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Abstract

We study hyperelliptic curves y2 = f(x) overlocal fields of odd residue characteristic.
We introduce the notion of a “cluster picture” associated to the curve, that describes the
p-adic distances between the roots of f(x), and show that this elementary combinato-
rial object encodes the curve’s Galois representation, conductor, whether the curve is
semistable, and if so, the special fibre of its minimal regular model, the discriminant
of its minimal Weierstrass equation and other invariants.
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1 Introduction

In this paper we study hyperelliptic curves y> = f(x) over local fields of odd residue
characteristic. To a curve we associate a “cluster picture”, defined by the combinatorics
of the root configuration of f, and show that it encodes many arithmetic invariants
of the curve and its Jacobian. We use cluster pictures to get hold of a curve’s Galois
representation and conductor, determine whether it is semistable and if so obtain the
special fibre of its minimal regular model, the discriminant of its minimal Weierstrass
model and other invariants. A similar construction to our clusters was used by Bosch
[7, Sect. 5] to determine the stable type of hyperelliptic curves.

For the purposes of applications to arithmetic over number fields, the key features
of our approach are that cluster pictures address whole classes of curves at a time, and
that the input data is only basic information about the polynomial f(x). This is used
in [20], which employs a case-by-case analysis of cluster pictures as an ingredient in
establishing the parity conjecture for semistable abelian surfaces, and in [1], which
uses clusters to construct explicit hyperelliptic curves over Q of arbitrarily high genus
whose Galois image on Jac C[/] is the maximal possible.

Based on the present article, for semistable hyperelliptic curves Betts [5] has given
a description of the Tamagawa number of the Jacobian in terms of clusters, and Kun-
zweiler [25] has found a simple formula for the other local “fudge factor” |w/w?|
in the Birch—-Swinnerton-Dyer formula for the L-value, as well as a description of a
basis of integral differentials on the minimal regular model. For hyperelliptic curves
with tame reduction, Faraggi and Nowell [21] have described the special fibre of the
minimal SNC model.

We would like to alert the reader to the companion paper [3], which summarises
the results in this paper along with the subsequent works mentioned in the paragraph
above, and illustrates them with examples. This explains why examples are virtually
non-existent in this, already too long, paper.
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1.1 Setup

Throughout the paper K will be a local field, with normalised valuation v, ring of

integers Ok, uniformiser v, and finite residue field k of characteristic p # 2. We

use the shorthand mod m to denote reduction to the residue field. We write Gx =

Gal(K*¢P/K) for the absolute Galois group, and Ix < G for the inertia subgroup.
We work with hyperelliptic curves' C/K given by Weierstrass equations

C:y* = f(x).

We write R for the set of roots of f(x) in K*P and c for its leading coefficient, so
that

f@ =cs [Jx=n.

reR

We denote by g the genus of the curve so that [R| =2g + 1 or 2g + 2.
The main invariant that we are interested in is the configuration of distances between
the roots of f. This is captured in the following:

Definition 1.1 A cluster is a non-empty subset s C R of the form s = D N'R for
some disc D = {x€K | v(x —z)>d} forsome z € K andd € Q. If |s| > 1, we say
that s is a proper cluster and define its depth dg to be

ds = min v(r —r').
r.r'es

The depth is the maximal d for which s is cut out by such a disc.

It turns out that the cluster data carries a huge amount of information about the
arithmetic of C /K. To fix ideas, let us begin with an example.

Example 1.2 Let C/Q),, be the hyperelliptic curve of genus 3 given by

C: V== -x=14+p) - x=U=pH) - (x=p)-x- (x=p°) - (x+p°).

The set of roots is R = {1, 1+ p?, 1—p>, p,0, p>, —p>}. There are four proper
clusters:

{171+p2a1_p2}7 {0’ p31_p3}1 {p9 07 pS’_p3}» Rv

of depths 2,3,1 and 0, respectively. We draw cluster pictures by drawing roots r € R
as ¢, and draw ovals around roots to represent a proper cluster:

(),

1 hyperelliptic curves will always be assumed to have genus at least 2; we will not consider double covers
of general conics.
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Here we have ordered the roots as they appear in the equation for C. The subscript of
the top cluster R is its depth. For all other clusters it is their “relative depth”, that is
the difference between their depth and that of their parent cluster.

This simple picture, along with the fact that f(x) is monic, lets us deduce the
following. The curve C/Q), is semistable (Thm. 1.9 (1)), with conductor exponent
1 (Thm. 1.21), the model for C is a minimal Weierstrass equation (Thm. 1.24) with
discriminant of valuation v(A¢) = 36 (Thm. 1.26). The special fibre CI'F,, of the

minimal regular model C/Z} has two components of genus 1 (Z and Z', say) and
two of genus 0, intersecting as shown on the right (Thms. 1.15(2), 1.11); in particular,
the homology of its dual graph Y¢ is isomorphic to Z = (£) with length pairing

(£, £) =2. ! 1
The local Galois representation is the following: for/ # p, aFrobenius element Frob €
GQp and 7: IQp — 7 an [-adic tame character, there is a basis for Hélt(C, Z1) ®z, QY
such that o € Ig, and Frob act as

1000 a000
0100 0800
0010 00d 0
0001 and 0008
1 7(0) e 0
1 Oep

respectively, where € € {£1}, and «, 8 are the Frobenius eigenvalues for Z/F,, and
o', B’ those for Z'/F, (Thm. 1.20 and Remark 10.2).

Let us stress that all of this information is encoded in the above picture (with
Galois action) together with v(cy). Slightly finer data about f(x) also tells us that
€= (_—1) and that both Z and Z’ are given by y> = x> — x (see Definition 1.13 and
Theorem 1.11).

The general philosophy of the paper is that the local arithmetic of C /K should be
visible from its cluster picture, that is from the roots R viewed as an abstract set with
Galois action and its collection of clusters and depths (see Definition 1.27). Of course,
we also need to know something about the leading term ¢ 7, and some invariants require
finer information. Here is a result that formalises some of this. Here €, (Frob) € {£1}is
an explicit value associated to some clusters s, that generalises € in the above example
(see Definition 1.13).

Theorem 1.3 (see Theorem 18.4, Lemma 18.2, Theorem 16.2) For a hyperelliptic
curve C/K, its cluster picture with Ik-action and the value of v(cy) determine
Hélt(C L) ®z, (@1 as an Ix-module, and, in particular, the conductor exponent of
C and whether the curve is semistable. If C /K is semistable, then together with the
action of Frobenius on proper clusters and the values of €5 (Frob) for clusters s that
contain an even number of roots, these also determine the dual graph of the special
fibre of its minimal regular model (with genera of components and Frobenius action),
whether the curve is deficient, and the Tamagawa number and root number of the Jaco-
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bian. If, moreover, |k| > 2g + 1, these also determine the valuation of the minimal
discriminant of the curve.

We now explain how to explicitly obtain this data and more from the cluster infor-
mation:

In Sect. 1.2 — the reduction type of C and its Jacobian;

In Sect. 1.3 — for semistable C, the special fibre of the minimal regular model, the
homology of its dual graph, and whether the curve is deficient;

In Sect. 1.4 — the Galois representation and conductor exponent of C;

In Sect. 1.5 —for semistable C, the discriminant of a minimal Weierstrass equation;

In Sect. 1.6 — the relation of cluster pictures to isomorphism classes of curves;

In Sect. 1.7 — how much the coefficients of f(x) can be varied without affecting
arithmetic invariants;

In Sect. 1.8 — a classification of semistable curves of genus 2 and their invariants.

We first need some terminology to work with clusters; see also Table 6 in Appendix E
for a summary.

Definition 1.4 If s C s is a maximal subcluster, we write 5' < s and refer to s’ as a
child of s, and to s as the parent of 5. We write s = P(s').

For two clusters (or roots) 51, 5o write §1 A s for the smallest cluster containing
them.

Definition 1.5 A cluster s is a twin if |s| = 2, and it is odd/even if its size is odd/even.
A proper cluster is éibereven if it has only even children. A cluster s is principal except
when:

e |s5| <2, or
e s has a child of size 2g, or
e 5 = R is even and has exactly two children.

Definition 1.6 For a proper cluster s # R we define its relative depth to be

8s =dg — dp(s).

1.2 Reduction of C and its Jacobian

One of the main outcomes of the cluster approach is that it easily detects the reduction
behaviour of the curve C and its Jacobian Jac C. It requires one extra invariant, which
feels the leading coefficient of f(x):

Definition 1.7 For a cluster s set

vs =v(cs) + Y drns.

reR

Definition 1.8 We say that C/K satisfies the semistability criterion if the following
conditions hold:

(1) The extension K (R)/K has ramification degree at most 2.
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(2) Every proper cluster is /g -invariant.
(3) Every principal cluster s has d; € Z and v € 2Z.

Theorem 1.9 (=Theorem 10.3) Let C/K be a hyperelliptic curve of genus g. Then

(1) C is semistable (< Jac C semistable)
& C/K satisfies the semistability criterion.
(2) C has good reduction
& K(R)/K is unramified, there are no proper clusters of size < 2g + 1 and
Vs € 27 for the unique principal cluster.
(3) C has potentially good reduction
& there are no proper clusters of size < 2g + 1.
(4) C is tame?* (< Jac C is tame)
< K(R)/K is tame.
(5) Jac C has good reduction
< K(R)/K is unramified, all clusters s # R are odd, and principal clusters
have v € 27.
(6) Jac C has potentially good reduction
< all clusters s # R are odd.
(7) The potential toric rank of Jac C equals the number of even non-iibereven clusters
excluding R, less 1 if R is iibereven.
(8) Jac C has potentially totally toric reduction
& every cluster has at most two odd children.

1.3 Special fibre of the minimal regular model

For semistable curves we write down explicit charts for a regular model (Proposi-
tion 5.5). This then gives us an explicit construction for the special fibre of the minimal
regular model in terms of clusters (see Theorem 8.6). We give a simplified statement
here.

Definition 1.10 A centre z; of a proper cluster s is any element z; € K*°P such that
v(zg —r) > ds for all r € s; equivalently the cluster s can be written as D N R for
the disc D = z; + 7% Ogsep. If s = {r} is a singleton, its centre is 75 = 7.

Theorem 1.11 Suppose C/K is semistable. The special fibre of the minimal regular
model of C over Ok consists of components T for every principal cluster s, linked
by chains of P's. The normalisation of T's is given as follows. Fix a choice of centre
zg for each cluster. Then

f5: yzzcs 1_[ (x —reds(0)),
odd o<s

25T
r¢s gdsar

Z0—3s

T4s

mod m.

mod m and red;(0) =

o
where cs = =1 ]
a"f

2 By ‘tame’ we mean semistable over some tamely ramified extension of K; this is automatically the case
ifp>2g+1.
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If R is principal then the chains of P's are given explicitly as follows. If s' < s are
principal, then there is one chain with %’ —1 Pls (resp. two chains with 85 —1 Pls)
between U's and Uy if §' is odd (resp. even); if a chain has length O the components
I's and Ty intersect. Every twin t < s with §¢ > % gives a chain of 28— 1 Pls from
I's to itself.

In particular we obtain a description of the dual graph of the special fibre and its
homology in terms of clusters. The latter has a particularly simple description: roughly
speaking, the set of even clusters corresponds to a basis of the homology group. Recall
that this homology group is related to the Galois representation, the Tamagawa number
of the Jacobian (Lemma 2.22) and the character group of the toric part of the Raynaud
parametrisation of the Jacobian (Lemma 2.21). In order to keep track of the Galois
action on the dual graph (an analogue of split/non-split multiplicative reduction for
elliptic curves) we need an extra invariant €5, which generalises € in Example 1.2.

Definition 1.12 A cotwin is a non-iibereven cluster that has a child of size 2g.

For a cluster s that is not a cotwin we write s* for the smallest cluster s* O s whose
parent is not iibereven (and s* = R if no such cluster exists). If s is a cotwin, we write
5™ for its child of size 2g.

Definition 1.13 For even clusters s fix a choice of 05 = /cy ]_[,¢5 (zs — r), where z;
is some (any) centre for s. If s is either even or a cotwin, define €5 : Gy — {£1} by

0 (0s+)

(09)*

mod m.

€s(0) =

For all other clusters s, set €5(0) = 0.

Remark 1.14 (see Remark 8.4) Note that €5 does not depend on the choice of centre
zg+. When s is even or a cotwin, €4 restricts to a character on the stabiliser of s that is
also independent of the choice of the sign of 64+. This character is unramified if and
onlyif [Ig /Is+|(v(cy) +Zr¢5* d, ns+) 1S even, where I; < [g denotes the stabiliser of
5. When s is not a cotwin, this is equivalent to ordy |Ix /Is|(v(cf) + Zr¢5 drps) > 1.

Theorem 1.15 (see Theorem 9.3, Corollary 8.7) Suppose C/K is semistable. Let Y¢
denote the dual graph of the special fibre of the minimal regular model of C over
Ok, with its natural action of Gal(k/k). Let A be the set of even non-iibereven
clusters excluding R. Then

_ |#A =1 if R is iibereven,
() rkz(Bi(Ye, 7)) = {#A otherwise.

(2) The number of components in the special fibre is

85

me= Y. -+ 3 26+ 1tk Hi(Yc. Z).
5 odd, s#R,
|s|#1, 2g+1 even

3) Hi(Y¢,7Z) = [ZseA asls ‘ as €L, Y .cpls = O}, where B is the subset of
clusters s € A such that s* = R.
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(4) The length pairing is given by

0 if s} # 93,
(ESI? ZEz) = 2(d(51/\52) — dp(sT)) lf5>1k = 5; 7& R’
2(d(s,nsy) — dR) ifs; =55 =R.

5 o€ Gal(lz/k) actson Hi(Yc,Z) by 0 (£s) = €5(0)s(s).

Our description of the special fibre of the minimal regular model of C also allows
us to easily determine whether C is deficient, i.e. has no K -rational divisor of degree
g — L. Deficiency is used to determine whether the Tate-Shafarevich group of the
Jacobian of a curve over a number field has square order (see Sect. 8 of [30]).

Theorem 1.16 (=Theorem 12.4) Suppose C/K is semistable. Then C is deficient if
and only if it has even genus and either

(1) R = s1[]s2 with s1, 52 odd, G g-conjugate and 85, odd, or

(2) R isiibereven with eg (Frob) = —1 and for all non-iibereven s such that s* = R,
either ds ¢ 7 or the Frob-orbit of s has even size, or

(3) R is a cotwin, its principal child ¢ is tibereven with €, (Frob) = —1, and for all s
such that s* =, either ds ¢ Z or the Frob-orbit of s has even size.

In fact, even for curves that are not semistable, we construct a regular model over
a field F/K where the curve becomes semistable. The special fibre of the minimal
regular model of C over O por comes with a natural action of G g, not just G pur (= I ),
see Sect. 2.4. We describe it explicitly in Theorems 8.6 and 8.8 as well.

1.4 Galois representation

Knowing the explicit Galois action on the special fibre lets us determine the /-adic
Galois representation of arbitrary hyperelliptic curves. We use the following shorthand
notation:

Notation 1.17 For a curve X /k and a prime [ # p write
1 1
Hé[(X) = Hét(X];a Ql)s
and similarly for curves over K.

Notation 1.18 For a cluster s we write G; = Stab(s) for its stabiliser in Gg and
Is < G4 for the corresponding inertia subgroup.

As mentioned above, if C acquires semistable reduction over F, the full Galois
group Gk acts on the special fibre of the minimal regular model of C over Opnr. In
particular, the étale cohomology groups H élt(Fg) of the components have an induced
action of the stabiliser G5, which is closely linked to the étale cohomology of C and
which we are able to control explicitly. We obtain the following description.
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Notation 1.19 For a cluster s we define § to be the set of odd children of s and write

- 1 5
As = E(U(Cf) + |5lds + %ds/\r)-

Theorem 1.20 (= Theorem 10.1) Let C/K be a hyperelliptic curve. Let Hélt(C) =
Hélt(C)ab @ Hélt(C)t ® Sp, be the decomposition into ‘toric’ and ‘abelian’ parts.
Then

H(C) = PndiFe; Ser.
S

the sum taken over representatives of G  -orbits of even non-iibereven clusters. Writing
I's for the components of the special fibre in Theorem 1.11 over a Galois extension
where C acquires semistable reduction, we have

H}(C)ap = P Indg HLTS),
S

the sum taken over representatives of G kg -orbits of principal non-iibereven clusters.
For every such cluster s, there is an isomorphism of 15-modules

HITy) = 7@ QlE5lel) e,

where yg: I — QIX is any character 3 whose order is the prime-to-p part of the
denominator of |Ig /1| )15.

When C/K is semistable one can in fact also recover the Frobenius action on
H é]t(f‘ﬁ), as we explain in Remark 10.2. Briefly, one can pick the centres z, in The-
orem 1.11 to lie in K, the field cut out by G4, which makes Fs naturally a curve
over the residue field ks of K. The action of G5 on H élt(l: s) in Theorem 1.20 is then
simply via the quotient G5/l = Gal (k/ks) and the usual action of Gal(k /ks) on étale
cohomology. One may recover the Frobenius eigenvalues for this action from point
counts on I's over extensions of k. In a forthcoming paper [17] we will explain how
to reconstruct H élt(C ) as a full G g-representation from point counts even when C/K
is not semistable.

From the explicit description of the Galois representation we deduce the following
formula for the conductor.

Theorem 1.21 (Theorem 11.3, Corollary 9.4) Let C/K be a hyperelliptic curve.
Decompose the conductor exponent of Jac C into its tame and wild parts, nc =
ne tame + NC,wild-

3 Although ps is QIX -valued, the tensored representation is realisable over @, and we view it as a Q-
representation in this formula.
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(1) The wild part is given by

newid = Y V(Akey/k) — [K() : K1+ friyk

reS

where S is any set of representatives of G g -orbits of R, Ak ),k is the discrim-
inant of K (r) over K, and fg ) x is the residue degree.
(i1) The tame part is given by nc igme = 28 — dim Hélt(C)’K with

dim Hélt(C)IK = #{Ig-orbits on U} — #{Ig-orbits on V} — {1 i IR| and v(cy) are even,

~ 0 otherwise,
U = {s # R odd cluster | Ep(s)(Ap(s)) < &p(s) dps)}.
\% = {s proper non-iibereven cluster } Es(hs) = O};

here £5(a) = ordy(b) where b is the denominator of |1k /Is|a, with £5(0) = 0.
(iii) If C/K is semistable then

1 if R is iibereven,
0 otherwise,

ne = #A — [
where A is the set of even non-iibereven clusters s # R.

1.5 Weierstrass equations

By their very nature, clusters are designed to work with Weierstrass equations. We
establish criteria in terms of clusters for an equation to be integral (Theorem 13.3) and
to be a minimal Weierstrass equation, and give a formula for its discriminant.

Definition 1.22 We say that the Weierstrass equation y> = f(x) for C is integral if
f(x) € Ogl[x].Its discriminant is Ac = 16gc4}g+2disc(#f(x)). We say that such an
equation is minimal if v(Ac) is minimal amongst all integral Weierstrass equations
for C.

Remark 1.23 One can consider more general Weierstrass equations for C of the form
y2 + Q(x)y = P(x) for Q, P polynomials of degree at most g + 1 and 2g + 2
respectively, and define integral and minimal equations accordingly. Since we work
in odd residue characteristic, we can always find a minimal equation with Q(x) = 0.

Our notion of integral Weierstrass equation differs slightly from that of Liu used
in [28, Definition 2]. However the resulting notion of minimal equation and minimal
discriminant (Definition 3 of op. cit.) is easily seen to coincide. Several additional
notions of minimal discriminant appear in the literature for both hyperelliptic curves
and more general curves. See for example [24,36] and [33] for a discussion of these,
and [27] for the relationship between them for hyperelliptic curves of genus 2.

Theorem 1.24 (see Theorem 17.2) Suppose C : y* = f(x) is a semistable hyperel-
liptic curve over K with f(x) € Oklx], and that |k| > 2g + 1. Then C defines a
minimal Weierstrass equation if and only if one of the following conditions hold:
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(1) there are two clusters of size g + 1 that are swapped by Frobenius, dgr = 0 and
v(cy) € {0, 1},

(2) there is no cluster of size > g-+1 with depth > 0, but there is some G g -stable
cluster s of size |s| > g + 1 withds > 0 and v(cy) = — Zr¢5 dyns-

Note that even if C is not semistable or if |k| < 2g+1 but y2 = f(x) satisfies (2) in the
above theorem, then it is automatically a minimal Weierstrass equation, as it becomes
minimal after a finite field extension. In particular (taking s =R and dg =0 in (2)),
we immediately obtain the following general criterion for the equation to be minimal:

Corollary 1.25 LetC : y>= f(x) bea hyperelliptic curve over K with f (x) € Ok|[x].
If f(x) mod m has at least two distinct roots in k, but no root of multiplicity > g+1,
and the leading coefficient of f (x) is a unit, then this is a minimal Weierstrass equation.

We also obtain the following result on the discriminant.

Theorem 1.26 (=Theorem 16.2) Let C/K be a hyperelliptic curve. The valuation of
its discriminant Ac is given by

V(A =ven@g++ Y do(ls — x I57).
s proper s<s

If C/K is semistable and |k| > 2g+1, then the valuation of the discriminant A’gi” of
a minimal Weierstrass model of C is determined by the formula

v(Ac) — v(AZM)
4g+2

=v(cf) —E+dr(Rl—g—-1) + Z ds(ls| —g — 1),
g+1<ls|<|R|

where E = 0 unless there are two clusters of size g + 1 that are permuted by Frobenius
and v(c ) is odd, in which case E = 1.

1.6 Cluster pictures

As discussed in the beginning, we extract most of our arithmetic data purely from the
‘cluster picture’ of the roots of f'(x). Effectively this is how we propose to think about
hyperelliptic curves over local fields. To formalise this slightly, we consider an abstract
cluster picture purely combinatorially, without reference to roots of a polynomial.

Definition 1.27 Let X be a finite set and X a collection of non-empty subsets of X;
elements of X are called clusters. Attach depth ds; € Q to every cluster s of size > 1.
Then X (or (X, X, d)) is a cluster picture if

(1) Every singleton (‘root’) is a cluster, and X is a cluster.
(2) Two clusters are either disjoint or contained in one another.
(3) di > ds ift Cs.
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Two cluster pictures (X, X, d) and (X', X', d’) are isomorphic if there is a bijection

¢: X — X’ which induces a bijection from X to X’ and ds = d(;@).

For a polynomial f(x) € K[x] or a hyperelliptic curve C: y> = f(x), the cluster
picture X s or X is the collection of all clusters of the roots of f, as in Definition 1.1.

Asexplained in Theorem 1.3, cluster pictures carry a lot of arithmetic data. Different
models for the same curve can have different cluster pictures, however, even this can be
largely seen from the combinatorics of the roots. There is a purely combinatorial notion
of “equivalence” of cluster pictures (Definition 14.7) that keeps track of isomorphisms
of curves:

Theorem 1.28 (Theorem 14.4, Corollary 14.7) If C and C’ are isomorphic hyperellip-
tic curves over K, then their cluster pictures are equivalent. Conversely, if an abstract
cluster picture X is equivalent to ¢ for some hyperelliptic curve C, then there is a
hyperelliptic curve C' /K that is K -isomorphic to C and whose cluster picture is .

It is worth mentioning that every equivalence class of cluster pictures has a canonical
representative, a ‘balanced cluster picture’ (see Lemma 15.1). For semistable hyper-
elliptic curves Theorem 15.2 and Corollary 15.3 explain how to find an isomorphic
curve with such a cluster picture.

1.7 Perturbing the curve

The cluster picture is a fairly coarse invariant of the polynomial f(x). In particular
small perturbations of the coefficients of f(x) will not change its associated cluster
picture and hence many of the invariants of the corresponding curve. Here is a precise
statement (see Theorem 19.1 for a more general result).

Theorem 1.29 (=Corollary 19.3) Suppose C1: y* = c1g1(x) and C2: y> = c2g2(x)
are two hyperelliptic curves with ci,co € K* and g1(x), g2(x) € Og[x] monic
polynomials. If% € K*?and g1 (x) = g2(x) mod w4 where d is the largest depth
among the depths of all proper clusters of C1, then

° Hélt(Cl) = Hélt(Cz) as G g-modules for every |l # p, and C1 and C» have the
same conductor exponent and the same root number.

e [f C| is semistable then so is C. In this case, the special fibres of their minimal
regular models over Ognr are isomorphic as curves with an action of Frobenius,
their Jacobians have the same Tamagawa number, C; is deficient if and only if C;
is and, if |k| > deg g1 (x), the valuations of their minimal discriminants are equal.

1.8 Classification of semistable curves

As in Theorem 1.3, cluster pictures together with the signs of €4 (Frob) determine a
range of arithmetic information for semistable curves (see also Theorem 18.4). In view
of the semistability criterion (Theorem 1.9(1)), it is easy to list and classify all possible
cluster pictures that correspond to semistable hyperelliptic curves. We present here the
classification one obtains for curves of genus 2, together with their various arithmetic
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invariants; this is discussed more fully in Sect. 18. We propose a notation for cluster
pictures that carries this extra data in Notation 18.5.

Notation 1.30 For a cluster picture we write the relative depth on all proper clusters
(except for R which is decorated with its depth) at the bottom right corner of the
cluster. For every even cluster s such that s =s™ we write a sign + or — on its top right
corner to indicate €, (Frob). For every cluster, we link its children that are in the same
Frobenius orbit by lines.

For the dual graph of the special fibre T¢, the numbers inside the vertices indicate
their genus (no number meaning genus 0), an edge of length n indicates a chain of
n edges between n—1 genus 0 vertices, and the black arrows represent the action of
Frobenius on the graph.

Theorem 1.31 (see Theorem 18.8) Suppose the residue field of K has size |k|>5.

Every semistable genus 2 curve C /K admits a model y2=f(x), with f(x)eOk|[x]
and one of the listed cluster pictures in Table 1. Conversely, every genus 2 curve
y> = f(x) with one of the cluster pictures in Table 1 is semistable and, if
f(x) € Oklx], then this is a minimal Weierstrass model.

Moreover, Table 1 gives the invariants of such curves: mc is the number of com-
ponents in the special fibre of the minimal regular model of C, n is the conductor
exponent, w is the local root number; c is the Tamagawa number of Jac(C), Def indi-
cates whether the curve is deficient (—) or not (+). The column H\(Yc, Z) lists the
isomorphism class of the lattice together with automorphism (induced by Frobenius)
and pairing (induced by the length pairing on Y¢), in the notation of [4] Thm 1.2.2.

How to determine the reduction type (first column of Table 1) of a semistable genus
2 curve direct from its cluster picture is explained in Theorem 18.7 and Table 3 in
Sect. 18.

1.9 Layout

In Sect. 2 we review some facts about models of general curves over local fields and
étale cohomology.

In Sect. 3 we show that cluster configurations (or, rather, certain collections of discs)
give rise to a regular model of P}(nr and describe its properties (Proposition 3.13). In
Sect. 4 and Sect. 5, we study double covers of those models, and deduce explicit regular
models of hyperelliptic curves that satisfy the semistability criterion (Definition 1.8).
This approach is similar to that of Kausz [24], and has also been exploited by Bouw-
Wewers [10] and Srinivasan [36], though each of these works in a slightly different
generality to us. In particular, we construct the models under the assumptions of
the semistability criterion and so in particular do not assume that all Weierstrass
points are rational. We find the minimal regular model (Sect. 5.4), describe the dual
graph of its special fibre (Theorem 5.18), give explicit equations for its components
(Theorem 5.20) and describe the reduction map from the generic to the special fibre
(Prop. 5.23); we deduce the stable model in Sect. 5.8.

In Sect. 6 we turn to non-semistable curves and study the natural Galois action on
the model that we have over an extension where the curve becomes semistable. We then
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Table 1 Local invariants of semistable genus 2 curves

Type Yo v(cy) To me H(Y¢c,Z) n | w c Def V(Amin)
2 eessss, O ° 1 - ol+] 1 + 0
1x,1 7 .T. r+1 - 0]+ 1 + 12r
-
1%.1 7 e r+1 - 0|+| 1 | (=) | 12r+107
1) 0 <n>. n [1:n] 1| - n + n
1, 0 Cn@. n [2:n] 1|+ n + n
1x.I) 7 Cﬂ 0 n+r 1:n] 1| - n + 12r +n
1x.1, T @.—r. n+r 2:n] 1]+ n + 12r+n
_—
Toim 0 ?? n+m—1 [1.1:n,m] 21+ | nm + n+m
I:; 0 W n+m—1 [124:n,m] |2]|—| nm + n+m
Toim 0 W n+m—1 [2.2:n,m] 2|+ | nm + n+m
s
I, o] = -1 12g:mm] [2|-| n + o
—
. o =D m—1 [4:n] 20+ @ + 2n
&
U;vm_,‘, 0 ” - n+m+k—1 [1.1:4d,t/d] 2|+ t + n+m+k
-t
Ui 0 ¢ / ndmk—1| [22:d,t/d] | 2|+ |t/dd| ™| n+m+k
k
U; nk ’L; 0 N 2n+k—1 | [1.2g:n+2k,n] | 2 | — | n+2k + 2n + k
k
Upnk ,” 0 e n+k—1 |[12g:n,n+2k | 2| —| n (—)k 2n+k
e
+ P «
Uy on ,; 0 N 3n—1 [3:n] 20+| 3 + 3n
2N
Upnn ©96909;) 0 " . 3n—1 [6:n] 2|+ 1 (=)™ 3n
n+m+r—1 [1.1:n,m] 2|+ | nm + 12r+n+m
n+m+r—1 [1.24 :n,m] 2| —| nm + 12r+n+m
n+m+r—1 [2.2:n,m] 2|+ | nm + 12r+n+m
2n+r—1 12p:nmn] |2]|- n (=) | 12r4+2n+107
2n+r—1 [4:n] 2|+ n (=) | 12r+2n+107

Notation: 7 = 0if 2|r and 7 = 1if2{r;7a=2if2|nand i = 1 if 2 { n;
d =gcd(m, n, k); t = nm + nk + mk

deduce the semistability criterion (Theorem 7.1), and in Sect. 8 describe the Galois
action on the special fibre in terms of clusters. In Sect. 9 we extract the homology of
the dual graph of the special fibre (Theorem 9.3), and, consequently, the toric part of
the étale cohomology (Corollary 9.6). The abelian part is addressed in Sect. 10, and
as a consequence, we get Theorems 1.20 (=10.1) and 1.9 (=10.3). In Sect. 11 we then
find the formula for the conductor, and classify deficient curves in Sect. 12.
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In Sect. 16 and Sect. 17 we study the discriminant and the minimal Weierstrass
equation of a hyperelliptic curve, proving Theorems 1.24 (=17.2) and 16.2 (=16.2).
This is primarily a combinatorial cluster yoga, relying on the semistability criterion
to convert semistability into cluster language. In Sect. 18 we propose a notion of a
‘reduction type’ of a semistable curve, and give classfication in genus 2. In Sect. 19
we study the variation of the coefficients of a curve that does not affect its primary
arithmetic invariants, and prove Theorem 19.1 and Corollary 1.29 (=19.3).

