EIGENVALUE ASYMPTOTICS FOR THE ONE-PARTICLE DENSITY
MATRIX

ALEXANDER V. SOBOLEV

ABSTRACT. The one-particle density matrix v(x,y) for a bound state of an atom or
molecule is one of the key objects in the quantum-mechanical approximation schemes.
We prove the asymptotic formula A\, ~ (Ak)~8/3, A >0, as k — oo, for the eigenvalues
A of the self-adjoint operator I' > 0 with kernel y(z,y).

1. INTRODUCTION

Consider on L?(R3) the Schrédinger operator

(1.1) %:é(-A—é)+ > ’_;m

¢ T
1<j<k<N

describing an atom with N particles (e.g. electrons) with coordinates x = (1, xs, ..., Zn),
2, €R3 k=1,2,...,N, and a nucleus with charge Z > 0. The notation A} is used for
the Laplacian w.r.t. the variable ;. The operator 3 acts on the Hilbert space L*(R3M)
and it is self-adjoint on the domain D(3H) = H*(R3M), since the potential in (1.1) is
an infinitesimal perturbation relative to the unperturbed operator —A = — %" Ay, see
e.g. [20, Theorem X.16]. Let ¢ = 1(x), be an eigenfunction of the operator H with an
eigenvalue £ € R, i.e. ¢ € D(H) and

(H—Exp=0.
For each j =1,..., N, we represent
x = (Xj,2;), where X; = (Z1,...,%j—1,Tj41,-- -, TN)s

with obvious modifications if j = 1 or j = N. The one-particle density matrix is defined
as the function

N
(12> ’7(‘%‘7 y) = Z / w(&ja I)Qﬂ(f(], y) d&jv (.77, y) e R’ x R’
J :lRSN—S
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This function is one of the key objects in the multi-particle quantum mechanics, see
9], [10], [18], [19] for details and futher references. If one assumes that all N particles
are spinless fermions (resp. bosons), i.e. that the function v is antisymmetric (resp.
symmetric) under the permutations x; <+ zy, then the definition (1.2) simplifies:

(1.3) Y(z,y) =N Y(X, x)Y(x,y)dx, where X = Xy.

R3N-3

Our main result however does not require any symmetry assumptions. For the sake
of completeness mention that, as found in [16], the function (1.2) is real-analytic for
all x # 0,y # 0,z # y. In the current paper our focus is on spectral properties of
the self-adjoint non-negative operator I' with the kernel v(z,y), which we call the one-
particle density operator. The operator T is easily shown to be trace class, and in [13] it
was shown that I' has infinite rank. However no sharp results on the behaviour of the
eigenvalues A\;(I') > 0 as k — oo had been available until paper [22] (see however [6], [7]
for relevant quantum chemistry calculations), where it was shown that A\, (T') = O(k=%/3).
We always label eigenvalues in non-increasing order counting multiplicity. The purpose
of the paper is to prove the asymptotic formula (1.5), which confirms the sharpness of
the bound from [22]. Apart from being a mathematically interesting and challenging
question, spectral asymptotics for the operator I' are important for electronic structure
computations as it limits accuracy of electronic properties computed with finite basis
sets, see e.g. [6], [8], [13] and [15] for discussion.
We assume throughout that ¢ decays exponentially as |x| — oc:

(1.4) [p(x)] S e, x e R,

Here 54y > 0 is a constant, and the notation “<” means that the left-hand side is bounded
from above by the right-hand side times some positive constant whose precise value is of
no importance for us. This notation is used throughout the paper. The property (1.4)
holds for the eigenfunctions associated with discrete eigenvalues (i.e. the ones below the
essential spectrum), and in particular, for the ground state. For references and detailed
discussion we quote [21].

The next theorem contains a concise version of the main result.

Theorem 1.1. Suppose that the eigenfunction ¢ satisfies the bound (1.4). Then the
eigenvalues \y(T'), k = 1,2,..., of the operator T' with kernel (1.2) satisfy the relation

(1.5) lim 3\, (T) = A3

k—o0

with an explicit constant A > 0.

The complete statement includes a formula for the coefficient A, and it is given as
Theorem 2.3.
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Remark. Theorem 1.1 extends to the case of a molecule with several nuclei whose
positions are fixed, i.e. the operator (1.1) can be replaced by

N No 7 1

H = — A, — _at o
O S (AP e
k=1 =1 1<j<k<N

with constant R; € R?® and nuclear charges Z; > 0, [ = 1,2,..., Ny. The modifications
are straightforward.

Let us outline the main ideas of the proof. First we represent the operator I' as the
product I' = U*W¥, where the operator ¥ : L*(R3) — L*(R*¥~3) with a vector-valued
kernel is defined in Subsect. 2.2. Therefore we have \i(T') = s (¥)* k = 1,2,...,
where s, (W) are the singular values (s-values) of the operator W. As a consequence, the
asymptotic formula (1.5) rewrites as

(1.6) lim k3 sy (¥) = As.

k—o0

b

For the sake of discussion consider the fermionic (or bosonic) case, in which the kernel
~(z,y) is given by (1.3). Then it is straightforward that I' = ¥*W¥ with the operator

(1.7) (Tu)(x) = VN 5 (X, z)u(x)de, ue L2(R?).

For integral operators the rate of decay of singular values increases with the smoothness
of their kernels, and the appropriate estimates via suitable Sobolev norms can be found
in [3]. Such estimates, together with the recent regularity estimates for ¢ obtained in
[11], were used in [22] to prove the bound s,(¥) < k™43 k=1,2,....

The study of spectral asymptotics of the operator (1.7) requires more precise infor-
mation on the singularities of ). By elliptic regularity, the function ¢ is real analytic
away from the coalescence points of the particles, i.e. for z; # 24,1 < j < k < N
and z; # 0, 7 = 1,2,..., N, and hence only the coalescence points contribute to the
asymptotics (1.6). As shown by T. Kato in [17], the function ¢ is Lipschitz. Of course,
this fact alone is not sufficient to obtain an asymptotic formula for ¥ — one needs to
know the precise shape of the function 1 near the coalescence points. A suitable rep-
resentation formula for the function ¢ was obtained in [12]. To explain in more detail
we make a further simplifying assumption and consider the special case N = 2, so that
x = (t,z) € R® x R?, and the operator ¥ acts from L*(R?) into L*(R?). According to
[12], there exists a neighbourhood (open connected set) Q15 C (R*\ {0}) x (R*\ {0}) of
the diagonal set {(x,z) : x € R*\ {0}} and two functions & o, 2, real analytic in ) o,
such that the eigenfunction ¥ = ¢ (¢, z) admits the representation

(18) 1/J<t, Z‘) = 5172(?5, ZE) + |t - ZL’l 771,2(t7 (L’), for all (t, ZL’) S Ql,g.

