

sharpened bound on the sparsification error:

[ leW 13 !
< — . .
8s < 27—\ [ [4D 4+ 27—+ O (E.27)

When &g < 8D, we can achieve a precision of s by choosing

v (D1
k~4 <f)2<—+—)+(91. E.28
el 52 5 (1) (E.28)

Substituting the revised expression for k into the expected runtime, with dg = 8 /3 and

€ =268/3, we obtain:

E(T) = OwWnPE(86 3 +3D8 *) log(w/ prair) )- (E.29)

Here we recover the same asymptotic § ~* scaling as derived from the original BBC-

CGH sparsification lemma [3]. However, the prefactor from this prior work was two,



302 Appendix E. Sparsification and bit-string sampling technical details

whereas our prefactor D is typically exponentially small in the number of qubits (see
Section . Therefore, at intermediate precision, the o =3 term may still dominate.
When the target precision 0 is too small, our bound on the required k exceeds the number
of terms in the exact decomposition of |y) (i.e. the decomposition achieving the stabiliser
rank x(y)). In this scenario, using a sparsified approximation in both our approach and
in [3] has no benefit, and one should instead use an exact decomposition without any

sparsification.

E.3 Observable estimation for sparsified mixed states

Algorithm 20 Observable estimator using sparsification and fast norm estimation

Input: Decomposition p =} ;p; “VJ'>< l//j|, where for each y; we have a known sta-

biliser state decomposition ‘l//j> =), cgj ) |¢r(j )>; number of samples M; sparsifica-
tion parameter Jg; fast norm error €y and failure probability ppN.
Output: Additive error estimate for Tr[IIp].
1: N «0
2: form < 1toM do

3: Select index j with probability p;.

& ke [4)cV) )65

50 |Q)  SPARSIFY(|y;).k)

6: W FASTNORM(|Q.>,pFN,8FN)

7 V < FASTNORM(II |.Q.>,pFN,8FN)

8: NMm <V /W > Unless W = 0, but this is vanishingly unlikely.
9 N <N+ M

10: end for

11: return n < n'/M

In this appendix we explain how one can use sparsification and stabiliser rank techniques

to estimate observables rather than sample bit strings from a distribution. Let

| Q)(Q

Q| _ v,
Q) _gp (Q) . (E.30)

where Pr(Q|j) is the probability of SPARSIFY outputting the unnormalised vector |Q),
given sampled pure state |l//_,->, and Pr(Q) = ¥; p;Pr(€]) is the total probability of ob-
taining |Q) given target state p. Therefore p’ is the ensemble from which our classical

algorithm draws |Q) /||€||. By the same argument as for the bit-string simulator,

B
lp—p'|h <8&+0(82) = |Tr[lp]—Tr[TIp"]| < ES +0(82) (E.31)
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We want to show the algorithm constitutes a (possibly biased) estimator for Tr[IIp’],

which is ds-close to the quantum mean value.

There is a complication in that there is a small possibility that fast norm estimation
fails badly. To deal with this, we add the following fix to step[§] We assume that epy <
1/5 so that if 1, > 1 + 3€gN, we know for certain that FASTNORM has failed for at least
one of |||Q)||* or ||[TT|Q)||*. Therefore if this happens we cap the estimate, 1,, = 1+ 3€px.
This includes the case where W = 0. This fix may have the effect of biasing the procedure,
but since failure probability is exponentially suppressed, the bias can be made arbitrarily

small with negligible cost.

With this establised, let us check the mean value of the random variable 7. Since
all samples are produced in the same way E(n) = E(n,,). In each iteration, we sample
|Q) from the ensemble p’ then compute the fast norm estimate, which is accurate up

to relative error with probability (1 — p’) = (1 — pn)?>.

Then with probability p’ the
fast norm estimate could be faulty. Let g be the random variable 1),, conditioned on a
particular sparsification |Q). Let Ngayr. be the random variable output when the fast norm
estimation fails. We do not know the mean value of this variable but using our cap we

do know that it satisfies 0 < E(nparL) < 1+ 3&pn. If Nsuccess is the random variable

conditioned on success and a particular |Q), then we know that:

1— ey [|TTQ) 12 1+ ey [TT]Q) 12
1 e 1] >! < T)SUCCESS < 1+ i 1] >|2| (E.32)
Tén [[|1Q) & Q)]
The expected value of the random variable 1ng is
E(na) = (1-p)E(Msuccess) + P'E(NFaIL)- (E.33)

So we can bound E(ng) as,

(=& ITQ)| ,(1+6m)\|HIQ>II2 /
1— <E(ng) < (1- 1+ 3em).
( p)(HEFN) T (ne) < (1-p) —em) 0|2 +p'(1+3&pN)
(E.34)

To bound the expected value of the final output of the algorithm, we write
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E(1) = Lo Pr(Q)ng. So,

1) |
)|

ey pr( IR (n)§e+<Pr(Q>

+p'(1+3&pN) (E.35)
5 1) ) o

where €4 = (1 —p/)(l :i:SFN>/(1 :FgFN) ~ 1+ 3epN.