In Appendix A we review affine automorphisms of (possibly singular) hyperelliptic
equations. Appendices B and C prove some technical results concerning centres of
clusters and equivalent forms of the semistability criterion. Finally, Appendix D links
the results of this paper to its combinatorial predecessor [18].

For convenience of the reader, Appendix E lists the notation and terminology used
in different parts of the paper, together with their definitions or references to where
they are given.

2 Curves and Jacobians over local fields

In this section we review some facts about models of curves over local fields and étale
cohomology. We refer the reader to [12, Sect. 2], [10,23,35], and especially [19] for
details. All of this is standard, except we want the residue field to be non-algebraically
closed, and so have to keep track of the Galois action throughout the section.

Let K be a local* field, with uniformiser 7 and residue field k. Suppose C/K is a
non-singular projective curve, of genus g > 2.

A model of C/K is a flat proper scheme C/Ok together with a K-isomorphism
of its generic fibre with C. It is a regular model if C is regular, and such a model can
always be obtained from a given model by repeated blowups. Among regular models,
there is a unique one dominated by all the others, the minimal regular model

Cmin —> Spec Ok.

A model is semistable if its special fibre Cy, is geometrically reduced and has only
ordinary double points as singularities, and when such a model exists we say that
C/K is semistable or has semistable reduction. Such a model always exists over some
finite extension F /K [13]. When one exists over K, the minimal regular model is
semistable as well, and blowing down certain components of the special fibre yields
a stable model

Cst —> Spec Ok,

characterised among semistable models by the fact that its special fibre has a finite
automorphism group (i.e. it is a stable curve). It is again unique, though it is not
necessarily regular, and it commutes with base change, as opposed to the regular
model.

4 In fact, here and in Sect. 2.2, K could be any complete discretely valued field with perfect residue field.
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— o — o — o
Qp Fp Qp Fp @p(%) Fp
original model minimal regular model semistable model

C/Zy:y? =a°+p? Crnin/Zy Css/Zp[$/P]

Fig.1 Models of y2 =x3+ p2 over Qp and Q, (¥/p)

Example 2.1 Take K = Q, (p > 3), and

C/K :y? =x3+ p?,

an elliptic curve with additive reduction. The defining equation gives a model C/Z,
that is neither regular (the ideal (0, 0, p) gives a singular point) nor semistable (the
special fibre has a cusp). Its minimal regular model Ciyin/Z, has three Pls meeting
at a point as a special fibre (Kodaira type IV). The curve C becomes semistable over

Qp(YPp), since

Y=x+rb = Y =41 (r=Yp). (22)

and the latter has good reduction: the special fibre is an elliptic curve over y* = x3 +1
over IF,.

We begin by reviewing special fibres of semistable models.

2.1 Semistable curves over the residue field

We follow [23, pp. 469-474] closely, except our description of X (7') in (2.5) is slightly
tweaked.

Let Y /k be a semistable curve, that is Y is complete, connected, not necessarily
irreducible, and the only singularities of Y; = Y xy k are ordinary double points.
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Write

n = normalisation map ¥ — Y,
= set of singular (ordinary double) points of Y%,
= set of irreducible components of ¥} (=connected comps. of )7,;),
= n~!(Z); this comes with two canonical maps
¢:K—>1I, P+ n(P),
¥ : K — J, P component of f’,; on which P lies,
T = dual graph of Y3.

AQ N

2.1.1 Dual graph

By a metric graph we mean a topological space G homeomorphic to a finite (combi-
natorial) graph, equipped with a set V(G) of vertices (containing (at least) all points
x € G of degree # 2), a set E(G) of edges, and a length function ! : E(G) — R.o.
Graph isomorphisms are homotopy classes of homeomorphisms that preserve vertices,
edges and lengths. We allow loops and multiple edges and note that automorphisms
may permute multiple edges and reverse the direction of loops. Note that automor-
phisms act naturally on the first singular homology group Hi(G, Z).

The dual graph Y is the metric graph with vertex set 7 and edge set Z. The set I is
the set of edge endpoints, the maps ¢ and i specify adjacency, and each edge is given
length 1. It comes with a natural ‘genus’ marking g : V(Y') — Zx( which associates
to each vertex the (geometric) genus of the component to which it corresponds. Note
that a graph automorphism of Y is precisely the data of bijections K — K,Z — 7
and J — J that commute with ¢ and .

2.1.2 Character group

The normalisation map » is an isomorphism outside Z, and yields an exact sequence
of sheaveson Y,

1 — Oy —>n*013/< — 1 —0,
with I concentrated in Z. Consider the long exact sequence on cohomology,
0— H(Y,0;) — HY, 0;) - HYY, ) » H'(Y,0)) - H'(Y, 0;) = 0.

The global sections of I are in bijection with invertible functions on C modulo those
pulled back from Z. In other words,

HO(Y, ) = coker((k*)* <, k%),
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where ¢* takes a function Z — k* to K — k* by composing it with ¢. With y*
defined in the same way, the exact sequence above becomes

()~
¢*((k)T)

0— &% — &%) L5 — 5 Pic Y (k) —> Pic P(k) — 0. (2.3)

In fact, there is an exact sequence of algebraic groups
0 — T —> Pic®(Y) — Pic®(¥Y) — 0, (2.4)

with T the largest torus in Pic®(Y). Then (2.3) gives a canonical identification of its
character group X (T) = Hom(T, (Gm’,;) as

X(T) = ker(ZE % 77 x 77). (2.5)
On the other hand, write the dual graph Y as the union Y = U U V, where U is the
union of open edges, and V is the union of small open neighbourhoods of the vertices.

Then the Mayer-Vietoris sequence reads

0— H(T.Z) — 75 @R 77 729 70,

since Ho(U) = Z%, Hy(V) = Z7, Hy(U N V) = ZX and all their higher homol-
ogy groups vanish. Therefore, the character group of 7' and its Z-linear dual are,
canonically,

X(T)=H(Y,Z), X()*=H'(TZ). (2.6)
On the level of Tate modules 7;, [ # char k, the sequence (2.4) becomes

0 — X(T)*®77 —> T Pic’ Y — T3 Pic’(¥Y) — 0. 2.7)

There is a length pairing on H (Y, Z): let (e, ¢) = 1 and {e, ¢’} = 0 for edges ¢ # ¢’
of Y, and extend to singular chains by linearity. This descends to a pairing on Hj,

(,): Hi(Y,Z) x H(Y,Z) — Z. (2.8)

Finally, it is clear that Z, 7, IC, X(T), X(T)*, H(Y, Z), T; are all Gx-modules,
and (2.6), (2.7), (2.8) are compatible with G-action, as everything is canonical.

2.2 Semistable Jacobians

Now we go back to C/K, and suppose it has semistable reduction. Then the Jacobian
A = Jac C is a semistable abelian variety over K. Let
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C/Ok = semistable model of C over Ok base changed to Ognr, with special fibre
C/k.
N/Og = Néron model of A /_ K™ base c_hanged to Ognr, with special fibre N /IE; the
_ identity component N 0 is Pic? c.
® (k) = (finite) group of components N /N 0,
T /k = toric part of Pic? C, as in (2.4).

By the work of Raynaud ([23,31] Sect. 9), there is a smooth commutative group
scheme .A/QOgn, unique up to a unique isomorphism, characterised by the following
properties: it is an extension

0—7 —>A—B—0,

with 7 /Okn a torus and B/Ogw an abelian scheme, and A ® ((’)Knr/mi,(nr) is the
identity component of ' ® ((’)Knr/m"Km). Noting that B(Ogn) = B(K™) as B is
proper, from the commutative diagram

0 — 7(Ognr) — A(Ogn) — B(Ogm) — 0

l ! I

0 — T(K™) — AK™) — B(K™) — 0

we have

AKK™) _ T(K™) _ Hom(X(T), (K™)*)

= = Hom(X(7),Z) = X(T)*. (2.9
A(Ogm) — T(Ogm)  Hom(X(T), Ogu) om(X(7T), Z) (D*. 2.9

By the rigidity of tori, we have X(7) = X(T) and so X(7)* = X(T)*.

The dual abelian variety A’/K™ has semistable reduction as well, and there is a
sequence as above with 7%, A* and B* = B’ ([23] Thm. 5.4). Raynaud constructs a
canonical map X (7*) — A(K™), inducing a G gnr-isomorphism

A(K) = AK)/X(T™).
In the case of elliptic curves with split multiplicative reduction, this is Tate’s parametri-
sation E(K) = K*/q”.
Combining X (7*) «— A(K™) with (2.9), we get an inclusion
n: X(T*) < Hom(X(7),7Z) (2.10)

with finite cokernel, which is canonically isomorphic to the group of components
® (k). We may view n as a non-degenerate bilinear pairing, the monodromy pairing,

X(T*) x X(T) — 7. @2.11)
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If K'/K is a finite extension, then X(7) and X (7*) remain the same modules by
uniqueness of Raynaud parametrisation, and the map n becomes ek /xn, see [23,
10.3.5]. Because A is a Jacobian, it has a principal polarisation A —> A’, inducing
AZ A*, T ZT*, B = B*. The pairing (2.10) becomes a symmetric bilinear pairing
([23] Sect. 10.2)

X(T) x X(T) — 7, (2.12)

and it coincides with (2.8), up to identifying X (7)) = X (T). Because ® (k) = coker n,
we get a perfect symmetric pairing

& (k) x ®(k) — Q/Z. (2.13)

Finally, as in Sect. 2.1, Gy acts on everything, and (2.11), (2.12), (2.13) are G-
equivariant.

2.3 Galois and inertia
As K is alocal field, Gg = Gal(K*“? /K) fits into an exact sequence
1l— Ix — Gg — G — 1,

with Ig the inertia group, and Gy = Z topologically generated by the map x +— x9.
Any of its lifts to G is called an (arithmetic) Frobenius element Frob. Write x; :
Gk — Z; = GL{(Z),

xi: Ig+— 1, Frob— ¢

for the [-adic cyclotomic character, and Z;(n) = Xl®” for the Tate twist of the trivial
module Z;.

The inertia group /g has a unique p-Sylow subgroup, the wild inertia Pk, and we
have a short exact sequence

1—>PK—>IK—>1_[Z,—>1.
I#p
The tame inertia I / P projects onto Z; via the [-adic tame character
tidg — lim =7 (1)

o (x!/™)

o > T/
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2.4 General curves

Fix
C/K = arbitrary non-singular projective curve of genus > 1,
A/K =Jacobian of C,
F /K =finite Galois extension over which C is semistable, with residue field k,
ring of integers O and uniformiser 7,
Crmin/Opr = minimal regular model of C / F™, with special fibre C (semistable curve),

and normalisation C, B
N/OF = Néron model of A/F™, with special fibre N,
J =setof connecte_d components of C,
Y =dual graph of C, as in Sect. 2.1.

For o0 € Gk, the model Cglm is again a stable model of C/F, and so Cmln

canonically. As explained in [19] (see also[12,p. 13] and [35, p. 497]), this implies that
the Galois action Gx G C(K ), A(K ) extends to a semilinear action on the geometric

points of the special fibres C, N and C ,

- len i

s:Gxg = AutC(k) (= Aut N(k)). (2.14)

It is computed as follows. Let Cos (IE) cC (IE) be the non-singular locus. Write red
for the reduction map

reduce

red: C(F™) — Cpnin(OF) — Cps(k). (2.15)

Itis _surjgctive by Hensel’s Lemma, so take a section red~!: Cps(k) = C(F™). Then
on Cp(k), the map s is the composition (cf. [19, Thm 1.5], except there red~! is
chosen to land in C(F'), which is a bit more general)

50): Cos®) 5 C(F™) T C(F™) L C(R). (2.16)

The reduced curve C has a natural structure of a k-scheme; denote by & : C—>C
the absolute Frobenius map, acting on K (C) by raising everything to the power |k|.
If o = Frob" r for some n € Zso and t € Ik, then s(o) = ®"g for some k-
linear automorphism g of C. In particular, n = 0 for o in the inertia group /g, and
s(Ig) = IF/k is finite, acting through honest kr-scheme automorphisms. Note that
for every o in the Weil group of K (i.e. of the form o = Frob” t as above, but with
n € 7),eithers(o) ors(c " isa morphism of schemes, so that (a) (2.16) determines
it uniquely (on the whole of G, as the Weil group is dense in it), though it is only
defined on the non-singular points, and (b) the action of s extends naturally to the

action on C (k),
§:CKk) — Clo, (2.17)

on N (k), and on the dual graph Y.
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Applying this to the /-power torsion points of A = Pic?(C), from (2.6), (2.7) and
[10, Prop. 2.6] (see also [12, p.14]) we find an isomorphism of G g-representations
VIA = (ViA);®@Sp, ®(VA)gp, with

ViA), = Hi(Yc,Z) @z Q,
Vid)ar = @ Indgh ) Vi Pic (D), (2.18)
reJ/Gg

and G g acting through s on the spaces on the right. Twisting by Q; (1) gives a similar
decomposition for the étale cohomology group Hélt(C %> Q). See [19, Cor 1.6] for

details, noting that H,(Y¢, Z) ®7 Q; = H'(Y¢, Z) ®7 Q; as a G g-module, since a
rational representation is self-dual.

Example 2.19 Consider the curve from Example 2.1 over K = Q, (p > 3),
C/K: y2 =x° +p2.

Fix a primitive 3rd root of unity ¢ € K and 7 = Ip.Let K' = K(), and F =
K (¢, ), its Galois closure. Thus, Gal(F/K) = S3if p =2 mod 3,and F = K’
with Gal(F/K) = C3 otherwise. In either case, the inertia group I, g is C3, generated
by t that sends w — ¢7r. Let ® be a Frobenius element of K'; so ® fixes 7 and sends
£ —>¢P.So

A

G = Gal(F™/K) = (1, ®) = C3 x 2.

Recall from 2.1 that C acquires good reduction over K’ ’, and thus over F as well,
and the special fibre of its minimal model is the curve C : y> = x> + 1. Using the
isomorphism (2.2), the reduction map (2.15) becomes

red: C(F™) — C(F,)
(x,y) > (33, 75) mod 7.
The semilinear action s of G g in (2.16) factors through G and is given by
s(r): C(F,) — C(F)) s(®): C(F,) — C(F,)
(x,y) > (x,y) (x,y) > (xP, yP)
We refer the reader to [ 16, Sect. 6] and [15, Sect. 3-4] and [10] for additional examples,
and explicit computations of Galois representations attached to curves.

We also recall the formula for the local root number of the Jacobian in the semistable
case:

Theorem 2.20 Let C/K be a semistable curve. Then the local root number of the
Jacobian A = Jac C is

wy = (=1,

where a is the multiplicity of the trivial representation of Gy in the homology of the
dual graph H (Y, Q) of C.
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Proof This is a standard root number computation, see e.g. [14, Prop. 3.23] witht = 1
and X(7) = X(T) = H((Y, Z) by (2.6). O

Lemma 2.21 Let C/K be a semistable curve. Then H|(Y¢c,Z) = X(7T) as Z[Frob]-
modules with pairing.

Proof Again, X(7) = X(T) = H{(Y,Z) by (2.6); for the compatibility with the
pairing, see (2.12). |

Lemma 2.22 Suppose C /K is semistable. Let ® be the component group of the Néron
model of the Jacobian of C over K™. Then ® is isomorphic, as a G-module, to the
cokernel of

H\(Yc,Z) — Hom(H1(Y¢,Z),Z), £+ (£,-).

Proof Apply [9, Thm. 9.6/1] over K™. O

Remark 2.23 The size of the G-invariants of ® is known as the Tamagawa number
of the Jacobian of C over K.

3 Regular semistable models of P!

In this section we show how certain finite collections of discs (see Definition 3.2) give
rise to regular semistable models of the projective line over K™. We then describe
(Proposition 3.13) the divisor of a polynomial on this model. In the next section, given
a hyperelliptic curve C/K : y> = f(x) satisfying the semistability criterion we use
this to associate to C a particular model of P}{m on which the divisor of f(x) has nice
properties (see Proposition 4.16). We then deduce that the normalisation of this model
in the function field K™ (C) is a regular model of C/K™ (Theorem 5.2) from which
several of our main theorems follow.

The relationship between discs and models of the projective line is not new and
roughly proceeds as follow. To each disc there is a naturally associated valuation on
K (x) (we recall this construction in Sect. 3.1.2). Now by [32, Proposition 3.4] (see
also [29, Sect. 5]) there is a one to one correspondence between normal models of IE”}(m
and finite non-empty collections of ‘inductive’ valuations on K™ (x), the map taking a
model to the set of valuations corresponding to the local rings at the generic points of
the components of its special fibre. Our model is the one yielding the same collection
of valuations as that associated to the collection of discs. To facilitate in the analysis
of the model however we construct it below using explicit charts. That these two
descriptions agree follows from Proposition 3.13. For a more general correspondence
between normal models of P}(m and collections of ‘rigid diskoids’ see [32, Proposition
4.4], [29, Sect. 5.1].
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3.1 Discs and associated valuations
3.1.1 Discs
A disc is a subset
D=D,s:={xeK | v(x—z2) >d)

forsome z € K and d € Q. Here d is an invariant of the disc, its depth, denoted dp.
If D has depth dp and z € D then D = D, 4,,; we call any z € D a centre of D. We
say a disc is integral if it has a centre in K™ and integer depth. For an integral disc D
we denote by P (D) its ‘parent’ integral disc P(D) = Dy, 4,—1 forany zp € D. We
say integral discs D and D’ are adjacent if one is the parent of the other.

3.1.2 The valuation associated to a disc

Each disc D = D, 4,, defines a valuation vp on the function field K (x) extending v
(see e.g. [2, Sect. 1.4.4]). Explicitly, for a polynomial f(x) € K[x], letting ¢; denote
the coefficient of x' in f(x + zp) we have

vp(f) = min;{v(c;) +dpi}.

Writing R C K for the (multi)set of roots of f(x) and ¢ 7 forits leading coefficient,
factoring f(x) as a product of linear polynomials it follows from the fact that vp is a
valuation extending v that

vp(f) = vicy) + Z min{dp, v(zp — r)}. (3.1
reR

3.2 Admissible collections of discs

The following collections of discs will correspond to regular semistable models of
Pk

Definition 3.2 Call a finite non-empty collection D of integral discs admissible if

(i) D has a maximal element Dp,x with respect to inclusion,
@ii) if D1, Dy € D with D1 C D5 then every integral disc D1 € D € Dy isin D
also.

To such D we associate the finite connected rooted tree Tp with vertices {vp | D € D}
and root vp, ., where vp and vy are joined by an edge when D and D’ are adjacent.
We write D; (resp. D<;) for the subset of D consisting of discs whose associated
vertices are a distance i (resp. at most i) from the root.

Remark 3.3 We will see in Proposition 3.10 that Tp is canonically the dual graph of
the model of IP’IKm associated to D.
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3.3 The model of ]P’,‘(,,, associated to an admissible collection of discs

Notation 3.4 For the rest of this section we fix an admissible collection of discs D,
along with a choice of centre zp € K™ for each D € D.

In what follows denote by O the ring of integers of K™ and, as in the introduction,
let 7 denote a fixed choice of uniformiser for K. We now associate to D a model
Yp/O of IP’}(H,, first introducing some objects and notation which will be useful for
the construction.

Remark 3.5 The choice of centres above is minor—in particular the model YVp/O
which we associate to D in Definition 3.8 is, up to isomorphism over O, independent
of this.

3.3.1 The schemes Up, Wp and Yp
Definition 3.6 To each disc D € D we associate schemes

Up = Spec Olxp] and Wp = :Spec Olip] D = Dmax,
Spec Olsp, tpl/(r — sptp) else.

We denote by Yp the glueing of Up and Wp over the subsets {xp # 0} and {¢rp # 0}

via the isomorphsim xp = 1/tp.

For D = Dpux we have Yp = IE”}9 with variable xp. We denote its special fibre
Ep,..- For D # Duax, Yp is the result of blowing up Aég with variable sp at the
origin on the special fibre (see e.g. [26, Lemma 8.1.4]). Its special fibre consists
of two irreducible components intersecting transversally at the single closed point
sp = tp = 0. One component (the exceptional fibre of the blow up) is isomorphic to
]P’]% with variable x p and we denote it Ep. The other is isomorphic to Al with variable
sp. It is contained entirely in the complement of Up and we denote it Fp.

Definition 3.7 Let D € D. We define a ‘reduction’ map D — k (which depends on
the choice of centre zp for D) by setting

— 2D
wdp

redp(z) = ¢ (mod m).

Note that this gives a bijection between closed points on the special fibre of Up and
maximal integral subdiscs D’ of D, sending D’ to the point xp = redp(zp’) for any
zp € D. Since this does not depend on the choice of centre z» we henceforth write
redp(D’) in place of redp (zp/).

We denote by Pp the finite set of points on the special fibre of Up corresponding
to maximal integral subdiscs of D which are in D. Similarly, let Qp denote the finite
set of closed points on the special fibre of Wp of the form

Zp' —ZD

o1 (mod m)

Sp =
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for D’ € D a ‘sibling’ of D (i.e. such that D’ # D is a maximal integral subdisc of
P(D)).

In what follows we will at times wish to consider the scheme Wp\Pp, viewing
both Pp and Wp as subsets of Yp to form the complement.

3.3.2 The model Yp

We now glue the schemes Yp with certain points removed to form the model Vp.
We will do this in such a way that for D # Dp,x the component Fp of Yp glues
onto the component E p(p) of Yp(p), identifying the set Q p with Pp(p) less the point
xp = redp(p)(D) in the process.

Definition 3.8 (The model Vp) For i > 0 we construct inductively schemes ypﬁ.
which will be covered by

{(Yp\(PpUQp) | DeD<i1} and {Yp\Qp | D eD;}.

In this way we talk about components Ep of Vp_,. We will denote by oo the point on
YVp_, corresponding to 7p,,, = 0 on the generic fibre of Yp,,., and denote by {oo} its
closure in the model. We then define Yp to be equal to Yp_, for n minimal such that
D =D,. B

First, set Yp_, = Yp,..- We make this a model of P, (thought of with variable x)
via the change of variable x = 7%maxxp_ +zp_ .

Now given Yp_; we obtain Yp_, ., by blowing up Vp_, at the finite set (J pcp, Pp
of closed points on its special fibre.

Explicitly, since blowing up is a local process, Vp_, , is given by glueing each of the
schemes Yp\Qp for D € D; | onto y/Dq = nySI,\ U DeD; ‘Pp over the open subsets
given by removing Ep from the special fibre of Yp\Qp (D € D;1), and removing
{oo}U UD,#P(D) Ep from ybq. The glueing maps are given, for D € D, 1, by

. Zp(D) — ZD
Sp = Xp(D) + -1
Remark 3.9 1In the function field of J)p we have, for each D € D,

X —2ID
Xp = Zdp IDZI/XD, and sptp = 7.

Moreover, we see from the construction that Vp is covered by the open subsets Up\Pp
and Wp\(QpUPp) as D ranges over all elements of D. In particular, every closed point
of the special fibre of Vp is either the point at infinity (i.e. tp,, = 0) on Ep,,., the
single point of intersection between Ep and E p(p) (visible as the point sp =tp =0
on Wp\(Qp U Pp)) for some D # Dpax, or a point of the form xp = redp(D’) on
Ep for D’ ¢ D amaximal proper integral subdisc of some D € D, visible on Up\Pp.
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3.3.3 Properties of the model

Proposition 3.10 Let D be an admissible collection of discs and Yp /O the associ-
ated model of P}(m. Then Yp is proper regular and semistable with dual graph Tp
(Definition 3.2), the vertex vp corresponding to the component Ep. The valuation on
K™ (x) corresponding to Ep is (the restriction to K™ (x) of) vp.

Proof Since )p is obtained by iteratively blowing up IP’é,) at a finite set of closed points
on the special fibre it follows that })p is proper and regular. Since none of these points
were intersection points between components of the special fibre, Vp is semistable
(as can also be seen from the explicit charts covering Vp). The dual graph is equal to
Tp by construction.

Finally, write p p for the valuation associated to Ep. It is the valuation on K™ (x)
associated to the prime ideal (7r) of O[xp], where x = 7% xp + zp. Since both vp
and pp are valuations, to show that they are equal it suffices to show they agree on all
polynomials. Now for f(x) € K™[x], it follows from the definition of vp that

n—VD(f)f(x) — n—vu(f)f(ndeD +2p)

is in O[xp] but not in the ideal (). Thus wp ("2 f(x)) = 0 and the result
follows. O

3.4 The divisor of a polynomial on the model Y)p

We now describe the divisor of a polynomial f(x) € K™[x] on the model Vp, first
introducing some notation with which to describe the result.

Definition 3.11 Let D be an integral disc and f(x) € K™[x]. Define

kp(f) =vp(f) —vpy(f).

Note that if f(x) is a polynomial with (multi)set of roots R then (3.1) gives

kp(f) =|DNR|+ > v<r_ZD> > 0. (3.12)

dp—1
T4D
reR
dp—l<v(r—zp)<dp

Proposition 3.13 Let D be an admissible collection of discs, Yp/O the associated
model ofIP’}(m and f(x) € K™[x] a polynomial with (multi)set of roots R C K. Let
Z € Div()Yp) denote the divisor

Z = div(f) + deg(f){oo},

and let Zyer (resp. Znor) denote its vertical (resp. horizontal) parts.
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(i) We have

Zyer = Z vp(f)EDp.

DeD

(il) Znor does not meet any of the intersection points between components of the special
fibre of Yp if and only if

kp(f)=|DNR| forall D e D with D # Dmax. (3.14)

Suppose that (3.14) holds. Then

(iii) for each D € D, Zpo meets Ep precisely at the points xp = redp(D’) for D' a
maximal integral subdisc of D with D' ¢ D and kp/(f) > 0, unless D = D,y
and kp(f) < deg(f), in which case it additionally meets Ep at the point at
infinity.

(V) Znor is regular if and only if

KDy () € {deg(f), deg(f) — 1}

and for all integral discs D with P(D) € D and kp(f) > 2, we have D € D
also.

We postpone the proof to the end of the section, beginning by defining certain
auxilliary polynomials associated to f(x).

Definition 3.15 Let f(x) € K™[x] and D € D. We define
foGp) =a""PP f(@®xp +zp) € Olxpl.
If D = Dp.x we define

gp(tp) = fgeg(f)fD(l/l‘D) € Oltpl,

whilst if D # Dpax we define

5 () +dpi- D+Hdp—1)i—
gD(SD, ID) = ZcisZ(CI)_I—le VD(f)tZ(C )+(dp—1)i VP(D)(f)

i>0

€ Olsp, tpl,

where ¢; is the coefficient of x! in fx+zp)and ¢ = cjm v,
Remark 3.16 Inside K™ ())p) we have (cf. Remark 3.9)
— ——vp(f) _ deg(f) _—vp(f)
folxp)=m J X)) 8D D) =1 "' VACY)
and

- - N
gp(sp,tp) = SDUD(f)tDVP(D) ! fx).
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In particular, upon proving Proposition 3.13(i) it follows that, for each D, fp (resp.
gp) gives a local equation for Zpo on Up\Pp (resp. Wp\(Pp U Qp)).

Lemma3.17 Ler f(x) € K™[x] have (multi)set of roots R € K. Let D € D with
D # Dnmax and let Rp denote the intersection point between the two components of
the special fibre of Wp. Then Rp lies on the closed subscheme {gp(sp,tp) = 0} of
Wp if and only if

kp(f) #IDNR.

Proof Note that Rp corresponds to the maximalideal (sp, tp) of Olsp, tp]/(m — sptp).
To simplify notation, for each 0 <i < deg(f) write A; = v(¢;) + (dp — 1)i, so that
vp(f) = min;{X; + i}, vp(p)(f) = min; {A;} and

~ AjtHi— hi—
g(sp,tp) = ZCiS;;Jrl "D(f)tD ve) (f)
i

for ¢; as in Definition 3.15. Now (sp, p) does not liec on {gp(sp, tp) = 0} if and only
if gp(sp, tp) has non-zero constant term, or equivalently if and only if

min; {A; +i} = min; {A;} + j

where j is the smallestinteger such that A ; = min;{};}. Thatis, if and only ifx p (f) =
j for 0 < j < deg(f) as above.

Considering the Newton polygon of the polynomial f (& X +2zp), the valuation
of the ith coefficient of which is A;, we see that j is equal to the sum of the lengths of
the projections onto the horizontal axis of all segments in the Newton polygon having
strictly negative slope. By standard properties of Newton polygons this is equal to the
number of roots of f (7~ !x +zp) having strictly positive valuation or, equivalently,
equal to the number of roots r of f(x) satisfying v(r —zp) > dp — 1. From (3.12) we
see that k p (f) is equal to the number of such roots if and only if k p (f) = |[DNR|. O

dp—1

Lemma3.18 Let f(x) € K™[x].

(i) Let D' be a maximal integral subdisc of some D € D. Then the closed subscheme
{fp(xp) = 0} of Up meets the point xp = redp(D’) on the special fibre of Up
if and only if kp/(f) > 0, and if this is the case, is regular at this point if and
only if kpy (f) = 1.