The form of the second term is in line with Kato’s observation (see [17]) that 1 is
Lipschitz. The representation (1.8) is ideally suited for the study of spectral asymptotics.
Indeed, the Lipschitz factor on the right-hand side of (1.8) is homogeneous of order one.
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The behaviour of eigenvalues for a wide class of integral operators including those with
homogeneous kernels, was studied by M. Birman and M. Solomyak in [1],[2] and [4], see
also [3]. However, the existing results are not directly applicable, since the functions &; o
and 712 may not be smooth on the closure Q; 5. Moreover, there is no information on
the integrability of &; o and 7,2 over €y 5. To circumvent this difficulty we approximate
12,2 by suitable Cg°-functions supported inside €2, 5. The error incurred is controlled
with the help of the bounds obtained in [22]. Using the Birman-Solomyak results and
subsequently taking the limit of these smooth approximations we arrive at the formula

(1.6) with the coefficient
12\
A= 3 (;) /3 12120, o (, )|/ da.
R

The finiteness of the above integral is a by-product of the proof. Note that the coalescence
points x = 0 and t = 0 do not affect the asymptotics.

For N > 3 application of the existing results on spectral asymptotics for integral
operators is not immediate. It relies on the reduction to a certain model operator whose
kernel includes the functions 7;; describing the eigenfunction % in a neighbourhood of
all pair coalescence points z; = z, j,k = 1,2,...,N, j # k. We emphasize that
neither the points z; = 0,7 = 1,2,..., N, nor the coalescence points of higher orders
(e.g. x; = x = x; with pair-wise distinct j, k,[) contribute to the asymptotics (1.6).

The paper is organized as follows. In Section 2 we describe the representation of
the function 1 near the pair coalescence points (see (1.8) for the case N = 2), state
the main result in its complete form as Theorem 2.3, which includes the formula (2.7)
for the coefficient A, and give the details of the factorization I' = W*W. Section 3
contains necessary facts about compact operators, and it includes asymptotic formulas
for spectra of integral operators with homogeneous kernels. Section 4 is focused on
spectral asymptotics of the model integral operator that is instrumental to the case
N > 3. Using the factorization I' = ¥*W in Sections 5 and 6 the main Theorem 2.3 is
restated in terms of the operator ¥, see Theorem 5.1. Here we also construct suitable
approximations for ¥, to which one can apply the results of Sect. 4. Section. 7 completes
the proof of Theorem 5.1 and hence that of Theorem 2.3.

We conclude the introduction with some general notational conventions.

Coordinates. As mentioned earlier, we use the following standard notation for the
coordinates: x = (z1,Z2,...,2n), where z; € R3 j = 1,2,...,N. In order to write
formulas in a more compact and unified way, we sometimes use the notation xo = 0.

The vector x is often represented in the form

> : > 3N-3
X:(Xj,]}j) with Xj:(1]1,.732,...,Ij_l,xj+1,...,$N) eR s

for arbitrary 7 = 1,2,..., N. Most frequently we use this notation with 7 = N, and
write X = Xy, so that x = (X, zy).
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For N > 3 it is also useful to introduce the notation for x with z; and z;, taken out:

(1 9) {)N(j,k:(xla"'7Ij—17'rj+17“'Jxk—luxk—‘rla'"7'rN)7 lfj<k7

and )ch,k = )zk,j, lfj > k.
If j < k, then we write x = (X, 2, 2;). For any j < N — 1 the vector X can be
represented as X = (X; n, Z;).
The notation Bpg is used for the ball {x € R?: |z| < R}.
Derivatives. Let Ng = NU{0}. If z = (2/,2”,2") € R? and m = (m/,m”,m") € N},
then the derivative 9" is defined in the standard way:

" = m' qam
T _— x/ m// I,,, .

/ 1

Cut-off functions. We systematically use the following smooth cut-off functions. Let
(1.10) 0eCPm), C(H)=1-6(),
be functions such that 0 < 6 <1 and

1
(1.11) o) =0, i [{>1 6(t)=1 if [f<3.

Integral operators. The notation Int(X) is used for the integral operator with kernel K,
e.g. I' = Int(y). The functional spaces, where Int(X) acts are obvious from the context.

Bounds. As explained earlier, for two non-negative numbers (or functions) X and Y
depending on some parameters, we write X <Y (or Y 2 X) if X < CY with some
positive constant C' independent of those parameters. To avoid confusion we often make
explicit comments on the nature of (implicit) constants in the bounds.

2. REPRESENTATION FORMULA. DETAILS OF THE MAIN RESULT

2.1. Representation formula. Our approach is built on the sharp qualitative result
for ¢ obtained in [12]. In order to write all the formulas in a more compact and unified
way, we use the notation o = 0. As before, x = (z1,Zs,...,2x) € R3". Thus, unless
otherwise stated, the indices labeling the particles, run from 0 to N.

Denote

(2.1) Sio={xeR¥ .3 £}, | #s.

The function v is real-analytic on the set

U = m Sl,s~

0<i<s<N

For each pair j, k : j # k, we are interested in the behaviour of ¢) on the set
(2.2) U= [) St
l#s
(1,5)#(5:k)
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In words, U;; includes the coalescence point x; = x, but excludes all the others. Our
main focus will be on the function 1) near the “diagonal” set

(2.3) U = {x € Ujp: 2 = 24 ).

The sets introduced above are obviously symmetric with respect to permutations of
indices, e.g. U;r = Uy, Ufk) = U,(gdj) Observe also that the sets Ujy, Ufg are of full

measure in R?* and R3¥ =3 respectively, and that they are connected.
The following property follows from [12, Theorem 1.4].

Proposition 2.1. For each pair of indices j,k = 0,1,..., N such that j # k, there exists
an open connected set €1, = Qy, ; C RN, such that

(2.4) 'Y € Qi € Uj,

and two uniquely defined functions &k, n;k, real analytic on ;i such that for allx € €2;
the following representation holds:

(2.5) (%) = §r(x) + |25 — 28 |n58(%).

Due to the uniqueness of functions ; 1., n; r, we have the symmetry & x = &5, Mk = Mk,j
for all j # k.
The asymptotic coefficient A in the formula (1.5) is defined via the functions n;y,

Jyok=1,2,...,N,j <k, on the sets (2.3). Using the notation (1.9) we write the function
n;.k(X) on Ufk) as 0j,(X;jk, x,x). As a by-product of the proof we obtain the following
integrability properties.

Theorem 2.2. If N > 3, then each function ni( - ,z,z), 1 < j <k < N, belongs to
L2(R3N=6) for a.e. + € R® and the function

(2.6) H(z) := [2 Z /RSN_G }njﬁk(ijﬁk,x,x)}gdij,k E,

1<j<k<N
belongs to L%(R?’).
If N =2, then the function H(z) := v/2|n2(x,2)| belongs to L%(R?’).

Having at our disposal this theorem, we can now state the main result of the paper in
its complete form.

Theorem 2.3. Suppose that the eigenfunction ¢ satisfies the bound (1.4). Then the
eigenvalues A\, (T'), k = 1,2,..., of the operator T' satisfy the asymptotic formula (1.5)
with the constant

(2.7) A= 1(3)3 H(z)ida.
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Remark 2.4. The coefficient A can be equal to zero for some eigenfunctions . For
example, if we assume that the particles are spinless fermions, i.e. the function 1 is
antisymmetric, then it is immediate to see that for all j, k, j # k, both components

& and n;p in (2.5) vanish on the diagonal Ufk), and as a consequence A = (0. This

means that \y(T') = o(k~%3). This fact can be interpreted by saying that antisymmetric
eigenfunctions possess better than Lipschitz smoothness at the coalescence points, and
hence the eigenvalues of I' decay faster.

