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Abstract

Motivated by the work of Colin de Verdiere and Saint-Raymond on spectral the-
ory for zeroth-order pseudodifferential operators on tori, we consider viscosity
limits in which zeroth-order operators, P, are replaced by P + ivA, v > 0. By
adapting the Helffer—Sjostrand theory of scattering resonances, we show that, in
a complex neighbourhood of the continuous spectrum, eigenvalues of P + ivA
have limits as the viscosity v goes to 0. In the simplified setting of tori, this justi-
fies claims made in the physics literature. © 2021 The Authors. Communications
on Pure and Applied Mathematics published by Wiley Periodicals LLC.

1 Introduction

Spectral properties of zeroth-order pseudodifferential operators arise naturally in
the problems of fluid mechanics—for an early example, see Ralston [28]]. Recently
Colin de Verdiere and Saint-Raymond [3,4]] investigated such operators under natu-
ral dynamical conditions motivated by the study of (linearized) internal waves—see
the review article of Dauxois et al. [6] and the introduction to [4] for a physics per-
spective and references. Dyatlov—Zworski [12] provided proofs of the results of [4]]
based on the analogy to scattering theory—see Melrose—Zworski [26], Hassell-
Melrose—Vasy [17]], and [11]]. This analogy was developed further by Wang [38]],
who defined and described a scattering matrix in this setting. Tao [[36]] constructed
an example of an embedded eigenvalue.

Motivated by the physics literature—see, for instance, Rieutord and Valdettaro
[29]—we consider here operators with a viscosity term

Pv I=P+il)A,

where P is a zeroth-order pseudodifferential operator on the torus (I.1I) satisfy-
ing (I.2)) and the dynamical assumption (I.3). The operator A is the usual Lapla-
cian on the torus. The assumption (I.3) guarantees continuity of the spectrum
at 0 [4,/12]. We then show that as v — 0+ the eigenvalues of P, in a complex
neighbourhood of 0 tend to a discrete set associated to P alone—see Figure[I.1|for
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FIGURE 1.1. We display the resonances of P as red stars (a full ex-
planation using the deformed operator Py is given in Appendix B). The
paths of the eigenvalues of P 4+ ivA as v — 0+ are shown by the
green curves with the arrows denoting the direction of the path as v

decreases. P is chosen as in (B:4) with V, = 1(&3 — e~#* and
V=04 (-1 (- 2)2)8_(5_2)2. For an animated version of this fig-
ure see https://math.berkeley.edu/~zworski/vis_dynam.

mov.

a numerical illustration. This justifies claims seen in related models of the physics
literatureﬂ Our approach is again based on analogy to scattering theory, in this case
to the general approach to scattering resonances due to Helffer—Sjostrand [18]].

To state our results precisely, we start with the class of pseudodifferential oper-
ators:

1 - /
) Pui= o [y dy
(27-[)11 n n
where p € S™(T*T"), T" := R"/2xZ", has an analytic continuation from
T*T" satisfying
(1.2) Pz, )| =M for|[lmz| <a, [Iml] <b(Rel).

The integral in the definition (I.T)) of Pu is considered in the sense of oscillatory
integrals (see, for instance, sec. 5.3]), and we extend both y — u(y) and
v+ p(y,n) to periodic functions on R”.

T For example, a claim from : ‘The aim of this paper is to present what we believe to be the
asymptotic limit of inertial modes in a spherical shell when viscosity tends to zero.”
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The dynamical assumption is formulated using an escape function:

(1.3) 3G € ST*T™),C > 0, H,G(x,£) > 0
for (x,§) € {p = 0} N {[§] > C}.

(For the definition of the symbol class S1(7*T"), see (3.1)) and [11, Section E.1],
and for a discussion of escape functions [|11, Section 6.4].) We make our assump-
tion at p = 0 but the value 0 can be replaced by any real number A by changing
the operator to P — A. We could also replace p in (1.3) by the principal symbol
of P. Examples of operators satisfying our assumptions are given in Appendix [B]
(see also [12]] and [36]]).

We denote by A = 27=1 8)261, the usual Laplacian on T” and state a precise
version of our main result:

THEOREM 1.1. Suppose that P is given by (L.1)) with p satisfying (1.2) and (1.3).
Then there exist an open neighbourhood of 0 in C, U, and a set

Z(P)C{Imw <0}NU
such that for every K € U, Z(P) N K is discrete, and
(1.4) specz2(P + ivA) — Z(P), v — 0+,
uniformly on K.

Numerical illustrations of this theorem are presented in Appendix B.

Another way to state the theorem is to say that Z(P) = {w, }JN=1 (where
N = oo is allowed) and spec;2(P + ivA) = {w; (v)}]?ozl; then (after suitable
re-ordering)

wj(v) = wj, v— 0+,
uniformly on compact sets and with agreement of multiplicities. In fact, the proof
gives a more precise statement implying smoothness of projectors acting on spaces
X of Theorem[I.2}—see [9, prop. 5.3]. Since the statement is essentially the same,
we do not reproduce it here.

The Laplacian A can be replaced by any second order (or any order) elliptic
differential operator with analytic coefficients, and the set Z(P) is independent
of that choice. The next theorem shows that Z(P) is defined intrinsically for
operators satisfying our assumptions:

THEOREM 1.2. Suppose that P satisfies the assumptions of Theorem and U
is the open set presented there. Then there exists a Hilbert space X such that for
we U,

P—w:X — X isa Fredholm operator
and R(w) := (P —w)~' : X — X forms a meromorphic family of operators with
poles of finite rank. The set of these poles in U is the set Z(P) in Theorem 1.1
(with inclusion according to multiplicity). Moreover,

Z(P)NR = spec,, 12(P)NU.
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The space X = H is defined in Section 4] and for some § > 0,
oy C X C A g,

where, for s € R, the spaces .@% are given by formal Fourier series with Fourier
coefficients bounded by eI, n € Z”. Hence X' contains the space of analytic
functions extending to a sufficiently large complex neighbourhood of T" and is
contained in the dual of such space—see (.2) for precise definitions.

We briefly recall similar results in different settings. In Dyatlov—Zworski [9],
they showed that if X is the generator of an Anosov flow on a compact mani-
fold and Q is a self-adjoint second-order elliptic operator, then the eigenvalues of
X + ivQ converge to the Pollicott—Ruelle resonances of the Anosov flow. These
resonances appear in expansions of correlations—see [|9] for a discussion and refer-
ences. Drouot [8]] proved an analogue of this result for kinetic Brownian motion in
which X is a generator of an Anosov geodesic flow and Q is the ‘spherical Lapla-
cian’ on the fibers. Dang—Riviere [5]] showed that for Morse—Smale gradient flows,
the eigenvalues of Ly, ¢ + ivAg (which agree with the eigenvalues of the Witren
Laplacian) converge to the Pollicott—Ruelle resonance of the gradient flow. That
generalized a result of Frenkel-Losev—Nekrasov [14], who, motivated by quantum
field theory, considered the case of the height function on the sphere.

The complex absorbing potential method (see [11, Section 4.9] for a descrip-
tion and references) is also related to viscosity limits: to obtain discrete complex
spectrum, a complex potential, say —i €|x|?, is added to a Schrodinger operator. In
cases where scattering resonances can be defined, the spectrum of this new operator
converges to the resonances—see [39,41].

The essential ingredient in the proof of Theorems [I.1] and [I.2] is the theory
of complex microlocal deformations inspired by works of Sjostrand [31,/33]] and
Helffer—Sjostrand [18]]. The starting object is a Fourier—Bros—Iagolnitzer (FBI)
transform considered with an additional asymptotic parameter # — 0, which in
this paper will be eventually fixed and sufficiently small. In our case we need an
FBI transform that respects the analytic structure of the underlying compact ana-
Iytic manifold. Hence, if M is a compact analytic manifold, we define (using a
measure on M coming from a real analytic metric)

(1.5) Tu(x, £ h) = h~ 7 /M K(x, & v, hu(y)dy,

where
(x,§,y) = K(x.§,y.h)

is holomorphic in a fixed complex conic neighbourhood of 7*M x M, and uni-
formly in that neighbourhood,

K(x.E..h) = y(x.y)a(x. €.y, h)eh#CE2M 4 O~ ReE)/Chy,
(1.6) p(x.&,x) =0, dyop(x,§ y)|y=x = ¢,
Imd2¢(x, £, Y)ly—x ~ (Re&)1.
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Denoting by M a complex neighbourhood of M, y satisfies
X€CPW), xlv=1,
V e@U C M x M are small neighbourhoods of A(A? ),

and a is an analytic symbol of order n/4 in £. (Here A(M ) denotes the diagonal
{(x,x):x € M}.)

Existence of such kernels K can be obtained by choosing a real analytic metric
with exponential map 7y M > (x,v) — exp, (v), and then putting

p(x.£.y) = —E(expx ' (1) + 5(E)d (x. »)%.

We can then solve the g—equation with the right-hand side given by 5x, y applied to
the first term on the right-hand side of (1.6).

In this paper, in view of our applications and for the sake of clarity, we consider
an explicit K(x, &, y, h) available in the case of tori, 1" := R"/(2nZ)":

(L7 K@.Ey.h) =cp(§) Y e rmy=2nk &)+ 50 xmy=2k))
keZ

Although the analysis works in the more general setting of analytic compact man-
ifolds and FBI transforms satisfying (I.5]) and (1.6), we can avoid additional com-
plications such as the study of analytic symbols when the inverse of 7 is not exact
(see Proposition[2.3]) and of operators annihilating 7"u that do not commute exactly
(see Proposition[5.1)) by using (1.7). One motivation for this project was to present
the theory of exponential weights, which are not compactly supported—see Sec-
tion ] The expository article [15]] is intended as an introduction to these methods
in the simpler setting of compactly supported weights; see also Martinez [24]] and
Nakamura [27] for a very clear approach to compactly supported weights in R” (or
more generally weights i satisfying 0%y € L for |«| > 0).

In an independent development Guedes Bonthonneau—Jézéquel [[16] presented
a similar theory in a more general setting of Gevrey regularity and arbitrary real
analytic compact manifolds. Their motivation came from a microlocal study of
dynamical zeta functions and trace formulas for Anosov flows; see [[10}23]] and
references given there.

The paper is organized as follows:

e In Section [2] we define an FBI transform 7" on tori, and construct its exact
left inverse S. The FBI transform takes functions on T” to functions on
T*T",

e The geometry of complex deformation and their relation to exponential
weights is reviewed in Section [3] The complex deformation of our FBI
transform, 7', is then investigated in Section [d] where the space X = H
is also defined. Here, A is a complex deformation of 7*T" associated to

G in (L.3) using (3.2).
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e Section [5] is motivated by the study of Bergman kernels by Boutet de
Monvel-Sjostrand [2,[33]] and of Toeplitz operators by Boutet de Monvel—
Guillemin [1]]: we construct a parametrix for the orthogonal projector onto
the image of X under T'p.

e The action of pseudodifferential operators of the form (I.1I)) on the space
X is described in Section [f] We also present the compactness and trace
class properties needed in our proofs of the Fredholm property and of the
viscosity limit for P and P + ivA.

e Finally, Section|[6]is devoted to the proofs of Theorems [I.1]and [I.2]

e Appendix A reviews some aspects of the almost analytic machinery of
Melin—Sjostrand [25]]; see also [[15, Section 5]. In Appendix B we discuss
the (very) special case of escape functions that are linear in &. In that
case we can use an analogue of the method of complex scaling—see [11
Section 4.5, Section 4.7] and references given there. This method lends
itself to numerical experimentation, and some results of that are presented
in Appendix B as well.

Comments on notation: We write fo, = Oy(g)y for || f g < Cqg; that is,
we have a bound with constants depending on «. In particular, f = O(h*°)gy
means that for any N there exists Cy such that || f||lz < Cyh"™. We denote
(&) := /1 + |£|2. The notation nbhdy (p ) means an open neighbourhood of p in
the space U.

2 A Semiclassical FBI Transform on T" = R" /27 Z"

We start by defining an FBI transform on T'7” that respects the real analytic struc-
ture of T” and is invertible with error exponentially small in / and in frequency.
As stated in Section [I| we achieve this with the following transform:
2.1)

Tu(x.£):=h" ¥ f Y eheer =27k () y(y)dy,  w e CO(T),
’]I"Il
kezn

o(x, £, ) 1= (x — y. &) + 5{E) (x — »)*.
This sum is rapidly convergent since Im ¢ > (£)|x — y|?/2.