(i1) The closed subscheme {gp,,..(tDy) = O} of Wp,,.. meets the point tp_,. = 0
on the special fibre if and only if kp,,. (f) < deg(f), in which case it is regular
here if and only if kp,,, . (f) = deg(f) — 1.

Proof (i) Fix a centre zp» of D’ so that the point xp = redp(D’) in question
corresponds to the maximal ideal n = (m, xp —_ozD/) of Olxp], where ap =
(zpr — zp) /7. Denoting by c; the coefficient of x' in f(x + zp/) we have

vp(f) = min;{v(c;) + (dp + Di}
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and

fp(xp) = ZCQ(XD —ap)

where ¢, = c;m'4p=vpf) Now fp(xp) is in n if and only if v(cj) > 0 and, when
it is, Olxpl/(fp(xp)) is regular at n if and only if fp(xp) ¢ n? (see [26, Lemma
4.2.2]). This happens if and only if either v(c6) =1lor v(c/l) = 0 (or both).

Now v(c(y) > 0 (resp. v(c) = 1 or v(c}) = 0) if and only if

min; {v(c}) +i} > 0 (resp. min;{v(c)) +i} = 1)
and since

min; {v(c}) + i} = min;j{v(¢;) + (dp + i —vp(f)} = vp (f) —vp(f) = kp (f)

we are done.
(i1) This may be proved analogously to (i). O

Proof of Proposition 3.13 (i) Follows from Proposition 3.10 which shows that vp is
the valuation on K™ (x) corresponding to Ep.

(ii) Follows from Lemma 3.17 noting that by Remark 3.16, for any D # Dpax,
gp(sp, tp)isalocal equation for Zy, on Wp\(PpU Qp), where the intersection
point between Ep and E p(p) corresponds, in the notation of the lemma, to the
point Rp.

(iii) and (iv). The argument is similar to that of (ii) and follows by combining
Remark 3.16, Lemma 3.18 (ii) and the description of the closed points on the
special fibre of Vp afforded by Remark 3.9. We note that the condition D € D
in (iv) ensures that the point x p(py = red p(p) (D) is removed from Uppy when
forming the model.

O

4 An explicit model of P! assuming the semistability criterion

Suppose now that C/K : y?> = f(x)isahyperelliptic curve satisfying the semistability
criterion (Definition 1.8). In this section we associate to C an admissible collection
of discs (in the sense of Definition 3.2) which we call ‘valid discs’, and which are
closely related to the cluster picture of C. Using the results of the previous section we
then study the divisor of f(x) on the associated model of P}(nr, the main result being
Proposition 4.16. This shows in particular that the conditions of [36, Lemma 2.1] are
satisfied, so that the normalisation of this model of ]P}(m in the function field K™ (C)
is a regular proper model of C/K™. This, and its consequences, are treated in Sect. 5.
We remark that this approach to constructing regular models of hyperelliptic curves
in not new and appears in [24,36] and [10], although each of these assumes that all
roots of f(x) lie in K (or at least K™). In particular, these constructions do not cover
all curves satisfying the semistability criterion as is needed in our situation.
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4.1 Notation

In this section we freely apply the notation and terminology associated to clusters as
set out in Table 6 in Appendix E. As in the introduction we denote by R C K the set
of roots of f(x). We also frequently use the following additional definition.

Definition 4.1 If s C R is a proper cluster we call the unique smallest disc cutting it
out the defining disc of s, and denote it D(s).

Note that for any proper cluster s, the disc D(s) has depth d; and, in the notation
of Defintion 1.7 and Sect. 3.1.2, it follows from (3.1) that vp(s)(f) = vs.

We also note here that by part (1) of the semistability criterion, all roots of f(x)
are defined over the unique quadratic extension of K™. In particular, every proper
cluster s C R has depth ds € %Z, and if r € R with r ¢ K™ then denoting by r’ its
inertia-conjugate root we have v(r — r’) € 1/2 + Z.

4.2 The collection of valid discs

To first approximation the set of valid discs consists of all discs of the form D(s) for
a proper cluster s, along with all integral discs between them. However, the precise
definition is slightly more complicated, mainly owing to the failure of some proper
clusters to have integer depth. The following lemma characterises this phenomenon.

Lemma4.2 Let s C R be a proper cluster. Then s has a centre in K™. Moreover,
ds € 7Z unless we have either

1) s={r,r'}, or
(i1) s = R has a unique proper child s', which has size 2g, and s\s' = {r, r'},

Sor two inertia-conjugate roots r,r' ¢ K™. In these cases we have dg € 1/2 + Z.

Proof Since the hyperelliptic curve C : y> = f(x) satisfies the semistability criterion,
R is tamely ramified and every proper cluster inertia invariant. In particular, every
proper cluster has centre in K™ by Lemma B.1. Now for a proper cluster s, if s =
{r} A {r'} for two inertia-conjugate roots r, v’ ¢ K™, thends = v(r —r') € 1/2+ Z,
whence s is not principal (see Definition 1.5). An easy case by case analysis shows
that this forces s to fall into one of cases (i) or (ii) above. Otherwise, for any two
(not necessarily proper) children s; and s, of s we may find centres z; and z; in K™
respectively. Then v(z; — z7) is an integer and it follows that d,;, being the minimum
of such valuations as s1, s, vary over all children of s, is an integer also. |

Remark 4.3 The lemma shows that for any proper cluster s, the disc D(s) is integral
save when s falls into one of the cases (i) or (ii) above.

Definition 4.4 (Valid discs) Call R exceptional (of type A resp. B) if:

(A) 'R has a unique proper child s, which has size 2g, and dg € 1/2 4+ Z,
(B) R has size 2g + 2 and a child of size 2g + 1.
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We define the integral disc Dpax as follows. If R is not exceptional set Dpax = D(R).
If R is exceptional of type A define Dyy,x to be the maximal integral disc cutting out
the child of size 2g, and if R is exceptional of type B let Dy« be the defining disc of
the child of size 2g + 1.

We now say that an integral disc D is valid if it is contained in Do and |[DNR| > 2.
We denote the collection of all valid discs by D, noting that D is admissible in the
sense of Definition 3.2.

Remark 4.5 When R is exceptional of type A, if z; € K™ is a centre for the child
s of size 2g then Dyax = Dy, 4 —1/2. Moreover, it follows from Lemma 4.2 that
dr € 1/2 + 7Z alone forces R to be exceptional of type A.

Notation 4.6 For the rest of this section fix a choice of centre zp € K™ for each valid
disc D (this is necessary to use the notation of the previous section when talking about
the model of IP’}<nr associated to the collection of valid discs, since such a choice was
made in Sect. 3.3).

4.3 The quantity xp(f)

By Proposition 3.13, to study the divisor of f(x) on the model associated to the
collection of valid discs we wish to understand the quantities vp(f) and «p(f) for
integral discs D. We begin by considering the second of these functions.

Lemma4.7 Let D be an integral disc. Then kp(f) = |D N R| unless either of the
following hold:

(1) R is exceptional of type A and D = Dnyx, in which case kp(f) = deg(f) — 1,
(ii) D = Dy, 1a, for tatwin withdg € % +Z and z¢ a centre’ for tin K™, in which
case DN R =@ andkp(f) = 1.

In particular, if D # Dmax is a valid disc then kp(f) = |[D NR|.
Will will need the following easy lemma, whose proof we omit.

Lemma 4.8 Let D be a disc with centre in K™ and non-integral depth dp. Then D has
a unique maximal proper integral subdisc given by Dy, 4,1 for any zp € D N K™.

Proof of Lemma 4.7 Fix an integral disc D = D, 4, with zp € K™ and suppose
kp(f) # |D N'R|. By (3.12) we have

(H-IDNRI= ) v(;;—“f)

reR
dp—l<v(r—zp)<dp

Fix r € R contributing non trivially to the right hand side. Then necessarily r ¢ K™
and, denoting by 7’ its inertia-conjugate root,

dp —1/2=v(r —zp) = v’ — zp).

5 any two choices for z¢ give the same disc, c.f. Lemma 4.8 below.
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Let s = {r} A {r'} and pick a centre z; € K™. Note that ds = v(r — r’) ¢ Z and as
also v(zp — r) ¢ Z we must have

vizp —1r)=v(@p —2s +2s — 1) =05 — 1) =ds.

Thus zp is a centre for s and we deduce that D is the maximal integral subdisc of D(s)
afforded by Lemma 4.8. By Lemmas 4.2 and 4.8, D is now one of the discs claimed
and the rest follows. O

4.4 The parity of vp(f)

Lemma 4.9 Let s be a proper cluster with ds € 7. Then vg is even unless s = R has
size 2g + 2 and R = s1 U 63 is a union of two odd children with one of the 85, odd
(equivalently both if they have size > 3, cf. Lemma C.6).

Proof By the semistability criterion every principal cluster s has v even. Now combine
Lemma 4.2 with Lemma C.5. O

We now use this to characterise the valid discs D for which vp(f) is odd (resp.
even).

Lemma 4.10 Let D be a valid disc and s = D N'R. Then vp(f) is odd if and only if
one of the following hold:

(i) Bothsanddp—dsare odd (in particular D is not the defining disc of a cluster), or
(i) D = Dmax and R = 51 U 52 is a union of two odd proper children with 84, odd
(equivalently 85, odd, cf. Lemma C.6).

Proof First note that by Lemma 4.7 if D; € D5 are valid discsand D'N'R = D|NR
for each intermediate integral disc D; € D’ C D, then

vp, (f) =vp,(f) + D1 N'R|(dp, — dp,). (4.11)

To prove the lemma, note first that if D(s) is integral and v even then we conclude
by applying (4.11) with D; = D(s) and D = D.If D = Dpx and R = 51 U s
is a union of two odd proper children then we conclude by applying (4.11) with
D1 = D(s1) and Dy = Dpax. Now by Lemmas 4.2 and 4.9 the only remaining case
is 5 a twin with 65 € 1/2 4+ Z. Applying (4.11) with D; = D and Dy = D(P(s))
shows that vp (f) is even as desired, since vps) is even by Lemma 4.9. O

4.5 The model of P! associated to the collection of valid discs

Definition 4.12 Define Ygisc/O to be the regular, proper, semistable model of P}{m
associated to the collection of valid discs via Definition 3.8.

We retain the notation of Sect. 3 to talk about Vgjisc. Thus the components of its
special fibre are indexed by discs D € D, the component corresponding to a disc D
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being isomorphic to IP’}; with variable xp, and denoted E p. The point at infinity on the

generic fibre of Vyisc is denoted oo, and {oo} denotes the closure of this point in Vyisc.
Its intersection with the special fibre is the point at infinity on the component Ep__ .

Definition 4.13 We denote by B € Div()gisc) the divisor

B =div(f)hor + 2 +2{00] + Y wp(f)Ep
DeD

where wp(f) € {0, 1} is such that wp (f) = vp(f) (mod 2), and div(f)nor denotes
the horizontal part of the divisor of f(x).

Remark 4.14 In the next section we will consider the normalisation of Vi, in the
function field of C : y2 = f(x), which we denote Cgisc. We show in Theorem 5.2 that
the divisor B above is the branch locus of the associated morphism Cgisc = Vqisc-

To describe the divisor of f(x) on Yjgisc it will be convenient to introduce the
following notation.

Notation 4.15 For a proper cluster s with D(s) strictly contained in a valid disc D,
by redp (s) we mean redp (z5) (Definition 3.7) for any centre z5 of s. Note that this is
independent of the choice of centre for s. For s = {r} a singleton, for any valid disc
D containing » we define redp (s) := redp(r).

Proposition 4.16 LetC/K : y> = f(x) beahyperelliptic curve satisfying the semista-
bility criterion and let Vgisc/O and B € Div(Vgisc) be as above. Then B is effective,
regular, and div(f) = B (mod 2) inside Div(Vgisc). Moreover, the horizontal part
Bnor of B meets the special fibre of Viisc at precisely the following points:

e the point at infinity on Ep_ if deg(f) = 2g + 1 or R is exceptional,

o the points xp = redp(s’) on Ep if D = D(s) for a proper cluster s and s’ < s
is either a singleton, or a twin with dy = ds + 1/2 (note that these points are
distinct as we vary '),

e the point xp =redp(t) on Ep if D N'R = tfor ta twin withdy = dp + 1/2.

Proof 1t follows from Proposition 3.13 (i) along with the definition of wp(f) that
B = div(f) (mod 2), and it’s clear that B is effective.

Combining Proposition 3.13 (iii), (iv) and (v) with Lemma 4.7, we see that By,
is regular and meets the special fibre ydisc, & of Viisc precisely at the points claimed
(in particular By, does not meet any intersection points between the components of
y disc,lg)'

Next it follows from Lemma 4.10 that if D; and D, are adjacent valid discs then
vp,(f) and vp,(f) are not both odd. As any two components Ep, and Ep, are
individually regular, and intersect if and only if D and D, are adjacent, we deduce
that the vertical part Byer of B is regular.

To conclude we claim that By, and By are disjoint, i.e. that if Bpor meets E p then
vp(f) is even. This follows from Lemma 4.10. m]
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4.6 The dual graph of Ve,

By Proposition 3.13 the dual graph of Visc is the graph T'p associated to the collection
of valid discs as in Definition 3.2. Here we describe this graph in terms of clusters.
We begin with an explicit description, and then recast this in terms of the purely
combinatorial notions introduced in [18]. For convenience, we summarise the relevant
parts of that paper in Appendix D.

Notation 4.17 Let 7/"5 denote the graph obtained from 7p by removing from the
vertex set (keeping the underlying metric space the same) all vp corresponding to
discs D # Dmax for which there is a smaller valid disc cutting out the cluster D N'R.

Lemma 4.18 The graph T-{) is, via vp <> VpnR, the metric graph with:
e one vertex vs for each cluster s which is not

— atwin twith ¢ = 1/2,
— R if either R has size 2g 4+ 2 and a child of size 2g + 1, or a child s with
|s| =2g and ds = 1/2,

o an edge of length | 85| between vs and vp(s) (should P(s) yield a vertex).

Proof This follows from Lemma 4.2 and the definition of the collection of valid discs.
[m}

In Example D.2 it is shown how, to f(x), one may associate a purely combinatorial
object called a metric cluster picture (Definition D.1). To this one may then formally
associate a certain metric graph called a BY tree (this procedure is explained in Def-
inition D.6) which is very closely related to the dual graph of (the special fibre of)
Vdisc, as the following result shows. This will be important later since it enables us to
apply combinatorial results of [18] to hyperelliptic curves.

Lemma 4.19 Let X denote the metric cluster picture associated to f (x), and Tx, denote
the associated BY tree. Define Ty, to be the graph obtained from Ts, by (in order)

o halving the length of all yellow edges,

o replacing each edge of length | € 1/2 + 7. joining a leaf v to a vertex v', with an
edge of length |1] (identifying v and v’ if |1] = 0),

e adding a vertex vR on the edge joining vs, and vs,, at a distance 8, from vs,, if
‘R has size 2g + 2 and is a disjoint union of two proper clusters s1 and s».

Then the map sending a vertex vp € Tp to the vertex vpnr € Ty, is an isomorphism
of metric graphs.

Proof Combine Lemma 4.18 with the description of Tx, given in Definition D.6. O

Remark 4.20 When all the roots of f (x) lie in K " so that all relative depths are
integers, it follows from Lemma 4.19 that T'p is simply the result of halving the length
of all yellow edges in T, (up to possibly adding in a vertex corresponding to the cluster

R).
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5 A regular model of C assuming the semistability criterion

Asin Sect.4let C/K : y?> = f(x) be a hyperelliptic curve satisfying the semistability
criterion (Definition 1.8). We begin by using the results of the previous section to give
an explicit regular proper model of C/K™. We then use this to determine the minimal
proper regular model of C and show that it is semistable. Having done this, we proceed
to describe the special fibre of the minimal regular model and relate this to the cluster
picture of f(x).

We continue to denote the ring of integers of K™ by O. As in Notation 4.6 we
fix centres zp € K™ for each valid disc D (see Definition 4.4). Let YVgisc/O be the
model of ]P’}(nr associated to the collection of valid discs as in Definition 4.12, and let
B € Div(Viisc) be as in Definition 4.13, so that by Proposition 4.16 B is effective,
regular, and congruent to div( f) modulo 2.

Definition 5.1 Define the scheme Cgisc/O as the normalisation of Vgisc /O in the func-
tion field K™ (C) of C/K™. Denote by ¢ : Cgisc = Vdisc the associated normalisation
morphism. We write Cy;q. ¢ for the special fibre of Caisc.

Theorem 5.2 Let C/K : y* = f(x) be a hyperelliptic curve satisfying the semista-
bility criterion. Then Cgisc /O is a proper regular model of C and ¢ : Cgisc = Vdisc IS
finite flat of degree 2 with branch locus B.

Proof That the normalisation morphism is finite flat of degree 2 is standard (the degree
being equal to the degree of K™ (C)/K™ (x)). In particular, Cgisc/O is proper since
both ¢ and Vgisc/O are. That Cgisc is regular is a consequence of the regularity of both
Vuisc and B (the latter requiring the semistability criterion, see Proposition 4.16), and
follows from [36, Lemma 2.1] (taking ¥ = Ygisc and f = f(x) in the statement).
Indeed, from the definition of B, one sees that, writing div(f) = ) _; ey miT; asinthe
notation of loc. cit., the divisor B is equal to ), oy mil'i for m; € {0, 1} congruent
to m; modulo 2. It’s then clear that regularity of B forces the hypotheses (a) and (b)
of loc. cit. to be satisfied, guaranteeing the regularity of the normalisation of YVgis in
K™ (C). Finally, the claim about the branch locus follows from the description of the
normalisation of the local rings given in the proof of loc. cit., noting that for a point P
of Viisc, P lies on B if and only if, in the expression for div(f) as ) ;.; m;I'; above,
m; 1s odd for a I'; which contains P. O

Remark 5.3 Since we have defined Cgisc as the normalisation in K™ (C) of a model
of IP’}(nr it follows that the hyperelliptic involution on C (which on function fields is
the generator of the Galois group of K™(C)/K™(x)) extends to an involution ¢ on
Cdisc/O and identifies Vgisc with the quotient Cgisc/¢t. In particular, ¢ swaps the two
points in the fibre over any point of Vgisc\B.

5.1 Explicit equations for the model C ;s
We now give explicit charts covering the model Cgjsc. Recall from Remark 3.9 that

Vdisc 1s covered by the open subschemes Up\Pp and Wp\(Qp UPp) (Definitions 3.6
and 3.7) as D ranges over all valid discs.
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Definition 5.4 Define, for each valid disc D, the schemes

Olxp, ypl
Up = Spec —
(vp — w2 fp(xp))
and
Oltp,wpl : _
Spec Wh oD en o)) if D = Dpax,
Wp =

Olsp,tp,wpl

op(f),@pD)() clse,
T—sptp , w%,—sDD tp ’ gD(SDJD)>

Spec
(

where A € {0, 1} is such that A = deg(f) (mod 2) and the polynomials fp and gp
are as in Definition 3.15.

Denote by ¢p.1 : Up — Up and ¢p 2 : Wp — Wp the morphisms induced by
the obvious inclusions of rings.

Proposition 5.5 The model Cgisc is covered by the charts LID\(])Bl] (Pp) and
Wp\¢ ,12(770 U Qp) as D ranges over all valid discs. The restriction of the normali-

sation morphism to a map UD\¢B}1 (Pp) — Up\Pp (resp. WD\qbl_)}z (PpuUQp) —
Wp\(Pp U Qp)) is given by ¢p 1 (resp. ¢p 2). Inside K™ (C) we have the relations

X —2p
Xp =7 tp =1/xp, spip=m, yp=m

(wD(f)—vD(f))/Zy

and

x—Ldeg(f)/ZJ YD if D = Dma)h

_J*D
Wp = Sgl)D(f)_VD(f))/zt(DwP(D)(f)_VP(D)(f))/Zy clse.

Proof Since Ygisc is covered by the open subschemes Up\Pp and Wp\(Qp U Pp),
and normalisation is local on the base, it suffices to show that for each valid disc D,
ép.1 : L{D\qbgfl (Pp) — Up\Pp realises the normalisation of Up\Pp in K™ (C),
as well as the analogous result for ¢p ». We prove this for ¢p 1, the argument in the
other case being identical. Viewing Up\Pp as a subscheme of Vi it follows from
Remark 3.16 that the divisor of n“’D(f)fD (xp) on Up\Pp is equal to B N (Up\Pp)
and as such is regular. Note also that the ring O[xp] is regular. Now forany 2 € O[xp]
such that the open subscheme {/ # 0} of Up is contained in Up\Pp, it follows that
both the ring A = O[xp]; and the closed subscheme V (7P fp(xp)) of SpecA are
regular. From this it follows easily that the ring A’ = A[y]/(y? — 7“2 fp(xp)) is
regular (this is the algebraic result underpinning the proof of Theorem 5.2). Moreover,
appealing to Remark 3.16 once again we see that 72f) f5,(xp) and f(x) differ by
a square in K™ (x) = FracA (indeed, by an even power of 7). Thus Frac(A") =
K™(x)[yl/(y* — f(x)) = K™(C). Since A’ is regular, finite over A and Frac(A’) =
K™ (C), it follows that A’ is the integral closure of A in K(C). Thus the (map on
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schemes associated to the) inclusion of A into A’ realises the normalisation of SpecA
in K™ (C). It remains only to note that Up\Pp is covered by the schemes O[xp]; as
we vary h, and that normalisation is local on the base.

The relationship between the various variables follows from combining Remark 3.9
and Remark 3.16. O

Remark 5.6 The extension of the hyperelliptic involution to Cgjsc acts on the charts of
Proposition 5.5 as yp +— —yp (resp. wp — —wp).

Remark 5.7 The proof of Proposition 5.5 shows that locally over a sufficiently small
U = SpecA C Viise, ¢~ (U) C Caise is given by SpecA’ where A’ = A[u]/(u? — 1)
for ¢ a local equation for B on U. From this we deduce the following. Suppose that D
is a valid disc with wp (f) = 1 (i.e. vp(f) odd). Then d)_l (Ep) consists of a single
component Z of multiplicity 2 in Cy;. ; and the restriction of ¢ to a map Zea — Ep

is an isomorphism.® Indeed, our assumptions mean that Ep is contained entirely in
B, so that locally over some U as above, Ep corresponds to a prime ideal p of A
containing 7. The fibre of ¢ over the generic point of Ep is then Spec k(p)[u]/(u?)
where k(p) denotes the residue field at p. Thus there is a unique component over
Ep with multiplicity 2 in Cdisc, %- Moreover, the unique prime q of A lying over p is
generated by p and u whence the map A/p — A’/q is an isomorphism. As this is just
the map Zreg N ¢>_1 (U) - Ep NU and such U cover Vjgisc, We are done.

The following lemma describes the reduction mod m of the polynomials fp and
8D appearing in the above charts, and will facilitate in the study of the special fibre
of Cdisc .

Definition 5.8 For a valid disc D define cp € k* as
__°r b=
¢ = v(er) 1_[ <nu(zD—r)) (mod m).
reR\D

For a proper cluster s for which D(s) is valid we set ¢ = cp(s).

Lemma 5.9 Let D be a valid disc and write s = D N'R.
(i) We have

s [1o—s (x0 — redl)(s/))Is ! D = D(s)
cp (xp —redp(s))'®! else.

fp(xp) (modm) = {

(i1) For D = D¢ we have

2g+2— R
thgp(tp) (modm) = 1 P lepy [T (1 = redp(r)ip)
reDNR

where, as in Definition 5.4, A € {0, 1} is such that ». = deg(f) (mod 2).

6 here Zyeq denotes the component Z with its reduced structure.
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Proof By the definition of fp(xp) and (3.1) we have

0 xp +zp

fp(xp) (modm)= U(Cf) l—[ <7rmm e r)}) (mod m).

Noting that r € D if and only if min{dp, v(zp — r)} = dp we have

foxp) (modm) =cp [] (xp —redp(r))
reD

from which part (i) follows. For (ii), note that when D = Dy« we have ti‘)g p(tp) =
152 fp(1/1p). Now apply (i). o

Remark 5.10 In (i), two factors (xp — redp(s')) and (xp — redp(s”)) are distinct for
distinct 5, 5" < s.

5.2 Types of valid disc

We now describe the special fibre of Cgisc. To do this we will frequently break into
cases, which we set out here. We remark that if all roots of f(x) lie in K™ then cases
IL, IIT and IV do not occur as then all proper clusters have integer depth.

Definition 5.11 Let D be a valid disc. We define the type of D as follows.

(I.1) D = D(s) for anon-iibereven cluster s with v4 even, and D is not of type II.1,
(I.2) D = D(s) for an ilibereven cluster s and D is not of type 11.2,
(II.1) D = D(s) wheres < Rissuchthatds; = 1/2,|s| = 2g, and s is not {ibereven,
(I.2) D = D(s) where s < R is such that §; = 1/2, |s| = 2g, and s is iibereven,
(IIT) D = Dpax and there is a cluster s < R with |s| = 2g and §; = n + 1/2 for
n > 1 an integer,
IV) DNR = tfortatwin withdy =dp + 1/2,
(V) vp(f)isodd (i.e. wp(f) = 1, equivalently either D = Dp,x and R = s1Us7
is a union of two odd proper children with ds, — dg odd, or both R N D and
dp — drnp are odd, c.f. Lemma 4.10),
(VL.1) D does not fall into cases I-V and | D N R | is odd,
(VL.2) D does not fall into cases I-V and | D N'R| is even.

5.3 The special fibre of C ;s

In the following proposition we describe, for each component E p of the special fibre
of Visc, the component(s) of the special fibre of Cgjsc which lie over this. Later in The-
orem 5.18 we explain how these components fit together, drawing on the description
of the dual graph of V. ; afforded by Lemma 4.19.

In the statement below, for a proper cluster s we write g(s) for the genus of s, thus
g(s) is 0 if s is libereven and is otherwise detemined by |5| = 2g(s) + 1 or 2g(s) + 2
where § denotes the set of odd children of s.
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Proposition 5.12 Let D be a valid disc, Ep the associated component of the special
fibre of Viisc and ¢ : Caisc — Vdisc the normalisation morphism. Then ¢~ (Ep)
consists’, according to the type of D, of:

(I.LIL.1) one component of multiplicity 1, with geometric genus g(s), and one node
for each twin t < s withdy = ds + 1/2, plus one additional node if D has
type II.1. The normalisation of this component is the hyperelliptic curve

Foiy?=cs [] (x—redss)).

odd s’ <s

(1.2,I1.2) two components of multiplicity 1, each isomorphic to IP’]% and intersecting
transversally at one point for each twin t with dy = ds + 1/2, and at one
additional point if D has type 11.2.

(ILIV) two components of multiplicity 1, isomorphic to ]P’}{ and intersecting
transversally at 1 point.
(V) a single component isomorphic to IPI%, with multiplicity 2 and self intersec-
tion —1.
(VL.1) one component of multiplicity 1, isomorphic to PL,

!

(V1.2) two disjoint components of multiplicity 1, each isomorphic to ]P’k.

Moreover, all intersections between components of Cy,. ; are transversal.

Remark 5.13 When all roots of f(x) liein K™ (e.g. if we are willing to construct the
model only over a suitable extension of the base field) all components are individually
smooth, no two components lying over the same component of ;s intersect, and, as
above, types II, III and IV never arise.

The proof of Proposition 5.12 is given after Lemmas 5.14 and 5.15.

Lemma 5.14 Let D be a valid disc, Ep the associated component of the special fibre
of ydisc, g and ¢ : Caisc — Viisc the normalisation morphism. Then

() If D = D(s) for a proper cluster s with vs even then ¢~ (Ep) consists of two
multiplicity 1 components if s is iibereven (types 1.2 and I1.2), and one otherwise
(types I.1 and I1.1). The (geometric) genus of the component(s) is g(s).

(1) Ifop(f) = 0and D is not of the form D(s) for a proper cluster s then ¢_1 (Ep)
consists of two multiplicity 1 components of genus 0 if |D N R| is even (types

III, IV and VI.2), and one otherwise (type VI.2).
(iii) If D has type V then ¢~ (Ep) consists of a single multiplicity 2 component,
which is an exceptional curve®, and meets all other components transversally.
Proof (i) and (ii). In what follows, let us temporarily denote the reduction of fp(xp)

mod m as fp(xp). Let np be the generic point of Ep. From Proposition 5.5 we see
that the fibre over np is

spec k(xp)lypl/ (vh — o0x0))

7 here and below, by ¢_1 (Ep) we formally mean the scheme Cgisc Xy dise ED-

8 isomorphic to IP’]% with self intersection —1.
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and as fp(xp) is non-zero the associated component(s) has multiplicity 1. That the
number of components is as claimed follows since, by Lemma 5.9, if D is not the
defining disc of s = D N'R then fp(xp) is a square in k(xp) if and only if |s| is even,
whilstif D = D(s) then fp(xp) is a square if and only s is libereven. To determine the
geometric genus of the components note that when fp(xp) is a square the fibre over
the generic point of 7 is isomorphic to two copies of k(x) from which it follows that
both components have genus 0. Now note that, for fp(xp) non-square, the genus of

the function field k(xp)[ypl/ (y%) — fp (xD)> is precisely the number of odd degree

factors of fp(xp) and we conclude by Lemma 5.9.

(iii). By Remark 5.7 we see that if wp(f) = 1 then there is a unique component
over Ep, I'p say, which has multiplicity 2 and is isomorphic to ]P’]%. It remains to show
that I'p has self intersection —1. Combining parts (i) and (ii) with Lemma 4.10 we see
that Ep meets precisely two components of the special fibre of Vgisc, Ep, and Ep,
say, and there is one multiplicity 1 component of the special fibre of Cgisc lying over
each of these, I'p, and I'p, say. In particular, as divisors we have ¢*(Ep,) = I'p,,
¢*(Ep,) = I'p, and ¢(I'p) = Ep. By the projection formula [26, Theorem 9.2.12]
wehave I'p - I'p, = Ep - Ep, = 1l and I'p - I'p, = 1 similarly. Thus I'p intersects
I'p, and I'p, transversally. Finally as the intersection of I'p with the whole special
fibre is O it follows that 1'% =—1. O

Lemma 5.15 Let D be a valid disc not of type V. Then ¢~ (Ep) has precisely one
singular point for each twin t with dy = dp + 1/2, unless D = Dpax, when it has an
additional singular point (lying over the point at infinity on Ep . ) if R is exceptional
of type A (i.e. if Dmax has type Il or IIl). Each singular point of ¢~ (E p) is an ordinary
double point.

