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A B S T R A C T

Quantum computing holds the promise to solve classically intractable problems.

While some beyond-classical computations have been demonstrated, a useful ap-

plication has yet to be shown. The biggest challenge is to scale up the number of

quantum bits and simultaneously increase the accuracy of elementary operations

in order to enable correction of errors. Silicon-based implementations promise to

enable compatibility with complementary metal–oxide–semiconductor technology

and hence a rapid scaling up. For the main part, this thesis is focussed on one

particular quantum computing implementation in which the qubit is represented

by the spin of the electron of a phosphorous atom in a silicon lattice. This im-

plementation holds the record for the longest coherence times, of the order of

days. So far, scalability with such donor-based computers is challenging because of

the requirement to precisely position donors in the silicon lattice in architectures

currently proposed. In this thesis, two architectures which do not require precise

placement of donors are presented: an implementation of a quantum computer in

a completely randomly doped sample and a scheme based on the electric dipolar

long-range interactions between donors using a translation of ideas from imple-

mentations with laser-cooled atoms. Furthermore, we discuss the simulation of

quantum materials with dopant atom arrays, in particular making precise predic-

tions for feasible small-scale proof of principle experiments. Lastly, a condensed

matter model which is known to be a symmetry protected topological state is

implemented into a quantum software library originally written for qubits which is

being expanded for use in continuous-variable systems. Our results work towards

enabling the implementation of large-scale quantum computation in silicon.
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I M PA C T S TAT E M E N T

It is still early days for quantum computers, yet the simulation time of the molecule

lithium hydride has already been reduced from 45 days to nine hours with super-

conducting qubits [1]. Silicon donor qubits have demonstrated some of the longest

coherence times: if the operations in this platform were to be fast, they could solve

complex problems by enabling many to take place. In this work, a novel way to

implement operations in silicon donors is found to be faster than existing operations

by a factor of four, with high fidelity. It also solves one of the main difficulties of

donor-based entangling gate fabrication, concerning the placement of the donors.

This work won best talk at the British Telecoms TFN conference (Fig. 0.1) and was

presented to the Quera cold atom quantum computing startup in Boston, and at

the Silicon Quantum Electronics Workshop in Barcelona and Soapbox Science in

London (https://www.youtube.com/watch?v=tt-gl6yPqCM).

Previously, exchange - the quantum spin-flip of electrons upon interaction - was

assumed to dominate the interactions in silicon donor excited states. However, our

open access publication shows that Van der Waals and induced dipolar interactions

are found to be equal in magnitude. This gives us a new handle with which to tune

and understand the system in the hope of observing Rabi oscillations.

The gate was developed for ionised selenium, arsenic and phosphorus. Fabrication

with arsenic has been developed by our group and I was involved in experiments

in which we showed that it has a higher activation than phosphorus (more of the

dopants become part of the crystal when overgrown with silicon), and better surface

immobilisation and confinement - which could prove crucial in solving existing

fabrication challenges.

Random distributions of silicon dopants are at the heart of modern-day elec-

tronics, providing a considerable advantage for implementing quantum computers.

Examining the feasibility for this led to a study of isolation and clustering of events

in two overlapping Poisson point processes, which we believe had not been solved

to date. This is relevant in all other Poissonian random distributions in which, for

example, 1/e (∼ 37%) of events are isolated by the average volume from any other

event.

Random and lattice-based quantum simulation allows near-term understanding

of complex quantum systems. Parameter regimes for superconductivity, "pseu-

dogap" or "charge-density wave" phases are challenging for cold atoms [2] - the
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Figure 0.1: Explaining quantum computing. Winning talk (live, online) at British Telecom’s

TFN Conference, UK, October 2020. Image from ucl.ac.uk/quantum/news/

2020/oct/students-win-top-prizes-bt-sponsored-conference

leading Hubbard model physics platform - but theoretically accessible to donors.

Towards this goal, Le’s simulations of donor arrays [3] have been taken one step

further towards predicting accurate experimental signatures of this model.

Bosonic error correction has demonstrated a factor of two improvement in fidelity

over physical qubit encoding [4]. Having spent one year employed by IBM to

work part-time for the quantum computing software Qiskit, I joined a team at

Yale in adapting Qiskit to continuous-variable systems, which have the potential to

implement bosonic error correction.
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Part I

Q UA N T U M C O M P U T I N G A N D Q UA N T U M S I M U L AT I O N
W I T H D O N O R S I N S I L I C O N

Quantum computation holds the promise of using quantum logic to

solve certain currently intractable problems. Quantum simulation pro-

poses to make use of the tunable parameters of many-body quantum

systems to understand the behaviors of quantum systems which are

harder to study directly. In this part the silicon donor platform is intro-

duced in the context of quantum computation and quantum simulation.





1
Q UA N T U M C O M P U T I N G

1.1 introduction

In a classical computer, a bit is an electrical current, voltage or magnetic moment

that is on or off. Two bit gates (such as XOR) are implemented with transistors. In

general, the bigger the problem the longer it takes for a computer to solve it. The

time it takes to solve most problems for which we use classical computers today

scales polynomially with system size (Polynomial (P) class). However, the time

required to solve some problems, such as factoring, map coloring1 or finding the

ground state of a quantum system, scale exponentially with the size of the problem

(Non-deterministic Polynomial (NP) class) [9, 10].

Figure 1.1: Computational complexity of problems which can be solved by classical and

quantum computers. Inspired by Scott Aaronson’s article ’The Limits of Quan-

tum Computers’ [10].

In a quantum computer, a quantum bit is a quantum object in a superposition

of on and off, such as the spin of an electron or the state of a two-level atom. Two

1 In the map coloring problem, a map has to be colored in three colors such that the two same colors

never touch. The number of countries is the system size.

3
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qubit gates (such as CNOT, the quantum equivalent to XOR) are implemented using

entangling operations constructed using physical interactions such as the Rydberg

blockade, phonons or exchange interactions [6, 11, 12]. The computations accessible

with this technology can solve certain NP problems (referred to as Bounded-error

Quantum Polynomial time (BQP) problems) in polynomial time [10]. Therefore,

having access to quantum computers would enable us, as a society, to tackle a set

of currently inaccessible computationally harder problems [13].

Although all the problem types contained in BQP are not known yet we do know

that it contains factoring and discrete logarithm [10], and that it is clearly well

placed to solve problems of an inherently quantum nature (using a quantum system

to emulate another quantum system is referred to as quantum simulation). We can

directly see the impact of this with RSA encoding for example, which relies directly

on factoring large numbers [14]. This public-key cryptosystem is widely used by

banks for secure data transmission because it takes an exponential amount of time

to crack on classical computers or supercomputers. However, a quantum algorithm

has already been found which would crack the codes in polynomial time [15, 16].

Figure 1.2: How computation time scales with problem size, in the context of problems

belonging to class P or NP.

Because exponential time only provides a speed-up over polynomial time for

large problem sets (see Fig. 1.2), for universal quantum computers to solve problems

which are not currently accessible they will also need to access this large mathemat-

ical space. However, scaling up is slow. Before increasing qubit count, increasing

the quality is crucial. Entanglement - the inter-linking of one quantum system’s

properties with another’s - which is in part responsible for the power of quantum

computers, is also responsible for decoherence - loss of quantum information due

to entanglement of the system with unmonitored degrees of freedom - which leads

to collapse of the calculation2.

2 It is useful to compare the progress of calculations possible on today’s noisy intermediate scale

quantum devices with the best algorithms run on classical computers. One example might be matrix

product state techniques [17] which can accurately capture the ground states and quantum dynamics
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The fidelity - the accuracy with which a target state is produced using a quantum

operation on an initial state - is limited by decoherence in the system. To a certain

extent, tolerance to small losses of the quantum information can be countered with

error-correcting schemes [19, 20], however, it is essential that in the first instance,

single and multi-qubit gates (such as, for example, the CNOT gate introduced ear-

lier) are chosen such that they provide the highest fidelity possible3. This consitutes

one of the main challenges in the physical development of quantum computers. For

most implementations, single qubit gate fidelities are now extremely high, and it is

the entangling gate fidelities which are the limiting factor. Having experienced first

hand some of the challenges encountered by experimentalists in trying to fabricate

quantum systems which are well-isolated form the environment during the first

years of my PhD (the first part of this thesis is based on the work I did in the scan-

ning tunneling microscope laboratory at the London Center for Nanotechnology), I

started to appreciate the importance of finding theoretical schemes which lead to

experimentally feasible, robust, high fidelity entangling gates, which are explored

theoretically in parts iii and iv).

Universal quantum computers are sometimes referred to as digital quantum

computers due to their resemblance with digital classical computers. This is because

any problem can be encoded in an algorithm based on the available gate sets.

Contrarily, analogue quantum simulation consists of tuning parameters in an

existing system to make it resemble a different quantum problem of interest.

Because the path to universal fault-tolerant quantum computation is lengthy and

incredibly well-controlled quantum systems are built-up on the way, experiments

designed to help with engineering digital quantum computers are currently often

also used for analogue quantum simulation. Although a quantum simulator cannot

be adapted to all different quantum problems, it can be a wonderful resource if the

problem type is well matched, as quantum simulators provide a highly controllable

setting without the need for error-correction. Often, one quantum problem can

be made analogous to another quantum problem or system, meaning that atoms,

electrons and other particles in quantum simulators are ideally placed to help us

of systems with low (area-law) entanglement. These classical simulations do not introduce error via

decoherence, although certain approximations can inherently introduce errors which grow with the

system size. For a "two-dimensional array of 54 qubits and a circuit with control-Z gates, error rates

better than state-of-the-art [quantum] devices can be obtained on a laptop in a few hours" [18], which

provides a useful benchmark.
3 Even for the surface code [21], one of the most famous error-correcting schemes, it has been argued that

the experimental two-qubit gate fidelities must surpass 99.9995% to ensure that logical computation

gates experience an error rate lower than 1% [22]. Alternatively, the threshold fidelity of the surface

code is 0.99, provided there is no leakage, gates can be performed in parallel, and the two-qubit

interaction is the dominant source of error [21].
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understand how matter behaves at the atomic and sub-atomic level - a crucial step

when developing new materials, or answering questions about the universe. In this

way, they might also help us develop new materials for carbon capture [23], discover

new drugs or protein structures [24], and ultimately, help us answer fundamental

questions about the universe [25]. During my PhD, I have also taken an interest

in quantum simulation, in the final two projects. The topic of analogue quantum

simulation will be developed further in the next chapter.

1.2 comparing quantum computing platforms

The engineering and physics community is pursuing an international effort to

explore a few different quantum computing implementations such as: trapped ions

(IONQ, Alpine Quantum Technologies, Honeywell/Cambridge Quantum Comput-

ing), superconducting and bosonic encoded qubits (IBM, Google), topological qubits

(Microsoft), cold atoms (Quera), photonics4 (PsiQuantum, Xanadu), semiconductor

donors (Silicon Quantum Computing) and dots (QuTech/Intel). Various ways of

quantifying the power of a universal quantum computer have been proposed. A

popular one is "quantum volume"5 introduced by IBM in 2018 [26]. It quantifies the

largest random circuit of equal width (numbers of qubits) and depth (longest path

for the quantum information in a circuit) that the computer is able to successfully

implement. However, this disadvantages computers which can access large depths,

which can also been seen as the number of operations which can be carried out

before the system decoheres, for which high entangling gate fidelity is required;

this can be considered harder to improve on than width, i.e. number of qubits.

Therefore, performance measures are constantly under revision by the scientific

community. In Tab. 1.1 characteristics of some of the most important platforms are

directly compared.

Donors have the furthest to go with regards entangling gate fidelities, whereas

technologies based on superconducting devices and ion traps are much higher, as

4 Photonic platforms aim to implement measurement-based or ’one way’ quantum computing which is

inherently different to the type of quantum computing discussed in this thesis (gate-based quantum

computing in which the gates performing the computation create an entangled state which is then

measured). Measurement-based quantum computing requires the preparation of a highly entangled

starting state (which can always be prepared in the same way) and the gates are made by making

consecutive measurements on the qubits where the basis for each next measurement is conditioned

on the previous measurement outcome. However, the final result of the two types of computing the

same. Although the methods differ, they can implement similar types of quantum problems.
5 Many factors contribute to the performance of a system when measuring quantum volume, such as:

gate fidelity, coherence, gate parallelism, number of qubits, qubit coupling map, crosstalk, initialisation

and measurement fidelity, calibration and spectator errors and circuit optimisation [26].
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Donors Dots Cold atoms SCQ BEQ Trapped ions

Gate fidelities 86.7% [12] 90% [27] 95% [6] 99.7% [28] 99% [29] 99.92% [30]

Qubit lifetimes min/h [31] sec [32] ms [33] ∼ 0.1 ms [34] ms [4] 10 min [35]

Gate duration ∼1 ns [12] ∼20 ns [27] 0.4 µs [6] 60 ns [28] 190 ns [29] 30µs [30]

CMOS/packing yes/high yes/high no/low yes/high yes/lower no/low

Dimensionality 1D/3D [36] 1D/2D [37] 2D/3D [38] 2D/2D [39] 2D/2D [4] 1D/2D [40]

Tuning Medium Intensive Low Intensive Medium Low

Activation 80% [41] 95% 100% [38] 99% 99% 100%

Operation T ◦ 4 K [32] 4 K [32] RT* [33] 10’s mK [42] 10’s mK [42] RT* [42]

SCQ: superconducting qubits.

BEQ: bosonic encoded qubits.

CMOS: technology based on cleanroom fabrication which holds the promise of easy

integration with Complementary Metal–Oxide–Semiconductor technologies.

Packing: density of electrical contacts leading to over-crowding and cross-talk problems.

Dimensionality: current/feasible (with citations) connectivity between qubits.

Tuning: requirement to find optimal working points of individual qubits before use.

Activation: probability that a qubit in a fabricated device is operational.

Operation T ◦: current operation temperatures. *Room-temperature & ultra-high vacuum.

Table 1.1: State of the art of quantum computing in 2021. In all categories the most fa-

vorable existing experimental demonstration was chosen, except gate durations

chosen to be consistent with the chosen two qubit gate fidelities (ie. from the

same experiment). Two qubit gate fidelities are considered to be the limiting

factor so single qubit gate fidelities are not considered here. All-to-all connectivity

between qubits, discussed in the text, is only possible for trapped-ions.

can be seen from Fig. 1.1. One of the main focuses of my PhD has been developing

new kinds of entangling gates in donors in silicon with high fidelity.

’Packing’ represents the density of electrical contacts required to operate the

qubits. Implementations which are controlled optically often bypass this limitation

(using light to couple qubits instead of electrical gates) and so it is in general a direct

reflection of the ’Complementary Metal-Oxide-Semiconductor (CMOS)’ category, as

they often require extensive use of electrical contacts leading to over-crowding of the

sample and cross-talk problems; however, bosonic encoded qubits provide the best

of both, with CMOS compatibility and hardware efficent encoding of the quantum

information. This can be better understood in terms of error-correction where many

physical qubits are required to represent one logical qubit such that if one physical

qubit decoheres, the information is not fully lost. Many implementations require
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one physical element per physical qubit and therefore many physical elements and

inter-connects for one logical qubit. Bosonic encoded qubits correspond to multi-

photon states, for example generated inside microwave cavities in the circuit QED

architecture which provide access to a large Hilbert space for encoding information,

and are therefore capable of forming a logical qubit in a single piece of hardware [4].

In the section about ’Dimensionality’, current qubit layouts are compared to

achievable ones for which proof of principle experiements have already been

published. Certain platforms are more limited than others, for example, ion traps

and dots are finding it especially challenging to operate 2D systems [37, 40].

’Tuning’ refers to the requirement to find optimal working points of individual

qubits before the start of calculations, which for example currently seriously im-

pedes progress in quantum dot devices [43]. This tends to be a stronger requirement

for ’synthetic’ atoms as the qubit transition frequencies must be tuned and the

medium created with cleanroom fabrication technologies is not as well controlled

as the vacuum or the crystal used for natural atoms. However it should also be

noted that natural atoms such as donors can also suffer Stark or Zeeman shifts

(notably inhomogeneous broadening, or inteface roughness and charge traps can

influence the properties of donors in silicon [44]) and cold atoms and trapped ions

can suffer from magnetic field fluctuations if the qubit is encoded in the hyperfine

levels for example.

In all clean-room fabrication there is a small probability of error, and in general,

the smaller the required dimensions, the higher the required precision and the more

likely the error. ’Activation’ refers to manufacturing defects and the probability that

a qubit in a final device is operational. In the donor platform specifically, where the

qubit is an electron of an atom, the term ’activation’ depends on the phosphorus

atom being substitutional in the silicon lattice after overgrowth. If it is not, no matter

how well the electrical gates are fabricated or how precisely the other activated

donors surrounding it are positioned, that donor will not be able to be used. For

cold atoms and trapped ions however, the technology is modular and atoms can be

easily rearranged if certain traps end up without an atom.

In Tab. 1.1 the final line reflects the advantage of silicon dot and donor platforms

for higher-temperature operation, which is desirable because cryogenic cooling is

onerous both financially and environmentally. Cold atoms and ion traps do not

require cryogenics due to laser cooling, however, they can only operate in ultra-high

vacuum [6].

Connectivity between qubits should also be considered as being able to perform

gates between any two qubits in the system provides a formidable advantage.

All-to-all gates are only possible for ion-traps [11]. Photonic links provide access
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to long-range gates for other systems such as cold atoms and superconducting

qubits [45].

The work presented in this thesis is mainly focused on the silicon donor platform,

although bosonic encoded qubits in circuit Quantum Electro-Dynamics (QED) will

also be touched upon in part vi. As has been discussed, trapped ions have high

fidelity entangling gates but struggle to expand beyond one spatial dimension, cold

atoms have a long history in quantum simulation due to being so controllable, but

struggle to get high two qubit gate fidelities, superconducting qubits and quantum

dots have the potential to be scalable, despite having all the noise sources associated

with solid state platforms and the requirement for tuning. In the following, we will

discuss some of the reasons why researchers should continue to pursue quantum

computing in donors in silicon.

1.3 quantum computing with donors in silicon

Research with donors in silicon, the most important material in the electronics in-

dustry today, is pursued by groups worldwide because of the following advantages:

• Potential for operation at temperatures of a few Kelvin

• Extremely long coherence times of the order of hours or seconds6:

– Nuclear spins in phosphorous donors in silicon (Si:P), 3 hours at 1.2 K

and 39 minutes at room temperature [48]

– Electron spins in multi-donor Si:P, 30s at 0.1 K [49]

– Electron spins in single-donor Si:P, 10s at 1.8 K [50]

• Scalable, using semiconductor technologies which allow integration on chip

with classical, well characterised and controlled CMOS electronics [51]

• Precision donor and gate placement capabilities:

– hydrogen lithography (for atomic precision) [52, 53]

– electron beam lithography (for tens of nm precision) [53]

Substitutional shallow donors in silicon resemble the hydrogen atom with an

extra proton and electron compared to the rest of the surrounding silicon atoms. If a

shallow donor is substitutional (’activated’) in the crystal, ie. replaces a silicon atom,

then four of the five valence electrons will be bound to the surrounding silicon

6 It is interesting to compare the cohrerence times of silicon donors to electron spins in quantum dots

which are around 9s at 0.01 K [46], and nuclear spins in Nitrogen-Vacancy (NV) centers which are

around 2 s at room temperature [47].
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atoms with a tetrahedral layout, leaving the extra electron in the potential well given

by the extra proton. This extra electron provides a natural Hilbert space to encode

qubits [54]. However, a major difficulty is presented by the oscillatory nature of the

exchange interactions used to couple the qubits (due to the electron wavefunction

coupling six conduction band minima - see part iv for details). The decoherence

times of the nuclear and electron spins of 31P discussed previously benefit from

isotopically pure 28Si and/or field-insensitive “clock transitions” [48, 55].

Initialisation [56] and readout [57, 58] and single-qubit operations have been

demonstrated on single electron spins, via electron spin resonance [59] and donor-

bound exciton spectroscopy [60, 61]. Single qubit readout has been shown to

achieve 99.8% to 99.9% fidelity in silicon donors [49, 62]7. However, in addition to

initialisation, readout and single-qubit operations, a two-qubit entangling gate is

required for universal quantum computation [63].

Several proposals to realise entangling gates in silicon exploit the exchange in-

teractions between ground-state electronic states; as mentioned previously, these

interactions are strongly oscillatory because of interference between the different

valley components of donor wavefunction [64]. A table of recent gate implementa-

tions is shown in Fig. 1.3. For donors, they typically require atomic-scale precision

in the positioning of the donors [65]. This needs specialised lithography based

on selective removal of hydrogen atoms by scanning tunnelling microscope [66]

and subsequent deposition of donor species [67], a delicate and resource-intensive

technique [67–69] which we discuss in part ii.

In silicon donor electron spin qubits, the first and most recent two qubit entan-

gling gate was demonstrated by the Simmons group in 2019 [12] between dots

of two and three phosphorus donors. It was shown to have an overall fidelity of

86.7% which was limited by charge noise [70] which has an impact on the exchange

interaction [12]. In parts iii and iv, we explore novel implementations of entangling

gates between the electron spins of individual phosphorus donors, which use the

higher-lying excited states as intermediary levels. We use the Stoneham-Fisher-

Greenland gate [8] in part iii to study the feasibility of implementing a quantum

computer in randomly doped silicon. In part iv, we find a way of using the Rydberg

gate (originally conceived for the cold atom platform [5]) with electron spins of

donors in silicon. We find that the Rydberg entangling gate has the advantage of

being fast (of the order of tens of nanoseconds) compared to the qubit lifetime (on

the order of tens of seconds [50]) enabling billions of calculations to take place

before decoherence takes place, and being robust to oscillations in the exchange

interaction thereby tolerating less stringent fabrication requirements.

7 See [62] for a table of all the published single qubit readout fidelities in silicon donors.
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Figure 1.3: Recent entangling gate implementations in silicon. Note that the gate imple-

mented by the Tarucha group was for the generation of a three qubit GHZ

state.

In the silicon platform - compatible with well-established clean-room fabrication

techniques - the high qubit densities required for error correction (and other

known quantum algorithms) of around 106 to 108 physical qubits [51] have the

hope of being achieved. Each qubit needs to have an input-output connection.

Current processor chips however, which have similar fabrication procedures, have

around 103 input-output connections, which is well below the 106 − 108 range,

but above the accessible number for certain other platforms. Multiplexing or on-

chip control logic are being explored [51]. The entangling gate types discussed

in this thesis could help with these requirements by introducing optical control,

as opposed to electrical control. This could help alleviate the requirements for

electrical connectivity inside the silicon crystal which can contribute to decoherence

due to, for example, unwanted strain [71] or stray electric fields.8.

8 Single qubit gates and readout for donors in silicon however would still require individual electric

addressing of the qubits, unless donor bound exciton spectroscopy is used in conjunction with the

inhomogeneous broadening of every donor’s energy spectrum [72].





2
Q UA N T U M S I M U L AT I O N

2.1 introduction

Analogue quantum simulation will enable us to continue solving open problems

while simultaneously finding ways to overcome the engineering challenges required

for fault-tolerant digital quantum computers to gain full access to the BQP time

complexity class. Often, both quantum simulation and computation can be carried

out on the same experimental platform, as analogue quantum simulation consists

of tuning parameters in an existing system to make it resemble a different quantum

problem of interest. This means that developing new techniques and converting

concepts from one platform to another could reap benefits for both approaches.

As discussed in part iv, we theoretically demonstrated the benefits of an adapted

Rydberg entangling gate, initially developed in the context of cold atoms, for

donors in silicon [73]. The associated Lindblad calculation may in turn present

benefits for implementation in cold atoms. This raises the question of whether

there exist further ways in which the solid state and cold atom platforms - which

are highly controllable and have a long history in quantum simulation - can be

complementary. In the following, we explore how donors and circuit QED might

be able to access parameter regimes for certain models which cold atoms or other

quantum simulators such as ion traps cannot.

Fig. 2.1 compares some of the most studied models in quantum physics1 in terms

of appearances in paper titles2. The Standard model is the fundamental theory of

particle physics describing the strong, electromagnetic and weak forces (but not

gravity, the weakest force) as well as classifying all known elementary particles

(the up, down, strange, charm, top, and beauty quarks and the electron, electron

neutrino, muon, muon neutrino, tau, and tau neutrino). Quantum simulation of

lattice gauge theories is in its infancy [74]. The Ising model is a paradigmatic model

in the study of phase transitions: it is a mathematical model of ferromagnetism

in statistical mechanics in which each site represents a spin. The Ising model is

classical but deviations such as the transverse field Ising model are quantum. The

Hubbard model, studied in part v comes in third following the Standard model

1 Except strictly speaking the Ising model which is classical - the transverse field Ising model is

quantum.
2 I have tried to include the most important models although there will be many missing

13
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Figure 2.1: Most studied models in physics: comparison using the words in the title of

papers on Google scholar.

of particle physics and the Ising model. It is followed closely by the Heisenberg

model for which we propose a quantum simulation using two species of donor

in silicon in part iii. In part vi, we propose a way to create the AKLT state with

bosonic encoded qubits in the circuit QED platform3.

2.2 the fermi-hubbard model

The Fermi-Hubbard (FH) model is conjectured to describe the essential features

of the cuprates [75, 76], a class of materials showing a range of phenomena re-

lated to strong correlations between electrons, such as unconvential, d-wave, high-

temperature superconductivity as well as “bad metal” phases characterized by

linear-in-temperature resistivity as well as a crossover to a phase with a “pseudo-

gap”, which seemingly violates Luttinger’s theorem due to strongly pronounced

Fermi-surface pockets [2]. Furthermore, high-temperature superconductivity could

enable loss-less transport of electricity worldwide. For this reason, understanding

how it comes about and which materials can host high-temperature supercon-

ductivity (having to cool electrical wires for them to transport electricity without

resistance is not as energetically interesting as leaving them at room-temperature)

is not only interesting, but it is of prime importance.

High temperature superconductivity is an example of an emergent effect arising

from strong quantum interactions in a many-body system. The collective effects

3 The AKLT Hamiltonian is the Haldane Hamiltonian with the variable parameter of the model set to a

fixed value
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arise from large particle numbers making the solution intractable on a classical

computer. Therefore, despite its importance in describing condensed matter systems,

the FH model defies a theoretical solution in the regime of low temperatures and

high doping, making it a target for quantum simulation. In particular, it is not clear

to date whether the FH model describes high-Tc superconductivity.

In a similar way to the Ising model, the Hubbard model also describes electrons

on a lattice, while including their charge dynamics. It describes interacting particles

on a lattice with two terms: a kinetic term allowing for tunneling ("hopping") of

the particles from lattice site to lattice site, and an on-site interaction potential term

which refers to the Coulomb energy of two particles occupying the same site:

H = − ∑
<ij>,σ

tij(c†
i,σcj,σ + c†

ji,σci,σ) + U ∑
i

ni,↑ni,↓, (2.1)

where tij the tunnel coupling between site i and site j, c†
iσ the fermionic creation

operator of spin σ at site i, niσ = c†
iσciσ is the number operator, U the on-site

interaction (resulting from Coulomb repulsion between electrons) and 〈ij〉 refers to

neighbouring sites. It is one of the simplest many-particle models which cannot be

reduced to a single-particle model [77].

In the large U regime, referred to as the strongly correlated regime, at half-filling

(ie, as many particles as there are sites), the Hamiltonian is reduced to a purely spin-

model which we will come back to in section 2.3.2, as the electrons are discouraged

from moving between lattice sites due to the large fine paid if both occupy a single

site. It is the antiferromagnetic nearest-neighbour Heisenberg model with exchange

constant J = 4t2/U, which shows a finite-temperature phase transition from a

paramagnet to an antiferromagnet in three spatial dimensions. Although there is no

such phase transition in 2D due to the Mermin-Wagner theorem, in finite systems

an antiferromagnetic phase can be seen if the correlation length is much larger than

the system size. The negative U regime is an attactive regime, as the energy of the

system gets lowered by more than one particle occuping the same site. Furthermore,

it can be symmetrically mapped to a positive U model with the center-point being

at half-filling.

2.2.1 Quantum simulation of the FH model

2.2.1.1 Cold atoms

In the last years, substantial progress has been made in performing quantum

simulation of the Hubbard model with quantum gas microscope experiments [78], in

which ultracold Fermionic atoms are loaded into an optical lattice and subsequently
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Figure 2.2: The areas of the phase diagram of the cuprates which have been explored by cold

atoms, and the remaining areas to be explored below T/J ≤ 0.5 as a function of

doping δ. Reproduced with permission from [2].

measured with single-site resolution. In this way, the antiferromagnetic phase

around half-filling [79] has been observed, as well as a classification of which theory

may be better suited to describe the phases at higher doping [80]. Furthermore,

linear-with-temperature resistivity has been observed in an attractive FH model [81],

a result which may be soon extended to the more relevant repulsive version of the

model.

Cold atoms have the advantage of being highly controllable and in particular can

access finite doping. The tunneling rate t is small as the lattice spacing is around half

the wavelength of the laser creating the optical lattice (∼ 0.5µm). Therefore, even

though experiments work at µK absolute temperatures (due to laser cooling), the

lowest ratio T/J achieved is around 0.5 [2]. These temperatures are not low enough

to reach the superconducting phase (see Fig. 2.2). Additionally, in these systems,

transport measurements and Angle Resolved Photo-Emission Spectroscopy (ARPES)-

type measurements of the spectrum are hard, but not impossible (c.f. Refs. [82, 83]),

and in Ref. [84] we explore protocols for implementing time-dependent ARPES in

quantum gas microscopes.

High temperature superconductivity is only expected to appear for ratios of

temperature T to super-exchange J = 4t2/U of around T/J < 0.01 [2]. In this project,

we investigate the possibility of using the donor platform in silicon to simulate the

FH model and access certain parameter regimes which so far have been unexplored

experimentally (see Fig. 2.2).
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2.2.1.2 Donors

Donors and dots have already been shown to reach ratios of temperature T to

super-exchange J = 4t2/U of 0.03 [85, 86]. In quantum simulations with dangling

bonds or donors in silicon, the hopping strengths are much larger due to the small

distance between lattice sites. For example, an experimental quantum simulation

of a two-site Hubbard model has been performed [85] (with two boron acceptors),

with temperatures claimed to reach J/100 at 4 K, which would be low enough to

see both high-Tc superconductivity and the pseudogap. However, whereas cold

atoms can reach system sizes of hundreds of sites, for example 30× 36 sites [87],

quantum simulations of the Fermi-Hubbard model in donors and dots have so

far only reached two and three sites respectively [85, 86]. Charge transitions in a

silicon quadruple dot [88] and Nagaoka ferromagnetism in a dot plaquette [37]

have also been investigated. Cold atoms can take snapshots of their system with

multi-site correlation functions but donors cannot. Donors can measure the local

density of states or the conductivity, which cold atoms cannot. Hence, donors offer

a complementary platform to cold atoms.

Further studies of the Hubbard model with donor atoms in silicon include

transport measurements in ion implanted chains of up to six arsenic donors [89]

and 20 phosphorus donors [90], a study of the tunnel barrier in asymmetric donor

devices [91] and a recent study of atomic scale control of tunneling [92]4. The

study by Le et al. [3] was the first to consider the influence of long-range Coulomb

interactions in the donor studies of the Hubbard model. Since then, there has

been a second feasibility study of donors in silicon providing a reliable quantum

simulation platform for the FH model [94] as well as a study of the tunneling in a

1D chain of donors [92]. The study using dangling bonds on tin also claimed to

quantum simulate superconductivity5 [95].

2.3 spin models

Spin-models, as expected, only deal with the spin degree-of-freedom, ie. without

considering the charge which was taken into account in the Hubbard model.

They can be classical (for example the Ising model) or quantum (for example the

4 In the context of studies of the Hubbard model which are made on solid state platforms as opposed to

cold atoms, I will also highlight the recent realisation of a Mott insulator on a hole-doped triangular

lattice created with dangling bonds on tin [93].
5 The observed critical temperature would be consistent with phonon-mediated coupling however it

has been argued that the Mott correlations in the dangling-bond surface state may suppress S-wave

pairing [95].
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transverse-field Ising model) and are used to explain magnetism, topology or phase

transitions. Because, as discussed previously, many experiments contributing to the

development of digital quantum computers are simultaneously used in the near

term for analogue quantum simulation, spin models are often extremely relevant

because they provide an immediate application for large arrays of spin qubits (it is

in general easy to make many qubits, what is challenging is coupling them with

high fidelity among other things).

2.3.1 Spin 1/2: Heisenberg model

Table 2.1: Comparison between cold atoms - the gold standard platform with a long

history in quantum simulation - and donors for quantum simulation. (g) refers

to the ground state 1sA and (ex) refers to the excited states, usually the 2p0

or 2p+−. In donors the n > 2 states have such short lifetimes, of the order

of picoseconds, that they are difficult to generate reliably and use. Quantum

simulation benefits from the availability of many different platforms all providing

access to different hamiltonians and/or slight variations on parameter regimes.

In the insulating regime of the Hubbard model - large U regime at half-filling -

the model can be mapped to a Heisenberg model, as discussed previously. In part iii,

we propose a quantum simulation of a dual-species Heisenberg model in which

optical control of one species is used to controllably switch on the interactions with

another species in a randomly doped sample.

Donors in their ground state are dominated by the Heisenberg ferromagnetic

exchange interaction term Jex in line 6 of Tab. 2.1, which differentiates them to
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cold atoms which are dominated by long-range interactions. However, whereas

in quantum simulation using cold atoms interactions can be tuned using various

excited states, I propose in this table to tune interactions in donors using the ground

and the first low-lying states. In part iv, we show that donors in their excited

states, contrary to previous assumptions that they were dominated by the exchange

interactions, in fact carry a large contribution from long-range dipolar interactions.

We propose a dual species quantum simulation of the Heisenberg model in

part iii.

2.3.2 Spin 1: Haldane and AKLT models

The Haldane chain, which we study in part vi, is a paradigmatic model which has

profoundly changed our understanding of the effect topology has on classifying

different phases of quantum matter [96]. The integer-spin Haldane chain has the

following Hamiltonian:

H = ∑
j

(
J(~Sj · ~Sj+1) + D(Sz

j )
2) (2.2)

= ∑
j

(
J(Sz

j · Sz
j+1 +

1
2
(S+

j · S
−
j+1 + S−j · S

+
j+1)) + D ∑

j
(Sz

j )
2). (2.3)

The Heisenberg anti-ferromagnet is the stabilising part of the model, while the

second term represents the uniaxial single-site anisotropy.

The ground state is a disordered state, with symmetry-protected fourfold-degenerate

edge states. The edge states are fractional spin excitations: the spin chain has integer

spin, such as spin-1, but the edge spins can be broken down leaving a spin-1/2 at the

very edge. In the bulk, it is characterised by vanishing two-point spin correlations

and a characteristic non-local order parameter [97, 98].

The Haldane phase has the following properties:

• Robustness of the “fractionalised” edge states The chain is made up of integer

spins (SO(3) symmetry). The edge of the chain fractionalises into spin-1/2

(SU(2) symmetry). It has no spontaneous symmetry breaking, so the spin

correlation function 〈SZ
k SZ

k+d〉 is short-ranged [96]. However, the string order

parameters can detect the fractionalisation:

gO,U(d) = 〈Ôk
( k+d−1

∏
l=k+1

Ûl
) ˆOk+d〉 (2.4)

where Ûl is the on-site symmetry with l the unit cell, and Ôk is the endpoint

operator, with d the string distance [96]. Choosing Ôk = Ŝz
k and Ûl = R̂z

l =

exp(iπŜZ
l ), for example, enables the characterisation of the Haldane phase
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because the string order parameter will only be non-zero in the topological

Haldane phase [96].