The fermionic nature of particles may manifest itself differently if we introduce the spin
variable. In this case the antisymmetry of the full eigenfunction comes either from the
spatial component 1 (x) or from the spin component. For illustration first consider the
case of two electrons, i.e. N = 2. In the triplet configuration the antisymmetry is carried
by the spatial component ¢ (x1,x3), see [15, Subsect. 3.3.2], and then, as pointed out a
few lines above, we have A = 0. If the electrons are in the singlet configuration, then the
spin component is antisymmetric, whereas the function ¢ = ¥ (x1, 5) is symmetric and
the diagonal value 1 2(x, ) is not identically zero, see [15, Subsect. 3.3.1]. Thus A > 0.

In the case N > 3 different electron pairs may form different configurations, in which
case the triplet coalescences will not contribute to the coefficient A.

Remark 2.5. If we assume that the function 1 is symmetric or antisymmetric, then both
the proof of the main asymptotic formula (1.5), and the formula (2.6) can be simplified.
Indeed, as we have seen, the factorization I' = W*W holds with the simple looking
integral operator W given by (1.7). This is in contrast with the general case, as will
be evident from the next subsection. Furthermore, as discussed in Remark 2.4, for the
antisymmetric ¢ we have A = 0. Assume that N > 3 and that ¢ is totally symmetric.
It follows that for all y = (y1,¥y2,...,yn_2) € R3VN"6 2 t € R3 and j # k,l # s, we have

VWY1, Y1 T, Yy o Yk—2,t Y1y -, YN—2)
= VWY1 Y1 T Yl ey Ys—2s by Ys—1, - s YUN—2)-
Due to the uniqueness of functions &, 7, in Proposition 2.1, the above equality leads
to
Mik(Ys s Yim1s T Yjs ooy Yrm2o b Yot - -+ YN—2)
= Ms(Yts o Y1, Ty Yty oy Ys2y by Ys—1s - -y YN—2)-

As a consequence, the formula (2.6) rewrites as

H@) = [V =0 [ iG] i :

2.2. Factorization of I': change of variables (X;,z) — (X,z). In the general case
(i.e. without any symmetry assumptions on 1) the operator W in the identity I' = ¥* W
looks more complicated compared to (1.7). The purpose of this subsection is to describe
this factorization and the associated change of variables. Rewrite the definition (1.2) in



8 ALEXANDER V. SOBOLEV

the form:

v(z,y) Z/RM ) (%, 2); (X, y)d%, where

(28) ¢j(X7$>:¢($1,...7l'j_1,l’,ZL‘j,...,ZEN_1)7 ]:1,2,,N

Therefore I’ can be represented as a product I' = * W, where ¥ : L*(R?) — L*(R3N—3;CV)
is the integral operator with the vector-valued kernel

(2.9) U (x,2) = {¢;(%,2) 1,

As explained in the Introduction, given this factorization, the asymptotic relation (1.5)
translates to the formula (1.6). Later we state this fact again as Theorem 5.1 using a
more convenient notation.

The change of variables (X;, z) — (X, z) plays an important role throughout the paper.
In particular, it is crucial to recast Proposition 2.1 in terms of the new variables (x, ),
which is done below.

Let j # k, and let €2, ; be the sets and ; ;(x), 1, £(x) be the functions from Proposition

)

2.1. Forall j=1,2,...,Nand all k=0,1,..., N — 1, denote

Q'k: {( ) R3N (xla'"71:]'717:671,]'7"'7:6]\/71)er,k}a 1fj2k+1,
! {( ) € R3V . (.CEl, ce ey L1, Ty Ty ,il?]v_l) S Qj,k—i—l}a if j <k.

According to (2.4) we have
(2.10) U% © Qi © Unes
forall Kk <N —1and j=1,2,...,N, j # k. Together with functions &;, n; define

~ N gj,k(mlw":xj—hx?xja'">mN—1)7 1fj2k:+17
Eik(X,2) =

fj’kJrl(.Z'l,...,l‘j,l,l',.ﬂj,...,l']\[,l), lf] S k’,
and

Nig(x1, ..z, 2,2y, en_), ifj > k41,
(211) Bk = { J S o

nj,kJrl(:Cla"'7xj717x7xj7"'7x]\/'71)7 lfj < k.

By Proposition 2.1, for each j =1,2,..., N, and each k =0,1,..., N — 1, we have
(212) ¢j(§(a l’) = éj,k(ﬁv :E) + ‘xk - x’ﬁ]}k(f(a LL'), for all (Xv 1’) € Qj,k'

Observe that the newly introduced sets Qjﬁk and the functions éj,k, 7;, are not symmetric
under the permutation j < k.
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The function (2.6) can be easily rewritten via the new functions 7; ;:
. . 12 .
(I, o) P+ i 2)P) 2, N =2

(2.13) H(z) = N N-1 . 9 3 .
{Z Y Jrsn-e ’ﬁj,k(Xk,N,%I)} ka,N] , N >3
J=1 k=1

For N = 2 the above formula is a consequence of the symmetry relation 1, 2 = 721 and
equalities my o(z, z) = M1(z, z), ne1(x,x) = To1(x,x), which follow from the definition
(2.11).

Now assume that N > 3. In view of the symmetry n;, = 7, we can rewrite (2.6)
extending the summation to all j, k such that j # k:

N-1 N N j-1
- 2 .. - 2 ..
H(z)*=> ) / |7k (ks 2, ) | deyk+ZZ/ |7k (R T, ) | A
j:l k=j+1 R3N-6 j:l 1 R3N-6
By (2.11), the second sum coincides with
N j-1
_ 2 ..
S5 [ el o) s,
it R3N—6
and the first one coincides with
N-1 N N-1N-1
. - 2 . 2 .
Z Z / ‘nj,k:—1(Xk;—1,N7$,$)| dXp 1N = Z Z/ }nj,k(xk,Naw7x)| dXp, N -
j=1 k=j41 /RO 1 ke JRIN-G

Adding the first and second sums together we obtain (2.13), as claimed.

3. COMPACT OPERATORS

3.1. Compact operators. For information on compact operators we use mainly Chap-
ter 11 of the book [5], where one can also find further references. Let 3 and G be separable
Hilbert spaces. Let T : H — G be a compact operator. If H = G and T' = T* > 0,
then \g(T), k = 1,2,..., denote the positive eigenvalues of 7' numbered in descending
order counting multiplicity. For arbitrary spaces H, § and compact T', by sx(7)) > 0,
k=1,2,..., wedenote the singular values of T' defined by s3(T)? = M\(T*T) = M\(TT*).

We classify compact operators by the rate of decay of their singular values. If si(T') <
k=P k- =1,2,..., with some p > 0, then we say that T' € S, and denote

1
1T llp.0 = sup sk(T)k¥.

