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Abstract

Coherent quantum phase-slip (QPS) in a superconducting nanowire is the dual

phenomenon to the well-known Josephson effect. Josephson junctions form the basis

of superconducting electronic circuits with a wide range of applications, and each

of those circuits has a corresponding dual quantum phase-slip device with a dual

purpose. Examples that draw particular attention are a new quantum standard of

electric current, and a quantum phase-slip qubit. The aim of this project is to develop

methods of design, fabrication, and measurement of quantum phase-slip nanowires,

and to demonstrate the potential of these devices for technological application.

In our experiments we incorporate NbN nanowires into a superconducting loop

and bias the loop with a magnetic flux. The state of the nanowire-embedded loop

is then read out by coupling to a high quality coplanar waveguide resonator. In

this thesis we present the results of two such experiments. First, we fabricated

NbN nanowires using a neon focused-ion-beam, and measured their properties at

T = 300 mK. Periodic tuning of the resonant frequency of the readout resonator

revealed that magnetic flux is transferred to the interior of the loop with flux-quantum-

periodicity. Our measurements confirm that the flux-quantum transfer is mediated by

incoherent quantum phase-slips occurring in the nanowires, and that these incoherent

QPS can be fully controlled with an external bias.

In the second experiment, nanowire-embedded NbN loops were fabricated by

electron-beam lithography and cooled to T = 10 mK. The resonant frequency tuning

exhibited avoided crossings, which is evidence of coherent coupling between the

resonator and a coherent quantum two-level system. We numerically fit these avoided

crossings to the Jaynes-Cummings model to extract the properties of the two-level
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system, and find a good fit with the design parameters of our nanowire qubit. Finally

we discuss whether the observation of coherent dynamics is evidence of coherent

QPS in the EBL-fabricated nanowire.



Impact Statement

This thesis describes an investigation into the properties of nanowires of the disor-

dered superconductor niobium nitride. Our experiments reveal macroscopic quantum

tunnelling of magnetic flux-quanta via incoherent quantum phase-slips in nanowires

fabricated by neon focused-ion-beam, and we find evidence of coherent tunnelling

of a flux-quantum in nanowires fabricated by electron-beam lithography.

The direct impact of this work is primarily academic, as a lot of further work

is needed to realise a useful or commercially viable product. Ultrathin niobium

nitride films are of interest for many applications, including single-photon detectors

and high impedance electronics, and in this thesis we demonstrated their viability

for fabricating high quality superconducting resonators. In addition to this we

demonstrate the fabrication of superconducting nanowires by two methods that have

not previously been used in experiments focusing on quantum phase-slip. We hope

that these methods can be taken on and used by other researchers in the field to

further their own research into quantum phase-slips.

By demonstrating the tunnelling of a single flux-quantum through nanowires

fabricated by one of these new methods, we have shown that QPS nanowires may

be a suitable platform for developing single flux-quantum digital logic technologies,

where a single bit of information is represented by the presence or absence of a

flux-quantum in a superconducting loop. As our dependence on huge computing

power continues to grow, the energy consumed by large computers is becoming

unsustainable, and so it is important that we find more efficient alternatives. Single

flux-quantum logic devices based on Josephson junctions are one candidate for

developing computers with greatly reduced energy consumption than semiconductor
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transistor-based technologies, and have attracted a lot of research funding in recent

decades. Taking advantage of quantum tunnelling of flux in our nanowire device

could provide a route to reducing the energy consumption per gate even further than

in state-of-the-art Josephson junction-based single flux-quantum devices.

We also describe work towards a QPS nanowire qubit. This represents a small

step within the much wider context of developing a scalable, fault tolerant quantum

computer. Quantum computers promise an exponential increase in computing power

for certain tasks, including the simulation of complex materials. Finding applications

of such devices is a very active area of research in itself, but a few known examples

with the potential for direct societal impact include accelerating new drug discovery,

simulating materials for use as catalysts in carbon capture or large scale chemical

processes, and solving complex optimisation problems. These are all tasks that are

simply beyond conventional computing technology.
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Chapter 1

Introduction

We live today in the information age. Modern computers have brought rapid techno-

logical change in recent decades — I can communicate face-to-face instantly across

the globe, cars can drive themselves, I know whether or not it will rain next Tuesday

— all of this is made possible by a fantastic array of information processing machines.

But it is also true that our modern computers are not suitable for tackling certain

problems, such as complex optimisation problems, or simulating quantum systems

with many degrees of freedom. And these problems are not just curiosities, solving

them could lead to breakthroughs in drug discovery, materials science, and battery

technology [1, 2].

Technological progress in the last 50 years has largely been driven by a steady

and reliable increase in the computing power available to us. This was famously

characterised in the mid-60s by Gordon Moore’s observation that the number of

components on state-of-the-art integrated computer chips was doubling every two

years [3]. His prediction proved remarkably accurate until the last decade, when the

continued miniaturisation of semiconductor transistors began to run up against the

limits of nature. Today it is not so easy to build a more powerful computer simply by

cramming more transistors onto a processing chip.

These facts have driven interest in novel computing paradigms to go beyond

Moore’s law and find solutions to currently intractable problems. The chief candidate

at this time is the quantum computer. It was Richard Feynman [4] who first observed

that if computers based on classical systems are unable to simulate quantum systems,
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then maybe using a quantum system to perform a computation would be a better idea.

From that starting point quantum computing has been on quite a journey in a short

space of time. In 1985 David Deutsch [5] constructed an algorithm that explicitly

demonstrated the possibility that leveraging quantum mechanics could lead to an

increase in computing power. In 1994 Peter Shor [6] proved a quantum computer

could provide exponential speedup in the task of finding the prime factors of large

numbers, the difficulty of which is central to modern cryptographic protocols. In

2011 D-Wave Systems launched “the world’s first commercially available quantum

computer”. Today, quantum computing companies around the world attract hundreds

of millions of dollars of private funding every year [7]. This thesis is written at a

very exciting time for quantum computing, as researchers at Google have recently

demonstrated “quantum advantage” — a quantum computer performing a task that

cannot be replicated in any reasonable time frame by the world’s most advanced

supercomputers [8]. Researchers in China also recently demonstrated computational

advantage using photons in a Gaussian boson sampling experiment [9]. While neither

machine solves a problem that is considered to be useful beyond a proof of concept,

these results show that the field is breaking exciting new ground.

1.1 Quantum Computing
Classical computing relies on the concept of a bit. A bit can take the value of 0 or 1

and is a representation of a single unit of classical information. A computation is

performed by initialising a series of bits, performing operations or gates on those

bits, and then reading out their values.

In quantum computing we extend our classical bit of information to a quantum

bit or qubit. A qubit is engineered from a physical system that follows the laws of

quantum mechanics, and so its state can be an arbitrary superposition of the states 0

and 1. The qubit state is represented in Dirac notation as

|ψ〉= α |0〉+β |1〉 , (1.1)

where α and β are complex quantities and are subject to the normalisation



1.1. Quantum Computing 18

Figure 1.1: A qubit state |ψ〉 can be represented by a vector on the Bloch sphere. The |0〉
(green vector) and |1〉 states are the north and south pole respectively. Gate
operations on the qubit result in rotations of the vector around the Bloch sphere.

|α|2 + |β |2 = 1. By choosing a suitable change of co-ordinates we can map this

general quantum state on to the surface of a sphere, known as the Bloch sphere

(see Fig.1.1). Any possible pure qubit state is represented by a unique point on the

surface of the sphere. Multiple qubits may also exhibit entanglement, a phenomenon

unique to quantum mechanical systems whereby apparently separate systems may

only be described by a single quantum state and so exhibit correlations that are not

possible in classical systems.

In direct analogy with classical computing, a quantum computation is performed

by initialising a series of qubits, performing operations on those qubits, and measur-

ing their final states. But of course the full story is not so simple. Quantum states

are extremely delicate. Uncontrolled interaction with an environment causes the

quantum nature of the state to be lost — a process known as decoherence. So one is

left with contradictory requirements; we want to be able to interact with our qubits,

in order to prepare, manipulate, and read out quantum information, but we must also

protect that quantum information from decoherence. This delicate balancing act is

why the task of building a quantum computer is such a formidable technological

challenge.
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1.2 Superconducting Quantum Bits

Being simply a quantum system with two available states, qubits can come in many

different flavours, each with their own unique sets of advantages and disadvantages.

Some commonly used physical systems are photons [10], trapped ions [11], electron

spins in semiconductors [12], and defects in diamond [13]. Most common of all, and

the platform of choice for the most high profile commercial quantum computers, is

to use quantum electrical circuits made out of superconducting materials.

Electrical circuits are not usually quantum, and this is in large part due to

electron scattering. An electron moving through a conductor is constantly interacting

with phonons and defects in the underlying atomic lattice, causing its momentum to

change with each scattering event. The macroscopic phenomena that we observe,

such as the flow of electric currents, only emerge as a result of averaging over

the movements of billions of electrons, and this ensemble averaging is the reason

electrical circuits behave classically.

A natural way to eliminate electron scattering in an electrical circuit is to use

a superconducting material. Below the critical temperature Tc, the electrons in a

superconductor form bound pairs called Cooper pairs, and condense into a collective

ground state where each pair must have the same combined momentum [14]. A

fascinating property of the BCS ground state is that individual Cooper pairs are

rendered immune to scattering events (we will examine why this is in more detail in

the next chapter), and so the entire sea of Cooper pairs is able to move as a single

coherent entity.

1.2.1 Linear LC Oscillator

The simplest example of a superconducting quantum circuit is the LC oscillator.

Consider a capacitor and an inductor connected together as shown in Fig.1.2(a). The

energies required to place a charge Q across the capacitor, and a flux Φ across the

inductor are given by

EC =
Q2

2C
, EL =

Φ2

2L
(1.2)
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respectively, where C is the capacitance of the capacitor and L is the inductance of

the inductor. The dynamics of the circuit are described by its Hamiltonian, which is

the sum of kinetic and potential energy

HLC = T +V =
Q2

2C
+

Φ2

2L
, (1.3)

where we have made the arbitrary choice to associate the capacitive energy with the

kinetic energy, and the inductive energy with the potential energy of the circuit.

The Hamiltonian is directly analogous to that of the harmonic oscillator, the

solution of which describes a resonant frequency ω0 = 1/
√

LC. If we operate at

low temperature, such that kBT � h̄ω0, and electron scattering is eliminated, such

that the broadening of the resonance is much less than h̄ω0, then the circuit acts a

quantum system with quantised energy levels separated by h̄ω0 (see Fig.1.2(a)).

1.2.2 Nonlinear LC Oscillator

While the circuit described in the previous section is quantum, it cannot be used

as a qubit on its own. As every level is equally spaced from the next, there is no

way to isolate only two of them. To get around this problem one needs to introduce

nonlinearity to the system, in the form of a Josephson junction. (In fact it is possible

to store qubit information in the states of a linear oscillator, but the manipulation of

that information still requires some source of nonlinearity [15]).

The Josephson junction is a circuit element conceived by Brian Josephson [16],

which consists of two regions of superconductor separated by a weak link, most

commonly a narrow insulating barrier. The wavefunctions of the Cooper pairs on

either side of the weak link mutually interfere, allowing the flow of a dissipationless

supercurrent through the insulating barrier.

The quintessential behaviour of an ideal Josephson junction is described by the

Josephson equations

I = I0 sin(δ ), (1.4)

∂δ

∂ t
=

2eV
h̄

. (1.5)
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Figure 1.2: (a) The linear LC oscillator circuit. The circuit potential as a function of the
phase δ across the inductor is harmonic. When the circuit it quantised it supports
a ladder of energy levels equally separated in energy by h̄ω0. (b) Replacing the
inductor with a Josephson junction results in the nonlinear LC oscillator. The
potential of this circuit is anharmonic, which supports unequally spaced energy
levels. This means two of the levels can be isolated for use as a qubit.

I is the current flowing through the junction, I0 is the critical current of the junction,

δ is gauge invariant phase difference across the junction, and V is a voltage across

the junction. The critical current is also commonly denoted Ic, but we use I0 here

to make the distinction between the depairing critical current of the superconductor

Ic and the Josephson critical current I0. One can see that if I > I0, there is no static

solution to equation 1.4, therefore δ must vary with time, leading to a voltage across

the junction. If I < I0 the voltage is zero and therefore supercurrent flows without

dissipation.
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What happens if we allow the supercurrent to vary with time? Let’s re-write the

Josephson equations as follows

∂ I
∂δ

= I0 cos(δ ), (1.6)

∂δ

∂ t
=

2π

Φ0
V, (1.7)

where we have defined Φ0 = h/2e. Then we can combine them to see

∂ I
∂δ

∂δ

∂ t
=

∂ I
∂ t

=
2πI0

Φ0
cosδ ·V. (1.8)

By comparison with the equation for the voltage across an inductor V = LdI
dt one can

see that in fact a Josephson junction acts as an inductor with inductance

LJ(δ ) =
Φ0

2πI0 cosδ
(1.9)

which depends nonlinearly on the phase difference across the junction.

Combining this nonlinear inductor with a capacitor forms a nonlinear LC

oscillator where the Hamiltonian is now

Ĥ = ECN̂2−EJ cos δ̂ , (1.10)

where N̂ = Q/2e and δ̂ = 2πΦ/Φ0 are operators for the quantised Cooper pair num-

ber and phase respectively. We have also defined the superconducting charging en-

ergy EC =(2e)2/2C and the Josephson energy EJ = I0Φ0/2π . The number and phase

operators form a conjugate pair, subject to the commutation relation [N̂, δ̂ ] =−i. The

Hamiltonian describes an anharmonic potential (shown in Fig.1.2(b)), and therefore

the quantised energy levels are unevenly spaced. By only addressing the circuit

with a frequency that is matched to a particular transition we can isolate two levels,

enabling the use of this circuit as a qubit.
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1.2.3 Practical Superconducting Qubits

The general type of qubit we have discussed, which is described by a charging energy

and a Josephson energy, is known as the charge qubit. There are many practical

considerations to make when trying to turn the generalised circuit into a real qubit.

By varying the relative scales of EC and EJ in the Hamiltonian we can dramatically

change the qubit’s behaviour. Early iterations of the charge qubit operated in the

regime of EC > EJ , and were known as the Cooper pair box [17]. Unfortunately, the

coherence time of the Cooper pair box was found to be limited to no more than a few

microseconds. The lowest three energy levels of a typical Cooper pair box charge

qubit as a function of a normalised gate charge ng are plotted in Fig.1.3(a). We can

see that the transition energy of the qubit varies strongly with charge, and this means

the qubit is extremely sensitive to environmental charge noise, some degree of which

is unavoidable. The variation in the transition frequency in response to noise in the

charge on the island leads to rapid dephasing of the qubit.

The solution was to shunt the Cooper pair box with a large capacitor, thus

decreasing EC. The resulting qubit is commonly known as the transmon [18]. The

energy levels of a typical transmon qubit, with EJ/EC = 10, are shown in Fig.1.3(b).

We now see that, in the ground state especially, variation in the charge on the island

leads to only a very small change in the transition energy. This means that transmons

can routinely achieve coherence times approaching 100 µs. However, at the preferred

operation point ng = 1/2, the levels are very close to being evenly spaced, and so the

cost of the improved coherence properties is significantly reduced anharmonicity.

A version of the transmon is the basis of many quantum processors currently in

development, including those made by Google, IBM, Rigetti, and Oxford Quantum

Circuits. However, this does not mean that the transmon is the perfect qubit. Typical

values for the anharmonicity of transmons (E12−E01)/E01 can be as little as a few

percent, which means a transmon is not really a qubit at all, but a weakly anharmonic

oscillator. This causes problems with leakage into higher levels, which can limit gate

fidelity or slow down gate times. The true figure of merit of a qubit is how many

(high fidelity) gates can be performed within the coherence lifetime of the qubit,
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Figure 1.3: (a) Energy levels En of a typical Cooper pair box qubit with EJ/EC = 1, as
a function of the normalised gate charge ng. The dashed lines highlight the
preferred operating point ng =±1/2, where the transition energy is first-order
insensitive to charge noise. All energies are normalised to the |0〉→ |1〉 transition
at the degeneracy point, E01. (b) Energy levels of a typical transmon qubit with
EJ/EC = 10.

and the transmon still offers significant improvement in this regard, which is the

reason it has been so widely adopted. However, while the move to the transmon was

a significant leap forward in superconducting qubit technology, improvements since

then have been getting more and more incremental.

The fluxonium qubit [19] is a particular new flavour of superconducting qubit

which is able to combine the high anharmonicity of the original Cooper pair box

design with the longer coherence time of the transmon. This is made possible by

shunting the Josephson junction with a large inductance, which can be made up of a

long chain of Josephson junctions [20], or a nanowire with large kinetic inductance

[21]. A recent arXiv preprint [22] reports coherence times exceeding 1 ms in a

fluxonium qubit, along with single qubit gate fidelities of 99.99% — comparable to

those achieved in leading transmon circuits.

The message to take away here is that despite the fact that many leading players

are currently betting on quantum processors based on transmon qubits, it is still

vitally important that research into novel qubit designs continues. The fluxonium

in particular appears as a very promising candidate for future scaled-up processors.

Analogy is often made with the timeline of classical computers. The first fully digital

computers were built out of vacuum tubes in the 1940s, but it was not until nearly
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20 years later that processors began to be made of silicon integrated circuits. It is

possible that in the future the transmon could come to be remembered as a vacuum

tube. One may even ask the question of whether the Josephson junction may be

the vacuum tube of this analogy (although admittedly this seems far less likely). In

the next chapter we will describe the quantum phase-slip nanowire, which is the

exact mathematical dual of the Josephson junction, and therefore may also form the

nonlinear element in a superconducting qubit.

1.3 Thesis Overview

The overarching goal of this thesis is to develop a quantum phase-slip nanowire

qubit. As we will discuss in the next chapter, there are a number of reasons why

this is an attractive technology to pursue. However, the Josephson junction is vastly

more mature as a technology compared with the quantum phase-slip nanowire, and

so the work we present in this thesis is a contribution to the vital early steps towards

the final destination of a quantum phase-slip qubit that can be used for processing

quantum information. The general structure of the thesis is as follows.

The first three chapters provide the necessary background information to un-

derstand the results presented later in the thesis, and describe the context within

which the work takes place. Chapter 2 is intended as a self-contained introduction to

quantum phase-slip. We start by introducing some of the key theoretical concepts

of superconductivity, such as the superconducting order parameter, and highlight

some remarkable physical consequences of these concepts, such as the quantisation

of magnetic flux. Then we consider the effect of fluctuations of the order parameter

as the dimensions of a superconductor are reduced, which leads to the notion of

a phase-slip in a quasi-one dimensional superconducting wire. We then take an

approximately chronological look at experimental studies of the phase-slip effect

in superconducting nanowires, starting from early measurements of phase-slip by

thermal activation and following the story up to the present day state of the field and

the successful demonstration of coherent quantum phase-slip. Finally we discuss a

number of proposals for technological applications of quantum phase-slip nanowires.
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In Chapter 3 we introduce the superconducting resonator, which is a device

that will be the real workhorse of this project. Resonators are sensitive probes

of their electromagnetic environment, and this makes them ideal for measuring

a variety of delicate quantum phenomena. We will first describe the physics of

superconducting resonators, and then explain how they are used as measurement

tools. In an extended example, we will describe the coupling between a quantum

phase-slip qubit and a single mode of a superconducting resonator, and in doing so

arrive at the Jaynes-Cummings Hamiltonian.

Chapter 4 is the first of three results chapters in this thesis. All of the devices pre-

sented in this thesis were fabricated in the London Centre for Nanotechnology (LCN)

cleanroom facility. The first section of Chapter 4 describes the main equipment and

techniques we used to fabricate our superconducting circuits. We also introduce the

helium-3 cryostat that was one of the two refrigerators used to cool and measure our

devices. We then present characterisation measurements at T = 300 mK of a λ/4

coplanar waveguide resonator, fabricated from a thin film of disordered niobium

nitride. We demonstrate that the intrinsic quality factor of the resonator exceeds

105, and characterise the response of the resonator to an externally applied magnetic

field. These measurements show that our disordered NbN films that are intended for

phase-slip nanowires are also suitable for fabricating high quality readout resonators.

In Chapter 5 we present measurements of a λ/4 CPW resonator, galvanically

coupled to a loop containing two NbN nanowires. The nanowires were etched into

the loop by using a neon focused-ion-beam to remove material from a wider section

of wire. By measuring the magnetic field-dependent scattering parameters of the

resonator at T = 300 mK we demonstrate the transfer of a single flux-quantum

through the nanowires. Based on our measurement results we are able to confidently

rule out a number of common mechanisms for the transfer of magnetic flux through

the superconductor, and thus establish that incoherent quantum phase-slip is the

most likely explanation. Provided the sweep rate of the magnetic field is slower

than the quantum phase-slip rate, the transfer of a flux-quantum can be thought of as

deterministic, and we propose a potential application of this technology.



1.3. Thesis Overview 27

Chapter 6 presents an extension of the experiments presented in Chapter

5, where we change the nanowire fabrication method from focused-ion-beam to

electron-beam lithography, couple the nanowire to the resonator inductively rather

than galvanically, and measure the devices in a dilution refrigerator at T = 10 mK.

We measure avoided level crossings which indicate the coupling between a coherent

two-level system with magnetic field-dependent energy splitting, and a single mode

of the resonator. By numerically fitting to the Jaynes-Cummings model we establish

that the nanowire is the most likely source of the quantum behaviour, but we also

discuss possible alternative explanations.

In Chapter 7 we discuss our conclusions and propose a number of possible

avenues for future research into our QPS devices.



Chapter 2

Quantum Phase-Slip in

Superconducting Nanowires

2.1 Properties of the Superconducting State

Almost exactly 110 years ago at the time of writing, Heike Kamerlingh Onnes was

using his new liquid helium refrigerator to investigate what happened to the resistivity

of mercury as it was cooled. Two competing theories at the time suggested that

the resistivity of metals would either smoothly drop to zero, or blow up to infinity

at zero temperature as the electrons stopped moving. In fact, Kamerlingh Onnes’

great discovery [23] was that neither is true, instead the resistance of his mercury

sample dropped suddenly to zero at a temperature of 4.2 K. It soon turned out that

many other metals behaved in the same way, each with their own characteristic

temperature, and the effect was named superconductivity. Kamerlingh Onnes went

on to discover that in addition to a threshold temperature, superconductivity could

also exist only below certain limiting values of current and magnetic field. In fact,

each superconducting material has a characteristic critical temperature Tc, critical

current density Jc, and critical field Hc, and if any of these three is exceeded then

superconductivity is destroyed. The three critical parameters form a critical surface,

as illustrated in Fig.2.1.

A consequence of the resistance-less flow of DC current is that an externally

applied magnetic field will be completely screened from the interior of a bulk
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Figure 2.1: Illustration of the temperature vs. current vs. magnetic field phase diagram of a
superconductor, showing the critical surface.

superconductor, due to magnetic field-induced screening currents at the surface. The

magnetic field decays exponentially from the edge of the bulk superconductor, and

reaches 1/e of its outside value at the penetration depth λ , which is a characteristic

property of each material. But a superconductor is more than just a perfect conductor,

as was discovered in 1933 by Walther Meissner and Robert Ochsenfeld [24]. As a

superconductor is cooled through its transition temperature, it will actually expel

magnetic field from its interior, and this is known as the Meissner effect.

2.1.1 BCS Theory

The full theoretical description of superconductivity — BCS theory — was published

in 1957 by John Bardeen, Leon Cooper, and John Robert Schrieffer [14], and won

them the 1972 Nobel Prize. This thesis is not concerned with the details of BCS

theory, but it is enlightening to have a brief look at the basic concepts.

In 1956, Leon Cooper had shown [25] that at low temperatures, a Fermi sea of

electrons is unstable against the formation of bound pairs — Cooper pairs — in the

presence of an attractive potential, regardless of how weak that attraction is. This

seems like a surprising fact, so in order to gain some intuition of the mechanism of

Cooper pairing, consider the following highly simplified picture. An electron flowing

through a lattice of positively charged nuclei will draw nearby nuclei towards it by

Coulomb attraction. This creates a local region of increased positive charge around
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the electron, which in turn draws in a second electron, which becomes correlated

with the first. BCS theory extends this fact to show that the attractive potential arising

from electron-phonon interaction leads to the condensation of Cooper pairs into a

single collective ground state, below a critical temperature Tc. The electrons in a

Cooper pair must have opposite spin, so collectively they act as a boson. This allows

the counter-intuitive notion that many electrons may share the same state.

The wavefunction of the BCS ground state is derived as

|ΨBCS〉= ∏
k

(
uk + vkĉ†

k′+k,↑ĉ
†
k′−k,↓

)
|0〉 . (2.1)

The operator ĉ†
k′+k,↑ĉ

†
k′−k,↓ creates a single Cooper pair, and the phase of that Cooper

pair is defined by vk. (Note that vk takes the same value for every Cooper pair).

Every Cooper pair in the condensate must also have the same total momentum

(k′+k)+(k′−k) = q. Different values of q correspond to different current carrying

states. To change the value of q of the condensate, every Cooper pair must scatter

simultaneously, which is extremely unlikely, and so this manifests as zero DC

resistance.

BCS theory also describes excitations out of the ground state, which are com-

monly known as quasiparticles. The effective Hamiltonian of the superconducting

condensate is

ĤBCS = ∑
k

Ekγ̂
†
k,↑γ̂k,↓+E0. (2.2)

This tells us that there is a ground state energy E0, and the operator γ̂
†
k,↑γ̂k,↓ adds an

excitation to the BCS condensate, increasing the total energy by Ek. The form of the

Hamiltonian reveals that there is an energy gap in the spectrum of a superconductor

(commonly denoted as ∆). In order to give some energy to an individual Cooper

pair, an energy of at least 2∆ must be provided to excite a quasiparticle. If we cool

the lattice below Tc, it no longer contains enough energy to overcome the gap, and

scattering of individual Cooper pairs becomes prohibited.

As well as describing the mechanism of pairing in a superconductor and deriving

its energy spectrum, BCS theory successfully predicts several observed phenomena,
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including the Meissner effect and the magnetic penetration depth, the dependence of

the energy gap and the critical magnetic field on Tc, and the isotope effect [26, 27].

2.1.2 The Superconducting Order Parameter

A large part of the reason that a full description of BCS theory is unnecessary for

us is the existence of the Ginzburg-Landau (GL) theory. Developed in 1950 [28],

Vitaly Ginzburg and Lev Landau noticed a parallel between the sudden onset of

superconductivity and the theory of phase transitions. They proposed that at Tc a

system transitions from the ‘normal’ phase to the superconducting phase, and that

the superconducting phase is described by a complex order parameter

ψ(r) = |ψ(r)|eiϕ(r). (2.3)

|ψ(r)|2 = ns(T ) is the temperature-dependent density of superconducting electrons

(which was later found to be twice the density of Cooper pairs), and ϕ(r) is the

position-dependent phase (which is equivalent to the Cooper pair phase vk from the

previous section). The fact that the superconducting state can be described by a single

variable ϕ highlights that it is possible in a superconductor for huge numbers of

electrons to act as a single coherent entity, which turns out to have many fascinating

implications, as we will see.

A natural concept that arises from considering the superconducting state in the

context of phase transitions is the Ginzburg-Landau coherence length ξGL(T ), which

is the minimum distance over which the superconducting state can vary without an

energy cost. Depending on the material, ξGL can range from a few nanometres in

‘dirty’ superconductors, eg. NbN, with ξGL(T = 0)≈ 5 nm, up to a few microns in

‘clean’ superconductors, eg. Al, with ξGL(0)≈ 1.6 µm.

Remarkably, it was shown by Gor’kov in 1959 [29] that the phenomenological

GL theory is equivalent to BCS theory, in the limit of temperatures close to Tc.

2.1.3 Flux Quantisation

A central phenomenon of superconductivity that naturally arises from the nature of

the order parameter is the quantisation of magnetic flux. The order parameter ψ is
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required to be single valued at every point in space, so the phase ϕ may only change

by integer multiples of 2π in following a closed path (as eiϕ is 2π-periodic). Let’s

consider a closed path encircling a hole, and subject to a magnetic vector potential A

(magnetic field cannot exist in a superconductor, but magnetic vector potential can).

