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ABSTRACT  
Much research has shown that mathematics teachers have struggled to 
integrate dynamic mathematical technologies (DMTs) in everyday classroom 
practice and their use of technology has thus been limited. Developing a 
comprehensive understanding of teachers’ practices is important to promote 
successful integration of DMT into the classroom. Currently, little is known about 
the complex process of integration of DMT and the associated professional 
knowledge of practice (PKP) required for teachers, particularly for teaching 
geometric similarity (GS). This study examines lower secondary mathematics 
teachers’ integration of DMT into their classroom practices with a particular 
focus on the topic of GS. 

The study adopted a multiple case study approach and was situated in an 
English lower secondary school setting. Participants of the study were three 
teachers who had different levels of experience and expertise both in teaching 
and in using DMT. The participants were selected among the Cornerstone 
Maths (CM) project teachers as they had begun to integrate the DMT, the CM 
software, in their practices to teach GS. Data collection involved video-recorded 
classroom observations (including the teacher’s eye view), audio-recorded 
post-lesson teacher interviews, and teachers’ resources and students’ work. 
The theoretical lenses of the Structuring Features of Classroom Practice 
(SFCP) framework along with the Instrumental Orchestration (IO) model guided 
data collection and analysis. The findings revealed salient differences and some 
commonalities between the teachers, pointing to key characteristics of 
classroom practices involving DMT for teaching GS. 

The findings of this thesis contribute to further appreciation of the complex 
phenomenon of technology integration into the classroom. This study also 
makes an original contribution to the literature by adopting the SFCP framework 
for teaching the topic of GS with DMT. Implications discussed in the thesis could 
inform practitioners, educators and policy makers about how to facilitate teacher 
interaction with DMT for productive mathematical learning.
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IMPACT STATEMENT  
This thesis aims to develop a holistic understanding of teachers’ classroom 
practices and the associated professional knowledge of practice (PKP) required 
for teaching of a key mathematical topic, geometric similarity (GS), with dynamic 
mathematical technology (DMT). The research revealed the important 
differences and some similarities in the practices of three mathematics teachers 
with varying levels of experience and expertise both in teaching and in using 
DMT, by adopting two different frameworks for data collection and analysis. In 
this way, the research advances scientific knowledge about key characteristics 
of expert and advanced beginner teachers’ classroom practices using DMT for 
teaching GS, and specification of the frameworks in a particular mathematical 
context. 

In addition to contributing to theoretical understanding, this study has the 
potential to have impact on practices of teachers who use technology, 
particularly for teaching GS. The findings of the research describe the elements 
of teaching practice with technology in addition to the professional knowledge 
that teachers need and identify the necessary (but not sufficient) conditions. 
Thus, the findings have also the potential to have a substantial positive impact 
on development of secondary students’ knowledge of GS. Furthermore, the 
findings could influence teacher training and teacher professional development 
programmes by providing useful examples for educators through the analysis 
of each participating teacher. These examples can be used in the design of 
such programmes, and (pre-service) teachers can be encouraged to discuss 
the examples in the course for them to be aware of and identify knowledge 
necessary in delivering teaching practice with technology. Last, but certainly not 
least, the research has the potential to impact the policies regarding promoting 
a better guidance for teachers using technology at a national level to more 
efficient classroom practices and providing more support for them to improve 
their teaching with technology. 

I have shared some of my results with researchers and educational 
practitioners to maximise the impact for knowledge exchange. The research has 
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been disseminated at both academic and professional conferences nationally 
and internationally with presentations, including:  

• Clark-Wilson, A., Simsek, A., Welbourne, S., Umameh, M., & Bretscher, 
N. (2019). Digital mathematical thinking. Paper presented at the British 
Educational Research Association (BERA) conference. University of 
Manchester, England. 

• Simsek, A. (2019). Technology-rich classroom practice: A secondary 
mathematics teacher’s use of dynamic digital technology to teach 
geometric similarity. In M. Graven, H. Venkat, A. Essien, & P. Vale 
(Eds.), Proceedings of the 43rd Conference of the International Group 
for the Psychology of Mathematics Education (PME43) (Vol 4, p.98). 
Pretoria, South Africa. 

• Simsek, A. (2019). Integrating dynamic digital technology into the actual 
classroom: A multiple case study of secondary mathematics teachers 
teaching geometric similarity. Paper presented at the British Society for 
Research into Learning Mathematics (BSRLM) conference. 
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• Simsek, A., & Clark-Wilson, A. (2018). Teacher knowledge for teaching 
geometric similarity with technology: A review of literature. In H.-G. 
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(ETC 5) on Mathematics Education in the Digital Age (MEDA) (pp. 249–
256). University of Copenhagen, Denmark. 
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1 INTRODUCTION 
If technology is to find a place in classroom practice, it must be examined 
in the context of classroom life as teachers live it. 

                                                                 Stephen T. Kerr (1991, p. 121) 

In this introductory chapter, I first outline the rationale of my PhD research 
project, and this is followed by the presentation of the research questions that I 
aim to address in this thesis. Then, I list the sources for my personal motivation 
which assisted me in designing and conducting my PhD research with joy and 
excitement. Next, I set the scene for the study by discussing the research 
context. Finally, I conclude this chapter by presenting the overview of this thesis. 

1.1  Rationale of the Study 

Since the introduction of dynamic digital technologies into mathematics 
teaching and learning in the early 1990s, much research has investigated how 
dynamic mathematical tools (e.g., GeoGebra and Cabri) promote (or hinder) 
students’ understanding of mathematics (Carreira et al., 2017; Drijvers, 2018; 
Heid & Blume, 2008; Hoyles & Lagrange, 2010; Jones, 2011). Many of these 
studies have consistently found that the use of dynamic technologies has a 
substantial positive impact on supporting students’ understanding (Forsythe, 
2007; Laborde, 2000; Noss & Hoyles, 1996; Olive et al., 2010; Roschelle, 2016; 
Sacristán et al., 2010). 

However, research has also strongly emphasised that successful integration 
of dynamic technologies into secondary mathematics teaching is a challenging 
and demanding process for teachers (Clark-Wilson et al., 2014; Hoyles & 
Lagrange, 2010; Lagrange & Monaghan, 2010; Thomas & Hong, 2013) as they 
need to develop teaching-with-technology expertise to promote students’ 
learning (Bozkurt & Ruthven, 2017; Ruthven, 2014). Moreover, mathematics 
teachers encounter other difficulties making use of technologies in their 
teaching practices (Thomas & Palmer, 2014). For example, they might 
experience difficulties with (i) teaching mathematics with technology in new 
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teaching environments, (ii) coordinating the use of technological tools along with 
other didactical tools, (iii) orchestrating classroom activities around the use of 
technology, (iv) selecting or developing curricular tasks exploiting new 
technological tools, and (v) managing the allocated time available for classroom 
activity using technology (Abboud-Blanchard, 2014; Tirosh & Graeber, 2003). 
Therefore, although teachers tend to believe that dynamic digital technologies 
make a meaningful contribution to students’ mathematical learning, they have 
rarely exploited the potential of dynamic tools in the classroom (Bretscher, 2014; 
Clark-Wilson & Hoyles, 2017a; Ofsted, 2012). 

To address the underuse of dynamic digital technologies in the classroom, 
more recent research has focused on classroom teaching practices involving 
dynamic technology use. This is to understand the ways in which the potential 
of dynamic technologies can be fully exploited by teachers (Clark-Wilson, 
Robutti, & Sinclair, 2014). Researchers have shared a commitment to 
developing an improved, holistic understanding of teachers’ classroom 
practices involving technology and the associated professional knowledge they 
need to enact ‘desirable’ practices in the classroom. Researchers have also 
become interested in how mathematics teachers’ use of dynamic technology in 
the classroom has an impact on their professional knowledge, and vice versa 
(Bozkurt & Ruthven, 2017; Clark-Wilson & Hoyles, 2017a; Ruthven, Deaney, & 
Hennessy, 2009; Tabach, 2011). As teacher’s knowledge continues to grow 
while they are teaching in the classroom (Hodgen, 2011; Ponte, 1994), how 
their professional knowledge shapes, and is shaped by, their classroom 
teaching with technology have therefore become major areas of investigation in 
mathematics education research (Clark-Wilson, 2014; Clark-Wilson & Hoyles, 
2017b; Haspekian, 2014; Olive et al., 2010). 

To develop a comprehensive understanding of technology integration into 
the mathematics classroom, investigating what actually happens in the 
classroom is of greater importance (Bozkurt & Ruthven, 2017; Clark-Wilson, 
Robutti, & Sinclair, 2014; Goos, 2014; Trgalová, Clark-Wilson, & Weigand, 
2018). However, as Monaghan (2004) suggested, previous research has 
“largely focused on forms of teacher knowledge and on beliefs, with little 
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attention to the whole experience of using technology in the classroom” (p. 328). 
Therefore, it is important to observe teachers tackling the use of technology in 
their real classrooms, to understand what is occurring in the real time moment 
of teaching and to identify what professional knowledge they use in the 
immediate act of teaching. 

Research into classroom practice incorporating dynamic technology use 
has drawn attention to the need to carry out studies pertaining to specific 
mathematical topics. To date, a number of key mathematical topics have been 
neglected in research concerning the use of technology in the classroom, 
despite the wealth of research in this field (Jones, 2002; Watson, Jones, & Pratt, 
2013). Geometric similarity (GS) is one such topic, which is surprising, given the 
fact that GS is regarded as a fundamental topic in both secondary and high 
school mathematics (Andraphanova, 2015; Clark-Wilson & Hoyles, 2017a; Cox 
& Lo, 2014; Cunningham & Rappa, 2016; Friedlander, Lappan, & Fitzgerald, 
1985; Lamon, 2008; Noss & Hoyles, 1996; Watson, Jones, & Pratt, 2013). GS 
has also been viewed as a difficult mathematical concept in secondary school 
mathematics (Clark-Wilson & Hoyles, 2017a; Cox, 2013; Denton, 2017; 
Edwards & Cox, 2011) and it has been shown that a lack of understanding of 
GS can cause substantial obstacles to further learning in mathematics, 
particularly in those areas, such as proportionality, geometric transformations, 
and trigonometry (the details of students’ difficulties with GS are presented in 
Section 2.4.2) (Chazan, 1988; Cox, 2013; Edwards & Cox, 2011; Seago et al., 
2012). Given both the significance of GS for school mathematics and the 
difficulties that it presents to students, it is surprising that there is a minimal 
research in the literature that specifically focuses on GS with (and without) 
technology. 

Much research on GS has focused on students and identified the types of 
difficulties they encounter and their solutions to GS problems (e.g., Cox, 2013; 
Cox & Lo, 2012, 2014; Friedlander, Lappan, & Fitzgerald, 1985). Only few 
studies have focused on both students’ understanding of GS and dynamic 
technology (Chazan, 1988; Denton, 2017; Edwards & Cox, 2011; Noss & 
Hoyles, 1996). Findings from these previous studies suggested that students’ 
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engagement with the affordances of dynamic technologies (e.g., dragging, 
dynamic measuring, enlarging) leads to an opportunity to promote their 
understanding and to overcome their difficulties with GS. 

Little research pertaining to GS has focused on pre-service and in-service 
teachers and these studies examined teachers’ content knowledge (CK) and/or 
pedagogical content knowledge (PCK) in relation to GS (Clark-Wilson & Hoyles, 
2017a; Cunningham & Rappa, 2016; Seago et al., 2014; Son, 2013). However, 
none of the studies other than Clark-Wilson and Hoyles (2017a) cited above 
has explored the concept of GS with a focus on technology, particularly in the 
context of teachers’ classroom practice. GS appears as an interesting 
mathematical area on which there is a lack of research exploring mathematics 
teachers’ implementation of dynamic technology whilst teaching it in the 
classroom. 

To summarise, research has revealed that dynamic digital technologies are 
promising didactic tools in enhancing students’ understanding of mathematical 
ideas. Thus, there has been an enhanced, worldwide interest in integrating 
dynamic technology into the teaching and learning of mathematics to promote 
students’ learning. However, research has also shown that teachers’ integration 
of dynamic technology into their classroom teaching is challenging and one of 
the key challenges stems from that teacher professional knowledge needs to 
be developed accordingly (Ruthven, 2009). Disappointingly, this challenge 
results in teachers rarely exploiting the (dynamic) potential of digital 
technologies in the classroom (Bretscher, 2014; Clark-Wilson & Hoyles, 2017a; 
Thomas & Palmer, 2014). Furthermore, GS is a significant school mathematics 
topic but poses difficulties to students. An investigation into classroom practices 
of teachers using dynamic technologies to teach GS is important as the dynamic 
and multi-representational potential of such technologies offers opportunities 
(e.g., dragging, measuring, animation) through which teachers and students 
experience and examine the dynamic nature of this topic in more tangible ways. 
However, to the best of my knowledge, there is no systematic research 
investigating how mathematics teachers exploit the potential of dynamic 
technologies in their classroom practices to teach about GS. Such investigation 
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would help to identify the important characteristics of teachers’ practice and their 
professional knowledge that play a key role in improving students’ robust 
understanding of GS within technology-enhanced classroom environments. 

My PhD research, therefore, seeks to address the above-identified gap by 
researching lower secondary mathematics teachers’ mainstream classroom 
practices as they teach GS with a dynamic technological tool, the Cornerstone 
Maths (CM) software (see Section 1.3.2 for the details of the CM software), and 
their professional knowledge about certain aspects of classroom practice in 
relation to technology use which underpins those practices. 

Based on the above-discussion, I formed my main research question and 
two sub-questions that I aim to address through my PhD project, which are as 
follows:  

• What are the characteristics of secondary mathematics teachers’ 
practice when they use dynamic mathematical technology (DMT) 
to promote students’ understanding of geometric similarity (GS)? 

- What similarities and differences can be identified in the characteristics 
of classroom teaching practices of teachers using DMT to teach GS? 

- What similarities and differences can be identified in teachers’ 
professional knowledge of practice (PKP) shaping their use of DMT in 
the classroom teaching of GS? 

1.2 Personal Motivations for the Study 

Two main factors have motivated me to undertake this research. First, I have 
an enduring interest in understanding how teachers successfully integrate 
technologies in their classroom practice. This may be partly because I 
experienced difficulties integrating digital technologies into my own classroom 
teaching while I was teaching mathematics in higher secondary schools in 
Turkey (between the years of 2010 and 2014). Thus, I aim to advance my 
knowledge and awareness of the ways in which teachers are able to incorporate 
(dynamic) digital technologies into their everyday teaching practices. 

My second motivation is my desire to be able to contribute to achieving the 
aims of the FATIH (Movement to Increase Opportunities and Technology) 
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project1, a national initiative in my country, Republic of Turkey, which aims to 
make technology a crucial part of the teaching and learning process in all 
subjects including mathematics. Since 2014, I have been holding a scholarship 
award from the Turkish government, covering my postgraduate and personal 
expenses in the UK (e.g., school tuition fees and accommodation for the period 
of my academic studies). Following earning my PhD degree, I am required to 
return to Turkey to take up a senior education policy role in the Turkish Ministry 
of National Education (MoNE). My enduring aim is to impact positively on my 
country’s trajectory with respect to technology use in education, in general, and 
in mathematics education, in particular. Overseeing the use of digital 
technologies will be one of my central responsibilities alongside designing and 
providing professional development (PD) opportunities for teachers. Thus, my 
PhD research project to be reported here has played a key role both in 
advancing my expertise regarding the nature of technology integration into 
classrooms and in increasing my awareness of the complexities of the 
technology integration, which I strongly believe will contribute to my future role 
at MoNE in Turkey. 

1.3 Setting the Scene for the Study 

In this research, my broad aim is to examine classroom teaching practices of 
lower secondary mathematics teachers as they make use of DMT to promote 
students’ understanding of GS. Having identified this aim, I considered teachers 
who had been involved in the Cornerstone Maths (CM) project as suitable 
participants for my research. This is because that after they had undergone all 
of the PD provided as part of the project between the years of 2014-2017, they 
had begun to use a particular DMT tool, the CM software, in their real classroom 
practices to teach three CM curriculum units including GS for lower secondary 
mathematics (The detailed justifications are provided in Section 3.3). 

 
 

1 The website of the FATIH project is: http://fatihprojesi.meb.gov.tr/en/index.html  
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In this section, I provide a detailed description of the context for the 
research. I first introduce the CM project by explaining its aims and context. I 
then introduce the CM software being used within the research and its didactic 
potential for enhancing students’ mathematical learning, particularly with 
respect to GS. This is followed by the description of particular objectives of CM 
curriculum unit on GS that are the focus of this study. Finally, I explain how I 
refer to teachers’ professional knowledge of practice (PKP) in the context of my 
PhD research. 

1.3.1  Introducing the Cornerstone Maths Project 

Cornerstone Maths (CM) is a large-scale multi-year project2 (2011-17) led by 
two researchers at the University College London (UCL) Institute of Education 
(IOE) in England. The CM project was conducted in two phases. In the first 
phase (2011-14), the researchers initially focused on designing, piloting and 
evaluating CM curriculum units embedding the use of a particular DMT, together 
with designing and refining an associated teacher PD approach for scaling. In 
the second phase (2014-17), they then introduced CM curriculum units to 
teachers and provided them with the opportunities through PD activities to 
engage with them. The researchers also concentrated on ascertaining the 
factors affecting how teachers continue using the CM resources and also on 
stimulating spreading the innovation to more teachers. During this phase, they 
were also interested in investigating the impacts of teachers’ engagement with 
the PD activities on their evolving knowledge and teaching practice (see Table 
1.1 for the phases of the CM project). 

The central aim of the CM project is to address underuse of DMT(s) by 
secondary mathematics teachers in the classroom (Clark-Wilson & Hoyles, 
2017a). To do so, the researchers supported teachers’ implementation of DMT 
into classroom teaching to enhance the teaching and learning of a selection of 

 
 

2 The website of the CM project is: 
https://www.ucl.ac.uk/ioe/research/projects/cornerstone-maths 
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three ‘hard-to-teach’ mathematical ideas central to the English National 
Curriculum for lower secondary mathematics (Clark-Wilson & Hoyles, 2014). 
These ideas include GS, algebraic patterns and expressions, and linear 
functions. Each of CM units comprises a carefully designed web-based DMT, 
which is namely the CM software, student workbooks and teacher guides, along 
with teacher PD. During the PD, the researchers provided teachers with 
opportunities, for example, to (1) explore the mathematical contents; (2) interact 
with the CM software to make themselves familiar with its affordances; (3) 
familiarise themselves with CM curriculum units including GS; (4) develop 
lesson plans for a particular activity of the CM curriculum units (Clark-Wilson & 
Hoyles, 2019). 

 

Table 1.1 The Cornerstone Maths (CM) Project Two Main Phases 

The Time Period of 
Each Phase of the 
Project 

The Broad Aim of Each Phase 

June 2011-January 
2014 

The first phase of the project sought to develop an 
understanding of the ways through which an educational 
technology innovation can be scaled within key stage 3 
mathematics education and to design, pilot and evaluate 
CM curriculum units (GS, linear functions, and algebraic 
generalisation) 

January 2014-February 
2017 

The second phase of the project aimed to introduce CM 
curriculum units to teachers and provided them with the 
opportunities through PD activities to engage with them 
with the DMT. The researchers also sought to investigate 
the impact on teachers’ mathematical knowledge for 
teaching (MKT) and the accompanying mathematics 
pedagogical practice (MPP) on their classroom teaching 
of key stage 3 mathematical domains with DMT 

Note: For this PhD study, I started to work with the case study teachers in April 2018, 
approximately one year after the CM project had completed and all teachers had 
attended in the PD activities provided by the project. The present study was an 
independent study, which implies that it was not conducted as part of the CM project. 
The present study only recruited the case study teachers among the teachers who 
had taken part in the CM project. 
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The researchers suggested that after their engagement with the PD 
activities, teachers begin exploiting the dynamic potential of the DMT regularly 
in their classroom teaching within their school settings for the teaching of CM 
units including GS. They also assumed that with the resources and 
opportunities that the CM project provides to them, teachers re-think and re-
engage with the mathematical ideas as they employ new pedagogies 
underpinned by the DMT, for example, ‘predict-check-explain’ pedagogical 
approach (Clark-Wilson & Hoyles, 2017a). 

Now, I outline the opportunities the CM software offers to students, 
especially in relation to GS. 

1.3.2 Defining the Technological Focus of the Study: The Cornerstone 
Maths Software as Dynamic Mathematical Technology 

The Cornerstone Maths (CM) software3 is a web-based DMT embedded within 
a set of three CM curriculum units previously mentioned. It was specially 
designed through the exploitation of the dynamic, visual and multi-
representational potential of digital technology to help teachers promote 
students to gain a better understanding. The software contains several carefully 
designed dynamic activities associated with each of the units including GS and 
promotes the adoption of the ‘predict-check-explain’ pedagogical approach 
(Clark-Wilson & Hoyles, 2017a). These activities were created on the basis of 
realistic contexts in a learning environment in which there are multiple 
dynamically linked mathematical representations (e.g., geometric shapes, ratio 
checker, measurement tables, graphs, and algebraic expressions). The CM 
software therefore offers the potential for students to make conjectures and test 
them by manipulating the various dynamic representations, leading them to 
engage with and explore the underlying mathematical concepts and 
relationships in a realistic context (Clark-Wilson & Hoyles, 2019). 

 
 

3 The website of the software is: http://capricorn.cornerstonemaths.com/modules  



1  INTRODUCTION 
 
 

 
 

32 

1.3.2.1 What Affordances does the Cornerstone Maths Software Offer for 
the Teaching and Learning of Geometric Similarity? 

In relation to GS, which is the mathematical focus of this research, the CM 
software offers students twelve different pre-designed dynamic investigations 
and nineteen sub-activities. The dynamic activities allow students to engage 
with visual, dynamically linked multiple representations including geometric 
figures by using several key features so that they can recognise and identify the 
variant and invariant properties of mathematically similar figures. These key 
features encompass dragging, translating, enlarging, rotating, measuring, 
colouring and labelling, together with length, angle and scale factor sliders, ratio 
checker, measurement table and snapshot (see Figure 1-2-3 for the key 
features on the tool menu of the CM software and see Appendix 1 for the guide 
on the use of them). In its visual, dynamic and interactive learning environment, 
students, for example, can translate, enlarge and rotate geometric figures to 
determine whether they are mathematically similar or not or produce a family of 
mathematically similar figures to the original figure. Such opportunities might 
support them to explore how the types of transformations can be applied to 
situations involving GS and to understand the mathematical relationships 
between geometric transformations and GS. As demonstrated in Figure 1.1 and 
Figure 1.2 below, exploiting the relevant affordances in its such technological 
environment, students can also: 

i. identify and colour each pair of the corresponding sides of 
mathematically similar figures with a different colour, 

ii. measure lengths of sides and size of angles of geometric figures,  
iii. drag and structure the side measurements into each of the two 

statements of the ratio checker to investigate the side properties of 
(potentially) mathematically similar shapes and/or the measurement 
table and then take snapshots of set of measurements in the 
measurement table where they can compare the values to recognise 
and identify multiplicative (proportional) relationships between them, 

iv. move the scale factor slider and angle slider to different values to see 
what happens to the measurements of the corresponding sides and 
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angles in numerous different situations and to recognise the role of a 
scale factor (common multiplier) and numerical relationships between 
them (e.g., between ratios and within ratios), 

v. examine what stays the same and what changes while moving the scale 
factor slider and angle slider by focusing on the appearance and 
orientations of shapes, corresponding angles and sides, and the ratios 
of corresponding sides and lengths within a shape and across several 
shapes. They might therefore (1) explore the role of a scale factor in 
creating similar shapes by noticing that it describes the multiplicative 
(proportional) relationships between all pairs of corresponding sides in 
mathematically similar shapes, (2) investigate ‘within ratio’ invariant 
property between pairs of corresponding sides within a shape and 
‘between ratio’ variant property between pairs of corresponding sides 
across multiple shapes, and (3) recognise that if the corresponding 
angles are different, the shapes look warped and therefore not 
mathematically similar; or, in other words, equal corresponding angles 
are necessary for shapes to be mathematically similar. 
 

 

Figure 1.1 An activity in the DMT which is related to the role of scale factor in 
creating similar figures to the original 
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Figure 1.2 An activity in the DMT which is about the necessity of equal 
corresponding angles for geometric similarity 

Furthermore, as shown in Figure 1.3, using the two different length sliders 
in the dynamic learning environment of the CM software, students can enlarge 
the height and width of a geometric figure independently of each other. When 
each slider represents different numbers, they can therefore potentially 
recognise the presence of visual distortion in the enlarged figure and/or the 
inequality between the two statements in the ratio checker. This might enable 
them to explore the necessity of scaling all lengths of a figure by the same scale 
factor to produce mathematically similar shapes to it or, in other words, to 
discover that the pairs of corresponding sides in similar shapes must be related 
by the same multiplier or scale factor. 

 

Figure 1.3 An activity in the DMT which relates to the necessity of scaling all 
lengths of a shape by the same scale factor for the similarity of shapes 
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All of the (dynamic) key features provided by the CM software offer the 
opportunities for students to produce conjectures and then test them 
simultaneously in a dynamic learning environment, which might encourage 
them to explain and explore any differences between what they predicted and 
what happened. Therefore, the CM tool offers the potential for teachers to 
support students’ learning of GS as a dynamic concept in the classroom and 
“(re-)express their [associated] mathematical understandings”  (Clark-Wilson & 
Hoyles, 2019, p. 344). 

In the remainder of the thesis, I use the term ‘DMT’ to refer to dynamic 
mathematical tools available in the field of mathematics education that includes 
the CM software. 

1.3.3  Introducing the Mathematical Focus of the Study: Cornerstone 
Maths Curriculum Unit on Geometric Similarity 

In this research, the case study teachers used CM curriculum unit on GS, which 
involves a set of DMT-enriched investigations and the associated sub-activities, 
as the main resource in the classroom when teaching the mathematical domain 
of GS with DMT. As mentioned earlier, CM unit on GS consists of 12 
investigations divided into sub-activities, and each of which focuses on a 
different teaching and learning objective. In this study, I focus on the first eight 
investigations (Investigations 1-8) for two reasons. First, the first eight 
investigations cover the principles of GS that a student needs to know according 
to the English National Curriculum for lower secondary mathematics. Therefore, 
in reality, teachers who implement CM unit on GS are most likely to teach the 
first eight investigations in their lessons. Second, these are the investigations 
which require students to interact with DMT and exploit its dynamic potential to 
explore the underlying mathematical concepts and relationships. I therefore 
asked the case study teachers to teach the first eight investigations in the 
classroom using the DMT, which address the following mathematical ideas (see 
Appendix 2 for the overview of the first eight investigations and see Appendix 3 
and Appendix 4 for one of the investigations, Investigation 4, in both the CM 
student workbook and in the CM teacher guidebook, respectively). 
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Investigation 1: the informal definition of GS, which is “exactly the same 
shape, but not necessarily the same size”. 

Investigation 2: the sides of mathematically similar rectangles are related by 
a common multiplier. 

Investigation 3: the role of scale factor as a multiplier in enlargements of 
shapes, such that if the scale factor is greater than 1, it results in the 
enlarged shape larger than the original. If the scale factor is less than 1 (but 
greater than 0), it results in the enlarged shape smaller than the original.  

Investigation 4: the necessity of scaling all lengths of a shape by the same 
number to create mathematically similar shapes. 

Investigation 5: the necessity of equal corresponding angles for geometric 
figures being mathematically similar. 

Investigation 6: the meaning of a ratio and its relationship between 
corresponding sides in similar shapes. 

Investigation 7: the role of within and between ratios in comparing sides in 
similar rectangles. 

Investigation 8: the identification of the variants and invariants for similar 
shapes such as scale factor. 

The intended learning outcomes for students who engage with the-above 
outlined investigations with the use of DMT are illustrated as follows: 

- identifying the invariants and variants in similar shapes. 

- recognising that pairs of similar polygons have a one-to-one geometric 
correspondence of sides and vertices such that: 

§ The corresponding angles are equal. 

§ The within-shape ratios between corresponding side lengths are 
equal. 

§ The between-shape ratios between corresponding side lengths are 
equal. 
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§ The sides of one polygon can be transformed into the other using 
multiplicative scale factor. 

I now move to define teachers’ professional knowledge of practice that I use 
in this research to refer to teachers’ expertise. 

1.3.4 Defining Teachers’ Professional Knowledge of Practice 

Research has established a link between teachers’ knowledge, their classroom 
practice (Chapman, 2013; Hodgen, 2011; Pepin, 2009; Petrou & Goulding, 
2011; Rowland & Ruthven, 2011), and student outcomes (e.g., Baumert et al., 
2010). This link proves the importance of teacher knowledge in teaching and 
supporting students’ learning. For example, Kvatinsky and Even (2002) suggest 
that teachers need adequate subject-matter knowledge to support student 
learning. However, neither the meaning of adequate knowledge nor the 
meaning of teacher knowledge is clear. 

Given the complexity of teacher knowledge, it is essential to clarify my views 
on teacher knowledge that I investigate in my PhD research. To address my 
research questions, I investigate teachers’ professional knowledge of practice 
(PKP) and I define PKP as knowledge that mathematics teachers develop and 
use in their practice which encapsulates their teaching expertise. As Ruthven 
(2014) suggests, capturing the essence of PKP enables researchers to develop 
a holistic understanding of why teachers do things in the way they do in the 
classroom, and to recognise and articulate their expertise that enhances the 
quality of classroom teaching. In this section, I present various researchers’ 
views on PKP along with my notes on how I use and interpret these views in my 
PhD research. However, I should note that researchers also widely 
acknowledge that it is exceptionally challenging to understand and identify 
“what teachers’ [PKP] really is, what it looks like, and how it might be interpreted 
and implemented through classroom actions” (Loughran, 2010, p. ix) due to the 
nature of PKP which is largely intuitive and tacit.  

Researchers consider PKP as a powerful element of teachers’ classroom 
teaching and acknowledge the value of PKP in shaping the classroom teaching 
(Brown & McIntyre, 1993; Grimmett & Mackinnon, 1992). They also assume 
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that PKP is the kind of knowledge that teachers develop primarily through their 
practical experience in classroom teaching. For example, Elbaz (1981) argues 
that there is a practical aspect to teacher knowledge and that teachers acquire 
such practical based-knowledge in their classroom practices through trial and 
error. She conceptualises teachers’ PKP as a complex, practically oriented set 
of understandings which underpins their classroom teaching. 

Moreover, Elbaz (1981) discusses that this knowledge encompasses 
“knowledge of subject matter; of classroom organization and instructional 
techniques; of the structuring of learning experiences and curriculum content; 
and students’ needs, abilities, and interests” (p.47). She asserts that one can 
access the content of this knowledge in the responses given by teachers 
regarding the situations that they live in classroom teaching. Likewise, Schön 
(1983) and Ponte (1994) define PKP in terms of ‘knowing-in-action’ which is 
built into and reveals itself in action. According to them, the characteristics of 
knowing-in-action are intuitive and tacit that guides teachers’ actions that cannot 
be planned in advance. This knowledge cannot be classified as theoretical 
abstract knowledge, as done by Shulman (1987), since it refers to a dynamic, 
contextualized and active process of knowing rather than a more static, abstract 
and passive notion. It is teachers’ insightful knowledge derived from their 
experiences and learnings that underpins their thoughts and actions. In 
addition, what Ruthven (2002) stresses with regard to PKP is that it relates to 
the knowledge that teachers use in their everyday classroom teaching 
practices, which might be spontaneous, routine and sometimes unconscious. 
Teachers cannot generally make their PKP explicit, may find it difficult to 
articulate, and might even be unaware of using it. PKP is thus intimately 
associated with teachers’ actions and not easily recognized, documented, or 
shared in the ways that the knowledge being static in nature can be. 

Moreover, Grimmett and Mackinnon (1992) define PKP in terms of craft 
knowledge. In their view, craft knowledge of teaching is not directly connected 
with substantive, subject matter knowledge; rather it corresponds to intelligent 
and sensible know-how that teachers develop in the context of their lived 
experiences and work around issues of content-related and learner-focused 
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pedagogy. In other words, it relates to knowledge which arises from and, in turn, 
informs what teachers do in their classroom practices. Grimmett and 
Mackinnon's (1992) use of the term ‘craft knowledge’ puts a deliberate 
emphasises on teachers’ tacit knowledge in practice.  

In my research, by adapting Grimmett and Mackinnon's (1992) approach to 
the definition of craft knowledge, I refer to professional knowledge of practice 
(PKP) as teachers’ craft knowledge that “represents the construction of situated, 
learner-focused, procedural and content-related pedagogical knowledge” 
(Grimmett & Mackinnon, 1992, p. 393). Based on the discussion above, I 
acknowledge that teachers can develop their PKP mainly in the classroom 
through their professional experiences with their students and their reflections 
on these interactions and partly outside the classroom through PD courses, 
rather than their formal training and institutional policies (Brown & McIntyre, 
1993; Loughran, 2010). For example, teachers’ dissatisfaction with events and 
their desire not to repeat the same mistakes again may lead to the development 
of their PKP. Similarly, teachers’ involvement in PD courses could contribute to 
developing their PKP since they engage in PD activities to learn, practice and 
reflect with other teachers and educators. PKP therefore represents the 
interactive and dynamic nature of teacher knowledge and needs to be examined 
as it occurs in the context of the classroom. 

In terms of the content of PKP, as outlined above, it consists of different 
kinds of knowledge, including teachers’ technological pedagogical content 
knowledge, learner knowledge, curricular knowledge, and action-based situated 
knowledge of teaching. Grimmett and Mackinnon (1992) use the word ‘glue’ as 
a metaphor for PKP which brings all of the knowledge bases in relation to the 
act of classroom teaching. PKP then draws attention to, for example, the 
purposes of teaching, the context of work within which teaching and learning 
takes place, teachers’ views regarding their role as facilitators of learning. 

What is noteworthy is that researchers previously used the following terms, 
craft knowledge, practical knowledge, expertise, knowing-in-action, and PKP 
interchangeably. Thus, I regard these terms as equivalent expressions in my 
study but prefer to use professional knowledge of practice (PKP) throughout my 



1  INTRODUCTION 
 
 

 
 

40 

thesis. In addition, Ruthven (2014) suggests that the term ‘expertise’, which 
“underpins successful integration of digital technologies into everyday teaching 
practice” (p.290), is more appropriate to be used rather than the term 
‘knowledge’ in research on teachers’ classroom practices involving the use of 
technology. As I use the Structuring Features of Classroom Practice (SFCP) 
framework as a main theoretical lens to guide my research (see Section 2.5 for 
the rationale behind for the choice of this framework), I sometimes use the two 
terms, i.e., PKP and expertise, interchangeably in the remainder of the thesis. 

1.4 Overview of the Thesis 

In Chapter 2, I present the literature review. The literature review first focuses 
on the affordances of DMT(s) in the teaching and learning mathematics, 
followed by a review of studies investigating how teachers implement DMT into 
their practices. Then, the important issues regarding GS are presented through 
the discussion of GS topics including proportion, students’ difficulties with GS 
and strategies to GS problems, and teachers’ knowledge for teaching GS. Next, 
I outline the theoretical frameworks previously used to analyse teachers’ 
knowledge for teaching mathematics with DMT, and justify two particular 
frameworks, the SFCP and Instrumental Orchestration (IO), as the most 
suitable frameworks for my research to address my research questions. Finally, 
I present the research questions I aim to address in this PhD research. 

Chapter 3 discusses the methodological approach that my PhD research 
adopted. In this chapter, I first introduce the research design, the methods for 
data collection, and the participating teachers of the study. Next, I introduce how 
I conceptualised the main framework that I selected, the SFCP framework, to 
analyse my data in order to find out how teachers use DMT for the teaching of 
GS and their relevant PKP. I then explain how I analysed the data, first 
presenting an overall scheme of the whole data analysis process and then 
detailing each step of the data analysis process. Finally, I provide a 
consideration of ethical issues. 

Chapter 4 is called the ‘interlude chapter’ and provides context for the within-
case analyses outlined and discussed in further chapters. In the first section of 
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the interlude chapter, to provide some context for the within-case analyses, I 
describe the ‘necessary but not sufficient’ conditions that the case study 
teachers took into consideration before/during teaching with DMT, as a result of 
my analysis of working environment and time economy constructs of the SFCP 
framework. In the second section, I describe the structure of the next three 
chapters (i.e., within-case analysis of each of the three case study teachers) 
based on the themes and sub-themes emerging in the data analysis process 
from the three constructs of the framework, i.e., curriculum script, resource 
system, activity structure. 

Chapters 5, 6, and 7 present the results from the within-case analysis for 
each individual teacher (Lara, Alex, and Jack (pseudonyms), respectively) to 
reveal how they implemented DMT in their classroom practices to teach GS. 
Results for each case are presented under three headings based on ‘curriculum 
script’, ‘resource system’, ‘activity structure’ constructs of the SFCP framework.  

Chapter 8 presents a cross-case analysis through which I compared and 
contrasted the case study teachers’ classroom practices in regard to their use 
of DMT for the teaching of GS. In the first section, I first present the themes 
useful for conducting such a cross-case analysis, and in the second section, I 
identify, outline and eventually conceptualise the salient differences and 
commonalities across the cases. 

Chapter 9 reports an overview of the key findings emerging from the whole 
data analysis of my PhD research, followed by a general discussion.  

Finally, Chapter 10 concludes this thesis by bringing together the findings of 
my PhD research. This chapter is comprised of four sections. In the first section, 
I give answers to the research questions based on the results of my analyses, 
and in the second section, I highlight the original contributions that my research 
makes to knowledge and methodology. In the third section, I outline the 
limitations of my research, and in the fourth section, I present final remarks of 
my overall PhD project with recommendations for future research, policy and 
practice.
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2 REVIEW OF THE LITERATURE 
2.1 Introduction 

This chapter aims to provide a comprehensive and insightful review of the 
literature and draw together findings emanating from the wide body of empirical 
and theoretical research relevant to the focus of my research. This serves to 
emphasise the most salient issues, highlight any gaps and inform the 
development of the research questions and associated methodology. 

This chapter is organised into two sections. In the first section, having 
reviewed the literature on the affordances of dynamic mathematical 
technologies (DMTs) for supporting students’ learning and on the classroom 
practice of teachers of mathematics and their corresponding professional 
knowledge of practice (PKP), I present a review of the literature on the concept 
of geometric similarity (GS), which is the mathematical focus for the research. 
Although the main focus of my research is on teachers’ classroom practice and 
their associated PKP, I consider it useful to identify research findings on: the 
mathematical topics contribute to students’ understanding of GS and; as 
students study it, the difficulties they encounter and what strategies they employ 
to determine if geometric figures are mathematically similar. These findings are 
important because the identified issues that concern the teaching and learning 
of GS in general form part of teachers’ PKP landscape that underpins their 
teaching of GS using DMT in the classroom. Also, such a review provides an 
opportunity to identify the areas of GS where teachers’ use of DMT might lead 
to promoting the development of students’ better understanding of GS. 

In the second section, I outline the various frameworks used in the research 
which help interpret teacher knowledge in relation to using digital mathematical 
technology for teaching school mathematics in classroom practice. In this 
section, I discuss and justify the two complementary frameworks that have been 
employed in this study, namely the Structuring Features of Classroom Practice 
(SFCP) and Instrumental Orchestration (IO). 
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2.2 Notable Affordances of Dynamic Mathematical Technologies 

There is a wide range of dynamic mathematical technologies (DMTs) available 
in the field of mathematics education. DMTs consist of, for example, dynamic 
geometry systems (DGS) (e.g., Cabri-Géomètre, GeoGebra, Geometric 
Supposer, Geometer’s Sketchpad), computer algebra systems (CAS) (e.g., 
Derive, GeoGebra, Mathematica, Matlab, TI-Nspire), mathematical graphing 
software, and spreadsheets. They have been designed to take advantage of 
the dynamic and multi-representational potential of digital technology. This is 
highlighted in Clark-Wilson and Hoyles's (2017a) research report where they 
refer to DMT as: 

technology offering different mathematical representations (geometric shapes, 
graphs, tables, algebraic expressions) that teachers and pupils can manipulate 
and by doing so, engage with the underlying mathematical concepts and 
relationships (p. 11). 

 By introducing a dynamic aspect to doing and exploring mathematics in 
more tangible ways, the dynamic tools promise to transform and enhance the 
teaching and learning of mathematics at every school level (Ball & Stacey, 2019; 
Jones, 2002). For example, GeoGebra has been one of the most commonly 
used DMTs in mathematics classrooms around the world, enabling the learner 
to engage and interact with a combination of the features of both DGS and CAS 
(e.g., exploiting points, vectors, segments, lines, and equations and their 
dynamically changing parameters). It therefore has great potential to make the 
teaching and learning of school mathematics more meaningful, appealing, 
enjoyable, and efficient.   

As outlined by many researchers (e.g., Bozkurt, Uygan, & Turgut, 2019; 
Clark-Wilson & Hoyles, 2017a; Hoyles & Noss, 2003; Jones, 2002; Laborde, 
2000; Sinclair et al., 2017), the use of DMTs in the classroom is valuable for 
mathematics education due to the key features that they commonly incorporate 
in their visual, dynamic, and interactive learning environments. They, for 
example, include: 

- dynamic visualisation of mathematical ideas including geometric objects 
and algebraic expressions, whereby the learner can visualise abstract 
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mathematical concepts and model, experiment and test their developing 
mathematical understandings; 

- dynamic direct manipulation of geometric objects and algebraic 
expressions by the dragging tool, whereby the learner can move or 
relocate particular objects or some elements within a configuration or 
change a mathematical variant. They can therefore notice, identify, and 
explore the key invariant (and variant) properties of the mathematical 
ideas and their underlying relationships; and 

- dynamically linked visual, symbolic and numerical multiple 
representations of the mathematical phenomenon, whereby the learner 
can have an opportunity to examine the same mathematical idea 
represented in the different forms, to make simultaneous dynamic links 
between the elements embedded in them and to interpret and explore 
the underlying dynamically related mathematical ideas.  

According to Trgalová et al. (2018), the above outlined capabilities afforded 
by DMTs may provide students with opportunities to (i) “work within dynamically 
linked multiple mathematical representations”, (ii) “construct new problem-
solving environments”, (iii) “design more personalised learning”, (iv) “integrate 
more realistic modelling problems into the mathematics lessons” (p. 145). 
Therefore, DMTs have the potential to impact the way in which the learner 
engages with mathematics, to offer a new way of interacting with mathematical 
concepts and their properties, and therefore contribute to students’ 
understanding of key mathematical concepts. For example, manipulating 
dynamically the representations of mathematical concepts might promote 
students to generate conjectures, test them and explore and explain 
geometrical and algebraic concepts and their underlying relationships (Jones, 
2002). Students’ interaction with DMTs might give them a chance to consider 
the questions including "why ...?" in addition to the "what if ...?" and the "what if 
not ...?" regarding mathematical ideas they work on (Hoyles & Noss, 2003, p. 
335). 

Given the capabilities of DMTs and its potential in mathematics education, 
researchers have begun to investigate the ways in which teachers can fully 
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exploit the affordances of DMTs in the classrooms. As a result, DMTs have 
become a particular focus of much research in the field of educational 
technology within mathematics education. 

2.3 Teachers’ Implementation of Dynamic Mathematical Technologies in 
the Classroom Practice 

In the recent few decades, there has been a considerable growing interest in 
digital technology in the teaching and learning of mathematics. This fact has 
been lately highlighted, for example, in an overview chapter by Trgalová, Clark-
Wilson, and Weigand (2018), which displays the work of the Thematic Working 
Group (TWG) on ‘Technology’ at the Congress of European Research in 
Mathematics Education (CERME). Research has strongly and repeatedly 
emphasised the significant role that teachers play in the integration of dynamic 
mathematical technology (DMT) into the classroom practice (Bozkurt & 
Ruthven, 2017; Clark-Wilson, Robutti, & Sinclair, 2014; Drijvers, 2015; 
Hollebrands & Okumuş, 2018; Hoyles & Lagrange, 2010). Successful 
technology integration into the classroom is a far more complex process than 
initially forecast (Lagrange & Ozdemir-Erdogan, 2009) and teachers need 
strong professional knowledge of practice (PKP) for exploiting the affordances 
of technology for teaching.  

Research findings have also consistently articulated that due to the 
complexities of the process of technology integration and the associated PKP 
required (Monaghan, 2004), mathematics teachers encounter challenges in 
making sense of, and use of, DMTs and thus rarely exploit the affordances of 
them in the classroom environment (Bretscher, 2014; Drijvers, 2019; Ofsted, 
2012). For example, a recent report by the Joint Mathematics Council of the 
United Kingdom (UK) on digital technologies in mathematics education (Clark-
Wilson, Oldknow, & Sutherland, 2011) draws an attention to this fact that 
“[digital] technology within mathematics is underused and, where it is used, its 
full potential is generally underexploited” (p.19). In the view of Lagrange and 
Ozdemir-Erdogan (2009), this situation might be related to that “most teachers 
are not pleased when things in the classroom do not happen as they were 
expected to happen and are tempted to give up using technology” (p.66). 
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Moreover, Ruthven (2018) discussed this issue in the context of the UK that the 
most recent English national curriculum plays a role in discouraging teachers 
from using digital technologies in the classroom as it provides only a vague 
guidance on the use of digital tools in the classroom. For example, the 
Department for Education (2013) suggests that “in both primary and secondary 
schools, teachers use their judgement about when ICT [Information and 
Communications Technology] tools should be used” (p.2). This guidance entails 
teachers deciding for themselves whether they need to use technology to 
promote students’ learning and it does not give any details of what types of 
technologies they should use for the teaching of specific mathematical concepts 
at different levels or in what ways they should use the technological tools in their 
classroom.  

In more recent years, researchers in the field of educational technology 
within mathematics education have shifted their research lenses onto teachers, 
with a particular focus on the role of the teacher within everyday classroom 
practices that involve the use of DMTs and on the accompanying PKP they put 
into practice (Clark-Wilson, Robutti, & Sinclair, 2014; Hoyles & Lagrange, 2010; 
Trgalová et al., 2018). In other words, they have begun to become interested in 
finding holistic ways to explore mathematics teachers’ experience of integrating 
DMTs into the classroom practice that “involves a fusion of many factors” 
(Monaghan, 2004, p. 327). More specifically, the following four key aspects of 
the teacher dimension have become common interests of research on 
technology in mathematics education: 

- investigating the role of the teacher in technology-based settings; 
- analysing teachers’ practices involving technology; 
- characterising the new knowledge and skills required for the use of 

technology, and its evolution; and 
- designing and assessing teacher education/teacher training 

programmes (Trgalová et al., 2018, p. 155). 

To summarise, since the early 2000s, research has begun to focus on 
developing a better holistic understanding of the complexities of how 
mathematics teachers embed mathematical technological tools into their 
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classroom teaching practices and how their PKP shapes, and is shaped by, the 
way they exploit the affordances of the tools in the classroom. In other words, 
researchers have sought to develop theoretical understandings of how and why 
teachers do, and do not, capitalise on the affordances of DMTs in their 
classroom teaching of mathematical ideas, in addition to of the role of the 
teacher. There is an underlying assumption that the development of such 
understanding supports and informs the technology integration of the teachers 
of mathematics committed to teaching mathematical concepts with DMTs in 
their classrooms and the adaptation of their teaching skills and practice to 
accommodate the introduction of DMTs (Crisan, Lerman, & Winbourne, 2007). 

2.3.1 Key Research on Teachers’ Integration of Dynamic Mathematical 
Technology into Practices 

To date, several research studies have been conducted to explore aspects of 
classroom practice involving the use of DMTs and the associated teacher PKP. 
Below, I summarise some of the research outcomes of relevant studies that 
focused on teachers as they integrated DMT tools into their classroom practices 
with the intention of developing an understanding of the process of their 
integration. 

For example, Monaghan (2004) conducted one of the first studies on 
mathematics teachers’ classroom practices integrating DMT. In his study, he 
aimed to explore what the English high school teachers did when they used 
digital technology in their classroom teaching. He was particularly interested in 
providing a holistic account of key factors affecting teachers’ activities and roles 
in the technology-based classroom. Monaghan argued that such integration is 
not a straightforward process and therefore there is a need to understand the 
difficulties that teachers experience and the different dimensions of their 
classroom practices. He adopted Saxe’s four parameter model of emergent 
goals to develop a holistic understanding of teachers’ technology-based 
activities in their classrooms (Saxe, 1991). This model highlights that the 
emergence of teachers’ goals is influenced by the four parameters including 
activity structures, social interactions, conventions and artefacts and prior 
understandings. In his study, he worked with 13 English teachers who were 
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novel in using digital technologies in the classroom. In the context of his 
research, the teachers made use of a variety of the tools including spreadsheets 
(Excel), graphical packages (Omnigraph), calculators, and algebra (Derive) and 
geometry systems (Geometers’ Sketchpad). He collected his data using 
classroom observation, student and teacher interview, along with weekly 
reflective journal entries made by the teachers regarding their classroom 
practices. 

Monaghan found that teachers tended to adapt the following pedagogic 
pattern in their observed lessons: brief introduction to the task followed by 
student activity mediated by worksheets with the teacher moving among 
students to make sure that the students maintained their focus on the activities 
and to provide help and guidance about mathematical and technical issues. 
However, he reported that there were differences in the ways in which the 
teachers set the tasks and interacted with the students during their independent 
work at computers. What is more, his findings showed that the teachers 
emphasised that students focused more on the technical aspects of the tasks 
rather than the mathematics in technology-based lessons, resulting in some of 
the teachers beginning to question the efficacy and usefulness of the 
technology in the development of students’ understanding of the mathematical 
concepts. The teachers then set an aim to ensure that the technical difficulties 
that emerged when using the technologies to achieve the tasks did not inhibit 
students from engaging with the mathematics presented in them. In his 
research, Monaghan also pinpointed that the teachers’ reflection on their 
classroom teaching with the technology suggested that they could not clearly 
express their opinions when talking about their lessons and argued that this 
shows their “knowledge of [classroom] teaching was tacit knowledge rather than 
articulate knowledge” (p.337). He therefore concluded that the integration of 
digital technologies is a complex task for teachers, irrespective of how they 
considered and perceived its difficulty. 

In another key early study, drawing on evidence collected through 
classroom observation, follow-up teacher interview and the scrutiny of curricular 
resources, Ruthven, Hennessy, and Deaney (2008) explored the integration of 
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dynamic geometry technology into the mainstream teaching practice of four 
English secondary mathematics teachers. They selected their participants 
through departmental focus-group interviews conducted in a larger project 
during which the teachers were asked to describe what they considered and 
described as ‘successful teaching practice’ by taking into account their practice 
and their use of technology within it. The researchers reported that their findings 
identified the significant four differences between the teachers in the modes of 
the use of dynamic geometry in their lessons although their practices involved 
commonly the use of software to some extent to support students’ learning. The 
first difference concerns the ways in which the teachers exploited the 
affordances of the software to promote and enrich student exploration in the 
dynamic learning environment. For example, while one teacher made use of the 
software in a whole-class setting to enable students to recognise the underlying 
rules, the others exploited it during student independent work by enabling 
students to work with it individually or in pairs to self-explore the underlying 
mathematical concepts. The second difference is related to the extent to which 
the teachers allowed students to use the software and stems from the variances 
in their evaluation of the advantages and disadvantages of student software 
use. For example, some teachers did not provide students with an opportunity 
to use the software during their independent work at computers as they 
assumed that it would be difficult for the students to develop skills in using 
dynamic geometry software. The third difference pertains to the ways in which 
they capitalised on apparent mathematical anomalies and errors stemming from 
the usage of the software. This difference emerged based on whether they 
considered dealing with the anomalies would lead students to develop their 
mathematical understanding. For example, while one teacher put a great effort 
to help students avoid encountering the mathematical anomalies, the other 
teacher saw the anomalies as a learning opportunity for students to promote 
their mathematical thinking and to build their mathematical knowledge. The 
fourth and final difference is associated with the degree to which the teachers 
regarded dragging as an important affordance of dynamic geometry software to 
focus students’ attention to continuous variations of the mathematics at the 
stake rather than to create several static figures. In their study, the researchers 
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concluded that the teachers lacked competence to exploit the dynamic potential 
of the dynamic geometry software to support students’ learning and there were 
differences in the level of their exploitation in the ordinary practice.  

In a different study by Ruthven, Deaney, and Hennessy (2009), the 
emergent classroom practices of two secondary mathematics teachers and 
their thinking were investigated as they implemented the use of the 
mathematical graphing software to promote students to understand algebraic 
forms. The main aim of their study was to develop a holistic understanding of 
how and why they used the software in their mainstream classroom practices. 
The research also aimed to explore how the teachers adapted their classroom 
practice and developed their PKP in relation to the following four themes, which 
illuminates the potential outline of “an evolving framework for understanding 
technology use in school mathematics teaching” (p.294): 

- establishing a coherent resource system that incorporates the software, 
- adapting activity formats to exploit new interactive possibilities, 
- extending curriculum scripts to provide for proactive structuring and 

responsive shaping of activity, 
- reworking lesson agendas to take advantage of the new time economy 

(p.279). 

 Ruthven and colleagues collected evidence using the data collection 
methods of classroom observation and post-lesson teacher interviews. The 
researchers concluded that their results clearly demonstrated the importance of 
the role of the teacher in successful exploitation of DMTs in the classroom. They 
also highlighted that it was vital for teachers to create and (re)shape technology-
enriched student activities, to encourage and enable students to use the 
software in mathematically meaningful ways to achieve the tasks assigned to 
them, and to promote their mathematical interpretation of the outcomes. What 
is more, the researchers also documented that the teachers’ use of 
mathematical graphing software as part of their resource system led them to 
extend their teaching practice in some ways, which are related to the above-
outlined themes. In terms of the first theme, the teachers, for example, 
embedded two different pedagogical approaches to enable students to become 
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accustomed to using the software. While the first approach was related to 
familiarising students with the key techniques for using the graphing software 
through a technical demonstration by the teacher using the software ‘live’4, the 
second approach concerned with allowing them to explore the essential 
affordances by themselves and then to share their accompanying discoveries. 
Besides this, they also adopted and/or created additional tasks to complement 
and promote the software-based tasks, along with developing several strategies 
to help students handle the exploitation of these tasks effectively (e.g., assisting 
them in accomplishing mathematical interpretation of their actions on the 
graphing software and the resulting outcomes).  

In terms of the second theme, the teachers commented that the use of the 
software in the classroom resulted in the lessons being more interactive and 
engaging. This is through the adoption of an activity format the made use of the 
projection facilities in the classroom, allowing them to combine episodes of 
individual or paired student activity with whole-class activity and plenary review. 
Such an activity format made it possible for students to explore the 
mathematical ideas within and beyond the main lesson agenda and to share 
their relevant resulting discoveries with the whole-class. Moreover, they also 
employed the whole-class exposition and questioning format during which they 
used the mathematical graphing software ‘live’ to test students’ conjectures 
through the immediate feedback provided by it. In terms of the third theme, the 
teachers developed and extended their curriculum scripts for the teaching of 
algebraic forms using the software, which was evidenced by the lesson agendas 
they created and by the detail of the actions they performed during the observed 
lessons. For example, they capitalised on the potential of graphing software 
(e.g., zooming out on the graph to compare it to other components of the task 
in the technological environment). Finally, in terms of the fourth theme, the 
teachers suggested that the integration of the graphing software into the 

 
 

4 Throughout the thesis, the term ‘live’ is used to refer to the fact that the teacher 
operates DMT for themselves for different purposes either in a whole-class setting or 
during students’ independent work at computers. 
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teaching of algebraic forms led to the improvement of the rate of students’ 
learning by “overcoming pupil difficulties and building assurance” and by 
“focusing on overarching issues and accentuating important features” (p. 294). 
Therefore, this important research by Ruthven and colleagues (2009) provided 
evidence on how secondary mathematics teachers (i) “establish a coherent 
resource system incorporating software-mediated lesson tasks aligned with 
teaching goals, and supported by a common repertoire of suitable graphing 
techniques”, (ii) “adapt formats for classroom activity to capitalise on the 
interactivity of the software”, (iii) “extend curriculum scripts to encompass these 
features and to provide for proactive structuring and responsive shaping of 
student activity on software-mediated lesson tasks”, (iv) “rework lesson 
agendas, both to include induction to computer graphing and to take advantage 
of the resulting economy” (p.295-96). 

Likewise, in a more recent research study, Bozkurt (2016) investigated the 
classroom practices of three English secondary mathematics teachers with 
different levels of teaching experience and expertise in the use of digital 
technology. Specifically, she explored how they used a DMT tool, namely 
GeoGebra software, in their classroom teaching to support students’ 
understanding of the different mathematical concepts including transformations 
and circle theorems. Bozkurt used the five different components of the 
Structuring Features of Classroom Practice (SFCP) framework (along with the 
orchestration types of the Instrumental Orchestration (IO) framework) as the 
theoretical lenses and the classroom observation and post-lesson teacher 
interview as the data collection methods. She was also interested in 
understanding and identifying teachers’ PKP regarding the certain aspects of 
classroom teaching practice supporting their incorporation of the use of the 
DMT. Her research findings, which emanated from the comparisons and 
contrasts between the cases of the three teachers, suggested that there were 
differences in their practices, particularly in terms of the functioning resource 
system they established, the kinds of activity formats they used, and the 
effectiveness and richness of curriculum scripts they developed for dealing with 
the teaching of the similar mathematical topics using the DMT.  
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More specifically, Bozkurt noted that the technologically most experienced 
teacher was more aware of the core affordances of the DMT and therefore 
exploited them in mathematically more meaningful ways in his teaching than 
the other two teachers. He, for example, took advantage of the accuracy and 
speed of the DMT to enable and facilitate students to construct, modify the 
geometric figures and measure the properties of them (e.g., angles and sides). 
He also provided opportunities for students to use the DMT and utilise the 
instant feedback provided in its dynamic learning environment, through which 
they themselves could make conjectures, test them, and ultimately explore the 
underlying mathematical ideas. Besides these, in order to enable students to 
become familiar with the affordances of the DMT, he either used the DMT ‘live’ 
himself to perform a technical demonstration of the tool techniques for using it 
(e.g., how to exploit the affordance of dragging to move and replace dynamically 
a geometric shape on the screen) or allowed students to play with the DMT to 
explore the functionalities within it on their own. Lastly, he made the links 
between the different resources including the DMT-based tasks and paper-and-
pencil-based tasks, with the aim of enabling students to experience and develop 
their understanding of the mathematical ideas in two different contexts. 

Furthermore, Bozkurt’s study revealed that the two of the three teachers 
who were technologically more experienced than the third created their own 
DMT-based tasks for students to work in the lessons. Unlike them, the least 
technology-experienced teacher did not prefer to develop the tasks involving 
the use of DMT by herself but instead to download them from an online resource 
website. However, compared to the other two teachers, the most experienced 
teacher pursued a student-centred, discovery-based pedagogical approach and 
thus created and adopted the more open-ended tasks involving the use of DMT 
in his lessons than the others. Such tasks allowed students to explore the 
mathematical ideas by testing their mathematical conjectures using the tools of 
DMT and reflecting upon the associated outcomes. In other words, in the case 
of the most experienced teacher, students were encouraged to think not only 
about the results of the tasks themselves but more importantly about the 
processes. In the cases of the other two teachers, who had limited experience 
in the use of digital technology, their tasks with the use of DMT, however, tended 
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to be closed-ended tasks and were more useful for students to verify the results 
of the problems that they already engaged in the paper-and-pencil environment. 

Bozkurt also observed that all three teachers used similar DMT-centred 
orchestration types in general such as discuss-screen, predict-and-test, and 
spot-and-show. However, what was different between their cases concerns the 
way in which they employed the same type of orchestration. For example, 
compared to the two relatively novice teachers, the experienced teacher 
focused more on the mathematical aspects rather than the technical aspects 
when using the above outlined orchestrations. Likewise, when employing the 
spot-and-show orchestration, while the most experienced teacher used the 
DMT to demonstrate the students’ work to the whole-class on which to create a 
discussion, the least experienced teacher did not use the DMT to do so, but 
rather to hold it up for demonstration and exposition. Lastly, Bozkurt’s research 
findings provided evidence that in contrast to the other two teachers, the most 
experienced teacher tended to mostly ask open-ended questions focusing on 
the mathematics with less emphasis on the technical aspect of DMT. Therefore, 
her research concluded that the salient differences emerged between the cases 
of the secondary mathematics teachers having the varying levels of experience 
in the field of digital technologies in mathematics education. The differences are 
particularly associated with the ways in which they (i) developed and extended 
their curriculum scripts for teaching the same topics (ii) created and used the 
DMT-enriched tasks together with the conventional tasks (e.g., paper-and-
pencil based tasks), (iii) carried out the orchestration types to organise their 
classroom activities incorporating the use of DMT. 

In a very recent research as part of a bigger project, Clark-Wilson and 
Hoyles (2017a) contributed to the growing body of existing research. They 
probed how English secondary teachers’ mathematical knowledge for teaching 
(MKT) and related mathematics pedagogical practice (MPP) impacted on their 
implementation of a DMT tool, the Cornerstone Maths (CM) software, in their 
classroom teaching of three mathematical topics including geometric similarity 
(GS). They also sought to identify what knowledge is necessary for teachers to 
incorporate DMT into their classroom practices as they taught the mathematical 
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concepts. The researchers referred to the CM software as a web-based 
carefully designed technology “offering various mathematical representations 
that teachers and [students] can manipulate and link, and by doing so engage 
with the underlying mathematical concepts and relationships” (p. 13). Their 
methodology included the recruitment of 24 teachers as the participants, the 
use of the construct of [Mathematical] Pedagogical Technology Knowledge 
(MPTK) framework (Thomas & Hong, 2013) as the theoretical lens and the 
adoption of classroom observation and teacher interview as the data collection 
methods.  

Clark-Wilson and Hoyles found that in their initial lessons within a sequence 
of lessons, a large proportion of teachers did not make dynamic use of the DMT 
in a whole-class setting. They argued that the teachers’ reluctance to use the 
DMT to promote students’ full understanding of the key mathematical 
knowledge at stake may stem from the following two factors: their lack of 
confidence and practice to exploit the DMT on the particular IT set up in their 
classroom (e.g., interactive whiteboard (IWB)) and the poorly positioned 
location of the computers in the classroom, which presented difficulties to the 
teachers who intended to operate the DMT from there. However, the 
researchers also found that when the more effective use of the DMT by the 
teacher occurred in the lessons, they exploited it for different purposes, such as 
to “show counterexamples, extend the mathematical ideas, promote the use of 
appropriate vocabulary, and support or refute the [students]’ mathematical 
predictions” (p.16). They also highlighted that when the teachers boosted their 
confidence in using the DMT during both whole-class teaching and student 
independent work, they tended to encourage students to notice the 
mathematical connections between the different representations (e.g., graphs, 
shapes, tables, and equations) and to articulate the impact of the dynamic 
components on these representations (e.g., the impact of manipulating the 
scale factor slider on particular representations). What is more, the teachers 
who had prior knowledge and experience of the DMT maintained their focus on 
the mathematical content rather than the technological content, followed the 
‘predict-check-explain’ pedagogical approach, and promoted the use of correct 
vocabulary to improve students’ oral and written explanations. In their research, 
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Clark-Wilson and Hoyles argued and concluded that although incorporating 
DMT into the teaching of mathematical topics at the secondary stage has the 
potential to promote and improve students’ learning, technology integration 
presents considerable difficulties for teachers as it requires them to “rethink the 
underlying mathematical concepts, undergo their own instrumental genesis, 
develop their curriculum scripts and learn to support [students]’ technological 
experiences” (p.17).  

The foci of all of the research studies mentioned above lied in teachers’ 
classroom practices involving the use of DMT and their associated PKP. 
Together, through the lenses of the various theoretical approaches, these 
studies provide important insights into what mathematics teachers did in their 
classroom practices with DMTs and how their accompanying PKP shaped (and 
was shaped by) their use of the DMTs to promote students’ learning. The 
evidence the studies provided suggests that most teachers do not necessarily 
take full advantage of the potential of DMTs in their classroom practices as they 
experience difficulties using them due to the complex and dynamic process of 
technology integration and the lack of their associated knowledge and skills. 
They offer seminal contributions to the development of a comprehensive 
understanding of the phenomenon of integration of DMTs into the classrooms 
by the teacher and of the knowledge teachers need to have for integration.  

However, despite the existence of some valuable research such as the ones 
outlined above, researchers in mathematics education have continued to 
strongly stress that there is still little understanding of the phenomenon of the 
integration of DMTs into the classroom and that there is a need for systematic 
case studies guided by the different theoretical lenses on teachers’ practices 
involving the use of technology within ‘real’ classroom settings (e.g., Goos, 
2014; Trgalová et al., 2018). This is to say that the existing research in the 
literature on educational technology within mathematics education has not 
accomplished to address fully the complexities and challenges of the 
incorporation of DMTs into the teaching and learning of mathematics. My 
research aims to respond to this call by contributing to a growing body of 
knowledge on this area. 
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2.4 Mathematical Focus of the Study: Geometric Similarity 

Recently, there has been an increasing interest to research the integration of 
DMT into the teaching and learning of geometry (Jones, 2001; Kuzniak, 
Richard, & Michael-Chrysanthou, 2018; Ruthven et al., 2008; Sinclair et al., 
2017). However, a report of the International Congress on Mathematical 
Education (ICME-13) survey on the theme of recent research in geometry 
education (Sinclair et al., 2017) stressed the critical role of DMTs in geometry 
education with a particular emphasis on the need for the further research of this 
area: “Technology in geometry education has become relatively mainstream, 
yet there is still not enough research into its specific effects” (p. 281).  

In this regard, I chose geometric similarity (GS) as the mathematical focus 
of my study. GS is widely recognised as an essential but challenging concept 
for students in school geometry (Clark-Wilson & Hoyles, 2017a; Cox, 2013; 
Friedlander et al., 1985; Noss & Hoyles, 1996). Research highlights that the use 
of DMTs has the potential to contribute to students’ learning of GS as its 
dynamic and visual affordances have the potential to promote students to 
explore and discover the properties of mathematically similar figures (Adelabu, 
Makgato, & Ramaligela, 2019; Chazan, 1988; Denton, 2017; Gerretson, 1998; 
González & Herbst, 2009; Noss & Hoyles, 1996). In the wider literature, to the 
best of my knowledge, none of the existing studies has investigated 
systematically and deeply how secondary mathematics teachers implement 
DMT in the classroom to promote students’ understanding of the topic of GS. 
One exception is Clark-Wilson and Hoyles's (2017a) research. However, their 
research is not deep enough as it was not designed to focus specifically on GS, 
and they observed only one lesson of each of the seven different teachers (I will 
discuss this research in detail later in Section 2.4.4). My own research seeks to 
address this gap in the literature by investigating systematically and deeply 
teachers’ classroom practices in which they use a DMT tool to promote and 
enrich students’ understanding of GS during a sequence of lessons. My 
research also aims to make a substantial contribution to knowledge of features 
of teachers’ classroom teaching practices incorporating the use of DMT through 
a fine-grained analysis of the cases of the three mathematics teachers under 
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the guidance of a contemporary theoretical framework by Ruthven (2009), 
namely the SFCP framework.  

In the following section, as my research is concerned with teachers’ 
classroom teaching of GS mediated by DMT, I focus on the important ideas of 
this topic and review the associated research relevant to my study. 

