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WEYL REMAINDERS: AN APPLICATION OF GEODESIC BEAMS

YAIZA CANZANI AND JEFFREY GALKOWSKI

ABSTRACT. We obtain new quantitative estimates on Weyl Law remainders under dynamical
assumptions on the geodesic flow. On a smooth compact Riemannian manifold (M, ¢) of dimension
n, let IIx denote the kernel of the spectral projector for the Laplacian, 1y y2j(—Ag). Assuming
only that the set of near periodic geodesics over W C M has small measure, we prove that as
A — 00
_ Ant
/ Iy (z, 2)dz = (27) " vol_.(B) voly (W) A" + o(—),

w log A
where B is the unit ball. One consequence of this result is that the improved remainder holds
on all product manifolds, in particular giving improved estimates for the eigenvalue counting
function in the product setup. Our results also include logarithmic gains on asymptotics for the
off-diagonal spectral projector Iy (z,y) under the assumption that the set of geodesics that pass
near both x and y has small measure, and quantitative improvements for Kuznecov sums under
non-looping type assumptions. The key technique used in our study of the spectral projector is
that of geodesic beams.

1. INTRODUCTION

Let (M,g) be a smooth compact Riemannian manifold of dimension n, A, be the negative
definite Laplace-Beltrami operator acting on L?(M), and {)\3 720 be the eigenvalues of —Ay, Te-
peated with multiplicity, 0 = )\g < )\% < )\% < .... In this article we obtain improved asymptotics
for both pointwise and integrated Weyl Laws. That is, we study asymptotics for the Schwartz

kernel of the spectral projector

Iy : L*(M, g) = €P ker(—=Ag — \Y),
<A

i.e. II, is the orthogonal projection operator onto functions with frequency at most A. If {¢Aj };‘;1
is an orthonormal basis of eigenfunctions, —Ag¢y, = )\?@\j, the Schwartz kernel of II) is

My(z,y) = > éx,(2)éx, (), (z,y) € M x M.

A <A

Asymptotics for the spectral projector play a crucial role in the study of eigenvalues and eigen-
functions for the Laplacian, with applications to the study of physical phenomena such as wave
propagation and quantum evolution. One of the oldest problems in spectral theory is to under-
stand how eigenvalues distribute on the real line. Let N(X) := #{j : A\; < A} be the eigenvalue
counting function. Motivated by black body radiation, Hilbert conjectured that, as A — oo,

N()\) = (27) " volga (B) voly (M)A™ + E()), E(\) = o(A"71).

Here, volgn(B) is the volume of the unit ball B C R", voly(M) is the Riemannian volume of
M, and dv, is the volume measure induced by the Riemannian metric. The conjecture was
proved by Weyl [44] and is known as the Weyl Law. We refer to E(\) as a Weyl remainder. In
1968, Hormander [24], provided a framework for the study of E()A) and generalized the works
of Avakumovi¢ [I] and Levitan [34], who proved E(\) = O(A"~!); a result that is sharp on the
round sphere and is thought of as the standard remainder.
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The article [24] provided a framework for the study of Weyl remainders which led to many
advances, including the work of Duistermaat—Guillemin [16] who showed E()\) = o(A"~1) when
the set of periodic geodesics has measure 0. Recently, [26] verified this dynamical condition on
all product manifolds. A striking application of our main theorem on Weyl remainders is:

Theorem 1. Let (M;,g;) be smooth compact Riemannian manifolds of dimension n; > 1 for
1 =1,2. Then, with M = My x My, g = g1 D g2, and n := nq + no,

N(A) = (2m) " volgn (B) voly(M)A" + O (A" /log A), A — oo.

For future reference, we note that N(X) = [}, IIx(z, ) dvg(x) and thus N () can be studied by
understanding the kernel of 1T restricted to the diagonal. We study both on and off diagonal Weyl
remainders in this article. The main idea is to adapt the geodesic beam techniques developed
by authors [21], 10} 8] to study Weyl remainders. These techniques were originally used to study
averages of quasimodes over submanifolds by decomposing the quasimodes into geodesic beams
and controlling the averages in terms of the L? norms of these beams. In this work the key point
is to study the eigenvalue counting function by viewing it as a sum of quasimodes averaged over
the diagonal in M x M. We start our exposition in the setting of the on diagonal estimates.

1.1. On diagonal Weyl remainders. The connection between the spectrum of the Laplacian
and the properties of periodic geodesics on M has been known since at least the works [14], 15, 43],
with their relation to Weyl remainders first explored in the seminal work [16]. To control E(\) we
impose dynamical conditions on the periodicity properties of the geodesic flow ¢; : T*M \ {0} —
T*M\{0}, i.e., the Hamiltonian flow of (x,&) = |£]4(). For tg >0, T > 0, and R > 0, define the
set of near periodic directions in U C S*M by

Pf(to,T) = {p el : U ¢t(Bg.,, (p, R)) N B,.,,(p, R) # @}. (1.1)

to<[|t|<T
Given two sets U C V. C T*M, and R > 0, we write B,(U,R) := {p € V : d(U,p) < R},
where d is the distance induced by some fixed metric on T*M, B(U,R) = B U,R), and

B, (P, R) = Bv({p}7 R)

We phrase our dynamical conditions in terms of a resolution function T = T(R). This is a
function of the scale, R, at which the manifold is resolved, which increases as R — 0. We use T
to measure the time for which balls of radius R can be propagated under the geodesic flow while
satisfying a given dynamical assumption, e.g. being non periodic.

T*M (

Definition 1.1. We say a decreasing, continuous function T : (0,00) — (0,00) is a resolution
function. In addition, we say a resolution function T is sub-logarithmic, if it is differentiable and

(loglog R™') = —1/Rlog R"' < [log T(R)] <0, O0<R<L
We measure how close T is to being logarithmic through
Q(T) := limsup T(R)/log R~ (1.2)
R—0t+

Simple examples of sub-logarithmic resolution functions are T(R) = a(log R~1)? for any a > 0
and 0 < § < 1. See Remark [L.T3] for comments on the use of general resolution functions.

For improved integrated Weyl remainders, we need a condition on the geodesic flow.
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Definition 1.2. Let T be a resolution function. Then U C S*M is said to be T non-periodic
with constant C, provided there exists tg > 0 such that

1imsupuS*M<BS*M(735(to,T(R)),R)) T(R)<C. .

np
R—0*

We say U is T non-periodic if there is such ¢, , and W C M is T non-periodic if Sj;, M is.

See Appendix [A] for the notation p, ,, and dimyey used below.

*M

Theorem 2. Let (M, g) be a Riemannian manifold of dimension n, W C M be an open subset
with dimpex OW < n, and Qo > 0. There exists C, > 0 such that if T is a sub-logarithmic rate
function with Q(T) < Qo and W is T non- perzodzc then there is Ay such that for all A > X\g

‘/ )\ (z, ) dvg(x) — (2) 7" volgn (B) voly(W)X"| < Cy, A" 1/ T(A71).

In particular, if M is T non-periodic, then there is \g such that for all X > Ao

(N(A) — (2m) " volzn (B) vol, (M)\"

<G AN/ (AT,

We illustrate an application of Theorem 2l in Figure [l In this example we construct a surface
of revolution with both a periodic and a non-periodic set (see Definition [[2]). In particular,
Theorem [2 applies with W contained in the non-periodic (green) set. One can obtain little oh
improvements for the statement in Theorem 2] but this requires the more general version given
in Theorem [0l instead (see Remark [L6]). See Table [ in §I.3] for some additional examples.

spherical strip

/ perturbation

non-periodic set non-periodic set

j
s us
) ab 3

FIGURE 1. An example of a perturbation of the sphere with both a non-periodic (green)
and a periodic (orange) physical space set. The perturbed metric coincides with the
round metric outside the strip (a,b). Trajectories which remain in the spherical strip
are 27 periodic, while those which enter the non-periodic set are mostly non-periodic.
See Section [B.2.1] for a precise description of this example.

We next discuss E)(z), the remainder in the on diagonal pointwise Weyl law

II)\(z,x) = (27) " volgn (B)A" + E\(x), x e M. (1.3)
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The Weyl remainder in [24] comes from the estimate E)(z) = O(A"~!) for x € M (again, sharp
on the round sphere). The connection between E\(z) and geodesic loops through z is studied
in the works of Safarov, Sogge—Zelditch [37), 40] and often appears in estimates for sup-norms of
eigenfunctions. To control the pointwise remainder E(z) we impose dynamical conditions on the
looping properties of geodesics joining x with itself. For tg > 0, T > 0, R > 0, and z,y € M,
define

LR (10,T) = {p es:M: |J @B, R) N B(S;M,R) £ @}. (1.4)
to<[t[<T
Definition 1.3. Let T be a resolution function, tg > 0, C;, > 0, and z,y € M. Then, (z,y) is
said to be a (tg, T) non-looping pair with constant C, when

lim sup <uS;M (Bes (L5, (t0, T(R), R) ) 1, (BS*M(E;%I(M(R)),R))T<R>2> <,
R—0+ Y Y

We say « is (to, T) non-looping with constant C_, if (x, x) is a (tp, T) non-looping pair with constant

C

nl*

Note that if tg < inj(M), where inj(M) is the injectivity radius of M, then for x to be (¢, T)
non-looping is the same as being (¢, T) non-looping for any 0 < e < tg. In this case, we write =
is (0, T) non-looping.

To state our estimates on the pointwise Weyl remainder, we let A > 0, and, for points x,y € M
with d(z,y) < inj M, define

1 S d
BY(o.9) i= M) = o [ ellown@9 (15)
1€lgy <A

(2m)" Vgl

Here, the integral is over Ty M, exp, : T, M — M is the the exponential map, and |g,| denotes
the determinant of the metric g at y, when g is thought of as matrix in local coordinates.

Theorem 3. Let a, 8 € N?, 0 < § < %, C, >0, and Qo > 0. There exists C, > 0 such that the
following holds. If T is a sub-logarithmic resolution function with Q(T) < Qq, there is A\g > 0
such that if xg € M s (0, T) non-looping with constant C.,, then for all X > Ao

sup |8§‘85E9\(x,y)| <C, /\"_H‘O‘IHB'/T()\_l).
z,y€B(x0,A79)

See Table 2l in §1.3] for some examples to which Theorem [ applies.

Theorems 2] and [ fit in a long history of work on asymptotics of the kernel of the spectral
projector and the eigenvalue counting function. Many authors considered pointwise Weyl sums [35],
20, [11, 34), [38], 24], eventually proving the sharp remainder estimates. The article [24] provided a
method which was used in many later works: [16] showed E(\) = o(A"~!) under the assumption
that the set of periodic trajectories has measure 0, [37,[40] improved estimates on E)(z) to o(A" 1)
under the assumption that the set of looping directions through x has measure 0 (see also the
book of Safarov—Vassiliev [36]). See [12] [13] for corresponding estimates that are uniform in a
small neighborhood of the diagonal, and Ivrii [27] for the case of manifolds with boundaries.

While o(1) improvements were available under dynamical assumptions, until now, quantitative
improvements in remainders were available in geometries where one has an effective parametrix to
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log A times e.g. manifolds without conjugate points [2, 4, 30] or non-Zoll convex analytic rotation
surfaces [411 [42].

We point out that the closest results to ours are those of Volovoy [41]. There, quantitative esti-
mates on E()) are obtained under stronger assumptions than those of Theorem 2l In particular,
W is required to be equal to M, T(R) = clog R~! for some ¢ < 1, and, most importantly, [41]
assumes that there is a > 0 such that

10 S0P 1., ( By (P (10, T(R)), R) ) 20 <

np *
R—0T

(1.6)

(Compare with the left hand side of Definition where e®T(#) is replaced by T(R).) We also
point out that using the results of [9], one can verify that the work [41] in particular applies to
manifolds without conjugate points.

The estimates in this article are available without additional geometric assumptions. This
comes from our use of the 'geodesic beam techniques’ developed in the authors’ work [21], 10, [8]
and which in turn draw upon the semiclassical approach of Koch—Tataru—Zworski [32]. Theorems
and [B] can be thought of as the quantitative analogs of the main results in [16] and of [37], [40]
respectively. In fact, these results can be recovered from Theorems [2] and Bl by allowing T(R)
to grow arbitrarily slowly as R — 0" (see [8, Appendix B]). We also note that our estimates
include both C'* asymptotics for II(x,y) and uniformity in certain shrinking neighborhoods of
the diagonal without any additional effort and hence include the results from [12] [13].

Remark 1.4. To recover the results of [37, 40, 12, [I3] one needs uniformity in o(1) neighbor-
hoods of points of interest. As stated, Theorem [3] does not quite include this since it works in
a A~% neighborhood of x. However, the full version of our estimates, Theorem [, allows for the
neighborhood of x to shrink arbitrarily slowly and thus recovers these earlier results.

1.2. Off diagonal Weyl remainders. The off diagonal behavior of II(z,y) plays a crucial role
in understanding monochromatic random waves (see e.g. [7]) as well as in estimates for LP norms
of Laplace eigenfunctions (see e.g. [39, Section 5.1]). This problem is more complicated than
the on diagonal situation since understanding the far off diagonal (i.e., d(x,y) > inj(M)) regime

typically involves parametrices for ¢V =29 for ¢ > inj(M), which are difficult to control. Notably,
our geodesic beam techniques allow us to overcome this difficulty when estimating errors.

To control II)(z,y) off-diagonal, we introduce a dynamical condition on the non-recurrence
properties of the geodesics joining a point x with itself. To our knowledge, this is the first time
non-recurrence is used in understanding off-diagonal Weyl remainders. For x € M, U C S;M,
to>0,T>0,and R > 0, let

Rgi (to, T) := U Pt (B(U7 R)) N Bs;;M(Uv R).
to<%t<T

Definition 1.5. Let t and T be resolution functions and Ry > 0. We say x € M is (t,T) non-
recurrent at scale Ry if for all p € Sy M there exists a choice of £ such that for all A C B, , (p, Ro),

e >0,r>0with T(r) > t(¢), and 0 < R < Ry,

g (Basn(RIE W0, 7)), rR)) < ey, (By, (A R)).



6 YAIZA CANZANI AND JEFFREY GALKOWSKI

If (x,y) is a (tp, T) non looping pair for some ¢y > 0 we measure the difference between II (z, y)
and its smoothed version which takes into account propagation up to time to. Let p € S(R) with
p(0) =1 on [—1,1] and supp p C [-2,2]. For o > 0 we define

po(s) =0 p(os). (1.7)
For x,y € M, ty > 0, and A > 0, let
EY =11y — p,, * 11y, (1.8)

where the convolution is taken in the A\ variable. Below is our first off diagonal result.

Theorem 4. Let o, € N*, 0 < § < %, C,>0, Rp >0, Q9 >0, e>0, and t be a resolution
function, there is C;, > 0 such that if T; is a sub-logarithmic resolution function with Q(T;) <
for 7 =1,2 and Tax = max(Tq, Tq), then there is A\g > 0 such the following holds. If xo,yo € M
and tg > 0 are such that xo and yo are respectively (t,T1) and (t, Tg) non-recurrent at scale Ry,
and (x0,Y0) 5 a (to, Tmax) non-looping pair with constant C,,, then for A\ > X\g

sup sup ‘aﬁagEﬁ\”E(az,y)‘ <C, )\”_1+°‘|+ﬁ|/\/T1 (A=) Ta(A1).
z€B(z0,A~%) y€B(yo,A %)

See Table 2l in §I.3] for some examples to which Theorem @l applies.
To compare Theorems Bl and @, note that for z,y € M with d(z,y) < ¢ < inj(M),

08 (psA My(oy) — L / ei<expy1(m>,§>qA(%y7§)£>‘ < 0, \n-2+lal+18
|§|9y<)‘

(2 vl

where Q)\(JE, Y, 5):1 + )‘_1(]—1(:177 Y, 5) and q_l(ﬂj, Y, g) = O(d(gj, y)) (See €.g. [127 Proof of PI‘OpO-
sition 10]). Then, for points =,y with d(x,y) < A~%, modulo terms smaller than our remainder,
E{(x,y) as defined in (L5 is the same as E5(z,y).

For any typ < oo, it is possible to write an oscillatory integral expression for py, * IIx(z,y).
However, its precise behavior in A depends heavily on the geometry of (M, g); in particular, on
the structure of the set of geodesics from z to y. This explains why we state our estimates in
terms of Ef\o.

More generally, our results apply to averages of Iy (x,y) with € Hy and y € Ho, where Hy, Hy
are any two smooth submanifolds of M. This type of integral is known as a Kuznecov sum [45]
and appears in the analytic theory of automorphic forms [0, B3] 28], 22] 23]. All our dynamical
assumptions for points z,y € M above may be defined for the submanifolds Hy, Ho C M instead.
In doing so, the only change needed is to use the sets of unit co-normal directions SN*H; and
SN*H3, instead of S;M and SyM. See Definitions [LI0 and [LL.IT] for a detailed explanation. In
what follows do,, and do,, denote the volume measures induced by the Riemannian metric on
Hy and Hs respectively.

Theorem 5. Let o, B €N", 1< ki <n,1<ky<n,C,>0,00>0,e>0, Rg >0, and t be a
resolution function. There is Cy > 0 such that if T; is a sub-logarithmic resolution function with
Q(T;) < Qg for j =1,2 and Tyax = max(Ty, Ty) the following holds. Ifty > 0, and H; C M are
submanifolds of codimension kj; such that (Hi, Hz) is a (to, Tmax) non-looping pair with constant
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C.,, and Hj is (t,T;) non-recurrent at scale Ry for j = 1,2, then there is Ao > 0 such that for

A> XN

/ 2B (2,y) do, (a)day, (y)| < G A7 1 HlelH1A] /¢T1(A—1)T2<A—1>.
Hy, J Ho

See Table 2 in §1.3] for some examples to which Theorem [ applies.

To our knowledge, Theorem [G] is the first theorem to give improved remainders for Kuznecov
sum remainders under dynamical assumptions. Theorems Bl [4 and [B] are consequences of our
results for general semiclassical pseudodifferential operators (see Theorems [§ and [0)).

Remark 1.6 (Little oh improvements). When the expansion rate Apax = 0 (see (I.II))) and our
dynamical assumptions hold for T(R) > log R~!, our theorems can be used to obtain o(1/log \)
improvements over standard remainders. In special situations where the geodesic flow has sub-
exponential expansion, we expect similar results with improvements beyond o(1/log \).

1.3. Applications. In this section we present some examples to which our theorems apply. For
each of them we give a reference for the detailed proofs that the relevant assumptions are satisfied.
Note that Appendix[Bl contains many examples not listed in Tables [[l and 2] and that the results
from [9] can be used to find additional examples. With the exception of the final three rows of
Table [l with W = M, all the estimates in Tables [l and 2] are new.