In moving along a path l, A gives rise to a change in ϕ according to the equation [30]

∆ϕ =
2e
h̄

∮
A ·dl. (2.4)

We also require that ∆ϕ = 2nπ , so we can combine this, apply Stokes’ theorem and

rearrange

2nπ =
2e
h̄

∫∫
∇×A ·dS

=
2e
h̄

∫∫
B ·dS

=
2e
h̄

Φ.

(2.5)

Then we arrive at

Φ = n
h
2e

= nΦ0 = n×2.07×10−15 Wb, (2.6)

which tells us that the flux in a superconducting loop is quantised, and may only

take integer multiple values of the magnetic flux-quantum Φ0. An important point to

note is that the n we used to define how many 2π rotations the phase has undergone

around the circumference of the loop turns out to be the same n that defines the

number of flux-quanta inside the loop.

Flux quantisation was first demonstrated experimentally by the Little-Parks

experiment [31], where Tc of a thin walled superconducting cylinder was measured

as it was cooled in a magnetic field. Tc was found to vary periodically depending on

the magnetic field strength, which reveals the quantisation of flux in the cylinder.
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2.1.4 Type I and Type II Superconductors

We have so far discussed superconductors behaving in an idealised way, particularly

in their interaction with external magnetic fields. We saw that in the Meissner

state, external magnetic field below Hc is completely screened from the interior of

a superconductor, but in reality this is only half of the truth. Some materials —

so-called Type I superconductors — exhibit ideal Meissner behaviour, but in others

— Type II superconductors — it is energetically favourable to allow magnetic flux

into the interior of the superconductor in multiples of Φ0. The flux is supported by a

circulating vortex of current, hence these inclusions are conventionally referred to as

vortices.

Instead of a single critical field Hc, a Type II superconductor has a lower

critical field Hc1 and an upper critical field Hc2. For H < Hc1 the field is completely

screened from the superconductor exactly the same as in the Meissner state. For

Hc1 < H < Hc2 the superconductor is in the intermediate state or vortex state, and

magnetic vortices are allowed to enter the superconductor. Typically the vortices will

spontaneously arrange themselves into a lattice in order to minimise their collective

free-energy. For H > Hc2 the material is in the normal state.

In 1957 Alexei Abrikosov [32] found that whether a superconductor is Type

I or II is dependent on the value of κ = λ/ξGL. He showed that when κ > 1/
√

2,

Ginzburg-Landau theory predicts a negative energy at the boundary between super-

conductor and normal metal, which means that the system is inclined to create as

many of these boundaries as possible. In practice, one finds that the majority of

superconducting materials are Type II, including almost all alloys and compounds,

and almost all thin films. We will therefore be concerned mostly with the physics of

Type II superconductors throughout this thesis.

2.1.5 Number-Phase Uncertainty

Despite the fact that the mechanism of Cooper pairing is quantum, up until the

1980s the observed behaviour of superconductors could be described by treating the

phase ϕ as a classical variable. That is until experiments [33] began to demonstrate
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quantum tunnelling of the phase in Josephson junctions, revealing its truly quantum

nature.

It is therefore necessary to treat ϕ as a quantum variable, and as any quantum

mechanics textbook will tell you, quantum variables come in conjugate pairs. These

pairs of variables don’t commute, and are therefore subject to the uncertainty princi-

ple which tells us that the value of each cannot be simultaneously known beyond

a certain precision. In quantum theory the conjugate partner to phase is particle

number, and so the Cooper pair condensate is subject to the conditions

[ϕ̂, N̂] = i (2.7)

∆ϕ̂∆N̂ >∼ 1/2, (2.8)

where ϕ̂ is now the phase operator, and the number operator is related to the phase

by N̂ = −i ∂

∂ ϕ̂
. An equivalent uncertainty relation, which differs only in units, is

slightly more informative,

[Φ̂, Q̂] = ih̄ (2.9)

∆Φ̂∆Q̂ >∼ h̄/2, (2.10)

where the charge Q̂ = 2eN̂ and the flux Φ̂ = (h̄/2e)ϕ̂ .

The above equations tell us that the charge or phase in a superconductor fluctu-

ates, and is not necessarily well-defined. Bearing in mind which variable is more

well-defined than the other can be informative when considering how a given circuit

will behave. To revisit the example of a charge qubit from section 1.2.3, in the Cooper

pair box when EC > EJ , the large capacitive energy means that charge is well-defined.

In the transmon limit, when EJ > EC, the phase is the more well-defined variable

and the fluctuations of charge on the island are large, and this leads to the weaker

dependence of the qubit energy splitting on the island charge.

2.1.6 Response to AC Fields

So far our discussion of conduction in superconductors has focused on DC fields.

The picture changes if we think about fields that vary with time.
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Figure 2.2: Current paths in a superconductor at T > 0 K, according to the two fluid model.
At zero frequency, the superconducting electrons act as a perfect short, and all
current flows via this path. At non-zero frequency, some of the current is carried
by the normal electrons, resulting in dissipation of energy.

In a superconductor with T > 0 K, the population of charge carriers is ac-

tually made up of two parts — Cooper pairs with temperature-dependent den-

sity ns(T ) ∝ 1− (T/Tc)
4, and quasiparticles with temperature-dependent density

nn(T ) ∝ (T/Tc)
4. The total density of charge carriers nt = ns + nn. Within this

two-fluid model, current has two possible paths through the superconductor, which

is schematically represented in Fig.2.2.

To elucidate which path a current will choose to take, we consider the Drude

model of conduction to describe the response of a conductor to AC fields. Ac-

cording to the Drude model the frequency-dependent complex conductivity of the

superconducting and normal conduction channels (i = n,s) is

σi(ω) =
σ0,iτi

1− iωτi
= σ0,i

(
τi

1+ω2τ2
i
+ i

ωτ2
i

1+ω2τ2
i

)
, (2.11)

where τi is the scattering time, and σ0,i = nie2/me.

Let’s examine how this behaves in a few limits. In a superconductor, τs→ ∞,

so eq.2.11 reduces to

σs(ω)≈ σ0,s

( 1
ω2τs

+ i
1
ω

)
. (2.12)

For ω → 0, the real term dominates, and σs → ∞, therefore we retain infinite

conductance in the DC limit. For nonzero frequencies, the imaginary term dominates,

and we get an imaginary conductivity which is inversely proportional to the frequency.
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The imaginary conductivity describes an inductance, which can be understood as

follows. The action of an alternating field is to accelerate the Cooper pairs back and

forth, but the Cooper pairs, having mass and therefore inertia, resist this acceleration.

This results in a lag of the current behind the applied field, which is indistinguishable

from the magnetic inductance in a normal circuit. This manifestation of the inertia

of Cooper pairs, that is present to some degree in all superconductors, is called the

kinetic inductance and is denoted by Lk.

Returning to equation 2.11 for a normal metal, here the scattering time is very

small (typically τn ∼ 10−14 s). In this case σn is complex for any nonzero frequency,

meaning the normal electrons have a resistive and a reactive component to the

conductivity. This means an alternating current in a superconductor will be shared

between the normal and superconducting charge carriers, and so superconductors

actually exhibit finite dissipation when carrying alternating currents.

2.1.7 Kinetic Inductance

By equating the kinetic energy of a Cooper pair with its inductive energy, one finds

that the kinetic inductance of a length l of superconducting wire with cross-section

A is given by

Lk(T ) =
me

2ns(T )e2
l
A
, (2.13)

which tells us that Lk can be increased by increasing a wire’s length, decreasing

its cross-sectional area, or decreasing the Cooper pair density ns(T ). From the

temperature-dependence of ns (stated in the previous section) we find that Lk is

approximately constant for T � Tc, but becomes very large as T → Tc. Throughout

this thesis we will be referring to the low temperature value of Lk(T ) unless otherwise

stated.

BCS theory relates Lk to the normal state resistance RN of a wire according to

the equation

Lk =
h̄RN

π∆0
=

0.18h̄RN

kBTc
, (2.14)

where the normal state resistance of a superconductor is defined as the resistance as

measured just above Tc.
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Superconductors are known to exhibit a nonlinear response to a supercurrent

[34], and so we can write the kinetic inductance as a nonlinear expansion in terms of

DC current

Lk(I) = Lk(0)
[

1+
(

I
I?

)2

+ ...

]
, (2.15)

where we have noted that Lk must be the same regardless of the direction of the

supercurrent, and so have set all odd powered terms to zero. I? is a constant that is

known to be of the order of the critical current [35, 36]. This nonlinear expansion of

the kinetic inductance has been shown in many experiments to be valid, indeed the

nonlinear kinetic inductance is a crucial ingredient in technologies such as microwave

kinetic inductance detectors [37] and frequency-tuneable superconducting resonators

[38], and will be an important phenomenon in relation to the experiments in this

thesis.

2.2 Principle of a Phase-Slip
We established in section 2.1.2 that the order parameter can fluctuate over small

lengthscales, but in a macroscopic superconductor the effects of those fluctuations

can be neglected. But what happens if we take a superconducting wire and reduce its

diameter until it is comparable to the coherence length? It is reasonable to expect that

in this limit fluctuations will begin to dominate the behaviour. This problem was first

considered by William Little in 1966 [39], and it led him to predict a phenomenon

that became known as phase-slip.

The idea of Little’s phase-slip in a quasi-1D (diameter of order ξGL) supercon-

ducting wire is illustrated in Fig.2.3. The stationary solutions of the order parameter

in a single dimension are

ψ(x) = ψ0einx, (2.16)

and as we see in Fig.2.3 these can be represented in the complex plane as helices

with radius ψ0 and pitch 2π/n. It is clear to observe here that n is the ‘winding

number’ and tells us how many turns the helix has. In the steady state, the phase

difference ϕ21 between the two ends of the wire is constant, and there is no voltage

across the wire. Importantly, n need not be uniquely defined, as eiϕ = ei(ϕ+2nπ), but
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Figure 2.3: Illustration of a single phase-slip event in a wire of length l. The magnitude of
the order parameter fluctuates to zero, allowing the helix to unwind by a single
turn. The phase difference between the ends of the wire changes by 2π , but the
2π-periodicity of the order parameter means that the initial and final states are
physically equivalent.

in the absence of fluctuations n must take a fixed value. This can be visualised from

Fig.2.3 by observing that for the winding number of the helix to change, ψ(x) must

cross the x axis, which requires |ψ|= 0 at some point. There is therefore an energy

barrier which prevents changes of the winding number, equivalent to the energy

required to suppress the superconducting state across the entire cross-section of the

wire.

Little considered that the amplitude of the order parameter is allowed to fluctuate

locally over a length-scale of roughly ξGL (this also follows from section 2.1.2),

which would inevitably lead to |ψ| becoming zero across a sufficiently narrow
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wire. These fluctuations may be thermal or quantum in origin, but for now it is not

important to make that distinction. While |ψ| = 0, n may change by ±1 (it turns

out that changes of ±2 are most easily achieved by successive changes of ±1 [40]).

Referring again to Fig.2.3, the helix winds or unwinds by a single turn, and the phase

difference between the ends of the wire ϕ21 abruptly changes by 2π — a phase-slip.

For I = 0, +2π and −2π phase-slips cancel each other out and there is no

measurable effect. However, when a current flows through the wire, Ginzburg-

Landau theory tells us that I ∝ |ψ|2 dϕ

dx , which sets a preferred direction for the

phase-slips. If I is positive and constant, and |ψ|2 approaches zero, then dϕ

dx must

become large and positive, approaching ∞ at the point where |ψ|2 = 0.

2.3 Phase-Slips: A History
Since the formulation of the concept of a phase-slip in the late 60s, experiments to

demonstrate and exploit phase-slips have undergone significant development in a few

key areas, and progress is still ongoing. Initially, it was not obvious how to fabricate

nanowires from superconducting metal, and constant innovation in nanofabrication

methods has been a feature of the phase-slip story. How to effectively measure

signatures of phase-slips while ruling out alternative explanations has also been

a challenge which has led to progress in materials and measurement techniques.

Alongside this, our understanding of the phase-slip phenomenon has been constantly

evolving as well. In this section we will present some key results from the past 50

years to illustrate how phase-slip experiments have developed from the first discovery

to the modern day.

2.3.1 Resistance Below Tc

2.3.1.1 Thermally Activated Phase-Slips

In a current carrying wire undergoing phase-slips, the changing phase difference

between the ends of the wire naturally leads to a voltage drop (cf. equation 1.5)

and therefore the wire exhibits a finite resistance, even below Tc. In order to predict

the form of the sub-Tc resistance one must first predict the temperature-dependent

rate of phase-slips. Early studies only considered that phase-slips could arise from
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thermal fluctuations of the order parameter, so in reflection of that we will first

discuss thermally activated phase-slips (TAPS).

The net thermal phase-slip rate ΓTAPS is defined as the difference in the rate of

2π phase-slips Γ+ and −2π phase-slips Γ−, which are both defined by an Arrhenius

law

Γ = Γ0(T )exp
(−∆F(T )

kBT

)
(2.17)

with attempt frequency Γ0 and energy barrier ∆F . In 1967, a precise calculation

of the phase-slip energy barrier was performed by Langer and Ambegaokar [41],

and in 1970 the thermally activated attempt frequency was derived by McCumber

and Halperin [42], which together is known as the LAMH theory of TAPS. The

energy barrier to a phase-slip is the difference in the wire’s free-energy between

the equilibrium state, and the state where the order parameter is equal to zero

at some point x0 along it, or equivalently it is the energy required to suppress

the superconducting state within the effective volume of a phase-slip. An exact

calculation reveals that this is equal to ∆F =VPS(H2
c /8π), where VPS ≈ 3.77ξGLA

is the effective phase-slip volume (A is the cross-sectional area of the wire). An

equivalent expression

∆F(T ) = 0.83kBTc

(
RQ

RN

)(
l

ξGL(0)

)(
1− T

Tc

)3/2
(2.18)

was derived by Tinkham and Lau [43], where RQ = h/4e2 = 6.45 kΩ is the super-

conducting analog of the von Klitzing constant, and l is the length of the nanowire.

The attempt frequency Γ0 was derived to be

Γ0(T )≈
8kB(Tc−T )

π h̄

(
l

ξGL(T )

)√
∆F(T )/kBT , (2.19)

and so in the equilibrium state, where I = 0 and positive and negative phase-slips are

equally likely, Γ+ = Γ−.

As we alluded to in the previous section, the application of a current to the

nanowire makes 2π phase-slips more energetically favourable than −2π phase-slips,
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so the net phase-slip rate now becomes

ΓTAPS = Γ+−Γ− = Γ0

[
exp
(
(−∆F−δF)

kBT

)
− exp

(
(−∆F +δF)

kBT

)]
, (2.20)

where the current I induces a change in the barrier height δF = eRQI.

From this LAMH phase-slip rate, the temperature-dependent resistance of a

nanowire below Tc may be calculated as

RLAMH(T ) =
h̄RQ

kBT
Γ0(T )exp

(−∆F(T )
kBT

)
. (2.21)

Fitting to the LAMH resistance was used to verify early experiments reporting

TAPS, the first of which came in 1970 [44]. In this experiment voltage across the

nanowires was measured using a highly sensitive femto-voltmeter. The measured

R(T ) and LAMH fit can be seen in Fig.2.4, and the model fits the data excellently

up to Tc− T = 0.4 mK where it predicts an unphysical zeroing of the attempt

frequency. The nanowires studied in this report were tin whiskers, which were

grown and then soldered to superconducting electrodes. This was a very delicate

process and only 5% of the prepared samples were not damaged. Nevertheless, the

innovations of nanowire fabrication and precise voltage measurement enabled this

first detection of the phase-slip phenomenon. Subsequent experiments [45–48] also

reported successful fits of R(T ) measurements with LAMH theory.

2.3.1.2 Quantum Phase-Slips

The idea that the fluctuations driving phase-slips could be of quantum origin was first

suggested in 1987 [46], and later that year the first experimental evidence was pub-

lished [49]. It was observed that in the narrowest of nanowires, the superconducting

transition was significantly broader than predicted by the LAMH theory alone.

To describe these broadened transitions, Giordano [50] derived an expression for

the temperature-dependent resistance of a nanowire undergoing quantum phase-slips

(QPS)

RG(T ) = aRQ

(
h̄ΓG(T )

kBTQ

)
exp
(−b∆F(T )

kbTQ

)
, (2.22)
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Figure 2.4: Measured resistance of tin whisker superconducting nanowire and fit to the
LAMH resistance. Figure reproduced from [44].

where ∆F is the same as previously, kBTQ = (8/π)kB(T −Tc) is the defined quantum

fluctuation energy scale and the quantum attempt frequency is

ΓG(T ) =
(

kBTQ

h̄

)(
l

ξGL(T )

)√
∆F(T )/kBTQ. (2.23)

a and b are adjustable numerical parameters that are of order unity. The Giordano

model predicts that a nanowire undergoing QPS will exhibit finite resistance even at

T = 0 K.

The advancement of the method of molecular templating (where a carbon

nanotube laid across an etched trench is used as a scaffold on which to deposit

superconducting material), and other similar techniques, allowed the measurement

of nanowires with diameter less than 10 nm [51–54]. Typically these revealed a

broadened R(T ) which could be fit by a combination of LAMH theory close to Tc

and the Giordano resistance as T → 0. One can directly compare the LAMH and

Giordano resistances to obtain a crossover temperature T ? at which the thermal and

quantum phase-slip rates are predicted to be equal. A temperature of T ? ≈ 0.72Tc

emerges as a universal temperature below which ΓG is predicted to be larger than

ΓTAPS, and this is more or less independent of the choice of a and b [55].
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Generally, the early reports of nanowire resistance below Tc are accepted as

good evidence of the presence of TAPS or QPS. However, phase-slips are not

the only possible explanation for sub-Tc resistance, and so care must be taken

when interpreting results. For example, a non-homogeneous sample may exhibit

a broadened superconducting transition, as there may be a spatially varying Tc

throughout the wire, or there could be islands of superconducting grains, separated

by tunnel barriers. Measurement equipment may also be invasive, as contact wiring

in close proximity to the nanowire could have slightly different Tc, or inject noisy,

high temperature electrons into the device. Material homogeneity and the effect

of the environment are common themes that still crop up today, and the phase-slip

experimenter must be careful to rule out alternative explanations for the observed

behaviour.

2.3.2 Superconductor-Insulator Transition

Further experiments measuring R(T ) of nanowires (fabricated again by molecular

templating) began to reveal some nanowires behaving differently to others. In some

nanowires, R→ 0 as T → 0, as expected based on what we discussed in the previous

section. In other nanowires however, the resistance remained constant or even

increased as T → 0 [53, 54]. If we consider how a nanowire will behave as the

QPS rate is increased, it is natural to expect a limit where the phase-slips proliferate,

and the superconducting state in the wire is completely destroyed. The transition

of a nanowire from the superconducting to the insulating state as a result of the

proliferation of QPS is a quantum phase transition, known as the superconductor-

insulator transition (SIT), and the ability to understand and control this transition is

of both fundamental and practical interest [56, 57].

It appeared that the crucial property in determining the behaviour of a nanowire

was the normal state resistance RN . Bollinger et al. [58] performed a study of ∼ 100

MoGe nanowires, characterising whether the behaviour of each was superconducting

or insulating (see Fig.2.5(a)). The initial conclusion was that nanowires with RN <RQ

would exhibit superconducting behaviour, and nanowires with RN > RQ would

exhibit insulating behaviour.
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Figure 2.5: (a) Top panel - R(T ) of nanowires exhibiting superconducting behaviour with
broadened transitions which are well fit by the LAMH model of TAPS. Bottom
panel - R(T ) of nanowires exhibiting insulating behaviour. Subfigure repro-
duced from [58]. (b) Data reproduced from [58], showing the crossover from
superconducting (blue points) to insulating (red points) behaviour. The black
line shows a fit to the equation ES/EL = 0.3. Subfigure reproduced from [59].

Mooij et al. [59] offered an alternative way of characterising the SIT in

nanowires, which is now generally taken to be the correct one. Instead of the

normal resistance being greater than a critical value, the important parameter of a

nanowire is the ratio between the phase-slip energy scale ES and the inductive energy

scale EL. The phase-slip energy may be derived [60, 61] as

ES = hΓS = a
l
ξ

kBTc
RQ

Rξ

exp
(
−b

RQ

Rξ

)
. (2.24)

Here ξ = (ξ0λ0)
1/2, where ξ0 is the BCS coherence length and λ0 is the electronic

mean free path. Rξ is the normal resistance of a section of the wire with length ξ ,

and a and b are again unknown numerical constants of order unity. The inductive

energy EL is defined as

EL =
Φ2

0
2L

, (2.25)

where L is the inductance of the wire. Notice that although we no longer simply

compare RN with RQ, the factor RQ/Rξ in the phase-slip energy is still critically

important.

The Giordano model we discussed earlier was in fact a phenomenological
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extrapolation of Ginzburg-Landau theory to zero temperature, whereas Zaikin et al.

[60] considered a full microscopic description of the system to derive equation 2.24.

For this reason the latter is now considered the most correct description of QPS

nanowires. What we learn from equation 2.24 as a QPS experimentalist is that in

order to maximise the rate of QPS in a nanowire, we need to maximise Rξ . Practically

this means reducing the cross-sectional dimensions of the nanowire, and increasing

the normal state resistance of the superconducting material. This is achieved by

choosing materials with a high level of disorder, such as amorphous InOx, TiN, and

NbN thin-films.

By studying the data of [58], Mooij et al. [59] found a crossover from supercon-

ducting to insulating behaviour at a phenomenological critical value of ES/EL = 0.3,

as shown in Fig.2.5(b). The inspiration to consider the factor ES/EL was by analogy

to the case of a Josephson junction, where a crossover from superconducting to

insulating behaviour may be observed as a function of the factor EJ/EC. We will see

shortly that the analogy between Josephson junctions and QPS nanowires goes far

deeper than a passing comparison.

2.3.3 Flux-Biased Loops

In Little’s original paper, he considered the effect of fluctuations on persistent currents

in narrow superconducting loops. However, as we have seen, phase-slip studies

quickly moved to the arena of DC measurements of externally connected wires, and

the subject of phase-slips in closed loops remained largely dormant until 2002, when

a quantitative theory of QPS effects in nanorings was proposed by Matveev et al.

[62].

They considered a closed chain of Josephson junctions in which phase-slips

were allowed to occur across the junctions, but it was later shown [63] that consider-

ing quantum fluctuations in superconducting nanorings yields the same conclusions.

At this point we will introduce a small detail in terminology. By nanoring, we

mean a loop with uniform cross-section around its entire circumference, with that

cross-section being ∼ ξGL. One can also consider the slightly different geometry of

a loop containing a wider section and a narrower section, which we will refer to as a
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nanowire-embedded loop. Arutyunov et al. [63] showed that the two cases behave

in the same way, provided QPS effects are negligible in the wider part of the loop

compared with the nanowire.

As we discussed in section 2.1.3, the flux inside a closed superconducting loop

is constrained to take a series of discrete values defined by Φ = nΦ0, where n must

take integer values. This suggests the existence of a discrete set of energy states

labelled by n. If the loop has inductance L then its free-energy is

E(Φapp) =
(Φapp−nΦ0)

2

2L
, (2.26)

which describes a set of energy states which are parabolic with the applied flux Φapp

and are separated by Φ0.

In section 2.1.3 we showed that there is an equivalence between the loop

winding number and the number of flux-quanta inside the loop. It therefore follows

that a single phase-slip event occurring somewhere in the loop has the effect of

transferring one flux-quantum into or out of the loop. To say this another way, a

single phase-slip leads to a transition between neighbouring parabolas in the loop’s

free-energy landscape (Fig.2.6(a)). The circulating DC screening current in the loop

is related to the free-energy by

Isc =
dE
dΦ

, (2.27)

and so a phase-slip event will modify the current in the loop, and this change can

be large enough to be detectable by a variety of methods. The loop geometry offers

a key advantage over a straight wire in that a phase-slip event can change the state

of the loop such that a second phase-slip event becomes much less likely or even

impossible. It is therefore suitable for isolating single phase-slip events, rather than

measuring time averaged effects of many phase-slips.

There have been a number of reported experiments on phase-slips in flux-biased

loops [64–70], operating in both the thermal and quantum regime, two of which we

will discuss here. Petković et al. [68] measured the circulating current in large arrays

of aluminium nanorings using the novel technique of cantilever torque magnetometry,



2.3. Phase-Slips: A History 47

Figure 2.6: (a) Form of the free-energy of a nanoring as a function of the externally applied
flux Φapp. Each parabola corresponds to an integer number n of flux-quanta
inside the loop. (b) Transmission coefficient of a nanoring-embedded resonator
as a function of the applied magnetic field. Vertical lines between parabolas
reveal transitions between flux states mediated by QPS. Subfigure reproduced
from [66].

where the magnetic moment of the current µ = πIR2 (R is the loop radius) exerts

a torque on a vibrating cantilever, shifting its resonant frequency. Aluminium was

the chosen material due to its large coherence length, meaning it was relatively

straightforward to fabricate nanorings with radius R≈ ξGL. In addition to this, the

low RN of aluminium means QPS is effectively suppressed (cf. equation 2.24),

allowing the study of TAPS in the nanorings.

Under an externally applied magnetic field, the persistent current exhibited

sawtooth oscillations with flux-quantum-periodicity. The abrupt jumps in the saw-

tooth corresponded to jumps between parabolas in the free-energy landscape, where

a single flux-quantum enters the loop via a TAPS. Analysis of the switching flux

— the normalised value of applied flux at which a phase-slip event occurred —

revealed a characteristic dependence on the winding number, which was well fit by a

Ginzburg-Landau-based model of the flux at which the phase-slip energy barrier is

tuned to zero, confirming that the fluctuations driving the phase-slips were of thermal

origin.

In a separate experiment, Belkin et al. [66] studied persistent currents in

Mo79Ge21 nanowires of width 25 nm fabricated by molecular templating, by mea-

suring the variation of the kinetic inductance. The nanowires were incorporated into
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a coplanar waveguide (CPW) resonator, and the change in kinetic inductance was

revealed by a shift in the resonant frequency f0 (we will study this idea in more detail

in the next chapter). The main result can be seen in Fig.2.6(b). Each branch of the

S21(H) curve corresponds to a state with a particular number of flux-quanta inside

the loop, and the vertical lines reveal transitions between flux states mediated by

QPS. The applied magnetic field H was swept many times to obtain the data shown.

From the data a QPS rate of ΓQPS < 2×10−4 Hz was inferred.

2.3.4 Coherent Quantum Phase-Slip

So far we have encountered phase-slips as an incoherent process, where the order

parameter transitions from one side of a potential barrier to the other, either by

thermal activation or quantum tunnelling. This is a stochastic process and it often

leads to energy dissipation. However, if the order parameter is indeed able to quantum

tunnel, then it follows that it should be possible to observe coherent tunnelling [71].

In this event a single phase-slip is no longer well-defined, but instead coherent

quantum phase-slip (CQPS) acts as a mechanism of coherent coupling between two

distinct quantum states of magnetic flux. This conclusion also follows naturally from

our discussion in section 2.1.5 that the magnetic flux is a quantum variable that is

not necessarily well-defined.

A useful analogy is with the Josephson junction. A Cooper pair current may

flow through a Josephson junction, with pairs hopping across the junction one by one.

But it was later discovered that the Cooper pair tunnelling could be coherent, and

superpositions and entanglement of Cooper pair number states could be engineered

[72]. In fact, Mooij and Nazarov’s seminal paper [73] showed that this is more than

just an analogy. A QPS nanowire of finite length can be considered as a circuit

element called the QPS junction, and it is the exact flux-charge dual of the Josephson

junction. A full description of a QPS circuit may be mapped from an equivalent

Josephson junction-based circuit by the exchange of a set of canonically conjugate

variables. We will illustrate this with an example.