2.4.1 Topics that Contribute to Understanding Geometric Similarity 

GS is a mathematical idea which connects various key mathematical concepts 
from both numeric and geometric perspectives in school mathematics (Chapin 
& Anderson, 2003; Gerretson, 1998; Seago, Driscoll, & Jacobs, 2010). These 
topics include, for example, multiplication, ratio and proportion, geometric 
transformations and the properties of geometric figures. The essence of GS lies 
in a deep understanding of these topics and their possible links to it (Lamon, 
2008). 

First of all, when studying GS, students are required to use multiplicative 
reasoning to identify and compare multiplicative relationships between 
quantities, which the lengths of corresponding sides of similar figures represent, 
to uncover a common multiplier (Berk et al., 2009). By doing so, they can 
deduce the role of multiplication in mathematically similar figures that any 
number can be employed to multiply the lengths of the original shape in order 
to yield a similar shape, which suggests that all of the lengths of similar shapes 
grow or shrink in the same way as a result of the same multiplier. 

Ratio and proportion are other central mathematical ideas that strongly 
reinforce students’ understanding of GS. These ideas are two core topics both 
in primary and secondary mathematics education (Kilpatrick, Swafford, & 
Findell, 2001). Formally, a proportion can be described as constant 
multiplicative relationships among two quantities, which indicates a statement 

of the equality of two ratios (e.g., !" =
#
$), either in the same (direct proportion), 

or opposite (inverse proportion) direction (Ben-Chaim, Keret, & Ilany, 2012). In 
a proportion, two quantities are linked to each other in a way that when one 
changes, the other one also changes in a precise way with the first quantity. 
Moreover, proportional reasoning refers to the ability to identify and explain 
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proportional relationships by using ratios in situations where multiple 
comparisons in relative quantities are involved (Lamon, 2008). Being able to 
reason proportionally entails one having a good understanding of fundamental 
mathematical ideas including fractions, decimals, multiplication, and division 
(Watson et al., 2013). It also requires the skill to recognise a multiplicative 
relationship between two quantities and to extend the same relationship to other 
pairs of quantities (Boyer, Levine, & Huttenlocher, 2008; Lamon, 2007; Son, 
2013). 

Students’ skills in relation to proportional reasoning support their discovery 
of proportional relationships between the lengths of the corresponding sides of 
mathematically similar figures (Chapin & Anderson, 2003). Such discovery 
enables students to connect the numeric concept of ratio and proportion with 
the geometric concept of similarity. Therefore, they can recognise and express 
the multiplicative nature of the relationship within the quantities of sides of a 
particular object, or between the quantities of corresponding sides of similar 
objects. More specifically, a proportional relationship can be identified within or 
between mathematically similar figures (Noss & Hoyles, 1996). If two figures 
are mathematically similar, one can compare corresponding lengths of them 
using a ratio. While the ratio of the lengths of two sides of the same figure is 
called as a within ratio, the ratio of the lengths of corresponding sides of two 
similar figures is called as a between ratio (see Figure 2.1). These ratios can 
therefore be used as two different ways to compare sides of mathematically 
similar figures. It is obvious that the between ratios could be different from each 
other, depending on the changes in measures of lengths of corresponding sides 
of similar shapes. In contrast to this, similar shapes always have the same within 
ratio when measures of lengths of two sides of the same figure change. This 
implies that the ratio of any two lengths within a given figure will be equal to the 
corresponding ratio on all other similar figures (Cox & Lo, 2014). For example, 
a 3-4-5 right triangle is mathematically similar to both 6-8-10 and 9-12-15 right 
triangles. For this case, two different between ratios can be identified because 
the ratio of 3:6 is not the same as the ratio 3:9. However, given the same case 
in terms of within ratios, the ratio of 3:4 is always equivalent to the ratios of 6:8 
and 9:12. Accordingly, one can construct multiplicative comparisons by using 
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the ratios involved (Lamon, 2007), as demonstrated in Figure 2.1, and then 
claim that GS is highly connected to ratio and proportion in a way that 
mathematically similar figures are visual examples of a proportional situation. 
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Figure 2.1 Multiplicative comparisons in similar figures through within strategy or 
between strategy 

 

What is more, geometric transformations (i.e., rotation, reflection, translation 
and enlargement) are other supportive concepts for understanding GS (Boyer 
& Levine, 2012; Jones, 2004; Seago et al., 2012). For example, Jones (2004) 
states that “transformation permits students to develop broad concepts of 
congruence and similarity and apply them to all figures” (p.131). By using a 
sequence of reflection, rotation, translation, and enlargement, one can 
determine the similarity of geometrical figures or produce a family of similar 
figures (or not) (Seago et al., 2010). This close relationship between geometric 
transformations and GS highlights that geometric transformations provide a 
foundation for understanding GS. 

Lastly, in order for students to engage with GS problems successfully, it is 
also desirable for students to know the angle and length properties of 
mathematically similar figures. For example, students need to recognise what 
is variant and invariant in the properties of geometric figures being scaled, and 
explore how, while growing or shrinking the lengths of sides of a given figure 
proportionally, angle measurements of the figure and its overall appearance are 
preserved and therefore all pairs of corresponding angles are equal. 
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2.4.2 Student Difficulties with Geometric Similarity 

Many studies have highlighted the complexity of GS as a mathematical topic 
within secondary school mathematics, concluding that it is hard to both teach 
and learn (Cox, 2013; De Bock et al., 2002; Kaput & West, 1994; Lo, Cox, & 
Mingus, 2006; Seago et al., 2014). As a result, students are known to encounter 
difficulties in making sense of GS (Chazan, 1988; Cox, 2013; Edwards & Cox, 
2011; Noss & Hoyles, 1996; Seago et al., 2014; Son, 2013).  

First, researchers have identified that making use of multiplicative reasoning 
appropriately on GS tasks is the most common difficulty that students face (De 
Bock et al., 2002; Noss & Hoyles, 1996; Singh, 2000; Son, 2013). When 
studying GS, students tend to employ additive reasoning inappropriately rather 
than multiplicative reasoning. In other words, they fail to apply multiplicative 
strategies and proportional reasoning in the context of solving problems relating 
to GS due to an apparent over-reliance on additive strategies. By using additive 
reasoning, students focus on the difference between the given quantities of 
similar shapes rather than proportionality (Cox & Lo, 2014; Kaput & West, 1994; 
Lamon, 1996; Noss & Hoyles, 1996; Son, 2013). Those who use additive 
reasoning consider that extending or shrinking the sides of a geometric figure 
by equal lengths will always produce mathematically similar figures. 

Another difficulty is linked to the type of numbers embedded in GS tasks. 
Fiedlander et al. (1985) reported that students demonstrated a low level of 
performance when the quantities of the corresponding sides of similar shapes 
include numbers that are not divisible across the shapes. Their finding is 
inconsistent with that of Noss and Hoyles’s (1996) study which suggests that 
the presence of non-integer scale factors in GS problems may lead students to 
fail to use proportional strategies. 

In addition to the difficulty regarding proportions in enlargement, Chazan 
(1988) identified other two difficulties with GS: understanding the definition of 
GS and dimensional growth relationships. As a result of the vagueness of the 
definition presented in the mathematics textbooks, students may have 
difficulties understanding the definition of GS (Chazan, 1988; Cox et al., 2007; 
Lamon, 2008; Lo et al., 2006; Seago et al., 2014). According to the researchers, 



2  LITERATURE REVIEW 
 
 

 
 

62 

mathematics textbooks generally present GS as “the same shape, but not 
necessarily the same size”; however, this definition may lead students, 
especially those who bring everyday uses of the word ‘similar’ to the classroom 
and focus on appearances of figures, to underestimate the conceptual 
complexity of GS. This may therefore cause confusion and misunderstanding 
over the mathematical meaning of GS in the school classroom (Lamon, 2008; 
Noss & Hoyles, 1996). Likewise, Wu (2010) argued that precise geometric 
definitions are essential by giving a specific example related to the imprecise 
definition for the concept of ‘congruence’ in the standard textbook. For an 
alternative precise definition for this concept, he also drew special attention to 
a different approach in terms of rotations, translations, and reflections, namely 
a transformations-based approach to GS (I discuss this approach in the 
following section). 

Most textbooks would have you believe that it [congruency] means same size 
and same shape. As mathematics, this is totally unacceptable, because ‘same 
size’ and ‘same shape’ are words that mean different things to different people, 
whereas mathematics only deals with clear and unambiguous information. I will 
therefore suggest that you approach the teaching of this concept completely 
differently. First make sure that you know what reflections, translations and 
rotations are, then devise hands-on activities for your students to familiarize 
them with these concepts, and finally, teach them that two sets are congruent 
if one can carry one set onto the other by use of a finite number of reflections, 
translations and rotations (p. 2). 

Moreover, with regard to dimensional growth relationships, students may 
also encounter difficulties grasping the relationships between the lengths and 
the area and/or volume of similarly enlarged or reduced figures (Wasserman, 
2014). Students tend to reason that the area and the volume of mathematically 
similar figures grow at the same ratio as the lengths of the sides, when the side 
lengths of any figure is scaled by a constant ratio (scale factor) (Chazan, 1988; 
De Bock, Verschaffel, & Janssens, 1998; De Bock et al., 2002). 

For effective teaching, teachers should be familiar with the above-
mentioned difficulties and know how to deal with them during classroom 
teaching. Several studies suggested that students’ interaction with DMTs helps 
them to surmount difficulties with GS since a dynamic learning environment 
offers great potential for them to make numerous mathematical conjectures and 
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simultaneously test them, in addition to sketching and scaling precisely and 
quickly (Chazan, 1988; Denton, 2017; Edwards & Cox, 2011; Noss & Hoyles, 
1996). Therefore, my research aims to provide insight into how teachers 
address students’ difficulties in relation to GS (if they have any) in classroom 
teaching by developing strategies using DMT, as this is considered part of their 
PKP. 

2.4.3 Students’ Strategies When Solving Geometric Similarity Tasks  

Researchers have demonstrated significant interest in the identification of 
strategies used by students engaging with GS tasks (Cox, 2009, 2013; Cox & 
Lo, 2014; Friedlander et al., 1985). Below, I present the information about the 
key strategies identified in the existing literature. 

For example, Friedlander et al. (1985) identified five different strategies 
used by secondary school students (6th, 7th and 8th grade) during students’ 
engagement with problems which required the missing length of given similar 
rectangles (e.g., 2 by 6, and 5 by ?): visualisation, addition, multiplication and 
adjustments, whole multiplication, and proportional reasoning. Furthermore, 
Cox (2009, 2013) investigated what strategies secondary school students (7th 
grade) employ when creating rectangular and non-rectangular similar figures. 
She identified seven construction strategy types: avoidance, additive, visual, 
blending, pattern building, unitising, and the functional scaling strategy. 

In a further study, Cox and Lo (2014) explored what strategies and 
reasoning secondary school students use to distinguish similar and non-similar 
objects. They categorised the types of strategies based on the types of 
characteristics, and document four major characteristic types: appearance, 
angle, length and relationship, along with a fifth category, nonspecific. 

However, in the literature, there has been no research investigating to what 
extent teachers take into consideration such strategies when planning their 
lessons, and how they make students use (or not use) them during classroom 
activities. It seems that identifying and responding properly to students’ 
incorrect use of such strategies is one of the main aspects of PKP. Teachers 
may need to make use of student errors “as windows into student 
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understanding, endeavouring to help student understanding of the conceptual 
basis of their errors” (Son, 2013, p. 50). My study is distinctive in probing how 
teachers use DMT in their practices to address the conceptual basis of students’ 
errors on the topic of GS. 

In conclusion, based on the review of literature on GS above, it becomes 
obvious that teachers’ PKP of GS contains knowledge of common student 
conceptions, misconceptions and difficulties; knowledge of the possible sources 
of these misconceptions and difficulties; knowledge of strategies that students 
use in appropriate or inappropriate ways; and knowledge of teaching strategies, 
techniques and methods that could be used to address the issues.  

2.4.4 Research into Teachers’ Knowledge and Classroom Practice in 
relation to Geometric Similarity 

Given the significance of GS for school mathematics (Cox, 2013; Cox & Lo, 
2014), identifying and describing teacher mathematical knowledge for teaching 
GS appears to be valuable and important endeavour to elucidate what is 
necessary for teachers to know in order to teach it efficiently. It is crucial for 
teachers to have a wide and deep understanding of GS, which involves 
appreciating the different approaches to its definition and how this relates to the 
properties of mathematically similar shapes. 

The literature search revealed surprisingly few research studies on 
teachers’ mathematical knowledge for teaching GS (both with and without 
reference to any technology), evidence of a clear gap in the literature. Below, I 
discuss some of the few existing research studies found in the literature and 
synthesise key findings from the identified studies. 

A search of literature on GS revealed few studies concentrating particularly 
on pre-service and/or in-service teachers (Clark-Wilson & Hoyles, 2017a; 
Cunningham & Rappa, 2016; Gerretson, 1998; Kallia & Panagiotis, 2009; 
Seago et al., 2014; Son, 2013). These studies focused primarily on teachers’ 
knowledge, and none of them is interested in investigating their classroom 
practices with (and without) technology, except for Clark-Wilson and Hoyles's 
(2017a) study. The identified research studies have tended to examine GS as 
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a sub-concept of proportionality (treated numerically), despite its fundamental 
role within aspects of geometric reasoning (Cox, 2013). The research has 
tended to focus on students and be centred on the diagnostic, aiming to identify 
the kinds of difficulties students encounter (and the strategies they use) to solve 
particular sets of problems (e.g., Cox, 2013; Cox & Lo, 2014; Friedlander, 
Lappan, & Fitzgerald, 1985). By comparison, there has been little research 
undertaken that focuses on teacher knowledge of GS (e.g., Arican et al., 2018; 
Bozkurt et al., 2019; Clark-Wilson & Hoyles, 2017a; Cunningham & Rappa, 
2016; Gerretson, 1998; Kallia & Panagiotis, 2009; Seago et al., 2014; Son, 
2013). In these studies, the broad aim was either to examine the types of 
teacher mathematical knowledge of GS (e.g., CK and/or PCK) or to explore the 
growth of teachers’ mathematical knowledge for teaching. 

Son (2013) examined 57 primary and secondary pre-service teachers’ 
(PSTs) CK and PCK in relation to GS, paying particularly close attention to their 
additive reasoning in ‘missing value’ tasks. She argued that these tasks lead 
students to understand proportionality and GS deeply, from both conceptual 
and procedural aspects. 

In Son’s study, the PSTs were first asked to produce an answer to a 
particular missing value problem (see Figure 2.2). They were then invited to 
interpret and respond to the student’s error(s) through a teaching scenario task, 
which stems from the incorrect use of an additive strategy, and to suggest 
strategies to help Sally to make sense of here error. 

According to Son, the successful steps to solve missing value problems 
featuring similar figures are: (i) understand the concept of GS; (ii) be able to 
recognise the proportionality embedded in similar shapes by comparing lengths 
and widths between figures (between ratio) or by comparing the length to width 
within a rectangle (within ratio) or determining a scale factor; (iii) explain the 
relationship between two similar figures using a ratio, a proportion, or a scale 
factor; and (iv) carry out the calculation correctly. In relation to these four steps, 
Son noted that while the first two are related to conceptual aspects of GS, the 
others are associated with procedural aspects. 
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Figure 2.2 Pedagogical missing value task: “What is the length of the missing 
side?” (Son, 2013, p. 56) 

 

Son’s data analysis categorised three approaches by the PSTs in the ways 
that they identified and interpreted Sally’s misconception in terms of a 
procedural and conceptual approach.  

- Concept-based approach: the PSTs paid attention to the meaning of GS 
in rectangles in that “two figures are similar if (i) the lengths of their 
corresponding sides increase (or decrease) by the same factor, called 
the scale factor, while their corresponding angles are equal, and (ii) the 
perimeter from one rectangle to another rectangle also increases by the 
same scale factor” (p. 59).  

- Procedure-based approach, concerning finding the value of missing side 
in similar figures. The PSTs underscored that in the procedure-based 
approach, one needs to calculate a ratio, a proportion, or a scale factor 
to find a missing length without necessarily understanding the meaning 
of GS. i.e., this approach relates to building a numerical expression 
indicating an equivalence between the two rectangles.  

- Misidentification of the error(s) in terms of additive reasoning or improper 
focus.  

One of the most notable findings of Son’s study is that, despite the fact that 
Sally’s misconception related to her use of an additive strategy might be due to 
a limited understanding of the concept of similarity, most of the PSTs considered 
that the error was due to her procedural misunderstanding.  
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A second study, conducted by Seago et al. (2014), aimed to promote 
secondary mathematics teachers’ mathematical knowledge for teaching in 
relation to a transformations-based approach to the definition of GS. As 
mentioned previously, noteworthy to state here is that in the literature, GS can 
be conceptualised in three related but distinctive ways. The first conceptualises 
GS as “the same shape, but not necessarily the same size”. The second, which 
is named as a static- based approach, conceptualises GS on the basis of a 
numeric relationship between measures of lengths of figures and their sizes of 
angles. This implies that if two figures are similar, the measures of their 
corresponding lengths are proportional, and the sizes of their corresponding 
angles are equal. The third is a transformations-based approach, whereby GS 
is conceptualised in terms of translations, reflections, rotations, and 
enlargements.  

Seago and colleagues (2014) define GS on the basis of a transformations-
based approach to GS as follows: in order for two figures to be [mathematically] 
similar, it is required that the second figure can be acquired from the first one 
by applying a sequence of translations, reflections, rotations, and enlargements. 
This pedagogical approach encourages students to solve GS problems by 
reasoning and applying geometric transformations, rather than by merely 
applying numeric strategies. The researchers hypothesised that incorporating a 
transformations-based approach into the process of teaching GS enables 
students to develop a deeper understanding. For this reason, they aimed to 
support teachers to “gain a robust conception of [mathematically] similar figures 
as part of an infinite family that can be formed by applying one or more 
geometric transformations” (p. 632). Their study involved a PD programme in 
which a sequence of video cases was used to present the mathematical ideas 
to teachers so as to address the challenges they may face when adopting a 
transformations-based approach to GS. Their research findings indicated that 
through the PD provided, the teachers improved their understanding of GS for 
teaching, in particular concerning their mathematical knowledge regarding 
definitions of GS relating to congruence and enlargement.  
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In another study, Cunningham and Rappa (2016) also investigated 
mathematics teachers’ ability to solve GS problems. The researchers surmised 
that, like Seago and colleagues, when teachers introduce a transformations-
based approach together with a static-based approach when teaching GS, 
students are likely to understand the underlying ideas of GS more deeply. 
Therefore, they asserted that it is important to investigate teachers’ 
mathematical knowledge of GS from both perspectives as their mathematical 
knowledge could play a key role in the development of students’ understanding. 
In their small-scale study, Cunningham and Rappa asked 15 secondary 
mathematics teachers to solve seven problems related to GS, in which either a 
static-based approach or a transformations-based approach was the stipulated 
method. They found that, while the problems requiring a static perspective were 
successfully solved by all of the teachers, only eight teachers were able to solve 
successfully the problems requiring a transformational perspective. 
Cunningham and Rappa concluded that the latter group of teachers perceived 
GS more procedurally, which led them to rely only on the numerical relationship 
embedded in the similar figures. This result resonates with Son’s (2013) finding 
that teachers may favour using procedure-based method to solve problems 
related to GS.  

Further to the work of Son (2013), Seago et al. (2014), and Cunningham 
and Rappa (2016), Gerretson (1998) aimed to explore how the intervention 
mediated by a particular dynamic geometry software tool, Geometer’s 
Sketchpad, affects preservice elementary teachers’ performance when they do 
a mathematical task in relation to the concept of GS. The task used in the 
research consisted of 21 multiple choice items with up to five alternatives. She 
worked with 52 preservice elementary mathematics teachers who were 
randomly assigned to two groups: experimental group and control group. While 
the experimental group was entailed engaging with the similarity task using the 
dynamic geometry software, the control group was asked to do so using the 
paper and pencil. The procedure of her data collection involved a pre-test and 
a post-test, which carried out following the three learning sessions, in addition 
to the teachers’ post-session reflections in written form to have further insight 
about their experience of the software-enriched learning. The results of her 
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quantitative analysis suggested that there was statically significant difference 
between the experimental group and control group. Given the scores of the pre-
test and post-test, the teachers in the experimental group, who interacted with 
the dynamic software to accomplish the task, performed better than the others 
in the control group, who interacted with paper and pencil. Gerretson (1998) 
argued that this difference in favour of the experimental group stemmed from 
the fact that the teachers in the use of the dynamic geometry software had the 
opportunities to formulate conjectures, test them using the dynamic affordances 
of the software, and then explain and explore why their conjectures are true. 
She maintained that the use of the software therefore enabled the teachers in 
the experimental group to notice and explore the fundamental principles of 
geometric similar figures. In addition, she also reported that these teachers 
appreciated and acknowledged that the use of dynamic geometry software 
contributed to the development of their understanding of the concept of GS.  

The aforementioned studies were not designed to research teachers’ 
specific knowledge and practice to use DMT for the teaching of GS, although 
the study by Seago et al. (2014) did employ the technology within the PD and 
the study by Gerretson (1998) did interest in the effect of the dynamic geometry 
software on the preservice teachers’ performance on the GS tasks.  

This aspect has been partially addressed in the research conducted by 
Clark-Wilson and Hoyles (2017a), which explored the impact of 40 secondary 
mathematics teachers’ engagement with PD activities and classroom teaching 
on their mathematical knowledge for teaching GS. Their study explored the 
teachers’ starting points using data collected through survey-items, PD tasks 
and lesson plans. Key to the design of the PD were a number of tasks for 
teachers that required them to closely analyse hypothesised student responses 
whilst engaging with a particular DMT, the Cornerstone Maths (CM) software 
(see Figure 2.3 for an example).  
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Figure 2.3 Students’ work created in the DMT environment through which 
teachers can analyse different representations such as the ratio checker 

 

Clark-Wilson and Hoyles gained further insight into the teachers’ enacted 
knowledge by observing a common lesson from the CM teaching sequence. A 
group of seven of the 40 participating teachers were observed and subsequently 
interviewed about their lesson. They found that the combination of PD activities 
focused on GS and classroom teaching involving DMT led to notable 
improvements in teachers’ MKT in relation to GS that “concerned more robust 
definitions of [GS] for a broader range of polygons and the appreciation of the 
invariant ratio property for pairs of corresponding sides within similar polygons” 
(p. 18). According to the researchers, the use of students’ work created in the 
DMT environment (as in Figure 2.3) encouraged the teachers to think deeply 
about the within ratio invariant property. Having engaged with the task in the 
DMT environment, they were able to successfully articulate the underlying 
mathematical ideas related to the property that, for similar shapes, the ratios of 
the side lengths for any pair of corresponding sides within the shape is invariant.  

In addition to Clark-Wilson and Hoyles’s (2017a) study, Bozkurt, Uygan, and 
Turgut (2019) carried out a research study focusing on the process of teachers’ 
instrumental genesis with a dynamic geometry software. Specifically, they 
explored a Turkish preservice mathematics teacher’s appropriation of ‘dilate 
from point’ tool in GeoGebra whilst engaging with the seven specific 
construction tasks related to GS. A sequence of task-based video-recorded 
interview data was drawn on to gain insight into how the teacher made use of 
‘dilate from point’ tool in GeoGebra while attempting to accomplish the GS-
related construction tasks. Their findings suggested that the teacher explored 
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and grasped how to use ‘dilate from point’ tool in the dynamic environment 
through her engagement with the construction problems in relation to 
proportional relationships. (e.g., being able to make links between the 
properties of enlargement and other transformations). Their findings also 
indicated that the teacher established a number of instrumented schemes with 
regard to this tool such as that she established several schemes for integer and 
decimal scale factors. 

The aforementioned studies sought to elucidate and/or improve teacher 
knowledge in relation to GS and they provided multiple insights into both what 
teachers understand concerning GS and how they develop related MKT. For 
example, Son’s study (2013) revealed a lack of teachers’ GS-related PCK as 
evidenced by the misidentification and/or misinterpretation of Sally (the 
student)’s error. The studies by Seago et al. (2014) and Cunningham and 
Rappa (2016) revealed that the definitions of GS from the perspective of 
geometric transformations is novel to teachers and the key role that PD plays in 
the development of their understanding of the underlying curriculum links. 
Likewise, Clark-Wilson and Hoyles’s (2017a) study suggests that although gaps 
in teachers’ knowledge for teaching GS are apparent, PD programmes in which 
teachers use DMT ‘live’ to engage with mathematical activities away from and 
in the classroom do stimulate notable improvements in their knowledge.  

Furthermore, as highlighted previously, research has consistently 
highlighted that GS is a mathematical topic with which both students and 
teachers encounter difficulties. Nonetheless, some studies simultaneously 
suggest that carefully designed DMTs might help students (and teachers) to 
overcome difficulties and misconceptions with regard to GS as the dynamic and 
visual nature of digital technology offers opportunities (e.g., dragging, 
visualisation, measurement) to explore the underlying concepts and discover 
the embedded variant and invariant relationships (Chazan, 1988; Denton, 2017; 
Edwards & Cox, 2011; González & Herbst, 2009). Such opportunities might 
enable teachers and their students to experience and examine the dynamic 
nature of GS in more tangible ways. For example, teachers can exploit the 
(dynamic) affordances of digital technology to help students to build 
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connections between geometric transformations and GS so that they 
understand how to use translations, reflections, rotations and enlargements to 
determine if two figures are mathematically similar. Additionally, making use of 
technology in a dynamic learning environment where students can formulate, 
test, and verify mathematical conjectures, teachers can support them to 
surmount their misconceptions about the ideas of GS, particularly those who 
make the incorrect use of an additive strategy as the student in Son’s (2013) 
study.  

I conclude that carefully designed DMTs can be useful didactical tools that 
can provide teachers with both a context and opportunities to develop their 
students’ understanding of the ideas of GS. A well-focused investigation into 
teacher knowledge for teaching GS using DMT could identify and articulate 
teachers’ relevant mathematical knowledge, an aspect that none of the 
aforementioned research studies have specifically explored. Consequently, 
such a study would focus the research lens on characteristics of teacher 
knowledge (both espoused and enacted in the classroom) in relation to using 
DMT to teach GS. Moreover, as outlined in Section 2.3, researchers in the 
mathematics education underline that one of the key factors for the success of 
the integration of DMTs into classroom practice is the teacher, and the 
interactive and dynamic nature of their knowledge plays a central role in 
underpinning the practice (Ruthven, 2014). Nonetheless, it is widely 
acknowledged that the integration of DMTs into ordinary classroom practices 
poses a significant challenge for teachers of mathematics.  

In terms of the concept of GS, Clark-Wilson and Hoyles’s (2017a) research 
project is the only study in the literature that focuses on selected teachers’ 
classroom practices with DMT in relation to GS. However, their research probed 
only one lesson of each of a group of seven teachers in which they taught the 
same teaching objective of the CM curriculum unit on GS. They aimed to 
explore teachers’ starting points with the use of DMT for teaching GS and did 
not particularly focus on the wholeness of their classroom practices with a 
particular focus on the different features of the practices such as activity formats 
(Ruthven, 2019). Therefore, their data provides useful but limited insights into 
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teachers’ incorporation of DMT into their classroom practices when teaching the 
mathematical domain of GS. 

Hence, very little is currently known as to how and why teachers exploit the 
opportunities that DMTs afford when teaching GS in the mainstream classroom 
and how their associated knowledge shapes, and is shaped by, their thoughts 
and actions, and thereby their practices. There is a need to identify the important 
aspects of teacher knowledge and classroom practice that promote students’ 
robust understanding of GS within technology-enhanced classroom 
environments through conducting more systematic investigation. This 
necessity, therefore, calls for more research aiming to ascertain what 
mathematical knowledge for teaching and mathematical pedagogic practices 
are required for teachers to make use of DMT(s) in their classroom teaching of 
GS.  

To address the identified gap, this PhD study seeks to research the 
classroom practices of three English lower secondary mathematics teachers 
using a particular DMT to teach GS. It therefore aims, in particular, to develop 
a more comprehensive understanding of the development of teachers’ 
classroom practices when teaching GS with DMT along with the nature and 
content of their associated PKP and, in general, to add to the growing body of 
knowledge on teachers’ integration of DMTs in the classroom.  

2.5 Frameworks for Analysing Teachers’ Knowledge in relation to Using 
Technology to Teach Mathematics 

In this section, I present the theoretical frameworks that researchers have 
developed and argue my selection of the two different complementary 
theoretical frameworks.  

In a qualitative research project, selecting a theory or conceptual framework 
is vital as it guides the aspects of the research such as identifying and specifying 
research questions and designing methodological approaches to data collection 
and analysis (Grant & Osanloo, 2016). To date, in mathematics education 
research on technology integration, researchers have developed several 
theoretical frameworks for the purpose of interpreting teachers’ knowledge in 
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relation to their use of technology in the classroom. The Structuring Features of 
Classroom Practice (SFCP) (Ruthven, 2009), Instrumental Orchestration (IO) 
(Drijvers et al., 2013; Trouche, 2004), Technological Pedagogical Content 
Knowledge (TPACK) (Koehler & Mishra, 2009), and Pedagogical Technology 
Knowledge (PTK) (Thomas & Hong, 2013; Thomas & Palmer, 2014) are the 
foremost contemporary frameworks in such research. In this research, I 
adopted the SFCP as the main theoretical framework and the IO as the 
complementary framework, with the aim of examining holistically the complex 
and dynamic nature of teachers’ classroom practices in which they use DMT to 
support the development of students’ understanding of GS. Below, I discuss 
and justify the selection and combination of these two contemporary 
frameworks as the most suitable for my PhD study.  

The SFCP framework appears to be the most appropriate and well-suited 
framework for my research to investigate teachers’ classroom practices with 
DMT as its lenses are specifically focused on the five different features of 
classroom practices that frame the ways in which teachers incorporate DMTs. 
This framework emanated from and adopts a naturalistic approach by situating 
teachers’ use of technologies within the broader everyday work of classroom 
teaching. With the specific issue of technology integration in mind, Ruthven and 
colleagues identified the five structuring features of classroom practice based 
on the previous research into classroom organisation and interaction along with 
teacher craft knowledge (e.g., Anderson, 1981; Burns & Anderson, 1987; 
Cohen, Raudenbush & Ball, 2002; Leinhardt et al., 1991; Putnam, 1987; Rivlin 
& Weinstein, 1984). The resulting five features of classroom practice are 
curriculum script, resource system, activity format, working environment, and 
time economy (see Table 2.1 for the detailed descriptions of them). In the part 
that follows, I discuss these five key structuring constructs by highlighting how 
they pertain to the integration of new technologies in the classroom. 

When teachers implement new technologies in their classroom practices, 
they need to develop and adapt their curriculum script for teaching a 
mathematical domain. This script guides the ways in which teachers generate 
the overall structure for a lesson agenda (the dynamic plan or set of goals and 
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actions for a particular lesson) and enact it in a flexible and responsive way. 
The curriculum script consists of, for example, well-defined sets of learning 
objectives, expectations and actions in a loosely logical sequence for a 
mathematical domain, likely misconceptions or difficulties related to this 
domain, together with resources, activities, associated language and questions, 
and pedagogic strategies for enhancing students’ interest in, and success with, 
the domain. Additionally, teachers could make adjustments to the curriculum 
script based on ad hoc decisions they make in response to unpredictable, 
contingent events encountered during the teaching process in the classroom, 
such as how to deal with a misconception that has arisen, and which associated 
questions to ask to students when dealing with it (Ruthven, 2009). In this regard, 
teachers’ teaching experiences in the classroom play a key role in developing 
and evolving their curriculum scripts. Equally, the exploitation of new 
technologies together with the tools and resources already in use (e.g., 
textbooks) entails teachers establishing a coherent resource system and 
developing appropriate pedagogical approaches to use effectively such system 
in a complementary and co-ordinated way that supports their curricular and 
pedagogical goals. The incorporation of technologies also demands teachers to 
create an environment in which students are allowed to familiarise themselves 
with core affordances of them. 

Similarly, in their practices involving new technologies, teachers also need 
to make adaptations to the settled patterns of different kinds of their activity 
formats so that they create new classroom routines to encourage interaction 
between teacher, students, and new tools during the different phases of a 
lesson. Moreover, the incorporation of technologies also makes several 
demands on teachers in their working environment of lessons depending on 
their teaching and pedagogical goals, involving change of room location and 
physical layout in addition to change in classroom organisation and routines. 
For instance, teachers might need to move into a computer room from the 
regular classroom in which students are offered to have access to the use of 
computers (e.g., desktop computers, laptops) to engage with technology-
enriched activities. This might entail them to modify their traditional routines 
followed in the regular classroom in order to teach their lessons more smoothly 
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and effectively in the computer room. Finally, the use of new technologies might 
have an impact on the time economy of the classroom, inviting teachers to 
reconsider how to manage the use of allocated lesson time efficiently and 
economically by developing new kind of time saving strategies so that they can 
maximise students’ academic learning time (Wyne & Stuck, 1982) with 
technologies in the classroom (The five constructs of the SFCP framework are 
further discussed in the Section 3.5 in the methodology chapter by 
operationalising and exemplifying them on the basis of the relevant research). 

Ruthven (2009) stresses that developing these five concepts as a 
framework is important for research into technology integration since it offers a 
productive lens through which to explore holistically classroom teaching 
practices with new technologies. Ruthven (2012) also points out that since the 
SFCP framework promises “a system of constructs closer to the lived world of 
teacher experience and classroom practice” (p.100), it is helpful especially in 
illuminating the gap between expectations and classroom realities. Therefore, it 
provides researchers with useful theoretical tools which help describe, discuss, 
and understand teachers’ everyday classroom practices for incorporation of 
technology  (Bozkurt & Ruthven, 2017). 

Additionally, the SFCP framework acknowledges the importance of 
teachers’ PKP in relation to using technology to teach mathematics which 
underpins their everyday teaching in the classroom, which other frameworks 
largely overlook (Ruthven, 2009). It considered the components of PKP as 
“practical components without seeking differentiate either between tacit 
knowledge and articulate knowledge or into technology-, pedagogy-, and 
content-based categories” (Ruthven, 2014, p. 390). Furthermore, it suggests 
that teachers’ successful use of technology in the classroom relies on their 
professional knowledge and learning from their experience in classroom 
teaching. In this regard, according to the SFCP framework, ‘craft knowledge’ 
refers to the kind of evolving PKP that teachers gain mainly in the course of their 
own practical experiences (Bozkurt & Ruthven, 2017).  
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Table 2.1 The Components of the Structuring Features of Classroom Practice (SFCP) 
framework (Ruthven, 2014, p.387) 

Structuring 
feature 

Defining 
characterisation 

Examples of associated craft knowledge 
related to incorporation of digital 
technologies 

Working 
environment  

Physical surroundings 
where lessons take 
place, general 
technical infrastructure 
available, layout of 
facilities, and 
associated 
organisation of people, 
tools and materials  

Organising, displaying and annotating 
materials 

Capturing or converting student 
productions into suitable digital form  

Organising and managing student access 
to, and use of, equipment and other tools 
and materials 

Managing new types of transition between 
lesson stages (including movement of 
students)  

Resource 
system  

Collection of didactical 
tools and materials in 
use, and coordination 
of use towards subject 
activity and curricular 
goals  

Establishing appropriate techniques and 
norms for use of new tools to support 
subject activity  

Managing the double instrumentation5 in 
which old technologies remain in use 
alongside new  

Coordinating the use and interpretation of 
tools 

Activity 
structure  

Templates for 
classroom action and 
interaction which frame 
the contributions of 
teacher and students 
to particular types of 
lesson segment  

Employing activity templates organised 
around predict-test- explain sequences to 
capitalise on the availability of rapid 
feedback  

Establishing new structures of interaction 
involving students, teacher and machine 
and the appropriate (re)specifications of 
role 

Curriculum Loosely ordered model 
of goals, resources, 

Choosing or devising curricular tasks that 
exploit new tools, and developing ways of 

 
 

5 Note that in this context, ‘double instrumentation’ refers to the process through 
which old technologies (paper and pencil) remain in use alongside new. It does not refer 
to ‘double instrumentation’ in the sense of Haspekian's (2005, 2014) research. 
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script  

 

actions and 
expectancies for 
teaching a curricular 
topic including likely 
difficulties and 
alternative paths  

staging such tasks and managing patterns 
of student response  

Recognising and responding to ways in 
which technologies may help/ hinder 
specific processes and objectives involved 
in learning a topic  

Time 
economy  

Frame within which the 
time available for class 
activity is managed so 
as to convert it into 
“didactic time” 
measured in terms of 
the advance of 
knowledge  

Managing modes of use of tools so as to 
reduce the “time cost” of investment in 
student learning to use them or to increase 
the “rate of return”  

Fine-tuning working environment, resource 
system, activity structure and curriculum 
script to optimise the didactic return on 
time investment  

 

Research studies (e.g., Bozkurt, 2016; Vahey et al., 2020) demonstrated 
that there are differences in the ways that teachers with a range levels of 
experience and expertise in the use of technology think and act in the classroom 
when they make use of technologies in their practices. For example, 
technologically experienced teachers tend to develop an understanding of both 
how mathematical concepts are represented within the learning environment of 
technologies and what pedagogical strategies can be developed to take full 
advantage of the affordances of the technologies to enhance students’ learning 
(Bozkurt, 2016). More specifically, they are inclined, for example, to use 
different dynamic mathematical representations in the technological 
environment by adopting the ‘predict-check-explain’ pedagogical approach and 
to make dynamic links between them and explain the mathematical outcomes 
during different phrases of a lesson. In contrast, teachers with low levels of 
experience and expertise in the use of technology tend to make limited use of 
digital technologies in the classroom. When they do so, they are inclined to 
exploit the (dynamic) affordances in a static rather than in a dynamic way and 
do not tend to make connections between dynamic mathematical 
representations available in the technological learning environment (Vahey et 
al. 2020). They are also inclined to have difficulty with noticing the potential of 
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the technologies and identifying didactical moments for its use to support 
students’ learning (Haspekian, 2014; Monaghan, 2004).  

The SFCP model therefore offers researchers a theoretical lens through 
which they can examine and understand PKP of teachers with different levels 
of experience in using technology regarding certain aspects of classroom 
practice with regard to technology use including curriculum script, resource 
system, activity structure, working environment, and time economy. I consider 
that the SFCP framework has promise as a productive means to guide my 
research as its lenses could enable me to shed light on how teachers plan the 
classroom teaching of GS with dynamic technology, and conduct their teaching 
practices by taking into account various aspects of classroom practice, in 
addition to on how their PKP shapes, and is shaped by, their teaching practice. 

However, there are a number of limitations with regard to the SFCP 
framework that need to be acknowledged. As stated earlier, Ruthven created 
this framework by bringing various concepts associated with classroom practice 
from different studies. These studies were not necessarily conducted within 
mathematics education with a specific focus on a certain subject or on a specific 
tool. Thus, the ideas which led to the development of these concepts are mainly 
non-specific to the teaching and learning of mathematics in the classroom. This 
suggests that this framework is built at a generic level (I clarify how I addressed 
these limitations in Section 3.5 in the next methodology chapter by 
operationalising the SFCP framework for use in GS). However, Ruthven (2012) 
claims that he designed this framework “by synthesising observations from 
recent studies of technology use, particularly in school mathematics, in light of 
earlier conceptualisations of classroom teaching and situated teacher expertise” 
(p.100). Therefore, despite the SFCP framework’s development partly outside 
of mathematics education, it has the potential to be used in research into 
technology in the field of mathematics education, by which it can make visible 
and analysable certain aspects of the integration of new technologies into the 
classroom teaching of mathematics, and draw attention to practical issues that 
other frameworks mostly neglect. Its potential has been appreciated and 
acknowledged by a very recent research study conducted by Bozkurt and 
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Ruthven (2017), which used the SFCP for the first time as a theoretical guidance 
for both data collection and analysis in a systematic way. 

Furthermore, the SFCP framework does not provide thorough descriptions 
for the construct of activity structure, through which one can explore and 
describe interactions between the teacher, students and technologies during 
classroom teaching. Such constraint leaves researchers unable to analyse 
comprehensively what kind of activity formats teachers employ in the process 
of teaching mathematics using technology in the classroom. To address this 
constraint, I have selected the Instrumental Orchestration (IO) framework to 
complement the SFCP framework. The reason for this selection lies in the fact 
that the IO framework has been developed within mathematics education and 
focuses particularly on several types of organisation of classroom activity with 
digital technology in the classroom. It therefore offers a window into how 
mathematics teachers orchestrate classroom activities around the use of 
technology in practice and how their PKP plays a role in their employment of 
the types of orchestrations. It is also helpful in making visible PKP that teachers 
need to employ or develop so that they can incorporate use of digital 
technologies into classroom practice (Ruthven, 2014). 

As outlined earlier, Bozkurt and Ruthven (2017) have combined the use of 
these two frameworks to describe and explain some constructs of the SFCP 
further, and to explain how these theories work together. They particularly used 
the theoretical lens of IO framework in order to identify and analyse overall 
patterns in the teachers’ classroom activity structures. They reported that they 
found this combination of these two frameworks useful as it enabled a 
comprehensive investigation of teachers’ classroom practice using the 
technology. They also highlighted the need for the use of these two frameworks 
in future research. Such a declaration has motivated me to employ the SFCP 
framework along with the IO model in my research. Now, I discuss the model of 
instrumental approach and its extension, instrumental orchestration. 

Researchers have used the instrumental approach to analyse students’ 
interaction with technology in mathematics learning through its central notion of 
‘instrumental genesis’. Instrumental genesis can be considered as the process 
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of transforming an artefact into an instrument through “a progressive individual 
genesis” by constructing personal schemes (Haspekian, 2005, p. 117; Trouche, 
2004). An artefact is a symbolic object used as a tool. An instrument 
encompasses mental schemes that an individual develops to employ for 
specific tasks (Drijvers et al., 2010). Through the process of instrumental 
genesis, an individual who is initially a beginner user of technology evolves into 
an expert user by developing abilities in relation to technical and domain-
specific knowledge (Drijvers et al., 2010; Ruthven, 2014). Instrumental genesis 
concerns with the relationships between an individual (e.g., teacher, student) 
and an artefact (e.g., digital technology). Therefore, using the instrumental 
approach, researchers have investigated the developmental process of 
students’ and teachers’ instrumental genesis in relation to technological and 
mathematical proficiency whilst they interact with technology in mathematics 
learning, in addition to how this process promotes (or hinders) their learning.  

Later, since instrumental genesis is a complex process, Trouche (2004) 
recognises the necessity for teachers’ guidance in the process of students’ 
instrumental genesis through the orchestration of mathematical situations. 
Thus, he introduces the metaphor of ‘instrumental orchestration’ in order to 
illustrate the teacher’s role. An instrumental orchestration pertains to “the 
teachers’ intentional and systematic organisation and use of the various 
artefacts available in a [computerised] learning environment in a given 
mathematical task situation” to coordinate students’ instrumental genesis 
(Drijvers et al., 2010, p.214). This entails teachers orchestrating classroom 
activities across the class so that students can develop instrumental genesis for 
better mathematical learning. In this regard, these orchestrations seem to relate 
to teachers’ craft knowledge in action or PKP. 

To date, researchers have identified several types of orchestration that 
teachers developed and employed in technology-integrated classroom teaching 
practice, such as sherpa-at-work (Trouche, 2004), explain-the-screen (Drijvers 
et al., 2010) and not-use-tech (Tabach, 2011) and provided operational 
descriptions based on a combination of data-driven and theory-driven analysis 
(Bozkurt & Ruthven, 2018) (see Table 2.2 and Table 2.3). Thus, with the 
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framework of Instrumental Orchestration (IO), researchers are provided with a 
useful lens on individual and whole-class activity structures, guiding the analysis 
of teachers’ classroom teaching incorporating technology. For my research, by 
employing this particular framework as a complementary theoretical tool in the 
way Bozkurt and Ruthven (2017) used, I intend to provide a detailed picture of 
how and why teachers employ different types of orchestration throughout 
classroom activities when teaching GS with DMT. However, the IO framework 
has some limitations that need to be outlined. For example, the identified 
orchestration types are more related to traditional teaching techniques. Also, 
the variety of orchestration types developed through the study of Drijvers et al. 
(2010) could have been influenced by factors particular to the specific 
intervention, which may affect the generalizability of the orchestration types 
(Ruthven, 2014). However, several researchers employed the IO framework in 
their research studies and reported that they found the types of orchestrations 
identified by Drijvers and colleagues useful to explore teachers’ activities 
around the use of technologies. Some of them also reported that they identified 
new orchestration types (e.g., Bozkurt, 2016; Tabach, 2011), as can be seen in 
Table 2.2 and Table 2.3. Therefore, I consider the use of this framework to 
complement the SFCP framework useful in providing a finer-grained analysis of 
teachers’ classroom practices with DMT. 

Overall, the SFCP and IO frameworks are complementary (Drijvers, 2012; 
Ruthven, 2012). Although the epistemological foundations of these two 
frameworks are different, by taking a pragmatic approach to the study, I 
consider the IO framework as a useful tool to complement the SFCP framework 
in my research. This is because that both frameworks have evolved through 
research into teachers’ classroom practices involving technology use and most 
of the concepts presented in them have the potential to investigate aspects of 
teachers’ practices with technologies, as evidence by the research of Bozkurt 
(2016). Instead of employing only one of these frameworks, I acknowledge that 
the use of the SFCP framework in combination with the IO framework offers me 
a useful theoretical means to achieve a “global level of analysis” (Drijvers et al., 
2010, p. 231).  
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While the IO model helps me see/unpick the particularities/idiosyncrasies of 
each teacher’s practice, the SFCP framework assists me to see beyond the 
particularities of each case, i.e., seeing differences across cases. Therefore, 
through the lenses of both frameworks, I aim to provide in-depth analysis of 
teachers’ use of DMT for teaching GS in practice, and of their PKP about certain 
aspects of classroom practices in relation to technology use. 

 

Table 2.2 Whole-class orchestrations relevant to technology use identified in the 
literature (adapted from Bozkurt and Ruthven (2018, p. 257)) 

The type of orchestration Description 

Technical-demo 

(Drijvers et al., 2010) 
The teacher demonstrates tool techniques of the 
technology to the whole-class. 

Explain-the-screen 
(Drijvers et al., 2010) 

The teacher explains what happens on the screen to the       
whole-class. The explanation goes beyond techniques 
and encompasses mathematical content. 

Guide-and-explain 
(Drijvers et al., 2013) 

The teacher provides a somewhat closed explanation 
regarding what is on the screen. Also, the teacher often 
asks some closed questions to students, resulting in 
limited student-teacher interaction. 

Discuss-the-screen 
(Drijvers et al., 2010) 

The teacher creates a whole-class discussion as to what 
happens on the screen. 

Spot-and-show 
(Drijvers et al., 2010) 

The teacher brings up student work that he/she had 
identified as relevant for further discussion and its 
deliberate use in a whole-class discussion. 

Sherpa-at-work 

(Trouche, 2004) 
The teacher asks a so-called Sherpa student to operate 
the technology to present his/her work or to carry out 
actions requested. 

Link-screen-board  
(Drijvers et al., 2010) 

The teacher makes links between representations on the 
screen and which of the same mathematical objects that 
appear either in the other resources (e.g., worksheet) or 
on the board. 

Board-instruction  
(Drijvers et al., 2013)/  
Not-use-tech 

(Tabach, 2011) 

The teacher makes no connections to the use of the 
technology and uses the board for writing as a regular 
teaching for the whole-class. 
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Work-and-walk-by 
(Drijvers, 2012) 

The teacher walks around the classroom while students 
are working at computers, to monitor student activity and 
to provide support and feedback. 
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2.6 Summary 

In this chapter, I reviewed the literature that I selected for the aims of this 
research. I first concentrated on the main functionalities of DMT(s) and their 
potential to support students’ understanding of mathematics. I then presented 
an overview of the past and current direction of research on DMT in the field on 
mathematics education and reviewed a selection of key research on 
mathematics teachers’ integration of DMT into their classroom teaching 
practices. This review shed light on the complex nature of technology integration 
which results in teachers having difficulties with the exploitation of the potential 
of DMT(s) for the teaching and learning of mathematics. Next, I focused on the 
concept of GS by discussing the associated central issues, such as what 

Table 2.3 Individual orchestrations relevant to technology use identified in the literature 
(adapted from Bozkurt and Ruthven (2018, p.258)) 

The type of orchestration Description 

Technical-demo  
(Drijvers et al., 2013) 

The teacher demonstrates tool techniques of using the 
technology to individual/pair students. 

Guide-and-explain 
(Drijvers et al., 2013) 

The teacher provides guidance and instruction to the 
student, explains mathematical concepts or methods 
based on what happens on the screen, or raises 
questions to make the student reflect on his/her actions 
and the associated outcomes. 

Link-screen-paper 
(Drijvers et al., 2013) 

The teacher connects the representations and techniques 
encountered in the digital environment and their 
conventional paper-and-pencil and textbook counterparts. 

Discuss-the-screen 
(Drijvers et al., 2013) 

The teacher and (a pair of) student(s) discuss a problem 
on the screen during students’ independent work at 
computers. 

Predict-and-test  
(Bozkurt, 2016) 

The teacher encourages the student to predict ideas and 
test them on the computer and to confirm, refute, or 
modify them in the light of results from the computer. 

Technical-support 
(Drijvers et al., 2013) 

The teacher supports the student in handling technical 
problems that go beyond the particular technology used, 
such as login difficulties, software bugs or hardware 
issues. 
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mathematical concepts have a link to GS and contribute to students’ 
understanding of GS, and by reviewing the literature on GS. Finally, having 
mentioned briefly the main frameworks commonly used in research on teachers 
in the context of digital technology integration, I introduced and justified the two 
theoretical frameworks employed in this study. It helped to recognise the 
limitations of the SFCP framework regarding the lack of mathematical 
specification (I explain how I addressed these limitations in Section 3.5 in the 
next methodology chapter by specifying the framework for use in GS). To 
summarise, the chapter of literature review contributed to (i) the identification of 
research gap in the literature I aimed to fill; (ii) the selection of two theoretical 
frameworks I used as lenses; and subsequently (iii) the formulation of research 
questions I addressed in the study.
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3 METHODOLOGY 
Teacher knowledge is embedded in the practices of teaching and any 
attempt to describe this knowledge abstractly is likely to fail to capture its 
dynamic nature. 

Jeremy Hodgen (2011, p. 29) 

3.1 Introduction 

In this chapter, I describe the methodological approach adopted for this 
research. I begin by outlining and justifying the research design and then 
continue by discussing and justifying the methods for data collection. Next, I 
introduce how I conceptualised the main framework that I selected, the 
Structuring Features of Classroom Practice (SFCP) framework. I then explain 
how I analysed the data and provide a consideration of ethical issues. 

3.2 Design of the Study 

Flyvbjerg (2006) states that in a study, the selection of method relies clearly on 
the phenomenon that the study focuses on and its circumstances. My PhD 
research aims to investigate everyday classroom teaching practices of lower 
secondary mathematics teachers when they exploit the dynamic and visual 
affordances of dynamic mathematical technology (DMT) to promote students’ 
understanding of the topic of geometric similarity (GS). In particular, it seeks to 
provide a holistic in-depth exploration and understanding of the complexity of 
teachers’ DMT-enriched practices and their associated professional knowledge 
of practice (PKP) they put into the practice. Given that my research aims to 
explain a contemporary and complex phenomenon, teachers’ classroom 
practices incorporating DMT with a focus on GS within its contexts (Creswell, 
2012; Yin, 2014), I chose a qualitative approach, multiple case study approach. 

The case study approach favors a variety of methods (e.g., observations, 
interviews), leading to collecting data from multiple sources rich enough to 
address research questions (Denscombe, 2010). It allows researchers to 
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explore complex phenomena from different participants’ viewpoints within their 
real-life contexts (Creswell, 2012; Yin, 2018). Such rich and deep data help 
identify the differences and similarities between the cases. For my research, 
this was vital in order to ensure that different perspectives were addressed when 
investigating the relationships and processes of the teachers’ classrooms. The 
collection of evidence from the multiple sources of evidence was also important 
in tackling issues related to the validity and reliability of my evidence. For each 
case study teacher, data collection involved video-recorded observations, 
followed by post-lesson, semi-structured teacher interviews about the observed 
lessons, in addition to scrutiny of lesson resources (see Section 3.4 for the 
details of data collection methods). 

I also used a multiple case study approach to promote analytic 
generalisability, and thus support theoretical elaboration (Yin, 2018). Analytic 
generalisability involves outlining the tentative theory; demonstrating gaps of 
the tentative theory and specifying how these gaps are aimed to be addressed; 
developing theoretically based propositions which guide the investigation; and 
evaluating new elements, relationships, and mechanisms related to the 
previous theory (Ridder, 2017). A multiple case study approach supports 
analytic generalisability through the extraction of a more abstract level of ideas 
from the findings (Ridder, 2017; Yin, 2018). I used the SFCP framework as the 
analytical tool for my research, a decision I justified in Section 2.5. 

To summarise, adopting a multiple case study approach in my research was 
important. Researchers in the field of educational technology within 
mathematics education outline the need for research investigating teachers’ 
classroom practices incorporating digital technology in their naturalistic contexts 
to explore the perspectives and practices of groups of teachers across different 
settings (e.g., Ruthven & Hennessy, 2002). Given the complexity of teachers’ 
classroom practices involving the use of technology for mathematics teaching 
and learning (Monaghan, 2004), conducting a naturalistic study by observing 
the classroom practices of teachers and interviewing them after the lessons in 
their natural settings has the potential to capture the unique aspects of each 
practice (Creswell, 2012; Hatch, 2002). My PhD research aims to develop a 
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deep insight into two linked phenomena: classroom practices of teachers 
teaching GS with DMT and their associated PKP, in a naturalistic way by taking 
classroom realities or conditions into consideration. Therefore, my research 
necessitates the use of a multiple case study approach, with the employment of 
complex data collection methods, to explore the cases of three lower secondary 
mathematics teachers. 

3.3 Choice of Participants for the Study 

I aimed to recruit teachers who had particular characteristics due to the 
particular focus of my research. Using a purposeful sampling approach (Emmel, 
2013), I sought participant teachers with some levels of experience and 
expertise both in teaching and in using (dynamic) digital technology in the 
classroom to enable to collect a rich and meaningful data set. 

I chose to work with teachers who had been involved in the Cornerstone 
Maths (CM) project as they were deemed to represent suitable cases for my 
study (see Section 1.3.1 for the details of the CM project). This was because: 
(i) they had had the opportunity to directly engage with a particular DMT tool, 
the CM software, and CM curriculum unit on GS that embeds the DMT during 
their involvement in the PD activities provided by the CM project and that (ii) 
they had begun to use the DMT in their own classroom teaching practices to 
teach the CM unit on GS. Therefore, it is reasonable to assume that they had 
already become familiar with and experienced in the use of the DMT to some 
extent, both personally and professionally, to support the development of 
students’ understanding of the dynamic nature of GS in the classroom.  

Working with these teachers provided exemplary performances, which may 
become a source of case study information from which teachers, particularly 
novice teachers, could gain insight and understanding into the complex and 
dynamic nature of classroom practices with DMT. Additionally, working with the 
teachers from the community of the CM project offered me an advantage in 
facilitating the recruitment of the participants suitable for the study. Given the 
fact that only few secondary mathematics teachers are dedicated to integrate 
(dynamic) digital technology into their classroom teaching practices across 
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England (Bretscher, 2014), it surmounted the obstacle for me of finding teachers 
dedicated to use DMT, at least at some level, in their mainstream classrooms 
to support students’ learning of GS. 

Through the help of the coordinators of the CM project, I was able to find 
and identify three teachers who had participated in the PD activities provided 
by the project and had an interest in being participants in my research. They 
were from the two different London-based secondary schools; one (Jack, 
pseudonym) taught in a mixed secondary community school located in the east 
London and the other two (Alex and Lara, pseudonyms) were colleagues who 
both taught in a mixed secondary academy school in the north-west London. In 
the process of recruiting the case study teachers and arranging the time for data 
collection which suited them, I visited their schools to meet and discuss with 
them. I deduced the level of the teachers’ experience and expertise in the use 
of digital technology through discussion with them and then from classroom 
observation and teacher interview. In other words, I characterised the case 
study teachers in the way outlined below as a result of the analysis of the 
research data. Therefore, drawing on the findings of the research studies I cited 
in the chapter of literature review (e.g., Bozkurt, 2016; Clark-Wilson & Hoyles, 
2017a; Drijvers et al., 2013; Haspeikan, 2014; Monaghan, 2004; Thomas & 
Hong, 2013; Vahey et al., 2020) and employing a heuristic five-stage model of 
teacher development (i.e., novice, advanced beginner, competent; proficient, 
and expert) (Berliner, 2004), the brief characteristics of the participant teachers 
are shown in Table 3.1 and described as follows: 

• Jack was termed as expert teacher in the use of dynamic digital 
technology within mathematics teaching and learning as he had 
considerable experience and expertise in the exploitation of the dynamic 
affordances of such technologies in the classroom in an innovative way 
that enables students to engage with and explore mathematics in more 
tangible ways. 

• Both Alex and Lara were called as advanced beginner teacher, who 
were neither novice nor expert in the use of dynamic digital technology. 
They both had already some experience and confidence in using digital 



3  METHODOLOGY 
 
 

 
 

91 

technology for the teaching and learning of mathematics. They both 
were keen to develop their skills in making use of dynamic digital 
technology in teaching and learning of mathematics, as evidenced, for 
example, by their involvement in the CM project.  

• All three teachers valued the mathematical contribution that DMT offers 
in developing and enriching students’ understanding of the dynamic 
nature of GS. 

 

Table 3.1 Profiles of the case study teachers  

Teacher Experience in 
teaching 

Skill levels in the use 
of digital technology School 

Lara 3 years Advanced beginner 
A London based 
mixed secondary 
academy school Alex 4 years 

    

Jack 10 years Expert 
A London based 
mixed secondary 
community school 

 

I therefore recruited one expert teacher along with two advanced beginner 
teachers who had the similar background in terms of their experience and 
expertise both in teaching and in using digital technology in the classroom. This 
was deemed adequate as it was envisaged that even though two teachers had 
similar backgrounds in terms of their experience and expertise both in teaching 
and in using digital technology, there would still be differences in their practices 
which would provide insight for the research in terms of analytic generalisation. 

It is important to underline that I investigated the classroom practices of the 
three case study teachers approximately one year after they had undergone all 
of the PD activities provided as part of the project between the years of 2014-
2017 (please see Table 1.1 and also the details of PD activities that the project 
teachers had taken part in are available in the project report (Clark-Wilson & 
Hoyles, 2017a)). I did not intend to design and conduct any PD interventions for 
the case study teachers in this research. Therefore, this study was undertaken 
independently from the CM project. In other words, it was not conducted as part 
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of the CM project, but rather only recruited the participating teachers from the 
community of the project to explore their classroom practices where they use a 
particular DMT to support their students’ understanding of GS. What is more, 
this research was not interested in what the teachers had done during their 
involvement in the PD activities provided by the CM project. This means that 
this study does not present any data collected by the researchers of the CM 
project for their research project between the years of 2011-2017.  

Lastly, all the case study teachers in the study agreed to teach the first eight 
investigations of the CM curriculum unit on GS in their DMT-enriched classroom 
practices and both before and during the lessons they taught, they had access 
to the CM resources including the teacher guidebook. 

3.3.1 Introducing the Case Study Teachers  

In the following, I present the backgrounds and profiles of the three case study 
teachers. I anonymise them by using pseudonyms as follows: Case study 1: 
Lara; Case study 2: Alex; Case study 3: Jack.  

Case study 1: Lara 

Lara held a Bachelor’s degree in Computer Science with Mathematics and 
Statistics and a Master’s degree in Marketing with Management. She was 
between 30-39 years old. She considered herself a secondary mathematics 
specialist. She had around 3 years of experience in teaching mathematics. She 
taught key stage 3, 4, and 5 mathematics in a London mixed secondary 
academy school where she had the responsibility as a curriculum coordinator 
for key stage 4 mathematics. In her school, a number of pre-bookable computer 
rooms and a set of iPads for the mathematics department were available.  

Lara was a teacher with around 2 years of experience in the use of digital 
technology in her teaching practice. She reported that she tended to use digital 
technology during whole-class teaching and allowed students to work 
independently with the technology whenever she could, such as using Excel to 
create and examine pie or bar charts or exploiting GeoGebra to create graphs 
and curves. She also reported that she lacked confidence to use DMT during 
whole-class discussion, whereas she felt confident to allow students to use DMT 
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during their independent work at computers in order to enable them to see 
dynamic aspects of mathematical concepts using a DMT tool. What is more, 
she stated that she felt more confident in the use of digital technology when 
provided with the associated instructions on how to make use of it in the 
classroom as was the case with the CM resources. 

Lara was enthusiastic about the use of DMT in the field of mathematics 
education. She said that she wanted to develop her knowledge regarding the 
use of DMT to enable students to experience mathematics in a different way. 
When asked about her motivation for her involvement in the CM project, she 
said that:  

I was [a] new [teacher], so I was curious. I want to know what this [DMT, in 
particular, the CM software] is about to see mathematics differently. [L1-int.]  

This indicates that the main driving force behind her participation in the CM 
project was a desire to enhance her experience and increase her expertise in 
the use of DMT for the teaching and learning of mathematics. Also, her 
participation in this study shows her enthusiasm about the use of DMT in 
mathematics classrooms as it offered her the opportunity to increase her 
knowledge through deeper reflection on her own classroom experiences with 
the DMT. 

Prior to teaching GS with the DMT in the observed lessons, Lara had used 
the CM software to complete all the CM investigations related GS for herself 
with the aim of making practice. During the process of data collection, Lara 

taught the first eight CM investigations from the CM curriculum unit on GS to a 

Year 9 class of mixed ability students. 

Case Study 2: Alex 

Alex held a Bachelor’s degree in Mathematical Science and a Postgraduate 
Certificate in Mathematics Education. He was between 30-39 years old and he 
considered himself a secondary mathematics specialist. He had around 4 years 
of experience in teaching mathematics. He taught key stage 3 and 4 
mathematics in the same school as Lara, the first participant introduced above.  
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Alex was a teacher with little experience in the use of digital technology in 
his teaching practice. He reported that prior to his involvement in the CM project, 
he had never used DMT during whole-class teaching or with groups of students. 
However, he reported that he had boosted his confidence in the use of DMT 
during whole-class teaching thanks to his experience during the PD provided 
by the CM project and in his own classroom. He reported in the interview that: 

As I have now had experience, I am confident in my use of dynamic technology, 
but prior to carrying out the [observed] lessons, I felt slightly confident about 
using the technology. [A1-int.] 

Similar to Lara, Alex was keen to advance his expertise and skills in the use 
of DMTs available for the teaching and learning of mathematics. His motivation 
to participate in the CM project to learn about the use of DMT to support 
students’ understanding of the important mathematical ideas provides evidence 
for this. This was also evidenced by his willingness to be a participant in this 
study to boost his knowledge based on the reflection of his own classroom 
experiences. 

Prior to teaching GS with the DMT in the observed lessons, Alex had made 
use of the CM software to engage with all the CM investigations related GS for 
himself. During the process of data collection, he taught the first eight CM 

investigations from the CM curriculum unit on GS to a Year 9 class of higher 

ability students.  

Case Study 3: Jack 

Jack held a Bachelor’s degree in Mechanical Engineering and a Postgraduate 
Diploma in Mathematics Education. At the time of the data collection, he was 
also studying for his master’s degree in mathematics education at a well-known 
university in London. He regarded himself as a secondary mathematics 
specialist. He was between 40-49 years old with around 10 years of experience 
in teaching mathematics and in using technology in his classroom practice. He 
taught key stage 3, 4, and 5 mathematics in a mixed secondary community 
school in London. His role also included being an assistant head of the 
mathematics department. In his school, a number of pre-bookable computer 
rooms and a set of laptops for the mathematics department were available. 
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However, since he had his own classroom where he taught all his lessons with 
(and without) laptops, he reported that he did not usually need to book a 
computer room for his lessons. 

Jack said that his participation in the CM project led him to start this Master’s 
degree, particularly in order to develop his skills and improve his knowledge 
about the use of digital technologies available in the field of mathematics 
education. He was well respected and regarded as a successful teacher in his 
school, especially in terms of his skills and confidence in the use of technology 
in the classroom. In his school, he had the responsibility to support his 
colleagues in planning and conducting lessons with DMT. He reported that he 
occasionally used DMT (e.g., GeoGebra) in his whole-class teaching or with 
groups of students. He also stated that he felt confident about using DMT during 
whole-class teaching and about allowing students to interact with DMT during 
their lessons. During the process of data collection, he taught the first eight CM 

investigations from the CM curriculum unit on GS to a Year 9 class of mixed 

ability students. 

3.4 Methods of Data Collection  

Each of the three case studies in the research drew on multiple data sources 
including video-recorded classroom observations (involving the teacher’s eye 
view), audio-recorded post-lesson teacher interviews, and scrutiny of teachers’ 
lesson resources and students’ work in both dynamic mathematical and paper 
and pencil environments. Developing an improved holistic understanding of 
teachers’ classroom practices required the use of qualitative data collection 
methods and analysis to enable a detailed examination of the unique aspects 
of each case. 

The lens of the SFCP framework, along with the Instrumental Orchestration 
model, guided the process of my data collection throughout the study in terms 
of what I focused on, noticed and recognised important in teachers’ DMT-
mediated classrooms and their post-lesson reflections. I formed my interview 
questions and observation protocol based on both of these frameworks.  
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In what follows, I first mention the role of the pilot studies I conducted in 
informing the methods for data collection and analysis of the main study. I then 
describe my observation and interview designs and later briefly mention the 
types of lesson resources I collected as an additional source of data. 

3.4.1 Piloting the Methods for Data Collection and Analysis 

I conducted a pilot study with a mathematics teacher working in a London-based 
lower secondary school in November 2017. I visited his school and observed 
his classroom practices for three lesson hours when he used a particular DMT, 
the CM software, to teach GS. During my visit to his school at the time, I had 
the chance to have brief informal conversations with him about the observed 
lessons that allowed me to pilot and evaluate my methods (e.g., classroom 
observation, pre- and post- lesson teacher interviews) and instruments (e.g., 
observation and interviews protocols) for data collection. The pilot study helped 
me minimise unanticipated problems and allowed me to modify some parts of 
my study in few ways. For example, I recognised that mathematics teachers 
working in London schools are highly likely to be too busy to have enough time 
between subsequent lessons for pre-lesson interviews, which imposed time 
constraints. I therefore understood that I might encounter difficulties conducting 
pre-lesson interviews with them. I had initially planned these interviews to gather 
information on how teachers develop their curriculum scripts and their intentions 
and expectations for their planned lessons. Hence, I took this reality into 
consideration when I carried out my actual research and excluded pre- lesson 
teacher interviews from the study. In addition, video-recording the classroom 
practices during my pilot study enabled me to watch the lessons several times 
in the light of the lenses of the frameworks employed in my research to gain 
insights and understandings into the characteristics of classroom. Conducting 
this pilot study allowed me to develop my practical skills in the use of data 
collection methods, especially the video-recorded lesson observations. It also 
gave the opportunity to test and evaluate the feasibility of the research design. 