In Table[d], we list examples where the assumptions of Theorem 2l hold. The final two examples
are due to Volovoy [42]. In the special case W = M, Theorem [2] gives a different proof of the
weaker statement in [41, Theorem 0.1]. The difference between these two results is described in
the text around ([L.6]).

M w §
product manifolds any
perturbed spheres in the non-periodic set

manifolds without conjugate points any B.1
non-Zoll convex analytic surfaces of revolution any [42]
compact Lie group rank > 1 with bi-invariant metric any [42]

TABLE 1. This table lists examples with T non-periodic subsets with T(R) =
clog R~!'. Theorem [2 holds for all these examples.

In Table 2 we list some examples for which Theorems 4] and Bl hold. In each case there exists
to > 0 such that (Hi, Hs) is a (tg, max(Ti, T2)) non-looping pair. Note that we omit labeling
points for which Ty = inj(M) since being inj(M) non-recurrent is an empty statement. In these
cases the gain in the pointwise Weyl law is v/log A instead of log A.

1.4. Further improvements. We conjecture that on a generic compact Riemannian manifold,
there is 6 > 0 such that E(\) = O(A""!79). Presently, this type of improved remainder is
only available when the geodesic flow has special structure e.g. the flat torus, non-Zoll convex
analytic surfaces of revolution, or compact Lie groups of rank > 1 with bi-invariant metric [42].
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H; Hy T, To §
Manifolds with conjugate points

product manifolds T any point (nL) y any point (nL) logR | logR |[B.1.1
spherical pendulum | =z not a pole (L) Z (uL) logR | logR |[B.2.2]
spherical pendulum | x not a pole (nL) y a pole logR | injM |[B.2.2
perturbed spheres | * r;lcz)r;—ge;ioolgjic, (nL) y a pole logR | inj M |[B.21]
perturbed spheres | * IL%I’E_EGEL%S}C’ (nL) T (nL) logR | logR |[B.2.1

Manifolds without conjugate points
any ky > 1 (aL) by +’§€22>>%1 LoD |logR | logR
any geodesic sphere (L) | geodesic sphere (L) | logR | log R | [B.1.2
Anosov horosphere™ (mRve) | horosphere™ mRve) | logR | log R
Anosov, K, <0 | totally geodesic mv) | totally geodesic (L) | logR | log R | [B.3]
Anosov, K, <0 | totally geodesic (n) | horosphere (mkve) |logR |log R | [B.3]

TABLE 2. The table lists examples where Theorems (] and [5] hold. We write (nL)
when H; is T; non-looping and (nkRve) when H; is T; non-recurrent via coverings.
Horosphere® denotes stable/unstable horospheres, and K, the sectional curvature.
A manifold is called Anosov if it has Anosov geodesic flow (see §B.3]for a definition).

Specifically, the geodesic flow must expand only polynomially in time, ||dg|| oo (rses) < C ()N for
some N > 0. Typically, geodesics will instead expand exponentially in some places and, because
of this, Egorov’s theorem generally only holds to logarithmic times. In fact, the only ingredient
in our proof which restricts us to logarithmic improvements is Egorov’s theorem. Under the
assumption of polynomial expansion one can prove an Egorov theorem to polynomial times and
hence obtain polynomially improved remainders using our methods. We do not pursue this here
since the present article is intended to apply on a general manifold and the polynomial times
involved in such an Egorov theorem are not explicit. We instead plan to address the integrable
case specifically in a future article.

1.5. Weyl laws for general operators. Let P(h) € V™ (M) be a self-adjoint, semiclassical
pseudodifferential operator with principal symbol p, that is positive and classically elliptic in the
sense that there is C' > 0 such that

p(z,&) = g™, € =C. (1.9)
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Let {E;(h)}; be the eigenvalues of P repeated with multiplicity. For s € R we work with ITj,(s) :=
1 (—0,s](P(h)), which is the orthogonal projection operator

I, (s) : L = P ker(P E;j(h)).
E;(h)<s

For z,y € M we write IIj(s; x,y) for its kernel

Hh S5 y Z ¢E (h) E (h) (y) (110)

where {qﬁEj(h) }; is an orthonormal basis for L2(M) with P(h)qﬁEj(h) = Ej(h)qSEj(h).

Let ¢y : T*M — T*M denote the Hamiltonian flow for p at time ¢. We recall the mazimal
expansion rate for the flow and the Ehrenfest time at frequency h™! respectively:

log h~!

Apax = lim sup — sup ”d(pt(x7§)”7 Te(h) = (111)

|00 \t\ {pe[a_e,b+e}} 2Amax
Note that Apax € [0,00) and if Ajpnax = 0, we may replace it by an arbitrarily small constant.

Definition 1.7. Let a,b € R with a < b. Let tg > 0 and T be a resolution function. A set
U C T*M is said to be T non-periodic for p in the window [a,b] provided that for all E € [a, b]
Definition holds with ¢; being the Hamiltonian flow for p, and with S*M replaced by p~!(E).

The following is our most general version of the Weyl Law. We write m,, : T*M — M for the
natural projection and H), for the Hamiltonian vector field for p.

Theorem 6. Let 0 < § < %, (ER, and V C V(M) a bounded subset, U C T*M open, ty > 0,
C, >0, and a,b € R with a < b. Suppose dr,, H, # 0 on p~*([a,b]) NU. Then, there is C, > 0
such that the following holds. Let K > 0, A € V with WFy(A) C U, A > Apax, T be a sub-
logarithmic resolution function with AQ(T) < 1 — 20, and suppose U is T non-periodic in the
window [a, b] with

limsup sup T(R)p . (B(OU,R)) < C,. (1.12)
R—0 tefa,b] P
Then, there is hy > 0 such that for all 0 < h < hg, and E € [a,b+ Kh]
Yo (A b)) —tr(Ap,, *IL(E))| < Cy W/ T(h). (1.13)

—OO<EJ' (h)SE

Since the second term in (LI3)) involves only short time propagation for the Schrodinger group
et/ its asymptotic expansion in powers of h can in principle be obtained. This calculation is
routine, but long, so we do not include it here. For the details when P = —h2Ag, we refer the
reader to [16, Proposition 2.1]. In addition, if U C T*M has smooth boundary which intersects
p~Y(E) transversally for E € [a,b], then (LI2) holds. Although the statement of Theorem
is cumbersome when U with rough boundary is allowed, it is natural to consider dynamical
assumptions on this type of set. Indeed, many dynamical systems exhibit the so-called ‘chaotic
sea’ with ‘integrable islands’ behavior where the dynamics are aperiodic in the sea; a set which
typically has very rough boundary.
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Next, we consider generalized Kuznecov [33] type sums of the form

Aq,A9

2 () = / ALy (5) A3 (2, ) do,. (2)doy, (),
1,Ho , JH,

where A, Ay € V(M) and Hi, Hy C M are two submanifolds of M.
Let H C M be a smooth submanifold. For a,b € R, a < b, define

s = (e, b)) N NH. (1.14)

Definition 1.8. We say a submanifold H C M of codimension k is conormally transverse for p in
the window [a, b] if given fi,..., fr € C°(M;R) locally defining H, i.e. with H = " {f; = 0}
and {df;} linearly independent on H, we have

k
Sy © UL fi # 0}, (1.15)
=1

Here, we interpret f; as a function on the cotangent bundle by pulling it back through the canonical
projection map.

Remark 1.9. If P(h) = —h%A,, then p(z,£) = \5]3@). Working with a = b = 1, we have

E[Ij g = SN*H. In this setup every submanifold H C M is conormally transverse for p.

Definition 1.10. Let Hy, Hy C M be two smooth submanifolds. Let a,b € R with a < b. Let
to > 0, T a resolution function, and C, > 0. We say (H1, H>) is a (tg, T) non-looping pair in the
window [a,b] with constant C, provided that Definition [[3] holds for all E € [a,b] with ¢; being
the Hamiltonian flow for p and with Ef’y changed to

Eﬁf@ (to,T) := {p € Egl : U ot(B(p,R)) N 3(252’R) ” @}’
to<|t|<T

and with S;M and S;M replaced with Zlgl and 252 respectively. We say H is (to, T) non-looping
if (H,H) is a (tp, T) non-looping pair.

Definition 1.11. Let H C M be a smooth submanifold. Let a,b € R with a < b. Let tg > 0,
Ry >0,0<(, <1, and let T be a resolution function. H is said to be T non-recurrent in the
window [a, b] with constants (Ry,C,,) provided Definition holds for any E € [a,b] with S M
replaced by Zlg and where ; is the Hamiltonian flow for p.

To state our main estimate for Kuznecov sums, let p € S(R) with p(0) = 1 on [-1,1] and
supp p C [—2,2]. For T > 0 we define

pur(t)i= £ (). (1.16)

We then introduce the remainder

Aq,A2 Aq,A2

o (T, h;s) = I, (8) = Ppr * HHI,HQ(S)' (1.17)
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Theorem 7. Let P(h) € U™ (M) be a self-adjoint semiclassical pseudodifferential operator with
classically elliptic symbol p. Let t be a resolution function and e > 0. For j = 1,2, let H; C M be
submanifolds with co-dimension k;. Let a,b € R such that H; is conormally transverse for p in the
window [a,b] for j =1,2. Let Ry > 0, to > 0, and for j = 1,2, let T; be sub-logarithmic resolution
functions and Trax = max(Ty, Tg). Suppose Hj is (t, T;) non-recurrent in the window |a, b] with
constant Ry for each j = 1,2, and (Hy, Hs) is a (to, Tmax) non-looping pair in the window [a, b]
with constant C,|. Then, for all Ay, Ay € W*°(M), there exist hg > 0 and C; > 0 such that for all
0<h<hy, K>0, and s € [a— Kh,b+ Kh]

, _k +k
By ok, by )| < Cyn1= 25 [T () Ta(h).

Remark 1.12. We omit the precise dependence of the constant C, on various parameters in
Theorem [7} Instead, we refer the reader to our main theorem on averages, Theorem [8] where we
have introduced notation to handle uniformity in families of submanifolds H; and Hs.

1.6. Outline of the paper and ideas from the proof. In § we introduce the notion of good
coverings by tubes and various assumptions on these coverings which allow us to adapt the results
of [8] to our setup. We also state our main averages theorem in its full generality (Theorem []).
§3l studies how the dynamical assumptions in the introduction relate to the assumptions on cov-
erings by tubes from §2. In §4l we adapt the crucial estimates coming from the geodesic beam
techniques [§] so that they can be applied to the study of Weyl remainders. Next, in §5 we es-
timate the scale (in the energy) at which averages of the spectral projector behave like Lipschitz
functions in the spectral parameter. With this in hand, we are able to approximate II; using
Porny * 1In with T'(h) = \/T1(h)T2(h). Finally, §6 shows that the p, ., = II; approximation is
close to pp4, * I, finishing the proof of our main theorem on averages. §7l contains the proof of
our theorems on the Weyl remainder. This section follows the same strategy as that for averages:
an estimate for the Lipschitz scale of the trace of the spectral projector, followed by relating
Pory * n to p, -+ 11, In Appendix [Al we present an index of notation and in Appendix [B] we
give examples including those from Table 2] to which our theorems can be applied.

The main idea of this article is to view the kernel of the spectral projector 1j,_,(P) as a
quasimode for P. This allows us to use the geodesic beam techniques from [8] to control the
energy scale at which the projector behaves like a Lipschitz function and hence to estimate the
error when the projector is smoothed at very small scales. This idea is used a second time when
controlling (pp 7(n) — Phto) * IIj, to estimate the contribution from small volumes of the possibly
looping tubes. A simple argument using Egorov’s theorem controls the remaining non-looping
tubes. The crucial insight used to handle the Weyl law is to view the kernel of the spectral
projector as a distribution on M x M, where it is a quasimode for P := P ® 1, and to study the
Weyl Law via integration of the kernel over the diagonal. By doing this, we are able to reduce the
problem to bounding an average of a quasimode over a submanifold, a setting in which geodesic
beam techniques apply.

Note that Theorems 2] and [@ are proved in §7.1.4] and §7.1.3] respectively. Theorem [ is a
corollary of Theorem 2} the necessary dynamical properties are proved in Appendix [B.1.1l The-
orems Bl [, Bl and [7 follow from an application of Theorem [0 (See §2.4] for Theorems 3, 4, and [l
Theorem [T is a direct corollary of Theorem[dl). The fact that Theorem [0l follows from Theorem [§
is proved in § [@ and Theorem [Blis proved in §6.21
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Remark 1.13 (Resolution functions). There are several reasons why we state our theorems in
terms of a general resolution function. First, it is necessary to allow T(R) to grow arbitrarily
slowly as R — 0 to recover the o(1) results of [37, 40, 16] (see Remark [[.6)). Second, while it may
appear from Tables[[land B that T(R) is always either clog R™! or the trivial case of inj(M), this
is not always true. In fact, one can check that many integrable examples are non-looping or non-
periodic for T(R) > log R~!. At the moment, the authors are not aware of concrete examples
with T(R) < log R. However, it is likely that for any sub-logarithmic resolution function T,
with T(R) — oo as R — 0", a modification of the construction from [6] yields a metric on the
sphere for which there is a point x such that z is not (¢g, T) non-looping for any ¢ty > 0, but
there is a resolution function Ty with T;(R)—o00 as R — 01 and ¢ > 0 such that x is (to, T1)
non-looping. Also, note that our non-periodic, non-looping, and non-recurrent conditions are all
monotonic in T in the sense that if T1(R) < T2(R), and one of these conditions hold with the
resolution function T, then it also holds with T;.

ACKNOWLEDGEMENTS. The authors would like to thank Dmitry Jakobson, losif Polterovich,
John Toth, Dmitri Vassiliev and Steve Zelditch for helpful comments on the existing literature
and Maciej Zworski for suggestions on how to improve the exposition and presentation, and
Leonid Parnovski for comments on a previous draft. The authors are grateful to the National
Science Foundation for partial support under grants DMS-1900434 and DMS-1502661 (JG) and
DMS-1900519 (YC). Y.C. is grateful to the Alfred P. Sloan Foundation.

2. RESULTS WITH DYNAMICAL ASSUMPTIONS VIA COVERINGS BY TUBES

We divide this section in four parts. In SectionZ.I]we introduce the analogues of Definitions[T.10]
and [[LTT] via the use of coverings by bicharacteristic tubes. Microlocalization to these tubes will
eventually be used to generate bicharacteristic beams. In Section 2.2l we introduce the uniformity
assumptions that allow us to obtain uniform control of the constants in all our results. In Section
23] we state the most general version of our results, using the definitions via coverings by tubes,
and the uniformity assumptions.

2.1. Dynamical assumptions via coverings by tubes. Let H C M be a smooth submanifold
that is conormally transverse for p in the window [a,b]. Let Z C T*M with

i, CZ2 (2.1)

be a hypersurface that is transverse to the flow, and y; continue to denote the Hamiltonian flow
for p at time ¢t. Given A C ¥¥ 7> 0, and r > 0, we define

[a,b]’
A= | e(Bo(47). (2.2)

[t|<T+7r
Let 7, > 0 be small enough so that the map
(_T T ) X Z— T*M7 (t7q) — (Pt(Q)7 (23)

injg? "injg
is injective. Given r > 0, 0 < 7 < Tinigg? and a collection of points {pj}jej(r)7 we will work with
the tubes

Tj=Tj(r) = Ay, (r).
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A (7,7)-cover for A C T*M is a collection of tubes {7;(r)};c () for which

AL (3r) C U T;(r), and Ti(r)NAL(3r) # 0, forall j € J(r).
jeJ(r)

Let ® > 0. We say a (7,7)-cover is a (D, 7,7)-good cover, if there is a splitting J (r) = U2 Ji(r)
such that for all 1 <i <® and k#L € J;(r),

Ti(3r) N Te(3r) = 0. (2.4)
For £ € R and r > 0, we adopt the notation
T (r) = {j € J(r): T;(r) NZ nBE 1) # (2)}. (2.5)

We are now ready to introduce the definitions via coverings of our dynamical assumptions.
First, for 0 < tg < Ty, we say A C T*M is [to, Tp] non-self looping if

To —to
Ue@na=p o U @e4)na=o. (2.6)
t=to t=—Top

Definition 2.1 (non looping pairs via coverings). Let tg > 0, 79 > 0, ® > 0, and T be a resolution
function. Let Hp, Hy be two submanifolds and Uy € N*Hy, Uy C N*Hy. We say (U1, Us) is a
(to, T) non-looping pair in the window [a,b] via To-coverings with constant C, provided for all

0 < 7 < 79 there exists ro > 0 such that for 0 < r < rg, any two (D, 7, r)-good covers of Uy N Z[Ijlb]
and Uz N Z[H?b], {7}1(r)}j631(r) and {7}2(7“)}]-652(7,) respectively, and every E € [a,b], there is
splittings of indices

Ta(r) =BL(r) UG, (r),  T:(r)=Bi(r)UG:(r),
satisfying
(1) for each i,k € {1,2}, i # k every £ € G (r),

(0, (Y o)

to+7<|t|<T(r)—T jejk (r)
(2) 2= D|BL(r)[[B2 (r)|T(r)* < D%,

We will say (Hy, H2) is a (tg, T) non-looping pair in the window [a, b] via T-coverings if (N*Hy, N* Hy)
is. We will also say H is (tg, T) non-looping in the window |a,b] via T coverings whenever (H, H)
is a non-looping pair.

In Section B we prove that non looping in the sense of Definition [LTI0l is equivalent to non
looping by coverings in the sense of Definition 211

Definition 2.2 (non-recurrence via coverings). Let 7o > 0, ® > 0, and T be a resolution function.
We say H is T non-recurrent in the window [a,b] via To-coverings with constant C. . provided for
all 0 < 7 < 79 there exists 79 > 0 such that for 0 < r < rg, every (D, 7,r)-good cover of EH

{T;(r)}jeg(r), and E € [a,b], there exists a finite collection of sets of indices {G, , (") }eer (1) Wlth
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Ts(r) = UZELE(r) Gy, (r), and so that for every ¢ € L, (r) there exist functions t,(r) > 0 and
Ty(r) > 0, with 0 < ty(r) < Ty(r) < T(r), so that

(1) UjegEl(r)’]}(T) is  [te(r), Te(r)] non-self looping,

(2) 7T Trer, o) (G (DIE()To(r) )2 < D3, T(r) 3.

In Lemma below we prove that non recurrence in the sense of Definition [[.TT] implies non
recurrence by coverings in the sense of Definition At the moment, we are unable to determine
whether these two definitions are equivalent.