• “Hidden” antiferromagnetic order in the bulk. The integer spins in the bulk of

the chain exhibit anti-ferromagnetic correlations interlaced with an arbitrary

number of Sz = 0 elements (for example for a spin-1 system S = +1 can only

be followed by S = 0 or S +−1 and vice-versa for S = −1)[96]. This pattern

can only be revealed through non-local string correlations that are sensitive to

the local spin states.

• Robustness of the symmetry protected topological state (a state which has

short-range entanglement and symmetries) to density fluctuations has been

shown [96].

The following model is in a gapped Haldane phase for −1 ≤ α ≤ +1:

Ĥ = ∑
j

~Sj · ~Sj+1 + α(~Sj · ~Sj+1)
2, (2.5)

choosing α = 0 gives the Heisenberg model. Choosing α = 1
3 gives the AKLT

model, which is therefore in a gapped Haldane phase and has the properties listed

above. The AKLT model was developed by Affleck, Lieb, Kennedy and Tasaki [7],

motivated by a conjecture of Haldane which predicts a spectral gap6 for any one-

dimensional integer-spin Heisenberg anti-ferromagnet. The ground state can be

written down analytically and it is heavily used in the context of matrix product

states and symmetry protected topological states (and has therefore recently been

proposed as a starting state for measurement-based quantum computation [100]).

In part vi we propose a quantum simulation of the AKLT model using bosonic

encoded qubits, as a proof of principle for the bosonic encoded qubit software

package which is in development by the Co-Design Center for Quantum Advantage.

2.4 what could donors bring to the table?

In the following, we compare the donor and cold atom platform (with Fig. 2.1

in mind), in order to establish the tools which donors could bring to quantum

simulation. Of course, other platforms may have overlapping capabilities, but

considering cold atoms is one of the longest standing platforms when it comes to

quantum simulation, this is a good starting point.

6 A Hamiltonian is gapped if it has a spectral gap (which doesn’t close at any point) separating the

ground state from the excited states. Spectral gaps have implications on the system’s low energy

physics [99]
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Figure 2.3: Tools of the donor platform which could provide useful for the quantum simu-

lation of various models.

Cold atom quantum simulation platforms have access to multi-site density-

density correlation functions [79], however spectral functions [83] and transport [81,

101] are challenging. In the solid state though, techniques such as Scanning Tun-

nelling Microscopy (STM), ARPES and conductivity measurements are routine but

’snapshots’ are challenging to measure, although in principle possible via multi-tip

NV-center magnetometry and STM [102]. It must be noted however that ARPES can-

not to date be carried out on single donors, but can only be done in a bulk sample

or on 2D layers [103].

Usually the solid state is associated with the presence of disorder which makes

it a surprising choice for a quantum simulator. Recent advances, such as the use

of isotopically purified silicon-28 [104] offer a much cleaner environment which

enable long donor spin coherence times.

Donors in silicon are not neutral like cold atoms, making them susceptible

to magnetic fields, crucial for inducing flux through plaquettes for simulation

of interacting topological models [105]. Tweezer arrays [38, 106] compete with

hydrogen lithography in silicon for designer lattice structures, however donors do

not require external fields or electrodes to act as trapping potentials.

Doped silicon is one of the rare platforms which enables studies of the role of

dimensionality (3D, 2D or 1D). Dimensionality can dramatically alter the electronic

properties of a material in dynamical quantum simulations involving randomly

coupled spins (involving SQUID or NV-center magnetometry, donor-bound exciton

spectroscopy, spin-resolved STM measurements) or charges (STM, ARPES, tip en-

hanced Raman spectroscopy, fourier transport infra-red spectroscopy, conductivity).

Finally, the extended wave-functions of donors allow us to study the inter-

play between ground states, with competing ferromagnetic exchange and anti-

ferromagnetic super-exchange (discussed in chapter iii, and excited states with

dipolar interactions (see chapter iv).

To date, this quantum simulation has been relatively unexplored in silicon

donors. Further to the studies discussed previously in this chapter, there has

been demonstrations of molecule simulation [107, 108], quantum transport with

single atom transistors [109, 110] and laboratory analogues of high-field magnetic
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white dwarfs [111]. Theoretical investigations into donors have been made for a

many-body spin to charge conversion scheme [65]. The generation of topologi-

cal phases of the Su–Schrieffer–Heeger–Hubbard model have also been explored

theoretically [112].

Among the different types of quantum systems which still require simulation,

what remains is to understand which parameter regimes are difficult of access

in cold atoms but attainable in solid-state experiments. Towards this goal, in the

penultimate part of this thesis the feasibility of using donors in silicon for quantum

simulation of the FH model is examined. This would enable the study of a whole

new parameter regime inaccessible to cold atoms. In part iii, a quantum simulation

of a dual-species Heisenberg model is proposed. In the last part, work is made

towards the demonstration that circuit QED can quantum simulate the AKLT chain,

a seminal symmetry protected topological state.



Part II

FA B R I C AT I O N O F S I L I C O N D E LTA - L AY E R S A M P L E S

In this part, previously developed fabrication techniques required to

obtain patterned two-dimensional dilute sheets of impurities in silicon

of controlled doping densities and their electrical connection to the

surface for subsequent illumination and electrical detection are intro-

duced. Furthermore, measurements of these delta-layers provide the

ideal setting for introducing some of the physics of donors in silicon

which will be used later in the thesis. Novel results for encapsulation of

arsenic - which we carried out for the first time, and optimal parameters

for electron beam lithography for the creation of vias are presented.

Figure 2.4: Fabricating doped silicon samples on the UCL LCN scanning tunneling micro-

scope (UCLQ annual report and magazine).
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This part is based on this publication, which is a review of the sample fabrication

techniques developed by the UCL STM research group:

• E Crane, A. Kolker, T. Stock, N. Stavrias, K. Saeedi, M. van Loon, B. Murdin,

and N. Curson. “Hydrogen resist lithography and electron beam lithography

for fabricating silicon targets for studying donor orbital states.” Journal of

Physics Conference Series, 1079:012010, 2018.

Most of the techniques described in the following part were used for these

publications, for which I made delta-layer samples and helped with the angle-

resolved photo-emission spectroscopy measurements:

• T. Stock, O. Warschkow, P. Constantinou, J. Li, S. Fearn, E. Crane, E. Hofmann,

A. Kölker, D. McKenzie, S. Schofield, and N. Curson. “Atomic-scale patterning

of arsenic in silicon by scanning tunneling microscopy.” ACS Nano, 14:3316,

2020.

• P. C. Constantinou, T. Stock, E. Crane, A. Kolker, M. van Loon, N. Li, S. Fearn,

H. Bornemann, A. Fisher, V. N. Strocov, G. Aeppli, N. Curson, and S. Schofield,

“3D to 2D crossover in arsenic δ-layers in silicon.” to be submitted.

2.5 introduction

As discussed in the introduction, investigating the properties of phosphorous

impurities in silicon is crucial to forward the attempts which are being made to

create entangling gates utilising the spins or atomic orbitals of the donor electrons [8,

65, 113]. While control of the phosphorous atomic orbital states by terahertz light

has been demonstrated with optical and electrical detection in 3D bulk doped

Czochralski crystal-grown silicon wafers [114–116], their control has not yet been

demonstrated in two dimensions (2D). Understanding 2D randomly doped impurity

samples is interesting for quantum simulation purposes, as well as being a key

stepping stone to deterministic positioning of entangling gates.

Here I present the UCL’s research group’s methodology for fabricating electrically

controlled 2D dopant layer samples [53, 117, 118] which is based on a body of

work done by the entire silicon donor community [67, 110, 119–121]. Scanning

Tunnelling Microscopy (STM) hydrogen lithography in Ultra-High Vacuum (UHV)

enables patterning of impurity features in silicon with a resolution from 1 nm

to tens of nm [122–124]. Molecular Beam Epitaxy (MBE) is used for a protective

thin-film crystalline silicon growth over the impurity sheet[117]. Electron Beam

https://iopscience.iop.org/article/10.1088/1742-6596/1079/1/012010
https://iopscience.iop.org/article/10.1088/1742-6596/1079/1/012010
https://pubs.acs.org/doi/10.1021/acsnano.9b08943
https://pubs.acs.org/doi/10.1021/acsnano.9b08943


26 quantum simulation

Lithography (EBL) coupled with Reactive Ion Etching (RIE) and a hydrofluoric

acid dip allows features from tens to hundreds of microns to be etched into the

silicon with 10 to 20 nm resolution into which a metal such as aluminium can be

deposited [117, 118]. The experimental readout is achieved via illumination of the

silicon target by terahertz light and subsequent electrical detection [114, 115]. The

electrical signal comes from coherent and non-linear excitations of the impurity

electrons. This detection technique enables the precision condensed matter samples

to remain intact after exposure to the free electron laser pulse. A schematic of the

final electrically contacted randomly doped delta-layer device is shown in Fig. 2.5.

Figure 2.5: Schematic of the final sample to be illuminated by the free electron laser

beam. Example distances in µm. A small section of the 2D impurity layer is

between in-plane metallic phosphorous pads. These pads are contacted with

aluminium vias connected to aluminium contacts on the surface of the sample.

The entire sample is illuminated by the light spot generated by the free electron

laser. The response of the donors to the terahertz light directly being related to

the conduction band population enables the experimental result to be detected

electrically. Adapted with permission from [117].

In this part, I present these previously developed techniques for the fabrication of

electrically detected silicon delta-layers which is detailed in [117], which I carried out

with the STM team at the London Centre for Nanotechnology at University College

London to create samples. I also include - where relevant - the novel contributions

to the process which I was involved in. I also briefly describe Angle Resolved

Photo-Emission Spectroscopy (ARPES) on the donor ground states which is detailed

in [125] and the Photo-Thermal Ionisation Spectroscopy (PTIS) measurements on

the donor excited states in our samples which is detailed in [126], which enable

me to introduce some of the physics of donors in silicon which will be referred
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to later in the thesis. ARPES measurements were carried out by our group at the

Swiss Light Source at the Paul Scherrer Institute in Switzerland, and the optical

measurements were carried by colleagues from the University of Surrey on the Free

Electron Lasers for Infrared eXperiments (FELIX) situated at Radboud University in

the Netherlands. I was involved in all of the experiments which resulted in data

which is presented in this chapter.





3
U LT R A - H I G H VA C U U M S C A N N I N G T U N N E L I N G

M I C R O S C O P E

3.1 ultra-high vacuum silicon wafer preparation

In UHV, a dilute 2D layer of P or As donors is incorporated into the clean silicon

crystal lattice. It is these ’isolated’ dopants on which the terahertz experiments

are performed. To establish a good metallic contact to the dilute 2D layer, highly

conductive metallically doped phosphorous pads of 0.2 x 0.2 um are patterned on

the same plane using STM hydrogen lithography. These 2D layers are overgrown

with a protective layer of silicon. The metallic in plane pads are contacted using a

process described in the next section, which utilises the technique of EBL.

A schematic of the entire process taking place in UHV can be seen in Fig. 3.1.

The initial wafers are bulk n-type (1014 dopants per cm3 and above) Czochralski

grown silicon. Deep etched orientation markers are transferred into the silicon

(001) wafers via optical lithography to determine the location of the STM tip on the

sample surface. All the wafers are in the [001] direction and nominally flat. They

are only handled with ceramic tweezers in order to avoid contamination. They are

then diced into 2 mm x 9 mm slices to fit into the Omicron variable temperature

STM plates made of tantalum, molybdenum or ceramic.

After introduction into UHV in the preparation chamber, the sample holder is

heated to 300°C, at which point the n-type silicon becomes conductive. Direct cur-

rent is then passed through them until they reach temperatures of 600°C (confirmed

by infra-red pyrometry), all the while keeping the pressure of the chamber below

10−11 mbar. They are left to outgass overnight which removes the water absorbed

onto both the sample and sample holder when they were in air [120].

Figure 3.1: Process used in ultra-high vacuum scanning tunneling microscope chamber to:

carry out hydrogen lithography on clean silicon wafers, dose with phosphine

gas and overgrow with silicon.[67]

29
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Figure 3.2: Left. Filled state STM image showing a clean Si(001)-2X1 surface. Right. Dia-

mond real-space unit-cell of silicon reproduced with permission from [125].

Silicon dimer rows run diagonally across the image and are interrupted by a

low density of native defects. Pictured here are a 2+1 dimer vacancy defect, and

a c-defect due to dissociation of water [127]. Image acquired with -2.0 V, 2 nA.

Blue atoms indicate the sp3 hybridisation of the four nearest neighbours.

The samples are flashed, ie. successively heated to temperatures of 1150°C four

or five times, for up to 20 seconds at a time. This removes the native oxide on the

surface of the silicon, as well as the impurities it accumulated before entering ultra-

high vacuum [120]. The wafer is then ready to be processed in the STM chamber of

base pressure 10−11 mbar.

The metallic tip of the STM is brought within a few angstroms of the conductive

sample surface. Applying a bias between the two induces a quantum mechanical

tunneling current to flow. While the tip is raster scanned across the surface of the

sample, its height is altered in order to maintain the tunneling current constant.

Recording the positions of the tip at successive locations across the sample generates

a map of the topography of the surface, as can be seen in Fig. 3.2.

In order to ensure the sample is clean, randomly chosen small portions of the

surface is scanned. Contamination may come from the tip or the sample holder

(even in infinitesimal amounts, tungsten or nickel create dimer vacancy defects in

the silicon surface) [127]. When the silicon is pristine, dimer rows are visible on the

surface as in Fig. 3.2.

3.2 doping with phosphine or arsine gas

Phosphine gas (PH3) is released onto the surface. The main sequence of dissocia-

tion is PH2+H, PH+2H, and P+3H, with the secondary sequence being PH+H to
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Figure 3.3: Empty state STM image of an annealed Si(001)-PH3 surface. The silicon is

initially exposed to a monolayer saturation coverage of PH3, and then annealed

at 350 C for 5 minutes. This anneal allows P atoms to incorporate into the surface

lattice, and ejected silicon atoms are observed to form incomplete and isolated

dimer rows on top, running perpendicular to the directions of the underlying

surface dimer rows. Image acquired with +2.0 V, 2 nA.

P+2H [120]. Phosphorous atoms are randomly distributed (according to a Poisson

distribution) on the surface at a low coverage (red dots in Fig. 2.5), the exact density

of which can be determined by measuring the pressure of the gas in the chamber at

the time of the gas exposure.

The sample is heated to ∼ 350°C for two minutes, incorporating all the phospho-

rous into the silicon. This process has taken place when bright protrusions (elevated

atoms) are seen on the STM image which indicate that the phosphorous impurities

have ejected the silicon atoms below them, which have then accumulated on the

surface [128], see Fig. 3.3.

3.3 scanning tunneling microscope hydrogen lithography for

large areas

The process of hydrogen lithography is used to define features on the silicon surface,

as can be seen in Fig. 3.4. In the fabrication of electrically contacted delta-layers,

it must be used to create the metallically doped pads in the delta-layer (red pads

in Fig. 2.5) which are contacted with the aluminium vias which we will discuss in

section 4.1.

The sample is heated to 325°C with direct current passing through it. Exposure

to hydrogen gas cracked by a hot tungsten rod results in a atomically thick layer

of hydrogen covering the silicon. Applying a high voltage (8 V) and high setpoint

currents of up to 3 nA between the STM tip and the sample creates enough energy
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Figure 3.4: Hydrogen passivated silicon where two 0.2um x 0.2um squares have been

desorbed with the STM tip. Desorbtion parameters: bias of 7.0 V, setpoint

current of 1.0 nA, dose of 0.2 mC/cm and tip speed of 50.0 nm/s. Image

acquired with -5V, 0.05nA.

to locally break the bond between the individual hydrogen atom and its supporting

silicon. The resulting half filled orbital protruding into the vacuum is called a

dangling bond and is far more reactive than the surrounding robust hydrogen

resist. Applying higher voltages and tip movement speeds enables larger areas to

be desorbed, albeit with a lower precision. Large areas of hydrogen can be desorbed

with this technique, total areas of tens of nm to tens of microns, which is sufficient

for the creation of metallically doped pads.

Although not necessary for the fabrication of electrically controlled delta-layers,

feedback controlled lithography has been developed and demonstrated to achieve

high resolution nanopatterning [52]. Individual atoms of hydrogen can be removed

to create atomically precise patterns (within 1 nm precision) [123]. This is the

primary techniques used in the silicon impurity quantum computing industry to

position individual dopants [12].

The hydrogen resist can also be used as a hermetic layer to protect surfaces

prepared in UHV from ambient conditions [124]. Placing two hydrogen passivated

surfaces in contact with one another creates Van der Waals bonds between the

hydrogen atoms and can protect the surfaces from being oxidised or contaminated

for weeks [124]. This can be especially useful when transporting the nano-structures

to a different experiement.

It is also possible to identify previously positioned dopants underneath the

hydrogen layer using the STM [129, 130].

When exposed to phosphine gas only the exposed areas are reactive, not the ones

protected by the hydrogen. The phosphine gas dissociates on the exposed areas,
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and remains local during the incorporation which is done by heating as previously

discussed.

3.4 molecular beam epitaxy : overgrowing the nanostructures with

silicon

MBE enables a protective layer of silicon to be grown above the incorporated impuri-

ties. The sample is heated to 250°C by direct current while a silicon sublimation cell

is heated to over 1000°C and aimed at it. Single silicon atoms land on the surface

and form a thin crystalline film, following the base crystal structure of the sample.

This technique can be used to grow tens to hundreds of nm of crystal on surfaces.

Typically, the samples are encapsulated with 15 nm to 30 nm of epitaxial silicon.

The deposition rate is of ≈ 0.125 nm/min.

3.4.1 Novel contribution

Figure 3.5: Overgrowth process and dopant distributions along the overgrowth direction.

Data taken with secondary ion mass spectrometry with Sarah Fearn at Imperial

College London.

With the UCL STM research group, we have demonstrated for the first time

deposition and encapsulation of arsenic in silicon [41]. We have shown that arsenic

(As) segregates to the surface faster than phosphorous, but overgrowth techniques

have been developed in which it can remain confined [41]. A locking layer is a low

temperature amorphous growth during the first 9 minutes of silicon overgrowth.

It helps to confine the As, as can be seen in Fig 3.5. Furthermore, a rapid thermal
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anneal immediately before the epitaxial overgrowth has been proven to improve the

quality of the confinement [41]. Further details of this study can be found in [41].
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C L E A N R O O M

4.1 electron beam lithography : electrically contacting the delta

layers

In order to make electrical contacts to the buried nanostructures, EBL is used in

conjunction with reactive ion etching (RIE), and metal evaporation. The aim is to

create small holes (vias - see Fig. 2.5), 70 nm in diameter and 60 nm deep into

the silicon, which traverse the 0.2 x 0.2 um square patches of metallically doped

phosphorous 15 nm to 30 nm below the surface. The sample is then exposed to a

hydrofluoric acid dip and the vias are filled with aluminium to create metallic vias

which maximises the surface area in contact with the phosphorous layer.

A thin organic film of resist coating the sample is exposed to a tightly focused and

precisely controlled electron beam. The mask is directly defined by scanning the

electron beam. The energy delivered to the resist in these regions chemically alters

it [119]. When the coated sample comes into contact with a solvent (developer), the

altered or non-altered regions are removed depending on if the resist is positive

or negative respectively. EBL can create features with 10 nm - 20 nm resolution

using polymer resist due to the size of the polymer molecules and the electron

scattering during exposure. The advantage of EBL over photo-lithography stems

from the shorter wavelength of accelerated electrons compared to the wavelength

of ultraviolet light.

The small, circular and stable electron beam is provided by an integrated Scanning

Electron Microscopy (SEM) [122]. To achieve high quality beam parameters UHV is

used. A field emission source is used to create the electrons which scan the sample

and expose the resist and is composed of one or two electrodes which extract and

accelerate electrons pulled from a filament. The beam brightness (equivalent to in-

tensity in conventional optics) should be maximised to minimise exposure time, but

in practice high resolution exposures are only achieved with lower intensities [122].

Thinning the resist can improve the resolution of the features.

EBL is also compatible with mono-atomically thick hydrogen, similar to STM

hydrogen lithography (which can then have aluminium features grown onto the

remaining hydrogen); however, EBL hydrogen lithography is limited to 5 nm - 50

nm resolution.
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The pattern is written using software which is specific to the EBL equipment. As

can be seen on Fig. 4.1, EBL has been used to create a mask containing circles in the

resist. The resist is exposed to a beam of electrons of around 200 pA. The final dose

corresponds to the amount of charge per unit area that the resist receives [122], it is

obtained by multiplying the dose factor with the standard dose of 110 mu A/cm2.

4.1.1 Novel contribution

Figure 4.1: SEM images of holes defined in resist using EBL. Beam Power used for SEM imaging

and for EBL hole definition: 10 keV. Working distance: 10 mm. Doses are factors of

the standard dose: 10 mu A/cm2. (Left) Etched holes of 70 nm diameter, 60 nm deep

in the silicon sample. The black circle is a zoom on the holes. (Right) A series of test

holes etched into a test silicon sample.

We found that the optimal dose was for holes with a diameter of 70 nm with a

dose factor of 2.2, from which is the image displayed on Fig. 4.1 (left) was taken.

Test patterns with different exposure parameters and length scales must be

carried out on a test sample beforehand such that the current beam parameters

of the machine is accounted for, as is shown in Fig. 4.1 (right). The dose depends

on the number of incoming electrons required to fully expose the resist and varies

relative to the thickness, shape or area of the resist to be exposed.

4.2 reactive ion etching and metal deposition

The insides of the circles in pattern on the resist are removed during the develop-

ment stage. The resist-covered regions remain protected during further processing

(until its removal). After cleaning, the sample is introduced into the RIE, which uses

an etchant gas to remove the silicon in the exposed regions of the pattern.
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Figure 4.2: Aluminium vias make electrical contact to the delta layer. Optical microscope

image of the 150 nm of aluminium (white) deposited on the sample (silicon

surface in brown) seen from the top making electrical contact to the delta layer

through the vias made using EBL and RIE. The dark traces on the surface are the

pre-patterned fiducial markers used for alignement at all stages of the process.

The sample is covered in resist again, and contact pads are written onto the

resist, aligned on the array of holes. After the resist has been developed, 150 nm

of aluminium is deposited onto the surface, as can be seen in Fig. 4.2. A lift-off

removes the resist and covering aluminium around the pads. The silicon is left with

aluminium contact pads with deep vias. The aluminium can conduct electricity to

and from the buried layer once it has been wire bonded to a printed circuit board

which is connected to the measurement setup.
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A R P E S A N D T H E C O N D U C T I O N B A N D O F D O P E D S I L I C O N

Crucial for helping our understanding of transport in donor structure devices in

silicon, is the study of the conduction band of silicon donors for which our group

used ARPES [125]. ARPES is a technique in which the occupied band-structure of a

material can directly be mapped using photo-emitted electrons. The band-structure

yields information about the energies which electrons in the material can occupy.

The band-structure of a 2D material is different to the band-structure of a 3D

material [131].

Atoms contain protons and neutrons at the core, with successive shells of electrons.

The electrons belonging to the external shell, which is sometimes incomplete, are

called the valence electrons. Valence electrons allow the formation of chemical bonds

between atoms which can create molecules or crystals where a certain assembly of

atoms is repeated in space. Silicon is a crystal made from silicon atoms which bond

tetrahedrally to one another: each of silicon’s four valence electrons creates a bond

with another silicon atom’s valence electron thereby forming a crystal.

No two electrons of the same quantum numbers can have the same energy

because of the Pauli-exclusion principle. In a crystal there are many more than

two valence electrons and they are all in very similar situations. In this case, all of

the possible energy levels start to stack up, giving an incredibly large number of

infinitesimally spaced energy levels which is called a band.

If an electron has a high enough energy, it can contribute to electrical transport

through the material and is called a conduction band electron. If it has a lower

energy, it will not contribute to the conductive properties of the material. It might

belong to a core shell or to a valence shell, in which case it is called a valence band

electron or a core band electron respectively. Depending on the arrangements and

bonding of the atoms in the lattice, the energies required for atoms to be a core shell

electron, valence shell electron which stays localised around the atom or valence

shell electron which moves freely around the material can be very different. This

leads to the spectrum of energy levels looking like it contains separate bands, each of

which contains a very large number of closely spaced energy levels, corresponding

to the ’core levels’, the ’valence band’1 and the ’conduction band’.

1 not all electrons which were originally valence shell electrons are necessarily in this band, as some

can have energies large enough to become delocalised over the whole material and thus be in the

conduction band

39



40 arpes and the conduction band of doped silicon

Figure 5.1: ARPES of a phosphorus doped silicon delta-layer showing the valence band

and the dopant state in bright just below the Fermi energy, as was also observed

in [103, 132, 133]. Raw data (384 eV along ΓX, 1.4× 1014 dopants/cm2, sample

name: Bebop), taken with the UCL STM team at the Swiss Light Source. For

an in-depth explanation of the work done by our group on ARPES on silicon

delta-layers, see [125].

Electrons occupy energy levels from the lowest energy upwards. Therefore, the

higher the density of electrons in a material, the higher the energies which the

electrons can reach. The highest energy of an electron in a material is known as the

Fermi energy.

In a metal, valence electrons can contribute to the conduction of electricity. There is

no large energy difference between the conduction band which is partially occupied

and the valence band. The Fermi energy therefore lies inside the conduction band.

In an insulator, no electrons can acquire the necessary energy to conduct electricity.

However, the conduction band of an insulator still contains all the theoretical energy

levels which cannot physically be reached and which are therefore empty - it is just

very far away in energy from the top of the valence band. This energy difference

between the highest valence band energy level and the lowest conduction band

energy level is referred to as the bandgap. The Fermi energy of an insulator therefore

lies in the bandgap.

In an undoped semiconductor such as silicon, the Fermi-energy also lies within

the bandgap: at equilibrium valence electrons remain in the valence band, like

an insulator. However, valence electrons can - with additional energy - become

conduction band electrons, for example at high temperatures.
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Figure 5.2: Unit cell (left) and Brillouin zone (right) of doped silicon adapted with per-

mission from [125]. Conduction band minima in green.

Alternatively, doping the semi-conductor with an n-type dopant (swapping

certain silicon atoms in the crystal with atoms which have a few additional protons,

neutrons and electrons but which can still bond tetrahedrally with the other silicon

atoms of the crystal) such as phosphorus, increases the density of electrons in

the material. Therefore, the Fermi-level is slightly pushed up. Furthermore, when

the silicon is heavily doped, the wavefunctions of the dopant impurities overlap

causing the formation of new impurity energy levels (which can become bands if

the semiconductor is doped in 3D). The combination of these two effects leads to

occupation of the bottom of the new impurity levels [103, 132].

The fabrication techniques described previously can be used to create 2D donor

layers with metallic doping densities. The maximum amount of phosphorus which

can be contained in a single sheet is typically about one quarter of a mono-layer.

This leads to donors being spaced less than 1 nm apart, much less than the ground

state radius of around 3.16 nm, which leads to quantized energy levels which are

also partially occupied [103, 132, 133].

Only the occupied states can be seen in ARPES, ie. the states up to the Fermi

energy. Fig. 5.1 shows the dopant state present in the band-structure of a phosphorus

delta-layer in silicon (previously observed in [103, 132, 133]) with doping density

11.4× 1014 dopants per cm2, taken by our group with ARPES at the Swiss Light

Source. I was involved in fabricating and measuring two series of samples, with five

and six samples per series respectively. Besides the control sample (name: Tango)

which had no delta layer, the delta-layer doping densities went from below the

metal-to-insulator transition with 2.5× 1012 dopants per cm2 to 2.5× 1014 dopants

per cm2, with delta-layer depths ranging from 2 to 4 nm below the surface of the
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silicon. All samples were hydrogen terminated and covered with blank samples

which had undergone a hydrofluoric acid dip, except one which was covered with

a hydrogen-terminated silicon wafers to avoid the oxidation of the silicon surface

during transport [124] from London to Zurich. No ARPES signal for the dopant

states was measured on the control sample. Furthermore, no dopant state was

seen on the sample with the lowest doping density of 2.5× 1012 (name: Lindy Hop),

which we attribute to there not being a high enough doping density. The details of

this study can be found in [125, 134].

The band-structure is plotted with energy as a function of momentum (labelled

angle in the Fig. 5.1 referring to the angle between the normal to the silicon

surface and the outgoing electron beam). Momentum space is the fourier transform

(reciprocal) of real space. This is shown in Fig. 5.2. The silicon lattice is a face-

centered cubic Bravais lattice. The reciprocal of the face-centered cubic unit-cell -

referred to as the first Brillouin Zone - is a truncated octahedron. The momentum

axis (x-axis) of the plot in Fig. 5.1 corresponds to a line along the [001] direction of

the Brillouin zone.

The conduction band minima are represented in green in Fig. 5.2. There are

six equivalent conduction band minima due to the high-symmetry points of the

truncated octahedron brillouin zone, and the dopant electrons are in a superposition

of all of them, which is what leads to the unusual oscillations in the wavefunctions,

leading to the oscillatory exchange interaction mentioned in the entangling gate

discussion in the introduction. This will be explained in more depth in part. iv. The

anisotropic effective mass of the conduction band minima in the lateral and trans-

verse directions is indicated on Fig. 5.2 and will also play a role in distinguishing

the wavefunctions of excited states of donors in silicon as we will come to later in

the thesis. In many of the following theory projects, I calculate the wavefunctions

of donors in silicon and will therefore further explain and develop the concepts

introduced here.
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P T I S A N D T H E O P T I C A L LY E X C I T E D S TAT E S O F D O N O R S I N

S I L I C O N

As discussed in the previous chapter, the dopant electron in its ground state is in a

superposition between all the conduction band minima. Because of the existence of

the silicon crystal to which the phosphorus atom is bonded, the phosphorus atom’s

extra electron is held by the potential well given by its extra proton and the analogy

can be made between with the Hydrogen atom, as in Fig. 6.1. This dopant electron

can also be excited with a laser to higher-lying levels (with larger principal quantum

numbers). Certain quantum computing schemes rely on the spin of the electron

in the ground state to represent the qubit levels and propose using the higher-

lying levels as ones in which interactions can take place to carry out entangling

operations [8, 73]. Orbital manipulation using a free electron laser and readout

using Photo-Thermal Ionisation Spectroscopy (PTIS) - which is a non-destructive

technique - is the focus of this chapter.

Figure 6.1: Hydrogenic donors in silicon. The equivalence between substitutional donors

in silicon and the hydrogen atom. Reproduced and adapted with permission

from Greenland et al. [115].

The 2p0 and 2p+− P states are split by the electron’s anisotropic effective mass

in silicon (illustrated in Fig. 5.2). Terahertz light tuned to the exact transition
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Figure 6.2: Processes involved in PTIS and electrical signal obtained.. (Left) Processes

involved. (right) Electrical signal as a function of terahertz laser wavelength in a

contacted silicon sample containing a 2D phosphorous doped layer. Taken with

the University of Surrey research group at FELIX at Radboud University in the

Netherlands.

energy (39.19 meV)/ wavelength (31.64 um)/ frequency (9.48 Thz) selectively

excites electrons from the insulating low doped phosphorous (located between the

conductive 2x3um metallic pads in the 2D layer depicted in Fig 2.5) from the 1s to

2p+− state.

The signal which arises due to the illumination of the low doped phosphorous 2D

layer by the free electron laser beam can be read out optically or electrically [116].

Electrical detection is a more sensitive method and is therefore better adapted

to samples where the phosphorous is confined to two dimensions, compared to

the samples where the impurity species is introduced into the silicon during the

melt, before the crystal is grown and therefore present in higher quantities per

sample volume. Electrical readout, has been developed in silicon for the purposes

of terahertz control of donors in silicon [135] and is possible with both 2D and 3D

doping.

Once excited to the higher energy state, the donor electron can get further excited

into the conduction band by collisions with thermal phonons. Electrical detection

can take place when a bias is applied across the sample. This technique, called

PTIS [126], requires the sample to be electrically contacted. The mechanisms involved

in PTIS are shown in Fig. 6.2 (left).
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Figure 6.3: Free Electron Laser beam profile and optimal sample geometry. (Left) Gaus-

sian beam profile obtained from experimental parameters. (Right) Correspond-

ing possible Van der Pauw geometry for measuring Rabi oscillations in delta-

layers.

Typically, approximately 4 pA current per electron is detected. A graph of the

current detected as a function of the free electron laser wavelength is shown in

Fig. 6.2 (right), illustrating that it is possible to measure the number of donors

excited to a specific state using electrical detection [126]. The wavelengths at which

the donor electrons to get from the 1s to the 2p0 and 2p+− states (corresponding to

36.4 um and 31.6 um respectively), are indicated on the graph.

The samples can be current biased or voltage biased [126, 135]. The picosecond

dynamics can be accessed by voltage biasing the sample because the RC characteris-

tic timescale of the current recovery is dependent on the capacitance and resistance

of the electrical circuit (whereas the voltage recovery depends on the capacitance

of the circuit but the resistance of the delta-layer which is much larger). Electrical

detection enables the samples to not be destroyed during the measurement. Using

electrical detection, the homogeneous phase decoherence rate has been demon-

strated to be around around 160ps for the 2p+− state of phosphorous in silicon in a

silicon sample of concentration 2× 10−14 dopants per cm3 [116].

The beam size is between 0.02cm to 0.1cm, with cylindrical symmetry and a

Gaussian intensity profile as can be seen in Fig 6.3a), the dimensions of which must

be taken into account during fabrication of the electrically contacted layers to make

sure the aluminium contacts on the surface of the sample, as is depicted in Fig. 2.5,

are far enough apart or else this could lead to an undesirable antenna effect [136].

This leads to the optimal van der Pauw sample geometry depicted in Fig. 6.3b)

which would help the uniformity of the distribution of the beam intensity across



46 ptis and the optically excited states of donors in silicon

the dopant layer, while keeping the metal contacts from the most intense part of

the beam.



7
C O N C L U S I O N

Electrically contacted 2D phosphorous nanostructures for optional use as optical

targets can be made in silicon using a range of lithography, etching and overgrowth

techniques in the following way:

7.0.0.1 In UHV:

1. Degass and flash silicon

2. Terminate with H

3. STM lithography with H (sub nm resolution)

4. Dose with PH3 gas

5. Heat to incorporate P atoms into surface

6. Si overgrowth with MBE, for which we found optimal parameters for As [41].

7.0.0.2 In the cleanroom:

1. Cover sample in resist.

2. With EBL (sub-10 nm resolution), write circular holes into the surface resist

above the P pads, for which we found optimal parameters [53].

3. With RIE, etch such that the circular holes form vias which connect the surface

of the sample to the P pads.

4. Remove previous resist and define squares above vias with new resist.

5. In the metal evaporator, fill vias with aluminium.

6. Wire bond the surface aluminium to a printed circuit board on which the sam-

ple is mounted, providing accessible electrical contacts for the measurement.

.

These techniques may be applicable in other areas of silicon donor sample fabri-

cation, in conjunction with other measurement techniques. For example, in [134],

we use angle-resolved photo-emission spectroscopy on samples fabricated with

the described technique. Furthermore, similar techniques would be used in an

experimental measurement of the Hubbard array conductances described in part v.
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Part III

R A N D O M LY D O P E D S I L I C O N : E N TA N G L I N G G AT E S
A N D S P I N D Y N A M I C S

Random numbers are very predictable.

Figure 7.1: The proportion of events in a Poisson distribution which are isolated by the

average distance is 1/e.
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This part is based on the publication

• E. Crane, T. Crane, A. Schuckert, N. H. Le, K. Stockbridge, S. Chick, and

A. Fisher. “Optically controlled entangling gates in randomly doped silicon.”

Physical Review B, 100:064201, 2019.