Furthermore, I acquired the skills to analyse the data during my master’s 
dissertation (Simsek, 2016), which can be considered as another pilot study 
prior to this PhD study. Through the contribution of these skills, I learnt to deal 
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with the fine-grained analysis of the rich data in this research. In my master’s 
dissertation, similar to my PhD research, adopting the SFCP framework, I 
conducted a small-scale research investigating the classroom practices of two 
secondary mathematics teachers in two English secondary schools who used 
DMT to teach GS. I analysed the data collected through classroom observation 
and teacher interview in terms of the framework. My masters’ research prior to 
my doctoral research helped me gain practical experience in collecting and 
analysing data under the guidance of the SFCP framework. 

3.4.2 Classroom Observation 

I used classroom observation as the main data collection method in this study. 
I observed directly teachers’ classroom practices as they implemented the DMT 
to teach GS. The use of observations played a key role as a source of evidence 
in my research, which was complemented by the data from the interviews. 

Merriam and Tisdell (2015) highlight the advantages of observations in two 
ways. First, observations occur in settings where the phenomenon of research 
interest naturally takes place; second, “observational data represent a first-hand 
encounter with the phenomenon of interest” (p.137). Therefore, observing the 
teachers’ practices enabled me to look directly at what was occurring in the 
classroom and to collect detailed information concerning what actually emerged 
throughout the courses of the lessons. In addition, classroom observations gave 
me the opportunity to suggest important aspects of teachers’ practices, which 
might not be mentioned by the teachers during interviews (Yin, 2014). For 
example, I could observe how the case study teachers used the DMT ’live’ and 
whether or not they exploited its dynamic features during both in a whole-class 
setting and during students’ independent work at computers. The observation 
method also enabled me to gather deep information about the activity structures 
they employed and how they orchestrated them around the use of the DMT 
during their teaching practices. Additionally, as highlighted by Jewitt (2012), the 
video recordings of the lessons enabled me to capture the events or 
conversations that I would not necessarily notice nor record. 
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I adopted a semi-structured, non-participant observation approach in my 
study (Yin, 2014). The constructs of SFCP and IO frameworks provided me with 
useful structures and guided my classroom observation, leading me to capture 
fine-grained characteristics of professional knowledge of practice (PKP). I 
developed a theoretical model by operationalising the SFCP framework for the 
focus of my study (see Section 3.5 for the details). Using this model, I created 
an observation protocol including a list of prompt questions to help focus my 
attention during the observation (see few examples of these questions in Figure 
3.1 and see Appendix 5 for the protocol and full list of questions). The protocol 
enabled my note taking during the observations. 

 

- When is DMT in use and by whom? How is it used? 
- Does the teacher explain the meaning of different 

representations embedded in DMT (e.g., measurement table, 
ratio checker, scale factor/angle slider) and make an explicit 
dynamic connection between them? If so, how?  

- How does the teacher manage student activities? Does the 
teacher follow the pedagogic approach to the use of ‘predict-
check-explain’? If so, how? 

- Does the teacher help the students to become familiar with 
the features of DMT (e.g., demonstrating how to select, 
measure and colour corresponding sides in the dynamic 
environment)? If so, how? 

Figure 3.1 Some example questions from the observation protocol 

 

For each case study, I observed the lessons over the period of about one 
month. In total, I observed eight each of both Lara’s and Jack’s lessons and 
seven of Alex’s lessons (see Table 3.2 for the details). In the cases of Lara and 
Alex, they both taught their lessons either in the pre-booked computer rooms or 
in the ordinary traditional classrooms, depending on the availability of the 
computer rooms. When they taught their lessons in the computer room, they 
provided students with the computer desktops to interact with the DMT to 
accomplish the tasks. However, when their lessons occurred in their ordinary 
classrooms, they both allowed students to use iPads. In the case of Jack, he 
conducted his lessons in his normal classroom and he provided students with 
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laptops. In the cases of Alex and Lara, each of their lessons lasted either 50 or 
55 minutes, depending on their individual timetables. For Jack, each of his 
lessons lasted 100 minutes as they were double lessons. This was not due to 
the design of the study, but rather due to the context and culture of Jack’s 
school. However, prior to beginning each new CM activity, he would spend 30-
40 minutes on a paper-and-pencil starter activity to grab students’ attention or 
warm students up for the DMT-enriched activities. Although his lessons were 
longer, the time spent on the CM activities was similar to that of Alex and Lara. 

In order to gather good evidence on what was actually occurring in the 
teachers’ classrooms, with their permission, I video-recorded their practices. I 
used two different digital video cameras located on their tripods whenever it was 
possible to do so. While one of the video cameras focused on the whole-class 
and was static, the other one focused on the teacher and so I rotated the camera 
from the left to the right or from the right to the left, depending on the location of 
the teacher. Being able to rotate the direction of the camera was vital to capture 
the teachers’ movements and speech, especially their actions on the DMT when 
they used it ‘live’ on the IWB (or from their desktop computers) and their 
accompanying discourse to describe and explain their actions and the 
associated outcomes. I used two different video cameras in this way in the 
cases of two participant teachers, Lara and Alex. However, in the case of Jack, 
I observed and recognised in the first lesson that students seemed to be 
distracted by being video-recorded by the cameras located on their tripods, 
although I obtained their consent for the video recordings prior to the launch of 
the data collection process. Therefore, in the remainder of his observed lessons, 
I decided to use only one stationary video camera focusing predominantly on 
the front side of the class, particularly on the IWB where the teacher operated 
the DMT during whole-class teaching. In other words, in these lessons, I paid 
particular attention not to change the viewpoint of the video camera to avoid 
distracting students. 

Besides these two digital video cameras, for richer data collection especially 
during the periods of students’ independent work at computers, all three 
teachers agreed to use a mini ear-worn digital video camera which can be 
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strapped on the user’s ear by putting the camera roughly at eye level and 
therefore allows to record everything that (s)he views and speaks (see Figure 
3.2 for the mini wearable video camera). I decided to use such a unique camera 
as an observational instrument in my research so that I could seek to overcome 
the obstacle that many researchers faced (e.g., Bozkurt, 2016), that is the 
difficulty to capture both the teacher’s eye view of the classroom and visual and 
audible interactions between the teacher, students and the technology (such as 
the ones outlined in Table 8.1, which were captured by the mini ear-worn video 
camera). Capturing these conversations along with the teacher’s eye view was 
central to my research. For example, using the IO framework, my study aims to 
understand how teachers conduct their activities using the types of individual 
orchestrations such as individual discuss-the screen. Accomplishing this aim 
required video data of teachers’ interaction with students with (and without) the 
use of the DMT during their independent work at computers. The use of this 
mini camera in the process of my data collection helped me to review 
interactions in detail including non-verbal processes in the classroom, and, 
more importantly, offered me the teacher’s unique eye view of the observed 
lessons. Additionally, it is noteworthy to highlight here that since the mini ear-
worn camera has built-in microphone and can also record audio clearly, I did 
not need to ask the case study teachers to wear a separate microphone as I 
had originally planned. During my observations, I occasionally used the digital 
video camera or my smartphone to photograph the teachers’ actions and 
relevant students’ work. Therefore, my methodological choice to video-record 
the classroom practices of the teachers with two different types of the digital 
cameras, digital video camera and mini ear-worn video camera, enabled me to 
collect rich observational data. 
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(a) 

 

(b) 
Figure 3.2 (a) A mini wearable digital camera used in the research (b) One of the case 
study teachers, Jack, using the ear-worn video camera, which provided his unique eye 

view of the observed lessons together with the associated audio recordings 

 

During my observations, I positioned myself at the side of the classroom 
next to the camera focusing on the teacher so that I could observe the teachers’ 
actions without disturbing the teaching process. Using the observation protocol, 
I wrote down my observational notes about the events that I saw and heard that 
I thought were important and which I could follow up in the post-lesson teacher 
interviews. 

3.4.3 Teacher Interview  

Alongside classroom observation, I also employed semi-structured post-lesson 
interviews with the teachers to tease out their perceptions, intentions, actions 
and reflections regarding their practices, which were not likely to be observable 
directly in the classroom. Teacher interviews gave me the opportunities to ask 
the teachers questions addressing issues raised throughout the lesson 
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observations, and also provided the opportunities for the teachers to talk 
extensively on the content discussed (see Appendix 6 for the full list of the 
interview questions). It also enabled me to tease out what the teachers had 
originally planned to do and what they actually did in their classroom practices. 

Yin (2014) claims that since well-informed interviews can provide 
meaningful insights into human actions or affairs, interviews are a vital source 
of data for research in the social sciences. Yin (2018) maintains that interviews 
may enable evidence regarding explanations of key events to be gathered, 
along with deep insights into participants’ associated perspectives. In this 
regard, listening to teachers after they had taught their lessons helped me to go 
beyond my initial interpretations of their observed practices. This is also 
supported by Hagger and McIntyre (2006) who claim that interviews are helpful 
to learn  teachers’ thinking behind their practice both in planning and conducting 
classroom practices. However, the use of interviews as a data collection method 
has some shortcomings. For example, as discussed by Denscombe (2010), the 
process of analysis of interview data (e.g., transcribing and coding) can be 
demanding and time consuming for researchers. Additionally, interview data is 
based on what interviewees say rather than what they do, which may not always 
reflect the truth. To address this shortcoming, as discussed above in Section 
3.4.2, I used the method of classroom observation to triangulate and 
corroborate the interview data. 

I interviewed Alex and Jack six times after their lessons, and Lara eight 
times. I give the details of data collection schedule for each teacher in Table 
3.2. The interviews took place face-to-face in an empty classroom at the schools 
and lasted between 35-45 minutes. The interviews occurred usually at a time 
when the teachers had a spare teaching period on the day. However, 
sometimes, conducting the interviews was challenging due to the absence of 
such a time. In this case, I had to wait until the end of the day. With the 
permission of the teachers, I audio-recorded all interviews to obtain more 
accurate data than solely taking my own notes. This enabled me to concentrate 
more on the content discussed and to capture all the aspects of verbal 
communication more accurately. I used two digital recording tools including 
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Apple’s QuickTime multimedia software and my mobile smartphone to avoid 
any possible problem with recording. In addition, I used my MacBook laptop 
during the interviews to enable the teachers to use the DMT ‘live’ to show me 
their actions on the DMT or to articulate better their thoughts by referring to the 
DMT-enriched CM activities displayed on the screen. Using Apple’s QuickTime 
software, the screen of the laptop was also captured during the interviews. 
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Table 3.2 The summary of data collection from the three cases in the research 
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3.4.4 Lesson Resources 

In addition to the collection of data from classroom observations and teacher 
interviews, I collected teachers’ lesson plans in the form of interactive 
whiteboard or PowerPoint slides, their activity sheets created by the teachers 
for use by students, photographs of students’ DMT screens and their written 
work in the workbook in response to the DMT-enriched activities.  

3.5 Operationalising the Structuring Features of Classroom Practice 
Framework 

This study aims to investigate classroom practices of lower secondary 
mathematics teachers with a particular focus on GS using DMT. To achieve this 
goal, as previously outlined, I employed Ruthven’s (2009) framework, 
Structuring Features of Classroom Practice (SFCP), which provides a holistic 
theoretical lens offering coherence to my research. However, the SFCP 
framework is not originally specific to mathematics, in particular to the concept 
of GS. On its own, the SFCP framework would not provide the basis for the fine-
grained analysis I needed. Hence, it seemed important to draw on other ideas 
from research on GS to build a theoretical model more appropriate for the 
context of teaching GS with the use of DMT in classrooms. My resulting 
theoretical model serves to elucidate what the constructs of the SFCP 
framework mean in the context of the study to make the framework more 
mathematically specific, especially in terms of GS. Such operationalisation is 
necessary to set up and define the aspects that I examine in this research and 
to justify my findings and ultimately produce the accompanying general 
statements. 

 In the theoretical model I developed (see Table 3.3), I operationalised and 
exemplified the five constructs of the SFCP framework (i.e., curriculum script, 
resource system, activity structure, working environment, time economy). 
However, as I began the within- and between-case analysis, it became 
necessary to focus particularly on the constructs of curriculum script, resource 
system, activity structure. This is because that these three constructs are the 
most important for my study. My aim with this theoretical model is to offer lenses 
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through which to notice and identify teachers’ PKP as seen through their 
classroom enactments. In what follows, I describe and explain how each of the 
five components of the SFCP framework was operationalised.  

3.5.1 Curriculum Script 

The component of curriculum script refers to teachers’ need to develop a 
curriculum script for teaching a particular mathematical topic when integrating 
DMT and the associated resources into the lessons. This curriculum script 
consists of the mathematical ideas that they aim to develop through the DMT 
use; the mathematical and technological vocabularies that they aim to highlight; 
the questions referencing to the use of DMT that they intend to pose; and the 
misconceptions that they anticipate when planning the lesson that students 
need to confront and reflect upon in the dynamic learning environment. In the 
context of my research, teachers might be therefore expected to set and specify 
the appropriate teaching goals for teaching GS and to exploit the DMT to 
achieve these goals. They, for example, might set a teaching goal that concerns 
identifying the variant and invariant properties of mathematically similar shapes 
through the exploitation of the dynamic features of the DMT, including the scale 
factor slider and ratio checker. In the process of developing a curriculum script, 
teachers might be expected to identify a wide range of vocabulary to use in the 
lesson to connect the mathematical and technological aspects of activities 
involving the DMT, with the aim of enriching classroom discussion and thus 
promoting students’ emerging understandings. Besides this, they might be 
mindful of how precise and correct is the mathematical and technological 
language that students use, with the intention of supporting their oral and written 
explanations and justifications. For example, teachers might explicitly use the 
words ‘scale factor slider’, ‘corresponding sides’, ‘corresponding angles’ while 
moving the scale factor slider to explain the fact that for three or more similar 
shapes, while the corresponding angles are staying the same, the scale factor 
and the ratios of corresponding sides vary together.  

Furthermore, when teaching GS using DMT in the class, it is important that 
teachers foreground the mathematical ideas being taught rather than the 
technical features of DMT. This means teachers might be expected to use the 
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DMT as a didactical tool to improve students’ mathematical understanding of 
GS rather than making its technical characteristics the main discourse in the 
lesson. For example, after enabling students to make sense of how to use the 
scale factor slider, teachers might focus students’ attention to the side and angle 
properties of shapes that remain mathematically similar while dragging the 
scale factor slider. They might not therefore focus students’ attention to the 
functionality of the scale factor slider in the absence of any reference to its use 
for mathematical purposes to achieve the tasks introduced to them. What is 
more, the CM pedagogical approach requires teachers to form more open-
ended questions focusing both on the mathematical and technical aspects of 
the activities involving the use of the DMT to pose them to the class during the 
different phases of the lesson. When posing such questions to the class, the 
CM pedagogical approach also entails them implementing ‘think-pair-share’ 
routines into the lesson, whereby students have opportunities to think about 
questions posed and explain their joint responses. Teachers might, for example, 
develop questions such as “When playing the animation in the dynamic learning 
environment, how do the values in the two statements in the ratio checker 
change dynamically and what do such changes in the values tell us about 
‘within-shape-ratios’ for mathematically similar shapes?” and posed them to the 
class during whole-class discussion and then allocate some time for students 
to think in pairs or trios and come up with answers. Finally, when planning their 
curriculum scripts, teachers might typically foresee likely misconceptions that 
students may encounter when engaging with mathematical ideas. Teachers 
might be expected to identify misconceptions that students may confront and/or 
develop while teaching in the class and to respond to them by exploiting the 
affordances of DMT. For example, teachers might anticipate that students are 
likely to confront a misconception regarding the incorrect use of additive 
strategies within GS tasks and identify ways in which they exploit the 
affordances of the DMT (such as the sliders) to enable students to encounter 
and reflect upon this misconception. Similarly, during the lesson, teachers might 
recognise that students develop a misconception associated with the ‘area 
growth’ relationship as they assume that the ratio of the areas of similar shapes 
is the same as the scale factor by which the side lengths of the original are 
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multiplied. Teachers might then decide to capitalise on the possibilities of the 
DMT (e.g., use of the scale factor slider). This is to enable students to explore 
how a scale factor affects the areas and perimeters of the scaled figures and to 
develop an understanding that the area of a similar shape does not grow in the 
same ratio as the lengths of the sides of the shape. 

3.5.2 Resource System 

Moving on to consider resource system, teachers might be expected to 
establish a coherent resource system involving DMT-enriched tasks and to use 
it in a coherent and complementary manner. It may be useful for them to adopt 
and/or develop additional teaching resources to DMT-enriched tasks to 
consolidate knowledge that students gain from their interaction with DMT. 
Teachers might be expected to develop, for example, paper-and-pencil 
activities in addition to DMT-enriched activities to help students make 
predictions about the situation in the paper-and-pencil environment and then 
test them using DMT or to consolidate what they learn from their use of DMT 
when working on the activities. For example, teachers might provide students 
with a task in paper-and-pencil environment which entails them making 
conjectures as to the conditions for congruency and then testing and 
discovering their conjectures for themselves in the dynamic environment. 
Moreover, when integrating DMT into the teaching of a mathematical topic in 
the classroom, it might be expected that teachers understand and appreciate 
the affordances of DMT and the possible ways that they can fully exploit them 
in mathematically productive ways to develop students’ understanding of the 
topic as a dynamic concept. For example, teachers might be expected to 
understand and value the use of the dynamic angle slider which has the 
potential to promote students to grasp that the size of corresponding angles 
remain equal while moving the angle slider that leads to shapes staying 
mathematically similar.  

Additionally, in the DMT-enriched classroom, teachers might be expected to 
make sense of different mathematical representations embedded in DMT and 
encourage students to recognise mathematical connections between them, 
along with explaining the effect of dynamic values on these representations and 
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articulating how they are associated to the fundamental ideas related to GS. For 
example, it might be desirable for teachers to understand the purpose of using 
the angle slider and make it clear to the class that changing the value of the 
angle slider does not result in a change in the value on the scale factor slider; 
since while the size of corresponding angles increase or decrease at the same 
time, the ratio of pairs of corresponding sides remains to be the same. Teachers 
might also be mindful of when and how to exploit dynamically the affordances 
of DMT during the different phases of the lesson. For example, the reasons why 
they make use of the DMT during whole-class teaching might include outlining 
and extending mathematical ideas of GS, demonstrating counterexamples to 
students’ misconceptions and incorrect responses, and confirming or refuting 
students’ mathematical conjectures. Finally, teachers might be expected to 
enable students to become familiar with the affordances of DMT so that they 
can explore the underlying mathematical ideas. For example, after a whole-
class demonstration of the techniques for using the DMT, teachers might allow 
and encourage students to use them independently to discover the variant and 
invariant properties of mathematically similar shapes. 

3.5.3 Activity Structure 

In terms of activity structure, teachers might be expected to create and employ 
new activity formats to orchestrate technology-enriched activities when 
incorporating DMT into the classroom teaching of a mathematical topic. They 
might need to employ various types of orchestrations in which DMT is used 
dynamically, so as to organise classroom activities during the different phases 
of a lesson. Teachers might, for example, use the work-and-walk-by 
orchestration to circulate among students working on the tasks involving the use 
of the DMT to provide support and guidance. When using the different types of 
orchestrations, they might also be supposed to adopt a ‘predict-test-explain’ 
pedagogic approach to provide students with a tangible experience with DMT 
and to balance whole-class discussions with individual and group work 
incorporating DMT use. 
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3.5.4 Working Environment  

In terms of working environment, as teachers use DMT in their classroom 
practice, they may need to change their working environment of lessons 
depending on their teaching and pedagogical goals, such as changing the 
location of room, physical layout, class organisation. Such changes may entail 
teachers reconsidering and adapting their classroom routines in the new 
working environment of the classroom so that they can implement lessons 
smoothly and efficiently. For example, they might need to arrange the seating 
of students appropriate for all types of classroom activities incorporating the use 
of technology and getting their workstations and resources ready for use. They 
might also need to develop or adapt new routines for enabling and encouraging 
students to focus their attention to their work and for creating an environment 
for them to discuss their ideas, make and test their conjectures and thereby 
explore the mathematical concepts when they work independently or in pairs 
with the technology. For example, teachers may want to make use of the IWB 
jointly with the DMT during which they can display the contents from a teacher 
computer through a digital projector, use the DMT ‘live’ on the IWB and then 
create a whole-class discussion on their actions on the DMT and the associated 
outcomes. Teachers may also want to develop new routines which facilitate 
students’ use of any type of computers (i.e., desktops, laptops, and iPads) 
during their independent work to stimulate their engagement with key 
mathematical concepts and relationships. 

3.5.5 Time Economy 

When it comes to the component of time economy, teachers might need to plan 
how to use the allocated lesson time efficiently and economically to maximise 
students’ learning time with DMT. This is because that the integration of DMT 
into the classroom may lead to a difficulty stemming from time management in 
the classroom. Teachers might be expected to develop and employ several time 
saving strategies to handle making use of a lesson efficiently when DMT is in 
use in the classroom. For example, teachers might circulate around the class 
during students’ independent work at computers to provide support and 
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guidance so that they can enable students to use their activity time more 
productively that leads to increasing their learning time with DMT. Teachers 
might also use an application on the IWB to set time allocated for particular 
student activities at computers so that they can allow students to be aware of 
the time being left to finish a certain activity. This might encourage students to 
use the allocated time for the individual activities more productively. Lastly, they 
might distribute iPads or laptops to students’ desks or get desktop computers 
workstations and resources opened for use in advance prior to the start of 
lessons. This is to avoid students spending too much time on them. 

In Table 3.3, I introduce the theoretical model I developed by 
operationalising the SFCP framework for researching classroom teaching 
practices of teachers as they use DMT in the classroom to promote students’ 
understanding of GS. 
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Table 3.3 A theoretical model for operationalising the Structuring Features of Classroom Practice (SFCP) framework for teaching GS with 
DMT in the classroom 

The 
components 
of the SFCP 
framework 

Operational definitions of accompanying 
professional knowledge of practice 

 
Exemplification 

Curriculum 
Script 

(C1) Setting and specifying teaching goals for GS 
and supporting students to achieve these goals by 
exploiting the affordances of DMT 

   

The teacher identifies the variant and invariant properties of 
mathematically similar shapes through making use of the dynamic 
scale factor and angle sliders and the ratio checker in DMT, such as: 

- for a set of similar geometric figures, the overall appearance of 
figures and their corresponding angles are invariant; 

- for similar geometric figures, while the between ratios of 
corresponding sides are variant, the within ratios of 
corresponding sides are invariant 

(C2) Using the full range of vocabulary necessary 
to connect the mathematical and technological 
aspects of DMT-enriched activities in relation to GS 
and promoting students to make use of precise 
mathematical and technological language to 
support their oral and written explanations 

By using the technological word ‘scale factor slider’ and the 
mathematical words ‘corresponding sides’ and ‘corresponding angles’, 
the teacher encourages students to realise and explain that when 
moving the scale factor slider, for three or more similar shapes, while 
the corresponding angles are staying the same, the scale factor and 
the ratios of corresponding sides vary together. The teacher also pays 
attention to how precisely students are able to use the words ‘scale 
factor slider’, ‘corresponding sides’ and ‘corresponding angles’ in their 
explanations and justifications 

(C3) Focusing more on the mathematical aspects 
of activities rather than the technical aspects, which 

The teacher focuses students’ attention to the side and angle 
properties of shapes that remain mathematically similar when moving 
the scale factor slider in DMT rather than predominantly to the function 
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results in making the mathematics that underpins 
each activity explicit to students  

of the scale factor slider with no or little reference to the underlying 
mathematics 

(C4) Developing effective questions (along with 
follow-up questions) and posing them to the class 
during the different phases of the lesson, which 
may be connected with the mathematical and 
technological aspects of activities and 
implementing ‘think-pair-share’ routine into the 
lesson to encourage students to think about the 
questions posed and articulate their associated 
thoughts with justifications 

The teacher develops and poses questions to the class during whole-
class discussion involving DMT, such as “when playing the animation, 
how do the values in the two statements in the ratio checker change 
dynamically and what do such changes in the values tell us about 
‘within-shape ratios’ for mathematically similar shapes?”. The teacher 
then invites students to think and make conjectures with their pairs and 
then to share them with the class  

(C5) Anticipating student likely misconceptions 
about GS when planning lessons and probing for 
additional misconceptions while teaching in the 
DMT-enriched class and then identifying ways 
involving DMT to help students confront, reflect 
upon and therefore address their misconceptions 

The teacher anticipates the most common misconceptions about GS 
such as that adding the same amount to the sides of a geometric figure 
(except for rhombus, square) always results in a mathematically similar 
figure. The teacher helps students confront, reflect upon and therefore 
address this misconception by enabling them to increase the sides of a 
geometric figure by a certain amount though the sliders in the dynamic 
environment and then to observe and explore visually and numerically 
if the obtained figure is mathematically similar to the original 

Resource 
System 

(R1) Adopting and/or developing additional 
teaching resources to DMT-mediated resources 
and using them together in a coherent and 
complementary manner, which enables the 
knowledge that students gain both in the dynamic 
mathematical environment and in the different 
learning environments to be bridged 
 

The teacher develops and uses paper-and-pencil tasks alongside the 
DMT-enriched tasks to: 

- enable students to predict which features of a family of similar 
shapes are invariant and variant prior to using DMT to check 
their associated predictions; 

- consolidate knowledge students gain through their interaction 
with DMT 
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(R2) Recognising and appreciating the affordances 
of DMT which have the potential to promote 
students’ understanding of GS and exploiting these 
affordances in mathematically productive ways  

The teacher notices and values the use of dynamic ‘angle slider’ in 
supporting students to understand that the corresponding angles 
change together while moving the angle slider, which results in the 
shapes being remained mathematically similar 

(R3) Making the meaning of different mathematical 
representations embedded in DMT (e.g., geometric 
figures, ratio checker, measurement table) explicit 
to the class and highlighting the mathematical 
connections between them and describing the 
impact of dynamic elements of these 
representations and how they are connected to the 
underlying mathematical ideas that are core to GS 

The teacher makes it explicit that with the angle slider, students can 
increase or decrease corresponding angles and that changing the 
value on the angle slider does not lead to a change in the value on the 
scale factor slider as when corresponding angles change together, the 
ratios of corresponding sides remain to be the same 

(R4) Identifying the ways in which the teacher 
exploits dynamically the affordances of DMT during 
the different segments of the lesson 

The teacher makes use of DMT ‘live’ in order to:  
- highlight and extend the mathematical ideas of GS; 
- show counterexamples to students’ misconceptions and 

erroneous responses; 
- promote the use of precise mathematical and technological 

vocabulary; and 
- confirm or refute students’ mathematical 

conjectures/predictions 

(R5) Enabling students to become accustomed to 
utilising the affordances of DMT in mathematically 
productive ways 

The teacher does a technical demonstration of the tool techniques 
using DMT ‘live’ in front of the class before students begin to work on 
DMT-enriched activity on the role of scale factor in creating similar 
shapes. The tool techniques include such that: 

- demonstrate how to select, measure, and colour 
corresponding sides; 
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- demonstrate how to drag, rotate shapes on top of one another 
to help identify corresponding sides; and 

- demonstrate how to use the measurement table in DMT by 
dragging side measurements into the table’s cells and how to 
take a snapshot of measurements of the measurements table 

(R6) Enabling students to interact with DMT and 
thus to explore the expected behaviour of the 
dynamic representations in DMT and to fully exploit 
the mathematical features of DMT 

The teacher allows students to interact with DMT, to drag the dynamic 
scale factor and angle sliders and to notice the dynamic links between 
mathematical representations so that they can explore the variant and 
invariant properties of mathematically similar figures 

Activity 
Structure 

(A1) Following the ‘predict-check-explain’ 
pedagogic approach, whereby students use DMT 
to test their mathematical conjectures and reflect 
upon and make sense of the outcomes 

The teacher encourages students to: predict what happens to 
corresponding angles and sides when setting the scale factor slider to 
1; and check their mathematical conjectures using DMT; and then 
explain any differences between what they predict and what they 
explore along with their justifications 

(A2) Employing various types of orchestrations to 
organise classroom activities involving the use of 
DMT during the different stages of the lesson 

The teacher uses the work-and-walk-by orchestration to circulate 
around the class to provide support and guidance while students are 
working on activities involving the use of DMT 

(A3) Balancing whole-class discussions with 
individual and group work that involves the use of 
DMT 

After students’ interaction with DMT to accomplish a particular task, the 
teacher convenes a whole-class discussion of what students notice 
and explore in relation to the underlying mathematical ideas, which 
exploits the use of DMT 

Working 
Environment 

(W1) Selecting and organising a working 
environment (e.g., ordinary classroom, computer 
suit) in which lessons incorporating the use of DMT 
take place  

The teacher decides to change his/her working environment from the 
traditional ordinary classroom to the computer suite. This requires 
him/her to organise the new working environment and to rethink and 
adapt his/her classroom routines to, for example: 

- begin the lesson smoothly; 
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- arrange the seating of students in an appropriate way; 
- maintain students’ attention to DMT-enriched tasks during their 

independent work at computers  

(W2) Managing the use of physical tools available 
in a working environment in a coordinated way 

The teacher makes use of the joint use of IWB and the DMT to 
stimulate a whole-class discussion involving DMT and focus students’ 
attention to the mathematics at stake 

Time 
Economy 

(T1) Developing time saving strategies to use the 
physical lesson time available productively for class 
activity  

The teacher walks around the class during students’ independent work 
at computers for the purpose of offering support and guidance. This is 
in turn helpful to enable students to use their activity time with DMT 
more productively 
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3.6 Data Analysis 

In qualitative case study research, data analysis is a multistep process, 
comprising rigorously organising and reviewing data, identifying concepts and 
themes of interest, and ultimately representing the data in a way appropriate to 
the qualitative approach used (Creswell, 2012; Simon, 2019). To give an 
overview of the analysis process, in Figure 3.3, I present the steps of how I 
analysed my data process. In this section, I discuss these steps in detail. Then, 
I present the challenges I came across during the data analysis.
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Figure 3.3 The steps of the data analysis process I followed 

•I developed themes based on the five features of the SFCP framework.

•I also developed new themes in addition to the identified ones, based on new aspects emerging during 
the data analysis process.

1. Development of 
the Themes

•I started analysing data during the data collection. This was (i) to develop a better understanding of what 
occurred in the observed lesson on that day and (ii) to create questions about the identified events to ask 
the teacher during the next interview so that I could obtain their intentions and reflections on them.

2. Preliminary 
Analysis

•I produced narrative descriptions of the observed lessons.Then, I coded and categorised of the 
observational data based on the theoretical model and the themes developed in the first step of the 
analysis process.

•I transcribed the interviews. Then, I coded and categorised of the interview data based on the theoretical 
model and the themes developed in the first step.

3. Development of 
a General 
Analytical 

Approach to Data 
Analysis (using 

the Cases of Lara 
& Alex)

•I analysed the data from Jack using the general analytical approach above.
4. Application of 

the General 
Analytical 

Approach to the 
Case of Jack

•Having finished analysing Jack’s data, I returned to Lara and Alex and re-analysed their data. Then, I 
triangulated all the data available from the different sources within each case and across the cases. 

•For validity, I compared my analyses from observational and interview data with each other for each 
case, and compared one case study teacher with another.

•For validity, another person, with a PhD in mathematics education, coded some part of the data, and the 
participating teachers read the results of the analysis of their case and confirmed that they have no 
objections regarding the analysis.

5. Refinement and 
Validity of the 

Whole Analysis
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3.6.1 Preliminary Analysis during Data Collection 

I began my data analysis informally during the data collection. Having video-
recorded a lesson of a case study teacher, later in the same day, I viewed and 
reviewed the video recording(s). I did so for two purposes. First, I aimed to go 
beyond my direct observation of the lesson and develop a better understanding 
of what occurred in the observed lesson on that day, with the hope of gaining 
initial insights and ideas about the characteristics of the lesson(s).  Second, I 
aimed to identify and note any clips of the video recording(s) in which important 
events occurred, such as that the teachers made use of the DMT ‘live’ during 
whole-class teaching, which were most salient to my research. 

While doing so, I also created questions about the identified events to ask 
the teacher during the next interview to ascertain their intentions and reflections 
on them. For example, I identified and noted an occasion Jack used the DMT 
‘live’ during students’ independent work at computers to manipulate the 
dynamic scale factor slider to create several similar shapes to the original. 
During this time, he also asked students an important open-ended question 
regarding his actions on the DMT that “What stays the same as you move it 
[scale factor slider]. This is the original and this is the Copy. What stays the 
same?” [J1-obs.]. Afterwards, I formed a question with the aim of asking Jack 
during his next interview after having allowed him to watch this specific occasion 
on the laptop.  My main motivation was to learn his intention and obtain his 
reflection with respect to his actions on the DMT and his associated question(s). 

The outlined procedure led me to begin to analyse the data informally, 
especially the observational data. This was the first step of my data analysis 
process which was followed by the steps described in the next section. 

3.6.2 Developing a General Analytic Approach for Data Analysis 

I completed my data collection for the first two case study teachers, Lara and 
Alex, at the end of June 2018. Four months later, I started my data collection 
for Jack’s case. I used this four-month time span to start analysing the data 
collected from Lara’s and Alex’s cases by developing and using a general 
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analytic approach to data analysis. This process helped me to trial and refine 
iteratively my analytic approach. After I completed my data collection from the 
case of the last case study teacher, Jack, in December 2018, I used this analytic 
approach once again to analyse the data I collected from his case. Finally, I 
returned to the cases of Lara and Alex and re-analysed all three cases together, 
which led to the identification of the salient differences and similarities across 
the cases and the common themes. 

I now describe this general analytic approach: 

i. Production of Narrative Descriptions of the Observed Lessons: I re-
watched all the video recordings of each of the observed practices, 
recorded by the video camera (s) on the tripod(s) and by the mini ear-
worn video camera, to understand the lessons more deeply. I used two 
different computer screens to view and review the videos from the two 
different types of the cameras. Then, I produced the rich and thick 
narrative descriptions to summarise and elaborate on what happened in 
the lessons, especially during the whole-class teaching and students’ 
independent work at computers. The lesson narratives typically 
encompass (i) descriptions of my classroom observations (triangulated 
by the audio and video recordings and the accompanying data), (ii) 
direct quotes from the teacher and/or students for key episodes in the 
lesson, (iii) photographs of the teacher’s and/or students’ technological 
display for key episodes in the lesson, and (iv) photographs of the 
teacher’s written board work on the IWB (and the ordinary whiteboard) 
and students’ recorded work in the student workbook (see Figure 3.4 for 
a small part of the descriptions and also see Appendix 7 for the more 
detailed example).  

ii. Coding and categorisation of the observational data based on the 
theoretical model: I reviewed the descriptions of the lessons to become 
familiarised with the observational data for a better understanding and 
interpretation. I then coded and categorised the observational data 
based on the theoretical model (see Section 3.5) using NVivo 12, a 
computer-assisted qualitative data analysis software, and identified and 
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modified the associated concepts and themes. Through the use of 
NVivo 12, I was able to transfer the data into the themes identified in 
terms of the SFCP framework and therefore to organise the data (see 
Figure 3.5 for the screenshot of the analysis process in NVivo 12). It is 
noteworthy here that this study is a predominantly qualitative study, 
however, there are some elements of what came out from the data 
analysis which give an impression of quantity (e.g., the amount of 
misconceptions that the teachers anticipated, identified and addressed 
using the DMT in the classroom). 

iii. Transcriptions of the interviews: I re-listened carefully to the audio 
recordings of the interviews for transcription purposes. I transcribed the 
interviews word by word onto a computer using an interview 
transcription protocol. This protocol was adapted from the one 
developed by Bretscher (2015) (see Appendix 8 for the protocol). I 
reviewed the interview transcripts several times to gain insights and 
understandings of the aspects relevant to the theoretical model within 
them and developed an overall picture of them. 

iv. Coding and categorisation of the interview data based on the theoretical 
model: Having imported the interview transcripts into NVivo 12, I went in 
detail through the transcripts to code and categorise the data according 
to its relevance to the theoretical model and to identify and modify the 
associated themes. The use of NVivo 12 was also helpful in highlighting 
possible quotations for use in writing up my thesis. 

v. Triangulation of the data: I triangulated all the data available from the 
different sources within each case and across the cases to check for 
further accuracy and internal validity. I did this by categorising what 
teachers did in each observed lesson in terms of the use of the DMT 
and their rationale for doing so, as articulated during their post-lesson 
reflections. I used within-case analysis initially to create an individual 
description of each case in written form. Using the spreadsheets, I then 
carried out cross-case analyses by comparing and contrasting the cases 
of the teachers according to the themes for each individual case (see 
Appendix 9 for an example of the spreadsheets). This was to identify the 
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key differences and similarities in their practices and therefore make 
these practices more visible and analysable in a holistic sense. 

vi. Checking for validity: To enhance the validity of my findings, I followed 
two different approaches. First, after completing the first stage of my 
analysis, which was within-case analysis, I asked a researcher, who 
held a PhD degree in the field of mathematics education and has 
experience in collecting and analysing qualitative data, to analyse 
independently a selected part of the observational and interview data by 
using the theoretical model I developed as a coding scheme. The 
researcher and I then compared our preliminary analyses. I found out 
that our analysis produced mostly similar codes and themes. Second, I 
also included ‘member checking’ as a part of my analysis process to 
enhance the validity of my case study research (Mills, Durepos, & 
Wiebe, 2010). I emailed and invited each of the case study teachers to 
read the within-case analysis chapter in which I presented the analysis 
of data from their case. I also asked them to inform me about if they 
have any comments about it or, in particular, if I had written anything to 
which they objected. This was important to strengthen the 
trustworthiness of my research. I also considered that providing them 
with an opportunity to read the analysis of their individual case may 
prompt them to reflect on some aspects of their practices that they might 
wish to share with me. However, all three teachers and this process did 
not lead any changes in the analyses. 
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Figure 3.4 A part of the detailed description of one of the observed lessons I produced 
for data analysis 

 



3  METHODOLOGY 
 
 

 
 

124 

 

Figure 3.5 A screenshot of the analysis process in NVivo 12 

 

This rigorous analysis of the rich data provided me with the opportunity to 
develop a holistic understanding of the complex nature of the teachers’ DMT-
integrated classroom practices with a focus on GS. I should note that after the 
cross-analysis of each of the lessons, I regularly discussed my interpretations 
of the data and the accompanying results with my three supervisors to address 
the reliability of my analysis.  

3.6.3 Challenges during Data Analysis 

I faced challenges during my data analysis. The main challenge I encountered 
at the beginning was to develop and refine my coding scheme based on the 
frameworks employed to ensure that mathematical, technological and 
pedagogical aspects of teachers’ DMT-enriched classroom practices were all 
embedded in my codes. This was important in order to distinguish teachers’ 
practices where both mathematics and technology (GS and DMT in my case, 
respectively) were intertwined.  

Another difficulty I experienced was that since I was investigating teachers’ 
integration of DMT into the classroom practices with a focus on GS, I found it 
hard to focus my attention to the particular aspects of teacher’s practices to 
analyse. This was due to the complex nature and process of teachers’ 
integration of the technology into the classroom. There were different aspects I 
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felt I should focus when analysing my data, such as teachers’ questioning and 
their use of vocabulary, which sometimes made me feel lost in the data corpus. 
To overcome these two obstacles, I used the theoretical model I developed for 
operationalising the SFCP framework for examining teacher’s classroom 
practice involving DMT with a focus on GS (see the theoretical model in the 
Section 3.5). This model specifies the SFCP framework for use in the context 
of teaching GS with the use of DMT by using other ideas from research on GS. 
It helped me elucidate what the constructs of the framework mean in the context 
of this study to make the framework more mathematically specific, especially in 
terms of GS.  

3.7 Ethical Issues 

In qualitative studies, ethical issues are likely to emerge in relation to the 
collection of data and the dissemination of the findings (Merriam & Tisdell, 
2015). Prior to beginning the process of my data collection, I submitted a 
doctoral student ethics application form to University College London (UCL) 
Research Ethics Committee. My ethics approval (see Appendix 10 for the ethics 
application form (along with the related documents) and the ethical approval) 
was granted by the UCL Institute of Education (IOE). In my application form, I 
outlined how I addressed the details of research, the potential risks to the 
participant teachers, data protection issues, and various ethics issues which 
may arise in the course of this study.  

To ensure that the teachers were fully informed before they were in 
agreement to take part in the study voluntarily, l provided them with an 
information sheet before beginning the data collection process. The information 
sheet provided details about the process of the study, especially regarding the 
data collection procedure, which included interviews and observations. The 
ethical issues were also be carefully indicated in the information sheet. I made 
it clear to the teachers that their confidentiality, along with that of students, 
would be ensured at all times, and that they would not be identified in any 
publication; further, participation in the project would not disadvantage them in 
any way, and there would be no attendant risk, discomfort or inconvenience 
(minor or major) expected. I also informed the teachers that they could withdraw 



3  METHODOLOGY 
 
 

 
 

126 

from the research at any time without giving any reason. As a final step, I asked 
the teachers to sign a consent form to denote agreement in accordance with 
the guidelines for social science research provided by the UCL IOE. 

I discussed and agreed with the teachers how to approach the ethical issues 
related to the audio/video recordings in a way that respected their school policy. 
Since my data collection took place in two different schools, I needed to attain 
permissions from their gatekeepers (e.g., the head teacher or head of 
department). For this reason, I provided the teachers with a letter to give to the 
head teacher/ head of department to seek for their permission. In the letter, I 
informed the gatekeeper about the goal of my research and that her/his school 
participation is voluntary, and they could withdraw from the study at any time by 
the end the data collection. I received their permissions to collect data at their 
schools. To be able to enter the schools, I also obtained a Disclosure and 
Barring Service (DBS) check through UCL. 

Moreover, since my research involved the video-recorded classroom 
observation in the teachers’ ordinary lessons, although the focus of observation 
was on the teacher, it was possible that students might appear in the video 
recording. Therefore, I also provided each teacher with an information letter for 
their parents. I asked them to send these letters to parents in advance of the 
start of my data collection. In this letter, I outlined that (1) what I was doing in 
my research and (2) why all observations would take place in full accordance 
with the school policy on video recording and they would be free to withdraw 
their child from the study at any time without giving any reason, (3) in the case 
of the removal of their child from the study, I would arrange with the teacher that 
their child is seated in the classroom in such a way that it is possible to exclude 
them from observation and video-recordings. All the parents gave their consent 
for their children to participate and no parents withdrew their children during the 
course of the research. 

I treated the recordings/transcripts emanating from video-recorded lesson 
observations and audio recorded teacher interviews as confidential and 
anonymous. My storage of data complied with the Data Protection Act 1998 
(DPA 1998) and UCL’ s Data Protection Policy. I kept the recordings/transcripts 
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in the two different password protected external hard drives stored in a safe and 
secured place.  

3.8 Summary  

In this chapter, I specified and justified the adoption of a multiple-case study 
approach for investigating mathematics teachers’ classroom practices in which 
they used the DMT to teach about GS. I argued that adopting a multiple-case 
study design enabled my research to investigate the complex nature of 
classroom practices with DMT in detail, through collection of rich data from 
multiple sources such as video-recorded classroom observation and audio-
recorded teacher interview. Next, I first justified the selection of the case study 
teachers and introduced them, and then described and justified the methods for 
data collection. Following this, I presented the theoretical model that I created 
by operationalising the main framework adopted in the study, the SFCP 
framework, for analysing teachers’ DMT-enriched classroom practices with a 
focus on GS. Lastly, I explained how analysed the data, in addition to presenting 
how I addressed the ethical issues involved in the conduct of the study. 
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4 INTERLUDE: Contextualising 

the Cases and Introducing the 

Within-Case Analyses 
4.1 Introduction 

This interlude chapter has two aims. The first is to present my data related to 
the two constructs of the SFCP framework, working environment and time 
economy. The second is to introduce the sub-themes concerning the remaining 
three constructs of the framework, curriculum script, resource system, activity 
structure, that I used in the following three chapters of within-case analyses.  

As described earlier in Chapter 2 and Chapter 3, there are five key 
constructs that form the SFCP framework. However, my data analysis revealed 
that three of them, curriculum script, resource system, activity structure, are 
different from the other two, working environment, time economy, in terms of 
their focus. I suggest that the constructs of working environment and time 
economy are better to be treated as ‘necessary but not sufficient’ conditions of 
the classroom practice incorporating the use of DMT. Consequently, I present 
the data associated with each of these two constructs in a different way. It had 
not been my initial intention to make such a separation between the five 
components as previous research suggests that these five components are 
considered as equally important (Bozkurt, 2016; Bozkurt & Ruthven, 2017; 
Ruthven, 2009; Ruthven et al., 2009). I therefore initially planned my data 
analysis assuming that all five components would be equally important for my 
data analysis. However, as I began the analysis process, I recognised that the 
three constructs showed more alignment with the mathematical aspect of my 
study’s focus than the two others did. My analysis also showed that there is little 
evidence in the other two constructs regarding the mathematical aspect and, 
more importantly, they were not helpful theoretical lenses to address my 
research questions. 
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My data analysis suggests that the two constructs of working environment 
and time economy highlight the general issues that teachers need to think 
before they think deeply about the mathematics. These general issues can be 
listed as follows: having computers and DMT ready to use, having the 
classroom set up in the appropriate way, organising students’ seating 
arrangements and using time efficiently and as planned. These issues point to 
features (e.g., technological facilities), which have to be in place for teachers to 
then take further steps in thinking in-depth about how they actually teach a 
particular mathematical topic using DMT.  

In the first section of this interlude chapter, I present ‘necessary but not 
sufficient’ conditions of the classroom practice for teaching with DMT based on 
the data analysis using working environment and time economy constructs of 
the SFCP framework. Thus, I use these two constructs here as a way to 
introduce the case study teachers in this study. As mentioned, due to their lack 
of mathematical focus for the study, these two constructs acted as lenses in 
contextualising the within-case analyses.  

I then present the themes and sub-themes from the three structuring 
features, curriculum script, resource system, activity structure, which are 
addressed in detail in the within-case analysis chapters that follow. 

4.2 ‘Necessary but Not Sufficient’ Conditions for Classroom Practice for 
Teaching with Dynamic Mathematical Technology  

Due to their lack of mathematical focus, the two constructs of the SFCP 
framework, working environment and time economy, did not contribute towards 
addressing my main research question, “What are the characteristics of 
secondary mathematics teachers’ practice when they use dynamic 
mathematical technology (DMT) to promote students’ understanding of 
geometric similarity (GS)? ”. However, I discovered that the two constructs are 
essential to understand how teachers organise the classroom environment for 
teaching with DMT and address the issue of using the allocated time efficiently 
while teaching with DMT. I refer to teachers’ such organisations (e.g., organising 
a classroom environment, creating a seating plan for students, setting time 
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spans for activities) as conditions. In this section, I simultaneously describe 
these conditions and outline how each teacher addressed them, which emerged 
from the data analysis process. Consequently, this section provides some 
context for the participating teachers and their classrooms to better understand 
the most important part of the data analysis presented in the next chapters.  

4.2.1 Working Environment 

The data analysis resulted in three main facets of working environment 
construct. 

- Choosing and organising a working environment in which lessons 
involving the use of the DMT take place 

This aspect of working environment pertains to teachers’ selection of a working 
environment, and their organisation of it, in response to integrating DMT into 
their classroom practice. This might require them to need to change room 
locations, for example, by moving into a computer room from the traditional 
ordinary classroom. They may also need to organise students’ seating 
arrangements including the physical arrangement of desks or tables 
appropriately for both their independent work at computers and whole-class 
teaching. Thus, choosing and organising a working environment is necessary 
condition of teaching with DMT efficiently.  

For Lara and Alex, who worked in the same school, they taught their 
observed lessons in two different types of working environments. These 
environments were either a computer room where the tables with chairs were 
placed in rows with students who were facing each other (see Figure 4.1), or a 
traditional ordinary classroom where there were tables arranged in the cluster 
and students sat behind and/or around the tables (see Figure 4.2). While in the 
traditional ordinary classroom, students used iPads in pairs or trios, in the 

computer room, they used computer desktops mostly individually (only few 

students work in pairs at computers).  
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Figure 4.1 The working environment of Alex’s and Lara’s computer room where they 
taught some of their observed lessons 

 
 

 

Figure 4.2 The working environment of Alex’s and Lara’s ordinary traditional 
classroom where they taught some of their observed lessons 

 

In both the computer room and traditional classroom, the following 

resources were commonly available. 

- An interactive whiteboard (IWB) 
- An ordinary whiteboard 
- A computer available for the use of the teacher that was connected to a 

data projector 
- Desktops/iPads for students  

Moreover, both Alex and Lara did not make seating arrangements for 
students and did not generate a seating plan for them in the observed lessons. 

Jack taught his observed lessons in an ordinary classroom in which he 
regularly taught mathematics with (and without) DMT (see Figure 4.3). In his 
class, the following resources were available: 
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- An IWB 
- An ordinary whiteboard 

- A computer available for the use of the teacher that was connected to a 
data projector 

- Laptops for students  
- A document camera 
- A personal mobile smartphone  
- Two charging charts for laptops that accommodated the class set of 

laptops 

 

 

Figure 4.3 The working environment of Jack’s classroom 

 

Since Jack regularly made use of (dynamic) digital technologies in his 

practices, he had already organised students’ desks in clusters with chairs to 

promote their individual or group work at computers and to create an efficient 
technology-rich learning environment. He provided students with laptops to 
interact with the DMT-enriched activities during the observed lessons, 
particularly during their independent work. Moreover, the seating arrangement 
of his classroom was suitable for student independent work, or group work, and 
allowed him to easily walk around the room. The cluster desk configuration 
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enabled Jack to seat students in pairs or trios and the majority of students used 

one laptop in pairs.  

Lastly, in his observed lessons, Jack tended to create a seating plan for 
students and displayed it on the IWB at the beginning of each of his lessons so 
that students could see where they should sit once they arrived in the class. 

- Coordinating the use of physical resources available in a working 
environment (e.g., the IWB, ordinary whiteboard) 

This aspect of working environment is about how teachers use (and make their 
students use) the physical resources available in a coordinated way. While the 
physical resources that teachers use includes the IWB, ordinary whiteboard, 
class computer, smart phone, DMT(s), and computer and mobile applications, 
the physical resources that students use includes computers (i.e., desktops, 
laptops and iPads) and DMT(s). 

There were differences in the way that all three teachers made use of the 
resources commonly available in their classroom environments. For example, 
in all the classroom environments in which all three teachers taught their 
lessons, the IWBs were connected to a computer available for the use of 
teacher and to a data projector. In terms of the IWB use, Jack always made use 
of the IWB to display the static images of the DMT and to operate the DMT itself 
dynamically during the lessons, especially when convening his whole-class 
discussions. However, Alex and Lara did not make use of the IWB to operate 
the DMT dynamically during his lessons. Both teachers used the IWB either to 
display the DMT itself statically or to display its static images in their PowerPoint 
slides projected on the IWB. 

In terms of the ordinary whiteboard, while Jack and Lara used the 
whiteboard on which to record students’ responses or draw shapes to explain 
or illustrate the mathematics at stake (see Figure 4.4 for an example from the 
case of Lara), Alex did not use it for any purpose in the lesson. However, while 
Lara used the ordinary whiteboard regularly almost in each lesson, Jack rarely 
used it across his lessons as he tended to use the IWB as a non-digital 
whiteboard especially when using the DMT ‘live’ in a whole-class setting to 
support interactive teaching of GS. During the lessons, Alex and Lara did not 
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use the IWB as a non-digital whiteboard. The IWB was used only for 
demonstration in both teachers’ lessons. Therefore, to promote their whole-
class discussion, while Alex and Lara, as advanced-beginner teachers, tended 
to use the IWB as a ‘static’ demonstration tool in a whole-class context, Jack, 
as an expert teacher, made joint use of the IWB and DMT predominantly in a 
dynamic mode in every lesson. 

 

 

Figure 4.4 The ordinary whiteboard showing how Lara used it for drawing shapes and 
doing the related mathematical work in a whole-class setting 

 

Furthermore, all three teachers used the computer desktop available in the 
classroom. For example, while Jack and Alex used it to operate the DMT ‘live’ 
in their observed lessons (see Figure 4.5 from the case of Alex), all three 
teachers commonly used it to open the DMT and their slides to display them on 
the IWB and to move forward/back between the slides. Therefore, unlike Jack 
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and Alex, Lara did not operate the DMT from the teacher computer in her 
lessons. In addition to the outlined purposes, Jack also usually used the teacher 
computer to modify his Smart Notebook Interactive Whiteboard slides by adding 
new slides including students’ work spotted by him when circulating around the 
class.  

 

 

Figure 4.5 Alex using his computer desktop to use the DMT ‘live’ during a whole-class 
teaching 

 

What is more, all three teachers allowed their students to use different types 
of computers in their lessons. While Jack allowed students to use laptops in his 
observed lessons, Lara and Alex allowed students to use either iPads or 
desktop computer, depending on which types of classrooms they used to teach. 
In the cases of Lara and Alex, while iPads were used by students in the ordinary 
classrooms (see Figure 4.6), desktop computers were used by them in the 
computer rooms (see Figure 4.7). It is noteworthy here that in the lessons of 
these two teachers when students used iPads during their independent work, 
some students had difficulty related to the sensitivity of the iPad touchscreens, 
which did not respond to students’ touch well. This resulted in them not being 
able to highlight the sides of the shapes or to apply the types of geometric 
transformations to the shapes. Both teachers therefore spent some time at 
students’ tables seeking to understand and handle this issue and these lessons 
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were disrupted as students had difficulty interacting with the DMT to accomplish 
the assigned tasks. 

 

 

Figure 4.6 A student’s desk showing the DMT on an iPad and the accompanying 
workbook showing their recordings 

 

 

Figure 4.7 A student using a computer desktop to interact with the DMT to accomplish 
the tasks assigned 
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Lastly, in almost every lesson, Jack regularly used his personal mobile 
smartphone to take pictures of students’ written work (e.g., explanations) 
resulting from their engagement with the DMT-enriched activities. During the 
lesson, he emailed the pictures to himself and then downloaded them on the 
teacher computer and added them to his Smart Notebook Slides to display on 
the IWB. He used this pedagogic approach to create whole-class discussions. 
This was not the case in Alex’s and Lara’s lessons. 

- Promoting different ways of interaction through the use of working 
environment 

Mostly dependant on the physical features of a classroom environment (e.g., 
the arrangements of tables and computers), the ways of interaction between 
teacher, students and technology varied in different classrooms. First, I should 
note that all three teachers preferred either students’ independent work at 
computers or whole-class plenaries that usually took place after each period of 
student independent work. Following a brief introduction to a lesson in a whole-
class setting, they all tended to first allow students to work at computers to 
engage with the DMT-enriched activities and then to conduct whole-class 
plenaries to either check students’ answers to the questions in the CM student 
workbook or to discuss and extend what they explored during their independent 
work at computers6. Due to the classroom arrangements, all of the teachers 
could move easily around the classrooms and interacted with students to 
support their engagement with the DMT-enriched activities. However, in Jack’s 
classroom where the desks were arranged in clusters and laptops were used 
by students, his seating arrangement allowed them to see one another when 
sitting around the desks and interact positively with each other. It helped 
facilitate students’ interactions when they worked independently at laptops, 
leading to cooperative learning. However, in the ICT rooms Lara and Alex used, 

 
 

6 It should be acknowledged that this pedagogy was promoted within the CM 
curriculum that might encourage the teachers to adopt the suggested pedagogy. 
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since computers were placed in U-shape or in rows, compared to the case of 
Jack, students were less engaged with pair working. 

4.2.2 Time Economy 

As a result of the data analysis, I identified four different main themes for the 
construct of time economy. 

- Starting lessons smoothly and efficiently 

This aspect of time economy relates to how teachers develop strategies to start 
lessons smoothly and efficiently. To do so, they might need to organise the 
technical infrastructure available in the classroom (e.g., the IWB, computers) 
and students’ seating arrangements. 

Jack’s familiarity with his classroom provided him with some advantages 
such as using the allocated lesson time more efficiently by minimising ‘set up 
time’ for the technological resources available such as computers and the IWB. 
In his break time between the lessons, since he did not need to move to a 
different classroom, he had the opportunity to organise the classroom 
environment for the next lesson, for example, by displaying his presentation on 
the IWB, logging into his classroom desktop for use during the lesson, or 
distributing the laptops to the students’ desks. Hence, Jack could start his 
lessons more smoothly and efficiently, saving and increasing the learning time 
for students. Conversely, since Lara and Alex taught in the different classrooms 
across the observed lessons, they had difficulty becoming familiar with the 
environments of the classrooms and using them to teach their lessons. At the 
beginning of their lessons, it took them some time to get their lessons start 
smoothly, which affected their use of the allocated lesson time available 
effectively. This was because they needed to distribute iPads to students’ desks 
or get desktop computers ready to use in the lessons. This influenced their use 
of lesson time available effectively to allow students for learning time with the 
use of the DMT. However, to address this problem, Lara and Alex had 
sometimes arrived in the classes in advance before the lessons started, to get 
desktops computers opened and get iPads distributed to the students’ desks, 
which helped them start the lessons more smoothly. 



4  INTERLUDE 
 
 

 
 

139 

In her post-lesson reflection, Lara highlighted this difficulty. She outlined that 
if students could save their work on the DMT and, continue, at the beginning of 
the lesson, where they stopped the task on the previous day, this might result 
in more effective use of the available lesson time. 

Yeah, logging on and letting the pages to load, everything like these takes time, 
I do not know if the Cornerstone Maths software [the DMT] has got something 
like […], see they [students] cannot see what they did yesterday, they have to 
start all of them again, so if I say that “stop here today, tomorrow we have a 
lesson again, pick up from there”. That is missing from the software. If they can 
stop where we were yesterday, they could come and carry on from there, what 
would make lessons probably faster a bit more. Because they have to go with 
the process of logging in and again typing, searching, let it load, that took some 
time in the beginning [of the lesson]. [L2-int.] 

- Preparing and giving clear and concise instructions about the DMT 

This aspect of time economy concerns how teachers plan and give their 
instructions in both oral and written forms to the whole-class. Such whole-class 
instruction is necessary to enable students to know what they are supposed to 
do prior to interacting with activities involving the use of DMT so that they can 
engage with them more effectively. This is important for teachers to maximise 
the allocated lesson time for students’ learning time.  

With the help of his slides displayed on the IWB, Jack gave students clear 
instruction about the tasks that students were to engage with during their 
independent work at computers (see Figure 4.8 for one of his instructions 
displayed on the IWB). In his lessons, this practice contributed to students’ 
understanding of Jack’s expectations, resulting in more effective instructional 
time in his lessons. 

However, Alex and Lara did not tend to provide such instructions. They both 
preferred to quickly read what was already written in the CM student workbook 
as an instruction for each activity. Therefore, this influenced negatively their use 
of the lesson time available more efficiently because students spent longer 
completing the DMT-enriched activities due to their lack of understanding of 
what they were expected to do during their independent work at computers. 
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Figure 4.8 The displayed slide on the IWB which includes the instructions about the 
task with which students engage 

 

- Setting time spans between activities 

This aspect of time economy is associated with how teachers indicate time 
spans between two different phases on a lesson. For example, through 
exposition and/or demonstration, they may need to remind students of how 
much time is left for them to complete their independent work at computers and 
when a whole-class discussion would commence. 

In the case of Jack, he used the Smart NoteBook Timer Tool to set time for 
students’ independent tasks (see Figure 4.9). This helped Jack to keep their 
students on the tasks, on track and on time. However, Alex and Lara did not 
always necessarily announce how much time they had allowed for the tasks to 
students nor use any kind of Timer Tool to set time. Instead, they sometimes 
raised their voices to inform students how much time they had allocated for 
independent work. Likewise, they also occasionally reminded students of how 
much time left to complete independent tasks. 

In what follows, I first describe the structure of how I present the within-case 
analyses in the three following chapters and then turn into each of the three 
other features of the SFCP framework to describe the themes and sub-themes 
for these features. The themes and sub-themes can be considered the 
keystones in the analysis process. 
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Figure 4.9 Jack used the Smart NoteBook Timer Tool to set 10 minutes and displayed 
it clearly on the IWB 

 

4.3 The Structure for the Within-Case Analyses 

As outlined above, the within-case analyses in the next three chapters contain 
only the analysis of the data associated with the three components of the SFCP 
framework, namely curriculum script, resource system, and activity structure. 
This is because these components were the most relevant components of 
teachers’ classroom practices to both mathematical and technological aspects 
of teaching GS with DMT, and thus contributed the greatest to addressing my 
research questions.  

 In what follows, I introduce the themes and sub-themes and describe the 
teachers’ PKP relevant to each of them.  

4.3.1 Curriculum Script  

The data analysis resulted in the identification of four major themes within the 
construct of curriculum script. 

Smart NoteBook Timer 
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- Specifying teaching goals for GS and exploiting the affordances of the 
DMT 

This aspect of curriculum script concerns the way in which teachers are clear 
about the teaching goals in relation to teaching GS and how they support 
students to achieve these goals by exploiting the affordances of DMT in the 
lessons. My analysis of this aspect of the teachers’ scripts revealed the following 
five key teaching goals that their curriculum script included. 

o Promoting students’ transition from visual to geometric proportional 
reasoning for GS tasks 

Through the exploitation of the DMT, the teachers aimed to promote students 
in advancing from using solely visual to more sophisticated analytic strategies 
which integrate geometric proportional reasoning when determining if geometric 
shapes are mathematically similar. 

o Promoting students’ understanding of the role of scale factor in creating 
similar shapes 

Through the exploitation of the DMT, the teachers aimed to develop students’ 
understanding of the role of scale factor in producing mathematically similar 
shapes to the original, the identification of scale factor between mathematically 
similar shapes, and the effect of scale factor on the side lengths of the enlarged 
shapes. 

o Promoting students’ understanding of the role of corresponding angles in 
creating similar shapes 

Through the exploitation of the DMT, the teachers aimed to support students to 
understand the role of corresponding angles in the creation of mathematically 
similar shapes. They, in particular, expected students to understand that equal 
corresponding angles are necessary for similarity, in addition to an equivalent 
ratio between pairs of corresponding sides, or in other words, mathematically 
similar shapes always have equal corresponding sides. 

o Promoting students’ understanding of the use of ‘within ratios’ and ‘between 
ratios’ to determine similarity 
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Through the exploitation of the DMT, the teachers aimed to support students’ 
understanding of the following two facts: (1) for similar shapes, the between 
ratios of pairs of corresponding sides vary and are equal to the scale factor of 
enlargement, (2) for similar shapes, the within ratios of pairs of corresponding 
sides do not vary as the scale factor changes. 

o Promoting students’ understanding of the application of geometric 
transformations to GS to show similarity and congruence 

Through the exploitation of the DMT, the teachers supported the development 
of students’ understanding of a transformations-based approach to GS. This 
approach pertains to applying the types of geometric transformations (e.g., 
translation, rotation, enlargement) to superimpose figures in the dynamic 
environment, with the aim of facilitating students’ determination of whether they 
are mathematically similar or congruent. 

- Encouraging students’ use of precise mathematical and technological 
language 

This aspect of curriculum script concerns how the teachers gave attention to 
students’ use of precise mathematical and technological language in the 
classroom to support their oral and written explanations and justifications. This 
was essential for students to explore and justify the mathematical ideas and 
properties in relation to GS so that they could make sense of them using the 
DMT. 

- Developing classroom dialogue focused on the DMT 

This aspect of curriculum script relates to how the teachers developed effective 
questions referencing to the use of the DMT and posed them to students during 
the different phases of the lessons to investigate, understand and support 
students’ mathematical thinking and justification.   

- Anticipating, identifying, and addressing students’ misconceptions 
through the dynamic use of the DMT 

This aspect of the curriculum script is associated with the teachers’ awareness 
of misconceptions about the ideas of GS that students might encounter and of 
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the ways through which to enable students to first come across and then 
address them using the DMT.  

4.3.2 Resource System 

The data analysis led to the identification of four different main themes of the 
construct of resource system. 

- Recognising the affordances of the DMT for promoting students’ 
understanding of GS 

This aspect of resource system concerns how the teachers showed an 
awareness of the affordances of the DMT and acknowledged its potential in 
promoting students’ understanding of mathematical ideas related to GS. 

- Dynamic and static uses of the DMT 

This aspect of resource system relates to how the teachers exploited the 
affordances that the DMT offers in their teaching practices, with the aim of 
enabling students to engage and explore mathematical ideas in more tangible 
ways.  

- Integrating and using other resources alongside the DMT 

This aspect of resource system is about how the teachers adopted and/or 
created supplementary resources to the DMT-enriched resources to enhance 
and consolidate students’ developing understanding of GS. It also relates to 
how they supported students’ bridging and transition from interacting with the 
DMT-based learning environment to traditional tasks such as paper-and-pencil 
activities. 

- Enabling students’ use of the DMT in mathematically productive ways 

This aspect of resource system is associated with how the teachers developed 
strategies through which to support students to become accustomed to the 
affordances of the DMT over time. This was necessary for students to fully 
exploit the potential of the DMT in mathematically meaningful ways to 
accomplish the DMT-enriched tasks.  
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4.3.3 Activity Structure 

As outlined in the previous chapters, I use the theory of Instrumental 
Orchestration as a complementary interpretive framework to the SFCP 
framework in this study. My aim is to identify the case study teachers’ activity 
formats and orchestration types that provides a window into understanding the 
teachers’ classroom practices incorporating the use of the DMT for the teaching 
of GS. I therefore investigate the orchestration types the teachers developed 
and used in the process of running their DMT-enriched activities under the 
theme outlined below.  

- Orchestration of the DMT-enriched activities 

When integrating the DMT into their teaching practices, the teachers could be 
expected to develop and employ types of orchestrations (e.g., discuss-the-
screen, spot-and-show, explain-the-screen) to organise their activities around 
the use of the DMT. 

4.4 Summary 

This interlude chapter consisted of two main sections: (i) ‘necessary but not 
sufficient’ conditions for teaching with DMT, and (ii) the structure for the within-
case analyses in the following three chapters. In the first section, I presented 
‘necessary but not sufficient’ conditions that teachers (need to) think about 
before starting and during teaching with DMT. These conditions were related to 
the two constructs of the SFCP framework, working environment and time 
economy. In terms of working environment, I considered how the participating 
teachers chose and organised their working environment, how they used and 
made students use the physical tools available for them, and how different 
classroom organisations related to different types of student-technology 
interaction as necessary conditions. In terms of time economy, I considered the 
importance of classrooms being technologically-ready in advance for teaching 
with DMT, giving clear and concise instructions about DMT-enriched activities, 
endorsing teacher-student interaction during the individual activity time at 
computers, and setting time spans for activities as necessary conditions. The 
‘necessary but not sufficient’ conditions should not then be considered topic-
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specific (i.e., not particular to teaching GS). Discussing how all three teachers 
considered these conditions, I provided a context for each teacher with the aim 
of promoting a better understanding of the within-case analyses discussed in 
Chapters 5, 6, and 7.  

Then, in the second section, I presented the key themes and sub-themes, 
related to the other three constructs of the SFCP framework (i.e., curriculum 
script, resource system, activity structure) and the associated aspects of the 
teachers’ PKP for the classroom teaching practices with DMT to teach the topic 
of GS. I highlighted that these three constructs of the SFCP framework were 
the most critical for my research as they contributed the greatest to addressing 
my research questions, due to their mathematical focus.  

In what follows, I present the within-case analysis of each of the three case 
study teachers in terms of the above outlined themes based on the constructs 
of curriculum script, resource system, and activity structure.    
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5 WITHIN-CASE ANALYSIS 1: 

Lara 
5.1 Introduction 

In this section, I present the analysis of Lara’s case in terms of the three 
structuring constructs of the SFCP framework, namely curriculum script, 
resource system, activity structure, and the related sub-themes that emerged 
as a result of the data analysis. 