But,
ITT|€2) > { IQ><Q\} '
Pr(Q)———- =Y Pr(Q) Tr [TI-2 | = Tr[IIp’]. (E.36)
R i e e
So we have
e Tr[[lp'] <E(n) < e, Tr[Ip’] + p'(1+3epn) (E.37)

We can also place bounds on the absolute value of each sample, since if fast norm is
successful, the estimate will always be between 0 and 1 + 3€pn, and due to our cap, the

same is true for the case when FASTNORM fails. Using the Hoeffding bound,

2
2Me ) (E.38)

Prlln —E(n)| > €] < 2exp(—m

Fix a required success probability py. Then 1 is €-close to E(n), provided we set the

number of samples to

1 2
M= {2 5 (14 3€pN) 10g<p—H)-‘ (E.39)

Since (1 +3epN)? < 4, we can ignore this factor when considering the runtime scaling.

Let us assume that we have an optimal decomposition, so that the average runtime
for each call to SPARSIFY is (’)( =0 ) and average runtime for each call to FASTNORM

is O (56 n SFN log ( pFN) )) There are M calls in total, so on average the total runtime

=n 3
T= 0(2“—10g( 2 )1og(i)>. (E.40)
e2e2 s PH PEN

This is the runtime to produce an estimate for Tr[I1p’]. But from our sparsification lemma

is

we know that this is ds-close to the quantum mean value. So the output from the algo-

rithm satisfies:
e_Tr[Tlp] — O(8s) —e <N < &, Tr[Hp'] + p'(143epn) + O(8s) + € (E.41)

Since p’ &~ 2pgn, the term p’(1 + 3€pN) can be made arbitrarily small with logarithmic
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cost in the runtime. The final step is to balance the error budget between additive errors
Os and € and the relative error €4, in order to optimise runtime. We can straightforwardly
combine Os and € - using similar analysis as for the bit-string simulator, we should set
Os o< € o 0, for target additive error 6. How we balance with the relative error depends
on the size of Tr[IIp]. If close to 1, it would be optimal to set &gy to the same order as
0. If Tr[IIp] is known to be close to zero, the optimal strategy would be to spend more
of the runtime budget on reducing the additive error. Neglecting small error terms that
can be exponentially suppressed, the upshot is that we can use this algorithm to get an

estimate 1 for Tr[I1p] satisfying
|n — Tr[IIp]| < 3epn Tr[IIp] + & (E.42)

with high probability in average runtime O (En3 813_1\?5_3). This should be compared with
runtime O(n3A25 ’2) for the dyadic frame simulator, or O(nZRZS*Z) for robustness of
magic. The polynomial scaling in # is based on the assumption that we simply estimate
a single Pauli projector for input state p. For the fast norm and dyadic frame algorithms,
we always need to compute stabiliser inner products, which take time O(n3), whereas
for quasiprobability sampling with stabiliser projectors, we only need to simulate Pauli
measurements for each sampled pure stabiliser state |@)(¢|, which takes time O (nz) For
general stabiliser code projectors we would recover the n? scaling for the robustness of

magic simulator as well.

E.4 Computing Z-rotation angle for given unitary extent

Suppose we are given the value of &(Uy) = &(|Wy)), where Uy = exp(—iZo) and
|Wo) = Uq |+). Assume we want to find unknown o, satisfying 0 < o < 7/8. This
task is relevant for Algorithm [I§]in Section [6.2.2] which searches for an equimagical
decomposition for a depolarised qubit rotation. Recall that the pure state extent for the

single-qubit state |y) has an analytic expression [3],

E(|Wa)) = (cosG—oc)+(f2—1)sin(§—a))2. (E.43)
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Using standard trigonometric identities,

E(a)) = cos(§ — &) + (V2= 1)sin( 7 — @) (E.44)

ﬁ(“? (G-a)+ 2 (5 -a)) e
~(n(F)) o (F) G- rneon(3).

(E.46)

(=) 'l

°°|>4 °°|L§

_ (sm( )) sin (a+3§). (E48)

Then in the interval 0 < o < 7/8, there is a unique solution for o,

o= arcsin( E(lva)) sin(%)) : (E.49)



Appendix F

Validity and runtime analysis for

dyadic channel simulator

In this appendix we give a full proof of Theorem [5.12] which affirms the validity
and runtime scaling of the static dyadic channel simulator. For convenience we re-

state the pseudocode in Algorithm [21] here. We have assumed in the description of

Algorithm 21 Static dyadic channel simulator

Input: Circuit description {S M.e@ .. & (T)}, where each £®) has a known decom-

position with ¢;-norm B") as per equation (5.123), and each dyadic stabiliser sub-
channel 77((] ) e DSPis specified by a simulable decomposition (L,(f) , R,((’) ); stabiliser
observable E; initial stabiliser state 6(©) = |¢(©))(¢(9)]; number of samples M.

