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Correct Equations for Minimum Noise Measure
of a Microwave Transistor Amplifier

Clive Poole and Ryan Grammenos, Member, IEEE

Abstract— New equations for circles of constant noise measure
in the source reflection coefficient plane are presented, and these
are used to derive closed-form expressions for the minimum noise
measure (Mmin) and the associated source termination (�om) for
a single-stage microwave transistor amplifier. The new equation
for Mmin replaces an incorrect equation that was previously
published by one of the authors. The validity of the new equations
has been verified by numerical calculation, simulation, and
comparison with results obtained by other authors using different
methodologies.

Index Terms— Advanced design system (ADS), characteristic
noise matrix, low-noise amplifier, metal–semiconductor field-
effect transistor (MESFET), multistage amplifiers, noise figure,
noise measure, S-parameters.

I. INTRODUCTION

IN 1985, one of the authors, together with Dr. D. K. Paul,
published an article [1] outlining a design methodology

for achieving minimum noise measure (M) for a single-stage
transistor amplifier, where the quantity M is originally defined
by Haus and Adler [2]

M = F − 1(
1 − 1

Ga

) (1)

where

F = noise factor of the stage;
Ga = available power gain of the stage.

The significance of the quantity M relates to the design
of cascaded multistage amplifiers for minimum overall noise
figure,1 since, due to the influence of stage gain (Ga), the
minimum overall noise figure of a cascade of such stages is
obtained when each stage is designed so as to minimize M ,
rather than F . The tradeoff between F , Ga and M is now
a well-established principle of amplifier design and has been
experimentally verified in numerous publications [3]–[6].
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1According to the convention, we are here using “noise factor” to refer to

the numerical quantity and “noise figure” to refer to that the same quantity
expressed in dB.

Poole and Paul’s original article presented closed-form
equations for the minimum value of noise measure, Mmin,
obtainable for a given transistor and the associated optimum
source termination, �om [1]. The original article contained a
number of errors, which were later identified by Liu et al. [7]
with some suggested corrections. A response to Liu et al. [7]
acknowledged the typographical errors in some of the equa-
tions and also acknowledged that the value of Mmin presented
in the original article was incorrect but stated that the source
of this error was “not clear.”

In order to establish the source of the error in the Mmin

value calculated in [1], the authors have set about deriving
the relevant equations again from first principles. This has
revealed that the original equation for Mmin presented as (11)
in [1] is incorrect. In this article, we present a new, correct
equation for Mmin, as well as a rederivation of the equation
for �om, and demonstrate their correctness by means of both
numerical calculation and computer simulation. The results
obtained using the new Mmin equation are also verified by
comparison with the value of Mmin for the same device
obtained independently by Gardner and Paul [8] using the
entirely different characteristic noise matrix approaches.

Another aspect of the original article that we wish to
highlight in this article relates to possible errors in the mea-
sured noise parameters of the NE71083 transistor used in the
original example. After the original article was published,
Pospieszalski [9] showed that the noise parameters of an
intrinsic transistor chip must satisfy the following inequality:

2 ≥ 4NTo

Tmin
≥ 1 (2)

where To is the standard noise temperature (290 K), Tmin

is the minimum noise temperature (the noise temperature
corresponding to Fmin), and N is a parameter defined by
Lange [10] as N = Rn Gopt and commonly referred to as
the Lange noise parameter or the Lange invariant [11]. The
right-hand side of (2) is a reflection of the fact that the
magnitude of the correlation coefficient, ρ, between the two-
port internal equivalent noise voltage and equivalent noise
current, as originally defined by Rothe and Dahlke [12], must
always be less than or equal to unity.