The well-known Cooper pair box charge qubit consists of an isolated charge

island, which is connected to ground via a capacitor on one side, and via a Josephson
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junction on the other (see Fig.2.7(a) for a simple circuit diagram). The Hamiltonian

of the circuit is

ĤCPB = EC ∑
n
(n−ng)

2 |n〉〈n|− EJ

2 ∑
n
(|n+1〉〈n|+ |n〉〈n+1|), (2.28)

where n is the the number of Cooper pairs on the island, EC = (2e)2/2C is the

capacitive energy required to place a single Cooper pair on the island via the capacitor,

and ng =CV/2e is the normalised charge induced on the island by a gate voltage. EJ

is the Josephson energy, and coherent tunnelling of Cooper pairs through the junction

couples states of n and n+1 Cooper pairs on the island. Now consider the following

— a closed superconducting loop containing a phase-slip junction, and biased by an

external magnetic field (see Fig.2.7(a) again). Notice that the charge island is now a

‘flux island’ (the interior of the loop), which is connected to the outside world via

an inductor (the inductive loop) and a phase-slip junction, and so this circuit is the

flux-charge dual of the Cooper pair box. The Hamiltonian of this circuit is

ĤQPS = EL ∑
n
(n− f )2 |n〉〈n|− ES

2 ∑
n
(|n+1〉〈n|+ |n〉〈n+1|), (2.29)

where n now represents the number of flux-quanta in the loop, EL = Φ2
0/2L is the

inductive energy required to place a flux-quantum in the loop, and f = Φapp/Φ0

is the normalised externally applied flux. ES is the phase-slip energy, and coherent

tunnelling of flux-quanta through the QPS junction couples states of n and n+ 1

flux-quanta in the loop. It is easy to see that these two Hamiltonians are equivalent

under the exchange of the following conjugate variables

EC⇔ EL; EJ ⇔ ES; ng⇔ f , (2.30)

and just as the Cooper pair box operates in the EJ < EC regime, the QPS qubit

operates in the ES < EL regime.

The effect of the phase-slip term in the CQPS circuit Hamiltonian is to open up

a gap in the qubit energy spectrum at the degeneracy point where adjacent flux states
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Figure 2.7: (a) Circuit diagram of a Cooper pair box and its flux-charge dual, the CQPS flux
qubit. (b) Flux-dependent energy states of the CQPS qubit. The CQPS couples
neighbouring flux states, which results in an energy gap between the ground
state and first excited state (highlighted red). At the degeneracy point the size
of the gap is equal to ES (c) Two-tone spectroscopy of a CQPS qubit, revealing
the flux-dependence of the |0〉 → |1〉 transition. This was the first unambiguous
demonstration of coherent QPS. Subfigure reproduced from [75].

cross [62, 63], as shown in Fig.2.7(b). By biasing at the degeneracy point, the circuit

may be operated as a CQPS qubit. The ‘phase-slip flux qubit’ was first proposed in

2005 by Mooij and Harmans [74], and was first demonstrated in 2012 by Astafiev

et al. [75] with nanowires of InOx. The authors in the latter measured the transition

energy of their CQPS qubit as a function of the applied flux by exciting it with a

coherent microwave probe tone, and the result was convincingly fit with the expected

parameters for the circuit. The main result can be seen in Fig.2.7(c). In the same year,

signatures of CQPS in nanorings were also reported in measurements of the magnetic

field-dependence of screening currents [76]. Following the initial report of CQPS

in InOx nanowires in 2012, the same group has made steady developments to their

technology, reporting CQPS behaviour in NbN nanowires [77], an investigation into

decoherence in NbN CQPS nanowires [78], and demonstrating gate-tuneability of

the phase-slip amplitude in NbN nanowires [79]. Progress in this area has remained

steady but slow, primarily because it is being driven by a single research group.
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Another prediction that arises from the Josephson junction – QPS junction

duality is the correspondence between their current-voltage characteristics. As we

saw in section 1.2.2, a current can flow through a Josephson junction with zero

voltage, up to the critical current I0, above which the junction enters the resistive

voltage state. In a wire undergoing strong QPS, ie. when ES� EL, for voltage bias

below the critical voltage V0 no current will flow (this is the insulating state we saw

in section 2.3.2), but for V >V0 current is able to flow through the wire. This allows

us to write down the dual to the first Josephson equation

V =V0 sin
(

2πq
2e

)
, (2.31)

and describe the CQPS nanowire as a capacitor that is nonlinear with the induced

charge q

CQPS =
2e

2πV0 cos(2πq)
. (2.32)

There have been numerous reports of critical voltages in superconducting

nanowires [80–84], however qualitatively similar ‘Coulomb blockade’ behaviour can

also be observed in long chains of Josephson junctions, whereas the physics leading

to the two effects is not the same. A particular complication is that the strongly

disordered superconducting films required for CQPS could conceivably be made

up of a network of superconducting grains separated by tunnel junctions. There

is ongoing discussion in the field over whether reports of CQPS may actually be

attributed to Coulomb blockade in granular Josephson junction networks, and it is

an open problem to work out how to conclusively distinguish between the two cases.

A recent proposal [85] suggests that the answer is to measure the QPS nanowire

dual of Fraunhofer interference [86] which should only be apparent in a true CQPS

nanowire.

2.4 Applications of Phase-Slip Devices

The duality between Josephson junctions and QPS nanowires means that in principle

any Josephson junction-based device has a corresponding dual QPS device. Joseph-
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son junctions have found widespread application in metrology [87], classical [88]

and quantum [89] information processing, and microwave engineering [90], and so

this highlights the potential of phase-slip devices to have similar impact in the future.

In this section we will briefly highlight a small number of the exciting applications

that have been proposed.

The application that perhaps draws the most attention is the quantum current

standard [73, 91]. Modern day metrology is underpinned by constant progress in

the accuracy with which we can measure quantities such as mass, time, voltage,

and current, and the units for each of these are defined by standards — extremely

accurate measurement of a known physical phenomenon. The standard for the

ampere currently lacks the accuracy of other units, and so an improved current

standard is required to close the ‘metrological triangle’ of voltage, current, and

resistance. The state of the art voltage standard is based on a long chain of Josephson

junctions, which, when irradiated by microwaves of a fixed frequency, exhibit

plateaus at constant voltage in their current-voltage response known as Shapiro steps

[92]. Duality suggests that a QPS nanowire in the ES� EL regime should exhibit

current plateaus in response to an applied microwave tone. It is expected that a QPS

current standard should achieve comparable levels of accuracy to the Josephson

voltage standard, which has been demonstrated with relative uncertainty of 3×10−19

[93]. This is many orders of magnitude more accurate than electron pumps — the

current state-of-the-art.

We have already discussed the CQPS flux qubit (section 2.3.4), and this con-

stitutes another exciting application to pursue. While it is true that Josephson

junction-based qubits have had a 20 year head start on their CQPS counterparts,

we have already stressed that it is by no means set in stone that a future quantum

computer will consist of transmon qubits. A number of potential advantages of

a CQPS qubit have been proposed. First, a lack of any charge islands means a

CQPS qubit should be insensitive to low frequency charge noise, which is a leading

source of decoherence in Josephson qubits [94–96]. In addition, a phase-slip qubit,

being made up of a single superconducting wire, is also structurally much simpler
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than a Josephson qubit, which often requires complex multi-layer processes which

introduce unwanted oxides and material boundaries, all of which are sources of

decoherence. As we will see later, there is certainly scope for an array of phase-slip

qubits to be fabricated from a single film in a single step process. It has also been

predicted [74] that a phase-slip qubit can be designed to be highly anharmonic, which

should allow fast, high fidelity gates with minimal leakage to higher levels.

A novel proposal by Le et al. [97] is to combine a CQPS nanowire with a

Josephson junction in the same circuit. The Hamiltonian of the circuit is

Ĥ =−ES cos(2πN̂)−EJ cos(δ̂ ), (2.33)

which is periodic in both charge and flux, and exact diagonalisation reveals points

in the eigenspectrum where the linear sensitivity to charge and flux noise vanishes.

This highlights the potential for sharing the advantages of Josephson junctions and

QPS nanowires to create qubits that are insensitive to environmental noise.

Lastly we mention the potential to utilise CQPS nanowires in quantum annealing

experiments. In the current generation of quantum annealers [98], superconducting

flux qubits are coupled inductively via a σ̂zσ̂z interaction [99]. A consequence

of this is that the Hamiltonian of the system is stoquastic, meaning that it can

be efficiently simulated on a classical computer using the quantum Monte Carlo

algorithm. It is therefore desirable to engineer a superconducting qubit circuit with

a non-stoquastic Hamiltonian, which can be achieved by implementing both σ̂zσ̂z

and σ̂xσ̂x interactions between qubits. A recent proposal [100] to do exactly that

exploits the interference of flux-quanta tunnelling through two separate paths around

an island of charge, which could naturally be realised by two CQPS nanowires in

series, separated by a wider section of wire with negligible phase-slip amplitude.

The flux-quantum tunnelling amplitudes acquire a relative phase depending upon the

induced charge on the island via the Aharonov-Casher effect [101], and indeed the

Aharanov-Casher effect in series CQPS nanowires has recently been demonstrated

experimentally [79].



Chapter 3

Superconducting Resonators

In this thesis we determine the physics of our phase-slip nanowires by coupling them

to superconducting resonators. This chapter introduces the background information

necessary to understand our resonator experiments, and describes how resonators are

used as a valuable tool in the study of superconducting devices.

3.1 Introduction to Superconducting Resonators

3.1.1 LCR Oscillator

A central pillar of the studies of most early stage undergraduate students in physics

or electronics is the harmonic oscillator. In general terms, a harmonic oscillator is

a physical system which has an equilibrium state, and when it is perturbed from

that state, experiences a restoring force that is linearly dependent on the distance

from equilibrium. This causes the system to oscillate about the equilibrium position,

with those oscillations storing energy. The harmonic oscillator model is so useful

because it describes the physics of a wide range of natural and man-made systems,

and particularly interesting for us is the LC oscillator electric circuit.

Consider a simple circuit in which an inductor with inductance L is con-

nected across a capacitor with capacitance C. The voltage across the inductor is

VL(t) = LdI(t)
dt , the voltage across the capacitor is VC(t) = 1

C
∫

I(t)dt, and Kirchoff’s

law requires that VL +VC = 0. Combining these gives

d2I(t)
dt2 +

1
LC

I(t) = 0, (3.1)
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Figure 3.1: A simple LCR oscillator circuit. Energy oscillates back and forth between
the capacitor and the inductor, and the resistance acts to damp the oscillations.
Plotting how the voltage across the capacitor changes with time shows a sinu-
soidal oscillation with amplitude that decays with time. The envelope function
exp
(
−ζ ωt

)
is parameterised by the damping factor ζ = 1/2Q.

which maps simply to the equation of motion for a harmonic oscillator by defining a

resonant frequency f0 = ω0/2π = 1/2π
√

LC. An LC circuit therefore stores energy,

where that energy oscillates back and forth between the electric field in the capacitor

and the magnetic field around the inductor.

Any real circuit must have some resistance at non-zero frequency, in addition

to the inductance and capacitance. The resistance adds a damping term R
L

dI(t)
dt to

equation 3.1, and has the effect of causing the oscillations in the circuit to decay (see

Fig.3.1), or equivalently to cause the energy stored in the circuit to be lost. This is

characterised by the quality factor or Q factor, which is defined as

Q = 2π× energy stored
energy lost per cycle

. (3.2)

It can be shown that for a series LCR circuit, the Q factor is given by Q = f0L
2πR , so

we see that a circuit with lower R will have a higher Q, and therefore store energy

for longer. The Q factors of resonant circuits made from conventional electrical

components typically don’t exceed a few hundred, but by utilising superconducting

materials, where R can be made to be very low, Q > 106 is relatively straightforward

to achieve.

The harmonic oscillator has a quantum analogue — the quantum harmonic
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oscillator, and thus under the right conditions, an LC circuit can exhibit quantum

behaviour. As we touched upon briefly in the introductory chapter, the energy of an

LC oscillator circuit is

E =
Q2

2C
+

Φ2

2L
, (3.3)

and so promoting the charge and flux to quantum operators results in the Hamiltonian

ĤLC =
Q̂2

2C
+

Φ̂2

2L
. (3.4)

We note that this shares a direct correspondence with the Hamiltonian for a general

quantum harmonic oscillator

Ĥqho =
p̂2

2m
+

1
2

mω
2
0 x̂2. (3.5)

Following the usual treatment of the quantum harmonic oscillator, equation 3.4 can

be reformulated as

ĤLC = h f0
(
â†â+1/2

)
(3.6)

by introducing the photon creation operator

â† =
1√

2h̄Z0

(
Φ̂− iZ0Q̂

)
, (3.7)

and its adjoint operator the photon annihilation operator

â =
1√

2h̄Z0

(
Φ̂+ iZ0Q̂

)
, (3.8)

where Z0 =
√

L/C is the characteristic impedance of the circuit. â†â is equivalent to

the number operator N̂ and so the reformulated Hamiltonian simply reveals that the

energy states of the quantum harmonic oscillator are an infinite set of discrete modes,

separated in energy by h f0. It also reveals the zero-point energy of 1
2h f0 which

arises from vacuum fluctuations. In order for the quantum behaviour to become

apparent, the modes of the oscillator must be discrete and well separated, which is

true when Q is large, such that the broadening of the modes is much less than their
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separation, and when h f0� kBT . These conditions can be achieved relatively easily

using superconducting circuits. The excitations in the quantum harmonic oscillator

are photons, and so by analogy a superconducting resonator in the quantum regime

is an electrical circuit that stores microwave photons.

3.1.2 CPW Resonators

The basic properties of a superconducting resonator are defined by its inductance and

capacitance, and so the geometry of the circuit plays a key role. This allows for a lot

of flexibility and imagination when designing a resonator for a particular purpose,

but broadly speaking resonators can be sorted into two categories — lumped element

and distributed element resonators. The lumped element approximation is valid

when the physical size of components is much smaller than the wavelength of the

signal passing through them. However, due to the short wavelength of microwave

signals (typically on the order of millimetres to centimetres), ideal lumped element

microwave resonators can be hard to design. Alternatively, a distributed element

resonator is a section of waveguide or transmission line, which can be modelled as

consisting of infinitely many, infinitely small lumped elements.

Consider the geometry of the superconducting circuit shown in Fig.3.2(a). A

strip of superconductor of length l (in resonators operating at 4–8 GHz, the length l is

typically a few millimetres) is separated from a ground plane by a narrow insulating

gap. The long central conductor provides geometric inductance characterised by the

inductance per unit length Ll , and the gap between the central conductor and the

ground plane acts as a capacitor with capacitance per unit length Cl . Therefore the

lumped circuit diagram (Fig.3.2(b)) is equivalent to a long chain of LC resonators.

The structure is known as a coplanar waveguide (CPW), and so resonators of this

kind are called CPW resonators.

Applying Kirchoff’s rules to a single unit of the circuit (red box in Fig.3.2(b))

and assuming zero loss results in coupled equations for the position-dependent
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Figure 3.2: (a) Geometry of a coplanar waveguide transmission line. The long central
conductor acts as an inductor, and the gap between the centre conductor and
a ground plane acts as a capacitor. (b) Lumped element circuit representation
of a CPW transmission line. The transmission line is modelled as a long chain
of LC oscillators with inductance Llδ z and capacitance Clδ z. (c) A λ/4 CPW
resonator is a length l of transmission line with one open-circuit end, and the
other end short-circuit terminated to ground. (d) Variation of the voltage and
current distributions of the fundamental and first modes along the length of
the λ/4 resonator. The fundamental resonant mode is a standing wave with
wavelength equal to 4l.

current and voltage [102]

dV (z)
dz

=−i2π f LlI(z)

dI(z)
dz

=−i2π fClV (z),
(3.9)

where we have assumed harmonic solutions in the steady state ( ∂

∂ t = i2π f ), to obtain

the steady state transmission line equations. The solution to these coupled equations

is a wave propagating in the z direction, with propagation constant β = 2π f
√

LlCl .

The wave propagates with phase velocity v= 2π f/β = 1/
√

LlCl , and has wavelength
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λ = 2π/β = 1/ f
√

LlCl .

Imposing boundary conditions allows the CPW to support standing waves or

resonant modes. In this thesis we study CPW resonators where one end is open-

circuit, and the other end is short-circuit terminated to ground. This fixes the current

amplitude to zero at the open end, and the voltage amplitude to zero at the shorted

end, and so this configuration supports modes with λ = 4l
2n+1 . The CPW resonator

with open-circuit and short-circuit termination is known as a λ/4 resonator and

resonates with frequency

f0 =
v
λ
= (2n+1) · 1

4l
√

LlCl
. (3.10)

The standing wave voltage and current distributions in a λ/4 CPW resonator are

given by

V (z) =V0 cos
(2n+1)πz

2l
, I(z) = I0 sin

(2n+1)πz
2l

. (3.11)

Plots of the current and voltage distributions for the first two modes of the λ/4 CPW

resonator are shown in Fig.3.2(d).

The capacitance and geometric inductance per unit length of a CPW resonator

can be calculated using a conformal mapping technique, where the electric field lines

around the CPW are mapped to those of a parallel plate capacitor. We will make

use of this technique later, but the derivation is quite involved, so here we state the

results and direct the interested reader to the the following references [103, 37] for a

more detailed explanation. The capacitance and geometric inductance per unit length

of a coplanar waveguide are described by the equations

CCPW = 2ε0εe f f

[
K(k3)

K(k′3)
+

K(k4)

K(k′4)

]

LCPW =
µ0

2

[
K(k3)

K(k′3)
+

K(k4)

K(k′4)

]−1

,

(3.12)

where K is the complete elliptic integral of the first kind, and k3,k
′
3,k4,k

′
4 are defined
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Figure 3.3: Cross-section view of a CPW resonator chip inside its sample enclosure.

by

k3 =
tanh(πw/4h)

tanh(π(w+2g)/4h)
k
′
3 =

√
1− k2

3

k4 =
tanh(πw/4h1)

tanh(π(w+2g)/4h1)
k
′
4 =

√
1− k2

4.

(3.13)

w is the width of the centre conductor, g is the gap between the centre conductor

and the ground plane, h is the thickness of the substrate, and h1 is the distance to the

top cover of the sample enclosure (see Fig.3.3). ε0 and µ0 are the permittivity and

permeability of free space respectively, and the effective dielectric constant εe f f is

defined as

εe f f = 1+q2(εr−1). (3.14)

εr is the relative permittivity of the substrate and q2 is a filling factor defined by

q2 =
K(k3)

K(k′3)

[
K(k3)

K(k′3)
+

K(k4)

K(k′4)

]−1

. (3.15)

3.1.3 Resonator Scattering Parameters

The previous subsection described a CPW resonator that is completely isolated from

the outside world, but in reality we need some way of coupling energy into and

out of the resonator. The most common technique is to connect the resonator to an

external transmission line — known as a feedline — via a coupling capacitor, as

shown in Fig.3.4(a). The capacitor acts as a partially transparent mirror, allowing

some fraction of the electromagnetic field in the feedline to couple into the resonator

(and also out again). This transfer of photons can be modelled by a quality factor Qc,
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known as the coupling quality factor.

From the point of view of a wave travelling through the feedline, the input

impedance of the resonator is

Zin = Z0 tanh(iβ l) = iZ0 tan
(2π f l

v

)
, (3.16)

and at resonance, I m{Zin}→ ∞. When f ≈ f0, the signal in the feedline will see a

change in impedance, and will respond accordingly. It is therefore possible to detect

a CPW resonator by measuring the frequency-dependent transmission and reflection

of a signal applied to the feedline.

In a two-port circuit such as the one shown in Fig.3.4(a), the transmission and

reflection of the applied signal are characterised by a matrix of scattering parameters

Si j, where the subscript i j denotes that the signal is applied from port j and received

at port i. The value of Si j is defined as the relative voltage amplitudes at ports i and

j, such that Si j =Vi/Vj and


V out

1

V out
2


=


S11 S12

S21 S22




V in

1

V in
2


 . (3.17)

S21 is therefore the transmitted signal through the feedline, and S11 is the reflected

signal.

The generalised frequency-dependent S21 response of a λ/4 resonator capaci-

tively coupled to a feedline is [104]

Sλ/4
21 ( f ) = 1− Q

Qc

1
1+2iQy

, (3.18)

where y = f− f0
f0

is the frequency detuning from resonance. This model describes an

|S21| response that appears as a dip in the transmission through the feedline with a

Lorentzian lineshape (see Fig.3.4(b)), showing that energy is resonantly absorbed

from the feedline into the resonator.
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Figure 3.4: (a) Circuit diagram of a λ/4 LC resonator capacitively coupled to a microwave
feedline with characteristic impedance Z0. The input and output ports of the
feedline make up a general two-port network. (b) S21 response of an idealised
λ/4 CPW resonator calculated by equation 3.18 with f0 = 5 GHz, Q = 2×104

and Qc = 5× 104. The black line shows the magnitude of the complex S21
parameter, and the red line its phase.

3.1.4 Resonator Loss Mechanisms

Aside from the coupling to the external circuit, energy in a superconducting resonator

is also lost by mechanisms that are intrinsic to the resonator. These losses are

characterised by the intrinsic quality factor Qi. The total quality factor of a resonator

Q is expressed as an inverse sum of the coupling and intrinsic quality factor

1
Q

=
1

Qc
+

1
Qi

. (3.19)

There are a number of contributing factors to a resonator’s intrinsic loss [105],

chief among which are resistive losses (see section 2.1.6) and two-level system (TLS)

losses. These are both significant causes of qubit relaxation, and so understanding
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the processes that result in these losses in superconducting resonators is a useful tool

for developing more coherent qubits. In this subsection we focus on the subject of

TLS losses, as they often provide a dominant contribution to a resonator’s Qi [106].

The study of TLS began in the context of the properties of amorphous solids at

low temperatures [107, 108]. It was found that many amorphous materials shared

remarkably similar properties at low temperatures, which were different to those

of crystalline solids. This universality of behaviour is explained by the standard

tunnelling model (STM), which says that the behaviour of such materials at low

temperature is dominated by a bath of two-level systems within the material. The

exact microscopic origins of those two-level systems is still an open question, but it

is generally understood that TLS arise from defects in the material, such as atomic

vacancies and dangling bonds, which can couple particularly strongly to electric

fields or strain fields. Here we will only outline the main facts required to understand

the measurements presented in this thesis. For a more in-depth review see references

[109, 110].

The key assumption of the STM is that a single TLS can exist in one of two

energetically similar states, and this is modelled by an asymmetric double well poten-

tial where the two sides are separated by a barrier. At sufficiently low temperatures,

activation over the barrier is suppressed and the TLS becomes ‘thermally desaturated’

and the dynamics are governed by quantum tunnelling or absorption of microwave

photons. There is assumed to be a high density of TLS in an amorphous material,

where each TLS is assumed to arise from slightly different atomic arrangements, and

therefore one finds a broad spectrum of tunnelling states.

TLS are particularly relevant to superconducting devices because they exist in

amorphous dielectrics that surround superconducting materials, such as substrates

and oxide layers [111]. A TLS may resonantly absorb a microwave photon from the

resonator and then dissipate that energy into the surroundings, rendering the photon

unrecoverable. In addition to this, TLS transitions result in a change in a material’s

dielectric constant, and so superconducting resonators are found experimentally to

have a microwave-power-dependent Qi, and a temperature-dependent f0.
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Changes in the dielectric constant are described by [109, 112]

∆ε(T )
ε(T )

=−2nd2

3ε

(
ln

T
T0
− [g(T, f )−g(T0, f )]

)
, (3.20)

where g(T, f ) = Re{Ψ(1/2+ h f/2πikBT )}, T0 is a reference temperature, and

Ψ is the complex digamma function which is only significant when kBT ≤ h f/2.

nd2 is the density of TLS multiplied by the square of their dipole moment. The

temperature-dependent frequency shift may be calculated from equation 3.20 by

∆ f0

f0
=−F

2
∆ε

ε
, (3.21)

where F is a filling factor which relates to the device geometry and the electric field

distribution [113].

One can also derive an expression for the dependence of the intrinsic loss rate

in a resonator on the microwave drive power [109, 114]

1
Qi
≡ δ

i
tot = Fδ

0
T LS

tanh
( h f0

2kBT

)
[
1+
( 〈n〉

nc

)]β
+δQP, (3.22)

where we have introduced the notation δ , which refers to a resonator loss rate. 〈n〉
is the average photon population in the resonator, nc is the critical photon-number

equivalent to the saturation field of the TLS, and β parameterises how quickly the

TLS saturate with power and typically takes values of β = 0.1–1. Fδ 0
T LS is the

(power- and temperature-independent) TLS loss tangent, which is equivalent to the

quantity Fnd2

3ε
in equation 3.20. δQP is a power-independent contribution to the loss,

which is assumed to be be dominated by the presence of quasiparticles, hence the

notation, but also comprises contributions from other processes such as eddy current

losses in the sample box, and the finite surface resistance of the superconducting

film [115].

Physically, the power-dependence of the loss arises from the saturation of the

population of TLS as the number of photons in the resonator is increased. At low

drive power, losses described by equation 3.22 are dominated by TLS loss, but as
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the drive power is increased, the TLS saturate and the loss becomes dominated by

non-equilibrium quasiparticles.

Equation 3.22 assumes that TLS do not interact with each other, but more

recently it has become apparent that this can sometimes be an oversimplification

[116, 117]. A second loss model was introduced [118, 119], which accounts for

TLS-TLS interactions

δ
i
tot = FPγ χ ln

(
Cnc

〈n〉 +δ
′
QP

)
tanh

(
h f0

2kBT

)
, (3.23)

where χ is the dimensionless TLS parameter, Pγ is the TLS switching rate ratio, C is

a large constant, δ
′
QP is the log scaled quasiparticle loss rate.

3.2 Superconducting Resonators for Classical and

Quantum Measurement
Superconducting resonators have been around since the 1960s, but interest in them

has significantly increased during the last couple of decades, in part because of

improvements in superconducting thin-film technology, but mostly because of the

advent of technologies and experiments that rely on resonators as a measurement

tool. Applications include quantum computing, dark matter searches, and low noise

amplification. In this section we will highlight how resonators can be exploited

simply as classical resonant circuits, or as quantum circuits storing microwave

photons. Both of these will turn out to be important for the experiments in this thesis.

3.2.1 Classical Readout

As we know (equation 3.10), the resonant frequency of a superconducting resonator

is dependent on its capacitance and inductance, and extremely narrow achievable

linewidths mean that the resonant frequency can be measured very accurately. Super-

conducting resonators therefore act as a very sensitive probe of changes in capaci-

tance or inductance. Incorporating a tuneable inductance (or indeed capacitance, but

here we focus on inductance) into a resonator allows the measurement of whatever

phenomenon causes the inductance to tune.
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Consider a λ/4 CPW resonator with inductance dominated by the nonlinear

kinetic inductance. We can write down how the resonant frequency of this resonator

depends on the DC supercurrent

f0 =
k√

L0 +αI2

≈ k
(

1√
L0
− α

2L
3
2
0

I2
)

=
k√
L0

(
1− α

2L0
I2
)
.

(3.24)

A prominent example of the use of superconducting resonators as a classical

probe of a changing inductance is the microwave kinetic inductance detector (MKID)

[120]. The MKID is a superconducting photon detector that operates on the principle

that Cooper pairs can be broken apart by incident photons. A change in Cooper pair

number results in a change in kinetic inductance, which is read out by detecting the

shift in resonant frequency of a high-Q resonator. MKIDs are currently developed for

a range of applications in astronomy, such as sub-millimetre wave detection [121]

and searches for dark matter candidates [122].

In Chapter 5 of this thesis we will use a superconducting resonator to detect the

change in inductance of a nanowire-embedded superconducting loop, thus revealing

how the screening currents in the loop respond to an applied magnetic field.

3.2.2 Quantum Coupling

It is perhaps more common nowadays to take advantage of the quantum mechanical

nature of superconducting resonators. The bosonic excitations, or photons, that

a resonator supports can be coupled to fermionic quantum systems, for example

superconducting qubits, in a paradigm known as circuit quantum electrodynamics

(QED). This is so-named because of the analogy with cavity QED, where photons

in an optical cavity are coherently coupled to the states of an atom, allowing the

study of the quantum coupling of light and matter. Superconducting resonators are

particularly attractive for QED because the low mode volume in a resonator means

large electric fields per photon can easily be generated, making strong coupling
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between light and matter attainable.