2.2. Uniformity assumptions. Let H C M be a smooth submanifold. In practice, we prove
estimates on {H}}p, where {Hp}y, is a family of submanifolds such that

sup {d( E[H’;]) | pe by b]} < R(h) h >0, (2.7)

where R(h) > 0 and for every multi-index « there is K, > 0 such that for all h > 0
IR, | +|00TL, | <K, (2.8)

Here R, and IT_ denote the sectional curvature and the second fundamental form of Hj,. With-
out loss of generahty, we will assume Z is chosen so that there exist N > 0, C' = C(p, a, b, {Kq }jaj<n) >
0, and 7o > 0 such that for all E € [a,b], A C X and 0 < r < ro,

vol <BZ (A, 7‘)) < Cr"uzg <BZg (A, r))

We may do this since dim Z = 2n — 1, dim Zg =n—1, and ZIE{ C Z.

Note that when H = {z¢} is a point, the curvature bounds become trivial, and so in place
of 2.1) we work with d(x,Z,) < R(h) and may take K, to be arbitrarily close to 0. In what
follows, let r,, : T*M — R be the geodesic distance to H, i.e., r,, (z,§) = d(z, H) for (x,&) € T*M,
and write m,, : T*M — M for the natural projection.

Definition 2.3 (regular families). We will say a family of submanifolds {H}}y, is regular in the

window [a, ] if it satisfies (2.8]) and there is ¢ > 0 so that for all h > 0, the map (—¢, ¢) XZ[Hb] — M,

(t,p) — m,,(pe(p)) is a diffeomorphism. (2.9)
Then, define |H,r,|: %X , — Rby
Hyr () 2= Y [ Hyr, 21()] (210)

Definition 2.4 (uniformly conormally transverse submanifolds). A family of submanifolds { H}, }5,
is said to be uniformly conormally transverse for p in the window |a,b] provided

(1) Hy, is conormally transverse for p in the window [a, b] for all h > 0,
(2) there exists J, > 0 so that for all A > 0

inf{|Hpr}.Ih|(p) lpe z:ffb]} 3, (2.11)
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When the constants involved in our estimates depend on {ﬁ h}n, they will do so only through
finitely many of the K_ constants and the constant J

Remark 2.5. We note that for p(z, ) = |£|g(x a=>b=1,and EH 4w = SN'H, we have |Hpry, [(p) =

2 for all p € SN*H. It follows that every family of submanifolds is unlformly conormally transverse
and we may take J, = 2.

2.3. Main results. We now state the main results from which all of our Kuznecov type asymp-
totics follow. Throughout the text, the notation C' = C(aq,...,a;) means that the constant C'
depends only on aq,...,a.

Theorem 8. For j = 1,2, let k; € {1,...,n}, Jg >0, Aj € U°(M). Let Cnlr > 0, Cfr >0 and
C, > 0. There is

C C (’I’L klvk27A17A27~017~027Ci)Qi)Qﬂ)
such that the following holds.

Let P(h) € Y™ (M) be a self-adjoint semiclassical pseudodifferential operator, with classically
elliptic symbol p. Let 0 < § < %, K >0, a,b € R witha <b, and for j = 1,2 let H;C M be
a submanifold with co-dimension kj; that is reqular and uniformly conormally transverse for p in
the window [a,b] (with constant JJ as in (ZI1))). Then, there exists 1o > 0 with the following
property. Let A > Apax, and tg > 0 For j = 1,2 let T; be a sub-logarithmic resolution function
with AQ(T;) < 1—-26 and such that the submam'fold H; z's T; non-recurrent in the window [a, b via
To-coverings with constant Cn]r Suppose (Hy, H2) is a (tg, Tmax) non-looping pair in the window
[a,b] via To-coverings with constant C| where Tyay = max(Ty,To). Let h° < R(h) = o(1) and
for j =1,2 let {ﬁj,h}h be a family of submanifolds of codimension k; that is regular, uniformly
conormally transverse for p in the window [a,b], and satisfies

sup {d(p, » 4. h) ‘p € E[ijb]} < R(h).

0

[a,b]

Then, there is hg > 0 such that for all 0 < h < hg and s € [a — Kh,b+ Kh],

(to. his)| < €, =5 VTR T (R(R)).

Aq,A9
E

Hy pHap

We also have the following corollary involving the definitions of non-looping (Definition [L.10])
and non-recurrence (Definition [[.TT]).
Theorem 9. Let t be a resolution function, A > Apax, K > 0, >0, Rg > 0,0 < 4§ < %,
and for j = 1,2 let T; be a sub-logarithmic resolution function with AQ(T;) < 1 — 2§ and let
Thax = max(Tq, T2). Suppose the same assumptions as Theorem [8, but assume instead that for
J = 1,2 the submanifold H; is (t, T;) non-recurrent in the window [a,b] at scale Ry, and (Hy, H2)
is a (to, Tmax) non- looping pair in the window [a,b] with constant C . Then, there exist C, =
C,(n, ki, ko, A1, A2, 31,32, t,C,) and hg > 0 such thatfor all0 <h<hgands € [a—Kh,b+ Kh]

(O 0’

Aq1,A0

(to+e,h;s)| <

Ty (R(h)).

Hy p.Ho p

For the proof of Theorem [8 see §6.2] and for the proof of Theorem [ see §
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2.4. Application to the Laplacian. In this section we show how to obtain Theorems [3], 4]
and B from Theorem [ To do this, we work with an operator @ such that o(Q)(z,¢) = [€|g)

near {(,§) : |y = 1}, Theorem [ applies with P = @, and for A = h='and all N > 0
ﬂ(—oo,l](Q) =1y, (,Oh 0 ¥ ﬂ(—oo,s](Q))(l) = Py * I\ + O(h )H _>HN (2.12)

scl
To build @, let ¥, € C°(R;[0,1]) with supp; C (—1/4,1/4), supp s C [—16,16], 101 = 1 on
[—1/16,1/16] and ¢ =1 on [— ,4] We claim

Q= (1 - wl(_thg))T/Q(_mAg) \/ _h2Ag - h2Ag(1 - ¢2(_h2Ag)) (2~13)

satisfies the desired properties. Observe that the second term in ([2Z.I4) is added to make @
classically elliptic, and that we use —thg rather than \/—h2A, in order to apply [46, Theorem
14.9] to obtain @ € ¥2(M). Note also that @ is self-adjoint and o(Q) = ¢, on {3 < ¢, < 2},

Py T = (P # Lo (21209) )0, =Ty (y/-022,)  (219)
1—o0s(@) = T (oo (, /—h?Ag), se 3,2 (2.15)

and 1(_ (Q) = 1 (oo (v/—h?Ay) = 0 for s < 0. Finally, we use the ellipticity of both @ and
—thg to obtain that for N > 0

ﬂ(—()0,3](62) = ON(<S>N)H _>HN7 ]l(—oo,s}<\/ _thg) = ON(<S>2N)H N_,gN -

scl scl scl

Now, for all N > 0 and L > 1 there is C ; > 0 so that |p<%°(1 - S))| < O h2NTE () 72N =L on
|s — 1| > 3. Therefore

[ (n(_w s}@) ~ oo (y=128)) | (1)
/ ¢l1/22) h 20 9)) (Lo (@) = Lo (128 ) s = O (2N vy

Combining (2.14]) with (2.15]) and (2.16]), we obtain (2.12]).

Now, every submanifold is conormally transverse for p(x,£) = |€]y() at p~'(1) with constant
J, = 1. Therefore, Theorems [3 4, and [ follow from Theorem [@l To see this, we set P = @,
a = b =1, and observe that the Hamiltonian flow for o(Q) near SiM is equal to the geodesic
flow. In particular, the dynamical definitions [LI0l and [L.I1] applied to @ at E = 1 are exactly
Definitions [[.3 and [LB with S} M replaced by SN*H. This is true because Definitions [[.3]and
are stated with ¢, being the homogeneous geodesic flow, i.e., the flow generated by [¢| g(z)- Next,
we apply Theorem [l with A = 2Apax+1, h = A7, and work with the resolution functions
T; = (AQo) 1 (1 —28)T; for j =1,2.

3. DYNAMICAL ASSUMPTIONS AND COVERINGS

In this section we relate the non-looping and non-recurrence concepts introduced in Definitions
[[.I0l, LT, to their analogues via coverings given in Definitions 2.1]
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Proposition 3.1. Let Hy, Hy C M be smooth submanifolds. Let a,b € R be such that Hy, Hy are
conormally transverse for p in the window [a,b], and 19 > 0. Let tg > 0, T a resolution function,
and suppose (Hy, Hs) is a (to, T) non-looping pair in the window [a,b] with constant C,,. Then,
there is C, = C,,(p,a,b,n,C , Hy,Hy) > 0 such that (Hy,H2) is a (t0+370,’iv‘) non-looping pair

in the window [a,b] via To-coverings with constant C, and with T(R) = T(4R)—3.

Before proving the proposition, we record some facts about sub-logarithmic resolution functions.
Lemma 3.2. Suppose T is a sub-logarithmic resolution function.

(1) For0<a<b<1,

loga
T(b) < T(a) < og b T(b).
In particular, T(R) < %T(MR) for0<pu< R7L
(2) Let f(s):= —log(T~1(s)). Then, f extends to a differentiable function on [0,00), f(0) =
0, and f(a) < $f(b) for 0 <a <b.
(3) Let 0 < § < 3, and R(h) > h? with R(h) = o(1). Then for all A > Apax, € > 0, there is
ho > 0 such that for 0 < h < hg

T(R(h)) < (UT)A + e)Te(h).

Proof. Note that
T(a) b(s) b1 loga™"
0<1 =— ds < ———ds=1 —
=08 T(b) /a T(s) y _/a slogs—! 5= <logb—1>’
and hence the first claim holds. For the second claim, observe that since T is sub-logarithmic,
(o) > ~ ST S0,

To prove the last claim, observe that since R(h) = o(1), for all A > Ap.x and € > 0, there is
ho > 0 such that for 0 < h < hg,

T(R(R)) < (UT) + A V) log R(h) ™! < (UT)A + &)T.(h).
The second inequality follows from definitions (L2)), (ILII]), and R(h) > h° with0 < < 3. O

In the following lemma we explain how to partition a (9, 7,r)-good cover for ZIE{ 1 into tubes
that do not loop through 252 for times in (tg,T"), and tubes that are ‘bad’ in the sense that they
do loop through ZIE{?. We do this while controlling the number of ‘bad‘ tubes in terms of the size
of the set Effng (to,T) for S > 4r.

Lemma 3.3. Let a,b € R, Hi, Hy C M be smooth submanifolds such that Hy, Hy are conormally
transverse for p in the window [a,b]. Then there is C; = C\(p,a,b,n, H1, Hy) such that the
following holds. Let 7o >0, r >0, and 0 <7 < 7. Fori=1,2let {T}(r)}jezi() be a (D,7,7)-
good cover of ngb]. Let to > 0, T > 0. Then, for all E € [a,b] and S > 4r there is a splitting
J(r) = BL(r)UGL(r) such that
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(1) for j € GL(r) and k € T2(r)
U p(TH(r) NTE(r) =0,

to+2(7+r) <|t|<T—=2(7+7)

1 1-n
() 1BL()] < D0, 1 (B, (£55, 10.7), ) ).

Proof. For j = 1,2 let Z; C T*M be the hypersurface transverse to the flow, with 257;,] C Zj,
used to build the tubes of the cover, as explained in [2.1)). Let E € [a,b] and for S > 0 set

By(r):={jeJyr) : T}(r)NB,, (cgvf (to,T),2r) # 0}.

,Ho
Then, for j € BL(r),
TH(r)N 21 C B, (L35, (to, T),4r).

In particular, there exists C, = C,(p,a,b,n, Hi, H2) > 0 such that for all S > 4r

1,Ha Ha

IBL(r)| < Dr' =" vol (le (L5 (t07T),4r)) < COQTl_nﬂzg1 <B2H1 (Eg’lE (to, T), S))
E

This proves the claim in (2).
To see the claim in (1), let j € GL(r) := J}(r) \ BL(r). Then, ’7}1(7“) = A7, (r) for some p; € Z,
with d(p;, Egl) < 2r and d(pj, ,Cf;fHZ (to,T)) > 3r. This yields that there is pg € Egl\ﬁf;lE% (to,T)

such that d(po, p;) < 2r. In particular, since  |J @¢(B(po,S)) N B(X2,5) = 0 and ’7}1(7“) C

to<[t|<T
U ¢e(B(po,3r)), this yields
[t|<T+7r

U pe(T;H(r) N B(32,5) =0 (3.1)
to+7+r<|t|<T—(7+71)

for § > 4r. On the other hand, since for all k € J2(r), we have T2(r) N 23 C B(EIEQI?, 3r),

i) | e(B(EE,3r) (3.2)
[t|<T+r
In particular, combining ([B.I]) and (3:2]) we have
U ei(THr) N B2, 9) = 0.
to+2(r+7)<[t|<T=2(7+r)
Thus, the claim (1) holds, provided S > 4r. O

With Lemmas and B3] in place, we are now ready to prove Proposition [3.1]

Proof of Proposition (31l Let C, = Cy(p,a,b,n, H, Hz) be as in Lemmal[3.3l We apply Lemma[3.3]
with 7 = R, T = T(S), S = 4R, 0 < R < $79. This shows that (Hy, Hs) is a [to+370, T] non-

looping pair in the window [a, b] via 7-coverings with constant 6; = C2C,,. O
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Lemma 3.4. There is a constant C,, > 0, depending only on n, such that the following holds.
Let 19 > 0, tg > 0, Hi, Hy C M be smooth submanifolds such that Hy and Hs are conormally
transverse for p in the window [a,b]. Let T be a resolution function. If (Hy,Hs) is a (to,T)

non-looping pair in the window [a, b] via To-coverings with constant C.,, then (Hy, Ha) is a (to,T)
non-looping pair in the window [a,b] with constant C Cy, and T(R) = T(2R).

Proof. Let E € [a,b] and fix i, € {1,2}, i # j. For each R > 0 consider the non-looping partition
JLR) = G (R) UB.(R) given by Definition (2I). Let p € Eﬁiﬁf(to,T(R)). Then, there are
p1 € B(p,R/2) and ty < |t| < T(R) such that ¢(p1) € B(Egj,R/Q). Hence, there is £ € B (R)
such that p; € 7/(R) and hence p € 7/(2R). This implies BEg (p,R/2) C T/(3R). Thus,

B_, (CH5E 0 T(R0), R/2)C | T/(3R).
o (eBi (R)

In particular, there exists C), > 0 such that
o, (B, (EE3E (0, D), B/2) ) < CuR"BL(R).
E E
Therefore,
iy (B (CE250 00 D), RY2) )iy, (B, (£33 10, T(R)), R/2) ) T(R)’
E E E E
< CRR™ B, (R)||B} (R)|T(R)* < C2D°C,.
The lemma follows from Definition [LT0 after taking the limit R — 07 and redefining C,,. g

Proposition 3.5. Let t, T be resolution functions and H C M be a smooth submanifold. Let
a,b € R be such that H is conormally transverse for p in the window |a,b]. Suppose H is (t,T)
non-recurrent in the window |a,b] at scale Ry.

Then, there exists C,. = C, (M,p,t,Ry) > 0 such that for all 79 > 0, there is a resolution
function T such that the submanifold H 1is T non-recurrent in the window [a, b] via To-coverings
with constant C... Moreover, there is ¢ > 0 such that if T is sub-logarithmic, then T(R) > ¢T(R)
for all R.

The proof of this result hinges on two lemmas. To state the first one, we introduce a slight
adaptation of [9, Definition 3]. Let ¢9 > 0, F > 0, ty : [eg, +00) — [1,+00), and f : [0,00) —
[0,00). We say a set A is (g9, to, F, f) controlled up to time T provided it is (g, to, F ) controlled
up to time 7 in the sense of [9, Definition 3| except that we replace the condition on r by

0<r< %e_FAT_f(T)ro (3.3)
and replace point (3) by
inf By > Te= /M) inf Ry ;. (3.4)

Next, fix E € [a,b]. Since H is (t,T) non-recurrent in the window [a,b] at scale Ry, for all
pE ZIE{ there exists a choice of & such that for all A C B_, (p,Rp), 0 < R < Ry, € > 0, and
E
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T > t(e)
= 1(T) —f(T
o (Buy (R 4@. 1) e DR) < ey (B, (AR)). (3.5)
with f as in Lemma Then, extract a finite cover of £ by balls B, = B(p, Ry/2) and set
AE = {Bpi}i[ilv and AE = {Bpi}zlilv (3'6)

where B, = B(p, Ry). Note that, again using that H is non-recurrent with at scale Ry, we may
assume K < CnRé_" where C,, is a constant depending only on n.

Lemma 3.6. Let H, t and T be as in Proposition [33 and f(T) := —log(T~Y(T)). Then, there
exist ¢, > 0 depending only on n and F > 0 such that for all E € [a,b] and T > 1 every ball in
A, is (0,t0, F, f) controlled up to time T with ty(e) = t(cye).

Proof. Let E € [a,b]. Let Ay := B, for some By, € A, 1 > 0, A>Apax, and 0 < 7 < %TinjH.
Let 7> 1and 0 < Ry < %e_FAT for F > 2R61 to be determined later. Let 0 < ry < Ry.
Suppose A1 C Ap and {Bon'}fil are balls centered in Ay with radii Ry; € [7‘0,]?0] such that
A C Ui]\ilBO,i C Ayp.