Taking the measured noise parameters for the NE71083
GaAs metal–semiconductor field-effect transistor (MESFET)
used in [1], we find that the value of 4NT0/Tmin is cal-
culated as 3.71. Similarly, the measured noise parameters
for the FHX04 HEMT device used in Gardner and Paul’s
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article [8] give a value of 4NT0/Tmin = 4.54. In both cases,
therefore, we see that the measured noise parameters violate
the conditions of (2). The most likely explanation for this
could be parasitic oscillations of the device under measurement
terminations, giving erroneous values of Rn . Strong capacitive
feedback between drain and gate caused by package parasitics
in packaged devices may also cause the left-hand side of (2) to
be violated. Since both the NE71083 and the FHX04 violate
condition (2), we have supplemented these devices here by also
considering two other devices which do satisfy condition (2).

Finally, there is an implicit assumption that all noise para-
meter measurements are being made at To = 290 K. The
definition of Fmin depends on this assumption being correct,
which gives rise to another potential source of error in device-
measured noise parameters. Working with equations based on
noise temperatures, rather than noise factors, would provide
for greater precision, as the assumption of To = 290 K is then
made explicit, but we have decided to maintain the use of noise
factor equations for this article to maintain consistency with
Poole and Paul’s original article and allow easy comparison
of the equations presented.

The authors consider it important that the correct equations
are now published as the original article has been cited several
times [4], [13]. The authors wish to ensure that the correct
equation for Mmin presented here is on record, and the original,
incorrect equation presented in [1] is no longer used.

It is worth noting here that the question of the
optimum source termination for minimum noise mea-
sure of a microwave transistor was also addressed by
Pospieszalski [14], which considered the equivalent noise tem-
perature of the intrinsic device noise sources, and presented
alternative equations for the optimum source impedance in
terms of these noise temperatures.

II. CIRCLES OF CONSTANT NOISE MEASURE

Our approach here will be the same as that used in [1],
namely, by first deriving equations for circles of constant noise
measure in the complex �S plane and then defining �om as the
center of the constant M circle having zero radius.

The relationship between noise factor F and source reflec-
tion coefficient, �S , for a linear noisy two-port device is given
by the well-known formula [15]

F = Fmin + 4rn
|�S − �on|2

|1 + �on|2(1 − |�S|2) (3)

where

Fmin = minimum obtainable noise factor for that device;
�on = optimum source reflection coefficient (for Fmin);

rn=normalized equivalent input noise resistance(=Rn/Zo).

In order to obtain an expression for noise measure in terms
of �S , we combine (3) for F with one of the standard equations
for Ga , such as [16]

Ga = |S21|2(1 − |�S|2)
|1 − S11�S|2 − |S22 − ��S|2 . (4)

Substituting (4) and (3) into (1) gives us the following
equation for M as a function of �S [6]:

M =
( |S21|2

|1 + �on|2
)

·
( |1 + �on|2(1 − |�S|2)(Fmin − 1) + 4rn|�S − �on|2

|S21|2(1 − |�S|2) − |1 − S11�S |2 + |S22 − ��S|2
)

.

(5)

Expanding (5) and collecting �S terms give us the
following:

|�S|2[M|1 + �on|2(|�|2 − |S21|2 − |S11|2)
+ |S21|2(|1 + �on|2(Fmin − 1) − 4rn)]
+�S

(
M|1 + �on|2C1 + 4rn|S21|2�∗

on

)
+�∗

S(M|1 + �on|2C∗
1 + 4rn|S21|2�on)

= |S21|2[|1 + �on|2(Fmin − 1) + 4rn|�on|2]
−M|1 + �on|2(|S22|2 + |S21|2 − 1) (6)

where we have employed the following standard constants:
C1 = S11 − S∗

22�

� = S11 S22 − S12 S21.

Equation (6) is in the form of an equation for a circle in
the �S plane, i.e.,

|�S|2 + |CSm|2 − �∗
SCSm − �SC∗

Sm = γ 2
Sm (7)

where
CSm = center of the constant M circle in the �S plane;
γSm = radius of the constant M circle in the �S plane.
Rearranging (6) into the form of (7) reveals the center, CSm ,

and radius, γSm , of the constant M circle on the �S plane,
shown as (9) and (10) in Fig. 1.