Work on a neighbouring topic can be found in the following publication:

• K. Stockbridge, S. Chick, E. Crane, A. Fisher, and B. N. Murdin. “Using

non-homogeneous point process statistics to find multi-species event clusters

in an implanted semiconductor.” Journal of Physics Comms, 4:015010, 2020.

In this part, we determine the densities of entangling gates in randomly doped

silicon comprising two different dopant species. First, we define conditions and

plot maps of the relative locations of the dopants necessary for them to form

exchange interaction mediated entangling gates. Second, using nearest neighbour

(nn) Poisson point process (Ppp) theory, we calculate the doping densities necessary

for maximal densities of single and dual-species gates. Third, using the Moving

Average Cluster Expansion (MACE) technique, we make predictions for a proof

of principle experiment demonstrating the control of the far-from-equilibrium

magnetization dynamics of one species by the orbital excitation of another. We

find agreement of our results with a Monte Carlo simulation that handles multiple

donor structures and scales optimally with the number of dopants. The simulator

can also extract more complex donor structures not captured by our Ppp theory. The

combined approaches to density optimization in random distributions presented

here may be useful for other condensed matter systems as well as applications

outside physics.

7.1 introduction

As discussed in the introduction, current silicon donor entangling gate proposals

have stringent requirements on donor placement, which is difficult to fullfil given

current fabrication techniques. If it were possible however, to find a scheme capable

of inducing entangling interactions with truly random placement of donors, it

would allow relatively seamless integration of the fabrication into the standard

widespread silicon processing industry. In 2D the donor locations could be es-

tablished using scanning tunnelling microscopy at the early stages of fabrication,

enabling identification of suitable gate geometries.

In this part, a family of entangling gate implementations is discussed, sketched

in Fig. 7.2, that make use of physically localised or extended orbital excited states to

https://journals.aps.org/prb/abstract/10.1103/PhysRevB.100.064201
https://iopscience.iop.org/article/10.1088/2399-6528/ab6049
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Figure 7.2: Optically controlled interaction exchange energy entangling gates in donors

in silicon. At time t1, all donors are non-interacting in their ground state; at

time t2, the controls are excited to a higher lying and physically extended orbital

state, entangling themselves via Heisenberg exchange with the neighbouring

qubits of a different donor species; finally at t3 the control donor electron falls

back to the ground state. In the Stoneham-Fisher-Greenland [8] (SFG) [8] scheme

(left) the excited controls mediate entangling interactions between pairs of qubits

and the control is then removed from the entangled state on de-excitation [137],

while in the Heisenberg scheme (right) the entanglement is produced between a

qubit and the control.

control the interactions between donor qubits in a disordered ensemble [8]. These

orbital excited states can be produced by excitation with terahertz radiation [115],

with multiple schemes offering the necessary single-qubit addressability[138, 139].

Because donors are randomly positioned, there is inhomogeneous broadening due

to differing local magnetic fields generated by residual 29Si nuclear spins. This

could enable selective addressing of sub-ensembles with a specific frequency of

terahertz radiation [140]. The spread of frequencies could be further increased by

placing the sample in a field gradient, so that each donor has a different transition

frequency [140]. The excited states produced (for example, 2p orbitals) have a

spatial structure that depends on the axis of polarisation of the laser, thus providing

another tool for spatial selectivity within local configurations. Important steps have

been made towards the realization of exchange interaction-based gates in donors in

silicon. The disentanglement of the control donor from the two entangled qubits

was shown to be feasible after the gate operation [137]. Coherent control of the

valence electron orbital states of dopants such as phosphorus, bismuth, antimony

and arsenic has been demonstrated with terahertz light, using a Free Electron Laser

tuned to the low tens of meV [115]. Furthermore, initialisation and readout can be

done optically, using donor-bound exciton spectroscopy in the terahertz frequencies
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which was demonstrated experimentally with phosphorus spins in silicon [141].

Until now it has remained unclear what densities of ‘viable’ entangling gates could

be reached and even what the requirements are for a configuration to be ‘viable’.

In this part, we define suitable conditions for a ‘viable’ gate geometry and obtain

the maximal gate densities for 2D or 3D homogeneous doping. These correspond to

the ideal limits of a doped bulk sample or delta-layer respectively; we also consider

the case where two parallel ideal delta-layers are implanted with different species.

The general case of a spatially varying density (hence allowing both for graded

doping of a bulk material and for the inevitable broadening of real delta-layers) has

been treated in a subsequent paper [142]; in that part a heuristic will also be given

which enables fast estimates of the densities of viable clusters over a wide density

range.

This part is organized as follows. First, we estimate appropriate conditions on the

spacing of the dopants required for them to form a viable entangling gate. Second,

optimal doping densities to produce the highest densities of entangling gates are

calculated using a Monte-Carlo simulation and Ppp theory. Third, we propose

a proof-of-principle experiment to show control over the exchange interaction

between donors at the optimal doping densities and predict its results with the

MACE method [143]. Our numerical results apply to the case of Group V donors in

silicon; however, our methods apply to any material where particular configurations

of multiple impurities are required, and the conditions on the configurations needed

can be expressed in terms of distances between different species.
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First, we define conditions on the distances between dopants to form an SFG entan-

gling gate by comparing energy scales corresponding to the lifetime of the excited

state [114, 116], the strength of the entangling exchange interaction and the require-

ment for qubits to be isolated from each other when not part of the entangling

operation. These same considerations are also applicable to the Heisenberg entan-

gling gate (also illustrated and explained in Fig. 7.2). Based on these conditions we

then calculate maps and line scans of the interaction exchange energy from a theory

including multi-valley interference [64] to delimit areas around donors in which

entangling gate operation is possible.

A phase gate (which can be combined with Hadamard gates to result in a

Controlled NOT gate) [144] can be implemented by the sequence

ûphase = r̂z
2

(
− π

2
)
r̂z

1

(π

2
)
ê12
(π

2
)
r̂z

1

(
π
)
ê12
(π

2
)
, (8.1)

where the r̂z
i are single qubit operations. The two qubit operation is given by

ê12(
π
2 ) = e−i π

2 Ĥ12/J , where Ĥ12 = JŜ1Ŝ2 is the Heisenberg Hamiltonian between

spins S1 and S2. Equating this with the time evolution operator Û = e−
i
h̄ tĤ12 leads

to the condition

J =
h
4t

or t =
h
4J

(8.2)

for a successful phase gate operation.

The exchange interaction constant J arises from overlap of spatially separated

wavefunctions. The value of J (or t) must be controlled such that Eq.(8.2) is fulfilled,

where the principle source of imperfect gate operation results from interactions

between the gate dopants and other donors. In silicon it is especially challenging

to fulfill this requirement as the exchange interaction between valence dopant

electrons not only decays exponentially with distance but also oscillates with a

period of the order of the lattice spacing due to intervalley interference [145]. The

lifetimes T1 of the donor excited states are limited by phonon-mediated decay, and

for phosphorus and arsenic they have been measured as T1 = 200 ps [114], which

limits the gate operation time to t < T1; hence, we define an energy scale

Jdec =
h

4T1
. (8.3)
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Polarisation Interaction Name at Jdec Distance (nm)

e‖

J(As1s-As1s) Rrr 11.0

J(P1s-As1s) Rmin 11.4

J(P2p±-As1s) Rmax 17.9

J(P2p±-P2p±) Rcc 42.2

J(P1s-P1s) R′min 11.8

e⊥
J(P2p±-*As1s) Rmax* 10.2

J(P2p±-P2p±) Rcc 28.5

Table 8.1: Cutoff distances at which the exchange interactions in the second column are

equal to Jdec defined in Eq. 8.3.

Since for proof-of-principle experiments we would require a population of excited-

state control spins, but not coherence between the ground-state and excited-state

wavepackets, equation 8.3 sets the minimum exchange energy for a successful 2-

qubit gate. The phase coherence time T2 is bounded by 2T1 and has been measured

to be 160 ps in Czochralski grown silicon and is estimated to be above 320 ps in

isotopically pure silicon [115].

In the rest of this part we will consider two group-V donor species: the shallow

donor phosphorus (Si:P) as the controls (also referred to as c in the general case),

whose excited state wavefunctions mediate the interactions between the deeper

arsenic (Si:As) ground state spins as the readout qubits (also referred to as r if not

specifically considering an implementation relying on using this particular species).

8.0.1 SFG entangling gate

As is represented in Fig. 7.2, we assume that only the control donors are excited

to a higher-lying orbital state which we will choose to be the 2p excited state; the

readout donors remain in the ground state. The following conditions then need to

be met for a successful gate switching operation:

readouts Interaction between readouts should be smaller than the decoherence

interaction exchange energy defined in Eq.(8.3), ie. J(r1s-r1s)(r) < Jdec. We will

denote the distance at which these two scales are equal as Rrr.
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Figure 8.1: Interaction exchange energy (J) limits a) layer in which arsenic and phosphorus

are doped and the light is polarised in plane e‖ and b) layer where arsenic is

doped, the light is polarised out of plane e⊥. We calculate that the arsenic layer

should be 13.2 nm away from the parallel phosphorus layer to avoid all ground

state multi-valley interactions within the decay time. * indicates the "bilayer"

case. In the coloured areas, J > Jdec, defined in Eq. 8.3. The different colors

indicate different types of interactions relevant for the SFG and Heisenberg

gates. In figure a) the horizontal distortion of the exchange involving the p state

is due to the linearly polarised light being polarised in plane. Circles represent

the discs whose areas are equal to those of the interaction zones, multivalley

effects taken into account.
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readout-control If the control is in the ground (1s) state, the interactions

between readout and control should also be small: J(c1s-r1s)(r) < Jdec, with

equality at Rmin. Furthermore, if the control is in the excited state, control and

readout should interact, therefore J(c2p-r1s)(r) > Jdec with equality at Rmax.

controls If two neighbouring controls are excited to the 2p their interaction

should not dominate the process, i.e. J(c2p-c2p)(r) < Jdec with equality at Rcc.

The distances introduced above are shown in Fig. 8.1, in the form of multi-valley

exchange interactions and disc approximations discussed in the next section.

In the above considerations we did not specify the number of readouts per control.

Although originally devised for two readouts [8], we will leave this number general.

8.0.2 Heisenberg entangling gate

As is represented in Fig. 7.2, we assume that only the control donors are excited

to a higher-lying orbital state which we will choose to be the 2p excited state; the

readout donors remain in the ground state. The ‘excited-ground Heisenberg gate’

requires one donor to be in the excited state and the other can remain in the ground

state; this configuration is the same as the SFG gate with just one readout. The

‘excited-excited Heisenberg gate’, requires both donors to be excited. This can be a

single-species gate composed of two Si:P electrons, for example.

In the excited-ground case, the conditions are the same as for the SFG gate, except

that only one readout should interact strongly with a control, and not two.

For the excited-excited Heisenberg gate the dominant process should be the

2p± state of both controls interacting with each other: J(c2p-c2p)(r) > Jdec with

equality at Rmax = Rcc and the entire gate should also be isolated from other donors

by this distance. The interaction of ground-state controls in 1s should be small:

J(c1s-c1s)(r) < Jdec with equality at R′min.

8.1 calculating the exchange interactions with multi-valley wave-

functions

Having defined the conditions that viable entangling gate configurations need to

fulfil, we can now find the corresponding distances by calculating maps of the

exchange interaction between Si:P and Si:As. In the following, we describe the

calculation of the exchange interaction energy using the Heitler-London approx-

imation [64, 146] taking into account the multi-valley coupled wavefunction and

central cell correction.
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In order to calculate the exchange interaction between two donors we use the

Heitler-London approximation [64]

J =
∫

dr1dr2 ψ∗1(r1)ψ
∗
2(r2 − R)

e2

4πε0εr|r1 − r2|
× ψ2(r1 − R)ψ1(r2), (8.4)

where R = R2 − R1 is the separation vector between the two donors and εr = 11.4

is the dielectric constant of silicon. The wavefuction of each donor can be either the

1sA1 ground state, the 2p0 or 2p± excited states. In the multi-valley effective mass

theory all of these wavefunctions can be expanded as

ψ(j)(r) = ∑
µ

F(j)
µ (r)φµ(r), (8.5)

where j = 1, 2, 3 indicates the 1sA1 ground state, the 2p0 and 2p± excited states,

respectively; µ = ±x,±y,±z indicates the valleys of silicon’s conduction band

minima, φµ(r) = eikµ.ruµ(r) are the Bloch functions at the minima, |kµ| = 0.84×
2π/a0 where a0 = 0.543 nm is the lattice constant. The Fµ(r) are the envelope

functions. For the 1sA1 state the variational approximation to the envelope function

of the +z valley is [147]

F(1)
+z (r) =

exp
[
−
(

x2+y2

(αa1)2 +
z2

(αb1)2

)1/2
]

√
6π(αa1)2(αb1)

, (8.6)

where a1 = 2.42 nm and b1 = 1.39 nm. The factor α accounts for the contraction

of the ground state [148] due to the central cell correction (CCC) and is given by

α =
√

ESV/EB where ESV = 29.7 meV is the binding energy obtained from a single

valley theory without the CCC, as done in Ref. [147], and EB is the experimental

binding energy which is 45.58 meV for Si:P and 53.77 meV for Si:As [149]. The

other envelope functions are obtained by using Fµ = F−µ and cyclic permutations

of x, y, z.

The excited state energies and wavefunctions of Si:P are identical to those of

Si:As [149, 150], and are dependent on the polarization of the light field. For

polarization with the unit vector ε = [εx, εy, εz] the excited states are also given by

Eq. (8.5) but the envelope functions are now

F(2)
+z (r) =

εzz√
2πa2

2b3
2

exp

[
−
√

x2 + y2

a2
2

+
z2

b2
2

]
,

F(3)
+z (r) =

εxx + εyy√
4πa4

3b3

exp

[
−
√

x2 + y2

a2
3

+
z2

b2
3

]
, (8.7)
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where a2 = 3.68 nm, b2 = 2.23 nm, a3 = 5.45 nm, and b3 = 3.35 nm. The other

envelope functions can again be derived using Fµ = F−µ and cyclic permutations of

x, y, z.

We can further expand the Bloch function in Eq. (8.5) in terms of plane waves

as φµ(r) = ∑G cGeiG.r where G is the reciprocal lattice vector. Substituting this into

Eq. (8.5) and then Eq. (13.6), neglecting the fast oscillating terms in the resulting

integrand, and using the equality ∑G |cG|2 = 1 we arrive at

J = 2 ∑
µ,ν

jµ,ν cos(kµ.R) cos(kν.R), (8.8)

where

jµ,ν =
∫

dr1dr2 F∗1,µ(r1)F∗2,ν(r2 − R)
e2

4πε0εr|r1 − r2|
× F2,ν(r1 − R)F1,µ(r1). (8.9)

These highly oscillating integrals are evaluated numerically with the Mathematica

compatible Monte-Carlo package ’Cuba Vegas’ [151].

8.2 constraints on dopant separations

The 2p± excited state is split from the 2p0 excited state owing to the anisotropy of

the conduction-band minima and can therefore be accessed separately using the

appropriate wavelength, as is demonstrated experimentally in Ref. [149]. We choose

to use the 2p± state as we have calculated that it gives rise to a larger interactive

area with the ground state arsenic than the 2p0 state. We only consider linearly

polarised light.

To simplify the treatment of the dopant distributions, we approximate the the

regions in which J > Jdec, for J connecting different types of dopant species in

various states shown in Fig. 8.1, as circles or spheres. To do this, we determine discs

whose areas are equal to those of the interaction zones. The radii of these discs

are also displayed in the table of Fig. 8.1. The average fraction of the area that is

common to the multi-valley delimitation and the circular approximation is 0.88. As

we have conserved the total volume, for a two-dopant cluster the method is exact

and for a three dopant cluster this introduces an error which is likely to be less

than 12%. Neglecting the multi-valley effects would have led to an overestimation

of the interactive area.

For two-species gates, we also consider separating the controls and the readouts

into two separate parallel planes, sufficiently distant that the ground states do

not interact on the timescale of the gate operation but sufficiently close that the
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Figure 8.2: Parallel bilayers Separating the 2D distribution of control dopants Dc and

readout dopants Dr into parallel bilayers enables the determination of a distance

at which the sphere defined by the conditions on the interaction in Fig. 8.1

has the most area exposed to the readout distribution. The optimal separation

between the layers is d = Rmin, as can be worked out from basic geometrical

considerations.

qubits can interact with the excited state of the controls. For this to be optimised

in a randomly doped sample, the readout layer must be at a distance from the

control layer which maximises exposure to the area in which J(c2p-r1s)(r) < Jdec and

minimises exposure to the area in which J(c1s-r1s)(r) > Jdec, represented in dark

blue on Fig. 8.1. We approximate the region for which the ground state interaction

exchange energy is larger or equal to Jdec to being spherically symmetric, and

we model it as a sphere. It is then clear from basic geometrical considerations,

illustrated in Fig. 8.2, that the optimal distance d separating the two layers should

be equal to Rmin such that the areas which the qubit can occupy in its own layer

correspond to a disc of inner radius 0 and outer radius
√

R2
max − d2, as can be seen

in Fig. 8.2. To ensure that the inner disc has a radius 0 any multi-valley exchange

interaction between the 1s state of the Si:As in the upper plane with the 2p± states

of Si:P in the lower plane must be avoided, we calculate that the distance between

the two layers should be d = 13.2 nm, which we use in the rest of this work. To

increase the density of entangling gates the light could be polarised out of plane

thereby reducing the planar interference distance of controls thus allowing a higher

optimum doping density to be used with the result that controls are packed more

closely and more qubits become active. All the multi-valley exchange interaction

limits displayed for the bilayer case in Fig. 8.1 have been calculated in the readout

plane, 13.2 nm from the control plane and with out of plane linearly polarised light.
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We aim to tune the free parameters of a randomly doped sample, the doping

densities of both species, to maximise the entangling gate density. Phosphorus

atoms have a random spatial arrangement on the silicon surface resulting from

exposure to phosphine gas [152]. The atoms cannot land in exactly the same

location, thus their arrangement corresponds to a hard sphere Ppp, however, this

radius of exclusion being far smaller than Rrr we revert to the use of a pure Ppp. We

have checked in our Monte Carlo simulation that introducing a small hard sphere

radius of up to 0.5 nm, corresponding to the approximate silicon lattice spacing,

does not significantly change the results. Many methods, including analytical and

simulation-based approaches, are available to treat Ppps: Monte-Carlo simulations

can treat problems with complex geometries and have the advantage of being

flexible, but must be coded efficiently to scale well. Analytical approaches can

supply results in closed form but rely on particular assumptions and are valid only

if these apply. Analytical nn methods have been used to study distributions of mth

nns [153], isolated pairs of points [154] and the probability of occurrence of reflexive

nns [155][156] (points which are the nearest neighbour of their nearest neighbour).

9.1 monte carlo simulation for finding the maximum entangling

gate density

Figure 9.1: Scaling of the Monte-Carlo algorithm which checks for SFG entangling gates.

Here we employ a Monte Carlo simulation to count the viable configurations

defined in the previous section. As can be seen on Fig. 9.1, it scales linearly with the

63
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number of dopants, i.e. as O(nc + nr), where nc is the number of control dopants

and nr is the number of readout dopants. This allows large samples (up to a

million dopants per run) to be used routinely, leading to lower statistical errors.

The algorithm is described here. We find agreement of the results with an analytical

solution for a Ppp in both two and three spatial dimensions. In the Monte Carlo

simulation, we are also able to identify configurations with more than two readouts

within the viability shell surrounding the same control. These could be useful for

implementing multi-qubit entangling gates such as the Toffoli gate [11].

Algorithm 1 Check isolation of a point by Rv(squares are labelled on Fig. 9.2)

Require: D: array containing coordinates of all points in distribution

Require: P: array containing coordinates of point being tested for isolation

a← Rv cos 45

i← 0

Mark all elements of D as viable

while i <Length(D) do

if P is marked as viable then

if Px − a < D[i]x < Px + a then

if Py − a < D[i]y < Py + a then

Mark D[i] and P as non-viable

i = i + 1

end if

end if

if Px − Rv < D[i]x < Px + Rv then

if Py − Rv < D[i]y < Py + Rv then

b← Sqrt((D[i]x − Px)2 + (D[i]y − Py)2)

if b < Rv then

Mark D[i] and P as non-viable

i = i + 1

end if

end if

end if

i = i + 1

end if

end while

The Monte-Carlo simulation was written in php with a MySQLi database. The

front-end is written in html/css so that simulations can be run through a browser

and made available on the internet. It scales optimally with the number of dopants,
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Figure 9.2: Monte-Carlo simulation isolation checking algorithm described in Alg. 1.

i.e. O(nc + nr), where nc is the number of control dopants and nr is the number of

readout dopants, such that it allows for computations on large densities and such

that the wait time is minimal. Optimal scaling stems in part from the avoidance

of full Pythagoras computations. This is achieved with four different techniques.

As regards the first step in the whole algorithm which is to analyse the controls

in order to identify all viable controls, the avoidance of Pythagoras is achieved by

first partitioning the space according to the expected mean nn distance, second by

using Pythagoras only for points lying between the enclosing squares (Fig. 9.2),

third by skipping to the next point as soon as conditions are found to be breached

and fourth by reciprocating information between adjacent points.
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Require: Cv: array containing all viable controls (isolated by Rcc within the control

distribution: the output of Alg. 1)

Require: Mark all elements of C as active

Require: R: array containing all readouts

Require: Mark all elements of R as non-active

Figure 9.3: Schematic explanation of the Haystack algorithm described in Alg. 2 which

finds which controls and readouts are active (with requirements for the algo-

rithm underneath). In the case of there being many readouts in one shell, this

method of recording reciprocal non-viability cuts calculation time approximately

in half.

As regards the second step which is to work within the viable control distribution

and the full readout distribution, avoidance of Pythagoras is achieved by using the

search sequence represented diagrammatically in Fig. 9.3, referred to as a Haystack

search.

Only the readouts close enough to a viable control and which might therefore

constitute or interfere with an entangling gate are analysed. Consequently slightly

more than half the readout dopants are never involved in the algorithm.
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Algorithm 2 Haystack algorithm: finds which controls and readouts are active

(squares are labelled on Fig. 9.3). Requirements for this algorithm are in Alg. ??

i← 0

while i <Length(Cv) do

array H ← elements of R located within square 1 of Cv[i]

if H does not contain elements within square 3 then

Mark Cv[i] as non-active

i = i + 1

else

if H contains any element within square 2 then

Mark Cv[i] as non-active

i = i + 1

else

for k indexing elements of H within square 4 do

if R[k] within Rmin (Pythagoras calculation) then

Mark Cv[i] as non-active

i = i + 1

else

Check R[k] for isolation within H (Alg. 1) & if isolated, mark R[k] as

active. If active, array Ra ← + R[k]

end if

end for

for k indexing of elements within square 5 and not within square 4 do

Check R[k] for isolation within H (Alg. 1) & if isolated, mark R[k] as

active. If active, array Ra ← + R[k]

end for

for k indexing elements of H between squares 3 and 5 do

if R[k] within Rmax (Pythagoras calculation) then

Check R[k] for isolation within H (Alg. 1) & if isolated, mark R[k] as

active. If active, array Ra ← + R[k]

end if

end for

if Size(Ra) > 0 then

Mark Cv[i] as having Length(Ra) readouts

i = i + 1

end if

end if

end if

end while



68 maximising the entangling gate density

9.2 poisson point process theory for maximising the entangling

gate density

9.2.1 Independent distributions

At the point of sample fabrication, each species is separately released onto the

silicon surface in gaseous form. The resultant distributions of dopants can be

considered to be independent sets of events occupying the same volume. However

not all dopants will form gates, only those complying to the conditions in the table

of Fig. 8.1. The minimum sphere surrounding an isolated control of radius Rcc must

be empty of other controls. Although this set of isolated events is a subset selected

from the full random distribution, we make the approximation that with regards to

the readout distribution, the viable controls are randomly distributed.

Figure 9.4: Schematic representations of geometric considerations for readout dopants

surrounding the control dopant. The first and second nns of a random point

chosen in the readout distribution must be separated by Rrr, which is calculated

using the exclusion angle α and the hashed areas referred to as δ.

This sphere of exclusion around viable controls encapsulates and gives clearance

to all the distance conditions on the readout distribution, such that the latter acts

as an independent distribution within that volume. For example, Rcc is over twice

the maximum control-readout distance Rmax, which has the implication that any

readout dopant situated between Rmin and Rmax of a viable control cannot be within

Rmax of another control and thus, within T1, can only interact with one control.

The problem can thereby be distilled into two separate parts: calculating the

density of controls isolated by Rcc in the control distribution, and multiplying

by the cumulative probability distribution function corresponding to the readout

distribution complying to all the distance conditions it is subject to (see 8.1).
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9.2.2 Maximising the density of events isolated by a fixed radius

To calculate the optimal total control density, we seek to maximise the density of

events isolated by at least a fixed radius Rcc, which we refer to as the isolated density

with isolation radius Rcc. The probability of finding an event in a spherical shell

of thickness dr at a distance r from a randomly chosen event in the distribution of

density Dt is dV(r)
dr Dt dr, where V(r) is the volume of the sphere of radius r [157, 158].

The probability that there are no events closer to the randomly chosen event than r

is then P0(r) = e−V(r)Dt , from [159][157]. Optimising this probability leads to setting

the total density of events to 0 (such that there is no chance of finding any other

event within r), as can be seen on Fig. 9.5. However, optimising the density of

points Di isolated by exactly R from their neighbours does present a maximum (see

Fig. 9.5).

Figure 9.5: Comparison of relevant quantities. P0(R), probability of a random point being

isolated by a fixed radius (42.2 nm), and Di, the density of points isolated by the

same fixed radius, as functions of the total density, Dt. Whereas the probability

doesn’t contain a clear maximum to optimise for, the density does.

Di ≡ Dt P0(R) = Dte−V(R)Dt , (9.1)

which is maximum when

Dt(Di max) =
1

V(R)
. (9.2)

At this density, the fraction of points isolated by R is 1/e:

Di, max = Dt e−1. (9.3)

The values for the total and isolated control densities corresponding to the control

radii (table in Fig. 8.1) are displayed in Table. 9.1.
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3D 2D

polarisation both e‖ e⊥

Total density 3.18 1.79 3.91

Isolated density 1.17 0.66 1.44

Isolated fraction 1/e

Table 9.1: Total doping densities giving maximum number of dopants isolated by a

radius R. Results are for densities in 3D (1015/cm3), and in 2D (1010/cm2) for

polarisations in plane e‖ corresponding to R = 42.2 nm or polarisation out of

plane e⊥ corresponding to R = 28.5 nm.

9.2.3 Readout cumulative probability density function calculation

We detail below the main steps of the calculation of the cumulative probability

density function using nn methods for the readout distribution.

Let S(r) = dV(r)
dr be the surface area of the n-dimensional sphere of radius r (i.e.

S(r) = 2πr in 2D and S(r) = 4πr2 in 3D).

If the readout density is Dr, the probability of finding the first and second nns

between Rmin and Rmax is∫ Rmax

Rmin

dr1

∫ Rmax

r1

dr2 S(r1)S(r2)D2
r e−V(Rmax)Dr . (9.4)

However, the number of viable configurations is reduced by the additional

requirement that the second nn must be at least Rrr from the first. If r2 < (r1 + Rrr),

the sphere of radius r2 defining the viable positions for the second nn must therefore

have a spherical cap removed from it (see Fig. 9.4) subtending an angle α =

cos−1 ( r2
1+r2

2−R2
rr

2r1r2

)
. This gives rise to a new surface of smaller area S̃(r2) = 2(π− α)r2

in 2D and S̃(r2) = 4(π − α)r2
2 in 3D. In the bilayer case, Rmin = 0 which further

constrains α to be π if r1 < (Rrr − Rmax), ie. if α is complex.

Finally, cases where further readout donors lie outside the sphere of radius Rmax

but within a volume δ defined as being within radius Rrr of the first or second nn

must be excluded; this corresponds to reducing the probability by a factor

e−δ Dr . (9.5)

In the SFG case, if δ1(r1) and δ2(r2) are the volumes of the spheres of radius Rrr

centred on the first and second nns which lie outside the sphere of volume Rmax,

and δov(r1, r2, θ) is the overlap between these two volumes where θ is the angle
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between the readouts, δSFG = δ1(r1) + δ2(r2)− δov(r1, r2, θ). In both other gate types,

δ = δ1(r1). This three circle overlap configuration and area calculation has been

made into a Wolfram Demonstrations project. The functions corresponding to the

overlap of two and three circles case was taken from [160].

9.2.4 Formulae for total densities of multi-qubit entangling gates

We can now construct the total densities of viable configurations for our three

types of entangling gate, for homogeneous doping with a control density Dc and a

readout density Dr.

(i) The density of SFG gate configurations is the product of the viable control

density with the probability for a control to be surrounded by a successful

configuration of readouts (the product of the CPDFs defined in equations 9.4

and 9.5):

Dsfg(Dc, Dr) = Dc e−V(Rcc) Dc× (9.6)∫ Rmax

Rmin

dr1

∫ Rmax

r1

dr2S(r1)S̃(r2)D2
r e−(V(Rmax)+δSFG)Dr

(ii) The density of two-species excited-ground Heisenberg entangling gates is:

DHeis. ex−gd(Dc, Dr) = Dc e−V(Rcc) Dc× (9.7)∫ Rmax

Rmin

drS(r)D2
r e−(V(Rmax)+δ)Dr ;

(iii) The density of single species excited-excited Heisenberg entangling gates is

DHeis. ex−ex(D) = D
∫ Rcc

R′min

drS(r)D2e−(V(Rcc)+δ)D. (9.8)

9.3 results

The results of Eq. 9.6, 9.7, 9.8 for the distances corresponding to Si:P and Si:As in

the table of Fig. 8.1 are plotted in Fig. 9.6,9.7,9.8. The plotted quantity is the density

(and percentage) of readouts which are actively participating in viable entangling

gate configurations, ie. twice the density of entangling gates in the SFG case and

the same density as that of entangling gates for the Heisenberg single readout gate

cases. The percentage of active readouts is simply the density of readouts which

are a part of an entangling gate divided by the total density of readouts.

For all results displayed inFig. 9.6,9.7,9.8, the analytical results match the simula-

tion results to within the statistical error bars shown (except for 3,4 and 5 readouts
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Figure 9.6: Dual species doping in 2D - monolayer (reds, polarisation in plane)/ bilayer

(blues, polarisation out of plane) Active percentage and readout density as a

function of the total readout density in 2D doped silicon. Lines: Ppp theory. Error

bars: Monte Carlo simulation standard deviation. Orange and light blue: SFG

gates (two readouts). Red and dark blue: excited-ground Heisenberg gates (one

readout).
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which are simulation results). This strong match with the analytical theory verifies

the simulation. The simulation however is a more powerful tool for more complex

structures. Interestingly, coding the simulation also shone light on the problem

from a different perspective, informing our thoughts when it came to calculating

the analytic theory.

In all cases, the total density of controls is maximised by choosing Dc =
1

V(Rcc)

from Eq. 9.2, yielding the viable control density e−1

V(Rcc)
from Eq. 9.3, as can be seen

on Fig. 9.5. The optimal control densities calculated with the distances of the table

in Fig. 8.1 can be seen in Table. 9.2.

In 2D in Fig. 9.6, the maximum density of readout dopants (Si:As) which are a

part of viable SFG gates is 6 ×108 dopants per cm2, which corresponds to a total

readout doping density of 1.5 ×1011 dopants per cm2. The bilayer case shows a

negligible increase in the density of readouts which are part of SFG gates, for double

the total density (3 ×1011 dopants per cm2). The percentages of readouts involved

in viable SFG configurations in both the monolayer and bilayer cases remain below

0.5%.

Figure 9.7: Dual species doping in 3D Active percentage and readout density as a function

of the total readout density in 3D doped silicon. Lines: Ppp theory, equations (9.6-

9.8). Error bars: Monte Carlo simulation standard deviation. Red: Heisenberg

gates (1 readout). Orange: SFG gates (2 readouts). Yellows: 3 or more readouts -

percentages not shown for these cases because they are negligible.
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The maximum density of readout dopants (Si:As) on Fig. 9.6 which are a part of

viable excited-readout Heisenberg gates is 1.2× 109 dopants per cm2, corresponding

to a total density of 8× 1010 dopants per cm2 and 1.5% active readouts. A very clear

increase can be seen in the bilayer case. The maximum density of readout dopants

part of viable excited-readout Heisenberg gates in bilayers separated by 13.2 nm

is 3.5× 109 dopants per cm2, corresponding to 2× 1011 dopants per cm2 and 1.8%

active readouts.

The control (Si:P) doping density, as can be seen on Fig. 9.6, that achieves

maximum density of active readouts is 1.79× 1010 dopants per cm2 in the monolayer

case and 3.91× 1010 dopants per cm2 in the bilayer case. It is possible to achieve

up to 3.9% active readouts in the monolayer case and 4.7% active readouts in

the bilayer case for low doping densities. Thus, using equal total densities of Si:P

and Si:As leads to some of the highest active percentages of Si:As contributing to

excited-ground Heisenberg gates.

The 3D bulk doped results are shown in Fig. 9.7. The maximum density of

readout dopants (Si:As) active in excited-ground Heisenberg type gates is 3× 1014

dopants per cm3 corresponding to a total doping density of readouts of 3.5× 1016

dopants per cm3 and 0.8% active readouts. Similar to the 2D case, the maximum

active readout percentages of 2.1% can be reached for total readout doping densities

comparable to that of the controls (3.2× 1015 dopants per cm3). The maximum

density of readout dopants (Si:As) active in SFG type gates is 2× 1014 dopants per

cm3 corresponding to a total doping density of readouts of 7× 1016 dopants per

cm3. It was possible to gain insights about the densities of gates containing three

or more readouts from the Monte-Carlo simulation, which may be of interest for

different types of quantum gate, e.g. Toffoli gates. Unsurprisingly, they peak at far

higher total readout doping densities, such as 7.5× 1016 dopants per cm3 for the

three readout case (see Fig. 9.7), but provide lower active readout densities, such as

7× 1013 dopants per cm3 for the same case.