Proof Let P be aclosed point of ¢~ (Ep),let Q = ¢(P)and supposethat Q € BNEp
(if not ¢ is étale at P whence, since Ep is smooth, P is a smooth point of ¢>’1 (Ep)).
If Q € Byer then as wp(f) = 0, P is a point of intersection between ¢_1 (Ep) and a
component lying over some E pr with wp/(f) = 1. By Lemma 5.14 such intersections
are transverse whence (see e.g. [26, Lemma 10.3.1]) they are smooth points of the
individual components. Next, suppose Q € Bnor N Ep and is not the point at infinity
on Ep,.,.. Then by Proposition 4.16 Q corresponds to a point xp = redp(s) where s
is a child of D N R and is either a singleton, or a twin with ds = dp + 1/2. Now by
Proposition 5.5 and again writing fp (xp) for the reduction of fp(xp) mod m, locally
around P, ¢~ !(Ep) is given by

Spec k[xp, ypl/(vp — fp(xp))

with P the point (redp(s), 0). By Lemma 5.9 redp (zp/) is a root of multiplicity 1 if
5 is a singleton, and 2 if s is a twin. One checks (see e.g. [26, Example 10.3.4]) that
P is a smooth point in the first instance, and an ordinary double point in the second.
The case D = Dpax and Q the point at infinity on Ep, . is similar. Our assumption
that Q € Bhor forces deg(f) = 2g + 1 or R exceptional. Arguing as above and using
Lemma 5.9 (ii) one sees that P is smooth if deg(f) = 2g + 1 or R is exceptional of
type B, and is an ordinary double point if R is exceptional of type A. O
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Proof of Proposition 5.12 (1.1, 11.1): By Lemma 5.14 ¢~!(Ep) consists of a unique
component of geometric genus g(s) whose function field is

k(xp)[ypl/(vh — fo(xD)).

The equation for f‘; follows from Lemma 5.9. That the nodes of I'; are as claimed is
Lemma 5.15. (1.2, I1.2): by Lemma 5.14 qb’l (Ep) consists of two components each of
geometric genus 0 and by Lemma 5.15 the singular points of ¢ ! (Ep) are all ordinary
double points and are in bijection with the twins t < s with d¢ = ds + 1/2, plus one
additional ordinary double point for type II.2. For each such, P say, we have ¢ (P) € B
whence P is the unique point lying over ¢ (P). In particular, it lies on both components
of ~1(Ep). It now follows from [26, Lemma 10.3.11] that P is a smooth point of
each individual component, and that these components intersect transversally at P. In
particular, each component is smooth hence isomorphic to ]P’I%. (IIL, IV): Follows from
Lemma 5.14 and Lemma 5.15 similarly to cases 1.2 and II.2. (V): Lemma 5.14 (iii).
(VI): Combine Lemmas 5.14 and 5.15 (the latter shows ¢~ ! (Ep) is smooth).
Finally we show that all intersections are transverse. Let P € Cy. ; be a point
lying on distinct components Z; and Z;. If ¢ (Z1) = ¢(Z>) then both Z; and Z; lie
in qb_l (Ep) for some valid disc D of type 1.2, I1.2, III or IV, and the intersection is
transverse as above. Similarly, if one of Z; or Z; has multiplicity 2 we are done by
Lemma 5.14 (iii). Otherwise Q = ¢ (P) is disjoint from B whence ¢ is étale at P
and, moreover, Q is a point of transverse intersection between the distinct components
¢ (Z1) and ¢ (Z3) of Vgisc. Thus the intersection is transverse in this case also. m]

5.4 The minimal regular model of C/K™

Having constructed a regular model of C / K™ and described the components of its spe-
cial fibre, it is a simple matter to describe the minimal regular model Cpin /O of C /K™,
which we do now. In particular, we use the explicit description we obtain to show that
Cmin 1s semistable. This proves the ‘semistability criterion implies semistability’ part
of Theorem 1.9 (1) (see also Theorem 7.1).

Theorem 5.16 Let C/K be a hyperelliptic curve satisfying the semistability criterion.
Then the model of C obtained from Cqisc by contracting each of the components
corresponding to valid discs of type V is semistable, and is the minimal regular model
of C/K™.

Proof Note first that by Proposition 5.12 (iv) the components we contract are disjoint,
and are all exceptional curves. Thus we may contract them and the resulting model,
which we temporarily denote C/Q, is again proper and regular. Moreover, again by
Proposition 5.12, the components contracted are precisely those with multiplicity
greater than one. Fix one such, I'p say. Then as in the proof of Lemma 5.14(iii) it
intersects precisely two components of Cy;q. 1, say Z1 and Z; (which do not themselves
meet), both transversally. By [26, Lemma 3.35], after contracting I'p to a point the
components Z| and Z, intersect transversally there. Thus the special fibre of C is
reduced with normal crossings (away from the contracted components the same is
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true for the special fibre of Cgisc by Proposition 5.12, and the contraction map is an
isomorphism here). Thus C is semistable.

Since C is a proper regular model of C, to show that C is the minimal such we must
show there are no exceptional curves in its special fibre. Note that such components
appear in the dual graph of Cj; as genus O vertices of degree 1. Theorem 5.18 below
shows that the dual graph of C is (after removing vertices of degree 2 and genus 0 from
the vertex set) a hyperelliptic graph in the sense of [ 18, Definition 3.2] and in particular
contains no genus 0 vertices of degree 1 as desired (the statement of Theorem 5.18
refers to the dual graph of C;, ; however the proof in fact uses the description of
Chnin,; as the model C considered here, and does not assume minimality in the proof).
Alternatively one may proceed via Proposition 5.12 and the description of the dual
graph of V. ; afforded by Lemma 4.19. |

5.5 The dual graph of the special fibre of the minimal regular model

Having shown that Cpyiy, is semistable, we may talk about the dual graph of its special
fibre, which we now describe.

Notation 5.17 Let C/K be a hyperelliptic curve satisfying the semistability criterion.
We denote by Y¢ the dual graph of the special fibre of its minimal regular model.

Recall from Sect. 2.1.1 that Y ¢ has vertex set the set of irreducible components of
Conin i €dge set the set of ordinary double points of C, ;, 7, and, for an ordinary double
point P, the edge-endpoints at P are the points lying above P under the normalisation
morphism

n: Cmin,E - Cmin,E

(we refer to these points as the tangents at P). The graph T¢ carries a natural genus
marking, with a vertex being given the genus of the component to which it corresponds.
Finally, by uniqueness of the minimal regular model, the hyperelliptic involution on
C extends (necessarily uniquely) to an involution ¢ on Cp,j, Which then acts on Y¢ via
its action on components, ordinary double points and tangents.

As we did in Sect. 4.6 for Vgisc, we will describe the graph Y using the combina-
torial framework developed in [18] and summarised in Appendix D. In particular, as
explained in Example D.2, to C (or rather to f(x)), one may associate a metric cluster
picture %, which is a purely combinatorial object. Then, via Definitions D.6 and D.9,
one can associate to X a BY tree T, and a metric hyperelliptic graph G, where the
latter is a metric graph coming equipped with a genus marking and involution, the
quotient by which is canonically the result of halving the length of all edges in Tx.
This graph is (by design) very closely related to Y¢c, as the following result shows.

Theorem 5.18 Let C/K be a hyperelliptic curve satisfying the semistability criterion.
Denote by Y the graph obtained from Y ¢ by removing from the vertex set all vertices
of genus 0 and degree 2, and let ¥ denote the metric cluster picture associated to C.
Then there is a genus preserving isomorphism of metric graphs Y/‘E = Gy identifying
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the hyperelliptic involutions and inducing a canonical identification of the quotient
f\c /Ut with the graph obtained from Tx, by halving the length of all edges.

In particular fz along with its genus marking and hyperelliptic involution, is a
hyperelliptic graph in the sense of [18, Definition 3.2].

Proof The basic idea is that Gy is by definition a certain ramified double cover of Ty
(up to slightly adjusting the metric), whilst our explicit construction of Cpin shows
that Y¢ is essentially a ramified double cover of the dual graph of Vgisc. The latter is
related to Tx, via Lemma 4.19. We now flesh out the details. In what follows, we will
need to understand the action of the hyperelliptic involution on Cpin and do this by
noting that where Cgjsc and Cpyiy are isomorphic the two extensions of the hyperelliptic
involution must agree, since they do so on the generic fibre.

We first describe the dual graph of Cy. ., which we temporarily denote Q¢ 2
By Remark 5.3, whenever the fibre over a point of Ygjsc contains two points the
hyperelliptic involution swaps these. In particular, applying this to the generic point
of a component Ep of V. - if ¢~ (Ep) consists of two components then ¢ swaps
these. Similarly, if there are two points lying over an intersection point of components
Ep and Ep then ¢ swaps these also.

Now consider the (topological) quotient graph Q¢ /t. Its vertices either arise as
t-orbits of vertices of Q¢ - we get one vertex in $2¢ /¢ for each valid disc this way, cor-
responding to ¢! (Ep) - or as the midpoint of an edge whose endpoints are swapped
(i.e. is ‘t-anti-invariant’). Similarly, the edges of ¢/t are t-orbits of edges of ¢, but
in the case of an (-anti-invariant edge e, the resulting edge of 2¢ /¢ has length half that
of e.

As ¢ swaps components if and only if they lie over the same component of Vi,
an edge of Q¢ can only be t-anti-invariant if it corresponds to an ordinary double
point on ¢~ ! (Ep) for some valid disc D (as opposed to an ordinary double point
arising as the intersection between components whose images in Vgisc are distinct).
Moreover, each such edge is in fact (-anti-invariant. Indeed, for edges corresponding
to intersection points between two components of some ¢~ (Ep) this is clear, whilst
for those corresponding to a node lying on a single component, say a node P, ¢ must
swap the tangents at P else by [26, Proposition 3.48 (b)] ¢ (P) would not be a smooth
point of Vyisc-

From the above discussion we see that Q¢ /t is the graph obtained from the dual
graph of Visc by adding a vertex for each ordinary double point of Cy;. ; lying over a
single component E p, joined to the vertex corresponding to Ep by an edge of length
1/2. It now follows from Lemma 5.15 and Lemma 4.19 that, defining S/ZE as for ’fz,
the quotient Qc /t is canonically the result of halving all yellow edges in T . Finally
(c.f. Lemma 4.10), one obtains ?\c/ ¢ from Q¢ /t by halving the length of those edges
corresponding to blue edges of T to account for contracted components.

To conclude, we now note that by Proposition 5.12 the map Yo — Te /t ramifies
precisely over the part of Tc/ ¢ which corresponds to the blue part of Ty, so that
the canonical 1somorphlsm TC /t = Gyx/u above lifts to a (in general noncanonical)
isomorphism Yec =Gy identifying the hyperelliptic involutions. O

9 We have only defined the dual graph of a semistable curve - whilst C; isc., 7 is not semistable it is when
given its reduced structure (see Proposition 5.12) and we formally mean the dual graph of this curve.
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5.6 Explicit equations for the components of the special fibre of the minimal
regular model

By Theorem 5.18 the components of the special fibre of Cpj, are indexed by valid
discs D not of type V (though one disc can yield two components not one). Here we
record explicit equations for these components.

Definition 5.19 For a valid disc D not of type V we define I'p to be the image in Cpyip
(under the contraction morphism) of the closed subscheme ¢_1(E p) of Cgisc. Note
that I'p consists of either one or two components of C and that these account for
all components.

min,k*

Proposition 5.20 Let D be avalid disc not of type V. Then the associated component(s)
['p of Cyin i is given, according to the type of D, as follows':

@

V2=c; [] X—reds(0)) [] (X—reds(t).
odd o<s twin t<s
(=1
(IT) The glueing of the affine curves
Y2=c; [[ X—reds(0)) J] (X—reds(®)> (1)
odd 0<s twin t<s

=

and

27 =c,T* [ d—reds(@)T) [] (1—reds(T)?

odd o<s twin t<s
8¢=1/2

over the subsets Y # 0 and T # 0via Z = YT"! where 2n is the degree
of the right hand side of (7).
() The glueing of the affine curves
2 2
Y°=cp C AX,Y
and
7% =cpT?

over the subsets X #0and T #0via X =1/T, Z=YT.
Iv)

Y? = cp(X —redp(t)>.

10 other than in cases IT and 111, the curves are understood to have the additional chart at infinity corre-
sponding to our conventions for (possibly singular) hyperelliptic curves set out in Appendix A.
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(VL)
Y? = cp(X —redp(s)),

where s = D N'R.
(VIL.2)

Y2 =CpD g A%{,Y'

Proof We will extract the result from the explicit equations for Cgisc given in Propo-
sition 5.5. Fix a valid disc D and temporarily denote by I'} the curve with equations
as in the statement, so that we must prove I, = I'p. By Proposition 5.5, the scheme
Z/{D\qb_l (Pp) of Definition 5.4 is an open subscheme of Cgjsc. Its special fibre is an
open subset of ¢ ~! (Ep) and is disjoint from all components contracted when forming
Cmin- Thus its special fibre is naturally an open subscheme of I'p and equations for
it are readily extracted from Lemma 5.9. In particular, we may define a rational map
10 : F/D - T D by

(x0, yo) = (x0, Yohp(x0)) (.21

where the right hand side is understood with respect to the variables xp, yp for the
chart Up\¢ ' (Pp) and we set

Tl oee (x —reds(s')N3) if D hastype I II
Py -

hp() =1 (x Zredpd NRYLPTY i D has type III, VI
1 if D has type IV.

(5.22)

Since Pp is precisely the set of points
{(reds(s),0) | 8’ <s and 8y > 1/2}

if D has type I or II, and consists of the single point (redp (D N R), 0) if D has type
II or VI, we see that  is invertible on the open subset U = I'p N (Up\p~!(Pp)) of
I'p. Suppose first that D is not of type II or III. Then by Lemma 5.15 (and its proof)
all singular points of I'p lie in U. Similarly, I'}, is visibly smooth away from vI(U)
also. Thus v is a rational map between complete (possibly reducible) curves I'p and
'}, which is an isomorphism away from finitely many smooth points. Thus v is in
fact an isomorphism everywhere.

The case where D has type II or III is proved identically with the caveat that one
must explicitly check that the map is an isomorphism over an open subset of the point
at infinity on I'p (since unlike the other cases the curves are not smooth here). This
may be done by using the chart Wp_  of Proposition 5.5 combined with Lemma 5.9
(i1). m]
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5.7 Reducing points

Since Cmin/O is proper there is a natural reduction map C(K™) — C;\. 7 (k) whose
image consists precisely of the non-singular points (by regularity of Cp,i, and the fact
that K™ is Henselian). We describe this map in the following proposition.

Proposition 5.23 Ler C : y2 = f(x) be a hyperelliptic curve satisfying the semista-
bility criterion and let P = (xq, y9) € C(K™).

(1) Suppose xo € Dmax and let D be a valid disc not of type V. Then P reduces
to Tp if and only if xg € D but xy ¢ D’ for any valid subdisc D' C D. In
this case, in the variables X,Y of Proposition 5.20, the reduction of P is,
according to the type of D, the following point on I'p:

(LID)
- (st
redp(xo) , w272y [ (reds(xo) — reds(s)) ™17 |
5'<s
d>75
(IILVI)

(redD(xo) , (N 2y (redp (xg) — redD(r))ﬂ\Dr;R\J)

for any choice of r € D N'R,
V)

(redD(Xo) , ﬂ_”D(f)/ZYO> .

(i1) Suppose xo ¢ Dmax. Then red(P) is a point at infinity on I'p,,, . There is a
unique such point unless |R N Dpmax| = 2g + 2, in which case D has type |
and P reduces to

L’(L‘f)
T2
—(xo p—— (mod m)

in the variables for the chart at infinity of (the equation given in Proposi-
tion 5.20 for) I'p,,,.

Proof As in [26, Definition 10.1.3] red(P) is the unique point of intersection of {P}
(the closure of P in Cin) With C,;, - In particular the reduction map may be computed

locally. Now for a valid disc D # Dmax With wp(f) = 0, the non-singular points of
I'p are all visible on the chart &/ D\qb_1 (Pp) of Proposition 5.5. Changing variables
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from x, y to xp, yp (c.f. Proposition 5.5) we see that P corresponds to the point

X0 — 2
< 0 D’,T—vpm/zyo)

T4D

on the generic fibre of U/p. One checks readily that the closure of this point in Up
contains a point of the special fibre if and only if (xo — zp) /7P is integral, i.e. if and
only if xo € D. When this is the case the point is given by

(redu(xo), g=vo(H/ 2yo) .

Moreover, this lies in L{D\¢gf1 (Pp) if and only if x¢ is not in any valid subdisc of
D. To complete the proof it remains to change variables from xp, yp to the variables
for I'p of Proposition 5.20, which simply serves to multiply the second coordinate by
hp(redp(xo))~! with hp asin (5.22).

The case D = Dpax may be treated similarly, additionally considering the chart
Wh,.x t0 prove (ii). o

5.8 The stable model of C/K""

We finish the section by giving an explicit description of the stable model of a
hyperelliptic curve satisfying the semistability criterion. As in the statement of Propo-
sition 5.12, for a principal cluster s we denote by I' the hyperelliptic curve

Te:y?>=cs 1_[ (x —reds(s)).

odd s’ <s

Theorem 5.24 Let C/K be a hyperelliptic curve satisfying the semistability criterion.
Then the stable model Cy /O of C/K™ is obtained from Cgisc by contracting each
component I p forwhich D is not of the form D(s) for a principal clusters." Its special
fibre consists of one component with normalisation Iy for each non-iibereven principal
cluster s, and two components with normalisation IP’I% for each iibereven principal
cluster. Letting 3 denote the metric cluster picture associated to C, the dual graph of
the special fibre of Cy is obtained from Gy, by adjusting the length function to give
each edge length 1.

Proof By Theorem 5.16, upon contracting components I"p for which wp (f) = 1 we
obtain the minimal regular model of C/K"™. The stable model is then obtained from
this by contracting all components which have self-intersection —2 and are isomorphic
to IE”}; ([26, Proposition 9.4.8, Theorem 10.3.34]). Since such components are precisely
the ones which give vertices of genus 0 and degree 2 in the dual graph, i.e. precisely
the ones which, in the notation of Theorem 5.18, are removed from the vertex set
when passing from Y¢ to 'Y/"E, this proves the claim about the dual graph of C. It

1 That such curves may be contracted will be shown during the course of the proof.
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remains to show that the components which remain are precisely those corresponding
to principal clusters. For this one may either argue via Proposition 5.12 and a case by
case analysis or use [ 18, Lemmas 5.5, 5.20] to note that the vertices of Gy correspond
precisely to the principal clusters of X. O

6 Galois action on the models of C

In this section we still work with a hyperelliptic curve C/K : y*> = f(x) and write
R C K for the set of roots of f(x). However we now no longer assume that C /K
satisfies the semistability criterion, and instead fix a finite Galois extension F' /K such
that the semistability criterion is satisfied by C / F. For example we may take F /K tobe
the Galois closure of the extension given by adjoining a square root of a uniformiser to
K(R)/K, though the case where F = K and C/K satisfies the semistability criterion
is still an important special case of the results of this section. We denote by wr a
uniformiser for F' and write e for the ramification index of F'/K.

Since C/F satisfies the semistability criterion we may apply the constructions of
Sects. 4 and 5 with K replaced by F throughout, so that in particular we have an
explicit construction of the minimal regular model and stable model of C over F™,
afforded by Theorem 5.16 and 5.24 respectively. The aim of this section is to describe
explicitly the action of Gk on these models (we recall how this action works in
Sect. 6.1 below). To talk about these models we use the notation of Sections 4 and 5
replacing K by F' throughout. Thus for example we work with the collection of valid
discs (Definition 4.4) defined with respect to F rather than K and fix a choice of centre
zp € F™ for each valid disc D. We caution however that we continue to normalise
the valuation v on K with respect to K, which is the reason for the appearance of the
ramification index e in the formulae below.

6.1 Galois action on components

Let Cppin/Opnr be the minimal regular model of C over F™. We will work with the
explicit description of Cpin/Opn afforded by Theorem 5.16 and Proposition 5.20.
Thus the components of its special fibre (or more precisely the t-orbits of components
where ¢ denotes the hyperelliptic involution) are indexed by valid discs D not of type
V (Definition 5.11), with D corresponding to the component(s) I" p of Definition 5.19.

As explained in Sect. 2.4 ((2.16) in particular), the special fibre of Cpin/Opm
carries a natural action of the full Galois group G (arising from uniqueness of the
model) which is uniquely determined by ‘lift-act-reduce’ on non-singular points. The
following quantities will facilitate in describing this action.

Definition 6.1 We define, for o € G,

x (o) = w (mod m).
TF
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Given also a valid disc D not of type V define

0(zp) — ZoD
edp
Tp

Bp(o) =

(mod m),

and

5 —dsy o'<s L%J D hastype [, II

8y>75

AD

D _gp|IPOR} D has type 11, VI

sz(f ) D has type IV,

where, for types I and II, s denotes the cluster D MR and we recall that by definition
we have D = D(s) in these instances.

We now describe the Galois action on the I'p.

Theorem 6.2 Let C/K : y* = f(x) be a hyperelliptic curve satisfying the semista-
bility criterion over a finite Galois extension F/K and let D be a valid disc (the
collection of such defined with respect to F) not of type V. Then any o € Gg maps
I'p to T'sp and for a point P = (xo, yo) € ['p, we have

o (P) = (X(0)*°5 (x0) + Bp (@), X(@)**5(30)) € Top

where & denotes the map induced by o on the residue field k and the points are written
with respect to the variables X, Y for I'p (resp I'sp) of Proposition 5.20.

Proof As explained in Sect. 2.4 it suffices to prove the result under the assumption
that P is non-singular. We follow the recipe of Sect. 2.4 to act on P. Let P e C(F™)
be a lift of P. Now let hp be as in (5.22) and /p any lift of A p to a polynomial with
coefficients in Opw. By Proposition 5.23, in the coordinates x, y for C, P has the
form

(ﬂ;d’)io +zp. ﬂ;VD/ziol;D(io))

for some X, yo € Opnr with X9 = x¢9 (mod m) and yg = yg (mod m) and such that
the x-coordinate is not in any valid subdisc of D. Under o this maps to the point

0 = (om0 (Fo) + () , o ()" 20 G)o (ip(%0))) € C(F™),

Note that the x-coordinate of Q isin o D but notin any valid subdisc of o D, since the set
of valid discs is stable under o . Thus this new point reduces to I'; p by Proposition 5.23.
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In particular o maps I'p to I'; p. Moreover, applying Proposition 5.23 one last time
and noting that o preserves depths and v, we find that Q reduces to

evp(f)/25 5
(X(G)ed%(xo) + pp(o, L@ a(yo)o(hD(xo») ,

hop (x(@)P& (x0) + Bp (o))

In light of the definition of Ap it remains to show that
5 (hp(x0)) = x (@)% (x(0) 05 (x0) + Bo ()

Writing h9. 7,(x) for the polynomial obtained by applying & to the coefficients of i p
we wish to prove the polynomial identity

H) = K@) weetDp, (3 (@) x + Bp (o))
Noting that for any z € K we have

_ _[z—z
oredp(z) =0 ( edDD>
TF

= x(0) 7% (redy p(52) — Bp(0)) (6.3)

and that h% is the monic polynomial whose (multi)set of roots is given by applying &
to the (multi)set of roots of & p, the result follows. O

6.2 Galois action on the normalisation of components

In what follows, for any cluster s for which D(s) is a valid disc (in particular, for all
principal clusters) we write I's in place of I' p(s). Note that by Theorem 5.24 the I'y
for s principal account for precisely those components which remain when passing
from the minimal regular model of C/F™ to the stable model, and by an abuse of
notation we denote the associated component(s) of the stable model by I'; also. Here
we describe the Galois action on the normalisation of these components.

Definition 6.4 For a cluster s for which D(s) is valid (so in particular for all principal
clusters) define

=——d52|_|5|
s'<s

Define also

Ts:y? =cs 1_[ (x —reds(s)).

odd s’ <s
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By Proposition 5.12 this is the normalisation of I's viewed either on the minimal
regular model of C/F™, or, for s principal, the stable model of C/F™.

Corollary 6.5 (of Theorem 6.2) Let C/K : y> = f(x) be a hyperelliptic curve satis-
Jying the semistability criterion over a finite Galois extension F /K. Let o € Gk, §
a principal cluster, and T the associated component(s) of the special fibre of either
the minimal regular model, or the stable model, of C/F™. Then o maps I's to T'ys.
Moreover, if o stabilises s then the action of o on the normalisation T is, for a point
P = (x0, Y0) in the variables x, y of Definition 6.4, given by

o (P) = (X(0)*6 (x0) + Ba(@), (@)™ (0))

Proof Combine Theorem 6.2 with Lemma A.6 (2). m]

6.3 Galois action on the dual graph

Asin Sect. 2.1.1 the action of G k¢ on the special fibre of the minimal regular model of
C/F™ induces an action on its dual graph Y¢ via the action on components, ordinary
double points, and tangents. Here we describe this action, beginning with the following
lemma.

Definition 6.6 (cf. Definition 1.13) Let £ denote the set of even clusters which do not
have an iibereven parent, excluding R unless R is iibereven. For each cluster s € &,
fix a square root 95 of

cr H(zs —r).

r¢s

Having made this choice define, for each 0 € Gg and s € &,

es(0) = % (mod m).

Lemma 6.7 For each s € &, the above choice 05 of square root of c ¢ Hr¢5 (zg — 1)
determines:

(1) if s is a twin with 85 = 1/2, a choice of tangent at the node (redps)(s), 0) on
L ps),
(ii) if s has size 2g, is not iibereven, and s = 1/2 (i.e. D(s) has type Il.1) a choice
of tangent at the node at infinity on T,
(iii) a choice of one of the two points at infinity on T, otherwise.

Proof We begin with (iii) which is the simplest case. The points at infinity on f; are
(0, £,/c5). Now we compute

03

m (mod m) (68)
TF

Cg =

@ Springer



Arithmetic of hyperelliptic curves...

By Lemmas 4.2 and 4.9 e(vs — |s|ds) is even, so that our choice of 65 determines a
square root of c; and hence a choice of a point at infinity, namely the point

05
(0’ —eeTsld)/2 (mod m)> :
F

In case (ii) (see (A.3) and Proposition 5.20), the two tangents at the node are similarly
given by the points (0, £./cs) and we proceed as in case (iii).

Finally, in case (i), (see (A.3) and Proposition 5.20 again) the two tangents are the
points

redpis)(s). = [cpe) || (redps)(s) — redp(s)(0)) | € Tps).
odd 0<P(s)

This time, we compute

CP(s) 1_[ (redp(s)(s) — redp(s)(0))

odd o< P(s)
2
’
-5
6?2 s — Zg'
= —32 l_[ (mod m).
e(vp(s)—2dp(s)) edp(q)
Tp s'<P(s) \TTF
5'#5

Again e(vp(s) — 2dp(s)) is even (Lemmas 4.2 and 4.9), so our choice of 65 deter-
mines a choice of one of the tangents, namely

’
_ 187

L5
9 L — Zg/
redp(e) (), ———5—7 l_[ <u) (mod m)

e(Vp(s)—2dp(s))/2 edp(q)
T &' <P(s) F
5'#5
O

‘We now return to describing the action of G ¢ on Y¢. Let ¥ denote the metric cluster
picture associated to f(x) over F' (Example D.2), with associated hyperelliptic graph
Gyx. By Theorem 5.18 we have ?\c = Gy where ?\c is the graph obtained from Y¢
by removing from the vertex set all vertices of genus 0 and degree 2. As explained in
Definition D.15, to each pair p = (pp, €,) where pg is a permutation of the set X of
proper clusters preserving sizes, inclusions and relative depths, and € is a collection of
signs €, (s) € {£1} for each cluster s € £, there is an associated automorphism G(p)
of G ¥.

Theorem 6.9 Let C/K : y> = f(x) be a hyperelliptic curve satisfying the semistabil-
ity criterion over a finite Galois extension F /K. Denote by Y¢ the dual graph of the
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special fibre of the minimal regular model of C /F™ and T the metric cluster picture
associated to f(x) over F. Fix a choice of 05 for each s € £ as in (6.6).

There is an isomorphism of metric graphs 'Y/‘E = Gy, under which the action of any
o € G corresponds to the automorphism

(p(0), (€5(0))see)

of Gx, where p(o) is the permutation of the proper clusters of ¥ induced by the
natural action of o on the set of roots of f(x).

Proof Fix an isomorphism fz = Gy as in Theorem 5.18, so that the isomorphism
identifies the respective hyperelliptic involutions (denoted ¢) and induces the canonical
identification of the quotients f\c /t and Gy /1 detailed there. Note that our choice of
05 for each s € £ determines via Lemma 6.7 a choice nj of (below vr denotes the
vertex of Y ¢ corresponding to a component I'):

e an endpoint of the loop at vr,,,, associated to the node (redp(s)(s), 0) on I'p(s) if
sis atwin with §s = 1/2,

e an endpoint of the loop at infinity on vr, when |s| = 2g and §; = 1/2,

e one of the two vertices corresponding to I's if s = R (indeed, note that the points
at infinity of ' lie on different components),

e an edge endpoint at vr, for one of the two edges between vs and vp(s) otherwise
(here if T's consists of two components then by this we mean a choice of an
edge-endpoint for one of the two edges meeting one of two associated vertices).

Composing our chosen isomorphism Y¢ = Gy with an automorphism of Gy of
the form (id, ) for an appropriate choice of n we may assume that the choices
nf e f\c (s € &) get identified with the corresponding ‘plus’ choice arising from
the decomposition of Gy into G;‘ and Gy (see Definition D.9 for the definition of
these objects).