Remark 2.1. As already emphasized in Section [I] the crucial feature of 7 is the
structure of its integral kernel, K(x, £, v), which is analytic in all variables and is
given by

eFOCEN g (x, £, y)p(d(x, y) + O(e= /M),

¢(x.6.7) = {expy ' ().6) + 5(E)d(x, )%,

where a is a classical analytic symbol and y € CZ°(R) is supported in a small
neighbourhood of 0 and is equal to 1 near O.
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Extending u to R” as a 2w Z" periodic function, we observe that

Tu(x.§) = h~¥ / hoC20 (6 (y)dy

n

and, moreover, Tu(x, §) is 2w Z" periodic in x.

LEMMA 2.2. The operator T : C°(T") — C°(T*T™") extends to an operator
T:L*(T") — LX(T*T™). Tl 2rny—r2(rsTny < C,

with C independent of h.

PROOF. Suppose that v € CZ°(T*T"). We extend v periodically in x and
consider

3n n

TT*v(x,§) =h_2(§)4f (n) % e ®u(y, n)dy dn dw,
R3n
where

@ = (x —w,&) + (w—y, 1) + §({(E) (x —w)® + (N (y —w)?).

Completing the square and integrating in w, we then obtain

TT*v(x,£) = h™" BUALUILE Y eh Vo2 EDy (y p)dy dn.
T ((§) + (M) 2 Jzn

where

_ L E=n? e mE+ &
YeED =T m e m T B C

Schur’s test for boundedness, together with density of C2(T*T") in L2(T*T"),
completes the proof of the lemma. 0

Our next goal is to find an inverse for 7. To do this, we define

3n i %
Sv(y) = h_4/ e 79 (x=27k.y.8)
T*’]I‘n Z

(22) kezn b(x—y _2nk’£:)v(x’%')dx d%_

Then, as before, extending v periodically in x,

3n

Su(y)=h"% / - eh I Ep(x — y £)o(x, §)dx dE.
We then have r
PROPOSITION 2.3. Putting
(2.3) b(w.§) =25 2" ()5 (1 + L(w.§/(E).

in 2.2) gives
(2.4) STu=u, ueL*R"Y.
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PROOEF. Using definition (2.1)) and (2.2)) we have

STu=h"% / o i =y ) +5(E) @22 +5 () (x~2)?)
R2xR72xR” n
2.5) RORE )b (x — 2. Ou(y)dy dz d§
= h_n e%(X—y,E)—%
R2xR”

—_v)2
N %a(x, y, £ hu(y)dy dE.
For our choice of b we have

a(x.y. Erh) = b3 6—)? / o= SHE-2?+ )]
R ) ib(x — 2. )dz

— e e-? / o~ SHG—w—y)2+w?]
R

(2.6) " —w -y, E)dw
= h 3 (E)s / e HVb(L(x — y) —v. £ h)dv
= m) "1+ flx = y. E/(E)).
The proof is now concluded using below. O

For the reader’s convenience we include the derivation of Lebeau’s inversion
formula used in the proof of Proposition [2.3] (see [20, (9.6.7)]):

LEMMA 2.4. Foru € C°(R"),

w(x) = Qrh)~" / o ey Eial) (x—y)
R2n

~(L+ia{x —y.§/(E))u(y)dy d§, a>0.

PROOF. For u € CZ°(R") the Fourier inversion formula gives

2.7)

u(x) = 2rh)™ lir(I)1+/e’z((x_y’g)He(S))M(J’)dy d§,
€—>

where the integral converges absolutely for ¢ > 0. We deform the contour of
integration in £ to [';(x, y) given by

En=E6+ai(f)x—y), £eR", 0<axl.
This deformation is justified since on I,

Im({x — y,n) > c(n)(x — »)?,
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and for a sufficiently small, () := (1 + r}z)% has an analytic branch with positive
real part. In particular, we have, using that d (£§) = >, (£§)71&; d&;,

u(x) = Quh)™ lirr(l)/ / e;r;((xfy’”)ﬁé("))u(y)dy dm Adnay A Ndny =
€—> Ty, n

= (27h)™" lim e (x=yE+ialx—y)+ien) det(ng) u(y)dy d&

€e—>0 JR2n
= Q2rh)™ /Rzn Ry EHACI (| g (x — y £/(6))u(y)dy dE.

Since the right-hand side is analytic in {¢ € C : Rea > 0} it follows that the
formula remains valid for all @ > 0. (]

3 Geometry of Complex Deformations

Following [18,33] we will study the FBI transform (2.1)) when 7*T" is replaced
by an /-Lagrangian R-symplectic manifold submanifold of

T*Tn :={(z.0) | z € C" /27 Z", £ € C"} =~ T*(C" /21 Z").

We recall that T*T" is equipped with the complex symplectic form

o:=dtndz:=)Y df ndzj =d(-dz).
j=1

For a real 2n-dimensional submanifold of T*\T”, A, we say
A is I-Lagrangian <= Im(o|ps) = 0,
and that
A is R-symplectic <= Re(o]|p) is nondegenerate.

The specific submanifolds used here are as follows: For a function G(x, £) €
C®(T*T";R), assume that for some sufficiently small €y (to be chosen in the
constructions below),

@G0 sup (BTG B)| < €. 0200 G(x.8)] < Caple) TP
lee|+]B]<2

(The second condition merely states that G € S'(T*T") in the standard notation

of [21]].) We then define

(32) A= {(x +iGe(x.§).6 —iGx(x.) | (x.§) € T*T"} C T*T™.

By considering G(x, £) as a periodic function of x, we can also think of A as a
submanifold of 7*C".
A submanifold given by (3.2) is always /-Lagrangian:
¢-dzlp = (6§ —iGy)-d(x +iGg)
= é-dx—i—Gx-G,;,;dé—i—Gx-G,;xdx—i—i(—Gx'dx—l—?ng)
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and
d(—Gyx-dx +£-dGg) = d§ AN Gegxdx +dx AN Gyed§ = 0.
The smallness of €g enters for the first time in guaranteeing that A is R-symplectic:
d-dx + Gy - Ggg dE + Gy - Gy dx)
=dENdX + Gxxdx NGeggd§ + Gred& AN Geg dE
+ Gx%' d& N Géx dx + Gyxdx A ng dx.

The left-hand side is nondegenerate if €g in (3.1) is small enough.
Since Im ¢ - dz]| A is closed, there exists H € C°°(A;R) such that

(3.3) dH = —Im{dz|a,

with the normalization H = 0 when G = 0. Using the parametrization (3.2)), we
have the following explicit expression for

(3.4) H(x.§) = G(x,§) — & - Gg(x, §).

Any [/-Lagrangian and R-symplectic manifold is automatically maximally to-
tally real in the sense that

In fact, suppose that X,iX € T,A; thenforall Y € T,A,
Reo(Y,iX)=—Imo(Y,X)=0

as Im o vanishes on 7, A. But then the nondegenerary of Re o shows that X = 0.
The real symplectic form on A defines a natural volume form

dm(a) = (o]p)"/nl.
If (z.¢) = (x +iGg. & —iGy), we sometimes write
(3.5) dmp(a) =dzd{=da, a=(z,0) €A, B =Rec.
Let I' be a small conic connected neighbourhood of 7*T" in 7*C"/Z", and
let G(z, {) be a symbolic almost analytic extension of G(x, §) supported in I":
0: 76z, 9| + (Re ) TG(2.)| < (Re£)O(Imz|*® + [Im¢/(Re £)|).

sup (020 FG(z.0)| < Ceo(Re ) 1AI,
jal+16]<2

‘agagay(Z, C)‘ < Ca,B (Re é‘)l_|ﬂ|’

for (z,¢) € I'—see [25, theorem 1.3] (for a brief review of basic concepts of
almost analytic machinery; see Appendix [A]

We use an almost analytic change of variables in I" to identify the totally real
submanifold A with 7*R” (on A the differentials of that transformation are com-
plex linear): it is the inverse of the map

(3.6) F:(z,0) 0 (w0) = (2 +i+6e(2,0).0 —i+G(2.0)),
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Using this identification we define
(3.7) Caw,w) = F(F~'(w,w)), (w,w) €T, Calan = Ia.
We also denote by oo the almost analytic extension of | to I.

NOTATION: The different identifications lead to potentially confusing notational
issues. We will typically use coordinates

@ = (ax.0¢) = (x.§) = = (Bx. Be) = (x +1Ge(x.§),§ —iGx(x,8) € A

and consider the complexification of & using the identification (3.6). In that case
fora € I', & denotes Ca (). Itis not given by taking (z, §) = (Z, ¢) in the original
coordinates on 7*T” (for one thing, it would not be the identity on A). Sometimes
it is convenient to use B € A as the variable in formulae and integrations. The
choice should be clear from the context.

4 Complex Deformations of the FBI Transform

For A given by (3.2) we define an operator 75 by prescribing its Schwartz
kernel:

Ta(z. 8 y) = T((2. 8 Ylz.0)en-
We then define an operator S by

Sav(y) = /AS(x,ﬂ)v(ﬁ)dﬂ, B=(z.0 €A, df =dzndl|,

where S(x, z, £) is the kernel of the operator S:

3n

@D Sz, =hE Y e hE 2D ank (),
kezn

with b given in (2.3)).
Note that if we parametrize A as in (3.2) with @ = (x, §), we may also write

Swo)i= [ Satrz@. Le@p@dns.

where dz A d¢|p = dmpa(a). Finally, we sometimes write oy = z(«) and
ag = {(a).

In order to make sense of the composition Sp Tz, we start by analyzing 7o on
a space of analytic functions on T”. For § > 0 let

oy = fu e LT : Jul, = Y laen)Pe"? < ool
4.2) nez"
u(n) = / u(x)eHEm g,
T/l

2m)
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Let also &7_g denote the dual space of .<7. Note that &7_g is a space of hyperfunc-
tions, but on tori it can be identified with formal Fourier series with coefficients

satisfying
> jam)Pe P < oo,

nezn
(In that case #(n) can be defined using the pairing of the hyperfunction u# with
the analytic function x — e 7 /(27)") We note that u € <7 extends to
a (periodic) holomorphic function in |Imz| < 2§ and (by the Fourier inversion
formula and the Cauchy—Schwarz inequality),

4.3) V8 < 28 3C such that for u € o5, sup |u(2)| < C||u] -

[Im z| <8’
LEMMA 4.1. Define
Qs :={(z,0) € T*(C"/2xZ") : Im{| < §(Re¢), [Imz| <6, |Rel| > 1}.
There exist cg, 8o > 0 such that for (z,¢) € Qg and 0 < § < o,
@4 (Tu O] < e O_ M g (ST uz ) < e M u g
where S' is defined by

Suz 0= [ S0z outdy
where the kernel S is defined in (4.1).

PROOF. Extending u to a periodic function on R”, we write
Tuz.t) = h= % / hUZ=2. 450G (1) Sy (y)dy,

Since u is analytic on |Im y| < §, we may deform the contour in the y integration
to ['(z, ¢) given by

Re¢
wyw)=w+z—-id——, weR"
(Re )
Then,

Rel

Tu(z,8) = h™ ¥ /  HUm BT O+ 5 OW=IBEE (1) Sy (y (w))dw.

For [Im¢| < §{Re¢), |Re | = 1, with § < §p and §p small enough,

Re(¢) = 31¢1. Im(0)] < 16l¢l, ¢l = 5.

Hence for w € R and (z, £) € Q5 the real part of the phase in the integral above is
bounded by

—38181 + 168lwllg] — g (Iw|* = 8*)[¢] + 7681¢] < —cod|¢| — colw|?, o > 0.

In view of ({#.3) the integrand is then bounded by exp(—co(8|¢| + |w|?)/ h) ||| oz
which gives the first bound in (@4). The proof for S’ is identical since the phase
agrees with that of T'. U
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A natural Hilbert space on the FBI transform side is defined by the norm
91200y = [ Io@Pe 2@/ do.

The next lemma gives boundedness of S and Tf\ on exponentially decaying func-
tions on A:

LEMMA 4.2. There exist §g > 0 and Cy > 0 big enough such that for 0 < €y < 8o

in (3.1) we have
Sp e COSENRI2(NY 5 o5, TF:emCOSEVRI2(A) 5 o,

forall 0 < § < 8o, where the adjoint T 5 is defined using the L2(A, e 2871y inner
product.