Finally, in Fig. 9.8, the single species excited-excited Heisenberg gate in a 2D

monolayer yields the highest densities and percentages of active dopants because

there are less conditions to satisfy. With in plane light polarisation, 24% of dopants

can be involved in viable excited-excited Heisenberg gates! Active dopant densities

of 4.3× 109 dopants per cm2 can be reached for total doping densities of 2.5× 1010

dopants per cm2. Higher active dopant densities can be reached for out of plane

polarisation: 8.3 × 109 dopants per cm2 for total doping densities of 5.4 × 1010

dopants per cm2. Maximum percentages of 21% can be achieved with out of plane

polarisation.
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Figure 9.8: Single species Heisenberg gate for both polarisations in a monolayer. The

percentage of dopants which are a part of a gate is far larger than in both other

gate types discussed. Lines: Ppp theory. Error bars: Monte Carlo simulation

standard deviation.
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Species Dqubits % DAs DP

2D e‖ P-As-As 6× 108 < 0.5 1.5× 1011 1.8× 1010

• e‖ P-As 1.2× 109
1.5 8× 1010 1.8× 1010

• e‖ P-P 4.3× 109
24 0 2.5× 1010

• e⊥ P-P 8.3× 109
21 0 5.4× 1010

* e⊥ P-As-As 6× 108 < 0.5 3× 1011 3.9× 1010

* e⊥ P-As 3.5× 109
1.8 2× 1011 3.9× 1010

3D • P-As-As 2× 1014 < 0.5 7× 1016 3.2× 1015

• • P-As 3× 1014 0.8 3.5× 1016 3.2× 1015

Table 9.2: Analytical (matching the simulation) results for total densities of control (P)

and readout (As or P) dopants which are part of gates. Densities are in dopants

per cm2 (in 2D) or cm3 (in 3D). *bilayer case: Si:As in a parallel plane 13.2 nm

from Si:P plane. Polarisation (linear): e‖ in plane, e⊥ out of plane.
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D Y N A M I C S O F T H E A R S E N I C S P I N F L I P P R O B A B I L I T Y

10.1 proof of principle experiment : control of far-from-equilibrium

magnetization dynamics by orbital excitation

As a first step towards the implementation of the optically excited exchange entan-

gling gates we propose a proof of principle experiment to show the control of the

magnetization dynamics of the readout (Si:As) donor electrons by the control (Si:P)

electron’s orbital state, due to enhancement of exchange interactions from orbital

excitations. This is the most important building block of the SFG entangling gate. We

calculate the quantum many-body magnetization dynamics in the thermodynamic

limit using the diagonalization method MACE [143], a method shown to be well

suited for describing the dynamics of randomly placed spins. Because deep donors

in silicon act according to the Heisenberg Hamiltonian, this experiment can also

be interpreted as a quantum simulation of the two-species S=1/2 Heisenberg anti-

ferromagnet1 with quenched disorder in the exchange couplings. Note however

that due to Jij > 0 for all i, j this model does not show spin-glass phenomenology..

10.2 sample fabrication and detection techniques

Starting from a spin polarized state we show below that when all donors are in

the orbital ground state, the magnetization of Si:As stays constant on observable

timescales, while it changes to a vastly different value when the control species is

excited to the 2p state. This implies that while exchange interactions are negligible

in the orbital ground state, they are large enough to exhibit non-trivial many body

dynamics when in the excited state. Realizing this in experiment would provide a

proof of principle for the necessary control over two-body interactions needed for

the quantum logic gates discussed in the previous sections.

In experiment, readout of the magnetisation of the Si:As is done via donor-bound

exciton spectroscopy (D0X spectroscopy)[61, 164]. This requires electrical detection,

a technique described in the previous part, which can be achieved in a dilute

1 This has been shown to be an effective low energy description of the half-filled Hubbard model, in

the case where the interaction energy between the spins of the lattice is far greater than the hopping

strength [161–163].
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2D layer of P and As donors using STM hydrogen lithography to pattern highly

conductive metallic-doped phosphorus pads into the same plane and overgrowing a

protective thin-film of crystalline silicon with Molecular beam epitaxy. The impurity

sheet’s metallically doped pads are electrically contacted using electron beam

lithography coupled to reactive ion etching to create features which are filled with

aluminium using a metal evaporator. The metallic pads are in turn electrically

contacted to obtain, in conjunction with terahertz radiation from a Free Electron

Laser (FEL) (λ = 31.6µm for the Si:P 1s to 2p± transition) and D0X spectroscopy,

an electrical signal from the 2D Si:As sheet which is a response to the coherent and

non-linear excitations of the Si:P electrons. The sample fabrication and electrical

detection technique briefly described above and which we have in mind for the

experiment we propose here are described in [53] and in the previous part. This

detection technique enables the precision condensed matter samples to remain

intact after exposure to a FEL pulse.

The ground state impurity electron spin energies of the contacted impurity

layer in silicon are Zeeman split, leading to six pairs of dipole-allowed transitions

(∆m = 0, ±1). Electrical detection of electron spin resonance using D0X spectroscopy

has been demonstrated for magnetic fields of around 0.35 Tesla [60]. A donor-bound

exciton can be formed by a direct 1.15 eV photon (the silicon indirect bandgap is of

1.17 eV). The photon excites an electron from the valence band, leaving behind a

hole. When the electron-hole pair recombine via an Auger recombination process,

their energy ejects another electron from the donor site, leaving behind a positively

charged donor ion [60]. To relax all the electron spin states of both donor species to

the lower energy spin state, the sample needs to be cooled down in a dilution fridge

to milli-Kelvin temperatures. D0X optical pumping then initialises all the readouts

to the opposite spin state from the controls (and later to read out the occupation of

one of the Si:As spin states).

10.3 experimental proposal

Following the techniques described previously, each electron has the initial spin

state |Si〉 with

|Si〉 =

|↑〉 if i = readout

|↓〉 if i = control
(10.1)

and the whole system is initially in a product state |ψ0〉 such that:

|ψ0〉 = |S1 S2 ...Sn〉 . (10.2)
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When the terahertz frequency FEL is switched on, it illuminates the entire sample

and excites the control (Si:P) electrons to the 2p± state. As mentioned previously,

the experimentally demonstrated decay time of 3D bulk doped Si:P in the 2p± state

in non-isotopic silicon is 200 ps [116], which gives the timescale available to our

experiment.

The dopants evolve in time according to the Heisenberg Hamiltonian

H =
1
2 ∑

i 6=j
JAsAs
ij SAs

i SAs
j +

1
2 ∑

i 6=j
JPAs
ij SP

i SAs
j

+
1
2 ∑

i 6=j
JPP
ij SP

i SP
j , (10.3)

where we made the species dependence of the interactions explicit. The strength of

the interaction JPAs, JPP depends explicitly on the orbital state of the control species

(Si:P) (see section 8.1). If the densities are high enough, the Si:P wavefunctions will

overlap with the Si:As and lead to non-trivial dynamics.

The average magnetization of the readouts (Si:As) is given by

〈Sz As(t)〉 = 〈ψ0|
1
N ∑

i
Sz As

i (t)|ψ0〉 . (10.4)

The average spin flip probability is then defined as

PAs
sf (t) =

1
N ∑

i

〈
|↑〉 〈↑|i

〉
(10.5)

=
1

2N
+ 〈Sz As(t)〉 , (10.6)

where |↑〉 〈↑|i is the projector onto the i-th spin being in spin up.

To make a differential measurement, we compare the average spin flip probability

of the readout dopants when the control dopants are in the ground state with the

average spin flip probability when the control dopants are collectively excited to

the 2p± state. As a result, we then expect

PAs
sf (t)→

≈ 0 for control in 1s

6= 0 for control in 2p
, for late times t. (10.7)

We can deduce that the non-trivial dynamics of the spin flip probability must

have been due to interactions between species as the species themselves are in an

eigenstate of their respective Heisenberg Hamiltonian.

In the following, we will now predict the outcome of the experiment using an

exact diagonalization technique.
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Figure 10.1: Average spin flip probability of the Si:As due to the Si:P being excited. Si:P

and Si:As densities given by 7× 109 dopants per cm2. Obtained with MACE.

Both species are in the same 2D layer. Si:As is always in the 1s ground state.

Light blue: P in the 1s ground state, dark blue: P in the 2p± excited state,

red: the absolute value of the difference between both curves. The results are

averaged over 400 clusters of size 8 and the shaded areas around the curves

are the standard deviation estimated with a jackknife binning analysis of the

cluster sampling.

10.4 dynamics of the arsenic spin flip probability within the mov-

ing average cluster expansion technique

In order to simulate the experimental outcome, i.e. the magnetization dynamics,

we use the MACE technique which has been shown to capture the magnetization

dynamics in disordered long-range interacting quantum spin systems realized by

cold dipolar molecules [143] and Rydberg atoms [165].

MACE assumes that in a system where spins are randomly placed in space,

contributions to the local magnetization dynamics of a particular spin are only

made by the spins with which it has the largest interaction exchange energies.

Therefore, it is enough to exactly diagonalize this cluster and then average over

all such clusters. Convergence is then sought by increasing the cluster size. In our

system, convergence was found for cluster sizes 5 and above due to the short-range

nature of the interactions. This is in contrast to the larger cluster sizes needed

in algebraically decaying interactions [166]. Plotted on Fig. 10.1 are results from

cluster size 8 with jackknife error estimates from the quenched disorder sampling

in grey [167].
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We calculated that there is no visible change in the magnetisation of the arsenic for

fields up to 10 Tesla. We have also checked that there are no significant differences

between defining clusters with the largest exchange interactions or the nns of the

spin of interest.

The difference in the dynamics of the Si:As spin-flip probability between Si:P

being in the orbital ground state or the excited state can be seen in Fig. 10.1 to be

13% within the 200 ps experimentally detected decoherence time of the Si:P 2p±
excited state, for doping densities of both As and P of 7× 109 dopants per cm2,

which is accessible with current doping techniques.

This shows that already with only global measurements at hand, non-trivial

quantum many-body dynamics could be probed within this dual-doped system.

Comparing measurements where Si:P is in the ground and excited state would

furthermore show that substantial control over the dynamics of the Si:As spins

can be implemented within this scheme, therefore showing that one of the prime

requirements of the SFG entangling gate are within reach of current experimental

platforms.

10.5 randomly doped silicon and the metal-to-insulator transi-

tion proposal

Figure 10.2: Comparison of Bhatt and Lee’s 3D results (grey) [168] to 2D results (red) for

phosphorus dopants in silicon.

We extend the study of the dynamics of 2D randomly doped spins, to a brief

exploration of the magnetic behavior of 2D randomly doped spins in their ground

state following the algorithm described by Bhatt and Lee [168]. This is of interest in
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the context of using donors in silicon in quantum simulations of the Fermi-Hubbard

model (which will be discussed in part v), because studies of the paradigmatic

metal-to-insulator transition (MIT) in doped semiconductors usually omit the spin

degree of freedom. However, magnetic degrees of freedom can play an important

role near MITs: antiferromagnetic fluctuations might play an important role in the

emergence of high-Tc superconductivity in the cuprates. An interesting direction

would be the study of the interplay of charge and spin degrees of freedom at the

MIT in reduced dimensionality which could be done with donors in silicon.

Bhatt and Lee [168] devised a decimation algorithm for randomly positioned

spins obeying the Heisenberg Hamiltonian (which they compare to the Ising model),

which finds the largest exchange coupling in the sample and ’freezing’ out the

most strongly coupled pair of spins - because the associated energy levels will

be lower in energy than the ones coming from the coupling distance spins. They

then renormalise the exchange interactions between all of their nearest neighbours.

Consecutive applications will ’freeze-out’ more and more spins in the sample. When

setting the temperature equal to the largest coupling in the sample, they claim that

the remaining spins can be considered free and that the magnetic susceptibility

can be calculated from the Curie suceptibility and the remaining number of free

spins. We compare our results for this algorithm for a 2D randomly doped sample,

with their results for a 3D randomly doped sample in Fig, 10.2 and conclude that

in neither case is a divergence of the suceptibility seen - indicating in both cases an

absence of a phase transition.

Experimentally, a proposal for the testing the Bhatt and Lee decimation algorithm

- in which there is no divergence in 2D see Fig. 10.2, indicating the absence of a

phase transition - could be to measure the susceptibility with SQUID or NV center

magnetometers. Alternatively, one might be able to use FTIR to track the 1s spin-up

- 2p0 peaks and the 1s spin-down - 2p0 peaks as a function of small magnetic fields,

in a sample with spin-orbit coupling, such as Si:Se+, to measure the susceptibility.

Theoretically, one could expand Hartree-Fock theory - one of the techniques which

is currently used for investigating the charge-driven MIT in doped silicon - to

include spin, or use cluster expansion methods such as MACE (described in the

previous project) or MPS methods. Furthermore, it would be interesting to explore

whether there is effectively in doped silicon a competition between ferromagnetic

Heisenberg exchange and the anti-ferromagnetic super-exchange. If this was the

case, if ferromagnetic order was not found, is there anti-ferromagnetic or even

spin-glass order?
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C O N C L U S I O N

In this part the optimum densities of optically controlled entangling gates achiev-

able in randomly doped silicon were established. In order to determine which

spacing between dopant electrons can create entangling gates, spatial maps of the

Heisenberg interaction exchange energy between same-species and dual species

dopants were calculated. The focus was chosen to be on Si:P and Si:As because they

are, to date, the most well-understood dopants for diffusion onto a silicon surface

in ultra-high vacuum.

Respecting these conditions, results in both the nn treatment of a Ppp and a

Monte-Carlo simulation were found to match. The maximally achievable densities

of entangling gates in 2D are in the low 109 dopants per cm2 and in 3D are in

the low 1014 dopants per cm3. This corresponds to relatively low percentages of

active dopants. An increase was found in the density of gates when the dopants

are divided into two parallel layers. Furthermore, by considering same-species

Heisenberg gates up to 24% of dopants could be involved in viable gate structures.

We also showed that in 3D there arise situations in which gates with three and four

qubits reach significant densities.

A proof of principle experiment aimed at demonstrating the onset of two-body

(entangling) interactions caused by the optical excitation of one of the species in a

2D randomly doped sample was proposed. The far-from-equilibrium magnetisation

dynamics of the Si:As donor electron spins were calculated using the MACE tech-

nique, depending on the orbital state of the Si:P donor electrons. For low but equal

densities of Si:P and Si:As, we found a large difference in the time evolution of the

spin flip probability of around 13% between the cases where phosphorus was in the

ground or excited state showing that such an experiment would indeed be feasable.

This work can be extended in various ways. Single donor placement techniques

such as hydrogen lithography could be used to create two or three dopant structures

in silicon to verify the maps of the exchange interaction energy calculated here.

The theory we have developed can be applied to different dopant species such as

selenium or acceptors such as boron, could be modified to accommodate hard-

sphere configurations and would be relevant for Rydberg atoms which deviate from

pure Poissonian statistics in the blockaded regime [33].
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Part IV

RY D B E R G E N TA N G L I N G G AT E S I N S I L I C O N D O N O R S

Donors and dots in semiconductors have so far only demonstrated up to

86% [12] or 90% [169] electronic Bell state preparation fidelity. We draw

on the analogy between donors trapped in the silicon lattice and alkali

Rydberg atoms trapped in light fields [115] to propose a new ultra-fast

(on the order of picoseconds) Rydberg entangling gate which is robust

to variations in the inter-qubit distance, does not require substantial

gate tuning, and has theoretical fidelities up to 99.9% in phosphorus

(Si:P), arsenic (Si:As) and ionised selenium (Si:Se+) donors in silicon. We

demonstrate theoretically that our new gate has an order of magnitude

improvement in fidelities and speed over existing cold atom protocols.

To do this we calculate multivalley Rydberg interactions for several

donor species using the Finite Element Method (FEM), and show that

induced electric dipole and Van der Waals interactions, calculated here

for the first time, are important even for low-lying excited states.

Figure 11.1: The basics of the Rydberg gate in donors in silicon. Soapbox Science Lon-

don 2021 talk on quantum computers. (https://www.youtube.com/watch?v=

tt-gl6yPqCM)

https://www.youtube.com/watch?v=tt-gl6yPqCM
https://www.youtube.com/watch?v=tt-gl6yPqCM
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This part is based on the publication

• Eleanor Crane, Alexander Schuckert, Nguyen H. Le, and Andrew J. Fisher:

“Rydberg entangling gates in silicon” – Physical Review Research, 3, 033086

(2021).

Having first discussed how to fabricate electrically contacted donors in silicon for

use as free-electron laser targets, and ways of using the excited states of one donor

species to control another to implement entangling gate operations, we now study

the feasibility of using the repulsion between two excited state atoms (the Rydberg

blockade used in cold atom quantum computers) to entangle donor electrons with

high fidelity and reduced requirements on fabrication.

11.1 introduction

Figure 11.2: Rydberg gate in silicon a) Illustration of the Rydberg entangling gate silicon

quantum computer showing the global laser tuned to the |g〉 → |r〉 transition.

The entangled qubit pair is selected by locally Stark shifting all other donors

off resonance (red gates). Global gates (blue) enable use of induced dipolar

interactions. Readout devices can be placed on the layer below the one shown

here. This scheme can be extended for a surface code quantum computer

similarly to [170].

As mentioned in the introduction, electronic Bell state preparation fidelity in

donors or dots in silicon are currently much lower than in other platforms such

as superconducting qubits, cold atoms or ion traps [12, 169]. Moreover, as we

saw in the previous part, entangling exchange interactions can change by orders

https://journals.aps.org/prresearch/abstract/10.1103/PhysRevResearch.3.033086
https://journals.aps.org/prresearch/abstract/10.1103/PhysRevResearch.3.033086
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Figure 11.3: The ground state hyperfine levels are used as a qubit basis, with a higher lying

orbital excited state as |r〉. The interactions between two atoms in the excited

state barely oscillate, leading to a distance-robust two-qubit phase acquired

after a Rabi cycle (residual oscillations are due to multivalley interference in

the exchange interaction).

of magnitude if the distance between ground-state spins is varied by one lattice

site [64, 171]. Due to the impact on gate durations, this renders scaling challenging

as even hydrogen lithography cannot to date perform donor placement accurate to

within a single silicon lattice site [41, 110]. We show in this part that Rydberg gate

operation is possible within the lifetime of donor excited states with 99.9% fidelity

for the creation of a Bell state in the presence of decoherence.

There are three key inverse timescales involved in Rydberg gates: the rate of

damping T−1
1 , the frequency of driving Ω and the strength of the blockade interac-

tion u. Existing protocols make different assumptions about them. Our gate relies on

the enhancement of the Rabi frequency Ω and of the interactions u between atoms

in an orbital excited (Rydberg) state |r〉 which leads to rapid gate operations on the

order of hundreds of picoseconds. We show that the theoretical fidelities achievable

by our new gate protocol are an order of magnitude higher than existing Rydberg

atom schemes. This is because our gate allows for the excited state interaction u to

be on the same order of magnitude as the Rabi frequency Ω coupling one of the

qubit levels |1〉 spin-selectively (see Fig. 11.3) to |r〉.
Specifically, we show here that while in cold atoms excitation to high-lying excited

states is needed to induce strong dipole interactions, for donors in silicon the

interactions generated by the low-lying excited states are large enough due to

the large dielectric screening and small effective mass in silicon. Electric (not

magnetic [172]) dipole and Van der Waals (VdW) interactions between excited states

are calcuated here for the first time. The Finite Element Method (FEM) enables
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a) b)

Figure 11.4: Pulse sequence a) Global pulse sequence acting with |Ω| on both qubits

simultaneously: pulse duration τ chosen such that the first pulse returns |01〉
to itself (whereas |11〉 is left in an arbitrary location on the Bloch sphere), ξ

is the phase of the second pulse chosen such that |11〉 returns to itself after

the second pulse, ∆ detuning of the |1〉 to |r〉 transition chosen such that the

phases highlighted in b) are equal.

quick and accurate calculations of large numbers of silicon donor wavefunctions

of high lying excited states (with or without an electric field) within the effective

mass approximation, required for perturbation theory. To predict the fidelities we

simulate the entangling gate operation in the presence of a finite excited state

lifetime T1, assuming the dephasing time to be twice the decay time, and show that

our proposal outperforms existing Rydberg schemes. By using the experimentally

determined T1 and our numerically determined u, we find that high fidelities

independent of placement errors can be reached in silicon. Lastly, we show that

this gate is robust to variations in donor energy levels (inhomogeneous broadening)

and that it only requires tuning of a single independent parameter.

11.2 rydberg entangling gates

Whereas previous gate schemes [5, 6, 173] (which will be presented in section 14.1)

required h̄/T1 � Ω < u, our proposal only requires h̄/T1 � Ω, u, allowing for

much smaller gate durations and hence less probability of decay from |r〉, leading to

higher gate fidelities. This is because previous schemes were based on the blockade,

in which the doubly excited state |rr〉 is tuned out of resonance due to strong

interactions induced by Ω � u. Therefore, the gate duration τ ∼ 1/Ω is limited

to τ � 1/u. In our protocol, due to Ω being on the same order of magnitude as u,

the gate duration can be τ ∼ 1/u. We note that in cold atom platforms Ω � u is

always given, such that our gate most likely does not yield substantial advantage.

However, in the donor platform u is the limiting parameter, leading to a substantial

improvement.
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The pulse sequence, represented in Fig. 11.4, consists of acting twice with a

pulse with Rabi frequency |Ω| detuned from the |r〉 transition on both donors

simultaneously for a duration chosen such that the first pulse returns |01〉 and

|10〉 to themselves. The phase ξ of Ω is then chosen such that |11〉 returns to itself

after a second pulse of the same duration and Rabi frequency |Ω|. During the two

pulses, |11〉 picks up a two-qubit phase due to the interactions in |rr〉. Lastly, the

detuning ∆ is chosen such that the final phases of all two-qubit states implement a

controlled phase gate. Global addressing enables parallel entangling gate operations

as demonstrated in Ref. [6]. Conditions for a successful gate implementation are:

spin-selective excitation to |r〉 (either leaving the |0〉 − |r〉 transition off resonance

or forbidden by a selection rule) and u, Ω > h̄/T1. In the following, we show that

these two conditions can be fulfilled in both shallow and deep donors.
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In order to find out whether the Rydberg coupling in donors is large enough

to implement the gate, we need to calculate for excited states the magnitude of

the ferromagnetic exchange coupling J, the electron-electron repulsion (W), VVdW

and the induced dipole interaction Vdd in the presence of an electric field. To

calculate these interactions perturbatively, we employ the FEM (initially developed

in engineering for numerically computing approximations to solutions to partial

differential equations and recently applied to donors [174]) to solve the Schrödinger

equation for hydrogen exactly within effective mass theory:

[
− h̄2

2m∗
(

∂2

∂x2 +
∂2

∂y2 + γ
∂2

∂z2 ) + Uimp(r) + Ucc(r) + UE f (r)
]
ψi(r) = εiψi(r),

where Ucc is a central-cell potential for the S states which have a non-negligible

probability of being at the core, UE f is the electric field, εi is the binding energy of

the donor and m∗ is the effective mass of the electron in the silicon lattice. We then

couple these hydrogenic wavefunctions (envelope functions) into the manifolds

determined by the symmetry group of the system. The FEM solves for any number

of eigenstates, enabling a convergence check of perturbative calculations.

In the following we explain how to obtain these multivalley wavefunctions of

donor electrons in silicon.

12.1 single-valley

The effective mass approximation states that close to a band extrema, such as

the conduction band minimum, each electron can be described by a mean-field

Hamiltonian (every electron experiences the same average periodic potential) which

is that of a single free electron with a modified mass (the effective mass) in an

impurity potential.

Silicon has a face centred cubic lattice which leads to its brouillin zone (its

primitive cell in reciprocal space) being a truncated octohedron. The latter contains

six square faces, the centers of which are called X points. The conduction band

minima in silicon are positioned near the X-points (84% of the way from Γ the

zone center to the X points) and are all equivalent. Using the k.p method, the

effective mass at a band extrema - such as the conduction band minima - can be
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Figure 12.1: The potential of the FEM with and without an electric field, and the resulting

Se+ 1sT2Γ7 normal and partially ionised wavefunctions.

determined. The effective mass corresponds to the dispersion of the energy Ek as

a function of momentum k (Ek = h̄2k2

2m ). In silicon, the constant energy surfaces

of all six conduction band minima are anisotropic in reciprocal space: they are

ellipsoids which lie along the axis linking the center of the brillouin zone (Γ point)

to the valley’s X point. In valley specific coordinates, we set this to be the z axis.

The effective mass along z is referred to as longitudinal m∗l = 0.191me, where as

along x and y it is transverse m∗t = 0.916me, in reference to the conduction band

minimum ellipsoid, where m is the mass of a free electron. The kinetic energy term

in valley-specific coordinates is then:

− h̄2

2
(

∂2

∂x2 +
∂2

∂y2 + γ
∂2

∂z2 ) (12.1)

where γ = mt/ml .

The impurity potential is the Coulomb potential of the proton, which at large

distances can be approximated as a point charge at the nucleus, felt by the valence

electron:

Vimp(r) = −
h̄

4πε0εr

e2

r
(12.2)

where e is the electron charge. However, the valley degree of freedom in multivalley

semiconductors allows the wavefunctions to have a non-negligible probability of

being at the core where the Coulomb approximation breaks down. To account

for this, we add another potential to the Hamiltonian, widely referred to as the

central cell potential Ucc(r), which takes the form of a delta function at the core and
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which we model using a Heavyside step function [175]. The value of the central cell

potential is determined using a bisection algorithm by requiring the energy of the

solution of the FEM method to match the experimentally determined energies for

the multivalley states.

It is also possible to add to the Hamiltonian the confining potential of an external

electric field applied along the real-space z axis (which corresponds to the z-axis in

valley-specific coordinates), which is:

E f (r) = eE f z. (12.3)

The wavefunction is written

ψ(r) = ∑
i

Fi(r)φ(k j, r)αi, (12.4)

where the vector r = (x, y, z). It is composed of the envelope function Fi(r), where

the indices i runs over the hydrogenic states, the Bloch wavefunction φ(k j, r) =

e−ik j.ruk j(r) which is the product of a plane wave and a lattice periodic function

uk j(r), where j runs over the six valleys, and lastly a multivalley parameter αi

which couples the function into various manifolds according to the Td point group

mentioned above.

The Schrödinger equation which we will simplify in the following, in the valley-

specific coordinates where z is the valley axis, is:

[
− h̄2

2m∗ (
∂2

∂x2 +
∂2

∂y2 + γ
∂2

∂z2 ) + Vimp(r) + Ucc(r) + E f (r)
]
Fi(r) = εiFi(r) (12.5)

We use the FEM to obtain Fi(r) and couple it to the Bloch wavefunction and into

the multivalley manifolds in a second step. As all the conduction band minima are

equivalent, the solution to this Schrödinger equation suffices for all the manifolds

representing the Td point group.

We write the Hamiltonian in the atomic units aB = 4πε0εR/e2mt and EH =

e4mt/(h̄4πε0εR)
2:

H =
−EHa2

B
2

(
∂2

∂x2 +
∂2

∂y2 + γ
∂2

∂z2 )− (12.6)

EHaB√
x2 + y2 + z2

) + Uccδ(x, y, z) +
Eh

aBe
eE f z

, where the δ is approximated by a step-function in the numerics.

We make four steps to simplify the Hamiltonian to improve FEM convergence:

• Transform to an anisotropic frame where z′ =
√

γz to have a symmetrised

Hamiltonian.
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• Transform to spherical polar coordinates (the kinetic energy has spherical

symmetry so this is allowed).

• Choose the wavefunction Fi,m(r) = eimφ f j,m,µ(r, θ) = eimφ 1
r Yj,m,µ(r, θ) where m

is the magnetic quantum number, to obtain a 2D Hamiltonian.

• Transform the semi-infinite plane to a finite rectangle r = r0 tan η with

η ∈ [0, π
2 ] and r0 a scaling factor which is best chosen comparable to the

wavefunction of interest [174] for a compressed Hamiltonian to get yj,m,µ(η, θ).

The boundary conditions are then that the wavefunction must decay at infinity,

which corresponds to α→ 0 and α→ π
2 :

y(0, θ) = y(π/2, θ) = 0. (12.7)

Additionally, for wavefunctions with magnetic quantum numbers of opposite parity

we have y(η, θ) = −y(η, π − θ), therefore at the boundary:

y(η, π/2) = −y(η, π/2) = 0. (12.8)

The final symmetrised polar compressed 2D Hamiltonian reads:

H =− EHa2
B

2r0

(
cos2 η

∂

∂η

(m2 cot2 η

sin2 θ

)
+ (12.9)

cot2 η

sin θ

∂

∂θ

(
sin θ

∂

∂θ

))
−

EHaBr−1
0 cot η√

1− (1− γ) cos2 θ
+

Ucc
4
3 πr3

c
H(r− rc) +

√
γr cos θE f Us(r− rm) (12.10)

Where H(r) is the Heavyside Theta function and Us(r) is the Unitstep function

and rc and rm cutoff values. The solutions obtained via FEM are then numerically

normalised using the Cuba Vegas package [151].

12.2 multi-valley

We now describe the coupling to the multivalley manifolds. Firstly, we reduce

the six valley problem (−x, x,−y, y,−z, z) to an effective three valley problem

(x, y, z) with x,y and z ∈ [−∞, ∞]. We associate to each valley the envelope func-

tion in rotated cartesian coordinates to ensure consistency when all the valleys

will be coupled, considering we took z as the valley axis we create a three part

vector corresponding to the envelope wavefunction in the three effective valleys:

(Fi(z, x, y), Fi(y, z, x), Fi(x, y, z)).

We transform the six functions of the tetrahedral point group into the effective

three valleys by taking the Bloch wavefunction into account and using trigonometric
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Figure 12.2: 1sA and 2p0 comparison between multivalley FEM wavefunctions and varia-

tional wavefunctions.

identities to couple two valleys of opposite sign, each with a plane wave factor

e−ikix into one with sin kix if the manifolds have an even total sign or cos kix if it is

odd. For the 1sT2Γ7 state for example:

Fi(x)e−ikix.(1,−1, 0, 0, 0, 0)

=Fi(x)e−ikix − Fi(x)eikix

=2i sin kixFi(x).

The wavefunctions are then normalised.
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T Y P E S O F I N T E R A C T I O N S B E T W E E N D O N O R S I N S I L I C O N

Entangling gate schemes in donors so far have focussed on harnessing the highly

oscillatory and exponentially decaying ground state exchange (J) [12, 171]: this

interaction is negligible in high-lying excited states of Rydberg atoms, where u is

dominated by the electric dipole interaction [173]

Vd =
p1 p2 − 3(n · p1)(n · p2)

R3 , (13.1)

where pi is the dipole operator of atom i, R is the inter-atomic distance, and n is

the unit vector pointing along the inter-donor axis. In the absence of an electric

field, neutral atoms and donors do not have a permanent dipole moment so Vd only

contributes at second order in perturbation theory: VdW (VVdW) interactions falling

off as ∼ 1/R6 whose strength is determined by the polarisability which scales with

the principal quantum number as n11. Contrarily, J is determined by the size of the

wavefunctions which scale as n2 and decay exponentially with inter-donor distance.

Therefore, dipolar interactions dominate for large principal quantum number and

distance.

In more detail, in this work, we consider the tight binding model, with additional

dipolar forces due to a donor being made up of a core plus a valence electron. The

tight binding model is written:

H = ∑
i 6=j

a†
iσtijajσ + ∑

ii′ jj′

Uii′ jj′

2
a†

iσa†
i′σ′aj′σ′ajσ (13.2)

where t is the single hopping matrix element between neighboring sites and

Uii′ jj′ =
∫

ddr1ddr2 ψ∗Ri
(r1)ψ

∗
R′i
(r2)V(r1 − r2)

× ψRj(r1)ψR′j
(r2), (13.3)

where V is the Coulomb interaction, given by V(r) = V0/r where V0 = e2

4πε0εS
, e is

the electron charge and εS = 11.4 is the dielectric constant of silicon.

13.1 intersite coulomb electron-electron repulsion

The contribution from Uii′ii′ = Wii′ is ∑i 6=i′ Wii′ n̂in̂i′ where n̂i = ∑σ a†
iσaiσ which

corresponds to the essentially classical Coulomb interactions between donors on

97
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neighbouring sites. From this we get the intersite Coulomb electron - electron

repulsion:

W12 = V0

∫ ∫
dr1dr2

|ψ1(r1)|2|ψ2(r2 − R)|2
|r1 − r2|

, (13.4)

where R = R2 − R1 is the separation vector between the two donors.

The contribution from Uiiii corresponds to the on-site interaction, which can lead

to anti-ferromagnetic super-exchange which is negligible in our case.

We do not include here electron-core interactions [146, 176] which appear in

part v of this thesis, as they will cancel each other in the expression of the total

Rydberg interaction (intuitively this can be understood as only the electron-electron

interactions matter for the Rydberg gate).

13.2 ferromagnetic exchange coupling

The contributions from Uijji can be re-written, making use of Pauli matrix identities,

into:

∑
i 6=j

Uijji

2
a†

iσa†
jσ′aiσ′ajσ = −∑

i 6=j
Uijji(

−→
Si ·
−→
Sj +

1
4

n̂in̂j). (13.5)

It corresponds to the ferromagnetic exchange coupling. Note that for calculating the

total interaction for the gate, we are only interested in the case where both spins are

on resonance with the laser, so both spins are aligned. This leads to
−→
Si ·
−→
Sj =

1
4 n̂in̂j.

We refer to Uijji as Jij and we have:

J12 =
∫

dr1dr2 ψ∗1(r1)ψ
∗
2(r2 − R)

V0

|r1 − r2|
× ψ2(r1 − R)ψ1(r2), (13.6)

where R = R2 − R1 is the separation vector between the two donors.

The leading correction to this electron-only model of donor interactions is given

by dipole interactions.

13.3 dipole-dipole interactions (induced dipole interactions only

for donors)

Dipole moments of a state can be calculated as the derivative of the Stark shift of that

state (which we study in section 13.6). Because donors do not have permanent dipole

moments, they require electric fields in order to have dipole-dipole interactions,

which take the form:

Vdd = − ∑
n′,l′,j′,m′

〈n′, l′, j′, m′|Vd |n, l, j, m〉
E|n′,l′,j′,m′〉 − E|n,l,j,m〉

, (13.7)
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where pi is the dipole moment of atom i, R is the inter-atomic distance, and n is the

unit vector between the two donors. This perturbatively calculated Stark shift does

not contain contributions from the continuum, which we quantify by comparing to

the single valley energies directly generated by the FEM while varying UE f . In this

chapter we use a method which contains these contributions by obtaining Vdd by

using the induced dipole moment obtained from the derivative of the multi-valley

Stark shift which is calculated using the FEM which requires us to apply the electric

field along [100] (ie. along the polarisation axis as, when applied perpendicular the

Schrödinger equation no longer reduces to the 2D Hamiltonian described earlier).

As the outermost donor electron is very weakly bound to the core, we set the

maximally applicable electric field (which wouldn’t ionise |r〉 during its lifetime) by

generalizing the method in ref. [177] to donors in silicon, consistent with experi-

mental results, see Section 13.5.

13.4 van der waals interactions

A dipole can furthermore be induced by the vacuum, leading to VdW forces, which

are calculated in second order perturbation theory of Vd. forces:

VVdWij = − ∑
n′,l′,j′,m′

n′′,l′′,j′′,m

| 〈n′, l′, j′, m′| ⊗ 〈n′′, l′′, j′′, m′′|Vd |n, l, j, m〉 ⊗ |n, l, j, m〉 |2
E|n′,l′,j′,m′〉 + E|n′′,l′′,j′′,m′′〉 − 2E|n,l,j,m〉

(13.8)

The Hamiltonian we use in this problem therefore corresponds to:

H =∑
i 6=j

1
2
(Wij + VVdWij − Jij)n̂in̂j.

In the presence of an electric field, W is dropped in favor of VVdd which becomes

the leading contribution.

For VVdW interactions, we typically include ∼ 40 states in the perturbative calcu-

lation.

13.5 ionisation rates

The ionisation rate for a hydrogen atom in an excited state is given in [178] to be:

1
τ
= n−3[n2!(n2 + |m|)!]−1(n3 E f

4
)−2n2−|m|−1 e

3(n1−n2)
−2

3n3E f (13.9)

with n, m, n1 and n2 the principal, magnetic, and parabolic quantum numbers

respectively (here we consider the 2p0 state which has n1 = 1, n2 = 0) and E f is
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Figure 13.1: Ionisation probability within experimentally determined lifetimes. a) Ioni-

sation probability within 200ps for various Si:P states and electric field direc-

tions. Checked against experimental data from [179]. b) Ionisation probability

within 7.7ns for theoretical values for Si:Se+ 2p0 (blue),1sT2Γ7 (orange) 1sA

(green). Electric field applied along [100].

the applied field strength in atomic units. We scale the results for the hydrogen

atom by using experimental results acquired by [179] on Si:P in the ground state to

determine the atomic units for the electric field used in Eq. 13.9. For an atom in the

ground state Eq. 13.9 reduces to

1
τ
=

ωα

F
exp[− α

F
] (13.10)

originally given in [180], with α = 4
√

2mtE3/2
f /(3eh̄) the atomic field and ω =

12Eb/h̄, where Eb is the binding energy, e is the electron mass and mt is the

tunnelling mass. The tunnelling mass depends on the direction in which is applied

the electric field, with the [111] direction yielding the slowest tunnelling times [179].