Circuit QED was first demonstrated experimentally in 2004 [123], and has

since become the basis of almost all leading superconducting quantum computing

architectures [124–126, 8]. By coupling a qubit to a resonator, one is able to apply

continuous or time-dependent microwave signals to control the qubit, or to perform

non-demolition measurement of the qubit state.

The full quantum behaviour of a coupled resonator-qubit system is described

by the Jaynes-Cummings Hamiltonian [127]

ĤJC = h f0
(
â†â+1/2)+

h fq

2
σ̂z +hg

(
â†

σ̂
−+ âσ̂

+
)
. (3.25)

We recognise the first term as the Hamiltonian describing the resonator mode, the

second term is the qubit Hamiltonian, and the third term is a coupling Hamiltonian

Ĥc describing the resonator-qubit coupling. We will now show how to derive the

qubit and coupling Hamiltonians in the specific case of a QPS flux qubit.

3.2.2.1 Diagonalising the QPS Qubit Hamiltonian

The general Hamiltonian for a QPS flux qubit circuit was presented in section

2.3.4, and now we will look at how it can be diagonalised. This will allow us to

highlight some of the key features of the QPS qubit and also make the Hamiltonian

more amenable to analysis within the Jaynes-Cummings picture. Given the duality

between the QPS flux qubit and the Josephson charge qubit, this analysis can be

reproduced from the treatment of the Cooper pair box Hamiltonian presented in

[128–130], among other references.

We begin the analysis by re-stating the Hamiltonian for a CQPS nanowire

embedded in an inductive loop,

ĤQPS = EL ∑
n

(
n− Φapp

Φ0

)2
|n〉〈n|− ES

2 ∑
n

(
|n〉〈n+1|+ |n+1〉〈n|

)
, (3.26)

where Φapp is the externally applied flux, n is the number of flux-quanta in the

loop, ES is the CQPS amplitude, EL =
Φ2

0
2LΣ

is the inductive energy of the loop, and

LΣ = Lloop + Lnw + Lm is the total inductance of the loop including any mutual
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inductance Lm to other circuit elements.

If we confine ourselves to an applied flux close to Φ0/2, known as the degener-

acy point, it is convenient to introduce a shifted applied flux

Φδ

Φ0
=

Φapp

Φ0
−1/2 ⇒ Φapp

Φ0
=

Φδ

Φ0
+1/2. (3.27)

Since we are considering a qubit, let’s neglect the flux states n > 2 and only consider

n = 0,1 (this is a valid thing to do as long as ES� EL). Explicitly, the Hamiltonian

now becomes

ĤQPS =EL

[(
0−Φδ

Φ0
−1/2

)2 |0〉〈0|+
(
1−Φδ

Φ0
−1/2

)2 |1〉〈1|
]
−ES

2
(
|0〉〈1|+|1〉〈0|

)
.

(3.28)

We can ignore any constant terms, and close to the degeneracy point (Φδ/Φ0)
2

becomes vanishingly small. Then we are left with

ĤQPS = EL
Φδ

Φ0

(
|0〉〈0|− |1〉〈1|

)
− ES

2
(
|0〉〈1|+ |1〉〈0|

)
. (3.29)

Defining the energy scale

ε =−2EL
Φδ

Φ0

=−2EL

(
Φapp

Φ0
−1/2

)

= EL

(
1− 2Φapp

Φ0

)
,

(3.30)

allows us to simplify the Hamiltonian further,

ĤQPS =−
ε

2
σ̂z−

ES

2
σ̂x, (3.31)

where σ̂z and σ̂x are Pauli matrices. We can therefore write our Hamiltonian in

matrix form,

ĤQPS =−
1
2


 ε ES

ES −ε


 . (3.32)
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We can see that in the absence of CQPS splitting (ES = 0) the Hamiltonian becomes

ĤQPS =


−ε/2 0

0 +ε/2


, so −ε = 2EL(Φapp/Φ0−1/2) tells us the splitting be-

tween the ground and excited states in the absence of CQPS. When Φapp = Φ0/2,

ε = 0 and the ground and excited states are degenerate.

The matrix in equation 3.32 is easily diagonalisable, and has eigenvectors

|v−〉=


cosθ

sinθ


 , (3.33)

|v+〉=


 sinθ

−cosθ


 , (3.34)

where θ is defined by tan2θ = ES/ε . The corresponding eigenvalues are

E± =±1
2

√
ε2 +E2

S =±h fq
2 , and therefore the diagonalised Hamiltonian of the QPS

qubit is

ĤQPS =
h fq

2
σ̂z, (3.35)

where fq =

√
ε2+E2

S
h .

The eigenvalues E± tell us that if ES 6= 0 there is a gap between the ground

and excited states at all biases, even at the degeneracy point when ε = 0. It follows

from the eigenvectors above that the ground state of our Hamiltonian in the basis of

number of flux-quanta in the loop is given by

|g〉= cosθ |0〉+ sinθ |1〉 (3.36)

and the first excited state

|e〉= sinθ |0〉− cosθ |1〉 . (3.37)

At the degeneracy point, θ = π/4 and so the ground and excited states are

|g〉= 1√
2
(|0〉+ |1〉) (3.38)
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|e〉= 1√
2
(|0〉− |1〉). (3.39)

Therefore the basis states of a CQPS flux qubit are symmetric and antisymmetric

superpositions of the n = 0 and n = 1 states, and are separated by ES.

3.2.2.2 The Coupling Hamiltonian

Now let’s derive the form of the QPS qubit-resonator coupling Hamiltonian. We’ll

start by looking at the inductive part of the qubit circuit Hamiltonian

Ĥind = EL

(
n− Φ

Φ0

)2
. (3.40)

When we considered the qubit in isolation, the flux Φ came only from the externally

applied flux Φapp = LgIDC. But if we also consider that the qubit loop is inductively

coupled to the resonator, then there is a second contribution to Φ which is the flux

in the qubit loop that is induced by the current in the resonator and is given by

Φres = LmIres, where Lm is now specifically the mutual inductance between the qubit

and the resonator.

The inductive part of the Hamiltonian for the qubit coupled to the resonator is

therefore

Ĥind = EL

(
n− (Φapp +Φres)

Φ0

)2
, (3.41)

which, if we fully expand the square and rearrange, is equivalently expressed as

Ĥind = EL

(
n− Φapp

Φ0

)2
+EL

2Φres(Φres +2Φapp)

Φ2
0

−EL
2nΦres

Φ0
. (3.42)

The first term is obviously the original magnetostatic Hamiltonian, and the second

term is an extra magnetostatic energy stored in the loop that is not dependent on n.

The final term depends on both the qubit state and the field in the resonator, and is

therefore our coupling term Ĥc.

Next we need to evaluate the form of Φres = LmIres by finding an operator for the

resonator current Î. To do that we note that Î = Φ̂/L and recall the quantum treatment

of superconducting resonators we discussed in section 3.1.1. From equations 3.7 and
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3.8 we find that the flux operator for the resonator is

Φ̂ =

√
h̄Z0

2
(
â† + â

)
, (3.43)

and so

Î =

√
h f0

2Lres

(
â† + â

)
. (3.44)

Therefore the coupling Hamiltonian is

Ĥc = hg
(
â† + â

)
n̂, (3.45)

with

g =
LmIpI0

h
(3.46)

Ip =
Φ0

LΣ

(3.47)

I0 =

√
h f0

2Lres
. (3.48)

I0 is the zero-point fluctuation current in the resonator and can also be derived from

noting that half of the zero-point energy of the resonator is stored in the magnetic

field
1
2
× h f0

2
=

LresI2
0

2
. (3.49)

Finally we restrict our derivation to considering the QPS qubit biased at its

degeneracy point, and so n̂ = σ̂x = σ̂++ σ̂−, where σ̂+ and σ̂− are the qubit raising

and lowering operators respectively. In the rotating wave approximation, which

neglects terms that change the total number of excitations in the system,

(
â† + â

)(
σ̂
++ σ̂

−)= â†
σ̂
−+ âσ̂

+, (3.50)

and so we reach the coupling term of the Jaynes-Cummings Hamiltonian

Ĥc = hg
(
â†

σ̂
−+ âσ̂

+
)
. (3.51)



3.2. Superconducting Resonators for Classical and Quantum Measurement 72

Figure 3.5: Ground (red) and excited (blue) state eigenvalues of the Jaynes-Cummings
Hamiltonian, calculated with f0 = 5 GHz, g = 25 MHz, and fq,min = 4.9 GHz
on the left, fq,min = 5.05 GHz on the right. Black dashed lines show the flux-
dependent frequency of the uncoupled qubit and resonator. The coupled system
exhibits avoided level crossings (left hand plot) when fq,min < f0, and level
repulsion (right hand plot) when fq,min > f0.

3.2.2.3 Jaynes-Cummings Eigenvalues

Conveniently, the Jaynes-Cummings Hamiltonian can be exactly diagonalised, and

its eigenvalues are given by [77]

E± =
h( f0 + fq)

2
± h

2

√
4g2

ε +∆2, (3.52)

where ∆ = fq− f0 is the qubit-resonator frequency detuning, and gε = gES
h f0

is the

renormalised qubit-resonator coupling strength.

The form of these eigenvalues is plotted in Fig.3.5 for f0 = 5 GHz, g = 25 MHz,

and qubit frequency at the degeneracy point fq,min = 4.9 & 5.05 GHz. We can see

that there are two distinct cases, depending on whether the minimum qubit frequency

is greater than or less than f0. When fq,min < f0, there is an avoided level crossing

at the points where the bare qubit and resonator frequencies cross. The strength of

the splitting is roughly equal to 2g. On the other hand, if fq,min > f0, the qubit and

resonator never cross, but we still see that the coupling between the two causes the

frequencies to push away from each other; this is known as level repulsion.

As the Jaynes-Cummings model describes a fully quantum light-matter inter-
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action, experimental measurement of Jaynes-Cummings dynamics — by which we

mean avoided crossing of energy levels and a dependence on the number of photons

in the resonator [131] — confirms the quantum nature of the qubit circuit. Indeed

measurements of avoided crossings or level repulsion are typically the first step in

characterising a new qubit. In Chapter 6 of this thesis we will present single-tone mi-

crowave spectroscopy measurements of a nanowire qubit coupled to a resonator that

are well described by fitting to the eigenvalues of the Jaynes-Cummings Hamiltonian,

and we will show evidence of nonlinearity as a function of resonator photon-number.



Chapter 4

High Quality CPW Resonators in

Ultrathin NbN Films

The experiments throughout this thesis involve measurement of superconducting

resonators coupled to nanowires, and so a natural first task was to characterise the

behaviour of a bare resonator that was not coupled to any nanowire. This chapter de-

scribes our general process for fabricating resonators in the LCN cleanroom, and the

experimental setup that was used to measure them. We then present characterisation

measurements of a λ/4 coplanar waveguide resonator fabricated from a 10 nm thick

film of NbN.

4.1 Cleanroom Fabrication
All the superconducting devices described in this thesis were fabricated in the LCN’s

cleanroom facility. This section gives some background information on the main

techniques used, as well as detailing the exact process followed in fabricating our

superconducting resonators. A summary of this process is illustrated in Fig.4.1. We

also describe measurements to characterise our thin NbN films. In later chapters we

will describe in detail the methods used to fabricate nanowires embedded within the

resonators.

4.1.1 Substrate Cleaning

The first step in fabricating thin-film superconducting devices is always to prepare

and clean the substrates. Building superconducting circuits on top of an insulating
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Figure 4.1: Overview of the process of fabricating superconducting resonators from thin
NbN films. NbN films are deposited by reactive DC magnetron sputtering,
resonator patterns are defined in resist by electron-beam lithography and then
etched into the underlying film by reactive-ion etching.

substrate is necessary but also inconvenient, as it inevitably introduces dielectric and

TLS losses. To minimise these losses we use sapphire as our substrate material, as it

is known to have very low dielectric loss tangent [132]. Pre-polished 2” wafers of

430 µm thick c-plane sapphire were diced into 8x8 mm chips before cleaning.

The first attempt at cleaning was a standard solvent clean. The substrate was

submerged in acetone and sonicated in a water bath for 5 minutes. It was then

transferred to a beaker of isopropanol (IPA) for a further 5 minutes. Afterwards the

substrate was blow dried with dry N2.

However, with our particular sapphire substrates, we found a significant amount

of debris left on the surface following the solvent clean (see Fig.4.2(a)). Energy-

dispersive X-ray spectroscopy (EDS) analysis found that the debris was made up

predominantly of carbon. Fig.4.2(c) shows coloured spatial maps indicating the

relative intensity of the signal from various materials. We see a reduction in the signal

from aluminium, suggesting the particle is not sapphire, but we see a clear carbon

signal spatially correlated with the particle. This particular sample happened to have

a layer of NbN deposited, so we also see uniform intensity from niobium. A likely

explanation for the presence of the carbon dust is that it is left over from the polishing

process during manufacturing, as the wafer is probably polished by diamond — one
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Figure 4.2: Identification and removal of carbon dust from sapphire substrates. (a) SEM
image of the sapphire substrate before cleaning. (b) The same area after treat-
ment with DI water. (c) EDS analysis. Top left is an SEM image of the specific
particle analysed. Coloured maps show for different atomic species the spatial
variation of the relative intensity of the EDS signal.

of the few substances harder than sapphire (another plausible explanation could be

that the particles are produced during the dicing process, but we found the same

particles present on undiced wafers).

Sonicating in de-ionised (DI) water — a polar solvent — was found to be

partially effective in removing the carbon dust. Fig.4.2(b) shows an SEM image of

the same substrate after it had been gently scrubbed with a cotton bud soaked in

DI water. This was found to be the most effective method, as shown by the visibly

cleaner substrate.
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The cleaning process was completed with a 2 minute plasma ash in a pure

O2 atmosphere, to remove any lingering organic contaminants. The step-by-step

cleaning process tailored for our specific substrates is as follows:

• cotton bud scrub with DI water

• 5 mins sonication in acetone

• 5 mins sonication in IPA

• 2 mins O2 plasma ash.

4.1.2 DC Magnetron Sputtering

The NbN thin-films used in this project were all fabricated by DC magnetron sput-

tering in an SVS-6000 sputtering system in the LCN’s cleanroom. Sputtering is a

physical vapour deposition technique that is commonly used for producing metallic

thin-films, and it is particularly advantageous over alternatives such as thermal evap-

oration when the desired thin-film material is a compound. NbN was the material of

choice for our devices partly because it is known to be suitable for QPS nanowires

[77–79], but also partly because of the relative ease with which NbN thin films can

be deposited by sputtering.

During a typical sputtering process, the sputtering chamber is first evacuated

to a high vacuum, after which a controlled pressure of inert gas — usually argon —

is admitted. A large voltage applied between an electrode and the pure metal target

ignites a plasma in the gas. The heavy positively charged ions in the plasma are

pulled towards the negatively charged target, colliding with it and ejecting material,

which travels ballistically outwards and coats whatever substrate has been placed in

its path.

Certain compound materials can be deposited by reactive sputtering, where

reactive gas, eg. nitrogen, is admitted in addition to argon to the chamber during

sputtering. The gas reacts with atoms ejected from the target to form a compound.

The exact properties and stoichiometry of the resulting film are functions of a number

of interdependent factors, such as chamber pressure, gas flow rate, sputter power,

and more. See ref. [133] for more details of sputtering processes, with a specific

focus on NbN.
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Figure 4.3: (a) Temperature-dependence of the sheet resistance of our sputtered NbN films.
We see a general trend of higher sheet resistance and lower Tc as film thick-
ness is decreased. Inset — each curve normalised by its maximum value of
sheet resistance. (b) The product of thickness t and critical temperature Tc

against normal state sheet resistance RN,sq for our deposited NbN thin-films.
The fit is to the equation tTc = αR−B

N,sq (equation 4.1) with fitting parameters
α = 6.8×104 nmK(Ω/square)−1 and B = 0.98.

To deposit our NbN films we first evacuate the sputtering chamber by cryop-

umping overnight. This generally achieves a chamber pressure of 6× 10−7 mbar.

A niobium getter (a small amount of sputtered Nb reacts with remaining traces of

reactive gas in the chamber) further reduces the pressure to 4×10−7 mbar. A 99.99%

pure niobium target is then sputtered in a 1:1 Ar:N2 atmosphere at a pressure of

5×10−3 mbar and a power of 150 W. During sputtering the sapphire substrate is

maintained at room temperature by a water-cooled stage and rotated at 20 rpm to

ensure even coverage. The thickness of the resulting NbN films is controlled by the

sputtering time. Previous calibration of this sputtering recipe [134] showed that at

150 W, the NbN sputtering rate is 10 nm/minute. Film thicknesses were verified by a

Dektak XT step profilometer.

As we discussed in section 2.3.2, it is desirable to use a highly disordered

superconductor to study QPS. In order to characterise the level of disorder in our

sputtered films, we measured the temperature-dependent sheet resistance Rsq(T ) of

films with different thickness. To do this, we etched a 40 µm wide, 500 µm long

track into the film, and performed a four-point DC measurement of its temperature-

dependent resistance R(T ). The sheet resistance of the film Rsq(T ) = R(T )w/l was
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then extracted. The results from a representative selection of films with thickness

ranging from 7 nm to 20 nm are shown in Fig.4.3(a). The resistance of the films

increases as temperature is decreased, which is a characteristic property of amorphous

materials, and we see a superconducting transition at temperatures ranging from 7 K

in the thinnest films to 10 K in the thickest. We defined the critical temperature as

Tc = T (R = 0.5Rmax), where Rmax is the maximum measured resistance of the film

and occurs at a temperature of roughly 20 K. We measured values of the normal state

sheet resistance RN,sq, defined as the maximum measured value of the temperature-

dependent sheet resistance RN,sq = max(Rsq(T )), approaching 2 kΩ per square in

the thinnest films, which indicates these films have a high level of disorder, suitable

for maximising the phase-slip amplitude.

The width of the superconducting transitions, defined as ∆Tc = T (R =

0.9Rmax)− T (R = 0.1Rmax), ranged from 2.5 K in the thinnest films to 1.2 K in

the thickest, and was found to scale approximately linearly with the normal state

sheet resistance. The transition widths are comparable to those observed in NbN

films with a similar level of disorder [79, 135], and this indicates that the high normal

state resistance does not originate from increased film inhomogeneity. We further

verify the homogeneity of our films by plotting the product of thickness and critical

temperature against the measured sheet resistance for every sample we measured

(Fig.4.3(b)), and fitting to the phenomenological equation [136]

tTc = αR−B
N,sq. (4.1)

We find a good fit between our data and this universal scaling law, with fit param-

eters α = 6.8×104 nmK(Ω/square)−1 and B = 0.98, which indicates good film

homogeneity. Our values also match well with those reported in [79], where NbN

thin-films were used in CQPS experiments.

4.1.3 Electron-Beam Lithography

We define the circuitry on our chips using electron-beam lithography (EBL). The

devices presented in this chapter and the next were fabricated using a Raith150-Two
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30 keV EBL system to define the parts of the circuit with dimensions greater than

∼ 100 nm, and the smaller elements were added by circuit editing with a focused-

ion-beam. In a later chapter we will see devices fabricated entirely by an Elionix

ELS-G100 100 keV EBL system (installed in the LCN cleanroom half-way through

this project) which is capable of much finer resolution.

EBL is a lithography technique that allows direct writing of arbitrary patterns

with resolution on the scale of a few tens of nanometres. Compared with standard

photolithography, EBL can achieve finer resolution and gives full pattern flexibility

as it is a maskless process, but this is at the cost of much lower throughput. For

these reasons EBL is often the lithography technique of choice for research and

development of micro- and nano- electronic devices.

In an EBL machine a beam of electrons is generated by the source (a thermal

field emission source in the case of the Raith and the Elionix) where a large electric

field induces field emission of electrons from the source material. The beam is then

accelerated down the column and focused by a series of apertures and lenses to a

well-focused spot.

At the bottom of the column the beam spot is incident on the sample, which is

coated with a layer of electron-beam resist. The resist is made of an electron-sensitive

material, where exposure to the electron-beam significantly decreases (in the case

of positive-tone) or increases (negative-tone) its solubility. This allows selective

removal of the resist by developing in a solvent, leaving behind the desired pattern.

We used the positive-tone resist poly(methyl methacrylate) (PMMA), which is made

up of cross-linked polymers that are broken into shorter chains by the electron-beam.

The exposed areas can then be dissolved in a developer solution of methyl isobutyl

ketone (MIBK) and IPA in a 1:3 ratio.

For a particular resist material, a certain amount of energy must be imparted

from the electron-beam in order to sufficiently change the solubility. This is known

as the dose and is often measured in units of charge/area. When an electron is

incident on the resist, its energy is not only deposited at the point it first hits. The

electron travels through the resist, undergoing scattering and producing secondary
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Figure 4.4: (a) Electrons scatter when travelling through the layer of resist, broadening the
profile of the beam. Collisions in the underlying substrate can scatter electrons
back into the resist over an area of several hundreds of nm. The combination
of these effects mean the area of resist exposed by the electron-beam is larger
than the beam spot size, as illustrated by the cartoon in the top right. (b) SEM
image of a large exposure area in PMMA resist. An equal dose was applied to
all points, but after developing we find that the electron dose is not uniformly
distributed.

electrons. This causes an effective spreading of the electron-beam as it interacts

with the resist (this is illustrated in Fig.4.4(a)) and a greater area than intended will

be exposed. This dosing of nearby resist is known as the proximity effect, and can

often limit the achievable resolution, especially when a small feature is placed next

to large features in the design. Fig.4.4(b) shows an example of the proximity effect.

The entire pattern has been exposed with the same dose, but the outer regions of

the pattern have come out under-dosed (this appears visibly as a stripiness as not all

of the resist has been washed away by the developer) while the central region has

not. Although the electron-beam applied the same dose to all parts of the pattern,

the resist area has not been dosed uniformly. In the next chapter, we will discuss the

influence of the proximity effect on our nanowire fabrication process.

To fabricate our resonators, the λ/4 CPW resonator pattern was exposed into

a 300 nm thick layer of PMMA resist on top of a 10 nm thick NbN film, using the

Raith150-Two EBL system with its beam set to 10 keV. The exposed pattern was

then defined by developing for 30 seconds in a MIBK:IPA 1:3 solution.
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4.1.4 Reactive-Ion Etching

After a pattern is defined in resist by EBL, we etch it into the NbN film by reactive-

ion etching (RIE). During the etch process a chemically reactive plasma reacts with

any exposed metal, removing it from the substrate. E-beam resist is more resistant to

the etching than the metal film, so provided the etch time is appropriately chosen,

only areas that are unprotected by resist are removed.

The sample is placed inside a vacuum chamber, into which a defined pressure

of reactive gas is admitted. A strong applied RF field ignites a plasma in the gas.

The field accelerates the electrons in the plasma around the chamber, while the

heavy positive ions are largely unmoved. The electrically isolated sample platform

begins to build up negative charge as the electrons collide with it, while the grounded

chamber walls do not. The heavy ions are then pulled downwards towards the sample

where they react with the metal layer.

The result is a highly anisotropic etch as the reactive ions are always incident

on the sample in a downwards direction. The etch profile by RIE tends to be very

straight, which makes this process desirable over a wet etch for our devices, as small

features such as nanowires are very sensitive to over-etching.

Our NbN films were etched in a 5:2 volume ratio of CHF3 and SF6 at a pressure

of 100 mTorr and with an RF power of 100 W. We found that the etch rate of NbN

using this recipe was roughly 10 nm/minute, although this may be an under-estimate.

4.2 Experimental Setup
This section details the measurement setup used to cool the superconducting devices

to cryogenic temperatures and perform microwave measurements on them. Generally

speaking, one has two aims when measuring superconducting circuits. The circuit

needs to be cold, to ensure the superconductor remains below Tc and to minimise

thermal fluctuations. The circuit also needs to be sufficiently electrically isolated

from room temperature, to minimise the effects of noise, while also still being

addressable by the experimenter. The degree to which a particular device must be

cooled and isolated is dependent on its purpose. The CPW resonator presented in
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Figure 4.5: Phase diagram of pressure vs. temperature for 4He. At T = 4.2 K and at-
mospheric pressure (highlighted by the red dot) 4He is in the liquid I phase.
Reducing the pressure above the liquid forces the helium across the liquid-gas
phase boundary, so it evaporates, taking energy from its surroundings in the
process.

this chapter was cooled to a temperature of 300 mK using a 3He sorption refrigerator.

4.2.1 300 mK 3He Cryostat

The 3He cryostat is a dip-probe based cryostat, which operates by evaporative cooling

of liquid 3He & 4He. At atmospheric pressure, the boiling point of 4He is 4.2 K

(see Fig.4.5 for a rough illustration of the pressure vs. temperature phase diagram

of 4He). By reducing the vapour pressure above liquid helium, the liquid is forced

across the liquid-gas phase boundary, causing it to evaporate. Evaporation requires

energy, which is taken from the surroundings, thus lowering their temperature. 3He

behaves in a similar way to 4He, but because of its lower zero-point energy [137] its

boiling point is lower (3.2 K). It also has a much larger specific heat below 1 K [137],

which means that evaporative cooling with 3He can be exploited to reach even lower

temperatures. By pumping successively on 4He and then 3He, the probe achieves a

base temperature of 300 mK.

The interior of the 3He probe, along with a simplified schematic diagram is

shown in Fig.4.6. The sample is mounted on the cold stage of the probe, and sealed

inside the inner vacuum chamber (IVC). The IVC is pumped to a rough vacuum using
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Figure 4.6: The LCN’s 3He cryostat. By pumping successively on 4He and 3He, a base
temperature of T = 300 mK can be reached and maintained for 40 hours. RF
measurements on superconducting samples can be made via a heavily attenuated
input line and an output line containing two low-noise amplifiers. The sample
sits within a magnetic coil (not shown in the photo), which allows the application
of vertical magnetic field up to 100 mT.

an external scroll pump that can achieve a pressure of ∼ 1 mbar. After pumping out,

a small amount of helium gas is allowed into the IVC to act as a heat exchanger, and

the probe is then lowered into a bath of liquid 4He contained within a wide-necked

dewar. The sample gradually reaches thermal equilibrium with the 4He bath.

When the probe reaches 4.2 K, the helium exchange gas condenses and the

conductive link between the liquid and the innards of the probe is cut off. The sample

is cooled further by allowing a flow of liquid 4He through a ‘1 K pot’. The liquid
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in the 1 K pot is pumped on by the external scroll pump, reducing the temperature

of the pot to around 2 K (in dedicated 4He systems temperatures approaching 1 K

can be reached, hence the name 1 K pot, but in our system there is additional heat

load on the 1 K pot). Higher flow rate of liquid through the pot gives greater cooling

power, but raises the temperature as warm 4 K liquid is pulled in, so optimising the

flow rate is a delicate balancing act.

The 1 K pot is in thermal contact with a chamber filled with 3He gas, which

begins to condense when the temperature drops below 3.2 K. Unlike the 4He, the 3He

is kept in a completely closed chamber, as pumping it away to atmosphere would be

prohibitively expensive. The 3He is pumped on by a charcoal sorption pump (sorb),

and the strength of this pumping is strongly dependent on the temperature of the

sorb. The sorb is kept in weak thermal contact with the 1 K pot so that it gradually

thermalises with it, but slowly enough to allow the 3He to fully condense first.

The sample, which is in direct thermal contact with the liquid 3He pot, can be

maintained at a base temperature of 300 mK with a hold time of up to 40 hours. The

probe can only remain at base temperature until all of the 3He is adsorbed onto the

sorb, at which point the sorb must be thermally cycled to T > 40 K and the 3He

recondensed. By heating the sorb the sample temperature can in theory be controlled

in the range 0.3–2 K, although we find that the temperature becomes unstable above

1 K.

4.2.2 Microwave Setup

Fig.4.6 also shows a schematic of the microwave circuit in the 3He cryostat. RF

signals are carried up and down the cryostat by semi-rigid BeCu coax to 4 K, and

superconducting coax below 4 K. The RF line is heavily attenuated on the way in,

in order to decouple the superconducting sample from room temperature noise, and

amplified on the way out, to enable the detection of the low power signals by room

temperature equipment. The input line is attenuated by 20 dB at 4 K, and 20 dB at

2 K, and the degree to which this attenuation protects the sample can be quantified

by estimating the number of thermal photons present in any incoming signal. The

number of thermal photons ni at temperature stage i of the cryostat with attenuation
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Ai is given by [138]

ni( f ) =
ni−1( f )

Ai
+

Ai−1
Ai

nBE(Ti,att , f ), (4.2)

where

nBE =
1

exp(h f/kBT )−1
(4.3)

is the Bose-Einstein distribution. Using this we estimate a thermal photon population

of n = 6.6 at a frequency of 6 GHz. The theoretical noise floor of thermal photons

at 2 K is nBE(2K|6GHz) = 6.5, so we know that the incoming microwave signals

are effectively thermalised to 2 K. The thermal photon population could be reduced

further by adding attenuation at 300 mK, however in this particular cryostat there is

limited space and cooling power at the 300 mK stage.