PROOF. Let v € e~ C0&)/h12(A) with Cy > 0 be chosen large enough and
|Im y| < aé. Then,

Sav(y) = h—ﬁ”/ el (y—axae)+5 ()@= () _ g yu(a)da.
A
where b is given in (2.3). Therefore, by the Cauchy—Schwarz inequality,
_3n
[Sav()I> < Ch= 3 J ()| @ By |7,

where

J(y) = / o2 Im((y =)+ (o) (e —p)2) / h+2 H )

A (ly — ax|)2e2Co8lael/ b g

Writing 8 = Re o we now estimate

—Im(y _le,aé) = (GE —Imy,,Bg) —(Bx —Re y,Gx)

< (ad + €o)|Pe| + €o{Be)|Bx —Re y|.
Similarly,
Re((e)) (cx — )% < —(1 = Ceo) (fe) (B — Re yI? — Ce> — Ca?8?),
and 2H(a) < Ceo{Be¢) (see (3.4)). Hence for Co > C, the phase in J(y) is
bounded by
—C18(Bg)(Rey — Bx)?.  C1>0.

That proves S v is analytic and uniformly bounded when |Im y| < aé. In partic-
ular, SAv € o75. A similar argument applies to 7. 0

Together, Lemmas [4.1| and 4.2 imply that there are 81,8, > 0 such that S5 Tz
as well as an operator .75, — /5, and as an operator &/_g, — &g, .

We can now show that Sp T is the identity on @7 and /g for § > 0 small
enough.
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PROPOSITION 4.3. There is 61 > O such that for all 0 < |§| < 81, S, and Tp as
above,

SATA =1d : oy — oy,

PROOF. Assume first that § > 0 and let v € 5. Then, by Lemmafd.1|for § > 0
small enough, Tav € e~€0%1%l [ 2(A) and is given by

Tavi) = [ Tat.no()dy.

Then, again for § > 0 small enough, Lemma[4.2|shows that S5 Tz v is well-defined
and given by

@.5) SaTav(x) = /A /T Sa(v.@)Ta (e y)u()dy da.

The decay in |ag | allows a contour deformation in « in (4.3]) and then an application
of Proposition [2.3] This gives

SaTav(x) = fT . f G T (e )y dec = v(y). v e %,

To define Tav for v € /5, § > 0, we note that Lemma [4.2| shows that if
w e e~ CodEVh2(A) then TXw € 5. Therefore,

(TAU, w)Lz(A) = (1), TZU})LZ(TH)

is well-defined and T : o5 — eCo3EV A 2(A),
Foru € o/ 5, c1 > 1, c18 < 8o (with § of Lemma[4. 1)), we formally have

4.6) (SAT AV, M)LZ(T”) := (Thv, SZ“)LZ(A)-
Since S{u = St aueH@/h and H(a) < Ceo(Reag), Lemma shows that
Skue eCEO(%')/h_COCI8|S|/hL2(A).

and hence for ¢; > 0 large enough (and §; small enough so that ¢;§; < §p), the
pairing on the right-hand side of (4.6) is well-defined and

(SATAv, u) = (v, TASAu).

We can now deform the contour in the « integral, which gives

risiue) = [ [ Tat sty do = uiy)

Hence for v € o5 and u € 5, (SATAV, U)p2(Tny = (v, U)2(Tny. Since 5,
c1 > 1, is dense in <%, the claim follows.

We now define natural spaces on which 7'z, S act:
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DEFINITION 4.4. Let 8o be as in Lemma We define the Sobolev space of
order ¢ adapted to A as

— -l ym _
@7)  Hp =y "R, fullyy, = /A<Re‘xé>2t|TAu(“)|2e 2H@R gy

where we used the notation from and (3.3). We then have an isometry
T : Hy — (E)7TL2(A),
where the notation on the right-hand side is the shorthand for (Re oeg)_’.
Remarks 4.5.
1. There exists § > 0 such that
oy C HY C d_g.

The left inclusion is immediate from the definition. On the other hand, for
ue€ HY', Tau € (€)™ L2(A), and in particular, by Lemma SaTau €
o_g for some § > 0. But SATAu = u and hence u € o7_g.

2. Let IT4 denote the orthogonal projection from LZ(A) — T (HX). The

properties of IT show that Tp (H}) = ITA((E) 7T L2(A)).
Lemmas and show that (with /-dependent norms and changing cg to

co/2),

Tp : oty — eSO L2(A), Sy e 8CoE/ hI2(A) s o
This means that
(4.8) TASA : e 8Co@/ hp2(Ay s p=Bcol€)/hp2(py
PROPOSITION 4.6. The operator Tp S in @.8) extends to an operator

TASA = O(1) : (E)"L2(A) — (§)"L*(A).

Moreover, there are k € S°(A x A), a,B € A, y € CX(R) such that for all
8 > 0, there is €1 > 0 such that for G satisfying (3.1) with €p < €1,

TASA = Ka + ON (€ M) iyn 1200y ()-N L2(A)
where the Schwartz kernel of K p is given by

Ka(e, B) = h e Y @P(a, B)7(e. B),

Z(@, B) := x(8~'d(Reay,Re By))
- (87" min({Re Be), (Reag)) ™! [Re g — Re fel).
and
_ @ (o — Be)? i (Pe)lag)(ax — Bx)?
2(ag) +(Be) 2 (o) + (Be)
(Beag + (ag)Be
<‘X$> i <ﬁ$) “(ox — Bx).

4.9)
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We will prove the proposition in two lemmas which for future use are formulated
in greater generality. We first study the kernel of the composition 74 S .

LEMMA 4.7. Let Ag, and Ag, be given by (3.2)) with G; satisfying (3.1). Then
there are y € C(R) and k € S°(Ag, x Ag,) such that for all § > 0, there is
€1 > 0 such that for Gy and G satisfying (3.1) with €y < €1,

—Cs/h
Tha,Sha, = K+ On (€™M en 128 o)V 12000
where the Schwartz kernel of K is given by
heh Y @Pie(a, B) (57 d(Re ar, Re B)
- (87" min((Re ag), (Re B¢)) "' |Re ag — Re B ),
(o, B) € Ag, x Ag,, and where W is as in (4.9).
PROOF. The kernel of Thg, S Ac, (again extending everything to be periodic
on R” and using integration with respect to df = (o|5)"/n!) is given by

3n

7 f e%(w(a,y)—w*(ﬂ,y)) (Otg)%b(ﬂx —y, ,Bg)dy,

where @ € Ag,, B € Ag,, and b is given by (2.3)). To analyse it, we first observe
that for €9 small enough

Im (p(a, y) —¢*(B. )

> o) l(Re(ex — ) ~ im(ax — V)

+ %I(ﬁg)l(lRe(ﬁx —)I> = Im(Bx — y)I)

+ Im(ox — y, ag) + Im(y — By, Be)
Now, fix § > 0, and assume that [Im y| < §. Then for €p < § in (3.1I), we have
Im (¢(t, y) = ¢*(B. )
> c|{ag)l| Reay —Re y|* + ¢|(Bg) || Re Bx — Re y|?
— C8*(Hag)| + 1{Be)) + Im{ax — y, cg) + Im(y — B, Be).
Therefore, deforming the contour in y using
i3 —a)

_ ]Rn’
Re(Bs —ap))  * ©

Yy +

we have (on the new contour)

Im (p(er, y) = ¢* (. )
o 2
zCl(as)llReax—Rey|2+C|(ﬂg)|lReﬂx_Rey|2+8%

— C8*([{ag)] + |{Be)) + Im{atx, ag) — Im(Bx., Be).
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Using
Im B| + [Imerx| + [{og)| ™" [Imag| + [(Be)| ™" [Im Be| < Ceo <6,
we then obtain
Im (p(e, y) — ™ (B, 5)) = cl{@g)l[Reax — y|* + c[(Be)|IRe B — y[?

g — B 2
Rele —2] C8~({ag)| + 1(Be))

+cé
In particular, when
[Reax —ReBx| =6 or [Reag —Repfg| > 2céd min({Reag), (Re Bg))/C,
the integrand is bounded by
o~ ((Reag)+(Re fe))(1+[Rearx—Re Bx )/ Ch

Therefore, modulo an ON(e_C/h)(S)NLZ(A1)_>(5)—NL2(A2) error, the kernel is
given by

koo = i [ B0 e )Ty

7= x(87 d(ax, Bx)) 167" min((Re ), (Re Be)) ™" ore — Be ),
where y is a suitable cutoff function and
ki € (Reag) ¥ (Re fe) 4 S°(Ag, X Ag, X R™),

and the dependence on the last variable is periodic and holomorphic on [Im y| < ¢.
We claim that k(«, B) is given by

(4.10) h e h @Bk (. B)7,

where k € S O(AG2 x Ag,). To see this, we note that the critical point in y is given
by

Ve = i(Bg —ag) + (ag)ax + (Be) Px

c — .
() + (Be)

We then deform the contour to y > y + y.. The phase becomes

(ag)Be + ag(Be) N i({ag) + (ﬂg))yz

(ax — Bx) (Otg) i (ﬂé) 5
i (o) (Bg) (Bx — ax)? L LB ag)”
2 Aag) + (Pe) 2 {ag) + (Be)
and the method of steepest descent gives (.10). O

The next lemma gives the first part of Proposition 4.6}
LEMMA 4.8. Forallm € R, there are C, hy > 0 such that for 0 < h < hy,

ITASA gy 120>y L2(a) = €
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PROOF. By Lemma we need to show uniform boundedness of K with the
kernel given by
K(o. B) = h™"eh Y@ Pk(a, )16~ d(Rey. Re B))
. ( |IRe ag — Re B¢ )
Smin({Reag), (Re Bg))/
where W is as in #@.9), k € S°.

In particular, conjugating by (Re o)
tor with the kernel

meH@)/h e need to show that the opera-

B ek (V@h)—HBHH@)F (o g)

is bounded on L2(A, dm(a)) where

- R m
Fep) = (%) k(@ B)1(6~ [Rex — Re i)
| Re g — Re fBe|
' X(Smin((Rea;), (Re ,35)))'

To establish this we define

4.11) O(a, B) = V(a,B) —iH(B) + iH(w),
where we see that $(«, ) = 0. Next, we note that
(4.12) do®@ly=—p = agday +idyH.

Therefore (see (3.3)), Imdy®|o—g = 0. Similarly, Imdg®|,—g = 0 and hence
Im @ vanishes quadratically at @ = §.
In the case of no deformation (that is, for A = T*T?")

Im® > c{og)lax — Bxl® + clog) g — Bel>. . peT*T".
Since A is a small conic perturbation of 7*T", this remains true on A. Hence,

|K(Ol,,8)| < Ch—ne(C(ReOlg)|Reax—Re;3x|2+C(ReOlg)_l|Reag—Re/31§-|2)/h
- (Reag) * (Re Bg) 4 7.
7 = X6 'd(Reay.Re fy)) x (67" min((Reag). (Re fg)) ™"
-|Reag — Re Be).

The Schur’s test for boundedness on L2 then shows that K is uniformly bounded
on L2(A). O

The following lemma shows that compact changes of the Lagrangian A change
the norm on L?(A) but not the elements in the space.

LEMMA 4.9. Let Gy and G, satisfy (3.1). Then, for all M, N > 0,
igi<m Taa,Sag, = On(D) : (E)V L2 (Ag)) — () VL (Ag,).
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PROOF. By Lemma we only need to show that the operator ljgj<p K is
bounded. However, the structure of the Schwartz kernel described in that lemma
shows that the kernel of 1jg|<ps K is smooth and compactly supported. Except for
a loss in the constant due to different weights, the boundedness follows. O

S Asymptotic Description of the Projector

The main part of this section consists of a construction of a parametrix for the
orthogonal projector onto the (closure of the) image of T)o. It is inspired by [33]
Section 1], which in turn followed ideas of [1,[2|18L[25]]. A detailed presentation in
a simpler case of compactly supported weights can be found in [15] sec. 6], and it
can be used as a guide to the more notationally involved case at hand. We then use
the argument from [[1,]33]] to relate the parametrix to the exact projector.