These classes are discussed in detail in [5, §11.6]. The class S, « is a complete linear
space with the quasi-norm ||T'||, . For all p > 0 the quasi-norm satisfies the following
“triangle” inequality for operators 17,75 € S -

(3.1) 1Ty + Tollzse < || Thlles + (| T2l55-
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For T' € S, « the following numbers are finite:

G,(T) = (lim sup kisk(T))p = limsup sPn(s, T),

(3 2) k—o00 5—0
’ .. 1 p ..
g,(T) = (hlgr_lglf kvsp(T))" = hl;ﬂ_glf sPn(s,T),

and they clearly satisfy the inequalities
g (T) < Gp(T) < [T} -
Note that G,(T") = 0 for all ¢ > p. Observe that
(3.3) g (TT") = gp(T"T) = gop(T),  Gp(TT") = G(T™T) = Gyp(T').
If G,(T") = g,(T'), then the singular values of T satisfy the asymptotic formula
su(T) = (Gp(T))Pn"7 + o(n+), n — oo,
The functionals g,(7"), G,(T") also satisfy the inequalities of the type (3.1):

(5.0 Go(Ty + To) 71 < Gy(Th) 77 + Gy(To) 7,
go(Ty + )77 < g,(T1)77 + Gy(Tp) 7.

It follows from these inequalities that the functionals G, and g, are continuous on S, :
|G, (Th) 71 = Gy(Ty)71| < Gp(Ty — Th) i,
|gp(T1) 77 — g(To) 77| < Gy(Ty — Ta) .

We need the following two corollaries of this fact:

Corollary 3.1. Suppose that G,(Ty — T3) = 0. Then
Gy(Th) = Gy(T2), gp(T1) = gp(T2).
The next corollary is more general:

Corollary 3.2. Suppose thatT' € S, o, and that for every v > 0 there exists an operator
T, € S, such that G,(T —1T,) — 0, v — 0. Then the functionals G,(T,), g,(1,) have
limits as v — 0 and
ll/i_r)r(l) Gp(T,,) = Gy(T), ,ljl_rf(l) gr(10) = g(1).

3.2. Estimates for singular values of integral operators. The final ingredients
of the proof are the results due to M.S. Birman and M.Z. Solomyak, investigating the
membership of integral operators in various classes of compact operators.

For estimates of the singular values we rely on [3, Corollaries 4.2, 4.4, Theorem 4.4],
which we state here in a form convenient for our purposes. Below we use the following
notation which is standard in the theory of Sobolev spaces: H'(R?) = W?!(R%).
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Proposition 3.3. Leta € L*(R?), b € L} (R"). Assume that the function a has compact

support. Suppose that T(t,x), t € R", x € R?, is a kernel such that T(t, - ) € H{(R?) with

somel=0,1,..., for a.e. t € R, and the function |T(t, - )|y is in L*(R™, |b(t)|?dt).
Let Ty, : L2(RY) — L*(R™), be the integral operator

(Tyou)(t) = b(t) /T(t,x)a(x)u(m) dr, wu € L*(RY).
Then

(3.5) k' 53(The)? < 00,
k=0

and hence s,(Ty,) = o(k™1/9), where 1/q = 1/2+1/d. In other words, G,(Ty,) = 0.

The original results in [3, Corollaries 4.2, 4.4, Theorem 4.4] are considerably more
general and more precise: instead of just the finiteness statement (3.5), they contain
estimates depending explicitly on the kernel 7" and weights a,b. These estimates have
slightly different form for different cases 21 > d,2l = d and 2] < d, and therefore, to
avoid cumbersome formulations we chose not to quote them in detail.

The next group of results is concerned with spectral asymptotics for integral operators.

3.3. Integral operators with homogeneous kernels. First we consider pseudo - dif-
ferential operators with asymptotically homogeneous matrix-valued symbols. Spectral
asymptotics for such operators were studied in [2], [4]. In fact, these papers allow for
more general operators, but we need only a relatively simple special case of those re-
sults. Precisely, let A(x), B(z), X (£), where z,y,£ € R?, be rectangular matrix-valued
functions of matching dimensions, so that the product

(3.6) B(x) X (£)A(y)
is again a rectangular matrix. Assume that
(3.7) B € Cy(RY), A e Cy(RY).

We do not reflect the matrix nature of the functional spaces in the notation to avoid
cumbersome formulas, and this should not cause confusion. Suppose that X () is a
bounded function which is asymptotically homogeneous of negative order, i.e. there
exists a matrix-valued function X, € C*(R?\ {0}) such that for some 7 > 0,

(3.8) Xoo(tl) = 77X (§), £ #0,
for all t > 0, and
(3.9) X (&) = Xoo(§) = o(l€]™7),  [¢] = o0

Define the matrix-valued function

Too(,€) = B(2) Xoo(§)A(2).
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Proposition 3.4. Let the above conditions on A, B, X be satisfied and let p = dr—*
Then the pseudo-differential opemtor T : L*(RY) — L*(RY) defined by the formula

(310) (Tu(e) = Gy [ B@EC X AW ()i

is compact, it belongs to S, o and satzsﬁes the asymptotic formula

(3.11) G,(T) = g,(T iy //Z st (Too(,w))]" dwdz.

Rd §d—1

This proposition is a consequence of Theorem 2 from [2] and Remark 3 following this
theorem.

We apply Proposition 3.4 to integral operators with homogeneous kernels. Let ¢ €
C™(R?\ {0}) be a matrix-valued function such that

(3.12) O(tx) =t*®(x), = #0,a> —d,
for all ¢ > 0. Consider the integral operator W with the matrix-valued kernel
W(z,y) = Bx)®(z — y)A(y)

with A, B satisfying the conditions (3.7), and assuming that the matrix dimensions are
matched in the same way as for the symbol (3.6). We study spectral asymptotics of the
operator W by reducing it to the operator of the form (3.10). Let 6 be as defined in
(1.10), (1.11), and let Ry > 0 be a number such that

W(z,y) =W(z,9)0(jz —y|R™"), forall R> Ry
Consequently, the operator W has the form (3.10) with the function

(3.13) X(&) = Xg(&) = /e—ifxe(p;m—l)cb(x)dx.

Integrating by parts, we conclude that for each £ # 0 the function Xg(£) converges as
R — 0o to a C*(R?\ {0})-function

(3.14) Xoo(§) = lim Xp(£).
The function X, satisfies (3.8) with 7 = a + d. Indeed, using (3.12) write for ¢ > 0:

Xp(t€) = o / €0 (|| (Rt) ) B(x)de
(3.15) =t X ().

Passing to the limit as R — oo, we get (3.8) with 7 = a + d, as claimed. The equality
(3.15) also implies that

Xn(te) — Xoo(t€) = 177 (Xpe(§) — Xoo(§)) = 0(t™7), t = o0,

for each € € R? and R > 0, which entails (3.9). Thus, applying Proposition 3.4, we
obtain the spectral asymptotics for the operator W.
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Corollary 3.5. The operator W has the form (3.10) with the function X € C®(R?)
defined in (3.13). The singular values of W satisfy the relation (3.11) with p™* = 1 +
ad1.