The outgoing RF signals are amplified by a high-electron-mobility-transistor

(HEMT) amplifier which provides roughly 30 dB of gain. 3 dB of attenuation at

2 K and 3 dB at 4 K prevent noise from the amplifier propagating backwards to the

sample. There is also a second, room temperature HEMT amplifier, which adds an

additional 35 dB of gain.

The cryostat is also fitted with 6 Manganin-superconducting twisted pair DC

lines, and 4 CuNi-superconducting coax lines with copper powder filters at 2 K to

allow for DC measurements. When loaded, the sample sits within a superconducting

coil that is thermalised to 4 K, which allows the application of perpendicular magnetic

field with strength up to 100 mT. The magnet was calibrated by the manufacturer

to apply a field of 0.072 mT per mA of current. The lines supplying DC current to

the magnet coil are filtered at room temperature with home-made pi-filters designed

with cut-off frequency of 9.2 kHz.

The superconducting chip was mounted within a brass sample box (shown in

Fig.4.7), which allows electrical connection between the sample and the measurement

circuit, and provides good thermal contact between the cryostat and the sample. The

sample holder contains a PCB to which the chip is connected via aluminium wire

bonds, and is lined with Eccosorb — an RF absorber which has been shown in our
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Figure 4.7: The sample holder used to mount our superconducting chips to the cryostat.
The sample is wire bonded to a PCB, which connects to the RF measurement
circuit via SMP-mini connectors. The sample box is lined with Eccosorb to
reduce quasiparticle-based losses caused by stray photons. Subfigure (a) shows
the interior of the enclosure, with chip, PCB, and Eccosorb, and subfigure (b)
shows the outer casing of the box, with RF and DC connectors.

setup to reduce quasiparticle-induced losses caused by stray photons [119]. When

connected to the cold stage of the cryostat the sample holder and the magnet sit

within a mu-metal can which shields the sample holder from stray magnetic fields.

RF measurements were performed with a Rohde & Schwarz ZNB8 vector

network analyser with a 9 kHz - 8.5 GHz range, and the magnet was biased with a

Keithley 6220 precision DC current source.

4.3 Bare Resonator Characterisation
We now present measurements of a λ/4 CPW resonator, fabricated from a NbN film

with thickness t = 10 nm. CPW resonators of this type will form the basis of the

readout circuit for the nanowires we study throughout this thesis, so it is important

to first characterise how the resonator alone behaves. We will see that despite the

high level of disorder in our NbN thin-films, we are able to fabricate high quality

resonators that are resilient to the small applied magnetic fields that are relevant for

our experiments. It is unusual to fabricate resonators from superconducting films

this thin, and it is not obvious a priori that high Q resonators will still be possible.

The observation of intrinsic quality factors > 105 in ultrathin (ultrathin is typically

used to refer to films with thickness 10 nm or less) NbN resonators is therefore a key

result of this chapter.

We address the resonators by coupling capacitively to a microwave feedline (the
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Figure 4.8: Microscope image of an 8x8 mm chip, with microwave feedline and structure
for 4-point DC measurements. In the red box is an expanded view of a λ/4
CPW resonator capacitively coupled to the feedline.

horse-shoe shaped structure visible in Fig.4.8), which acts as a waveguide carrying

RF signals across the chip. Locating the open circuit end of the λ/4 resonator

close to the feedline creates the capacitance through which energy is transferred to

resonator. We measure the forward transmission S21 through the feedline, and the

resonator appears as a dip in |S21| as we saw in Fig.3.4.

The resonator we report on in this chapter (shown in Fig.4.8) was designed

with a centre conductor width w = 10 µm, separation between centre conductor and

ground plane g = 5 µm, and length l = 803 µm. Using the conformal mapping

technique described in section 3.1.2 we calculate for this geometry a capacitance

per unit length of Cl = 0.153 fF/µm, and a geometric inductance per unit length of

Ll(g) = 0.414 pH/µm. The resonator is coupled to the feedline via a 50 µm long

coupling capacitor, separated from the edge of the feedline by a distance of 20 µm.

From finite element method (FEM) modelling we estimate the coupling capacitance

between resonator and feedline Cc to be 0.66 fF.

The resonant frequency measured at T = 305 mK was f0 = 4.974 GHz.

From equation 3.10 we are able to infer a kinetic inductance per unit length of
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Ll(k) = 25.1 µH/m, and therefore a sheet kinetic inductance of Lsq = 0.25 nH/sq.

The resonator has a kinetic inductance fraction α = Lk/(Lk +Lg) = 0.98, and so

it is valid to neglect the geometric inductance. From the sheet kinetic induc-

tance we can use equation 2.14 to estimate the normal state sheet resistance to

be RN,sq ≈ 1.5 kΩ/square. The large value of RN,sq indicates a highly disordered

film.

Given the capacitance and total inductance per unit length we can calculate

a characteristic impedance Z0 = 408 Ω for the resonator and Z0 = 177 Ω for the

feedline. It is usually best practice to design for 50 Ω to provide optimal impedance

matching with the measurement circuit, but the large kinetic inductance of our thin

NbN films makes this difficult. In single-tone microwave measurements, we can

simply treat any power lost as a result of reflections at impedance mismatched

boundaries as equivalent to some extra attenuation in the RF circuit.

4.3.1 Quality Factor

The S21 transmission through the feedline at frequencies close to f0, measured

at T = 305 mK and with a VNA drive power of PV NA = −50 dBm, is shown in

Fig.4.9. We characterise the resonance by calculating an analytical fit [139] of

S21( f ) to a specific form of equation 3.18 that considers the effect of the resonator’s

environment.

The complex S21 scattering coefficient, as a function of frequency f , of a notch

type resonator connected to a real measurement circuit is [140]

|S21( f )|= aeiαe−i2π f τ

[
1−

(
Q
|Qc|

)
eiφ

1+2iQ( f/ f0−1)

]
. (4.4)

The term inside the square brackets describes the ideal Lorentzian resonance notch,

and the prefactor term accounts for the resonator’s environment. The scale factor a

represents a change in amplitude due to any attenuation/amplification between the

resonator and the measurement equipment, α describes any initial phase offset of the

signal, and τ accounts for frequency-dependent cable delay. The model considers a

complex coupling quality factor Qc = |Qc|e−iφ , where φ accounts for any impedance
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Figure 4.9: S21 transmission through the feedline, measured at T = 305 mK and with a
VNA drive power of -50 dBm, showing the response of a capacitively coupled
λ/4 CPW resonator. The black solid line shows the result of an analytical fit to
equation 4.4. Inset — analytic circle fit to the normalised complex S21 data.

mismatch between the input and output ports.

Fig.4.9 shows the result of the fit to our measured resonance. S21 is a complex

quantity, and near resonance it traces out a circle in the complex plane. The fitting

algorithm uses the full complex scattering data to fit a circle to the normalised

Re{S21} vs. I m{S21} data, and this fit is also shown in Fig.4.9. From the fit we

extract values of Qi = 1.6×105 and Qc = 0.55×105.

4.3.2 Resonator Losses

After locating the frequency of the resonance, the first task is to characterise the

losses in the resonator. This is important as it gives an indication of the quality of the

NbN film. This is the same NbN film that we will fabricate phase-slip qubits from,

so it is essential that the film quality is high. Indeed superconducting resonators are

often used as a probe of loss mechanisms that may affect qubit coherence [141, 142].

First we present a measurement of the microwave drive power-dependent Qi.

Fig.4.10(a) shows that Qi follows the expected dependence, increasing with increas-

ing drive power until it saturates at PV NA ≥−30 dBm. The error in the fitted value

of Qi is large at low drive power due to low signal-to-noise, and is also larger at

high power due to the onset of Duffing nonlinearity. We also expect a significant
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Figure 4.10: (a) Fitted quality factor of NbN CPW resonator as a function of microwave
drive power, measured at T = 305 mK. (b) Resonator intrinsic loss rate
δ i

tot = 1/Qi as a function of photon-number, with fits to equation 3.22 (blue
line) and equation 3.23 (green line).

thermal noise contribution to the microwave drive power at very low power, which

may explain the large spread in Qi values at low power. The fitted Qc is independent

of the drive power, which is consistent with the behaviour we expect as Qc should

depend only on the impedance of the resonator and the coupling capacitance.

From the drive power and the fitted quality factors, we can estimate the average

number of photons in the resonator using the equation [143]

〈n〉= 〈Eint〉
h f0

=
2
π

(Q−1
i +Q−1

c )2

Q2
c

Pin

h f 2
0
+nth, (4.5)

where 〈Eint〉 is the average electromagnetic energy stored in the resonator, and we

assume Pin = PV NA−70 dB based on how much RF attenuation we expect between

the VNA and the resonator. The additive constant nth accounts for thermal photons

in the resonator, and we estimate nth ≈ 6.5 in our 300 mK measurement setup (recall

section 4.2.2). Plotting the inverse of Qi against 〈n〉 allows us to fit to equations 3.22

and 3.23 (see Fig.4.10(b)). Both equations provide a good fit to the data, particularly

in the medium power regime where the error bars are small. As Fig.4.10(b) shows,

the key difference in the predictions of the two models is the power-dependence of

the loss at very low photon-number. Due to the uncertainty in the fitted Qi, and the

spread in data points in the very low power regime, we are unable to say whether the
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Figure 4.11: Temperature-dependent frequency shift of the NbN resonator. The solid line
is a fit to equation 3.21 with Fδ 0

T LS = 7.9×10−6, using the first 5 points only.
The dashed and dotted lines represent fits with Fδ 0

T LS = 7.9×10−6±15%.

interacting or non-interacting TLS loss model is more appropriate to describe our

device.

From the fit to equation 3.22, we obtain a value for the TLS loss tangent of

Fδ 0
T LS = 7.9×10−6. This value is supported by measurement of the temperature-

dependence of the resonant frequency, which is shown in Fig.4.11. The behaviour

we observe can be explained by two competing effects. At temperatures up to

≈ 600 mK, the kinetic inductance is approximately independent of temperature,

and the resonator tunes as a result of a TLS-induced shift in the dielectric constant

(described by equation 3.21). Above this temperature, Lk(T ) begins to increase,

overwhelming the TLS-induced shift and resulting in a decreasing resonator fre-

quency. We find that equation 3.21 describes the T < 600 mK data well with a value

of Fδ 0
T LS = 7.9×10−6, but we also note that this is a fit to only 5 points (although

there is precedent for this few-point fitting to f0(T ) [144]). Fig.4.11 also shows

fits with Fδ 0
T LS = 7.9×10−6±15%, to determine the uncertainty in our estimate of

Fδ 0
T LS. The combination of both measurements makes a strong case to suggest the

measurement of the TLS loss tangent is accurate, to within around 15%.

We conclude that the resonator has a TLS loss tangent of Fδ 0
T LS ≈ 8×10−6,

or equivalently a single-photon Qi > 105. We show in Table 4.1 some selected
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properties of comparable NbN resonators in the literature. To our knowledge, there is

no published report of a NbN resonator with higher degree of disorder (characterised

by the normal state sheet resistance) and higher single-photon Qi. This demonstrates

not only the ability to fabricate low-loss RF circuits from our films, but also highlights

the suitability of these films for fabricating high quality QPS qubits.

4.3.3 Magnetic Hysteresis

Next we investigate how the resonator responds to a magnetic field applied perpen-

dicularly to the film. To do this, we perform a field cycle, which means a continuous

sweep of the applied magnetic field from 0 to Bmax, then from Bmax to −Bmax, then

from −Bmax to zero. The tuning of the resonant frequency during a field cycle with

Bmax = 0.72 mT is shown in Fig.4.12. The first thing to point out is that, starting

from zero field, the resonator frequency decreases with the increasing magnetic

field. This is the expected behaviour arising from an increase in the resonator’s

Table 4.1: Selected characteristics of thin-film NbN resonators reported in the literature,
compared with the device we report in this chapter, which is highlighted in bold
font. In each case, t is the thickness of the NbN film, and T is the temperature at
which Qi was evaluated.

Reference t (nm) T (mK) Qi(〈n〉 ≈ 1) RN,sq (Ω/sq)

Our device 10 305 1.2×105 1500
Wei et al. [145] 6 30 7.5×104 960
Burnett et al.
[146]

10 350 3.5×105 (high
power)

700

Mahashabde et al.
[38]

50 300 2.2×105 (4 pH/sq)

Niepce et al.
[135]

20 10 2.4×104 503

Carter et al. [144] 300 200 2.9×105 (?)
Burnett et al.
[119]

20 305 4×105 450

Yu et al. [147] 10 8 2×104 1000
Zollitsch et al.
[148]

50 20 1×105 (?)

Niepce et al.
[149]

15 10 7.5×104 500
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Figure 4.12: Resonator f0 during a magnetic field cycle. The tuning is hysteretic due to a
non-uniform distribution of magnetic vortices in the film. The arrows indicate
the magnetic field sweep direction.

kinetic inductance in response to the field. We also observe strong hysteresis of the

resonance tuning, ie. the resonant frequency at B is dependent on the magnetic field

history.

To understand this hysteresis, we need to consider how vortices arrange them-

selves in the centre conductor of the resonator when Bapp > Bc1. It is a well known

fact that in bulk superconductors vortices form a regular lattice, but the picture is

far more complicated in a patterned thin-film. As the external magnetic field is

increased, vortices preferentially nucleate close to the edges of the superconductor

before the interior. When the external field is removed, the vortices at the edge

leave the superconductor first, and some vortices remain trapped in the interior,

even after the external field has been completely removed. The distribution of flux

within a thin-film superconductor is described by the Norris-Brandt-Indenbom model

[150, 151], which is an extension of the Bean critical-state model [152].

As well as a non-uniform distribution of vortices within the centre conductor,

there is also a non-uniform distribution of RF current, which will have a larger

current density closer to the edges of the conductor. A vortex close to the edge will

therefore have a more significant effect on the overall properties of the resonator

[153].
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Figure 4.13: Variation of f0 and Qi of NbN CPW resonator in perpendicularly applied
magnetic field up to 5 mT.

The hysteretic behaviour we observe is consistent with that presented in refer-

ences [154, 155] for Nb thin-film resonators, which was attributed to the non-uniform

distribution of RF current density and vortices in the centre conductor of the resonator.

Qualitative comparison of the shape of our hysteresis loop with the data presented in

[154] suggests that the current distribution in our resonator is comparatively uniform,

which makes sense because of the large in-plane penetration depth (or Pearl length)

Λ = 2λ 2/t of our NbN film (we estimate Λ to be a few µm at 300 mK), and because

flux-focusing is significant in our film.

In the next chapter of the thesis we will report results of magnetic field cycles

performed on nanowire-embedded resonators, and we will show evidence that the

nanowires themselves are not affected by vortex-induced hysteresis.

4.3.4 Magnetic Field Resilience

We measured the resilience of the bare resonator to a large magnetic field, by

performing a field sweep up to an applied field of 5 mT perpendicular to the plane of

the NbN film. When coupling a resonator to a qubit or physical system that is biased

by a global magnetic field, it is important to verify that the resonator is resilient to

this magnetic field. Resilience to magnetic field, by which we mean maintaining

high Q, is often used as a figure of merit for a thin-film resonator.
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We show in Fig.4.13 how f0 and Qi vary with the applied field. The resonant

frequency decreases approximately quadratically up to ∼ 3 mT, above which the

gradient begins to flatten. There is also a general decrease in the intrinsic quality fac-

tor, which doesn’t follow any obvious functional form. Qi decreases from 2.5×105

in zero field to 1×105 at 5 mT. We note that Qi actually appears to increase at

Bapp ≈ 2 mT, before decreasing again, but we are unable to explain this observation.

It may indicate that there is some contribution from fluctuating surface spins to the

resonator losses, which can become aligned by the magnetic field [156, 148].

Our phase-slip devices will primarily be operated at B < 1 mT, so we can be

confident that our readout resonators are highly resilient to perpendicular magnetic

field at this scale.

4.3.5 Discussion

In this chapter we have presented two main results. First, we described DC char-

acterisation measurements of thin NbN films, which were sputtered in the LCN

cleanroom. We sputtered films with thickness ranging from 7 nm to 20 nm, and

observed a general trend of decreasing Tc and increasing RN,sq as the thickness of

the film was decreased. This indicates that the degree of disorder in these NbN films

can be controlled by varying the film thickness, which is important for tailoring

film properties for quantum phase-slip nanowires. We observed values of RN,sq ap-

proaching 2 kΩ/square, which indicates a highly disordered film. By comparing the

properties of many NbN films we were able to show that our films are homogeneous,

and this shows they should be suitable for use in quantum phase-slip devices.

We also presented characterisation measurements of a λ/4 coplanar waveguide

resonator, fabricated from a 10 nm thick film of NbN. This is a much thinner film

than is typically used to fabricate superconducting resonators, but we measured an

intrinsic quality factor Qi > 1×105 in the low photon-number limit at T = 300 mK,

which is comparable to resonators used in circuit QED experiments with Josephson

junction-based qubits. We note that while measurements of a single device were

presented here, this resonator was not exceptional among those we measured, and

quality factors exceeding 105 were routinely observed. We also showed that the
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resonator maintained a high Q in a perpendicularly applied magnetic field up to

5 mT. These results show that ultrathin NbN films designed to maximise the rate

of quantum phase-slips in nanowires are also suitable for fabricating high quality

superconducting resonators.



Chapter 5

Single Flux-Quantum Tunnelling by

Incoherent Quantum Phase-Slip

As we saw in chapter 2, experimental work on QPS remains very much at the

exploratory stage, but there are rich rewards waiting if we can achieve better control

of QPS nanowires and gain better understanding of how they behave. A selection of

outstanding questions that need to be addressed are: how can we develop a robust

and reliable nanowire fabrication process to produce QPS nanowires with targeted

properties; how do QPS nanowires interact with their environment; and how do

geometry and fabrication imperfections affect nanowire behaviour?

The work presented in this chapter attempts to answer these by investigating

a new nanowire fabrication technique to produce QPS nanowires operating in the

incoherent tunnelling regime. This builds on previously published work [146, 119]

that demonstrated embedding of nanowires into CPW resonators using a neon

focused-ion-beam (FIB). The authors fabricated nanowire-embedded resonators

with intrinsic quality factor Qi > 105, showing only a modest increase in losses

as a result of the FIB technique. Here, we extend those studies of TLS losses to

demonstrate FIB-fabricated nanowires undergoing quantum phase-slip. This is the

first demonstration of QPS in nanowires fabricated by FIB and shows the promise of

this tool for QPS circuit fabrication. We also demonstrate control over QPS using an

externally applied magnetic flux, where single phase-slip events only occur when

Φapp = (n+1/2)Φ0.
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5.1 Nanowire Fabrication by Focused-Ion-Beam
In section 4.1, we described the general process we used to fabricate superconducting

CPW resonators in NbN thin-films. This involved depositing NbN films onto sapphire

substrates by reactive DC magnetron sputtering, and then defining the resonator

pattern in a layer of resist using a 10 keV electron-beam lithography system. The

pattern was transferred from the resist to the NbN film by reactive-ion etching.

For the devices in this chapter we wanted to include NbN nanowires (incorporated

into a loop structure) embedded within the CPW resonators. We know (section

2.2) that the cross-sectional dimensions of the nanowire must be comparable to the

coherence length of NbN, and so we needed a fabrication technique capable not only

of producing features with dimensions of a few 10s of nanometres, but also locating

those features close to much larger patterns.

In section 4.1.3 we discussed the proximity effect, where an electron-beam

spreads as it travels through a layer of resist, limiting the resolution in electron-beam

lithography processing. The spreading of the beam in the resist is dependent on

the energy carried by the electrons. In a lower energy beam, the radius of forward

scattering will be greater, and the radius of backward scattered electrons will be less,

meaning that the proximity effect is more significant with a lower energy beam. The

beam energy used when exposing with the Raith was 10 keV (which is relatively low

for an EBL system), so we found that we were unable to fabricate nanowires with

w < 100 nm in close proximity to much larger resonators. For this reason we used

EBL to fabricate resonators embedded with loops containing precursor wires with

designed width w = 400 nm (see Fig.5.2), and then used a focused-ion-beam to trim

the nanowires down to size.

5.1.1 Focused-Ion-Beam

The focused-ion-beam is a highly versatile tool that can be used for nanoscale

imaging [157, 158], and device modification by removal [159, 160] or addition

[161] of material. FIBs are widely used in the semiconductor industry for circuit

editing, and have traditionally made use of gallium ions. However, Ga milling can
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Figure 5.1: (a) Photograph of the LCN’s Carl Zeiss Orion helium/neon FIB. Inset is an
image of the three atom trimer. (b) SEM image of the result Ne FIB milling
of a 10 nm thick NbN film, with beam energy 15 keV. A dose array from
0.1–1.0 nC/µm2 shows that a dose of 0.5–0.6 nC/µm2 is sufficient to clear the
NbN. (c) SEM image of a single pixel line in 10 nm NbN with beam energy
15 keV and dose 0.6 nCµm2. Although the beam spot size may be as small as
2 nm, the minimum achievable linewidth is ∼ 15 nm.

have undesirable effects which superconducting quantum devices are likely to be

particularly sensitive to, such as Ga-poisoning — degraded superconducting material

and increased dissipation — and gallium’s high mobility leading to long-timescale

device variability [162–164]. More recently, technology has been developed that

enables the generation of ion-beams made up of noble gases [165], which seems like

a naturally less invasive option. Here we describe the use of the LCN’s Carl Zeiss

Orion helium/neon FIB system, a photo of which can be seen in Fig.5.1(a).

The principle of operation of an FIB machine is conceptually very similar to

EBL, however instead of a beam of electrons we have a beam of positively charged

ions. In the case of the He/Ne FIB the beam is produced by a gas-field ion source

(GFIS). The GFIS consists of tungsten sharpened to a tip, which, due to the crystal

structure of the tungsten, forms a three-atom point known as a trimer (see inset

of Fig.5.1(a)). A large voltage is applied to the tip, which establishes an electric

field as large as 50 V/nm around the trimer. He or Ne gas is admitted at a pressure
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Figure 5.2: SEM images of a NbN precursor wire before Ne FIB milling, and the resulting
nanowire afterwards. A dose of 0.6 nC/µm2 and a beam energy of 15 keV was
used to mill through the 10 nm thick film.

of ∼ 10−6 mbar, which is ionised by the large electric field, resulting in a high

brightness beam of positive ions emerging from the trimer. The ion-beam is then

accelerated and focused onto the sample using conventional ion-beam optics in much

the same way as an electron-beam.

The size of the beam at the sample is limited by the diffraction of the lenses in

the column, and so FIB systems can achieve a smaller beam spot size than electron-

beam systems. A typical commercial He/Ne FIB system can achieve beam currents

up to 10 pA, with a beam energy of up to 30 keV and spot size of 0.5 nm for He,

and beam energy 20 keV and spot size 2 nm for Ne. When using the FIB to sputter

target material, the difference in mass between He and Ne leads to a difference in

the sputtering rate, so the two gases are typically used for different purposes — the

lighter He is used for imaging and the heavier Ne is used for milling.

We found by means of a dose test (shown in Fig.5.1(b)) that a neon ion dose

of 0.6 nC/µm2 was sufficient to fully mill through a 10 nm thick NbN film, with

the beam energy set to 15 keV. This lower beam energy was chosen to minimise

damage to the substrate and surrounding NbN film. Fig.5.1(c) shows the result

of milling a single pixel line with the neon beam. We found that the minimum

linewidth was ≈ 15 nm, and this shows that an advertised beam spot size of 2 nm

does not necessarily translate into the possibility of fabricating 2 nm wide nanowires.

Nevertheless, 15 nm will be sufficient for studying QPS in our NbN films.

Fig.5.2 shows images of a precursor wire fabricated by EBL, and the final
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Figure 5.3: Overview of the FIB nanowire fabrication process.

nanowire after Ne FIB milling. By milling in from both sides, as highlighted in the

figure, we were able to fabricate nanowires with minimum width w ≈ 20 nm. To

fabricate this nanowire we used a dose of 0.6 nC/µm2, a beam energy of 15 keV, and

a beam current of ≈ 3 pA. From a particular batch of 20 nanowires fabricated in this

way, 12 were physically continuous and unbroken, and so we estimate the success

yield of nanowires fabricated by this process to be ∼ 60%.

We note in Fig.5.2 that some damage to the underlying sapphire substrate is

visible in the region where the neon beam was incident. Ions from the FIB are

known to implant themselves in target material [166, 167], and form nano- and

microbubbles. From the SEM images we estimate the dimensions of these bubbles to

be ∼ 10 nm, which is consistent with what we expect for this beam energy and dose

[166]. This suggests the bubbles also stand proud of the surface of the substrate, and

so potentially apply strain to the nanowire. We can speculate that this may explain

the less than perfect yield, but a more focused investigation would be required to

make any firm conclusions.
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5.1.2 Process Overview

An overview of the process used to fabricate nanowire-embedded resonators is shown

in Fig.5.3 and is summarised here.

Polished sapphire wafers are diced, cleaned, and 10 nm thick NbN films are

sputtered onto the clean surface. The chip is coated with 300 nm of PMMA resist,

and an RF feedline with capacitively coupled λ/4 CPW resonators is patterned into

the resist by 10 keV EBL. The resonators are shorted to ground via a loop which

contains 400 nm wide precursor nanowires. This pattern is transferred into the NbN

film by reactive-ion etching and the resist is washed away. Finally nanowires are

embedded into the resonators using a Ne FIB to reduce the width of the precursor

wires.

5.2 Measurements of Single Quantum Phase-Slips
We now present measurements of our neon focused-ion-beam-fabricated nanowire-

embedded resonator. We characterise how the resonator responds to an externally

applied magnetic field, and find that the resonance tunes periodically with the applied

field. We will first show that this periodic tuning reveals the transfer of single flux-

quanta into the loop at well-defined values of applied flux, and then we will establish

that the flux transfer is mediated by single quantum phase-slips occurring in the

nanowire. Finally we will suggest that our device shows promise as the fundamental

element of a low dissipation RSFQ logic circuit for cryogenic control and readout of

superconducting qubit circuits.

5.2.1 The Device

Fig.5.4(a) shows images of the device that we present in this chapter. We used

the process outlined in section 5.1.2 to fabricate six λ/4 CPW resonators, each

capacitively coupled to a common RF feedline. An image of a comparable full chip

layout has already been shown in Fig.4.8. Of the six resonators, five were embedded

with a superconducting loop containing two nanowires, galvanically coupled at the

current antinode of the resonator. The sixth resonator was left as a control device

with neither a loop nor nanowires. In this section we focus on one of the nanowire-
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embedded resonators, which we refer to as Device 1. The behaviour we observe in

Device 1 is representative of three of the five nanowire-embedded resonators (see

Appendix A for a brief discussion of the other two), and the remaining two devices

were broken due to fabrication imperfections.

The entire circuit was fabricated from a single NbN film of thickness 10 nm.

Four-contact DC measurement of a 40 µm wide track of the film showed that

the film has critical temperature Tc = 8.6 K and normal state sheet resistance

RN,sq = 1.2 kΩ/square. The critical current of the track at T = 300 mK was mea-

sured to be Ic = 1.78 mA, which means the critical current density of the film is

Jc = 4.5×105 Acm−2.

The resonator has the same coplanar geometry as the one discussed in section

4.3. The width of the centre conductor is w = 10 µm, the gap between the centre

conductor and the ground plane is g = 5 µm, and the length is l = 925 µm. The

resonator is coupled to the feedline via a 50 µm long coupling capacitor, separated

from the edge of the feedline by 20 µm, which again produces a coupling capacitance

of Cc = 0.66 fF. The centre conductor of the resonator is shorted to the ground plane

via the loop. This position at the current antinode of the λ/4 resonator is deliberately

chosen to ensure maximum inductive coupling between the loop and the resonator.