5.1 The structure of the parametrix

We seek an operator of the following form:

Bau(e) =" | V@R e, B hyu(B)dma ().
5.1 T*Tn
dmpa(B) := (o|pa)"/n' =da, B =Rea, «a €A,
where ¢ and a satisfy (for all k, k', £,£" € N")
supp ¥, suppa C {(a, B) : d(ax, Bx) <€, |ag — Pel < (ag)e},
52) gk gt gk 5 ~ O T B = —
£ 0L 95 9% ya. B) = O(a) ) V@B = ().

and
w . ——
a(a,B.h) ~ Y (@) ' aj(@ p), ale,p) =a(B.a),
(5.3) j=0
.06 O, i . B) = Oferg) 171,
The basic properties we need are self-adjointness and idempotence:
(5.4) By =BV, Ba = B3,

where A = B means that A — B = O(hN)(S)NLZ(A)%(S)—NLZ(A) for all N.
The deeper requirement comes from relating the image of B to that of 7'

PROPOSITION 5.1. Suppose that Z;, differential operators with holomorphic co-
efficients in I, are defined by

Zj = ()" (hDz, — ) + 3(0) i (hD; — O —ih Dy, — 2h(£) 3¢
If
(5.5) Zh = Zj|a
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in the sense of restriction of holomorphic operators to totally real submanifolds,
then for u € o,

(5.6) ZATau(@) =0, j=1.....n.

PROOF. Putting

n

W = (£)73Z;(0)% = ()7 (D2, — &)
+ 2O (kD — 0 —ihDe, — 2h(5) 2L,

we check that _ ,
W].(e};((z—y+27rk,§)+’§(Z)(z—y+2nk)2)) -0

forall y € T" and k € Z". The definition of Tz then immediately gives (5.6). O
We note that Z;’s commute and hence we also have
A A
(2. 7] = 0.
We write
2 =07 ) 307 0% —igIa Az =0
for the principal symbol of Z ]A (in a sense that will be explained after the rescaling

below). The vanishing of the Poisson bracket reflects the fact that z JA vanish on the
involutive manifold {(«, do@(er, y) : @ € A, y € T"}—see Lemma[5.4below.

Since By is supposed to be a parametrix for a self-adjoint projection onto the
image T, Proposition [5.1]shows that we should have

(5.7) ZABA =0, Ba(Z}

where the definition of = is given in (53.10) below.

To explore the second condition in terms of the kernel of B, we denote by A*
the formal adjoint of an operator A on L2(A, dm ) (no weight). We also define a
transpose of A by

/Au(oz)v(oe)dmA(oc):f u(e) Al v()dmp(a).
A A

We note the general fact (4*)! = J o Ao J, Ju := u. Then, with K (o, B) :=
h—neitlf(a,ﬂ)/ha(a’ B.h),

(4B H u(a) = /A Ko fyA* (27 iy (0))(B)dm s ()

)*,H =0,

= /A (A*) (K a(cr, 9)(B)e2HB hy(Bydmp (B)
= /A (J o Ao J)(Kn(e, @) (B)e 2P by (Bydm 4 (B).

Using (5.7) and the above calculation with A = Z ]A gives
(5.8) ZA(Kp(a.0) =0, ZMi=JozloJ. Ju:=1,
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The principal symbols are given by

(5.9) ZMB. B =T (BB, T =M B BY),
and by almost analytic continuation are defined in I".
Remarks 5.2.
1. Here we recall that the complex conjugation of 8 and B* is defined as
in (3.7).
2. Lemmawill discuss some properties of zj\ and Zf\ after a linear rescal-

A
ot
tion in T but Zj\(a,a*) = E;\(a,oe*), (a,a™) € T*A, is not.

ing. Here we point out that z+* is a restriction to A of a holomorphic func-

5.2 A general construction

Here we establish the following:

PROPOSITION 5.3. Let ZJA and ?]A be given by (3.5) and (5.8), respectively. Sup-
pose that b = b(a, h) satisfies (5.3) (with no dependence on f).
Then there exist ¥ (c, B) and a(a, B, h) satisfying (5.2)) and (5.3) and such that

Ve, o) = =2i1H(a), aj(a,a) =bj(a),
(5.10) V@R 78 (@ 1Dy, ) (eFV @Pa(a, . 1)) = Oco,
e THV@BZAB Dy h) (e P a(a, B, 1)) = O,
where
Ooo := O(d(atx, Bx) + (o) Hag — Be)™ + ({og) 1h)™®).

The phase Y (e, B) and amplitudes aj(c, B) are uniquely determined by b; (o)
up to O and

(5.11) —H(a) —Imy (o, B) — H(B) < —(d(atx, Bx)* + {0g) " eg — Bel>)/C
for some C > 0.

We will see that a and i are essentially determined by their values on the diag-
onal in A x A. Therefore, the construction of ¢ and a can be done locally, and we
now work near a® = (x0,£%) € A, where we identify A with T*T” as in (3.6).

For «, f8 in a conic neighborhood of «®, we rescale Z j using the following
change of variables:

—o T o= (of) (o ).

(5.12) . ~ o1 .
Bx 1= Bx — oy, Bel = (Ols) (ﬂg—as).
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In these new coordinates, the operators Z ]A become
Zp = (M@ hDg) + 1 @ hDg) + @), G = zjla,

J
2j(2,6,2%,8%) 1= MOz — §—0))

(5.13) + A0 - 02 + 6) — it
-k (o) o
h = —_—, A, = . 0 = ’
W MO T ey T )

where we still have {¢ j{\, e Ié\} = 0. The operators 2/]‘\ are defined using (5.8).
We now define the rescaled phase and amplitudes:

V@ B = () (@ p). H@ = () H),
(5.14) G@ = («))7'G(w),
4@ B) = (@) aj(@.B), bj(@ = (af)/bj(w),

so that
w ~ . i~ w ~ .~
a(e.p) ~ Y Wa;@.p). ble)~ > hbj@.
Jj=0 7=0
Hence (5.10) becomes

V(@.8) = -2iH(). (@8 = bj(@.
(515 V@R ZA (VP g B i) @) = 017 — B + i),
THVEDZA IV EVG@G, o, 1) (B) = O(1F - B)® + i),
where now ¢ and &@; are smooth functions in a neighbourhood of 0 € R?” x R?",
(5.16) To simplify notation we now drop the ~ in h. , J , H , G ,and a.
This will apply until the end of the construction of the phase and the amplitude.

Eikonal equations

Here we work in the coordinates and use the convention (5.16). Hence
we assume that A is a neighbourhood of 0 in T*R".

Let EJA and EJA be the principal symbols of Z ]A and Z ;\, respectively—see
(5.13). The eikonal equations we want to solve are

tMa de (@, B)) = O(la — B|™),

tMB.dgy(a. B)) = O(la — BI®),
for o, B € A. We also put

(5.17)

T (e a®) o= T (o —a®);
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see (5.8) and (5.9). We note that for (o, *) € T*A, {‘A(cx a¥) = é‘A(a a*). The
next lemma records the Poisson bracket properties of é‘ ” on A.

LEMMA 5.4. Let {e, e} denote the Poisson bracket on T*R" defined using the
(real) symplectic form o5 := (or+cn)| A and coordinates (3.6)). Let
S:={{Mp)=0:pe T*R™, |x*—£—0] <A} p=(x.Ex" €,

where A is defined in (5.13).
Then, for ZJA defined above we have {2, §Ié\} =0, and for |G| c2 K 1,

(5.18) (3 M M o Nizjken >l >0,
for (o, a*) € ¥ N nbhdpsp2x(0).

The positivity condition in Lemma[5.4] will be used in two places. First, it is used to
guarantee that the Lagrangian used to construct the phase solving is strictly
positive (see (A.16)). Next, when G is only smooth, this condition will be cru-
cial when proving (5.31) (see also I3} (6.29)]) and hence that the Lagrangian we
construct is almost analytic. The proof of the lemma will also show that there are
solutions to {A(p) = 0 with |x* —& — 0] > A() (A(§) ~ 1 for £ in a neigh-
borhood of O) However, (5.18) may not be satisfied at these points and hence the
Lagrangian will not be appropriately positive.

PROOE. It is enough to check (5.18) for G = 0. In that case X is contained in
{(or, dgp(@, y) 1 € R?", y € C"} where ¢(a, y) is the rescaled phase of our FBI
transform (this follows from the fact that ¢ JA are principal symbols of operators
annihilating 7). Hence

2= {(xvé:’(va(pé') -y € Cnv|%-+9_(p)€| < 1? X,é ERn}
N T*RZn
={(x.§,§ +6.0)},
¢ =@, £y) = (x—y.§+0) + 5 (x — )%,
where A was defined in (5.13)). To check this, observe that if x* = @y (x, &, y),
£* = @e(x.§,y), theny = x —iA(§ + 0 —x™) and
E* =id(E+ 0 —x™) + 3i0:A(E + 6 —x™)2.
As x* and £* are real, we obtain that either x* = & 4 6 as claimed or
{{d) (€ + 6))
20— >2
(@) + 0]

which contradicts the condition in (5.19). Hence £ = x* — 6 and y = x. Here we
have used the definition of A, (5.13)

(5.19)

ME+ 6 —x*|=2220:A =227 g+ 07! =
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Since {¢A, §Ié\} = 0 we see that

3AGN L0y = {Im g Re g}
= — 0, (ME) O — Ex—O) +3AEP (™ — E—6)* (& + 61))
= A€k,

when evaluated at x* = & + 6. Hence, for G = 0, the matrix in (5.18) is given by
A(E)] and A(§) ~ 1 for & bounded. Hence for G small the matrix stays positive
definite. g

>From the geometric point of view, the framework for construction of the phase
is the same as in [[15, Section 2.2] (see also [15, Section 6.1] for a presentation in a
simpler case). It is convenient to remove the weight by putting

Vu (e, B) = iH (@) + (e B) +iH(B).
We also define,
¢ (@.0®) = M e.o” —idH (@),
e @.o*) =Moo +idH() = (@ a%).

(Here a the @ and &* are defined after an identification of A with T*R"))

(5.20)

Lemma|5.4|remains valid for ¢ ]H .
The eikonal equations (5.17) become

¢ (@, dovrm (@, B)) = Ola = B|),
¢ (B, —dgvm (@ B) = O(la — B|*),

for @, € A. Since we demand that V¥ («,«) = —2iH(w), it follows that Vg
vanishes on the diagonal, and by differentiation,

(522) 0=do(YH(a.a)) = deVH(. P)lp=o + dpgV¥H (. B)|g=ar @€ A.

To construct ¥z we will construct ¥, a Lagrangian relation for which vg will
be the generating function:

= {(a. deVH (), B, —dp¥u (e, p)) :
(o, B) € nbhdcan (Diag(A x A))}.
We first assume that G, and hence H, are real analytic and have holomorphic
extensions.

Writing p = (x.,&, x*, %), the eikonal equations require that we should have
(up to equivalence of almost analytic manifolds and exactly on 7*A)
(5.24) %f cSxS, S:={p :_;f’(p) =0, p € nbhdgan (R*"), |x* —& — 6] < 1},
S:={p:peS}=1{p:7"(p) =0. p € nbhdcan (R*"), |x* —& — 0] < 1}.
The condition (5.22)) means that

(5.25) G N N (Agzngezn) = A(S N S) x (S NS)),

(5.21)

(5.23)
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where A(A x A) := {(a,a) : a € A} and

7 :CH xCxC? xC¥ - C?" x C?"
is the natural projection; i.e., w(x, ™, 8,8%) = («,B). In fact, (5.22) shows
that this must be true for € N 77! (Ag2nyg2n), and then it follows by analytic
continuation (or an equivalence of almost analytic manifolds once we move to the

C°° category). We have the following additional property, which comes from the
choice of the weight H:

LEMMA 5.5. Let S and S be defined in (5.24). Then for H satisfying (3.3), we
have

(5.26) (SN S)r = Sk = {(a,Re(zdl|A) : @ € nbhdg2s (0)}.

PROOF. As in the proof of Lemma [5.4] it is useful to go to the origins of the
symbols ¢ ]H (.20): Z ;\’s, with symbols ¢ ]A annihilate the phase in 74 and that

shows that, after switching to ¢ H R

Sy :i= S NTFAC = {(a, dyp(a, y) + idH()) : y € C"},
o, y) = (2= y.{+0) + 571 ()@ = »)%,
Z=ay +iGglax.ag), §=ag—iGx(oy, ag).
where A(¢) and 6 were defined in (5.13). B B
In the case G = 0 (and hence H = 0), Sy and Sy = S N T, AC intersect
transversally in one point. This remains true for a small perturbation induced by G

with |G|c2 < 1 (this corresponds to symbolic norms before rescaling). Hence
we are looking for a solution to

(5.27) dee(a, y) +idH(a) = dyela, y') —idH(e).