We need this result for the special case of scalar A = a € Cy(RY), B = b € Cy(R?), and
(3.16) O() = {¢;(2)}

with scalar a-homogeneous functions ¢;, j = 1,2,...,m. As the next assertion shows,
in this case the right-hand side of (3.11) can be easily evaluated.

Corollary 3.6. Suppose that ® is given as in (3.16) with some a-homogeneous scalar
functions ¢;, 7 =1,2,...,k, with a > —d. Then

GW) = &) = 5 [ Xl [ Jalapio) de

where p~! =1+ ad*.
Proof. The matrix T (z,€) is rank one and
51(Too(,€)) = la(@)] [b(x)] [ Xoo (£)]-
The required formula follows from Corollary 3.5. ]

Consider two examples in which the above formula can be simplified further. The first
example is crucial for the proof of Theorem 2.3.

Example 3.7. Let m = 1, and let ®(z) = ¢(x) = |z|*, a > —d, be a scalar function.
Then (see, e.g. [14, Ch. 2, Sect. 3.3])

(e
Xoo(é) = 2‘“%%Mlél‘<d+a>, a#0,2,4,.. .,

r(-%)
and X (§) =0 for a« =0,2,4,.... Thus, for 1/p=1+4+«/d and o # 0,2,4, ..., we have
. I () }p 1
3.17 od (= ——— Xoo(W)Pdw = | ——2 .
(3.17) flod d(27r)d/gd_1| ) [71'2|F(—%)| r(¢+1)

Now Corollary 3.6 yields

1 «
G,(W) =g,(W) = pina | la(x)b(z)Pde, —=1+—.
R4 p d
Note that the case of scalar functions ® was studied in [1], see also [3, Theorem 10.9].
Next we consider an important example of a vector-valued function ®. We do not need
it for the current paper but prepare it for future use.
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Example 3.8. Let m = d, and let ®(z) = V|z|*™ = (o + 1)|z|* 'z, @« > —d. This
vector-valued function is homogeneous of order o and (similarly to [14, Ch. 2, Sect. 3.3])

— d4a,__4 (d+g+1) —(a+1+d)
Xoo(g)_ Z(Oé+1)2 ™2 F(_a+1) |§| 57 O[;é 173a57"'7
2
and X (&) =0 for o« =1,3,5,.... Thus, for 1/p=1+a/d and o # 1,3,5, ..., we have
1 (a+1)P(E¢)717 1
3.18 od 1= Xoo(w)Pdw = - 2 :
618 = g [ s = [ | v
Now Corollary 3.6 yields
1
G,(W) =gp(W) = vau la(x)b(x)[Pdz, — =1+ e
Rd p d

4. SPECTRAL ASYMPTOTICS FOR THE MODEL PROBLEM

The objective of this section is to find the spectral asymptotics for a model integral
operator. Recall that for any function X = K(z,y), * € R",y € R%, we denote by Int(X)
the integral operator acting from L*(R?) into L*(R"). In each case the values of n and
d are clear from the context. If K(z,v) is C*-valued then the “target” space L*(R") is
replaced by L*(R"; C*).

4.1. The model operator. Let a,b;, 5%, 7 = 1,2,...,N, k = 1,2,...,N — 1, be
scalar functions such that

a € CP(R?), bjx € CP(R3N73),
Bj,k € COO(RSN)a

forall j =1,2,...,N, k=1,2,...,N — 1. Let ® € C*(R?\ {0}) be a vector-valued
function with m scalar components, homogeneous of order o > —3, as defined in (3.16).
Consider the vector-valued kernel M(x, z) with mN components:

M(% @) = {M;(x, )}y, Mk, x) = S0 Mp(k, @),

j=01

M; (X, 2) = bk (X)DP(z), — x)a(x) B k(X, x).

Our aim is to find an asymptotic formula for the singular values of the operator Int(M) :
L*(R3) — L*(R3M=3;C™V). Although the function ®(z) is homogeneous, the results on
homogeneous kernels, notably Corollary 3.6, are not applicable directly, since the number
of “target” variables (i.e. 3N — 3) is greater than the number of the input variables (i.e.
3), unless N = 2. The proof of Theorem 4.1 below amounts to reducing the operator
Int(M) to a form for which Corollary 3.6 can be used. Recall that the weights A and B
in Corollary 3.6 are only required to be continuous (with compact support). Thus the
smoothness restrictions on the functions a, b; ;5 in the definition (4.2) can be relaxed,

(4.1)

(4.2)
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but for our purposes it suffices to assume conditions (4.1). Moreover, this assumption
allows us to avoid unnecessary technical complications.
We use the representations (X, x) = (X v, T, ) introduced in (1.9). Denote

1
h(t) = 23 LS Jrano [bik (R, ) Bk (R £ 8) PR |, if N > 3;
1
h(t) = (|bra(8)Bra(t t)[* + |bo1 (8) Bon (8, 1)[?) 2, if N =2.
Let Xoo(€), & € R3, be the function defined by (3.13) and (3.14).

Theorem 4.1. Let M be the operator defined above, where ® € C™®(R?\ {0}) is a
homogeneous vector function of order o > —5/2. Then the operator Int(M) belongs to
Spoos 1/p=1+a/3, and

(4.4) G, (Int(M)) = g, (Int(M 247r3/ | X oo (w) [P dw /RS (Ja(z)h(z)|)? da.

Throughout the proof we assume that N > 3. For N = 2 the argument simplifies, and
we omit it.
We begin the proof with the following lemma.

Lemma 4.2. For each j = 1,2,..., N and each pair k,l = 1,2,... . N — 1, k # 1, we
have

(4.3)

Gp/g( Int(MM)* Int(MjJ)) = 0
Proof. Fix a j =1,2,..., N and write the kernel of the operator Int(M; ;)* Int(M;,):

Pri(z,y) —a /Mjkxx M (%, y)dx

— a@aly) / Sz —an) - D1 — y) B Bon (e )by (R) B0k, ) d%.

Write x = (X n, 1), dX = d%X; ydx; and change z; to x; + y, so that

Pesle,y) = al@)aly) / 3z =) DabaEn. o+ )G+ 5 7)

X b (X v, 2+ ) B (XN, 2+ v, y)dXg yda.

Because of the conditions (4.1) for all z € R? the kernel Py is a C°-function of y € R.
Hence by Proposition 3.3 the singular values of the operator Int(Py;) decay faster than
any negative power of their number. In particular, Gp/z( |nt(ﬂ)k7l)) = 0, as required. [

4.2. Proof of Theorem 4.1 for j; = 1. First we prove Theorem 4.1 for the simpler
case (3 = 1. It follows from Lemma 4.2 and from the inequality (3.4) that

Gp)2 ( EN: > Int(M;.)* |nt(3vtj,l)> =0.