Let R := % inf; Roy;. There exist C,, > 0, depending only on n, and a collection of balls {BOJ}?QI
of radius R, such that

No N
A C U B(],Z', N(]Rn_l <C, ZR&;l. (37)
=1 =1

Fix 0<r< %e‘FAT—f(T)ro. Next, let {B(g;,r)}jes C L be a cover of B by balls of radius
r such that there are at most ©, balls over each point in Elg , where ©,, > 0 depends only on
n. Assume, without loss of generality, that ([B.5]) holds for py with the choice £ = 4. Next, set

J,, =1{i€J: Blg e /MR)N Ri:fiT)R(t(sl),T) # (}. Defining the collection
{Bl,i}zj'vzll = {ng (45, %e_f(T)R) VSIS },
we have Ufill By; C B2H<Ri:ff)R(t(al),T), e—f(T)R>. Then, letting Ry ; = %e—f(T)R7 we have
~ E '
Ry; €10, %Ro], and using that R < Ry/2 the bound in (B3] applied to A; yields
N1
S R <D, gy (B (A1, R)). (3.8)
i=1

Next, by (B7) note that BZg (A1, R) ¢ UM, 2By, where 2By ; denotes the ball with the same
center as By; but with radius 2R. Using (3.7) again there is C,, > 0 such that

No N
o By (A1) < 1y (U 2B0s) < G Y RE: (3.9)
i=1 i=1

Let € := ¢1C,,®,,. Combining (B.8)) and (3.9]) yields point (2) of [9, Definition 3] with ty(e) =
t(e/(Cr®,)). By the definition of R, we also note that point (3), which was replaced by (B.4)),
also holds.
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It remains to check point (1) i.e. there is f > 0 such that A7

looping for 0 < r < %e‘FAT—f(T)

N\UkBr (r) is [to(e), T] non-self
R. For this, suppose p1,p2 € AzT41\UkB1k(T) and t € [ty(e),T]
such that ¢;(p1) = p2. Then, there are si,52 € [-7 —r,7+7], q1,q2 € A1 \ UpBy, such that

d(pi, s;(q:)) < r. In particular, there is C, > 0 depending only on (M, p,a,b, A) such that
d(Ps—ts1 (02), A1) < (1+ CoeMIF2TH20)y,

Finally, let F > 0 be large enough so that %E_FAT < min((1 4+ C,eATI+27+2r)) =1 R, /2). Note
that the choice of F does not need to depend on T'. Then, since r < (1+C, eA(‘T|+2T+2T’))_1e_f(T)R,
we have g9 € Rj:fiT)R(to(s), T), which is a contradiction since Rj:fiT)R(to(a), T)Cuy;B;. 0O

In what follows we fix 1 < By < g 1 and define

1Ogﬁ0 T

F(T):= > [f(B"T).
k=0

Lemma 3.7. Let B C X be a ball of radius 6 > 0. Let 0 <eg <1, g : [eg, +00) — [1,+00),
f:[0,00) = [0,00) increasing with f(e~*) € L'([0,00)), Ty > 0, and F > 0, such that B can be

(€0, to, F, [)-controlled up to time Ty. Let 0 < m < W be a positive integer, A > Amax,

0< Ry < min{%e_FATO, 1%}, 0<r < #e_(FAT‘)*F(TO)*f(TO))RO,

and By C B with d(By, B®) > Ry. Let 0 < 7 < 19 and suppose {A;(rl)}jv:”l is a (D,7,11) good
J
cover of ¥, and set & :={j € {1,..., Ny } 1 A} (r1) N AR (F) # 0}

Then, there exist C,, = > 0 depending only on (M,p) and sets {G, ,}j2y C {1,... Ny }, By C
{1,... N} so that £ C B, UUL,G,, and

. U A7 (r1) s [to(eo),ﬂo_gTo] non-self looping for € € {0,...,m}, (3.10)
i€Gp,

¢ G, l< Clvlyp@eg&"_lr%_n for every £ € {0,...,m}, (3.11)

o |B,| <G, Degtten e (3.12)

Proof. The proof is the same as that of [9, Lemma 3.2], with a very minor modification. Namely,
we replace Ry by Ry and put rg = e_F(TO)RO instead of ry = e?PATOR,. We then obtain the
following instead of the leftmost equation in [9] (3.21)]

inf R2 k > ie_f(TO) inf R1 7-
k k) Z- ’
Which in turn changes the leftmost equation in [9, (3.22)] to

lI]’if Rg’k > G_F(TO)RQ =T19.
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This follows from the argument below [9, Remark 8|, that yields, since ¢ < m,

¢
1 i 1 i = _
inf Reje> o 11 e~ fBI T R = 7 oSBT Ry > ¢ F(T0) .
J=0 ]

With Lemmas and B.7] in place, we are now ready to prove Proposition

Proof of Proposition [3.4. Let {T;j(R)}jeqn) = {A] (R)}jezm be a (D,7,R) good covering of
J
E[Ij’b]. Let E € [a,b] and A, = {B,,}X, be the covering of L as described in B6). Let to

be as in Lemma and fix 0 < g9 < 3. There exists F > 0 such that each ball in A, can be
(€0, to, F, f) controlled for time 7' > 1.

We then apply Lemma [37 to each ball in A . Let dp := Rp/2 be the radius of the balls in A,
and Ty = To(R) such that Ty > ty(g¢) and

< —(2F ATo(R)+F(To(R)+/(To(R))) 313
= T0r2° (3.13)
Without loss of generality, we may assume f is large enough so that %e"r Atoleo) < %. Then,
putting Ry = %e"b ATo in Lemma B.7 and using condition (BI3) allows us to set r; = R in
Lemma [B.7] and apply it to each ball By, in A,. Let Bpo ‘be the ball with the same center as
By, but with a radius Ry/2 so that d(Bpo,B;O):R0/2 > Rg. Let 9 > 0, 0 < 7 < 19, and set
JP(R) ={j € T,(R): AZJ_ (R)N A;po (%R) # 0}, there is C,, > 0 and sets {G, ,}/2, C T, (R),
B, C Jy(R) so that Jf°(R) C B, UUp oG, ,, and (3.10), (B.11), (3.12) hold.

Therefore, letting T, = BO_ZTO and tp = to(gg) for 1 < ¢ < m, and setting G, y1 = B,
Tt1 = tm+1 = 1, yields that there exists C,, = C, (M, p,t) > 0 such that

. m+1 1/2 C @(5”_1 m+1 % 1
R Z <‘g1{‘t£> < <7A,41f’ RO Z (5060%) < G2 :
v o(R) VTo(R)

{=0 =0

R

The existence of C,, > 0 is justified since Speg < 1. Repeating for each ball B, € A, and
using K < CnRé_”, proves that H is Ty non-recurrent in the window [a, b] via 7y-coverings with
constant C,,,C,, Ry ™"

By Lemma [3.2] when T is sub-logarithmic and 0 < a < b we have f(b) > g f(a). In particular,

F(Th) =Y f279Ty) <279 f(To) < 2f(Th).
J J

Therefore, using f(T) = —log(T~1(T)), there exists ¢ > 0 such that we may define
To(R) = c¢f *(log R) > ¢T(R).
O

Remark 3.8. We note that our definition of recurrence (Definition [[LTI]) is equivalent to the
following. There is f > 0 such that for all p € Eg there is Ry > 0 such that B(p, Ry) is
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(€0, to0, F, f) controlled with an additional small modification of the definition of (gg,to, F, f)
controlled (see (B3) and (34))): One needs to replace (1) by

U Al s, , (NN AL (1) =0.

to<:t<T

To see these are equivalent, we identify B(p, Ry) with Ay and A with A;.

One can check that all of the proofs of being (eg, to, F , f) controlled in [9] actually prove this
slightly stronger condition with f(7") = C'T for some C > 0.

4. BASIC ESTIMATES FOR AVERAGES OVER SUBMANIFOLDS

Let P(h) € (M) be a self-adjoint semiclassical pseudodifferential operator, with classically
elliptic symbol p. Throughout this section we assume H C M is a smooth submanifold of co-
dimension k, and a,b € R are such that H is conormally transverse for p in the window |a, b].

As explained in §I.6L we crucially view the kernel of the spectral projector 1j_,(P) as a
quasimode for P. We are then able to use estimates from [8] to estimate the error when the
projector is smoothed at very small scales. This section is dedicated to adapting the estimates
from [8] to the current setup.

All our estimates are made in terms of (D, 7, R(h))-good covers and d-partitions associated to
them. For the definition of a good cover see (2.4]). Note, in addition, that there is a constant ®,,
depending only on n such that we may work with a (D,,, 7, R(h)) good cover [I1, Lemma 2.2] [8]
Proposition 3.3].

We now define the concept of d-partitions. Let 7> 0,0 < 6 < 3, and R(h) > h°. Let {Titicom
be a (7, R(h))-cover for E[Iib] with 7; = A7 (R(h)), and for E € [a,0] let J,(h) := J,(R(h)) as
defined in (2.5]). We say

X7 Yieg, ) © Ss(T7M;[0,1]) (4.1)

is a -partition for SH associated to {T;}jc7(n) provided the families {x; }ieg,n) and {h71[P, Xiltjea, (n)
are bounded in S5(7*M; |0, 1]) and

(1)suppx; C Ay (R(h)), for all j € T, (h), (2) Z X; > 1on A;/,?(%R(h))

For the construction of such a partition we refer the reader to [8, Proposition 3.4].

The next lemma controls the average of Au over a submanifold H in terms of the L? masses
of the bicharacteristic beams intersecting the microsupport of A. Here, u is a quasimode for P
and A is a pseudodifferential operator. When we apply this lemma, u will be the kernel of the
spectral projector onto a small window, and A will either represent a localizer to a family of tubes
or differentiation in one of the coordinates.

To ease notation, for F € R we write P, = P, (h)

P, :=P-E. (4.2)



24 YAIZA CANZANI AND JEFFREY GALKOWSKI

In addition, given A € ¥°(M), v € Cg°(R;[0,1]), E€ R, h >0, C >0, C, >0, and u € D'(M)

k—2m+1
2

we set o = and

QER(C.Cyvu) i= Ch™3 7| (L= 0 (F8)) Potul|, + Ch™ ([l + 1Bl ) (43)

scl
We fix g9 > 0 and a continuous family [a — €9,b + 9] 2 E +— B, € WY(M) such that
MSh(B,) C AD7(3R(h))  and  MSy(I — B,) N AL (2R(h))) = 0. (4.4)
E E

This will serve as a microlocalizer to the region of interest. We recall the constants Ko, Tinj, J,

defined in (2.8), 2.3)), and (2.11) respectively.

Lemma 4.1. There exist 9 = 1790(M,p, Tinj, Jy) > 0) andRy = Ro(M,p, k, Ko, Tinj, J,) > 0, such
that the following holds.

Let 0 <7 <79, 0<6< 3 and h® < R(h) < Ry. For h > 0 let {Ti}ieqm) be a (D, 7, R(h))
good cover of Egb]. Let V C S5(T*M;[0,1]) be bounded. Let v € C3°(R;[0,1]) with ¢(t) =1 for
lt| <L and(t) =0 for|t| > 1. Let L € R, W and W be bounded subsets of Us(M) and WE(M)
respectively, and B, be as in (4.4]).

Then, there exist C, = C,(n,k,J,,V, W,W), C > 0, and for all K > 0 there is hg > 0,
such that for all N > 0 there exists C, > 0, with the following properties. For all u € D'(M),
0<h<hgy, E€la—Kh,b+ Kh], every d-partition {XT]» bieg,my €V associated to {Tj}jer (n)

and every A € W such that B3[P, Al €W,

/HAudaH(gcoR(h)”Tl 3 <

JEZL(h)

||Oph(>273 )UHLQ(A@

k—1
h—=2

C -
+ 10 ) Pyl

73

+QEN(C,Cy ). (4.5)
Here, Z,(h) :={j € Jg(h) : T; N MSy(A) ﬁAgg(R(h)/Z) £ 0}, v € Ss N CX(T*M;[0,1]) is
any symbol with suppvy C (Agg(Zh‘s))c, and for each j € J,(h) we let )ZTj be any symbol in
Ss(T*M;[0,1]) N C(T*M; [0,1]) such that >ZTJ_ =1 on supp X7, and supp >ZTJ_ C T;. In addition,
if W C Wh(M), then C, = C,(n, k,3,, V., W).

&’oof. First, we prove the statement for the case A = I. Note that in this case the sets WW and
W play no role. The result for A = I is a direct combination of the estimate in [8, (3.16)] and
[8, Proposition 3.2]. Indeed, [8, Proposition 3.2] yields the existence of 79, Rg, hg > 0 as claimed,
and the estimate [8, (3.16)] yields the same bound as above, but with three modifications.

First, the constant C, = C,(n,k,J,) > 0 is the constant C,, j divided by J,, because we
absorb the |Hprp(p;)| factors in [8, (3.16)]. Second, the estimate in [8, (3.16)] is given for for

‘ f 1 Opn(Bs)u daH‘, where Bs : T*H — R is a localizer to near conormal directions defined by

Bs(@, &) = x(h™°[¢'|,;) where x € C§°(R;[0,1]) is a smooth cut-off with x(t) =1 for ¢t < 1 and
x(t) = 0 for t > 1. It turns out that this estimate is all we need since [8, Proposition 3.2] yields
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that for every N > 0 there exists ¢,, > 0 such that for all u € D'(M)

|| (= 0oy | < e (ellzin + 1Ppul s ). (16)
H_ 2 (M)
The third modification is that in [8 (3.16)] the first error term is Ch~ 3 ‘5HP ul| k-2mis
P P scl (M)
-0 _ E — B
instead of Ch™ H (1 (h5 ))PEuH k—2m+1(M). The operator (1 ¢( 5 )) can be added since

the error term is a consequence of the bound in [8, (3.10)], and that bound is for Opp(x)u where
X is supported in {(z,&) : |py(z,§)| > 1h5} One then uses supp x C supp (1 — T/J(ﬁ))

We note that the desired bound holds for every d-partition {XTj }ie Ju(h) C V associated to
{T5}je 7, (h)» since the constants C,Cy, ho provided by [8, Proposition 3.5] are uniform for X7, in
bounded subsets of Ss.

Given €9 > 0 we note that the statement holds for every E € [a — g, b+ €¢] since the constants
C, Cy, ho provided by [8, Proposition 3.5] depend on P, only through P. Therefore, given K > 0,
the statement for A = I holds for E € [a — Kh,b+ Kh| provided hy depends on K.

We now treat the case A # I. Let V, W, VNV, and { By} pe[a—co,b+20) D€ as in the assumptions. Let
E € [a—eo,b+eg). Let X € Ws(M) with MSy(I—X)NAL, (3R(h)) = 0, MSy(X) C ADT(3R(h))

E E

and B, [P, X] € Us(M). Then, for all N > 0 there is C; > 0 depending on V
(/ (I - X)Audo, | < C Y,
H

so we may replace A by XA and assume MSy(A) C AQEJF&O(R(h)ﬂ) from now on. Since the

estimate holds when A = I, there exist C, = C,(n,k,J,), C > 0, and for all K > 0 there
is hg > 0 such that for all N > 0 there exists 'y, > 0 with the following properties. For all
u€eD'(M),0<h<hy, E€la—Kh,b+ Kh], and every d-partition {XTj }jEJE(h) C V associated
to {7j}jes,(n)> the bound in (45]) holds with I in place of A, and with Au in place of u:

hs /AudaH(gcoR(h)”Tl 3
" JETL(R)

+QEH(C.Cy, Au).
We may sum over j € Z,,(h) instead of j € J,(h) since MSh(A)ﬂATH(lR(h)) C Ujez, () T;-

<||oph<>sz>Auu
19w, ) vl

T2

+ OO (it )Py )

Next, we explain how to write u in place of Au in each of the terms of the sum over j € 7

(h) in
E
([£5)). To replace the term ||Oph(XTj )AUHL2(M) with HOph(XTj )u||L2(M)7 we use MSh(Oph(XTj) ) C

Ell(Oph()ZTj )) and apply the elliptic parametrix construction to find F} € Us(M) with

Oph(XTj )A = Floph(fﬁ} ) (47)

Next, to replace the term HOph(XTj )P, Aul| with HOph()ZTj )P, ull we decompose

L2 (M) L2(M)’

Oph(XTj )PEA = Oph(XTj)[PE7A] + Oph(XTj )APE
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for each j € Z,,(h), and apply the elliptic parametrix construction and find Fy € ¥5(M) with

h™ Opn(x, ) [Py, Al = F20pp (X, ). (4.8)
To do this we used the assumptions: B, is microlocally the identity on AT°+€0(2R( )), MSh(A) C
Ag)gao(§R(h)), and A is such that B, }[P,A] € W C Ws(M). This allows us to apply the
parametrix construction to Oph(XTj )B E%[PE,A].

Using (4.7) and ([£.8), we may modify C,, and having it now also depend on A, V and W, to
obtain the claim. Note that if A € W§(M), then 3[P,, A] € U(M) and so we may apply the
elliptic parametrix construction to obtain (4.8]) without the need of introducing the operator B,

or the set W. In this case, we have C, = C,(n,k,J,,V, W) as claimed. O

Definition 4.2 (low density tubes). Let {7;};c7(x) be a cover by tubes of Z‘,Hb] and 0 < 6 < 2
Let G(h) C J(h) and for each j € G(h) let 1 < t;(E,h) < T;(E,h), where h >0 and E € R.

We say {7;}jeqmn) has {(t;,T;)}jegn) density on [a,b] if the following holds. For all V C S
bounded, K > 0 there is hg > 0 such that for all 0 < h < hg, E € [a — Kh,b + Kh], every
d-partition {X;}jeg, (n) C V associated to {7;}jeg, (n), and all u € D'(M),

TER < h?
S 1loph ()l < 4|ul?, max 1P, ul?,
jean L2(M) ¢, ( h) — L (M) egE( ) 20

where G, (h) = G(h) N T, (h).

As a consequence of [8, Lemma 4.1] one has: if a collection of families of tubes is non self-looping
for different times, then the tubes have a low density dictated by those times.

Lemma 4.3. Let Ry, 79, 6, R(h), 7, and {T;}jcym) be as in Lemma[f1 Let 0 < a < 1 —
lim supy, o+ QIO%OSEL}L) and K > 0. There exists hg > 0 such that the following holds. Let 0 < h <
ho, E € la—Kh,b+Kh], and G, (h) C T, (h) with G, (h) = Uer_(n)Gp.(h). For everyl € L, (h)
suppose ty(E,h) >0, 0 < Ty(E,h) < 2aT.(h), and
U T; is [te,Ty] mon-self looping for every € € L, (h).
J€Gg ,(h)

Then, {T;}jeqmn) has {(t;,T})}jegm) density on [a,b], where for 0 < h < hg, j € J(h), and
E € la— Kh,b+ Kh|, we set (t;(E,h), Tj(E,h)) = (te(E,h), Te(E, h)) whenever j € G, ,(h).

We note that the statement of [8] Lemma 4.1] does not provide the requisite uniformity for
E € [a — Kh,b+ Kh|; however, this follows from the same argument.

Our next estimate shows that if a family of tubes has low density, then averages of a quasimode
over H can be controlled in terms of the density times.

Lemma 4.4. Let Ry, 79, 6, R(h), 7, {T;}jeqm), W, W, and ¢ be as in Lemma[{.1. Then, there
exist C, = Cy(n, k,p,3,, W) and C >0, and for all N > 0, K > 0 there are hg > 0 and C,, > 0,
such that the following holds.
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Suppose that for all 0 < h < hy and E € [a — Kh,b + Kh| there exists G, (h)
with Gy (h) = Weer )90 (h), such that for every £ € L, (h) there exist ty = to(E,h)
T, = Ty(E, h) > 0 so that, with (t;,T}) := (t¢, Ty) for every j € G, ,(h), then

S

(IO{Tj}jegn) has {(t;,Tj)}jegn) density on [a,b], (2) MSy(A) N AEE(%R(h)) c U
JEGR(h)

Then, for allu € D'(M), 0 < h < hg, E € [a—Kh,b+Kh], and every A € W with BE%[P, Alew,

. i t0)z tiT))?
Bl /HAudaH‘SCoR(h)T Z <M +M” HLz(M>>

1 ” HLQ (M)
teL,(h)

7'2T
+ Qg:%(ca CNvu)-

In addition, if W CUE°(M), the estimate holds with C, = C,(n, k,p, jo,W).