Now, at y = y' = a, we have dy@(e, y) = { dz|a, and in view of the definition
of dH in (3.3)), (5.27) holds. It follows that for & € A, that is , for « real,

Se N S = {(a.Re(zd|p)} = S N T*A, A >~ nbhdz+gn(0).
But this proves (5.26). O

Since

n
G C (™o N @R THO), e, 0)) == p. wR(p. P =0
ji=1
it follows that the complex vector fields H . and H”*EH are tangent to 6g .
LSj RSj

By checking the case of 7*A = T*R” (no deformation and hence H = 0) we
have (see [15, Section 2.2]) that § N S is a symplectic submanifold (with respect
to the complex symplectic form) of complex dimension 2x. The independence of
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H ¢ HEH , J.k = 1,...,n (again easily seen in the unperturbed case), shows
¢ 7
that
(5.28) Bcn(0,€) x Ben(0,€) x (S NS) > (¢.5,p)
> (exp{t, Hgn )(p), exp(s, Hg, )(p)) € C*",

is a biholomorphic map to an embedded (complex) 47-dimensional submanifold.
This implies that

(5.29) 6y = {(exp(t, H;H)(p),exp(s,HEH)(p)) :peSNS, tse Ben(0, 6)},
where (1, Hou) := Y 3y tkH‘f’ e = ¢,¢. Checking again in the unperturbed
case, we have that forp e SN S

(5.30) 7 s To6r — Tr(pC*" s onto.

We now explain how to use almost analytic extensions off A in the C°° case.
We first identify A with T*R"” using and extending G almost analytically to
C4". The symplectic form is now the almost analytic extension of the symplectic
form d¢ A dz|A. Hence we define (see Appendix |Afor the definitions)

Cu = {(exp (t. Heu)(p).exp (5. Heu) () 1 p € SN, 1.5 € Ben(0,6)}
We claim that
(531) [tmexp (. Hyn)(p)| = |1]/C. [Imexp (s, Hzu)(p)] = Is|/C. peSNS.

In fact, in view of Lemmal[5.4jat p € T*ANS and for |G || 2 small, we can assume
{¢h e Ié\}(p) /2i is positive definite. The changes of variable leading to ¢ J.H is a

symplectomorphism and hence we have the same property for { JH . By changing

¢ jH by a linear transformation, we can then assume that {¢ ¥ E,f H(p) /21 = O
Hence we can make a linear symplectic change of variables at any point of 7*A
giving new variables (x, y, £, 1), x, . £, n € R”, centered at 0 € R*" such that

¢ = clnj +iyp) + OUxP + Y2+ €7 + 1n?). ¢ >0

This continues to hold for the almost analytic continuations of { jH . That means
that near O,

(5.32) SN ={(z.0,£,0) + F(z.0)) : (z.¢) € nbhdgas (0)},  F = O(z|* + [2]?).

We also note that for (z,{) € R2" (which corresponds to the intersection with
T*A), S NS is real. This means that in (5.32)),

Im F(z,¢) = O(([Im z| + [Im &[)(|z| + [¢])).
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Hence,

[Imexp (1, Hew)((2.0.8.0) + F(2.0))]
= [(Imz,cImz,Img, ¢ Rer)| + O((IImz| + [Im | + £ (|z] + &) + |¢]*)
= [t]/C iflz). ¢ < 1,
with the corresponding estimate for ¢, Lemma and (5.31) now show the
almost analyticity of €z, and Lemma shows that € is Lagrangian in the
almost analytic sense:
(JTZ(DT*(CZH — JT;C()T*(CZU)|(,5)H ~ 0.

(See the appendix for the review of the almost analytic machinery and notation.)
Lemma shows that A((S N Sg x (S N S)r) = (Cy)r is a submanifold,
Lemmal5.4]shows that Cpy is therefore a strictly positive almost analytic Lagrangian

submanifold, and hence, using (5.30), Lemma now gives g = vp(a, B)
such that

dg g¥m (. f) = O(Ima|™ + Im BI%° + [Im ¥z (. B)|*).
and (5.23)) holds in the sense of equivalence of almost analytic manifolds (that is,
with ~ of (A.2) replacing the equality). In addition, in view of (5.26) and (5.31)),
daVH (@, B)lp=a = Re({ - dz|a),
dg¥m (@, B)lp=a = —Re(l-dz|a),

and dy (Vg (o, a)) ~ 0. Hence we can choose ¥ (¢, ) = 0. We also see that

do Imyg(a, B)lg=a = 0. dglmyg(a,B)lg=¢ =0, o € nbhdg2:(0),
which means that Im Y5 (. 8) = O(ja — B|?), a. B € nbhdg2x(0), and the com-
parison with the case of G = 0 shows that
(5.34) Im g (o, ) ~ o = BI2.

Finally, we return to (5.21) (recall that ¢ ]H are the almost analytic extensions of
EJH from T*A and that {ZJ.H, {,fl} ~ 0):

(5.33) o € nbhdg2x (0).

14
To o ooy xeH H | 7 +H
(5 Hyper)nf 6f1 = Y (Hy o8 + Hy o)
k=1
=0(ImZ|®), Z=(a.p.a" p"),
with similar estimates for ”;Ej ’s. Hence using the definition (A.2)). This implies
that 3
miell, n}ZZjH ~0 on%y.

In view of the discussion above (6 equivalent to the right-hand side of (5.23)) we
obtain

¢ (@, davm (@, B)) = O(IIme|* + |Im BI™ + [Imda ¥y | + Im dg ¥ |*),
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with the same estimate for EJH (B, —dgyru (a, B)). This and give (5.17).

This completes the construction of the phase needed in Proposition [5.3] The
construction of € satisfying (5.26), (5.23)), and (5.24)) is equivalent, in the almost
analytic sense, to the construction of ¥y satisfying (5.34) and (5.22) that gives
uniqueness of Y¥g.

We have achieved more, as the definition of 77 shows that, in the analytic case
(G.29), €u o €n = €u (see [15 lemma 2] for a simple linear algebra case). In
general, we have €77 o € ~ %z, which for real values of & and  means that

cvy Wa (e y) + ¥u(r.B) = Yu(e. B) + Ola — BI%).
We now return to our original ¥ in 3.1), ¥ (a, B) = —iH(a) + Ym (o, f) —
iH(f). Our construction shows that
(5.35) G.I7)holds, ¥(x,a) =—-2iH(x), V(a.p)=—-v(B.a), «apfcA.

The value of dyy on the diagonal ¢ - dz|p is determined by (3.3) and (5.33). In
addition, ¥ is uniquely determined, up to O(ja — B|°°), by (5.35).
Returning to the original problem of solving (5.17) we now record our findings:

PROPOSITION 5.6. With the convention of (5.16), suppose that H is given by
@B3) and CJA ZIA are defined in (5.13). Then there exists v € C®(A x A),
A = nbhdg2:(0), such that (5.17) holds and ¥ (o, ) = —2iH(«). The function
Y is uniquely determined modulo O(|a — B|°°). Moreover, we have
cvy (Yl y) + 2iH(y) + ¥ (r. B) = ¥ (. B) + O(la — BI™).
(5.36) —H(e) —Imy (. p) = H(B) < —|a— p|>/C. C >0,
(do¥) (@, ) = ¢ -dz|a.

Transport equations

Keeping the convention (5.16), we now solve the transport equations arising
from (5.15). We start with a formal discussion (valid when all the objects are

analytic). We first note that in view of (5.17) and (5.36) for any b(«. §) analytic in
a neighbourhood of 0 (in the notation of (5.13) and (5.16)),

ZM e hDa) (e 7V @Pb(a, B)) = he iV @B (V) + cj)b(e. ) + OM)),

(537 _ . . N
ZMB.hDp) (V@ Pb(a, B)) = he iV @B (V; + &)b(e. B) + O(h)).

Here

Vii= (Vi(@. ), 0a),  Vi(a,B)e = 0 (@, da¥r (@, B)),

2n
cj(a. B) =3 0u Vil B) + & (. da¥ (o, B))
=1

2n
—1 ) B V(O P U (. da (., ).

k=1
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with similar expressions coming from the applications Z IA (B.hDg): Vj, cj, re-

placed by l7j, ¢;, and with the roles of « and B switched.

A key observation here is that the holomorphic vector fields H M (@) and H
J

(x

)
are tangent to

¢ ={(a.dy¥(a. p). B.dg¥ (e, B)) : @, f € nbhdc2n (0),

and that they commute. In the parametrization of ¢’ by («, ), they are given by
V; and —V;, respectively. Hence,

(5.38) Vi Vil=0, [V;.il=0. [Vi.Vil=0.
Hence, we seek a of the form

a(e.p) ~ Y hrag(e. p),

k=0

where, we want to solve
(539) Viag(@.p) + cj(e. Bag(@. ) = F]_ (ao.....ar-1)(@.p). FI =0,

with the corresponding expression involving I7J

Solving (5.39) means that
. K-1 .
ZMo, hDy) (w’ﬂff(“ﬁ) > hkak(oe,ﬂ)) = hKH LV @h El - (a, ),
(5.40) | e |
Zf‘(ﬂ,hD@(eW(“’ﬁ) > hkak(cx,,B)> = WKLV @B EL (o, ).
k=0
Since

[Z} (. hDo). Z} . h D) =0, [Z}MB.hDp). Z (B.hDp)] = 0,
[ZMahDa). Z} (B.hDg)] =0,
we have from (5.38)) and (5.37),
(5.41) Vicg = Vicj, Vil = Vicg. Vot = Vi,
Similarly, (5.40) gives
Vi +ep)Fia = Vet e Fgy. (T +8)Fey = e+ 2 Fg .
Vi +c))Fe_, = (Vi + &) FL_,.
Equations (5.41)) and (5.42) provide compatibility conditions for solving (5.39):

(5.42)

Vi +cpax = Fl_|, (Vg +Cax = Ff_|. ax(e.a) = bi(e),
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where the by’s are prescribed. In fact, since the V;’s and I?;’s are independent
when o = B (as complex vectorfields),

C*" x C" x C" 3 (p,1,5) > (a, B)
= (exp(V.1)(p).exp(V.5)(p)) € C*" x C*",

n n
(Vory:=> "1y, (V.s):=) siVe
j=1 =1

is a local biholomorphic map onto of nbhdgax (diag(A x A)) (almost analytic in
the general case). In view of this and of (5.38)) and (5.41)), the following integrating
factor, g = g(a, B), is well-defined (in the analytic case) on nbhdg 4. (diag(A x

A)):

~ n 1
g (p), eV () := =3 /0 (1¢7 + 555 (g py=(er V- (.75 (o) L T
J=1

and satisfies

Vigle, B) = ¢j(. B), Vigla,p)=Cj(@.f), j=1....n
We then define ax (, B) inductively as follows: at («, 8) = (e'V")(p), (V) (0)),
ag(@. p) = e*“Pb(p)

1 .
o8B fo e8P (G FL (r,y)
55 B 7 YD) = x0T 5oy 4

The compatibility relations (5.42) then show that (5.39) holds.

We now modify this discussion to the C °° case using almost analytic extensions
as in Section [A.3]and that provides solutions of for («, B) € A x A valid to
infinite order at diag(A x A) with any initial data on the diagonal.

Hence we have solved locally near («, 8) = (0,0). We now return to the
original coordinates and note the uniqueness of the local construction gives us
and a in (5.10) satisfying and (5.3). This completes the proof of Proposition
5.3l

5.3 Projection property

It remains to choose a|a so that Blz\ = B. From (5.36) we already know that
the phase in (3.1)) has the correct composition property and hence we need to find
the amplitude a(«, B). From Proposition it is enough to determine a on the
diagonal. For that we consider the kernel of BIZ\ on the diagonal:

(543) Kyg (@) = 172" [ bR OG0, b RyaB. . rdma(P)



1828 J. GALKOWSKI AND M. ZWORSKI

We note that the support property of a in (5.2)) implies that the integration takes
place over a bounded set |B¢| < C{(ag). Application of complex stationary phase

to (5.43) yields

(544) Ko = hefV@Pe(a,B), cle,o) ~ Y b Lajale. v, ha(y,o. h)ly=a,

J

where L5; are differential operators of order 2; in y and
Lola = fe), [f(@)]>0, A:=A(AXA).