5.2 Curriculum Script 

Over the eight lessons observed, Lara’s curriculum script emerged as a 
response to teaching GS with the DMT in terms of the themes summarised in 
Section 4.3.1 of Chapter 4. This was evidenced by her enactments in the 
classroom, her post-lesson reflections on the lessons she taught, and the 
PowerPoint slides she created to use in the lessons. Below, under each theme, 
I present the relevant data providing insights that she developed for teaching 
GS with the DMT. 

5.2.1 Specifying Teaching Goals for GS and Exploiting the Affordances 
of the DMT 

In what follows, I focus on the analysis of how Lara used the DMT (along with 
the other resources she adopted) in her observed lessons to support the 
development of students’ understanding of the GS-linked teaching goals 
outlined in Section 4.3.1 of the interlude chapter. 

5.2.1.1 Promoting students’ transition from visual to geometric 
proportional reasoning for GS tasks 

To achieve this goal, Lara integrated the CM activities into her script as 
curricular tasks, specifically Activity 1.2 and Activity 2.2, which embed the use 
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of the DMT. However, she did not exploit the dynamic features of the DMT 
herself while convening whole-class discussions.  

During students’ independent work with the DMT at computers, she first 
allowed them to work on Activity 1.2 (see Figure 5.1) that required them to 
identify which copies of the Big Ben shapes given (if any) were mathematically 
similar to the original Big Ben shape (in blue) based on the visual evidence. She 
then invited students to articulate their responses during the subsequent whole-
class discussion. For example, a student visually reasoned that Copy 7 was not 
mathematically similar as it looked distorted. In her post-lesson reflection, Lara 
outlined that the use of the DMT enabled students to determine visually if the 
copies were mathematically similar to the original and thereby promoting their 
visual based understanding of GS.  

They [students] could see what mathematical similarity is. […] They are able to 
see like what is similar and what is not similar. Through the use of [the CM] 
software, they are able to see it from the pictures [shapes]. So, it is more visual 
at the moment. [L3-int.] 

However, to scaffold students’ emergent understanding, Lara did not use 
the DMT ‘live’ during the whole-class discussion. However, she displayed the 
static images of the activities in her PowerPoint slides on the IWB. 

 

 

Figure 5.1 Activity 1.2 in the DMT in which students are asked to visually reason to 
identify the copies that were not mathematically similar to the original (in blue) 
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Afterwards, to support students’ numerical based understanding of GS in 
addition to their visual based understanding, Lara instructed them to identify the 
rectangles in Activity 2.2 (see Figure 5.2) which were, and were not, 
mathematically similar to the original (in blue) through uncovering numerical 
relationships between their side lengths. During their independent work at 
computers, exploiting the affordances of the DMT including the ‘measure tool’ 
and ‘measurement table’, students identified the rectangles being similar to the 
original, which were the rectangles named Copy 1 and Copy 2, and also found 
the multipliers between the side lengths of the original and other rectangles. 
This resulted in students noticing that a common multiplier connects the heights 
and widths of mathematically similar rectangles and exploring this alongside the 
visual cues, they could also seek for numerical cues when examining the 
similarity of figures. 

 

 

Figure 5.2 Activity 2.2 in the DMT where students are asked to visually and 
numerically determine if the rectangles are mathematically similar or not to the original 

(in blue) 

 

During the following whole-class plenary, Lara again made no use of the 
DMT (either dynamically or statically), but rather invited students to share and 
discuss their responses to the questions in the CM student workbook. At the 
end of the plenary, she concluded that “for them [shapes] to be mathematically 
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similar, they [the side lengths of the shapes] should be multiplied by the same 
number, like a multiplier”. [L4-obs.] 

5.2.1.2 Promoting students’ understanding of the role of scale factor in 
creating similar shapes 

Lara adopted and used the DMT, specifically Activities 3.1 and 3.2 (see Figure 
5.3 and Figure 5.4, respectively), in her lessons to achieve this teaching goal. 

 

 

Figure 5.3 Activity 3.1 in the DMT in which students are asked to make dynamic use 
of the scale factor slider to create mathematically similar rectangles to the original 

 

 

Figure 5.4 Activity 3.2 in the DMT in which students are asked to exploit the dynamic 
scale factor slider to create mathematically similar triangles to the original 
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She allowed students to interact with the DMT to work on these two 
activities. They exploited the dynamic functionalities of the DMT (e.g., scale 
factor slider, measurement) to make a connection between scale factor and the 
numerical relationship between the corresponding sides of similar shapes. 
During the subsequent whole-class discussions, she asked students to share 
their responses to the questions in the CM student workbook, aiming at 
confirming whether they were correct or not. Furthermore, in a whole-class 
setting, she made no dynamic use of the DMT to support students’ deeper 
understanding of the mathematics at stake. Instead, she used the whiteboard 
to draw the two rectangles with their side lengths, which were already presented 
in the DMT, and to do the mathematical work, which was to identify the scale 
factor between their corresponding sides (see Figure 5.5). 

 

 

Figure 5.5 The mathematical work done by Lara on the ordinary whiteboard during the 
whole-class teaching 

 

It is notable that when finding the relationship between scale factor and 
mathematically similar rectangles, she, however, built a link between the 
mathematical work she did on the whiteboard and one of the representations in 
the DMT, scale factor slider. She did so by saying that: 

If you do 24, the width of the enlarged image, divided by 4, the width of the 
smaller one, what do we get? So, what is the scale factor at the top [in the 
learning environment of the DMT]. [L5-obs.] 
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As expressed above, Lara, however, did not utilise the DMT dynamically 
during whole-class plenaries to stimulate students’ emergent understandings of 
the relationship between scale factor and mathematically similar shapes. 

5.2.1.3 Promoting students’ understanding of the role of corresponding 
angles in creating similar shapes 

To accomplish this aim, throughout students’ independent work with the DMT 
at computers, Lara asked them to use the angle and scale factor sliders in the 
dynamic environment when engaging with Activity 5.2 (see Figure 5.6) and to 
answer the questions in the student workbook such as that “Move the scale 
factor slider. What happens to corresponding angles in the two mathematically 
similar parallelograms? What happens to the sides?”. She therefore expected 
students to recognise and explain that although all corresponding angles of the 
three parallelograms including the original were initially equal, after moving the 
angle slider, the corresponding angles of the original and Copy 1 changed 
together, which resulted in them staying the same shape and being 
mathematically similar. However, while dragging the angle slider, Copy 2 did 
not preserve its mathematical similarity to the original as its corresponding 
angles remained constant unlike those of Copy 1 and the original. Additionally, 
she also wanted them to notice that dragging the scale factor slider led to 
creating numerous mathematically similar parallelograms to the original and did 
not result in a change in the corresponding angles of similar shapes, which 
means that similar shapes always have equal corresponding angles. During the 
subsequent whole-class discussion that did not involve her dynamic use of the 
DMT, Lara questioned students with the aim of checking their understandings 
about the mathematics they had engaged with using the DMT. However, her 
questioning did not lead to a whole-class discussion around why the 
corresponding angles of the parallelograms needed to stay the same to 
maintain them being mathematically similar. 
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Figure 5.6 Activity 5.2 in the DMT where students are required to drag the dynamic 
angle and scale factor sliders 

 

When reflecting upon her lesson, Lara commented that she thought that 
students’ use of the scale factor slider helped them notice the behaviour of the 
corresponding angles when enlarging the shapes. 

I think they [students] understood that if you enlarge the shapes, the 
[corresponding] angles are staying the same. All the [corresponding] angles of 
the two shapes [the parallelograms labelled as Copy 1 and the original] are the 
same when moving the scale factor slider because Copy 2 is not moving at all. 
That means Copy 1 and the original are both similar. [L6-int.] 

5.2.1.4 Promoting students’ understanding of the use of within ratios and 
between ratios to determine similarity 

Lara stressed that the concepts of within and between ratios were an aspect of 
GS she normally did not introduce to students in her teaching of the topic (see 
her comments below). To help students understand what between and within 
ratios are in the context of GS and how they can be used as two different ways 
to compare side lengths of shapes for the determination of similarity, Lara used 
Activity 7.1 and Activity 7.2 in the DMT in her lessons (see Figure 5.7 and Figure 
5.8, respectively). 
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Figure 5.7 Activity 7.1 in the DMT on which students work to develop their 
understanding of between and within ratios 

 

 

Figure 5.8 Activity 7.2 in the DMT where students further explore between and within 
ratios through the ratio checker and the animation 

 

In Activity 7.1, during the short whole-class plenary, Lara first asked 
students to put the rectangles, which were statically displayed on the IWB, into 
the groups of similar rectangles using their visual reasoning. In order for 
students to be able to explain the differences and similarities within each group 
of rectangles (in terms of the multiplicative relationships between their side 
measurements), she then allowed them to use the DMT on their iPads during 
their independent work. In the dynamic environment, they measured the side 
lengths of the rectangles and identified the numerical relationships between 
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them. Therefore, students explored that while one group of the rectangles, 
including the Pink, Green and Purple rectangles, had a within ratio of 3:1, the 
other group, consisting of the Blue, Red and Brown rectangles, had a within 
ratio of 5:4. They also noticed that there were various between ratios across the 
rectangles within each group (e.g., between ratios of 1:3, 1:4, and 3:4 for the 
Pink, Green and Purple rectangles). 

During the subsequent whole-class teaching, Lara invited students to 
explain their written responses and to articulate their reasoning about them. She 
particularly asked them to share their justifications focusing on the ratio of height 
to width for each group of similar rectangles. While only few students 
successfully identified and distinguished each group of rectangles together with 
the within and between ratios embedded in them, most of them had struggle to 
express their reasoning about the multiplicative relationship between the side 
lengths within a shape or between the shapes. However, she did not use the 
DMT (either dynamically or statically) to help students surmount the outlined 
difficulty. She instead used the ordinary whiteboard on which to draw a pair of 
parallelograms (their side measurements were 3-6 and 1-2, respectively) and 
identified the within and between ratios of these measurements with the help of 
students. For example, Lara identified the between ratio of 3:1 by focusing on 
the corresponding sides of the two parallelograms and introduced the definition 
of between ratio by writing it on the whiteboard, as can be seen in Figure 5.9.  

During her reflection after the observed lesson, Lara stressed that students 
confronted difficulties comprehending the use of within and between ratios 
when comparing sides in shapes for the determination of similarity. According 
to her, the reason for such difficulty may arise from that within and between 
ratios were novel to students as these two terms were introduced to them for 
the first time, which had been visible through the use of the DMT.  

I think it is very hard for them [students] to understand between ratios and within 
ratios. They find them confusing, because we do not really learn [geometric] 
similarity through these. We are more likely to learn similarity through scale 
factors, enlargement, corresponding angles, corresponding sides, and equal 
corresponding angles, but not really between ratios and within ratios. [L7-int.] 
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Figure 5.9 The mathematical work done by Lara on the whiteboard to explain the 
use of between ratio within GS 

 

5.2.1.5 Promoting students’ understanding of the application of 
geometric transformations to GS to show similarity and 
congruence 

In one of the observed lessons where students engaged with Activity 5.2 using 
the DMT (see Figure 5.6), Lara encouraged them to make use of a 
transformations-based approach to GS while they were moving the angle slider 
dynamically. This was to facilitate their comparisons of the corresponding 
angles of the parallelograms superimposed one on another. Although she 
herself made no use of the DMT in any way to show the class how to apply the 
types of geometric transformations (e.g., translation, rotation, enlargement) to 
the parallelograms, she invited students to do so at their desktops as she 
explained the related instructions verbally. 
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If you drag the original parallelogram, that would be blue one, if you drag it and 
place on the other two [parallelograms], you should be able to see if their 
corresponding angles change together [when manipulating the angle slider]. 
[L8-obs.] 

5.2.2 Encouraging Students’ Use of Precise Mathematical and 
Technological Language 

Lara, to some extent, paid attention to the mathematical and technological 
language she (and her students) used in the class. She was observed 
encouraging students occasionally to use precise language with correct 
vocabulary as they were articulating their emergent mathematical 
understandings both orally and in their recorded responses. During the post-
lesson interview, she highlighted the importance of students’ use of precise 
mathematical language, expressing that she wanted to see them giving more 
detailed explanations and definitions including more specific and precise 
mathematical vocabulary, such as ‘corresponding sides’ instead of ‘sides’. 

I encouraged them [students] to use the [precise mathematical] terms because 
they know them, why shy away, make use of them. Again, when they write their 
answers [in the workbook], I do not want them to write things like “this is 
changed”. What has changed? Is it ‘width’ or ‘height’, which side? Or instead of 
saying ‘sides’, I wanted them to write ‘corresponding sides’. [L9-int.]  

For example, during whole-class discussions, Lara promoted students’ use 
of precise mathematical and technological language essential to the DMT-
enriched activities and their understanding of the meanings of the associated 
language. This was evidenced by the questions she posed to the whole-class 
such as “What do you understand by ‘mathematically similar shapes’?” [L10-
obs.] or “What is between ratio? What do you understand by between ratio?” 
[L11-obs.]. This was also further evidenced by her requests from students to be 
more precise about their explanations when they provided vague ones such as 
“[Within ratio is] the same thing but like in the whole shape”. However, it is 
notable that although Lara attempted to improve students’ use of precise 
mathematical language, she did not strongly encourage them to give detailed 
explanations using the associated precise language in their responses. This 
seemed to stem from that the main purpose of her questioning was to check if 
students’ written responses were correct or not and to provide them with the 
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correct answers. No matter how accurate students’ responses were, she tended 
to move on the next questions without asking follow-up questions for more 
elaboration on their explanations.  

Moreover, Lara’s preference not to use the DMT dynamically herself in her 
lessons, especially during whole-class discussions, shaped the focus of the 
language she (and her students) used. Their language was predominantly 
associated with the mathematical (e.g., corresponding angles, corresponding 
sides, scale factor) rather than technological aspects (e.g., scale factor slider, 
angle slider, ratio checker). However, although she did not use the DMT ‘live’ 
herself during the periods of whole-class teaching, there were few occasions 
when she did use some technological language, particularly when instructing 
the class. For example, she used the phrase ‘angle slider’ when making the 
following statement in the context of Activity 5.2 (see Figure 5.6): “If you look at 
Copy 2, it does not move when moving the angle slider. Copy 2 stays the same” 
[L12-obs.]. Nonetheless, some of the technological terms she articulated in the 
class such as ‘slider X’, and ‘slider Y’ were ambiguous as she was inclined to 
use pronouns (e.g., this) in order to refer to them, as can be seen in her verbatim 
from the lesson below:  

You need to see what is happening here if you move this [slider X] and this 
[slider Y]. What can you see? What is happening to this [the shape]? [L13-obs.] 

Additionally, during students’ independent work with the DMT at computers, 
Lara interacted with few individual or pairs of students to provide support and 
guidance. This restricted the opportunities she might have had to promote 
students’ use of precise mathematical and technological language. However, 
when students were working on the activities with the DMT that entailed them 
recording what they had explored in their workbooks, she invited them to think 
carefully about the language they used, as evidenced by her following 
instruction: 

I do not want you to give very lengthy answer there [in the workbook], do not 
just write anything. So, it should be appropriate to the mathematics. That would 
be great. [L14-obs.] 
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5.2.3 Developing Classroom Dialogue Focused on the DMT 

In her lessons, Lara posed both closed and open-ended questions to students 
to encourage them to articulate their responses, particularly during whole-class 
teaching. However, although she started discussions by posing open-ended 
questions to students, she tended not to pursue them by asking follow-up 
questions, which might have enabled students to reflect on their answers and 
thereby stimulate the relevant discussion. Especially during whole-class 
plenaries, the main purpose of the questions she posed to the class seemed to 
be to check and mark students’ oral and written answers rather than probing 
and understanding their underlying thinking and associated justifications. 
During these times, she tended to read aloud the questions provided in the CM 
student workbook and to expect students to provide their answers quickly in 
light of what they had noticed during their engagement in the tasks. Having 
obtained one or two answers from students, she showed a tendency to move 
on to the next question. For example, during a whole-class plenary, Lara asked 
students to make a prediction about if the value of the between ratio changes 
sometimes, always, or never across a set of mathematically similar shapes. 
Although students agreed that the between ratio never changes across a family 
of similar shapes, she neither invited them to provide their accompanying 
justification nor used the DMT ‘live’ to show the class that the correct answer 
was actually ‘sometimes’, which would have been easily demonstrated by 
dragging the length sliders. 

Moreover, during whole-class teaching, Lara’s main questions were mostly 
accompanied by verbal checkmarks such as ‘okay’ or ‘good’ when students’ 
responses were correct (or mostly correct). For example, when she asked the 
following question, which was provided in the CM workbook, to the whole-class 
“When moving the scale factor slider, what happens to corresponding angles in 
the two mathematically similar parallelograms? What happens to the sides?” 
[L15-obs.], she did not encourage students to articulate their thinking and 
justification following their answers. She only said ‘Okay’ to students without 
providing them with feedback on if how accurate their answers were. 
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Although some of Lara’s exploratory mathematical questions supported 
students’ reasoning and justification as they required elaborating their thinking 
such as “If the shapes are similar, what can you tell me about the angles in the 
shapes?” [L16-obs.], she tended to ask them broad questions such as “What 
did you notice?” or “What would you say?”, “Is there anything that you have 
observed” [L17-obs.]. In other words, she did not ask well-focused questions 
regarding the mathematical contents that have the potential to promote deeper 
mathematical thinking. Such broad questions that Lara tended to ask did not 
prompt students to focus on particular mathematical ideas and relationships 
embedded in the DMT-enriched tasks, such as that when enlarging a shape by 
a scale factor, the corresponding angles of the original and the resulting shape 
remain the same. As outlined above, with such broad questions, she seemed 
to aim to obtain information from students and evaluate their oral and written 
responses, rather than probing and understanding their ways of thinking and 
accompanying justifications.  

What is more, as previously mentioned, Lara did not circulate around her 
classroom and interact with students very frequently when students were 
working independently at computers. When she did, she occasionally posed 
questions to them.  Although these questions were dominated again by broad 
questions akin to the examples outlined above, which were usually left 
unanswered by students, there were rare instances when she asked students 
open-ended, probing questions. These questions, such as “There are two 
shapes there. Are they mathematically similar? Why would you think they are 
or they are not?” or “What happens when you decrease the scale factor slider? 
What happens to the shape?” [L18-obs.], led to students focusing their attention 
to the underlying relationships and invariant properties related to GS. However, 
since these questions were not usually followed by follow-up questions, rich, 
meaningful discussions did not occur on students’ work in the dynamic 
environment. Therefore, during students’ independent work with the DMT, the 
times of interactions between Lara and students were rather short and the 
quality of the interactions was not high, as illuminated by the following dialogue 
between Lara and a student: 
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Lara: Can you observe what is happening? 

Student: When I change the scale factor, it [the shape] is getting bigger or 
smaller. (The student kept dragging the scale factor slider to enlarge the side 
lengths of the shape) 

Lara: Okay, so, is it getting bigger on just one side or both of sides? Okay, 
make your observation and write it down [in the workbook]. [L19-obs.] 

 In her post-lesson reflection, Lara commented that she used questioning 
as a pedagogical approach in the teaching of GS with the DMT to evaluate 
students’ answers. 

I am using a lot of questioning. Because it is just to see how much they 
[students] remember and if they know what we are talking about. And some of 
them are giving good answers when I ask them questions. [L20-int.] 

Her reflection indicates that the main aim of her questioning was to assess 
students’ responses rather than probing and understanding their ways of 
thinking and accompanying justifications. 

5.2.4 Anticipating, Identifying, and Addressing Students’ 
Misconceptions through the Dynamic Use of the DMT 

In her curriculum script, Lara identified two misconceptions that students faced 
when engaging with the DMT-enriched activities. She did not use the DMT ‘live’ 
herself in the observed lessons to support students in addressing them although 
she highlighted the potential of the DMT in doing so during her post-lesson 
reflection. These misconceptions were: 

- If two geometric shapes look similar in appearance (e.g., rectangles), 
they are mathematically similar. 

- An enlargement is a mathematically similar shape that is always larger 
than the original. 

Below, to provide an insight into how she addressed a misconception, I 
present the analysis of only the second misconception outlined above. 
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5.2.4.1 Promoting students’ recognition that an enlargement does not 
only result in the creation of a similar shape larger than the 
original 

In her post-lesson reflection, Lara expressed that students had struggled to 
understand that an enlargement may result in a shape being smaller than the 
original as they were inclined to think that an enlargement is a mathematically 
similar shape that is always larger than the original. She also reported that such 
a misconception might stem from their use of the word ‘enlargement’ in 
everyday life. 

For them [students], an enlargement is just making something bigger. They do 
not really see you are making something smaller and you are calling it an 
enlargement. The reason for their misunderstanding is probably because of the 
word ‘enlargement’ itself because enlargement means getting bigger in English. 
[L21-int.] 

In her post-lesson reflection, Lara outlined that she recognised this 
misconception when interacting with a pair of students as they asked her to 
confirm what she had said in the previous lesson regarding the possible impact 
of an enlargement on the sides of shapes. She also stated that students’ 
engagement with Activity 2.2 (see Figure 5.2), where students predicted, tested, 
and explored if the rectangles were mathematically similar to the original on the 
basis of visual and numerical cues, helped them realise and understand that an 
enlargement may create a smaller similar shape than the original. 

They [students] cannot connect that an enlargement also makes a shape 
smaller because in their mind, an enlargement is something getting bigger. 
They told me "you said yesterday that an enlargement can make the shapes 
smaller as well". So, for them, by themselves, they are not connecting it until 
we have done this [Activity 2.2]. So, from the original to Copy 2, they can see 
the bigger shape [the original shape] is getting smaller. Before that, they could 
not, that is how I assumed or observed. [L22-int.] 

However, she herself did not use the DMT ‘live’ in a whole-class setting to 
help students to realise the fact that an enlargement is a similar shape which 
may be smaller than the original, too. Instead, she only allowed students to use 
the DMT to confront and reflect upon this misconception by themselves during 
their independent work at computers. 
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5.3 Resource System 

Lara used the Cornerstone Maths (CM) resources containing a set of DMT-
enriched activities as her central resource. She also adopted static pictures and 
traditional exam style questions as supplemental resources to enhance 
students’ understanding of the ideas of GS. Below, I present the analysis of 
Lara’s resource system for teaching GS using DMT in terms of the themes 
identified and outlined in Section 4.3.2 of the interlude chapter.  

5.3.1 Recognising the Affordances of the DMT for Promoting Students’ 
Understanding of GS 

According to Lara, the dynamic and visual nature of the DMT improved students’ 
engagement and enabled them to explore and learn the mathematical ideas of 
GS. She acknowledged that the affordances of the DMT (e.g., visualisation, 
measurement) offered students the opportunities for exploration and 
visualisation of the mathematical ideas, which would not be otherwise 
achievable. 

I think it [the use of the DMT] is a good experience for all people [students]. 
Because they are visualising, they can see and play around with the sliders, 
making the shapes bigger, distorting them. Some of them, they could rotate, 
some of them do measurements. So, it is good for them to experience and 
explore what is all about. [L23-int.] 

Lara also thought that the DMT enabled and encouraged students to ask 
questions to themselves while independently interacting with it to accomplish 
the activities. She stressed that students asked fewer questions to her when 
they made use of the DMT to work on the tasks since they could use it to 
generate answers by themselves. 

In the [normal] class [without the DMT], kids are probably not asking enough 
questions to themselves, whereas now there is the software, it is free for them 
to play around. So, I think, that is a good experience. They asked less questions 
to me because they were already playing with the software, it is technology, 
they like doing anything with technology. So, that is why, they are very engaged. 
Without me telling them what to do, they are able to do with. [L24-int.] 

Similarly, Lara valued the potential of the DMT in promoting students’ 
independent work. She also stressed that the DMT led to students focusing their 
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attention to the mathematical phenomenon being investigated rather than 
devoting time towards drawing or writing in their notebooks. 

They [the DMT-enriched CM activities] are more independent tasks, they 
[students] find them [the mathematical ideas about GS] by themselves, they 
observed by themselves. Whereas when we do in the traditional class, they 
have to draw shapes in their notebook, here [with the DMT], students do not 
need do anything, they are just visualizing what is happening. [L25-int.] 

Lara was also aware of the importance of the instant feedback provided by 
the DMT in enabling students to recognise and understand whether what they 
were doing in the dynamic environment was mathematically accurate or not. 

Because it [ratio checker] is pulling the value away7, they [students] do not know 
why. They kept dragging the same thing [value] [to the ratio checker]. You can 
see that it is pulled away, so that means that it [the DMT] is telling you either it 
is wrong, or, maybe try another size, I mean, drag another size, and see if it is 
doing the same thing. But they are thinking it is not their fault. So, I think it [the 
DMT] makes you aware that you are making a mistake. [L26-int.] 

Lara finally stressed that the use of the DMT enabled students to determine 
if figures are mathematically similar by examining visually the images 
embedded inside of the shapes in the dynamic environment. It also enabled her 
and students to examine the various properties of mathematically similar figures 
other than only corresponding sides (e.g., corresponding angles). 

When we do it in the normal class [teaching GS without the use of the DMT], I 
think we do not really focus on what is inside the picture like here in the software 
that there is another shape like circle. [In the normal class], we are teaching just 
sides, we are just talking about sizes, not what is inside [of shapes]. But, with 
the software, we talk about angles and everything. [L27-int.] 

5.3.2 Dynamic and Static Uses of the DMT 

Lara integrated the use of the DMT into her lessons to promote students’ 
learning of GS. She tended to exploit the dynamic affordances of the DMT 
during the independent work of students at computers rather than during the 
subsequent whole-class discussions (see Figure 5.10).  

 
 

7 If students drag the measurements of sides which do not correspond into the ratio 
checker, the design of the DMT prevents the value from being dropped into its cells. 
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Figure 5.10 In Lara’s classroom (ICT room), a student interacting with the DMT at 
her desktop computer 

 

During students’ interactions with the DMT, although Lara engaged in one-
to-one conversations with some of them and made occasional use of the DMT 
‘live’ at their desktops or iPads, the periods of times she used the DMT ‘live’ 
were rather short (generally less than one minute). Therefore, her interventions 
did not necessarily lead to a rich mathematical discussion on the underlying 
mathematical elements of the multiple representations and the links between 
them. She generally prompted and guided students on their actions on the DMT. 
For example, in the context of Activity 3.2 (see Figure 5.4), Lara used the DMT 
‘live’ to help one of the paired students to drag the measurements of the side 
lengths of the shapes to the measurement table and then to take snapshots of 
the measurements in the measurement table. She instructed them to create the 
different scenarios of the measurements in the measurement table by 
dynamically enlarging the shapes. However, she did not explicitly emphasise to 
students the role of the snapshots in their exploration of the numerical 
relationships between them. This is evidenced by her reflections on her 
observed lessons: 

I walked around and I would see what they [students] have done [in the dynamic 
learning environment]. I know they used the measurement table, snapshot and 
ratio checker. But I did not have a chance to have a look carefully whether they 
could see the [mathematical] connection [between the different 
representations]. [L28-int.] 
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As mentioned above, Lara tended not to use the DMT directly and 
dynamically during whole-class discussions. Instead, she favored displaying the 
DMT on the IWB or incorporating static screen shots of the DMT in her lesson 
presentation slides. Moreover, during whole-class discussions, she tended not 
to make reference to the mathematical contents in the slides on the IWB or to 
gesture to the DMT on the IWB. She mostly used the ordinary whiteboard to 
write text and draw figures when she needed to explain and/or discuss the 
mathematics at stake, as can be seen in Figure 5.11.  

Although Lara did not use the DMT ‘live’ during whole-class discussions, on 
a few occasions, she selected students who had successfully completed an 
activity with the use of the DMT and asked them to show their related work to 
the whole-class by using the DMT dynamically. However, the focus for the 
whole-class discussions on the students’ work was generally limited to 
explanations of how they had used the technical tools of the DMT to achieve 
the activities, rather than their interpretations of the mathematical outcomes of 
their work on the DMT. 

 

 

Figure 5.11 Lara using the ordinary whiteboard during whole-class discussions 
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5.3.3 Integrating and Using Other Resources alongside the DMT 

Lara adopted the ready-to use CM resources by mostly following the sequence 
of the activities without modification. As a supplementary resource, she did use 
several real-life examples of ‘static’ pictures representing the topic of GS in her 
initial lessons, along with several traditional exam-style questions in her latter 
lessons. In her post-lesson reflection, Lara mentioned that CM resources are 
sufficient for students to understand GS.  

I think they [CM resources] are enough because when I did them myself8, I did 
not use any other resource, I did just get on the activities, as they go along, like 
the way they laid out. I think it is quite good. [L29-int.] 

In the beginning of her first lesson, Lara, for example, used two pictures to 
introduce students to situation where GS is used in a daily life. When she 
convened a whole-class discussion on these pictures displayed statically on the 
IWB, the DMT was not available to students to use. She did not make any 
mathematical link between the whole-class discussion in relation to the pictures 
and what students were expected to engage with in the dynamic environment 
of the DMT.  

As outlined above, Lara also integrated a number of exam-style questions 
into her resource system for the teaching of GS. For example, following 
Investigation 3, which dealt with the role of scale factor when creating similar 
shapes, she employed an exam-style question as a supplemental task. This 
task required students to find the values of the lengths of the missing sides in 
the similar triangles given by exploring and using the multiplicative relationships 
between their corresponding sides. 

In her post-lesson reflection, Lara outlined that she integrated the traditional 
exam-style questions into her resource system as students do not encounter 
tasks as the ones presented in the DMT, but rather such traditional exam-style 
questions when they have a national exam. 

 
 

8 Prior to teaching GS with the DMT in the observed lessons, she had completed all 
the CM investigations related GS for herself. 
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Because, Year 9, they [students] do in their paper. They will get GCSE [General 
Certificate of Secondary Education] exam questions. So, they will not get what 
they have seen on the software and in the [CM] booklet. They will get these 
kinds of [exam-style] questions related to the topic [of GS]. They should be 
shown these kinds of questions they expect. In case, some of them think that 
“Well, we have done this [the DMT-enriched activity], but it is not in common 
what we do on the paper. [L30-int.] 

5.3.4 Enabling Students’ Use of the DMT in Mathematically Productive 
Ways 

In her lessons, Lara did not provide a demonstration of the tool techniques for 
using the DMT to the whole-class in order for students to become familiar with 
them prior to the start of their engagement with the CM activities. Therefore, she 
did make use of the DMT (neither dynamically nor statically) for the whole-class 
demonstration of the core techniques of the DMT. However, especially in her 
initial lessons, before students began working on the CM activities, she provided 
them with the opportunities to interact freely with the DMT so that they could 
have a chance to explore the key affordances on their own and thereby 
familiarising themselves with them. Nevertheless, during the subsequent whole-
class discussions, she did not necessarily invite students to share with the 
whole-class their discoveries of the tool techniques to review. Reflecting on one 
of her initial lessons, she reported that her curriculum script originally included 
a whole-class demonstration of the tool techniques prior to students’ 
engagement with the DMT; however, she revised it after observing them 
exploiting successfully the functionalities of the DMT in the lessons. In this 
respect, she was reticent to give technical demonstrations. 

That [the fact that students were able to use the DMT without the need for a 
technical demonstration by the teacher] has changed my planning a bit. 
Because I planned in a way that I will tell them how to use the tools in the 
software. When I was walking around, they were discussing, and they were 
able to do with the software. That is why, I skipped it [technical demonstration 
of the tool techniques of the DMT]. So, I just let them play [with the DMT] and 
move on the activity. [L31-int.] 

When students were working independently, Lara did occasionally make 
use of the DMT ‘live’ for a short time (less than 30 seconds) to carry out 
individual demonstrations of the tool techniques that students had difficulty 
exploiting in mathematically productive ways. For example, in one of her 
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lessons where the focus was on the role of corresponding angles in the creation 
of similar shapes, she showed and explained how to use the angle and scale 
factor sliders when examining the corresponding angles to a student who 
experienced difficulty using them during the student independent work at 
computers. In the post-lesson interview, she commented about her employment 
of this particular individual technical demo orchestration, as follows: 

I think they [students] got well with the features of the software such as 
‘measuring’. I was surprised by the way students used the software. I showed 
few of them technical things related to the software, but not the whole-class, 
because they could get on [with the software]. [L32-int.] 

5.4 Activity Structure 

In this section, I outline the types of activity formats Lara employed when 
convening the DMT-enriched activities in her classrooms and the ways in which 
she exploited them. 

5.4.1 Orchestration of the DMT-Enriched Activities 

Over the eight lessons taught by Lara, she adopted several orchestration types 
to organise and carry out her classroom activities around the use of the DMT. 
The fact that she did not use the DMT ‘live’ during whole-class plenaries 
resulted in her not using the DMT-centred orchestrations such as discuss-the-
screen in a whole-class setting. Instead she used the ones being not 
instrumented by the DMT such as board-instruction or not-use-tech. 
Nonetheless, during student independent work at computers, Lara employed 
occasionally the DMT-centred orchestrations (e.g., individual discuss-the-
screen) as she, while interacting with students, initiated conversations with them 
about their work that were sometimes accompanied and reinforced by her (and 
her students’) dynamic use of the DMT. 

In Table 5.1, I present a summary of the orchestration types that Lara 
employed over the course of his eight observed lessons and portrays the ways 
in which she employed them, drawing on the examples of her practice that have 
been already described. In the following section, I examine and describe two of 
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them in greater details as they were instrumented by the DMT and frequently 
used by Lara. 
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Table 5.1 Orchestration types used by Lara in the observed lessons along with their descriptions 

Orchestration types that 
Lara employed in her 
lessons 

 
Characterisation of the orchestration type observed 

(individual) Technical demo 
 

Using the DMT ‘live’ in a whole-class context, she did not perform a technical demonstration of the tool techniques for 
using the DMT. Rather, she allowed students to discover the tool techniques themselves by interacting freely with the 
DMT for few minutes (3-4 minutes). During student independent work at computers, she sometimes used the individual 
technical-demo orchestration to help students having difficulty exploiting the affordances of the DMT. For the duration 
of this orchestration, she rarely made dynamic use of the DMT to explain and demonstrate the tool techniques such 
as how to drag the measurements to the cells of the ratio checker.  

Explain-the-screen 
 

Lara employed the explain-the-screen orchestration during whole-class teaching. However, she used this orchestration 
to explain the mathematical content related to the static pictures or static screenshots of the DMT displayed on the 
IWB rather than the dynamic screen on the DMT. 

Work-and-walk-by 
 

Lara predominantly employed the work-and-walk-by orchestration in her lessons while students were independently 
working in pairs on the activities embedding the use of the DMT. During this orchestration, she walked among students 
to make sure that they maintained their focus on the use of the DMT to accomplish the tasks and to interact with them 
to probe and extend their emergent understandings. However, she usually assisted students in handling the issues 
related to the technical aspects of the DMT rather than the mathematical aspects. 

(individual) Discuss-the 
screen 
 

Since she did not use the DMT dynamically during the sessions of whole-class teaching (although she displayed the 
DMT on the IWB), Lara did not create opportunities to use the discuss-the-screen orchestration to discuss what 
happens dynamically on the DMT. However, she sometimes employed the individual discuss-the-screen orchestration 
to create a short discussion when circulating around the class during students’ independent work at computers. 
However, her interaction with students during this orchestration did not lead to a rich, meaningful discussion as she 
did not use the DMT ‘live’ and ask open-ended questions followed by follow-up questions regarding their actions on 
the DMT and the accompanied outcomes. 
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(individual) Guide-and-
explain  
 

When using the work-and-walk-by orchestration, Lara sometime employed the individual guide-and-explain 
orchestration to provide guidance and instruction to a (pair of) student(s) by explaining the mathematical concepts 
mainly based on what happened on the screen. 

Sherpa-at-work  Lara used this orchestration several times across her observed eight lessons. During whole-class plenaries, in order 
to show their work to the whole-class operating the DMT on the IWB, she asked some students that she identified as 
productive users of the DMT in terms of accomplishing the tasks. However, the Sherpa students’ demonstrations of 
their work did not go beyond the technical aspects of their work. In her post-lesson interview, she explained her aim 
with the use of the sherpa-at-work orchestration: “Usually they [students] understand better when their pairs explain to 
others. […] They like going to the board and do things, so I let them go and show [their work in the DMT]. So, that 
improves their skills because they are showing the whole-class their work and then their attitudes how they are learning.  
[L33-int.] 

Board-instruction/Not-use-
tech  

During whole-class teaching, as outlined earlier, Lara did not use the DMT ‘live’ to stimulate students’ emergent 
understandings. Although she exploited the IWB for the purpose of (static) demonstration of the CM activities in the 
DMT, she tended not to make reference to them when explaining or discussing the mathematics at stake. Instead, she 
predominantly used the board-instruction orchestration to exploit the ordinary whiteboard on which to write or draw, 
enabling her to further explain and/or discuss the mathematics at stake. 
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5.4.1.1 the (individual) Discuss-the-screen orchestration 

Lara did not use the discuss-the-screen orchestration. Instead, she rarely used 
this orchestration type to discuss the static contents on the DMT displayed on 
the IWB through questioning. This was because, during whole-class plenaries, 
she predominantly asked students to articulate their responses to the questions 
in the workbook without the detailed explanations or justifications so that she 
could check if they were correct. 

Throughout student independent work at computers, Lara mostly walked 
around the class, during which she sometimes interacted with students to check 
their work performed in the dynamic environment and in the workbook. During 
these interactions, she occasionally employed the individual discuss-the-screen 
orchestration to discuss and clarify what was happening in the dynamic 
environment as a result of her and her students’ actions on the DMT. For 
example, in a lesson, when students worked independently at computers, she 
assisted a pair of students to drag the side measurements across to cells of the 
table by taking the corresponding sides into consideration and then to take a 
snapshot of each table. She also drew students’ attention to the fact that if they 
dragged the measurements of the sides which did not correspond to the ratio 
checker, the design of the DMT prevented the value from being dropped into its 
cells. Then, she discussed with them how to interpret the measurements within 
the measurement table to identify the multiplicative relationship between the 
corresponding sides of the similar shapes. She encouraged them to analyse the 
different cases of the side measurements of the similar shapes created in the 
dynamic environment.  

However, it is worth mentioning that when using the individual discuss-the-
screen orchestration, she tended to generate discussions lasting very short 
periods of time. This was mainly due to that she did not use the DMT ‘live’ during 
the discussions and ask open-ended questions followed by follow-up questions 
regarding their actions on the DMT and the accompanying outcomes that might 
fuel rich, meaningful discussions. For example, the dialogue below occurred 
when Lara employed the individual discuss-the-screen orchestration over a 
short time span: 



5  WITHIN-CASE ANALYSIS 1 
 
 

 
 

174 

Lara: How do you explore? [showing the student’s screen of the DMT]  

Student: Because the scale factor is 3. 

Lara: Ok, so, how do you get 12? You need to show this. 

Student: Because when 15 is divided by 5, it is 3. So, it is a scale factor. 

Lara: So, then how do you get 13? Your explanation is correct. 

Student: [inaudible]. (the discussion ended) [L34-obs.] 

5.4.1.2 the Work-and-walk-by orchestration 

Lara allowed students to work independently in pairs at computers to engage 
with the DMT-enriched CM activities in the most of her observed lessons. During 
student independent work at computers, she employed the work-and-walk-by 
orchestration frequently in every lesson as she moved around the classroom 
(see Figure 5.12), with the aim of: 

- helping students overcome the technical difficulties; 
- explaining the mathematical content in relation to the DMT to students; 
- discussing the mathematical contents on the DMT with students; 
- checking students’ written explanation and providing feedback which 

were sometimes very short such as ‘nice work’, ‘good work’; 
- monitoring what students were performing in the dynamic learning 

environment when engaging with the tasks and listening to what they 
were discussing with each other; and 

- encouraging students to record their explanations and justifications in 
their workbooks and keep working on the next task after they completed 
the current task.  
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Figure 5.12 Lara circulating among students to monitor and provide support 

 

However, when employing this orchestration, Lara did not always interact 
with students although she tended to initiate interaction with students during 
their independent work, rather than waiting for students to ask for help. She 
sometimes preferred to only monitor students’ actions on the DMT and check 
their written responses in the workbook without an interaction.  

In her post-lesson reflection, she highlighted that her aim with the use of this 
particular orchestration was to ensure that students work on the tasks using the 
DMT and to motivate them to maintain their focus. 

I have to consistently walk around and check what they [students] are doing 
[with the DMT]. My aim was to see them on the task. If no eyes are on them, 
you will see sometimes they are on Google. Also, discussing, I am listening to 
what they are discussing in pairs. So, that is the reasons I walked around and 
checked [them]. And then I can tell them “If you get it correct, you can move on 
the next part of the questions”. [L35-int.] 

5.5 Summary 

In this chapter, I summarised Lara’s case with respect to the three constructs of 
the SFCP framework, namely curriculum script, resource system, activity 
structure. The analysis showed that Lara included several teaching goals for 
teaching GS in her curriculum script, such as supporting students’ 
understanding of how to use scale factor to produce similar shapes. The use of 
the DMT led her to extend her curriculum script for teaching GS, for example, 
by integrating the use of within and between ratios in determining whether 
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geometric shapes are mathematically similar. However, she did not introduce 
students to the use of decimal scale factors and the idea of congruency. 
Additionally, although she briefly mentioned the use of a transformations-based 
approach for once across the observed lessons, she did not apply this approach 
to GS tasks in the dynamic environment. To achieve her teaching goals, Lara 
allowed students to engage with the CM activities with the use of the DMT 
during the independent work. However, she did not use the DMT ‘live’ herself 
during whole-class teaching to promote students to fully understand the 
mathematics at stake, but preferred to use the ordinary whiteboard. During 
whole-class discussions, she tended to invite students to share their answers 
to the questions in the CM student workbook, aiming to confirm if they were 
correct without subsequent in-depth discussion. Despite her awareness of the 
importance of the use of precise mathematical language in the class, Lara rarely 
encouraged students to both use such language and provide detailed 
explanations using precise language in their answers, especially during the 
whole-class discussion. The fact that she did not tend to make dynamic use of 
the DMT resulted in both her and her students using the language which was 
predominantly related to the mathematical rather than technological aspects of 
the activities and limited the student-teacher interaction. Although she posed 
both closed and open-ended questions to students, she did not tend to pursue 
them by asking follow-up questions and this led classroom discussions to be 
limited. Although she addressed two misconceptions related to GS in the 
observed lessons, she herself did not use the DMT dynamically to address 
them. Lara incorporated the supplementary resources in her resource system 
along with the DMT-enriched activities, including real-life examples of ‘static’ 
pictures representing the topic of GS in her initial lessons and some traditional 
exam-style questions in her latter lessons. Lastly, although Lara employed 
several orchestration types to carry out her classroom activities around the use 
of the DMT, she tended not to use the DMT-centred orchestrations especially 
during her whole-class teaching, such as discuss-the-screen. 

In the next chapter, I present the analysis of Alex’s case based on the three 
structuring aspects of the SFCP framework (i.e., curriculum script, resource 

system and activity structure).
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6 WITHIN-CASE ANALYSIS 2: 

Alex 
6.1 Introduction 

In this section, I outline the analysis of Alex’s case based on the three 
structuring aspects of the SFCP framework, namely curriculum script, resource 
system, activity structure, and the associated sub-themes that emerged as a 
result of the data analysis. 

6.2 Curriculum Script 

Alex developed his curriculum script for teaching GS with DMT in terms of the 
themes identified and summarised in Section 4.3.1 of Chapter 4 although his 
script also included the use of the PowerPoint slides originally developed by his 
colleague, Lara, who is another participant of this study. Below, under each 
theme, the analysis of Alex’s curriculum script is presented.  

6.2.1 Specifying Teaching Goals for GS and Exploiting the Affordances 
of the DMT 

In this section, I present the analysis of Alex’s teaching goals that details how 
and why he used the DMT (along with the other resources he adopted) in his 
lessons to achieve these goals. 

6.2.1.1 Promoting students’ transition from visual to geometric 
proportional reasoning for GS tasks 

Alex promoted students’ visual and numerical based understanding of GS 
through the use of the DMT by first asking them to identify which Big Ben copies 
were mathematically similar to the original in Activity 1.2 (see Figure 5.1) and 
then to explain their reasoning. Prior to students’ interactions with the DMT, he 
instructed them to use different geometric transformations available to 
superimpose the copies on the original so that they could better visualise and 
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compare if they were mathematically similar to the original. During the 
subsequent whole-class discussion, Alex then gave students the opportunities 
to identify and justify which copies (if any) were mathematically similar to the 
original. For example, a student explained that Copy 4 was not similar to the 
original as it was much taller than the original and a little wider than the original, 
which made it distorted. 

Following this, Alex also promoted students to develop their numerical 
based understanding of GS by using Activity 2.2 in the DMT (see Figure 5.2). 
Before he allowed students to begin work on this activity, he drew their attention 
to the fact that until then, they had used their visual reasoning skills to determine 
if shapes were mathematically similar, however, they might also use their 
numerical reasoning skills to do so. 

Do you agree at the moment all we have been doing is using our eyes? We 
have not been really using numbers, we have found that there is a way of 
getting numbers. [A2-obs.] 

During the subsequent whole-class discussion, through questioning, Alex 
aimed to elucidate what students had explored during their interaction with the 
DMT. Students’ explorations had focused on the numerical relationship 
between the side lengths of the rectangles, as their explanations evidence, “We 
could use the ratios of the sides to find out if they are mathematically similar or 
not [to the original]” or “We multiply [the sides of the original shape] by the same 
number”. Alex also encouraged students to use the images of the London Eye 
embedded in the rectangles as a visual cue to determine if the images were 
similar or not to the original. For example, he pointed out that Copy 3 was not 
mathematically similar to the original since the image of London Eye embedded 
in it looked squashed.  

It is noteworthy that Alex himself did not use the DMT ‘live’ during the whole-
class discussions to underpin students’ emergent understandings in both 
Activity 1.2 and Activity 2.2. Instead, he just displayed the static images of the 
activities that had been imported to his PowerPoint slides using the IWB. 

In his post-lesson interview, Alex pointed out how the visual and dynamic 
potential of the DMT promoted students in understanding the visual and 
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numerical based understanding of GS, which would not be achievable in the 
absence of the DMT. 

They [students] gradually started to ask more questions themselves like "Why 
is this happening?”, “Why are we moving all of this stuff?”. I think integrating the 
technology [the DMT] in general is very helpful in bringing concepts visually and 
dynamically rather than just auditory like listening […]. With the software, you 
can get to move it, you get to play around with the image, you can get to 
experiment, essentially. You do not get experiment in a classroom necessarily 
if you work with the board or you work on a worksheet or textbooks. [A3-int.] 

6.2.1.2 Promoting students’ understanding of the role of scale factor in 
creating similar shapes 

Alex adopted and used the DMT, specifically Activity 3.1 and Activity 3.2 (see 
Figure 5.3 and Figure 5.4, respectively), in his lessons to enable students to 
grasp the role of scale factor in the creation of similar shapes. 

He only used the DMT ‘live’ during whole-class discussions once to do a 
technical demonstration of how to rotate a shape in the dynamic environment. 
However, he did offer students the opportunity to interact with the DMT to work 
on Activity 3.1 and Activity 3.2 during their independent work at desktops. 
Moreover, during the subsequent whole-class discussions, guided by his 
pedagogical technique of questioning, Alex focused on students’ exploration of 
how enlarging an original shape by a certain scale factor affected the 
measurements of the side lengths of the resulting shape. He also focused 
students’ attention to the fact that if the original shape was enlarged in the DMT 
by clicking on their enlargement grab point and dragging it to the preferred 
enlargement, this led to the resulting copy shapes being simultaneously 
enlarged and to the value of scale factor on the scale factor slider remaining 
unchanged. However, if the copy shapes were enlarged by manipulating the 
scale factor slider, this did not result in the original being enlarged 
simultaneously. Although Alex emphasised these mathematical facts in the 
class, he did not clarify the underlying reason(s) why they had occurred in his 
discourse. In his post-lesson reflection, Alex justified the mathematical aims for 
this classroom discourse thus: 
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I wanted them [students] to understand it is always the original, therefore, it is 
always the basis, it is always the starting point. So, if you change the starting 
point and the finish point needs to change as well. So, the Copy [the resulting 
shape] has to then be adapted to the original. If the Copy wants to remain 5 
times bigger than the original, it has to increase or decrease depending on the 
sides of the original. So, that was the point I was playing around, which I found 
interesting. [A4-int.] 

Alex’s curriculum script also involved the idea of the term ‘congruency’ as a 
special case of enlargement with a scale factor of 1. He did not use the DMT 
‘live’ to demonstrate and explain what happens to the side properties of figures 
when enlarging them by a scale factor of 1. However, he allowed students to 
apply the types of geometric transformations to the figures in the dynamic 
environment to compare their side properties so that they could see the effect 
of the scale factor of 1 on the resulting figures. 

6.2.1.3 Promoting students’ understanding of the role of corresponding 
angles in creating similar shapes  

Alex considered this teaching goal as an important aspect of his curriculum 
script, saying that his students “do not bring corresponding angles and 
corresponding sides together. […] When they just focus on [corresponding] 
sides, they might miss the fact that corresponding angles need to be the same. 
They need to be aware of both” [A5-int.].  

In the lesson, Alex capitalised on the potential of the DMT to achieve this 
teaching goal in the context of Activity 5.1 and Activity 5.2 (see Figure 6.1 and 
Figure 5.6, respectively), mediated by both students’ independent work at 
computers and whole-class discussion. He allowed students to work on the 
activities with the DMT individually or in pair. During these times, they 
particularly made dynamic use of the angle slider and the scale factor slider to 
examine how moving the scale factor slider and angle slider changed the 
corresponding angles and how such changes impacted on whether the 
parallelograms stayed mathematically similar to the original. 
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Figure 6.1 Activity 5.1 in the DMT where students are expected to notice that 
Copy 7 is not mathematically similar to the original 

 

In addition to students’ dynamic use of the DMT, as mentioned above, Alex 
himself also exploited the dynamic features of the DMT a few times during the 
whole-class discussions. On the first occasion, having asked the class to 
compare the corresponding angles for the original and Copy 7 in the context of 
Activity 5.1, he decided to use the DMT ‘live’ from his computer desktop to 
reposition Copy 7 in a way that assisted students to see and understand that 
the angles in a shape are also important when determining similarity, as 
evidenced by his conclusion in the class: 

Here we can say the [corresponding] angles are not the same, and based on 
that, I can draw a conclusion that they are not similar, you guys see this visually 
as well. [A6-obs.] 

In his post-lesson interview, Alex reported that the use of the 
transformational features of the DMT (e.g., ‘rotate’ and ‘translate’ controls) 
enabled him (and his students) to identify and examine the corresponding 
angles, especially given the different orientations of the shapes in the activity. 
He appreciated that this would be difficult to accomplish for students in a paper 
and pencil. 
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If you get a shape where the shape is oriented, you can use the software [the 
DMT] to orientate the shape differently to see where corresponding sides and 
angles are. I think those types of things are useful in the software because you 
can use the software to rotate the shape to find, as I said, where these angles 
go. If you use an exam question, it is hard for students to understand what they 
are focusing on, the angles, the sides. [A7-int.] 

On the second occasion, Alex used the DMT dynamically from his desktop 
computer in the context of Activity 5.2 to measure the corresponding angles of 
the parallelograms and then vary the angles by dragging the angle slider. While 
doing so, he also made a dynamic link between the angle slider and the 
parallelograms themselves and their corresponding angles. While dragging the 
angle slider, he drew students’ attention to the fact that the corresponding 
angles in the original and Copy 1 changed together but remained equal, which 
resulted in the two figures remaining to be mathematically similar.  

However, Alex did not highlight that while dragging the angle slider, as the 
angles of Copy 2 were not controlled by the slider, it did not stay similar to the 
original as Copy 1 did. Although he posed a question to the class as to why 
dragging the angle slider did not affect the angles in Copy 2, their discussion 
was limited mainly to the technical rather than the mathematical interpretation 
of the outcomes. He seemed to be confused about the role of the static 
parallelogram of Copy 2 to enable students’ understanding of the role of 
corresponding angles when determining whether two shapes were 
mathematically similar, as indicated by his post-lesson reflection. 

I am personally interested in finding out why Copy 2 is there [in Activity 5.2], I 
said to people that I want to learn and understand why the additional Copy 2 is 
there with Copy 1. Copy 1 is the only one which is changing with the original. 
When I change the angle slider, why does it affect Copy 1, but not Copy 2? So, 
I want to kind of get out of it. Because I did not get it much. [A8-int.] 

6.2.1.4 Promoting students’ understanding of the use of within ratios and 
between ratios to determine similarity 

In his post-lesson interview, Alex expressed that the ideas of within and 
between ratios were novel to him and that he had developed his knowledge 
regarding these two types of ratios through his engagement with the DMT. 
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I do now know these kinds of facts [within and between ratios], I realised and 
explored them with the software. […] I have seen people using it, but I have 
never understood it in the way I understand now. So, I understand it with the 
features of the software such as the ratio checker or the animation. [A9-int.] 

To develop students’ appreciation of within and between ratios as two 
different ways to determine the similarity of shapes, Alex allocated time for 
students to work with the DMT in the context of Activity 7.1 and Activity 7.2 (see 
Figure 5.7 and Figure 5.8, respectively). In addition, he also used the DMT ‘live’ 
a few times during whole-class teaching to stimulate students’ emergent 
understandings. For example, in Activity 7.1, he used the DMT dynamically to 
measure all the side lengths of the two rectangles (in red and in blue) and then 
dragged the measurements into the cells of the ratio checker to examine the 
within ratios of sides in each rectangle and the between ratios of the 
corresponding sides between the rectangles. While using the ratio checker, he 
particularly drew students’ attention to the equality of the two sets of the 
statements in the ratio checker that indicated the equivalence of within ratios or 
between ratios. During this time, he also emphasised that while the between 

ratio of corresponding sides for similar rectangles is the same with the scale 
factor, regardless of what the scale factor is, the within ratios across a family of 
shapes are the same. In his reflection after the lesson, Alex mentioned what 
happened when he and students were using the ratio checker to examine within 

and between ratios. 

I had the people [students] who were playing around it [the ratio checker], my 
question to them is that "Why do you put the numbers in the certain order?". I 
said "What about if you change the order in terms of the measurements, rather 
than having "red" in one section, vertically and vertically, have it horizontally 
and horizontally, what happens to the different colours [shown in the ratio 
checker]. I said [that] equality is very important here because it shows them 
there were two different ways of getting that equal. [A10-int.] 

Although Alex exploited the affordances of the DMT, such as the ratio 
checker, while assisting students to understand these two types of ratios within 
GS, he did not encourage them to see the mathematical connections between 
them, or more fully understand the impact of the dynamic elements on these 
representations. For example, in Investigation 8, although he used the ratio 
checker to examine the invariant property of the within ratios for mathematically 
similar triangles, he did not manipulate the scale factor slider(s) to show and 
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interpret the impact of a change in the values of scale factor on the values in 
the two statements of the ratio checker. 

6.2.1.5 Promoting students’ understanding of the application of 
geometric transformations to GS to show similarity and 
congruence 

Alex introduced a transformations-based approach to GS to students in one of 
his very early observed lessons without making use of the DMT, as follows: 

Applying three types of transformations including rotation, reflection, and 
translation to an original [shape] does create an identical shape as the sides, 
angles, and appearance do not change, yet, for enlargement, applying this type 
of transformation leads to the original being not identical because the sides 
change proportionally although the appearance and the angles do not change. 
[A11-obs.] 

Nevertheless, in his latter lessons, although he drew students’ attention to 
applying the types of transformations to the shapes when examining their 
similarity, he did not frequently use the DMT ‘live’ in the class for the application 
of transformations to GS-related tasks. For example, in Activity 3.2 (see Figure 
5.4), although Alex did bring students’ attention to the use of the types of 
transformations to investigate the properties of similar triangles, he did not 
exploit the transformational features of the DMT to do so during his whole-class 
teaching. Nevertheless, in the following lessons, Alex used the DMT ‘live’ to 
apply a sequence of transformations to the shapes in Activity 5.1 and Activity 
5.2 (see Figure 6.1 and Figure 5.6, respectively). This was to enable students 
to explore the role of corresponding angles in determining if two shapes are 
mathematically similar. For example, in Activity 5.1, Alex used the DMT 
dynamically from his computer desktop during which he first translated and then 
rotated the original and Copy 7 to reposition them (as shown in Figure 6.2). 
Doing so facilitated students to see how having non-equivalent angles leads to 
shapes being not similar mathematically. 
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Step 1: Using the translate 
control, Alex first translated 

Copy 7 in order to locate it on 
the line. 

 

Step 2: Using the rotate 
control, Alex rotated Copy 7 to 
facilitate students to recognise 

the relationship between 
corresponding angles. 

 

Step 3: Alex invited students to 
compare the original and Copy 
7 to determine if Copy 7 was 
mathematically similar to the 

original. 

 

Figure 6.2 The steps followed by Alex using a transformations-based approach to GS 
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Moreover, in Activity 5.2, when investigating the equality of the 
corresponding angles of the two parallelograms, namely Copy 1 and Copy 2, 
Alex used the DMT ‘live’ again to apply a sequence of transformations to the 
parallelogram. He superimposed Copy 1 on the top of Copy 2 using the 
transformations that made visual their equal corresponding angles. As a result, 
he enabled students to recognise that the two shapes were congruent. 
However, during this time, he did not drag the angle slider, which controlled only 
the angles of Copy 1, to demonstrate that since the corresponding angles did 
not change together in the same way, the superimposed Copy 1 and Copy 2 
did not remain mathematically similar. Therefore, he did not exploit the 
opportunity to make a dynamic link between the dynamic angle slider and the 
values of corresponding angles of the parallelograms being superimposed. 

6.2.2 Encouraging Students’ Use of Precise Mathematical and 
Technological Vocabulary 

Alex paid attention to students’ use and development of precise mathematical 
and technological language in his lessons. Initially, he tended to support 
students’ use of technological rather than mathematical language as his 
questions pertained mainly to the affordances of the DMT and how they might 
promote students in understanding of the ideas of GS. The following questions 
that he posed to the class during the whole-class plenary exemplify this aspect 
of his curriculum script: “What did you realise when playing with the functionality 
stuff [of the DMT]?” or “What functions do you have in this activity and why are 
they there [in the DMT]?” [A12-obs.]. Such questions suggest that he placed a 
high emphasis on the technological language fundamental to the DMT such as 
the scale factor slider, animation, and ratio checker. 

Alex only occasionally encouraged students to use precise mathematical 
and technological language in the lessons when expressing their oral and 
written reasonings and justifications. For example, Alex invited a pair of students 
to create more detailed written explanations when checking their workbook. His 
words to the students were: 
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If you have done all the questions here, maybe look at the detail, because your 
answers are quite vague, yeah, times 3, what does that mean? […] Okay, try to 
give more detailed explanation. [A13-obs.] 

Moreover, when recapping what students had learned in the previous 
lesson, he posed a question to the whole-class, “How do you know a shape is 
mathematically similar to another shape?” [A14-obs.]. After a student’s answer 
to this question involved the terms ‘lengths’ and ‘angles’, he invited the whole-
class to clarify what the student meant by these two terms as “they are quite 
generic” [A15-obs.]. In another case, when a student deduced that in the context 
of Activity 5.1 (see Figure 6.1), Copy 7 was not similar to the original because 
“it [was] slanted”, Alex invited the whole-class to explain what would be the 
mathematical meaning of the word ‘slanted’ in this context saying, “What did he 
[the student who gave the answer] mean by ‘slanted’ particularly here?” [A16-
obs.]. Lastly, during students’ independent work with the DMT, after a student 
had said that she had used the functionality of ‘measurement table’ in the DMT 
to compare the different sides of shapes, he invited her to be mathematically 
more precise in the use of the word ‘different sides’, by saying: 

When you said ‘different sides’, what do you mean by ‘different sides’, what 
words can be used more properly here? How do you say ‘different sides’ in 
more mathematical way? [A17-obs.] 

It is worth noting that, during students’ independent work with the DMT, 
since very little individual student-teacher interaction occurred in Alex’s lessons, 
there were few opportunities for him to encourage the use of precise 
mathematical and technological language. Also, during the whole-class 
discussions Alex convened, which occasionally involved his dynamic use of the 
DMT, the use of the mathematical and technological language by him and his 
students (e.g., corresponding sides, corresponding angles, scale factor slider, 
ratio checker) triggered the class discussions concerning both the mathematical 
ideas of GS and the functionalities of the DMT. 

In his post-lesson reflection, Alex highlighted that he wanted students to use 
precise language and become aware of the meanings of the mathematical 
terms that they used so that they could make sense of GS. 



6  WITHIN-CASE ANALYSIS 2 
 
 

 
 

188 

When they [students] said ‘proportional’, ‘ratio’, stuff like that, I do not think they 
really understood all of them what they were saying. So, when they broke them 
down as ‘lengths’, ‘heights’, ‘widths’, that is fine, but how do they say them in 
more generic way. I did not want to leave them in just looking as parts, I wanted 
them to understand the whole idea. I wanted them to use correct language. 
What do they mean by scale factor, what do they mean by multiplier, what they 
are doing with each length [of shapes]? [A18-int.] 

In the interview, he also stated that he thought that the use of precise 
mathematical and technological language was important for students to gain a 
deep understanding of GS. He also showed appreciation of the role of the DMT 
to support the development of such language. 

Building a repertoire of our vocabulary […] come up with students’ deep 
understanding of what is really going on [in relation to GS]. I think the software 
[the DMT] allows students and me to develop a deeper understanding in this 
regard. [A19-int.] 

6.2.3 Developing Classroom Dialogue Focused on the DMT 

Alex’s curriculum script included both open-ended and closed questions that he 
posed mostly during whole-class discussions. This was because he tended only 
to interact with students when they were working on the tasks using the DMT 
when they asked for support. During these interactions, his questions mainly 
concerned the technical aspects of the tasks and lasted only for short periods 
of time (less than 1 minute). 

In his initial lessons, Alex’s questions focused predominantly on 
technological aspects such as the affordances of the scale factor slider and the 
transformations tools in the DMT. In these lessons, during the subsequent 
whole-class discussions that followed students’ independent work, he invited 
them through his questioning to articulate what they had explored in terms of 
the functionalities of the DMT rather than the underlying concepts within GS that 
they were expected to have had explored. For example, typical questions that 
he posed were: ”What functions do we have here which are slightly different 
from the last Activity which we carried out?” or “What did you realise when 
playing with the functionality stuff?” [A20-obs.]. After students had offered their 
responses, Alex was inclined not to pose follow-up questions to investigate and 
probe students’ thinking about the mathematics. 
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However, over time, Alex began to pose questions which foregrounded the 
mathematical rather than the technological content, asking more open-ended 
questions to the class to provide their explanations and justifications about the 
mathematics at stake. For example, after students’ engagement with Activity 
5.2 (see Figure 5.6), he posed questions such as: “What did you notice about 
all the angles?”, “What is going on with the angles at the moment?”, and “What 
methods did you guys use here to check if shapes are mathematically similar?” 
[A21-obs.]. Moreover, in his latter lessons, his whole-class plenaries involved 
his dynamic use of the DMT to highlight the underlying mathematical concepts 
and relationships, resulting in him asking more open-ended questions. Alex 
recognised the value of this, saying, “It [the DMT] allowed discussions to take 
place because there are a lot of rooms for discussions” [A22-int.]. For example, 
in Activity 5.2, he superimposed Copy 1 on top of Copy 2 to examine the 
equivalence of their respective pairs of corresponding angles while dragging the 
scale factor slider. He then posed the following question to the class: “What did 
you notice about all the angles? What is going on with the angles at the 
moment?” [A23-obs.]. However, his questions did not necessarily prompt 
students to make explicit the mathematical links between the different 
representations within the DMT, such as that how manipulating the scale factor 
slider changes the respective pairs of corresponding angles in the two 
mathematically similar parallelograms.  

Furthermore, although the questions Alex posed to the class during whole-
class discussions in his latter lessons were primarily concerned with the relevant 
mathematical content, he continued to ask students questions focused on the 
technological aspects of the DMT, as before. It seemed that his aim with these 
questions was to encourage students to think about the design principles of the 
DMT, even though this did not seem to directly contribute to the development 
of their understanding of GS. For example, he posed the following technological 
questions to the class as he dragged the angle slider during the whole-class 
discussion: “When I play with the angle slider, why does not it affect the Copy 
2?” and “Do the sliders affect all the shapes or just a specific shape?” [A24-
obs.]. Following these questions, he made no connections between students’ 
responses that focused on the technological actions (e.g., “The sliders affect 



6  WITHIN-CASE ANALYSIS 2 
 
 

 
 

190 

Copy 1 and the original”) and the associated key mathematical ideas embedded 
in the multiple representations and the links between them. 

In his post-lesson reflection, Alex reported that he considered questioning 
as one of his main pedagogic approaches to teaching. He stressed the 
importance of posing questions to enable him to establish students’ outcomes 
from the DMT-rich tasks and to understand and assess their progress. 

Questioning is kind of my style of teaching, I heavily focus on questioning. And, 
I see it a part in my mind where they [students] are going. […]  Asking questions 
and get them [students] answer the questions based on their experience with 
the software [the DMT]. It is quite important. [A25-int.] 

6.2.4 Anticipating, Identifying, and Addressing Students’ 
Misconceptions through the Dynamic Use of the DMT 

Alex anticipated the following misconceptions related to GS and addressed 
them with (and without) the use of the DMT in his classroom.  

- An enlargement results in the creation of a mathematically similar shape 
which is always larger than the original. 

- The use of additive strategies within GS is appropriate to determine if 
geometric shapes are mathematically similar. 

- The proportionality of all corresponding pairs of sides is sufficient to 
prove the similarity for geometric figures. 

I present the analysis of how Alex addressed two of these misconceptions 
to offer an insight into this aspect of his curriculum script that involved his use 
of the DMT. 

6.2.4.1 Promoting students’ recognition that the use of additive 
strategies is inappropriate for GS tasks 

In his post-lesson reflection, Alex expressed a view that the use of the DMT can 
provide students with experiences that might lead them to reconsider additive 
strategies when solving GS tasks. He stated that the ‘grid’ background within 
the DMT could enable students to measure the side lengths of shapes by 
counting squares. Alex also stressed that students could use geometric 
transformation functionality (e.g., translation, rotation, enlargement) to 
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superimpose the shapes, which might give them opportunities to compare the 
sides of shapes and notice more obviously the multiplicative relationship 
between the measurements of corresponding sides. 

[To address inappropriate use of an additive strategy within GS], students can 
use the grid, so they can calculate the blocks. They can also superimpose the 
images on top of each other to see how the differences [between the 
measurements of side lengths] are [in the dynamic learning environment]. [A26-
int.] 

Alex's curriculum script attended directly to this misconception. During the 
whole-class discussion that followed the students’ independent work on Activity 
4.1 (see Figure 6.3), he asked “What could be the misunderstanding that people 
could have there [in Investigation 4]?”, “What would that misunderstanding 
come from?”, and “What operation would they use?” [A27-obs.]. 