The wire of the loop has a width wl = 1 µm, and the loop has an inner radius of

rin = 1.6 µm. Into this loop two nanowires were inserted by Ne FIB milling. The

nanowires had a length of lnw = 200 nm, and were measured by a scanning electron

microscope (SEM) to have a width of wnw = 25 nm (see Fig.5.4(c)). The width was

chosen to be as narrow as possible using our Ne FIB technique, and the length was

chosen to be much greater than the coherence length ξGL.

Fig.5.4(b) shows the S21 magnitude response of the nanowire-embedded res-

onator measured at T = 305 mK, zero applied field, and a VNA drive power of

PV NA =−55 dBm. By equation 4.5 we estimate the average number of photons in

the resonator at this power to be 〈n〉≈ 50. The resonant frequency is f0 = 3.403 GHz,

and fitting to equation 4.4 shows Qi = 4.3×103.
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Figure 5.4: (a) Images of the device. The blue contrast image is an optical microscope image
of the resonator. Grey contrast images are SEM images of the loop and Ne FIB-
fabricated nanowires. (b) S21 response of the device measured at T = 305 mK
and 〈n〉 ≈ 50, with fit to equation 4.4. The resonant frequency is 3.403 GHz and
the intrinsic quality factor is 4.3× 103. Inset shows the normalised Re{S21}
vs. I m{S21} data with associated circle fit. (c) The width of the nanowires,
measured by slow SEM linescans, is w = 25 nm.

5.2.2 Response to Magnetic Field

We now examine how the resonator behaves in response to a magnetic field Bapp,

globally applied perpendicular to the plane of the film. Fig.5.5(a) shows how the
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Figure 5.5: (a) |S21| of nanowire-embedded resonator in response to an applied magnetic
field, measured at T = 305 mK and 〈n〉 ≈ 50. The resonant frequency tunes
periodically with field-period ∆B = 153 µT. (b) Fitted f0 and Qi from (a). This
reveals that the intrinsic loss rate of the resonator is modified with the same
periodicity as the resonant frequency.

|S21| response shifts with the applied field. This measurement was also made at

T = 305 mK, and with a photon population in the resonator of 〈n〉 ≈ 50. To produce

this plot we performed a field cycle with Bmax = 0.72 mT, and selected the 0 to Bmax

and 0 to −Bmax branches (the result of the full cycle will be discussed at the end of

the subsection).

We see the expected shift towards lower frequency as |Bapp| is increased, caused

by the kinetic inductance tuning of the resonator centre conductor (cf. Fig.4.13), but

in addition to this we also observe a periodic modulation of the resonance. By fitting

to the S21 response we can plot in Fig.5.5(b) how f0 and Qi vary with the applied

field. In addition to the periodically shifting resonant frequency, we also see that the

quality factor varies with the same period. We note that there appears to be a zero

offset of ∼ 50 µT (based on the location of the maximum f0 and Qi), which could

be due to some locally trapped flux, or may indicate imperfect magnetic shielding in

our setup.

Starting from zero applied field, f0 and Qi both decrease as the field is increased.

This is because the magnetic field induces a DC screening current Isc in the loop in

order to maintain zero flux inside it. This current increases the kinetic inductance

of the loop (equation 2.15), which reduces the f0 of the resonator. The fact that f0
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decreases with increasing applied field means Isc must also be increasing. At the point

where the tuning changes direction, the direction of Isc also reverses, which must

be a result of flux entering the loop. Increasing Isc also increases the population of

non-equilibrium quasiparticles [168], which has the effect of increasing the resistive

loss rate from the resonator, as we saw in section 2.1.6. This causes the variation in

Qi.

The width of a single period is ∆B = 153 µT and the area of the loop

was measured to be A = 8.24 µm2, so the apparent flux-period of the tuning is

∆Φ = ∆B ·A = 1.26×10−15 Wb. As we discussed in section 4.3.3, we expect some

flux-focusing in devices such as ours due to the large diamagnetic ground plane

surrounding the resonator. By comparing ∆Φ with Φ0, we calculate a flux-focusing

factor of F = 1.64, which means the local field strength at the loop is 1.64 times

larger than the field strength that was calibrated far from the superconducting film.

The fitted resonant frequency as a function of applied magnetic field for the

full field cycle is shown in Fig.5.6. We see again that the tuning of the resonator

is hysteretic (cf. Fig.4.12), which we attribute to the interaction of vortices with

RF currents in the centre conductor of the resonator. The periodic modulation,

however, remains the same on all branches of the field cycle. This shows that the

nanowire-embedded loop is biased by the externally applied magnetic field, and not

by vortices.

5.2.3 Calculating Energy States of the Loop

In order to compare the measured tuning with theory, we developed a method to

calculate the expected flux-dependent resonant frequency of our nanowire-embedded

resonators. First, the flux-dependent kinetic inductance Lk(Φ) is calculated from

independently measured properties of the superconductor and the geometry of the

device. From this, one can calculate quantities such as the free-energy of the loop,

the screening current in the loop, or the resonant frequency of the loop-terminated

resonator.

As we saw in Fig.5.4, the loop is made up of a wider section and a narrower

section (the nanowires), so we model this as two nonlinear kinetic inductances in
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Figure 5.6: Fitted f0 as a function of applied magnetic field during a full field cycle, mea-
sured at T = 305 mK and 〈n〉 ≈ 50. The tuning of the resonator exhibits a
hysteresis loop, but the periodic modulation of the resonance is non-hysteretic.

series. Series inductances sum, so the total inductance of the loop as a function of

DC current is

Lk,tot(I) = Lk,loop(0)
[

1+
I2
sc

I2
∗,loop

]
+Lk,nw(0)

[
1+

I2
sc

I2∗,nw

]
. (5.1)

The first term is simply equation 2.15 for the wider part of the loop, and the second

term is the same for the nanowires. The circulating current Isc must of course be the

same at all points of the loop, and is given by

Isc =
(Φapp−nΦ0)

Lk,tot
, (5.2)

with n taking integer values. Substituting this into equation 5.1 and rearranging

results in a cubic equation for Lk,tot ,

L3
k,tot−

(
Lk,loop(0)+Lk,nw(0)

)
L2

k,tot−(Φapp−nΦ0)
2

(
Lk,loop(0)I2

∗,nw +Lk,nw(0)I2
∗,loop

)

I2
∗,loopI2∗,nw

= 0.

(5.3)

It turns out that equation 5.3 has only one real root (for all values of n) and can be
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solved analytically, but the full form of the solution is too long to show here.

Note that in order to calculate Lk(Φ), all that needs to be known is the kinetic

inductance and the critical current of the loop and nanowires. In practice we perform

a four-contact DC measurement of the film to obtain RN,sq, Tc, and Jc. We can then

use equation 2.14 to calculate the sheet kinetic inductance of the film. The geometry

of all elements of the circuit is known from the design parameters, and subsequently

verified by SEM measurement.

We can now calculate how the flux-dependent inductance of the loop modifies

the resonator f0. Standard transmission line theory [102] tells us that the input

impedance Zin at frequency f of a loaded, lossless transmission line is

Zin = Z0
ZL + iZ0 tan

(2π f l
v

)

Z0 + iZL tan
(2π f l

v

) , (5.4)

where ZL is the load impedance and all other variables are defined as in section

3.1.2. The load impedance is ZL = i2π f LL, where LL is the inductance from the

top to the bottom of the loop. If the loop is perfectly symmetrical, which we shall

assume is the case, LL is one quarter of the inductance around the loop. At resonance,

I m{Zin}→ ∞, so to calculate f0 we numerically determine the frequency at which

this condition is met.

Fig.5.7 shows the flux-dependent resonant frequency of our device calculated

by this method, overlayed on top of the experimental data. To calculate this we used

values of Lsq = 0.34 nH/sq and Jc = 4.5×105 Acm−2. We account for the overlying

parabolic resonator tuning using an equivalent form of equation 2.15,

Lk,res(B) = Lk,res(0)
(

1+
B2

B2∗
+ ...

)
. (5.5)

We find that B? = 8 mT gives a good fit to the data. We have also accounted for the

observed magnetic field offset when overlaying the fit.

Starting from equation 5.2 we can also calculate the flux-dependence of the loop

screening current. This is plotted in Fig.5.8(a). We see that Isc reaches a maximum

of 120 nA at Φapp = Φ0/2, at which point the direction of the current reverses. This
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Figure 5.7: Calculated flux-dependent resonant frequency (white dashed lines) of our
nanowire-embedded resonator, overlayed on top of the experimental data of
Fig.5.5(a). As we saw in section 2.3.3, the parabolas correspond to distinct
winding number states of the loop. At Φapp = (n+ 1/2)Φ0 the number of
flux-quanta in the loop changes by 1.

is repeated with flux-quantum-periodicity.

Finally, we use equation 2.26 to calculate the free-energy of the loop from the

flux-dependent inductance, for each value of n. The result is a set of energy states

that have an approximately quadratic dependence on the applied flux, shown as the

black lines in Fig.5.8(b). There is a minor deviation from perfectly quadratic due to

the nonlinearity of the kinetic inductance. Note that this is simply a different way of

plotting the same data shown in Fig,5.7.

To obtain the corresponding loop energy from the measured data, we calculate

the loop’s inductance by setting f = f0 in equation 5.4 and numerically determine the

value of L that satisfies I m{Zin}→ ∞. From that we calculate the free-energy from

equation 2.26. Fig.5.8(b) shows the measured loop energy as blue points on top of

the calculated energy states. This allows us to confirm that, as we sweep the applied
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Figure 5.8: (a) Calculated flux-dependence of the DC screening current in the loop. (b)
Calculated energy states of the loop (black lines) and values extracted from the
measured resonant frequency (blue points).

flux the loop remains in its lowest energy state at all times, and moves between

neighbouring parabolas at Φapp = (n+ 1/2)Φ0. Therefore, when neighbouring

states are degenerate, a single flux-quantum transfers into or out of the loop, and the

winding number changes by ±1. In the following sections we will work to establish

the mechanism by which flux in transferred into the loop.

5.2.4 Response to Microwave Drive Power

There are a few possible mechanisms for flux to enter a superconducting loop, and

perhaps the most simple is the case where the loop ceases to be a superconductor,

ie. when the DC current in the loop exceeds the critical current. This is sometimes

known as an instability point of the loop [70]. At the instability point, the nanowires

(or more generally the part of the loop with the lowest Ic) transition to normal metal,

meaning they are no longer a barrier to flux, which is then able enter the loop. In our

device we therefore need to consider whether Isc is close to Ic. Our resonator readout

technique provides the perfect tool to do that, which we demonstrate in this section.

Niobium nitride resonators commonly exhibit a nonlinear S21 response when

they are driven with a high microwave power [104, 169], as a result of the nonlinear

kinetic inductance. As the nonlinearity of Lk scales with (I/I?)2 it follows that the

nonlinearity becomes apparent as the magnitude of the RF current in the resonator

approaches I? (recall from section 2.1.7 that I? is known to be of the same scale as
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Figure 5.9: (a) Power-dependence of |S21| at 300 mK, before and after a resonator was
embedded with nanowires by Ne FIB. The reduced Ic of the nanowires results in
increased sensitivity to the photon population in the resonator, which is revealed
at high VNA drive power as a pulling to lower frequency and an alteration of
the resonance line shape. (b) The contrast between a linear and a nonlinear
resonance is illustrated. In the low power regime, the resonance is well fit by the
resonance fitting routine, and S21 traces out a circle in the complex plane. When
the drive power is increased, the S21 response of the resonator is no longer well
fit by a linear resonance model.

Ic).

Fig.5.9(a) shows the power-dependent S21 response of a nanowire-embedded

resonator on the same chip as Device 1, before and after nanowires were added

by Ne FIB. Prior to FIB milling, the narrowest part of the resonator is the arm

which connects the loop to the resonator, which is 200 nm wide. We see that the

resonance just begins to be pulled to lower frequency as the VNA power approaches
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PV NA =−30 dBm (〈n〉> 105). In contrast to this, after milling, the narrowest part

of the resonator is the nanowires, at w = 30 nm. Now, when the same measurement

is repeated, we see significant nonlinearity of the S21 response for PV NA >−45 dBm

(〈n〉> 5×102). The stark change in behaviour confirms that the increased sensitivity

of the resonance to the microwave drive power is a direct consequence of the

nanowires and their reduced Ic.

What we learn from this is that the absence of linearity in a nanowire-embedded

resonator’s S21 response acts as a direct indicator that the current in the nanowire is

well below the critical current, and that this can be reliably assessed by our resonance

fitting routine (see Fig.5.9(b)). As we will show in the next section, our nanowire-

embedded resonator remains in the linear regime throughout the full measurement

presented in section 5.2.2.

5.2.5 Linearity at Φ0/2

Fig.5.10 shows two S21 traces, one taken at (Φapp − nΦ0) = 0, and one at

(Φapp−nΦ0) = Φ0/2 where Isc is maximal. We can see that both resonances are

linear and well fit by our fitting routine, which we take as strong evidence that the

nanowire current remains a small fraction of Ic at all times.

We also repeated identical field cycles with microwave drive power ranging

from PV NA = −60 dBm to PV NA = −25 dBm, and found that the magnetic field-

periodicity was identical at all powers. This confirms [66] that the magnitude of the

RF current in the resonator is small compared with the DC current in the loop. We

therefore conclude that flux does not enter the loop as a result of the nanowire being

driven beyond its critical current.

5.2.6 Temperature-Dependent Field Sweeps

We repeated measurements of the device’s magnetic field-induced frequency-shift

while controlling the temperature of the 3He cryostat above 300 mK. This was

to investigate whether the behaviour we observed was sensitive to the phonon

temperature of the NbN. Although the measurement temperature is well below the

Tc of the film, it is conceivable that some unknown local heating process could raise
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Figure 5.10: |S21| of our device measured at (Φapp−nΦ0) = 0 and (Φapp−nΦ0) = Φ0/2.
Inset shows the normalised Re{S21} vs. I m{S21} data with associated circle
fit. The applied flux shifts the f0 of the resonance by ∼ 1 MHz, but it remains
linear. This shows that Isc < Ic at Φapp = Φ0/2.

the temperature of the nanowire, as is known to happen in microbridge Josephson

junctions [170, 171]. It is also possible that the critical temperature of the nanowires

is significantly less than that of the film, however we have previously shown [119]

that fabricating nanowires using the Ne FIB does not reduce their Tc below that of

the rest of film.

Under the assumption of a local heating, if at T = 300 mK flux enters the loop

at Φapp, then at T > 300 mK, we expect that flux will enter the loop at Φapp− ε ,

and this should be observable as a change in the periodicity of the tuning.

Starting from the base temperature of the cryostat, we heated the sorb to raise

the temperature, waited for one hour for the temperature to stabilise and to ensure

thermalisation between the cold stage and the device, and then carried out a small

field cycle with PV NA =−40 dBm (〈n〉 ≈ 100), and repeated. The result is shown in

Fig.5.11. We see that in the range of T = 310−660 mK, the resonator tunes with the

same periodicity, with the only difference being a general downwards shift in f0 and

Qi, which we attribute to the temperature-dependence of the surface conductivity.
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Figure 5.11: (a) Magnetic field-dependence of |S21| at T = 310 mK and T = 660 mK. (b)
f0(Bapp) for all measurement temperatures. The zero-field frequency decreases
with temperature, but the periodic modulation of the resonance is unaffected.

We can therefore rule out flux entering the loop as a result of heating in the nanowire

raising the local temperature above Tc.

5.2.7 Non-Hysteretic Tuning

It is well known that flux may also enter a superconducting loop through a Josephson

junction, so next we examine the possibility that the nanowire forms a Dayem bridge,

or S-s-S Josephson junction [172, 173].

When an external magnetic flux Φapp is applied to a superconducting loop, the

total flux inside the loop Φin is a sum of the applied flux and the flux generated by

the induced circulating current,

Φin = Φapp +LIsc. (5.6)

The form of the screening current Isc is dependent on the structure of the loop. For

simplicity’s sake, we consider the example of an RF-SQUID — a loop interrupted

by a single Josephson junction.

A flux threading a superconducting loop results in a phase change around the

loop ∆ϕ = 2π

Φ0
Φin (equation 2.5). In the SQUID, the junction phase difference δ

adjusts itself to satisfy the requirement that the superconducting phase be single
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Figure 5.12: (a) Total flux in a SQUID loop Φin as a function of the externally applied flux
Φapp, calculated for an inductive SQUID with β

′
L = 12.6. As Φapp is smoothly

increased, Φin follows the highlighted blue path, undergoing discontinuous
jumps. (b) Simulated flux-dependence of a resonator embedded with the
hysteretic SQUID.

valued at all points around the loop, so

∆ϕ +δ = 2nπ. (5.7)

From this we can find the form of the screening current in the SQUID

Isc = I0 sin
(

2nπ−2π
Φin

Φ0

)

=−I0 sin
(

2π
Φin

Φ0

)
,

(5.8)

so the flux inside the SQUID loop is

Φin = Φapp−LI0 sin
(

2π
Φin

Φ0

)
, (5.9)

which is often expressed in terms of the dimensionless inductance parameter

β
′
L = 2π

Φ0
LI0 [174],

Φin

Φ0
=

Φapp

Φ0
− β

′
L

2π
sin
(

2π
Φin

Φ0

)
. (5.10)

Equation 5.10 is a transcendental equation, so cannot be solved analytically for Φin,

but it is informative to plot Φin as a function of Φapp. We see in Fig.5.12(a) that
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when β
′
L
>∼ 1, for a particular value of applied flux there are multiple possible values

of Φin that the loop can take. In practice, as flux is smoothly applied to the SQUID

loop, the flux difference between the inside and the outside of the loop exhibits

discontinuous jumps, as highlighted by the blue line.

Let’s assume for a moment that our nanowire is a Dayem bridge Josephson

junction, and our loop is a SQUID. In that case, we can estimate a value for β
′
L. The

inductance of the loop is L = 8.3 nH and the transport critical current (which is an

upper bound on the Josephson critical current) is Ic ≈ 1 µA. Let’s make an educated

[175] guess that the Josephson critical current is half the transport critical current,

I0 = Ic/2. In that case β
′
L = 12.6. This was the value used to produce Fig.5.12(a). A

Josephson critical current of 40 nA or less would be required to obtain a value of

β
′
L < 1.

Following our method outlined in section 5.2.3, we can calculate how a SQUID-

embedded resonator should tune with applied flux, and the result of this is shown

in Fig.5.12(b). The discontinuous jumps of resonant frequency are characteristic

of a resonator embedded with an inductive SQUID loop, and have been observed

in numerous previous experiments [176, 177]. This is known as hysteretic tuning

because the location of the jumps is dependent on which way the flux is being

ramped. The tuning we observe in our device is evidently non-hysteretic, as we

observe no discontinuous changes of the resonant frequency, and the transfer of

flux-quanta occurs at the same values of applied field regardless of which direction

the magnetic field is being ramped, so we conclude that our results are not consistent

with the presence of a Dayem bridge Josephson junction in the loop.

5.2.8 Quantum vs. Thermal Phase-Slips

Having ruled out some alternative explanations for the periodic tuning, the most

likely remaining possibility is that flux enters the loop via a single phase-slip event.

So finally we need to address the question of whether the phase-slips in our nanowire

are quantum or thermally activated. In this section we will provide two separate

pieces of evidence to suggest the former is the case.

Firstly, Fig.5.13 shows the magnetic field-dependent resonant frequency of the



5.2. Measurements of Single Quantum Phase-Slips 118

Figure 5.13: Magnetic field-dependence of the resonant frequency of the nanowire-
embedded resonator up to Bapp = 5.8 mT. The behaviour can be divided into
two regions. Up to Bapp ≈ 2.4 mT, the tuning is periodic with ∆B = 153 µT.
Above that field, the periodicity breaks down.

nanowire-embedded resonator up to Bapp = 5.8 mT. The first observation we make

is that the 153 µT periodicity only persists up to Bapp ≈ 2.4 mT. Beyond this the

periodicity appears to be disrupted, and we qualitatively explain this in the following

way. A strip of thin-film superconductor will exhibit its own geometry-dependent

critical field Bm, below which magnetic flux is completely screened from the strip,

and above which vortices begin to nucleate. It has been shown [178, 179] that

Bm ∝ 1/w2, where w is the width of the superconducting feature, so vortices nucleate

in larger features before they do in smaller ones. We suggest that in the periodic

region, vortices may exist in the centre conductor of the resonator, but not the loop,

and for Bapp > 2.4 mT, vortices begin to enter and cross the loop, disrupting the

regular periodicity of the circulating current. References [178] and [179] both report

an approximate constant of proportionality of Φ0, ie. Bm ≈ Φ0/w2. Inserting the

width of our loop (1 µm) into this results in Bm ≈ 2.1 mT, so our hypothesis that

the loop remains vortex-free up to Bapp = 2.4 mT is more or less consistent with

established results.

We can use this data to replicate the analysis of Petković et al. [68] that we dis-

cussed in section 2.3.3, which was used to confirm the presence of thermally activated

phase-slips. Here we will choose to define the normalised value of flux at which a

flux-quantum is transferred to the loop as ∆φ+
n = (Φn+1→n+2−Φn→n+1)/Φ0, where
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Figure 5.14: (a) Normalised switching flux ∆φ+
n up to a winding number of 28. (b) Calcu-

lated QPS rate (orange line), and temperature-dependent TAPS rate (blue line)
for the nanowires in this device. At our measurement temperature (red dashed
line), the quantum rate exceeds the thermal rate by many orders of magnitude.
The shaded orange and red areas represent reasonable uncertainty in QPS rate
and Tc respectively.

Φn→n+1 is the flux at which a phase-slip from a winding number of n to a winding

number of n+1 occurs. We identified the values of ∆φ+
n from the data in Fig.5.13,

and plot those against the winding number in Fig.5.14(a) and we see that for n≤ 16,

∆φ+
n is always approximately equal to 1 (except for the first point, which we attribute

to the zero-offset in the applied field). This is in contrast to the findings of [68],

where ∆φ+
n showed a characteristic dependence on n, meaning our data is not well

described by a model of thermally activated phase-slips.

Secondly, we can also quantify the relative strengths of thermal and quantum

fluctuations of the order parameter by comparing ΓTAPS and ΓQPS. Fig.5.14(b) shows

ΓQPS calculated for our nanowire by equation 2.24, and ΓTAPS calculated by equation

2.17. To calculate ΓQPS we used a value of b = 0.6 for the dimensionless parameter

in the exponential [78], and obtained a value of ΓQPS = 35 MHz. From Fig.5.14(b)

it is clear that ΓQPS� ΓTAPS for our measurement temperature, even if we allow for

some uncertainty in the measured Tc and large uncertainty in the calculated ΓQPS

(represented by shaded areas in the figure).

Using the same model from [68] we can estimate the applied flux at which

the energy barrier is tuned to zero in our nanowires to be ∼ 300Φ0. Equivalently,
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we can use equation 2.18 to estimate the value of the phase-slip energy barrier at

T = 300 mK and Φapp = Φ0/2 to be ∆F ≈ 10−21 J, roughly 250 times larger than

kBT . We therefore conclude that thermal phase-slips are suppressed in our device,

and so flux is transferred into the loop via quantum tunnelling, and not thermal

activation.

5.2.9 Discussion

In this chapter we have demonstrated NbN nanowires fabricated by Ne FIB undergo-

ing single quantum phase-slips, leading to incoherent quantum tunnelling of single

magnetic flux-quanta through the nanowire. This was measured by embedding the

nanowires into a superconducting loop, and connecting that loop at the short circuit

termination of a λ/4 CPW resonator. The resonator had low-power Qi = 4×103,

which, although lower than the bare resonators we fabricated, is to our knowledge

the highest reported resonator quality factor in QPS experiments. The resonant fre-

quency and intrinsic Q of the resonator tuned periodically with an applied magnetic

field, with period ∆B = 153 µT, which matches closely with a single flux-quantum

in our loop. The periodic tuning of f0 fits well with a model of the flux-dependent

free-energy of the loop calculated from independently measured parameters of the

superconducting film and the geometry of the loop.

The resonator readout method allowed us to verify that the transfer of flux was

not a result of the nanowire being driven normal by a static process such as increased

DC current or temperature. Examination of the calculated thermal and quantum

phase-slip rates allowed us to rule out the transfer of flux via thermal activation.

The lack of hysteresis in the resonator tuning allows us to rule out the presence of

constriction Josephson junctions in our loop. Therefore by carefully considering

and rejecting alternative explanations, we are able to confirm that the transfer of

flux through our nanowire is a result of incoherent quantum tunnelling of the order

parameter, or a single quantum phase-slip.

Again, although we presented measurements of a single device in this chapter,

this was not an exceptional device — the same behaviour was reproduced in a

number of similar devices, with intrinsic quality factors on the order of 103–104
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and with similar excellent fits to the model presented in section 5.2.3. Typically,

we found that the majority of successfully fabricated devices (by which we mean

nanowires that are physically connected and with appropriate dimensions) displayed

incoherent QPS behaviour. These results form an important stepping stone on the

route to developing coherent QPS qubits, especially in showing for the first time that

the FIB is a suitable tool for fabricating QPS nanowires which has the potential to

enable relatively low loss nanowire circuits.

We also propose that the device presented in this chapter has potential techno-

logical application in its own right. The controlled tunnelling of single quantised

amounts of flux is naturally applicable to the task of digital logic processing. Indeed

single flux-quantum (SFQ) logic in Josephson junction circuits is already a relatively

mature field [88]. Classical information processing is approaching a limit where the

energy consumption of the largest computers is becoming unsustainably large, and

so alternative methods of processing classical information are researched with keen

interest. Particularly interesting for the field of quantum technologies is the recent

proposal to use SFQ circuits for coherent qubit control circuits situated within the

same cryostat as superconducting qubit chips [180].

Rapid single flux-quantum (RSFQ) logic is a Josephson junction based scheme

in which classical digital information is stored as a single flux-quantum in an in-

ductive superconducting loop interrupted by a Josephson junction. Logic gates are

performed by shuttling the flux-quanta around with voltage pulses with time integral
∫

V dt = Φ0. Despite recent advances in energy efficiency [181–184], the energy

consumption per gate in RSFQ circuits is still too high for large scale integration

as qubit control circuits. The switching energy associated with the transfer of a

flux-quantum is equal to Esw = Φ0I0, and the requirement for RSFQ circuits to

be robust against thermal fluctuations sets an effective lower limit on the junction

critical current (for RSFQ devices operating at 10s of mK) of I0 ≈ 1 µA [180], and

therefore Esw ≈ 2× 10−21 J. We saw in section 5.2.3 that the current in our loop

when a QPS occurs is I = 120 nA, which suggests an order of magnitude reduction

in switching energy compared with leading RSFQ devices. This could be improved
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further with changes in loop design. As we showed in section 5.2.8, our phase-slip

nanowire is highly robust against thermal fluctuations, which is the reason that the

limit of 1 µA does not apply in our case.

Another condition for single flux-quantum logic device to operate reliably is

that the transfer of a flux-quantum into or out of the loop must be deterministic. The

transfer of flux by incoherent quantum tunnelling that we demonstrated in our devices

must on some timescale be probabilistic, but we showed that if one measures slowly,

a QPS event is guaranteed to occur at Φapp = Φ0/2. Therefore, the clock speed of

our phase-slip SFQ device would ultimately be limited by the QPS rate, which we

estimated to be ∼ 107 Hz. Future research into these devices could aim to develop a

fast measurement scheme, to investigate the temporal behaviour of incoherent QPS

and measure the time after which a flux-quantum is effectively guaranteed to have

tunnelled. Further work should also focus on increasing the phase-slip rate in our

NbN nanowires, while retaining the incoherent nature of flux-quantum tunnelling.



Chapter 6

Coherent Coupling Between a NbN

Nanowire and a CPW Resonator

In the previous chapter we presented NbN nanowires undergoing incoherent quantum

phase-slip. These devices were an important testbed that allowed us to develop

fabrication and measurement techniques for isolating quantum phase-slips and learn

more about their behaviour. But ultimately the goal is to develop applications that

utilise the coherence of the quantum phase-slip effect, and so we ask — what changes

must be made to our experiment in order to reveal coherent QPS?