Proof. Let V a bounded subset of Ss(T*M; [0, 1]). By Lemmal Tlthere exist C, = C,(n, k,J,,V, W),
C > 0, and hg > 0, such that for all N > 0 there exist C, > 0, with the following properties. For
alue D'(M), K >0,0<h < hg, E € [a— Kh,b+ Kh|, and every §-partition {XT]» Yiegamy CV

associated to {’E‘}jeJE (h)>

k—

s 10pn (X7, Jull L2

C -
+ S10m i, Pull2)+ QR CC 0,

AudsH( < CR()T Y (

1
H 2
JET,, (h) T

where Z,(h) := Uer, .9, Note that if A € ¥G°(M), then the estimate holds with C, =
Cy(n,k,p,3,,V, W) Next, note that

(NI

> 10 (R ) Poul < 1T, WIF (Y 10 (s, ) Poull?) 7,

JELL(h) J€TR(h)

and so, since |7, (h)| < Cpvol(SH)R(h)!™™ for some C,, > 0, we have, after adjusting C' > 0,
that for all 0 < h < hyg

n—1

R(h) = .

Audo, | < 0, S 0pu(%, g t Pl QELCCL ). (49)
" T2 e () ’

k—1

h 2

Since we are working with a (D, 7, R(h))-good cover, we split each G, into D, families
{gw,i}?;l of disjoint tubes. Note that

S 1on il <33T S (0m(ula (4.10)

JELL(h) teL i=1jeGy ,,
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Next, since {7;}jegn) has {(t;,T})};egn) density on [a, b], after possibly shrinking hg (depend-
ing on the S5 bounds for x; and K > 0), Cauchy-Schwarz yields that for all 0 < h < hg

_ telGp 1\ 3
> 10mk ()l < 2 ) (Il + || L ||L2(M)) . (4.11)
I€G g 4
The result follows from combining ([AI1]) and (£I0), and feeding this to (£9). Note that C,
needs to be modified, but only in a way that depends on n via ©,,. g

We also need the following basic estimate for averages over submanifolds to control averages of
u = 1(_s 4 (P) when s is large.

Lemma 4.5. Suppose H C M is a submanifold of codimension k and P € W™ (M), with m > 0,
is such that there exists C' > 0 for which

lo(P)(z,8)| = |§I"/C,  (x,§) e N'H,  [¢]=C.
Let ¢ € SO (T*M;[0,1]) with) =1 on N*H, and let ¢ € R. Let A € W4(M) and r > 52t Then,
there are C; > 0 and hg > 0 such that for all N > 0 there is C, > 0 satisfying

u| £ Co(10P @)l a 108K W) PLUl 2 ) ) + O [ull a0 < B < ho.

Proof. Let ¢ € SO(T*M:;[0,1]) with ¢») = 1 on N*H, supp? C {¢) = 1}, and such that
o (Pp) (@, &) = &l€™, (2,6) €suppdy, €] = C.
Then, since WFy,(6y) = N*H, for any N > 0 there is C, > 0 such that
| /H AOpy (1~ D)udo, | < C ™ ull v (4.12)

Next, by the Sobolev embedding theorem, for any € > 0 there exists C; > 0 such that

|| A0m(Dyude, | < Cpt10p @)l g .

cl

(M)

Taking r with rm > 5 + ¢ and using an elliptic parametrix, for any N > 0 there is C;, > 0 with

scl

k T
] [ A0m(w)udo, | < C,I0mD)ulzgan < Co10PW)ulz , +10m )P ,)

+ C’NhNHuHH;ClN( (4.13)

Indeed, this follows from letting x € S%(T*M;[0,1]) so that |o(P,)(z,&)| > £[¢|™ in the support
of ¥(1— x), and then using the elliptic parametrix construction to find Fy, Fy € WO(M) such that

(hD)"™ Opp(¢)(1 — Opn(x)) = FLOpn(¥)PL + O(h™) e,
(hD)"™ Opi(¥)Opi(x) = F2Opn(¥)) + O(h™) g
Combining with (4.12]) and (4.13]) completes the proof. O
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5. LIPSCHITZ SCALE FOR SPECTRAL PROJECTORS

In this section we estimate the scale at which averages of the spectral projector behave like
Lipschitz functions of the spectral parameter, and use this to approximate IIj, using py, 7(x) * .

Throughout this section we assume Hy, Ho C M are two smooth submanifolds of co-dimension
k1 and ks respectively. The goal for this section is to prove the following proposition.

Proposition 5.1. Suppose a,b € R such that Hy,Hy are uniformly conormally transverse for
p in the window [a,b]. Let 79,Ry be as in Lemma[{.1 Let 0 < 7 < 19 and 0 < 6 < % For
i = 1,2, let T; be sub-logarithmic resolution functions with Q(T;)A < 1 — 2§ and suppose H; is
T; non-recurrent in the window [a,b] via T-coverings with constant C" .

Let Ay, Ay € U°(M), K >0, R(h) > h%, and T := /T1Ta. Then, there exist hy > 0 and
Cy = Cy(n, ki, ke, 31,32, A1, A2,CL ,C?) > 0

0 ! 0 !
such that for all 0 < h < hg and E € [a — Kh,b+ Kh],
Aq,A Aq,A
Hi,sz( ) - ph,TmaX(h) * HH;Hz( )

Remark 5.2. To ease notation, throughout this section we write T;(h) := T;(R(h)), T(h) :=
T(R(h)), and Tiax(h) := max(T1(R(h), T2(R(h)))).

Proof. We split the proof into Lemmas (.3, 5.4, and below. Lemmas [5.4] and show that
there exist C, = C,(n, k1, ko, I}, 7%, A1, Ay, C* 02) >0, Cq > 0, and hy > 0 such that wy,(F) :=

07 0’ nr’
Ap,A2

1y (E) satisfies the hypotheses of Lemma (.3 with I, := [a — Kh,b + Kh|, p := P T (h)
op := Tmax(h)/h,

1+k2

Ly :=C,

and By :=C h™
and 0 < h < hg. Next, let {Kj}jzl C Ry be given by the choice of p in (LI6). Since

1 1
<%>2<%>2 < (o,s) for all s € R, Lemma [5.3] yields that there exists C, > 0 and
for all N > 0 there exists C'y, > 0 such that

2 k1 —ko
A, Ay Aq,Ag 2 _ btk h N
e G G )
for all 0 < h < hy. This completes the proof after choosing hg small enough. O

We now present the lemmas used in the proof of Proposition (.1l The first shows that if a
family of functions {wy, };, is Lipstchitz at scale 0;1 with (at most) polynomial growth at infinity,
then the family can be well approximated by its convolution pj * wp, where {pp}, is a family of
Schwartz functions

Lemma 5.3. Let {K;}2, C Ry. Then, there exists C > 0 and for all No € R, N > 0 there
exists Cy > 0, such that the following holds. Let {pp}tr~0 C S(R) be a family of functions and
{O‘h}h>0 C Ry such that for all j > 1 and h > 0,

lpn(s)| < on K (ops) ™ for all s € R.
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Let {Lh}h>0 C R+, {Bh}h>0 C R+, {wh R — R}h>0, I, C [—K(),K()], hg > 0 and g9 > 0, be so
that for all 0 < h < hg

o |wp(t—s)—wp(t)| < Lplop s) for allt € Iy, and |s| < &g,
o |wy(s)| < Bp(s)No for all s € R.

Then, for all0 < h < hg and t € I,
‘(ph s wp) () — wp (1) /R ph(s)ds( < CLy+CyBroy Veg V.
Proof. For all 0 < h < hg and t € Ij,
o n) ) = wn(®) | on(s)ds] = | [ ons) (e = 5) = wn(®) s
<t mlenstas = B [ ml(fe =%+ 0 )as

s|>eo
< Lh/ O'hK3<O'hS>_2dS + By, KNO+2+NO'h<O'hS>_(NO+2+N)<<t — S>N0 +<t>NO)dS.
s|<eo ls|>e0
The existence of C' and C, follows from integrability of each term and the boundedness of I},. [

Aq,A9

The next lemma shows that the family of functions wy(t) = I,

dictated by the non-recurrence times for Hy and Hs.

(t) is Lipschitz at scales

Lemma 5.4. Suppose a,b € R, ¢y > 0 are such that Hy, Hy are conormally transverse for p in
the window [a — 0,b + e9]. Let Ay, Az, 10, Ro, 7, §, R(h), and « be as in Proposition [5.1]. Let
C. > and K > 0. Then, there exist hg > 0 and

C C(TL k17k27~017~027141714270 ) >0
such that the following holds.

For i = 1,2, let T; be a sub-logarithmic resolution function with Q(T;)A <1 —25. Suppose
H; is T; non-recurrent in the window [a,b] via T-coverings with constant CZ < C,.. Then for all
0<h<hg,|s|<ep, andt € [a — Kh,b+ Kh],

2—kq —ko
A1,A2 ( ) Aq1,A9 2
Hy,Hy Hy,Hg

h Tl(h)s>§<T2(h)s>§.

(1= 9] < O (T h

Proof. We first assume the statement for |s| < 2h. Suppose s > 2h. The case of s < —2h being
similar. Define kg := || and ¢}, :=t — s+ kh for 0 <k < kg — 1, and ¢, := ¢t for k = kg. Then

ko—1
Aq,A9 Aq,A9 Aq, A2 Aq,A9
I, () =1L, (¢ = s) Z I, (tgr) = T0,00 (k).

Using |tx11 — tg| < 2h, and putting ¢ = tgi1, S = txr1 — g, we apply the case |s| < 2h with
Ty, =Ty = 1 for each term to obtain
A1,Ag A1,Ag
Hy,Hy (t) — Hy,Hy

Il <C, “|s/hl,

2—ky—ko
(t—s)( < Cokoh™ 3
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and this proves the claim provided the statement holds for |s| < 2h.
We proceed to prove the statement for |s| < 2h. First, note that by (I.I0) and Cauchy-Schwarz

Aq,A A1,A
[ ) 112 )| < [, Ao do [, Ao do, [ 51
t— s<E <t t— s<E <t
Now, for each i = 1,2,
2
3 / ity do, | = v (P) AT 6, 2, = swp | / Ay (Pwdo, | (5.2)
t—s<E;<t [|w ||L2(M)=1 H;

where § u, 18 the delta distribution at H; and the last equality follows by duality.

We now use the non-recurrence assumption on H; and Hs. Since for each ¢ = 1,2, the subman-
ifold H; is T; non-recurrent in the window [a, b] via 7p-coverings, there is hy > 0 small enough
depending on R(h), K so that for all 0 < h < hg and t € [E — Kh, E + Kh]| there is a partition of
indices J'(h) = Uge‘ci(h)gfye(h), and times {Tzi(h)}geﬁi (n)» and {tz(h)}geﬁi (n) @s in Definition

Note that we have chosen hg small enough so that J'(h) is a (7, R(h)) good covering of yHi
for t € [E — Kh, E + Kh]. In particular, for i = 1,2 and t € [F — Kh, E+ Kh]
(‘gf’g‘tz)Q n—1

R*T Y — o RMWTY (G )E(THE < CITE. (53)
ceciy  (T3)* TZ- teci(n)

<.
D=

M\H

The first bound is condition (2) in Definition 2.2] and the second bound follows from the first one
together with the T; < T; for all £ € EﬁhE. Next, for £ € L% let

Fi(h) i {T;<h><T"$i‘”>‘l BT h e {té(h) GSTIEE T G

¢ 1 else ro 1 else

and note that Ztl _fie 16! ]2 ct Ti<

> . In particular,

1

5 (9.0} LT, 0, i <20 (2 (55N )

teLi (h) ( v) teci, (h

[NIES

Then, since for each £ € £ (k) the union of tubes with indices in Q; , is also [t} (h), T} (h)] non-self
looping, we may apply Lemma [4.3] with the sets {gfye(h)}ge‘cg (h)s {T}(h)}geg {t%(h)}geEiE(h)
to see that {E}jeg;e(h) has {(t;,T;)} density on [a,b] where t; = f;(h), T; = T;(h) Then,
using Lemma 4] with operators 4; € ¥>°(M), ¢ € C§°(R;[0,1]) with 1(t) = 1 for [t} < I and
Y(t) =0 for |t| > 1, and for s € R let u = Lj;_, 4(P)w, where w is any function in L?(M) with

||w]| = 1. Next, by Lemma 4], for : = 1,2, there exist C’g = C,(n, k:i,ﬁg,Ai), C > 0, and for

L2(M)
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all N there is C';, > 0 such that for all 0 < h < hg, s € R, and t € [E — Kh, E + Kh]

=

Z (I9:,I%)
—s,)(P)wdoy, ‘ <CR (h) = E 3 )Wllll[t_s,ﬂ(lj)w\\m,)
el

1
i n—1 (’gl Z Z)E Aﬂl’
FORM TS S B (PJwlgy, + Qi (C.Cy Ty (Pu). (56)
teLi (h)
Note that for all N there is C', > 0 such that for all ¢ € [a—Kh,b+Kh], |s] <10and 0 < h < 1
1P sy (Pl e sy < Cylsl,  [Tp—sg(P)llr2or2 < 1. (5.7)
In addition, we use the elliptic parametrix construction, together with |s| < 2h to obtain

(1 = () PeAilL g (P)l 2y v < Ch™. (5.8)

We combine these estimates with (5.3) and the definition of T} into (5.2) to obtain that for all
0<h<hg,|s|]<2h, K>0,and t € [F — Kh,E + Kh],

(P) A5, | <CZCZ< (+ <Ts>)§+ﬂ<i<%>>‘%>+c BN
—s.t] i Om; L2 (M) 0 nr T2 T\ h h\T,\ 1 N .

In particular, since 7 < 1, using this estimate in (5.2]) we conclude that for all 0 < h < hy,
|s] <2h, K >0,and t € [E — Kh, E + Kh]

1 1
5 CiC /Ti(h)s\3 N
(/ At do, TT(h)< : > + O hY,

B

t s<E;<t

Combining estimates for H; and Hj using (5.1]), and C;Zr < C,. completes the proof. O

A1,Ag

The last lemma shows that wp(s) =11 iy

(s) has at most polynomial growth at infinity.

Lemma 5.5. Let ¢1,09 € R. Then, there is Ny > 0 such that for all A1 € \I!gl (M), As € \I'f;Q(M),
there are C| > 0, hg > 0, such that for all 0 < h < ho and s € R,

1y ()] < = ()Mo,

Aq,Ag

| H

Proof. Arguing as in (B.1]), and ([5.2]), it is enough to prove that there is C, > 0 such that for each
i = 1,2 there is NV; > 0 for which

sup Al g(P)wdo, | < C, h_%<s>Ni.

[[wll =1"JH;

L2(M)

Applying Lemma with u = 1(_ 4 (P)w yields that for any ¢ € SO(T*M;[0,1]) with ¢ = 1
on N*H and r; > % there exist C, > 0 and hg > 0 such that for all N > 0 there is C, > 0
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satisfying for 0 < h < hy and s € R,

k.
h? / Al o g(P)wds, | < C AV 1o g(P)w||,—
| Al (P) | < Cx VI oo (Pl 5
+ G, (10Ph (V)L (oo, (P) W] 5+ 1OPR () Py (o 5 ()W) -
Finally, the last term is bounded by C| (1 + |s|") since || f(P)|lr2—r2 < || f]lLe~- O

6. SMOOTHED PROJECTOR WITH NON-LOOPING CONDITION

This section is dedicated to the proof of Theorems [§ and @ The crucial step, completed in
§6.11 is to bound (ph T T ph’to) * Hzll’zz when the pair (Hj, Hs) is (t9, T) non-looping and
T(h) = TT(R(h)). In §62 we prove Theorem [ by combining the estimates from §6.11 with
Proposition 5.1l In §6.3] we derive Theorem [ from Theorem [Rl

6.1. Comparing against a short fixed time. Throughout this section we continue to assume
H{ C M and Hy C M are two submanifolds of co-dimension k; and ko respectively. The goal is
to show that, under the assumption (Hy, Hs) is a (tg, T) non-looping pair in the window [a, b], we
can control Poy, 7y ¥ I, by comparing it to p, i * Hp. For the rest of the section we write

T(h) := 3T(R(R)),  T(h):= T(R(R)).

Proposition 6.1. Suppose a,b € R are such that Hy, Hy are conormally transverse for p in the
window [a,b]. Let 19, Ry be as in Lemmal[{.d. Let 0 <7 <79, 0< 6 < %, and T a sub-logarithmic
resolution function with Q(T)A <1 —26.

Suppose (Hy, Hs) is a (to, T) non-looping pair in the window [a, b] via T-coverings with constant
C.,. Let Aj, Ay € U°(M), h® < R(h) < Ry, and K > 0. There exist

Cy=Cy(n,ky, ke, 31,32, A1, Ay, C) > 0

0’%0"’ nl
and ho > 0 such that for all0 < h < hy and all E € [a — Kh,b+ Kh],

2—k1—ko

Aq,A
(B = Prre) * T e ()] < Gy 5 JT(R(R)). (6.1)

We prove the proposition at the end of the section. The proof hinges on four lemmas. The first
one, Lemma [6.3] rewrites the left hand side in (6.]) in terms of the function

ForaWi= a0, for W=7 [ Z0(F)1=p(E)ear (62

7

where S, T are two positive constants with S < T, and p is as in (LI6)
Remark 6.2. We note that since log (£) < C()),
xS CuS)™, suppp(F) (1 - 4(§)) C {7 €R: 7] € [S,2T7}. (6.3)

Lemma 6.3. Suppose k > 0 and P € W*(M) is self-adjoint with symbol satisfying (L3). Then,
for all N >0,

(ph»f B ph»to) * Hh(E) - f (PE) + O(hN)HfN_ﬂ{N .

to,T';h scl scl
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Proof. First, we prove that if P is self-adjoint Fq, F5 € R, then
Es
/El (ph,f(h) N 'Oh»to) * Oslln(s)ds = fto,f(h),h (PEz) o fto,f(h),h (PE1)‘ (6.4)
To ease notation write T for T'(h). To prove (6.4 we write
Es> Eo .
/ (b~ — P, ) % Ol (s)ds = / / p(Z)[1 - p(52) e ™ P=) dwds,
B M "o g JrR COnE h.to
where we use ﬁ(UL) = ﬁ(gi)ﬁ(%) Putting 7 := hw, (6.4) follows.
h,tg h,f h,tg
Next, let N > 0. By (©.4) it suffices to find E; € R such that for all ¢ > ¢ > 0
Voo zon o)l iy < O, oy # T(ED vy = OGY). (65)
To prove the first claim in (6.5), note that by (63) for all N > 0 there is C, > 0 such that

H t07T h( )Pé\iHLg_)Lz < CNh2N.

Next, since P satisfies (L9), there is @ > 0 such that p(x €) > —a for all (z,
particular, for £y < —2a, P, is elliptic and we have PE_ D HS (M) — HETR(M)
s € R. Then, for E; < —2a the first claim in (G.5]) follows.