 

 

Figure 6.3 Activity 4.1 where students are expected to use the two dynamic length 
sliders and explore that the use of additive strategies is inappropriate within GS 

 
However, although Alex mentioned the affordances of the DMT in the 

interview to promote students to confront and reflect upon this misconception, 
he did not use the DMT dynamically himself during the whole-class discussion. 
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6.2.4.2 Promoting students’ understanding that the proportionality of all 
corresponding pairs of sides is not by itself sufficient to prove the 
similarity of figures 

Alex was aware that students needed to understand the need to consider both 
the corresponding angles and corresponding sides when determining if shapes 
are mathematically similar. 

If they [students] do not bring corresponding angles and corresponding sides 
together, they can go into an error. When they just focus on the [corresponding] 
sides, they might miss the fact that the corresponding angles need to be the 
same. They need to be aware of both. [A28-int.] 

In the lesson that featured Activity 5.2 (see Figure 5.6), during the 
subsequent whole-class discussion, Alex used the DMT dynamically to promote 
students’ emergent understandings that inequivalent corresponding angles do 
not result in a similar shape to the original. From his computer desktop, he used 
the DMT to demonstrate and share students’ responses with the class and to 
stimulate a discussion. For example, a student articulated her reasoning that 
“When we use and change the angle slider, when you see the angles of the 
original change, the angles of Copy 1 change as well, which shows that both 
shapes are mathematically similar”. In order to clarify and discuss what this 
student had said as a response, Alex first measured the corresponding angles 
of the original and the parallelograms named Copy 1 and Copy 2 and then 
dragged the angle slider to change the angles of the original and Copy 1, 
followed by two questions he posed to the class: “What did you notice about all 
the angles?” and “What is going on with the angles at the moment?” [A29-obs.]. 
Alex also used the types of geometric transformations to superimpose Copy 1 
on the top of Copy 2 and then dragged the angle slider, to show and confirm 
that since the corresponding angles were the same initially, Copy 1 and Copy 2 
were mathematically similar, as the angle slider was dragged, the 
corresponding angles did not remain the same, which made Copy 1 and Copy 
2 not mathematically similar. Alex expressed the following statement during the 
plenary phase in the lesson to draw students’ attention to this particular 
misconception and the importance of the role of the DMT in this context. His 
response also indicates that he appreciated that the use of the DMT enabled 
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him and his students to examine this mathematical concept, which he might not 
have done in the absence of the DMT. 

What is beautiful about this activity [Activity 5.2] is that if we did not see this 
[activity], what we might do is to only look at the numerical relationship between 
side lengths of the shapes, and then decide if shapes are mathematically 
similar. This [activity] brings on the idea of extra additional information we need 
to do to evolve the definition [of GS] we talked about in the beginning. […] So, 
if angles are not the same, we cannot say they are mathematically similar. [A30-
obs.] 

In his post-lesson reflection, Alex outlined that the dynamic environment of 
the DMT enabled his students to identify and examine the corresponding angles 
and corresponding sides through the use of the types of geometric 
transformation, which would not be possible with an exam-style question in a 
paper-and-pencil environment. 

If you get a shape where the shape is oriented, and you can use the software 
[the DMT], for example, you can use this software to orientate the shapes 
differently to see where corresponding sides and angles are. I think those types 
of things are useful in the software because you can use the software to rotate 
the shape to find, as I said, where these angles go, if you use an exam question 
[in a paper and pencil environment], it is hard for students to understand what 
they are focusing on the angles and the sides. [A31-int.] 

6.3 Resource System 

Alex’s resource system incorporated the CM as his main resource. It also 
included several pictures and exam-style questions developed by his colleague, 
Lara. Below, I present the analysis of Alex’s resource system for teaching GS 
using DMT in terms of the themes identified and outlined in Section 4.3.2 of 
Chapter 4.  

6.3.1 Recognising the Affordances of the DMT for Promoting Students’ 
Understanding of GS 

Alex stressed that capitalising on the visual nature of the DMT assisted his 
students to see and examine mathematical phenomena from visual perspective. 
He appreciated that the DMT supported such visualisation. 

I think it [the DMT] helped them [students] see from visual perspective. I think 
integrating the software in general is very helpful in bringing [mathematical] 
concepts visually rather than auditory like listening. [A32-int.] 
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He also recognised and appreciated that the DMT played a role in enabling 
students to ask their own questions related to their actions both on the DMT and 
concerning the underlying mathematical ideas. This might therefore lead them 
to originate and test their conjectures in the dynamic learning environment. 

It [the DMT] allows you to ask simple questions that you might believe it is true 
if you teach GS without the aid of the software. So, the discussions it brings 
about due to what is taking place in a page is kind of make you question “Why 
is this happening?”, “Why are we moving all of this stuff?”. [A33-int.] 

Additionally, he valued the potential of the DMT to enable students to 
explore and experiment with the mathematical concepts in a ‘safe’ dynamic 
learning environment in a way which would be not be achievable in the absence 
of the use of the DMT. In his view, students did this by using the different 
technical tools available and interacting with the multiple representations in the 
environment. 

It [the DMT] can make the case towards different learning. Kinesthetic learning, 
probably they suffer from their hands. It has given them a lot of opportunities to 
do that in a safe environment. With the software, you can use animation, you 
can get to move it [geometric figure], you can get to experiment. I do not 
experiment in a classroom necessarily if I work with the [ordinary] board, or I 
work on a worksheet or textbook. [A34-int.] 

The usefulness of a well-designed DMT featured again during Alex’s post-
lesson reflection with respect to the restricted environment offered by the CM 
activities that enabled students (and him) to focus on what was requested from 
them to learn.  

I think it [the DMT] just gives you a platform to deliver the [mathematical] content 
in more restricted, when I say ‘restricted’, I am using it in a good way, […] the 
restricted functionality [of the DMT] helps to push students in a more guided 
way. So, it helps as a teacher and for students to guide them to arrive at a point 
and stop there. [A35-int.] 

Finally, he highlighted the importance of the DMT to support student-led 
learning rather than teacher-led learning which he asserted enabled students to 
grasp the mathematical ideas they engaged with at their own pace by taking 
control of their learning in the dynamic environment. 
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I can allow learning to be more students handed than in my hand. So, it [the 
DMT] gives me freedom and it gives them [students] freedom to kind of arriving 
at their own understanding at their own pace. I think the software allows 
students and me to develop a deeper understanding. I think it is really good in 
terms of how it enhances students and even teachers’ understanding of the 
subject area. [A36-int.] 

6.3.2 Dynamic and Static Uses of the DMT 

Although Alex integrated the DMT into his classroom teaching practices and 
allowed students to use it to explore GS over the seven observed lessons, he 
did not initially use it ‘live’ during both student independent work and whole-
class teaching.  

In every lesson observed, he provided opportunities for students to use the 
DMT (see Figure 6.4). However, he did not tend to interact with students to 
provide support or guidance during their periods of independent work. 
Therefore, he had few opportunities to use the DMT ‘live’ with individual or 
groups of students. Instead, only on a few occasions, he instigated small 
discussions on the mathematical and technological contents on the screens.  

During periods of whole-class teaching, Alex tended to display the DMT 
statically on the IWB or display its static screenshots in his PowerPoint slides. 
He also tended to visually exploit the contents of the static slides to stimulate 
whole-class discussions. Besides this, he was initially sceptical of his use of the 
DMT dynamically in front of the class. The first occasion was during his fourth 
lesson focused on Investigation 3 (see Figure 5.3 and Figure 5.4). In this lesson, 
he used the ‘rotation tool’ within the DMT to line up the shapes. More 
specifically, he operated the DMT to first set the scale factor slider to 2 (to help 
students to identify the two shapes) and then rotate the Copy to reorient it to 
align horizontally and vertically with the original. This was to enable students to 
compare the side lengths of the shapes and notice the multiplicative numerical 
relationship between the corresponding lengths. 
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Figure 6.4  In Alex’s class, a student recording her written explanations related to the 
questions in the student workbook 

 

In the subsequent lessons, Alex seemed to be more confident to use the 
DMT dynamically and I observed him exploiting the dynamic affordances on six 
further occasions. However, on these occasions, although he made dynamic 
use of the multiple representations, he tended not to make the links between 
them explicit to students to highlight the underlying mathematical concepts and 
their relationships. For example, Alex exploited the affordance of the ratio 
checker in the context of Investigation 8 (see Figure 6.5) when examining the 
within ratio for similar shapes. However, he did not move the scale factor slider 
to focus students’ attention to the impact of changing the values of scale factor 
on the numbers in the two statements of the ratio checker and on the equals 
sign between them. He did, therefore, miss the opportunity to make a dynamic 
connection between the scale factor slider and the measurements of the 
corresponding sides of the shapes embedded in the ratio checker.  
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Figure 6.5 Activity 8.1 within the DMT that students are expected to explore within and 
between ratios 

 

Moreover, Alex himself used the DMT dynamically also for the purpose of 
demonstrating how to exploit the tool techniques to the whole-class. For 
example, in the context of Investigation 4, he showed the whole-class how to 
measure the angles during which he emphasised that students first needed to 
select the object and then the vertex of the object they wanted to measure, as 
seen in Figure 6.6. 

 

 

Figure 6.6 Alex using the DMT to measure the angles and drag the angle slider 
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Reflecting on his lessons, Alex commented on the development of his use 
of the DMT during whole-class discussions, saying, “I started to see the 
understanding of the software [the DMT] and its impact on the [mathematical] 
concepts being introduced and being reinforced.” [A37-int.] 

6.3.3 Integrating and Using Other Resources alongside the DMT 

As additional resources, Alex only included a few static pictures and a traditional 
exam-style question into his resource system. These were identical resources 
to those that Lara had prepared for her lesson since he had adopted her 
PowerPoint slides. In the post-lesson interview, Alex reported why he did not 
develop his own slides to use in the observed lessons: 

There are a lot of things going on at the moment. I have not got the ability to 
kind of spare that time in terms of adapting and developing [additional resources 
to the CM resources]. [A38-int.] 

He did not use all the resources included in Lara’s slides. He used some 
images exemplifying the use of the term ‘similarity’ in everyday life during the 
introductory phase of the first lesson. The whole-class discussion initiated by 
these images provided evidence that his aim seemed to activate students’ prior 
knowledge of GS and to introduce the term ‘mathematical similarity’ to the class.  

Furthermore, in one of the lessons observed, Alex selected only one exam-
style question from the several questions that Lara had collated in her slides. 
Following students’ engagement with Activity 2.2 (see Figure 5.2), where 
students explored the multiplicative relationships between the side lengths of 
similar shapes, he introduced this exam-style question to the class that required 
students to determine if the given triangles were mathematically similar and to 
give their explanations. In the subsequent whole-class discussion, Alex and his 
students jointly identified the scale factor between the corresponding sides of 
the triangles. During this phrase, Alex did not make any links to the students’ 
activity on the DMT. 

In the post-lesson interview, Alex was questioned about what 
supplementary resources he would have adopted or developed to accompany 
the DMT if he had had the preparation time. He stated that he would have 
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wanted to incorporate more exam-style questions to provide students with 
opportunities to put into practice what they have noticed and explored on the 
DMT.  

If I had time, I would probably have had some questions at the end, some 
GCSE-related questions, something that students may come across in their 
own lives. So, they can see how all is connected as a big picture. So, I would 
do that by having exam questions. [A39-int.] 

6.3.4 Enabling Students’ Use of the DMT in Mathematically Productive 
Ways 

As already mentioned, Alex did allow students to interact with the DMT to 
engage with the CM activities in all six observed lessons. In his lessons, he 
tended to allocate some time (about 3 minutes) for students to play freely with 
the DMT functionalities to enable them to “experiment with the different 
functionalities that are available in the software and to make sure they get 
familiar with all the functions” [A40-obs.]. Each time before students began to 
engage with a new activity, Alex tended to invite them to look for new 
functionalities that they had not explored previously, as illustrated by his 
instruction to the class. 

Now, I am going to give you 3 minutes for this [students’ interaction with the 
DMT to play with the tools available], play around with that Activity [2.1], look 
for new functionalities that were not in the last one [Activity 1.2], and try to ask 
yourself questions like that “What is going on here?”, “What is different between 
here and the last one?”. [A41-obs.] 

 In the subsequent whole-class discussion, he also had a tendency to invite 
them to share their discoveries of the tool techniques with the whole-class. For 
example, after students had engaged with Activity 1.1 (see Figure 7.1), Alex 
instructed them to share with the whole-class their discoveries about the DMT 
functionalities, such as the length sliders and the tools including ‘translate’, 
‘enlarge’, ‘rotate’. 

Can you tell me about the different purposes of the functionalities that are on 
your screens, there are different functionalities on there, can you name some 
of them and then their purposes? [A42-obs.] 

Initially, Alex did not make dynamic use of the DMT and so did not 
demonstrate any tool techniques by using the DMT ‘live’. Later, as he began to 
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use the DMT dynamically, he started to exploit it to show students the technical 
possibilities. For example, in Activity 5.2 (see Figure 5.6), Alex gave a whole-
class technical demonstration showing students how to measure the 
corresponding angles of the shapes and how to manipulate the angle slider to 
change the values of corresponding angles. He also showed the whole-class 
how to superimpose the shapes by using the relevant transformational features 
of the DMT for the identification of pairs of corresponding angles.  

In his post-lesson reflection, Alex stated that there were two reasons why 
he preferred to allow students to explore the affordances of the DMT for 
themselves, rather than by giving a whole-class demonstration. 

I could probably do a little bit demonstration. But I want to keep it rather 
authentic, in terms of them [students] exploring it. Maybe I could incorporate at 
some point, going through the different functionalities, but I think in my mind 
time constraint, it is something placed in my mind. If I have more freedom in 
terms of my time, I think I could incorporate a little much more demonstration. 
[…] I mean it has two sides, one is in terms of time constraint, another one is I 
like the fact that students get to explore it [the DMT] on their own like the way I 
did on my own. [A43-int.] 

6.4 Activity Structure 

In this section, I identify and describe the activity structures that emerged in 
Alex’s classroom teaching practices. 

6.4.1 Orchestration of the DMT-Enriched Activities 

I present the analysis of Alex’s practices involving the DMT to identify the overall 

patterns in his classroom activities.   

Over the seven lessons observed, Alex employed several orchestration 
types. In his initial lessons, although he allowed students to actively use the 
DMT during their independent work at computers, he himself did not make 
dynamic use of the DMT during whole-class discussions. However, having 
developed his confidence and skills, he began to integrate dynamic use of the 
DMT within his whole-class discussions to highlight the key mathematical ideas 
and therefore to consolidate and extend students’ developing understandings 
(e.g., using the DMT ‘live’, he dragged the angle slider to change the 
corresponding angles of the similar shapes so that students can compare them 
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as they changed). In this sense, he seemed comfortable with the explain-the-
(static) screen orchestration type to elucidate or illustrate the technical and 
mathematical aspects of the static images of the DMT displayed on the IWB, 
only moving towards the discuss-the-screen orchestration type in his later 
lessons. 

In Table 6.1, I summarise Alex’s orchestration types alongside the details of 
how he employed them in broad terms. This is followed by a more systematic 
discussion of the discuss-the-screen orchestration employed by Alex in his 
lessons as this was the orchestration type where he exploited the DMT in more 
mathematically productive way. 
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Table 6.1 Orchestration types used by Alex in the observed lessons along with their descriptions 

Orchestration types 
that Alex employed 
in her lessons 

 
Characterisation of the orchestration types observed 

(individual) Technical 
demo 
 

Alex did not employ the technical-demo orchestration to show the tool techniques to the whole-class on the IWB using the 
DMT. Instead, he asked students to “experiment with the different functionalities that are available to [them] at the moment to 
make sure that they get familiar with all the functions [in the DMT]” [A44-obs.] as they engaged in the CM activities.  

I let them play with it and I explained what the play was intended for. It is for them to gain a deeper understanding of 
the functionality [of the DMT] and therefore understand what the first steps of the [geometric] similarity are and how 
we can compare the shapes. [A45-int.] 

He therefore aimed for students to become accustomed to using the DMT through their own discovery of its core functionalities 
during their independent work at computers. During this time, he sometimes circulated the classroom to monitor students, but 
did not interact with them one-to-one or in small groups unless being asked for an assistance by students mainly about the 
technical aspects. Having allowed students to work on the CM activities embedding the use of the DMT for some time (4-5 
minutes), Alex tended to ask them to “name some of them [functionalities] and then explain their purposes”. [A46-obs.] 

Explain-the-screen 
 

Alex employed the explain-the-screen orchestration during whole-class discussions. However, while he used this 
orchestration in his initial lessons to explain the mathematical content on the static pictures or the static screenshots of the 
DMT displayed on the IWB, in his latter lessons, he began to also use it to explain the mathematical content on the dynamic 
screen of the DMT as he started to take advantage of the dynamic potential of the DMT during whole-class discussions. 

Work-and-walk-by 
 

The work-and walk-by orchestration was rarely employed by Alex whilst students were working on the DMT-enriched tasks at 
computers. He tended to position himself in front of the class to observe students from there. He used this orchestration to 
make sure students were working on the tasks involving the use of the DMT, to encourage them to maintain their focus on 
their work and to monitor their progress. Moreover, during work-and-walk-by, he rarely interacted with students working on 
the tasks using DMT to create discussions on their work in the dynamic environment and thereby promoting their emerging 
understandings. When he interacted with students working independently at computers, he was not observed to make 
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dynamic use of the DMT and the conversations he had with students focused mainly on the technical aspects of their work 
on the DMT rather than the mathematical aspects. 

(individual) Discuss-
the screen 
 

Alex did not use the DMT dynamically during whole-class teaching in his initial lessons although he displayed the DMT 
statically on the IWB during this part of the lessons. In this regard, he did not have an opportunity to use the discuss-the-
screen orchestration to discuss what happens dynamically on the DMT up until teaching the third CM investigation when he 
first used the DMT dynamically in a whole-class setting. Nonetheless, the start of his dynamic use of the DMT during whole-
class discussions led to him employing this orchestration to discuss his actions on the DMT and the associated outcomes. 
Moreover, he did seldom employ the individual discuss-the-screen orchestration to create a discussion on students’ work in 
the DMT when circulating around the class during students’ independent work at computers. The reason lied in the fact that 
during students’ independent work at computers, he tended not to interact with them unless they sought help from him and 
(even if interacted) not to use the DMT dynamically to evaluate and extend their understandings. 

(individual) Guide-
and-explain  
 

During work-and-walk-by, Alex rarely used the individual guide-and-explain orchestration to provide guidance and instruction 
to (a pair of) student(s) by explaining the mathematical concepts mainly based on what happened on the screen.  

Spot-and-show  Alex used the spot-and-show orchestration once over the seven observed lessons. However, he used it in a different form 
from the one typically identified in the wider literature. What he did using this orchestration was that he spotted the work of a 
pair of students related to Activity 2.1 and then shared it with the whole-class as an ideal work and explanation. However, he 
did not display the students’ work on the IWB on which to create a whole-class discussion underpinned by the DMT, rather 
just explained verbally the class what they performed in their work. Nonetheless, Alex did not use the DMT in any way when 
making the explanation. 

Board-
instruction/Not-use-
tech  

Alex used the board-instruction orchestration only once for his seven observed lessons, where the focus of the lesson was 
the use of within and between ratios in determining if shapes are mathematically similar. During board-instruction, Alex used 
the ordinary whiteboard to explain within ratios in the context of GS. During the board-instruction, he exploited neither the IWB 
nor the DMT although there were present in the classroom. 
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6.4.1.1 the Discuss-the-screen orchestration 

Alex did not make use of the DMT dynamically himself during whole-class 
teaching in his initial lessons although he displayed the DMT statically on the 
IWB (e.g., see Figure 6.7). Therefore, he did not have an opportunity to use the 
discuss-the-screen orchestration in a whole-class setting dynamically on the 
DMT until the beginning of the third CM investigation. In the latter lessons in 
which he used the DMT dynamically during whole-class plenaries, he started 
employing this orchestration to discuss his actions on the DMT and the 
associated outcomes, in addition to the static images of the DMT displayed on 
the IWB. 

 

 

Figure 6.7 Alex explaining and discussing the static screen on the IWB 

 

For instance, he used the discuss-the-screen orchestration during a whole-
class discussion on the role of corresponding angles within GS. During this time, 
he asked students to articulate what they had discovered through their 
engagement in Activity 5.2 (see Figure 5.6) during their independent work. After 
a student gave a response that “If you move the angle slider, the angles are 
changing”, Alex then explained to the class that this student used the ‘measure 
control’ in the DMT to reveal the angles of the parallelograms. Using his desktop 
computer, Alex then used the DMT to measure the angles of the parallelograms 
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labelled as original and Copy 1 and to drag the angle slider to dynamically 
change them (see Figure 6.6 and Figure 6.8). While doing so, he created a 
small whole-class discussion by asking the following question to the whole-
class: “What is it changing [in the DMT]?” [A47-obs.]. 

 

 

Figure 6.8 Alex employing the discuss-the-screen orchestration to discuss the 
mathematics at stake on the DMT 

 

6.5 Summary 

In this chapter, I provided the analysis of the data emanating from Alex’s case 
according to the three constructs of the SFCP framework. The analysis 
highlighted that Alex’s curriculum script contained a range of goals for teaching 
GS with the DMT, such as supporting students’ understanding of the role of 
corresponding angles to create mathematically similar figures. He extended his 
curriculum script for teaching GS, for example, by incorporating the use of a 
transformations-based approach in the process of determining if geometric 
shapes are mathematically similar. However, he did not introduce students to 
the concept of decimal scale factors in the context of GS problems nor introduce 
the idea of congruency to students. Although Alex paid attention to students’ 
use and development of precise mathematical and technological language, 
during whole-class teaching in his initial lessons, he tended to promote students’ 
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use of technological rather than mathematical language. His questions were 
mainly related to the affordances of the DMT and its functionalities and to how 
they might promote students in understanding of the ideas of GS. During 
students’ independent work at computers using the DMT, as there were few 
incidents of individual student-teacher interaction, there was limited evidence of 
him encouraging students to use precise language. He tended to ask students 
both open-ended and closed questions to stimulate their reasoning 
predominantly during whole-class teaching. The foci of his questions shifted 
from technological content to the mathematical content in his latter lessons as 
he became more confident to use the DMT ‘live’ in the latter lessons. Moreover, 
Alex addressed three common misconceptions associated with GS in his 
lessons. However, although he appreciated the role that the use of the DMT 
might play in addressing students’ misconceptions in his post-lesson reflection, 
he did not exploit the use of the DMT ‘live’ to enable students to confront and 
reflect upon them. As additional resources, Alex integrated few static pictures 
representing the real-life examples of GS and a traditional exam-style question 
into his resource system. He borrowed these supplemental resources from Lara 
and he did not modify them in any way. In his initial lessons, during whole-class 
discussions, he did not tend to use the DMT-centred orchestrations 
instrumented by the dynamic use of the DMT (e.g., discuss-the-screen), in his 
latter lessons, he started to do so because he made use of the DMT ‘live’. Also, 
although he allowed students to use directly the DMT to engage with the DMT-
enriched activities, he did not tend to interact with them to provide support and 
guidance and create discussions on students’ work on the DMT. Hence, he did 
not employ the types of individual orchestrations such as (individual) guide-and-
explain. 

In the next chapter, I present the analysis of Jack’s case based on the three 
structuring aspects of the SFCP framework.
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7 WITHIN-CASE ANALYSIS 3: 

Jack 
7.1 Introduction 

In this section, I present the analysis of Jack’s case in terms of the three 
structuring aspects of the SFCP framework, namely curriculum script, resource 
system, activity structure, and the associated sub-themes that emerged as a 
result of the data analysis. 

7.2 Curriculum Script 

There was a strong body of evidence for Jack’s curriculum script in terms of the 
themes identified (see Chapter 4, Section 4.3.1). Below, under each theme, I 
present the data providing insights into this aspect of his practice in response 
to teaching GS with the use of DMT. 

7.2.1 Specifying Teaching Goals for GS and Exploiting the Affordances 
of the DMT 

In this section, I show the analysis of the general teaching goals as evidenced 
by Jack’s curriculum script. More specifically, the analysis focuses on how he 
used the DMT (along with the other resources he adopted) in his lessons to 
achieve these goals. 

7.2.1.1 Promoting students’ transition from visual to geometric 
proportional reasoning for GS tasks 

To support students’ transition from solely reliance on visual reasoning to 
geometric proportional reasoning, Jack made dynamic use of the DMT to 
support a whole-class discussion on whether the following set of four 
statements were always, sometimes, or never true. 
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1) A copy of a shape where the height is changed and the width is the same 
is mathematically similar. 

2) A copy of a shape where the height and width are increased is 
mathematically similar. 

3) A copy of a shape where the width is changed and the height is the same 
is mathematically similar. 

4) A copy of a shape where the height and the width are decreased is 
mathematically similar. 

Specifically, Jack used the DMT in the context of Activity 1.1 on the IWB 
(see Figure 7.1). In this activity, he dragged the length sliders, namely slider X 
and slider Y, to scale the two dimensions of a rectangle, width and height 
respectively, independently of each other. 

 

 

Figure 7.1 Activity 1.1 in the DMT where Jack used ‘slider X’ and ‘slider Y’ to scale the 
width and height of a rectangle 

 

For example, after some students conjectured that the first statement would 
always be true, he manipulated ‘slider Y’ to increase the height of the rectangle 
and invited students to reconsider their decisions as their conjecture was 
incorrect. Through the dynamic visualisation offered by the DMT, students 
noticed that changing only the length of the height of the rectangle while keeping 
its width the same always resulted in a rectangle being distorted and thus not 
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mathematically similar to the original. Following this, Jack also discussed the 
second statement with the whole-class that was also underpinned by his 
dynamic use of the DMT. This time, he manipulated both ‘slider X’ and ‘slider Y’ 
to scale the lengths of the rectangle both horizontally and vertically. Specifically, 
he first set ‘slider Y’ to 2 to increase the height of the rectangle and then invited 
the class to conjecture whether the resulting rectangle would be mathematically 
similar to the original. Once students were in agreement that it was not, he then 
set ‘slider X’ to 2 as well to increase the width. Doing so facilitated students to 
recognise that whereas scaling only one side of a rectangle resulted in the 
rectangle being distorted, scaling both its height and width by the same 
multiplier resulted in a mathematically similar shape.  

In his post-lesson reflection, Jack stressed that as he recognised that 
students developed a superficial understanding of what ‘mathematical similarity’ 
means, he used this particular DMT-enriched task including the four statements 
to stimulate their emergent understandings. 

I felt like they [students] had some idea of what ‘mathematical similarity’ means 
but it was quite superficial, and I wanted them to think about it more deeply [by 
considering the validity of the four statements]. [J2-int.] 

7.2.1.2 Promoting students’ understanding of the role of scale factor in 
creating similar shapes 

Jack aimed to enable students to understand the meaning of scale factor in the 
context of GS and its effect on side lengths of the resulting shapes after the 
enlargement, with a particular emphasis on scale factors of less than 1 (but 
greater than 0) and 1. 

To achieve these goals, Jack used the DMT ‘live’ on the IWB while 
convening a whole-class discussion followed by students’ independent work on 
Activity 3.1 and Activity 3.2 (see Figure 5.3 and Figure 5.4, respectively) using 
the DMT on laptops. In Activity 3.1, he used the dynamic scale factor slider to 
create several rectangles which were mathematically similar to the original so 
that students could identify the variant and invariant properties of them. More 
specifically, he set the scale factor slider to several values (including 1, 2, 0.5, 
respectively) and invited students to reason visually and numerically how the 
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dynamically changing values of scale factor impact the measurements of side 
lengths of the resulting rectangles. 

Contrary to Activity 3.1, in Activity 3.2, Jack himself did not use the DMT 
‘live’ during the whole-class discussion, but instead selected and asked a pair 
of students to present their work to the whole-class by using the DMT from the 
teacher’s desktop computer. The students used the ‘measure’ and ‘colour’ 
functionality to inform the values they dragged to the measurement table. They 
then used the scale factor slider to explore variant and invariant properties. 
Their actions on the DMT facilitated the identification of the multiplicative 
relationship between the measurements of corresponding sides in the original 
and in the multiple cases of the enlarged triangles created by the dynamic use 
of scale factor slider. Furthermore, while the students were dragging the 
dynamic scale factor slider, Jack encouraged the whole-class to maintain their 
focus particularly on the changing value on the scale factor slider and the values 
of the side measurements of the shapes represented in the dynamically linked 
multiple representations including the triangles and measurement table. This 
was to enable them to notice the effect of the changing value of the scale factor 
on the side measurements. Through the multiple cases of similar rectangles 
generated by the dynamic use of the scale factor slider, Jack assisted students 
to recognise the numerical relationship between the scale factor and the ratio 
between the pairs of the corresponding sides within the rectangles. He therefore 
enabled them to reach a conclusion about that scale factor is a multiplier used 
to enlarge the side lengths of the original shape to obtain which of the resulting 
shapes. 

Moreover, Jack’s curriculum script also addressed the situation when a 
scale factor is less than 1 (but greater than 0) to be developed through the 
dynamic use of the DMT. His “emergent goal with that was to get them 
[students] to play with different decimal scale factors because [he] noticed that 
kids do not always get it and [he] just thought that it [the use of the DMT] was 
an opportunity to kind of focus on that a little bit for some students” [J3-int.]. 
Specifically, Jack invited students to first predict the effect of various scale 
factors on the side lengths of shapes and then to test their accompanying 
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predictions using the DMT to validate or invalidate them. Following this, he 
dragged the dynamic scale factor slider to create many different cases of similar 
triangles in the dynamic learning environment. For example, by manipulating 
the scale factor slider, he set the scale factor slider to several values including 
0.2 and 0.5 to generate particular cases of similar triangles. This promoted 
students to examine and explore further the multiplicative relationship between 
the measurements of their corresponding sides.  

Jack’s curriculum script also encompassed the idea of ‘congruency’ as a 
special case of similarity with its own set of properties. He introduced this term 
to the class by giving the definition of the phrase ‘congruent shapes’ that “when 
an original and a copy [a mathematically similar shape to the original] are 
exactly the same size and shape, they are called congruent. Congruent shapes 
are related by a scale factor of 1” [J4-obs.]. To scaffold students’ understanding 
of the term ‘congruency’, he used a paper-based CM resource (see Figure 7.2). 
He gave students time to originate conjectures about the set of four statements 
and then tested their conjectures using the DMT ‘live’. He did this by setting the 
scale factor slider to several numbers including 1 and asking the class if the 
shapes were mathematically similar. This prompted students to check their 
conjectures and then explain their justifications for their answers. For example, 
they were observed saying that “while congruent shapes are always similar, 
similar shapes are sometimes congruent”. 

 

 

Figure 7.2 A paper-based task involving the use of the DMT, used by Jack in his 
lesson 
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In his post-lesson reflection, Jack reported how the affordances of the DMT 
(e.g., dragging the shapes, manipulating the scale factor slider) helped students 
focus on and understand the multiplicative relationship between the 
corresponding sides of similar shapes and recognise the variant and invariant 
properties of them. 

[In the DMT], the colouring was about recognising what was corresponding, the 
measuring is so they can compare them [measurements], […] then dragging 
them to the [measurement] table has allowed them [students] to really focus on 
the numbers rather than looking at the shapes, you know, seeing what was 
happening with the numbers. What’s really nice about it [the use of the DMT] is 
actually when you drag the scale factor slider and you see the original is staying 
the same and the copy ones [the resulting shapes] are changing. I think, that’s 
quite nice. [J5-int.] 

7.2.1.3 Promoting students’ understanding of the role of corresponding 
angles in creating similar shapes 

To achieve this goal, having enabled students to work on Activity 5.2 (see Figure 
5.6) with the DMT on laptops, Jack led a whole-class discussion involving his 
dynamic use of the DMT on the IWB. During this time, he first invited students 
to articulate their emerging mathematical understandings and ideas and then 
used the DMT ‘live’ to stimulate their understandings. He also encouraged them 
to make conjectures and then used the DMT to investigate them. For example, 
in one lesson, before he dragged the scale factor slider, he invited students to 
explain what would happen to the angles in the two parallelograms labelled as 
Copy 1 and Copy 2. His words to the class were: 

In a minute, I am going to move the scale factor slider, right, what do you think 
it is going to happen to these angles in the Copies when I change the scale 
factor slider, do you think they are going to change, or do you think they are 
going to stay the same? [J6-obs.] 

 Jack then dragged the scale factor slider to set it to several values that led 
to the creation of many enlargements of Copy 1 being mathematically similar to 
the original. This supported students to see and explore how the corresponding 
angles changed when enlarging the sides of Copy 1 through the slider. He 
therefore had the chance to highlight that a change in the corresponding sides 
of similar shapes does not lead to a change in the corresponding angles. During 
this time, he also drew students’ attention to the fact that when a shape is 
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enlarged by a scale factor, contrary to the sides, the measurements of angles 
are not multiplied by the scale factor. He did so by posing a question to the 
class: “Did you think that if you make the shape [parallelogram] bigger, the 
angles get bigger, too?” [J7-obs.]. In asking this question, he drew on his 
experience earlier in the lesson with a student who held this misunderstanding, 
which enabled him to develop his professional knowledge of practice (PKP). In 
his post-lesson reflection, Jack recognised this moment and appreciated the 
dynamic potential of the DMT in enabling the students to confront and reflect 
upon such a misconception.  

I had a student using dynamic technology and he was manipulating a triangle 
and what he was asked to do was to prove that the angles in a triangle add up 
to 180, right, […]. He was making the triangle smaller and smaller and I said to 
him “What are you doing?”, and he said “I am making it smaller to make the 
angles smaller”. I think, I know that is a kind of a misconception. They [students] 
might instinctively think that the angles get smaller, but today [in the lesson] 
they can see the angles stay the same, that is a powerful image, right, which is 
probably made by the dynamic nature of the technology [the DMT]. [J8-int.] 

There were other examples when Jack used the-above outlined approach. 
One of them concerned that during the whole-class discussion, Jack 
manipulated the angle slider to change the corresponding angles in the original 
and Copy 1. This was to enable students to explore the fact that the equal 
corresponding angles are also necessary along with the corresponding sides in 
proportion. 

7.2.1.4 Promoting students’ understanding of the use of within ratios and 
between ratios to determine similarity 

In his post-lesson reflection, Jack expressed that his use of the DMT during his 
involvement in the CM project enabled him to develop and extend his 
knowledge for teaching GS, particularly on the use of within ratios. 

I hadn’t really thought about the use of within ratios, when I was doing the 
training [provided by the CM project] a few years ago, that was one of the things 
that I learned. [J9-int.] 

In the lesson, in order for students to grasp the use of within and between 
ratios, Jack exploited the dynamic affordances of the DMT, namely, the ratio 
checker, the scale factor slider(s), and animation, during whole-class discussion 
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and students’ independent work at laptops within Activity 7.2 and Activity 8.1. 
For example, in Activity 7.2 (see Figure 5.8), Jack played the animation during 
which the side lengths of the different quadrilaterals increased at different rates, 
and not necessarily together. Whilst the animation played, he focused students’ 
attention to the changing side lengths and asked them to observe and identify 
which copies were always, never, or sometimes mathematically similar to the 
original. Additionally, he measured the side lengths, coloured them in a way that 
facilitated the identification of their corresponding sides, dragged the 
measurements into the cells of the ratio checker and then replayed the 
animation. These actions helped students to see and compare the within and 
the between ratios of the shapes.  

When making dynamic use of the DMT, Jack made dynamic links between 
its multiple mathematical representations. He, for example, paid particular 
attention to how the values in the ratio checker changed and whether the ratio 
checker continued to show equivalence when the scale factor was varied. In 
Activity 7.2, Jack also utilised the transformations functionality to overlay the 
shapes and examine their similarity. In his post-lesson reflection, Jack outlined 
the advantages of the use of the ratio checker along with the use of animation 
in the development of students’ understanding of the use of within and between 

ratios in the context of GS. 

What was nice [about the use of the DMT] was using it dynamically, so like 
setting up the ratio checker and then pressing play [for the animation] and 
seeing that some of them [the quadrilaterals] were only similar [to the original] 
at the start and some of them were similar all the time and that was quite nice. 
[…] I guess, it reinforced within and between ratios. […] I guess the benefit of it 
[the ratio checker] was they can see it [the equivalence of the ratios] 
dynamically, so see that it is always the same and I guess, that’s the power of 
it because you can’t calculate them all yourself, you can only do it at certain 
stages [in the absence of the DMT]. [J10-int.] 

Moreover, in Activity 8.1 (see Figure 6.5), Jack made use of the DMT ‘live’ 
to support students to understand better the use of between and within ratios. 

Particularly, he measured the side lengths of the three triangles and coloured 
their corresponding sides, in addition to dragging the measurements into the 
cells of the ratio checker to examine within and between ratios of the 
corresponding sides of a set of the three similar triangles. He also made the 
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dynamic mathematical links between the values in the different representations 
of the DMT. For example, while moving each of the scale factor sliders, he 
asked students to maintain their focus on what changed and did not change in 
the two statements of the ratio checker in terms of the values. 

Jack made it clear to the class that for mathematically similar shapes, within 
ratios were always equivalent. However, what he did not make explicit to the 
class was that how and why the between ratios are variant or invariant across 
a family of similar shapes. In his reflection after the lesson, Jack explained what 
had happened. 

At the end of the lesson when we were doing the final wrap up, I realised that I 
kind of cocked that [between ratios] up. So, what we ended up talking about 
was that if you have two ratios, they are always equivalent. So, essentially what 
we talked about was scale factor, constant scale factor, rather than one ratio 
changing, so I messed that up. [J11-int.] 

7.2.1.5 Promoting students’ understanding of the application of 
geometric transformations to GS to show similarity and 
congruence 

Jack used a transformations-based approach to GS several times to investigate 
the invariant and variant properties of shapes and to determine if they were 
mathematically similar. He exploited the transformational features of the DMT 
(e.g., ‘rotate’ and ‘translate’ controls) to superimpose the geometric shapes to 
probe if they were mathematically similar to the original. For example, in Activity 
5.2 (see Figure 5.6), he introduced a transformations-based approach to GS 
when teaching about the role of angles in determining if shapes are 
mathematically similar. Specifically, during the whole-class discussion, Jack 
used the geometric transformations to first determine if Copy 1 was 
mathematically similar to the original and then to examine if it always remained 
similar to the original when manipulating the scale factor slider and angle slider 
(see Figure 7.3). Whilst doing so, he first translated Copy 1 on the top of the 
original and then rotated it to match their corresponding angles by aligning at 
their corners labelled A and A’ so that they could be superimposed on each 
other. He then moved the dynamic scale factor slider and angle slider to allow 
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students to examine what was happening to the corresponding angles and 
sides dynamically.  

 

  

Step 1: Using the ‘translate control’, 
Jack translated Copy 1 on the top of 

the original 

Step 2: Using the ‘rotate control’, Jack 
rotated Copy 1 to adjust its position 

based on the original, aligning at the A 
and A’ corners 

  

Step 3: Using the ‘scale factor slider’, 
Jack enlarged Copy 1 to investigate if 

Copy 1 is similar to the original 

Step 4: Using the ‘angle slider’, Jack 
changed the corresponding angles of 
Copy 1 and the original to examine if 
Copy 1 and Copy 2 are similar to the 

original 
 

Figure 7.3 The steps that Jack followed when using a transformations-based 
approach to GS 
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Jack used the transformations-based approach again, alongside the 
affordance of the animation, during his whole-class teaching in Activity 2.1 (see 
Figure 7.4). He enabled students to examine the motion of the superimposed 
quadrilaterals whilst playing the animation. This helped students to recognise 
which quadrilaterals (if any) were always mathematically similar to the original 
blue rectangle. 

 

 

Figure 7.4 Activity 2.1 in the DMT where students are expected to play the 
animation and identify the similar shapes 

 

He enabled students to see how to apply a dynamic conception of geometric 
transformations to the context of GS and therefore make connections between 
transformations and similarity. He therefore enabled students to easily and 
effectively investigate the similarity of shapes and in turn to understand GS from 
the perspective of a transformations-based approach, as highlighted in his post-
lesson interview. 

It was nice being able to move one [shape] over the top of the other one, so 
you can compare them more directly. I guess it was quite nice that they had to 
actually physically do that, move it over there, so it made them kind of think 
more explicitly about comparing when they do that, I thought it was quite nice. 
[…] Being able to move shapes around maybe helps them [students] realise 
that just because it has been rotated around, it does not mean it stops being 
similar. [J12-int.] 
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7.2.2 Encouraging Students’ Use of Precise Mathematical and 
Technological Vocabulary 

In every observed lesson, Jack paid attention to students’ development and use 
of precise mathematical and technological vocabulary several times. He 
promoted their use of precise language with correct vocabulary in the following 
three ways: 

- highlighting to students the importance of using precise vocabulary in 
their oral and written explanations and justifications; 

- focusing on the full range of mathematical and technological vocabulary 
to connect the ideas of the mathematics at stake while using the DMT; 
and 

- valuing students’ use of precise language with correct vocabulary by 
spotting opportunities for students to share examples during whole-class 
discussions. 

For example, in one lesson, Jack drew students’ attention to the significance 
of providing comprehensive explanations and justifications including precise 
vocabulary during the initiation phase when he said: 

You need to work through independently today and you need to answer the 
questions [in the workbook] not by writing minimum thing you could get away 
with, but by writing carefully thoughtful answers. In doing so, you can learn 
much more. [J13-obs.] 

On another occasion, when introducing students to Activity 2.2 (see Figure 
7.5), Jack said: 

For these [the second and third statements in the task], you really need to think 
about the language you use, right? I know “Copy “mmm” is mathematically 
similar because […]”, ‘because’ is the key word and I want to see what you will 
say. Some people are going to just say stuff like that “It looks like as […]”, and 
some people will use better and better mathematical language to describe this. 
I want a bit more detailed, talk about height, talk about width. […] I am looking 
for really good mathematical language. I am looking for really good 
mathematical explanation and justification. [J14-obs.] 
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Figure 7.5 One of Jack’s tasks in which he strongly emphasised the need for 
precise mathematical language 

 
In his post-lesson reflection, Jack justified his practice thus: 

I really wanted to set up good habits in terms of writing good explanations, using 
good vocabulary and expecting an in-depth piece of writing, not just the very 
minimum because very often they [students] just write superficial things. [J15-
int.] 

During both DMT-mediated whole-class discussions and student 
independent work at computers, he created many opportunities to use (or 
enable his students to use) a wide range of mathematical and technological 
vocabulary (e.g., scale factor, scale factor slider, ratio checker) to highlight the 
mathematical connections between the different representations in the DMT 
and to explain the impact of the dynamic elements on these representations. In 
doing so, he facilitated and promoted the meaningful rich classroom discourse 
when making sense of the new dynamic mathematical tools in the DMT along 
with the ideas of GS that were made noticeable using such tools. This led 
students to gain a deep understanding of GS as they had the opportunities to 
use the mathematical and technological vocabulary when talking about the 
mathematical ideas in terms of the multiple representations in the DMT and the 
mathematical connections. For example, whilst manipulating the scale factor 
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slider to create several similar shapes called ‘Copy’, he posed a question to the 
class that “What was the effect of scale factor on the Copy’s height and width?” 
Can anyone give me a really good worded answer for that?” [J16-obs.]. After 
some students’ vague responses, he responded by saying: 

People have said that it [the scale factor] makes the shape bigger or smaller, 
which is correct. So, can someone give me a really nice sentence about what 
is the effect of scale factor? We can kind of understand it, so can you put your 
understanding into mathematical words really nicely? What is going on? [J17-
obs.] 

Moreover, he also appreciated students’ use of precise language including 
correct vocabulary by spotting their original and insightful written explanations 
in the workbook and displaying during whole-class discussions. For example, in 
one lesson, Jack selected and displayed a student’s answer in which (s)he 
explained how a shape was enlarged both horizontally and vertically using the 
length sliders in the DMT (see Figure 7.6). He justified this pedagogic method 
by saying: 

If I am asking them [students] to write down [their explanations], I will often say 
to them I want you to use the best mathematical language you can. Also, when 
I put other students’ work up on the [interactive] board, they can see it done 
well and they can see the good mathematics used. [J18-int.] 

 

 

Figure 7.6 A student’s written answer spotted by Jack to display on the IWB for a 
whole-class discussion 
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During the whole-class discussion, Jack made it clear to the class that he 
chose the work of this student as an exemplification of a good written 
explanation as it included precise mathematical vocabulary such as 
‘horizontally’, as seen in the dialogue between Jack and students occurred in 
the classroom: 

Jack: Tell me one thing you like about this description? What makes this 
description good?  

Student: Using the word ‘horizontally’.  

Jack: Good! Whenever I see people using sophisticated mathematical 
language, I am impressed. I want to give them a positive for that. The way which 
helps you learn a lot is by writing the best explanations you can. So, good 
mathematical language is really important, and part of this topic can be learning 
the mathematical language. So, he [the student] used the word ‘horizontally’, 
right? Are there any other words you like which are good mathematical 
language? 

Student: ‘Vertically’.   

Jack: ‘Vertically’ is really good mathematical language. Okay! Any other 
mathematical and technological words? [J19-obs.] 

In his post-lesson reflection, he also highlighted why he believed that it was 
so important to support students’ use of precise language. 

I think that [students’ use of precise language] is good for their kind of identity 
as a mathematician. I see ‘communicating your mathematics’ as a part of 
becoming a mathematician. It is about being able to justify, explain, 
communicate your mathematics, and to do that, you need to have the right 
language. So, I wanted to really recognise good language that some of them 
[students] did, such as ratio, proportion, and things, […] just to help them with 
their communication and with reasoning and to see it well written. [J20-int.] 

Additionally, when he was asked if his use of the DMT supported students’ 
language development and, if so, how, he responded that he thought it offered 
students the opportunities to develop their skills in the use of precise 
mathematical language related to GS. 
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It is also really nice how it [the DMT] is very student-centred and exploratory, 
so it really gives them an opportunity to try and make sense of these ideas and 
I think that is really key when they are learning about geometry in particular. 
They need to really develop that. Actually, the other main thing is their 
reasoning and communication of their reasoning and their writing, and, you 
know, their explaining and justifying and using mathematical language, there 
are a lot of that in here [in the dynamic learning environment of the DMT]. [J21-
int.] 

7.2.3 Developing Classroom Dialogue Focused on the DMT 

In his lessons, Jack tended to pose more open-ended questions to stimulate 
students’ thinking and justification rather than asking questions that warranted 
a single correct answer. Although some of his initial questions required ‘yes’ or 
‘no’ answers, such as “Move the scale factor slider, are they [the shapes] still 
equivalent?” [J22-obs.], he followed these with a variety of questions to students 
that required them to explain and justify their mathematical thinking. This is 
exemplified by the following dialogue:  

Jack: What ratio is this that you set up [in the ratio checker]? (Jack pointed to 
the statements in the ratio checker on the screen). Is this between ratio or within 
ratio? 

Student: Within [ratio]. 

Jack: Within ratio. Good! What is your answer then [to the question in the 
student workbook], the within ratio, how does that change as you make different 
enlargements? (the discussion continues) [J23-obs.] 

Jack’s questions mostly concerned both mathematical and technological 
content without foregrounding one or the other. He posed them to students 
during both students’ independent work and during whole-class discussions. 
The dynamic use of the DMT supported him to pose effective exploratory 
questions to students that encouraged them to focus their attention to the 
important mathematical relationships. In his post-lesson reflection, Jack 
acknowledged how the CM resources such as the teacher booklet helped him 
to develop and pose more efficient questions to students. 

The questions in the [CM teacher] booklet helped me focus on what good 
questioning is, how to ask students good questions. […] It helped guide me on 
what to question around and get them [students] to think about. [J24-int.] 
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Jack posed a variety of types of questions to students in his lessons. There 
were instances when he asked students mathematical questions and then 
expected them to use the DMT to formulate their answers. For example, when 
interacting with a pair of students, his questioning implied that they should drag 
the scale factor slider to 1 and to explore the properties of the resulting shapes. 

If the scale factor is 2, the sides [of the original shape] are doubled, right? Every 
sides are multiplied by 2. Then, what do you think what happens when the scale 
factor is 1? […] With the scale factor of 1, what do you think may happen? [J25-
obs.] 

There were instances when Jack’s questions focused only on the 
technological aspects of the DMT, especially when introducing new features of 
the DMT to the whole-class and as technical issues related to the DMT 
emerged. For example, questions such as “What is that [scale factor] slider, do 
you think?” and “How can you use the ratio checker?” [J26-obs.]. Other 
questions that Jack posed focused students’ attention to the specific actions, 
measures and geometric shapes embedded in the multiple representations 
within the DMT to encourage them to notice and explore the variant and 
invariant relationships between similar shapes. This was evidenced, for 
example, by Jack’s dialogue during Activity 8.1 (see Figure 6.5): 

Do you agree guys that when I move the [scale factor] slider up and down, I am 
making lots of different enlargements all the time, do you see that? (Jack kept 
dragging the scale factor slider to enable students to see different enlargements 
of the original). All the time, these two shapes are what? (A student said ‘similar’ 
as a response). Yes, they are always similar, but every time, when I move it 
[the slider], it is an enlargement, this is how we are able to check what is staying 
the same, and what is not staying the same as you make different enlargements 
[in the dynamic environment]. [J27-obs.] 

Moreover, especially during student independent work, he frequently posed 
multiple effective questions (involving open-ended, probing questions) to 
students when interacting with them. He spent notable time (around 2-3 min) in 
one-to-one interactions with different pairs of students. On these occasions, his 
questions contributed to stimulating interactions between Jack, the students 
and the dynamic mathematical environment. For example, the following 
conversation took place between Jack and a pair of students in which he posed 
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a high number of questions, providing an insight into the amount of time he 
spent interacting with them during student independent work.  

Jack: So, we are moving the slider up and down, right, and noticing what is 
happening, right! The first question [in the workbook] says that list several 
things which stays the same as you move the scale factor slider. So, move the 
scale factor slider up and down and see what you will notice? 

Student: (The student was dragging the scale factor slider in the DMT and 
observing what was happening on the screen to identify what stayed the same.) 

Jack: What stays the same as you move it [the scale factor slider]? This is the 
original and this is the Copy. What stays the same?  

Student: Everything.  

Jack: Everything stays the same. I do not think all stays the same. This [the 
original] is 3 high and at the moment this [Copy] is 15 high. Yeah, that is 
something changing, is not it? Is it only getting this direction [vertical direction] 
(Jack was referring to the screen)? Is it getting this direction [the horizontal 
direction] as well?   

Student: Yes.  

Jack: Can you write down that [in the booklet]? What stays the same as you 
move it [the scale factor slider]? [J28-obs.] 

Jack seemed highly aware of the significance of asking good questions to 
students that focused their attention to the core mathematical ideas 
underpinning GS. This was evidenced in his post-lesson reflection. 

I look on them [the questions he posed to the class] as scaffolding, like I asked 
them [students] few little questions that build up to them realising the things 
they need to realise. […] If I want them to realise, say that, the height is 
changing, and the width is changing, I say to them what happens to the height, 
what happens to the width, so kind of breaking it down into smaller bits, you 
know, “Is anything changing?”, “What do you notice over here?”, like just little 
things that help them focus on the key things that I want them to notice and kind 
of putting the piece together of what they notice and making it into something 
more coherent and a mathematical realisation. [J29-int.] 

He also explained that teaching GS with the DMT over the observed lessons 
led him to improve his skills in questioning. 

I feel, it [teaching GS with the use of the DMT] has helped really improve my 
questioning of students, you know, how to ask them [questions]. […] When I 
have been working with kids, I have had to ask them lots of questions to help 
them focus on the right thing and that has been, I think, quite good for me. I feel 
like I am pretty good now at asking good questions and it has helped me kind 
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of hold my whole-class questioning, you know, because that is what it is all 
about in teaching, you need to ask them lots of questions. [J30-int.] 

7.2.4 Anticipating, Identifying, and Addressing Students’ 
Misconceptions through the Dynamic Use of the DMT 

In his curriculum script, Jack anticipated several misconceptions that students 
might encounter related to GS and aimed to address them through his dynamic 
use of the DMT during the lessons. He also identified several misconceptions, 
which were unanticipated, and resulted in ad hoc decisions to address them by 
using the DMT. In total, the following misconceptions were evident in his 
curriculum script. 

- An enlargement results in the creation of a mathematically similar shape 
which is always larger than the original; 

- A scale factor makes a shape only doubled and/or halved; 
- The use of additive strategies within GS is appropriate when determining 

whether geometric shapes are mathematically similar; 
- If the lengths of a shape are multiplied by a scale factor of k, then the 

area of this shape is multiplied by a scale factor of k, too; 
- The proportionality of all corresponding pairs of sides is by itself 

sufficient to prove the similarity for geometric figures; and 
- The angles of a geometric figure are multiplied by a scale factor along 

with its side lengths. 

I now focus on two of the above-outlined misconceptions in detail to 
demonstrate how Jack used the DMT dynamically in the classroom to promote 
students to encounter and reflect upon them. While the first misconception was 
foreseen by Jack when planning his lesson, the latter was spotted and identified 
by him during the lesson. 

7.2.4.1 Promoting students’ recognition that the use of additive 
strategies is inappropriate for GS tasks 

When planning his lessons, Jack was aware that although GS involves 
multiplicative relationships, students tend to rely on the use of additive 
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strategies rather than multiplicative strategies when engaging with GS-related 
tasks. 

They [students] may have the misconceptions that, you know, [such as] additive 
misconception, they add to both sides as they need to multiply. I know that is a 
common misconception they may have and come up against. [J31-int.] 

To enable students to confront and realise this possible misconception, Jack 
introduced the counter-example provided in the DMT (see Figure 7.7). This 
required students to increase the height and width of the original rectangle 
(height:3, width:4) by 12 units using the length sliders. 

 

 

(a) 

 

(b) 

Figure 7.7 (a) The initial version of the CM activity; (b) The activity after adding 12 
units to both sides of the original rectangle alongside the use of ratio checker and 

measurement table 

 

Before students began working independently using the DMT, they 
conjectured that Copy rectangle would be mathematically similar to the original. 
However, having worked on the activity, they changed their minds as they 
explored how adding the same amount to the height and width of the original 
caused visual distortions to the London Eye and the ratio of the corresponding 
sides between the original and Copy rectangles was no longer the same. 
Students’ interaction with the DMT contributed to this learning outcome as they 
could compare the Copy and the original both visually and numerically in the 
dynamic learning environment. 
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During the subsequent whole-class discussion, Jack underscored the key 
concepts and extended students’ understanding of the idea that the heights and 
widths of the original and Copy must be related multiplicatively. He first identified 
the numerical relationships between the side lengths of the original rectangle 
and Copy rectangle through the measurement table. By operating the DMT 
‘live’, he increased the Copy rectangle’s height and width by 12 units using the 
length sliders, then measured the sides of the Copy rectangle and original 
rectangle using the measurement facilities and finally dragged the length 
measurements into the cells of the measurement table. The table enabled Jack 
to identify the multipliers for both the width and height in two different ways in 
the dynamic environment. First, he divided 15 by 3 and 16 by 4 using the IWB 
for writing as a white board, producing inequivalent numbers of 5 and 4, 
respectively. Second, he drew students’ attention to the values on the slider 1 
and slider 2, which represent the multipliers for the width and height and so help 
identify the multipliers. Students then recognised that when adding 12 units to 
the width and height of the original rectangle, the values on the Slider 1 and 
Slider 2 become 4 and 5, respectively. In this way, they explored that the 
multipliers for the heights and widths were different values and therefore, the 
Copy rectangle was not mathematically similar to the original rectangle, as the 
corresponding sides of mathematically similar shapes should be related by the 
common multiplier. Jack explicitly drew students’ attention to the additive 
misconception, as follows: 

When it comes to looking at the proportion, this [incorrect use of additive 
reasoning] is the biggest mistake that students make, they think they just go 
and add the same thing [the number] to both amounts [of a rectangle] to make 
[a] mathematically similar [rectangle]. [J32-obs.] 

7.2.4.2 Promoting students’ recognition that if the lengths of a shape are 
multiplied by a scale factor of k, then the area of the shape is 
multiplied by a scale factor of k2 

Jack identified this misconception in a lesson when interacting with students 
during their independent work with the DMT to check their written explanations 
in the workbook.  
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He instructed students to engage with Activity 2.1 (see Figure 7.4) in which 
they were instructed to play an animation, watch and decide which 
quadrilaterals (if any) were always mathematically similar to the original and 
then produce their written justifications in the workbook. He noticed that one 
pair of students used the concepts of perimeter and area in their written 
explanation to justify why the orange and red rectangles were always 
mathematically similar (see Figure 7.8). They had concluded that the orange 
and red rectangles remained mathematically similar to the original as the area 
and perimeter of the rectangles increased by a scale factor of 3 when the 
animation slider came to the end. 

 

 
Figure 7.8 The students’ written response to Activity 2.1 

 
Jack, however, recognised a misconception as the students had concluded 

that the area scale factor of the orange and original rectangles was the same 
as the length scale factor (a value of 3). To enable them to notice and overcome 
their misconception, he posed the question “You see that the perimeter 
increases by 3 times, does the area increase by 3 times, too?” [J33-obs.] and 
then invited them to drag the animation slider such that the lengths of the orange 
rectangle were twice as large as those of the original (see Figure 7.9). Having 
drawn the students’ attention to that the side lengths of the orange rectangle 
were now double the side lengths of the original as it had been enlarged by a 
scale factor of 2, Jack asked them to examine what happened to the area of the 
orange rectangle. By looking at the original and orange rectangles on the 
screen, the students assumed that the area of the orange rectangle had 
doubled. Jack then encouraged them to figure out “how many of them [the 
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original rectangle] could sit into the orange one [rectangle]?” [J34-obs.] using 
the grid as a measurement tool in the DMT, leading them to realise that the area 
of the orange rectangle was 4 times that of the original. 

 

 

Figure 7.9 A pair of students manipulated the animation slider to halfway when the 
lengths of the orange rectangle were twice as large as the original 

 

In his post-lesson reflection, Jack stressed that when the students came up 
with the mathematical ideas concerning the area and perimeter of similar 
shapes, which actually went beyond his lesson agenda, he wanted to exploit 
this learning opportunity to promote students’ understanding using the DMT. He 
also appreciated the usefulness of the DMT in enabling students to explore how 
a scale factor affected the areas and perimeters of the scaled figures, resulting 
in them developing an understanding that the area of a similar shape does not 
increase in the same ratio as the lengths of its sides, when it is enlarged. 

What they [a pair of students] said the perimeter and the area has doubled, so 
it was a nice teachable moment to say, you know, that was not really part of my 
learning intention at all, but I felt like it was just a nice opportunity to talk about 
the behaviour of the area and the behaviour of the side lengths, and the 
software [the DMT] let them see really nicely what had happened to the area 
[…], so it was just a nice teachable moment where the software gave some nice 
visual and dynamic pictures that let them notice what was happening. [J35-int.] 
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7.3 Resource System 

Jack’s resource system included the CM resources embedding the use of the 
DMT as a main resource, alongside the tasks he created himself. Below, I report 
the analysis of Jack’s resource system for teaching GS using the DMT 
according to the themes identified and outlined in Section 4.3.2 of Chapter 4. 

7.3.1 Recognising the Affordances of the DMT for Promoting Students’ 
Understanding of GS 

Jack showed a wide awareness of the affordances of the DMT (e.g., sliders, 
ratio checker, animation) and he both realised and appreciated the potential of 
their use in the enhancement of students’ understanding of GS. His post-lesson 
reflections along with the lesson observations provided strong and clear 
evidence to support this statement.  

He, for example, particularly appreciated two ‘dynamic’ features of the DMT, 
namely, dragging and enlarging. 

The thing which is different [about the DMT] is the dynamic nature of it, the fact 
that they can watch something [figures] being enlarged, so they see them kind 
of growing […]. The one thing that the technology offers is the opportunity to 
drag them [figures] and stretch them. [J36-int.] 

Jack also valued how the DMT offered students opportunities to explore the 
variant and invariant properties of mathematically similar shapes, as evidenced 
by his two different comments in his post-lesson reflections. 

What is really nice about it [the DMT] is actually when you drag the scale factor 
slider, you see the original staying the same and the Copy ones are changing. 
I think, that is quite nice. [J37-int.] 

It was really nice for them [students] to be able to see the shape dynamically, 
dynamically changing and the ratio staying the same and staying the equivalent 
[in the ratio checker]. [J38-int.] 

In these statements, Jack clearly acknowledged the value of the dynamism 
the DMT offers to advance students’ understanding of GS. Additionally, he also 
stated that compared to the use of the ordinary whiteboard, the use of the DMT 
enabled him (and his students) to generate and compare numerous 
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mathematically similar shapes to the original. He asserted that this led students 
to develop a deeper understanding of the ideas of GS. 

I drew some static images on the [white]board but then I also used the dynamic 
images, which are richer than the static ones, you know. It is like having lots 
and lots of different comparisons and seeing them moving like that gives them 
[students] different level of understanding. [J39-int.] 

What is more, Jack developed his appreciation of the multiple mathematical 
representations in the DMT and the dynamic mathematical links between them. 
He mentioned this explicitly in his lesson reflection, particularly regarding the 
use of ratio checker and its role in assisting students to understand the within 
ratio in the context of GS. 

The fact that the ratio checker did a lot of thinking for them [students] and let 
them notice that it [within ratio] is equivalent all the time was really nice for them 
and let them focus on the key things we wanted them to notice, which was that 
it is always an equivalent ratio. I guess maybe combining that with the shapes 
moving up and down, seeing the shapes changing, it is quite powerful. I guess 
I see it as a really kind of mental image that students will have or even a series 
of linked mental images that students will have, they kind of have connections 
between [the representations]. So, they can imagine like, you know, lots and 
lots of triangles that are similar and how the numbers will grow at the same 
time. […] They are all linked together by a mathematical kind of structure. […] 
They got the opportunity to notice what things were changing and what things 
were constant, you know, which I guess is the whole point really. [J40-int.] 

Lastly, Jack was also conscious that he could take advantage of the 
potential of the DMT to apply geometric transformations to help determine 
whether geometric figures are mathematically similar. He appreciated that the 
use of a transformations-based approach to GS facilitated students to explore 
whether shapes are mathematically similar by superimposing them onto one 
another. 

It was nice being able to move one [figure] over the top of the other one [in the 
dynamic learning environment], so you can compare them more directly. I 
guess it was quite nice that they [students] had to physically do that, move it 
over there so it made them kind of think more explicitly about comparing when 
they do that. I thought it was quite nice. [J41-int.] 

7.3.2 Dynamic and Static Uses of the DMT 

In his lessons, Jack tended to take advantage of the dynamic and visual nature 
of the DMT at every opportunity by exploiting its affordances (e.g., scale factor 
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slider, angle slider, ratio checker, animation) and manipulating its multiple 
representations (figures, sliders, ratio checker, measurement table). He was 
also inclined to make explicit dynamic links between these representations and 
to maximise the impact of its use by varying measured quantities. In addition to 
his own dynamic use of the DMT, he also allowed and encouraged students to 
use it dynamically during their independent work when appropriate. In the 
lessons, he aimed to enable students to see and explore the variant and 
invariant properties of GS, such as while within ratios are unchanging across a 
family of mathematically similar shapes, between ratios might be different 
depending on the scale factor. In his post-lesson reflection, he stressed the 
significance of his dynamic use of the DMT in the classroom not just for GS in 
particular but also for geometry in general. 

I think that is quite powerful actually, looking at shapes as dynamic things, you 
know, with lots and lots of different ways they [students] can look rather than 
just like static images. I think it really helps them out, not just with [geometric] 
similarity but with geometry and geometric reasoning in general. [J42-int.] 

Throughout both students’ independent work at laptops and the subsequent 
whole-class discussions, he commonly used the DMT ‘live’ to support students’ 
understanding of the mathematics at stake (see Figure 7.10 and Figure 7.11). 
There was rich observational evidence that he created many opportunities to 
exploit the (dynamic) potential of the DMT on different occasions for various 
purposes, including to: 

- do technical demonstrations of the features of the DMT to students for 
the purpose of elucidating how to utilise them fully and fruitfully in each 
activity; 

- probe and support students’ emergent understandings of the 
mathematical ideas of GS during their independent work on the activities 
with the DMT; 

- share, discuss, review and thus extend the mathematical ideas related 
to GS that students noticed and explored interacting with the DMT during 
whole-class discussions; 

- demonstrate and stimulate students’ developing mathematical thinking; 
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- test the mathematical conjectures originated by students with the aim of 
confirming or refuting them; 

- propose and demonstrate suitable counter-examples to show that the 
statements are true or false; 

- promote the use of appropriate mathematical and technological 
language; and 

- receive instant feedback from the DMT while interacting with students to 
discuss their actions and work in the dynamic environment. 

 

 

Figure 7.10 During student independent work at laptops, Jack was operating the 
DMT dynamically 

 

 
Figure 7.11 Jack was using the DMT ‘live’ on the IWB during whole-class teaching 
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Finally, Jack also took advantage of the use of the DMT to provide 
immediate feedback on students’ actions and conjectures, leading to them 
exploring the mathematics at stake. This was evident by what he said when 
describing his interaction with a student during the student independent work 
on DMT-enriched tasks. 

[…] I guess there is that feedback from the software, so he [the student] is doing 
things and getting feedback from the software and he is able to then reason 
about that and come to conclusions and make connections about that and prove 
his knowledge and understanding through that. So, it is like a dialogue between 
three of us, you know, I am kind of guiding his attention and he is getting 
feedback from the software. So, it is quite nice thing, you can do things that you 
cannot usually do [without the DMT]. [J45-int.] 

7.3.3 Integrating and Using Other Resources alongside the DMT 

Jack employed DMT-enriched CM resources as central resources in his 
resource system to accomplish his lesson objectives. In his lessons, he 
regularly followed the set of the CM activities requiring the use of the DMT, as 
evident from his reflection: 

I just really used the Cornerstone booklet as the main resource. I followed pretty 
closely the tasks in the Cornerstone booklet. [J46-int.] 

Additionally, he also either designed or adopted a variety of supplemental 
resources to CM resources. He, for example, created several paper-and-pencil 
based tasks using the context of the DMT and introduced them to students, 
usually throughout the initiation phase of his lessons. The task in Figure 7.12 
was presented following students’ engagement in Activity 2.2 (see Figure 5.2), 
which involved the three statements (with blanks) along with the three 
rectangles. Jack instructed students to complete the statements by examining 
the visual and numerical relationship between the rectangles given on the 
gridlines in the paper alongside the knowledge they had gained during their 
engagement with Activity 2.2. He also invited them to articulate their reasoning 
and justifications about their answers, particularly in relation to the second and 
third statements.
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(a) 

 

(b) 

Figure 7.12 (a) A task used by Jack (b) A related worksheet for students 

 

Jack also used paper-and-pencil tasks in his lessons that had no direct 
connection with CM resources. When designing these tasks, he did not 
reference the context of the CM resources. For example, he developed and 
implemented a task that required students to draw three shapes on paper that 
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were mathematically similar to the originals provided, and to draw another two 
shapes that were almost mathematically similar (see Figure 7.13). In this task, 
students needed to take the corresponding angles and sides into consideration. 
They were also asked to provide their explanations and justifications to 
accompany their responses. 