J=1 k#l
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By Corollary 3.1 this implies that
N-1

Gy (Int(M)* Int(M)) _GW(Z Int(M5)* Int(M; )),

=1 k=1

and the same equality holds for the functional g,/,. Let us write the kernel F(z,y) of
the operator on the right-hand side, remembering that §;, = 1:

N N-1
F(x,y) Y Y / T — xp) — y)|b; s (%) 2dx
7j=1 k=1
N N-1
= @) Y / a0 0=y [ sl OP

Oz —t) - Ot —y) h(t)%dt,

I
)
—
8
S~—
e
—~
<
N~—

RS
where the function
N N-1

D30 S IR >|2d>~<k,N]é

=1 k=1
coincides with (4.3) for 8;, = 1. Define the vector-valued kernel G by

§(z,y) = h(z)®(x — y)aly),

so that Int(F) = Int(G)* Int(G). Thus the functionals G, /, for the operators Int(M)* Int(M)
and Int(G)* Int(G) coincide with each other, and the same applies to the functionals g, .
Consequently, by virtue of (3.3),

(4.5) G,(Int(M)) = G,(Int(G)), gy(Int(M)) = g,(Int(G)).

Since b;;, € C3°, the function h belongs to C;. Thus, to find G, and g, for the operator
Int(§) we can apply Corollary 3.6 with d = 3 and with the weights b = h € C, and
a € Cy°, which gives

G,(Int(9)) = g, (Int(9) 247T3/ /S2 )| Xoo()])? dwda,

with 1/p = 14 «/3. By (4.5), this equality implies (4.4), which completes the proof of
Theorem 4.1 for 3;, = 1.

4.3. Proof of Theorem 4.1 for arbitrary j3;, € C*. We reduce the general case to
the one considered in Subsect. 4.2. Since b;; and a are compactly supported, without
loss of generality we may assume that 3; € Ci°(R*"). For each j = 1,2, ..., N represent
N-1
Mj :AJ+ Z?jk,

k=1
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Aj(x,x) = O (zr, — x)bjk(X)a(z)B;k(X, x;),

Fip(x,z) = ®(x) — x)bjﬁk(ﬁ)a(x)(ﬁj,k(fc, x) — Bir(X, ack)), j=1,2,...,N —1.

Representing

1

Bik(X,2) — Bjn(X, 2x) = (v — x) - / VaBiw(X,xp, + s(x — ax))ds =: (vp — ) - 0j4(X, 2),
0

we can rewrite J; ;, as

Fin(X,2) = (X, 2)bjp(X)a(z), where Z;(x,2) = (v — z) [(2x — 2) - 05k(%,2)].

Remembering that @ is homogeneous of order o and that o, € C°(R*Y), we conclude
that

072k (%,7)| S |z — | =M m e N3,

Since o is compactly supported, the kernel Z; (%, z), as a function of z € R?, belongs
to H'(R3) for all 0 <1 < a +5/2. As a > —5/2 the set of such values [ is non-empty.
Moreover, the H'-norm of the kernel, as a function of x € R*N~3_ is uniformly bounded,
and hence it trivially belongs to L*(R3V=3 |, ,(X)|?d%). By virtue of Proposition 3.3, we
obtain that G,(Int(F;,)) =0, 1/¢ =1/2+1/3. Note that

1zlzl—i—g, for l20¢+§.

q  p 3 2

Consequently, taking [ to be the only non-negative integer in the interval [a+3/2, a+5/2),
we conclude that G,(Int(F;;)) =0, and, by (3.4),

N—-1
Gp(z |nt(33,k)) = 0.
k=1
By Corollary 3.1,

(4.6) G, (Int(M)) =G, (Int(A)), g(Int(M)) = g,(Int(A)),

where A is the vector function with components A;(%x,z), j = 1,2,...,N. To find G,
and g, for the operator Int(A), we observe that each kernel A;(x,x) has the form

N-1
D (e — 2)bik(R)alz)  with  bix(R) = bjk(%)Bjx(X, k),
k=1

Using the result of Subsect 4.2 we obtain the formula (4.4) for the operator Int(A) with
the function h defined in (4.3). In view of (4.6) this implies (4.4) for the operator Int(M),
as claimed. 0J
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Corollary 4.3. Let ®(x) be as in Example 3.7 with « = 1,d = 3, i.e. ®(x) = |z| and
1/p=1+a/d=4/3. According to (4.4) and (3.17),

(4.7) Gz/a(Int(M)) = gaya(Int(M)) = pur 3 /R3 (|a(x)h(x)])% dz,
where fi, 4 is defined in (3.17).

Corollary 4.4. Let ®(x) be as in Example 3.8 with o = 0,d = 3, i.e. ®(x) = V|z| =
|z| 'z and 1/p =1+ a/d = 1. According to (4.4) and (3.18),

Gy (Int(M)) = g1 (Int(M)) =13 . la(x)h(x)| dz,
where v, 4 is defined in (3.18).

In the current paper we need only Corollary 4.3. Corollary 4.4 is needed for future
use.

5. FACTORIZATION OF I':! OPERATOR W

5.1. Reformulation of the problem. Using the functionals (3.2), one can rewrite the
sought formula (1.5) as

Ga3(I') = gays(T) = A.
Since T' = U*W with the operator ¥ : L*(R3) — L*(R3N3) defined in (2.9), by (3.3) the
above equalities rewrite as
(5.1) G3/a(W) = g3/4(¥) = A.
Thus the main Theorem 2.3 can be recast as follows:

Theorem 5.1. Under the conditions of Theorem 2.3 the formula (5.1) holds with the
constant A which is defined in (2.7).

The rest of the paper is focused on the proof of Theorem 5.1.

As explained in the Introduction, at the heart of the proof is the formula (2.5) for
the function ¢, which translates to the representation (2.12) for the kernels 1); defined
in (2.8). This representation allows us to reduce the problem to the model operator
considered in Sect. 4 with the function ®(z) = |z|. At the first stage of this reduction
we construct C° approximations of the functions &, and 7, from (2.12).

5.2. Cut-off functions. Firt we construct appropriate cut-offs. Fix a § > 0. Along
with the sets (2.1) introduce

(5.2) S15(0) =S (0) = {x e R¥* : |gy — x| > 6}, 0<I<s<N,
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and for all k =0,1,..., N — 1, define

(5.3) uk(a)z( N sl,s(a))ﬂ( N ss,N(a)).

0<i<s<N—-1 0<s<N-1
s#k

Comparing with (2.2) we see that Ui(d) C Uy, and for x € Ug(d) all the coordinate

pairs, except for xj and xy, are separated by a distance ¢. Similarly to (2.3) define the
diagonal set

ULY(8) = {x € Up(0) : 25 = oy} € U

Recall that the representation (2.12) holds on the domain €, which satisfies (2.10) for
all j =1,2,...,N, k=0,1,...,N — 1. We construct a compact subset of (2, in the

following way. For R > 0 let
Uk(d, R) = Us(0) () (Br)",
UL (0, R) = {x € Up(6, R) : wy = '},
where B = {r € R?: |z|] < R}. The set U,(cd)(é, R) is bounded and its closure belongs

to QM for all 6 > 0, R > 0. Therefore, there exists an €y = £¢(d, R) > 0 such that the
e-neighbourhood

(5.4) Qw(0,R,€) = {x € Uy(0,R) : |zx — zn| < €},
together with its closure, belongs to Q]}k for all € € (0,2¢):
(5.5) Q(6, R,e) C g, Ve €(0,&).

Now we specify C3° cutoffs supported on the domains (6, R, €). Let 8 € C°(R) and
¢ =1—6 be as defined in (1.10), (1.11). Denote

(5.6) E = [ Cln—al@s)™).