Output: Estimate E for expectation value (E) = Tr [E E(o o).

1: SetE + 0,0« 0, B+ Hthl B, > Initialise phase angle 6.
2: for j=1toM do
3: Prepare representation of initial state o ),
4 fort=1to T do
5 Sample k, with probability |B."| /B().
6: 0 <+ 0 +arg [Sk(:) > Update phase angle.
7 6") « DYADICMAPUPDATE (1), (]L,E?,R,(;)))
8 if 6) =0 then > Terminate trajectory if “zero” selected.
9: o7 0
10: break
11: end if
12: end for .
13: E; <« Re{BelO Tr [E G(T)} } > Computed with CH-simulator.
14: E — E + E j
15: end for

16: return E < E /M
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DYADICMAPUPDATE that the Kraus operators comprising the decomposition (IL,(C ) , R,({t))
are supplied in polar form. Here for clarity we simplify the notation and assume that each

dyadic stabiliser channel is decomposed as
=YKL ED)
-

where each IC,gl)r() =L ]()Rj is a dyadic map (absorbing any prefactors), which we will
call a Kraus map, that takes stabiliser dyads either to (possibly sub-normalised) stabiliser
dyads, or the zero operator. Then let k = (ky, ... k7 ) denote a vector of indices labelling
a sequence of dyadic maps 77{5” through the circuit, and let r = (ry,...,rr) specify a

(1)

choice of Kraus map K, . for each step ¢. Thus a particular trajectory through the circuit

is specified by a pair of vectors (k,r). Note that as for the dyadic frame simulator, some
trajectories would lead to the stabiliser dyad being mapped to zero, so these trajectories
have zero probability of being sampled, and we again let P denote the set of trajectories
(k,r) where Pr(k,r) # 0. Let G((Qr) denote the dyad output by DYADICM APUPDATE after
the 7-th Kraus map along the trajectory (k,r). The probability of selecting a trajectory
(k,r) € Pis the product of the probabilities, at each step ¢, of selecting the dyadic channel

(1)

’7;{5’) and of DYADICMAPUPDATE then selecting the Kraus map Ith ,, from that channel,

that is:

- (t=1)

Pr(k,r) = HPr(k,)Pr(r,\G(kJ) ) (F.2)
=1
T | IEI)’ o

ZZI__-I1 B(Iz) HICk, r,( )Hl (E.3)

1 T
§H|Bk, 1 k. r,< )||1 (F.4)

The set of all outcomes where the algorithm terminating with o) = 0 for some 7 is the
complement of the set of all trajectories in P. So the probability of the simulator termi-

nating with a zero outcome is Pr(G(T) = 0) = 1— Yk repPr(k,r). Then the expected
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value of the random variable E jis:

i) -m(on-0) 00 § mhomlantlsl]) o
= ) (IF%HIM3 WJR%&ﬂRFQQJ} (F6)
(k,r)eP

where ¢% is the phase accumulated in step @ along the trajectory (k,r), which depends

only on the indices k; sampled from the quasiprobability distribution in step [5 and fac-
ﬁk,

torises as e'% =[], ‘
kt

—ly, 80 that:

T . T
[T ) e =115 (E7)
t=1 t=1
For non-zero-probability trajectories:

K ookl (o)

kr,rr

L (E.8)
7y 1K, (o)

Okr)) =

The product of 1-norms in the denominator cancels with the same product in equation
(E.6). Then since for zero-probability trajectories (k,r) ¢ PP, it is also the case that G((kT )r) =

™)

X .0 IC,(CI) (G(O)) =0, we can freely add them to the sum. So,
T,I'T 1,11

Z (H ‘Bk ) Re{eie Tr [E’C,g?ﬁ 0...0 ]Cl(ci,)rl (G(O))} } (F9)

(kr)

ZRe{ (ﬁ )ZTr[E}C,ET)r ...olc,((ll?rl(c(o))}} (F.10)
k

1
T
pef (18 ) | EE AL o TR oo B 0
rr r
B,ﬁ”) Tr [ET,fT) o..0T"o... o’rk“)(c(o))} } (F.11)

2
I

=1
t

zef

1~

I
_
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where in the second line we used equation (E.7) to recover the complex quasiprobabilities

ﬁk(f) Reuniting these coefficients with the dyadic stabiliser channels 77(([) we obtain:

E(E]) = Re{Tr

Ekzﬁk@ﬁm o okZﬁé,’)ﬁ(’) o Okzﬁzfll)ﬁ(l)(a(o))] } F12)
T t 1

Tr[EE(T)o...og(’)o...og(l)(c(o))] (F.13)

T [Eg(o@))] = (E). (F.14)

This shows that the random variable E ;j 1s an unbiased estimator for the target mean value
(E), and the usual arguments for quasiprobability apply [128]. We have |E i| < B, sowe
obtain the usual /;-norm-dependence for the number of samples required to achieve fixed

precision and success probability. Theorem [5.12]follows.
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