 

 

Figure 7.13 The instructions for the task created and used by Jack in the class 

 

In addition to such paper and pencil tasks, Jack also used students’ 
productions of written explanations in the workbook as supplementary 
resources in his lessons. During his circulation around the class while students 
were working independently on the task in the paper-and-pencil environment, 
he was inclined to identify students’ work that he considered valuable to share 
with the rest of the class for whole-class discussion. For example, while 
circulating among students, he spotted and photographed a student’s written 
response to the task in Figure 7.12 (a) and displayed it for the whole-class 
discussion (see Figure 7.14). 
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Figure 7.14 A student’s explanations that Jack selected to display on the IWB 

 

In his post-lesson interview, Jack outlined that he used the additional tasks 
as bridging activities, which supported students’ transition from interacting with 
the DMT-enriched activities to traditional paper and pencil tasks. He also 
reported that with the supplementary tasks, he sought to consolidate students’ 
learning that took place during their interaction with the DMT. Moreover, he 
stressed that adopting paper and pencil tasks along with technology-enriched 
tasks was useful to enable students to focus more on the mathematical rather 
than technological content. 

It was really just a kind of bridging task thing, so basically, I think with this class 
in particular, they [students] need to focus on a paper and pencil task. […] I 
think computers are really good for certain things but also using them too much 
could become a distraction for mathematics. When we put them away 
sometimes, we can focus a bit more on mathematics and consolidate what we 
learnt the lesson before. […] It helps them understand better by seeing things 
in different contexts. It is something that helps them relate those two things. 
[J47-int.] 
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7.3.4 Enabling Students’ Use of the DMT in Mathematically Productive 
Ways 

Jack provided students with the opportunities to become accustomed to the 
affordances of the DMT (especially in his initial lessons) so that they could 
successfully engage with the CM activities such as, how to exploit the scale 
factor slider and ratio checker. Using the DMT ‘live’, he tended to perform 
demonstrations of the tool techniques. In the interview, he highlighted that 
promoting students’ skills in the use of the DMT helped them to understand the 
mathematical ideas as they engaged with them in the dynamic learning 
environment. 

[…] getting them [students] to understand how to use the software, how to 
actually make them instrumentalise of the software, and how to actually make 
the thing work. It is learning how to access and use the software, how to make 
use of it to do the right things, and then helps them learn mathematics. [J48-
int.] 

In his first lesson, Jack also devoted some time for students to interact freely 
with the DMT to provide them with the opportunity to explore functionalities 
independently. The following excerpt from his post-lesson interview captures 
this intention. 

I think what I decided to do this time was to get them [students] to go and play 
around [in the DMT], pressing some buttons, you know, and I wanted them to 
do that before I gave them any specific guidance because I kind of know when 
kids get a new thing like that [the DMT], they just want to push a few buttons on 
it and play around, so what it is good to do sometimes is to let them have some 
opportunity to do that, kind of a free time play, and then say that “right this is 
what we’re going to do with it”. [J49-int.] 

Moreover, Jack has a specific pedagogic practice when he led 
demonstrations of tool techniques when he asked students to close their laptop 
lids to 20 degrees so that they could focus their attention to his actions on the 
DMT. For example, in his initial lessons, using the DMT ‘live’ on the IWB, he 
demonstrated: 

- how to measure the side lengths of figures; 
- how to colour the corresponding sides of figures for the identification of 

them; 
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- how to use the measurement table by dragging the proper side 
measurements into the table’s cells; 

- how to take a snapshot of measurements in the measurement table, and 
how to play and control the animation; 

- how to dynamically drag the scale factor slider and angle slider; and 
- how to superimpose shapes by dragging them on top of one another to 

help identify corresponding sides.  

However, in his latter lessons, Jack only did a demonstration of the tool 
techniques when students needed to use the new affordances when working on 
the CM activities or faced difficulties exploiting the affordances. For instance, in 
one of the latter lessons in which students worked on Investigation 7 (see Figure 
5.7 and Figure 5.8), he demonstrated how to use the ratio checker to generate 
within and between ratios since students were required to exploit the ratio 
checker for the first time. A typical introduction to Jack’s tool demonstration was: 

I just need to show you some things you need to know how to do it, right? 
Because there are some new functions of the software you have not used yet. 
Everybody is watching. [J50-obs.] 

In addition to Jack’s whole-class demonstration of the tool techniques, 
during his interactions with students during their independent work, he also 
assisted them to exploit the affordances of DMT. For example, he supported 
students’ use of the functionalities in Activity 8.1 (see Figure 6.5), including the 
scale factor sliders and ratio checker, and encouraged them to recognise and 
make a dynamic link between the values on the scale factor sliders and the 
numbers in the two statements in the ratio checker.  

Reflecting on his lessons, he concluded that giving a technical 
demonstration in a whole-class setting minimised the burden on him in the class 
even though he believed he still needed to support students individually in fully 
exploiting the affordances of the DMT. 

It [giving a technical demonstration of the tools of the DMT] saved me telling 
them all individually, it saved me going around and saying one by one that 
“Have you tried this button or this button?”. You still have to do a bit of this, but 
you know they all need to know them, it is just best to tell them all together. 
[J51-int.] 
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7.4 Activity Structure 

In this section, I present the analysis of the activity structure evident in Jack’s 
teaching practices as he integrated the DMT for the teaching of GS. 

7.4.1 Orchestration of the DMT-Enriched Activities 

I present the orchestration types that Jack exploited in his lessons, along with 
how he employed them. 

Throughout the different phases of his observed lessons, Jack employed 
various activity formats to orchestrate the DMT-enriched activities. Table 7.1 
summarises the types of orchestrations Jack adopted along with how he used 
them, followed by the detailed descriptions of those he predominantly employed 
that were facilitated by his use of the DMT.  
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Table 7.1 Orchestration types used by Jack in the observed lessons along with their descriptions 

Orchestration types that 
Jack employed in his 
lessons 

 
Characterisation of the orchestration types observed 

(individual) Technical-
demo  
 

Using the DMT ‘live’, Jack showed students the tool techniques that they needed to exploit to accomplish 
the CM tasks during both whole-class teaching and students’ independent work at computers, such as 
how to exploit the affordances of ‘angle slider’ or ‘animation’. 

Explain-the-screen  
 

Jack explained the dynamic (and static) screen of the DMT during the sessions of whole-class teaching. 
He also explained the contents of students’ written explanations displayed on the IWB during whole-class 
discussions. 

(individual) Discuss-the 
screen  
 

Since Jack tended to regularly use the DMT ‘live’ in each of the observed lessons, he predominantly used 
this orchestration to create discussions on his (and students’) actions on the DMT when supporting whole-
class and students’ independent work that involved the DMT, as seen in Figure 7.15.   

Work-and-walk-by  
 

Jack showed a keen to employ this orchestration in his lessons. Whenever students were working on the 
DMT-enriched CM tasks in pairs or trios, he moved around the class and aimed to visit all the student 
desks to provide students with support and guidance and to monitor their work in the dynamic environment 
and in the workbook.  

Spot-and-show  
 

In all the observed lessons he delivered, Jack employed a variant of this orchestration by spotting and 
selecting students’ work in the paper (e.g., their written explanations in the workbook) while circulating 
around during student independent work at computers. After photographing the students’ work he spotted, 
he displayed them on the IWB to show the whole-class for whole-class discussion. The criteria for his 
selection of students’ work concerned, for example, the inclusion of precise mathematical explanation. It 
is notable that he used this orchestration differently compared to the way it is described in the wider 
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literature. Rather than spotting and selecting students’ work outside the classroom, he did so 
spontaneously in the classroom when delivering the lessons. 

(individual) Guide-and-
explain 
 

During work-and-walk-by, Jack was inclined to employ this orchestration to provide guidance and 
instruction to a (pair of) student(s) by explaining the mathematical concepts mainly based on what 
happened on the screen and by raising the questions. 

Sherpa-at-work  
 

Jack used the sherpa-at-work orchestration once across the observed lessons. During students’ 
independent work at computers, when a pair of students showed him their work performed using the DMT 
in the dynamic environment, he appreciated it. He then invited the students to show their work to the whole-
class by operating the DMT from the teacher desktop and created a whole-class discussion on it, as seen 
in Figure 7.16. 

Predict-and-test  
 

While circulating among students working independently on the CM tasks with the use of the DMT, Jack 
tended to encourage them to make conjectures and then, using the DMT dynamically, test them. During 
whole-class discussions that were underpinned by his dynamic use of the DMT, he also tended to first 
invite students to make conjectures regarding the questions he posed to the whole-class and then to use 
the DMT ‘live’ to test their conjectures. 

Board-instruction/Not-use-
tech 

Jack sometimes did not prefer to allow students to use the DMT or use it only himself on the IWB. Instead, 
he used the paper and pencil-based activities, some of which were related to CM investigations that he 
created using the contexts of the DMT. However, Jack use of this orchestration was not totally the use of 
technology free because he made use of the IWB to display the students’ work they originated in the paper 
environment and to write on it.  
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Figure 7.15 Jack used the DMT ‘live’ on the IWB and employed the discuss-the-

screen orchestration 

 

 
Figure 7.16 A pair of Sherpa students invited by Jack to operate the DMT from the 

computer desktop 

 

Below, I present the details of the three most frequent activity formats 
adopted by Jack using the DMT to provide greater insights into his practice. 

7.4.1.1 the (individual) Discuss-the-screen orchestration 

Following periods of students’ independent work, Jack created a whole-class 
discussion several times in each lesson about the mathematical phenomena at 
stake that involved his use of the DMT ‘live’. Sometimes, he began whole-class 
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discussions with a question he was asked by a student(s) during his interaction 
with them while circulating around the classroom. The following extract shows 
an example of his use of the discuss-the-screen orchestration in the context of 
Activity 5.2 (see Figure 5.6) that involved the whole-class.  

Jack: What do you guys think the relationship between these three angles of 
the parallelograms? 

A student: They are all the same. 

Jack: X [the student] thinks they are all the same, what do you think? Are they 
all the same? 

(no response by students) 

Jack: In a minute, I am going to move to the scale factor [slider], right, what do 
you think it is going to happen to this angle and the Copy when I change the 
scale factor [slider], do you think it is going to change, or do you think it is going 
to stay the same? 

Few students: They are going to stay the same. 

Jack: You think that they are the same, so when I make the shape bigger, you 
think that the angles stay the same, are you sure about that?  

Some Students: No. 

Jack: Ok, Interesting, is it going to stay the same, or, is it going to change? So, 
this one is Copy 1, this one is Copy 2, let’s see what happens, right! (He was 
dragging the scale factor slider to change the side lengths of the shape) I am 
changing the sizes of the shape, what is happening to the angles? (While he 
was asking this question, he kept dragging the scale factor slider up and down 
to enable students to explore what was happening to the angles when changing 
the sides of the shape based on the scale factor) 

Few students: Stay the same. [J52-obs.] 

 
Also, the individual discuss-the-screen orchestration was predominant in 

Jack’s lesson during the student independent work at laptops. He circulated the 
class to provide help and guidance, monitoring what students were doing in the 
dynamic learning environment. During these times, he employed the individual 
discuss-the-screen orchestration. He used students’ work in the dynamic 
environment of the DMT or their written explanations as the point of departure 
for discussion. Also, during this orchestration, his discussions with students 
were often underpinned by his (and his students’) use of the DMT dynamically 
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to, for example, test conjectures based on his questions or those in the 
workbook.  

In his post-lesson reflection, Jack described what happened when he used 
the individual discuss-the-screen orchestration to have a private discussion with 
a student and how it contributed to his realisation and exploration of the 
mathematics at stake.  

 […] we had quite a long conversation with him [the student] because he really 
needed some help. So, I was asking him questions, he was moving things in 
the software. I was moving things in the software and he was noticing things, 
and it was, I guess, a three-way interaction between three of us [the teacher, 
the student, and the DMT]. I was able to pose him questions, direct his attention 
on certain things and he was able to answer it using the software [DMT] and 
make realisations, which I thought it was really powerful for him. [J53-int.] 

7.4.1.2 the Work-and-walk-by orchestration 

Whenever students worked independently in pairs or in trios at laptops, Jack 
employed the work-and-walk-by orchestration to monitor students’ progress or 
to provide assistance if needed. 

Whilst circulating around the classroom during students’ independent work 
at laptops, he employed this orchestration particularly to: 

- help students to overcome technical difficulties in accessing the DMT 
and its functionalities; 

- monitor students’ activities in the DMT when engaging with the tasks 
and encourage their involvement and engagement with them; 

- interact with each pair of students after giving them some time for their 
engagement with the tasks; 

- explain the mathematical concepts on the DMT to students; 
- discuss the mathematical concepts on the DMT with students; 
- check and feedback on students’ work in the dynamic environment and 

their accompanying written explanations and justifications in the 
workbook; 

- create a discussion around students’ work using the DMT dynamically; 
and 

- respond to questions asked by students.  
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In the post-lesson interview, Jack explained some of his aims for his use of 
the work-and-walk-by orchestration during periods of students’ independent 
work at laptops, as follows: 

I usually like running around as soon as I have set them [students] a task, 
saying “Come on, you do this, you do that”, but I am actually trying to step back 
a bit at the moment because I think it is better to encourage the culture of 
independence. […] I do circulate, but I try to give them some time and space to 
come to it themselves first. When I am doing it [circulating the class], I am 
thinking about a couple of things. Number one usually, it is about watching who 
is actually not bothering to start the task. Number two is about scaffolding for 
the weaker students who need a bit of help getting into it and even for the 
stronger students to improve their thinking, so asking them to do some 
questioning that focused them on the more key elements. I am aware that when 
I go around and do that, when I spent times with students, it helps them get 
more out of the tasks, so, it is kind of about compliance and helping them. [J54-
int.] 

7.4.1.3 the Spot-and-show orchestration 

Jack used the spot-and-show orchestration to identify and select students’ work 
in the classroom rather than as part of lesson preparation as described in the 
wider literature. He employed this orchestration in almost every lesson as he 
selected students’ written explanations in the CM student workbook. He used 
his personal mobile phone to take the pictures of the explanations and displayed 
and shared them with the whole-class as a starting point for whole-class 
discussion. 

During both Investigation 3 and Investigation 4, Jack employed the spot-
and-show orchestration five times (e.g. see Figure 7.17) with the aim of creating 
a whole-class discussion around students’ written explanations or work he 
selected. When spotting students’ work, Jack particularly paid attention to the 
mathematical language that they used. 
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Figure 7.17 A student’s written explanations that Jack identified and selected 

 

In the post-lesson interview, Jack reported that he believed that the use of 
the spot-and-show orchestration allowed for student voice in the classroom and 
that seeing other’s responses may lead students to boost their confidence to 
both develop their own responses and to think about their peers’ responses. 

It is important to have ideas in the room that don’t come from me, they come 
from students. I think, that is good for their kind of identity as a mathematician, 
and I think it also kind of inspires them. They think that if they can do that stuff, 
then I can do it as well. I wanted to really recognise good language that some 
of them did, such as ratio, scale factor. It is important to reward that good 
practice to encourage good practice. I guess also that gave them [students] 
something new to think about, so that these words, ratio and scale factor, 
starting to relate them to what’s going on. […] It kind of showed them the next 
level of sophistication of understanding, to help them start to think in more 
sophisticated ways. That was my aim with that [his use of the spot-and-show 
orchestration]. [J55-int.] 

7.5 Summary 

In this chapter, I introduced the analysis of the data arising from Jack’s case in 
respect of the three constructs of the SFCP framework. The analysis illustrated 
that his curriculum script comprised various teaching goals for teaching GS with 
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the DMT, such as supporting students’ understanding of the idea of congruency 
as a special case of GS and of the use of a transformations-based approach to 
GS. He extended his curriculum script for teaching GS, for example, by 
integrating the use of within and between rations in deciding if geometric shapes 
are mathematically similar or not. He tended to promote students to use precise 
mathematical and technological language in every lesson using the three ways 
by (i) increasing students’ awareness of the significance of the use of precise 
language, (ii) using the full range of mathematical and technological vocabulary 
to stimulate students’ emergent understandings, (iii) encouraging students to 
use precise language in their written explanations. Jack tended to ask more 
open-ended questions followed by follow-up questions, rather than questions 
with a single correct answer to stimulate students’ thinking and justification, 
during both whole-class discussion and students’ independent work at 
computers. His questions in the observed lessons were mainly concerned with 
both mathematical and technological content without foregrounding one or the 
other. Jack anticipated and identified six misconceptions related to GS that 
students might encounter (and encountered in the lessons) and addressed 
them through his dynamic use of the DMT. What is noteworthy is that he made 
ad hoc decisions to use the DMT dynamically to address the misconceptions 
that students developed or faced in the lessons. During both whole-class 
discussion and students’ independent work at computers, Jack took advantage 
of the (dynamic) affordances of the DMT by manipulating its multiple 
representations (e.g., geometric figures, sliders, ratio checker, measurement 
table). He tended to make explicit dynamic links between the multiple 
mathematical representations and to explain the impact of the use of the DMT 
to change values on them. Additionally, Jack also both created and adopted a 
variety of supplemental resources to the DMT-enriched CM resources. He also 
utilised students’ written explanations and justifications in the workbook as 
additional resources in his lessons. He promoted students’ transition from 
interacting with the dynamic mathematical learning environment to traditional 
paper-and-pencil tasks. Finally, he mostly and routinely used the types of 
orchestrations in which the use of the DMT was required during both whole-
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class teaching and students’ independent work at computers, such as 
(individual) discuss-the screen, spot-and-show and sherpa-at-work. 

In the next section, I present the results of the cross-case analysis through 
which I compared and contrasted the three teachers’ classroom practices in 
regard to their use of the DMT for the teaching of GS using the themes that 
emerged.
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8 CROSS-CASE ANALYSIS 
8.1 Introduction 

In the last three chapters, I presented the results from the within-case analysis 
for each individual teacher that show how they implemented the DMT in their 
classroom practices to teach GS. These fine-grained analyses revealed key 
differences and some commonalities and indicated that there is variation in their 
technology-based practices, particularly in terms of their exploitation of the 
dynamic affordances of the DMT to promote students’ understanding of GS.  

In this chapter, I conduct a cross-case analysis by comparing and 
contrasting the teachers’ classroom practices using the themes that emerged. 
My primary aim is to identify, outline, and eventually conceptualise the salient 
differences and commonalities across the cases, leading to a more general set 
of outcomes and a better understanding of the characteristics of teachers’ 
technology-based practices. The cross-case analysis also contributes to the 
theoretical knowledge of the use of DMT for the teaching of GS. 

8.2 Key Cross-Cutting Themes  

To carry out the cross-case analysis, I use the themes emanating from the 
within-case analyses (see Section 4.3 for the themes). For each theme, I identify 
and summarise considerable and notable issues that illustrate the 
differences/similarities, particularly in the ways the teachers utilised the DMT to 
underpin the different but crucial aspects of their classroom practices. 

8.2.1 Developing a Curriculum Script for Teaching GS Using the DMT 

All three case study teachers developed and extended their curriculum scripts 
to different extents as a response to the use of the DMT for the teaching of GS 
in their classrooms. They did this by, for example, incorporating a 
transformations-based approach to GS that they had not previously adopted in 
their lessons not involving a DMT. 
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However, evidence from the observational and interview data revealed that 
when compared to Alex and Lara, Jack, as an expert teacher, developed a more 
comprehensive curriculum script for teaching GS with the use of the DMT with 
respect to: 

- the diversity of GS-related teaching goals enacted in the lessons with 
the DMT; 

- the range of mathematical and technological discourse in the classroom; 
- the depth and variety of questioning that references to the use of the 

DMT; and 
- the variety of students’ misconceptions about GS identified and 

addressed in the lessons using the DMT. 

I now discuss in detail the cases of the three teachers in terms of the above-
outlined components of their curriculum script. 

8.2.1.1 The diversity of GS-related teaching goals enacted in the lessons 
with the DMT 

As outlined in the methodology section, the case study teachers adopted the 
CM curriculum unit for teaching GS with the carefully designed DMT with no 
intervention from me regarding the extent to which they exploited the guided 
structured activities involving the DMT (outlined in the student and teacher 
workbooks). All three teachers had the opportunities to follow the same set of 
learning objectives and associated tasks as provided in the CM curriculum 
resources. However, although the teachers broadly taught all of the first eight 
CM investigations in their lessons, there were differences between them in 
terms of both the diversity of the teaching goals they focused upon and the ways 
these were addressed using the DMT in their enacted scripts. In comparison to 
Alex and Lara, Jack included three more mathematical goals for students’ 
understanding of GS in his enacted scripts and exploited the dynamic potential 
of the DMT in more mathematically productive ways to accomplish these goals 
by: 

- introducing the use of decimal scale factors along with integer scale 
factors in the creation of mathematically similar shapes; 
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- introducing the idea of ‘congruency’ as a special case of similarity; and 
- introducing the use of a transformations-based approach to GS in 

determining whether geometric shapes are mathematically similar. 

For example, Jack introduced the class to the use of decimal scale factors 
(less than 1 but greater than 0) in addition to integer scale factors (including 1) 
in creating mathematically similar shapes to the original shape. Alex and Lara 
introduced their classes only to integer scale factors. Also, Jack was the only 
teacher who used the DMT dynamically by dragging the dynamic scale factor 
slider to create several similar shapes, enabling students to notice how the 
dynamically changing values affect side lengths. Furthermore, unlike Lara, both 
Jack and Alex mentioned the idea of ‘congruency’ as a special case of similarity 
in their lessons. However, although the idea of congruency was prominent 
within the relevant DMT-enriched CM activity, while Jack created opportunities 
for students to examine and discuss the properties of congruent shapes using 
the DMT, Alex only verbally explained it to students and did not make (either 
dynamic or static) use of the DMT. 

 All three teachers introduced students to a transformations-based approach 
to GS in the classroom to some degree. However, there were differences in 
their teaching objectives concerning an understanding of the nature of the 
transformations-based approach to GS between the teachers, along with some 
similarities. For example, Jack and Alex introduced students to this approach to 
facilitate their comparisons of geometric figures in the environment of the DMT 
when determining if they were congruent or mathematically similar. During 
whole-class discussions, they both used the DMT ‘live’ to apply a sequence of 
transformations (e.g., translations, rotations, and enlargements) to superimpose 
figures on each other, with the aim of supporting students to examine and 
compare the properties such as corresponding sides and angles. Nonetheless, 
there were discrepancies in the degree to which Jack and Alex made dynamic 
use of the DMT to apply the transformations-based approach. While Jack used 
the DMT dynamically for this purpose on eight different occasions over six 
lessons, Alex used the DMT dynamically on two different occasions over seven 
lessons. Furthermore, when doing so, Jack exploited the dynamic features of 
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the DMT far more than Alex. This was evidenced, for example, when Jack, while 
using the DMT ‘live’, made dynamic links between the different mathematical 
representations. In Lara’s case, although she invited students to use a 
transformations-based approach to GS, this only happened in one of the eight 
observed lessons and she did not use the DMT herself in this context. In her 
post-lesson interview, when asked to reflect on this, it became clear that she 
did not promote students to use the types of transformations to accomplish the 
GS-related task as she was unaware of such an approach. 

8.2.1.2 The range of mathematical and technological discourse in the 
classroom 

All three teachers paid attention to and promoted students’ mathematical and 
technological language (e.g., corresponding sides and angles, scale factor, 
slider, ratio checker) to some extent, to connect the mathematical and 
technological aspects of the activities using the DMT. They were all mindful of 
the use of precise mathematical and technological language in their lessons, 
both for themselves and by students. They all encouraged students to articulate 
their oral and written explanations and reasoning in complete sentences, using 
correct vocabulary fundamental to GS. When they noticed students using 
language in this way, they were inclined to recognise, appreciate and share it 
with the whole-class either verbally and/or by displaying it on the IWB. However, 
evidence from the observational and interview data shows differences in how 
they did this. Jack’s overall awareness of, and attention to, the development of 
students’ mathematical and technological language was notably more precise 
when compared to that of Alex and Lara. Below, I detail the three main 
differences and similarities. 

1. Frequency and length of interactions  
2. Nature of language focused on  
3. The extent to which students’ articulations are valued 

First, the extent to which the three teachers supported and provoked 
students’ language development during their independent work with the DMT 
differed. Compared to Alex and Lara, Jack more frequently interacted with 
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students in these instances to create discussions with each pair of students on 
their work. Jack’s interactions with students were for much longer periods of 
time than Alex’s and Lara’s. Such interactions gave Jack more chances to use 
(and encourage his students to use) a wide range of mathematical and 
technological vocabularies, leading to a rich associated mathematical 
discourse. On the contrary, in the case of Alex, while students were working on 
the DMT-enriched tasks using the DMT at computers, there were a low level of 
student-teacher interaction as he very rarely interacted with them to create 
discussions (once or twice in a lesson). When his interaction(s) with a (pair of) 
student(s) occurred in small group format, it lasted only for a short period of time 
(less than one minute). Similarly, in the case of Lara, although she more often 
interacted with students during their independent work at computers than Alex 
and created a certain amount of discussions on their work in the DMT, her 
interactions and discussions were much shorter compared to Jack’s. 
Additionally, during both whole-class discussions and student independent work 
at computers, Jack more often, regularly and effectively used the DMT ‘live’ than 
Alex and Lara in each lesson. Jack therefore created and used more 
opportunities to use and highlight a wide range of mathematical and 
technological language (e.g., scale factor, scale factor slider, ratio checker) 
when describing and explaining his (and his students’) actions on the DMT and 
the associated outcomes. This, in turn, enabled him to support the development 
of students’ skills to use more appropriate correct vocabulary. However, as Alex 
and Lara used the DMT less frequently and effectively, fewer opportunities 
occurred. Hence, Alex and Lara had fewer opportunities to support the 
development of students’ effective use of precise mathematical and 
technological language.  

Second, during the periods of whole-class teaching, there were also 
differences in the focus of the language that the teachers used, mainly 
depending on whether they made reference to the DMT in their explanations 
and discussions. For example, Lara’s language during whole-class teaching 
focused more on the mathematical aspects of the activities than the 
technological aspects. This was because she tended not to make reference to 
the DMT (displayed statically on the IWB) nor did she make dynamic use of it. 
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Compared to Lara, Alex and Jack had more opportunities to promote students’ 
use of both mathematical and technological language as they did use the DMT 
dynamically, leading them (and their students) to use both types of                                                                                                    
language explicitly. However, the more detailed data analysis revealed some 
differences between the cases of Alex and Jack. For example, the questions 
Alex posed to the class provide clear evidence that he sometimes prioritised the 
language of technology over that of mathematics and thus the discussions he 
created did not often go beyond the technical aspects of the tasks in the DMT, 
particularly during his first few lessons in which he did not make use of the DMT 
when convening whole-class plenaries. 

Third, there were also differences in the degree to which, and the way in 
which, the three teachers appreciated students’ use of correct vocabulary. In 
the case of Jack, during both whole-class discussions and student independent 
work, he frequently encouraged and valued students’ oral and written 
explanations in response to the questions asked by him or presented in the 
workbook. He did this by sharing their language with the whole class through 
explanation and/or demonstration (see Section 7.2.2 and Section 7.4.1.3). In 
Lara’s case, her questions did not necessarily provoke students to give full 
explanations in their responses as her primary goal was to examine if their 
responses were correct or not. For Alex, he sometimes encouraged students to 
articulate their oral and written responses using correct vocabulary and 
appreciated precise language more frequently than Lara, but less frequently 
than Jack. However, Jack’s practice was more developed in this respect. 

8.2.1.3 The depth and variety of questioning that references to the use of 
the DMT 

All three teachers developed and posed both open-ended questions and closed 
questions in their lessons, especially during whole-class plenaries. Their post-
lesson reflections indicated that they all had some awareness of the significance 
of posing questions in the classroom to probe and promote students’ 
mathematical thinking and justifications. However, the within-case analysis 
elucidated differences, in addition to some similarities, between the three 
teachers in this regard. The differences concerned, in particular; the extent to 



8  CROSS-CASE ANALYSIS 
 

 
 

256 

which they asked open-ended questions followed by further probing questions 
(particularly referencing to the use of the DMT) during both whole-class teaching 
and student independent work; and the foci and aims of such questions. 

In comparison with Alex and Lara, Jack tended to pose more open-ended 
questions during both whole-class discussions and student independent work. 
Lara, like Jack, also posed some open-ended questions in these contexts. 
However, their practices differed in that, during student independent work at 
computers, Lara created less opportunities than Jack when supporting students 
to achieve the task outcomes. In the case of Alex, he asked open-ended 
questions to students predominantly during whole-class plenaries as he did not 
tend to interact with students throughout their work at computers. 

The above-outlined difference in the extent to which the teachers posed 
open-ended questions in their teaching practice can be explained as follows. 
First, Jack tended to pose a sequence of follow-up open-ended questions to 
their students that required them to clarify and elaborate their thinking. He was 
using this approach to probe their understandings. He invited students to 
explain and justify their work with (and without) the DMT and he supported and 
guided them to originate conjectures, predict the associated outcomes, and 
eventually justify their answers. However, unlike Jack, Alex and Lara were 
inclined not to pose follow-up open-ended questions to their students. Although 
they sometimes asked this type of questions, these did not necessarily create 
meaningful, rich discussions that might enable students to see and explore the 
variant and invariant properties of GS. They were inclined not to pursue their 
discussions with them, as can be seen, for example, in a dialogue between Lara 
and student(s) in Section 5.2.3.  

Second, the way Jack exploited the DMT in his lessons enabled and 
triggered his questioning approach. He regularly used the DMT dynamically in 
mathematically productive ways during both whole-class discussions and 
student independent work at computers. He exploited the dynamic and visual 
nature of the DMT by using its dynamic tools, such as the scale factor slider and 
ratio checker, and by making the (dynamic) links between the main 
representations explicit. Therefore, his questions were concerned as to what 
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was happening in the different representations, the links between them, and 
their possible meanings while using the DMT ‘live’. This contributed to bringing 
to light the underlying mathematical concepts and relationships. However, Alex 
and Lara rarely asked such probing questions referencing to the use of the DMT 
in their lessons. However, it is notable that, as Alex began to integrate his 
dynamic use of the DMT more frequently into his whole-class teaching in his 
latter lessons, unlike Lara, he had more opportunities. Table 8.1 provides 
examples of Jack’s and Lara’s conversations with a student in their lessons 
(whilst the students were interacting with the DMT), which clearly shows the 
difference in the depth and variety of their questioning.
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Table 8.1 Examples of Jack’s and Lara’s conversations with one of their students 
(the complete interaction) 

 
Jack: What stays the same as you move it [the 
scale factor slider]? This is the original and this 
is the copy. What stays the same? 
Student: Everything. 
Jack: Everything stays the same. I do not think 
all stays the same. This [the original] is 3 high 
and at the moment this [Copy] is 15 high 
something. Yeah, that is something changing, 
is not it? Is it only getting this direction [the 
vertical direction]? (Jack was showing the 
screen) Is it getting this direction [the 
horizontal direction] as well?  
Student: Yes. 
Jack: Can you write down that [in the 
workbook]? What stays the same as you move 
it [the scale factor slider]?  
Student: Nothing stays the same.  
(The student was moving the slider) 
Jack: Nothing stays the same. I think I can see 
something staying the same. What is the 
shape of that here? (Jack was showing the 
circle embedded in the original) 
Student: Circle. 
Jack: So, it is always a circle. Right! Did you 
see the shapes we did earlier? In these ones 
[the original and Copy 1], it is still circle, right? 
What happens here [the original and Copy 3]? 
Student: Not circle anymore. 
Jack: Not circle anymore. We said this Copy 
[Copy1] is a good copy, we said it is 
mathematically similar. What do we say about 
this one [Copy 3]? 
Student: (no response) 
Jack: Is it [Copy 3] a good copy of this [the 
original]? 
Student: No. 
Jack: So, we will say that this one [the Copy 1] 
as mathematically similar and we will say this 
one [the Copy3] as not mathematically similar. 
Alright?  
Student: (The student confirmed Jack by 
shaking his head) 
Jack: What stays the same and what changes, 
right? (Jack showed the booklet to encourage 
the student to write down his 
answers/exploration) 
 

 
Lara: How do you explore? 
Student: Because scale factor is 
3. 
Lara: Ok, so, how do you get 12? 
You need to show this. 
Student: Because when 15 is 
divided by 5, it is 3. So, it is a 
scale factor. 
Lara: So, then how do you get 12, 
your explanation is correct. 
Student: [inaudible] 
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Furthermore, in terms of the foci and aims for the open-ended questions, 
Jack’s questions incorporated both mathematical and technological aspects. It 
appears that Jack’s aim was to focus students’ attention to the underlying key 
mathematical concepts both in the DMT and on paper and to probe and support 
the development of their understandings in both contexts. However, Alex’s 
questions focused more on the technological aspects, especially in his initial 
lessons. Nonetheless, as he began to make more dynamic use of the DMT 
during whole-class discussions in his latter lessons, the focus of his questions 
shifted more towards the mathematical content. In this new context, the aim of 
Alex’s questions was mostly to probe what students noticed and explored during 
their interaction with the DMT. However, unlike Jack’s case, Alex’s open-ended 
questions did not necessarily result in students noticing and exploring the 
underlying mathematical concepts. Finally, Lara’s open-ended questions 
concentrated generally on the mathematical aspects of the activities as she did 
not use the DMT during whole-class teaching. However, her questions were 
broad (e.g., what did you notice?) and were used to obtain information from 
students as she sought to evaluate the correctness of their answers rather than 
understanding their way of thinking. 

8.2.1.4 The variety of students’ misconceptions about GS identified and 
addressed in the lessons using the DMT 

The within-case-analysis revealed which misconceptions concerning GS were 
anticipated and/or identified by the teachers and how they addressed them 
using the DMT. It became clear that the level of awareness the teachers had of 
the likely misconceptions; and the potential teaching strategies incorporating 
the dynamic use of the DMT to tackle them; varied noticeably between the 
cases. The observation and interview data evidenced that Jack, as an expert 
teacher, showed more awareness and understanding compared to Alex and 
Lara. While Jack anticipated and identified a total of six different key 
misconceptions and made dynamic use of the DMT to provide opportunities for 
students to encounter and reflect upon them, Alex and Lara predicted and 
recognized only three and two different misconceptions, respectively, and did 
not necessarily use the DMT in the same way.  
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Additionally, the within-case analysis identified more prominent differences 
between the teachers in terms of their spontaneous identification of 
misconceptions and their exploitation of the DMT to tackle them. For example, 
Jack showed more ability than Alex and Lara in this respect. He tended to 
engage the whole-class or a group of students to investigate and diagnose the 
causes of such misconceptions and sought to enable them to see the correct 
solutions through the dynamic use of the DMT. This was evident, for example, 
by the misconception outlined in Section 7.2.4.2, which was related to the areas 
of similar shapes. It is notable that even though Jack spontaneously spotted this 
misconception during his circulation around the class, he exploited (and 
encouraged his students to exploit) the features of the DMT ‘live’ in the most 
mathematically productive ways, particularly the animation and the gridlines. 
Consequently, the students could realise and correct their misconception and 
understand the underlying reason why it had occurred. 

Both Alex and Lara tended not to recognise and identify misconceptions 
students developed during their lessons. Although both teachers drew students’ 
attention to some misconceptions that they might hold (e.g., a scaled shape is 
always larger than the original), they did not tend to use the DMT to support 
students to notice and reflect upon them. Likewise, the data analysis also 
showed that although Alex stressed, during his post-lesson reflection, the ways 
in which he might use the DMT to address some of the likely student 
misconceptions related to GS (e.g., the use of additive strategies within GS), he 
did not always enact this practice in his classroom.  

During their post-lesson reflections, all three teachers acknowledged the 
key role that the use of the DMT played in addressing students’ misconceptions 
about GS. What is noteworthy was that in his post-lesson reflection, Alex 
explicitly pointed out that its use led both him and his students to recognise the 
likely misconceptions related to GS. 

8.2.2 The Uses of the DMT in Different Phases of Lessons 

All three teachers appreciated and acknowledged the potential of the DMT in 
making an important contribution to students’ learning experience and, 
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ultimately, their understanding of GS. In their post-lesson reflections, the 
teachers highlighted that the DMT provided an environment in which they could 
explore the mathematical concepts and relationships within the topic of GS for 
themselves. All three teachers preferred to give students direct access to the 
DMT during their independent work in most of the lessons. In this respect, the 
teachers followed a similar approach for students’ use of the DMT to accomplish 
the assigned tasks. However, despite this common appreciation of the value of 
the DMT, there were differences in the emphasis they placed on its dynamic 
nature. While Jack predominantly emphasised the dynamic affordances (e.g., 
dragging), Alex and Lara placed more emphasis on its static visualisations.  

Similarly, there were also discrepancies in the teachers’ exploitations of the 
affordances of the DMT in the different phases of their lessons. These 
differences mostly concerned the following three aspects of their DMT use: the 
mode, level and purpose. Below, I first present the cross-case analysis related 
to the first two aspects together (which are linked) and then discuss separately 
the third aspect. 

Jack routinely made use of the DMT in a dynamic mode during both whole-
class discussions and student independent work in almost all of the eight 
observed lessons. He often took advantage of its dynamic nature in 
mathematically productive ways, which largely involved manipulating and 
linking various mathematical tools and representations to support students’ 
productive engagement with the mathematical concepts and relationships. 
Unlike Jack, Alex and Lara made limited and occasional dynamic use of the 
DMT in their lessons and had a low level of use of the DMT in general in the 
observed lessons. While Alex tended to use the DMT dynamically during whole-
class discussions, Lara made dynamic use of it only while students were 
working independently. It is noteworthy that Alex began to use the DMT 
dynamically during whole-class discussions in his fourth lesson (of seven) and 
there were seven different occasions in total over his lessons. Although Alex’s 
and Lara’s dynamic use of the DMT involved manipulating the dynamic 
mathematical tools and their representations, they were not inclined to exploit 
them in mathematically productive ways. This was because these occasions 
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lasted for a short time and both teachers did not necessarily explain the effects 
of changes in the various dynamic representations, interpret the associated 
outcomes and make the links between them explicit. Furthermore, in terms of 
the use of the DMT in a static mode, Lara tended not to use the DMT statically 
during whole-class discussions although she displayed static screen shots on 
the IWB. Contrary to Lara, when explaining or discussing the mathematics at 
stake, Jack and Alex made static use during whole-class discussions by 
gesturing to the DMT (displayed statically) on the IWB. Nevertheless, in a 
whole-class context, while Jack made static use of the DMT in every lesson, 
Alex only did so in some lessons.  

Compared to Alex and Lara, Jack developed more comprehensive and 
thoughtful lesson plans concerning the different purposes for the use of the DMT 
in his teaching practice. As highlighted above, all three teachers exploited the 
DMT ‘live’ in their lessons to some extent. They tended to use the DMT ‘live’ for 
two common main purposes: (1) to support students to deal with the use of 
dynamic features of the DMT to accomplish the tasks; (2) to promote and extend 
students’ developing understanding. However, besides these two purposes, 
Jack also used the DMT ‘live’ for other different purposes, which were exclusive 
to his case, such as proposing and demonstrating counter-examples, testing 
students’ conjectures to determine if they produced the desired outcomes, and 
performing demonstrations of the tool techniques in a whole-class setting. 

8.2.3 Bridging between the DMT-Enriched and Non-DMT Tasks 

All three teachers adopted additional resources (e.g., paper-and-pencil tasks, 
traditional exam-style questions) alongside the DMT-enriched CM resources. 
During their reflections, they all highlighted that this was because they sought 
to enrich students’ learning of GS within the digital environment in some way. 
As such, they all provided students with opportunities to use the concepts, ideas 
and strategies in other contexts. However, there were differences between the 
teachers in terms of both bridging and making connections between the DMT-
enriched CM resources and other non-DMT-based supplementary resources 
and their awareness of its importance. Jack showed high levels of awareness 
of the value of promoting bridging or transfer to tasks outside the DMT in 
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consolidating students’ mathematical ways of thinking beyond their digital 
experience. This was evident by his-post-lesson reflection in Section 7.3.3. 
However, during their post-lesson reflections, Alex and Lara made no 
comments concerning this aspect. 

In the class, Jack either adopted or developed additional resources 
including the ones created using the context of CM resources. For example, 
when students worked on his additional tasks in the paper and pencil 
environment (e.g., completing the blanks in the statements through the 
geometric shapes given in the paper), Jack encouraged them to apply 
knowledge they acquired through their interaction with the DMT to accomplish 
the tasks. In Lara’s case, she invited students only once to apply what they had 
previously explored through the use of the DMT to solving one of the exam-style 
questions she introduced to the class. Unlike Jack and Lara, Alex did not bridge 
or make links between the DMT-enriched tasks and the exam-style questions 
he adopted and introduced to the class. However, in his post-lesson reflection, 
he stressed that in his future lessons, he might adopt traditional exam-style 
questions to use alongside the DMT-enriched tasks, in order to allow students 
to apply what they had previously explored in the digital environment. He 
justified this by saying that students needed to be prepared to answer the more 
traditional exam-style questions during the national exam. 

8.2.4 The Variety of the Types of Orchestrations Instrumented by the 
DMT 

The within-case analysis identified the orchestration types employed by the 
case study teachers when using the DMT in their teaching of GS in their 
classrooms. Several significant and noteworthy differences (plus some 
similarities) were observed between Jack, an expert teacher, and Alex and Lara, 
advanced beginner teachers (see Table 8.2).  
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Table 8.2 The frequencies of the three teachers’ uses of the orchestration types in the 
observed lessons 

Types of 
Orchestrations 

Frequency 

Never Seldom Sometimes Often 

Technical-demo  
Alex  
Lara 

Jack  

Explain-the-
screen  Lara Alex Jack 

Guide-and-
explain   

Lara 
Alex 

Jack 

Discuss-the 
screen Lara  Alex Jack 

Work-and-walk-by   Alex 
Jack 
Lara 

Sherpa-at-work Alex 
Jack 
Lara 

  

Board-
instruction/Not-
use-tech 

 
Jack 
Alex 

 Lara 

Spot-and-show Lara Alex  Jack 

(individual) 
Technical-demo  Alex Lara Jack 
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In terms of similarities, all three teachers used the following orchestration 
types in their classrooms: (individual) technical-demo, explain-the-screen, 
guide-and-explain, work-and-walk-by, board-instruction, individual discuss-the-
screen. They all to different extents exploited (or allowed their students to 
exploit) the DMT (either dynamically or statically). However, there were 
differences in the degree to which, and/or in the ways in which, the teachers 
employed the same types of orchestrations. 

For example, Jack exploited the individual discuss-the-screen orchestration 
more predominantly than Alex and Lara and, during this orchestration, there 
were differences in the respective patterns of interaction between technology, 
students, and mathematics. Whenever students worked on the DMT-enriched 
tasks at computers, Jack tended to circulate among the students, interact with 
them working in pair on the assigned tasks using the DMT and fully exploit this 
particular orchestration type. Jack and his students discussed the mathematical 
phenomena presented statically and dynamically on the screen and he often 
used (and allowed his students to use) the DMT ‘live’ to promote their 
understandings. Therefore, the foci of the discussions he held with students 
were mostly related to the mathematics at stake with less emphasis on the 
technical aspects of the DMT. Moreover, when employing the individual 
discuss-the-screen orchestration, he was more inclined to pose open-ended 
questions and further probing questions to students. By contrast, Alex and Lara 
both rarely used the individual discuss-the-screen orchestration in their lessons, 
although Lara did use it more often than Alex. The analysis of the observational 
data indicates that the reason for their low-level use of this orchestration type 
lies in their tendency to have little interaction with students on an individual 
basis. When such interactions did occur, they would rarely exploit the DMT 
dynamically to stimulate these individual discussions with students. Also, during 
these types of orchestrations, Alex and Lara tended not also to ask sequences 
of probing questions and not to discuss the mathematical phenomenon on the 
screen, but rather mostly the technical issues that students experienced. 

The technical-demo orchestration was another orchestration type that the 
three teachers used in different ways. During the technical-demo, Jack used the 
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DMT ‘live’ himself to perform technical demonstrations to the whole-class, 
except on one occasion when he allowed students to play freely with the DMT 
to familiarise themselves with some of its functionalities in the first lesson. 
However, Alex and Lara did not use the DMT ‘live’ for any whole-class 
demonstrations of the tool techniques. Instead, in almost every lesson, they 
devoted some time for students to interact with the DMT independently to 
explore, discuss, and make sense of its key (dynamic) features. However, a 
difference was evident between Alex and Lara that after students’ exploration 
of the DMT, Alex invited them to share with the class their discoveries of the 
tool techniques, whereas Lara did not. 

Furthermore, there were also three orchestration types used commonly by 
Jack, but never, or rarely, by Alex and Lara: discuss-the-screen, spot-and-show 
and predict-and-test. In particular, Jack used discuss-the-screen during his 
main whole-class discussions involving his (and his students’) use of the DMT 
on the IWB (or from the teacher computer) in every lesson. His aim with this 
orchestration was to discuss the effects of manipulating and linking the various 
mathematical representations such as geometric shapes. By contrast, Lara did 
not make use of the DMT dynamically in a whole-class context and she did not 
employ this particular orchestration. Alex’s orchestration types for his whole-
class teaching evolved over time as, in his latter lessons, he started to use the 
DMT dynamically. For example, while in his initial lessons, he mainly used the 
static explain-the-screen orchestration in a whole-class setting, in his latter 
lessons, he began to use the discuss-the-screen orchestration to discuss with 
the whole-class his actions on the DMT (and the associated outcomes) during 
whole-class discussions. 

Contrary to Alex and Lara, Jack used a variant of the spot-and-show 
orchestration to highlight students’ work during whole-class discussions to 
discuss different mathematical ideas from their work in most of his lessons. 
During work-and-walk-by, he spotted and photographed the original and 
insightful written explanations students had produced as outcomes to the DMT 
tasks. He then displayed and shared them with the whole-class during whole-
class discussions to promote their developing understandings of the 
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mathematics at stake. When discussing the spotted work displayed on the IWB, 
he displayed and used the DMT ‘live’ on the IWB to further explain the ideas by 
demonstrating them in the dynamic environment. While Alex made use of a 
different variation of the spot-and-show orchestration in only one of his lessons, 
Lara did not adopt this practice. Alex spotted a pair of students’ work and then 
shared it verbally with the whole-class through exposition. Moreover, in most of 
his lessons, Jack used the predict-and-test orchestration to encourage students 
to make conjectures in response to the questions (he asked or featured in the 
workbook) and then took advantage of the interactive and immediate feedback 
provided by the DMT to prove or disprove the conjectures.  

It became increasingly apparent then that Jack mostly and routinely used 
orchestration types that are more student-centred rather than teacher-centred 
and more suited to the dynamic environment of the DMT (e.g., discuss-the 
(dynamic) screen, predict-and-test). Alex and Lara mainly employed the more 
teacher-led orchestration types in which the dynamic use of the DMT was not 
necessarily required (e.g., explain-the-(static) screen).  

8.3 Summary 

In this chapter, the research focus shifted from analysing the individual teachers’ 
classroom practices involving the DMT to identifying the differences and 
similarities between the three teachers’ practices when teaching GS. The 
resulting cross-case analysis combined the themes identified and discussed in 
Chapters 5, 6 and 7 for the individual teachers to highlight the notable 
outcomes. Four clear themes emerged, which were used to reanalyse the 
cases.  

The first theme represented a comparison between the cases in relation to 
how comprehensive they develop their curriculum scripts. The analysis showed 
that the teachers mainly differed in (i) how diverse their GS-related teaching 
goals were, (ii) the range of technological and mathematical vocabulary used in 
the classroom, (iii) the depth and variety of questions, and (iv) the variety of 
students’ misconceptions they identified and addressed in the lessons. The 
second theme represented how teachers exploited and emphasised the 
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affordances of the DMT during the lessons. Under this theme, I also discussed 
that the teachers’ use of the affordances was influenced by the particular 
pedagogic approach (e.g., whole-class discussion, student independent work 
at computers). The third theme represented whether the teachers provided 
additional resources to students with the aim of consolidating their mathematical 
ways of thinking beyond their digital experience. The analysis showed that this 
was the case; however, there were differences between teachers in relation to 
what type of resources they brought, how and why they used those particular 
resources. The fourth theme represented the orchestration types employed by 
the teachers, and I highlighted here that the teachers used the same but also 
different orchestration type(s) in their lessons and their use of the same 
orchestration type varied in terms of whether they used the DMT ‘live’ or not. 

In the next chapter, I discuss these findings and offer possible explanations 
of the differences and similarities identified between three participating 
teachers’ use of the DMT, making connections with previous research into the 
discussion, and revisiting the theoretical framing of the study to highlight the 
contribution of this study to the field. 
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9 DISCUSSION 
9.1 Introduction 

In this chapter, having provided a brief overview of the whole study, I present 
and discuss the key findings from the cases of the three lower secondary 
mathematics teachers who integrated the use of the DMT into their practices to 
support and enrich students’ understanding of GS. I discuss the main findings 
that arose from my research questions alongside existing body of related 
literature to highlight my contribution to knowledge and research practice. The 
central aim of this chapter is to address my research questions as outlined in 
Section 1.1. 

9.2 A Summary Overview of Key Findings and Discussion 

Adopting a multiple case study approach, this doctoral study aimed to research 
the everyday classroom teaching practices of three English lower secondary 
mathematics teachers as they made use of a particular dynamic mathematical 
technology (DMT) to teach a lower secondary school mathematics topic, 
geometric similarity (GS). GS is a fundamental but also hard-to-understand 
mathematical concept for students (Cox, 2013; Jones, 2004; Noss & Hoyles, 
1996), and the participant teachers decided to fully exploit the affordances of 
the DMT resource, Cornerstone Maths (CM), in the classroom. The teachers 
committed to develop their own and their students’ understanding of GS as a 
dynamic concept within school mathematics. To guide and structure my 
research process (e.g., forming the research questions and designing the 
methodological approach to data collection and data analysis), I selected and 
integrated two theoretical frameworks which are well-known and used in the 
field of educational technology within mathematics education: Structuring 
Features of Classroom Practice (SFCP) (used as a main framework) and 
Instrumental Orchestration (IO) (used as a complementary framework). My 
research data comprised: video-recorded classroom observation (including the 
teacher’s eye view), audio-recorded, semi-structured post-lesson teacher 
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interview, and lesson resources and student work. I then identified my research 
findings through the data analysis procedure of within- and cross-case analyses 
of the cases of the three participant teachers. The cases were compared and 
contrasted using the emergent themes, which led to a fine-grain analysis and 
examination of the teachers’ adaptation of DMT-enriched classroom teaching 
practices and of their professional knowledge of practice (PKP). The teachers 
had varying levels of experience in both teaching and in the use of (dynamic) 
digital technology, which helped me to identify and make sense of the 
differences and similarities between them (see Section 3.3, while I refer to Jack 
as an expert teacher, I refer to each of the other two teachers, Lara and Alex, 
as an advanced beginner teacher). 

In general, the within-case findings provide insights into how the teachers 
adapted their classroom teaching practices to involve the use of the DMT for 
the teaching of GS and how their accompanying PKP influenced their individual 
adaptations. The within-case findings also give insights into their mathematical 
thinking as they reflected on their emerging uses of the DMT, which was 
relatively new to all of them. The findings across the cases suggest, on the one 
hand, the teachers found their experiences of implementing the use of the DMT 
in the practices valuable in terms of promoting and enriching students’ 
understanding of the topic of GS, especially its dynamic nature. For example, 
they all stressed during their reflections that the use of the DMT in the classroom 
enabled them and their students to engage with and explore the variant and 
invariant properties of mathematically similar shapes (e.g., angle properties, 
within and between ratio properties), which moved beyond only the side length 
relational properties. On the other hand, the teachers, particularly the advanced 
beginner ones, experienced difficulties with the incorporation of the dynamic 
affordances of the DMT into their classroom teaching of GS as they needed to 
“draw on a matrix of [their] professional knowledge” to (re)think and 
(re)formulate their curriculum scripts (Ruthven, 2009, p. 138). For example, all 
three teachers experienced the challenges of fruitfully exploiting the affordance 
of the ‘ratio checker’ within the DMT to enable students to notice and explore 
the specific length properties of pairs of geometric figures as represented in the 
DMT. This finding in relation to the difficulties that the teachers encountered in 
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my research was not entirely surprising since the large body of existing research 
findings (e.g., Abboud-Blanchard, 2014; Bozkurt, 2016; Clark-Wilson et al., 
2014; Clark-Wilson & Hoyles, 2017a; Monaghan, 2004; Ruthven et al., 2008, 
2009) repeatedly highlighted this issue. For example, Ruthven’s (2009) study 
suggested that “adapting and extending an existing curriculum script so as to 
interleave use of the computer system presented very considerable challenges” 
(p. 138). However, my findings also stress that the adaptation and 
(re)formulation by the teachers of curriculum scripts were important facets of 
the development of their classroom practices with the DMT as was their 
associated PKP for the successful integration of the DMT into certain key 
aspects of their practices (e.g., establishing a coherent resource system 
consisting of the DMT and developing strategies in order to exploit their 
affordances in a complementary way and in a mathematically productive 
manner). 

The data analysis shows how the components of the SFCP framework, 
together with the orchestration types of the IO model, provided useful 
complementary theoretical lenses to develop a holistic understanding of the 
different but crucial aspects of teachers’ practices with the DMT and their 
accompanying PKP. This combination of the theories enabled me to gain 
insights into how the different structuring features of classroom practice shaped 
the ways in which the teachers integrated the use of the DMT to promote 
students’ deep learning of GS. Use of the frameworks also led to a finer grained 
analysis of the complexity of the integration of the DMT into the classroom 
practice to transform the teaching of GS. However, despite the usefulness of 
the SFCP framework, the in-depth analysis of my multiple data sources reveals 
that the current structure of the SFCP framework neglects some of the more 
nuanced aspects of teachers’ PKP pertaining to the integration of DMT. For 
example, an important aspect of teachers’ PKP to which the SFCP framework 
pays no explicit attention, but which this study reveals, concerned bridging and 
making connections between technology-enriched resources and other non-
technology-based supplementary resources. The findings of this study then 
show the importance of promoting bridging or transfer by making explicit 
mathematical connections between what students learn through their 
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interaction with technology-based tasks and what they attempt to use to achieve 
non-technology tasks. Additionally, the findings of this study provide strong 
evidence that supporting students’ use of precise mathematical and 
technological language is another important aspect of teachers’ PKP (both 
espoused and enacted in the classroom). Teachers’ curriculum scripts need to 
emphasise this language when using DMT to teach mathematical ideas. My 
findings suggest that the SFCP framework needs further refinement if it is to be 
used to analyse and identify the complex and dynamic nature of teachers’ 
classroom practices with (dynamic) digital technology and their associated PKP. 
Therefore, a key contribution of this study is in bridging the gap between theory 
and practice, to which Drijvers (2019) points out is “not an easy one to bridge” 
(p.167) when discussing the use of (dynamic) digital technology in mathematics 
education. 

Having provided a general overview of the findings, now I summarise and 
discuss these in more detail in response to my two research questions. The first 
was: 

RQ1: “What similarities and differences can be identified in the 
characteristics of classroom teaching practices of teachers using DMT to teach 
GS?” 

The second research question was: 

RQ2: “What differences and similarities can be identified in teachers’ 
professional knowledge of practice (PKP) shaping their use of DMT in the 
classroom teaching of GS?”  

Since these two research questions are closely interlinked and it is neither 
easy nor possible to disentangle the phenomenon of teachers’ classroom 
practice from their associated PKP due to the complex and dynamic nature of 
practice, I discuss the questions together. My analysis sheds light on several 
salient differences (along with some similarities) between the cases of the 
teachers. These were particularly attributed to the ways in which the teachers 
integrated the dynamic features of the DMT into the different aspects of their 
classroom practices to support students’ understanding of GS. 
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9.2.1 Discussion on the Findings related to Curriculum Script 

The most striking common characteristic of the classroom practices was that all 
three teachers adapted and extended their existing curriculum scripts in 
response to planning and enacting their lessons to embed the DMT for the 
teaching of GS. This indicates that they had reflected on their practices in 
several ways through their attempts to incorporate it. For example, the teachers 
introduced students to between and within ratios and a transformations-based 
approach to GS, to facilitate and enrich the process of their examination and 
determination of the similarity of geometric figures whilst using the DMT. The 
analysis of the interview data especially reveals that this teaching approach was 
new to them and none of them has considered addressing GS in this way in the 
absence of access to any DMT in their classrooms. This finding might imply that 
the use of the DMT prompted the teachers to evolve and extend their curriculum 
scripts as each thought more deeply about the mathematical concepts that 
underpin a richer understanding of GS. This finding aligns with the argument 
made by Ruthven (2009) that the teachers’ “curriculum script[s] [were] evolving 
through experience of teaching the lesson[s] with [DMT], incorporating new 
mathematical knowledge specifically linked to mediation by the software” (pp. 
143–144).  

However, although all three teachers showed a common interest in the 
development of their curriculum scripts with the intention of achieving 
successful incorporation of the DMT into their classroom teaching of GS, 
substantial differences between the cases emerged in the extent to which they 
developed and extended their scripts. The curriculum script of the expert 
teacher, Jack, who had relatively greater experience of teaching, and of using 
digital technology in the classroom, was richer than that of the two advanced 
beginner teachers, Lara and Alex, in four pertinent aspects that follow: 

- the variety of GS-related teaching goals enacted in the lessons 
incorporating use of the DMT; 

- the range of mathematical and technological vocabulary used in the 
lessons; 
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- the depth and variety of questions referencing to the use of the DMT, 
particularly encompassing more open-ended questions and further 
probing questions; and 

- the range of GS-related student misconceptions anticipated, identified 
and addressed whilst exploiting the dynamic features of the DMT. 

My research findings suggest that the expert teacher developed a more 
comprehensive curriculum script for the teaching of GS with the DMT than the 
advanced beginner teachers. This is probably due to the fact that, as an expert 
teacher, his wider experience in the implementation of (dynamic) digital 
technology within the classroom had enabled him to develop his PKP over the 
time. Also, he showed commitment to exploit the affordances of the DMT by 
integrating it into the different aspects of the classroom practice to promote 
students’ learning in relation to GS.  This finding is in line with the results of the 
studies conducted by Bozkurt (2016) and Ruthven et al. (2009). Their research 
found that the sustained classroom uses of DMT to support students’ 
understanding of the mathematical concepts resulted in the formulation of an 
extended curriculum script in the cases of the expert teachers with extensive 
experience and confidence in the use of DMT. For example, the participating 
teachers in Bozkurt’s and Ruthven et al.’s studies extended their curriculum 
scripts by developing open-ended questions referencing to the use of DMT and 
posed them to students with the aim of provoking their thinking and exploration. 
Bozkurt (2016) also reported that in her research, the expert teacher developed 
and posed questions that were associated with both mathematical and 
technological content of the activities, without privileging one or the other. This 
is also true for the expert teacher in this study, which is discussed in more detail 
in Section 9.2.1.3 below. 

I now summarise and discuss the findings of this study with regard to the 
above outlined four aspects. 
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9.2.1.1 The variety of GS-linked teaching goals enacted in the lessons 
incorporating the use of the DMT 

The findings of this study reveal that differences arose between the cases of 
the three teachers in both the diversity of the teaching goals they included in 
their curriculum scripts and the ways they exploited the dynamic features of the 
DMT in their lessons. This is noteworthy because, before planning and teaching 
their lessons, they were all provided with the same DMT-enriched teaching 
resources for the teaching of GS, that was the CM curriculum unit on GS. As 
outlined in the introduction chapter, this unit involves the use of carefully 
designed DMT (along with the student and teacher booklet) containing a set of 
the learning objectives in relation to GS and a sequence of tasks. Therefore, in 
their lessons, the teachers had the same opportunity to adopt the identical 
learning objectives for GS and offer the related activities to students. However, 
in comparison with the enacted curriculum scripts of the advanced beginner 
teachers, the expert teacher’s curriculum script included three more important 
mathematical goals in relation to GS. These were (i) the use of decimal scale 
factors and integer scale factors to produce similar figures, (ii) the idea of 
‘congruency’ as a special case of GS, and (iii) the use of the transformations 
(e.g., translation, rotation, enlargement) to investigate and establish 
mathematical similarity. Despite the importance of these three ideas related to 
GS, which are also acknowledged in the broader literature (e.g., Seago et al., 
2014; Son, 2013), the advanced beginner teachers did not appear to pay 
attention to them in their enacted curriculum scripts by either, not introducing 
them to the class or by not using the DMT ‘live’ to support students to engage 
with them. I suggest that this can be explained, as previously discussed, by the 
fact that the expert teacher had more substantial experience and expertise in 
the use of the DMT in the classroom to support students’ learning of the 
mathematical objectives of the CM unit on GS. This led him to use the DMT in 
mathematically productive ways to support students’ understanding of the 
dynamic nature of these specific objectives. 
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9.2.1.2 The range of mathematical and technological vocabulary used in 
the lessons 

The findings of this study demonstrate that all three teachers and their students 
made use of new mathematical and technological vocabulary such as ‘within 
and between ratios’, ‘scale factor and angle sliders’, and ‘ratio checker’, which, 
I assume, was prompted by their implementation of the DMT-enriched 
curriculum. The use of the DMT prompted all three teachers, at least to some 
extent, to enhance their classroom discourse and conversation. This finding 
adds evidence to the claim that the use of DMT in the classroom results in a 
substantial change in the way classroom discourse takes place, in contrast with 
paper-and-pencil approaches (Sinclair et al., 2017). Additionally, this finding 
echoes that of Clark-Wilson and Hoyles (2017a), who highlight that teachers’ 
incorporation of mathematical and technological vocabulary in their curriculum 
scripts is important and suggest that, when this is done thoughtfully, it is a 
feature of more effective teaching practice with DMT. My findings also show that 
the expert teacher particularly paid attention to his own and students’ use of 
precise mathematical and technological language within the class discourse to 
promote oral and written explanations and justifications. As argued previously, 
I suspect that his ability to make dynamic use of the DMT in mathematically 
productive ways during both whole-class discussions and students’ 
independent work created enhanced opportunities for him to make (and to 
encourage and appreciate his students’) use of such language. Thus, the expert 
teacher carefully selected and used a wide and appropriate vocabulary to 
describe actions on the DMT (e.g., dragging geometric figures, moving the scale 
factor slider) and to articulate the mathematical outcomes of such actions (e.g., 
whilst moving the scale factor slider, whereas the corresponding angles stay 
the same, the ratio of pairs of corresponding sides changes). This provoked 
subsequent classroom discussions during both whole-class plenaries and 
teacher-student interactions. However, by comparison, the advanced beginner 
teachers paid limited attention to both types of language in the same way. 
Offering a converse argument to before, I presume that their limited use of the 
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DMT ‘live’ with students during the different types of interactions restricted 
opportunities for them to support students’ language development.  

9.2.1.3 The depth and variety of questions referencing to the use of the 
DMT, particularly encompassing more open-ended questions and 
follow-up questions 

The findings of this study illustrate the importance of the inclusion of a range of 
questions referencing to the use of DMT in teachers’ curriculum scripts that they 
pose to students during the different stages of a lesson to explain and justify 
their ideas and therefore to stimulate and deepen their mathematical thinking. 
The analyses of the cases show that the teachers’ enacted curriculum scripts 
incorporated different types of questions, such as open-ended and closed 
questions, posed to students during the different phases of the lessons. 
Specifically, the expert teacher developed and asked students a wide range of 
effective open-ended questions (along with follow-up questions) especially 
during whole-class plenaries, which often alluded to the DMT. His variety and 
depth of questioning served to provoke students to (re)formulate their 
mathematical conjectures, to test them exploiting the dynamic features of the 
DMT and to articulate and justify their accompanying reasoning and results. 
Further, the analysis of the observational data indicates that whilst students 
were independently working with the DMT, the expert teacher tended to pose 
higher-order questions that stimulated interactions between him, students and 
the mathematics at stake, often resulting in a rich mathematical discussion(s). 
This finding characterises a feature of the classroom practice planned and 
conducted by a master level teacher in the study of Bellman, Foshay and 
Gremillion (2014). The master teacher, who had the skill to utilise the full range 
of the affordances of a particular mathematical technology in classroom 
teaching, tended to develop and pose open-ended questions entailing higher-
order thinking rather than less stimulating closed questions, leading to a rich 
classroom discussion. In contrast to the expert teacher, the advanced beginner 
teachers in this study developed only a limited range of open-ended questions 
to pose to students, which rarely referenced to the DMT. This stemmed probably 
from the low frequency of their interactions in general with students and their 
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limited use of the DMT ‘live’ to promote and extend their emergent 
understanding. Their questioning required lower-order thinking that led students 
to give superficial responses and/or to find and articulate right answers, without 
giving detailed explanations and justifications. 

9.2.1.4 The range of GS-related student misconceptions anticipated, 
identified and addressed in the lessons exploiting the dynamic 
features of the DMT 

Fourth and lastly, my study findings demonstrate that all three teachers’ enacted 
curriculum scripts contained some anticipated (or identified) misconceptions 
about GS to be addressed (with and without the DMT) in the classroom. 
However, there were differences in the quantity of misconceptions anticipated 
or identified and in the ways in which they used the dynamic features of the 
DMT to help students reflect upon and address their (possible) misconceptions. 
The analysis suggests that the expert teacher was highly aware and could 
anticipate a number of student misconceptions associated with GS and he had 
developed alternative approaches to address them that involved use of the 
DMT. He was also, perhaps more importantly, open to employ ad hoc strategies 
to identify misconceptions about GS that students encountered in his lessons 
and use the dynamic features of the DMT to address them. This implies that the 
expert teacher had both confidence and proficient skill in the use of the DMT 
(even in unplanned use) to respond to perceived students’ emerging 
misconceptions and thus to exploit them to develop the underlying mathematics 
at stake (Ruthven, 2016). This echoes a skill that an expert teacher would be 
expected to have as part of his/her PKP, according to Bellman et al. (2014) that 
an expert teacher is inclined to take responsibility to “make real-time decisions” 
about how to use DMT to address misconceptions they identify in the classroom 
(p. 98). Also, according to Hodgen (2011), this skill demonstrates a key aspect 
of a teacher’s PKP which is to “act in an unpredicted or unexpected situation” 
(p.33). However, the advanced beginner teachers showed a limited but growing 
awareness of their need to anticipate student misconceptions about GS and to 
consider alternative ways to address them when planning their lessons. My 
findings also show that they were less likely than the expert teacher to make ad 
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hoc decisions when identifying unforeseen misconceptions associated with GS 
that students faced in the lessons and addressing them making dynamic use of 
the DMT. 

9.2.2 Discussion on the Findings related to Resource System  

9.2.2.1 Adopting and exploiting the DMT in the classroom 

Across the cases, all three teachers widened the range of resources used in the 
classroom to promote students’ understanding of GS. The analysis of interview 
data reveals that they appreciated that the DMT has the potential to make an 
important contribution to students’ learning experiences and to assist them to 
understand the mathematical ideas of GS. It also reveals that when previously 
teaching GS, the teachers, especially the advanced beginner ones, had not 
tended to incorporate any DMT within their resource systems prior to their 
involvement in the PD activities provided by the CM project. In this study, they 
attempted to take advantage of the affordances of the DMT within their resource 
systems in terms of “its didactical contribution to mathematics learning rather 
than its general pedagogical aspirations” (Lagrange & Ozdemir-Erdogan, 2009, 
p. 66) by exploiting its visual and dynamic multiple mathematical 
representations. However, although all three teachers were keen to adopt the 
DMT, there appeared some important differences in the degree and type of this 
use and the ways in which each teacher developed techniques to exploit the 
affordances of their resource systems that they established. A key difference 
concerns with the way in which the teachers capitalised on the dynamic 
potential of the DMT as part of their resource system (or not). For example, the 
expert teacher personally interacted directly and dynamically with the DMT and 
routinely used it ‘live’ in all phases of the lesson using his own and the students’ 
technology devices. More specifically, the expert teacher himself exploited the 
dynamic features of the DMT in mathematically productive ways by 
manipulating the multiple mathematical representations and seeing and making 
the mathematical connections between these representations by emphasising 
the impact of the dynamic elements on them. The expert teacher especially took 
advantage of the distinctive affordance of ‘dragging’ for dynamic manipulation 
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during which he focused students’ attention to the dynamic variation of features 
and measures embedded in the different mathematical representations or the 
invariant properties of a figure. This might show that through the evolution of 
the expert teacher’s practice with the DMT, he had developed a level of 
awareness of the geometrical significance of examining the invariant properties 
of a geometric figure when engaging with the DMT-enriched tasks. With his use 
of the DMT, his intention seemed to be to support students to fully understand 
the mathematical knowledge at stake. He used the dynamic features of the DMT 
to: 

- propose and demonstrate counterexamples; 
- share, discuss, critique and thus extend the mathematical ideas 

students explore interacting with the DMT; 
- test students’ mathematical predictions to confirm, refute, or modify 

them; 
- promote the use of precise mathematical and technological language; 

and 
- conduct technical demonstrations of the dynamic features of the DMT 

to show how to exploit them in mathematically productive ways. 