Now fixo € Gal(K/K) and view it as an automorphism of G, via the identification
above. Since o fixes I'g (or I'y if R has size 2g + 2 and a child s of size 2g + 1)
and perserves genera, by (D.17) there is an automorphism 7 = (79, €;) of ¥ such
that o acts as G (t); we will show that T must be as in the statement of the theorem.
We now determine 7o and €., using the explicit description of automorphisms of this
form afforded by (D.16), to which we also refer for the definition of vertices v? and
(half-)edges ef[ appearing below.

By Theorem 6.2, 0 maps ['s to ;5 so that on Gy, o maps {v;k} to {vjs} for each
principal cluster s. Similarly, by Theorem 6.2 and 6.3 we see that for a twin t, o maps
anode (redp(g)(t), 0) on I p(y) to the node (red, p(t)(o't), 0) on 'y p(y), so that o maps
{eti} onto {e_} for each twin t. It follows that 79 = p (o) as desired.'?

For the signs, fix a cluster s € £ with §5 7# 1/2 (i.e. case (iii) of Lemma 6.7). Then
n7 is the specified point at infinity on I's. By Lemma A.6 (1) and Corollary 6.5 we

12 Note that a permutation of the proper clusters preserving size and inclusion is determined by its action
on principal clusters and twins.
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have
n+ X(U)eks . U(JL:) — 1
o(nH =17 xe)sth e
ng . else,

where 2n + 2 is the degree of the defining polynomial of I's. Using (6.8) and the
definition of A4, we compute

x(@)*  o(Jcs) _ a(bs)
X(0)eds+) Jeg T Oy

(modm) = e€5(0).

Comparing this with the action of G(7) on Gy detailed in (D.16) we see that €, (s) =
€s(0) as desired.

Finally, for the nodes we compute using Theorem 6.2, Lemma 6.7 and
Lemma A.6 (2) that €; (s) = €, (o) similarly. O

7 The semistability criterion is equivalent to semistability

We now complete the proof that the semistability criterion (Definition 1.8) is equivalent
to semistability.

Theorem 7.1 Let C : y> = f(x) be a hyperelliptic curve over K. Then C/K is
semistable if and only if it satisfies the semistability criterion.

Proof When C/K satisfies the semistability criterion Theorem 5.16 gives an explicit
semistable model of C over Ognr. Since semistability may be checked after unramified
extension it follows that C is semistable over K.

Now suppose that C /K is semistable. We will show that K (R)/K is tamely ramified
and that each principal cluster s is fixed by inertia, has ds € Z and v € 27Z. This is
equivalent to the semistability criterion by Proposition C.4.

As C/K is semistable so is its Jacobian Jac(C)/K [13, Theorem 2.4] whence the
inertia group of K acts unipotently on the 2-adic Tate module of Jac(C) [23, 3.5/3.8].
It follows that K (J[2])/K is tamely ramified. As K (Jac(C)[2]) = K(R) (see e.g.
[11, Lemma 2.1]) K(R)/K is tame.

Now consider the stable model Cg/Ogn (which exists since C/K is assumed
semistable). Fix a tame extension F/K, ramification degree e say, over which C
satisfies the semistability criterion (e.g. a quadratic ramified extension of K(R)/K)
and set I g = Gal(F"/K"). By [26, Lemma 10.3.30] the formation of the stable
model commutes with base change, in other words the stable model of C over F™ is

¢ = Cst X Ognr OFHF.

In particular, the unique extension of the action of Ir/x on C/F™ to C’ is via the
second factor and becomes trivial upon passing to the special fibre.
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On the other hand, since C satisfies the semistability criterion over F' we have an
explicit description of the stable model over Opn complete with action of I,k on
its special fibre afforded by Theorem 5.24 and Corollary 6.5. In order that this action
be trivial we see from Corollary 6.5 that each principal cluster must be fixed by Ir /g
(and hence the full inertia group of K) else /r,x would permute components of CI/E'
Moreover, since the character y of Definition 6.1 has exact order e when restricted to
Ir /K, for each principal cluster s we deduce from Corollary 6.5 that both ds and ):5
must be integers. Equivalently d; € Z and vs € 27 as desired. O

8 Special fibre of the minimal regular model

Here we collect and present the relevant notation and results from Sects. 4, 5 and 6
for the convenience of the reader. In particular we present the special fibre of the
minimal regular model of C/F™ in a self-contained manner, that does not refer to the
constructions in [18].

Let C/K : y?> = f(x) be a hyperelliptic curve and F/K a finite Galois extension
over which C becomes semistable. By Theorem 7.1 C/F satisfies the semistability
criterion, so that all the constructions of Sects. 4, 5 and 6 are valid over F'.

For the rest of this section we fix the following data.

Notation 8.1 Fix as above a finite Galois extension F'/K over which C is semistable
and let mr denote a fixed choice of uniformiser of F. For each proper cluster s, fix a
centre zg € F™ (possible by Lemma 4.2). Additionally, for every even cluster s # R
that does not have an iibereven parent, and for R if it is iibereven, fix a square root 05
of ¢ [, ¢o(zs = 1)-

We write e for the ramification degree of F/K and v for the valuation on K nor-
malised with respect to K, so that, in particular, v(r) = 1/e.

8.1 Components and characters

Definition 8.2 For o € G set

x(o) = o(mr) mod m.
TF
For principal clusters s define
=——dEZLIS| and
s'<s
o(zs) j
0:(0) = x(@),  Bi0) = T modm, ye(0) = x(0).
i

F
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If s is either even or a cotwin, define €; : Gg — {1} by

0 (0s+)

(05)*

es(0) = mod m.

For all other clusters s, set €5(c) = 0.

Remark 8.3 On the inertia group Ix < Gk the map x, and therefore the o and ys as
well, are independent of the choices of F, mr and z,, and are characters Ix — kx
which are trivial on wild inertia. When restricted to the stabiliser I, the character y,
has order the prime-to-p part of the denominator of |Ix /15| As.

Remark 8.4 Note that €5 does not depend on the choice of centre zg: if z;* is another
centre and r ¢ s* then v(zs+ — 1) < v(zgx — z’s*) so the leading term in the p-adic
expansion of z. — r is the same as that of 75+ — 7.

When s is even or a cotwin, €, restricts to a character on the stabiliser of s that is
also independent of the choice of the sign of 64+. This character is unramified if and
onlyif [Ix /Is+|(v(cy) + Zr¢5* dyns+) 1S even. If s is not a cotwin, this is equivalent to
ordy [Ig /Is|(v(cy) + Zr¢5 drns) > 1. (To see this, first pass to the fixed field of I,
and then to an odd degree ramified extension that kills the wild inertia action. We then
need to check that whenever s < P(s) with P(s) libereven and s is fixed by inertia,
Zr¢5 drpg — Zr#(s) drap(s) is even. The latter is dp(s) (| P (s)| — |s|), which is even
by [6, Thm 1.3(ii1)].)

Definition 8.5 For principal clusters s define cs € k* by

Cs 6.,«'1_[(15/—\;’) mod m.

r¢s

For proper clusters s set

mod m

redg (1) = 552
TF

for those ¢ € K for which the above formula makes sense. For s’ < s, by reds(s") we
mean redg (r) for any r € 5. )
If 5 is a principal cluster and eds; # 1/2 we define the hyperelliptic curve I's /k by

T.: Y2=c, ]_[ (X — redq(0)) ]_[ (X — redq(£))>.

odd 0<s twin t<s
edi=1

If 5 is principal and e8; = 1/2 we define the curve I's /k to be the glueing of the affine
curves

V2=c; [] X—reds(0)) J] (X —reds(9)® (1)

odd o<s twin t<s
edi=1/2
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and

Z'=c,T* [ d=reds(@T) ] (1 -reds(T)?

odd o<s twin t<s
edy=1/2

over the subsets ¥ % 0 and T # 0 via Z = YT"+! where n is half the degree of the
right hand side of (}) (note that this is not the usual chart at infinity).

Asin Sect. 5, each I'; corresponds to one or possibly two components of the special
fibre of the minimal regular model of C over O pnr. The following theorem describes
how these components fit together: roughly I's and I'y are linked by chains of curves
isomorphic to IP’]% whenever s’ <s and there is a loop of such curves from I's to itself
for each twin or cotwin t <s or s < t. It also describes the corresponding Galois action
and the reduction map.

Theorem 8.6 Let F /K be an extension over which C is semistable.

(1) Let Y¢ be the dual graph of the special fibre of the minimal regular model of
C over Opn. Then Y¢ has a vertex vs corresponding to U for every non-iibereven
principal cluster and two vertices v}, v; for each iibereven principal cluster s. These
are linked by chains of edges as follows (where we write vs = v} = v, whenever s
is not iibereven,).

Conditions Name From To Length
s’ < 5 both principal, ' odd Ly Vg Vg %85/
s’ < s both principal, 5" even L;'L, v:, v 8y

L;, v; Vg 81
s principal, t < s twin Ly Vg v; 26¢
s principal, s < t cotwin Ly Vg v; 268

Moreover, if 'R is not principal

R = s1 || s2, with s, s, principal odd Ls, sy Vs, Vs, %(551 +8s,)

R = s1 || s2, with s, s, principal even L; 52 v;rl Uﬁ+2 85, + 8y
Ly sy Vs Us, 8s) +sy

R = s || t, with s principal even, t twin L¢ Vg v; 2(8s + 8¢)

(2)If o € G then it acts on Y¢ by

. +eq
@) U(v;t) = va(eg)(o);

.. +eq

(i) o(LE) = La(es)(a)’.

(iii) for t twin or cotwin o (L) = €¢(0) Ly (1), where —L denotes L with reversed

orientation;
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and the induced permutation on the remaining edges and vertices.
(3) If o € Gk and s is a principal cluster then'> o maps U to Ty and

ol (. ) = (X (@5 () + Bo(@), x(@)™G()) € T,

where Ay = &

!
£ — dszl_%J, the sum taken over s' < s with edy >

1
E.
(4) The point (x,y) € C(F") reduces to I if and only if:

() v(x — zs) > ds and reds(x) # reds(s") for any proper cluster s' < s, or
(ii) |s] > 2g + 1 and v(x — zs) < ds.

Explicitly, for one of these points'?,

evg

(e [ reda, %y T fredao - redage) 5

s'<s

1
edg>5

Proof (1) The dual graph of the special fibre is given by Theorem 5.18 and
Remark D.11 gives the explicit description.

(2) follows by combining Theorem 6.9 with (D.16).
(3) This is Proposition 6.2.

(4) This is Proposition 5.23.

O
Corollary 8.7 Let C/K be a semistable hyperelliptic curve. Then the number of com-
ponents in the special fibre of its minimal regular model over Ok is

8
me = § §+ E 285 + 1 —tk Hi (Y, Z).
s odd, S£R,
|s|#1, 2g+1 even

Proof This follows from the usual Euler characteristic formula for H; of a graph, and
counting the total number of edges in part (1) of the theorem.

O
We now describe the normalisation of each I'; as well as the induced Galois action.

Theorem 8.8 For a principal cluster s the normalisation of T's is given by
Te: Y2=c, ]—[ (X — redq(0)).

odd o<s

13 recall that o acts as in (2.17) on Coini:

1450 Gi) if |s| = 2g + 2 then the point reduces to one of the two points at infinity on I's, see Proposi-
tion 5.23.(i) to determine which one.
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(1) If o € Gk the associated map Fs to Fas is given by
olf, (x, ) = (as(0)o(x) + Bs(0), ¥s(0)o (¥)) .
(i) Ifo € I, the geometric automorphism of T (k) given by o

swaps two points at infinity ifes(o) = —1,
fixes two points at infinity ifes(o) =1,
fixes the unique point at infinity if €5 (o) = 0.

(iii) If the point P = (x,y) € C(F™) reduces to P €T then P corresponds to the
point

_evs 18l ~
(redg(x), Tply- 1_[ (reds(x) — reds (s')) 1 J) eTl.

s'<s

Proof (i) Combine Theorem 8.6 (3) and Lemma A.6 (2).

(i) The case where there is a unique point at infinity is clear so suppose otherwise.
Theorem 6.9 gives the case s = s™.
For the case s* # s, note that by considering the action of o on the components
of the special fibre of the minimal regular model of C (c.f. Theorem 8.6 (2)),
one sees that the points at infinity on T, are swapped by o if and only if the
points at infinity on Ty« are, if and only if e = —1.

(iii) The description of the normalisation of I's is standard and the normalization
map between I'; and T, is given by

x, )~ |x,y- 1_[ (x —reds (b))
twin t<s
88(:%

(c.f. A.2). The claimed formula now follows from Theorem 8.6 (4).
O

Remark 8.9 We note that the formula for the action of ¢ € G becomes particularly
simple in the following two settings:

(1) if s is a principal cluster and o € I then o acts on f‘; as the geometric auto-
morphism

(x,y) = (as(0)x + Bs(0), ys(0)y) .

(i1) Suppose s is a principal cluster, F = K (so that C/K is semistable) and that
o0 € Gg. Then x (o) = id. If (as is possible by Lemma B.1) we additionally pick

@ Springer



Arithmetic of hyperelliptic curves...

our centre z5 for s to lie in K, the subfield of K P fixed by G4, then we also
have (o) = 0. Thus o acts on I'g(k) via

o(x,y) = (0(x),0(y)

where & denotes the automorphism of & induced by o. (This is a manifestation
of the fact that, when C /K is semistable, all our constructions are Gal(K™/K)-
equivariant.)

9 Homology of the dual graph of the special fibre

The homology of the dual graph of the special fibre forms a part of the Galois repre-
sentation of C and determines several arithmetic invariants (see (2.18), Theorem 2.20
and Lemma 2.22). In this section we give a description of the homology in terms
of clusters. In the notation of Theorem 8.6, the basic observation is that every even
non-iibereven cluster s starts off two chains L7 and L that eventually join back up
(normally at vp(s+)) to form a loop in Yc.

Definition 9.1 Let C/F be a semistable hyperelliptic curve and Y¢ the dual graph of
the special fibre of its minimal regular model over O pnr as in Theorem 8.6.

Let s # R be an even non-iibereven cluster. If s* # R, we define the 1-chain £
in C1(Y¢, Z) to be the shortest path from vp4+) to itself that passes through v and
goes through the minus part of the graph before the plus part of the graph. If s* = R,
we define £, to be the shortest path from v, to v;g that passes through vg. Here

e if s =tisatwinor P(s*) = tis a cotwin, we write v for the point in the middle
of Lt;

o if s* = R = s[5, with s; both principal even, we write v;g and Vp for the
points in the middle of LF,  and L, .,;

e if s* = R = t] [ s with t a twin and s principal even, we write v;% and v, for the

points on Ly of distance 85 from v and v, respectively.

Remark 9.2 ¢, is a loop (cycle) in Y¢ unless s* = R. In the latter case, it is a “half
loop” in the sense that if ¢, £/ are two half loops then £5 — £ is a loop.

Using the explicit description of the dual graph it is not hard to check that the loops
described above form a basis for the homology of Y¢ and to track the action of Galois
on them. This gives the following result on H;(Y¢, Z).

Theorem 9.3 Let C/K be a hyperelliptic curve and let F /K be a Galois extension
over which C is semistable. Let Y ¢ be the dual graph of the special fibre of the minimal
regular model of C over Opn. Let A be the set of even non-iibereven clusters excluding
R, and let B be the subset of clusters s € A such that s* = R. Then

#A if R is not iibereven,

(1) rkz(Hi(Ye, 2)) = {#A — 1 otherwise.
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2

Hi(Ye,2) = Y asts | a5 €2, Y as =0},

seA seB

(3) the length pairing is given by

0 zf s] # 55,
(Zﬁl ) esz) = 2(d(51A52) - dP(ST)) U(‘GT = 5; # Rv
z(d(slAﬁz) — dR) lfﬁT = 53 =R.
4) foro € Gk,
o(ls) = €5 (U)Ea(s)-
Proof This follows from Theorem 6.9, which describes the Y ¢ with the induced Galois
action, and Theorem D.18 and Remark D.19, which describe the associated homology

group. O

Corollary 9.4 Let C/K be a semistable hyperelliptic curve. Let A be the set of even,
non-iibereven clusters excluding R. Then the conductor exponent of Jac C is

n — #A _ | 1 Ribereven,
€= 0 otherwise.

Proof Since J = Jac C is semistable,
ne = dim(VeJ) — dim(Ve(J))!) = tkz(Hi (Y, Z))

by (2.18). The result follows from Theorem 9.3 (1). m]

Notation 9.5 Let G be a group acting on a set X via the signed' permutation (X, ¢).
Foraring R we write R[ X, ¢] for the corresponding signed permutation representation,
and R[X, ¢]o for its sum zero part.

Corollary 9.6 Let F /K be an extension over which C is semistable. Let A be the set

of even non-iibereven clusters excluding R, and let B be the subset of clusters s € A
such that s* = R.

ey

H\(Yc,Z) = Z[A\B,e] & Z[B, €],

15 je. G acts on {+x, —x|x € X} by g(&x) = £e,(g)g(x) with x — g(x) a G-action and &y (g) € {}
satisfying ex (gh) = ey (8)ex ().
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(@)

HM(C.Q) = QIE.cloerg = Pndgk e Ser.
5

where E is the set of even non-iibereven clusters and the sum is taken over repre-
sentatives of G g -orbits on E.

Proof (1) Follows directly from parts (2) and (4) of Theorem 9.3.
(2) Tensoring (1) with Q; and using (2.18) we get

HMC, Q) = QIA\B,e] ® QuB,€lo
~ 0 B=0
= QIA\B.€] ® [QI[B,G]GERB75@
= Qlad o {40

QIE. €] © er,

12

where E is the set of even non-iibereven clusters and the last isomorphism uses the
fact that B is empty if and only if R is not iibereven.

Observe that when G acts transitively on X and (X, ¢) is a signed permutation then
Qi[X,e]1 = IndSGmbt & for any point ¢ € X; here o (¢) = &;(0)t for ¢ € Stab;. Hence

~ G
HY(C, Q) = Plndgk.ec Oer.
S

where the sums are taken over representatives of G g -orbits on E. O

10 Galois representation

Having obtained an explicit description of the special fibre of the minimal regular

model of C over the field where it becomes semistable, together with the action of

Gk, we are now in a position to extract the action of Gg on Hélt(C) = Hélt(Clg, Qp.
Fix a prime ! # char k. As in Sect. 8, we take

C/K ahyperelliptic curve;

F /K a finite Galois extension over which C becomes semistable;

I's components of the special fibre C;, ; of the minimal regular model of C over
Opnre (see Definition 8.5);

Gk G Cmin, & Galois action of (2.17); it induces the action of the stabiliser G on
I's, on its normalisation f‘s and on the étale cohomology group H élt(f‘g).

Theorem 10.1 Let C/K be a hyperelliptic curve. Let H},(C) = H}(C)ap ® H.,(C): ®
Sp, be the decomposition into ‘toric’ and ‘abelian’ parts. Then

HL(C), =@,Indge; Oer.
HY(C)ap = @, Indg HL(T).
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The first sum is taken over representatives of G g -orbits of even non-iibereven clusters.
The second sum is taken over representatives of G  -orbits of principal non-iibereven
clusters. For every such cluster s, there is an isomorphism of Is-modules

Hélt(ﬁﬁ) = 7 Q5101 ©Se,,

where ys: Is — QIX is any character whose order is the prime-to-p part of the
denominator of |Ix /15| As.

Proof By Theorem 2.18 we have the decomposition and the claim regarding the abelian
part. The statement about the toric part is Corollary 9.6(2). The last claim is [16, Thm.
1.2] combined with Theorem 8.8(i) and Remark 8.3; note that [16, Thm. 1.2] is phrased
for C- rather then Q;-representations, but that does not affect the result. O

Remark 10.2 When C/K is semistable the full action of G4 (rather than just that of
Is)on H é]t(f‘g) may be explicitly determined, as we now explain. For a proper cluster
s, write K for the subfield of K5 fixed by G and denote by kg its residue field.
Suppose (as is possible by Lemma B.1) that for each proper cluster s we have fixed
our choice of centre z5 to lie in K. Then for any principal cluster s the coefficients
of

To:y?=cs [] (x—reds(0))

odd o<s

lie in k5. Moreover, by Remark 8.9 (ii) the action of G5 on Fs (k) (arising from (2.14))
is simply given by (x, y) +— (o(x), o (y)) where o denotes the automorphism of k
induced by o (whence G acts through Gal(K("/K5)). In partlcular upon identifying
Gal(K]"/K;) with Gal(k /ks), the induced action on H (Fs) is precisely the usual

action of Gal(k /ks) on H (I‘s) coming from viewing F s as a curve defined over kg
given by the above formula One may then recover the Frobenius eigenvalues for this
action on H (1“5) from point counts on F5 over extensions of k; in the usual way.

Theorem 10.3 Let C/K be a hyperelliptic curve. Write Jac C for its Jacobian. Then

(1) C is semistable < Jac C semistable < C /K satisfies the semistability criterion.

(2) C has good reduction < K (R)/K is unramified, there are no proper clusters of
size < 2g + 1 and vy € 27 for the unique principal cluster.

(3) C has potentially good reduction < there are no proper clusters of size < 2g + 1.

(4) C is tame < Jac C is tame < K(R)/K is tame.

(5) Jac C has good reduction < K (R)/K is unramified, all clusters s # R are odd,
and principal clusters have vs € 27.

(6) Jac C has potentially good reduction < all clusters s # R are odd.

(7) The potential toric rank of Jac C equals the number of even non-iibereven clusters
excluding R, less 1 if R is iibereven.

(8) Jac C has potentially totally toric reduction < every cluster has at most two odd
children.
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Proof (1) As g > 2, C is semistable if and only if its Jacobian is [13, Thm. 1.2]. The
equivalence with the semistability criterion is proved in Theorem 7.1.

(2),(3) Using that good reduction is in particular semistable, these follow from (1)
and Theorem 8.6 which gives the description of the special fibre for semistable curves
in terms of principal clusters.

(4) Follows directly from (1).

(5),(6) Recall that Jac C has good reduction if and only if inertia /g acts trivially
on the [-adic Tate module V; Jac C (for some [ # p), by the Néron-Ogg-Shafarevich
criterion [35, Sect. 2]. Now apply Theorem 10.1 that gives the inertia action on V; Jac C.

(7),(8) Apply Theorem 10.1. For (8), note that the condition ‘at most two odd
children’ is equivalent to all components I'; from principal clusters having genus 0. O

11 Conductor

In this section we derive a formula for the conductor of a hyperelliptic curve C/K in
terms of clusters (Theorem 11.3).

Lemma 11.1 Let k be a field of characteristic # 2, and C [k a hyperelliptic curve
given by

v2=c[]x-r. Rck

rer

Let G C Auty C be an affine group of automorphisms acting as

gX)=a(g)X+8(g), g¥)=y@Y (g € G).

Lety : G — QIX be a character with ker y = ker y. We have:

e [fordy(order(y)) > ord;(order(w)) then y @ (Q;[R]161) has trivial G-invariants.
e [fordy(order(y)) < ord;(order(w)) then

- ~ 1 if y has odd order,

y® @lRIoD) = QRIS {)7 if v has even order,
as G-modules.

e If|R| <2, theny @ (Q;[R] & 1) @ 1 is the permutation representation of G on
the (one or two) points at infinity of C.

Proof If ord, (order(y)) > ord;(order(w)), then Q;[ R]&1 contains no 1-dimensional
characters of order equal to the order of y. Therefore y ® (Q;[R] & 1) has no G-
invariants.

Suppose ords (order(y)) < ord;(order(«)). Then we are in the setup of [16, Thm
4.1], and by [16, Lemma 4.4 (2)] we have

1 if Q;[R] contains an irregular orbit of G,

y® QIR = QRIS {); if Q[R] = Q;[G]®" for some r.
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In the first (irregular orbit) case, v =« by [16] Prop. 2.2 (5b), and it follows that
y has odd order. In the second (regular) case, yz = 1 by [16] Prop. 2.2 (5a). Hence,
either y = 1 and the claim is trivial, or y has even order.

The last claim follows from [16, Thm 4.1], since C has genus 0 and trivial Hélt in
this case. O

Now we go back to the setting of a hyperelliptic curve C/K. Recall from Defi-
nition 8.2 that we defined A4 and characters o, Bs and ys for all principal clusters
s. In what follows we extend these definitions to all proper clusters s by the same
formulae.'®

Lemma 11.2 Let s be a proper non-iibereven cluster, and ys : 15 — @lx a character
with ker ys = Kker ys.

e [fordr denom(|/ /15 |As) > ord, denom(|1/15|ds) then ys ® (Q;[5]1©1) has trivial
Is-invariants. _
e [fordy denom(|1/1s|As) < ordy denom(|l/1s|ds) then

1 if orda(|1/1sAs) > 0,

7s @ (Q[s]161) = Q516 {);5 if 0rd2(|1/15|5‘5) <0,

as Is-modules.
e If|5| =2 and s is not a cotwin, then ys @ (Q;[6] © 1) = €.

e IfRisacotwinofsize2g+2, then yr (Q;[Ro]S1) = 6%, where 6%(0') = Ji/g)

foro € Ig.

Proof Let F be a finite Galois extension over which C becomes semistable, and such
that R C F. In what follows we consider all representations as those of /5. First let s
be a principal cluster. By Theorem 8.8, we have the curve

Foiy?=cs J] (@ —reds(s)

odd s’ <s

over k together with I5-action

gX) =as(e)X +Bs(g), g¥)=vy(0Y (g €ls).

Observe that order(ys) is the prime-to-p part of the denominator of |/ Is|hs, and
order(as) is the prime-to-p part of the denominator of |I/I|ds. The claim follows
from Lemma 11.1 and Theorem 8.8(ii).

When s is not principal we argue similarly. Since R C F the disc D(s) (the minimal
disc cutting out s, see Notation 4.1) is valid in the sense of Definition 4.4. In particular
this disc contributes a component I'p(s) to the special fibre of the minimal regular

16 The formulae of Definition 8.2 only make sense when eds and ehg are integers. However this is always
the case when F is suitably large and (cf Remark 8.3) these characters, when defined, are independent of
the choice of F.
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model of C over Opn (see Proposition 5.20; if evg is not even, enlarge F to make
it so). The normalisation of this component is given by the same equation as for s
principal as is the action of I (see Proposition 6.2). Now we conclude as before; that
€5 corresponds to the action on the points at infinity follows from the explicit action of
I on the dual graph Y¢ in Thereom 8.6(2) in the non-cotwin case, and by the formula
for I'p(R) in the cotwin case. |

Theorem 11.3 (Conductor) Let C/K be a hyperelliptic curve. Decompose the con-
ductor exponent of Jac C into the tame part and a wild part, nc = nc 1ame + 1C wild-
Then

newid =Y, VK(Axeyk) = [K(r) : K1+ frey/k
reR//Gk

and n¢ jame = 2g — dim H} (C)'% with

dim H,(C)' = #{s C Rodd | §p()(hp(s) < Ep)(dp(e)}/Ix
— #{5 proper non-iibereven | Es(As) = O}/IK
_ { 1 if [R| is even and v(cy) is even,
0 otherwise;

here £5(a) = ord, (b) where b is the denominator of |1k [ Is|a, with £5(0) = 0.

AT
NG
representation if R is odd. Note that E% is the same as eg, except when R is a

cotwin.

By Theorem 1.20 we have to compute the dimension of inertia invariants on

Proof (Tame part) Let e%(a) =

for o € Ig if R is even, and the zero

HL(C)ap ® HL(C) ® Sp,
=P mdF7: @ QIEIO1) S ) @ (Sp, (@D Ind[F e, © €r)),

seP seE

where P and E are sets of I -orbit representatives on principal non-iibereven clusters
and on even non-iibereven clusters, respectively.
By Lemma 11.2 we can expand the first sum to

HY(C)ap = D Ind [ (75 ® (QUIE1©1) © €5) D e O €fy,

seT

where T is a set of representatives of I -orbits on all proper non-iibereven clusters
excluding cotwins of odd size. Since €, is the zero representation for odd clusters
(except cotwins), we can similarly expand the second sum to

H(C); = Sp, (@ Indj¥e; S ep),

seT
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Taking [F invariants on Hélt(C)ab @ Hélt(C), ® Sp, replaces Sp, by 1, so we are
left with I /g -invariants on

Pud 0 @lEIeD) 6k

seT

Note that if s is a cotwin of odd size then Q[5] is the trivial representation so this
expression is the same as

Puwdf s @ @B1eD) ek,

seS

where S is a set of representatives of /x-orbits on proper non-iibereven clusters. By
Frobenius reciprocity, we find

dim Hy(C)'* = (1,7 ® (QIEl @ D)y, — (L, )iy

seS

Let So C S be the set of those clusters for which

Es(hs) < Es(ds).

By Lemma 11.2, ys ® (Q;[5] ©1) has no Is-invariants if s € S\Sp. Otherwise, by the
same lemma,

s @ Qlsle = Qlslel o Q51O vs,

depending on whether &, (14) is = 0 or > 0, respectively. Therefore,

dim Hj(C)'* = " (1, Qul3]);, — #{s€ Sol&(he) =0} — (1,€p).

s€8y

Note that

1 0, _ J 1 if[R|isevenand v(cy) is even,
(1, E'R) — ] 0 otherwise,

is the last term in the statement. Write U for the set of those odd clusters t such that
P (v) lies in the Ik -orbit of s. Then

> QBN =Y (L QIUs]i,

SESH s€Sy

and

| Us =t S Rodd | £ps)(hp(s) < Eps)(dpis))}-

SE€Sy
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Counting /g -orbits gives the claim.
(Wild part) By the standard description of the 2-torsion of Jacobians of hyperelliptic
curves (see e.g. Cornelissen [11, Lemma 2.1]),

1 2g+1 odd,

(JacO)[2] = F[R] & 1@1 2g+2 even,

as Gg-modules. Let W be the wild inertia subgroup of G . Hence

~ 1 2g+1 odd,
VaJacC = Qz[R]© 1®1 2g+2even,

as W-modules, since W acts on them through a finite group of odd order. (Represen-
tation theory modulo p agrees with complex representation theory for finite groups of
order prime to p.)