We attempted to address this question by making a few key changes to our

experiment. First was the measurement temperature — at 300 mK, thermal energy is

equivalent to kBT/h≈ 6 GHz, and so any level splitting on the order of GHz would

be impossible to resolve. We also changed the way we fabricated our NbN nanowires.

FIB milling is quite an invasive technique; we discussed in the previous chapter

side effects such as substrate damage and ion implantation. We therefore developed

a new ‘clean’ nanowire fabrication process using electron-beam lithography and

reactive-ion etching only. Finally we modified the coupling between the nanowire-

embedded loop and the resonator, in order to better isolate the nanowire from its

noisy environment.

In this chapter we present measurements at T = 10 mK of an all-EBL-fabricated

NbN nanowire-embedded loop, which we will refer to as a nanowire qubit, induc-

tively coupled to a λ/4 CPW resonator. We will demonstrate coherent coupling
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between the resonator and a quantum two-level system, and by numerically fitting

to the Jaynes-Cummings model we show that there is reasonable correspondence

between our qubit loop design parameters and the measured behaviour. At present

however we are unable to conclusively rule out alternative explanations based on our

experiments.

6.1 Nanowire Fabrication by Electron-Beam Lithog-

raphy
As we discussed in section 5.1, we found that the minimum achievable nanowire

width when using a 10 keV electron-beam lithography system was on the order

of hundreds of nanometres, and this was limited by the proximity effect where

scattering processes cause the beam to spread out in the resist. However, during the

second year of the project, an Elionix ELS-G100 100 keV EBL system was installed

in the LCN cleanroom, providing the opportunity to expose small features with much

less spreading of the beam. Using this machine we developed an all-EBL process

for reliably fabricating NbN nanowires with widths down to 20 nm, and embedding

them within coplanar waveguide resonators.

Patterns were exposed in a 100 nm layer of PMMA resist on top of a 10 nm film

of NbN. The Elionix machine is capable of adjusting and changing the beam aperture

during an exposure, which gave us the capability to define nanowires and resonators

in the same exposure. We used a beam current of 500 pA to define the nanowires,

and then changed to a larger beam current of 20 nA for the larger RF circuitry. An

electron dose of 780 µC/cm2 was found to be optimum for both small and large

features. In testing the beam’s performance, we found that we could achieve a

minimum feature size of ∼ 20 nm, independent of the beam current for currents up

to 2 nA. One would expect the minimum feature size to scale with the beam current,

and so this suggests that the factor limiting the feature size is not the beam but the

resist. Indeed it is known that PMMA has a resolution limit of ∼ 20 nm due to the

size of the long-chain polymers that PMMA consists of. Following exposure, the

resist was developed for 30 seconds in a 1:3 ratio of MIBK and IPA, and was etched
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Figure 6.1: (a) SEM image of a test nanowire, exposed by 100 keV EBL and etched into
a 10 nm thick NbN film. The physical width of the nanowire was measured
to be 23.4 nm. (b) Comparison of designed and measured nanowire width for
arrays of test nanowire structures. The linear correspondence between design
and result means that a chosen nanowire size can be reliably fabricated.

for 60 seconds using the same recipe as described in section 4.1.4.

To qualify the reliability of the all EBL nanowire fabrication process, we

exposed an array of nanowires with designed width ranging from 10 to 60 nm in

steps of 2 nm, and etched the result into a 10 nm thick NbN film. The nanowires

were exposed within a pattern of a 60 µm section of CPW resonator, to simulate

the proximity effect that would be present when exposing the real device. We used

an SEM to measure the physical width of the resulting nanowires, and compared

the measured widths with designed widths. The process was repeated three times to

establish how repeatable the fabrication process was.

Fig.6.1(a) shows an example of the nanowires that we fabricated. This particular

nanowire was designed with a width of 48 nm, and was measured to have a physical

width of 23.4 nm. To get an accurate measurement of the width, and to account

for variation along the length of the nanowire, we took 5 separate linescans of the

nanowire (one such linescan is shown in Fig.6.1) and calculated the mean of those

measurements.

The result of comparing designed and measured nanowire width is shown in

Fig.6.1(b). The spread of points for a single value of designed width is very small;

the average spread is 2.2 nm and the maximum is 3.9 nm. This shows that the process
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is consistent across multiple runs. The minimum nanowire width that we measured

was 20 nm. This was however the only successful nanowire out of three for that

particular designed width. Again we define a successful nanowire as one that is

physically continuous and unbroken. The minimum width we measured where all

three attempts were successful was 20.3 nm, for a design width of 44 nm.

The data points in Fig.6.1(b) lie in more or less a straight line. The best linear

fit (determined by a least-squares fitting algorithm) gives an R2 value of 0.92. We

can also force the fit to have a gradient of 1, and this also gives an R2 value of 0.92.

This means there is a direct linear correspondence between designed and measured

nanowire width. This is important because in a single shot fabrication process, we

want to be able to choose a design width in order to achieve a desired nanowire width.

Based on these tests, we know with reasonable confidence that a nanowire fabricated

by our all-EBL process will turn out 24 nm narrower than the design width.

By taking multiple linescans along the length of the nanowires, we were able

to quantify the variation of the width by calculating the standard deviation of the

measured width values for a single nanowire. This is important because it is desirable

to have a nanowire with a width (and therefore a phase-slip amplitude) that does not

vary significantly along its length. The average of the values of standard deviation

across all nanowires measured was 2.0 nm, and the maximum was 2.7 nm. While this

shows that in general our nanowires are very straight, we suggest that an important

task for future research is to develop a process that leads to nanowires with less

width variation, perhaps by utilising a different e-beam resist (for instance CSAR or

ZEP), or by experimenting with cold development of PMMA [185].

To fabricate an entire device, with feedline, multiple resonators, and nanowire-

embedded loops, we followed the same process outlined in section 4.1, but without

the need for the FIB. Fig.6.2 gives a schematic illustration of the steps involved. A key

result to point out here is the simplicity of this process. Fabricating a chip containing

multiple Josephson junction qubits and all their control wiring is a multi-step process,

which can involve multiple rounds of photo-/e-beam lithography, multiple rounds of

film deposition, controlled oxidation of specific regions of the circuit, and multiple
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Figure 6.2: Schematic illustration of the process for nanowire fabrication using a 100 keV
EBL system.

etch processes. The resulting devices have several material boundaries and oxide

layers, which are ideal homes for decoherence-causing two-level systems. Even after

20 years, simplifying the process of Josephson junction qubit fabrication is a very

active area of research [186–188]. The ability to fabricate an entire qubit chip with a

single film deposition, single exposure, and single etch would be a step change from

current practice.

6.2 Experimental Setup
To measure coherent quantum behaviour in a superconducting circuit, the thermal

energy must be small compared with the transition energies in the circuit, and as we

have discussed, the base temperature achieved by our 3He cryostat is simply not cold

enough for this. There is another, more powerful cryostat available to the quantum

scientist, which allows continuous cooling at temperatures down to T < 10 mK,

where kBT <∼ 200 MHz — the dilution refrigerator. In this section we outline the

working principle of a dilution refrigerator, and describe the dilution fridge setup we

used to perform measurements on our qubit circuit.

6.2.1 10 mK Dilution Refrigerator

The operation of a dilution refrigerator relies on the physics that arises when 4He

and 3He are mixed together. The phase diagram of the helium mixture, as a function

of temperature and 3He concentration, is shown in Fig.6.3. When cooled below
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Figure 6.3: Temperature vs. 3He concentration phase diagram for a mixture of 3He and 4He.
Below T ≈ 870 mK a phase separation occurs between a mixture that is rich in
3He and a mixture that mostly consists of 4He.

∼ 870 mK, the mixture separates into two allowed phases, with a forbidden region

between. The ‘concentrated phase’, to the right of the forbidden region in the

diagram, is rich in 3He, and the ‘dilute phase’, to the left, consists of mainly 4He.

Within the mixing chamber of a dilution refrigerator, once phase separation has

occurred, the lighter concentrated phase tends to sit on top of the denser dilute phase.

The lower vapour pressure of 3He compared with 4He means that pumping on the

mixture preferentially pumps the 3He from the concentrated phase into the dilute

phase. Forcing 3He across the phase boundary is an endothermic process, and so

heat is removed from the mixing chamber.

The general structure of a dilution refrigerator is shown in Fig.6.4. To cool the

fridge to base temperature, the helium mixture must first be cooled to 870 mK to

create the phase separation. In modern fridges, the first stage of the cooling is carried

out by pulse-tube cryocoolers, which are able to cool the PT1 plate to 50 K and the 4K

plate to 4 K. After pre-cooling by the pulse-tubes, the helium mixture is condensed

by a section of the circuit with high flow impedance. The high pressure side of the

impedance is maintained at a pressure > 1 bar with an external compressor, and the

low pressure side is is maintained at a pressure < 0.1 mbar by a turbo pump. Upon

exiting the impedance on the low pressure side, the Joule-Thomson effect causes the
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liquid to cool and condense. The condensed liquid collects in the mixing chamber

and is pumped on by the turbo pump through the still. The liquid’s temperature

reduces further by evaporative cooling from the still, until phase separation occurs in

the mixing chamber.

Once phase separation has occurred, the phase boundary between the concen-

trated and dilute phase sits within the mixing chamber, as illustrated in Fig.6.4.

Pumping on the dilute phase forces 3He from the concentrated phase across the

phase boundary, and the fridge cools to base temperature. The 3He that is pumped

away is cycled through the rest of the circuit and returns again to the dilution unit,

with cold outgoing helium acting to cool the warmer incoming helium via a series of

heat exchangers.

In principle the dilution process has no lower temperature limit, as the con-

centration of 3He remains finite even at T = 0 K. In reality the base temperature

is set by practical considerations such as the performance of the heat exchangers

and the amount of heat load on the mixing chamber. The cooling power at the

mixing chamber scales approximately with T 2, and a typical commercial dilution

refrigerator will be able to provide∼ 10 µW of cooling power at the mixing chamber

plate (compare this with typically up to 1 mW at the 4K plate).

The measurements presented in this chapter were performed in a Bluefors

XLD400 dilution refrigerator. The XLD is designed to be a multi-user fridge, which

can house multiple experimental setups at the same time (notice the 5 cylinders on

the mixing chamber plate in Fig.6.4; each is a separate experimental bay). Two

pulse-tube coolers provide 0.5 mW of cooling power at the 4K plate, and the fridge

achieves a base temperature < 10 mK with 15 µW of cooling power at the mixing

chamber plate.

6.2.2 Microwave Setup

In the XLD we used a microwave setup that is in principle the same as that described

in section 4.2.2, but with some more sophisticated components. A schematic of the

RF circuit is shown in Fig.6.4.

The RF input line is attenuated by 20 dB at 4 K, 20 dB at 100 mK and 20 dB
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Figure 6.4: The Bluefors XLD400 dilution refrigerator, with schematic diagrams of the cold
part of the helium circuit and the microwave measurement circuit. A 3He/4He
mixture is cooled until phase separation occurs, and then 3He is pumped from the
concentrated phase to the dilute phase, cooling the mixing chamber to ∼ 10 mK.
Microwave measurements are made via a heavily attenuated input line and an
amplified output line. Photo courtesy of UCLQ.

at the mixing chamber plate. Using equation 4.2 we estimate a thermal photon

population (at 6 GHz) of n = 0.003. To amplify the outgoing microwave signals,

we use a travelling wave parametric amplifier (TWPA). The TWPA consists of a

transmission line constructed with a series of Josephson junctions. The nonlinearity

of the Josephson junctions gives rise to four-wave mixing, where energy is taken

from a microwave pump tone to amplify the propagating signal tone. The TWPA can

achieve ∼ 25 dB of amplification with extremely low noise, roughly four times the

standard quantum limit [189]. It also has much wider bandwidth than other low noise

Josephson amplifiers [90], which makes it ideal for reading out multiple devices at

once. The pump tone is coupled into the TWPA using a directional coupler, and

both sides of the TWPA are isolated by microwave circulators to prevent noise from

propagating backwards in the circuit. Outgoing signals are further amplified by a

HEMT amplifier fixed to the 4K plate.

The XLD does not have a magnet built in, so in order to flux bias our devices

we adapted the sample holders that were designed for use in the He3 cryostat, and
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Figure 6.5: (a) The He3 cryostat sample holder, adapted to mount to the mixing chamber
plate of the XLD dilution refrigerator. The white plastic houses a niobium coil
for applying magnetic field to the chip. (b) Calibration of the new magnet, by
comparison with an equivalent measurement made with a known magnet at
300 mK. The x axis of the 300 mK measurement has been scaled by an assumed
flux-focusing factor of F = 1.6 based on the results of the previous chapter. We
estimate that a bias current of 1 mA induces a magnetic field at the surface of
the chip of 0.1 mT.

mounted a small niobium magnet coil to the outside of the sample holder (see

Fig.6.5(a)). We calibrated the strength of the magnetic field at the surface of the

chip by comparing the field-dependent tuning of a reference resonator, measured

first at 300 mK with a known magnet, and then again at 10 mK with the new magnet

(see Fig.6.5(b)). The change in gradient observed at Ibias = 1 mA is a universal

feature that indicates the entrance of vortices into the NbN film and therefore allows

direct comparison between the two measurements (we don’t expect the lower critical

field to vary below 0.2Tc [40], so we assume the same value of Bc1 at 300 mK and

10 mK). By comparing the two measurements we estimate that a bias current of

1 mA induces a magnetic field of 0.1 mT at the surface of the chip.

The sample holder and magnet were mounted to a copper plate with good

thermal connection to the mixing chamber plate, and were enclosed within two
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shields, the inner made of aluminium and the outer made of Amumetal 4K. The

magnet was current biased with a Keithley 2400 precision current source, and RF

measurements were performed with a Keysight E5080A 9 kHz - 9 GHz vector

network analyser. The TWPA was pumped with a Rohde & Schwarz SGS100A RF

source.

6.3 Coherent Dynamics in a NbN Nanowire
We now present measurements at T = 10 mK of our nanowire qubit-coupled res-

onator. We first characterise the S21 response of the resonator and show that its

intrinsic quality factor is orders of magnitude larger than in previously published

experiments with QPS nanowires. We then measure the response of the resonator

to an externally applied magnetic field, and find that the resonance exhibits avoided

crossings that are characteristic of coupling to a coherent quantum two-level system.

We compare the measured behaviour with the Jaynes-Cummings model, and find a

correspondence between our designed qubit and the fit parameters. This suggests

that we have successfully demonstrated a superconducting nanowire based flux qubit,

but significant cooldown-to-cooldown variability and a lack of flux-periodicity mean

we cannot be completely confident of this conclusion.

6.3.1 The Device

Fig.6.6(a) shows images of the device that we present in this chapter. The circuit

is fabricated from a 10 nm thick film of NbN, which was measured to have critical

temperature Tc = 9.0 K, and normal state sheet resistance RN,sq = 1.075 kΩ/sq. The

resonator was fabricated with a λ/4 CPW design, with w = 10 µm, g = 5 µm, and

l = 620 µm. The coupling capacitor shared the same design we have described

before (sections 4.3 and 5.2.1).

The nanowire-embedded loop is coupled at the short-circuit termination of the

resonator, but now the coupling is inductive rather than galvanic. The loop has inner

dimensions of 2x4 µm, and the wire of the loop has a width of 1 µm. The loop was

embedded with a single nanowire, fabricated by EBL, and it was measured to be

200 nm long and 25 nm wide (see Fig.6.6(c)).
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Figure 6.6: (a) Images of the EBL-fabricated nanowire-coupled resonator. The blue contrast
image is an optical microscope image of the resonator. Grey contrast images
are SEM images of the loop and nanowire. (b) S21 response of the resonator
measured at T = 10 mK and 〈n〉 ≈ 104, with fit to equation 4.4. The resonant
frequency is 6.329 GHz, and the intrinsic quality factor at this drive power is
2.4×105. (c) The nanowire was measured by SEM linescan to have a physical
width of w = 25 nm.

The inductive coupling means the loop is now entirely separate from the res-

onator, sitting within the insulating gap between centre conductor and ground plane.

The purpose of this is to reduce the coupling strength between the loop and resonator

for two main reasons. First, we want to design for a coupling strength g� f0, so that
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our derivation of the Jaynes-Cummings Hamiltonian is valid, and secondly we want

to reduce the coupling of environmental noise into the loop via the resonator. The

centre conductor of the resonator is tapered to a width of 3 µm for the last 20 µm of

its length, and the qubit loop is separated from the tapered centre conductor by 1 µm.

Using finite element method modelling we estimate the dimensionless inductive

coupling coefficient between the loop and resonator to be k = 0.0018, which means a

mutual inductance M = k
√

L1L2 = 5.2 pH between the qubit loop and the resonator,

assuming a sheet kinetic inductance of Lsq = 0.23 nH/square.

The S21 magnitude response of the device, measured at T = 10 mK, 〈n〉 ≈ 104,

and zero applied field, is shown in Fig.6.6(b). The resonant frequency is

f0 = 6.329 GHz, and fitting to equation 4.4 reveals the intrinsic quality factor at this

drive power is Qi = 2.4×105.

6.3.2 Power-Dependent Quality Factor

We measured the power-dependence of the S21 response of the nanowire-coupled

resonator device and the result is shown in Fig.6.7(a). The intrinsic Q follows the

expected power-dependence based on TLS resonator loss models, increasing and

then saturating with increasing drive power. We note that the onset of nonlinearity

occurs at a much higher power than in the nanowire-embedded resonators presented

in the previous chapter, and this is a direct consequence of the weaker coupling

between loop and resonator.

With the new dilution refrigerator setup and the low-noise parametric amplifier,

we are able to measure at single-photon power levels and below. The resonator

quality factor as a function of photon-number 〈n〉 is plotted in Fig.6.7(b), where

〈n〉 has been calculated from equation 4.5. We see that at 〈n〉 ≈ 1, this nanowire

qubit-coupled resonator has Qi = 1×105, and for 〈n〉 � 1 — which is particularly

relevant when coupling to qubits — our data suggests an intrinsic Q greater than 104.

This is a key result of this chapter, as this exceeds by 2-3 orders of magnitude the

reported Q of resonators in previous CQPS nanowire experiments [75, 77–79] and

shows that there is no reason that a CQPS nanowire-coupled resonator should be

more lossy than a comparable Josephson junction qubit-coupled resonator.
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Figure 6.7: (a) Power-dependence of |S21| of the nanowire-coupled resonator. The onset of
nonlinearity is visible for microwave drive power PV NA >−45 dBm. (b) Fitted
quality factors as a function of the inferred resonator photon population 〈n〉.

6.3.3 Observation of Avoided Crossings

Next we measured the response of the nanowire qubit-coupled resonator to a per-

pendicularly applied magnetic field. As with the devices presented previously, we

performed field cycles and then plot the 0 to Bmax and 0 to −Bmax branches of

the cycle. However, a key difference from the previous chapter is that resonator

hysteresis effects were not apparent in these measurements, provided the maximum

applied magnetic field was kept below Bc1, thus preventing vortices from nucleating

in the film. This greatly simplified the process of measuring this device, but imposed

a limit of B≈ 0.1 mT on the applied field. In a later section we will see the result of

a larger amplitude field cycle.
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Figure 6.8: Top panel shows the |S21| response of the nanowire-coupled resonator, as a
function of the externally applied magnetic field, at T = 10 mK and 〈n〉 ≈ 102.
Bottom panels show the S21 response of the device at 〈n〉 <∼ 10 with a narrower
field bias range. We observe avoided crossings, located approximately symmet-
rically about zero field, which are suggestive of Jaynes-Cummings coupling
between the resonator and a quantum two-level system.

The |S21| response of the resonator during a field cycle of amplitude

Bmax = 0.12 mT is shown in Fig.6.8. This cycle was performed at T = 10 mK

and a resonator photon population 〈n〉 ≈ 102. We observed a symmetrical decrease

of the resonant frequency about zero field, which we again attribute to the kinetic

inductance tuning of the resonator centre conductor. We also observed a narrow

feature located approximately symmetrically about zero field, at Bapp ≈±0.1 mT.

To get a closer look at these features we reduced the VNA drive power to

PV NA =−80 dBm (we estimate this corresponds to 〈n〉= 100−101), and performed

detailed field sweeps around Bapp = ±0.1 mT. These measurements (also shown

in Fig.6.8) revealed features that appear to be Jaynes-Cummings avoided crossings

of the type we discussed in section 3.2.2.3. This is evidence of coherent coupling

between the resonator and some two-level quantum system. At this stage we make no
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firm conclusions about what that quantum system may be, but a reasonable working

assumption is that it is the qubit that we designed. One observation we make at this

stage is that this form of avoided crossing arises from a ‘qubit’ energy splitting that

varies non-monotonically with magnetic field (cf. Fig.3.5), which means we can

already rule out a system for which this is not true, for example Zeeman splitting of

some magnetic impurity. We will investigate further in the next section by obtaining

a numerical fit to the data.

6.3.4 Jaynes-Cummings Fit

In describing the fit to the Jaynes-Cummings Hamiltonian in this section, we will

use the language of a QPS qubit, but this is simply to provide continuity with the

background section 3.2.2, and does not mean to imply that the avoided crossing is

necessarily proof of a QPS qubit. At this point the only conclusions we make about

the origin of the observed avoided crossings are that we have a quantum two-level

system, and that we have quantisation of flux.

To fit to the eigenvalues of the Jaynes-Cummings Hamiltonian, the first step we

take is to fix the centre of the avoided crossing to be at Φ0/2. The crossing occurs at

an applied magnetic field of 0.11 mT (we’ve taken the average of the positive and

negative values), so we can define an effective area of Ae f f = Φ0/2B = 9.4 µm2.

This is closely matched with the physical area of our qubit loop A = 8.1 µm2.

Next we establish the set of fitting parameters we expect from our designed

qubit. The parameters of the fit are the phase slip amplitude ES, the inductive energy

EL = Φ2
0/2Lk, and the coupling strength g. We know (equation 2.24) that ES is

exponentially dependent on an unknown numerical value, so realistically the only

bounds we can set on its value are that it must be less than the resonator frequency

(in appropriate units), and it must be greater than kBT .

We can constrain the value of EL with much greater confidence. Given the

known geometry and zero-field resonant frequency of the resonator, we calculate

Lsq = 0.23 nH/square; this corresponds to an inductive energy EL = 541 GHz. Finally

we estimate the value of g to be approximately 17 MHz, based on our estimated

value of the kinetic inductance and calculation of the inductive coupling constant k.



6.3. Coherent Dynamics in a NbN Nanowire 138

Figure 6.9: Experimental data with fit to the Jaynes-Cummings model. The fit parameters
EL = 541 GHz and g = 17 MHz were fixed based on the QPS qubit design
parameters, and ES = 5.6 GHz was left as a free fitting parameter.

Fig.6.9 shows the experimental data again, with the calculated Jaynes-

Cummings eigenvalues superimposed. To calculate this fit we have fixed

EL = 541 GHz and g = 17 MHz — the values we expect based on the circuit

design — and have left ES as a free parameter. We found a value for the phase-slip

amplitude of ES = 5.6 GHz gave the best fit to the data. Using equation 2.24 with

values of w = 25 nm, RN,sq = 1.075 kΩ/square, and b = 0.6, we calculate a value

of ES = 3 MHz. The discrepancy between the calculated and extracted value is

not surprising given the exponential in equation 2.24, but we can only speculate at

reasons for the difference. Perhaps the value of b = 0.6 found in reference [78] is

not a universal value for all NbN films, or perhaps the true conducting width of our

nanowire is less than the physical width that we measure by SEM. Equation 2.24

predicts a phase-slip amplitude of ∼ 5–6 GHz if we set the nanowire width to be

14 nm (with b = 0.6), or if we set b = 0.35 (with nanowire width equal to 25 nm).
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Figure 6.10: A comparison of the results of the three fitting methods we used, which were
Nelder-Mead optimisation (dotted line), least-squares three-parameter fitting
(dashed line), and least-squares single-parameter fitting informed by the circuit
design parameters (solid line). In the latter case, EL and g are fixed, and ES is
the sole free fitting parameter. Different sets of parameters yield very similar
fits, which highlights the hazard of performing a three-parameter fit to the data.

Of course it is also possible that the mechanism for the avoided crossing is not CQPS

at all.

We used two more methods to find the best fit to the avoided crossing. First, we

used a least-squares fitting procedure where we try all possible combinations of the

three fit parameters ES, EL, g within a certain range, and then calculate the sum of

the squares of the differences of the measured f0 points and the calculated Jaynes-

Cummings eigenvalues. This brute force approach is slow to run, and therefore we
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must constrain the values of the fit parameters to be within a set range of the qubit

design parameters. A better method, which does not have any prejudices about what

the fit parameters should be, is a fit based on Nelder-Mead optimisation [190], which

is a numerical method to find the minimum of a function in a multi-dimensional

space. Given an initial set of values the Nelder-Mead algorithm converges towards

the set of fit parameters which minimises some cost function, which we define again

to be the sum of the squares of the differences between measured and fitted points.

The Nelder-Mead fitting was much faster to run, and is unbiased in that it is able to

search the full space of possible fit parameters.

Fig.6.10 shows a comparison of the fit results obtained by the brute force least-

squares and Nelder-Mead methods, along with the calculation based on the expected

circuit parameters that we saw in Fig.6.9. We find that the Nelder-Mead method

converges to a set of fit parameters, ES = 6.3 GHz, EL = 158 GHz, g = 4.5 MHz, that

is very different from the expected circuit parameters, but results in nearly identical

Jaynes-Cummings eigenvalues. This highlights a need for caution in judging the

result of a three-parameter fit. There are clearly multiple sets of fit parameters that

provide a good fit to the data, and the Nelder-Mead algorithm is simply finding

another one of these minima of the cost function.

For this reason we must be careful in drawing conclusions based on this fitting,

however the closeness of the fit with values of Ae f f = 9.4 µm2, EL = 541 GHz, and

g = 17 MHz, which are all based on expected values for our qubit loop, provides

good evidence that we are indeed measuring coherent quantum behaviour in our

nanowire-embedded qubit loop.

6.3.5 Cooldown-to-Cooldown Variability

As we mentioned in section 6.2.1, the XLD fridge is a multi-user facility, and as a

result we were tied to a schedule of thermal cycling to room temperature every 2–3

weeks. For this reason we repeated measurements of the magnetic field-dependence

of the nanowire-coupled resonator on multiple cooldowns of the dilution refrigerator.

Between each cooldown the temperature cycled from 10 mK to room temperature,

and the vacuum cans were removed, exposing the devices to atmospheric pressure.
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Figure 6.11: Field cycles performed on different cooldowns, with thermal cycles to room
temperature and pressure between each measurement. Each thermal cycle
caused the behaviour of the device, ie. the appearance and location of the
avoided crossings to change. The location of avoided crossings or avoided
level repulsion have been highlighted with blue dashed lines.

We found that the applied field at which the avoided crossings occurred was

different from cooldown to cooldown, and this is shown by the series of field cycles

shown in Fig.6.11. It is important to note that the behaviour of the device remained
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constant within a single cooldown, and the avoided crossings only shifted following

thermal cycling. Therefore we can say that the device was stable on timescales of at

least a few weeks.

Each measurement shown in Fig.6.11 was made at T = 10 mK, and with

photon-number 〈n〉 ≈ 102. The data we presented in the previous section is labelled

as Cooldown 5 here. In Cooldown 2 and Cooldown 5 we observed avoided crossings

and level repulsion that are symmetric about zero field, and occur at an applied

magnetic field that closely corresponds to the area of the qubit loop. In these

cooldowns the behaviour appears to reflect what we would expect to measure from

our QPS qubit. However, in Cooldowns 1, 3 and 4 we observe avoided crossings

that are not symmetrical about zero field, and also appear at much lower applied

magnetic field than we would expect based on the size of the qubit loop.