The 2D Hamiltonian which enables us to use the FEM for investigating induced

dipolar interactions requires us to consider applying the electric field along [100].

The minimum ionisation rate is given by the Bohr period τB = 2πh̄/Eb [179], on

the order of 10
−13 seconds for Si:P and 10

−14 seconds for Si:Se+.
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The results of these formula comply with experimental results for the Si:P 1sA

state [179]. The classical ionisation threshold for Si:P 2p0 is at 0.28 V/um. In order

to reduce the ionisation probability during the 2p0 lifetime of 235 ps, we can see

from Fig. 13.1 that the electric field should be on the order of 0.2 V/um.

The results for the theoretically calculated ionisation rates for Si:Se+ can be found

in Fig. 13.1. The 2p0 result was obtained inserting the 1sA α and ω values into

Eq. 13.9. The result for 1sT2 (n1 = 0, n2 = 0) coincides with the result obtained

when calculating α and ω values from the binding energy of 1sT2 and directly

using Eq. 13.10. In order to reduce the ionisation probability during the 1sT2

experimentally measured lifetime of 7.7 ns, we can see from Fig. 13.1 that the

electric field should be on the order of 8 V/um for 1sT2 and 1V/um for 2p0.

13.6 stark shifts

A simple way to calculate the exact single valley Stark shift of donors using the

FEM is to include a slope corresponding to the electric field in the Schrödinger

equation in 12.5. This single valley Stark shift enables us to check our multivalley

perturbatively calculated Stark shift because it includes contributions from the

continuum. This is only possible for a field applied along the polarisation axis as,

when applied perpendicular, the Schrödinger equation no longer reduces to a 2D

Hamiltonian.

All Stark shifts are plotted in Fig. 13.2, and are very close in magnitude for both

methods - single valley or multivalley, for electric fields smaller than the ionising

electric fields for the donor excited state lifetimes previously determined.

The perturbatively calculated single valley calculations include single s states

with no central cell corrections (ccc) in the 2p0 calculations, and with a ccc for

the 1sT2Γ7 calculation in order to be able to compare directly to the FEM results.

We can see both results are close, despite the perturbative results not including

contributions from the continuum. The multivalley calculations include, for the

ground as well as for higher lying s states, A, E and T manifolds, each with their

own ccc.

For the 2p0 states of both donors, the main contributing state is 2s in the single

valley case, and 2sE and 2sA in the multivalley case. For Se+ 1sT2Γ7 in both

single and multivalley cases, the main contributions to the Stark shift parallel to

the polarisation of the state come from the p0 states and perpendicular to the

polarisation comes from the p+ states.

Considering these Stark shifts, with laser linewidths below 0.1 meV and Rabi

frequencies on the order of 1 meV, small electric fields would suffice to shift the
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donors on and off resonance. Large fields could even be applied to all the ground

state donors not contributing to the gate to fully ensure they are off resonance with

the laser exciting to the Rydberg state, because ground state donors can resist far

larger fields than the excited states, which have a short lifetime and have higher

ionisation probabilities.

13.7 rydberg interaction u results in donors

13.7.1 Rydberg blockade in P and As

In the case of the entangling gate, we are interested in the total Rydberg interaction

u which corresponds to the energy difference between both donors being excited to

the Rydberg state (|rr〉), and none (|gg〉) or only a single of the two being excited

(|rg〉). We use the notation E|rr〉 for both spins being excited, E|rg〉 for one donor

being excited and the other remaining in the ground state and E|gg〉 for both donors

in the ground state:

E|rr〉 = W|rr〉 + VVdW|rr〉 − J|rr〉 (13.11)

E|rg〉 = W|rg〉 (13.12)

E|gg〉 = W|gg〉 (13.13)

where, again, VVdd dominates W in the presence of an external electric field and

we neglected the extremely small contributions coming from VVdW and J for |rg〉
and |gg〉. From these expressions, we are able to obtain the expression for u, the

additional energy experienced by the atoms when they are doubly excited as

opposed to singly excited:

u = (E|rr〉 − E|gr〉)− (E|gr〉 − E|gg〉) (13.14)

≈W|rr〉 − 2W|rg〉 + W|gg〉 − J|rr〉 + VVdW|rr〉, (13.15)

J|gg〉, VVdW|gg〉, VVdW|rg〉, J|rg〉 are negligible for the range of donor separations consid-

ered in this work.

Fig. 13.3 shows all interactions between two 2p0 state Si:P or Si:As donors. The

interaction energy is plotted as a map for the 2p0 and 1sT2Γ7 states in Si:Se+ in

Fig. 13.4. Contrary to the expectation from the ground orbital state and despite the

small principal quantum number, both VVdW and Vdd interactions are non-negligible.

When two donors are aligned along the polarisation and electric field axis as is

shown in Fig. 13.3a), VVdW and Vdd dominate, with an oscillatory contribution from J.

When aligned along an axis perpendicular to the polarisation, J and VVdW dominate,
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with no oscillations due to the 2p0 state not showing multivalley oscillations in the

plane perpendicular to the polarization axis.

We note that the contributions from J are very small. This means that donors

residing on different sublattices (which heavily affects J but has only a small

influence on other interaction types) has only a very small effect on u, as will be

seen in Fig. 14.2 in the following section. For the 1sT2Γ7 state in Si:Se+ however, the

dipole interactions are less dominant and u is mainly given by J.

13.7.2 Rydberg blockade in Se+

We study the interactions between two ionised selenium (Si:Se+) donors in silicon

to find out whether they might be good candidates for Rydberg gates. Si:Se+ donors

have direct transitions in the infra-red regime and their optical characteristics have

been studied for decades and have recently undergone renewed interest in the

context of providing a spin-photon interace for the silicon platform [182].

As can be seen on Fig. 13.4, oscillations in the exchange energy can be seen when

the donors are aligned along the polarisation axis (a) and d)) but not when perfectly

aligned along the axis perpendicular to the polarisation (b) and e)). In the case of

the 1sT2 state, the exchange is so small that the oscillations can hardly be seen in d).

c) and d) are top-views of the Rydberg interactions (also represented in b) and e)),

of direct use when calculating the fidelity over large physical areas. For the 1sT2

state, the Rydberg interaction changes sign due to the rapid decay of the exchange,

which causes a dip in the fidelity.

In figures Fig. 13.4a-b) and d-e), the fidelity of the entangling gate proposed

in this part is also plotted. The oscillation in the rydberg interaction caused by

the exchange is so steep that the fidelity has sharp oscillations which are not very

well resolved, despite the 0.1 nm step size o the calculation. For the 1sT2γ7 state

however, the long |r〉 lifetime of 7.7ns puts the fidelity extremely high, despite the

small magnitude of u.
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Figure 13.2: Stark shifts for E f smaller than the ionisation limit determined in Fig 13.1.

The FEM result includes contributions from the conduction band states not

included in the perturbative results. a) Si:Se+ 2p0 Stark shift. c) Si:Se+ 1sT2Γ7

Stark shift. b) Si:P 2p0 Stark shift.
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Figure 13.3: Rydberg interaction energy (u) and electric fields.– a) Interactions in meV

between As or P donors in this same setup. u: total Rydberg interaction, W:

electron-electron repulsion, J: ferromagnetic exchange, VVdW : VdW, Vdd: induced

dipole interaction at 0.18 V/µm (very low ionisation probability, see section

13.5). ‘r’ and ‘g’ refer to Rydberg and ground state as defined in Fig. 11.3. 2p0

wavefunction illustration (blue: negative, red: positive), showing multi-valley

oscillations along the polarisation direction only.
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Figure 13.4: Rydberg blockade between 77Se+ excited states with polarisation {0,0,1}.

Row 1: interactions between two 2p0 states and fidelity assuming a lifetime

of 1ns. Row 2: interactions between two 1sT2Γ7 states and fidelity for the

experimentally determined lifetime 7.7ns [181]. Color labelling identical to Fig.

2 in main text. Reds ’W’: inter-site Coulomb electron - electron repulsion (’rr’:

2p0-2p0, ’rg’: 2p0-1sA and ’gg’: 1sA-1sA). Green, ’J’: ferromagnetic exchange

(2p0-2p0). Light blue, ’VVdW ’: VdW (2p0-2p0). Dark blue, ’VVdd’: induced dipole

interaction with non-ionising field (negligible in all cases shown above), ’u’:

Total interaction calculated from Eq. 13.15. (a and d) Inter-donor axis parallel

to polarisation axis. (b and e) Inter-donor axis perpendicular to polarisation

axis. (c and f) Map of total interaction (meV) for one donor placed at the center

of the map and the other to occupy any other position. White: avoiding the

molecular limit. a) Oscillation due to ’J’. e) Fidelity dips to 0 at 6 nm because

u changes sign, for which one can change the sign of the detuning. Fidelity

remains large due to a difference on the order of 0.1 meV coming from the ’W’

terms and the extremely long decay time of the 1sT2Γ7 state.
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D E C O H E R E N C E

In order to show that high-fidelity entangling gates are possible in silicon within

the short donor lifetimes (summarized in Tab. 15.1), we calculate the fidelity of Bell

state creation F = 〈Φ+| ρ |Φ+〉 for various donors in the presence of decoherence

by entering the interactions u calculated in the previous section. We choose to study

the Bell state creation fidelity as opposed to a measure of fidelity which would

compare the dynamical evolution to the target unitary evolution which represents

the gate [183, 184] so that we can compare our theoretical results directly to [6]

and other experimental gate implementations [12, 139]. To do this, we model a two

donor system with the Hamiltonian [5]

H = ∑
i=1,2

(
Ωi

2
|1〉i〈r|+

Ω∗i
2
|r〉i〈1| − ∆|r〉i〈r|

)
+ u |r〉1〈r| ⊗ |r〉2〈r|, (14.1)

and simulate the full pulse sequence for creating the Bell-state |Φ+〉 = 1√
2
|00〉+ |11〉

within a Markovian Lindblad Master equation given by

∂tρ = − i
h̄

[
Heffρ− ρH†

eff

]
+ ∑

j
LjρL†

j , (14.2)

where ρ is the two-donor density matrix (with each donor restricted to the states

|0〉, |1〉 and |r〉), Lj are the jump operators describing decoherence and Heff =

H − i
2 ∑j L†

j Lj. We include dephasing between |1〉 and |r〉 with rate γde = 1/(2T1)

and spontaneous emission from the Rydberg state, with rate γse = 1/T1:

Lde,1 =
√

γde [(|r〉 〈r| − |1〉 〈1|)⊗ 1] , (14.3)

Lde,2 =
√

γde [1⊗ (|r〉 〈r| − |1〉 〈1|)] , (14.4)

Lse,1 =
√

γse [|1〉 〈r| ⊗ 1] , (14.5)

Lse,2 =
√

γse [1⊗ |1〉 〈r|] , (14.6)

where we assumed spontaneous emission does not bring |r〉 to |0〉 and we neglect

decoherence processes between the qubit levels as these are negligible on the time

scale of a single two-qubit gate.

We solve the evolution for arbitrary decoherence rates and interactions and

deduce the necessary interaction strength and Rabi frequency for a successful gate
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operation. We start in the initial state |Ψ0〉 = (|1〉+ |0〉)/
√

2⊗ (|1〉+ |0〉)/
√

2, and

entangle the two qubits by numerically solving the time evolution of the pulse

sequence. Finally, we apply a single qubit phase gate to rotate to |Φ+〉 [6]. We

assume the latter to be perfect, i.e. we act with the appropriate unitary operator on

the density matrix instead of simulating the pulse. We use the fidelity of creating

|Φ+〉, defined as F = 〈Φ+| ρ |Φ+〉 as a measure how much decoherence alters the

success of the gate.

In this chapter, we propose a “phase accumulation” variant of the “Gate A”

discussed in Jaksch et al. [5] and presented below.

14.1 existing rydberg gates in the presence of decoherence

First, we present the original resonant gate and its optimisation [5]. Second, we

present the recently proposed ultrafast off-resonant blockade gate [6]. The gate we

propose and discuss in this part of the thesis shows much higher fidelities than the

two previous proposals.
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14.1.1 Resonant blockade gate [5]

Pulse sequence |11〉 |10〉 |01〉 |00〉

1. π-pulse on atom 1 i|r1〉 i|r0〉 |01〉 |00〉

2. 2π-pulse on atom 2 i|r1〉 i|r0〉 i|0r〉 |00〉

3. π-pulse on atom 1 -|11〉 -|10〉 -|01〉 |00〉

Figure 14.3: Fidelity of the resonant Rydberg blockade gate.– Table: summary of the

pulse sequence [5] in the ideal case of u/Ω = ∞ and u/γ = ∞, showing the

implementation of the controlled-Z truth table. (a) Optimal Bell-state |Φ+〉
fidelity obtained from a Lindblad simulation of the pulses, as a function of Rabi

frequency for a fixed interaction strength u = 104γse: there is a clear optimal

value. (b) Optimal fidelities as a function of interaction strength, showing that

modest fidelities can be already reached for small values of the interaction

strength.

The resonant Rydberg blockade gate requires the qubits to be individually address-

able and the laser to be on resonance with the orbital transition. The pulse sequence

(c.f. Fig.14.3) applies a π pulse to the first atom, a 2π pulse to the second atom and

a π pulse to the first atom again. In the initial state |00〉 the pulse sequence has no

effect on the qubits because the |0〉 state is off-resonance with the laser. Due to the

Rydberg blockade, |11〉 acquires the same phase as |10〉, as the second atom cannot

be excited to |r〉, in total implementing the truth table of a controlled-Z gate.

In the presence of a non-zero decoherence rate γ, there is an optimum for the

Rabi frequency Ω: if Ω ≈ γ, the fidelity is low because the pulses take too long,

however if Ω ≈ u, the fidelity is also low as the blockade condition is not well

fulfilled. We hence optimize the Rabi frequency Ω to maximize the fidelity F .

In Fig. 14.3 we show that this intuitive picture is correct, i.e. there is a clear

optimum value for the Rabi frequency. Interestingly, the optimal Rabi frequencies
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are rather large showing that the gate operation time should be as small as possible

to reduce loss from the excited state. This means that the hierarchy of scales is

given by γ� Ω < u. Importantly for the purposes of the donor implementation,

we also find that for a given value of the Rabi frequency, the fidelity is only weakly

dependent on the exact value of u. For large u, a plateau is reached beyond which

the fidelity does not increase due to decoherence processes then being the limiting

factor. At this point, the Rabi frequency should be increased to increase fidelities

further.

14.1.2 Off-resonant blockade gate [6]

In the improved blockade gate as presented and implemented in Ref. [6], only two

global pulses with fixed detuning ∆ 6= 0 are needed. The pulse sequence proceeds

as follows:

1. Evolve for time τ with Ω1 = Ω2 = Ω.

2. Evolve for time τ with Ω1 = Ω2 = Ω exp(iξ),

followed by a single qubit phase gate on both qubits (c.f. Fig. 14.4a)). In the

above sequence, the gate time τ is chosen such that the state |11〉 returns to

itself after the first pulse, i.e. to the time corresponding to a blockaded 2π pulse,

τ = 2π/
√

2Ω2 + ∆2. Similarly, the phase ξ of the laser in the second pulse is chosen

such that the state |01〉 returns to itself after both pulses. Finally, the detuning ∆ is

chosen such that the phase acquired by both states differs by π (in the sense that

this phase difference remains after application of the global single qubit phase gate,

c.f. Fig. 14.4b).

In the strongly interacting regime, the parameters were analytically calculated to

be given by [6]

∆/Ω = 0.377371 (14.7)

ξ = 3.90242. (14.8)

This leaves the Rabi frequency as a free parameter, which we optimize for a given

interaction strength u and decoherence rates γse and γde = 0.5γse. Similarly to

the resonant gate, we find a clear optimal Rabi frequency for a given interaction

strength, which we show in Fig. 14.4 and find slightly higher fidelities than for the

resonant gate.

A major limitation for both blockade gate proposals is the hierarchy of scales

γ� Ω < u, given by the requirement for the blockade condition to be fulfilled. This

limits the maximum Rabi frequency, setting a lower bound for the gate duration
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and leaving more time for decoherence processes to kick in. Our calculation implies

that the experiment in Ref. [6] operated very close to the optimal Rabi frequency, in

part explaining their improvements over previous results.

14.2 phase-accumulation rydberg gate

We propose a “phase accumulation” variant of the “Gate A” discussed in Jaksch

et al. [5] and presented above. To do so, we use the same pulse sequence as in

the off-resonant blockade gate discussed in Levine et al., [6] and presented above,

but reverse the reasoning - instead of tuning the gate time to the blockaded Rabi

frequency, we use the unblockaded one, given by τ = 2π/
√

Ω2 + ∆2. Hence, the

states |01〉 and |10〉 return to themselves after a single Rabi pulse as can be seen in

Fig. 14.1. Accordingly, we tune the phase ξ such that the state |11〉 returns to itself

after the second pulse, accumulating a two-qubit phase due to the non-vanishing

probability to populate |rr〉, see Fig. 14.1.

That this proposal is advantageous compared to the blockade gates may seem

counterintuitive at first due to the high loss rate from occupying |r〉, as opposed to

avoiding it with the blockaded regime. However, in this gate the condition Ω < u is

relaxed and hence the gate duration and hence the duration of occupation of |r〉
can be much smaller compared to the blockade gates, therefore reducing again the

loss from |r〉 and increasing the fidelity.

We optimize the pulse sequence and find that the optimal Rabi frequency is

proportional to the interaction strength. Furthermore, all other parameters are

almost independent of the interaction strength. We obtain these results numerically

by fixing τ = 2π/
√

Ω2 + ∆2 and optimizing Ω, ∆, ξ for a given u/γ, obtaining the

optimal pulse parameters shown in Fig. 14.1. In the large interaction limit, we find

Ω/u = 1.45747, (14.9)

∆/Ω = 0.28757, (14.10)

ξ = 1.5306. (14.11)
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Figure 14.1: Pulse sequence of proposed gate a) Bloch-sphere depiction of the dynamics

of the states |11〉 and |01〉. The |11〉 state touches the Bloch sphere spanned

by |11〉 and |rr〉 at times (n/2)τ with n = 1, 2, 3, 4. This is more clearly shown

in b), which depicts the state probabilities when starting in the initial state

|ψ(0)〉 = (|0〉 + |1〉) ⊗ (|0〉 + |1〉)/2. c) Optimized pulse parameters in the

blockade-inspired off-resonant gate. Note the very weak dependence on the

interaction strength.
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Figure 14.2: Dependence of the fidelity on the sublattice, the Rabi frequency and inho-

mogeneous broadening a) In the case of Si:P with |r〉 chosen as 2p0, the fidelity

is robust to donors belonging to different silicon sublattices. Donors residing on

different sublattices only heavily affects the exchange interaction. Because it is

such a small contribution to the final blockade energy, the different sublattices

barely affect the fidelity results. b) Dependence of the fidelity on the Rabi

frequency for the blockade-inspired off-resonant gate for some examples of the

interaction strength. c) Infidelity as a function of interaction strength scaled

by |r〉 lifetime, for a fixed Ω and interaction strength u. Even a relatively large

inhomogeneous broadening of 0.1Ω corresponding to roughly 0.2 meV for Si:P,

which is a factor of two larger than found in experiment [116], has very little

effect on the fidelity.
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Figure 14.4: Pulse sequence of the off-resonant gate Adapted from Ref. [6]. a) Global pulse

sequence acting with |Ω| on both qubits simultaneously: t1 pulse duration

chosen such that the first pulse returns |11〉 to itself (whereas |01〉 and |10〉 are

left in an arbitrary location on the Bloch sphere), ξ phase of the second pulse

(evolve with Ω exp(iξ)) chosen such that |01〉 and |10〉 return to themselves

after the pulse sequence, ∆ detuning of the |1〉 to |r〉 transition chosen such that

the phases highlighted in b) are equal. Finally, the third step is to apply single

qubit phase gates to both qubits, with phase φ, which corrects for global single

qubit phases built up in the dynamics. b) Mapping of the qubit states due to

the Cz gate. c) The dynamics of the states |11〉 (with Rabi frequency
√

2Ω in

the case of a perfect blockade) and |01〉 (with Rabi frequency Ω, leading to a

different path over the Bloch sphere) in terms of two level systems. d) Optimal

Rabi frequency in the off-resonant blockade gate as a function of interaction

strength and decoherence time.
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Donor Se+ Se+ P/As

|r〉 2p0 1sT2 2p0

d|1〉→|r〉 (Debye) 0.97
a

1.96
b

31
c

h̄ω|1〉→|r〉 (meV) 548 427 34

theo. T1 (ns) -d - 1.1/1.8 e

exp. T1 (ns) -d
7.7 f

0.235
g

exp. T2 (ns) - 7.7h
0.160

j

Table 15.1: Properties of orbital excited states used in this work and spin-selective ex-

citation in Se+, P and As. a. calculated using FEM results. b. From [182]. c.

From [185]. Two-photon excitation via the D0X state could also be envisaged

(d|1〉→|D0X〉=0.04 Debye and d|D0X〉→|r〉=0.003 Debye [186]). d. We assume a con-

servative T1=1ns. e. From [187]. f. From [182]. Photo-luminescence radiative T1 =

900 ns, however modulation-frequency-dependent luminescence direct T1 = 7.7

ns [182] (may be limited by thermal phonons leaving room for improvements in

T1 [188]). g. From [189]. Dominated by phonon-assisted relaxation h. From [182].

Limited by T1. j) From [116]. The sample was not isotopically pure, leaving room

for improvements in T2.
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Figure 15.1: Electrostatic simulation of a device (assuming a 2D layer with insulators above

and below). Top and bottom global gates apply 0.18 V/µm (very low ionisation

probability, see section 13.5) between the two central donors, inducing dipolar

interactions. The top and bottom donors are shifted off resonance with the

laser due to sidegates applying a field of 0.5 V/µm (as in Fig. 11.3). Electric

field from 0 to 3 V/µm. Polarisation parallel to inter-donor axis {0,0,1} in all

figures.

15.1 full device operation

For a successful gate operation in a quantum computer, the interactions u need to

be switchable without affecting the surrounding qubits. Selecting the qubit pair to

be excited to |r〉 requires Stark shifting the donors into resonance with the laser

using electric fields [12, 139], analogously to proposals for Rydberg atoms in optical

lattices [190]. Single qubit operations can be done in the same way, using global

microwave illumination [139]. In Fig. 13.3b) we show our electrostatic simulation

of the gate configuration sketched in Fig. 11.3a). We found that the electric gate

configuration sufficient for shifting donors off-resonance would not create stray

electric fields harmful to device operation, ie. would not ionise the donors (see Fig.

13.1).

In all donors and |r〉 studied here, u is on the order of 1-10 meV, fullfilling

u > h̄/T1. Given a large enough laser power, the interaction scale sets the ultimate

limit to gate operation times, enabling entangling gate durations of a fraction of a

nanosecond, nine to ten orders of magnitude faster than the qubit lifetime.
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Figure 15.2: Predicted Bell-state creation fidelities for general Rydberg gates (a) and for

Si:P or Si:As (b) a) Results from the Lindblad simulation of the pulse protocols

from Jaksch et al. [5] and Levine et al. [6] along with the protocol proposed

here and the experimental data on alkali atoms in optical tweezers [6, 106]. The

Rabi frequency is set to the optimal value found for each u. In particular they

are approximately one order of magnitude larger than the ones for the Jaksch

et al. [5] and Levine et al. [6] gates. b) Fidelity map (plotted for 95% and above)

as a function of distance between donors shows that Fidelities are insensitive

to donor placement. Experimental lifetime T1 = 235ps as shown in Tab.15.1.

|r〉 is the 2p0 state polarised along {0,0,1}. The same fidelity region appears,

diametrically opposed with regards to donor 1. 8 nm minimum separation

for avoiding the molecular limit in the 2p0 state [150]. The fidelity is robust to

donors belonging to different silicon sublattices, diffusing out of plane (Si:As

diffusion <1 nm[41]) or inhomogeneous broadening.
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15.1.1 Stray electric fields

In this section, we show that the stray electric fields from the gates local to the

surrounding donors (Stark shifting them off resonance with the laser) do not

interfere with the gate operation.

In order to reduce the probability of the laser exciting a transition, the detuning

must be increased proportional to the Rabi frequency, for example for a 0.1 probabil-

ity, ∆ = 4Ω. For realistic Rabi frequencies between 108 Hz and 1011 Hz, depending

on the experimental laser power, this sets an upper bound on ∆ of around 0.4 meV.

The 2p0 state in Si:P ionises in relatively small fields as can be seen in the previous

section entitled ’Ionisation rates and Stark shifts’. A 0.4 meV Stark shift would

require an electric field of 0.5 V/µm, which we calculated using the multivalley

perturbation theory method described in that section.

As is shown in Fig. 15.1, we use the FEM to solve for the electric fields in the

proposed geometry. We find that if the left local gates of donors not participating

in the entangling operation are held at -0.0025V and the right ones at 0.0025V,

with the gates surrounding the central donors all held at 0V, and the top global

gate at -0.015V and the bottom one at 0.015 V, then the donors not participating in

the entangling operation will get shifted off resonance with the laser with a field

of 0.5V/µm, and the two donors participating in the readout, in the case of Si:P

2p0 being chosen as |r〉, will get a small field parallel to the inter-donor axis due

to the global gates, of around 0.18 V/µm, which will not ionise them within the

excited state lifetime, but will induce dipolar interactions. We conclude that with

this proposed geometry, there are no unwanted stray electric fields.

15.2 spin-selective excitation to |r〉

The singly ionised deep double donor selenium (77Se+) has a large hyperfine

interaction in the ground state, giving rise to singlet S0 and triplet T0 states as the

qubit basis with T1 = 4.6 hours at around 2 K [182] and a lower bound on T2 of 2

s at around 4 K [181]. For |r〉 both the ± valley states of 1sT2Γ7 with T1 = 7.7 ns

around 4 K [182] and 2p0 can be used, as they are dipole-allowed spin-selective

transitions with easily accessible excitation energies.

For the shallow donors Si:P, Si:As, antimony, and bismuth, the qubit can be

encoded in the hyperfine S0 and T0 states with a T2 time exceeding 7s at around

2 K and a splitting of around 117 MHz in zero field [141]. For |r〉 we take the 2p0

state with a T1 = 0.235 ns up to 5K [189], which can be selectively addressed from

the hyperfine ground states due to the negligible hyperfine splitting in the 2p0 state.
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An alternative could be using a two-photon excitation via the D0X level [141, 186],

or using micromagnets to emulate spin-orbit coupling for spin-selective excitation

to the 2p0 state, as the larger extent of the 2p0 wavefunction would lead to a larger

Zeeman splitting in |r〉 than in |g〉 [191]. Higher lying states would give rise to

larger u, at the cost of a smaller Ω or the need for a two-photon excitation, as is the

case for cold atoms.

For all proposals, we have checked that Ω > h̄/T1 is feasible with laser intensities

below 1 W/µm2, and we list their parameters in Tab. 15.1.

15.3 results

In Fig. 15.2, we plot the Bell-state creation fidelity as a function of the distance

between donors for our proposal and for the previous schemes proposed in the

context of the cold atom platform. Importantly, fidelities of approximately 99.9%

can be reached. Moreover, the fidelity is only weakly dependent on distance such

that placement errors as large as several nanometers make little difference. As can

be seen on Fig. 15.2, the following are all well within the width of the “fidelity

resonance”:

• a displacement within the 2x3 lattice site physical limit on the precision

placement of hydrogen lithography of Si:P [110],

• a small diffusion out of plane (usually of around 2 nm for Si:P and 1 nm for

Si:As [41]),

• having both donors residing on different sublattices (which introduces large

oscillations in the ferromagnetic exchange for schemes using ground state

interactions), as can be seen in Fig. 14.2.

This result implies that a sample made with hydrogen ligthography would not

need tuning - assuming the interaction between donors as a function of distance

is known, and for an ion implanted sample, a rough scan of the sample with an

scanning tunnelling microscope (STM) after fabrication to determine the locations

of the donors would suffice for finding good pulse parameters. Note that while

placement-insensitivity is stronger in the blockade gates, there is still an error

introduced by Ω/u differing from the optimal value if u varies.

Inhomogeneous broadening refers to a change in the excited state energies due

to a differing electrostatic environment of the donor, e.g. caused by randomly

distributed silicon isotopes. For the Si:P 1s-2p+- transition, this effect can result in a

variation of excited state energies by about 0.1 meV as measured in Ref. [116]. In
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our gate scheme, not taking into account this effect leads to an error in the detuning

chosen for the pulse. In order to check that this leads to insubstantial changes in the

gate fidelity, we plot the infidelity for a large range of detunings around the optimal

value in Fig. 14.2 for a fixed Rabi frequency Ω = 1000γ (corresponding to 2.8meV

for the Si:P lifetime, such that a variation of 0.1 meV in the detuning corresponds to

about 0.04Ω). The fidelities are not heavily affected, and we conclude that the gate

does not need tuning to account for inhomogeneous broadening.

15.4 conclusion

To conclude, we have proposed a new Rydberg gate, adapted to situations where

Rabi frequency and interactions are of the same magnitude. While this is chal-

lenging in cold atoms, we have shown that they can be implemented in donors in

silicon, reaching fidelities of 99.9% and having a high tolerance for donor place-

ment error, opening the possibility to implement entangling gates in solid state

quantum computers with ion implantation [192]. The insensitivity to variations

in the interaction strength and the inhomogeneous broadening not only brings

advantages for scalability, but also reduces fine-tuning in device operation and may

therefore be advantageous for other solid-state platforms. We emphasize that the

physical nature of the interactions is irrelevant, in particular both exchange and

dipolar interactions may be used. The effect of decoherence on spin lifetimes due to

the electrical gates [71] required for the single-spin manipulation and readout and

Stark-shifting in this proposal should be explored, as should be the effect of the

charge traps. One limitation of our study is the maximum electric field employable

to induce dipole interactions. It could be explored, as found in nanowires [193],

whether a change of dielectric or geometric confinement could increase the max-

imum electric field that can be used. Acceptors have strong spin-orbit coupling

which could be used for a spin-selective excitation scheme. Furthermore, they do

not have multivalley oscillations [194] and would therefore be ideal candidates for

this robust gate implementation as their dipolar interactions may be large enough

to obtain high fidelities over extremely large areas, leading to a robust, long range

entangling gate in the solid state.



Part V

Q UA N T U M S I M U L AT I O N O F T H E F E R M I - H U B B A R D
M O D E L

The Fermi-Hubbard (FH) model, extensively studied in cold atoms, is be-

lieved by some to hold the keys to understanding the high-temperature

superconducting behavior in the cuprates which, if understood could

provide us with a road-map for finding other materials - with an even

higher transition temperature - allowing us to build an energy-efficient

electricity transport network. Because the parameter regime accessible

with donors in silicon starts where that of cold atoms finishes, we build

upon the study by Le et al. [3] and calculate the Schrodinger-Poisson

self-consistent conductance an array of donors in silicon surrounded by

source, drain, top and bottom gates, so that a future comparison with

experiment could determine whether donors in silicon can quantum

simulate the FH model.

Figure 15.3: Quantum Electra, entered into the Doctoral School Research Images as Art

competition in July 2021, holds her breath during the fight between the classical

electrostatic forces and quantum fermionic statistics.
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15.5 introduction

As discussed in the introduction, high temperature superconductivity is only

expected to appear in the Fermi-Hubbard (FH) model for ratios of temperature T

to super-exchange J = 4t2/U of around T/J ≤ 0.01. Cold atoms can only reach

around 0.5 [79]. Donors for two sites [3, 85] and dots for three [86] (with related

investigations having been made into quadruple quantum dots [37, 88]) have already

been shown to reach 0.03 and dangling bonds could achieve ratios up to 0.001 (see

part 15.5). Because quantum simulation of the FH model using donors could help

elucidate the mechanisms of many phases which are difficult to access in other

quantum simulators, it is essential that the feasibility of using donors is explored,

which we contribute to in this chapter.

This part is a direct extension of the study by Le et al. [3], in which linear response

conductances across 2D donor lattices are studied in the context of the extended

Hubbard model. In this part, the effect of long-range tunneling is explored and the

Poisson-Schrödinger self-consistent conductances - which take into account the real

device electrostatics - are calculated. We show that the electrical gates have a large

influence on the conductances. Therefore, this is an important contribution to the

verification of an experimental measurement of the conductances across a Hubbard

array.

It has been conjectured that donors in silicon obey an extended Hubbard model [174],

which I write below with all-to-all hopping and illustrate with a 2× 2 array:
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Above, as was introduced in the introduction to the thesis for the general Hubbard

model, tij is the tunnel coupling between site i and site j, c†
iσ the fermionic creation

operator of spin σ at site i, niσ = c†
iσciσ is the number operator, U the on-site

interaction (resulting from Coulomb repulsion between electrons) and 〈ij〉 refers

to neighbouring sites, εi is the single site energy at site i and W is the long range

electron-electron repulsion.

In donors, the tunneling strength oscillates due to the multi-valley wavefunctions

discussed in parts iii,iv. It can be tuned to on-average larger values by diminishing

the physical distance between donors. In Le’s study [3], a nearest-neighbour tun-

neling corresponding to 4.6 nm distance between donors was chosen. In practice,

donors have exponentially decaying all-to-all tunneling and nearest neighbour

coupling is therefore an approximation. At 4.6 nm nearest-neighbour distance, the

tunneling along the [100] direction is 7.5 meV [3]. On the diagonal of the array, i.e.

the next-nearest-neighbours at 6.5 nm, the tunneling along the [110] direction is

4.9 meV [3]. Therefore, it is not a very good approximation for the real system to

neglect next-nearest-neighbours, therefore we will study in the following chapters

both the nearest neighbour approximation and the exponentially decaying all-to-all

tunnel couplings to gain intuition about the system.

The on-site interaction between two electrons bound to the same donor is set by

the binding energy of the negatively charged D− center: U = EB(D0)− EB(D−) ∼
43 meV.

The long-range electron-electron repulsion Wij (as defined in the chapter on

Rydberg entangling gates):

Wij = V0

∫ |ψ(r1 − Ri)|2|ψ(r2 − Rj)|2

|r1 − r2|
dr1dr2. (15.1)

decreases with increasing donor distance (for example it has the values 26.7 meV at

4.6 nm for neighbouring electrons and 18.9 nm at 6.5 nm for neighbouring electrons

on a diagonal), as does the long-range electron-core attraction Vi.

Here we approximate the donor to be decomposed into a single static proton

and the outermost valence electron, i.e. we assume perfect screening of the other

protons by the core electrons. Vi = −∑j Wij for an electron at site i (with charge −e)

with all of the cores (which have charges +e).

The single-site energy is εi = −45 + Vi (meV), where -45 meV is the binding

energy of an isolated neutral donor. As we will discuss later, it is possible to al-

ter the single-site energies in the array by setting potentials on external plunger

gates. Furthermore, as discussed in the introductory paragraphs, donors can be
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Figure 15.4: Energy scale comparison between super-exchange and Heisenberg exchange

Jex.

positioned with sub-nanometer precision in the silicon lattice with hydrogen lithog-

raphy [123] 1.