Next, by the sharp Garding inequality, there is C' > 0 such that II;(s) = 0 for s < —a — Ch.
Thus, for 1 < —3a and all N, M > 0 there is CM,N > 0 such that

-M
00T ED iy < [ #oIa B =3 5 < Cou [ #1920

s<—a

§) € T*M. In
= O4(1) for all

The claim follows after choosing M large enough. O

Let Hy, Hs, to,T(h), 7, and R(h) be as in Proposition 6.1l Since (H;, Hs) is a (tg, T) non-
looping pair in the window [a, b] via Tg-coverings, for i = 1,2 and h > 0 we let

{Ti}jeji ny @ (D, 7, R(h))-good cover of EHZ' satisfying (1) and (2) in Definition 21l (6.6)

a,b]
We study Ay f ( ) A3 by understanding the behavior of

Aq,Ag

Fi o (B h) = Opn(x )Alft n(Pg) AEOph(xTeg) (6.7)
for j € JY(h) and k € J?(h). Next, we study the case when 7;-1 does not loop through 7;2.

Lemma 6.4. Assume Hy and Ho are conormally transverse for p in the window |a,b]. Fori = 1,2

let {ﬁi}jeji(h) as in ([6.6) and j € J*(h), £ € T*(h) be such that
e THNTE =0,  [|t| € [to+7,T(h)—7].
Let K > 0 and V be a bounded subset of Ss(T*M;[0,1]). Then, there exists hy > 0 and for all

N > 0 there ezists C, > 0 such that for all 0 < h < hg, E € [a — Kh,b+ Kh|, and every
d-partition {XT; }jeJ]fJ(h) C V associated to {E}jejg(h)’ i=1,2,

A JA
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Proof. By Egorov’s theorem, for all N > 0 there exist hg > 0 and C, > 0 such that for all
0<h<hgy,and E € [a— Kh,b+ Kh],

|Opn (., )Al et A; Opi(x 7}2)“H;1]V(M)—>HS{X1(M) < Cyh", |t] € [to+7,T(h)—T]
(see e.g. [17, Proposmon 3.9]). The claim follows from the definition (6.2)) together with the facts
that by (63) the support of its integrand has 7 € [to, 2T'(h)], and T'(h) = $T'(h). O

The next lemma provides an estimate for F;‘g’Az (E, h) based on volumes of tubes.

Lemma 6.5. Assume Hy and Hy are conormally transverse for p in the window [a,b]. Let Ay,
Az, 70, Ro, 7, 6, and R(h) be as in Proposition[6.1. Fori=1,2let {7} c 7i(n) be a (Dn, 7, R(h))-
good covering of E{Ilb] Let K > 0 and V a bounded subset of Ss(T*M;[0,1]). Then, there are
C, =C,(n, k:l,krg,”ol,jo , A1, A2, V) and hg > 0, and for all N > 0 there exists C, > 0 such that

the followmg holds. For all0 < h < hg, E € [a — Kh,b+ Kh], all 6-partitions {Xﬂ }jejé(h) cV
_ j
and Z; C ji (h) fori=1,2, and all ty, T with 0 <ty < T,

\ / ST FR (B @ y)doy, (y)do,, (@) < Cor BT R T2 S| + Oy b,
Hy

Hy ZeIl J€ZLa

Proof. The first step in our proof is to define for 0 < ¢y < T the functions

2 2 — —N,
@ g )=, 0, # )= (o)
where Ny > 1 will be chosen later. Note that by (6.3]) for all L > 0 there is C, > 0 such that
9} L] < Cuftod) . (6.5)
Since ft - h( P,) = gtlo - (PE)gfo,T,h (P,), we may use Cauchy-Schwarz to bound
A A
]S [E e, wis, @)
Hy J H2 ey geI2
<[ 22 9, 7 (Pe) AT Opalx1)s, D9 0 (Pe)A30Pn(x )00, ||
teTy L2(M) " peT, L2(M)

Next, we use that for i = 1,2,

HZQ ) A7 Opn(x., )511. < sup /HZOph 7'7' zg (PE)wdaHi‘.

' L2<M) lwll=1"JH; 37,

Thus, let w € L?*(M) and fix i € {1,2}. We next apply Lemma E4 to the function u
g:OTh(P Jw and operator A = > jer, Opn(x Li)Ai € U§(M). Here, we use that MSp(A)
Ujer; T and that +[P,, A] € U$°(M) (see the deﬁnltlon of a d-partition ([&I])). In particular, we

may ﬁx W C U°(M) such that +[P,, A] € W regardless of the choice of cover and §-partition
contained in V. Then, the constant C’é provided by the Lemma depends on A; instead of W.

C
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Fix ¢ € C§°(R; [0,1]) with ¢(t) =1 for |t| < 1 and ¢(t) = 0 for |¢| > 1. By Lemma [ with
t1 = tg, Th = tg, and G, = ) for all £ > 1, we obtain that there are C’g = C’g(n, k:i,Jg,Ai) > 0,
C > 0, there exist hg > 0 and for all NV > 0 there is C';, > 0 such that for all 0 < h < hg

k;—1 i A, i
n| /H | zzj Op(x, )4, ¢ (Pwdo, | = QENC.C0 g (Py)w)
' JEL;
i n—l1 101y
+Cg k() 2 [Ti]2 <T—% lg; ., (Pe)w]

t

+ %HPEQfO,f,h (PE)wHLZ(M))

By the definitions gf - i =1,2 and (6.8]) there exists C' > 0 such that for all ¢y, T with to < f,
0>

L2(M)

h

<C

19, 7 Pedllionra <G 1], (Pe)lliore < O

to,f’h to

i=1,2.
In addition, note that for i = 1,2 there exists C' Ny > 0 such that

P i _
H (1 o w(h_?))PEAgtoj’h (PE) HL2—>L2 S CNohNO(1 9,
The claim follows from choosing Ny large enough that No(1 —d) + > N. ([l

Lemma 6.6. Assume the same assumptions as in Proposition [6.1. For i = 1,2 let {ﬁi}jeji(h)
be as in (6.6]), V be a bounded subset of Ss(T*M;[0,1]) and K > 0. There exists hg > 0, and for
all N > 0 there exists C, > 0 such that for qll 0 < h<hgy, E€la—Kh,b+ Kh|, and every
d-partition {XT; }jejé () C V associated to {Ez}jejé(h)’

< C h.

* A, Az
H’yHlAlftO,f,h (PE)AQCSHZ - Z /}/Hle]'l (E7 h)5H2 H;IN(HZ)_)HSIZI(HI) B

jejé(h), Zejf; (h)

Proof. Let K > 0 and ¢ € C2°((—1,1);[0,1]) with ¢(¢) = 1 for || < 1. We claim there exists
ho > 0 such that for all N > 0 there is C', > 0 so that for 0 < h < hy,

(=0T L,z (Pe) = ary i ary < O™ E€la—Khb+Kh.  (6.9)

To see this, first note that for ¢ € C2° with supp ) C {» =1} and L > 0,

(L= (FENF, 7, (Pe) = PR (=0 (GR)) PLS, o (Pe) PEPH (1= 0(58)).

Now, since P, is classically elliptic in ¥ (M), for all s € R,

-L P —6L
Prr(U=4(35)) = Ors(h™") e apyss st (ary- (6.10)
Note that (BI0) also holds with ¢ in place of . In addition, by (6.3)
Pﬁfto,f“,h (PE)Pg - OL (h2L)L2(M)—>L2(M)‘ (611)

Taking L > max(/N/m,N/(2(1 —0))) and combining (6.10) and (6.I1]) we obtain (6.9I).
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Next, for ¢ = 1,2 we define G; := Id — zjejz wPPr(x ), and note that MSy (G; )ﬂAT L(R(h)/2)

(). Therefore, combining LemmalLTltogether with (IB:QI) there exists hg > 0 such that for all N >0
there is C'y, > 0 so that for all 0 < h < hy,

x N
HVHlAlGlfto,ih (Pr)A30,, HHS;{V(HQHHSJXI(HQ < Oyh™, E€la—Kh,b+ Kh].  (6.12)

In particular, the lemma follows from applying (6.12]) and its analogs since

A A
7H1A1ft0,ih( B Z 7H 1 2 E’ h)(SHz
JEJE( )ZEJE()

= fyHlAlGlft Th( )A*5H2 —l—’yHlAlft Th( )GQA*5 —l—"}/H AGif

to Th(

P,)G2A56,, . O

Proof of Proposition Since (H1, Hz) is a (to, T) non-looping pair in the window [a, b] via

To-coverings, for i = 1,2 and h > 0 we may work with {7} ;c 7i(n), as in 68) and {x_, };c7i(n)
. ) ) 7

a d-partition associated {7} For each E € [a,b] and i = 1,2, let J, , = B} (h) UG, (h) be a

partition of indices such that property (1) of Definition 2] with » = R(h). Then, by Lemma [6.4]

for K > 0 there exists hg > 0 such that the following holds: For all N > 0 there is Cy, > 0 so
that for all 0 < h < hg, F € [a — Kh,b+ Kh], and i,k = 1,2 with i # k,

ok X

Therefore, considering the remaining term, and applying Lemma we obtain the following.
There is C, = C,(n, kl,kg,”ol,Jf,Al,Ag) > 0 and for K > 0 there exists hg > 0 such that the

following holds For all N > 0 there is C, > 0 so that for all 0 < h < hg, E € [a — Kh,b+ Kh],

i, X

To get the last line we used that our covering satisfies property (2) of Definition 2.1l Combining
Lemma [6.6] with (6.6]), (613]), and (G.I4]), we obtain the claim.

Aq,A2

Y [F (B D), y)doy, (y)doy, (2)] < O hY. (6.13)
jETE(h) teGi, (h)

Aq,A2

[Fj,f’ (E7 h)](.%’, y)dUH2 (y)dUHl (‘T)
]681 ZEBQ (h)

=2 R(h)" B (h) | |B2 ()| + CyhY < C,C,h "

—2/T(h).  (6.14)

6.2. Proof of Theorem [8l Since for i = 1,2 the submanifold H; is T;(h) non-recurrent in the
window [a,b] via Tp-coverings with constant Crfr, we may apply Proposition 5.1l to obtain the
existence of C, = C,(n, ki, kg,’Jol,JOQ, Aq, Ag, C;llr, Cfr) and for all K > 0 obtain hg > 0 such that
forall 0 < h < hg and s € [a — Kh,b+ Kh],

Aq,A9
Hy,Hy

(5)—p - *I ()| <o) nH 2 T(h), (6.15)

ph’Tmax(h) Hy,Hy

1
where T'(h) = (T1(h)T5(h))2 and Tyax(h) = max(7T1(h),T2(h)). Note that we are actually apply-
ing the proposition only using that H; is %Ti(h) non-recurrent.

On the other hand, since (Hy, H2) is a (tg, Tmax) non-looping pair in the window [a, b] via 7y cov-

erings, we may apply Proposition[6.I]to obtain that there exist C, = C, (n, k1, k2, I}, 72, A1, Ao, c,) >

0’%0"
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0 and for all K > 0 there is hg > 0 such that for all 0 < h < hg and all s € [a — Kh,b+ Kh]

2—ky —kg

AqLA
(ph,fmax(h) o ph'to) * HHisz (s) S Cl h : /T(h) (616)

The result follows from combining (6.I5]) with (G.IG). We note that H; and Ha may be replaced
by Hjj and Hyy, since C,,, C’nlr, and C’fr are uniform for {Hy p}p and {Hap}p.

6.3. Proof of Theorem @l Let 0 < 7< min(7,e/3). By Proposition there exists ¢g > 0,
G, = C, (M,p,t,Ry) > 0 such that for j = 1,2, the submanifold H; is ¢T;(R) non-recurrent in

nr

the window [a, b] via T coverings with constant C

Now, since (Hi, H2) is a (to, Tmax) non-looping pair in the window [a,b] with constant C,.

Proposition B.Ilimplies there is C,| = C

nl

(p,a,b,n,C,, Hi, Hy) such that (Hy, Hs) is a (to+ 370, T)
non-looping pair in the window [a, b] via Tp-coverings with constant é; where T(R) = Thax(4R) —
379. Since T; are sub-logarithmic, there is ¢; > 0 such that T(R) > ¢1Tiax(R). The proof now
follows from a direct application of Theorem B with T'; replaced by min(cg, ¢1)T; and tg by tg+e.

7. THE WEYL LAW

In order to improve remainders in the Weyl law itself, we let A C M x M be the diagonal, and
for Ay, Ay € U*°(M) consider the integral

/M[Al]l(_oo,s](P)Ag](x,x) dvy(z) = /A ((Al ® A;)]l(_oo,s](P)> (x,y)doy, (z,y),

where do, is the Riemannian volume form induced on A by the product metric on M x M. To
ease notation, we write P, = (P —t) ® 1 = P® 1 —tId. We will view A as a hypersurface of
codimension n in M x M, and the kernel of 1,_, (P) as a quasimode for P;. In particular,
observe that for any operator B : L2(M) — L?(M)

HPt]l[t—s,t](P)B”Lz(MxM) < ‘S‘H]l[t—s,t](P)BH
In addition, note that for (z,§,y,n) € T*M x T*M

(7.1)

L2(MxM) "

O-(Pt)(x7 67 Y, 77) = p(ﬂj‘, g) —t=: p($7 57 Y, 77) —t=: pt($7 57 Y, 77)
Therefore, for all ¢ > 0, there is C' > 0 such that if ¢|n| < |¢] and |£| > C, then

o (Pe)(x, &, 9. )| = &€ m)|™
In particular, since we work near the p flow-out of N*A N {p =t} where t € [a,b], and

N*A = {(1’,6,1’,—5) : (1’,5) S T*M}a

we may work as though P; were elliptic in ¥ (M x M), and apply the results of the previous
sections by accepting O(h*) errors. We will do this without further comment.

We next describe the tubes relevant in this section. We will work microlocally near a point
po € N*ANnp~([a,b]). Let 7w, 7, : T*(M x M) — T*M denote the projections to the right and

left factor, and let Z; (,,) C T"M be a transversal to the flow for p containing 7, (po). (Such a

hypersurface exists since dp(p) # 0 on p~!([a,b]).) Define a transversal to the flow for p by

Zpo = ZWL([)O) X T*M,
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and let U be a neighborhood of pg in N*A such that UNp~'([a,b]) C Z,,. We will use the metric d

on T*M x M defined by d((p, ). (4,1 4,) ) = max (dp,,): d(pres 7)) for (pyp0), (0,50,) €
T*M x M. With this definition, for p = (p,,p,) € N*AnN{p; = 0},

Ty = A;(T) = A;L (r) x B(pg,r)

where A7 (r) is defined by [2) with ¢; the Hamiltonian flow for p and 7 = A;L (r) denotes a

tube with respect to p and the hypersurface Z”L (p0)- In particular, when we use cutoffs with

respect to a tube T, we will always work with cutoffs of the form

Xr (2,6 y,m) = X2 (2, 8)Xp, (Y5 1), Supp Xp,, C B(pg, 7).

We will refer only to this tube in T* M, leaving the other implicit and will think of the kernel of
A1l (P) Az as that of 1y, (P) acted on by A; ® AL, Before we start our proof of the improved
Weyl remainder, we need a dynamical lemma.

Lemma 7.1. Let C,, >0, a < b, and U C T*M satisfying dr,, H, # 0 on p~*([a,b]) NU. Then

there are 19 > 0 and 5;; = Cz;(p, U,GC,,) such that the following holds. If U is (to, T) non-periodic
for p in the window [a, b] with constant C,, then N*AN (U x T*M) is (tg + 379, T(16R) — 370)

non-looping for p via Tp-coverings in the window [a,b] with constant é;

Proof. Let E € [a,b]. We work with Efvf (to, T') as defined in Definition [[.I0] but with p replaced
by p, ¢} = exp(tHp), and Eg = N*AN{p =F}. First, we claim

T, (BE%(LiiAU(tO,T), R)) C BE%(Pg(tO,T), 2R). (7.2)

Here, through a slight abuse of notation, we write Ef;j Ay for (L4 with S; M and Sj; M replaced by

Ay := N*AN(U xT*M) and ¢; = exp(tHp). To prove (.2) suppose py € BZA(EﬁvaU(tO,T),R).
A :
Then, there are p; € EgﬂAU and pj € T*(M x M) such that

d(po,p1) < R,  d(p1,p}) <R,  and U «P(h)n B3, R)#0.
to<[t|I<T
Therefore, there is ps € Zﬁ such that d(cpf(p’l),pg) < R for some ty < [t| < T. Let pj =
(x/7§/7y/7_77/) with (‘T/7§/)7(y/777/) €T*M. Then7 since p1 = (‘Tufaxa _g) and p2 = (y7n7y7 _77)
for some (z,§) € T*M and (y,n) € T*M, we have d(p(2',£),(2',€")) < 4R and =7, (p)) =
(2/,&") € P (ty,T). On the other hand, since d(m,(po),7,(p})) < 2R we obtain m,(p) €

By (Pi(t0,1),2R).  This proves claim (T.2).

Next, note that since 7, : Ay N Eg — {p = E} NU is a diffeomorphism for E € [a, b], it follows
that there exists C' = C(p) > 0 such that for all E € [a, b

s (Boa (€8, 1010, R) ) < Cpigey, ( By (P01, 2R) )
E
Hence, if U is (tg, T) non-periodic for p at energy E, we have

. (Bzg(cgi%(tom(m»,R)) T(4R) < Cug.,, (Bs*M(PéR(tO,T(4R)),4R)) T(4R) < CC

np’?
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and so Ay is (to, T(4R)) non-looping for p at energy E. The result follows from Corollary Bl O

In what follows, we write || - for the Hilbert-Schmidt norm.

s

Lemma 7.2. Let V C Ss(T*M;0,1]) be a bounded subset. Then, there are C > 0 and ho > 0,
and for all N > 0 there exists Cy, > 0, such that for allt € [a,b], x € V, 0 < h < hg, and |s| < 2h,

11j—s g (PYOPROX)IZ o < CRY ", (suppx Np~t(t)) + Cy kY, (7.3)

HS — *1(15)

W 2| Py g (P)Opr(x)|% s < CR' ™", (suppx Np~'(t) + C Y. (7.4)

HS — *1(7:)

Proof. We follow the proof of [I8, Lemma 3.11]. Let ¢ € S(R;R) with ¢(0) =1 and suppy) C
[~1,1]. Define 9. (s) := 1)(es). Then, there is £ > 0 small enough so that -, (s) > 5 on [—2,2].
Abusing notation slightly, put ) = ¢,. Then, there exists an operator Zs such that 1;_g (P)
Zsl[)(%), [stp] = 0, and ||ZS||L2—>L2 < 3 for |S| < 2h. Therefore, ||]l[t—s,t}(P)Oph(X)”Hs <
3“1/1(%)0]%()()“}13 and the Hilbert-Schmidt norm is the L? norm of the kernel. Next, we recall
that after application of a microlocal partition of unity, we may write

w(Pt)(:v y) =h" / i P(r)er COeM=Wm=t) (x5 y n)dndr + O(h*) ;4

for a symbol a ~ >, h/a; and phase ¢ solving dyp = p(x,0yp) and ¢(0,z,m) = (z,n). At this
point the proof of (Z.3]) follows exactly as in [I8, Lemma 3.11].