Since ¥ (o, B) = =¥ (B, ), f(x) € R. (Strictly speaking, we should again pro-
ceed with the rescaling (5.12) and we are tacitly using the convention here.)
Writinga ~ > h’/aj, we have

el B)~ Y hlcj(@B), cilwa)= Y Loxage y)am(y, @)l =a-
J

k+i+m=j

We note that if a(«, 8) = a(B,«), then By is self-adjoint and hence so is Bi.

That means in particular that ¢(«, «) is real. Hence if ay{c, ) = az(8.«) for
£ < M,thency|a € R for £ < M. Since

bM (Ot, a) = 2f(oe)a0(01, a)aM (Ot, O{) + Z LZkae ((X’ V)am (V? O‘)|J/=Oh

k+l+m=M
Lm<M

it follows that

(545) ag(@.f) =ag(B.a), L<M = Y Logag(@.y)am(y.@)ly—a € R.

k+Ll+m=M
{m<M

We iteratively solve the following sequence of equations,

(546) Z L2ka€(av V)am(% 05)|y=oz = daj (O{, O[),
k+l+m=j

with a;|a real. Proposition[5.3|then gives us the desired a(a, B).
First, let

1
ao(a, @) = —— € C®°(T*R";R)
fla)
so that f(a)ao(e, @)? = ag(a, @) (i.e., (5.46) is solved for j = 0). The proof
of Proposition [5.3] (see Section shows that we can then find ao(«, ) so that
(5.40) holds with K = 0 and ag|a = 1/f(x).
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Assume now that (5.46) is solved for j < M — 1. Then, (5.46) with j = M
reads

apm (Otv Ot) = Z L2kaﬁ (Ot, V)am(% Ot)|]/=0{
k+il+m=M
=2apm (o, o) + Z Logag(a,y)am(y,@)|y=a-
k+l+m=M
Lom<M
Putting
ay(@.0) == D Logag(e, y)am(y,)ly=a;
k+l+m=M
L.m<M

we solve (5.40) for j = M. From (5.45) we see that ap (o, ) is real. The
argument in Section[5.2provides the construction of aps fromag, £ < M and ag|.
Taking an almost analytic continuation with aas (¢, 8) = aps (B, @) then completes
the construction of aps, and hence by induction and the Borel summation lemma
we have, in the notation of Proposition[5.3]

(5.47) ¢ =a+ Oc.
This gives the following:

PROPOSITION 5.7. There exists a unique choice of bj(a) in Proposition for
which the operator By defined by (5.1)) satisfies

(5.48) Ba = BYY. By =B +O0N) e 120y 18-V 12(0)-
forall N.

PROOF. In view of we need to check that for r = O« (in the notation of
Proposition [5.3)), for all N,

R = O™ )y 12(a)>(6) N L2(n):
Ru(e) :=h™" [ r(a. p. eV @By(Bydm (B).
A

But this is an immediate consequence of (5.11]) and Schur’s criterion for bounded-
ness on L2 U
5.4 Construction of the projector

We now show that the exact orthogonal projector TT5 : LZ(A) — H(A) satis-
fies
(5.49) I[IpA = Bp + O(hoo)(S)NLz(A)e(S)fNLz(A)

for all N. For that we follow the proof of [33| prop. 1.1, formula (1.46)], which is
related to an earlier construction in [1, step 3, proof of corollary A.4.6].
We start with the exact projector Pa:

PA(LR(A)) = H(A), PR =Px. Pan=0()12a)512(n)



1830 J. GALKOWSKI AND M. ZWORSKI

given by
Pp =TAS).
For a real-valued f € S(A),

f@) ~ Y ful@)/leg)*,  fol@)>1/C,

k=0
we define the following self-adjoint operator:

Ap == PofPPT,
Apu(e) = h™" /A i@y (o, B hyu(B)e2H O dm(B).

where 1 and ay were obtained by using the method of complex stationary phase
(again it is justified using the rescaling (5.12)).

We claim that Y1 = ¥ + O (in the notation of Proposition . Indeed,
since A;’H = Ay and Py = TA S, the arguments leading to apply and
Y satisfies the same eikonal equations. Similarly, ar(a, 8, h) satisfies transport
equations implied by (5.10). Arguing as in the proof of Lemma [4.8] we find the
value of 1| to be

V1o, o) + 2iH(a) = c.v.g(V(a, ) — W(a. B)) = 0.

We then invoke the uniqueness statement in Proposition
If we can choose f sothatas|a = ala + O((h/{ag))*°), with a in (5.1), then
the same uniqueness statement shows that ay = a + Oc. Hence

(5.50) agla = ala + O((h/{eg)™) =
Ap = Ba+ O™ v L2(a)—)-N L2(A):
determined by its value on the diagonal. We find that, using W given in (4.9) and
satisfying @.12),
Yi(a,a) + 2iH(a) = cv.g (Yo, B) — W(a, B) + 2iH(a) — 2iH(B)) = 0.
But this means that (5.33) holds for y/; and hence
Yi(a. B) = v(a, B) + O(la — BI).

We next choose f so that Ay = BA + O(h%) gy~ 12(A)—(£)N L2(A)-

Writing as(a, ) ~ Zzozo(h/(ag))jaﬁj (o, B), we proceed as in Section
with different Loy ’s, g 1= Lo|la # 0,

apjlea) = > Lofel@)=g@) fil)+ Y Lo fe(e).

k+l=j k—é-€=.j
<J

(In our special case, the amplitude in P is constant, which is not the case in
generalizations—but the argument works easily just the same.) Using this, solving
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ay,j(a) = aj(a) for f is immediate. As in the construction of the amplitude of
B in Section[5.2] we see that f is real valued and that f; is bounded from below.

We can now follow [33]] and complete the proof of (5.49). We record this state-
ment as

PROPOSITION 5.8. Suppose that Tl is an orthogonal projector from L*(A) to
H(A) and that B is given by Proposition[5.7) Then

(5.51) I[IA = Bp + O(hoo)(S)NL2(A)_)(S)7NL2(A)
forall N.

PROOF. To start we observe that foru € H(A), lullp2(a) > 0,

(Afu,u)Lz(A) = (PAfPXu,u)Lz(A) = (fPXu,PXu)Lz(A)
[(PRu.u)* _

> min a) || Prul? > — 2 C.
Z o T NPR 20 2 Cllulls 4, Il ay/
Hence
(5.52) ||M||L2(A)/C = ||Af“||L2(A) < C”“”L2(A)’ u € H(A),
' Apu=0, ueHWN . A% =4y,
and
1
(5.53) A=o /y (h—A47)

where y is a positively oriented boundary of an open set in C containing [1/C, C]
and excluding 0. From (5.50) and Proposition we know that

(5.54) A = A]% + O(h%) ()N L2(A)—(£)~N L2(A)»

and we want to use this property to show that I, is close to A¢. For that we note
that if A = A2, then, at first for |A| > 1,

o0 o0
A=A =277 =27 ATy A TAa=a v A 0 - )T
j=0 =0
Hence it is natural to take the right-hand side as the approximate inverse in the case
when A2 — A is small:

A—AnQ + 427 A= DT =1 = (47 —4p)A20 - D)7

In view of (5.54) and for 4 small enough, the right-hand side is invertible for A € y
with the inverse equal to / + R, R = O(h®) g~ 2(a)—(£)-N 1.2(a)- Hence for
A€y,

(A — Af)_l =11+ A_I(A — 1)_1Af + O(hoo)(S)NLz(A)_%S)fNLz(A).
Inserting this identity into (5.53)) and using Cauchy’s formula gives

IIA = Af + O(hoo)(S)NLz(A)_%g)—NLZ(A),
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which combined with (5.50) implies (5.31). O

6 Deformation of Pseudodifferential Operators

In this section we analyse pseudodifferential operators with analytic symbols
acting on spaces H )" defined in Section That means describing the action on the
FBI side of operators P:

(6.1) TaPu = (TAPSA)(Tau) = (ITATA PSATIA)(TAu).

The class of pseudodifferential operators we consider is given by

1 iy
62 Pub)i= o / ” f RO Gy mpu(y )y d

where p € S™(T*T") has an analytic continuation from 7*T" satisfying
(6.3) p(z. O = M({E)™ for[Imz| < a, |Im{| < b(Rel).

The integral in the definition of Pu is considered in the sense of oscillatory
integrals (see, for instance, [40, sec. 5.3]), and we extend both y + u(y) and
v+ p(y,n) to periodic functions on R”.

6.1 Pseudodifferential operators as Toeplitz operators
We start with a lemma that describes the middle term in (6.1):

LEMMA 6.1. Suppose P is defined by (6.2) with p satisfying (6.3). Then, for G
satisfying (3.1) with €g > 0 small enough, the Schwartz kernel of T PSx is given
by

(64) Kp(e, B) = coh™"ei¥@Pap (@, B) + r (e, B)
where W is as in (4.9),
w . .
(6.5) ap ~ Zh" (ag)a;, aola,a) = p|a(a),
j=0
aj € SO(A x A) is supported in a conic neighbourhood of A(A x A) and
(6.6) Ir(a, B)| < ¢~ ((Reag)+(Re fe)+(Reax—Re )/ Ch

PROOF. We first note that for each § € A,

vp(y) = e h PIp(By —y'. Be)
is a Schwartz function and hence the integral
VR

4 (27-[]1)71 /RZ” e}%(()’—y’,ﬂ)_(p*(ﬁ,y/))p(y’ n)b(ﬁx B y/’ ﬁs)dy/ dn

defines a Schwartz function of y. In particular, the kernel of 74 PSp is given by

_3n

h— 2
(2h)n

/ﬂw eﬁ(¢(a,y)+(y—y’,n)—w*(B,y’))p(y, mb(Bx — v, 55)((15)%@/017] dy.
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To obtain we start by deforming the contour in 7: n +— n+i81(n) ﬁ The
phase @ is then given by

o= (le_%“&') +@(le—y)2+ @

y—vy
(y—y")

(Bx—¥')?
/)2
+ (¥ = Bx. Be) + (v — ¥'.n) +i81(n)

We then deform the contour in y, y" as follows:

n—ag ’ ’ . 135_7’
., VY +id
(n— o) "(Be—n)

Vi y+id

The phase ¢ becomes

O = (ax —y, ) + @(O{x_)oz‘i‘

@(ﬂx - y,)z + (y/ — Bx, ﬂ&')
(g —m*  (Bg—n)? (y— y’)z]
e gm0
i{ag) o Aeg—mox—y) L (ag—n)?
T3 [_2’51 we—m e n>2]
Be) [_ 5 (n—Be.Bx — ') _82(185 —7/)2]
2 |7 e B — )2
y—y [I(as —m{Be —n) + (n— Be)lag — n)ID
(y =) [{eg — M) {(Be — )
N O( 83(n) [I((xg —m{Bs — ) + (n— Be)(ag — n)IZD
{(y =) [{oeg — ) (Be — ) I?
We first consider the case when (Reag) > 2(Re B¢). Then,
|[Reag —n| + |Re Be — nl = c((Reag) + (Re Bg) + ().
and in particular,
Im® > c((Reag) + (Re Bg) + (Ren) + c([Reay — y| + [Re fx — ¥'| + |y — '],

which produces a term that can be absorbed into r satisfying (6.6).

Similar arguments show that we can assume that (Re ag), (Ren), and (Re B¢)
are proportional.

We now suppose that

|Re g — Re Be|
(Reag) + (Re Bg)
Then, the imaginary part of the phase is bounded below by
Im® > c((Reag) + (Re Bg))(1 + [Reax — Re Bx])
+c(Reax —y| + 1y — ¥'| + [Re Bx — y| + [n — Reag| + [n — Re Bg).

+<y—y/,n>+i51[

~.

Ll

ol S
—

+0(3

+ |Reax —Re x| > 6.
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In particular, when
|Re g — Re Be|
(Reag) + (Re Bg)

the integral is bounded by Ce~(Re@e)+(ReBe))(1+[Rear—Re B/ h  Hence, we can

insert a cutoff
_ |Re g — Re Be| ])
§1 + |[Reay — R
X( [(Rea5)+(Reﬂs) Recte = Re ]

+ |Reax —Re x| > 6.

into the integral.
With this cutoff inserted, we deform in y, y’ to the critical point
y v+ yele, ), ¥ =y 4 vl B,

where
ax{og) + Bx(Be) . Be—a

Ye(a,p) = i -
‘ {og) + (Be) {ag) + (Be)
This contour deformation is justified since the cutoff function guarantees that
o| e~ Pe
{ag) + (Be)

< (3.