As has been studied in previous chapters, in donors, the Heisenberg exchange

H = −∑i,j Jex
ij
~Si · ~Sj is often considered. However, as can be seen in the energy scale

comparison in Fig. 15.4, at the short inter-donor distances which we will consider in

this part, it is much smaller than the other energy scales, and we choose to neglect

it in the proof of principle calculations made in the following.

1 Efforts are being made to go towards three dimensional donor devices [36]
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With the Hamiltonian of the system in mind, in this chapter the effects of various

terms of the Hamiltonian are detailed. The Exact Diagonalisation (ED) is coded in

Python using the QuSpin package [195, 196].

16.1 long-range coulomb interaction and single-site potentials

The long-range Coulomb interactions create an approximately quadratic potential

well centered in the middle of the array which tends to localise the electrons

towards the center (depending on the filling [3]). In Fig. 16.1 we plot the single-site

potentials (which includes the long-range ion-core interactions but not the long-

range electron-electron overlap) and the corresponding occupations are plotted for

a 3× 5 extended Hubbard model array at quarter filling with V0 set to 0 or set to

its physical value of 123 meV×nm. In the case where long range interactions are

neglected, the spins disperse relatively regularly over the array. With long-range

interactions present, the electrons become localised towards the centre.

Uneven single-site potentials should break particle-hole symmetry [197] (defined

in part 17.1), however, we will see later that this is not always the case when

Coulomb interactions are present. In the following, we will pay particular attention

to the effect of the single-site potential, which will be affected by the electrostatics

in the array.

16.2 addition energies

The addition energy represents the energy required to load one more electron into

the array, raising the filling from n to n + 1. Each site can have one electron (putting

the donor in the D0 state) or host two electrons (a D− donor). For a 3× 4 array this

results in a maximum filling of 24.

In Fig. 16.2, we can see in each graph 24 lines representing the addition energies,

increasing from the bottom up, of going from 0 to 24 electrons in the array, for

various tuning of a parameter of the Hamiltonian.

As the on-site interaction U is increased from 0 to the real value of 43 meV in

Fig. 16.2, we can observe the opening of the Mott gap when transitioning from half-
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Figure 16.1: Long-range Coulomb interactions localising the electrons towards the centre

of the array. Left: potentials at each lattice site of a 3× 5 array. V0, the strength

of the long range interactions, set to 0 at the top and set to its physical value of

123 meV×nm at the bottom. Right: Corresponding occupations of the physical

lattice sites of an extended Hubbard model array just above quarter filling (4

up-spin electrons, 4 down-spin electrons).

filling to half-filling +1 electrons which requires the additional energy U. Initially,

U starts out as a small correction to the addition energy which is mainly accounted

for by the hopping. However, gradually U attains values which heavily affect the

addition energies of electrons which represent double-occupancy of sites.

In Fig. 16.2 top left, for a fixed value of U = 38 meV which accounts for the

gap between each site being singly occupied and there being at least one doubly

occupied site, we can see the band broadening effect of increasing the long-range

interaction constant V0 because adding an electron requires also overcoming the

long-range interactions. Below half-filling, there are less electrons than sites so every

extra electron can avoid the others.

Increasing the tunneling over the range available to ground state phosphorous

donors in silicon does not have a large effect on the addition energy as the closest

they can get while respecting the Hubbard approximation is 4.6 nm [198] which

corresponds to around 7.5 meV. The tunnel coupling tends to regularize the addition

energy for each electron, counterbalancing the effect of U. Lowering the tunnel

coupling leads to a diminishing of the differences between addition energies, as

can be seen in Fig. 16.2.
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Figure 16.2: Addition energies for a 3× 4 array. Note that the kink in the first plot, as a

function of the on-site energy, is not real - we take only three data points here to

demonstrate the reliable reproduction of the U and V0 results in Le’s study [3].

The t and inter-donor distance results have not been presented elsewhere.

Finally, increasing the inter-donor distance is a combination of decreasing the

Coloumb long-range interactions and decreasing the tunnel coupling. Therefore,

as can be seen on Fig. 16.2, the differences between the addition energies decrease

with increasing separation between the donors.

The symmetry in the addition energies is due to choosing a particle-hole sym-

metric model for these plots, as we will explore further in the next chapter.
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C O N D U C TA N C E A C R O S S A N A R R AY

Contrary to other platforms such as cold atoms, ion traps or superconducting qubits,

the donor platform provides easy access to transport measurements (an introduction

to coherent transport in semiconductor devices can be found in [199]). 1D chains

of ion implanted phosphorous dopants have been experimentally studied, but

the transport mechanism was mainly phonon assisted hopping between localised

states [89, 90]. Le et al.’s study [3] uses the resonant tunneling transport described

with rate equations initially proposed for a single quantum dot [200] and later used

for a 1D chain of quantum dots [201]. Here we continue to explore low temperature

conductance across an array of donors in the linear response regime, with resonant

tunneling through delocalized states.

The conductance is computed from the tunneling rate of the electrons from the

source to the array, and from the array to the drain, as depicted in in Fig. 17.1. In the

following, the rate-equation formalism developed for a quantum dot [200], which

was later used to theoretically calculate conductance across quantum dot arrays of

up to six electrons [202], is used.

Figure 17.1: Depiction of the array and electrodes setup for measuring conductances.

The source and the drain are in the linear response regime, and the in-plane

plunger gates 1 and 2 are used to set the chemical potential, for which 100 mV

is one choice - in this chapter, the control of the chemical potential is assumed

to be perfect and we do not take into consideration any electrostatic effects

from the gates as will be done in the following chapters). The array is assumed

at zero filling to be D+ positively charged donor centres.

131



132 conductance across an array

It is assumed that the source and drain have extremely small voltages ε compared

to the system parameters t, U... etc., as the calculation is at equilibrium in the linear

response regime. It is also assumed that the couplings to the source and drain

leads are weak. We make the assumption that within the array electron transport is

coherent and elastic, but that tunneling between the array and the source and drain

is incoherent. The conductance is a function of the chemical potential in the array.

This is set by the plunger gates, which due to current fabrication capabilities are

chosen to be in-plane (although proof of principle experiments of 3D gate structures

have been demonstrated [36]). Therefore, in the final chapter, the conductance will

be plotted as a function of the voltage difference between the upper and lower

gate electrodes - as can be seen on Fig. 17.1 - which lift and lower the chemical

potential in the array (multiplied by the electron charge to give an energy for ease of

comparison with other energy scales). As a first step, we will first study a situation

in which perfect control over the chemial potential is assumed and no electrostatic

effects are taken into consideration.

The conductance as described in [3, 200] is made up of three main parts:

• The matrix elements between the various states of the array with n and n-1

electrons, where the additional spin has been added to a site in the left (or

right) lead:

M(L),nσ ,nσ̄

α,β,σ = ∑
j∈cL
| 〈Ψnσ ,nσ̄

α | c†
j,σ |Ψ

nσ−1,nσ̄

β 〉 |2, (17.1)

which, due to Fermi’s golden rule, represent the tunneling rates between

the left lead and the left sites cL of the array (and the corresponding matrix

elements for the right side)1.

• The grand canonical ensemble probability that the array is in the state Ψnσ ,nσ̄
α

at equilibrium at temperature T, because the calculation assumes the linear

response regime:

Pnσ ,nσ̄
α =

e−(1/kT)(Enσ ,nσ̄
α −nµ)

∑nσ ,nσ̄ ,α e−(1/kT)(Enσ ,nσ̄
α −nµ)

, (17.4)

1 One check we made to verify that the matrix elements were being calculated correctly was the check

of the following equality (sum rule) as below:

∑
β

| 〈ψN
α | ĉj

† |ψN−1
β 〉 |2 (17.2)

= 〈ψN
α | ĉj

†(∑
β

|ψN−1
β 〉 〈ψN−1

β |
)
ĉj |ψN

α 〉 = 〈ψN
α | ĉj

† ĉj |ψN
α 〉 = 〈ψN

α | n̂j |ψN
α 〉 . (17.3)

This was done for a 2x2 array such that we could fully diagonalise the matrix (because all states are

required for the identity).
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• The Fermi-Dirac distribution for holes at temperature T which determines

whether there are holes available in the leads for the electrons to tunnel into:

1− fFD(E) = 1− 1
eE/kT + 1

(17.5)

where fFD is the Fermi-Dirac distribution function for electrons

The expression for the linear response conductance at temperature T is:

G = gT ∑
nσ ,nσ̄ ,α,β,σ

M(L),nσ ,nσ̄

α,β,σ M(R),nσ ,nσ̄

α,β,σ

M(L),nσ ,nσ̄

α,β,σ + M(R),nσ ,nσ̄

α,β,σ

× Pnσ ,nσ̄
α [1− fFD(Enσ ,nσ̄

α −Enσ−1,nσ̄

β −µ)] (17.6)

where gT = e2Γ/(h̄kT) with Γ representing the coupling strength between the leads

and the array. It depends on the potential barrier at the interface, which grows

exponentially with the separation [3].

In Fig. 17.2, the conductances for a 2× 2 array are plotted in the absence and

presence of long-range interactions (V0 = 0 meV×nm and V0 = 123 meV×nm

respectively) for nearest neighbour hopping. As expected, there is a peak in the

conductance every time the chemical potential in the array is raised (due to increas-

ing the potential difference between the upper and lower electrodes of Fig. 17.1) by

the additional energy required to add an electron. The larger spread of addition

energies when the long-range interactions are included can again be seen here,

in comparison with Fig. 16.2. The peaks are slightly offset in Fig.17.2 at T = 4 K.

By comparing the results when plotted at T = 0.01 K we explain this with the

peaks broadening at higher temperature, and some of the weight leaking out into

neighbouring peaks, offsetting the exact values of the peak locations. The relative

peak heights compared to one another are also affected due to this high-temperature

leakage.

In the absence of long-range interactions the transition from three electrons to

four requires a negligible addition energy. This can be explained by the ’absence

of choice’ of sites for the fourth electron in a four-site array. The probability of the

electron occupying an already-occupied site is negligible given the on-site energy

compared to the other energy scales. However, this on-site energy does create the

Mott-gap when the fifth electron is added to the array (as is the case in Fig. 16.2).

In turn, when the long range interactions are set to their physical value V0 = 123

meV×nm, the electron-electron interactions increase the energy required to add the

fourth electron.
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V0=0

T=4 K T= 0.01 K

V0=123

T=4 K T = 0.01 K

Figure 17.2: Conductance for a 2× 2 array of Si:P donors at 4 K and 0.01 K, with and

without long range interactions (V0=123 meV×nm and V0 = 0 respectively).

The orange markers indicate the value of the conductance at the addition

energies.

17.1 particle-hole symmetry

A bipartite lattice is one in which all sites on the A sublattice have B sublattice sites as

nearest-neighbours and vice-versa. The definition of the particle-hole transformation

is:

ci ↔ c†
i if i is on the A sublattice (17.7)

ci ↔ −c†
i if i is on the B sublattice. (17.8)
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Figure 17.3: Tunneling and particle-hole symmetry. Conductance spectrum for a 2× 2

array with nearest neighbour and all-to-all tunnel couplings at 4 K. Left:

without long-range interactions, right: with long-range interactions.

17.1.1 All-to-all tunnel couplings

If the hopping is nearest-neighbour only −t ∑〈ij〉(c†
i cj + c†

j ci) on a bipartite lattice, i

and j are always on different sublattices. The hopping term, under the particle-hole

transformation becomes:

+t ∑
〈ij〉

(cic†
j + cjc†

i ), (17.9)

where the sign was changed due to i and j always being on different sublattices.

Using anti-commutation relations, we get back:

−t ∑
〈ij〉

(c†
i cj + c†

j ci). (17.10)

This indicates that nearest-neighbour hopping is particle-hole symmetric, which we

can see is the case in the conductances plotted in Fig. 17.3.

In the case of all-to-all hopping −∑i 6=j tij(c†
i cj + c†

j ci), there is no clear change of

sign in Eq. 17.9, and the transformation does not give back the same term, indicating

that it is not particle-hole symmetric which we can see in Fig. 17.3. This is also

easy to understand when just visualising the array as because the two different

sublattices cannot be defined as can be seen in Fig. 17.3.

In the all-to-all case, not only are the heights of the peaks are altered due to

this lack of symmetry, but also the tunnel couplings vary leading to altered peak

locations (as was the effect seen in the addition energies in Fig. 16.2).
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Figure 17.4: Effect of single-site potentials on particle-hole symmetry. Comparison be-

tween uniform (magenta) and disorded (orange) single site potentials illus-

trated above and the particle-hole symmetry. ε0 = −45 meV, as in the upper

panel of Fig. 16.1.

17.1.2 Effect of the single-site energies and long-range electron-electron overlap on the

particle-hole symmetry

As mentioned previously, particle-hole symmetry occurs for a bipartite lattice

(where all the neighbours of A sites are B sites and vice-versa). The effect of the

particle-hole transformation on the number operator is c†
i ci → cic†

i = 1− c†
i ci.

17.1.2.1 Single-site energy εi

The effect on the single-site energy εi = µi −∑j Wij is the following:

∑
i

εini →∑
i

εi(1− ni)

= ∑
i

εi −∑
i

εini (17.11)

≈ −∑
i

µini + ∑
ij

Wijni (17.12)

The term ∑i εi is a constant which does not have an impact, however, the sign

of the term −∑i εini may change for a disordered set of εi, leading to this term

generally not being particle-hole symmetric for disordered single-site potentials, as

can be seen in Fig. 17.4. This is of relevance for the chapters about self-consistent

electrostatic/quantum conductances with realistic plunger gates as they will alter

the electrostatic potential at each site in the array.
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17.1.3 Random displacements of donor locations

Furthermore, of interest in the silicon donor community due to the precision

limitations of hydrogen lithography introduced in part. ii, disorder in the positions

of the lattice sites - neglecting the changes in the tunneling and considering it

to be nearest-neighbor - conserves particle-hole symmetry in the Fermi-Hubbard

model [203], as can be seen to be the case in Fig. 17.5. However, care is needed in

the interpretation of this because as seen in section 17.1.1 the all-to-all tunneling

present in donors breaks particle-hole symmetry.

Figure 17.5: Site displacements conserve particle-hole symmetry. Comparison between a

regular and a displaced lattice and the ensuing particle-hole symmetry, in the

case of identical nearest-neighbour hopping.
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17.2 response time for the external charge during self-consistent

calculations

Figure 17.6: Electrostatic potential as a function of electron filling (1 corresponds to a

charge of 1.60217662× 10−19 Coulombs) of the sites of a 3x4 array calculated

using the Finite Element Method (FEM).

Self-consistency is required if the metal electrodes have a slower response time

than the charge dynamics in the array meaning that they do not respond instanta-

neously to the configuration in the array but rather to the average configuration. On

the other hand, if the electrostatics reacts faster than the quantum dynamics which

have interactions on the order of meV, then calculating the electrostatic potentials at

each site once - at the beginning of the conductance calculation - is sufficient.

The RC characteristic corresponds to the response time of the electrodes. The

mutual capacitance with the gates is the derivative of the applied field, which in

the linear response regime corresponds to the charge in Coulombs in the array

divided by the potential in volts (calculated at the center of the array), plotted in

Fig. 17.6. We calculate the capacitance to be 1.7123× 10−18 Farad. The resistance

of a metallic phosphorous sheet (2.5× 1014 dopants/cm2, fabricated with the exact

methods described in the introduction) to be 0.7 kΩ/� [204]. The RC response time

is therefore 1.2 fs. This corresponds to 3.4 eV - which is to be expected for metal

plasma frequencies - which is much faster than the quantum dynamics which have

timescales associated with the interactions on the order of a few meV.
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A N A LY S I S I N T H E FA S T R E S P O N S E L I M I T O F T H E

E L E C T R O D E S

In this chapter, an experimental prediction of the conductivity across a 2 × 2

Hubbard array in donors in silicon is made. It is assumed that the gate electrodes

respond instantaneously, as section 17.2 demonstrates, ie. the gate response is fast

enough to follow each different charge configuration present in the quantum state of

the array, not just the overall array charge states. The calculation takes into account

the electrostatic effects of the in plane plunger gates and the source drain gates

which includes two effects: the indirect control of the chemical potential by the

in-plane plunger gates and the screening of the long-range Coulomb interactions

by all of the surrounding metal electrodes.

18.0.1 Indirect control of the chemical potential

The in-plane plunger gates create a global chemical potential in the central region

containing the array. The ratio between the voltage on the plunger gates and the

potential in the array is calculated by solving Poisson’s equation once with the FEM

because the electrostatics is linear.

In a 2× 2 array with symmetrical gates and voltages, all four positions in the

array are subject to the same potential. The potential in all the four donor locations

in the empty array (with no positive or negative charges) with the source and drain

set to 0 V was found to be around 0.438×Vplunger, where Vplunger is the potential

on both in plane plunger gates. This scaling is due to the loss of field lines from the

plunger gates to the array in the presence of the source and drain. This can be seen

in the FEM plot in Fig. 18.1.

18.0.2 Screening

The second effect that the gates have is to screen the electron-electron and electron-

core interaction. They can be calculated using the FEM. The electron-electron inter-

action between each pair of sites i and j is calculated with the electrostatic energy∫
drρ(~r)u(~r). This corresponds to an integral over all space of the charge density

given by the electron at site i (the electron charge multiplied by a Gaussian approx-
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Figure 18.1: Loss of field lines from the plunger gates leading to imperfect control of the

potential in the array location by the plunger gates. Field lines going from

the top and bottom in-plane plunger gates both set to 400 mV, to the central

section containing the array and the left and right source and drain both set to

0 V. The potential at each site in the array is the same for symmetry reasons,

and at these plunger gate potentials is 174 mV.

imating a donor ground state wavefunction (−e)|Ψ(~r − ~Ri)|2) multiplied by the

potential u(~r) at position r produced by a donor electron at site j:

Wij =
∫

d~r(−e)|Ψ(~r− ~Ri)|2uj(~r). (18.1)

uj(~r) is calculated in the FEM by grounding all metal electrodes (setting all gate

potentials to 0), and calculating the potential given by the single Gaussian charge

distribution at site j (with width given by the size of the donor wavefunction). This

FEM calculation will therefore include the accumulation of screening charge on the

electrodes.

The electron-core interaction Vj = ∑i Vij can be calculated in the same way :

Vij =
∫

d~r(e)δ(~r− ~Ri)uj(~r). (18.2)

Unlike the Wij terms, the on-site energy U, will be critically sensitive to the size

and shape of the assumed charge distribution. Therefore, instead of calculating it

in the same way, it is set to 43 meV, the energy required to experimentally add an

electron to a neutral donor [3]. The binding energy was kept to the binding energy

of an isolated neutral donor of −45 meV.

18.0.3 Results

The expression for the conductance is the same as is presented in the previous

chapter (Chapter 17). The final result is shown in Fig. 18.2. The addition energies
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Figure 18.2: a) Comparison between a 2× 2 Hubbard array conductance for ideal and

realistic plunger gates. Note: the x-axis for the ideal plunger gates is the

chemical potential in the array, but in the realistic case it is the potential on

the plunger gates. b) Same as a) with the addition of two conductance curves:

(orange) the ideal conductance taking into account the effect of screening

on the long-range Coulomb interactions but assuming perfect control of the

chemical potential in the array, (light blue) the ideal conductance as a function

of the in-plane plunger gate potentials neglecting the effect of screening on the

long-range interactions.

being spread over a different range is due to two effects: screening and ineffective

plunger gates. The screening of the electron-electron interaction due to the metallic

gates reduces the interactions and therefore squeezes the conductance, and the

screening of the electron-core interaction due to the metallic gates offsets the

conductances. The plunger gates act as a lever arm for the chemical potential in the

array leading to a scaling of the voltages. The impact on the conductances of both

of these effects can be seen separately in Fig. 18.2.
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S E L F - C O N S I S T E N T C O N D U C TA N C E A S S U M I N G P E R F E C T

P L U N G E R G AT E S

Figure 19.1: Self-consistent loop for Hubbard array conductances in the case of perfect

in-plane plunger gates. An initial guess at the occupation is entered into

the FEM, which send the corresponding single-site potentials to the quantum

calculation (ED), which returns the corresponding occupation to the FEM. The

FEM then either chooses a new guess informed by that number to calculate new

potentials at each site and so on until convergence. The conductance can be

calculated from matrix elements between each particle number sector - each of

which has self-consistent single-site potentials.

In this chapter, we take the limit in which the gates do not respond instanta-

neously to the charge configuration in the array, but respond only to the average

charge, ie. the metallic electrodes do not react fast enough to the quantum dynamics

in the array. This is especially relevant in materials which have a dielectric constant

with a large ionic contribution, such as oxides or gallium arsenide.

The conductance across the array will be calculated self-consistently1 with a

classical electrostatics simulation of the system including the metallic gates, which

uses the FEM, and the simulation of the quantum system without the gates, which

uses the ED. The conductance across the array is calculated in the linear response

regime, such that there is only a voltage difference of ε between the source and

drain (we therefore set them both to 0V). In this chapter, we calculate the self-

consistent conductance across the array in the presence of the source and drain (set

to 0V) assuming perfect control over the chemical potential in the array (setting

1 Self-consistent tunnelling of individual charges through single molecules or quantum dots coupled to

metallic electrodes has been studied [205, 206].

143



144 self-consistent conductance assuming perfect plunger gates

the in-plane plunger gates to 0V). In the next chapter, we will study the physical

effect of controlling the chemical potential with experimentally realisable plunger

gates in plane. In this chapter however, the self-consistent calculation can be done

for each electron filling, as opposed to for each value of the chemical potential

(as will be covered in the next chapter). Once the single-site potentials have been

self-consistently established for each filling, they can be imported for each particle

number sector in the calculation of the matrix elements required for the conductance.

The conductance is then calculated for all values of the ’perfect’ chemical potential

using the aforementioned matrix-elements. The self-consistent loop relevant to this

chapter is depicted and explained in Fig. 19.1.

The electrostatics simulation calculates the values of the potential at each point

in a 3D grid (although the array is in 2D the electrostatics fields can also extend

into the third dimension contrary to 2D materials such as transition metal dichal-

cholenides [207]) using the FEM (which has been proposed as a useful tool for

the creation of a quantum technologies CAD (computer aided design) [208]). We

assume there exists one proton at each site in the array, which can be joined by up

to two electrons (of opposite spin). The electron charge distributions are assumed

to be Gaussians with σ = 2 nm to approximate silicon donor ground state wave-

functions [150], and the array has a nearest-neighbour spacing of 4.6 nm. Values of

the interactions in this configuration are discussed in the introduction to this part.

We initialise the calculation by specifying a configuration of electrons in the elec-

trostatics and solving for the potential which gets sent to the exact diagonalisation

along with the number of up or down spins. The quantum value of the spin of

course does not enter the FEM calculation which means that we cannot specify the

initial distribution of up and down spins, but only the locations of charges.

As discussed in the previous chapter, see Fig. 17.4, there is no particle-hole

symmetry in the case of the single-site potentials not being balanced by the long-

range interactions. This is the case in this self-consistent calculation because the

single-site potentials are altered by the electrostatics.

19.0.1 Convergence of the self-consistent loop

The FEM was coded in Mathematica using NDSolve[] with DirichletCondition[].

A finer grid was used around the array (than in the rest of the space) for which

convergence was found around 0.002 nm. The top plunger gate was situated 60 nm

above the array, the bottom plunger gate 65 nm below, the source and drain were 8

nm to the left and the right of the array and all gates were 2 nm thick corresponding

to the spread in z of a phosphorous delta-layer as discussed in part ii relating to
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Figure 19.2: Convergence of the self-consistent calculation for a 2× 2 array often takes about

4 iterations. Electric field in the array at each iteration (the color represents the

magnitude and the arrows represent the orientation). This example is chosen

for an initial state with two up electrons in the left half of the array only

(leaving the array neutrally charged on the left side and positively charged on

the right).

fabrication. Results converged when solving using a total thickness greater than 40

nm in z. The ED was coded in Python using the QuSpin package [195, 196]. For the

conductance, convergence was found for inclusion of 6 states or more.

In Tab. 19.1-19.3, we study the self-consistent results for the electric field in

a 2×2 array with various initial configurations. The electric field in the starting

configuration is represented as well as in the converged configuration.

We note that for the 2× 2 array, most often the results converge within 4 itera-

tions, as can be seen in Fig. 19.2. This is due to the exact diagonalisation which

immediately re-organises the spins - further rearrangements are minimal compared

to the first time the exact diagonalisation is carried out.

19.0.2 Initial configurations

The number of total calculations can be reduced by:

1. the initial distribution of electrons in the array,

- We checked that the plot of the electric field in the converged result is

independent of the initial charge distribution, as can be seen in Fig. 19.3. The

array has a reflection symmetry so the diagonal electric field can have either

orientation.

2. SU(2) symmetry (spin)

- We checked that n↑ spin-up electrons and n↓ spin-down electrons is equiv-

alent to n↓ spin-up electrons and n↑ spin-down electrons.

Particle-hole symmetry cannot be used to reduce the number of configurations

to calculate, because the electrostatics alter the single-site potentials, as explained



146 self-consistent conductance assuming perfect plunger gates

Figure 19.3: Electric fields before (top line) and after (directly below each plot) the self-

consistent loop for 3 spin-up and 2 spin-down electrons occupying the array

for various initial distributions. Although the color scale has been rescaled

according to the maximum and minimum of each plot, the resulting electric

fields all have the diagonal configuration (as opposed to the cubic one).

earlier. However, as can be concluded from in Tab. 19.1-19.3, the results are very

similar for an equal number of holes or electrons - of the same spin. For example in

a 2× 2 array: two electrons of the same spin (Tab. 19.1 line 3) results in an similar

electric field as a filled array missing two electrons of the same spin (Tab. 19.1 line

2), and two electrons of opposite spin (Tab. 19.1 line 2) results in a similar electric

field as a filled array missing two electrons of opposite spin (Tab. 19.3 line 1).

19.1 results

The self-consistent conductances for a 2× 2 array are plotted in Fig. 19.4 and 19.5.

They differ from the ones calculated purely using ED which do not take into account

the electrostatic effect of the presence of metallic gates surrounding the array. They

do not have peaks at the same energies, and the particle-hole symmetry is lost.

Although the number of peaks should still be the same, some are so small that we

can hardly make them out.

The consistent significant reduction in magnitude of the seven to eight electron

transition peak has not yet been studied in detail, however, the charges, electrostatic

potentials and electric fields have been plotted for each value of the occupation in

Fig. 19.4. We can see that at each occupation transition, it is not sufficient to add a

single electron to preserve the features of the electric field, except for the second

transition (1 ↑ 0 ↓→ 1 ↑ 1 ↓ preserves the symmetries of the electric field) and the

second to last transition (3 ↑ 3 ↓→ 4 ↑ 3 ↓ preserves the symmetries of the electric

field).
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Figure 19.4: Charge (upper plots), potential (central plots) and electric field (lower plots)

at each occupation with color bars consistent with the global maxima, and

resulting conductance spectrum - peaks located between the relevant charge

states. The empty, half filled and fully filled arrays have uniform charge distri-

butions (neutral at half-filling).
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Table 19.1: Initial configurations and electric field, and self-consistently calcualted electric

field for 1 and 2 electrons inside a 2× 2 array of donors in silicon.

1 electron

1 up, 0 down

2 electrons

1 up, 1 down

2 up, 0 down
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Table 19.2: Initial configurations and electric field, and self-consistently calculated electric

field for 3 and 5 electrons inside a 2 × 2 array of donors in silicon. For 4

electrons occupying the array, no matter what the spins, the result always evenly

distributes them throughout the array.

3 electrons

2 up, 1 down

3 up, 0 down

5 electrons

3 up, 2 down

4 up, 1 down
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Table 19.3: Initial configurations and electric field, and self-consistently calcualted electric

field for 6 and 7 electrons inside a 2× 2 array of donors in silicon.

6 electrons

3 up, 3 down

4 up, 2 down

7 electrons

4 up, 3 down
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V0=0

nearest neighbour all-to-all

V0 = 123

nearest neighbour all-to-all

V0 = 0 V0 = 123

nearest neighbour/all-to-all nearest neighbour/all-to-all

Figure 19.5: Self-consistent (perfect plunger gates) conductance for a 2× 2 array of Si:P

donors at 4 K compared to the non-self-consistent results for nearest neighbour

and all-to-all tunnel couplings at 4 K.
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S E L F - C O N S I S T E N T C O N D U C TA N C E

In this chapter, the electrostatic effect of the large voltages on the in-plane plunger

gates used to set the chemical potential in the array is taken into account (continuing

on from the previous chapter, in the limit in which the gates do not respond

instantaneously to the charge configuration in the array).

20.1 self-consistent calculation

Figure 20.1: Self-consistent loop for Hubbard array conductances in the presence of in-

plane plunger gates.

The self-consistent calculation is carried out as follows - making the assumption

that the metal electrodes respond to the average charge in the array, as opposed

to instantaneous charge. For each chemical potential set by the plunger gates, the

classical electrostatic energy corresponding to the interaction between the gates and

the electrons is calculated with the FEM. It is then included into the Hamiltonian

and the charge density at each site is calculated using ED. When self-consistency is

reached, the conductance can be calculated at that set chemical potential using the

electron-gate electrostatic energy results.

The complete Hamiltonian, representing the energy of all the electrons in the

array, is the one used in the non-self-consistent conductance calculation, with an

153
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additional electrostatic energy term corresponding to the interaction between the

electrons and the gates :

Ĥ = −
N,N,↑↓

∑
i 6=j,σ

tij(c†
iσcjσ + c†

jσciσ)+U
N

∑
i

ni↑ni↓+
N

∑
i

εini +
N,N

∑
i 6=j

Wij

2
ninj +∑

ij
(−e)φext

i (~ri)ni,

(20.1)

where εi = −45(meV) − ∑j Wij (including the interactions with all the positive

donor cores in the array and the kinetic energy for an electron near a single

donor) and φext(~ri) is the potential due to the interaction between the gates and the

electrons with −e is the charge of an electron.

In the self-consistent calculation, each term must appear once. To do this, each

term is decomposed into the classical and quantum parts which is explained

in the following. For the long-range Coulomb interaction terms Wij and Vij, the

classical parts can either be contained in the FEM solution which will get passed

into the Hamiltonian with the quantum parts being added on to enable the exact

diagonalisation to solve the complete Hamiltonian, or the classical parts can be

deleted from the result which the FEM sends the ED.

The quantum part of the self-consistent loop calculates the charge densities using

ED, given the potentials φ at each site in the array which is calculated by the FEM in

the presence of voltages on the plunger gates and charge densities ρ (given by the

ED). The FEM does this by solving the following equation:

∆φ = ρ, (20.2)

in 3D in the presence of boundary conditions which define the gates and their

voltages. It is assumed that there is a positive charge of +e at each site in the array

due to the ion core and each site can be occupied by up to two electrons of charge

−e:

ρ(~x) = +e ∑
i

G(~ri −~x)− e ∑
i
〈n̂i〉G(~ri −~x), (20.3)

where ~ri are the lattice sites and G(x) are Gaussians with σ = 2 nm to resemble the

1sA wavefunction of donors in silicon [3]. From here two options are available:

1. The single-site potentials φi are passed from the FEM to the quantum part of

the calculation, and included into the single-site energy in the Hamiltonian:

Vnew
i = ∑

i
(−e)φin̂i −Vi, (20.4)

where Vi = −∑j Wij contains classical contributions of the long-range electron-

electron and electron-core interaction which are accounted for by subtracting

a term corresponding to the double counting leaving only the classical contri-

butions from the gates.
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2. The classical contributions of the long-range electron-electron and electron-

core interaction are removed from the FEM before the solution is passed over

to the ED:

∑
i

(
φin̂i new −

[−e 〈n̂i old〉
r4πε0εR

+
e

r4πε0εR

])
(−e). (20.5)

In the following, we determine for the first method the double counting terms

in the ED and then for the second method, we accordingly alter the Hamiltonian

entering the ED.

20.1.1 Classical and quantum parts of the electron-electron long-range Coulomb interac-

tion

The full contribution to the Hamiltonian of the electron-electron long-range Coulomb

interaction is ∑N,N
i 6=j

Wij
2 ninj. The FEM contains the classical part which we will show

to be ∑ij Wij 〈ni〉 nj. If option 1 is chosen and the ED should contribute the quantum

part only, we will show this to be equivalent to ∑ij
Wij
2 δn̂iδn̂j.

20.1.2 Classical contribution to the electron-electron long-range Coulomb interaction

We consider the simplest situation with a single charge in the absence of boundary

conditions defining the gates. The charge density is the electron charge times the

electron density: 〈ρi(x)〉 = −e 〈n̂i(x)〉, which as an operator is ρ̂i = −en̂i, and the

classical electrostatic potential solution to the FEM for a potential at ~ri with a charge

at ~rj is φ̃i =
〈ρi〉

4πε0εR|~ri−~rj| .

Assuming that the potential of many charges as just the sum over the poten-

tials of single charges, we can construct a Hamiltonian operator for the classical

contribution to the electron-electron long-range Coulomb interaction:

ˆ̃H = ∑
j

φ̃iρ̂j (20.6)

= (−e)2 ∑
i,j

〈n̂i〉
4πε0εR|~ri −~rj|

nj. (20.7)

Defining an approximate version of the Wij from Eq. 15.1: W̃ij =
(−e)2

4πε0εR|~ri−~rj| , we

have

∑
ij

Wij 〈ni〉 nj. (20.8)

In the case of the self-consistent calculation, the FEM contains boundary conditions

defining the gates as well, and the term included in the Hamiltonian (−e)∑ij φin̂i
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from Eq. 20.4 is very similar to Eq. 20.8. Therefore, we can see that the potentials

included into the Hamiltonian from the FEM contain the classical electron-electron

long-range Coulomb interaction, among other things, and this contribution takes

the form of Eq. 20.8.

20.1.3 Quantum contribution to the electron-electron long-range Coulomb interaction

The operator n̂i can be decomposed into its classical part 〈ni〉 and its quantum

fluctuation δni, n̂i = 〈ni〉+ δni. Inserting this definition into the electron-electron

long-range Coulomb interaction term, we have:

∑
ij

Wij

2
ninj = ∑

ij

Wij

2
〈ni〉 〈nj〉+ ∑

ij
Wij 〈ni〉 δnj + ∑

ij

Wij

2
δniδnj. (20.9)

Neglecting the constant term, we are left with what we just calculated to be the

classical part of the electron-electron interaction ∑ij Wij 〈ni〉 δnj = ∑ij Wij 〈ni〉 nj

when substituting δni = n̂i − 〈ni〉 and neglecting the constant terms, and another

part involving fluctuations of the charge density δni which is the quantum part of

this interaction ∑ij
Wij
2 δniδnj.

As we have just seen, the classical part of the electron-electron interaction is

already contained in the potential given by the FEM to the Hamiltonian, so to

complete the ∑ij
Wij
2 n̂in̂j term we must include ∑ij

Wij
2 δniδnj. From Eq. 20.9 we can

write:

∑
ij

Wij

2
δniδnj = ∑

ij

Wij

2
n̂in̂j −∑

ij
Wij 〈ni〉 δnj, (20.10)

substituting δni = n̂i − 〈ni〉 and neglecting the constant terms, we have:

= ∑
ij

Wij

2
n̂in̂j −∑

ij
Wij 〈ni〉 n̂j. (20.11)

20.2 potentials on the gates

The self-consistent loop is repeated for each set of potentials on the plunger gates.