We can derive the value of the minimum noise measure
by considering the constant M circle of zero radius [1]. This
means setting γSm equal to zero in (10) and solving the
resulting quadratic in M . This results in the following:
Mmin

= |S21|2
(2a2(|C1|2 + tv))

× [(
16r2

n (v2 + t2|�on|4 + 2Re
(
C2

1�2
on

)
+2(|C1|2|�on|2−2Re(C1�on)(v−t|�on|2)

−tv|�on|2))
+8a2brn(t

2|�on|2 − v2 + (tv + 2|C1|2)(1 − |�on|2)
+2Re(C1�on)(t + v))

+a4b2((v − t)2 − 4|C1|2)
)1/2

+(4rn(v−t|�on|2 − 2Re(C1�on)) − a2b(t + v))
]

(8)

where we have defined the following new constants:
a = |1 + �on|
b = (Fmin − 1)

t = (|�|2 − |S21|2 − |S11|2)
v = (1 − |S22|2 − |S21|2).
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Fig. 1. New equations for center and radius of a constant M circle and �om.

With the value of Mmin determined by (8), we can determine
the associated source reflection coefficient, �om, as being the
center of the Mmin noise measure circle. Substituting Mmin

into (9) results in the equation for �om given as (11) in Fig. 1.

III. VERIFICATION

We will now repeat the design example used in Poole and
Paul’s original article [1] but now using the newly derived
equations. The design example employed an NE71083 GaAs
MESFET at a center frequency of 10 GHz and bias conditions
Vds = 3.0 V and ld = 8 mA. The measured S-parameters of
the transistor in the common-source configuration were given
in [1] as[

S11 S12

S21 S22

]
=

[
0.724 � 46◦ 0.716 � − 47◦

1.303 � − 106◦ 0.616 � 64◦

]
.

The measured noise parameters at the same bias conditions
are Fmin = 1.7 dB, �on = 0.620 � 148◦, and Rn = 12 �.

Using (8), the minimum noise measure obtainable with
this device is calculated as Mmin = 1.006, and using (11),
the source reflection coefficient, �om, required to achieve this
is calculated as 0.560 � 161.0◦. These values differ from that
reported in Poole and Paul’s original article [1], with Mmin

being calculated here as 1.006 rather than 1.303. For a cascade
of multiple stages all having the same noise measure, M , the
overall noise factor of the cascade (assuming a large enough
stage gain) can be approximated by

Fcascade = M + 1. (12)

It follows, therefore, that the cascade having the minimum
overall noise factor will be the cascade of Mmin stages. The
consequence of the error in the value of Mmin outlined above,
for a cascade of such identical stages, is that the noise factor
of the cascade would be calculated as 2.303 (or 3.6 dB)
using (11) from [1], rather than the correct value of 2.006 (or
3.0 dB) using (8), here an error of around 0.6 dB. The value of
�om, however, is close to that calculated in Poole and Paul’s
original article since (11) in Fig. 1 is essentially the same as
(12) in the original article [1]. The difference in calculated
�om is small enough to be attributed to a rounding error
(MATLAB was used to calculate �om = 0.560 � 161.0◦ for
this article, whereas the value �om = 0.554 � 161.0◦ presented
in the original article was calculated manually), whereas the

difference in the value of Mmin suggests that (11) in Poole and
Paul’s original article may, in fact, be incorrect. We will now
proceed to demonstrate below the correctness of the new (8),
and 1.006 is, indeed, the correct value of Mmin for this device.

First, the Mmin value can be verified by calculating F and
Ga directly by setting the source �S equal to �om in (3)
and (4), respectively, and applying the F and Ga values,
thus obtained (1). With �S set to 0.560 � 161.0◦, (3) yields
F = 1.569(2.0 dB), and (4) yields Ga = 2.302(3.6 dB).
Equation (1) then gives us an M value of 1.006, as expected.

Whether or not we can match the input port of the device
with the �om to realize a minimum noise measure amplifier
depends on where �om lies in relation to any regions of
instability in the source plane. We can establish the stability
of the device using the Wood/Rollet criteria [17].