To obtain (Z.4), we write P1;_s y(P) = Z 5P (4:) and note that £ty (L) = (t1p)(4:). Hence
the same argument applies with @(7’) = —id,4 () replacing (7). O

We will also need the following trace bound for 1;,_, .

Lemma 7.3. Suppose a,b € R, g9 > 0, {1,{y € R, V; C VI (M), and V, C \Iff;?(M) bounded
subsets, U C T*M open such that |dr,,Hy| > ¢ > 0 on p~'([a — e0,b + &0]) NU. Let 79,Ro, 6,
R(h), and 7 be as in Lemma {1} Let {T;}jezn) be a (D,7, R(h)) good covering of p([a,b]) N
N*ANU xT*M) and V C Ss(T*M x T*M;[0,1]) bounded. Then, there is C, > 0 such that for
all {XTj Yiegmy CV partitions for {T;}jegmy, J € J(h), A1 € V1, Az € Vs, and |s| < &g

-n n—1/9
| [ Om ) At (P)Aado, | < €= RO (5.
A

Proof. We first note that it suffices to prove the statement for |s| < 2h. Indeed, this is because
we may apply the arguments from Lemma 5.4 and decompose 1, 4(P) = io:—ol Ly i) (P
with [tg41 — tg] < 2h. This allows us to obtain the result for |s| < &g.

Suppose |s| < 2h. Let U D B(U,2R(h)), j € J(h), and A := Oph(XTj)(Al ® As). Note that
[Pt,A] = [Pt, Oph()(73 )](Al X Ag) + Oph(XT_ )[P — t,Al] ® Ag € \IJ5(M) (7.5)

with seminorms bounded by those of X1, A1, and Ay. We next apply Lemma [ with A :=
Oph(XTj)(Al ® Ag), Py in place of P, k =n, M x M in place of M, and u := 1;_, 4(P)Opn(x, ),
where the latter is viewed as a kernel on M x M. Here, x, € Ss(T"M) with x, =1 on B(U, R(h ))
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supp x,, C U. Let >ZTJ_ € V with supp >~<Tj C 7; and XTJ_ = 1 on supp X7, - Then, since MSy,(A4) C T;,
by Lemma 1] there exist C;; > 0 and C' > 0, such that

n-1 C .
/A Opi (7)) A s (P) Azdo | < CoR() ™5 (109w (%, )l 2, + 7 1OPA (T, Prtl o, )

Note that we omit the analogous error terms appearing in the estimate of Lemma [4.1] since these
error terms can be dealt with by applying the bounds in (5.7]) and (5.8]) in combination with (7.1J).

Next, since Oph()ZTj) = Opn(X )®Opn(X,,), where X, and Y are bounded in S5(7M:; [0, 1])
J J

by the seminorms in the set V, we obtain
/ Oph XT )Al]]-[t st}(P)AQdUA
2n—1

uOph(Xp s + CoCh™ | Opa(X;; 7 ) PuOp(Xp, )l s < Co WER(h) T

27L 1

n—1 27L 1

h'z R(h)~

< G, ||Opn(x

2
where v is now viewed as an operator. In the last line we used Lemma [7.2] and the existence of
C > 0 such that ((supp Xp;) ﬂp‘l(t)> < CR(h)*~!. This finishes the proof when |s| < 2h. [

Lemma 7.4. Leta,b,eg, 70, V1,V2 Ry, 7, 9, R(h) and o as in Lemmal[].4). Let N*AN (U x T*M)
be T non-looping for p in the window [a,b] via T-coverings and let C,, be the constant C, in
Definition 2. Then, there is Cy = Cy(n, P,V1,V2,C, ,€0) > 0 and for all K > 0 there is

ho > 0 such that for all 0 < h < hy, A1 € Vi, Ay € Vo with MSy(As) C U, |s| < &o, and
tela— Kh b+ Kh,

T

h)s
h

where U(h) D B(U,2R(h)), Xg € Ss; Xz =1 on B(U, R(h)), and supp x, C U.

1
| [ vt Py Asdo, || < €y (SR i (PYOR e

Proof. Decomposing 1j_, 4(P) = Zio:—ol Ly, t00)(P), with [t 1 — t| < 2h and using the proof
of Lemma [5.4] to obtain the result for |s| < g, it suffices to prove the statement for |s| < 2h.

From now on we assume |s| < 2h. Since N*AN(U xT*M) is T non-looping in the window [a, b]
via To-coverings, for all t € [a — Kh, b+ Kh], there is a partition of indices J,(h) = G, ,(h)UG, , (h)
as described in Definition 2.1 (with H = A). Let tg = to, t1 = 1, To(h) = T'(h) and T1(h) = 1.
Then, there is C,, > 0 such that for all t € [a — Kh,b + Kh)|

~ [IG..(Mlte _ G, R() =" 1 on
2T D V16, I < G ROYVTR). - (76)

Next, we argue as in (5.5]), and then apply a combination of Lemma [£3] and Lemma [4.4]
with A := A; ® Ay, Py in place of P,, 2n in place of n, M x M in place of M, k = n, and
u =1y 4(P)Opr(x,), where u is viewed as a kernel on M x M. Then, there is C; > 0 so that

1
2

G ()2 G (WIT)?
Al (P)Azdo | < CR()T (Z(’ (T)) Jul z+Z’ et HPtUHm),

=0 (71,

n—1
h—2
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where #; and T} are as in (5.4). We have used that, since MSy(A) C U x T*M and the tubes are
a covering for p~!([a,b]) N N*AN(U x T*M), then MSy(A) N ALA(R(R)/2) C U]EJ T;. Also,
t

note that we omit the analogous error terms appearing in the estimate of Lemma F.4] since these
error terms can be dealt with by applying the bounds in (5.7]) and (5.8]) in combination with (7.1J).

The proof follows from applying the bounds in (55]) in combination with (7). O

Lemma 7.5. Let ¢; € R, V; C \Iff;"(M) bounded for i = 1,2. Then, there are Ny > 0, C > 0,
ho > 0 such that for all A1 € V1 and As € Vo, s€ R and 0 < h < hg

| [ ALy (P s | < OB E ()L (P

Proof. We apply Lemma with H = A, A = A1 ® Az, and u = 1(_ 4(P). Then, for
r > W, there is C' > 0 such that for all N > 0 there is Cy > 0 such that

(—00,5] (P)A2dUA

(1 (o0, (Pl 22 + [P Lo 5)(P) I 22) + CNEY Lo ) (P)l] 2-

It follows from (1)) that the last term can be bounded by C(1 + [s]")||1(—oo,5(P)ll2- O

7.1. Proofs of Theorems [2] and [6l. We claim that for E € [a — Kh,b+ Kh] and A; € V,, and
Ay € Vs with MSh Ag) cU,

B 1‘ / Al o E] ) (ph7t0 * ﬂ(—oo,-}(P)) (E))Ang‘A‘ < Co/T(h) (77)
We start by showing under the same assumptions that
hn_l‘ /A Aq ((ph,T(h) * ]l(_oo’,}(P))(E) — ]l(_OO’E}(P)>A2dO'A‘ < CQ/T(h), (78)

hn_l‘ /A Al((ph,T(h) * ]l(—00,~}(P))(E) - (ph,to * ]l(—oo,~](P))(E)>A2dUA‘ < CO/T(h)- (7’9)

for some to independent of h. At the end of the section we will derive Theorems 2 and [0l from (7.7)).

7.1.1. Proof of (TR). Let U,Uy C T*M with B(Uy,2R(h)) C U C B(Uy,4R(h)) C U. Then,
let Xg> Xvgr Xony, € Ss(T*M;[0,1]) with x, = 1 on U, suppx, C B(Uo,3R(h)), x,, =1 on

B(Uy, R(h)), supp Xv, C U, Xy, = 1 on supp Xﬁ(l — XUo)’ SUpP X, C U\ Up. By Lemmal[7.2]
and (LI2) there exists Cy > 0 such that for |s| < 2h,
n— 2 — o~
WL g (PYOPR (X | < Cotty o,y (071 () N (U \ Un)) < CoCy /T (h). (7.10)
Note that when U = T*M this is an empty statement. Then, for |s| < 2h, by Lemma [7.4]

i (Lean(PIOom0) (i () < Collbimaa(PIOmx, I

< Gty 0(P)Opr(Xy,) + CollLi—sy (P)Oph(XU\UO)H?,S +Cyh™.
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Then, applying the quadratic formula with @ = tr 1j;_, 4(P)Opn(x,, ). for [s| < 2h we have

. Co /T(h)s\  CyCo
n—1 0 7
0 <h" tr L (P)Opn(xy,) < T(h)< h > T'(h)

+ CNhN.
Next, for |s| < eo, splitting 1j,_, 4(P) = ’,20:_01 Li4,.,t,,1)(P) as before, we have by Lemma [T.4]
and Lemma that there exists Ny > 0 such that

h"—l(/AAln[t_s,t](P)AgdaA( §00%<T(:)8>, (7.11)

< C ()™ 1 (o) (P)[12 < ChT3 (14 |50, (7.12)

%3

/A Alﬂ(_oo’s](P)AQdO'A

where to get the last inequality, we use Lemma with U = M, A; = Ay =1d.
In particular, combining (.I1]) and (T12]) together with Lemma [5.3] implies (Z.8) holds.

7.1.2. Proof of (C9)). Using Lemma [6.3] the proof of (7.9) amounts to understanding

Ay ((P - ph,to) * ]l(—w,-](P)) (E)Az = Alfto,ff(h),h (PE)A2 + O(hOO)H;lN_}HSJXI,
where fsr, is given by (€2]), and T(h) = @ In particular, for £ € [a — Kh,b + Kh],
we consider tr A; f, 7, (PE)As. For this, we let {T;}jcsn) be a (D,7, R(h))-good covering of
p([a, ) NN*AN(UXT*M) and V C S5(T*M xM;[0,1]) a bounded subset. Let {XTj Yiegm CV
be a partition associated to {7;}je7,(n)-

h,T(h)

Lemma 7.6. Let T C J,(h), V1 C ¥O(M), Vo C \IJ?(M) bounded subsets. Then, there exist
C, > 0 and hg > 0 such that for all Ay € V1, As € Vo, 0 < h < hy

‘/ ZOph(XTj )Alfto,ih(PE)A?daA‘ < Cohl_nR(h)2n_1‘I‘_
Ajer
Proof. We first note that fto,f(h),h(PE) = op * 831(_007.](P)(E), where gp(s) = ftoj(h)ﬁ(—s)-

Then, since fZTE)(U) = 0, we have [;ds0n(s)ds = 0. In particular, by the estimates (G6.3),
Lemma [5.3] applies with oy, = h~!. Note that by Lemma[Z.3] for t € [a— Kh,b+ Kh], and |s| < 1,

1-n 2n-1/3
[ Omr )11 g = U)o | < CH R (S). (1)
Also, by Lemma [T.5] there exists Ny such that for s € R,
| / Opn(7, ) A1 (e, (P) Az | < CH™ (). (7.14)
A
The proof follows from Lemma [5.3] using (ZI3) and (Z.I4]), and by summing in j € 7. O

Lemma 7.7. Let V1, Vs as in Lemma[7.6 and suppose T; is a tube such that 7}, its corresponding
tube in T*M, satisfies pi(T;) NT; = 0 for |t| € [to,T(h)]. Then for all N > 0 there is C\y > 0
such that for all A1 € V1, and Ay € Vs,

‘/AOph(XTj )Alfto,’f,h(PE)A2dUA‘ < C'NhN'
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Proof. Note that the assumption on 7; implies exp(tHp)(7;) N N*A = ( for [t| € [to, T(h)].
Therefore, the same application of Egorov’s theorem as in Lemma [6.4] completes the proof. [

Since U is T non-periodic in the window [a, b] via T-coverings, for all & € [a— Kh,b+ Kh|, there
is a splitting J,(h) = B, (h) UG, (h) such that ¢,(7;) N T; = 0 for |t| € [to,T'(h)] for j € G, (h),
and |B,(h)|R(h)?"~! < T=1(h). We write, using MSy,(A; ® Az) N ATA(R(R)/2) CUjes, » Tis
t s

/ A1fy 75 (Pg) Azdo, = Z / Oph(XTj)Alftoih(PE)AszA + O(h®™).
A J€G, (hUB, (h) 72

Applying Lemma [7.7] to the sum over G, (h) and Lemma [7.6] to the sum over B, (h), we have
‘/AAlftoj,h(PE)AgdoA‘ < Ch'™"|B,(h)|R(h)*" 1 + O(h*°) < C/T(h)

for any F € [a — Kh,b+ Kh]. In particular (Z.9) holds.

7.1.3. Completion of the proof of Theorem [6. In order to complete the proof of Theorem [ we
take Ay = Id and Ay = A! and apply (1) to obtain the theorem. O

7.1.4. Proof of Theorem [2 We assume W C M is T non-periodic and let P = @ as in (2.13]).
Then |dr,, Hy| > ¢ > 0 on [{[; > 1 > 0 so we may apply (Z7) for E > 4. Let 0 < § < 3.
Let xp, € C°(M) as in [10, (19)] i.e. such that x; = 1 in a neighborhood of W, supp x; C

{d(z,0W) < 2h%}, |0%x| < Coh™11% vol,  (supp xp,) < ChO—dimpex OW)
Let R(h) > h°, and T(h) = T(R(h)). Then, put A; = 1 and Ay = (1 — xp)1lw in (T7) to
obtain

< Coh'™" /T (h).

‘ /A (]l(_oog} (P) = phto * 1 (—oo,] (P)(l)) (1 = xn)lwdo,

Next, since pp ¢, * 1(—oo, ) (P)(1) (7, ) = Vo(l%*;’gin) + O(h~"*2) (apply Theorem [§ with T = 1),

| /W(1 — u(@) (T (L, 2) — (k) ™ volg (BY)) v ()| < Co™™" /T(n)
Also, since I, (1,2, 2) = (2mh) " volgs (B™)| = O(h!™") (apply Theorem [B] with T = inj M),
( /W a (@) <Hh(1, ,x) — (27h)™ Voan(B")> dvg(x)( < Ol tS(n—dimpe (OW),
where we used vol(supp xp) < RO(n=dimpex (OW)) - Ty particular,

( / Ty (1, 2, ) dvgy(z) — (20h) " voan(B")volM(W)( < Cpim (T(h)—l+Ch5<"—dimboxaw>). O
w
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APPENDIX A. INDEX OF NOTATION

In general we denote points in T*M by p. When position and momentum need to be dis-
tinguished we write p = (z,§) for x € M and { € T;M. The natural projection is m,, :
T*M — M. Sets of indices are denoted in calligraphic font (e.g., J). Next, we list sym-
bols that are used repeatedly in the text along with the location where they are first defined.
Po @D By Ka @3)
EY (L8) A7 (r) | Hpr | .10)
Amax (LII) Z % 11
Te(h) (LII) Tinj P (L.I6)
Xy (L14) T (h) Py @2)
For U C V C T*M we write By(U,R) = {p € V : d(U,p) < R} and B(U,R) = B,.,,(U,R).
For A C T*M we write p4 for the Liouville measure induced on A. The injectivity radius of M
is denoted by inj M. For the definitions of the semiclassical objects W!(M), W&(M), SYT*M),
Sg(T*M), WFy, MSy, HéVd(M), we refer the reader to [8, Appendix A.2]. For the definition
of [t,T] non-self looping, see (2.0]), that of (D, 7,r) good covers, see (Z4). Non-periodic, non-
looping, and non-recurrent are defined in Definitions [[7, .10, and [.I1] respectively. For non-

looping via coverings and non-recurrent via coverings, see Definitions 2.1l and

BEEET

APPENDIX B. EXAMPLES

In this section, we verify our dynamical conditions in some concrete examples (some of which
are displayed in Tables [l and 2)). In particular, we verify that certain subsets of manifolds are
non-periodic (see Definition [[2]), that various pairs of submanifolds (Hj, H2) are non-looping
(see Definition [[3]), and that certain submanifolds are non-recurrent either via coverings (see
Definition 2.2]) or simply non-recurrent (see Definition [[L5]). Recall also that if (Hy, Hy) is a non-
looping pair, then Hjp is non-looping and hence also non-recurrent. Once these conditions are
verified, one can directly apply the relevant theorems (Theorem 21 [3] [, and [).

B.1. Manifolds without conjugate points and generalizations. Let = denote the collection
of maximal unit speed geodesics for (M, g). For m a positive integer, R > 0, T € R, and x € M
define
EmAT = {4 € Z:4(0) = 2, 3 at least m conjugate points to x in v(T — R, T + R)},
where we count conjugate points with multiplicity. Next, for a set W C M write
e = {n(T) -y € EPRTY.
zeW

Note that if T(R) — oo as R — 071, then saying y € C;L_I’R’T(R) for R small indicates that x

behaves like a point that is maximally conjugate to y. Note that if (M, g) has no conjugate points,
then Cy*"" = () for all € M and r < |T.

Lemma B.1.1. Let a > 0, tg > 0 and T(R) = alog R~*. Then there are C,; > 0 and ¢ > 0 such
that if Hi, Ho C M of co-dimension ki, ko, and
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for all R < e '/ then (Hy, Hs) is a (tg,clog R™Y) non-looping pair with constant C,, for
p(@,8) = [€lg(a)-

Proof. By [9, Proposition 2.2, Lemma 4.1] there exist 7 > 0, § > 0, C, > 0, C' > 0, such that
the pair (Hy, Hy) is a (tg, T'(h)) non-looping via (7, h?) coverings with constant C., in the window
[a,b] for any 0 < a < b, where T'(h) = clog h~! for some ¢ > 0 depending on (M, g, ). Combining
this result with Lemma [3.4] completes the proof. O

Remark B.1.2. We note that [9, Proposition 2.2] was only proved for H; = Hy. However, the
same argument works for the general case.

B.1.1. Product Manifolds. Let (M;,g;), i = 1,2, be two compact Riemannian manifolds. Let
M = M; x My endowed with the product metric g = g1 @ go. By [8, Lemma 1.1] we have
cr T =@ for 0 < r < |T|. Therefore, by Lemma BT for every a,ty > 0 there is C,, such that
every z € M is (to,alog R~1) non-looping with constant C, for |¢ lg(z)- Note that, integrating
over M, and using

fow (A) = /M oy (AN SEM) vy,

this also implies M is alog R~ non-periodic. We point out that although Cy —brT g empty for

0 <r < |T|, M may, and often does, have conjugate points. For example, this is the case when
M! = S™ with n; > 2.