The conductance calculation being in the linear response regime, we assume a

negligible potential difference between source and drain, setting them both to µSD

(zero in this study). The top and bottom in-plane plunger gates are replacements

for a global plunger gate placed underneath the array and serves as a means to set

the chemical potential in the array. We always set their potentials to be equal to

µGG.
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The potential µSD on the source and drain corresponds to the chemical potential

in the leads, ie. the µ in the Fermi-Dirac distribution for holes in the conductance for-

mula - such that the matrix elements and the grand canonical ensemble probability

are multiplied by 1− fFD(Enσ ,nσ̄
α − Enσ−1,nσ̄

β − µSD).

The potential on the plunger gates µGG is varied such that the average potential in

the array causes a change in the occupation. For each value of µGG, a self-consistent

loop needs to be run to establish the single-site potentials which can then be used to

calculate the value of the conductance at that µGG. As before, the addition energies

determine the non-zero conductances as, at zero temperature, the following needs

to be fullfilled: µSD = Enσ ,nσ̄
α − Enσ−1,nσ̄ .

20.3 self-consistent conductance

Initially, the µGG and a guess at the charge density is entered into the FEM. The

potentials at each site of the array are calculated and imported into the exact diago-

nalisation. The exact diagonalisation calculates the charge density at temperature

T: 〈nnew
i 〉 = Tr(ρn̂) with ρ = 1

Z e−βĤ. The FEM uses these new charge densities to

calculate the new potentials at each site, and so on until convergence of results

which we will come back to later.

Once the self-consistent loop has converged, the potentials at each site are im-

ported into the exact diagonalisation, for the conductance to be calculated at the

µGG. The chemical potential in the array (µ in the grand canonical ensemble proba-

bility) is taken into account in the electrostatics, we can therefore replace the grand

canonical density matrix ρ = e−β(Ĥ−µn̂) with e−β ˜̂H. This means that the occupation

probability entering the formula for G:

Pnσ ,nσ̄
S−Cα =

e−(1/kT)(Enσ ,nσ̄
α )

∑nσ ,nσ̄ ,α e−(1/kT)(Enσ ,nσ̄
α )

. (20.12)

The expression for the linear response self-consistent conductance at temperature

T is then:

G = gT ∑
nσ ,nσ̄ ,α,β,σ

M(L),nσ ,nσ̄

α,β,σ M(R),nσ ,nσ̄

α,β,σ

M(L),nσ ,nσ̄

α,β,σ + M(R),nσ ,nσ̄

α,β,σ

× Pnσ ,nσ̄
S−Cα[1− fFD(Enσ ,nσ̄

α − Enσ−1,nσ̄

β − µSD)].

(20.13)

In principle, µGG and µSD can be varied independently, however a global energy

shift does not matter. Therefore we set µSD = 0 and run a self-consistent loop for

each µGG which enables the calculation of a single value of the conductance.
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20.4 convergence

The criterion chosen for convergence was that the densities of electrons (input into

the FEM) resulted in single-site potentials (input into the ED) which resulted in the

same density of electrons as was chosen initially (to within 0.02 per site).

In the most straightforward implementation, a random initial state is chosen, the

calculated potentials are used to calculate densities, and those densities are the

starting point of the new iteration. This resulted in ’charge sloshing’, where the

array would get filled with electrons, resulting in very negative potentials, which

lead to the optimal densities being very low in electrons, which in turn resulted in

very positive potentials, which lead to optimal densities being high in electrons etc.

The convergence was very fragile.

Figure 20.2: Influence of the intial distribution on the converged results. Initial distribu-

tions (left color plot of the potential), convergence (graph with the occupation

of different individual sites of the 2× 2 array: ED results in different colors,

starting state input into the FEM calculation in blue), final distributions (right

color plot of the potential and conductance value for the plunger gate potential

set to the randomly chosen value −0.8960 V (situated at the 2 electrons in the

array plateau) with four different initial distributions. Top left: two electrons on

the right of the array (leaving two positive charges on the left sites) resulting in

a large final conductance. Top right: half an electron at each site, bottom left:

one electron on each site of the diagonal, bottom right: two electrons at each

site, all which result in negligible conductivity.
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Except for voltages around zero where the half-filling plateau is situated, the

charge sloshing was always contained between two values. For example at negative

voltages corresponding to the occupation of one electron in the array, the charge

would oscillate, from iteration to iteration, between an empty array and two elec-

trons in the array. Choosing the half-way point at all different values of the voltage

indicated the presence of plateaus of different fillings.

In a first attempt to fix charge-sloshing, inclusion of the previous iteration results

was tested, such that p percent of the previous iterations’ densities added to 100− p

percent of the current iteration’s densities are sent to the FEM. For all p this also

resulted in charge sloshing, as did the inclusion of up to ten previous iterations in

various proportions which resulted in a pattern across iterations.

Including a random number between five and ten of the previous iterations

struggled with convergence and often left behind a random trail of oscillations

around a value.

Finally, including all of the previous oscillations with weighting 1/i where i is the

number of iterations (the sum of all i weightings was therefore 1) lead to a solution

which was able to be adapted - as described in the following - to find convergence.

Initially, the FEM results were finding a stable value which was between two ED

values from consecutive iterations. The charge distribution was flipping from 1

electron on each site of the bottom left to top right diagonal and zero on the other

diagonal, to zero on the bottom left to top right diagonal and one on each site of the

other diagonal. However, these two configurations are equivalent due to reflection

symmetry. Once this degeneracy was accounted for (by manually flipping results

back) convergence was found for most voltages. This algorithm was the one used

for the rest of the work. Convergence plots can be seen in Fig. 20.2 and Tab. 20.1,20.2

where the occupation at each site input into the FEM calculation is plotted in blue

(for all four sites of the 2× 2 array) and the resulting occupations on the four sites

from the ED calculation are plotted with different colors. Each blue dot corresponds

to an average of all previous colored dots for that site.

20.4.1 Dependence on the initial parameters

Unlike in the previously discussed self-consistency which assumed ideal plunger

gates, in this version the initial charge configurations were found to have an

influence on the converged results. This is illustrated in Fig. 20.2. The cause for this

suprising result has not yet been explored in detail, although we did check that for

all starting configurations, the voltages on either side of the voltage chosen for the
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plots of Fig. 20.2 were found to be consistent with the ones shown in the plot (ie.

they come from the physics).

One might assume that an algorithm which takes into account previous iterations

might not be flexible enough to continue exploring after a high number of iterations,

however, as can be seen from the bottom right convergence graph in Fig. 20.2,

the jump between iterations 15 and 16 is consequential, and even after manually

perturbing the occupations at higher iteration numbers, the algorithm is still able to

leave the occupation it was headed for and explore other occupations.

It is suprising however that different initial distributions and occupations can

lead to different converged results of the FEM and ED results, as is illustrated in

Fig. 20.2. These different occupations also lead to very different conductances.

Tab. 20.1,20.2 show converged results (except the first rows of three and five

electrons) at various voltages chosen at fixed occupations which correspond to

plateaus in the conductance. Despite the set occupations, various distributions of

the electrons lead to convergence - such as one electron per site or two electrons on

each site of the diagonal in the four electron case.

20.5 final conductance results for a 2 × 2 array including the

plunger gates
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Figure 20.3: Self-consistent conductance and occupation including the electrostatic ef-

fect of the plunger gates. Darker colors (slate grey and orange indicate con-

verged results, lighter colors (turquoise and yellow) indicate non-converged

results.

Finally, the converged and non-converged results for the self-consistent conduc-

tance and occupation are plotted on Fig. 20.3. The plateaus in the conductance can

clearly be seen to correspond to plateaus in the occupation. As was discussed in the

earlier chapters of this part, each time the occupation of the array changes, a peak
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Figure 20.4: Self-consistent conductance including the electrostatic effect of the plunger

gates compared to the non-self-consistent conductance in which the plunger

gates are not included. The range of voltages over which the conductance is

non-zero is vastly different between the two and should be accounted for in an

experiment.

is expected in the conductance. Eight main peaks corresponding to changes in the

occupation can be made out in Fig. 20.3. Smaller peaks corresponding to punctual

changes in the occupation in the non-converged regions (turquoise and yellow) can

also be seen.

The range of voltages over which the conductance is non-zero is very different

to the non-self-consistent and ’ideal plunger gates’ self-consistent results, as can

be seen in the lower plot in Fig. 20.4 (nearest-neighbour hopping was assumed in

both cases). This indicates that the electrostatics of the top and bottom plunger

gates play a large role in the single-site energies, for which the experiment should

account for by scanning a large range of voltages. The conductance however is on

the same scale as the non-self-consistent results.

The initial occupations at the start of each self-consistent loop were increased

with the voltage using the locations of the plateaus discovered in an initial scan of

the voltages. Each self-consistent loop started by distributing the charges evenly

over the array (corresponding to the configurations displayed in the right graphs

of Fig. 20.2). The non-converged results come from iteration number 250 for each

voltage.

Investigations have yet to be made into the broadening and jaggedness of the

peaks, however, it is clear that peak broadening is to be expected due to the plunger

gates not being as efficiently coupled to the array as in the perfect case. Whereas in

the ideal plunger gate limit investigated in the previous chapters the conductance

is plotted as a function of the chemical potential in the array, Fig. 20.4 displays the

conductance as a function of potential on the plunger gates. The broadening of the

peaks indicates that the in-plane gates must undergo large changes in potential for

this to be felt at the location of the array.
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Furthermore, the broadening of the peaks shows that the occupancy of the array

takes non-integer (hence non-blockaded) values over a much wider range of gate

voltages once the true coupling to the plunger gates is included.

In-plane plunger gates are thought to be less efficient at changing the potential

in the region between them (due to the field lines not all going to the array) than

a top or bottom plunger gate located above or beneath the array, which would be

interesting to simulate using the methods descibed here, however this is far more

complicated in experiment. Fabricating atomically precise arrays is much more

challenging on epitaxial silicon which has been itself overgrown over a metallic

dopant layer acting as the bottom plunger gate. Alternatively, the metallic properties

of a top plunger gate which has been deposited on epitaxial silion overgrown on

top of the source, drain and array should first be tested. This is due to the uneven

surface created when epitaxial silicon is grown onto the surface of the silicon wafer,

however, this has been done [36].
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Table 20.1: Occupation plateaus: charge, electric field, potential and convergence (the

occupation at each site - in different colors - is plotted as a function of iteration

number). For some numbers of electrons, different configurations dominate

different areas of the plateau which is why up to two configurations are shown

in the table. The color scales are not listed on the plot as the table is for qualitative

comparisons, but the color scales are the same across all the rows. The potentials

go between −250 and 250 mV. Continued in Tab. 20.2.
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Filling Charge Ef U Convergence
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Table 20.2: Occupation plateaus: charge, electric field, potential and convergence (the

occupation at each site - in different colors - is plotted as a function of iteration

number). Continuation of Tab. 20.1. The color scales are not listed on the plot

as the table is for quantitative comparisons, but the color scales are the same

across all the rows. The potentials go between −250 and 250 mV. Continued in

Tab. 20.2.
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C O N C L U S I O N

To conclude, the self-consistent Poisson-Schrödinger conductance spectra of finite

rectangular donor arrays described by the extended Hubbard model for ideal and

non-ideal in-plane plunger gates have been calculated for sample geometries which

should be within reach of existing experiments. Furthermore, the effect of including

the electrostatic potentials at each site into the calculation of the matrix elements

has been understood in terms of the particle-hole symmetry and addition energies.

However, the jaggedess of the non-ideal plunger gates self-consistent conductance

remains to be investigated. This work could lead to a quantum simulation of charge

transport in graphene by placing donors in a hexagonal lattice [209]. Comparison

with experimental data could clarify whether silicon donors are a suitable platform

for quantum simulation of the Fermi-Hubbard model.
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Part VI

B O S O N I C Q I S K I T

Bosonic error-correcting codes in circuit QED have been shown to reach

break-even point for quantum memory error correction and demon-

strated a factor of two improvement in the fidelity of error-corrected

gate operations on logically encoded qubits in the presence of naturally

occurring errors [4]. In this part, we turn towards this platform - which

is at a much later stage in its development than silicon donors - to

learn about what makes tools successful for quantum computation and

simulation.

Qiskit is a superconducting qubit software development kit created and

made open-source by IBM. During an in-person visit to the group of

Prof. Steve Girvin at Yale, I participated in the efforts of the Co-design

Center for Quantum Advantage (C2QA) to adapt Qiskit to continuous

variable systems such as those found in circuit QED.

In this part, I discuss some of the research work done on the way

to implementing the AKLT chain with native bosonic operations in

"Bosonic Qiskit" serving as a proof of concept (a work in progress). The

AKLT chain is equivalent to the Haldane chain for a fixed choice of

parameters. First, we choose Schwinger-bosons as a means to encode

a spin-1 system using the modes of a microwave oscillator. Second,

we represent the Haldane chain with native bosonic operations using

the Baker–Campbell–Hausdorff formula. We wish to use this encoded

Hamiltonian in a variable quantum eigensolver for which we wish to

input a ’good guess’ at an initial state. To do this, and as a third step

in our research, we calculate the mean-field Schwinger-boson Haldane

chain Hamiltonian with a view to calculating the mean-field ground

state . In the fourth and final step presented here, we decided to find

a unitary which successfully carries out the state transfer from a chain

initialised in spin 0 to the AKLT state, which we do inspired from the

matrix product state representation.
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This work has been done in collaboration with Dr. Kevin Smith (Yale), Dr. Tim

Stavenger (Pacific Northwestern National Laboratories), Prof. Nathan Wiebe (Uni-

versity of Toronto) and Prof. Steven Girvin (Yale), whom I came in contact with

following my one year part-time work with IBM with the encouragement of Prof.

Andrew Fisher. The work was a part of the Yale-UCL exchange funded by UCL

Doctoral School. The project is part of the C2QA (Co-design center for quantum

advantage) initiative.

21.1 introduction

Bosonic encoded qubits are based on the interaction between electro-magnetic

microwaves contained in a micro-meter cavity carved into an aluminium block,

and an electrical circuit (made from aluminium and aluminium oxide, deposited

on a saffire substrate placed inside the cavity) in which charge sloshes back and

forth between a capacitor and a josephson junction (ie. a transmon). Microwaves

of different frequencies are referred to as modes as they correspond to the modes

of a harmonic oscillator. There can theoretically be an infinite number of modes

which therefore forms a continuous variable system. Each microwave is a boson,

and there can be many microwaves of the same frequency, ie. many bosons in one

mode (due to bosonic statistics). Just like charge sloshes with the frequency of a

harmonic oscillator in a circuit made up of a capacitor and a coil, charge sloshes

anharmonically in a circuit made up of a capacitor and a josephson junction. The

two lowest levels make up a two level system which can represent a qubit (any

excitation which switches the system between the two levels does not have the

correct energy to excite it further than these two levels).

The level spacing of the transmon is affected by the presence of modes in the

cavity, and the level spacing of the modes in the cavity is affected by the state of

the transmon. In this way, one can be used to manipulate and read-out the state of

the other. In cavity Quantum Electro-Dynamics (QED), bosonic encoded qubits in

the microwave cavities are manipulated and read-out by auxilliary transmon qubits

(which itself has another microwave cavity to control and read it out). Quantum

non-demolition readout of single microwave photons is possible [210].

This technology makes use of the long coherence times of microwave cavities,

which are 10 to 20 times longer than superconducting qubits [4]. Most importantly,

whereas mutliple physical qubits are required to represent one logical qubit for

error correction purposes, cavity QED provides a way of encoding the logical qubit

into a single physical entity: the microwave cavity (to which more photons can be

added). The encoding is defined by superpositions of multi-photon states in the
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cavity. Error correction requires a measurement to be made on the physical qubits

(which represent the logical qubit) and for information relative to the error to be

found, without collapsing the total logical qubit state. For example, the binomial

code uses the logical states [4]:

|0L〉 =
1√
2
(|0〉+ |4〉)

|1L〉 = |2〉 (21.1)

Because both states have the same mean photon number and are both +1 eigenstates

of the parity operator (eiπa†a, which is easy to measure in circuit QED), a parity jump

will tell us that a loss event occured, but nothing about the logical state in which it

occured. Furthermore, with regards the physical gates, optimal control theory can

be used to decrease the operation times of physical gates in circuit QED [210, 211].

Finally, the error model of microwave resonators is very simple: it is dominated by

photon loss with negligible dephasing [4]. This all paves to the way to a large-scale

quantum computer.

The Co-design Center for Quantum Advantage (C2QA) is currently building

an instruction set architecture for circuit QED using Qiskit, the IBM open-source

software development kit (SDK). Currently, Qiskit can operate on two-level systems,

qubits. The aim is to expand Qiskit such that it can accomodate continuous variable

systems "Bosonic Qiskit" (explained in Section 21.2). This way, the SDK is created

and tested on the IBM hardware and will be able to be transferred onto circuit QED

hardware when it is built. In this part, a way of encoding the spin-1 Haldane chain

into the continuous variable system is studied as a proof of principle. Topological

phases of matter are one of the frontiers of physics. Demonstrating the creation

of such a state in circuit QED would pave the way to larger scale explorations

of topological states on digital quantum computers. As a proof of concept for

"Bosonic Qiskit", we worked with representing the Haldane model - discussed in

the introduction to the thesis - in a ’qumoderegister()’, a representation of the modes

of the microwave oscillators in "Bosonic Qiskit" (and making use of an ancilla qubit).

This is a work in progress and for which the initial research stages are reported

here. Therefore, the work presented in this part does not form a coherent whole

as much as a coherent path representing our work as researchers, the sub-parts of

which might have uses in other projects. First, we chose an encoding which enables

us to represent a spin-1 system with bosons. Second, we find a way of encoding

the Haldane Hamiltonian in circuit QED using the Baker–Campbell–Hausdorff

formula. Third, we calculate the mean-field Hamiltonian with a view to calculating

the mean-field ground state of the Haldane chain for use in a variable quantum

eigensolver. Fourth, we change our approach and find a unitary which if applied in
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successive iterations, creates the AKLT chain. It is inspired from the matrix product

state representation. The unitary requires the use of an ancilla qubit to keep track

of the state created on the previous site of the chain. It carries out the state transfer

from a site (two modes in the Schwinger-boson encoding) in spin 0 to a site which

is part of the AKLT chain.

21.2 representing continuous variable systems with qubits

The proposed method of representing the bosonic modes with qubits is via a

truncation of the Hilbert space which is done by setting a maximum allowed boson

number (cutoff). A finite Hilbert space of dimension 2N corresponding to part of

the Hilbert space of one mode can then be represented using N qubits. The cutoff

must be a multiple of two due to the qubits, and must be chosen such that the

problem of interest is contained within the truncated Hilbert space, for example in

the following part, the Schwinger-Boson operators defined in section 22.2 conserves

the total particle number, so the cutoff should be chosen large enough to cover the

Hilbert space spanned.

21.3 haldane chain

The integer-spin Haldane chain has the following Hamiltonian:

H = ∑
j

(
J(~Sj · ~Sj+1) + D(Sz

j )
2) (21.2)

= ∑
j

(
J(Sz

j · Sz
j+1 +

1
2
(S+

j · S
−
j+1 + S−j · S

+
j+1)) + D ∑

j
(Sz

j )
2). (21.3)

It is introduced in the introduction to the thesis.
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R E P R E S E N TAT I O N S U S E D F O R E N C O D I N G T H E H A L D A N E

C H A I N

Using circuit QED, the bosonic photons in the microwave resonators enable us to

encode integer spins by using either the Schwinger-Boson representation (which

requires two bosons to represent one spin) or the Holstein-Primakoff representation

(which would only require one boson but which - in the absence of simplification

- is difficult to implement given the usual operations which can be carried out in

circuit QED).

22.1 holstein-primakoff

S+ =
√

2S

√
1− a+a

2S
a ≈
√

2S a (22.1)

S− =
√

2S a+
√

1− a+a
2S
≈
√

2S a+ (22.2)

Sz = S− a+a (22.3)

The advantage of the Holstein-Primakoff representation is that it only requires one

mode per spin, contrary to the SB representation which requires two. However, the

approximation defined in the equations above only holds for large values of the spin

S . Experimentally, it would be easier to simulate the Haldane chain using small

values of the spin, so that less modes of the microwave oscillator(s) are required. For

this reason, we would need to work with the full form of the Holstein-Primakoff

representation for which the Hamiltonian would be written:

H =∑
j

[
J
(
S2 − S(nj + nj+1) + njnj+1

)

+ S(

√
1−

a+j aj

2S
aja+j+1

√
1−

a+j+1aj+1

2S
+ a+j

√
1−

a+j aj

2S

√
1−

a+j+1aj+1

2S
aj+1)

+ D(S2 − 2Snj + n2
j )
]

(22.4)

Without the approximation, the resulting Holstein-Primakoff Hamiltonian is com-

plicated to implement.
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22.2 schwinger-boson

S+
j = a+j bj (22.5)

S−j = b+j aj (22.6)

Sz
j =

1
2
(a+j aj − b+j bj) (22.7)

2S = 〈a†a〉+ 〈b†b〉 , (22.8)

where Sj represents the integer spin site j (in our case of the 1D Haldane chain),

and aj and bj are bosons (in our case modes of the microwave oscillator used to

represent the spin-1 particle at site j).

Although the Schwinger-boson respresentation requires two modes to represent

one spin, it is an exact representation. In the Schwinger-Boson representation, for

spin 1 (chosen for experimental simplicity), two bosons are shared between two

modes. The locations of the bosons on the modes represent the value of the spin 1,

which can be +1, 0 or −1. We can imagine therefore the following encoding:

|+〉 = |2〉 ⊗ |0〉 (22.9)

|0〉 = |1〉 ⊗ |1〉 (22.10)

|−〉 = |0〉 ⊗ |2〉 . (22.11)

The Haldane Hamiltonian in the Schwinger-boson representation is written:

H =∑
j

[ J
4
(a+j aj − b+j bj)(a+j+1aj+1 − b+j+1bj+1) +

1
2
(a+j bjb+j+1aj+1 + b+j aja+j+1bj+1)

+
D
4
(a+j aj − b+j bj)(a+j aj − b+j bj)

]
(22.12)

=∑
j

[ J
4
(naj − nbj)(naj+1 − nbj+1) +

1
2
(a+j bjb+j+1aj+1 + b+j aja+j+1bj+1)

+
D
4
(naj − nbj)

2] (22.13)

22.2.1 Experimentally realising Schwinger-Boson spin-1 chain with microwave oscillators

A mode can accomodate multiple bosons: the mode of a microwave oscillator can

accomodate multiple microwave photons. The microwave oscillator can be a super-

conducting coplanar-transmission-line resonator, or a lumped-element inductor-

capacitor circuit, or a three-dimensional cavity. There could be several ways of

encoding the problem:

1. two resonators per site j with aj being the fundamental mode of one and bj

being the fundamental mode of the other,
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2. one resonator per site j with aj the fundamental mode and bj the first harmonic

3. one resonator for all the sites with aj the fundamental mode and bj the first

harmonic, aj+1 the second harmonic and bj+1 the thrid harmonic and so on.

22.2.2 Schwinger-Boson spin-1 representation in "Bosonic Qiskit"

In the following, the Hilbert space of the modes is made finite by defining a

maximum allowed boson number. In the case of Schwinger bosons, only two

bosons at most can occupy a single mode, so we choose the cutoff to be 2:

n =


0 0 0

0 1 0

0 0 2

 , a =


0 1 0

0 0
√

2

0 0 0

 , a† =


0 0 0

1 0 0

0
√

2 0

 . (22.14)

We can clearly see therefore that

|2〉 =


0

0

1

 (which obeys n |2〉 = 2 |2〉), |1〉 =


0

1

0

 , |0〉 =


1

0

0

 . (22.15)

Therefore one spin 1 site of the Haldane chain, encoded on two modes, can be in

either of the three following states:

|+〉 =


0

0

1

⊗


1

0

0

 , |0〉 =


0

1

0

⊗


0

1

0

 , |−〉 =


1

0

0

⊗


0

0

1

 . (22.16)

Furthermore, we must also take into account the ancilla qubit, the role of which

will become apparent in the later chapters. To create an example state such as

|+−〉⊗ |↓〉, |+〉 is needed on site 1 and |−〉 on site 2 and |↓〉 is needed on the qubit.

|+−〉 = |2〉 ⊗ |0〉 ⊗ |0〉 ⊗ |2〉 and |↓〉 =

0

1

.

We therefore have

|+−〉 = |2〉 ⊗ |0〉 ⊗ |0〉 ⊗ |2〉 ⊗ |↓〉

=


0

0

1

0

⊗


1

0

0

0

⊗


1

0

0

0

⊗


0

0

1

0

⊗
0

1

 . (22.17)
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T H E H A L D A N E C H A I N U S I N G N AT I V E B O S O N I C

O P E R AT I O N S A N D T H E B C H F O R M U L A

In the following, we find ways of representing the terms in the Hamiltonian using

existing operations in circuit QED such as beamsplitters, in conjunction with the

Baker-Campell-Hausdorff formula:

eAteBt = eAt+Bt+[A,B]t2/2+O(t3), (23.1)

assuming multiple modes with an auxiliary qubit.

23.1 cross-kerr terms

To calculate the cross-Kerr-type term 1 J
4 (najnaj+1− nbjnaj+1− najnbj+1 + nbjnbj+1) +

D
4 (n

2
aj − n2

bj − 2najnbj), we can use the cavity conditioned qubit rotation gate:

U(θ, φ) = ei θ
2
~b·~σn̂, (23.2)

where θ = ΩRabiTpulse and ~b = (cos φ, sin φ, 0) with φ the microwave phase,

in conjunction with the the Baker-Campell-Hausdorff formula eAteBte−Ate−Bt =

e[A,B]t2+O(t3) and the commutation relation for the Pauli operators acting on the

qubit [X, Z] = −2iY, to generate terms of the form

eiθn̂jXeiθ ˆnj+1Ze−iθn̂jXe−iθ ˆnj+1Z

= e−[n̂jX, ˆnj+1Z]θ2+O(θ3)

= e(2n̂j ˆnj+1⊗iY)θ2+O(θ3). (23.3)

The error term will be bounded, as there can only be 0 or 1 bosons in each mode,

ie. the total number of bosons on two sites will be 2. The error can be seen to scale

as the third power of theta in Fig. 23.1, as is expected from Eq. 23.1.

The error can be reduced by diminishing the trotter step:

e−iHt2 ≈ (e−iHt2/r2+O(t3/r3))r2 ≈ e−iHt2+O(t3/r). (23.4)

This is plotted in Fig 23.1.

1 named in reference to the Kerr effect which is a change in the refractive index of a material in response

to an applied electric field [212]
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Figure 23.1: a) The error of a cross-Kerr term scaling as the cube of the time/θ as is expected

from Eq. 23.1. A plot of eiθn̂jXeiθ ˆnj+1Ze−iθn̂jXe−iθ ˆnj+1Z − e2n̂j ˆnj+1θ2⊗iY. b) Reduced

error of a cross-Kerr term using a smaller Trotter step (setting r = 100 in

Eq. 23.4). Note how the y-axis differs on both plots.

23.2 quartic terms

The quartic term a+j bjb+j+1aj+1 + b+j aja+j+1bj+1 can be engineered using the Baker-

Campell-Hausdorff formula e−iAte−iBte−i(−A)te−i(−B)t = e[A,B](−it)2+O(t3) by choos-

ing A and B to be beamsplitters in conjunction with an ancilla qubit, as follows:

A = (g1 ajb†
j + g∗1 a†

j bj)⊗ Z (23.5)

B = (g2 aj+1b†
j+1 + g∗2 a†

j+1bj+1)⊗ X (23.6)

(obtaining −A and −B by setting changing the sign of g1 and g2), which leads to

[A, B] =2(g1g2 ajb†
j aj+1b†

j+1 + g1g∗2 ajb†
j a†

j+1bj+1 (23.7)

+ g∗1 g2 a†
j bjaj+1b†

j+1 + g∗1 g∗2 a†
j bja†

j+1bj+1)⊗ iY

In order to cancel the extra terms 2(g1g2 ajb†
j aj+1b†

j+1 + g∗1 g∗2 a†
j bja†

j+1bj+1), we can

add to the first [A, B] another very similar BCH term [A′, B′]:

[A′, B′] =2(g3g4 ajb†
j aj+1b†

j+1 + g3g∗4 ajb†
j a†

j+1bj+1 (23.8)

+ g∗3 g4 a†
j bjaj+1b†

j+1 + g∗3 g∗4 a†
j bja†

j+1bj+1)⊗ iY

and find g3 and g4 which will work to cancel the extra terms mentioned above. To

do so, we set:

g1 = g2 = 1 (23.9)

g3 = g4 = i, (23.10)
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obtaining finally

e−iAte−iBte−i(−A)te−i(−B)te−iA′te−iB′te−i(−A′)te−i(−B′)t

= e[A,B](−it)2+O(t3)e[A
′,B′](−it)2+O(t3)

= e([A,B]+[A′,B′])(−it)2+O(t3)

= e(4( ajb†
j a†

j+1bj+1+ a†
j bjaj+1b†

j+1)⊗iY)(−it)2+O(t3). (23.11)

Figure 23.2: The error of the beamsplitter term scaling as the cube of the time as defined in

Eq. 23.1.

23.3 dynamics

Out of curiosity, we can plot the time dependence of 〈ψ| Ŝzj |ψ〉, where Szj measures

the state of the spin encoded in one of the sites (one set of two microwave oscillators)

: Szj =
1
2 (Naj − Nbj)⊗ 1QB.

Because the BCH approximation gives the square of the time:

e−iAt/re−iBt/re−i(−A)t/re−i(−B)t/re−iA′t/re−iB′t/re−i(−A′)t/re−i(−B′)t/r

= (e(4( ajb†
j a†

j+1bj+1+ a†
j bjaj+1b†

j+1)⊗iY)(−it/r)2+O(t3/r3))r2
(23.12)

we insert
√

t in place of t when comparing to e−(4( ajb†
j a†

j+1bj+1+ a†
j bjaj+1b†

j+1)⊗iY)t.
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Figure 23.3: Increasing the r step decreases the error. Plot of the absolute value of the dynam-

ics of the BCH approximation to the quadratic term in the Haldane hamiltonian

(e−iA
√

t/re−iB
√

t/re−i(−A)
√

t/re−i(−B)
√

t/re−iA′t/re−iB′
√

t/re−i(−A′)
√

t/re−i(−B′)
√

t/r

with A and B beamsplitters) subtracted from the true dynamics of that term

(e−i(4( ajb†
j a†

j+1bj+1+ a†
j bjaj+1b†

j+1)⊗Y)t).
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M E A N - F I E L D S C H W I N G E R B O S O N H A L D A N E C H A I N

In order to find a good ground state for the Variational Quantum Eigensolver which

we wish to realise using Bosonic Qiskit, we try to find a good ground state of Ĥ in

which to start the algorithm.

Mean-field theory allows us to transform multi-particle hamiltonians into single

particle hamiltonians which are eaiser to deal with.

24.1 mean-field hamiltonian

We wish to find the ground state of the mean-field Schwinger-Boson hamiltonian:

H = ∑
〈ij〉

(
Jij(~Si · ~Sj) + D(Sz

j )
2) (24.1)

H = ∑
j

[ J
4
(a+j aj − b+j bj)(a+j+1aj+1 − b+j+1bj+1)

1
2
(a+j bjb+j+1aj+1 + b+j aja+j+1bj+1) +

D
4
(naj − nbj)

2] (24.2)

for which the following mean fields are introduced:

χa†a
ij = 〈a†

i aj〉 Boson number operators (24.3)

χb†b
ij = 〈b†

i bj〉 (24.4)

χa†b
ij = 〈a†

i bj〉 Beamsplitter (24.5)

χaa
ij = 〈aiaj〉 Squeezing (24.6)

χbb
ij = 〈bibj〉 (24.7)

χab
ij = 〈aibj〉 Two mode squeezing (24.8)

We can now decompose the operators into the mean-fields 〈a†
i aj〉 and the fluctua-

tions around the mean-fields δa†
i aj:

a†
i aj = 〈a†

i aj〉+ δa†
i aj. (24.9)

By inserting this identity into the Hamiltonian and neglecting the terms quadratic

in δa†
i aj and then re-inserting the identity again to replace δa†

i aj with the mean-fields

and original operators, the single-particle Hamiltonian will be of the form:

Ĥ = ∑
ij
(ai ĥaa

ij aj + a†
i ĥa†a

ij aj + bi ĥbb
ij bj + b†

i ĥb†b
ij bj + a†

i ĥa†b
ij bj + ai ĥab

ij bj) + h.c.

(24.10)
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where the ĥij are only functions of the mean fields and h.c. is the Hermitian

conjugate. We calculate them to be written as follows:

ĥa†a =∑
ij

δij[
J
4
(χa†a

jj − χb†b
jj ) +

D
4
(2(χa†a

ii − χb†b
ii )− 1)] + δij[

J
4
(χa†a

ii − χb†b
ii )]

+ [
J
4

χa†a
ji +

1
2

χb†b
ji )] (24.11)

ĥaa =
J
4

χa†a†

ji +
D
4

δijχ
a†a†

ii (24.12)

For b the terms are the same but with b↔ a.

ĥa†b =δij[
1
2

χba
jj −

2D
4

χba
ii ] + δij

1
2
[χba

ii − 1] + [− J
4

χba
ji ] (24.13)

And finally,

ĥab =
1
2

χb†a†

ij +
D
4

δijχ
b†a†

ii (24.14)

The complete matrix ĥ can be written

ĥ =

 ĥa ĥab

ĥba ĥb

 (24.15)

where

ĥa =

 ĥaa ĥaa†

ĥa†a ĥa†a†

 . (24.16)

ha is a 2L× 2L matrix because haa is a L× L matrix, therefore ĥ a 4L× 4L matrix.

In order to implement local particle conservation constraint (see eq. 22.8), a

Lagrange multiplier ∑j a0(j)(〈a†a〉 + 〈b†b〉 − 2S) can be added, where S is the

spin length which we choose as 1, and a0(j) should be found self-consistently by

choosing a random value and looping until the constraint is fullfilled.

24.2 finding the mean-fields χ

Taking the first term as an example and introducing the identity UU† = 1:

a†ĥa†aa (24.17)

= a†UU†ĥa†aUU†a (24.18)

= ã†D̂ã (24.19)
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with D = U†ĥa†aU a diagonal matrix and ã† = a†U and ã = U†a:

ã†
p = ∑

j
a†

j Ujp, ãp = ∑
j
[U†]pjaj = ∑

j
U∗jpaj (24.20)

a†
j = ∑

p
ã†

p[U
†]pj = ∑

p
ã†

pU∗jp, aj = ∑
p

Ujp ãp (24.21)

Replacing in the χa†a term, we then have

χa†a
ij = 〈a†

i aj〉 (24.22)

= ∑
pp′

U∗ipUjp 〈ã†
p ãp〉 (24.23)

= ∑
pp′

U∗ipUjpNδpp′δp0 (24.24)

= NU∗i0Uj0 (24.25)

because the expectation value of the number operator for a ground state of bosons

(ie. a BEC) is the number of bosons N.

We have

χb
ij = NU∗i+L,0Uj+L,0 (24.26)

χab
ij = NU∗i,0Uj+L,0 (24.27)

The phase of the beamsplitters χij can be found self-consistently:

1. Construct the full Hamiltonian. Enforce that i and j are nearest neighbours by

looping over i and setting j ∈ [i− 1; i + 1], except on the edges of the matrix.