0<l<s<N-1
By the definition of (,

(5.7) supp Y5 C ﬂ S1.5(20),
0<l<s<N—1
where S; 4( - ) is defined in (5.2). Define also cut-offs at infinity. Denote
(5.8) Qr®x) =[] 0(mlR™"), Kg(z)=06(x|R).
1<I<SN-1

Lemma 5.2. Let (6, R, ) be the set introduced in (5.4). Then for all ¢ < min{ey,d}
the support of the function

(5.9) Qr(%)Kr(2)Ys(%)0(|x — wle™")
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belongs to (6, R,¢) for allk =0,1,...,N — 1.

Proof. Assume that x belongs to the support of the function (5.9). In view of (5.7), for
such x we have

(5.10) |z — 2] > 20, 0<I<s<N—-1, and |z —ax <e.
Ase <, forall s=0,1,...,N — 1, s # k, we can write
|z — xs| > |xp — 25| — |2 — x| > 20 — € > 6,

By definition (5.3), together with (5.10) this gives x € Uy (J). Moreover, since supp(QrKr) C
(Br)", this means that x € Ug(d, R). Now the claimed inclusion follows from the defi-
nition (5.4). O

5.3. Using the cut-offs introduced above we construct a convenient approximation for
the kernels v;(x,z). Taking if necessary, a smaller ¢, in (5.5), we will assume that
£0(0, R) < 4, and hence for all € < £¢(d, R), apart from the inclusion (5.5) we have
Lemma 5.2. Thus, for these values of ¢ the real analytic functions ijk,f)jvk are well-
defined on the support of (5.9), and hence the kernel

G T8 R 2% 2) = QrlRYVs()Ka(x) 3 (e — ayle™) o — anfizu . 2),

is well-defined for all (x,z) € R3, and each of the functions
Qr(X)Ys(X)Kr(2)0(|lx — zple™ ) ijn(x,2), k=1,2,...,N—1,
is Cg°(R3N). Our objective is to prove that the vector-valued kernel

Y[, R, e)(%,2) = {16, R,e](x,2)}

j=1
is an approximation for W(x, x)(see (2.9)) in the following sense.

Lemma 5.3. The following relations hold:

65/4(lI,) = }__({lsl—rf(l) lg% G5/4< Int(T[éa R7 5]))7 g3/4(\11) - ]%I_I}’é lg% g3/4< Int(T[éa R7 5]))7
—00 —00

where the limits on the right-hand side exist.

The proof of this lemma is given in the next section.

6. PROOF OF LEMMA 5.3

6.1. Spectral estimates for . Our proof of Lemma 5.3 relies on the bounds obtained
in [22]. Let €, = (0,1)%> + n, n € Z*. Assume that b € L°(R?*¥~3) and that a € L} (R?)
is such that

sup [|al| 2,y < oo
nez’
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Then the functionals

4
—3n 3 ?
S%<a) = |:Z e 4 | |HCLH[12(€TL):|

nezs
and

M (b) = [ [ |b<f<>|2e—2%*'df<} |

are both finite for all r > 0. Recall that the functional G, is defined in (3.2), and v; —
in (2.8). The next bound for the operators b Int(1);)a follows from [22, Theorem 3.1].

Proposition 6.1. Assume that ¢ satisfies (1.4), and let j = 1,2,...,N. Let the func-
tions a and b be as described above. Then b Int(1)j)a € Sg/40 and for some x < 3 we
have

(6.1) Gaya(b Int(1h)a) < (Mu(b)S,(a))

6.2. Proof of Lemma 5.3. The strategy of the proof is to “trim down” the kernel (2.9)
in several steps, by multiplying it by appropriate cut-offs including the functions (5.6)
and (5.8), or dropping some of the components, until it reduces to the kernel (5.11). At
every step of this process we justify the trimming using either Corollary 3.1 or Corollary
3.2.

The first stage is described in the next lemma.

Lemma 6.2. The following relations hold:
(6.2) Gy/a(W) = (151&1) Gs/4(QrYsYKR), g3/4(¥) = (I;iﬂ% 83/4(QrY; Y KR),

R—o00 R—o00

where the limits on the right-hand side exist.
Proof. First we check that
lim Gy (1~ ¥5)®) =0,

Jim Gyi (1~ Qr)®) =0, lim Gy (T(I — Kg)) = 0.

It suffices to check the above relations for each operator Int(¢;), 7 = 1,2,..., N. Consider
first (I — Y;) Int(e);). Since

L-Y(%) < Y Ol —a40)7),

0<l<s<N-1

(6.3)

it follows from (6.1) that
Ga/a((1=Y5) Int(¢y)) S (M.(1-Y5))

3/4

3/8
S 0D Ue(m — z|(40) ) e Rak | < 6% =0, 60,

0<l<s<N-1
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and hence the first relation in (6.3) holds.
In a similar way one estimates (I — Qg) Int(¢);) and Int(¢);)({ — Kg). Estimate, for
example, the first of these operators. Since

1-Qr®) < Y ((lm|R7),
1<I<KN-1

it follows from (6.1) again that
Gs/a((I = Qr)Int(vy)) S (M..(1 - Qr))
3/8

< 3 [ ctmlryer ] gm0 mo o,
-

0<I<N-—1

3/4

whence the second equality in (6.3).
Represent W in the form

U =QrYaWKRr+ (I = Qr)¥Y + Qr(1 - Y5)¥ + QrYs¥(I — Kp),
According to (3.4),

G3/4(‘IJ - QRYVd‘I’KR)g < G3/4(([ - QR)\II)g

e

+ Gz/4(Qr(1 — Ya)‘I’)g + Gs/4(QrYs® (I — Kp))
< Gya((I - Qn)®)°

+ Ga/a((1— Y5)®)" + Gy (¥(T — Kp))".
By virtue of (6.3) the right-hand side tends to zero as 6 — 0, R — oco. By Corollary 3.2
this implies (6.2). O
At the next stage we partition the kernel
(6.4) Qn(%)Y3 (X)W (%, 2)Kn ()

of the operator QrYsW Ky on the right-hand side of the formulas (6.2). We do this by
introducing the cut-offs «9(|x — xk|5_1), k=0,1,...,N — 1, assuming that ¢ < §. In
view of the definition (5.6) it is straightforward to check that under this condition, we
have

N-1 N-1
Y3(%) 30|z — aile™) + Ys(%) [] ¢(12 — anle™) = Ya(%),
k=0 k=0

and hence the j'th component of (6.4) can be represented as follows:
N-1

(6.5) Qr(x)Ys(X)Y; (%, 2)Kg(z) = Z o xl6, R, e](x, x) + 7;[0, R, €] (%, z)

k=0
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®ikl0, R, e]l(x,x) = QR(&)Y(;(X)@(IQ: — xk|€_1)¢j(§c, r)Kgr(x), k=0,1,...,N—1,

N-1

76, Roe] (% 2) = Qr(®)Ys(%) [ [ ¢(le — wile™)s(%, 2) Kn(2).

k=0
First we show that the kernels 7;[d, R, €] and ¢;[0, R, ] give negligible contributions to
the asymptotics.