The left-hand side has the same wild part of the conductor as H é]t(C). Forr € R
write X, for its G g orbit. The conductor of the right-hand side is

nQR] = Z nQX,] = Z vk (Ak(r)/K)
reR//Gg reR//Gg

and its tame part is

nQRLame =, [K(): K1—dimQ[X,]'%.
reR//Gg

Because dim Q;[ X, ]’% is the number of I -orbits on X, which is the residue degree
of K(r)/K, we have

nQR],wild = Z vk (Agoyk)— K@) - K1+ fr oy -
reR//Gy

12 Deficiency

In this section we explain how to see whether a semistable hyperelliptic curve is
deficient in terms of its cluster picture. We first recall some standard results regarding
deficiency of curves (see e.g. [30] Sect. 8).

Definition 12.1 Let X/K be a geometrically integral, smooth and proper curve of
genus g. Then X is deficient over K if and only if it has no rational divisor of degree
g — 1; equivalently, the index I, does not divide g — 1, where

L = gcd{[K(P):K]| P € X(K)}.
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Lemma 12.2 Let X /K be a geometrically integral, smooth and proper curve of genus
g. Let Y1, ...Y, denote the components of the special fibre of the minimal regular model
of X over Ok, and dy, ..., d, their multiplicities. Let

e; = [k Nk(Y;) : k] = length of Gy-orbit of Y;

and
I; = gced{die; |i =1, ...,r}.
Then I, = Is.
Proof This is Remark 1 after Lemma 16 in [30]. O

Lemma 12.3 Let C/K be a hyperelliptic curve of genus g. The following are equiva-
lent:

(1) C is deficient over K,

(2) C has even genus and has no rational point over any odd degree extension of K,

(3) C has even genus and every component of the special fibre of its minimal regular
model has either even multiplicity or a G-orbit of even length.

Proof Since C is hyperelliptic, it has either one or two points at infinity. In particular,
it has a rational divisor of degree 2 so I = 1 or I = 2. Hence if g is odd then C is
not deficient.

1 < 2 is clear from Definition 12.1.

1 & 3is clear from Lemma 12.2. m]

Theorem 12.4 Let C/K be a semistable hyperelliptic curve. Then C is deficient if and
only if it has even genus and either

(1) R =51 [[s2 with s1, 82 odd G-conjugate clusters, and 8, is odd, or

(2) R is iibereven with ez (Frob) = —1 and for all non-iibereven s such that s* = R,
either ds ¢ 7 or the Frob-orbit of s has even size, or
(3) R is a cotwin with a principal iibereven child ¢ with €. (Frob) = —1, and for all s

such that s* =, either ds ¢ 7 or the Frob-orbit of s has even size.

Proof Since C/K is semistable, all the components of the special fibre of its minimal
regular model have multiplicity 1. Thus, by Lemma 12.3, C is deficient if and only if
every component has a G-orbit of even length.

The result follows from the explicit description of the dual graph of the special
fibre of the minimal regular model of C together with the action of Frobenius given
in Theorem 8.6. From the description of the Frobenius action on the vertices vs, v;t
and the various chains of edges, we see that all components will have even-length
orbits under Frobenius if and only if: i) every principal non-iibereven cluster has an
even-length orbit under Frobenius, ii) every principal iibereven cluster s either has
an even-length orbit or €5 (Frob) = —1, iii) every twin and cotwin t either has an
even-length orbit or €¢(Frob) = —1 and d¢ ¢ Z, iv) if R = 51 | [ 52 is a disjoint union
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of two even clusters then €(R) = —1, v) if R = s [ ] 52 is a disjoint union of two
proper odd clusters then %(351 +d5,) is odd and s and s, are swapped by Frobenius.

Since R itself cannot have a non-trivial orbit under Frobenius, it follows that it
must either be a union of two odd clusters, iibereven or a cotwin (and, in the cotwin
case, its principal child must similarly be tibereven). It follows by inspection that one
of (1), (2) and (3) must hold for the curve to be deficient.

For the converse, observe that if a cluster s has an ancestor with an even-length
Frobenius orbit, then so does s itself. In particular (1) automatically forces (i)—(v) to
hold. Similarly, if (2) (respectively (3)) holds, then every proper cluster s with s* £ R
(respectively s* # t) will necessarily have a non-iibereven ancestor a with a* = R
(respectively a = t), and, since a is not a twin or cotwin, dq € Z by the semistability
criterion. Thus a must have a Frobenius-orbit of even length, and hence so does s. It
follows that if either (2) or (3) holds, then so do (i)—(iv), and the curve is deficient. O

13 Integral weierstrass models

As we shall see in Sect. 13—17, cluster pictures are very well suited for studying
Weierstrass equations of hyperelliptic curves, including discriminants and minimal
Weierstrass equations. We begin by a criterion for checking whether a Weierstrass
equation is integral, that is whether f(x) € Ok[x]. Since the cluster picture of a
polynomial does not change under a substitution x +— x — ¢, it is clearly not possible
to determine whether f(x) € Og[x] from the cluster picture. However, up to such
shifts in the x-coordinate, this turns out to be possible.
Recall first the definition of an (abstract) cluster picture:

Definition 13.1 Let R be a finite set, X a collection of non-empty subsets of R (called
clusters), and d; € Q to every s € X of size > 1 (called the depth of s). Then X (or
(2, R, d)) is a cluster picture if

(1) Every singleton is a cluster, and R is a cluster.
(2) Two clusters are either disjoint or contained in one another.
(3) di >ds ift C s.

Two cluster pictures (X, R, d) and (', R/, d’) are isomorphic if there is a bijection
¢: R — R’ that induces a bijection from X to ¥’ and ds = d;)(s). We say a group G

acts on (X, R, d) if it acts by isomorphisms”.

We refer the reader to Table 6 in Appendix E for our standard notation for clusters,
including the notions of child/parent and s A s’

Definition 13.2 Let (X, R, d) be a cluster picture with an action of Gk, and letn € Z.
We say that the pair (X, n) is integral if either

e n>0anddr > 0,or

17 This is subtly different from the action of a group by automorphisms on metric cluster pictures, which
we use specifically for semistable curves; see Definition D.4.
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o there is a G g-stable proper cluster s with d; < 0 and

nt (lsl=Ithds + 3, drrs =0

for some t which is either empty or a G g -stable child t < s with either |t| = 1 or
d¢ > 0.

Theorem 13.3 Ler C : y2 = f(x) be a hyperelliptic curve over K, and let (£, R, d)
be the associated cluster picture.

(1) If f(x) € Oklx] then (X, v(cy)) is integral.

(2) Conversely, if (X, v(cy)) is integral and Gk acts tamely on R then f(x —z) €
Ok [x] for some z € K.

Lemma 13.4 Let f(x) € K[x]. Then f(x) € Oklx] if and only if

Z min{0, v(r)} > —v(cy).
reR

Proof f(x) € Oklx] if and only if every point in the Newton polygon of fc(;) lies
above —v(cy). Equivalently the sum of the positive slopes is less than or equal to

v(cy),ie. ) o min{0, v(r)} = —v(cy). O

Proof of Theorem 13.3 (1) As f(x) € Ok|[x], clearly v(cy) > 0, so we may suppose
dr < 0.1If 0 is not a centre for R, then every r € R has v(r) < dg, so that by
Lemma 13.4

[Rldr > Y min{0, v(r)} = —v(cy).
reR

Thus, taking s = R and t = §J, shows that (X, v(cy)) is integral.

Henceforth suppose that dg < 0 and that O is a centre for R. Let s be the smallest
proper cluster with centre z; = 0 and depthds < Oandlett={r € s | v(r) > ds}.
Note that, by minimality of s, t is either empty or a child of s (with dy > 0 if |[t| > 1).
In particular v(r) < ds < O for every r ¢ 5, and v(r) = ds < O for every r € s\t.
Thus

(Is| = [thds + Y drns = Y ds+» 0+ drps =

ré¢s res\t ret rés
= > v+ Y 0+ > v@) = Y min{0, v(r)} = —vicy),
res\t ret rés reR

where the last step comes from Lemma 13.4. Finally, note that s and t are G g -stable,
and that either |t| < 1 or t < s with d¢ > 0. The result follows.

(2) If dr = 0, by Lemma B.1 we can pick a centre z = zg € K for R. Then
the roots of f(x — z) are all integral. Since by integrality v(cy) > 0, we must have
f(x —z) € Oklx], as required.
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If dg < 0, consider s and t as in the definition of integrality of (X, v(cr)). If t # @,
by Lemma B.1 we can pick a centre z = zy = z5 € K for t and s. If t is empty, pick
7z = z5 € K to be a centre for s, using the same lemma. Shifting x to x — z, we may
thus assume that zs = O is a centre for s, and that z¢ = 0 if t # (J. By assumption,
ds < 0,s0wehave v(r) < ds < 0 for all » ¢ s; moreover, d; < v(r) forallr € s,
and 0 < v(r) for r € t. Hence

—v(cp) < (8| = [thds + Y drrs = |s\ds + Y v(r)

ré¢s ré¢s
= Z ds + Zo + Z v(r) < Z min{0, v(r)}.
res\t ret rés reR
The result follows from Lemma 13.4. O

We record a further result that will be useful for understanding the minimal Weier-
strass equation of a hyperelliptic curve. In view of Theorem 13.3 it gives a simple
criterion for checking whether p” f(x — z) has integral coefficients for some z € K,
provided all the roots of f(x) lie in K.

Lemma 13.5 Let ¥ be a cluster picture with trivial G g -action, such that ds € Z for
every cluster s and dr < 0. Let n be the minimal integer which makes (X, n) integral.

(i) Then n=min¢(— ngét drat), where t ranges over all clusters with dp ) <0 that
are either singletons or have d¢ > 0.

(i) If there is a cluster of size > |2& and depth > O thenn = — ngét dynt, where t
is the maximal such cluster (either of two, if there are two such).
@ii”) If there is a cluster of size > |—72z‘ and depth > 0 thenn = — ngt dynt, where t

is the maximal such cluster (either of two, if there are two such).

Proof If dg = 0 then n = 0 and the results follow directly from the definition, so we
may suppose that dg < 0. Note that for t < s,

(sl = 1thds + Y drns =Y ds+ D drpa =Y drns = drnt.

ré¢s res\t ré¢s rét rét

(1) Suppose that s and t are the clusters from Definition 13.2 corresponding to 7.
Recall that Gk acts trivially, so all clusters are Gg-stable. If t = ¢ then s
cannot have a child 8" with dy < 0, since ) ,cp drns < Y ,cr dras, and
so n is not the minimal possible. Thus if t = @, then every child ' < s is
either a singleton or has dy > 0, and has (|s| —|t|)ds < (|s|—|t|)ds and hence
n+ (|s|—|t|)ds + Zr¢5 drns > 0. In other words, we may assume that t # .
The required formula now follows.

(ii) If d¢ = 0 then for any child t' < t we have Zr¢t dopg = Zr¢t/ dopy. Ifdg >0

then by maximality dp() < 0. In either case,n < — nggt dyae by ().
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Ifs QZ tis a cluster with dp(s) < 0 then necessarily [(s A H)\t| < % < |t] and

Zdr/\s = Z drA(s/\t) + Z drpns < Z drA(sAt) + |t|d5At

ré¢s ré¢snt re(sAt)\s ré¢sAt

< D drnny FIEAONdont < Y drengan + Y. deac= Y drat.

ré¢sAt résnt re(sAt\t rét

Hence t gives the optimal bound in the expression in (1).
(i) Same as (ii) without the d¢ = 0O case.

14 Isomorphisms of curves and cluster pictures

Different models of the same hyperelliptic curve may have different cluster pictures.
In this section we show that there is a good equivalence relation on cluster pictures that
is respected by isomorphisms between hyperelliptic curves: isomorphic curves have
“equivalent” cluster pictures (Theorem 14.4) and, conversely, every cluster picture in
the equivalence class is realised by some curve over K (Corollary 14.7). We will look
at K-isomorphism classes of (semistable) curves in the next section.

Definition 14.1 Two cluster pictures (X, R,d) and (X', R’,d") are equivalent if
(X', R/, d") is isomorphic to a cluster picture obtained from (X, R, d) in a finite
number of the following steps:

e increasing the depth of all clusters by m € Q:
R =R, Y =%andd], =ds +mforalls € %,

e adding a root r, when |R| is odd:
R =RU{r}, ¥ = T U{{r}, RIMR}, d; = d, for all proper s € Z\{R'} and
dy, =dg,

e removing a root r € R, when |R|is even, {r} < R and R\{r} ¢ X:
R = R\r}, &' = TU{R'NR, {r}}, d, = ds for all proper s € L\{R'} and
dp, =dg,

o redistributing the depth between s and s¢ = R\s to d, = ds + m, when |R] is
even, s < Rand —6s < m < §sc:
R =R,Y =X U/{s, 5, dp =dg,

di=dy+m for proper clusters t C s

d; =dy—m for proper clusters t C s¢

Here we set §sc = 0if s ¢ ¥, and dy = +oo0 if |[t| = 1; if in the resulting cluster
picture 8, = 0, we remove s from ¥’, and similarly for s°.
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Example 14.2 For any given n € Q the following cluster pictures form an equivalence
class:

() G ~ (@ D)~ &) -
| |

@D "Gy,

Here the subscripts on clusters specify their relative depths, # can take all values in the
range 0 < ¢ < n, and all clusters of size 5 and 6 can have arbitrary depths. Horizontal
lines correspond to cluster pictures that are related by redistributing the depth of a
child s < R (possibly a singleton) and R\s, and vertical lines to those related by
adding or removing a root.

Remark 14.3 This agrees with the notion of equivalence in [18] for “metric cluster
pictures” ([18] Definitions 3.43, 3.45). Metric cluster pictures do not carry a depth
function on clusters, but only a relative depth, which is accounted for by the first of
the steps in Definition 14.1. The other steps then correspond to the moves (iii), (iv)
and (i/ii) in the definitions in [18].

Theorem 14.4 If C; : y* = fi(x) and C> : y* = f>(x) are isomorphic hyperelliptic
curves over K, then their cluster pictures are equivalent.

Proof Note that if F/K is a finite extension then the cluster pictures of C; and C;
are equivalent over K if and only if they are equivalent over F. So we may assume
that C; /K are semistable. Then by Theorem 5.18, the two metric hyperelliptic graphs
GEc, and G>362 are isomorphic (see D.9 for the notation), and by [18] Thm 5.1, the
cluster pictures X, and X¢, are equivalent. O

Lemma 14.5 (i) Forx,y € K,

v(l — %) =—v(x) —v(y) +v(x —y).

X

(ii) Let f(x) € K[x] be a separable polynomial with cluster picture Xy = (R, Z, d).
Suppose s < 'R and that all r € s have v(r) = a and all r € R\s have v(r) = b.
Let R = {% :r € RY.Then ¢ i r — % induces a 1-to-1 correspondence between

YU{s, R\s}land ©'U{s’, R\ &'}, wheres' = {% : 7 € 5). Moreover, dgp(t) =di—2a

for clusters t C s, dx/p(t) = dy — 2b for clusters t C R \ s, and dk, =dr —a—b.

; i 1_1_y=x
Proof (i) Clear, since YTy = o

(i1) Follows directly from (i).
m}

Proposition 14.6 Let f(x) € K[x] be a separable polynomial with roots R C K,
such that G g acts tamely on 'R, and let X be the associated cluster picture. Suppose
Y is a cluster picture obtained from T by one of the following constructions:
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(1) Increasing the depth of all clusters by some n € Z;

(2) Adding a root to X, provided |R| is odd, dr € Z and |k| > #{s < R :
5 is G g-stable};

(3) Redistributing the depth from s to R\s to eliminate s and then changing the
depth of R to 0, provided |R| is even, s < R is Gg-stable with d; € 7 and
k| > #{t < 5 : tis Gg-stable};

(4) Redistributing the depth between s and R\s by decreasing the depth of s by 1,
provided |R| is even, s < R is Gk -stable withdp,ds € Z and |k| > #{t < 5 :
tis G g -stable}.

(5) Removing a root from R, provided |R| is even, dr € Z and f(x) has a root
r € K that does not lie in any proper cluster other than R.

Then there is a Mdbius transformation ¢(z) = ’cfi'g with a,b,c,d € K, such
that X' is the cluster picture of R' = {¢(r) : r € R}\oo} if |R| is even and of
R ={p(r) :r € RU{oo}\oo} if IR| is odd.

Moreover, ify2 = f(x) is a hyperelliptic curve, then there is a K -isomorphic curve
given by a Weierstrass model whose cluster picture is ¥'.

Proof Depending on the case 1-5, the Mobius transformation ¢ can be obtained as
follows:

1. Take ¢(z) = n"z.

2. Since G g acts tamely, Lemma B.1 shows that R has a centre zg € K shifting by
this and applying (1) we may assume that zg = 0 and dg = 0. Shifting further by
some y € Ok, we may assume that all r € R are units in Og. Now ¢ (z) = % has
R = {} :r € R} U {0}, which, by Lemma 14.5 (i), has the required properties.

3. As in the proof of (2), we may assume that d; = 0, z; = 0 and that all roots r € s
are units. All other roots r € R\s then have valuation v(r) = dg. By Lemma 14.5,
P(z) = % gives the required cluster picture.

4. As in the proof of (2), we may assume that dg = 0, z; = 0 and that all roots
r € s have valuation 1. Note that all » € R\s have valuation 0. By Lemma 14.5,
o(2) = ”7K gives the required cluster picture.

5. Shifting by r and applying (1), we may assume that zg = r = 0 and dg = 0.
Since r does not lie in any proper subcluster of R, all the other roots of f(x) must
be units. By Lemma 14.5, ¢ (z) = % gives the required cluster picture.

Finally observe that if y> = f (x) is a hyperelliptic curve, then a change of variables

ax'+b _ y az+b
xtd Y = (cx'+d)8+! cz+d

with a, b, c,d € K, gives a model for C/K of the form y? = g(x"). The set of roots
of g(x) is precisely R’ = {¢~'(r) : r € R}\[oo} if |R|isevenand R’ = {¢y "' (r) :
r € R U {oo}}\{oo} if |R| is odd. Setting ¢ = v~ ! for ¢ as in the first part gives the
desired model. O

of the form x = for a Mobius transformation ¥ (z) =

Corollary 14.7 Let C : y?> = f(x) be a hyperelliptic curve over K and % its cluster
picture. If ' is equivalent to X, then there is a K-isomorphic hyperelliptic curve
C'/K : y* = g(x) whose cluster picture is .
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Proof Replacing K by a sufficiently large extension we may assume that Galois acts
trivially on the roots of f(x) and that the depths of all clusters in ¥ and X’ are
integers. Now Proposition 14.6 lets us realise all the equivalence steps from X to ¥’
in Definition 14.1 through isomorphisms of curves. O

15 Canonical cluster picture of a semistable curve

As any given hyperelliptic curve can admit many different models, it is often desirable
to be able to put it in some canonical form. It turns out that every equivalence class
of cluster pictures has a canonical representative (Lemma 15.1). Unfortunately, this
canonical cluster picture does not always correspond to a Weierstrass model for C
defined over K . However, for semistable curves this is nearly the case (Theorem 15.2).
Moreover, if the genus of a semistable hyperelliptic curve is even, then this cluster
picture does come from a Weierstrass model over K (Corollary 15.3). As we shall see
in Sect. 18, this canonical cluster picture is particularly well suited for classifying all
reduction types of semistable hyperelliptic curves in any given genus.

Lemma 15.1 Let (X, R, d) be a cluster picture with |R| = 2g + 1 or 2g + 2. There is
a unique equivalent (“balanced”) cluster picture (°, R?, d®) such that (i) d7b2b =0,
(ii) P has no clusters of size > g + 1, (iii) either £° has no clusters of size g+1 or
it has two such clusters, in which case they have equal depth.

Proof This follows from [18] Theorem 5.1. O

Theorem 15.2 Let C/K be a semistable hyperelliptic curve and suppose that |k| >
number of G g -stable children of every cluster of size > g + 1 in the cluster picture of
C. Then there is a K -isomorphic curve C' Ok : y* = f(x) with deg(f) = 2g +2
such that

o the top cluster of C' has depth 0;

o the cluster picture of C' has no cluster of size > g + 1;

e cither there is at most one cluster of size g + 1 and v(cy) = 0, or Frobg swaps
two clusters of size g + 1 and v(cy) =0 or 1.

Proof Let (X, R, d) be the cluster picture of C/K . Recall that as C/K is semistable,
it satisfies the semistability criterion (Theorem 7.1, Definition 1.8). In particular, the
inertia group cannot permute proper clusters in X.

If Frobenius swaps two clusters of size g + 1, then by the semistability criterion
dr € Z (e.g. since s < R is principal and so has integral depth, and 8; € Z by
Proposition C.7 (2)). Applying a transformation of the form x’ = n,k(x, y = mgx
gives a model over K with the required cluster picture.

Suppose henceforth that Frobenius does not swap clusters of size g 4 1, and con-
sequently that all clusters of size > g 4 1 are G g-stable. We now change the model
for C by repeatedly applying Proposition 14.6: (2) creates a cluster picture with an
even number of roots, then (1) or (3) makes the depth of the top cluster 0, and finally a
repeated use of (4) removes all clusters of size > g + 1 and leaves at most one cluster
of size g + 1 (principal clusters have integral relative depth by Proposition C.7 using

@ Springer



T. Dokchitser et al.

that the depth of the top cluster is now O for the case when it is a cotwin). The resulting
model necessarily has v(c ) € 27Z (semistability criterion for the top cluster, as it now
has depth 0), and hence a change of variables of the form y = ¥y gives a model over
K with the required cluster picture.

Finally, Theorem 13.3 shows that shifting the x-coordinate by a suitable element
of K gives a model over O . O

Corollary 15.3 Let C/K be as in Theorem 15.2. If C has even genus then there is a
K -isomorphic curve C'/Ok : y*> = f(x) such that

o the top cluster of C' has size 2g + 2 and depth 0;

o the cluster picture of C' has no cluster of size > g + 1;

o cither v(c ) = 0 and there is no cluster of size g + 1, or v(cys) € {0, 1} and there
are two clusters of size g + 1 with equal depths.

Any other K -isomorphic curve C" | Ok satisfying (1), (2) and (3) has the same cluster
picture and valuation of leading term as C’.

Proof The existence of C’ follows from the theorem and, in the case when the theorem
yields a cluster picture with a cluster of size g + 1, Proposition 14.6(4). The fact that,
in this special case, the two resulting clusters s, s'of size g + 1 can be made to have
equal depth follows from the semistability criterion, which shows that 8¢, §s € Z and
(g + 1)ds = (g + 1)6s mod 2 (Theorem 7.1, Definition 1.8).

Uniqueness of the cluster picture follows from the fact that isomorphic curves have
equivalent cluster pictures (Theorem 14.4) and uniqueness of balanced cluster pictures
(Lemma 15.1). O

Remark 15.4 Theorem 17.1 and Proposition 17.5 show that the models obtained in the
theorem and the corollary are minimal Weierstrass equations.

16 Discriminant

Recall the definition of the discriminant of a hyperelliptic curve:

Definition 16.1 (See [28], Sect. 2)Let C : y> = f(x) be a hyperelliptic curve of genus
g over K. The discriminant Ac of C is

1
Ac = 168c‘}g+2d1sc(c—f f(x)).

Our main result on the discriminant is that one can easily read off its valuation from
the cluster picture of C and, when C/K is semistable, one can moreover read off the
valuation of the discriminant of its minimal Weierstrass model:

Theorem 16.2 Let C : y> = f(x) be a hyperelliptic curve of genus g over K, and let
(2, R, d) be the associated cluster picture. Then

V() =vlepUg+2+ Y ds(lsl = 5 I5F).
s proper §<s
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If C/K is semistable and \k| > 2g+1, then the valuation of the discriminant A‘gi“ of
a minimal Weierstrass model of C is determined by the formula

v(Ac) — v(ARM)
4g 42

=v(cy) —E+dr(R|—g—1D+ Z 8s(ls| —g — 1),
g+l<|s|<|R|

where E = 0 unless X has two clusters of size g + 1 that are permuted by Frobenius
and v(c ) is odd, in which case E = 1.

The first part of the theorem follows directly from Lemmas 16.4 and 16.5 below.
The second part will be proved at the end of Sect. 17, after we find a description for
minimal Weierstrass equations in terms of cluster pictures.

Definition 16.3 Let (X, R, d) be a cluster picture and let n € Z. The discriminant
Ay, of the pair (X, n) is the fractional ideal of K with valuation

V(As) =n(@g+2)+2 Y dear.
r#r'eR

Lemma 16.4 Let C : y> = f(x) be a hyperelliptic curve over K, let & be the associ-
ated cluster picture and n = v(cy). Then

v(Ac) = v(Ag,).
Proof Clear. O

Lemma 16.5 Ler (X, R, d) be a cluster picture. Then

) - L[ =dre irisi=1,
2 3 depw= Y ds’— s ISP =) IsP{ds  ifs=R,
r#r'eR s5,|s|>1 <5 5 8s otherwise.

Proof We have

2 Y dyar=)_ Y ds(ls| —|child of s containing r|)

r#r'eR reR sar,|s|>1
2 2 2 2
= Y di(lsP— s 1517 = Y dels— ) dpelsl
PALES! s=s 5.|s]>1 /AR

m}

In the remainder of this section we establish some results on how the discriminant
changes under the different steps yielding equivalent cluster pictures (see Defini-
tion 14.1). As equivalence of cluster pictures is closely tied to isomorphisms of
hyperelliptic curves (see Theorem 14.4 and Proposition 14.6), this will be the key
to understanding minimal Weierstrass equations and their discriminants. Recall also
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that we have a notion of integrality for cluster pictures (see Definition 13.2), which
gives a way of determining whether a cluster picture corresponds to an integral Weier-
strass equations.

Lemma 16.6 Let (2, R, d) and (X', R, d") be cluster pictures.

(i) If ¥’ is obtained from X by increasing the depth of all clusters to d], = ds + t,
then

V(Ay ) =v(Ax ) +HRIAR] = 1).
(i1) If T has odd size and X' is obtained by adding a root to X, then
V(Asr ) = v(Ax ) + 2dR IR
(iii) If ¥ has even size then for k € Z,
V(Ag k) = V(A ) + 2k(R| = D).
If ¥ has odd size, then
V(As k) = v(Ax ) + 2k R

(iv) If T has even size and X' is obtained by redistributing the depth between s < R
and R\s to d; = ds — t and dpy, . = dRr\s + 1, then

v(Asr ) = v(As,) (R = 2IsD(R[ — D).

Proof Write |R|as |R| =2g + 1 or2g + 2 for some g € Z.
@)

v(Ayr ) =n@g+2)+ Y dl,,, =n@g+D+ Y dpa + RIRI - Dt
r#r'eR r#r'eR
(ii)

v(Apa) =n@g+2)+ Y d, =n@g+2+ Y dar+2RIldR.
r#r'eR’ r#r'eR

(iii)

VAT ) =+ K@ +2)+ Y dopy=n@g+2D+ Y doay +k(dg+2).
r#r'eR r#r'eR

@ Springer



Arithmetic of hyperelliptic curves...

(iv)
v(Ay ) =n@g++ Y d,,. =
r#r'eR
=n(4g +2) + Z d;/\r’ + Z d;/\r’ +2 Z d;/\r’ =
r#r'es r#r'eR\s res,r'eR\s

=v(Ax ) —1lsl(Js| = 1) + t|R\s|(R\s| — 1) = v(Ax n) + 1(IR] = D(R| = 2ls)).

m}

The following proposition identifies a number of scenarios when we can manipulate
integral cluster pictures to decrease the valuation of their discriminant.

Proposition 16.7 Let (X, R, d) and (X', R’, d’) be cluster pictures all of whose clus-
ter depths are integers, and let G g act trivially on both ¥ and ¥'. Let n,n’ € Z be
the minimal integers such that (X, n) and (X', n') are integral.

(i) Ifdr = 1 and X' is obtained from X by decreasing the depth of all clusters by
1, then

/

n=n=0 and v(Ay y)=v(Ax,)—IRI(IR|I-1).

(i1) If T has odd size, dg < 0 and ¥’ is obtained by adding a root to X, then

n=n—dr and v(As ) =v(Ax.n).

(iii) If X has even size, dr < 0, ¥ has a cluster t with |t| > ‘2& d¢ > 0 and
dpwy < 0, and X' is obtained by redistributing the depth of the child s < R
containing t and R\s to d; = ds — 1 and dj,, = dRr\s + 1, then

n=n+ls|—[t| and v(Ay ) =v(As,) — QI — RD(R|—1).

IR

(iv) If ¥ has even size, dg < 0, ¥ has no cluster t with |t| > = and d¢ > 0, and

Y/ is obtained by increasing the depth of all clusters by 1, then

R

n <n— |7 and v(Ayxs ) < v(Axp).

(v) If ¥ has even size, dr < 0, £ has a cluster t with |t| > @ anddy =0, and T’
is obtained by increasing the depth of all clusters by 1, then

n'=n—|RI+t| and v(Ay ) =v(Ax,) + Qltl = RDIRI = D).

Proof (i) The claim for n, n’ is clear. The rest follows from Lemma 16.6(1).

V(As ) = v(As ) + 2dR|R| = 2dR(IR'| = 1) = v(Ax n).
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(iii) Since the cluster depths are assumed to be integers, we must have d{ > 0, so by
Lemma 13.5(i, ii’),

Z rat = Z rat T Z dr,/\t == ZdrAt - Z drnt

rét rés res\t ré¢s res\t

+|s\t| = n + |s\t|.
Thus by Lemma 16.6(iii,iv),

v(As ) = v(As ) + (IRl =2IsD(R| = 1) + 2(Is| = [th(R[ = 1)
=v(Az.n) + (Rl =2DAR[ = D).