The values of K and |�| quoted in [1] have been verified
as K = 0.681 and |�| = 1.080, meaning that the device
is potentially unstable. The center and radius of the source
plane stability circle are determined as follows, using standard
formulae for these quantities [18]:

CSS = C∗
1

|S11|2 − |�|2 = 1.060 � 78◦

rSS = |S12 S21|∣∣|S11|2 − |�|2∣∣ = 1.443.

The source plane stability circle together with �on, �om,
and various circles of constant noise measure on the source
reflection coefficient plane are shown in Fig. 2, which is
similar to Fig. 3 of [1]. The circles of constant noise measure,
in this case, have been determined using (9) and (10) above.

Since the stability circle in Fig. 2 encompasses the origin,
the stable region is represented by the interior of the stability
circle. Both �on and �om lie inside the stable region in
the source reflection coefficient plane, so it is theoretically
possible to build a stable amplifier having the minimum noise
measure of 1.006 with this device.

The noise measure calculated for the same device with input
matched for minimum noise figure (i.e., �S = �on) is here
calculated as 1.291 (which differs from the 1.353 value quoted
in [1]). By plotting the M = 1.291 noise measure circle in
Fig. 2, we can confirm that �on does, in fact, lie on this circle.

We applied the PathWave advanced design system (ADS)
software package from Keysight [19] to verify the correctness
of (8) and (11) by determining the available gain and noise
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Fig. 2. Source plane constant noise measure circles, stability circle, �on, and
�om for NE71083 at 10 GHz (Vds = 3.0 V and ld = 8 mA).

Fig. 3. ADS test circuit.

figure of a single-stage NE71083 amplifier with various values
of source termination.

The test circuit used in ADS is shown in Fig. 3. A single
stub input matching network was used to present the required
value of �S to the input of the transistor. Different values of �S

were then implemented by changing the electrical lengths of
the input transmission line and the open circuit stub. Another
single stub matching network at the output port was used to
conjugately match the corresponding output impedance of the
transistor to the load (50 �) for any given value of �S . The
specific line and stub lengths shown in the example circuit
of Fig. 3 are those for the minimum noise measure circuit
(i.e., �S = �om).

The values of F and Ga obtained from the ADS circuit
in Fig. 3 were then applied to (1) to calculate the value of
M associated with that source termination. The corresponding
value of �out given by ADS was used to design the output
matching network for the conjugate match at the output port.
The source reflection coefficients chosen represented a few
points that all lying on one of the three constant noise measure
circles shown in Fig. 2, spaced at random intervals around the
circumference of each circle.

We have restricted our analysis to only values of �S that
lie inside the source plane stable region in Fig. 2. Table I
shows the values of �S used for this exercise, together with

the corresponding value of �out, Ga, and F given by ADS.
The columns labeled TL1–TL4 contain the design values of
electrical length for the input lines and stubs, as defined in
Fig. 3, in degrees. The design parameters and results for
the two optimum source terminations, �om and �on, are also
included in Table I for reference.

From Table I, we can see that, with the various test values
of �S chosen, the values of noise measure provided by ADS
correspond to those that we would expect, according to the
constant M circle on which the �S point is located in Fig. 2.
We consider this to be strong verification that (8)–(11) are
giving correct results.

As further verification of the equations derived in this
article, we can also use (8) to calculate Mmin for the FHX04
HEMT device from Sumitomo Electric, which was used in
Gardner and Paul’s 1997 article on optimum noise measure [8],
and compare our result with theirs. The device data given in [8]
are as given follows:[

S11 S12

S21 S22

]
=

[
0.653 � − 159.8◦ 0.076 � − 4◦

2.512 � 20.2◦ 0.552 � − 125.7◦

]
.

The noise parameters at the same bias conditions are Fmin =
0.66 dB, �on = 0.52 � 134◦, and Rn = 7 �.

Applying these data to (8), we obtain the same value of
Mmin = 0.177 that Gardner and Paul calculated [8]. It is
noteworthy that the value of Mmin calculated by Gardner and
Paul in their article is arrived at using an entirely different
characteristic noise matrix methodology.