Therefore, the expert teacher had tendency to “relate [DMT] to linking 
multiple representations of [mathematics], understanding of ideas, 
generalisation and moving from step-by-step processes to an overview” 
(Thomas & Palmer, 2014, p. 85). 

In contrast, in the observed lessons, the advanced beginner teachers rarely 
interacted directly and dynamically with the DMT themselves and were less 
likely to interact with its dynamic features in mathematically meaningful ways, 
especially in a whole-class setting. They used the DMT mainly in a static mode. 
They mainly preferred either to display the DMT statically as a demonstration 
tool and gesture at its representations or to incorporate static screen shots of 
the DMT in their PowerPoint slides. This finding can be explained by the fact 
that although the advanced beginner teachers had gained some experience and 
skill in the use of the DMT during the professional courses provided earlier by 
the CM project, they had not begun to use it in their classroom practices with 
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students to support their understanding of GS. Therefore, they seemed not to 
have sufficient opportunity to develop their personal and professional 
instrumental genesis of the DMT (Haspekian, 2014; Trouche, 2004) for the 
teaching of GS in the classroom. Also, their lack of personal use of the dynamic 
aspects of the DMT might stem from their tendency to want to avoid the possible 
difficulties. This is perhaps expected for the advanced beginner teachers as 
“integrating a new resource into an existing resource system is, in some cases, 
difficult even for an experienced teacher […] to take advantage of [the DMT] 
environment to go beyond the traditional way of teaching and promote new 
mathematical knowledge” (Trgalová et al., 2019, p. 209). Moreover, the analysis 
of the interview data and the teaching resources reveals that their concern was 
partly related to the need to prepare students for the national exam. Hence, they 
included traditional exam-style questions as part of their evolving resource 
systems for teaching GS with DMT. This is consistent with what Denton (2017) 
argues in her contribution: 

It could be argued that it is the examination system which is restricting teachers’ 
use of [DMT] in the classroom as with so many assessment criteria, teachers 
may not feel they have the time to dedicate a series of lessons to investigate 
scale factor when enlargement may only be worth a few marks in the learners’ 
final exam (p. 73). 

Moreover, when the advanced beginner teachers referred to and used the 
various mathematical representations within the DMT, they tended not to make 
explicit dynamic links between them, thus were less likely to stimulate a rich 
mathematical discussion. Nevertheless, in the case of one of the advanced 
beginner teachers, Alex, although initially, he seemed to lack confidence to use 
the DMT ‘live’ himself in his lessons, especially during a whole-class plenary, 
he later seemed to gain confidence in this context and began to exploit the 
dynamic features of the DMT in more mathematically productive ways. Such a 
difference between the advanced beginner teachers might be explained by a 
possible effect of teaching mixed-ability students in the DMT-enriched 
classroom on Lara’s lack of dynamic use of the DMT herself during whole-class 
discussions. Unlike Lara, Alex taught a class consisting of a higher ability group 
of students who were more focused and motivated about the subject matter 
involving the use of the DMT. Therefore, teaching this profile of students 
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seemed to be a source of motivation for Alex to start using the DMT ‘live’ himself 
during whole-class discussions in his latter lessons. 

9.2.2.2 Allowing students to interact with the DMT  

With respect to enabling students’ direct access to the DMT, the findings 
indicate that all three teachers planned and enacted investigative lessons 
involving the use of the DMT by students in their independent work. In doing so, 
they developed and followed similar strategies for making the DMT part of their 
functioning classroom resource systems and treated the DMT as a fundamental 
tool for students’ mathematical work and their exploration of the underlying 
mathematical concepts (Ruthven, Hennessy, & Deaney, 2008). This illustrates 
that their use of the DMT in the classroom was not restricted to teacher 
demonstration to the whole-class (Bozkurt, 2016). All three teachers were 
aware of the importance of providing students with opportunities to take control 
of and be in charge of the use of DMT to accomplish the tasks that require 
higher order thinking skills.  

9.2.2.3 Focusing on mathematical and technological aspects 

Another result of this study indicates that the advanced beginner teachers, 
especially Alex, predominantly foregrounded the technology rather than the 
mathematics in early lessons, resulting in the mathematics being less explicit to 
students, a finding that is similar to that of Bozkurt (2016). However, over time, 
the advanced beginner teachers developed their PKP and in return began to 
place more emphasis on the mathematical content rather than the techniques 
for using the DMT by reflecting upon and extending their curriculum scripts. 
Nonetheless, this was not the case for the expert teacher because he 
predominantly foregrounded the mathematics rather than the technology across 
all of his observed lessons. He frequently used the DMT ‘live’ to enhance 
students’ learning of the mathematical ideas about GS by focusing their 
attention mainly on the mathematical content rather than on the techniques for 
using the DMT. This finding appears to agree with the argument of Thomas and 
Palmer (2014), who underline that in the lessons of teachers with professional 
technological knowledge and confidence, “the mathematics rather than the 
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technology has come to the foreground, and technology has been integrated 
into lessons and the didactic contract as a way to improve mathematical 
understanding” (p.85-86). 

9.2.2.4 Bridging between the DMT-enriched and paper and pencil tasks 

The findings also show that the expert teacher’s resource system incorporated 
paper-and-pencil activities to support students to apply the knowledge gained 
through their interaction with the DMT to paper-and-pencil tasks. He therefore 
supported students’ transition from interacting with the dynamic mathematical 
learning environment to traditional paper-and-pencil tasks, which consolidated, 
supported and sustained their mathematical ways of thinking beyond their 
digital experience (Geraniou & Mavrikis, 2015). In addition, the expert teacher 
tended to incorporate and use students’ written explanations (resulting from 
their interaction with the DMT) as an additional resource to foster whole-class 
discussions. By contrast, the advanced beginner teachers tended to include 
more traditional exam-style questions into their resource systems and not make 
explicit connections between the knowledge that students acquired through 
their interaction with the DMT and the knowledge used to solve those questions. 

9.2.3 Discussion on the Findings related to Activity Structure 

9.2.3.1 Employing various orchestration types 

The findings of this study evidence how the teachers developed their PKP to 
form new three-way formats of interaction between the teacher, students and 
the DMT. The findings show that as they implemented the DMT within their 
classrooms to teach about GS, in order to orchestrate the activities, they needed 
to adapt the existing activity formats that they already employed in their ordinary 
classrooms in the absence of DMT (Drijvers et al., 2010). What is striking about 
this finding is that although the teachers had many of the orchestration types in 
common, there were differences in the quality of resulting interactions between 
the teacher, students, and the DMT across the cases. For example, the expert 
teacher predominantly and routinely used the types of orchestrations in which 
the DMT played a key role. It was directly and dynamically exploited by him (and 
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also by his students) during the (individual) discuss-the-screen, the spot-and-
show and the sherpa-at-work orchestrations. The advanced beginner teachers 
tended to initially use the types of orchestrations in which the DMT was not 
dynamically exploited, such as the explain-the-(static) screen and the board-
instruction types. Such a tendency was also identified in the study by Drijvers 
et al. (2013). They reported that the teachers with limited experience in the field 
of digital tools in mathematics teaching and learning frequently used the board-
instruction orchestration whilst convening their whole-class plenaries in the 
lessons, during which they did not make use of the digital tool but rather to stand 
at the ordinary board. They hypothesised that this is likely to stem from their 
desire to combine their traditional teacher-led whole-class teaching with the 
individual use of digital tool by students to avoid a significant change in their 
whole-class teaching method. In the cases of the advanced beginner teachers 
in my research, my findings reveal this similar tendency to those in Drijvers et 
al.’ s (2013) study as the teachers in my study tended to employ the traditional 
whole-class orchestrations during their whole-class plenaries and allow 
students to interact with the DMT to accomplish the DMT-enriched tasks during 
their independent work at computers. However, as the advanced beginner 
teachers developed their PKP, skills and confidence to use the DMT 
dynamically during whole-class plenaries in latter lessons, they began to 
employ the types of orchestrations in which the use of the DMT was required, 
such as the discuss-the-screen type. When the advanced beginner teachers 
made dynamic use of the DMT when interacting with students working on tasks 
with the DMT, they also used the individual discuss-the-screen orchestration 
and explain-the screen orchestration. However, their use of such orchestrations 
did not tend to lead to a rich mathematical discussion due to both their limited 
use of the DMT and their tendency to ask limited exploratory questions and 
subsequent follow-up questions referencing to the use of the DMT.  

9.2.3.2 Adopting the ‘predict-test-explain’ pedagogic approach 

With regard to the ‘predict-test-explain’ pedagogic approach that was central to 
the CM DMT-enriched resources, the analysis of the data illustrates that the 
expert teacher paid particular attention to adopting this approach to the use of 
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the DMT, enabling students to interact with the DMT to check their mathematical 
conjectures and explain and justify their actions and outcomes. By providing 
students with tangible experiences with the DMT using this pedagogic 
approach, he offered opportunities for them to reflect upon and understand the 
mathematical meanings of their task outcomes. The expert teacher also 
adopted this pedagogic approach during whole-class discussions as he used 
the DMT ‘live’ to highlight the mathematics at stake and thus to probe and 
extend students’ emergent understandings. This finding illustrates that the 
expert teacher exhibited PKP which assisted him in “employing activity 
templates organised around predict-test-explain sequences to capitalise on the 
availability of rapid feedback” made possible by the use of the DMT (Ruthven, 
2014, p. 387). Nevertheless, the advanced beginner teachers paid an 
increasing attention to adoption of the predict-test-explain pedagogical 
approach with the DMT during lessons, particularly during students’ 
independent work. However, when students explained what they had explored 
through their interaction with the DMT, these teachers tended to only ask them 
to share their answers to questions without giving detailed explanations and 
justifications or to articulate their explorations of the functions of the DMT rather 
than the mathematical ideas. I suggest that the advanced beginner teachers 
were not keen to enable and encourage students to articulate what and how 
they explored mathematically by highlighting the mathematical connections 
between the multiple representations in the DMT and explaining the impact of 
the dynamic elements on these representations, such as the impact of dragging 
the scale factor slider on the measurements of corresponding sides and angles 
of mathematically similar shapes. Overall, similar to the findings of Bozkurt's 
(2016) study, in the cases of the teachers in this study, there is evidence 
demonstrating that they began to professionally adapt the use of the DMT into 
their resource systems, although their integration of the use of the DMT into the 
different aspects of the classroom practice were at different stages. 

In conclusion, my research findings suggest that there were substantial 
differences between the case of the expert teacher and the cases of the 
advanced beginner teachers. These differences were particularly associated 
with how they each (i) developed and extended their curriculum scripts with the 
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classroom use of the DMT for the teaching of GS in mind; (ii) developed their 
functional resource system integrating the use of the DMT; and (iii) made the 
choices in terms of the instrumental orchestrations and put them into action to 
orchestrate the DMT-enriched activities. The findings also indicate that the 
expert teacher and the advanced beginner teachers’ PKP shaped and was 
shaped by the ways in which they integrated the use of the DMT into the 
different aspects of classroom practice with the intention of promoting and 
deepen students’ understanding of GS. This discussion gives an indication of 
the key role of strong teaching-with-technology PKP of the teacher in successful 
integration of DMT into the classroom practice to develop students’ 
understanding and their appreciation of GS as a dynamic concept. Therefore, 
this study, in particular, provides deep insight into the development of a more 
comprehensive understanding of the whole complex process of teachers’ 
integration of DMT into the classroom teaching practice when teaching the 
important mathematical concept of GS and of the characteristics of their 
practices and PKP. The study, in general, also contributes to add to the growing 
body of evidence on teachers’ integration of (dynamic) digital technology in 
mathematics classrooms.
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10 CONCLUSION 
10.1 Introduction 

In this chapter, I summarise what I have achieved in this PhD research project 
and articulate how the findings of this study contribute to the existing literature 
within the domain of the research. First, I restate my research aims and outline 
my key findings. Then, I highlight the original contributions that this study makes 
to the literature. In the third section, I outline the limitations of my research, and 
in the fourth section, I present my recommendations for future research, policy 
and practice. 

10.2 Research Aims and Summary of Key Findings 

Researchers (e.g., Monaghan, 2004; Ruthven, 2014) have strongly emphasised 
the need for further studies to develop and extend an improved holistic 
understanding of the complex phenomenon of teachers’ technology integration 
into the mathematics classroom. To respond to this call, this PhD study aimed 
to investigate lower secondary mathematics teachers’ integration of the 
dynamic mathematical technology (DMT) into their classroom teaching 
practices (within the context of teaching geometric similarity (GS)), with the aim 
to address the following main research question and the two sub-questions: 

• What are the characteristics of secondary mathematics teachers’ 
practice when they use dynamic mathematical technology (DMT) 
to promote students’ understanding of geometric similarity (GS)? 

- What similarities and differences can be identified in the characteristics 
of classroom teaching practices of teachers using DMT to teach GS? 

- What similarities and differences can be identified in teachers’ 
professional knowledge of practice (PKP) shaping their use of DMT in 
the classroom teaching of GS? 

To address the research questions, I adopted a multiple case study 
approach to investigate the classroom practices of three English lower 
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secondary mathematics teachers with different levels of experience in the use 
of digital technology for the teaching and learning of school mathematics. One 
of the case study teachers was termed an expert teacher who had experience 
of teaching and of using digital technology in the classroom, while the other two 
were called advanced beginner teachers, as they were neither novice nor expert 
in teaching and digital technology use in the classroom. Between the cases of 
the three teachers, I sought to identify salient differences, along with similarities, 
to gain an improved holistic understanding of the phenomenon under study. I 
employed Ruthven’s (2009) Structuring Features of Classroom Practice (SFCP) 
framework together with Drijvers et al.’s (2010) Instrumental Orchestration (IO) 
model to guide the process of data collection and analysis. The data comprised 
video-recorded lesson observations (including the teacher’s eye view), post-
lesson interviews with teachers and lesson resources and students’ digital and 
paper-based work.  

The research findings reveal a number of important differences (and some 
similarities) between the teachers. In what follows, I first present the key 
different characteristics of classroom practices of expert and advanced 
beginner teachers and then provide some characteristics of their classroom 
practices that were in common. 

10.2.1 Key Findings regarding Differences between the Cases 

1. Expert teachers develop more comprehensive curriculum scripts 
compared to advanced beginner teachers for teaching GS with DMT in 
terms of: 
- the variety of GS-linked teaching goals enacted in the lessons 

incorporating the use of DMT; 
- the range of mathematical and technological vocabulary used and 

paid attention to during students’ use in the classroom; 
- the depth and variety of questions that reference to the use of DMT 

that are posed to students, particularly encompassing more open-
ended questions and follow-up questions; and 
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- the range of GS-related student misconceptions anticipated, 
identified and addressed in the lessons that exploit the dynamic 
features of DMT. 

 

2. Expert teachers show a deeper understanding of the dynamic nature of 
GS than advanced beginner teachers. This enables them to use DMT 
dynamically, for example, to:  
- introduce both decimal and integer scale factors to create 

mathematically similar shapes; 
- introduce the idea of ‘congruency’ to the class and promote students’ 

understanding of the properties of congruent shapes; 
- anticipate and identify common student misconceptions related to 

GS and to allow students to confront and reflect upon them; 
- make links between GS and geometric transformations by applying 

the types of transformations (e.g., translation, rotation, enlargement) 
to geometric figures in the dynamic learning environment to facilitate 
determining mathematical similarity or congruency; 

- introduce the use of within and between ratios as two different ways 
to compare side lengths in geometric shapes and use the affordance 
of ‘ratio checker’ in DMT to support students to compare width: 
height ratios; and 

- make multiple mathematical connections between the 
representations of GS in DMT which promote meaningful whole-
class and individual discussions with students. 
 

3. Expert teachers predominantly foreground the mathematics rather than 
the technology while advanced beginner teachers tend to do vice versa. 
Expert teachers tend to use DMT ‘live’ to enhance students’ 
understanding of GS focusing on the mathematical content rather than 
on techniques for using DMT. However, in advanced beginner teachers’ 
lessons, the mathematics tends to remain implicit, especially in their 
initial lessons. But, over time, they begin to foreground the mathematics. 
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4. Expert teachers’ dynamic use of DMT tends to create opportunities to 
encourage the use of precise and correct mathematical and 
technological vocabulary in students’ oral and written explanations and 
justifications. By contrast, advanced beginner teachers tend not to use 
DMT ‘live’, which in turn restricts such occasions. Expert teachers tend 
to use a broad range of mathematical and technological vocabulary 
while advanced beginner teachers display a more limited range when 
describing actions on DMT and to articulate the mathematical outcomes 
of such actions. 
 

5. Expert teachers develop a wide range of open-ended questions that 
reference to the use of DMT to provoke students to make and test 
mathematical conjectures by exploiting the dynamic features of DMT 
and then to articulate and justify their reasoning and results. However, 
advanced beginner teachers develop a more limited range of open-
ended questions that do not necessarily refer to the use of DMT and 
their questioning requires low-level convergent reasoning, mainly 
leading to students finding and articulating the right answers without 
giving detailed explanations and justifications. 
 

6. Expert teachers directly and dynamically interact with DMT themselves 
and routinely make use of DMT ‘live’ (on the IWB or from the teacher 
computer) during whole-class discussions to support students to fully 
understand the mathematical knowledge at stake (e.g., scale factor is 
the ratio of two corresponding side lengths of mathematically similar 
figures). Their use of DMT involves acting on the multiple mathematical 
representations of DMT, making explicit dynamic links between them 
and emphasising the impact of the dynamic elements on these 
representations. They therefore make the variant and invariant 
properties of GS explicit to students. However, advanced beginner 
teachers tend rarely to interact directly and dynamically with DMT during 
whole-class discussions and students’ independent work. Although they 
use the various mathematical representations in DMT, they seem not to 
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make explicit dynamic links between them. They mainly prefer to simply 
display DMT on the IWB and gesture at its representations; or to 
incorporate static screen images of DMT in their lesson presentation 
slides. Also, they tend to use the traditional whiteboard more frequently 
to record, explain and discuss the mathematics at stake. 
 

7. Expert teachers’ resource systems incorporate paper-and-pencil 
activities to support students to apply their knowledge following 
interaction with DMT. In addition, they tend to incorporate and use 
students’ written explanations (originating from their interaction with 
DMT) as an additional resource to stimulate whole-class discussions. By 
contrast, advanced beginner teachers tend to include more traditional 
exam-style questions into their resource system while not making 
explicit the connections between the knowledge that students might 
acquire through their interaction with DMT and the knowledge used to 
solve those questions. 
 

8. Expert teachers predominantly and routinely use the types of 
orchestrations in which DMT plays a key role and is directly and 
dynamically exploited by them (and by their students), such as 
(individual) discuss-the-screen, spot-and-show. Advanced beginner 
teachers tend, at least initially, to use the types of orchestrations in which 
DMT is not dynamically exploited, such as explain-the-(static) screen 
and board-instruction. However, as they acquire skills and gain 
confidence in using DMT dynamically during whole-class plenaries, they 
begin employing the types of orchestrations in which the use of DMT is 
required, such as discuss-the-(dynamic) screen. 
 

9. Expert teachers conduct technical demonstrations of the tool techniques 
for using DMT (e.g., how to use the scale factor slider, ratio checker; 
how to drag figures) when necessary by using it ‘live’, which is not 
evident in the work of advance beginner teachers. Instead, advance 
beginner teachers allow students to play with DMT to explore the tool 
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techniques themselves and to verbally share their associated 
explorations with the class. 
 

10. Expert teachers pay a great attention to adopting the ‘predict-test-
explain' pedagogic approach to the use of DMT that enables students to 
directly interact with DMT to check their mathematical conjectures, 
explain their actions and justify the associated outcomes. By contrast, 
advanced beginner teachers show an increasing attention to this 
pedagogic approach, particularly during students’ independent work 
involving DMT. However, when students explain what they explore 
through their interaction with DMT, advanced beginner teachers tend to 
ask them to share their answers to questions without giving detailed 
explanations and justifications; or to articulate their explorations of the 
functions of DMT rather than the mathematical ideas.  
 

11. While students are working independently on tasks with DMT at 
computers, expert teachers’ predominant pedagogic action is to 
‘circulate’ the class in order to:   
- monitor students’ progress and motivate them to focus on DMT-

enriched tasks; 
- support students’ emerging understandings; 
- provide feedback; 
- instigate discussion on the mathematics at stake involving use of 

DMT; and 
- interact with students by visiting most pairs of students in the class 

and to use (or invite their students to use) DMT to discuss the 
mathematics at stake through open-ended questioning. 

However, while students are working independently on tasks with DMT, 
advanced beginner teachers tend to adopt ‘circulate’ the classroom to:   
- monitor students’ progress and check their on-screen activity; 
- motivate them to focus on DMT-enriched tasks; and 
- respond to students’ direct requests for assistance. 
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10.2.2 Key Findings regarding Similarities between the Cases 

Below, I outline the key common characteristics of classroom practices of expert 
and advanced beginner teachers using DMT for the teaching of GS. 

1. Teachers develop and extend their curriculum scripts for teaching GS 
using DMT, as evidenced by their lesson enactments. They extend their 
curriculum scripts, for example, by incorporating new approaches to 
teaching GS fostered by DMT such as a transformations-based 
approach to GS and between and within ratios for pairs of corresponding 
sides of mathematically similar geometric figures. 
 

2. Teachers have incomplete knowledge of within and between ratios as 
they have difficulty explaining the reasons why within ratios are invariant 
across a family of similar geometric figures while between ratios are not. 
However, teachers’ experience in using DMT for the teaching of GS in 
the classroom contributes to the development of their awareness of the 
mathematical ideas of within and between ratios and, in turn, widens 
their own knowledge and understanding of these two types of ratios in 
the context of GS. 
 

3. Over time, teachers develop their confidence and competence in the use 
of DMT for enhancing the teaching of GS in the classroom. They in 
return begin to place more emphasis on the mathematical content rather 
than the techniques for using DMT, during which DMT serves as a 
means to explore the mathematics at stake. This illustrates the 
processes for teachers of instrumentalising DMT for the teaching of GS 
in the classroom. 
 

4. Teachers appreciate the value of the use of DMT in promoting and 
enhancing students’ understanding of the variant and invariant 
properties of mathematically similar shapes. They are also positive 
about their students’ engagement with activities involving particular uses 
of DMT that allows and encourages them to take responsibility for 
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developing their own understanding of the mathematical ideas regarding 
GS. 
 

5. Teachers’ use of DMT for the teaching of GS in the classroom leads 
them to rethink some aspects of their teaching approach. They, for 
example, establish an activity format alternating and balancing between 
whole-class discussions led by them and student independent work on 
tasks with DMT. During students’ independent work with DMT, teachers 
allow students to directly and dynamically interact with DMT individually 
or in pairs so that they can explore the variant and invariant properties 
of GS and construct their own meanings about them. During the time, 
they interact with students to promote and enhance students’ learning 
experiences while using DMT ‘live’. Further, during the subsequent 
whole-class discussions, teachers make (dynamic and/or static) use of 
DMT to underline and discuss key concepts. 
 

6. Teachers employ a variety of common orchestrations when using DMT 
to deliver the mathematical content related to GS in the classroom. The 
common orchestration types teachers employ in the format of whole-
class activity are explain-the-(dynamic/static) screen and work-and-
walk-by. Furthermore, their common preferences for the orchestration 
types in the format of individual activity are guide-and-explain and 
technical-support. 

10.3 Contribution to Literature and Methodology 

This PhD research contributed to the existing literature and methodology in 
three ways mainly by: (i) developing a holistic understanding of the key 
characteristics of teachers’ classroom practices involving DMT for teaching GS 
and the nature and content of their associated PKP, (ii) specifying the SFCP 
framework in a particular mathematical context (i.e., GS), and (iii) using a new 
video technology as an instrument for data collection, a mini ear-worn digital 
video camera that enables to capture both the ‘teacher’s eye view’ and visual 
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and audible interactions between the teacher, students and the technology. I 
expand on these significant contributions below. 

Contribution 1. Articulating key characteristics of expert versus advanced 
beginner teachers’ classroom teaching practices using DMT for the teaching of 
GS 

This study has been specifically concerned with the systematic examination of 
teachers’ use of DMT in the classrooms with a particular focus on the topic of 
GS. The study has identified the important characteristics of teachers’ 
classroom practice and associated PKP that underpins such practices. It is 
important to note that Clark-Wilson and Hoyles (2017a) also investigated lower 
secondary mathematics teachers’ adaptation of their everyday classroom 
practices as part of the Cornerstone Maths (CM) project. However, their study 
was not specifically designed to systematically examine teachers’ classroom 
use of DMT when teaching GS. Therefore, this research is beyond the scope of 
their study in terms of teachers’ classroom practices involving the use of DMT 
with a focus on the mathematical domain of GS. 

This study provides evidence of teachers’ adaptation of their teaching 
practices in response to using DMT as an instrument for teaching and learning 
of GS. More generally, this research contributes to the progress that 
researchers have made over the past 30 years in the field of (dynamic) digital 
technology into the mathematics classroom by providing greater insights into 
the complexity of classroom practices incorporating the use of digital 
technology.  

Contribution 2. Specifying the SFCP framework in a particular mathematical 
context 

Contribution 2a. Further validation of the SFCP as a useful tool for investigating 
technology integration into mathematics classrooms 

This study illustrates the potential of an evolving framework, the SFCP 
framework, for understanding technology use in teaching school mathematics. 
Previously, Ruthven (2014) called upon other researchers to use this framework 
both in the process of their data collection and analysis so that they can test, 
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elaborate and refine this novel framework. This study has employed the SFCP 
framework as the main theoretical lens to design the whole research study 
including the data collection and analysis. In this regard, this study contributes 
to testing and refining the SFCP framework and provides an example of how 
the SFCP framework can be applied in research on teachers’ everyday 
classroom practices incorporating technology. For educational researchers, this 
study offers a further test of how the SFCP framework is useful and functional 
as a tool for investigating technology integration into the classroom by the 
teacher. 

Contribution 2b. Development of an innovative theoretical model  

This study shows how the SFCP framework can be specified for a particular 
mathematical topic. I created an innovative theoretical model for using DMT for 
the teaching of GS, developed by operationalising the SFCP framework to 
analyse my data and to identify similarities and differences in teachers’ 
practices.  

A particular difficulty with the use of the SFCP framework has been that it 
was developed for use at the level of general pedagogy (in Science, English, 
and Mathematics) involving learning technologies and was not initially 
developed for a specific subject(s). Although Ruthven (2009, 2014) 
demonstrated how it can be used in mathematics in a broad sense, one 
challenge that has remained is the degree to which it can be used to understand 
and explain teachers’ practices within specific topics in mathematics. I have 
addressed this issue for the topic of GS, by integrating the mathematics 
education literature to add further specification to the framework, and thus 
developing a new theoretical model. Through my subsequent data analysis, I 
have demonstrated that operationalising the SFCP framework in this way was 
productive and my fine-grained analysis produced the findings outlined in 
Section 10.2.  

My new theoretical model (see Section 3.5) is offered to other mathematics 
education researchers as a theoretical lens to further investigate teachers’ 
classroom use of DMT to support students’ understanding of GS. However, 
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further research is needed to examine, refine, and extend this novel model to 
both validate and evaluate its usefulness. 

Contribution 2c. Differentiating the SFCP constructs, identifying which are 
‘necessary but not sufficient’ conditions 

Previous research treated all five components of the SFCP as equal in data 
analysis process (e.g., Bozkurt, 2016). However, having operationalised the 
SFCP framework for data analysis and analysed the resulting data, I found that 
the three components, curriculum script, resource system, and activity 
structure, showed more alignment with the mathematical aspect of the focus of 
my study than the two others, working environment and time economy. 
Therefore, I identified the first three components as ‘necessary and sufficient 
conditions’ for teachers to successfully integrate DMT into their practices while 
teaching GS. In other words, my data analysis revealed that the components of 
working environment and time economy indicate the elements which are 
‘necessary but not sufficient’. Thus, this study suggests the potential in treating 
the constructs of the SFCP framework differently. The latter two constructs 
highlight the broader components that teachers need to take into account before 
they think deeply about the mathematics being taught. 

Contribution 3. Methodological contribution 

My research has also made a methodological contribution to the literature. I 
used three different digital video cameras in my lesson observation: one 
focusing on the interactive whiteboard, the other capturing the whole-class and 
the third to capture the ‘teacher’s eye view’. To the best of my knowledge, this 
research has been the first research in the field of educational technology within 
mathematics education that employed an ear-worn digital video camera by 
teachers to capture their unique view of the classroom and their learners. The 
use of this video recorder was important for my research to gain insights into 
the interactions between the teacher, students and the DMT by capturing 
visually and audibly the associated conversations and computer screens (in the 
absence of screen recording software). The interactions and related 
communications between the teacher, students and the DMT (see Table 8.1) 
were only made visible by the use of this unique camera. In addition, this study 
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revealed how post-lesson interviews played a pivotal role in teasing out 
teachers’ opinions and reflections on their observed lessons to provide 
important supplementary data for triangulation and validation purposes. 

Contribution 4. Using the two complementary theories 

The study aimed to describe, understand and explain the complexity of 
teachers’ DMT-enriched classroom practices with the use of two different 
theoretical approaches. The adaptation of Ruthven’s (2009) framework, along 
with IO model by Drijvers et al. (2010), provided useful constructs for the 
research as both of the frameworks focused on teachers’ technology-mediated 
classroom practices. Moreover, the SFCP framework and Instrumental 
Orchestration are complementary and can be employed together as theoretical 
lenses for analysing teachers’ PKP (Bozkurt & Ruthven, 2017; Drijvers et al., 
2010; Ruthven, 2014). The IO framework is useful to help focus attention to how 
a teacher plans and manages their activities around the use of digital 
technologies in the classroom, thus it provides useful lenses for fine-grained 
analysis of activity structure construct of the SFCP framework. Thus, this 
research serves as a substantial example to illustrate how these two 
frameworks can be used in a complementary manner in the field of technology 
integration into the mathematics classroom.  

10.4 Limitations 

All educational research studies have inherent limitations with respect to 
generalisability and this study is no exception. In what follows, I outline the 
limitations of my study and highlight that how these present opportunities for 
further research. 

First and foremost, the sample of teachers was a theoretically purposeful 
choice (Emmel, 2013). The three case study teachers were selected as critical 
cases as they had been involved with the Cornerstone Maths (CM) project and 
so had already begun to use a particular DMT, the CM software, in their 
classrooms. In this sense, this study aimed for analytic generalisability with a 
‘purposeful’ sample of teachers. For this reason, the findings from this study 
cannot be generalised in a simplistic way to a wider population of teachers 
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without further empirical validation. Further research involving different 
participants would be needed to address the issue of generalisability.  

This research is local and contextualised to the English secondary school 
context due to nature of its qualitative case study research approach, which 
limits the generalisability of results with respect to teachers working in other 
contexts and using other digital technologies. The teachers in this study 
exploited a particular DMT to teach the CM curriculum unit on GS. Findings from 
other studies with teachers using a different DMT might generate different 
findings to this study as different DMT tools might offer different affordances 
and teachers might have different levels of familiarisation and experience with 
them. Further research is necessary to determine the extent to which the 
findings of this study might generalise beyond the English cultural context. For 
example, teachers’ different value propositions for the use of technology in the 
classroom or the institutional or government support for technology, which vary 
between cultures, might be factors that influence teachers’ uses of DMT. 

10.5 Implications for Future Research, Policy and Practice 

This section sets out suggestions for future research and tentative implications 
for policy and practice in teacher education, some of which have been 
previously intimated in Sections 10.3 and 10.4. I identify three research 
questions for researchers to address in further research.  

- First, researchers can address the question of “How do secondary 
mathematics teachers integrate DMT into their classroom teaching to 
promote students’ understanding of difficult mathematical concepts?”. 
This question is appropriate for other topics such as algebraic 
generalisation and linear functions, whilst also being applicable to 
different samples, different cultural contexts, and different DMT tools. 

- Second, researchers can address the question of “How valid and useful 
is the innovative theoretical model developed in this study to investigate 
teachers’ classroom use of DMT to support students’ understanding of 
GS?” to provide support to the potential of this evolving theoretical 
model. 
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- Third, researchers can address the question of “What mathematical 
knowledge for teaching and mathematical pedagogic practices are 
desirable for teachers to integrate DMT in their classroom teaching of 
difficult mathematical concepts?” using different frameworks rather than 
the lenses of the SFCP and the IO ones. 

In terms of implications for practice and policy, the findings of this study 
might have an impact on both the prevailing teacher education system and in 
the longer term. In particular, Chapters 5, 6 and 7 of this thesis focusing on the 
within-case analysis for each teacher potentially provide many useful examples 
of teachers’ practices for teacher educators, which can be used in in the design 
of teacher education programmes. Pre-service teachers can be encouraged to 
discuss these examples in the class to both raise their awareness of and to 
identify the nature of PKP required to teach such lessons. In addition, teacher 
educators can operationalise expert and advanced beginner practices as a 
lesson planning checklist. This can be done using the key differences and 
similarities across expert and advanced beginner teachers, in how they 
establish a coherent resource system integrating DMT-enriched lesson tasks 
aligned with their teaching goals, adapt formats for classroom activity to exploit 
the affordances of DMT, and develop and extend curriculum scripts to embrace 
these features. The checklist might be both as a self-assessment tool for trainee 
teachers as potential users of DMT in the classroom, and to identify key 
considerations for using DMT successfully in the classroom. Finally, my findings 
could be useful for teacher educators who aim to develop teachers’ routines for 
using dynamic digital technology in the teaching and learning of mathematics in 
the classroom. For example, using the context of GS with the DMT in this study, 
teacher educators can exemplify the challenges that teachers might face in the 
classroom and the strategies that might be used to overcome them, with an 
emphasis on the actions teachers might perform on DMT and the associated 
mathematical outcomes. 

Similarly, the findings can be used to design more focused PD resources 
and courses for teachers to support them to implement DMT in their classrooms 
for the teaching of mathematical concepts, in particular GS. Particularly, the 
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findings concerning how the expert teacher implemented the DMT in his 
classroom practice (and his associated PKP) to underpin his lessons could be 
inspirational to other teachers working in similar contexts. 

My findings suggest that well-designed technologies such as the CM 
software might support teachers in capitalising on the potential of dynamic 
technologies to promote and enrich students’ mathematical learning in the 
classroom. Thus, I suggest that governments and research organisations 
should provide funds for the development of well-designed dynamic digital 
technologies and support their use by teachers. In addition, providing teachers 
with guidance on the use of activities with DMT would seem necessary in order 
that they use the (dynamic) digital technology in their classrooms. Researchers 
and software designers should prioritise developing good resources for 
teachers beyond only the development of the technological tools.  

Moreover, as my findings highlighted that expert teachers exploit the 
affordances of DMT in more mathematically productive ways than advanced 
beginner teachers, I suggest that governments, universities, and related 
organisations should provide teachers more PD opportunities for developing 
their expertise in using DMT. What is more, the findings of this study may be 
helpful for governments, educational agencies and associated organisations to 
develop a better guidance at a national level to more efficient classroom 
teaching practices with DMT in secondary mathematics in general and, in 
particular, around the topic of GS. 

As a final point, given that one of my personal motivations for conducting 
this research is to be able to contribute to achieving the aims of the FATIH 
(Movement to Increase Opportunities and Technology) project in Turkey, I 
should state at the end that how my research will contribute to this. As 
mentioned in my introduction, the FATIH Project aims for technology to become 
a central part of the teaching and learning process in all subjects in Turkey. First 
and initially, as part of my future role in the Turkish Ministry of National 
Education (MoNE), I will use the experience and knowledge that I have gained 
through my PhD project to design PD courses for teachers to support them to 
use DMT in more mathematically productive ways in the classroom to teach 
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various mathematical topics, particularly GS. I will also contribute to 
development of new policies suggesting use of new and emerging technologies 
for teaching a range of topics of mathematics curriculum. I will also continue my 
research journey by collaborating with international researchers to address 
research questions, such as the ones outlined above, and to advance our 
collective understanding of teachers’ classroom practices involving the use of 
digital technology and the associated professional knowledge of practice they 
need to realise the potential of (dynamic) digital technologies on students’ 
outcomes, engagement, experience and ultimately enjoyment of mathematics.  
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Appendix 1: The Cornerstone Maths (CM) Software Guide 

 

Appendix A: Software Guide

Note that not all controls and tools are available in all activities.

Selecting a Shape
To select a shape: a) check that no control buttons are selected; and b) click inside
the shape. A selected shape will have circles shown on its vertices and the shape’s
sides will be slightly bolded.

Controls (these are along the bottom of the screen)

Translate
To translate (move) a shape: a) click on the translate button; and b) click inside the
shape and drag the shape to the desired location.

Enlarge
To enlarge (and reduce) a shape: a) click on the enlarge button; b) click on the
shape’s enlargement grab point and drag the shape to the desired enlargement.

Rotate
To rotate a shape: a) click on the rotate button; b) click on the shape’s rotation grab
point and drag the point around to the rotate the shape.

Tools (these are along the top of the screen)

Measure Side Lengths
To measure a side length: a) check that no action buttons are selected; b) select the
shape by clicking inside it; c) select the side you wish to measure (the pointer will be
a hand when the side is selectable); and e) select MEASURE.

Measure Angles
To measure an angle: a) check that no action buttons are selected; b) select the
shape by clicking inside it; c) select the vertex whose angle you wish to measure (the
pointer will be a hand when the vertex is selectable); and e) select MEASURE.
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Colour Sides
To colour a side: a) check that no action buttons are selected; b) select the shape by
clicking inside it; c) select the side you wish to colour (the pointer will be a hand
when the side is selectable); and e) select COLOUR and choose the colour you wish.

Colour Shapes
To colour a side: a) check that no action buttons are selected; b) select the shape by
clicking inside it; and c) select COLOUR and choose the colour you wish.

Label a Side
To label a side: a) check that no action buttons are selected; b) select the side’s
shape by clicking inside it; and c) select the side you wish to label (the pointer will be
a hand when the side is selectable); d) select EDIT; e) type the side’s label into the
dialogue box; and f) click Update Label.

Label a Vertex
To label a vertex: a) check that no action buttons are selected; b) select the shape by
clicking inside it; and c) select the vertex you wish to label (the pointer will be a
hand when the vertex is selectable); d) select EDIT; e) type the vertex’s label into the
dialogue box; and f) click Update Label.

Show/Hide a Shape or Gridlines
To show or hide a shape: a) click on SHOW/HIDE; and b) click on the name of the
object you wish to show or hide. Objects that are currently showing will have a tick
mark next to their name in the list.
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Appendix 2: An Overview of the First Eight Investigations 
of CM Curriculum Unit on Geometric Similarity 

 

Preface to the Teacher's Edition

I. Unit Overview

This unit focuses on geometric similarity. Pupils work with dynamic geometry files,
manipulating shapes to deduce changeable and unchangeable properties of similar shapes. The
activities start with non-geometric drawings to support informal notions of similarity to
geometric shapes. This progression is based on research that shows this is a productive way to
introduce similarity.

Investigation Key Mathematical Ideas Key Technology
Experiences

Introduction
Welcome to the
Graphics
Department
(15 minutes)

→ Context of the unit: London Trending is
a digital magazine that is available on
many devices. These devices all have
different display sizes, hence the need
to decide whether a variety of graphics
are mathematically similar to each
other.

Investigation 1
Mathematical
Similarity
(70 minutes)

→ Understanding mathematical similarity
helps us communicate with others
about key features of things in the
world, such as photographs.

→ The informal definition of
mathematical similarity is exactly the
same shape, not necessarily the same
size.

→ Shape characterises one type of figure
(e.g., parallelogram) as opposed to
parallelogram versus triangle.

Translate, rotate, and
enlarge shapes, show/hide
gridlines and shapes.

Investigation 2
On the Grid
(65 minutes)

→ Context: The Graphics Department
needs to put the same image of the
London Eye on several devices (e.g.,
tablet, computer, phone).

→ The heights and the widths of
mathematically similar rectangles are
related by a common multiplier.

Play/pause animation,
rotate and translate shapes,
and use grid as
measurement tool.
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Investigation Key Mathematical Ideas Key Technology
Experiences

Investigation 3
Scale Factor
(100 minutes)

→ Context: The Graphics Department is
using a software program that makes
enlargements by using scale factor.

→ Scale factor is the multiplier by which
the lengths in the original shape result
in the enlargement.

→ Scale factors greater than 1 result in
copies larger than the original; scale
factors less than 1 (but greater than 0)
result in copies smaller than the
original.

→ Congruence is a special case of
similarity, with a scale factor of 1.

Measure sides, colour
sides, use scale factor
slider, use measurement
table, and use snapshot.

Investigation 4
Broken Scale
Factor
(60 minutes)

→ Context: One of our artists, Eileen,
found free software without a scale
factor slider but with two strange other
sliders. She says that the software can
still be used to create mathematically
similar copies.

→ Scaling a shape so that it creates a
mathematically similar copy requires
that all lengths of the shape be scaled
by the same number.

Use sliders and measure
sides.

Investigation 5
More Than
Lengths of Sides
(50 minutes)

→ Context: London Trending have a new
advertising client whose logo is
embedded in a parallelogram.

→ Equal corresponding angles are
necessary for similarity.

Rotate and translate
shapes, measure angles,
and use angle slider.

iii
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Investigation Key Mathematical Ideas Key Technology
Experiences

Investigation 6
Ratios
(65 minutes)

→ Context: The Graphics Department
received directions to make pairs of
images in the ratio of 3 to 1.

→ A ratio shows the multiplicative
relationship between two numbers or
quantities.

→ Ratios can be simplified in the same
way as fractions.

→ Two ratios that simplify to the same
unitary fraction are equivalent.

→ Between ratios show the relationship
between corresponding sides in similar
shapes.

Label vertices, colour
sides, measure side
lengths, and possibly use
ratio checker.

Investigation 7
Between Ratios
and Within Ratios
(95 minutes)

→ Context: Investigating an animation
comparable to the animation starter
from Investigation 2: On the Grid.

→ Within ratios and between ratios are
two different ways to compare sides in
similar rectangles.

→ Within ratios compare sides of the same
shape.

→ Within ratios are unchanging across a
family of similar shapes (i.e., the
height:width ratio in a family of
rectangles).

Translate and rotate
shapes, play/pause
animation, use ratio
checker, and measure side
lengths.

Investigation 8
What Changes
and What Stays
the Same?
(60 minutes)

→ For a set of similar shapes, the shape
and corresponding angles are
unchanging.

→ For two similar shapes, the ratios of
corresponding sides, the scale factor
and the ratios of lengths within a shape
are unchanging.

→ For three or more similar shapes, the
ratio of lengths within a shape is
unchanging, and the scale factor and
ratios of corresponding sides vary
together.

Translate vertices, translate
and rotate shapes, measure
sides and angles.

Investigation 9
Build Your Own
(40 minutes)

→ Context: London Trending needs a new
front page.

→ Using similar shapes can help pupils
make a more aesthetically pleasing
cover.

Translate and enlarge
shapes.
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Appendix 3: One of the Investigations (Investigation 4) in 
the CM Student Workbook  

 

Investigation 4: Broken Scale Factor

→ Key Learning: By the end of this activity, you will understand why scale factor
applies to a whole shape.

We have an interesting development in the Graphics Department. One of our artists,
Eileen, found a piece of software without a scale factor slider but with two strange
other sliders. She says she is able to use the software to create mathematically
similar copies.

1. Open Activity 4.1. In this activity, the copy of the London Eye is not always
mathematically similar to the original. There is no scale factor slider, but there are
two other sliders. Play around with them and describe what they do.

2. Re-open Activity 4.1. Use the height slider to increase the copy’s height by 12
units. Use the width slider to increase the copy’s width by 12 units. Explain why
the copy is or is not mathematically similar to the original.

3. Use the two sliders to make a mathematically similar copy that is not the same
size as the original. Explain how you know your copy is similar to the original.
Write down the scale factor.

4. Describe what Eileen did to make a copy that was mathematically similar to but a
different size than the original.
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5. Make another mathematically similar copy where the side length A'B' is 12 units.

A. Find what the other lengths must be for the copy and the original to be
mathematically similar.

B. Fill in the information below.

Length of side AB (original) Length of side AD (original)

Length of side A'B' (enlargement) Length of side A'D' (enlargement)

C. What is the scale factor that relates the copy to the original?

24 Investigation 4: Broken Scale Factor



 

 
 

330 

 

 

 

6. Make an enlargement where the side length A'D' is 1.5 units.

A. Find what the other lengths must be for the copy and the original to be
mathematically similar.

B. Fill in the information below.

Length of side AB (original) Length of side AD (original)

Length of side A'B' (enlargement) Length of side A'D' (enlargement)

C. What is the scale factor that relates the copy to the original?

7. With your partner, devise a set of instructions to use Activity 4.1 so that anyone
can create mathematically similar enlargements.

25Investigation 4: Broken Scale Factor
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Appendix 4: One of the Investigations (Investigation 4) in 
the CM Teacher Guidebook 

 

Teacher Notes

Investigation 4: Broken Scale Factor

Key Ideas

→ Context: One of our artists, Eileen, found free software without a scale factor slider but
with two strange other sliders. She says that the software can still be used to create
mathematically similar copies.

→ Scaling a shape so that it creates a mathematically similar copy requires that all lengths of
the shape be scaled by the same number.

50 minutes totalMain Activity

Whole Class | 10 minutesQuestion 1

• Point out the lack of scale factor and the way the two sliders work.
• Pupils explore what happens when they can scale the length and width of a shape

independently of each other.

Individual | 10 minutesQuestions 2 - 4

• Pupils create a copy that is not an enlargement.
• Pupils are prompted to address the additive misconception by comparing the original and

copy visually (the copy will be warped when pupils simply add the same amount to each
length).
• You may wish to re-open Activity 4.1 and include a second example where pupils subtract

the same number from each length.
• Pupils need to coordinate lengths to make a similar copy.
• Ask pupils to share their responses to Question 5 as part of a mini-plenary.

Group | 20 minutesQuestions 5 and 6

• Make sure to connect scale factor, height and width and the common multiplier.
• You can have pupils, in pairs, challenge each other. Instead of using one of the side lengths

given in the activity, one pupil makes up a length; the other must fill in the table for it. Then
they can exchange roles

Group | 10 minutesQuestion 7

• In pairs, pupils write explanations of how to manipulate the height and width of a copy to
make it mathematically similar to an original.

Whole Class | 10 minutesPlenary

• Discuss how to make a mathematically similar copy using the length sliders. Make sure
pupils recognise that the heights and widths of the original and copy must be related
multiplicatively and bring in scale factor in relation to this idea.

TN-23aTeacher Notes for Investigation 4



 

 
 

332 

 

Pupil Difficulties

Pupils may have misconceptions …

• thinking that adding the same amount to both sides of a rectangle will create a similar
rectangle.

TN-23b Teacher Notes for Investigation 4
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Investigation 4: Broken Scale Factor

→ Key Learning: By the end of this activity, you will understand why scale factor
applies to a whole shape.

We have an interesting development in the Graphics Department. One of our artists,
Eileen, found a piece of software without a scale factor slider but with two strange
other sliders. She says she is able to use the software to create mathematically
similar copies.

1. Open Activity 4.1. In this activity, the copy of the London Eye is not always
mathematically similar to the original. There is no scale factor slider, but there are
two other sliders. Play around with them and describe what they do.

Slider 1 changes the width, and slider 2 changes the height.

2. Re-open Activity 4.1. Use the height slider to increase the copy’s height by 12
units. Use the width slider to increase the copy’s width by 12 units. Explain why
the copy is or is not mathematically similar to the original.

Pupils may describe visual distortions to the London Eye and numeric evidence: The ratio of the
corresponding sides is not the same.

3. Use the two sliders to make a mathematically similar copy that is not the same
size as the original. Explain how you know your copy is similar to the original.
Write down the scale factor.

Answers will vary.
Pupils can use tables or scale factor (use of two multipliers that are the same) to explain their
answers.

4. Describe what Eileen did to make a copy that was mathematically similar to but a
different size than the original.

The width and height have to be multiplied by the same scale factor.

23Investigation 4: Broken Scale Factor
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5. Make another mathematically similar copy where the side length A'B' is 12 units.

A. Find what the other lengths must be for the copy and the original to be
mathematically similar.

B. Fill in the information below.

Length of side AB (original)

4

Length of side AD (original)

3

Length of side A'B' (enlargement)

12

Length of side A'D' (enlargement)

9

C. What is the scale factor that relates the copy to the original?

Scale factor is 3. The lengths in the enlargement are three times as long as the lengths in
the original.

24 Investigation 4: Broken Scale Factor
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6. Make an enlargement where the side length A'D' is 1.5 units.

A. Find what the other lengths must be for the copy and the original to be
mathematically similar.

B. Fill in the information below.

Length of side AB (original)

4

Length of side AD (original)

3

Length of side A'B' (enlargement)

2

Length of side A'D' (enlargement)

1.5

Check that pupils are using the sliders correctly to set up common multipliers.

C. What is the scale factor that relates the copy to the original?

The scale factor is 0.5. The lengths in the copy or enlargement are half the lengths in the
original.

7. With your partner, devise a set of instructions to use Activity 4.1 so that anyone
can create mathematically similar enlargements.

Multiple correct answers are possible.
• Manipulate the height and width of the copy so that the pairs of corresponding sides in the

copy and the original are related by the same multiplier.

• Move the sliders until the enlargement has a real (not warped) circle in it like the one in the
original.

25Investigation 4: Broken Scale Factor
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Appendix 5: Lesson Observation Protocol 

Classroom Observation Schedule 

 
Teacher Name………………………………………………. 
Date of Observation……………………………………… 
Start Time……………… End Time………............ 
Observer (s)…………………………………………………. 
Subject/Level………………………………………………. 
Observation Notes 

Guiding Questions/ Look for: Comments 
 

Working Environment 
1. Where does the lesson take place? In the normal 

classroom or computer room?  
2. Does the class move from normal classroom to 

computer room? 
3. What kind of technological devices available in 

the classroom environment where the lesson 
takes place? (computer, laptop, tablet, interactive 
Whiteboard, projector, printer, so on) 

4. How is the classroom physically organised, for 
example the layout of facilities such as tools and 
materials that the students use and the students? 

5. How does the teacher organise and display 
materials in use? 

6. How does the teacher organise and manage 
student access to, and use of, the software and 
other tools and materials? 

7. How does the classroom environment 
help/hinder the teacher’s management new types 
of transition between lesson stages (including 
movement of students)?  

 

Resource System  
 

1. What, how and why does the teacher collect 
didactical tools and materials in use? 

2. How does the teacher coordinate the use of 
tools and materials in use towards subject 
activity and curricular goals?   

3. How does the teacher establish appropriate 
techniques for such tools and materials to 
support students’ learning? 

4. How does the teacher manage the use of old 
technologies and new technologies in use? 
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5. Does the teacher help the students to become 
familiar with the features of DMT (e.g., 
demonstrating how to select, measure and 
colour corresponding sides in the dynamic 
environment? If so, how? 

6. When is DMT in use and by whom?  
7. How does the teacher use and interpret the 

tools in use? 
8. Does the teacher explain the meaning of 

different representations embedded in DMT 
(e.g., measurement table, ratio checker, scale 
factor/angle slider) and make an explicit 
dynamic connection between them? If so, how? 

 
Activity Structure  
 

1. How does the teacher structure their classroom 
activities? What kinds of activity templates does 
the teacher employ? 

2. How does the teacher orchestrate the 
interaction between the students, the teacher 
and the software? 

3. How does the teacher manage student 
activities? Does the teacher follow the 
pedagogic approach to the use of ‘predict-test-
explain’? If so, how?  

4. How does the teacher take into account the 
specifications of the roles of students, the 
teacher and the software during particular types 
of lesson segment (individually, in pairs and in 
groups)? 

5. Does the teacher develop new general 
pedagogies for supporting and managing pupils’ 
technological work? 

 

Curriculum Script 

• How does the software help/hinder specific 
processes and objectives involved in learning 
geometric similarity? 

• How does the teacher adapt the new technology 
in the lesson planning? 

• How does the teacher establish a coherent 
teaching sequence? 

• How does the teacher choose and devise 
curricular tasks? 

• How does the teacher overcome the emergent 
students’ difficulties? 

• How does the teacher deal with patterns of 
students’ responses? 

• How does the teacher support students to 
promote students’ use of precise mathematical 
and technological vocabulary? 

• How does the teacher ask efficient 
questions/follow-up questions? 
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Time Economy  
 

• How does the teacher manage modes of use of 
tools so that they can reduce the “time cost”? 

• How does the teacher make his/her decisions on 
the working environment, the resource system, 
the activity structure and the curriculum script by 
taking into account the didactic return on time 
investment? 
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Appendix 6: Teacher Interview Protocol 

Post-Lesson Semi-Structured Teacher Interview Schedule 

• Note: The following three warm-up questions might be asked in the first interview. 
1) What were the reasons you get involved in the Cornerstone Maths project? Could 

you tell me any key points in your development in the use of digital technology for 
the teaching and learning of mathematics? 

2) How confident do you feel about the use of digital technologies in your mathematics 
teaching? What types of digital technologies have you used in your classroom 
practices by now? 

3) How often do you use such digital technologies in your teaching? What features of 
such technologies are you in favour of exploiting in your teaching and why? 

Post-Lesson Interview Prompts 
I’m particularly interested in your thinking and reflections on your lessons involving 
technology to teach geometric similarity that I have observed today. I am going to ask 
you about several aspects of these. 
1) Were there any ways in which the lesson was different from what you had planned? 
2) How useful was your organisation of the classroom in terms of 

• the provision of computers? 
• getting students seated appropriately? 

3) Did teaching in the computer room with the CM technology affect the way you 
organise the work and manage the students?  

4) Were there any particular aspects of organising work or managing students that you 
associate with teaching in the computer room? 

Today you were using the CM software as a resource for teaching the topic 
geometric similarity. 

5) What was the difference between the teaching of geometric similarity with the CM 
software and without the CM software? How did the use of the technology allow 
geometric similarity to be treated differently when compared to the use of more 
traditional resources? 

6) Was there anything that you had to, before or during today’s lesson, make sure that 
the students would be able to cope with particular way in which the CM software 
operates? 

7) In what ways does the use of CM software support students’ understanding of what 
you taught during the lesson? Could you show me on the laptop how the features 
of the CM software facilitate students’ learning? 
• Did you find beneficial to use the Cornerstone resources in combination with 

the other resources? Why? 
8) What did not work with the CM software for you during the lesson? Why? Could you 

show me on the laptop?  
9) What was the students’ reaction to the software-supported lesson?  

• Can you tell me about the students’ interactions with the software? If possible, 
can you show me on the laptop if you have any particular examples from the 
class? 

10) What did you want the students to learn? 
• How successful do you think it was? How well did students learn? How well 

does the CM software help students to learn the ideas of GS? 
Ø Could you tell/show me any key points or events related to successful 

learning? 
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• How did the software support the students’ progress? Why? Could you show 
me on the laptop? 

Ø Could you tell/show me any specific examples from the lesson? 
• Do you think the software hinders or stops the students’ progress in any way? 

Why? Could you show me on the laptop? 
Ø Could you tell/show me any specific examples from the lesson? 
Ø What would be required to overcome these pitfalls? 

• Were there any pitfalls that you have experienced in using the CM software to 
teach GS? 

Thinking now about the interactions between you, the students and the technology. 
11) Were there any types of interaction in the lesson today that you would see as 

particularly associated with working this specific technology, or with working with 
ICT more generally? 
[if so] What is distinctive about that type of interaction? 

12) How did the use of CM software work individually/ in pair or group work/ in the 
whole-class discussion? Why? Could you tell/show me on the laptop?  

13) Before you access to the CM technology, did you teach a similar type of lessons? 

[if yes]- how has using this technology changed the way in which the lesson 
progresses? 

14) Are there other new activities in the lesson? How have the activities you had before 
changed? Has sequence changed? Has pace changed? Other new possibilities 
they were not before that you include in the lesson? 

[if no]-with this technology what is different about the kind of lesson you will teach? 
As you taught this lesson using the technology a number of times has anything 
changed? Or you changed your approach to it or found new ways of doing it? 

15) What issues associated with timing did you take into consideration when planning 
and conducting your lessons with the CM technology? 

16) Did the integration of the technology into your teaching affect the timing or pacing 
of the lesson today, or your thinking about these issues? 
• Did anything associated with the use of the CM software in the process of 

teaching happen during the lesson which surprised you or your students?  
17) What would you change or do different for next the CM software-supported 

lessons? 
• How can you improve your next lessons? 
• If you were doing this lesson with higher/lower attaining students, what would 

you change? 
18) Is there anything would you like to mention? Are there any important issues that 

you haven’t had any opportunity to talk about so far in the interview?
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Appendix 7: An Example of the Narrative Descriptions of 
the Observed Lessons 

The name of the teacher: Jack 
The name of the investigation: 3. investigation 
The name of the class: Year-9 
The name of the technological device that students use: Laptops  
The type of the class the lesson took place: Ordinary Classroom  
The duration of the lesson: 100 minutes (double lessons) 
The date the lesson (s) took place: 07.11.2018 
The cameras: 
J_Inv3_W1---> 00:00-30:26 
J_Inv3_W2---> 30:26-60:54 
J_Inv3_W3---> 60:54-82:30 
J_Inv3_W4----> 82:30-96:30 

Time/ 
Camera 

Description of the first lesson focusing on the Investigation 
3 (07.11.2018) 

 
 

00.00-27.20, 
J_Inv3_W1) 

 

 
• Jack created his lesson plan using Smart NoteBook interactive 

whiteboard slides. 
• Jack created a seating plan for students which was displayed on 

the IWB at the beginning of the lesson when students arrived in 
the classroom. Students positioned themselves based on the 
seating plan. 

• He began the lesson with a starter as seen below which 
includes basic multiplication problems. 
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• After students sat at their desks based on the seating plan, Jack 

displayed the starter activity on the IWB. 
• (06.45-10.00, classroom management) 
• (10:20-27:15, the starter activity) In the starter activity, the first 

column consists of the easy questions (the first multiplier of each 
question is a whole number and the second one is a decimal 
number). The second column consisted on harder questions 
than the first column (the first and second multipliers of each 
question are decimal numbers). Students need to solve these 
multiplication questions without the use of calculators. Jack 
asked students to use the empty spaces in the CM workbook to 
do calculations. When students were working on the starter 
activity, Philip was sometimes circulating around (10.20-22.10, 
students worked on the starter task individually or in pairs; 
22.10-27.15) 

• During the time when students were working on the starter, Jack 
distributed the CM student booklets (along with the Year 9 
learning journey) and laptops to the tables. He also distributed 
the copies of an activity which includes three rectangles (the 
original and the copy1 and copy 2) 

• (20.00) Jack started writing the answers of the multiplication 
questions on the IWB. 

• He used the Interactive White Board as an ordinary board when 
writing the answers or doing calculations. 
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(27:20-
52:00, 
J_Inv3_W1/
2) 

• (27:20) Jack started introducing the activity that he created 
using the context of the CM software-based activities 
(Investigation 2). In this school, the mathematical department 
created Year-9 learning journey (blue book) in which students 
take notes about the mathematics taught or copy some of the 
activities that the teacher asked. Jack asked students to glue the 
piece of paper involving three rectangles and then to copy the 
sentences displayed on the IWB and then to fill in the gaps in 
the sentences.  

 

 
 

• When introducing the task, Jack was reading the sentences. He 
reminded students that they need to use precise mathematical 
language when filling in the second and third sentences in which 
they need to reason and express their justifications. 

“For these [the second and third sentences], you really 
need to think about the language you use, right?” 
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• He outlined that in the second and third sentences, “BECAUSE” 
is the key word! He said: 

“[…] because, this is the key word [he stressed the word 
‘because’ on the IWB] and I want to see what you say. 
Some people just going to say staff like ‘it kind of looks 
like as” and some people use BETTER mathematical 
language to describe these”.  
 

Student Independent Work on The Task in the Paper-and-Pencil 
Environment 
(29:00-35:30) 

• Jack allocated 4 minutes for this task during which students need 
to write down the sentences in their learning journey and filled in 
the sentences. He used the Smart Notebook Timer Tool to set 4 
minutes for this particular task, which led to the effective use of 
instructional time. The use of timer also enabled students to know 
that they have a time constraint when doing this specific task. 
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• Jack did not wear the spy camera for a while because a student, 

who started to come to the lessons after 2. Investigation, did not 
give her consent to be video-recorded.  

• When students worked on the task in the paper-and-pencil 
environment individually or in pairs, Jack circulated the class for 
help. 

Whole-class discussion 

• When circulating around the class during the students’ 
independent work on the task in the paper-and-pencil 
environment, Jack spotted and photographed the work of a 
student. He then added the student’s work into his slides (using 
the computer for the teacher) and then displayed the work on 
the IWB. 

• Jack wanted students to give their attention to the IWB. He 
invited the class to read the student’s work displayed on the IWB 
and make a comment about what the student was written when 
filling the sentences in the task. 
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• He asked if there is anyone who disagrees with the answers of 

the student whose work is displayed on the IWB.  
• (5:55-07:05, J_Inv3_W2---> Classroom management) 
• He convened a whole-class discussion on the work of the 

student which was displayed on the IWB. The focus of the 
discussion was particularly on the second and the third 
sentences, which can be seen below 
 
“I know Copy 1 is mathematically similar because the 
original is 6-8 and Copy 1 is 12-16 which is double.” 
 “I know Copy 3 is not mathematically similar because even 
it is similar it is squashed.”  

Jack: Who wants to make a comment about this [the third 
sentence in the displayed work of the student]. Any comment? 
Does anyone disagree with this [what the student is written when 
filling in the sentences]? (05:00, L_Inv3_W2) 

Student(s): [No responses from students] 
Jack: Do you agree with this [the second sentence]? Because 

the original is 6 and 8 and Copy 1 is 12 which is double. Do you 
agree with that? Do you think that is right? 

Student: Yeah. 
Jack: We doubled the 6 and also we doubled the 8, that makes 

it mathematically similar. Do you guys agree with that? 
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Students: Yeah! 
Jack: Good, that is what we are looking for here. Alright! 

• He used the IWB as an ordinary whiteboard for writing during the 
whole-class discussion.  

• (08:20 – 14:30)- Jack allocated another 4 minutes for students to 
glue a copy of the task in their learning journal and write down the 
sentences they created to fill in the blanks. He encouraged 
students to write down their best possible answers. Jack was 
circulating around to check what students were doing and to give 
them feedback on their written justifications.  

• (14:45-18:00, J_InV3_W2) Jack asked students to look at what 
they wrote on page 12 and 13 and to complete page 14 if they 
have not already. He was circulating around to check students’ 
written explanations.  

Whole-class Discussion 

• Jack asked the class a question: “This one is copy 1 and a lot 
of people said it is doubled, right? The sizes are doubled. 
What happened going to the Copy 2? “ 

• He continued with an explanation after students said their 
responses such as ‘nothing’, ‘smaller’: “A lot of people said 
that it is halved, but some people said it is multiplied by 
something. Who can tell me what that is, going from here 
[original] to here [copy 2]? 

 
 “We said these two [copy 1 and the original] are 
mathematically similar. Now, we are saying these two [copy 
2 and the original], so this one [copy 2] is multiplied by 
what?”   

• After students said ‘2’, Jack continued: “No, this one [copy1] is 
multiplied by 2. Here we have gone from 6 to 3, what is it 
multiplied by?” 
(students said it is multiplied 0.5)  

• He continued by asking another question: “Is it the same with 
this side [he is highlighting the width of the original with the 
pen]? That was 8 and that is 4.” 
Students said “yes”. Since students behaved poorly, he moved 

on     the next slide without making any further explanation. 
(until now, his lesson was on the Investigation2). From here, he 

started teaching the Investigation 3) 

(52:00-
69:54, 
J_Inv3_W2/
3) 

• Jack introduced what they are going to do during the rest of the 
lesson. He instructed the class to go to the Investigation 3 by 
following the instructions displayed on the IWB. He said to the 
class: 
“We are going to do the next Investigation, Investigation 3.1. 
Here is the website you need to log in. What I am expecting 
from you guys is you use the information on Page 15 to guide 
what you do. You all are capable of reading the information 
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and following it carefully. That is what my expectation is. […] 
So, reading the instructions, working through the computer, 
and also answer the questions in the booklet that is VERY 
important. It is up to you to work through the next task. Do 
you have any questions?” 
Student Independent Work 

• Students first needed to open the Investigation 3.1 in the CM 
software environment and then read the instructions in the 
booklet and then engaged with the Activities that involve the use 
of the software.  

• He was circulating around the class to make sure all of students 
were able to have access to the Investigation 3.1 and started 
working on the tasks. He made some explanations to students 
who seem to be confused about what to do.  

• Students used laptops, mainly, one laptop was used by pair 
students.  
 

(01:20, J_Inv3_S5) Jack asked the student to read the 
instruction in the booklet. He particularly approached to 
this student when circulating since this student was 
behaving poorly from the beginning of the lesson]   

Jack: What is that slider, do you think? 
Student: I move it to where? 
Jack: Just move it up and down, click on it. 
Student: [she is operating the software to drag the slider 

which makes the copy larger or smaller] Aaaaaa, I like that! 
Jack: What do you think what has happened there? 
Student: It [the copy] is getting smaller and bigger. 
Jack: Smaller and bigger, yeah! Can you make it the same 

size? This is the original, right, can you make that the same 
size as the original?  

Student: [she is using the software to create a copy which 
has the same sizes as the original] 

Jack: What do you notice about the scale factor? 
Student: One (1). 
Jack: Ok, can you make this [copy], maybe, double sizes 

as the original? 
Student: [student used the software to create a copy 

whose sizes are double as the original] 
Jack: Is that double? 
Student: Yeah! 
Jack: 3 there [the width of the original], 6 there [the length 

of the original] What do you think about the scale factor? 
Student: Two (2) 
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Jack:  Do you reckon you make it three times sizes as the 
original? 

Student: [She is using the software to make a copy with 
three times sizes as the original]  

Jack: Is that three times? 
Student: Yes [she is showing the scale factor slider that 

shows the value of 3]. 
Jack: That says 3, but is it three times as high? 
Student: [She is counting the lengths of the copy and 

original using the gridlines] Yeah 
Jack: Is it three times as width? 
Student: [She is counting the widths of the copy and 

original using the gridlines] Yeah! 
Jack: So, three times as high, and three times as width. 