(iv) ByLemma 13.5(1) we can writen = — ngét dy n¢ for some t whichhas dpy <0

and is either a singleton or has dy > 0. Since necessarily [t| < |2&, we must have

=Ygt diag < = 2rgdrae — |2ﬂ Moreover, if d}, ;) > 0 then necessarily
dpy = 0 and we also have

- Z d;Ap(t) < - Z drap(ty — = _ZdrAt - |R|

réP(t) ré¢P(t) rét

By Lemma 13.5(i) it follows that

Thus by Lemma 16.6(i,iii)
v(Axr ) = v(Ax ) + IRIRI = 1) + 200" —n)(IR| — 1) < v(Ax,).

(v) By Lemma 13.5 (ii’,ii),

== dl, =—IRM =) drc=n—[R|+ [,
rét r¢t

and by Lemma 16.6(i,iii)

v(Asr ) = v(Ax ) + RIGRI = D +2(0" = m)(IR| = 1) = v(As )
+QJ = IRDARI = D).

m}

We end this section with a result that effectively gives sufficient criteria for a cluster
picture to correspond to a minimal Weierstrass equation.
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Corollary 16.8 Suppose (X, R, d) is a cluster picture with a trivial action of G g, with
IR| = 2g+2, withdr = 0, withds € Z for every proper cluster s, and with no cluster
s # R of size |s| > g+ 1. Then for every integral (X', n') with ¥/ equivalent to %,
with ds € Z for every cluster s, and with trivial G g -action,

v(Ax0) < v(Ax ),

with equality if and only if ¥’ has no cluster of size > g + 1 with depth > 0, but has
some cluster t of size > g + 1 withdy > 0, andn’ = =3 .. d; .

Proof By [18] Thm 5.1, there is a unique (“balanced”) cluster picture (2b, RY, a)
equivalent to X with RP even, d%,, = 0, no clusters other than R? of size > g+1,
and either zero or two clusters of size g + 1, in which case they have equal depth. Note
that, by uniqueness, either & = %, or £? is obtained from X by redistributing the
depths of a child s < R of size g + 1 and R\s so that they get equal depth. Thus by
Lemma 16.6(iv)

v(Agp o) = v(Ax ).

Now consider ~’. From the definition of the discriminant and Lemma 13.5(ii), we
may assume that »’ is the minimal integer that makes (¥, n’) integral.

By Proposition 16.7(i,ii), it suffices to prove the result when ¥’ has even size and
dp <0.

By Proposition 16.7(iv), we may further assume that either d;z, =0, or déz, <0
and X’ has a cluster of size > g+1 with depth > 0.

By Proposition 16.7(iii), we may further further assume that ¥’ has no cluster s
with |s| > g+1 and d, > 0.

Suppose dy,, < 0. If ¥’ has a cluster 5 of size g+ 1 and depth d; > 0, then
repeatedly applying Proposition 16.7(iii), reduces the problem to the case when X’
has a cluster s of size g+1 and depth d = 0. Now if s is a cluster of size > g+1 and
depth d; = 0, then repeatedly applying Proposition 16.7(v) followed by (iii) (which
eventually eliminates the cluster by pushing d’, up to 0) reduces the problem to the
case when dj,, = 0.

Finally, suppose d,, = 0, so, in particular, n" = 0. If £ has no cluster of size g+1,
then =’ = 2. If £’ does have such a cluster, then Lemma 16.6(iv) and uniqueness
of X% show that v(Asx0) = v(Agp ). The result follows. O

17 Minimal Weierstrass equations

Theorem 17.1 LetC : y? = f(x) be a hyperelliptic curve over K with f(x) € Ok[x],
and let ¥ be the associated cluster picture. If dgr = 0, v(cy) = 0 and X has no cluster
5 # R of size |s| > g + 1, then C is a minimal Weierstrass equation.

Proof Suppose another integral Weierstrass model C’ : y> = g(x) for C has clus-
ter picture X’. Over a suitable field extension F /K, the depths of all clusters of X
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and ¥’ are integers, and Gal(F/F) acts trivially on both cluster pictures. By The-
orems 13.3 and 14.4, (X', vr(cg)) is integral and X’ is equivalent to ¥ over F.
By Proposition 16.8, vr(Ayx o) < vF(Ag/,UF(cg)), and so the same inequality holds
over K. By Lemma 16.4, v(A¢) < v(A¢’), as required. O

For semistable hyperelliptic curves, we can give a full characterisation of minimal
Weierstrass models in terms of cluster pictures:

Theorem 17.2 Let C : y> = f(x) be a semistable hyperelliptic curve over K, and let
(X, R, d) be the associated cluster picture. Suppose that every cluster of ¥ of size
> g + 1 has at most |k|—1 G g-stable children.

Then there is some 7 € K such that y*> = f(x — z) is a minimal Weierstrass model
if and only if one of the following conditions holds

(1) X has two clusters of size g + 1 that are swapped by Frobenius, dgr = 0 and
v(cy) € {0, 1},

(2) X has no cluster of size > g+1 with depth > 0, but has some G g -stable cluster t
of size [t| = g + 1 withdy > 0 and v(cf) = — Zr¢t dy at.

In particular, if f(x) € Ogl[x] then y* = f(x) is a minimal Weierstrass equation if
and only if X satisfies either (1) or (2).

The rest of this section is devoted to the proof of this theorem. Our approach is
to translate everything in terms of cluster pictures (semistability, integral Weierstrass
equations, discriminants) and work mainly on that level. The two cases for the cluster
picture in the above theorem are quite distinct and it will be convenient to use the
following terminology:

Definition 17.3 The cluster picture of a semistable hyperelliptic curve y> = f(x) of
genus g is exceptional if it has two clusters of size g+ 1 that are swapped by Frobenius.

Proposition 17.4 Let C : y> = f(x) be a semistable hyperelliptic curve over K, let
X be the associated cluster picture and n = v(c ). Suppose C' is another Weierstrass
model for C with corresponding (X', n’). Then T is exceptional if and only if ¥/ is.
If so, then, n’ =n mod 2 and X' is obtained from ¥ by increasing the depths of all
clusters by some d € 7, moreover

v(As) = v(Ax ) = 2(n" —m)(IR| = 1) = dIRI(IR| — D).

Proof Since C’ is another Weierstrass model for C, their special fibres have the same
dual graphs with the same automorphisms induced by Frobenius. By Theorem 8.6
this graph Y¢ modulo the hyperelliptic involution has a unique fixed point under the
Frobenius action. In the terminology of [18], it follows that they have the same open
hyperelliptic graph ([18] Proposition 5.7 with G = Y¢) and hence the same metric
cluster picture with the same automorphisms induced by Frobenius ([18] Thm 4.2).
In particular, X’ is obtained from ¥ by increasing the depth of all clusters by some
d € 7, and with the same action of Frobenius on clusters.

Thus ¥ is exceptional if and only if ¥’ is. It follows from the semistability crite-
rion (Theorem 7.1, Definition 1.8) that n” = n mod 2. Finally the valuation of the
discriminant follows from Lemma 16.6(i,iii). O
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Proposition 17.5 Let C : y> = f(x) € Okl[x] be a semistable hyperelliptic curve,
and let n = v(c ). Suppose the associated cluster picture X is exceptional. Then the
Weierstrass equation is minimal if and only if dg = 0 and n € {0, 1}.

Proof First suppose I is exceptional with dg = 0 and n € {0, 1}. Let C’ be another
integral Weierstrass model with corresponding (¥, n). By Proposition 17.4 ¥’ is
exceptional, n’ =n mod 2, and

v(As) = (A ) = 2" —m)(IR| = 1) — di/IRI(IR| = D).

By Theorem 13.3 (¥, ') is integral, so either n’ > 0 and d/,, > 0, or d;z, < 0 and
n’ + |R|d5, > 0. In the first case, since n’ = n mod 2, we clearly have v(Ayx ;) <
v(Asxr ) with equality if and only if n” = n and d,, = 0. In the second case, d,, € Z
by the semistability criterion for C’ (since s < R’ is principal and so has integral
depth, and 85 € Z by Proposition C.7 (2)), son’ > —|R|d§z > 2 and we again obtain

v(As ) S v(Az ) =20 =) (IRI = D +n'(IRI = 1) < v(Asr ).

Since the discriminants of the cluster pictures are those of the curves (Lemma 16.4),
it follows that C is a minimal Weierstrass equation.

For the converse, suppose C : y2 = f(x) is a minimal Weierstrass model and ¥ is
exceptional. A substitution of the form y; = p®y and x; = pPx for suitable a, b € Z,
gives a new model C’ whose cluster picture X’ is also exceptional, d7,, = 0 and the
corresponding valuation n’ is either O or 1. Theorem 13.3 gives a new infegral model
C" with the same cluster picture, d%,, = 0 and n” € {0, 1}. By the first part of the
proof, C” is a minimal Weierstrass model (so v(Axr ) = v(Ax,)), n = n” and
dr =0. O

We now turn to cluster pictures that are not exceptional.

Lemma17.6 Let C : y> = f(x) be a semistable hyperelliptic curve over K with
cluster picture . Suppose that ¥ is not exceptional and that every cluster of ¥ of
size > g + 1 has at most |k| —1 Gg-stable children. Then C admits an integral
Weierstrass model y* = h(x) with v(cy) = 0 and whose cluster picture (X', R/, d')
has |R'| = 2g+2, d5,, =0 and has no cluster s # R’ of size > g+1.

Proof This follows from Theorem 15.2, and the fact that by Proposition 17.4, ¥’
cannot be exceptional. O

Proposition 17.7 Let C : y> = f(x) € Oklx] be a semistable hyperelliptic curve.
Suppose the associated cluster picture X is not exceptional and that every cluster of
of size > g + 1 has at most |k|—1 G g -stable children. Then the Weierstrass equation
is minimal if and only if ¥ has no cluster of size > g + 1 with depth > 0, but has some
cluster t of size > g + 1 with dy > 0 and — Z”ﬁ drat = v(cy).

Proof By Lemma 17.6, there exists another integral model Cpin : y> = g(x) with
v(cg) = 0 and whose associated cluster picture Xy has its top cluster of depth 0, and
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has no other clusters of size > g + 1. By Theorem 17.1 Cpip is a minimal Weierstrass
equation, so

v(Ac) = v(Ac,,)-

It remains to show that the claimed condition for having equality is correct. Passing
to a suitable field extension if necessary, we may assume that all the clusters in ¥
have integer depth and that the Galois group acts trivially on £ and on Xi,. By
Theorem 14.4, X is equivalent to Xin, so by Corollary 16.8 v(Ac) = v(Ac,,,) if
and only if ¥ has no cluster of size > g + 1 with depth > 0, but has some cluster t of
size > g+ 1 withdg > 0, and v(cy) = _ngéthAt‘ O

Proof of Theorem 17.2 Note first that, by definition of being exceptional, conditions
(1) and (2) are mutually exclusive. Note also that y2 = f(x) and y2 = f(x —z) have
the same cluster picture and the same valuation of the leading term of the defining
polynomial.

Suppose ¥ is exceptional. If y> = f(x — z) is a minimal Weierstrass equation,
then Proposition 17.5 shows that dg = 0 and v(cy) € {0, 1}. Conversely, if dg =0
and v(cy) € {0, 1} then (X, v(cy)) is integral. By the semistability criterion G g acts
tamely on R, so by Theorem 13.3(2) there exists z € K such that f(x —z) € Ok[x].
By Proposition 17.5, y> = f(x — z) is then a minimal Weierstrass equation.

Suppose ¥ is not exceptional and y? = f(x —z) is a minimal Weierstrass equation.
Then Proposition 17.7 shows that ¥ has no cluster of size > g + 1 with depth > 0,
but has some cluster t of size > g + 1 withd¢ > 0, and v(cy) = — Zr¢t d, r¢. Since
¥ is not exceptional, t is necessarily G g-stable, so condition (2) holds.

Finally, suppose X is not exceptional and satisfies (2). If t = R then d¢ = 0 and
n =0, so (X, n) is integral. If t % R, then

D e =IPONdp + D drearos
ré¢t r¢P(t)

so (X, n) is again integral (with s = P(t) in Definition 13.2). By the semistability
criterion G g acts tamely on R, so by Theorem 13.3(2) there exists z € K such that
f(x —z) € Oklx], and by Proposition 17.7, y2 = f(x — z) is a minimal Weierstrass
equation. O

Proof of Theorem 16.2 The first part of the theorem follows from Lemmas 16.4
and 16.5. From now on, suppose C/K is semistable.

First suppose that X is exceptional. A substitution of the form x" = 7§, y' = n,b(
gives a curve whose cluster picture is obtained from X by increasing the depth of all
clusters so that R gets depth 0, and whose valuation of the leading term of the defining
polynomial is either O or 1. By Theorem 17.2(i) this is the cluster picture of a minimal
Weierstrass equation of C. The result follows from Lemma 16.6(i,iii).

Now suppose that ¥ is not exceptional. Let (£?, R?, d”) be the equivalent balanced
cluster picture (in the sense of Lemma 15.1). Let C’ be the Weierstrass model given
by Theorem 15.2. By Theorem 17.2, this is a minimal Weierstrass model. Its cluster
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picture is either already balanced, or is obtained from the balanced one by redistributing
the depth of a child of R of size g+ 1. Thus, by Lemmas 16.4 and 16.6(iv),

v(AE™ = v(Ac) = v(Ax,0) = v(Ag ).

The balanced cluster picture (?,0) is also obtained from (X, v(cy)) itself by (i)
adding a root if necessary to make R have size 2g 4 2, (ii) increasing the depth of all
clusters so that R has depth 0, (iii) changing the valuation of the leading term to 0,
and (iv) repeatedly redistributing the depth of a child of R of size > g+1 to eliminate
all clusters of size > g-+1 and make the ones of size g + 1 have equal depths. Thus
by Lemma 16.6,

iny _ _ 0 if |R| even|
v(AE™) = v(Agp o) = V(AC) + Hgryar if IR odd}
—(2g +2)2g + Ddr —2v(c)(2g +1) —2(2g+ 1) Z ds(Is| —g— 1),
g+1<|s|<|R|

which simplifies to give the required expression. O

18 Reduction types and a classification in genus 2

In this section, we propose a notion of the reduction type of a semistable hyperelliptic
curve. For elliptic curves these types would correspond to good, split multiplicative
of type I,, or non-split multiplicative of type I,,. Our main input is the cluster picture
of the curve which determines the combinatorics of its special fibre as well as several
other invariants. Since our residue field is not algebraically closed, we need to keep
track of the action of Frobenius on proper clusters and the sign €, (Frob) for even
clusters. For elliptic curves with multiplicative reduction this sign will distinguish
between split and non-split cases.

Definition 18.1 By the reduction type of a semistable curve of genus > 2 over a non-
archimedean local field we mean (the isomorphism class of) the dual graph of the
special fibre of its minimal regular model with Frobenius action and with a genus
associated to every vertex.

For hyperelliptic curves there is a notation for such types given in [18, Sect. 8].

Lemma 18.2 The reduction type determines the conductor exponent, whether the curve
is deficient and the Tamagawa number and root number of its Jacobian.

Proof By (2.18), Theorem 2.20, Definition 12.1, Lemma 12.2 and Lemma 2.22, the
dual graph and its homology determine these invariants. O

Example 18.3 Table 2 lists all reduction types of semistable genus 2 curves together
with their labels. Here the numbers inside the vertices indicate their genus (no number
meaning genus 0). We draw an edge of length » to indicate a chain of n edges between
n — 1 genus 0 vertices. The black arrows represent the action of Frobenius on the
graph.
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Table 2 Reduction types of semistable genus 2 curves
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Theorem 18.4 The cluster picture of a semistable hyperelliptic curve over K together
with the action of Frobenius on clusters and €5 (Frob) for even clusters determine the
reduction type of the curve.

Proof This is clear from the definition of reduction type and Theorem 8.6. O

It follows that one can classify all reduction types of semistable curves of a given
genus via their cluster pictures with this extra data. Note that different cluster pictures
can give the same reduction type.

Notation 18.5 Given the cluster picture of a semistable hyperelliptic curve, we write
the relative depth on all proper clusters (except for R which is decorated with its depth)
at the bottom right corner of the cluster. For every even cluster s such that s = s* we
write a sign + or — on its top right corner to indicate €4 (Frob). For every cluster, we
link its children that are in the same Frobenius orbit by lines.

Note that the definition of €5 (see Definition 1.13) depends on a choice of sign for 6.
A different choice of sign will change the sign parameter on s and on Frob(s) if these
are different clusters.

Example 18.6 Suppose p =7 mod 8. The curve
Y=+ D= D& =G+ p) = — p)x — (=i + p)(x — (=i = p))

has the following cluster picture 0, where i is a square root of -1 in @p.
The two twins are t; = {i + p,i — p}and t;, = {—i 4+ p, —i — p} and hence are
swapped by Frobenius. Take 6y, = 0y, = 24/2. Since p = 7 mod 8, €, (Frob) =

€, (Frob) = +1. We draw this data as O. Note that if we had chosen
Oy, = —24/2 we would have obtained €¢, (Frob) = €, (Frob) = —1 and the cluster
picture 0. This is the reason why we consider these two the same type.
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Finally note that if p = 3 mod 8 then Frob(+/2) = —+/2 and the corresponding
cluster pictures would be @oﬂo and (oo;jo.

[18, Sect. 9] explains how to list all the reduction types of semistable hyperelliptic
curves of arbitrary genus g. Given a hyperelliptic curve, in order to find its reduction
type in that list, we first construct its cluster picture together with the additional data
as in Notation 18.5 and either we use Theorem 8.6 or use Table 4.20 of [18] to identify
(the core of its open) hyperelliptic graph with automorphism induced by Frobenius.
Theorem 5.18 guarantees that the latter produces the correct reduction type.

Finally, note that Theorem 15.2 shows that every semistable hyperelliptic curve
has a K -rational model with a distinguished cluster picture. For instance in genus 2,
curves with cluster pictures that have no clusters of size 4 or 5 cover all K -isomorphism
classes (see Theorem 18.7.(2)). In general, hyperelliptic curves of genus g with a cluster
picture that has no cluster s of size g + 1 < |s| < 2g 4 2 cover all K-isomorphism
classes.

In the rest of this section we give a complete classification for semistable genus 2
curves.

Theorem 18.7 Let C be a hyperelliptic curve over K of genus 2 with cluster picture Z¢.

(1) C/K is semistable if and only if (a) ¢ is one of the pictures in Table 3 with
n,m,k,r,t € Z, (b) the thick black cluster s has depth ds € 7 and v € 27,
and (c) wild inertia does not permute any root. In this case its reduction type is
the one given in Table 3.

(2) If C is semistable and |k| > 5 then there is an isomorphic curve C' /K such that
Y. is the top cluster picture in the second column of the same reduction type as
Y.c, with the same parameters n,m, k,r, €,8 and witht =r.

(3) The Namikawa-Ueno type of a semistable genus 2 curve is as indicated in Table 3.

Proof The table contains all possible cluster pictures for genus 2 curves, with all
possible choices of a permutation of proper clusters and choice of signs on even
clusters of the form s*.

(1) The semistability claim follows from Theorem 7.1 and Proposition C.7 with the
thick black cluster as choice for s. The reduction type follows from Theorem 8.6.

(2) By Corollary 15.3 there is a model for the curve whose cluster picture is balanced
in the sense of Lemma 15.1. By Theorem 14.4 their cluster pictures are equivalent
and in particular their relative depths are related as in the table. Moreover, the
special fibres have isomorphic dual graphs with the same action of Frobenius,
which pins down the Frobenius action on clusters and the sign parameters as given
in the table.

(3) The Namikawa-Ueno type is determined by the dual graph of the special fibre of
the minimal regular model.

O

The arithmetic invariants of genus 2 semistable hyperelliptic curves depend on the
reduction type as follows.
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Table 3 Cluster pictures for semistable genus 2 curves

N-U Type IR =5 5 <R sizes 5 <R sizes 5 <R sizes 5 <R sizes
Type <3 4,1,1 4,2 5,1
To-o0-0 2 @9009 @9e0009
Ix1 | @) 96%9,)
To-Tor 000G09,
1%1 a@Tyam)
Tn—0-0 1, (00069 @ ) (o))
Gy

@) ) © =)
InTo=r (@2.699.) (009.699)

Lin | (6969) @&69) (oG] (e (o69))

] P—

L. | (%) @ere)

Ui | (E20D)) (@69:69) [(.69)) (@ (.69

Licm—t | Upni (o()] (6569,69,) @o(g] (¢, 69))

Lydmr

L1, Ceo)eeo;

Theorem 18.8 Let K be a local field of odd residue characteristic and C/K a
semistable hyperelliptic curve of genus 2. Then the reduction type of C/K is one
of the ones listed in Table 1 (Sect. 1).

Any genus 2 curve y> = f(x) with one of the cluster pictures from the table
is semistable of the corresponding reduction type. If f(x) € Okl[x] then this is a
minimal Weierstrass model. Moreover if |k| > 5, then every semistable C /K admits
a model y2 = f(x), with f(x) € Ok[x] and one of the listed cluster pictures.

The invariants of the curve and its Jacobian are as given in the table (the value
of V(Anpin) is conditional on |k| > 5). In the table m is the number of components
in the special fibre of the minimal regular model of C, n is the conductor exponent,
w is the local root number, ¢ is the Tamagawa number of Jac(C). Def is - or +
depending on whether the curve is deficient or not; (—)" means deficient if and only r
is odd. The column Hy(Y¢c, Z) lists the isomorphism class of the lattice together with
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automorphism (induced by Frobenius) and pairing (induced by the length pairing on
Y¢), in the notation of Theorem 1.2.2 in [4].

Proof The completeness of the list of reduction types, and that curves with such
cluster pictures are semistable and have these types follow from Theorem 18.7. The
claim regarding minimality of the model follows from Theorem 17.2. If |k| > 5,
Theorem 18.7 shows that C admits a model with the cluster picture corresponding to
this type. In this case, the value for the valuation of the minimal discriminant follows
from Theorem 16.2.

The number of components m is clear from the dual graph Y¢. The conductor
exponent n, the root number w and deficiency Def follow from Theorems 9.4, 2.20
and 12.4. The Tamagawa number is explicitly determined by the lattice type by The-
orem 1.2.2 in [4], using the fact that H; (Y ¢, Z) is isomorphic to the character lattice
of the torus in the Raynaud parametrisation (Lemma 2.21).

Finally, it remains to prove the claim for the lattice type of H; (Y ¢, Z). The dimen-
sion of the lattice and the eigenvalues of Frobenius come from the cluster picture (with
the extra data) as given by Corollary 9.6.

Suppose that R is not iibereven. Then the pairing with respect to the basis given
in Theorem 9.3 is diagonal with values given by twice the relative depth of the corre-
sponding twins; the dual lattice and the lattice type follow except for the types L\, and
Ij,‘ %, I,,. For these two cases, let {1, t, be the two twins and £,, £y, the correspond-
ing loops which generate H;(Yc, Z). The Frobenius invariant/anti-invariant loops are
generated by £, + £, and £y, — £y, respectively. It follows that H;(Y¢c, Z) is not
spanned by these and hence the type is [1.2p : *, *]. However, over an unramified
quadratic extension, it becomes a [1.1 : n, n] and hence by Theorem 1.2.2 in [4] with
f =2,thetypeisa[l.2p : n,n].

Suppose R is libereven. For the case U ko et 0F =y 4 by — 2, L7 =
£y, — £y, be Z-generators for the space of i 1nvar1ant and anti-invariant loops respectively.
Note that —(IZJr +£7) € Hi(Y¢c, Z) so that the lattice type is [1.2p : *, x]. Now,
(alt, ety = a(2n—|—4k) and (al™, €y, —€y;) = a(n+2k) sothatal™ € H|(Y¢,Z)"
if and only if a € +2kZ Similarly, (a¢~, ¢*) = 0 and (al™, &y, — €y;) = an so
that al~ € H{(Y¢,Z)" if and only if a € ;Z. It follows that the lattice type is
[1.2p : n + 2k, n]. The case U, _, , follows by swapping the roles of ¢t and €.

For the case U ok let 1, t, t3 be the three twins and £y, £,, £, be the corre-
sponding half loops Choose the loops hy = £y, — £y, and hy = £, — £, as a basis
for Hi(Y¢,Z). Then for a,b € Q, £ = ahy + bhy € H{(Y¢,Z)" if and only if
,h) =an+k)+bke€Zand (£, hy) =b(m+k)+ak € Zi.e.

n+k k a )
( k m+k> (b) €z
By properties of Smith normal forms, there exists a Z-basis g1, g of H{(Y¢, Z) such
that ug; + vgr € Hi(Y¢, Z)" if and only if

gedn+k,m+k, k) 0 u d 0\ (u >
0 det(M) ={o: S/
ged(n+k,m+k,k) v d v
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n+k k

k m+k
Inthe cases U, 1, U,",, and U,
(&3, 85 1) and (%6, &g 1), respectively. The lattices become [1.1 : d,t/d] after an
unramified extension of degree 2, 3 and 6, respectively. It follows from Theorem 1.2.2
in [4] using the f = 2, 3 columns that the original lattice types are [2.2 : d, t/d],

[3 : n] and [6 : n], respectively. O

where M = < ) It follows that the lattice type is [1.1 : d, t/d].

the eigenvalues of Frobenius are (—1, —1),

19 Local constancy of arithmetic invariants

Observe that all our main results on a hyperelliptic curve C : y> = f(x) are obtained
from fairly coarse data coming from the roots of f(x). It follows that small p-adic
perturbations of the roots of f(x) do not change the arithmetic invariants of C. Here
is a precise formulation:

Theorem 19.1 Suppose Ci/K : y*> = fi(x), C2/K : y*> = f>(x) aretwo hyperelliptic
curves, such that
(a) The leading coefficients ¢y, of f1 and cy, of f> satisfy % e K*2
2
(b) There is a Galois-equivariant bijection ¢ : {roots of fi}—{roots of f>} such that
P(ri)—¢(r;)

ri—rj

Then

= 1 mod w for all roots r; # rj of fi.

(1) Cy and Cy acquire semistable reduction over the same extensions of K.

(2) If C1, Cy are semistable over a finite Galois extension F of K, then the special
fibres of their minimal regular models over O pn are isomorphic as curves with
the semilinear action of G g given by (2.16).

3) Hé]t(Cl) = Hélt(Cz) as G g-modules, for every | # p.

4) If Cy, Cy are semistable and |k| > 2g + 1, then the valuation of their minimal
discriminants are equal.

Remark 19.2 By (3) C; and C, share the same conductor exponent and root number.
By (2) if C; and C, are semistable then they have the same reduction type (in the
sense of Definition 18.1). It follows that C is deficient if and only if C; is, and that
their Jacobians have the same Tamagawa number.

Proof of Theorem First note that by (a) and after a change of variable, we may assume
that ¢, = cy,. Moreover by (b), ¢ induces an isomorphism of cluster pictures, pre-
serving depths and the Galois action on the roots.

(1) Follows from the semistability criterion (Theorem 7.1).

(2) There is a one-to-one correspondence between valid discs (cf. Sect. 4) for C;
and C, over F, defined as follows. By the semistability criterion, every proper cluster
s for C; contains either an /r-invariant root r or a twin consisting of /r-conjugate
roots rq, ro. Let zg = r in the first case, and z; = (r1 +r2)/2 in the second case. Then
every valid disc for C; has a centre z; € F™ of this type. It corresponds to a valid
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disc of C; that has centre ¢ (r), respectively, (¢ (r1) + ¢ (r2))/2, and the same radius.
This gives the one-to-one correspondence D <> ¢ (D).

Next, we claim that the reduction maps agree, that is redp (r) = redy(p) (¢ (r)) for
every root r and valid disc D of Cy. As the radii are the same, this is equivalent to

r—2p

— " =1 modm.
o) — z24(D)

This is clear from (b) if zp is a root. Suppose zp = (r1 + r2)/2. If r € {r1, 2}, this
is again clear. Otherwise,

r—zp _ r—r

= 1 mod m,
o(r) —zppy () — 2p(r1)

becauser —zp = (r —r1) + , and the second term has higher valuation than the
first (and similarly for ¢ (r) — z¢(p)). It follows from Definition 1.13 and 8.2 that all
o, B, v, € are the same for the corresponding discs (using the same argument as above
for B in the case of non-root centres), and by Proposition 5.20 and Theorem 6.2, the
special fibres are the same, with the same Galois action.

(3) By (2.18), the Tate module V; Jac(C), and hence Hélt(C), is determined as a
Galois module by the special fibre of the minimal regular model over F' together with
the G g-action (2.17). These are the same for C = C; and C = C3 by (2).

(4) Since the cluster pictures are the same, so are the minimal discriminants by
Lemma 16.4 and Theorem 16.2. O

rn—ra
2

Corollary 19.3 Suppose C1 : y*> = c1 f1(x) and C : y* = c3 fr(x) are two hyper-
elliptic curves with ci,cy € K* and f1(x), fo(x) € Og[x] monic polynomials. If
z—] € K*? and fi(x) = fr(x) mod 7%t where d is the largest depth among the

depths of all proper clusters of Cy, then

° Hé]t(Cl) = Hélt(Cz) as Gg-modules for every l # p, C1 and Cy have the same
conductor exponent and the same root number.

e If Cy is semistable then so is Cy. In this case, the special fibres of their minimal
regular models over Ognr are isomorphic as curves with an action of Frobenius,
their Jacobians have the same Tamagawa number, C; is deficient if and only if Cy
is and, if |k| > deg f1(x), the valuations of their minimal discriminants are equal.

Proof By hypothesis, the condition (a) of Theorem 19.1 holds. Also, as fj(x) and
f2(x) are monic and congruent mod 7, they have the same degree.