2. Choose random values for the χij in ĥ, for example for χa:

xai = np.random.rand(L, L) + 1j * np.random.rand(L, L)

and ensuring hermiticity

xa = xai + xai.conj().T

3. Numerically diagonalise ĥ

E,U=np.eigh(h)

4. Update the values of χij with expressions 24.25 - 24.27 of type χa
ij = NU∗i0Uj0

5. Re-iterate steps 3 and 4 until the χij are stable.

The ground state of the the mean-field hamiltonian can be written as a creation

operator acting on the vacuum: (∑i Ui0a†
0)

N |0〉.
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We choose not to proceed with this approach because we are unsure that it would

capture the topological properties of the Haldane chain. To check this, once the

mean-fields converge, one could vary the D field and compare to the phase diagram

of the Haldane chain. For this reason, in the following we focus on the Affleck,

Lieb, Kennedy and Tasaki [7] (AKLT) model which is equivalent to the Haldane

hamiltonian for a specific choice of parameters, for which we try to construct a

ground state sufficient to starting the VQE algorithm.
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A K LT G R O U N D S TAT E

In this part, we find a unitary which can generate the AKLT state1 on a chain of

modes (entangled with an ancilla qubit). To achieve this, we would like to use

Bosonic Qiskit as this is a proof of concept. Qiskit by default only accepts unitary

operations. Therefore, a unitary needs to be found which can act on an initial state

and return the AKLT state.

Figure 25.1: Illustration of a preparation of the AKLT state with open boundary condi-

tions. Note the conservation of dihedral symmetry in the final AKLT state

(anti-ferromagnetic ordering of S = +1 and S = −1 with an arbitrary number

of S = 0 in between). Although this illustration is inspired by Matrix Product

States (MPS), it is not an illustration of the MPS preparation of the AKLT state.

1 The AKLT model was developed by Affleck, Lieb, Kennedy and Tasaki [7], motivated by a conjecture

of Haldane which predicts a spectral gap2 for any one-dimensional integer-spin Heisenberg anti-

ferromagnet.

185



186 aklt ground state

MPS3 provide an intuitive way to understand the AKLT chain. In the following, I

represent the construction the AKLT state [7] with open boundary conditions, as

illustrated in Fig. 25.1:

1. Start with a chain of an even number of spin-1/2 spins.

2. Entangle every pair of sites - starting from the second spin - into singlets.

3. Store many identical copies of the chain of singlets which has just been

created.

4. For each copy, project every pair of sites - starting from the first spin - into

triplets, with a different permutation of triplets for each copy.

5. Add all copies of the chain together to get a superposition of many-body

entangled states.

If each triplet state is given a different name, for example: |↑↑〉 → |+1〉, 1√
2
(|↑↓〉−

|↓↑〉) → |0〉 and |↓↓〉 → |−1〉, then we can think of the two spin-1/2 spins as

representing a spin-1 spin, depending on which state they are in, as is shown in

Fig. 25.1.

Figure 25.2: Spin 1/2, spin 1 and Schwinger-Boson encoding of an example state. After

the application of the unitary on each successive pairs of modes, the ancilla

qubit is entangled with all the modes.

3 A very good introduction to matrix product states can be found in [213].
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With open boundary conditions, this state has a fourfold degeneracy at the edge

spin-1/2 spins (it is unique for periodic boundary conditions) [214]. The AKLT

state is a symmetry protected topological state: it has short-range entanglement

and it has some symmetries [214]. One of the symmetries is the dihedral (Z2×Z2)

symmetry [214], which corresponds to an overall anti-ferromagnetic ordering of

the S = +1 and S = −1 sites, with an arbitrary number of S = 0 sites in between,

as can be seen on Fig. 25.1.

The objective is to generate the AKLT state on a chain of spin 1 sites each made up

of two modes in the Schwinger-Boson encoding, as is shown in Fig. 25.2. The unitary

which we create in this part acts consecutively on each spin-1 site of the chain. We

will make use of an additional qubit ancilla to keep track of state generated on the

previous two modes representing the spin-1 site (and thereby conserve the dihedral

symmetry).

The MPS construction of the AKLT state is very similar to the representation of

the preparation I just described. It sums over all the many-body states which are

represented by the permutations of consecutive applications of the singlet followed

by one of the three possible triplet projection matrices Pm, and the corresponding

|~m〉 states, where m = +1, 0,−1. Because the singlet S and triplet Pm matrices

alternate, they are represented with a single matrix Am = PmS, which can have

three possible forms due to the there being three possible triplet states.

S =
1√
2

 0 1

−1 0

 (25.1)

guarantees the formation of singlets (note the similarity with 1√
2
|↑↓〉 − |↓↑〉).

P+1 =

1 0

0 0

 , P−1 =

0 0

0 1

 , P0 =
1√
2

0 1

1 0

 , (25.2)

forces each composite spin to length 1.

Therefore, because Am = PmS, we have:

A+1 =
1√
2

0 1

0 0

 , A−1 =
1√
2

 0 0

−1 0

 , A0 =
1√
2

−1 0

0 1

 . (25.3)

Finally, the exact ground state of the AKLT state has the following MPS representa-

tion:

|AKLT〉 = ∑
~m

TrAm1 Am2 ...AmN |2, 0, 1, 1, 0, 2, 1, 1〉 . (25.4)

where the trace comes from a contraction of all the indices of the matrices on

different sites.
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25.1 aklt unitary for qubits coupled to bosonic modes

We seek a unitary that prepares this MPS using modes and qubits. A method for

sequential generation of unitaries from MPS is proposed in [215]. We propose storing

the states |~m〉 in the modes, and acting with the Am matrices on an ancilla qubit

- which will keep track of the entanglement between the sites and also act as the

’memory’ of the last non-zero m that was created. The chain of spin-1 sites could

start initialised in for example the |~m〉 = ~0 state, which would correspond to |1〉
on all the modes (yielding with the Schwinger-boson encoding S = 0 on all pairs

of modes). We propose that the unitary acts consecutively on all the spin-1 sites

|AKLT〉 = UN ...U2U1 |0..00〉 |+〉 . By the time the ancilla gets to the end of the chain,

it will have initialised the AKLT state except that it will still be entangled itself with

the chain.

The states |~m〉 can be created using bosonic operations on the modes, such as

S+, S− and identity (here we do not detail the unitary which uses native bosonic

operations, such as beamsplitters).

The Am matrices are equivalent to σ+ for A+1, −σ− for A−1 and −σz for A0 and

can be directly applied to the qubit.

This leads to the following unitary:

Uj =
1
2
(S+

j σ+ − S−j σ−)− 1
2

σz1j + C̃j, (25.5)

where S+
j = a+j bj is the raising operator such that S+ |0〉 =

√
2 |1〉 and S−j = ajb†

j is

the lowering operator such that S− |0〉 =
√

2 |−1〉, and C̃j is the unitary completion.

All operators must act on the full many-body state, so for example 1
2 (S

+
j σ+) =

1
2 (S

+
1 ⊗ 1⊗ σ+ + 1⊗ S+

2 ⊗ σ+).

In the block-encoded form it is written:

Uj =
1
2

−1 a†
j bj

ajb†
j 1

+ C̃j. (25.6)

One approach would be to find the unitary completion corresponding to C̃j.

Another approach would be to find a unitary operation close to this one which also

acts in the desired way on two modes prepared in |11〉 (but might act differently on

other states which aren’t of interest here).

Various versions of the operation are considered in order to find the simplest

unitary operation which can act on two bosonic modes in |11〉 and one ancilla qubit,

to produce the required outcome corresponding to the generation of one site of the

AKLT chain.
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A unitary can be achieved by exponentiating a Hermitian or anti-Hermitian

operator4.

Below, a simplified expression for a unitary is found by exponentiating the anti-

hermitian operator Ô = σ+S+ − σ−S−. These steps are required to go from column

2 to 3 of Tab. 25.1. We define

A =
√
−S−S+, B =

√
−S+S− (25.7)

and by comparing consecutive powers of the operator, find that the Taylor series of

the exponential can be expanded in the following way:

eθÔ = 1 +
θ2

2!
Ô2 +

θ3

3!
Ô3 + ...

θn

n!
Ôn (25.8)

=
[
1 +

θ2

2!
(
σ+σ−B2 + σ−σ+A2)

+ ...

+
θN

N!
[
σ+σ−BN + σ−σ+AN)

+
(
θ(σ+S+ − σ−S−)

+
θ3

3!
(

1
B

σ+S+B3 − 1
A

σ−S−A3)

+ ...

+
θN

N!
(

1
B

σ+S+BN − 1
A

σ−S−AN)
]
. (25.9)

Using the Taylor series expansion for cosh and sinh5, we find that the expression

simplifies to:

eθÔ = σ+σ− cosh (Bθ) + σ−σ+ cosh (Aθ) + σ+ 1
B

sinh(Bθ)S+ + σ−
1
A

sinh(Aθ)S−

(25.10)

To find the action of this unitary on the projector onto the bosonic modes |11〉 〈11|,
we first find the action of A and B on the projector with creation and annihilation

and operator rules in mind6:

S−S+ |11〉 = b†aa†b |11〉 = 2 |11〉 (25.11)

A |11〉 =
√
−S−S+ |11〉 =

√
b†aa†b |11〉 =

√
−2 |11〉 =

√
2i |11〉 (25.12)

A |20〉 =
√

2i |20〉 , quadA |02〉 = 0 (25.13)

cosh (Aθ) |11〉 = cosh (iθ)
√

2 |11〉 ,
1
A
|11〉 = −i√

2
|02〉 , (25.14)

4 U is unitary: U†U = 1. Ô is Hermitian: Ô† = Ô. Therefore, (eiθÔ)†eiθÔ = e−iθÔeiθÔ = 1. Ô is

anti-Hermitian: Ô† = −Ô. Therefore, (eθÔ)†eθÔ = e−θÔeθÔ = 1. Note the difference between the

unitary being eiθÔ if Ô is Hermitian and the unitary being eθÔ if Ô is anti-Hermitian.

5 cosh x = 1 + x2

2! +
x4

4! + ... and sinh x = x + x3

3! +
x5

5! + ...
6 a |n〉 =

√
n |n− 1〉, a† |n〉 =

√
n + 1 |n + 1〉 and if Ô |ψ〉 = E |ψ〉 then f (Ô) |ψ〉 = f (E) |ψ〉



190 aklt ground state

Ô U U|11〉 〈11| U|111〉 U|011〉

σ+S+ − σ−S− − σz1 eθÔ
√

3
∗ α√

3
Ô + β√

3
1 − α√

3

√
2 |002〉+ β−α√

3
|111〉 α√

3

√
2 |120〉+ β+α√

3
|011〉

σ+S+ + σ−S− − σz1 eiθÔ 1√
3
iaÔ + b1 ia√

3

√
2 |002〉+ (b− ia√

3
) |111〉 ia√

3

√
2 |120〉+ (b + ia√

3
) |011〉

σ+S+ + σ−S− + σz1 eiθÔ 1√
3
iaÔ + b1 ia√

3

√
2 |002〉+ (b + ia√

3
) |111〉 ia√

3

√
2 |120〉+ (b− ia√

3
) |011〉

σ+S+ − σ−S− eθÔσz 1√
2

a′Ôσz + b′σz1 −a′ |002〉+ b′ |111〉 −a′ |120〉 − b′ |011〉

σ+S+ + σ−S− eiθÔσz 1√
2
ia′Ôσz + b′σz1 +ia′ |002〉+ b′ |111〉 −ia′ |120〉 − b′ |011〉

σ+S+ − σ−S− σzeθÔ 1√
2

a′σzÔ + b′σz1 +a′ |002〉+ b′ |111〉 +a′ |120〉 − b′ |011〉

σ+S+ + σ−S− σzeiθÔ 1√
2
ia′σzÔ + b′σz1 −ia′ |002〉+ b′ |111〉 +ia′ |120〉 − b′ |011〉

Table 25.1: Table of operations, corresponding unitaries and actions on the initial state. ∗Not

unitary because the operation is not hermitian or anti-hermitian, and because of

the 1/
√

3. α = sin (θ), β = cos (θ). a = sin (
√

3θ), b = cos (
√

3θ). a′ = sin (
√

2θ),

b′ = cos (
√

2θ).

and B |11〉 =
√

2i |11〉 , B |20〉 = 0, B |02〉 =
√

2i |20〉.
Therefore:

eθÔ |11〉 〈11| =
(
σ+σ− cosh (i

√
2θ) + σ−σ+ cosh (i

√
2θ)

+
√

2σ+ −i√
2

sinh(i
√

2θ)S+ + σ−
−i√

2
sinh(i

√
2θ)S−

)
|11〉 〈11|

(25.15)

= cos(
√

2θ)1 |11〉 〈11|

+
1√
2

sin (
√

2θ)(σ+
√

2 |20〉 〈11| − σ−
√

2 |02〉 〈11|) (25.16)

using the trigonometric identities7.

Finally:

eθÔ |11〉 〈11| = cos(
√

2θ)1+
1√
2

sin (
√

2θ)Ô. (25.17)

Using a similar procedure, Tab. 25.1 is generated. It lists various operations which

could be altered to produce a unitary which would create the AKLT state.

Choosing the second line of the table corresponding to Ô = σ+S+ + σ−S− − σz1

with θ = π
2
√

3
, we have U|111〉 = i√

3
(
√

2 |002〉+ |111〉) and U|011〉 = i√
3
(
√

2 |120〉+
|011〉). There is a global phase of i and a phase of −1 on |002〉. The phase difference

to the state we are aiming for only appears for the state where the second mode

contains 2 bosons. Therefore, we could use a SNAP gate - a photon number

controlled phase gate to rectify the relative phase.

7 −i sinh (ix) = sin (x) and cosh (ix) = cos(x)
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"Bosonic Qiskit" is being developed to open the access to continuous variable

systems. Enabling quantum algorithm researchers and coders to access new im-

plementations is an essential step in helping to develop them. The AKLT model

provides an amenable ground state to encode using "Bosonic Qiskit" as a proof of

principle code example for the newly developed software. An encoding of the AKLT

ground state was found for a bosonic system using Schwinger-bosons. While this

chapter focussed on circuit QED rather than the donor platform, it was previously

shown that the two can be combined [216]. This yields exciting prospects to combine

the results of this chapter with the previous ones, such as a hybrid encoding of the

AKLT state, or the control - using an adapted form of ’Bosonic Qiskit’ - of a future

quantum computer combining the usability and high control of circuit QED with

the long lifetimes of donor spins in silicon.
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C O N C L U S I O N S

27.1 key points of progress

This thesis has progressed the field of quantum computing and simulation in

dopants in silicon and circuit QED in several ways:

1. In part ii, electrically contacted phosphorous and arsenic delta layers were

prepared in ultra-high vacuum and contacted in the cleanroom (which were

then used for photo-thermal ionisation spectroscopy [217] and soft x-ray

angle-resolved photo-emission spectroscopy[125]). Growth techniques were

successfully investigated and developed to encapsulate arsenic, a novel donor

for the silicon quantum computing industry, which was found to have en-

hanced surface immobilization and in-plane confinement and carrier activa-

tion (over 80%) compared to phosphorus, and a dose-rate independent arsenic

saturation density of 0.24 ± 0.04 monolayers.

2. In part iii, conditions on the excited state interactions were established for

the Stoneham Fisher Greenland dual-species entangling gate in silicon. These

were used in a Monte-Carlo simulation which successfully established the

optimal doping densities for a dual-species proof of principle sample. The

full Poisson point process theoretically established densities was found to

agree with the simulation results. The simulation was used to generate results

for more complicated cluster formations. A theoretical model of the proof of

principle experiment was simulated using moving-average-cluster-expansion

techniques from which an experimental signal for a randomly doped sample

was derived. These results are some of the first we are aware of on the topic

of isolation and clustering in two overlaid Poisson point processes.

3. In part iv, an electric field was incorporated into the finite element method

adapted to donors in silicon [174] and the single-valley wavefunctions were

coupled into the TD point-group representations given by the symmetries

of the silicon conduction band minima. These wavefunctions were used to

generate novel results about interactions such as Van der Waals and induced

dipole interactions existing in the excited states of silicon donors - specifically

the 2p0 states of Si:P, Si:As and the 1sT2Γ7 and 2p0 states of Si:Se+. These
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results provide a handle with which to tune and understand the interaction

strengths between excited states of donors, which - unlike the ground 1sA

state - were shown not to be dominated by the exchange interaction due to

Van der Waals interactions and first order dipole-dipole interactions playing a

large role.

Following this study, parallels were made between the cold atom platform and

the donor platform, enabling the Rydberg blockade entangling gate scheme

to be adapted to donors. Fidelity of Bell-state creation in the presence of deco-

herence was investigated theoretically in a Lindblad formalism and found to

reach ≥ 99.9%. The gate was found to have high tolerance to donor placement

error, one of the main difficulties in this platform, potentially leading the way

for ion-implantated devices. It was also found to have an operation time about

nine orders of magnitude smaller than the qubit coherence time.

4. In part v, Hubbard model results by Le [3] were successfully reproduced

for large arrays and subsequently extended with a Schrodinger-Poisson self-

consistent calculation of the conductance surrounded by a source, a drain and

in-plane plunger gates assuming perfect control of the chemical potential and

relaxing that assumption. The interplay between the classical electrostatics

and the quantum state of the many-body system came to light when the

range of voltages over which the in-plane plunger gates must be scanned were

found to be much larger when the imperfect plunger gates were realistically

modeled than in the ideal-case. Theoretically modeling experiments as closely

as possible is crucial to understanding the provenance of unexpected effects

discovered in experiment. In this way, these results may play a decisive role in

helping the silicon community establish whether donors effectively quantum

simulate the extended Hubbard model.

5. In part vi, investigations are started into a quantum simulation of the spin-1

Haldane chain in "Bosonic Qiskit", an adaptation of Qiskit (made for qubits) to

the continuous variable systems available with circuit QED. Once Schwinger-

Bosons had transformed the bosonic modes to spin-1 sites, we combined

the Baker-Campbell-Hausdorff formula with circuit QED native operations

to obtain a Haldane spin-1 chain which can be implemented with circuit

QED. The mean-field Hamiltonian was derived before turning to using an

MPS-inspired unitary to obtain a state close to the AKLT ground state. This

completed work would be a proof-of-principle for the adaptation of Qiskit to

continuous-variable systems.
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In brief, in the field of quantum computation, in the light of the investigations

carried out in this thesis, high fidelity optically controlled entangling gates have

been shown to be feasible in donors in silicon which could overcome one of the most

pressing fabrication difficulties to do with donor placement. A quantum computer

in a randomly doped sample has been shown to be challenging. Contributions have

been made towards the use of arsenic in silicon as a new dopant for quantum tech-

nologies. Continuous variable quantum computation, which has already reached

error correction break-even, has been made more readily available for use through

the demonstration of the encoding of the AKLT ground state using an adapted

version of Qiskit dubbed "Bosonic Qiskit".

In the field of quantum simulation, a dual-species randomly doped silicon sample

has been shown to potentially provide signatures of the control of one species by

the other. A conductivity experiment on a 3× 4 donor array could be shown to

be governed by the quantum many-body physics of the extended Hubbard model,

with accurate predictions of expected experimental results.

27.2 outlook

Understanding of the silicon donor platform both for quantum computation and

simulation has been advanced in the following areas: control and interactions in

the excited states, band-structure, confinement of arsenic in the crystal, randomly

doped samples and the extended Hubbard model. These raise numerous questions:

1. Rabi oscillations of donor excited states were not experimentally observed

in the dilute Si:P electrically contacted delta-layers. This could be due to the

delta-layers being so dense that most wavefunctions overlapped leading to

dephasing interactions. In order to observe Rabi oscillations between 1sA and

2p+- (2p0), the distances between phosphorous donors should be more than

60 nm (24 nm). To obtain this mean nearest neighbour distance, the donor

density needs to be at most 7.6×109 (4×1010 ) dopants per cm−2 (calculated

using a nearest neighbour simulation and theoretically). The 2D sample which

we measured had a doping density, initially estimated from the pressure of

the gas that was let into the chamber, of around 1011 dopants per cm2, but the

exact density is unknown. It was the lowest doping density achievable at the

time however with changes to the UHV chamber lower densities should be

feasible.

Other reasons for not observing Rabi oscillations could include ionisation of

the electrons. This could be because the metallic contacts at the surface of the

sample act as antennas [136] or that the presence of a metal-semiconductor in-
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terface at the surface of the silicon causes band-bending leading to a Schottky

barrier [218] or quite simply that the beam energies of up to 140 µJ required

for observation of Rabi oscillations heat the sample creating phonons which

interfere with the coherent oscillations. Other reasons might be related to

charge traps or interface roughness of the overgrown silicon altering the prop-

erties of the donors [44] or modified decoherence of the excited states due to

the straining of the surrounding silicon because of the metallic electrodes [71]

on the surface required for electrical readout of the measurement.

2. The MACE used to simulate the dynamics of a dual-species sample remains

limited to local effects and neglects the bigger picture of the many-body

system. It would fail to capture any emergent effects with correlation lengths

larger than the cluster size. In the end of Part iii is a proposal about studying

the emergent metal-to-insulator transition in silicon delta-layers.

Further interesting questions related to dynamics of 2D layers of phosphorus

impurity spins in silicon relate to the observation of many-body localization

(MBL). So far, MBL in the solid state system has been elusive due to phonon-

induced noise. Slow spin dynamics have been found in NV-centers in diamond

but its provenance is disputed due to the long-range dipolar interactions [219].

Recently, a randomly doped sample of phosphorus in silicon has been shown

to exhibit glassy charge dynamics, however long-range Coulomb interactions

were present [220]. It would be interesting to study the spin dynamics using

time-resolved magnetometry (either SQUID or NV center or time-resolved

spin-resolved STM or D0X spectroscopy) of a randomly doped Si:P sample (in

2D and 3D) which, contrary to NV Centers, exhibits exponentially decaying

Heisenberg interactions. A non-equilibrium spin pattern such as a domain-

wall could be created with an electric quadrupole in conjunction with D0X or

a magnetic quadrupole. The time evolution of the magnetisation could probe

the localisation. Open questions include how disorder can be tuned properly

– could the nuclear properties of non-isotopically purified silicon be used to

create a large enough disordered Overhauser field? Is there a fast enough

technique to probe the dynamics?

3. Gates required for the electric fields to induce dipole interactions in Si:P

large enough to yield high fidelity entangling gates add extra complexity to

the sample, and might have some of the adverse effects of metallic contacts

described above [71]. Although this question remains to be answered as they

are very small on the scale of the THz beam and are made of metallically

doped phosphorous as opposed to aluminum, it would be favorable to have a
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scheme which does not have the complication of additional gates. Acceptors

do not have multi-valley oscillations. For this reason I believe their van der

Waals interactions could be much larger, and in all cases their exchange

interactions would have a much smoother profile. Furthermore, they have

large spin-orbit coupling which would make them ideal candidates for optical

spin-selective readout techniques. This would lead to them being excellent

candidates for a Rydberg blockade gate.

4. The experimental complexity involved in electrically contacting a sample and

measuring the conductivity of a Hubbard array is much larger than in-situ

measurement in the STM. The many-body density of states measured with an

STM enables access to complementary information about the system. The re-

sponse function probed in both cases is different: the conductivity is connected

to the density-density response function 〈nn〉, whereas the STM measurement

is proportional to the single particle correlation function 〈c†c〉. Furthermore,

the many-body density of states directly probes the spectrum of the theory,

while conductivities probe transport, i.e. a non-equilibrium quantity. Finally,

comparing these results with experiment could help provide an answer to

the question of whether donors or dangling bonds are satisfactory quantum

simulations of the extended Hubbard model.

5. As discussed in the introduction and in part v, cold atoms have so far only

explored the Hubbard model down to ratios of temperature to super-exchange

around 0.5, but donors in silicon could reach ratios of around 0.01. Dangling

bonds (DB) in silicon could achieve ratios of around 0.001 (assuming cryogenic

STM temperatures of 5 K and hopping values of 50 meV which I calculated

from the data in [221]), and have already been shown in a triangular lattice to

be candidates for unconventional superconductivity [95] (the triangular lattice

was created from adsorption of one-third monolayer of tin on an atomically

clean Si(111) surface which cannot therefore have a different geometry). In the

following, I propose an exploration of the extended Fermi-Hubbard model

with individually positioned dangling bonds in a monolayer of hydrogen on

silicon. First, one could determine whether the Hamiltonian appropriately

describes the experiment: exactly diagonalise the Fermi-Hubbard model for

non-zero temperatures and compare it to STM dI/dV spectra for a 2× 2 array

on neighbouring sites. Second, one could check that the filling can be steered

by modulation doping [95] or gates. The charge state of the DBs must not be

altered by the STM measurement: this could be guaranteed by keeping the bias

lower than the binding energy of the DB (1 eV) [222]. As the gap is expected to
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be around twice the hopping, assuming U/t=4 would mean a gap of around

170 meV, i.e. within this restriction. Third, one could experiment with making

ladders – for example, desorption of hydrogen along a silicon dimer row. This

could be theoretically described using DMRG. At half filling, one could look

for the suppression of the low-energy particle hole excitations, resulting in a

gap in the spectral function A(w). Away from half-filling, one could look for

other strongly correlated states such as the pseudo-gap and superconducting

gap. Exotic ordering phenomena like stripe order is expected to occur around

5 K and would directly be manifest in a spatial dependence of the spectra.

Finally, one could experiment with making various structures; 5× 5 arrays

would already be in the regime of quantum advantage. An external magnetic

field could probe the robustness of the superconducting gap. Plaquettes could

be investigated as they have recently been found to be consistent with d-wave

pairing [223].

To conclude, this work has given rise to a number of interesting questions to

do with the dynamics of random distributions, fidelities of entangling gates and

quantum simulation of the Hubbard model. Donors in silicon have shown renewed

promise as tools for quantum computation with accessible excited states and long

qubit coherence times, and tools for quantum simulation offering a multitude

of solid-state techniques for investigations of parameter-regimes of Hamiltonians

inacessible-to-date in other systems.
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[212] S. Rebić, J. Twamley, and G. J. Milburn, Giant kerr nonlinearities in circuit

quantum electrodynamics, Phys. Rev. Lett. 103, 150503 (2009).

[213] J. Hauschild and F. Pollmann, Efficient numerical simulations with Tensor Net-

works: Tensor Network Python (TeNPy), SciPost Phys. Lect. Notes , 5 (2018).

[214] F. Pollmann, E. Berg, A. M. Turner, and M. Oshikawa, Symmetry protection

of topological phases in one-dimensional quantum spin systems, Phys. Rev. B 85,

075125 (2012).

[215] C. Schön, E. Solano, F. Verstraete, J. I. Cirac, and M. M. Wolf, Sequential

generation of entangled multiqubit states, Phys. Rev. Lett. 95, 110503 (2005).

[216] D. I. Schuster, A. P. Sears, E. Ginossar, L. DiCarlo, L. Frunzio, J. J. L. Morton,

H. Wu, G. A. D. Briggs, B. B. Buckley, D. D. Awschalom, and R. J. Schoelkopf,

High-cooperativity coupling of electron-spin ensembles to superconducting cavities,

Phys. Rev. Lett. 105, 140501 (2010).

[217] S. Chick, N. Stavrias, K. Saeedi, B. Redlich, P. T. Greenland, G. Matmon,

M. Naftaly, C. R. Pidgeon, G. Aeppli, and B. N. Murdin, Coherent superpositions

of three states for phosphorous donors in silicon prepared using thz radiation, Nature

Communications 8, 16038 (2017).

[218] R. Tung, The physics and chemistry of the schottky barrier height, Applied Physics

Reviews 1, 011304 (2014).

http://dx.doi.org/10.1109/IEDM13553.2020.9371962
http://dx.doi.org/10.1109/IEDM13553.2020.9371962
http://dx.doi.org/10.1103/PhysRevLett.101.036808
http://dx.doi.org/10.1038/nphys1710
http://dx.doi.org/10.1038/nphys1710
http://arxiv.org/abs/1902.08056
http://dx.doi.org/10.1103/PhysRevLett.103.150503
http://dx.doi.org/10.21468/SciPostPhysLectNotes.5
http://dx.doi.org/ 10.1103/PhysRevB.85.075125
http://dx.doi.org/ 10.1103/PhysRevB.85.075125
http://dx.doi.org/10.1103/PhysRevLett.95.110503
http://dx.doi.org/10.1103/PhysRevLett.105.140501
http://dx.doi.org/10.1038/ncomms16038
http://dx.doi.org/10.1038/ncomms16038
http://dx.doi.org/ 10.1063/1.4858400
http://dx.doi.org/ 10.1063/1.4858400


220 bibliography

[219] N. Y. Yao, C. R. Laumann, S. Gopalakrishnan, M. Knap, M. Müller, E. A.

Demler, and M. D. Lukin, Many-body localization in dipolar systems, Phys. Rev.

Lett. 113, 243002 (2014).

[220] F. Mahmood, D. Chaudhuri, S. Gopalakrishnan, R. Nandkishore, and N. P.

Armitage, Observation of a marginal fermi glass using thz 2d coherent

spectroscopy, (2020), arXiv:2005.10822 .

[221] Theory of atomic scale quantum dots in silicon: Dangling bond quantum dots on

silicon surface, Solid State Communications 305, 113752 (2020).

[222] S. R. Schofield, P. Studer, C. F. Hirjibehedin, N. J. Curson, G. Aeppli, and

D. R. Bowler, Quantum engineering at the silicon surface using dangling bonds,

Nature Communications 4, 1649 (2013).

[223] A. M. Rey, R. Sensarma, S. Fölling, M. Greiner, E. Demler, and M. D. Lukin,

Controlled preparation and detection of d-wave superfluidity in two-dimensional

optical superlattices, Epl 87, 1 (2009).

https://link.aps.org/doi/10.1103/PhysRevLett.113.243002
https://link.aps.org/doi/10.1103/PhysRevLett.113.243002
http://arxiv.org/abs/2005.10822
https://www.sciencedirect.com/science/article/pii/S0038109819306672
http://dx.doi.org/10.1038/ncomms2679
http://dx.doi.org/ 10.1209/0295-5075/87/60001

	Dedication
	Abstract
	Publications
	Acknowledgments
	Contents
	List of Figures
	Acronyms
	 Quantum computing and quantum simulation with donors in silicon
	1 Quantum computing
	1.1 Introduction
	1.2 Comparing quantum computing platforms
	1.3 Quantum computing with donors in silicon

	2 Quantum simulation
	2.1 Introduction
	2.2 The Fermi-Hubbard model
	2.2.1 Quantum simulation of the FH model

	2.3 Spin models
	2.3.1 Spin 1/2: Heisenberg model
	2.3.2 Spin 1: Haldane and AKLT models

	2.4 What could donors bring to the table?


	 Fabrication of silicon delta-layer samples
	2.5 Introduction
	3 Ultra-high vacuum scanning tunneling microscope
	3.1 Ultra-high vacuum silicon wafer preparation
	3.2 Doping with phosphine or arsine gas
	3.3 Scanning tunneling microscope hydrogen lithography for large areas
	3.4 Molecular beam epitaxy: overgrowing the nanostructures with silicon
	3.4.1 Novel contribution


	4 Cleanroom
	4.1 Electron beam lithography: electrically contacting the delta layers
	4.1.1 Novel contribution

	4.2 Reactive Ion Etching and metal deposition

	5 ARPES and the conduction band of doped silicon
	6 PTIS and the optically excited states of donors in silicon
	7 Conclusion

	 Randomly doped silicon: entangling gates and spin dynamics 
	7.1 Introduction
	8 Conditions on the exchange interaction energy
	8.0.1 SFG entangling gate
	8.0.2 Heisenberg entangling gate
	8.1 Calculating the exchange interactions with multi-valley wavefunctions
	8.2 Constraints on dopant separations

	9 Maximising the entangling gate density
	9.1 Monte Carlo Simulation for finding the maximum entangling gate density
	9.2 Poisson point process theory for maximising the entangling gate density
	9.2.1 Independent distributions
	9.2.2 Maximising the density of events isolated by a fixed radius
	9.2.3 Readout cumulative probability density function calculation
	9.2.4 Formulae for total densities of multi-qubit entangling gates

	9.3 Results

	10 Dynamics of the arsenic spin flip probability
	10.1 Proof of principle experiment: control of far-from-equilibrium magnetization dynamics by orbital excitation
	10.2 Sample fabrication and detection techniques
	10.3 Experimental proposal
	10.4 Dynamics of the arsenic spin flip probability within the moving average cluster expansion technique
	10.5 Randomly doped silicon and the metal-to-insulator transition proposal

	11 Conclusion

	 Rydberg entangling gates in silicon donors
	11.1 Introduction
	11.2 Rydberg entangling gates
	12 Finite element method multivalley wavefunctions
	12.1 Single-valley
	12.2 Multi-valley

	13 Types of interactions between donors in silicon
	13.1 Intersite Coulomb electron-electron repulsion
	13.2 Ferromagnetic exchange coupling
	13.3 Dipole-dipole interactions (induced dipole interactions only for donors)
	13.4 Van der Waals interactions
	13.5 Ionisation rates
	13.6 Stark shifts
	13.7 Rydberg interaction u results in donors
	13.7.1 Rydberg blockade in P and As
	13.7.2 Rydberg blockade in Se+


	14 Fidelity of Bell-state creation in presence of decoherence
	14.1 Existing Rydberg gates in the presence of decoherence
	14.1.1 Resonant blockade gate jakschfast2000
	14.1.2 Off-resonant blockade gate levineparallel2019

	14.2 Phase-accumulation Rydberg gate

	15 Fidelities in the donor platform
	15.1 Full device operation
	15.1.1 Stray electric fields

	15.2 Spin-selective excitation to |r
	15.3 Results
	15.4 Conclusion


	 Quantum simulation of the Fermi-Hubbard model
	15.5 Introduction
	16 The extended Fermi-Hubbard model in donors
	16.1 Long-range Coulomb interaction and single-site potentials
	16.2 Addition energies

	17 Conductance across an array
	17.1 Particle-hole symmetry
	17.1.1 All-to-all tunnel couplings
	17.1.2 Effect of the single-site energies and long-range electron-electron overlap on the particle-hole symmetry
	17.1.3 Random displacements of donor locations

	17.2 Response time for the external charge during self-consistent calculations

	18 Analysis in the fast response limit of the electrodes
	18.0.1 Indirect control of the chemical potential
	18.0.2 Screening
	18.0.3 Results

	19 Self-consistent conductance assuming perfect plunger gates
	19.0.1 Convergence of the self-consistent loop
	19.0.2 Initial configurations
	19.1 Results

	20 Self-consistent conductance
	20.1 Self-consistent calculation
	20.1.1 Classical and quantum parts of the electron-electron long-range Coulomb interaction
	20.1.2 Classical contribution to the electron-electron long-range Coulomb interaction
	20.1.3 Quantum contribution to the electron-electron long-range Coulomb interaction

	20.2 Potentials on the gates
	20.3 Self-consistent conductance
	20.4 Convergence
	20.4.1 Dependence on the initial parameters

	20.5 Final conductance results for a 22 array including the plunger gates

	21 Conclusion

	 Bosonic Qiskit
	21.1 Introduction
	21.2 Representing continuous variable systems with qubits
	21.3 Haldane chain
	22 Representations used for encoding the Haldane chain
	22.1 Holstein-Primakoff
	22.2 Schwinger-boson
	22.2.1 Experimentally realising Schwinger-Boson spin-1 chain with microwave oscillators
	22.2.2 Schwinger-Boson spin-1 representation in "Bosonic Qiskit"


	23 The Haldane chain using native bosonic operations and the BCH formula
	23.1 Cross-Kerr terms
	23.2 Quartic terms
	23.3 Dynamics

	24 Mean-Field Schwinger Boson Haldane chain
	24.1 Mean-field Hamiltonian
	24.2 Finding the mean-fields 

	25 AKLT ground state
	25.1 AKLT unitary for qubits coupled to bosonic modes

	26 Conclusion

	 Conclusions and Outlook
	27 Conclusions
	27.1 Key points of progress
	27.2 Outlook

	 Bibliography