B.1.2. Flow invariance of non-looping condition. In this section, we show that non-looping prop-
erties of a pair (Hi, Hy) are inherited by their flow-outs H' := m(¢;(SN*H)). Note, for example,
that a geodesic sphere is given by H! when H = {z} is a point for some ¢ > 0.

Lemma B.1.3. Suppose (Hy, Hs) is a (to, T) non-looping pair. Then, for all s,t € R there exists
C > 0 such that (H{, H3) is a (to+|t| +|s|, T) non-looping pair where T(R) = T(CR) — (|t|+|s|).

Proof. First, note that SN*H} = ¢;(SN*H;) U ¢_4(SN*Hj) for j = 1,2. Let T > 0 and suppose
pE B(L',R1 (tO,T) R). Then there is ¢q1 € £R 1H (to,T) such that d(q1,p) < R. In particular,

there are g2 6 T*M and to < |t1] < T such that d(ql, ¢2) < R and d(¢¢, (q2), SN*HS) < R.

Now, either ¢_4(q1) € SN*H; or ¢4(q1) € SN*H,. We consider the case ¢;(q1) € SN*Hy, the
other begin similar. Then, there exist C, Cs > 0 such that

d(ei(qr), pi(q2)) < CiR, d(p—t+1,+5 © pi(q2), SN"Ha) < CsR.
In particular, letting C' = max(Cy, Cs), ¢i(q1) € ﬁngQ (to + |t| +|sl,T — (|t| + |s])), and, since
d(ee(p), or(q1)) < CR,
ge(p) € BLSHL (to + |1+ 181, T — (It + Is|)), CR).
Repeating this argument when ¢_;(q;) € SN*H;, we obtain

LR (to,T), R) C | J @t (Boyey, (CGHL (to + |t + ||, T = (It] + |s])), CR)).

SN*Ht( Ht Hé
+
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In particular, there is C' > 0 such that

'uSN*H§ <BSN*Ht ([ﬁtl ] tO’ > ZCMSN*Hl < SN*H{ ([' (tO + |t‘ + | | T - (W + |5|))7 CR))-

Therefore, since (Hy, Hs) is a (to, T) non-looping pair, (H!, H5) is a (to + |t| + |s|, T) non-looping
pair with T(R) = T(CR) — |t| — |s|. O

Now, by Lemmal[B.1.1], in the case d(y,Cn LET(R )) > R, for R < e %/® and T(R) = alog R~ 1,
we have (z,y) is a (tg,clog R~') non-looping pair. Hence, by Lemma [B.1.3] that the geodesic
spheres generated by = and y form a non-looping pair with resolution function T(R) = Clog R~!
for some C' > 0.

B.2. Surfaces of revolution. Consider M = S? with the metric a ¢*g where
9(s,0) = ds* + a*(s)do?, (B.1)

and ¢ : [, %] x R/27Z — 52, with u(s,0) = (cos(s)cos(8), cos(s)sin(6),sin(s)). Here, a is a
smooth function satisfying a(j: ) = 0 and +ao/(+7/2) = 1. This assumption implies ¢ is a
smooth Riemannian metric. Furthermore we assume —sa/(s) > 0 for s # 0 and o’ (0) < 0. Note
that the round sphere is given by a(s) = cos(s).

For a unit speed geodesic, t ~— (s(t),8(t)) with (s(0),6(0)) = (0,0), 8(0) > 0, 5(0) > 0, we have
by the Clairaut formula (see e.g. [3, Proposition 4.7])

($(t))2 + ozz(s(t))(@(t))2 =1 and 0(t) = a(sy)a"2(s(t))

where s is the maximal value of s on the geodesic. In particular, putting ¢(s;) for the first time
when s(t) = sy, we have s : [0,t(s4)] — [0, s+] is invertible,

ts4+) (s
dw, 9(t(s+)):/0 azgs(;)))dt

) = a(w
) /o¢a2<w>—a2<s+>

and, changing variables to w = s(t) and using $(¢) = /1 — 522(28(1))), we have
S+ a(s+) 1
O(t(sy)) = / dw.
o) = [ ot

We then define 6, (s, ) := 26(t(s)). If we instead suppose § > 0 and 5 < 0, we can define _(s_)

analogously where s_ is the minimal s value on the trajectory. Now, there is a smooth function
_:10,7/2] = [-7/2,0]

such that if sy is the maximal s value of a trajectory, then s_(s;) is the minimal s value.

Moreover, 0, s_ < 0.

Finally, note that for a trajectory with maximal s value sy, s(0) =0, § # 0, if T is the second
return time to s(0) = 0, then

Oo(s4) =60(T) — 6(0),  ©Oo(s4) = 04(s4) + 0-(s—(s4)).



48 YAIZA CANZANI AND JEFFREY GALKOWSKI

Note that apriori, §(T") — 6(0) could depend on the precise geodesic whose maximal s value is s.
However, the integrable torus, T, , consisting of all such geodesics has the same 6(7') — 6(0) up
to sign.

Sy

In the next lemmas, we reduce the study of dynamical properties on (M, g) to the Poincaré
section {s(0) = 0,$(0) > 0} € TM. The function O : (0,7/2] — R is the change in 0 after a
return to the Poincaré section. In particular, Ty, is a periodic torus (i.e. all its trajectories are
periodic) if and only if for some p,q € Z, ¢ # 0,

Go(s+) = 27p/a.
Lemma B.2.1. Suppose there exists b > 0 such that

05, Oo(s4) #0, sy >b.
Then, there are C, ,c > 0 such that every subset U C {s > b} U{s < s_(b)} is T non-periodic for

np

T(R) = cR~'/3 with constant C.

np °
Proof. Suppose p € S*M with s;(p) > b, and let ¢t € R be such that

¢t(Bge, (p, R)) N By, (p, R) # 0. (B.2)

Then, there is [t;| < R such that d(vi, (p),p) < (1 + C(Jt| + |t1]))R. Now, for some 0 < t3 < ¢,
we have s(¢,(p)) = 0 and

A Pritr+5(p)s P12 (p)) < (L4 C(|t] + [t1] + t2)) R.

Let s be the maximal s value for the trajectory through p. Then, there are p,q € Z with
pl,lal < C(L+1t]), lq| = (1 + [¢]) such that

Oo(sy) —2mp/q| < C(1+ C(|t| + |t1]| + t2))R/q < CR. (B.3)
We have shown that if p € S*M is such that (B.2) holds, then p € U,, ¢ o) Ts,, Where
A) = {5+ € (b,5): Fpa €2, |pl,lal < C(1 + 1)), BB holds, }.
Next, we claim
|A(t)| < C(1 + [t])?R. (B.4)

Indeed, #{r € [0,1] : 3p,q € Z, r = p/q, Ipl,|lq] < C(1 + |t))} < C(1 + [t|)? and hence, the
volume of possible values of O (s ) such that (B.3)) holds is bounded by C(1 + [t|)?R. The claim
in (B.4)) then follows from the assumption ds, ©g(s4) # 0 on sy > b.

Our next goal is to show that the bound in (B4 translates to a bound on the set of p with
(B.2). To see this, note that T,, = {|&| = a(s4+)}NS*M where we work in the cotangent bundle
with coordinates (s, 6,&s,&g). Therefore, when a(s;) < a(sg), the intersection Ty, N S0 M is
transversal for any 6. In particular, for any € > 0 and sg > 0, there exists C; > 0 such that for
any A C [so + ¢, m/2]

(s0,0)

e (U Tow N85,0M) < ColAL
s+€A
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Moreover, since there is T' > 0 such that the restriction of the map (t,q) — :(q)

[—T,T]x( U SE*SO’G)MH’]I‘S+>—> U T.

sy >s0+€ sy >so+€
0€[0,27]

is a surjective local diffeomorphism,

MW( U Te.n S*M) < C.|Al (B.5)

S+GA
In particular, by (B.4]), since b > 0, there exists Cj, > 0 such that
o (U oy NS7M) < G A@)] < Co(1+ [H)°R
s4EA(L)
Hence, for U C {s > b} U{s < s_(b)},
s By (PE(t0, T(R)), R) ) < C(1+|T(R)|)?R.

So, provided T(R) < R™'/3, U is T(R) non-periodic with constant G, =0C/2. O
Lemma B.2.2. Suppose zq is a pole, and x1 = (s1,01) for —w/2 < s1 < ©w/2. Then, there is

C., > 0 such that (zo,71) is a T(R) = R~ non-looping pair.

Proof. Suppose z is the pole with s = m/2. Suppose p € S;, M and there exists p; € S; M such
that d(p,p1) < R and ¢(B(p1, R)) N B(S;,M,R) # 0. Then, there is py € B(p1, R) such that
s+(p2) > m/2 — R. Therefore, there is C' > 0 such that s;(p) > 7/2 — CR and (since |s1| < 7/2),

ne o U TensiM)<CR
s4>m/2—CR

In particular, for any tg > 0, 7" > 0,

e o (BUERL (10, T), R)) < CR
and hence (zg,21) is a T(R) = R~! non-looping pair. O
Lemma B.2.3. Suppose the assumptions of Lemma [B21l hold and xo = (so,6p) with s €
(—7/2,5_(b)) U (b,7/2). Then there is & > 0 such that xo is T(R) = R~° non-looping.
Proof. The proof is identical to [8, Lemma 5.1]. d

B.2.1. Perturbed spheres. Next, we construct examples which have large (positive measure) peri-
odic sets as well as large non-periodic sets. In particular, we find examples where the assumptions
of Lemma [B.2.1] hold and such that there is ¢ > 0 with the property that the flow is periodic on
—c< s<ec If s> 0, we will call (sg,6) aperiodic if

0s,.00(s4+) # 0 on {54 > sp}.

In the case sy < 0, we require the same condition on {a(sy) < a(s)}. We define the aperiodic set
to be the set of aperiodic points and Theorem [2 holds for any U inside this set.
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In order to do this, we make a small perturbation of the round metric (a(s) = coss). First, we
compute

0.0y =20 (s0) [ [02(w) — 20 2(e/(w)?* +a(w)a(w)
L0+ ( +)/a [ (w) (s+ ]\/a2(w)—042 sy)ad(w) (o (w))?

042 — 207\ S b a\w
~aal(s) 0) =226 i /0 - (w) .

a2(0) — a2(s)a2(b)a’ (b) w) = a2(s4))32

Let 0 < a <b<7/2and ae = ag + &(f4 + f-), with supp f+ C (a,b) and supp f— C (—7/2,0).
We have for s, > b,

0:0:.0+|

202 (w) + o3 (s
= =0iton) [t e

Arguing identically for 0_, if o, = ap+e(f++ f—) with supp f— C (s—(b),s—(a)) and supp f4 C

(0,7/2), then
2a w) + ad(s_)
= —2a;( 0 0 w
oo [ -
To construct an example where the assumptions of Lemma [B.2.1] hold, let ag(s) = cos(s) so
that g induces the standard round metric. Let 0 < a < b < §, f4 not identically 0 and f; >0

with supp f1 C (a,b), and let f_ > 0 with supp f— C (s—(b),s—(a)). Then, we have for s; > b,
and Og . corresponding to the perturbed metric with a.,

0.0, (@0,€(s+)) >0, si>b.

0-0s_0_

e=0

In particular, we may choose ¢y > 0 small enough such that for 0 < ¢ < gy and a = a,, we have
—sal(s) > 0 when s # 0, and

Os.,. <®0,€(s+)) >0, sp >b.

Moreover, since «q is the round metric on the sphere, the flow is periodic for trajectories not
leaving (s_(a),a). (See Figure [II)

B.2.2. The spherical pendulum. We now recall the spherical pendulum on S? whose Hamiltonian
is given in the (s, #) coordinates by

q(s,0,&,8) = é’? + cos_2(s)£g 4+ 2sins — E.

This Hamiltonian describes the movement of a pendulum of mass 1 moving without friction on
the surface of a sphere of radius 1. When F > 2, up to reparametrization of the integral curves,
the dynamics for the spherical pendulum are equivalent to those for the Hamiltonian p = |{ ’L2* 9
and g is given by

= (E — 2sin(s))ds® 4+ (E — 2sin(s)) cos®(s)db>.
Making a further change of variables in the s variable, we can put the metric in the form (Bl
and, moreover, by [25] for E > %, |0s,©0| > ¢ > 0 for s, € (0,7/2]. Note that the failure of

this condition at the torus Ty is due to the fact that this torus is singular, consisting of the two
curves {s = 0,0 € R/27Z,& = 0,|§| = a(0)}. In fact, it is easy to see that [@g(s4)| > csi/ L2
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for sy near 0. This, together with Lemmas [B:2.1] and [8, Lemma 5.1] are enough to obtain the
results in Table 2l and that Theorem [2] applies to the spherical pendulum with U = M.

B.3. Submanifolds of manfiolds with Anosov geodesic flow. We next recall some examples
when (M, g) has Anosov geodesic flow. The geodesic flow is Anosov if there is B > 0 such that
for all p € T*M there is a splitting

T,T"M = E.(p) & E_(p) ® RH,(p)
such that
dey(v)| < BeFBlv|, v e Eu(p), - oo,

where | - | is the norm induced by a Riemannian metric on 7*M. Here, E(p) is called the stable
space and E_(p), the unstable space.

We also note (see [19] [31]) that a manifold with non-positive sectional curvature has no conju-
gate points and that

negative sectional curvature =  Anosov geodesic flow = no conjugate points.

Note that these implications are mot equivalences. Indeed, there exist manifolds with Anosov
geodesic flow containing sets with strictly positive sectional curvature as well as manifolds with
no conjugate points which do not have Anosov geodesici flow.

One of the main goals of [9] was to prove that various submanifolds of manifolds with the
Anosov or non-focal property are non-recurrent via coverings. We will review only some of these
results here, referring the reader to [9] for further examples. In what follows we present several
dynamical lemmas which yield the statements from Table 2l

Define for a submanifold H C M, and for every p € SN*H
m+(H, p) = dim(E4(p) NT,SN*H).

Note that in two dimensions m4 (H, p) # 0 is equivalent to H being tangent to, and having the
same curvature as, a stable/unstable horosphere with conormal p. In fact, in any dimension, a
generic H C M satisfies m(H, p) = 0 for all p € SN*H.

Lemma B.3.1. Let H C M be a smooth submanifold . Suppose (M, g) is a manifold with Anosov
geodesic flow and for all p € SN*H

my(H,p) +m-(H,p) <n—-1  or  m_(H,p)my(H,p)=0.
Then there are ¢, 6,7 > 0 such that for all 0 < a < b, H is clog h™' non-recurrent via (1, R(h))
coverings for the symbol p(z,§) = |£|g(z) in the window [a, b].
Proof. The proof of this result is that of [0 Theorem 6], see [9, Section 5.1]. O

Lemma B.3.2. Suppose (M, g) is a manifold with Anosov geodesic flow and Hy, Hy C M are a
smooth submanifolds such that for i = 1,2, sup,cgyeg, m+(Hi, p) = 0. Then there are c,tg > 0
such that for all 0 < a <b, (Hy, Ha) is a (to, clog R) non-looping pair for p(z,§) = |€|4(z) in the
window [a, b].
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Proof. By [9, Proposition 2.2, Lemma 5.1] (in particular, adapting the arguments in [9, “Treat-
ment of D € {D;}icz,.”, page 38]) there exist 7 > 0, > 0, C,, > 0, C' > 0, such that the pair
(Hy, Hy) is a (tg, T(h)) non-looping via (7, h?) coverings with constant C, in the window [a, b] for
any 0 < a < b, where T'(h) = clog h~! for some ¢ > 0 depending on (M, g, ). Combining this
result with Lemma [3.4] yields the claim. O

Recall that a stable/unstable horosphere is defined by the property that 7,SN*H = E.(p) for
all p € SN*H.

Lemma B.3.3. Suppose (M, g) is a manifold with Anosov geodesic flow, Hy C M is a compact
subset of a stable/unstable horosphere and Hy C M is a submanifold with my(Hs,p) <n —1 for
all p € SN*Hy. Then, there are c,tg > 0 such that for all 0 < a < b, (Hy, Hs) is a (tg,clog R)
non-looping pair for p(z,§) = |£|g() in the window [a, b].

For simplicity, we prove only Lemma [B.3.3] but point out that the arguments similar to those
in [9, Lemma 5.1] can be used to obtain much more general statements.

Proof. We consider the case Hy. The other case following identically. By Lemma B4l it suf-
fices to show (Hy, Hs) is a non-looping pair via coverings. Thus, by [0, Proposition 2.2] and
Lemma [3.4] it suffices to show there exists o > 0 such that for all (¢, p) € [to, To] x SN*H such
that d(p¢(p), SN*Hz) < el /a, there exists w € T,SN*H for which the restriction

Ay py t ROy x Rw — Ty ) R

has left inverse L ,) with ||L¢ )| < ae®l. Here, ¢ : R x SN*H, — R"! is given by t)(t, p) =
Fogi(p) and F : T*M — R™"*! is a defining function for SN*Hy = F~1(0).

Note that T,SN*H = E,(p) and there is D > 0 such dy; : E(p) = EL(p(p)) is invertible
with inverse satisfying

I(dgp) 7| < e P11/

Since Hj is compact, and m4 (Hs,q) < n — 1 for all ¢ € SN*Hs, there is ¢ > 0 such that for all
q € SN*H, there is u € E(q) with |u| =1 such that |[dFu| > c|u].

Since p — E4(p) is v-Holder continuous for some v > 0 [29, Theorem 19.1.6], there is Cy > 0
and G € E4(q) with
Therefore,

[dFa| = (¢ — Cd(q, q)")lul.

Let ¢ = ¢i(p), so that d(q,§) < e"*/a and set w = (dw;)~!(@). The claim follows provided

a > 1 is large enough (depending on D, v, ¢, C). O

Lemma B.3.4. Suppose (M,g) has Anosov geodesic flow and non-positive curvature. Then if
H C M is a totally geodesic submanifold, m(H,p) = 0.

Proof. We need only show that for a totally geodesics submanifold m4 (H, p) = m_(H,p) =0. It

is easier to work on the tangent space side, so we will do so, denoting Eft (p*) for the dual stable
and unstable bundles.
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Suppose p* € SNH. Then, arguing as in [9, Proof of Theorem 4.C], and using that H is totally
geodesic, we have for all v € T s SNH

—(VaroN, dmv) = (p*, T (dmv, dmv)) = 0.

Here N : (—¢,6) — NH is a smooth vectorfield with N(0) = pf and N’(0) = v, V is the Levi-
Civita connection on M, and Ty is the second fundamental form to H. On the other hand, by [9}

(5.46)], for vy € Eft(pﬁ),
| — <?dmiN, drvg)| = ](pﬁ,HWi(qu,dﬂv)H >0,

where Wy is a stable/unstable horosphere with normal vector pf. Therefore, T,:SNH ﬂEEE (") =0
and in particular my (H, p) = 0. O
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