Lemma 6.3. For each 6 >0, R >0 and ¢ < one has
(6.6) Gaa(Int (7506, R,e])) =0, j=1,2,...,N.

Proof. By the definitions (5.6) and (1.11), the support of the kernel 7;[0, R, €] belongs to
the bounded domain

(1 Sus(e/2)n(Br)™.

0<I<s<N

The function 1), is real-analytic on this domain and it is uniformly bounded together with
all its derivatives, so that 7;[d, R, ¢] € C°(R3*Y). By Proposition 3.3, G,(Int(7;[0, R, ¢])) =
0 for all p > 0, and in particular, for p = 3/4, as claimed. O

Lemma 6.4. For each 6 > 0, R > 0 one has
(6.7) lim Gsa(Int (000, R,])) =0, j=1,2,...,N.
Proof. As zg = 0 by definition, the kernel ¢,[0, R, €] has the form

j0l0, R, €](%, 2) = Qr(%)Ys(%)1; (%, 2)0(|x]e ™) Kr(z).
Estimating QrYs < 1, Kr < 1, one sees that the singular values of Int(qﬁjo[ R,¢]) do
not exceed those of the operator Int(y;)a with the weight a(z) = 6(|z|e™"). By (6.1),

3/8
Ga/a(Int(¢y)a) S S.(a)** < ( / 9(\xls‘1)2dw) S50, -0
R3
This implies (6.7). O

Corollary 6.5. Denote by a6, R, e](x, z) = {a;[0, R, e]}}_, the vector-valued kernel with
the components

N-1
a6, R, e](x,x) = Z¢]k(5REX$)
k=1
Then for all 6 > 0 and R > 0, we have
G3/4(QRY:;\IIKR) = li_l;l[l)Gg/gl(lnt(Oé[é,R,g])),

6.8
(62) g3/4(QrY;WKR) = l%g3/4(lnt(a[5aR7€D)7
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where the limits on the right-hand side exist.
Proof. By (6.5), the kernel QgY;s1;Kr has the form
a;[0, R, el + ¢0l0, R, €] + 7516, R, €].
By virtue of (3.4) and (6.6), (6.7), we have
li_r)% G/a(Int (9500, R, €] + 7506, R, €]) = 0.
Now (6.8) follows from Corollary 3.2. O

Completion of the proof of Lemma 5.3. According to Lemma 5.2, under the condition
e < 0(0, R), the support of each kernel

Girl6Rel, j=1,2... N, k=12 .. N—1,

belongs to Qi (4, R, €), see (5.4) for the definition. Therefore one can use the representa-
tion (2.12) for the function ;:

N-1
a;lo, R, €](x, x) Z ®;kl0, R, €](x, x) ZQR 0(|lz — zxle” )fjvk(f(,:v)KR(x)
k=1

+ ZQR 0(|z — wgle™) |z — 2| p(k, 7) Kg(2).

Each term in the first sum on the right-hand side is C;°(R3*"). Thus, by Proposition 3.3,
the functional G, for the associated operator equals zero for all p > 0, and in particular,
for p = 3/4. The second sum coincides with the kernel Y;[0, R, €](X, x), defined in (5.11).
Therefore, by Corollary 3.1,

{G3/4(Int(a[(5, R,¢€])) = Gza(Int(Y[5, R, €])),
g3/4(|nt(a[57 R7 5})) = g3/4(|nt(T[5, R7 6]))7

for each 6 > 0, R > 0 and € < g¢(d, R). Putting together (6.2), (6.8) and (6.9), and using
Corollary 3.2, we conclude the proof of Lemma 5.3. O

(6.9)

7. PROOF OF THEOREMS 2.2 AND 5.1, 2.3

Lemma 7.1. The operator Int(Y[d, R, €]) belongs to Szjsec for all § > 0,R > 0,6 <
eo(d, R) and

(7.1) Gyya(Int(Y[0, Rye])) = goya(Int(Y[0, Roe])) = s / (Kr(t)Hs n(1)) " dt,

where

1/2

Hs p(t) = Qr(t)Y: ()(‘771 180 + 712(t, 1) ) , if N =2,
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and
(7.2)
N N-1 ) 1
H; r(t) [ZZ/ y |Qr(Xen, 1) Ys (R, )k (Ren, 6,1 dXp |, if N >3,
j=1 k=1 /RN

and fi q is defined in (3.17).
Proof. The kernel Y [0, R, €] (see (5.11)) has the form (4.2) with
a(x) = Kap(x), bjr(X) = Q2r(X)Ys/2(X),
Bik(%,2) = 0(|z — zxle™ ) Mju (%, 2) Qr(%) Y5 (%) Kr(z),
and the homogeneous function ®(x) = |z|. Here we have used the fact that
Qr(X)Q2r(X) = Qr(X), Y5(X)Y5(x) =Y5(x) and Kg(z)Kap(z) = Kr(z).

Therefore we can use Corollary 4.3. It is immediate to see that in this case the function
h defined in (4.3), coincides with Hj g, so that (4.7) entails (7.1), as required. O

Proof of Theorems 2.2, 5.1 and 2.3. By Lemma 5.3, each term in the relation (7.1) has a
limit as § — 0, R — oo. Therefore the integral on the right-hand side of (7.1) is bounded
uniformly in § > 0, R > 0. Assume for convenience that the function 6 defined in (1.11)
is monotone decreasing for t > 0. Therefore the pointwise convergencies

}/(;(ikJ\[,t) — 1, 0 —0 and KR(t) — 17QR<ik,Nat> — 1, R — o0,

are monotone increasing. By the Monotone Convergence Theorem, the integrand Kr(t)Hs g(t)
on the right-hand side of (7.1) converges for a.e. t € R* as § — 0, R — oo to an L¥*(R)-
function, which we denote by H(t), and the integral in (7.1) converges to

(7.3) M1,3/ (F () at.

If N =2, then this concludes the proof of Theorem 2.2, since in this case

Hs r(t) = (|1 (8, )7 + 72 (¢, 1)) )1/2

a.e. t € R3 and by virtue of (2.13) this limit coincides with H (t).

If N > 3, then the convergence to H(t) implies that for a.e. ¢t € R the function
Kg(t)Hs r(t), and hence Hs g(t), is bounded uniformly in ¢ and R. Applying the Mono-
tone Convergence Theorem to the integral (7.2), we conclude that the a.e.-limit

ik Fiey, 6, 8)| = lim | Qr(Xen, )Ys(Ren, )75 (Xin, £, 1),
—0,R—o0

belongs to L*(R*V=9), a.e. t € R?, and
lim  Hsp(t)=H(t), ae tecR?

6—0,R—00
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where we have used the formula (2.13) for H. Thus H = H € L¥*(R%). As (2.13) is
equivalent to (2.6), this completes the proof of Theorem 2.2.

An easy calculation shows that p3 = 371(2/7)%/%, so that the limit (7.3) coincides
with the coefficient A in (2.7). Together with Lemma 5.3 this completes the proof of
Theorem 5.1. As explained before, Theorem 5.1 is equivalent to Theorem 2.3. This
completes the proof. O
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