IV. SENSITIVITY ANALYSIS

This brings us back to consideration of the impact of
possible errors in the measured noise parameters alluded
to earlier. We conducted a preliminary investigation of the
sensitivity of Mmin, calculated by (8), to variations in the four
noise parameters of the device (Fmin, Rn , |�on|, and � �on) for
four sample devices: the two devices used in Poole and Paul’s,
and Paul and Gardner’s original articles, plus two other devices
that we know satisfy Pospieszaki’s inequality (2). Fig. 4 shows
percentage change in Mmin with percentage change in each of
the four noise parameters (with the other three held constant)
for the NE71083 device used in [1].

We can observe that Mmin is highly sensitive to the value of
�on. Fig. 4 shows that a 20% error in the value of � �on, for
example, could result in an error of up to 40% in the calculated
value of Mmin for this device. Translating into overall noise
figure of a cascade of Mmin stages means that a 20% error in
the value of � �on used would result in the overall noise figure
of the cascade being out by almost 1 dB [according to (12)].
Mmin was less sensitive to errors in the other device noise
parameters, with the least sensitivity being shown to errors
in Rn . These sensitivities will vary from device to device, and
considering (1), it is reasonable to expect that devices with
higher gain will exhibit lower sensitivity of Mmin to errors in
device noise parameters.

For comparison, we also examined the sensitivity of two
devices that satisfy Pospieszaki’s inequality (2). We chose
to use two of the devices referenced by Pospieszaki in his
article [9], namely, the Avago ATF-34143 HEMT and the
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TABLE I

ADS TEST CONFIGURATION AND RESULTS FOR NE71083 WITH VARIOUS VALUES OF �S

Fig. 4. Sensitivity of Mmin to the four noise parameters of the NE71083
device used in [1].

Sumitomo FHX45X HEMT. Typical S-parameters and noise
parameters for these devices at 10 GHz were obtained from
the manufacturer’s data sheets with the bias conditions for the

TABLE II

MMIN SENSITIVITY TO DEVICE NOISE PARAMETER ERROR

ATF-34143 being VDS = 3 V and IDS = 20 mA and those
for the FHX45X being VDS = 2 V and IDS = 10 mA. Under
these conditions, the calculated value of 4NT0/Tmin for both
devices is less than 2, being 1.67 for the ATF-34143 and 1.79
for the FHX45X. Applying (8), the calculated values of Mmin

are 0.382, and 0.124, respectively.
Table II shows the sensitivity of Mmin with each of the four

noise parameters varied independently over a range of ±60%
for all four devices.
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Comparing the data in Table II, we can see that, with
the exception of sensitivity to errors in Fmin, which was
approximately linear with the near-unity slope in all cases,
the sensitivity of Mmin to errors in the noise parameters was
far higher in the case of the NE71083 than for the other three
devices, where errors in these noise parameters of up to ±60%
resulted in no more than a 15% variation in the calculated
value of Mmin. In the case of errors in Rn , this variation is
less than 1%. Although Table II appears to indicate a trend
toward lower sensitivity for smaller values of 4NT0/Tmin, the
most significant factor appears to be the available power gain
of the device, Ga , under minimum noise measure conditions
(i.e., �S = �om). The available power gain of the NE71083 is
less than half that of any of the other devices under the same
matching conditions, which does suggest a link between device
available gain and sensitivity of Mmin to errors in the measured
noise parameters that may be worthy of further research.

V. CONCLUSION

Correct equations are presented here for circles of con-
stant noise measure, minimum noise measure (Mmin), and the
associated source termination (�om). These may be used to
design individual stages in a cascaded multistage low-noise
amplifier to achieve a minimum overall noise figure. The
new equations replace those previously published by one of
the authors and have been verified as correct by numerical
calculation, computer simulation, and comparison with results
obtained by other authors using an entirely different method.
This article confirms that the original equation for minimum
noise measure, Mmin, [1, eq. (11)] gives incorrect results and
should, therefore, no longer be used. Equation (8) published
here should be used in its place.
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