Let F be the splitting field of fj(x) and «y, ...,y € F its roots. Note that o;
mod 9% is a root of f>(x) mod 7@*! for all i. By definition of depth, these are
all distinct so that by Hensel’s Lemma, the roots Sy, ..., of f2(x) can be ordered so
thato; = f; mod 79+!. Now if o (;) = @ theno (8;) = B; mod 7¢*! and hence
o (B;) = B;. Finally by choice of d, we have 8; — ; = o; —aj # 0 mod x4t 5o

that ﬁ i=hj ’_ =1 mod m. The result follows from Theorem 19.1 and Remark 19.2. O
]
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Appendix A. Hyperelliptic curves
Let K be a field with char(K) # 2. By a (possibly singular) hyperelliptic curve
C:Y?= f(X),

where f(X) € K[X]is of degree 2g or 2g + 1, has leading coefficient ¢y and has at
worst double roots, we mean the projective curve given by glueing the pair of affine
patches

1
Ux:¥ = f(X) and Ur:V>=T%"f()

along X = % and Y = % By the points at infinity on C we mean the points of
C\Uy, i.e. the points with T = 0 on U7. If deg(f) = 2g + 1 there is a unique such,

P> = (0,0,
whilst if deg(f) = 2g + 2 then
Pfﬁ = (0, x£/cy)
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are the two points on Ur with T = 0. Note that the points at infinity are always
nonsingular. The singular points of C, all of which are nodes, are precisely those of
the form (r, 0) on Ux where r is a double root of f(X).

Write f(X) = Cfg(X)h(X)2 with g(X), h(X) monic and square free. Then the
normalization of C is the hyperelliptic curve

C:Y*=crg(X) (A1)
and the canonical morphism C— Cis given (on the chart Uy) by

(x,y) = (x, yh(x)). (A.2)
The points on C above a node (r,0) are

. /crglr

N; "= 2 Jerg)). (A3)

Given a morphism ¢ : Cy — C; of hyperelliptic curves, we denote by é the unique
morphism C; — C, making the diagram

C — G
| | (A4)

Ci — (O
commute.

Remark A.5 We allow the case where every root of f(X) is a double root, in which case
C is not geometrically connected. The discussion above and lemma below, however,
remain valid as stated.

Lemma A.6 Suppose K has characteristic p > 2 and let o be a positive integer power
of the Frobenius map on K sending x tox?. Let Cy : Y? = fi(X)andC, : Y* = fo(X)
be two (possibly singular) hyperelliptic curves. Denote the affine charts for Cy (resp.
Cz) by Ux 1 and Ut 1 (resp. Ux 2 and Ut 3). Suppose ¢ : C1 — Ca is a morphism
givenasamap Ux 1 — Uxon K -points by

(x,y) > (@o(xX)+B,yo(y), a, yeK andpB K.

(1) As a (rational) map Ur 1 — Ut 2, ¢ is given on K -points by the formula

(. 0) > ( o) yo(v) )
' a+o®)p (@+o@®p)stt)’

In particular, if deg(f1) is odd then P*° +— P whilst if deg(f1) is even then

Cr €./C ( )
P P where € = Z;% € {£1).
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(2) Fori =1,2, wIiteA]f,- (X)f h,-(X)zg,- (X) with h;, 8i monic and squarefree. Then
the morphism ¢ : C1 — Cj is given explicitly on K -points by the formula

(5, 3) > (a0 (@) + B, ya Mo (y)).

In particular we have

1%

P (Nri Cf]gl(r)> _ Nikm/cfzgz(r’)

’_ _ —deg(hl)g('\/cflg'(r))
wherer’ = ao(r) + B and kr = yo —\/W e {£1}.

Proof (1) Let (¢, v) € Ur,1 witht # 0. This corresponds to the point (1/¢, v/t8t) €
Ux .1 which under ¢ is mapped to the point

<a+/30(l) yo () ) €U, s

o(t) o(t)st!

Changing variables we see that this corresponds to the point

( 0 yo (v) eU
a+to®p’ (a+o@®p)st! T2

Since this formula describes a rational map which is defined at + = 0 it gives the
desired expression for the morphism on Ut 1, as well as the claim about the points at
infinity.

(2) We first claim that

X —
HX) =y ff (Tﬂ> : (A7)

where f (X) is the result of applying o to the coefficients of f;(X). In particular
cp = (v/efH2a(cp).
Indeed, since ¢ is a morphism, for all (x, y) € C1(K) we must have

yio(yh) = flao(x) + B),

or equivalently

V2 (0 (x) = frlao(x) + B).
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Since both the x-coordinate map U, 1(K) — K and o : K — K are surjective we
deduce that

VI (x) = falax + B)

holds for all x € K and is thus a polynomial identity, from which (A.7) follows.
To see that the claimed formula for ¢ gives a morphism Ci —» G making the
diagram (A.4) commute, we use that from (A.7) one has

X —
ha(X) = adeh)pg (—a ﬁ).

Appendix B. Centres of clusters

LemmaB.1 Let f(x) € K[x] be a squarefree polynomial with set of roots R. Let s be
a proper cluster, G5 = Stabg (s) and K5 = (K3¢P)Gs, If there is a root 7y € s such
that K4(z0)/Ks is tame, then there is a centre for s which lies in K. In particular,
if K(R)/K is tamely ramified, then for every proper cluster s there is a centre which
lies in Ks.

Proof By assumption zg lies in a tame extension of K and hence in K" (2/m;) for
some p t m and uniformiser 75 of K (we fix here a choice of 7/75). Write the p-adic
expansion of zq as

t t+1
2= Y7 +a Y

for a suitable t € Z and a; € K" roots of unity of order prime to p.
Foro € G5 we have 0 (z9) = zo mod n,‘?. In other words the terms in the p-adic
expansions of zg and o'z agree up to 2/ Xs/k"% Define

= Z az «m/ﬂ'sl.

t<egy/kmds

Clearly z is a centre for s and it suffices to check that it is G-invariant. Suppose not,
and thata,, /7 “ is the lowest valuation term the expression which is not G ;-invariant.
If m t u then there is some element o of tame inertia of K4 which fixes a, € K]"
and maps /7" to ¢ /ms" with a root of unity { # 1; this contradicts the fact that
0z0 = zo mod (’/Jr_seKs/Kmd". If m|u then /7" € K, so we must have a, ¢ Ks;
but in this case the Frobenius element ¢ similarly scales a, 2/7s" by a non-trivial root
of unity of order prime to p, which contradicts ¢z = zo mod 7/, Ks/K mds ]
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Appendix C. Equivalent semistability conditions

Throughout this appendix C/K : y> = f(x) is a hyperelliptic curve with

f@ =cp [[x=n.

reR

We give two equivalent formulations to the semistability criterion (Propositions C.4
and C.7). In view of Theorem 7.1 these provide equivalent conditions for C/K to be
semistable.

Definition C.1 (= Definition 1.8) We say that C /K satisfies the semistability criterion
if the following conditions hold:

(1) The extension K (R)/K has ramification degree at most 2.
(2) Every proper cluster is /g -invariant.
(3) Every principal cluster s has ds € Z and vs € 2Z.

Lemma C.2 Suppose K (R)/K is tamely ramified and or # r for some o € Ix and
r € R. Then v(r —or) & Z, and |Orbit, (r)|v(r —or) € Z.

Proof Write

r= alnbl + agnbz ...

with rational by < by < --- and a; € K™ roots of unity of order prime to p.
The expansion of or differs from that of r only at those b; that are not in Z,
hence v(r — or) ¢ Z. Also, the size of the orbit |Orbity, (r)| is the lowest common
multiple of the denominators of the b; (when written in lowest terms), and so
|Orbit;, (r)|v(r —or) € Z. O

Lemma C.3 Suppose K(R)/K is tamely ramified and d; € 7 for every principal
cluster s C R and for R itself when R = s1 | [ s2 is a union of two clusters. Then

M) exry/xk <2,

(2) all proper clusters are inertia invariant,

(3) a root r is fixed by inertia unless r € tfor atwin tor R = c¢U {r, r'} is a cotwin
with ¢ its principal child.

Proof Let r and or be two inertia conjugate roots. By Lemma C.2, v(r — or) ¢ Z,
so the depth of s = {r} A {or} is not an integer. Note that s cannot be a cotwin of odd
size, since its singleton root (by construction r or o'r) cannot be Galois conjugate to
a root in its principal child. Thus s is either a twin or s = R is a cotwin of the form
¢ U {r, or} where c is its principal child. It follows that inertia can only swap roots
inside twins or the two singletons inside a cotwin. The lemma follows. O

Proposition C.4 Let C/K be a hyperelliptic curve. Then C /K satisfies the semistability
criterion if and only if

(1) The extension K(R)/K is tamely ramified.
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(2) Every principal cluster s is Ik -invariant, has ds € 7 and vs € 27Z.

Proof Clearly if C/K satisfies the semistability criterion then (1) and (2) hold. For
the converse, by Lemma C.3 it suffices to show that dg € Z if R is a union of two
clusters. Suppose R = s1 | [s2 is a union of two clusters. At least one of the s; is
principal, so, by hypothesis, they cannot be permuted by /x. By Lemma B.1, s; and
s, have centres zg,, 25, € K (taking zg = r if s = {r} is a singleton), and hence
dr = v(zs, — 2s,) € Z. O

Lemma C.5 For any cluster s, vs = vp(s) + |6]8s.

Proof By definition of v,

ve = v(cs) +slds + ) v(zs —r) =v(cp) + lslds + Y v(zs —7)

ré¢s r¢P(s)
+ ) va—r)
reP(s)\s
=v(cs) +P6)ldp) + Y V(@) — 1)+ lslds — | P(8)ldp(s)
r¢P(s)

+(P()] — |sDdp(s) = vp(s) + |5]0s.

Lemma C.6 The following are equivalent:

(1) There exists a principal cluster s with ds € 7Z and vs € 27 and for all other
principal clusters s', 5" # R,

(a) 8y € Z if s’ is even and P (s') is principal,
(b) 85 € 27 if 5’ is odd and P(s') is principal,
(©) 8¢ — 8,0 €2ZifR=5"]]s ands', s odd.
d) 8y =8 € ZifR=5]]s ands',s even.

(2) All principal clusters s have ds € Z and vg € 27.

Proof For all proper clusters s we have d; = dp(s) + 85 by definition of 85, and
Vs = Vp(s) + 15|05, by Lemma C.5. The result follows from a simple case-by-case
check, and the fact that going to parent and child clusters allows one to move from any
principal cluster to any other one, moving only through principal clusters and possibly
through R when it is a union of two odd or two even clusters. O

Proposition C.7 Let C/K be a hyperelliptic curve and let s be a principal cluster.
Then C/K satisfies the semistability criterion if and only if

(1) there exists a principal cluster s with ds € 7 and vs € 27,
(2) for all proper clusters s', 5" # R,

(@) 8y € Z if |§'| > 2 is even and P (s') is not a cotwin,
(b) 85 € 27 if || is odd and P(s') is principal,
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(© 85 € 3L if1s| =2,

@) sy € %Z if |s'| = 2g and P(s) is a cotwin,

(€) 8s,857 € Zand 8y + 85 € 2Zif R =" [[s” and §', 5" odd,
(f) 85,857 € Zif R =5"]]5" and s', 5" even principal,

(3) wild inertia acts trivially on the roots.

Proof Suppose C/K satisfies (1)—(3). By (1) and (2) the curve satisfies the hypotheses
of Lemma C.6(1), and hence all principal clusters " have dy € Z and vy € 2Z. By
(2e), (2f), if R is a union of two clusters then dg € Z, so by Lemma C.3 all proper

clusters are inertia invariant and the ramification degree of K (R)/K is at most 2.
Conversely, suppose that C/K satisfies the semistability criterion. Then (1) and
(3) trivially hold. If R = s; ][ s, is a union of two clusters, then at least one of
the s; is principal, so they cannot be permuted by /x. By Lemma B.1, s; and s
have centres z4,,zs, € K (taking zs = r if s = {r} is a singleton), and hence
dr = v(zs, — Zs,) € Z. Thus (2a), (2b), (2e) and (2f) hold because ds € Z and
v € 27 for every principal cluster s. Finally, (2c) and (2d) follow from Lemma C.2.
O

Appendix D. Metric cluster pictures, hyperelliptic graphs and BY trees

Here we summarise various definitions and constructions from [18]. Specifically, we
recall the combinatorial notion of metric cluster picture and the process for associating
a metric BY tree and metric hyperelliptic graph to each such. The relevance to this
paper is that, for the metric cluster picture associated to a semistable hyperelliptic
curve over a local field K of odd residue characteristic (Example D.3), the resulting
hyperelliptic graph is precisely the dual graph of (the special fibre of) its minimal
regular model over K™ (Theorem 5.18).

We caution that our notation differs slightly from that of [18]. Where there are dif-
ferences we indicate this immediately after the relevant defintion and note in particular
that, for a metric cluster p/i(itge %, we write Ty, (resp. Gx) for the graph denoted in
op. cit. as Z/(\_/Z) (resp. G(T(X))).

We adopt the same definitions and conventions for metric graphs as in Sect. 2.1.1.
In particular we allow graphs to have loops and multiple edges and automorphisms of a
metric graph G are homotopy classes of homeomorphisms G — G preserving vertices
and lengths (which may permute multiple edges and reverse direction of loops).

D.1 Cluster pictures

Definition D.1 (Cluster picture) Let X be a finite set and X a collection of non-empty
subsets of X; elements of X are clusters. Then X (or (X, X)) is a cluster picture if

(1) every singleton is a cluster, and X is a cluster,
(2) any two clusters are either disjoint or one is contained in the other.
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A cluster picture (X, X) is metric if itis equipped with a distance § (s, t) = 8(¢, 5) €
R ¢ for every pair of proper clusters s < t. This extends to a distance function between
all pairs of proper clusters in the natural way; see [18, Definition 3.45].

We talk about properties of clusters using the notation and terminology set out in
Table 6 in Appendix E (see also [18, Sect. 3]), and do not recall these terms here in
the interest of space. In particular (X, ¥) has genus g if |X| € {2g + 1,2g +2}. In
this appendix we restrict to cluster pictures of genus at least 2.

ExampleD.2 Let C/K : y> = f(x) be a hyperelliptic curve and denote by R C K
the set of roots of f(x). Then the non-empty subsets of R cut out by discs form a
metric cluster picture, where for proper clusters s < s’ we set 8(s,5") = ds — dgy
where ds = min, ,/cs{v(r — r’)} is the depth of the cluster s.

Example D.3 As a concrete example of the above, take K = Q,, for p odd and consider
the monic polynomial f(x) with set of roots R = {1, 14 p2, 1—p?, p,0, p>, —p>},
so that the resulting hyperelliptic curve C : y2 = f(x) is the one considered in (1.2).
There are four proper clusters:

R, s1={1,14+p% 1-p%), s3={p.0,p>, —p°}, s3=1{0,p> —p*},

of depths 0, 2, 1 and 3 respectively. We represent this pictorially by drawing roots
r € R as o, and drawing ovals around roots to represent a cluster:

R

b)) |

the roots ordered as they appear in the definition of R. The subscript of the top cluster
‘R is its depth and for all other clusters it is their “relative depth”: the difference
between their depth and that of their parent cluster.

Definition D.4 (Automorphisms of cluster pictures) An automorphism of X is a pair

o = (09, €5 ) Where oy is a permutation of the proper clusters preserving sizes, inclu-

sions and, in the metric case, distances, and €, is a collection of signs €, (s) € {£1}

for even clusters s € X such that €, (s") = €, (s) whenever s is iibereven and 5’ < s.
We compose automorphisms by the cocycle rule

(o, €a) 0 (B, €p) = (@t 0 B, 5 > €5(8)ea(B(5))).

Remark D.5 Let & denote the set of even clusters which do not have an iibereven parent,
excluding R unless R is itself iibereven. Then to give a collection of signs €4 (s) as
in Definition D.4 is equivalent to specifying €,(s) for s € &, with no additional
compatibility.
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D.2 The BY tree associated to a cluster picture

Let ¥ be a metric cluster picture. We associate to ¥ a finite tree Ty, equipped with
a genus marking g : V(Tx) — Zso on vertices and a 2-colouring blue/yellow on
vertices and edges as follows.

Definition D.6 (Ty) Let (X, X) be a metric cluster picture. We define T, the BY tree
associated to X, as follows. First take the graph with:

e a vertex vs for every proper cluster s, excluding s = X when |X| = 2g 4 2 and
has a child of size 2g + 1, coloured yellow if s is iibereven and blue otherwise,

e an edge linking v to vp(s) for every proper cluster s # X, yellow of length 2§
if s is even, and blue of length §; if s is odd.

To obtain Ty, from this graph we remove, if | X| = 2g+2 and X is adisjoint union of two
proper children, the (degree 2) vertex vy from the vertex set'® (keeping the underlying
topological space the same). We define the genus of a vertex vg as g(vs) = g(s).

Writing T = Ty, as a topological space T = T;, | [ T, with T, the blue part, and
Ty the yellow part. Note that all leaves are blue and that 7), C T is closed.

Remark D.7 Ts is a (metric) BY tree in the sense of [18, Definition 3.18]; in the
notation of op. cit. (see Construction 4.13, Proposition 5.7) it is precisely the graph

(%)

Example D.8 Consider the cluster picture associated to the polynomial of Example D.3.
The associated metric BY tree is

v 1))
iIZUszﬁzz j3

where the yellow edge is squiggly for the benefit of viewing in black and white, the
number above an edge is its length, and the number on a vertex its genus.

D.3 The hyperelliptic graph associated to a metric cluster picture

Let ¥ = (X, X) be a cluster picture. We associate to X a metric graph Gz, equipped
with a genus marking g : V(Gs) — Z>¢ and an involution'® ¢ as follows.

Definition D.9 (Gyx)Let X be a metric cluster picture and T = T the associated met-
ric BY tree. Define Gz, the hyperelliptic graph associated to %, to be the topological
space (complete with metric) given by glueing two disjoint copies T+ and T~ of T
along their common blue parts. Thus G = Gy comes with anaturalmaprw : G - T
making it into a double cover of T ramified along 7}, as well as an involution ¢ swap-
ping 7" and T~. We make G7 into a (metric) graph by, for each vs € V(T) not a

18 we will freely still refer to vy in this case, understanding that it is simply a point on Ty, rather than a
vertex.

19 graph isomorphism of order < 2.
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genus 0 leaf (equiv. s principal, see [18, Lemma 5.20]), declaring each element x of
771 (vs) to be a vertex of genus g(s). We denote this vertex of G by v, if x is the
unique element of 7~ (vs), and otherwise denote it v;f (resp. vy ) if x € T (resp.
x € T7). Finally, we adjust the metric by halving the lengths of all edges.

We write G}, for those points in G fixed by ¢ and G, for G\G. Further, write G ;‘
for the points in G, which come from T+ and G for the points coming from 7'~

Remark D.10 The graph Gy, is a hyperelliptic graph in the sense of [ 18, Definition 3.2],
sothatin particular all vertices of genus 0 necessarily have degree at least 3. Specifically

it is the hyperelliptic graph Q(/Z\(E)) (see op. cit. Construction 4.8, Lemma 5.5).

Remark D.11 The graph Gy may be described somewhat more concretely as follows.

For every non-iibereven principal cluster there is a vertex vs, and for each iibereven
principal cluster s there are two vertices v} and v, . These are linked by edges as
follows (where we write vs = v;" = v, whenever s is not iibereven):

Name From To Length Conditions

Ly Vg Vs %85/ s’ < s both principal, s’ odd
L:’, v:} v;" 8y s’ < s, both principal, 5" even
L, vy vy 8y s’ < s, both principal, 5" even
Ly Vg v;" 268¢ s principal, t < s twin

Ly Vg v: 285 s principal, s < t cotwin

and if R is not principal additionally:

Ls) s, Vs Vs, %(551 +3s,) R = s1 || s2, with sq, s principal odd

le,ﬁz UrJ,rl U5+2 35; + sy R = s1 [ [s2, with s, s principal even
L .5, Vs, Vs, 35 + 35y R = s1 | [ s2, with s1, s7 principal even
Ly Vg v;r 2(8s + 8¢) R = s || t, with s principal even, t twin

Example D.12 The hyperelliptic graph associated to the cluster picture of Example D.3
is

Ui vr 1 vsy v;3
1

where the number above an edge indicates its length, and the number on a vertex its
genus. In particular, by Theorem 5.18, for p an odd prime this is the dual graph of the
hyperelliptic curve

C/Qp:y* =x(x — D(x — (14 p)(x — (1 — pP)(x — p*)(x + p°).
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D.4 Automorphisms of Ts and Gy

Let ¥ = (X, X¥) be a metric cluster picture. We now explain how to produce an
automorphism of Ty, (resp. Gy ) from an automorphism of X.

D.4.1 Automorphisms of T3

By an automorphism of T = Ty, we mean a pair (09, €,) where

e 0y is a graph automorphism of T that preserves genera, colours and distances,
e ¢,(Z) € {£1} is a collection of signs for every connected component Z of the
yellow part T, C T.

As for cluster pictures we compose automorphisms by the cocycle rule

(@, €x) 0 (B, €p) = (w0 B, > eg(@)ex(B(e))).

(This is precisely the notion of automorphism for BY trees used in [18, Definition
3.271.)

DefinitionD.13 (T (0)) Let 0 = (00, €;) be an automorphism of X. Define the
automorphism 7 (o) = (T(0)o, €7(s)) of T as follows. For a vertex vs of T, set
T (0)0(vs) = vgy(s). To define e7(y) for a yellow component Z of T, pick (as is
always possible) an even cluster s such that the edge between v and vp(s) (half-edge
if P(s) = X and vy is removed from the vertex set in the construction of T) lies in
Z. Set €7(0)(Z) = €5 (s). The compatibility of signs on even clusters ensures this is
well defined.

Remark D.14 The automorphism 7 (o) of Ty is precisely the result of restricting the
automorphism 7 (o) of the open BY tree T (X), as defined in [18, Construction 4.13],
to its core 7/"?5) In particular (see [18, Proposition 4.14]), the association o +— T (o)
is a homomorphism, and every automorphism of Ty fixing vy (or vs is X has size
2g + 2 and a child s of size 2g + 1) arises this way.

D.4.2 Automorphisms of Gx

By an automorphism of Gy we mean a graph automorphism preserving the genus
marking.

DefinitionD.15 (G(0)) Let 0 = (09, €;) be an automorphism of ¥, and T (o) =
(T (0)0, €7(5)) the associated automorphism of T = Tx. Denote by 7 : G — T the
quotient map and for a connected component Z of G, denote by Z the component
7(Z) of Ty,. We define G (o) to be the unique automorphism of G such that:

e G(o) commutes with ¢ and induces the graph automorphism 7 (¢')o (temporarily
denoted p) on the quotient 7,
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e for a connected component Z of Gj, we have

N + 7y —
Z2)NGT Z)=1,
G(o)(Z) = ﬂ_l(p(_)) y €1(0)(Z)
= (p(2) NG, €r(0)(Z) = —1.
Remark D.16 Explicitly, for a non iibereven principal cluster s we have G (o) (vg) =
Vg s. Similarly, for an tibereven principal cluster s we have

& (6) =1
€ (5) = —1.

vt

G =17

g5

For the edges, for a proper cluster s of size < 2g + 1, write e € G, (resp. el € G;‘

and e, € Gy) for the edge(s) between 77 (vs) and n’l(vp(s)) (if s = tis a twin,

then by efc we mean the two half-edges which get glued at 7 ~! (v¢) to form a loop).
Then for s odd we have G(o)(es) = e, Whilst for s even we have

ey € (5) = —1.

+ =1
G(O')(eg_) _ {855 €5 (5)
Remark D.17 The automorphism G (o) of Gy is precisely the result of restricting the
automorphism G (o) of the hyperelliptic graph G(7 (X)), as defined in [18, Con-
struction 4.8], to its core G(T(X)). In particular (see [18, Proposition 4.11] and
Remark D.14), the association o +— G(o) is a homomorphism, and every auto-
morphism of G, fixing 7~ (vy) as a set (or 7 ! (v) if X has size 2g +2 and a child
s of size 2g + 1) arises this way.

D.5 The homology of G5

In[18, Sect. 6] an explicit description of the first singular homology group H,(Gx, Z),
along with its length pairing ([18, Sect. 2.2.2]) and automorphism action is given. Here
we recall the result.

Theorem D.18 Let X be a metric cluster picture, A the set of even non-iibereven
clusters excluding X, and B the subset of clusters s € A such that s* = X. Then there
is a canonical isomorphism

Hi(Gs,Z) =) hsls €Z* | Y 1 =04.

s€A sEB

The length pairing is given by

0 s} # 55,
(€s), €sy) = §2(8(s1 A 52, P(57))) 5| =55 # X,
2(8(s1 A 52, X)) s} =55 =X.

@ Springer



T. Dokchitser et al.

For an automorphism o = (09, €5) of X, the action of G (o) on H|(Gx, Z) is given
by

o(ls) = €5(0)lss.

Proof This is [18, Theorem 6.1] (see op. cit. Definitions 3.16, 3.31 and 3.48 for the
definitions of the lattices A, appearing in the statement). We remark that, writing
T = Tx, the proof passes through a canonical identification (op. cit. Proposition 6.6)
of H1(Gyx, Z) with the relative homology group Hi(T, Ty, Z), equivariant for the
natural actions of automorphisms and preserving the respective length pairings. O

Remark D.19 Unwinding the isomorphism in [18, Theorem 6.1] yields the following
explicit description of the basis elements £,: for s # R an even non-iibereven cluster
¢s € Ci1(Gx, Z) is the shortest path going from v, to vs through G, before going on
to vg' through G, where here we set § = P(s*) if s* # R, and 5 = R otherwise. (In
exceptional cases, for a cluster s appearing above, vg (resp. vgr , vy ) may not be in the
vertex set of Gy, and we must interpret it as the obvious point on an edge instead.)
Note that £, is a loop in Gy unless s* = R, in which case it is a “half loop” in the
sense that if ¢4, £ are two such then £5 — £ is a loop.

Appendix E. Summary of notation

For the reader’s convenience, the following tables gather the general notation and
terminology that are used throughout the paper. We reserve gothic letters s, t, s1 etc.
for clusters (except for “mod m”). Tables 4 and 5 list the general notation associated to
fields and hyperelliptic curves. Tables 6 and 7 summarise the notation and terminology
associated to a cluster s, and the main functions and invariants associated to clusters.
Table 8 presents the main notation associated to a disc D, as used in Sects. 3-7.
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Table 4 General notation associated to fields

K
Ok
k

b

v

K nr
KS¢P
K
Gk
I
Frob

Spy

>

TF

mod m

Local field of odd residue characteristic
Ring of integers of K

Residue field of K

Algebraic closure of k

Uniformiser of K

Normalised valuation with respect to K
Maximal unramified extension of K
Separable closure of K

Algebraic closure of K

Gal(KSP/K)

Inertia subgroup of G g

A choice of Frobenius element in G g

Representation G g — GL»(Qy), given by o ((1) f(la)) foro € I, where

T : Ig — 7 is the [-adic tame character, and Frob ((]) \klo_]); see [37,4.1.4]
— C

= g

A finite Galois extension of K where C is semistable

Uniformiser of F,
x(o) = %FF) mod m, for o € G, see Definition 8.2

Ramification degree of a finite Galois extension F'/K

Reduction to the residue field

Table 5 General notation associated to a hyperelliptic curve

cf

R

8

Ac
Apin
Crin
Cisc
Cst
Cmin,lz
Yc
HL(©)
Jac C
VIA

Hyperelliptic curve given by y2 = f(x)

Leading term of f(x)

Set of roots of f(x) in K5¢P

Genus of C

Discriminant of C

Discriminant of a minimal Weierstrass equation of C
Minimal regular model of C

Regular model of C of Theorem 5.2

Stable model of C

Special fibre of C,, iy,

Dual graph of Cmm!,;
Hi(Cg., Q)

Jacobian of C

T} A ® Qy, where T; A denotes the [-adic Tate module of A

Hyperelliptic involution
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Table 6 Terminology and notation for clusters

Terminology and notation Definition Example

for aclusters C R

child of 5,8 < s Maximal subcluster of s
')

parent of 5, P(s) Cluster P(s) in which s is maximal Go0 Ga9,

P(s)
roper cluster Cluster of size > 1

proper clu u ize > @,

even cluster Cluster of even size &,

odd cluster Cluster of odd size (e.g. singleton) ey,

iibereven cluster Even cluster with only even children

twin Cluster of size 2 .,

cotwin Cluster with a child of size 2g whose

principal cluster

SAS

( &559), " (po GooD),

complement is not a twin

Proper, not a twin or a cotwin and if
|s| =2g + 2 then s has > 3
children

Smallest cluster s* D s that does not
have an libereven parent or proper
child of s if s cotwin

Smallest cluster containing 5 and s

Table 7 Functions and invariants associated to clusters

ds

5
8(s)
Gs
Is
s

redg

Relative depth of 5, 85 =ds —d p(s) (1.6)
Set of odd children of s (1.19)
Genus of s: |5| =2g(s)+1 or 2g(s)+2, or g(s) =0 if s is libereven (5.3)
Stabiliser of s in G g (1.18)
Inertia subgroup of G ¢ (1.18)
(choice of) centre of 5; z5 € K5P with min,cs v(zs —7) =ds (1.10)
Reduction map relative to s: redg (x) = X,T_dis mod m (8.5)
& Tgs (2 —r) modm ®.5)
Component of Cy, associated to s (8.5)
normalisation of I's; y2 =5 [[pez(x —reds(zo)) (8.8)
=v(cf) + X er dras (1.7)
=% —dsY o 13 (1.19)
ag(0) = )((a)d5 foro € Gg (8.2)
Bs(0) = "(Z;)% mod mforo € Gg (8.2)
ys(@) = x(0)*s foro € Gg 8.2)
€s(o) = g(fj;) mod m € {£1} if s even or cotwin,

€5(0) = 0 otherwise; here 65 = ,/c ¢ ]_[,¢5(z5 —r)ando € Gg (8.2)
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Table 8 General notation associated to discs

ZD A choice of centre for D Vidisc (4.13)
P(D) Parent disc of D (3.1.1) Ep (3.8)
AD 6.1) Yo (5.18)
VD (3.1.2) Pp.9p 3.7
KD (3.11) Up, Wp (5.4)
redp 3.7) cp (5.8)
Dmnax 4.4) Type I'to VI (5.11)
/b, 8D (3.15) op(f) (4.13)
Up,Wp (3.6) I'p (5.19)
D(s) 4.1 hp (5.22)
Valid disc 4.4) Bp. D (6.1)
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