In addition to the characteristic field, the shape of the crossings also changed

between each cooldown. Jaynes-Cummings fits to all instances of avoided crossing or

level repulsion that were measured are shown in Fig.6.12. All of these measurements

were made at T = 10 mK, and with 〈n〉< 101, and in each case the x axis has been

scaled from applied magnetic field to applied flux by an effective area Ae f f . The

data for each measurement was fit using a three-parameter least-squares fit, and the

result, along with the set of fitting parameters, is shown in each case. It is notable

that some of the avoided crossings are fit by a set of closely matching parameters EL,

g, Ae f f , and ES. In particular, the data from Cooldown 2 and Cooldown 5 are both fit

by a set of parameters that match well with our expected device parameters, and the

crossings/level repulsion in these cases occur approximately symmetrically about

zero field. These two results in isolation would be good evidence that the quantum

two-level system is indeed our nanowire-embedded loop acting as a qubit.

Considering all of the measured data, the values of ES and g are fairly consistent

across all examples. However, there is significant variation of the values for EL

and Ae f f . This is not the behaviour we expect from our nanowire qubit because

the kinetic inductance of the film should remain roughly constant, and the area

of the loop is set by physical geometry and should not change from cooldown to
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Figure 6.12: All measured instances of avoided crossing or avoided level repulsion, with
three-parameter fits to the eigenvalues of the Jaynes-Cummings Hamiltonian.
The three fit parameters are ES, EL, and g. A fourth parameter, Ae f f , is fixed
such that each avoided crossing/level repulsion occurs at Φapp = Φ0/2.
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cooldown. Although we have noted there is an element of freedom in choosing a

good three-parameter fit, we found there is no way to find good fits to all examples

of avoided crossing/level repulsion which share similar values of EL.

We should therefore take the possibility seriously that the quantum two-level

system that is coupling to our resonator is not our nanowire qubit. It is known that

environmental TLS can couple coherently to superconducting resonators, manifesting

as avoided crossings. Most commonly these TLS are found to be dielectric defects

residing within a Josephson junction or the surrounding material [95, 191–195], and

it has recently been reported that quasiparticles trapped in spatial fluctuations of

the superconducting order parameter can also couple coherently to resonators [196].

In all of these cases the TLS are tuned by an externally applied electric field or

by mechanical strain. To our knowledge there has not been a report of a TLS that

has a non-monotonic magnetic field-dependence that would result in the form of

avoided crossing that we observe, however we cannot rule out the possibility that

our nanowire qubit is sensitive to a new type of TLS that Josephson junction-based

qubits are not.

de Graaf et al. [196] showed that TLS rearrange in response to thermal cycling,

and it is possible that this phenomenon is what we are observing. However, Burnett

et al. [197] and Klimov et al. [194] report that TLS coherently coupling to transmon

qubits exhibited sub-millihertz switching rates (switching on the timescale of hours),

whereas the quantum system we observe remains stable on a timescale of weeks.

In addition to this, typical reported TLS coupling strengths are of the order of

10–100 kHz [194, 197, 196], several orders of magnitude weaker than the coupling

we report.

6.3.6 Power-Dependence of Avoided Crossings

A key feature of the Jaynes-Cummings coupling between a qubit and a resonator is

strong nonlinearity as a function of the number of photons in the resonator. There are

two ways to observe this. First, it should be possible to observe the washing out of an

avoided crossing by increasing the VNA drive power, known as the ‘punching-out’

effect [198]. A second, more precisely defined phenomenon is a
√

n scaling of the
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Figure 6.13: Magnetic field-dependent S21 data showing the result of carrying out field
sweeps across an avoided crossing, at T = 10 mK and with varying photon
population in the resonator. We observe the ‘punching-out’ effect, where
increasing the VNA drive power leads to the washing out of the avoided
crossing.

vacuum Rabi mode splitting, where n is the resonator photon-number [131].

We show in Fig.6.13 field sweeps carried out with varying resonator photon-

number, in the range of 〈n〉< 1 to 〈n〉 ≈ 103. These particular measurements were

made during Cooldown 4. We observe a clear blurring and washing out of the

avoided crossing as the number of photons in the resonator is increased, indicating

that our system is indeed nonlinear with photon-number. Unfortunately, due to our

imprecise knowledge of the exact value of 〈n〉 for a given VNA drive power, and due

to the inaccuracies in our three-parameter fitting that we have already discussed, we

are unable to report evidence of a
√

n scaling of the qubit-resonator splitting.

6.3.7 Searching for Periodicity

There is a key piece of evidence that would help to determine whether the quantum

system we have measured is our nanowire qubit, and that is flux-periodicity. The

superconducting loop structure of the qubit should give rise to flux quantisation, and

so avoided crossings should not only occur at ±Φ0/2, but also ±3Φ0/2, ±5Φ0/2,

and so on. We were unable to detect strong evidence of flux-quantum-periodicity in
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this device. We do, however, have two measurements to present in this section which

are intriguing but certainly not conclusive. The first of these is a large amplitude

field cycle carried out at T = 10 mK and the second is a field sweep carried out at

T = 300 mK.

We performed a field cycle at T = 10 mK and PV NA =−60 dBm (〈n〉 ≈ 103),

extended to applied field beyond Bc1. An applied field of Bapp =±0.3 mT was the

maximum field strength we were able to apply with the makeshift magnet in the

XLD, but this should be large enough to capture avoided crossings at ±3Φ0/2. The

relatively high VNA power was used to enable fast measurement, while ensuring

avoided crossings remained visible. Fig.6.14(a) shows the fitted f0 throughout

the entire field cycle, and it is clear that we are now in the hysteretic vortex state.

Focusing on the 0 to Bmax branch, up to Bapp ≈ 0.1 mT, the tuning is smooth and

approximately quadratic. In measurements with maximum applied field < 0.1 mT,

we found the tuning of the resonator was non-hysteretic, and so we conclude that

for Bapp < 0.1 mT we are in the vortex-free Meissner state. For Bapp > 0.1 mT, the

gradient of the tuning flattens out and the resonator f0 becomes noisier and so we

conclude that we are now in the vortex state. This conclusion is consistent with

previously published measurements of similar devices [154, 155]. In section 5.2.8

we discussed that the critical field for vortex entry is inversely proportional to the

width of the feature according to Bm ≈ Φ0/w2. Taking w as 10 µm, a value of

B = 0.1 mT for vortices to enter the centre conductor seems fairly consistent.

There are three avoided crossings/level repulsions visible in the field cycle

data. We find that these only occur in the branches of the cycle where the bias

current is being reduced, and so we plot the |S21| response of the resonator in these

branches in Fig.6.14(b). There is no clear periodicity of these crossings, and repeat

measurements found them to appear a different biases. It is, however, interesting that

there is more than two of them.

The second measurement we present here was a quick characterisation measure-

ment in the 3He cryostat at 300 mK, performed prior to loading the device into the

dilution refrigerator. The result of a field sweep from this characterisation, carried
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Figure 6.14: (a) Magnetic field-dependence of f0 during a field cycle. Coloured arrows
indicate the sweep direction. The measurement was carried out at T = 10 mK
and 〈n〉 ≈ 103. (b) Resonator |S21| response selected from the Bmax to 0
and −Bmax to 0 branches of the field cycle. Avoided crossings are visible at
Bapp =−0.22,+0.07,+0.27 mT and are highlighted by blue dashed lines.

out at T = 306 mK and 〈n〉 ≈ 103, is summarised in Fig.6.15, where we show the

fitted intrinsic quality factor of the resonance as a function of the applied field. The

interesting feature in this data is that there are regions where the resonance appears to

fade away, which is shown in the data as a local suppression of the resonator Q. We

performed a more detailed field sweep (at the same VNA drive power) in the vicinity

of one of these features, which reveals the resonator f0 smoothly dropping away as

the applied field is increased, and then symmetrically recovering again, which is

reminiscent of the behaviour of an avoided crossing or level repulsion. Suppression

of the Q is visible at Bapp = 0.42,0.59,0.78,0.94 mT, which suggests that there is

a major source of loss that couples to the resonator approximately periodically in

the applied field. Moreover, a field-period of ∆B ≈ 0.18 mT is reasonably consis-

tent with the observation of avoided crossings at Bapp ≈ ±0.1 mT in our 10 mK

measurements.

We stress again that these results are not presented as proof of periodicity, but

as a hint that the presence of periodicity should not be ruled out. In field cycles at

10 mK that extended beyond our estimate of Bc1, we never observed any avoided

crossing in the vortex state. A potential explanation for this is that the presence of

vortices introduces enough flux noise to wash out any avoided crossings. This means
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Figure 6.15: Magnetic field-dependent |S21| response of the nanowire-coupled resonator,
measured in the 3He cryostat at T = 306 mK and 〈n〉 ≈ 103. The applied field
has been scaled by a flux-focusing factor of F = 1.6. The lower axis shows
the fitted intrinsic quality factor Qi during the same measurement. At certain
values of the applied field (highlighted by dashed lines), the Q of the resonance
is suppressed, indicating magnetic field-dependent coupling to some lossy
entity.

that our future QPS qubit device should be designed with a larger loop area, so that

multiple avoided crossings may be observed within the non-hysteretic, vortex free

regime.

6.3.8 Discussion

In this chapter we have presented measurements at T = 10 mK of a NbN resonator,

which is inductively coupled to a superconducting loop containing a single nanowire.

We developed a process of electron-beam lithography and reactive-ion etching, to

reliably fabricate these NbN nanowires with widths down to 20 nm, with the ability

to achieve a target width to within an accuracy of 2 nm. The intrinsic Q of the

nanowire-coupled resonator at single-photon power was Qi = 1×105, which shows
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the loss rate is comparable to resonators typically used in Josephson junction qubit

circuits. This is a surprising result given that our resonators are fabricated from

ultrathin NbN films and previously published examples of resonators coupled to

QPS nanowires exhibited Q factors no higher than 103.

Measurements of the magnetic field-dependence of the nanowire-coupled res-

onator revealed avoided crossings (and level repulsion) that are well described by

fitting to the Jaynes-Cummings model of coherent coupling between a quantum

two-level system and a quantum harmonic oscillator. On two separate cooldowns,

these avoided crossings/level repulsion occurred symmetrically about zero applied

field, and were well fit by a set of parameters ES, EL, g, and Ae f f that are plausible

for our nanowire qubit.

However, we did find significant variability in the behaviour of the resonator

from cooldown to cooldown. Avoided crossings were always present, but sometimes

occurred at different applied field, and not necessarily symmetrically about zero field.

The sets of parameters that fit those avoided crossings also changed significantly

from cooldown to cooldown. In addition to this, we were unable to demonstrate that

the avoided crossings were flux-periodic, which would be a clear sign that they arise

from the loop. For these reasons, we must be cautious in drawing conclusions about

the physical origin of the behaviour we observed. It is clear that a quantum two-level

system is coherently coupling to the resonator, but we must be open minded about

what that two-level system could be, especially as it is known that TLS formed from

quasiparticles or dielectric impurities can couple coherently to qubits and resonators.

Having said that, a nanowire qubit remains the most likely explanation for the

observed phenomena. In order to produce the form of avoided crossing that we

observe, the energy splitting of the two-level system must be symmetric about some

central value, as a function of the externally applied flux. To our knowledge, that

energy-dependence only arises in a superconducting loop structure. We also observed

that the device was stable on the timescale of several weeks, and the quantum two-

level system was coupled to the resonator with coupling strength of several MHz.

Neither of these observations are consistent with the previously reported behaviour of
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coherently coupled TLS. Also, having designed a qubit, and then measured avoided

crossings that are well fit by the qubit’s design parameters, it is reasonable to believe

in the qubit’s existence.

In a next generation of devices (which are in fact fabricated already), we propose

to increase the size of the nanowire qubit loop. The effect of this will be two-fold.

First, the increased area of the loop means a smaller magnetic field will be required

to bias the qubit, which should enable the measurement of flux-periodic avoided

crossings below the lower critical field of the film. Second, the increased size of the

loop will increase its kinetic inductance, and so any avoided crossings will become

wider and hence easier to resolve clearly. In future it would also be informative

to investigate the behaviour of these devices in response to thermal cycling to

temperatures above 10 mK, but below Tc. This would replicate measurements made

in [196] and may help to prove or discredit the idea of coherently coupled TLS.

Unfortunately, temperature-dependent measurements were not possible in the shared

XLD fridge.

Finally, a word on coherent quantum phase-slip. Based on the results we have

presented, we are unable to make any conclusions on the presence or absence of

CQPS, even under the assumption that our results are explained by a nanowire qubit.

The first step in proving CQPS must be to fabricate multiple nanowire qubits, and

show that the variation of the CQPS amplitude with the nanowire properties is well

described by the established QPS theory, as in the references [75, 77]. This would

be the target for future measurements on our devices, which would require multiple

working nanowire qubits fabricated on the same chip.



Chapter 7

Conclusions

In this final chapter, we briefly recap the main experimental results of the thesis,

and their significance within the wider field. We then discuss some remaining open

questions, and what future work could be done to address them.

7.1 Summary

7.1.1 High Quality NbN Resonators

In Chapter 4 we characterised the behaviour of a λ/4 CPW resonator, fabricated

from a 10 nm thick NbN film that was sputtered in the LCN cleanroom. Typically,

superconducting resonators are fabricated from much thicker films than this, as

it is generally expected that a thicker film should lead to a lower loss rate from

the resonator. We wanted to fabricate our readout resonators from the same thin,

disordered NbN film that we fabricated our phase-slip nanowires from, and it was

not immediately obvious that such a film would be able to support resonators with

high quality factor.

The intrinsic quality factor of our resonator was measured to be greater than

1× 105 in the low photon-number limit. To our knowledge this is the highest Qi

reported in resonators fabricated from NbN films with comparable levels of disorder,

and demonstrates that our thin-film resonators are suitable for coupling to qubits

without significantly limiting their coherence. We measured a power-dependent

quality factor which is well described by standard TLS loss models, which indicates

that the losses in our resonator are dominated by TLS. We also observed that the
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quality factor of the resonator remained greater than 50% of its zero-field value in a

perpendicularly applied magnetic field up to at least 5 mT, which shows that these

resonators are also suitable for operation in magnetic fields.

7.1.2 Single Flux-Quantum Tunnelling

In Chapter 5 we presented measurements of a resonator that had been embedded

with a superconducting loop containing two NbN nanowires, where those nanowires

had been fabricated by neon focused-ion-beam. The loop was galvanically coupled

to the centre conductor and placed at the short-circuit terminated end of the λ/4

resonator in order to maximise the inductive coupling strength between the loop and

the resonator. Magnetic field-induced DC currents in the loop modified its kinetic

inductance, which in turn led to tuning of the resonant frequency of the resonator.

By measuring the frequency-dependent S21 response of the nanowire-embedded

resonator we were able to read out the flux-dependence of the screening currents in

the loop, and thereby map out the loop’s free-energy landscape.

We observed that the tuning of the resonator was periodic with an externally

applied magnetic field, which reveals that a quantised amount of magnetic flux

must be entering the loop at regular intervals. We developed a model to predict

the flux-dependent tuning of a resonator coupled to a flux-tuneable inductance (the

nanowire-embedded loop), where f0(Φapp) is calculated from the sheet kinetic

inductance Lsq and the critical current density Jc of the NbN film, and the measured

geometry of the loop and nanowires, all of which were independently measured. The

resulting calculation fit well with the measured data, and confirmed that a single

flux-quantum Φ0 was transferred into the loop at values Φapp = (n+1/2)Φ0 of the

externally applied flux.

The periodic transfer of magnetic flux into the loop at Φapp = (n+1/2)Φ0 is

consistent with single quantum phase-slips occurring in the nanowires, but is not

necessarily proof of such, and so we proceeded to examine and rule out a number

of alternative explanations for the behaviour. We showed that the intrinsic quality

factor, as well as the resonant frequency, of the nanowire-embedded resonator was

periodically dependent on the applied magnetic field. Crucially, we also observed
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that Qi remained above ≈ 75% of its zero-field value at all times. This is important

because it shows that the nanowires were not driven into the normal state at any time

due to large current or locally elevated temperature. If this had been the case, the

resonator would be terminated to ground via resistive metal and we would expect to

see a significant reduction in the quality factor. In addition to this we observed no

nonlinearity of the resonance, which shows the screening currents in the loop did not

approach the critical current of the nanowires. We were therefore able to establish

that the nanowires remained superconducting during the measurement.

We were also able to rule out the possibility of flux being transferred through a

Josephson junction. The behaviour of a SQUID is characterised by its inductance

parameter β
′
L; if β

′
L > 1 then the tuning of a SQUID-embedded resonator is observed

to be hysteretic. We showed that if our NbN nanowires were in fact constriction

Josephson junctions, reasonable estimates of the inductance and critical current of

the SQUID would predict β
′
L > 1, which is not consistent with the non-hysteretic

tuning that we observe.

Finally, we showed that for our nanowires and at our measurement temperature

of T = 300 mK, established theory predicts that quantum phase-slips are overwhelm-

ingly more likely than thermally activated phase-slips. Viewing all the evidence

together we conclude that by far the most likely explanation for the measured be-

haviour of our nanowire-embedded resonator is quantum tunnelling of a single

flux-quanta through the NbN nanowire via incoherent single quantum phase-slip

events.

The results we presented in this chapter are novel in a number of ways. First, this

is the first demonstration of quantum phase-slip in nanowires fabricated by focused-

ion-beam. As we saw in Chapter 2, developments in superconductor nanofabrica-

tion have often naturally lead to progress in phase-slip experiments, and we have

now shown that neon focused-ion-beam is a suitable tool for fabricating phase-slip

nanowires. We hope this opens the door for other people to fabricate and study

their own QPS nanowires. The FIB-fabricated nanowire-embedded resonator we

presented had intrinsic quality factor Qi = 4×103 in the low photon-number limit,
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and the highest Qi we measured in such a device during the project was 2.7×104.

While this is an order of magnitude lower than was observed in the bare resonator,

it is also at least an order of magnitude larger than any previously reported QPS

nanowire-embedded resonator, which represents significant progress in these devices.

We also go further than previous demonstrations of single quantum phase-slips

in flux-biased rings by showing that the quantum phase-slips can be fully controlled

by the external bias. (This had been demonstrated with thermally activated phase-

slips, but not quantum ones [68].) Incoherent tunnelling events are probabilistic

and so can never be truly deterministic. We estimate, however, that the tunnelling

rate in our nanowire is ∼ 10 MHz, and so we argue that if our device is biased with

Φapp = Φ0/2, tunnelling of a single flux-quantum is as good as guaranteed after a

microsecond. This fact led us to propose the use of our QPS nanowire-embedded

loop as the fundamental element of a single flux-quantum digital logic scheme. We

predict that the energy dissipated by the tunnelling of flux through the nanowire

should be significantly lower than in more established Josephson junction-based

single flux-quantum technology. The clock speed of such a device would be limited

by its tunnelling rate, as the transfer of a flux-quantum must be deterministic, which

limits the speed of our device to MHz. This can, however, be improved in future

devices by using thinner films and/or narrower nanowires.

7.1.3 Coherent Dynamics in a NbN Nanowire Qubit

The experiment we presented in Chapter 6 was intended to develop what we had al-

ready done in a way that would reveal coherent quantum phase-slip in our nanowires.

We used a new 100 keV electron-beam lithography system to develop a ‘clean’

fabrication process for fabricating NbN nanowires with widths down to 20 nm. We

altered the device geometry to reduce the coupling strength between the nanowire-

embedded loop and the resonator, moving from galvanic to inductive coupling, and

we measured the device in a new dilution refrigerator at T = 10 mK. The nanowire-

coupled resonator was measured to have single-photon Qi = 1×105 in zero applied

field, which suggests that resonators coupled to nanowire qubits can have loss rates

that are comparable to those coupled to Josephson junction-based qubits.
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Measuring the S21 response of the resonator under an applied magnetic field

revealed Jaynes-Cummings avoided crossings, indicating coherent coupling between

the resonator and a quantum two-level system. However, these avoided crossings

varied significantly from cooldown to cooldown, presumably in response to thermal

cycling to room temperature. We used numerical methods to fit the measured data

from all cooldowns to the Jaynes-Cummings model, and on two separate cooldowns

found good agreement between the set of extracted fit parameters and the expected

properties of our nanowire qubit. However, we also measured several avoided

crossings which did not match well with the nanowire qubit, and this apparent

contradiction makes it difficult to draw firm conclusions about the nature of the

origin of the quantum behaviour.

Although there is certainly plenty of room for doubt, we believe there is a

reasonably strong case to support the idea that our nanowire-embedded loop is

acting as a qubit and coupling coherently to the resonator. If the explanation for the

avoided crossings is something aside from the qubit, then the match between the

measured and expected behaviour, on multiple cooldowns, would be a surprising

coincidence. All the avoided crossings we measured remained stable for the entire

duration of a cooldown, which was 2-3 weeks, and this is not consistent with the

reported behaviour of environmental TLS defects coupling coherently to qubits and

resonators, which should switch on much faster timescales. We also estimate a

coupling strength on the order of 10 MHz between the resonator and the two-level

system, whereas reports of coherently coupled TLS describe coupling strengths

of ∼ 100 kHz. The Jaynes-Cummings model we used to fit the data also assumes

a qubit energy splitting that varies non-monotonically with magnetic field, and it

is hard to imagine how this could arise other than from a superconducting loop

structure.

The most likely explanation is that we have a nanowire qubit, whose behaviour

is modified or disrupted by locally trapped magnetic flux, or strongly coupled TLS,

and these external factors are free to adjust at high temperatures but are locked in at

low temperatures. This is only speculation, however, and what is most clear is that
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further work is required to shed light on what is really going on.

7.2 Outlook

This project aims to lay some of the groundwork towards making quantum phase-

slip nanowires into useful and reliable elements for use in quantum information

processing devices, and there are a number of interesting technological questions

that remain to be answered before that grand goal is achieved. In this section we

highlight just a few of them that arise from our work.

From the experiment in Chapter 5 to the experiment in Chapter 6, we changed

our nanowire fabrication, our measurement temperature and setup, and our circuit

design. One of these, or some selection of these, led to the change from incoherent

to coherent dynamics of magnetic flux, but we are unable to conclude which was

the key development. Understanding the answer to this question is of fundamental

importance if we want to utilise QPS nanowires operating in different regimes for

different purposes. Let’s allow some speculation for a moment to highlight why this

question is important. Perhaps the neon FIB damages the nanowire in such a way that

CQPS is suppressed, no matter what conditions one measures the nanowire under. If

that is the case, then nanowires can be made with arbitrarily high QPS rates, while

retaining the incoherent nature of the flux-quantum tunnelling. This would enable

the clock speed of our proposed QPS single flux-quantum logic device to also be

increased to gigahertz and beyond, which would be competitive with state-of-the-art

Josephson junction-based devices.

It is also not clear why the quality factor of the incoherent QPS device we

presented in Chapter 5 was so much lower than the resonators presented in Chapters

4 and 6. Previously published results from our group [146, 119] suggest the reason

is not the neon FIB, so perhaps there is something inherently lossy in an incoherent

QPS nanowire? We believe the most likely explanation is contamination of the

sputtering machine in the LCN cleanroom, as a number of groups in the LCN

reported a reduction in the quality factors of their Nb resonators during the period

that Chapter 5’s device was fabricated, and we found that the Q of the nanowire-
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embedded resonator was not significantly lower than the ‘control’ bare resonator

on the same chip. A focused study on resonator losses in QPS nanowire-embedded

resonators is needed to shed more light on what the main sources of dissipation are

in these devices.

This also highlights a wider point that it would be interesting to repeat all of our

experiments with NbN films deposited in cleaner conditions, rather than in a multi-

user, multi-material chamber. The quantum phase-slip phenomenon is so intimately

related to the superconducting film properties that a precise understanding of material

properties is vital for controlling QPS. Comparing with the extensive literature on

NbN thin-films shows that the films that we sputter in the LCN cleanroom tend to

have a larger normal state resistance (and hence higher degree of disorder) than NbN

films of the same thickness deposited elsewhere. It may be that our NbN films are

more suitable for QPS devices than standard NbN recipes and this certainly warrants

further investigation.

We have already touched upon the fact that the work presented in Chapter 6

is tantalising, but unfinished. We were unable to show that the avoided crossings

we observed were periodic with applied magnetic field, and this is a key property

that arises from a superconducting loop. Observing periodicity of avoided crossings

would provide much stronger evidence that the avoided crossings arise from the

nanowire qubit. We found evidence to suggest that avoided crossings could not be

observed once vortices had entered the film, presumably because of the associated

flux noise, and so in a future experiment it would be necessary to design our nanowire

qubit with a larger loop. This would shift all avoided crossings to a lower magnetic

field, thus allowing one to observe multiple avoided crossings in the vortex-free state.

Measurement of the devices by other means, primarily two-tone spectroscopy and

time-dependent pulsed measurements, would also reveal more about their properties.

The successful realisation of a CQPS qubit, which it appears we are close to,

would open the door to a number of different avenues of research, simply because

we know so little about how these devices work. What are the primary mechanisms

of decoherence in QPS qubits? How can we optimise materials for coherent QPS
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qubits? Can we combine QPS nanowires with Josephson junctions to create hybrid

qubits [97]? No one has yet demonstrated control over the phase-slip amplitude ES

of a CQPS nanowire in any reliable way, and in the author’s opinion this remains the

most important task if we are to see QPS devices as useful technologies.



Appendix A

Reproducibility of Single Quantum

Phase-Slip Results

In Chapter 5 we presented measurements of a nanowire-embedded resonator, which

exhibited periodic tuning of its resonant frequency as a result of single quantum

phase-slips occurring in the nanowires. Recall that we mentioned in section 5.2.1

that this device was one of 3 similar devices fabricated from the same NbN film, and

coupled to the same feedline. We summarise the properties of those devices in this

appendix.

We label the three nanowire-embedded resonators as Device 1–3 (Device 1 was

presented in Chapter 5) and the bare control resonator as Device 4(C). As we show

in Fig.A.1, Devices 2 & 3 also exhibited periodic tuning that is well described by

the model outlined in section 5.2.3. The frequency modulation observed in these

Table A.1: Resonant frequency ν0, intrinsic quality factor Qi measured with average photon
population 〈n〉 ≈ 10, and nanowire width wnw measured by scanning electron
microscope of four resonators fabricated from the same 10 nm NbN film. Device
4(C) is a control resonator that contains neither a loop nor nanowires.

ν0 (GHz) Qi (〈n〉 ≈ 10) wnw (nm)

Device 1 3.382 4×103 25
Device 2 3.228 1.5×104 30
Device 3 3.517 2.7×104 30

Device 4(C) 4.818 3.2×104 -
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Figure A.1: Magnetic field-dependent S21, measured at T = 305 mK, for (a) Device 2 and
(b) Device 3. For both devices, the tuning is well described by the same model
outlined in section 5.2.3, and the fitted Qi is of order 104.

two devices is shallower than Device 1, and with a larger magnetic field-period, as a

result of a small difference in the loop geometry — the inner radius of the loops in

Devices 2 & 3 was 1 µm, compared with 1.6 µm for Device 1. The result of this

difference in device geometry is captured well by our model.

A selection of properties of the resonators can be seen in Table A.1. The

intrinsic quality factor of Devices 1–3, measured at a mean photon occupation

number 〈n〉 ≈ 10 (this is approximately the thermal photon noise floor of our RF

circuit), shows some variation, with the maximum value being 2.7× 104. This

is more than an order of magnitude higher than previously reported in phase-slip

nanowire-embedded resonators. Note also that this is comparable to the quality of

our control resonator on this particular chip, suggesting that the Ne-FIB nanowire

fabrication process added minimal additional losses to the resonators. We also note

the apparent correlation between nanowire width and Qi, although we do not have

enough data to draw any firm conclusions on this.
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The research presented in this thesis has been published in the following journal
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[1] J. A. Potter, O. W. Kennedy, J. C. Fenton and P. A. Warburton, ”Nonlinear

Quantum Processes in Superconducting Resonators Terminated by Neon-Focused-

Ion-Beam-Fabricated Superconducting Nanowires,” in IEEE Transactions on Applied

Superconductivity, vol. 30, no. 7, pp. 1-4, Oct. 2020, Art no. 1100704, doi:

10.1109/TASC.2020.3018545.

[2] J. A. Potter, O. W. Kennedy, J. C. Fenton and P. A. Warburton, ”Erratum

to “Nonlinear Quantum Processes in Superconducting Resonators Terminated by
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