What did we say earlier something about mathematically 
similar? What did you write about this in your booklet?  

Student: [she is reading what she wrote in the learning 
journal] 

Jack and the students discussed the mathematical content 
on the previous task that students glue in their learning journal. 
So, their discussion centred on the content on both dynamic 
screen of the Cm software and the paper-and-pencil 
environment.  

He then suggested the student writing what she explored 
in the CM booklet. 

 
• After this conversation, Jack kept circulating around the desks to 

monitor what students were doing. He asked the students if they 
are dragging the scale factor slider to scale the shape. He 
encouraged students to move the scale factor slider and 
observe what is happening. He checked what students were 
doing when circulating and gave them a short feedback such as 
‘good job’, ‘well done’. 

• He helped one pair of students who have not started engaging 
with the task since they have not been able to open the 
Investigation 3 in the CM software environment. Jack used the 
laptop to carry out a technical demonstration about how to have 
access to the Investigations. (Individual Technical-Demo 
Orchestration) 

• When circulating the class, one of the students told Jack that he 
explored the circle is staying as the circle when dragging the 
scale factor slider. To make the role of the circle in the similar 
shapes clearer, Jack opened the activity related to the 
Investigation 2 students did earlier in this lesson (see above) to 
show students if the circle stays the same in the copy 3. So, he 
connected what students already learnt in the previous lessons 
and the mathematical content they are now learning in the 
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Investigation 3. He invited students to figure out what stays the 
same when moving the scale factor slider. (Link-screen-paper) 

• One of the students asked an assistance from Jack when 
circulating since he was not clear about what to do with the 
investigation. Jack started using the CM software on the laptop 
and making an explanation as follows: 
“So, we are moving the slider up and down, right, and 
noticing what is happening, right! The first question says 
that list several things which stays the same as you move 
the scale factor slider. So, move the scale factor slider up 
and down and see what you will notice.” (03:40, J_Inv3_S6) 

• Now, the student is dragging the scale factor slider in the CM 
software environment and observing what is happening on the 
screen to identify what stays the same.  

Jack: What stays the same as you move it [scale factor slider]. 
This is the original and this is the copy. What stays the same? 
Student: Everything. 
Jack: Everything stays the same. I do not think all stays the 
same. This [the original] is 3 high and at the moment this [the 
copy] is 15 high something. Yeah, that is something changing, 
is not it? Is it only getting this direction [vertical direction] [Jack 
showing the screen]? Is it getting this direction [horizontal 
direction] as well?  
Student: yes. 
Jack: Can you write down that [in the booklet]? What stays the 
same as you move it [scale factor slider]?  
Student: Nothing stays the same [the student is dragging the                 

sca scale factor slider and observing the screen] 
Jack: Nothing stays the same. I think I can see something 
staying the same. What is the shape of that here [Jack showing 
the circle embedded in the original]? 
Student: Circle. 
Jack: So, it is always a circle. Right, did you see the shapes 
we did earlier. [he got the copy of the task (see above) and 
showed the student the circles]. In these ones [the original and 
the Copy 1], it is still circle, right? What happens here [the 
original and the copy 3]. 
Student: Not circle anymore. 
Jack: Not circle anymore. We said this copy [copy1] is a good 
copy, we said it is mathematically similar. What do we say 
about this one [copy 3]? 
Student: [no response] 
Jack: Is it [the copy 3] a good copy of this [the original]? 
Student: No 
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Jack: So, we will say that this one [copy 1] as mathematically 
similar and we will say this one [copy3] as not mathematically 
similar. Ok, Alright?  
Student: [he confirmed Jack by shaking his head] 
Jack: What stays the same and what changes, right? [he 
shows the booklet to encourage the student to write down his 
answers/exploration]. 

• He several times encouraged students to answer the Questions 
in the Activity 3.1 by taking into consideration what they have 
explored through their engagement with the software. 

• He displayed the Activity 3.1 on the IWB by using the computer 
for the teacher for whole-class discussion.  

(69:54-
78:30, 
J_Inv3_W3) 

 

Whole-Class Discussion/Teaching 

• Jack asked students to get down the lids of their laptops to 20 
degrees. His aim was to make students focused on him and the 
IWB where he operated the software to promote the whole-class 
discussion. 

• He began the whole-class discussion by asking the question:  
“Who can tell me when we move the scale factor slider, who 
can tell me something that stays the same? Something that 
does not change when I make it [the copy] bigger and smaller 
[when asking this question, he is dragging the scale factor 
slider to make the copy smaller and bigger on the screen of 
the IWB]” 

• One of the students said the ‘shape’ as an answer. Jack asked a 
follow-up question: 
“What do you mean by the shape?” What do you think what 
she means by ‘shape’ because we got a bit more language?” 

• One of the students said that “it still stays ‘rectangle’”. 
• Jack asked another question: “What else stays the same?” 

(students said, shape of the circumference) 
• Jack asked another question when dragging the scale factor 

slider up and down: 
“What is changing as I move it [scale factor slider] up and 
down? What is changing?” 
(students said, every sides) 

• He then dragged the scale factor slider until the enlarged copy 
fits into the screen. He emphasised how big the scale factor is 
when the enlarged copy fits into the screen. Then,  

• Jack asked another question: 
“Does anyone make the copy exactly the same as the 
original? What is the scale factor then? [he dragged the scale 
factor slider to make the copy the same as the original, to do 
so, he set the scale factor slider to 1)” 
(students said, 1) 

• Another question: 



 

 
 

352 

“Does anyone make the copy double?” What is the scale 
factor now?” [he used the software to set the scale factor 
slider to 2) 
(students say, 2) 

• Another question: 
“Does anyone make the copy halved?” What is the scale 
factor now?” [he used the software to set the scale factor 
slider to 0.5) 
(one of the students said, 0.5) 

• Once the student gave the answer as 0.5, Jack asked the 
question: 
“Does it make you surprised?” 

• He moved on another question in the booklet:  
“what was the effect of scale factor on the copy’s height and 
width?” Can anyone give me a really good worded answer 
for that?” 
(One of the students said: it decreases or increases the sides) 

• He particularly warned students to pay their full attention to this 
whole-class discussion because it is really important section!!!! 
He then invited students to think about this question in relation to 
the effect of the scale factor and to give a better explanation: 
“People have said that it makes the shape bigger or smaller, 
which is correct. Can we make a better description of what 
the effect is?” 
(one of the students said, it changes all the sides) 

• He then continued to explain further: 
“When the scale factor is 2, what happened to the sides?” 
(the student said, doubled) 
“What happens when the scale factor is 3? What happens to 
the sides then” [he is operating the software to set the scale 
factor slider to 2] 
(the student said, tripled) 

• He then made a conclusion: 
“So, we multiplied by 2 when the scale factor is 2, for the 
triple one, we multiplied by 3, what happens when the scale 
factor is 0.5? What is the shape multiplied by what?” [he is 
operating the software to set the scale factor to 2]  
 (students said, 0,5) 

• After all the explanations above, he asked again students to give 
a good explanation of the effect of the scale factor on the copy’s 
height and width: 
“So, can someone give me a really nice sentence about what 
is the effect of scale factor? We can kid of understand it, so 
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can you put your understanding into words really nicely? 
What is going on?” 
(student said: it makes it doubled or halved) 
“Does it make only halved or doubled?” 
(the student said, tripled as well) 
“What does the scale factor have to when it is tripled??” 
(student said, 3) 

• Another student said that “Scale factor times the original”. He 
repeated his question: “So, what is the effect of scale 
factor?” 
(student said, times)  
He described a scale factor as that “it is a multiplier” 
(Note: During this time, he used the IWB as an ordinary 
whiteboard for writing) 
“When scale factor is 2, it times by 2, right? “ 
“When the scale factor 4, what was it timed by?” 
(students said, 4) 

 
 

(78:30-
80:55, 
J_Inv3_W3) 

 

Student Independent Work (without the software) 

• Now, he asked students to write down their best answers in the 
student booklets based on what they discussed. He warned 
students who already wrote down something to improve their 
written answer in light of the whole-class discussion. (Question 
2b, page 15). He allocated 1 minute for students to write down 
their answers. 

• He was circulating around the class. He was encouraging 
students to produce their written answers in the booklets. He 
checked students’ written explanations.  

• When circulating around, he checked one of the students' 
written explanation which suggests that scale factor always 
makes the copy doubled. He explained the student that since 
scale factor is a multiplier, it can be changeable.  

 

(80:55-
85:20, 
J_Inv3_W3/
4) 

 
 
 

• The lesson continued with the Activity 3.2 in the Investigation 3. 
He reminded students to how to go to the Activity 3.2 from the 
Activity 3.1 (using the arrow). (technical support) 

• He started doing a technical demonstration of the tool 
techniques that students did not use in the previous 
investigations. He said: 

“I just need to show you some things you need to know 
how to do it, right? Because there are some new 
functions of the software you have not used yet. 
Everybody watching” 

• He displayed the Activity 3.2 on the IWB. Using the CM software 
‘live’, he demonstrated how to measure the sides of the triangles 
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and how to colour the sides of the triangles. He identified the 
corresponding sides of the similar triangles. Having identified, he 
coloured the corresponding sides with the same colours. He 
then showed how to drag the side measurements into the 
measurement table’s cells. He emphasised the fact that 
students need to take into the corresponding sides into 
consideration when dragging the side measurements into the 
table’s cells. He then showed the class to how to take a 
snapshot of the measurement table. [he used the CM software 
dynamically on the IWB to carry out the technical demonstration 
of the tool techniques] 

• Jack asked students to read the instructions and then to engage 
with the software-based Activity to answer the questions in the 
Page 15-16-17. He made it clear that students should work on 
the tasks on their own pace, which means if someone finishes 
the Activity, they can move on the next activity. 

 
(85:20-
87:30, 
J_Inv3_W4) 

 
 

Student Independent Work 

• During this time, he talked to two students who behaved poorly 
for 5 minutes. 

• He was walking around the class and encouraged students to 
measure the sides and then colour the corresponding sides. 

• Using the software ‘live’, Jack helped students to measure the 
sides and colour them. 

• A pair student asked for help from Jack about how to drag the 
side measurements of the corresponding sides.  Using the 
software dynamically, he showed them how to drag them. 

• A pair student showed their work to Jack. He really appreciated 
the work students have done. Jack encouraged them to drag the 
scale factor sliders and then to observe how the measurements 
are changing in the measurement table and on the triangles. He 
then invited these two students to be Sherpa-students. He 
asked them to use his desktop to show their work to the class.  
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(A pair Sherpa student operating the CM software from the desktop 
of the teacher to show their work done within the CM software 
environment to the whole-class) 

 
(87:30-
96:00, 
J_Inv3_W4) 

 
 
 
 
 

Whole-Class Discussion/Teaching 

• He asked students to get the lids of the laptops down to 20 
degrees. Two of students who Jack identified as Sherpa 
students have demonstrated their work on the IWB by using the 
teacher’s desktop. Now, their work was displayed on the IWB for 
whole-class discussion.  

• Jack said: 
“These guys labelled AB and A’B’ as purple, do you guys 
agree with that?”  
(student said, yes) 
Then he introduced the mathematical word ‘CORRESPONDING’: 
“So, we have a new word we need to focus on AND THE 
WORD IS CORRESPONDING, RIGHT? So, we can say AC is 
…...... to A’C’, so what word goes in there? (corresponds) 

• He said to the class that: 
“We noticed that they dragged the sizes over here and they 
noticed that there is a relationship between the sides. Can 
anyone say what the relationship is between the sides of 
original and the sides of the copy? Blue is the original and 
the red is the copy” (5 and 20, 6 and 24, 4 and 16, what is the 
relationship?) [He used the Interactive white board as an 
ordinary white board for writing such as ‘corresponding’, ‘AC 
corresponds to A’C’’.] 

• He asked the follow-up questions as follows: 
“What is timing by? 5 times what makes 20?” 
(Jack said, “We have been timing by 4”) 

• Jack also demonstrated the Snapshots that the Sherpa 
students took to the class.  

• He then highlighted the following statement and asked a 
question: 

“At the moment, the scale factor is 4 [on the scale factor 
slider]. Can you see that? What do you think happens 
when changing the scale factor from 4 to 3? What 
happens to? What is going to happen?” 

• He asked the Sherpa students to operate the software on behalf 
of himself to set the slide factor to 3. Jack questioned the class 
about that: “What happens if the scale factor changes to 3, 
what changes? Are the original sizes changed?” 

• After the above questions, Jack asked the Sherpa students to 
drag the scale factor slider up and down. When dragging the 
scale factor slider, Jack also asked students to focus on the IWB 
and watch what is happening on the screen of the IWB in which 
the copy is being enlarged based on the scale factor and the 
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values in the multi-linked representations (such as on the 
triangles, the measurement table, scale factor) are changing! 
Students were supposed to notice the relationship between the 
corresponding sides and the scale factor or in other words, the 
role of the scale factor in creating the corresponding sides. Jack 
particularly encouraged students to maintain their focus on the 
values in the measurement table being changed based on the 
value of the scale factor on the scale factor slider. The goal of 
Jack was to enable students to recognise the multiplicative 
relationship between the side measurements of the 
corresponding sides of the similar shapes. [the Sherpa students 
kept dragging the scale factor slider]. 

• The lesson finished because the bell rang! 
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Appendix 8: Transcription Protocol 

- Pauses are indicated by three full stops … in the text of the speech. 

- Square brackets [] are used to indicate where extra words have been added by 

the researcher for clarification or to provide extra information for context.  

- If there are irrelevant words or phrases in the speech, this is indicated by […]. 

- Speech marks ‘’ within a quote are used when the speaker suggests what they 

and their students would say or said, for example, in a classroom context. 

- “Mmm” indicates an utterance, usually a non-question prompt from the interviewer 

to the respondent to carry on talking. 

- It is indicated by [Inaudible] if a word or phrase in the speech is not good enough 

to be heard. 
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Appendix 9: An Example of the Spreadsheets Produced for Cross-Case Analysis of the Cases 

Working Environment 

 

Employing the Technical-
demo orchestration to 
demonstrate how to access 
to the CM software 
investigations 

 
- To show students how to access to the Investigation 1 within the CM software, while Jack carried out a 

technical demonstration with the ‘dynamic’ use of the IWB in a whole-class setting (through 
demonstration and explaining), Alex and Lara carried out a technical demonstration with the ‘static’ 
pictures displayed on the IWB in a whole-class setting (through explaining). However, when teaching the 
Investigation 2, all of the three teachers did not do a technical demonstration of step-by-step login 
processes. This is probably because that they considered that students already familiarised themselves 
with how to access the CM software activities.  Alex and Lara used only a couple of ‘static’ screen shots 
of the CM software to demonstrate the class where to click on the screen when accessing the Activities. 

 

Dealing with students’ 
seating arrangements  

- When teaching the Investigation 1, none of the three teachers created a seating plan for students but 
changed a few students’ positions for their pair work at computers. When teaching the Investigation 2, 
Alex and Lara did not generate a seating plan for students as well, however, Jack created a seating plan 
for students and displayed it on the IWB to enable them to see where they are supposed to sit according 
to the seating plan.  

Using the physical tools 
available in the working 
environments such as the 
Interactive whiteboard, the 
ordinary whiteboard, the data 
projector. 

 
- Alex and Lara did not make use of the interactive whiteboard (IWB) to operate the CM software 

‘dynamically’ during the lessons. Both teachers did not also use the IWB to display the CM software, but 
to display the static images of it in their PowerPoint slides projected on the IWB. Additionally, during the 
lessons, Alex and Lara did not use the IWB even as a non-digital whiteboard. The IWB was used only 
for data projecting in both teachers’ lessons.  

However, as well using the IWB as a normal whiteboard, Jack often used the interactive whiteboard 
to display the static images of the CM software and to operate it ‘dynamically’. While the data were 
projected on the whiteboard, Jack used an erasable marker to write on and next to the display. In all of 
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the classrooms that three teachers taught, the IWBs were connected to a computer for teacher to use and 
a projector.  

Jack and Lara sometimes used the ordinary whiteboard for writing or drawing. Unlike Jack and Lara, 
Alex did not use it at all during the lessons.  

Jack also used his mobile phone as a means for photographing students’ written explanations in the 
workbook that he exploited for whole-class discussion around them. This was not the case in Alex’s and 
Lara’s lessons.  

None of the three teachers used the computer for teacher in order to operate the CM software. While 
Jack usually used the computer to modify his Smart Notebook Interactive Whiteboard slides and to move 
forward/back between the slides, Alex and Lara used it only to move forward/back between the slides.  

 

Resource System 

  
Employing the Technical-

demo orchestration to 
demonstrate the tool 
techniques of the CM 
software by which students 
engage with the 
mathematical ideas 

 

 
- To perform a technical demonstration of the tool techniques, while Jack used the CM software ‘live’ on 

the IWB, Alex and Lara did not use the CM software on the IWB. To support students to become familiar 
with the software for mathematical purposes, Alex and Lara used the same strategy that which concerns 
students’ own exploration of the functionalities of the software. The only difference between how Alex 
and Lara employed this strategy was that while Alex invited students to articulate what they explored 
related the tool techniques, Lara did not. 

 
Difficulties related to the 

CM resources that students 
may encounter 

 
- All of the three teachers mentioned that since students tend to not enjoy reading, they had difficulty 

reading the instructions and questions in the student workbook themselves, which sometimes led to a 
low level of students’ engagement with the CM software-based activities.  
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Exploiting the 
affordances of the CM 
software during the different 
phases of the lessons  

- Although all of the three teachers appreciated the dynamic and visual nature of the CM software 
because it enables students to develop a better understanding of the ideas of GS, they exploited the 
affordances of it differently, especially during the whole-class discussion. Jack exploited the affordances 
of the software during the whole-class discussion by using it ‘live’ on the IWB to promote students’ 
emergent understandings. When teaching the Investigation 1, for example, he exploited the Slider X and 
Y to enlarge the shapes to show the class that the sides of the shapes should be related by a common 
multiplier. However, Alex and Lara did not exploit the affordances of the CM software by using it ‘live’, 
instead, they used the static images of it displayed on the IWB to support students’ understandings.  

All of the three teachers allowed students to exploit the affordances of the CM software to engage 
with the activities that involve the use of the CM software.  

 

Activity Structure 

 
Circulating around the 

class and using the CM 
software during students’ 
independent work at 
computers 

 
- During the students’ independent work on the CM software, while Jack and Lara always circulated the 

class to interact with students, Alex sometimes circulated the class as he tended to position himself in 
front of the class to monitor students. Also, during this time, while Jack frequently made use of the 
software at students’ desks to support their emergent understandings, Lara sometimes used the 
software at students’ desks to do so. Unlike Jack and Lara, Alex did not use the software at the 
students’ desks during the students’ independent work. 

 

 
Encouraging pair work or 

small group work during 
students’ independent work 
at computers 

 
- While Lara and Jack encouraged usually explicitly students to work in pairs or in a small group when 

they worked independently at computers, Alex did not explicitly invite students to do so. When Lara used 
the computer suits in which enough amount of the desktops was available for students to use, she let 
each of students use one computer, however, she encouraged students to discuss what they explored in 
the dynamic environment with each other. 
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Employing the 
orchestration types to 
organise the classroom 
activity 

- When students worked independently at computers, while Jack and Lara always employed The-Work-
and-walk-by orchestration to monitor students’ progress or provide help if needed, Alex sometimes 
employed this orchestration type. Also, during The-Work-and-walk-by orchestration, while Jack and Lara 
were inclined to interact with students to check their work and create a discussion on it, Alex tended not 
to interact with students unless if students need an assistance or ask questions. 

- When teaching both the Investigation 1 and the Investigation 2, Jack often employed The Spot-and-
show orchestration to spot and picked up students’ written explanations in the workbook that involve 
‘good’ mathematical language and vocabulary. Jack used the students’ explanations to create a whole-
class discussion around them. Alex used this orchestration type only one time when he spotted the work 
of students sitting in front of the class and then share what they have done in their work with the class 
through explanation. 

- Although all of the three teachers often employed The-Discuss-the screen orchestration during the 
lessons, the way they employed it was different. While Jack used this orchestration type to discuss 
mainly ‘dynamic’ screen rather than ‘static’ screen, Lara and Alex used it to discuss the images 
displayed on the IWB which were ‘static’ rather than ‘dynamic’. The reason for this difference was that 
during the whole-class teaching, Jack used the CM software ‘live’ on the IWB, however, Alex and Lara 
did not use it in that way. 
 

Curriculum Script 

 

How to produce a lesson 
plan for the Investigation 1 
and 2 

 
- All of the three teachers did not produce a lesson plan for the Investigation 1 and Investigation 2. 

Instead while Jack created a set of Smart NoteBook interactive whiteboard slides, Lara produced a set 
of PowerPoint slides. Alex created neither Smart NoteBook interactive whiteboard slides nor PowerPoint 
slides. He borrowed and used the PowerPoint slides that Lara created. Jack tended to modify his slides 
during the lessons by adding some students’ written explanations in the workbook that he selected 
whilst circulating around the class. 
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The richness of detail in 

the teachers’ curriculum 
scripts for the Investigation 1 
and Investigation 2 

 
- Jack’s curriculum script for the Investigation 1 was more detailed compared to the curriculum script that 

Alex and Lara used when teaching the Investigation 1. Jack’s script for the Investigation 1 included the 
instructions for how to access to the Investigations 1 with the help of the static screen shots of the CM 
software and for what students are supposed to do when working on the activities which involved the 
CM software use. It also included the static screen shots of some tasks provided in the CM workbook 
with some questions associated with the mathematical vocabulary, and the pictures of students’ written 
explanations in their workbook selected by Jack. Through the examination of the slides and observation 
of the lessons, it become obvious that Jack’s curriculum script mainly concerned the development of 
students’ mathematical language with regard to the ideas of GS. For example, one of the slides Jack 
developed for the Investigation highlighted students’ use of the mathematical language (such as 
‘mathematically similar’ and ‘enlargement’) when answering the question: How are enlargements of Big 
Ben the same as the original?.  In addition, as outlined above, when Jack selected and photographed 
some students’ written explanations on which to create a whole-class discussion, he particularly paid 
attention to the inclusion of good mathematical language in the students’ written responses in their 
workbook. However, the curriculum script that Alex and Lara used when teaching the Investigation 1 
included the slides containing a number of pictures representing real-life examples of enlargement and 
GS which Lara obtained from the Internet, not from the CM workbook, the step-by-step instructions for 
how to access to the Investigation 1 through the static screen shots of the CM software, and the learning 
objective of the Investigation 1. Likewise, Jack’ curriculum script for the Investigation 2 was much more 
detailed than Alex and Lara’ curriculum script.  

 
Jack’s script included a warm-up activity as a starter which comprises a number of questions on 

multiplication and exponential notation, several tasks that Jack either adapted from the CM resources or 
created himself, instructions for what to do in relation to the activities and one student’s written 
explanation that Jack chose when circulating. However, the script for the Investigation 2 that Lara and 
Alex used only involved the static screen shots of the CM software, the learning objective of the 
Investigation 2 and a question related to GS which is similar to GCSE questions.  

All in all, given the slides that the three teachers created and used and the activities that they 
conducted in the lessons, Jack created richer curriculum script than Alex and Lara. 
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Introducing the use of the 
types of Geometric 
Transformations in the 
context of GS 

- Jack and Alex introduced the use of the types of Geometric Transformations such as rotation, translation 
in the context of GS, in order to determine if shapes are similar or not. Both teachers emphasised in the 
lessons that students can use the types of Geometric Transformations to superimpose the shapes on 
the top of each other to examine if shapes are mathematically similar. However, while Alex introduced it 
through explanation without making use of the CM software, Jack used the software in front of the class 
to show how to superimpose the shapes on top of each other and how to determine if shapes are 
mathematically similar.  

 
Promoting students’ 

mathematical and 
technological language that 
is fundamental to the 
Investigation 1 and 
Investigation 2 

 
- The analysis of observation and interview data suggests that in the lessons, while Jack often paid 

attention to the development of students’ mathematical language, Alex and Lara sometimes paid 
attention to the development of students’ mathematical language. Unlike Jack and Lara, Alex also paid 
particular attention to the development of students’ technical vocabulary in the lessons. 

During the lessons, Jack tended to ask students questions about the meanings of mathematical 
words such as ‘vertically’, ‘horizontally’, ‘ratio’, ‘proportion’, ‘mathematically similar’, ‘enlargement’. He 
always encouraged and promoted students’ use of appropriate mathematical language in their oral and 
written explanations. Also, the tasks he used in the lessons were helpful in promoting the development 
of students’ mathematical language, for example, the aim of the task including ‘star shapes’ was to 
enable students to develop an understanding of the relationship between the words ‘enlargement’ and 
‘geometric similarity’. However, Alex and Lara sometimes supported the development of students’ 
mathematical language through questioning. For example, Alex asked the question that “What comes to 
your mind when you think about ‘common multiplier’?” and Lara asked the question that “Do you know 
any mathematical word when say the same shape and same size?”. Both teachers did not explicitly 
encourage students to use correct mathematical language in their oral and written explanations. Given 
the questions that Alex asked students after their independent work at computers, he wanted to promote 
students’ technological language as they focused more on the technological aspects than the 
mathematical aspects.  
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Taking into consideration 
students’ likely difficulties 
and misconceptions and 
addressing them through the 
use of the CM software 

- All of the three teachers were aware of some of the misconceptions and difficulties related to GS that 
students may encounter. Although some of the misconceptions and difficulties that the teachers 
identified are in common, there are also some misconceptions and difficulties identified only one 
teacher. For example, all of the three teachers considered that students may have a misconception 
regarding the fact that an enlargement is a copy which is larger or smaller than the original. However, 
Lara is the only teacher who identified that students may confuse ‘height’ and ‘width’ when uncovering 
the numerical relationships between the measurements of the corresponding sides.  

While Jack tended to address most of the misconceptions and difficulties that, he considered, students 
may encounter in the lessons by using the CM software ‘live’ during the whole-class teaching and the 
students’ independent work, Lara and Alex were not inclined to address all of the misconceptions and 
difficulties that, they considered, students may face in the lessons. Alex and Lara did not use the CM 
software ‘live’ to help students surmount their misconceptions. However, both teachers used the static 
screen shots of the shapes within the CM software to support their explanations related to the 
misconceptions.  

 
- When teaching the Investigation 1 and Investigation 2 in the lessons, Lara did not necessarily address 

all of the difficulties and misconceptions in the observed that she identified during her post-lesson 
reflection. The difficulties and misconceptions related to GS she identified during the post-lesson 
reflections are as follows: 
(a) Students may have a misconception about the mathematical meaning of similarity. Since they tend 

to consider ‘similarity’ in terms of the everyday use of the term ‘similar’, they may think that if two 
shapes are same in appearance (i.e, rectangles), they are similar.  

However, Lara did not explicitly highlight the difference between mathematically similar and the 
everyday use of the term similar in the lessons. 

(b) Students may have a misconception regarding enlargements. Students tend to assume that an 
enlargement makes shapes only bigger even though it leads to shapes being either smaller or 
bigger.  

Lara particularly drew students’ attention to this misconception a few times during the whole-class 
teaching and the students’ independent work at computers when teaching the Investigation 2. 
However, although she appreciated that students’ interaction with the Activity 2.1 assisted them in 
overcoming this misconception as it enabled them to realise that an enlargement can be a copy which 
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is larger or smaller, she did not use the CM software ‘live’ during the whole-class teaching and the 
students’ independent work to help students to overcome this misconception.  

(c) Students had difficulty identifying the multipliers especially when they are decimal numbers between 
0 and 1 although they were able to see the numerical relationship between the measurements of the 
corresponding sides of the shapes. 

However, Lara did not explicitly address this misconception in the class by using the CM software 
‘live’ even though the Activity 2.2 provides a suitable context in which she can create different 
scenarios for students to explore the numerical relationships and identify the multipliers.    

(d) When teaching the Investigation 2, although she recognised that students filled in the tables in the 
Activity 2.2 incorrectly due to their confusion about ‘height’ and ‘width’. 

However, she did not explicitly mention what ‘height’ and ‘width’ represent within a shape in the 
class, with and without the use of the CM software. 

 
- When teaching the Investigation 1 and Investigation 2 in the lessons, Alex did not necessarily address 

all of the difficulties and misconceptions in the lessons that he identified during her post-lesson 
reflection. The difficulties and misconceptions related to GS he identified during the post-lesson 
reflections are as follows: 
(a) Students may think that an enlargement is a copy that is only larger, without thinking the possibility 

of being smaller. 
He particularly drew students’ attention to this misconception when taking about the question he 

introduced to the class when teaching the Investigation 2. However, he did not use the CM software 
‘live’ to show the class that an enlargement is a copy which is larger or smaller even though he 
appreciated the usefulness of students’ engagement with the CM software that led to them noticing 
that an enlargement is a copy which may be not only larger but also smaller. 

(b) Students may have a misconception in relation to the use of additive reasoning in the context of GS 
by focusing on the difference between the measurements of the corresponding sides.  

However, Alex did not make reference to this misconception during the lessons and so did not 
use the CM software ‘live’ to help students overcome such a misconception if they have.  

- When teaching the Investigation 1 and Investigation 2 in the lessons, Jack used the CM software ‘live’ to 
address the misconceptions and difficulties that, he considered, students may encounter. The difficulties 
and misconceptions related to GS he identified during the post-lesson reflections are as follows: 
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(a) Students tend to face a misconception associated with the incorrect use of additive reasoning   in 
the context of GS.  

Jack created a task including six different statements about which students need to decide if 
they are always, sometimes or never true. One of the statements, “a copy of a shape where has 
been added to the height and width is mathematically similar” addressed this misconception. After 
getting students’ predictions about this statement, he used the CM software on the IWB to test 
students’ conjectures. 

(b) Students may develop a weak understanding of the meaning of ‘mathematical similarity’. Again, to 
deepen students’ understanding of when shapes are mathematically similar, he adapted the task 
including six different statements and used the Cm software ‘live’ to support students to decide if the 
statements are always, sometimes, or never true.  

(c) Students may think that an enlargement is a copy that is only larger, without thinking the possibility 
of being smaller. 

During the whole-class discussion, he used the CM software ‘live’ to enlarge the sides of shapes 
using different multipliers, especially the ones between 0 and 1.  

(d) When teaching the investigation2, Jack noticed that one of the students has a misconception about 
area growth in similar shapes. He used the IWB ‘live’ at the student’s desk to enable students to 
notice that the area does not grow in the same ratio as the lengths of the sides.   

Developing questions to 
ask during the different 
phases of the lessons 

- The questions that Jack asked were rather specific to the ideas of GS and promoted students to develop 
a deeper understanding of the ideas of GS. The questions were also helpful in promoting the classroom 
discourse and student interaction because they are more open-ended questions requiring divergent 
reasoning than the questions with a single correct answer. In the lessons, he asked the questions such 
as “Why is it [the green shape] not mathematically similar to the original?” or “What do you understand 
by ‘mathematically similar’ from reading this [a text displayed on the IWB]? Could you say in your 
words?”. Also, Jack posed the questions to students during both the whole-class teaching and the 
student independent work.  

The questions that Lara asked were specific to the ideas of GS and promoted the development of 
students’ understanding of GS. Lara asked more open-ended questions than closed-ended questions, 
however these questions did not always support the classroom discourse and student interaction 
because she usually did not invite students to express their reasoning regarding their responses. Also, 
sometimes she asked questions during the students’ independent work which were too general such as 
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“what have you noticed?”, which were not necessarily followed by students’ responses. Lara asked 
students the questions mainly during the whole-class discussion rather than the students’ independent 
work.  

The questions that Alex asked were mainly specific to the technological content rather than the 
mathematical content and promoted more students’ instrumental geneses of the CM software than the 
development of ideas of GS. Alex asked more open-ended questions than the closed-ended questions 
which supported the classroom discourse and student interaction. He asked the questions to the class 
during the whole-class discussion. Very rarely, he asked the questions to the students during the 
students’ independent time.   

Time Economy 

  
Setting time before 

students’ independent time 

 
- Jack used the Smart NoteBook Timer Tool to set time for the tasks that students work on. The time jack 

set was displayed on the IWB and this helped Jack to keep their students on the tasks, on track and on 
time. However, Alex and Lara announced the class how much they allocated for the tasks before 
students started working on the tasks. Teachers had to remind students how much time is left during the 
students’ independent work. 

Starting the lessons 
smoothly  

- It took some time all of three teachers to start the lessons smoothly because they need to distribute the 
technological devices to the tables or get computers ready to use. This somehow influenced teachers’ 
use of lesson time available effectively.   
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Appendix 10: Ethics Application Form and Ethical 

Approval 

(a) Ethics Application Form and the Related Documents 

Doctoral Student Ethics Application Form 

Anyone conducting research under the auspices of the Institute (staff, students or 
visitors) where the research involves human participants or the use of data collected 
from human participants, is required to gain ethical approval before starting.  This 
includes preliminary and pilot studies. Please answer all relevant questions in simple 
terms that can be understood by a lay person and note that your form may be returned if 
incomplete. 

*Registering your study with the UCL Data Protection Officer as part of the UCL Research 
Ethics Review Process 

If you are proposing to collect personal data i.e. data from which a living individual can be 
identified you must  be registered with the UCL Data Protection Office before you 
submit your ethics application for review. 

If the Data Protection Office advises you to make changes to the way in which you propose 
to collect and store  the data this should be reflected in your ethics application form.  

For further information see Steps 1 and 2 of our Procedures page at: 
https://ethics.grad.ucl.ac.uk/procedures.php   

Section 1  Project details 

a
. 

Project title 
Secondary Mathematics Teachers’ Classroom 
Practices with Dynamic Mathematical 
Technology: The Case of Geometric Similarity 

b
. 

Student name and ID number 
(e.g. ABC12345678) 

Ali Simsek – SIM15139086 

c
. 

*UCL Data Protection 
Registration Number 

Z6364106/2017/10/46 

(Date issued: 13/10/2017) 

c
. 

Supervisor/Personal Tutor 

Prof Dame Celia Hoyles  

Dr Alison Clark-Wilson 

Dr Nicola Bretscher 

d
. 

Department 
Culture, Communication & Media 
(Mathematics Education) 

Institute of Education
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e
. 

Course category  

(Tick one) 

PhD                      EdD      

DEdPsy                  

f. 
If applicable, state who the funder is and if funding has been 
confirmed. 

- 

g
. 

Intended research start date 
1.12.201
7 

h
. 

Intended research end date 
15.9.202
0 

i. 

Country fieldwork will be conducted in 

If research to be conducted abroad please check www.fco.gov.uk 
and submit a completed travel risk assessment form (see 
guidelines).  If the FCO advice is against travel this will be required 
before ethical approval can be granted: http://ioe-
net.inst.ioe.ac.uk/about/profservices/international/Pages/default.a
spx 

England 

j. Has this project been considered by another (external) Research Ethics 
Committee?  

Yes  External Committee 
Name: 

No  ð go to Section 2 Date of Approval: 

 
If yes:  

− Submit a copy of the approval letter with this application.  
− Proceed to Section 10 Attachments. 

Note: Ensure that you check the guidelines carefully as research with some participants 
will require ethical approval from a different ethics committee such as the National 
Research Ethics Service (NRES) or Social Care Research Ethics Committee (SCREC).  In 
addition, if your research is based in another institution then you may be required to apply 
to their research ethics committee.  

 

Section 2 Research methods summary (tick all that apply) 
 

  
Interviews  

  Focus 
groups  

  
Questionnaires  

  Action 
research 

  Observation 
  Literature review 

 
  Controlled 

trial/other intervention 
study 

  Use of personal 
records 

  Systematic review ��if only method used go to Section 
5. 

  Secondary data analysis ��if secondary analysis used 
go to Section 6. 

     Advisory/consultation/collaborative groups 
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     Other, give details: 
 

Please provide an overview of the project, focusing on your methodology. This should 
include some or all of the following: purpose of the research, aims, main research 
questions, research design, participants, sampling, data collection (including 
justifications for methods chosen and description of topics/questions to be asked), 
reporting and dissemination. Please focus on your methodology; the theory, policy, or 
literary background of your work can be provided in an attached document (i.e. a full 
research proposal or case for support document). Minimum 150 words required. 

 

Research has strongly emphasized the usefulness of dynamic technology in the teaching 
and learning of mathematics (Forsythe, 2007; Guven, 2012; Laborde, 2000; Noss & 
Hoyles, 1996). More recently, research has focused the lens onto teachers’ classroom 
practices involving dynamic technology. In particular, such research has sought to 
develop a holistic understanding of how and why teachers use dynamic technologies in 
the mathematics classroom and of how such technologies can be fully and productively 
exploited by them.  

To date, a number of key mathematical topics have been neglected in research involving 
dynamic technology, despite the wealth of research in this field. Geometric similarity (GS) 
is one such topic, considered as a fundamental mathematical topic in secondary and high 
school mathematics (Cox & Lo, 2014; Lamon, 2008; Watson, Jones, & Pratt, 2013). In 
addition, it is also one of the mathematical topics which students find difficult to grasp 
(Chazan, 1988; Cox, 2013; Edwards & Cox, 2011). Given both the significance of GS for 
school mathematics and the difficulties that it presents to students, surprisingly there is 
no research in the literature that specifically focuses on how teachers exploit the 
potential of dynamic technologies in classroom practice when they teach GS. This 
appears to be an important research gap which needs to be addressed. Therefore, my 
PhD research seeks to address this gap by researching mathematics teachers’ classroom 
practice and their associated professional knowledge of practice (Loughran, 2010), which 
underpins that practice, as they teach GS with a particular dynamic mathematical 
technology (DMT). In the PhD project to be reported here, I will address the following 
main question along with three sub-questions: 

• How do secondary mathematics teachers practice their mathematics teaching with 
dynamic mathematical technology to promote students’ understanding of 
geometric similarity?  

 
Ø What aspects of classroom practice shape teachers’ classroom teaching of 

geometric similarity with dynamic mathematical technology? 
 

Ø What professional knowledge of practice do teachers employ to teach geometric 
similarity with dynamic mathematical technology? 

 
Ø How does teachers’ professional knowledge of practice influence structuring 

features of classroom practice incorporating dynamic technology? 

To guide my research study, I complement the Structuring Features of Classroom Practice 
(SFCP) (Ruthven, 2014) framework with the Instrumental Orchestration (Trouche, 2004; 
Drijvers, 2010) framework. These frameworks provide useful lenses for interpreting and 
analysing teachers’ everyday classroom practices using DMT and their corresponding 
professional knowledge in relation to using the technology for teaching GS. While the 
SFCP framework focuses on the various aspects of teachers’ classroom practices with the 
use of new technologies (namely, working environment, resource system, activity 
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structure, curriculum script, and time economy) accompanied by their associated 
professional knowledge of practice that supports the classroom practices, the 
Instrumental Orchestration framework concentrates on several types of classroom 
activity with digital technology (e.g. Discuss-the-screen, Sherpa-at-work) and teachers’ 
role in orchestrating such types of classroom activity. 

I adopt a qualitative case study approach towards exploring how teachers practice their 
classroom teaching with a particular dynamic mathematical technology (DMT), the 
Cornerstone Maths (CM) Software, designed to support students’ understanding of GS. 
Through this approach I also aim to explore what teachers’ professional knowledge of 
practice might involve in such classroom practice. This particular approach provides 
opportunities for me to probe deeply into teachers’ professional knowledge and 
practices within its natural context and analyse it intensively (Yin, 2014). Moreover, a 
case study approach enables me to employ multiple methods for data collection (i.e. 
classroom observation, teacher interview) (Creswell, 2012) that offers opportunities for 
me to fully address my research questions. Such employment of multiple methods also 
underpins validation of data and integrity of the research through triangulation, i.e. 
“findings can be corroborated or questioned by comparing the data produced by 
different methods” (Denscombe, 2003, p. 133). 

My case study focuses on secondary mathematics teachers using DMT to teach GS in 
their actual classroom practices, situated within the English secondary school system. 
Therefore, I purposely seek teachers who have sufficient levels of experience and 
expertise using DMT to teach GS in classroom teaching to allow meaningful data 
collection. A group of teachers, previously been involved in the Cornerstone Maths (CM) 
project, represent suitable cases for my study since they have begun integrating the CM 
dynamic technology into their actual classroom practices whilst teaching the CM units 
including GS. Recruiting participants among the CM project teachers therefore enables 
me to research classroom practices of practitioners with experience of and expertise in 
using DMT to teach GS in my study.  

I plan to identify and recruit four secondary mathematics teachers for my study. I regard 
the number of cases that I intend to examine in my study as adequately large to make it 
possible to accomplish depth of understanding, but not as so large to generate an 
unmanageable volume of data. I ask for assistance from the CM project coordinator, Dr 
Alison Clark-Wilson (my subsidiary supervisor), regarding the selection of appropriate 
individuals for my study. 

Since the qualitative nature of the case study enables development of a range of data 
collection methods (Yin, 2014), I discuss that it is helpful to employ a threefold approach 
to data collection so that I can fully answer my questions: 

• observing teachers teaching GS with the CM software in classroom practice 
(either in the classroom or computer room) 

• listening to teachers’ voices regarding their classroom practices to clarify their 
perceptions, intentions, actions and reflections for teaching GS with the 
software. 

• examining lesson plans and accompanying resources that teachers develop to 
teach GS using the software 

The lenses of the SFCP and Instrumental Orchestration frameworks guide the process of 
my data collection. 

I use classroom observation to create an opportunity to observe directly teachers’ 
classroom practices and how their corresponding professional knowledge of practice 
influences that practices. I adopt a ‘semi-structured, direct observation approach’ in my 
study (Yin, 2014). Although the SFCP and Instrumental Orchestration frameworks 
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employed in the present study will provide useful structure to guide my classroom 
observation, I intend to remain open to capture the fine-grained elements/complexity of 
teachers’ professional knowledge of practice.  

As well as classroom observation, I also employ teacher interviews to elucidate their 
professional views including their perceptions, intentions, actions and reflections in 
connection with teaching GS with the use of the CM software in classroom practice, 
which are not likely to be directly observable. Yin (2014) claims that since well-informed 
interviewees could provide meaningful insights into human actions or affairs, interviews 
are a vital source of case study data when case studies are about such actions or affairs. 
In this regard, listening to teachers may assist me to go beyond my interpretation related 
to teachers’ practices. In my study, I employ ‘semi-structured pre- and post- lesson 
interviews’ (Yin, 2014). Employing semi-structured interviews gives me a chance to ask 
questions addressing issues raised throughout the lesson observation and also 
encourages teachers to talk extensively on the topic discussed.  

Through pre-lesson interviews, I aim to gather information as to how and why teachers 
develop their curriculum scripts for teaching GS especially by taking into consideration 
the use of the CM software and their intentions/expectations for their planned lessons. 
Additionally, I aim to gain an insight into teachers’ professional knowledge of practice in 
relation to teaching GS with the software. In addition, through post-lesson interviews, I 
aim to elucidate the observed classroom practices and teachers’ thinking behind them 
according to the main themes on the SFCP and Instrumental Orchestration frameworks in 
addition to any other aspects that the frameworks do not encompass. 

Furthermore, in their study, Clark-Wilson and Hoyles (2017) underline the importance of 
teachers’ lesson plans as a means of providing insight into teachers’ mathematical 
pedagogical technology knowledge (MPTK) and identify a methodological way of 
productively analysing them. Similarly, in my research, I use teachers’ lesson plans as a 
method for data collection to get insight into teachers’ professional knowledge of 
practice. Data from lesson plans helps me get an insight into how teachers develop 
classroom practices to teach GS by taking into account the ways in which the technology 
may help/hinder specific processes and objectives involved in teaching the topic. It also 
helps gather data concerning what goals, resources, actions and expectations teachers 
establish for teaching GS using the DMT, how they pay attention to corresponding 
mathematical vocabulary, how they take into account likely difficulties with GS that 
students may encounter and alternative paths, and so on. 

In terms of my data analysis, as a starting point, once I collect the data from the 
observations and interviews, I begin to transcribe these data into written form that 
allows me to become familiar with the data. Then, I organise the data coding according to 
the constructs of the frameworks used to identify patterns and themes in the 
transcriptions. I use different colours to code the data according to its relevance to each 
component of the frameworks. This offers me a systematic means through which to 
check the reliability of my coding This whole process involves reading transcriptions and 
listening to audio/ watching video recordings several times to build a sense of the whole. 
Also, to analyse teachers’ lesson plans, I adopt the set of ‘desirable’ features developed 
by Clark-Wilson and Hoyles (2017). 

In qualitative studies, ethical issues are likely to emerge in relation to the collection of 
data and in the dissemination of the findings (Merriam & Tisdell, 2015). Through the 
information sheet, I make clear to teachers that their confidentiality would be ensured at 
all times and that they would not be identified in any publication; further, that 
participation in the project would not disadvantage them in any way and that there was 
no attendant risk, discomfort or inconvenience (minor or major) expected. Quotes within 
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my study are expressed using pseudonyms. It is also emphasised that they could 
withdraw from the research at any time. 

I ask teachers to sign a consent form to denote agreement in accordance with the 
guidelines for social research provided by the UCL Institute of Education (IOE). 

 

Section 3 Research Participants (tick all that apply) 
 
Tic   Early years/pre-school 

  Ages 5-11 
  Ages 12-

16 
  Young 

people aged 
17-18 

 
  Adults please specify below 
  Unknown – specify 

below 
  No 

participants 
      

 
NB: Ensure that you check the guidelines carefully as research with some 
participants will require ethical approval from a different ethics committee such 
as the National Research Ethics Service (NRES) or Social Care Research Ethics 
Committee (SCREC). 
 

Secondary mathematics teachers who work in England. 
 

Section 4 Security-sensitive material (only complete if applicable) 
Security sensitive research includes: commissioned by the military; commissioned 
under an EU security call; involves the acquisition of security clearances; concerns 
terrorist or extreme groups. 

a. Will your project consider or encounter security-sensitive 
material? 

Yes  
* 

No  

b. Will you be visiting websites associated with extreme or 
terrorist organisations? 

Yes  
* 

No  

c. Will you be storing or transmitting any materials that could be 
interpreted as promoting or endorsing terrorist acts? 

Yes  
* 

No  

* Give further details in Section 8 Ethical Issues� 
 

 

 

 

Section 5 Systematic reviews of research (only complete if applicable) 
a. Will you be collecting any new data from 

participants? 
Yes   *   No     

b.  Will you be analysing any secondary data? Yes   *   No     

* Give further details in Section 8 Ethical Issues� 

If your methods do not involve engagement with participants (e.g. systematic review, 
literature review) and if you have answered No to both questions, please go to 
Section 8 Attachments. 
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Section 6 Secondary data analysis  (only complete if applicable) 
a. Name of dataset/s  

b. Owner of dataset/s  

 
c. Are the data in the public 

domain? 

Yes    No   

 
If no, do you have the owner’s 
permission/license? 
Yes  No*   

d. Are the data anonymised? Yes    No   

Do you plan to anonymise the data?          Yes            
No*   

Do you plan to use individual level data?  Yes*          
No     

Will you be linking data to individuals?      Yes*          
No    

e. 
Are the data sensitive (DPA 1998 definition)? 

 Yes*    No    
f.  

Will you be conducting analysis within the remit it was 
originally collected for? 

 Yes      No*  

g. 
 

If no, was consent gained from participants for 
subsequent/future analysis? 

 Yes      No*  

h. 
 

If no, was data collected prior to ethics approval process?  Yes      No*  

* Give further details in Section 8 Ethical Issues� 

�If secondary analysis is only method used and no answers with asterisks are ticked, go 
to Section 9 Attachments. 

 

Section 7 Data Storage and Security 

Please ensure that you include all hard and electronic data when completing this 
section. 

a.  Data subjects - Who will the data be collected from?  

Four secondary mathematics teachers who work in England schools and use the CM 
software whilst teaching the topic of geometric similarity in classroom practice. 

b.  What data will be collected? Please provide details of the type of personal data to 
be collected  

 I will collect data about teachers’ classroom teaching practice as they teach the 
topic of geometric similarity with the CM software (e.g. organization of the 
classroom, resources, and activities, lesson plans) and their professional knowledge 
of practice about various aspects of classroom practice which supports that 
classroom practices involving dynamic technology. My methods for data collection 
include classroom observation and semi-structured pre- and post- lesson teacher 
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interview along with lesson plans teachers develop. In my research, no sensitive 
personal data will be collected. 

c. 

 Disclosure – Who will the results of your project be disclosed to?  

 During the study, my supervisors and I will have access to the results of my project. 
Having completed the   study, the results of my project may be used in academic 
publication. However, participants’ names and their personal information will 
definitely not be used in reporting the outcomes of this research. Quotes within this 
study will be expressed using pseudonyms. 

d. 

 Data storage – Please provide details on how and where the data will be stored i.e. 
UCL network, encrypted USB stick*, encrypted laptop* etc.   

 The recording/transcripts emanated from observations and interviews will be 
treated as confidential and anonymous unless agreed otherwise in advance, and 
subject to the requirements of law. Storage of data will comply with the Data 
Protection Act 1998 (DPA 1998) and UCL’ s Data Protection Policy. The 
recording/transcripts will be kept in a secure place-on a password protected USB 
stick and MacBook. The recording/transcripts are not released for any use by third 
parties. The research will not involve the sharing of data of confidential information 
beyond the initial consent given.   

 *Advanced Encryption Standard 256 bit encryption which has been made a security 
standard within the NHS 

e. Data Safe Haven (Identifiable Data Handling Solution) – Will the 
personal identifiable data collected and processed as part of this 
research be stored in the UCL Data Safe Haven (mainly used by 
SLMS divisions, institutes and departments)?  

  Yes    No  
 

 

f. 

How long will the data and records be kept for and in what format?  

The recorded observation and interview materials will be destroyed on completion 
of the study. The transcripts and consent forms will be retained for three years after 
the study and stored electronically and kept for the same period. The purpose of 
doing so is a possibility that I can need to use data for further analysis in future 
academic publication.  

Will personal data be processed or be sent outside the European Economic Area? (If 
yes, please confirm that there are adequate levels of protections in compliance with 
the DPA 1998 and state what these arrangements are:  

No 

Will data be archived for use by other researchers? (If yes, please provide details.) 

No      

 

 

Section 8 Ethical issues 
Please state clearly the ethical issues which may arise in the course of this research 
and how will they be addressed. 
 
All issues that may apply should be addressed. Some examples are given below, 
further information can be found in the guidelines. Minimum 150 words required. 
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− Methods 
− Sampling 
− Recruitment  
− Gatekeepers 
− Informed consent 
− Potentially vulnerable 

participants 
− Safeguarding/child 

protection 
− Sensitive topics  

− International research  
− Risks to participants and/or researchers 
− Confidentiality/Anonymity 
− Disclosures/limits to confidentiality 
− Data storage and security both during and 

after the research (including transfer, 
sharing, encryption, protection) 

− Reporting  
− Dissemination and use of findings 

 

It is important to state at the outset that my case study research does not involve the 
collection of sensitive personal or institutional information.  

I will approach the teachers via email including an information sheet and a consent form. 
Since I need to get permission from a gatekeeper (e.g. the head teacher or head of 
department), I will provide teachers with the text of a letter to give to the head teacher/ 
head of department to seek permission. In the letter, I inform the gatekeeper about the 
goal of my research and that her/his school participation is voluntary and they could 
withdraw from the study at any time. Moreover, since I carry out my research by 
observing teachers’ actual classroom practice and interviewing them at the schools, I 
have obtained a Disclosure and Barring Service (DBS) check through UCL allowing me to 
enter the schools.  

I will investigate classroom practices of mathematics teachers who have involved in the 
Cornerstone Maths (CM) project, which has been developed and conducted by the 
researchers from the UCL Institute of Education between the years 2011-2016. This is 
why, there is a possibility for misunderstanding by teachers that the aim of my 
investigation is to evaluate their integration of the CM resources into their teaching 
within the scope of the CM project. In my research, I will not evaluate the quality of their 
classroom teaching practice, but rather aim to develop a holistic understanding of how 
teachers exploit the potential of a particular dynamic mathematical tool in the teaching 
of geometric similarity in the classroom and how their professional knowledge of practice 
influences such classroom teaching. Thus, I need to make clear the purpose of my 
research prior to data collection both orally and via the information sheet to avoid a 
possible misunderstanding.  

I will also use a form to gain their informed consent to participate in my research and for 
future use of data at the outset of the project. I will email teachers both of the forms 
prior to the data collection and ask them to sign the consent form electronically and 
email back. In the forms, ethical issues will be carefully pointed out and therefore, it will 
be made clear to teachers that their confidentiality will be ensured at all times and that 
they will not be identified in any publication and that participation in the research will 
not disadvantage them in any way and there is no risk, discomfort or inconvenience 
(minor or major) involved. Teachers’ participation in the study is voluntary and they have 
the right to refuse to answer any questions that I will ask and the right to withdraw from 
the study at any time without penalty or prejudice. Also, participant teachers have right 
to request withdrawal of their data up by 30th September 2018. As a result, I will use an 
opt-in approach, which indicates that after teachers receive information about the 
research via the information sheet, if the potential participants take an active step in 
agreeing to participate in my research by returning signed consent form, I will 
understand that they wish to be included in my research as participants. 
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Since my project involves classroom observations and teacher interviews, the participant 
teachers and students must be willing to be observed while teaching geometric similarity 
in classroom practice involving dynamic technology. I will use audio or video technology 
for recording of classroom practices and teacher interviews. It is notable that in my 
classroom observations, my focus will be on teachers rather than on students. However, I 
will collect some data from students, including verbal contributions and written work, 
and some students may be recorded on videos of lessons. My study will not place 
students at educational risk and I will not identify or focus on individual students. I will 
agree with participating teachers how to approach the ethical issues involved in 
audio/video recording in a way that respects the policy on such matters within their 
schools. If the head teacher and participant teachers allow me to video record their 
classroom practices, this video record may involve students (aged between 11 and 14) 
along with teachers. I will provide the participant teachers with an information letter for 
parents to inform them about my study and an opt-out form, allowing them to remove 
their children from the study at any stage. In the letter, it will be emphasised that my 
project is joint with the school and the teacher and conducted in line with normal school 
policies. It will also make clear that video recordings will be used only for the purposes of 
my study and for disseminating the findings from my study e.g. through seminars, 
research presentations. In this case, I will ensure that it is not possible to identify 
individual students from video recordings, e.g. by obscuring their faces. The teacher and I 
will provide contact details if parents want to raise a query. If parents want to remove 
their children from the study, I will discuss this issue with the teacher to ensure that 
opted-out students are seated in the classroom in such a way that it is possible to exclude 
them from observation and video-recordings. Lastly, I will inform students about why I 
am conducting this research prior to my classroom observations in advance, giving them 
an opportunity to opt-out if they wish. 

Moreover, it is possible that teachers may experience some professional anxiety, 
discomfort or embarrassment as a result of their classroom practices being observed and 
our discussion on the planning and delivery of their classroom practice throughout 
interviews. To minimize this possibility, I need to take the following steps. I will inform 
teachers and students about that I will be present and capturing the events through 
either video/audio recording or field notes. Furthermore, I will not attempt to control or 
influence their classroom teaching in any way. I am planning to sit somewhere at back 
side of classroom and to only go around when needed to take pictures of the screen of 
students’ work in a technological environment. In order to capture all speech during 
individual teacher-student interactions, I will ask teachers to wear a microphone. This 
also helps me not disturb the teaching process during the time when I want to hear what 
teacher and students are discussing on the tasks. Before interviews commence, teachers 
will be asked whether they are comfortable being video-recorded during the interview 
and informed that they have direct access to the recorder so that they can stop the 
recording at any time. Before observation and interviews, I will remind teachers one 
more time that all information obtained during this research will be safely stored and 
their names will be anonymized.  Last but not least, classroom observations and 
interviews will take place at the participant’s school, at a time of their choosing.  

My research findings could be used to inform teacher professional development and 
teacher education programmes in the field of mathematics education. Also, the findings 
of my research will have potential to be of value to other teachers working in similar 
contexts. They can raise their awareness of the impact of teachers’ use of dynamic 
mathematical technology on the teaching and learning of geometric similarity in the 
classroom and of that how teachers’ professional knowledge of practice has an influence 
on it. In addition, my research could be useful for the participant teachers to build up 
their knowledge based on the reflection of their own classroom experiences. By hoping 
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this, at the conclusion of my study, each participant would be given a copy of the final 
summary of the research project. 

 

 

Section 9 Attachments Please attach the following items to this form, or explain if not 
attached 

a. Information sheets, consent forms and other materials to be 
used to inform potential participants about the research 
(List attachments below) 

Yes   No   

- Information sheet  

- Consent form 

- Draft Interview schedule 

- Draft Observation schedule 

- Letters for gatekeepers (head teacher of head of department) and parents 

 

 If applicable/appropriate:   

b. Approval letter from external Research Ethics Committee                        Yes  
 

c. The proposal (‘case for support’) for the project                        Yes  
 

d. Full risk assessment                        Yes  
 

 

Section 10 Declaration 
I confirm that to the best of my knowledge the information in this form is correct and 
that this is a full description of the ethical issues that may arise in the course of this 
project. 

 

 I have discussed the ethical issues relating to my research with my supervisor.  
    

 I have attended the appropriate ethics training provided by my course.   
    

 

 I confirm that to the best of my knowledge:     
  

 The above information is correct and that this is a full description of the ethics issues 
that may arise in the  course of this project. 

 

Name  Ali Simsek 
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Date  16/10/2017 
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i. Teacher Information Sheet 

 

Secondary Mathematics Teachers’ Classroom Practices with Dynamic Mathematical Technology: 
The Case of Geometric Similarity 

 
Adult Participant Information Sheet 

 
 
What is the purpose of this study? 
 
The broad aim of this study is to develop a better understanding of teachers’ classroom practices incorporating digital 
technology. In particular, it aims to explore secondary mathematics teachers’ classroom practices involving dynamic 
mathematical technology (the Cornerstone Maths software) when they teach the topic of geometric similarity. It also 
seeks to investigate what professional knowledge of practice teachers employ in such classroom practice.  
 
This study will provide an insight into opportunities and challenges when teachers teach geometric similarity by 
integrating dynamic technologies into the classroom. In the research literature, there is limited research on how and 
why teachers teach geometric similarity in classroom practice involving dynamic technology and how their 
associated professional knowledge of practice influence such classroom teaching. Therefore, the findings of this 
study will contribute to the existing literature. They will also have potential to be of value to other teachers working 
in similar contexts. 
 
Who is conducting this research and why? 
 
My name is Ali Simsek and I am inviting you to take in part in my research project. I am a postgraduate research 
student at University College London (UCL) Institute of Education and conducting this research as a part of my PhD 
dissertation. 
 
Prof Celia Hoyles, Dr Alison Clark-Wilson and Dr Nicola Bretscher are my PhD supervisors, at UCL Institute of 
Education.  
 
I very much hope that you would like to take part. This information sheet will try and answer any questions you 
might have about the project, but please don’t hesitate to contact me if there is anything else you would like to know.   
 
Why am I being invited to take part? 
 
You are being invited to take part in this study, since you have involved in the professional development provided by 
Cornerstone Maths project and begun to integrate particular dynamic mathematical software (the Cornerstone Maths 
software) in the classroom when teaching the CM curriculum unit on geometric similarity. As such, you have 
experience and expertise in using dynamic mathematical technology to teach geometric similarity in the classroom.  
 
The aim of this study is to develop an understanding of how you, as an experienced teacher, integrate the software 
into classroom practice whilst teaching geometric similarity. To avoid any possible misunderstanding, I note that this 
study is not conducted with the aim of evaluating your integration of the Cornerstone Maths software into your 
classroom practice within the scope of the Cornerstone Maths project.  
 
What will happen if I choose to take part? 
 
The data will be collected through pre- and post-lesson teacher interview, classroom observation and lesson plan. 
You will be asked to develop and deliver lesson plans for teaching geometric similarity using the Cornerstone Maths 
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software. You will be interviewed before and after you teach every two lessons. Interviews will take place in your 
school and scheduled considering your availability. Each of the interviews will take around 40 minutes. A laptop will 
be available for use during interviews to enable you to articulate your thoughts on the CM software activities in the 
dynamic environment. The laptop screen will be captured using a screen recorder. You will also be observed 
throughout your classroom practices. The focus of observation will be on you, not on your students. I will not 
attempt to control or influence your classroom teaching in any way. Both interviews and observations are video 
recorded. 

Once I take part, can I change my mind?  

Yes. After you have read this information and asked any questions you may have, you will be asked to complete an 
Informed Consent Form, however if at any time, you wish to withdraw from the study please just contact me. You 
can withdraw at any time until 30th September 2018, for any reason and you will not be asked to explain your reasons 
for withdrawing.  

Are there any risks in participating? 
 
Participation in the project will not disadvantage you in any way and there is no risk, discomfort or inconvenience 
(minor or major) involved. 
 
Will my taking part in this study be kept confidential? 
 
Your confidentiality will be ensured at all times and you will not be identified in any publication. Nobody other than 
me (and my supervisors) will have access to the data, which will be saved and stored securely on password-protected 
laptop. If you take part in the teacher interviews, you will be sent the transcripts of the interviews before the analyses 
to enable you to ensure that you have not been misinterpreted. 
 
What will happen to the results of the research? 
 
The results will be used for my dissertation and some possible publications from the dissertation. Your real name 
will not be used in this research. name will not be used in this research. Nobody other than the researchers will have 
access to the data, which will be saved and stored securely on password-protected computers and USB storage. 

Will anyone know I have been involved?  

Your confidentiality will be ensured at all times and you will not be identified in any publication. 

Do I have to take part?  
 
It is entirely up to you whether or not you choose to take part. I hope that participation in the study will be useful for 
you to build up your knowledge based on the reflection of your own classroom experiences. You will be given a 
copy of the final summary of the research after the completion of the study. 
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I have some more questions; who should I contact?  

Ali Simsek 

20 Bedford Way, University College London (UCL) Institute of Education, London, WC1H 0AL,  

ali.simsek.15@ucl.ac.uk  

Thank you very much for taking the time to read this information sheet. 
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ii. Teacher Consent Form 

 

 

 

 

[Secondary Mathematics Teachers’ Classroom Practices with Dynamic Mathematical Technology: 
The Case of Geometric Similarity] 

 
INFORMED CONSENT FORM 

(to be completed after Participant Information Sheet has been read) 
 

If you are happy to take part in my PhD research project, please complete this consent form. 
                                                             

                                                                                                                             
The purpose and details of this study have been explained to me.  
   
I have read and understood the information sheet and this consent form. 
 
I have had an opportunity to ask questions about my participation. 
 
I agree to take part in this study in which I will be interviewed and observed as outlined  
on the information sheet. 
 
I understand that I have under no obligation to take part in this study, have right to withdraw  
from the study at any stage for any reason until 30th September 2018, and that if I choose to do this, I will 
not be required to explain my reasons for withdrawing and any data I have contributed will not be used.
  
   
I understand that all the personal information I provide will be treated in strict confidence and will be 
kept anonymous and confidential to the researchers.  
 
I understand that anonymised quotes may be used in publications and other research outputs.  
 
I agree for the data I provide to be securely archived for three years after the completion of the study.  
 
 
 
Name of participant [printed]: _______________________ 
 
Signature _______________________      Date: ____________________ 
 
 
Researcher [printed]:  Ali Simsek    
 
Signature _______________________                              Date: ____________________ 
 

Institute of Education

UCL Institute of Education 
20 Bedford Way, London WC1H 0AL 
+44 (0)20 7612 6000 | enquiries@ioe.ac.uk | www.ucl.ac.uk/ioe 
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iii. Consent Letter for the Headteachers of the Schools 

 

 
Ali Simsek 
Institute of Education 
University College London  
Tel: 07405471734 
Email: ali.simsek.15@ucl.ac.uk  
 
 
Dear XXX, 
 
I am writing this letter to inform you about my study. As part of my PhD research project in mathematics 
education at UCL Institute of Education, I am carrying out a study to understand how mathematics teachers 
integrate dynamic mathematical technology into classroom practice to support students’ understanding of 
geometric similarity.  
 
To do this I would like to observe classroom practices of secondary mathematics teachers teaching 
geometric similarity with the Cornerstone Maths (CM) dynamic software and interview them about their 
practices. Your school’s mathematics teachers represent suitable cases for my study since they have started 
to use the CM software in their classroom practices to teach geometric similarity. I would also like to video 
record the classroom practices and the interviews with the permission of you and the teachers. All video 
recording will be taken place in full accordance with your school policy. I have DBS clearance. 
 
Your school participation in my study is voluntary and you can withdraw from the study at any time for 
any reason until 30th September 2018. The participation in my study will not disadvantage your school in 
any way and there is no risk, discomfort or inconvenience (minor or major) involved. The information I 
collect is kept strictly confidential. The names of your school and teachers will not be identified in any 
publication. 
 
I hope that participation in my study will be useful for your school’s mathematics teachers to build up their 
knowledge based on the reflection of their own classroom experiences. I will send your school the results 
of my study. 
 
Please contact me if you have any questions or need further information. 
 
Kind Regards, 
 
Ali Simsek 
 
 
 
 
 
  
 

UCL Institute of Education 
20 Bedford Way, London WC1H 0AL 
+44 (0)20 7612 6000 | enquiries@ioe.ac.uk | www.ucl.ac.uk/ioe 
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(b) Ethical Approval 

 

 

12/06/2020, 19)44

Page 1 of 2https://outlook.office.com/mail/search/id/AAQkADZhYjMyNzUxL…tNDc0MS05NzE2LTdlY2M1MTg5MGZiNgAQAC2Ld7774NlKgMx8p6Igu2Q%3D

RE: the approved ethics form and accompanying documents

IOE.CDE <IOE.CDE@ucl.ac.uk>
Wed 08/11/2017 15:14
To:  Simsek, Ali <ali.simsek.15@ucl.ac.uk>
Cc:  Bretscher, Nicola <n.bretscher@ucl.ac.uk>; Clark-Wilson, Alison <a.clark-wilson@ucl.ac.uk>; Hoyles, Celia
<c.hoyles@ucl.ac.uk>

Dear Ali,
 
Thank-you for sending over these documents.
 
For your records, I am writing to confirm that ethics approval has been granted by the UCL
Institute of Education for your doctoral research project titled:  “Secondary Mathematics
Teachers’ Classroom Practices with Dynamic Mathematical Technology: The Case of Geometric
Similarity”.
 
This ethics approval has been granted from 6th November 2017 and the documents you
provided have been saved to your student file.
 
Please can you upload the approved ethics form to your UCL Research Student Log
https://researchlog.grad.ucl.ac.uk/.
 
I wish you all the best for your forthcoming research.
 
Best wishes,
 
Jamie Kozak
Assistant Programme Administrator
UCL Institute of Education
University College London, 20 Bedford Way, London, WC1H 0AL
 
j.kozak@ucl.ac.uk
+44(0)20 7612 6634
 
 
 
From: Simsek, Ali 
Sent: 08 November 2017 11:04
To: IOE.CDE <IOE.CDE@ucl.ac.uk>
Cc: Bretscher, Nicola <n.bretscher@ucl.ac.uk>; Clark-Wilson, Alison <a.clark-
wilson@ucl.ac.uk>; Hoyles, Celia <c.hoyles@ucl.ac.uk>
Subject: the approved ethics form and accompanying documents
 
Dear Sir/Madam,
 
I am a PhD student at the department of Culture, Communication and Media
(Mathematics Education) under the supervision of Prof Celia Hoyles, Dr Alison Clark-
Wilson and Dr Nicola Bretscher. 
 