The phase is then given by

© = i((ﬁs —ag)” + (o) (Be) (0x — Bx)’
2 {ag) + (Be)
ag(Bg) + Belog)
{ag) + (Be)

T o)y + (ﬂg)(y’)z)

+<cxx—ﬂx, >+(y—y’,n—nc(a,ﬂ))

with

ne(ct. ) = ag(Be) + Belag) +i (o) (Be) (B — ox)
{og) + (Bg) {ag) + (B)

We would now like to shift the contour to n — n + n.. However, p only has an
analytic continuation to |[Im#| < bh(Ren), and Im 7, is not, in general, bounded.
Therefore, when |Re n| < |Re 1¢|, we cannot make this deformation. To finish the
proof, we consider two cases.

We first assume that |n.(a, )| < b/2. Then, the contour deformation n
n + ne is justified, and we may perform complex stationary phase to complete the
proof.

We now consider the more involved case when

b
|7’C| 25>>€O>07

where € is as in (3.I). In that case we use the deformation

(n—ne) y/|—>y/—i81(n_n0)
(n—ne)’ (n—ne)

Yy y+id

’
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to obtain the phase

<ax g ag(Be) + ﬂg(;}ls)>
(Be

(ag) + (Be

- ) 4
%[(ﬂé Olg-') <C( ) ))((Xx ,Bx) T g)yz-l- (,35)()/)2:|

w) +
. (77_77c)2( 81 )

¢ ] — .

<y U ’”(1 =) )>+2”<n—nc> FTETS

Finally, let y € C°((1/2,2)) with y = 1 on (3/4,3/2), and shift contours

[Re |
C

+

Note that this deformation is now justified since |Re | > ¢|Re 7| on the deforma-
tion and |Im 5| < ceg{Re n.). The phase is then given by

, N2 Ry

%[(ﬂg Otg)( <>a$><£i>)(ax Bx) +<a$>y2+<'3$>(y/)2:|
o e(Be) £ ﬁg(as)>

+<""‘ P ) + (Be)

/ 81
o= a—om(1- g5 )
(n—(1—0ne)* (1— 81 )
{n— (1= 0n¢) 2{n = (1= J0nc)
and, since on |n¢| > b/2 > €y,
CeolRe(n — (1 — p)ne)l = Im(n — (1 = 0)7e)l.
we have that the imaginary part of the phase satisfies
Im @ > Im W(a, B) + c([{ae)||y* + [(Be)l[y'1?) + cdiln — (1 = p)nel
— |y = ¥ Ilm((1 = x)ne)l
> Im W(a, B) + c(|{ag) 1y 1> + Be)l1Y'1*) + e8iln — (1 = p)me|
0= el
() + (Be)l
> ImW(a, B) + c(ag)lly* + 1{B)IY1?) + e8iln — (1 = x)nel
—Cer|(1 - X)2770|
> ImW(a. B) + c([{ag) 112 + {BIY'1) + eiln — (1 = 0)nel,

where we have used that g and B¢ are comparable and taken €¢g < §; small
enough. Thus, we may apply the method of complex stationary phase to obtain the
result. U

+ 2i81
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The next result gives the description of the rightmost term in (6.1). For a simpler
case capturing the idea of the proof, see [15] theorem 2].

PROPOSITION 6.2. Suppose P is defined by (6.2) with p satisfying (6.3). Then,
for G satisfying (3.1) with €9 > 0 small enough,

HATAPSAHA = HAbP HA + O(/’Zoo)(%:)NLZ(A)_)(%-)fNLZ(A)
where
w - .
bp~ > h'bj. bj €S™ /. by=pla.
=0
PROOF. Lemma6.1]shows that we need to prove
6.7) MMAKpIIp = TIADPIIA + O(hoo)(g)zvLZ(A)%(S)—NLz(A),

where Kp is given by (6.4). Propositions[5.7]and [5.8|show that, modulo negligible
terms, the Schwartz kernel of the left-hand side is given by

/ / e h @V H Uy ) HU G BIR2AHWF2HB) 4 (4 yyap (v, )a(y'. B)dy dy'.
AJA

where the support property of a (see (3.2))) shows that integration is over a compact
set. An application of the complex stationary phase theorem produces a phase
(with critical values taken for almost analytic continuation—see [25, Theorem 2.3,
p. 148])

Vi(e, B) = cVyy (U y) + W y) + ¥ (v B) + 2iH(y)).

If we show that /1 (&, @) = —2i H («), then the uniqueness part of Proposition[5.3|
shows that (modulo negligible terms) we can take ¥; = . To see this, we claim
that for & = B the critical point is given by y = ¥’ = «, that is,

dy(Y(e.y) + ¥ y) + ¥ (Y @) + 2iH(y))ly=p'=a=0 = 0,
dy (Yl y) + (. y) + ¥ (v o) + 2iH(y))|y=y'=a=0 = 0.
To see this, we first use the formula (4.9)) for W to obtain

(6.9) dyV(y, Y )y=y = Cdz|n = —dy ¥ (¥, y)]y=y"

This immediately gives the second equation in (6.8).
We then consider

(6.10) dy(Y(@.y) + ¥ (. ¥) + ¥ (/' B) + 2iH(Y))ly=a =
dy(Y(a.y) + 20Hy) + ¥ (. Y) =¥ (. y) + ¥ (Y ))ly=a-
The last line in and give
dy (=Y (1 ¥) + ¥ Y )ly=y = 0.
Therefore, to obtain the first equation in (6.8)), it is enough to have
dy(W(a.y) + 2iH(y) + ¥ (. ¥))ly=y'=a = 0,

(6.8)
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which follows from the first line of (5.36) together with ¥ (a, ) = —2iH(w).
Since V¥ (a, ) = —2iH(a), the critical value is given by ¥ (o, &) = ¥ (o, ). It
follows that

A Kpau(@) = h™" [ V@B e (q, B, e HE y(B)dp
A

+ O Nulligyn L2(a)) ()N L2(A)»

where c satisfies (5.3) (and the support property in (5.2))). Arguing as in (5.7)—(5.8).
we see that the terms in the expansion of ¢ satisfy transport equations of (5.39) and
hence are determined by their values on the diagonal.

Assume that we have obtained b;, j = 0,...,J —1 (the case of / = 0, that is,
no b;’s, is also allowed as the first step) so that

J—1

(6.11) MAKpllp = HA(Zws)"'h"bf)HA + RY,
j=0

where

R u(a) = /7 (ag) ™ /A eV @B gt (o, B)e=2HB) hy(pydp,

al ~aj —i—h(ag)_lal] +--,

with a ,{ satisfying the transport equations of Section If we apply the method
of stationary phase to the kernel of the first term on the right-hand side of (6.11),
we obtain, by the inductive hypothesis, a kernel with the expansion

iV @B (ag + o T M ag) T Fay g+ b () BT ) T e,

where a;’s are the same as in (6.5). Again, all the terms satisfy transport equations
and hence are uniquely determined from their values on the diagonal. Hence, if we
put

bj(a) = rOJ(cx,a) + a({(a,cx),

we obtain (6.11)) with J replaced by J + 1. When J = 0, by(a) = ap(a,a) =
plaa). O

PROPOSITION 6.3. Suppose p1 € S™! and pa € S™2. Then, for G satisfying (3.1))
with €y > 0 small enough,

OAp1TAp2TIA = TIABTIA + O(h%)gyN 12(A)—(£) N L2(A)
where

o0
b~ hbj, ¢jeS™MT™ by =pip,.
j=0
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PROOF. From Propositions [5.7|and [5.8] we have that, modulo negligible terms,
the Schwartz kernel of 1551 1A b,T1 4 is given by

p3n / / o h W @) F2AHE) H Yy )+ 2HG ) +Y (v B)+2iH(B))
AJA pr(y)ala, valy, v pa(y"aly’, B)dydy’

where the support property of a (see (5.2)) shows that integration is over a compact
set. As in the proof of Proposition [6.2] we apply complex stationary phase to the
integral resulting in the phase

Ui, B) = eV (Wla,y) + (v + 9 (. B) + 2iH(y) + 2iH(Y")).

It follows from (5.36) that, modulo negligible terms, we may take ¥ (e, f) =
V¥ (a, B) and that, when o = S, the critical point given by y = y’ = « and hence
that

A KpTlpu(e) = h™" / eF V@B, B ye 2H )y (B)dp
A

+ O™ lulligy~ L2(a) )~V L2(a)-

where ¢ satisfies (5.3) (and the support property in (5.2))). Arguing as in (3.7)-
(3.8) we see that the terms in the expansion of ¢ satisfy transport equations of
(5.39) and hence are determined by their values on the diagonal. Arguing as in the
last paragraph of the proof of Proposition [6.2]then completes the proof. O

6.2 Compactness properties of the spaces H’(A)

We next study the compactness and trace class properties for operators on the
spaces H™(A).
We start with the following:

LEMMA 6.4. There is hg > 0 such that forall s € R and 0 < h < hyg

(6.12) (hDa)? 15 = O(1) : {£)WIL2(A) — (£)L%(A)
and
(6.13) t>s = H'(A) = H*(A) is compact.

PROOEF. To prove (6.12) we show the equivalent fact that the operator
() (D) TIA () s L2(A) — L2(A)

is uniformly bounded. By Proposition 4.6 the kernel of this operator is given,
modulo acceptable errors, by

W eV @P) (9 9)7 k(a, B) + O(Reag)”™1)) (Re Be)* 7 (Re ag) 7,
7 := x(IReay — Re Bx|) x(min((Re Be), (Reag)) ! [Reas —Re fel), 1 € CX(R),
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where W is defined in (.9). Now, on the support of the integrand, c{Reag) <
(Re Bg) < C(Re Bg) and therefore, [0y V| < C(Re B¢). In particular, after conju-

H/h

gation by e , the kernel is bounded by

Ch" e (Reag)Reax—Re By [>+(Reag) ! |Rea5—Reﬂg|2)/h)~(«

and hence, by Schur’s test for L2-boundedness, the operator is uniformly bounded
on L2

We prove a slightly stronger statement, namely that

TA(H'(A)) > ()L (M)

is compact, to see (6.13)). For that we observe that foru € Tph (H'(A)), u = I pu,
and (6.12) shows that form € Z and k € N,

T ()7L (A) = HE"K(A). H™(A) = (hDy )7 (€)°L*(A).
Hence, by interpolation,

Mp: (E)TLX(A) — H™"(A), r>0,t€eR.

Setting r = (t—s)/2 > 0 we obtain continuity of T (H*(A)) — a3 (A). The
lemma then follows from Rellich’s theorem: H"™5%"(A) < (§)SL?(A), r > 0, is
compact. 0

The next lemma provides trace class properties needed in the study of determi-
nants:

LEMMA 6.5. Fort > 3n + s the inclusion H'(A) — H*(A) is of trace class.

PROOF. First, note that for all » € R, m,(«,a™) := (ag)%(a*)’ is an order
function in the sense of [40, sec. 4.4.1] and for r < —2n

/ my(a,a®)da da™ < oco.
T*A

Therefore (see [40, (C.3.6)] or [7, chap. 8]) if (§) ™5 A(£)S € W(m,) forr < —2n,
then A : (£)™*L%(A) — (§)7°L?(A) is of trace class.

On the other hand, Lemma [6.4] shows that
. . (s ¢
A= {ag) 2 (hDgy) 2 = O(1) : T(H' (M) — (EYSL2(A), r = (53 )‘

Also, A € W(m_,) is elliptic and invertible and hence A~! € W(m,). Therefore
@ < —2n, that is, when ¢ > 3n + 5. We conclude

A~ is of trace class if r =
that

Al ez an.ce)-s L2y
< A7 ey L2y, L2can 1Al Tar (an ey -s 12(a) < .

where £! denotes the trace class. O
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7 Zeroth-Order Operators and Viscosity Limits

Recall that the constructions in the previous sections depend only on finitely
many S! norms of G determining
A=Ag ={(x+iGg.E—iGy) | (x,6) e T*T"}.
(Unless we worked with different G’s, we suppress the dependence on G in Ag.)

Therefore, we start by fixing i > 0, €9 > 0 small enough and Ny > 0 large enough
such that if

(7.1) sup (s)l—lm\agagG\ < €,
la|+|B1=No

the constructions of Tz, S, are valid and
By — T (YN L2(A) — (£)"NVL2(A) forall N € N,
7.1 Elliptic regularity in deformed spaces
We begin with the following preliminary elliptic regularity lemma.

LEMMA 7.1. Suppose that G € SY(T*T") satisfies (T.1)) and

(72) sup  [(6)' T P19%0L G| < ey
la|+Bl=1

for a fixed €1. Suppose also that E is given by (6.2) with e (replacing p) satisfy-
ing (6.3) and
le(z. Ol = algl™, 5= C, Mmz| <€, [ImE]=<er(f).
Then E : HY — H3™™ is a Fredholm operator and there exists
C1 = Ci(s.e1, E.N) >0 suchthat 5cilulps < | Eulgs—m + Cillullg o~

PROOF. The assumptions on e guarantee that

lela(@)] > cilag|™, |ag| > C, a€A.

Proposition [6.2] then shows
TIATAESATIp = HAEEHA + R

with _ _ _ L

bg ~ Y bj. bjeS™T. by =els

J

and

”R/”(S)NLz(A)—>(S)*3+’”L2(A) < Cé = Cﬁ(s, €1, E, N)
Next, by Proposition [6.3]

HAgEHAgEHA = [abgpls + R

with '
bE’\‘Zb', bj € ™. by =le|al*,
J
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and
IR < Cf = C(s.e1, E,N)
(EYNL2(A)—>(£)—stmL2(A) = Lo = LS, €1, L, V).

Since |by| > c%|oe5|2m on |ag| > C, there is boo € ST such that with b :=
bE + b009

|b| >

W

e} {|ag))>™

and
(MATAESATIA) (IIATAESATIA) = IADIIA + R,
IR gyn L2(A) > (g)-s+mL2(a) < C2 = Ca(s, €1, E, N).
For u € H¥(A) we compute
HATAESAHATAM, HATAESAHATAM)(S)—anLz
HA(b + R)TAM, TAu)(E)fermLz

| Eulyym = ¢
= |

> (bTau, Tau)g)-—s+mp2 — C2||M||2XN

A%

120,112 201,112
1€1 ”u”H/Sx - Cq ”u”HXN
with C; = Cy(s, €1, E, N). Therefore,
(7.3) sellullay < 1wl + Crllull gz
We now note that for all s,
(E*M,U)H/S\ = (M,EU)HIS\ = (Tau, IATAESATIATAV) (g5 12(A)

(7.4) = (Tau. (b + R)TAV)(g)-s .2(A)
= <(E + R*)TAM, TAU)(%‘)—A‘LZ(A).

Using ((7.4), we obtain

Therefore
(7.5) %mllullﬂ,{ <E*ullgs—m + C1 ol v

Combining (7.3) and (7.5) with s replaced by m — s and applying Lemma [6.4]
we have for N > m — s that H;™" — HXN is compact. Thus, we have proved
that £ : Hy — H}~™ is a Fredholm operator. g
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7.2 Zeroth-order operators on deformed spaces

We now work in the setting of Theorem Let P e WO satisfy the assumptions
there, Go € SY(T*T"), and C > 0 such that

(7.6) HpGo >0, {[§|>Cyn{p =0}
Define the R-symplectic /-Lagrangian submanifold Ag C T*T" by
Ag ={(x +i600¢Go,§ —i00,Go) | (x,§) € T*T"}.

We work with the spaces H|® as defined in (@.7). Observe that for |6] small
enough, 6G satisfies (7.1). To avoid cumbersome notation, we will suppress the
dependence of Ag on 6.

Foru € H' we have ThA Pu = IIATA PSATAu. By Proposition

(7.7) TATAPSATIA = TIpAbpTIa + R1, TATAASATIA = [paplla + Ro.
where R; : (YN L2(A) — ()N L2(A),
bp—plae ST an+@©*aeST
Now,
pla = p(x.€) —i6H,Go + O(6%) s0.
In particular, by , there are ¢, C > 0 such that for 6 > 0 small enough,
Impla < (—c+C(£)"H0, on|Repla| <c.

In particular, there exists boo € S7° such that for ¢g := bp + boo, there are
co, Co > 0O satisfying

(7.8) leo| > cof >0, Imeg < —cof on|Reeg| < co, |Imeg| < Co(8 + (£)71H).
By (7.7), we also have
(7.9) TIATAPSAIIA =TT peollp + Ry

with R : ()Y L2(A) — (§)"¥ L2(A) uniformly over 0 < 8 < 6.
To analyse the contribution of the Laplacian we note that

Re(¢)*[a = (1 - CO*)[EP,  [Im($)?|al < COHIE.

Therefore, for # > 0 small enough, we can find adeo € ST such that

1
(7.10) Re(aa +aco) = 5(£)*,  [Im(aa + aco)| < COIE* + ClE],
and we have
(7T11) TIATA(P +ivAYSATIA = HpaeyTIA+ Ry, ey :=eg—iv(aa+awo),

where, by (7.7) and (79), R, : (§)NVL2(A) — (§)~N L?(A) uniformly in 0 <
v=<10=<6 <0
The next lemma gives us crucial properties of e;,:
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LEMMA 7.2. There exist ¢, 09, vo > 0 such that for all 0 < v < vg and for all
0<8 <6
lev| > c10(1 + v[E]*) > 0,

(7.12) ) 5
Ime, < —c10(1 + v[§]7) on|Reey| < c1(1 + v[§]7).

PROOF. We consider two cases. First, suppose || > Mv~1/2. Then, by (7.10)
and ([7.8), there are ¢, C > 0 such that

Ime, < —c2(M? +v[g§]?) + C2(0 + M~ 1v1/?),
Therefore, setting
M = max (1,2y/Ca/c2).
holds on |§]| > My—1/2 (uniformlyin(0 <v <land0 <8 < 1).
We next consider the case |§] < Mv~1/2.1f ¢y > 2|Re e, |, then

¢
?0 > |Reey| > |Reeg| — COM? —Cv'2m.

Choosing 6y and vy small enough, we obtain |Re eg| < co and hence
Imey, <Imeg < —cob,

which completes the proof of (7.12). 0

7.3 Fredholm properties and meromorphy of the resolvent

We add a localized absorbing potential to P 4 i vA to obtain invertibility. That
is, for g € C°(A; [0, 00)) we define
(7.13) Pyyv:=P+ivA—iQ, Q:=SAIaqlIaTA.
This family includes the operator P = Py o and the viscous operator P 4 ivA =
Py,,. We note that
HATAQSATIA = HATASATIAGIIATASATIA

= [IAPATIAGIIA PATIA = T1AqIIA,

where we recall that Py = T'A Sa satisfies [1p = PpIlA. We record the follow-
ing lemma for use later.

(7.14)

LEMMA 7.3. The adjoint of P : HS(A) — H®(A) satisfies
(P u,v)gscn) = ((ITa @0 TTA + R))Tu, Tv)gy-sp2(p)-
and the adjoint of Py, : HST?(A) — H5(A), v > 0, satisfies
(Plouv)gsay = (T (v —ig) TIA + R)Tu, Tv) ()5 12(p)-
PROOF. The lemma follows from (7.4). O

We start by proving that P — w is Fredholm on H3. In particular, the next
lemma proves the first part of Theorem[[.2]with X = H}.
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LEMMA 7.4. There is wg > 0 such that for Inw > —wpf and |Re w| < wy,
P—w:H) - Hjy
is a Fredholm operator. For Imw > 1, P — w is invertible with inverse R(w)

satisfying

C
IR gy —>py = — Imw=C, [Rew|<wp.
ATTEA T Imo
In particular, R(w) : H} — H} is a meromorphic family of operators for w €
(—wo, wo) + i (—wob, 00).
PROOF. First, observe that by (7.11)) with v = 0 and using Proposition [6.3]
A (§)* (MATA(P — 0)SATIA)*(§) > (TIATA(P — @)SATIA)

= M aleop — w|*TIA + Ry

where _
Ro: (§)'L*(A) — (§)°T'L*(A).

By (7.12)), there is ¢; > 0 such that Imeg < —c16 on |[Reeg| < c1. Therefore, on
[Reeo| < c1,

202
c
leo — w]? > (160 + Imw)? > 1T+ max(Im w, 0)?,

where we have taken wg = % and Imw > —wef. Then, using [Rew| < wyp, on
[Reeg| > c1, there is C > 0 such that

2
c
leg — w|? > Zl + min(|Imw|? — C,0) > ¢1(1 + |Imw|?).

In particular, foru € H%,
1P — o)l

(P — o)u, (P — o)u) g |
(TIATA(P — )SATIATAU, TIATA(P — @) SATIATAU) gy 12|

> |(leo — 0> Tau, Tau)gy=s 2| — [{RoTau. Tau) gy—s 2|
> c1(1 + Mmol?) ull — Cllullfqi—uz-
In particular, iterating this argument, we have for any N that there is Cy > 0
such that
(7.15) ey < €A+ Mmo®) ' I(P —w)ulgy, + CN”u”iIXN]-
By almost exactly the same argument, using Lemma([7.3] we obtain
2 2y—1 =2 2
(7.16) lullyg = CA+ Ime) T (P = d)ulzy + CN”u”HXN]-

Next, by Lemma for N > —s, the embedding H} — HXN is compact.
Therefore, P —w : H f\ - H f\ is Fredholm.
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Finally, taking Imew >> 1, we may absorb the HXN error into the left-hand
sides of and to obtain that P — w : H} — H3 is invertible with
the desired estimate. The meromorphic Fredholm theorem (see, e.g., [[11, theorem
C.9]) then shows that R (w) is a meromorphic family of operators on (—wg, wo) +
i(—wob, 00). O

We next study the meromorphy of the inverse of Py, — w, where P, , is given

in (7.13).

LEMMA 7.5. There exists €9 > 0 such that the following holds: For all s € R,
K e N weC geCXT*™), and v > 0 there are Cy = Cs,, x and
C1 = Cy v,k N such that for all G satisfying (7.1)),

(Pgv —w)kK Hy — Hf\_ZK
is a Fredholm operator and
(7.17) lullarg, < Coll(Pgow — @) ullgy—2x + Cllull v

Moreover, Py, — w : Hf\ — H};_Z is invertible for Imw > 1 with inverse
Ry (w) satisfying

IR (@)l gy, grs+2 < Cvl, Imw > C(1 +v).
In particular, for all v > 0, Ry y(w) : H} — Hi‘ﬂ is a meromorphic family of
operators for w € C.
PROOF. We first note that
0(A)(z, )] = 18%] = [Re¢|* — [Im¢?

and hence AX satisfies the hypotheses of Lemmafor any €; < 1. In particular,
by that lemma (ivA)X : H A H Is\_ZK is a Fredholm operator and satisfies

(7.18) lllery, < CEVTRNGvA)Y Kul gry2x + 07K Comillullyg v

for any G satisfying (7.1).

Next, observe that (P, —w) X —(ivA)K Hi — Hf\_ZKJrz and HR_ZK'” —
H$72K is compact by Lemma Therefore, (Pg» — )X : HS — H{ 2K isa
Fredholm operator.

Finally, using (7.18),
Iy < CoxlGvA) Kull gg2x + Copw g

< Coxl(Pgy = &) ull ry2x + Cop kg2 + Cown & Il

Estimating ||u||H/s\72 by |[(Pg,v — C())K||H/s\721(72 and iterating we obtain ((7.17).
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For invertibility, let Imw >> 1 and consider
1(Pg.v — @)ull gs—2llull 52
(7.19) > — Im((Pq,v — a))u, M)Hls\—z
> —Im([Mp(iva —iq — @)IATAU, TAUu) gy-s+212(pa) — CN ||M||12L,XN
where a = aa + a is as in (7.10). In particular, for Imew > 0,
Imiva —iqg —w < —cv|€]* + Cv|§| — Imw,
and forImw > Cy + 1+ Cv,
Imiva—ig—w < —Cy — 1 —cv|&|%

Using this in (7.19), we obtain

[(Pa — )l s = Colluly.
This same argument implies that

I(Pgy — @)ullgs—= = Cvllullay .-

and hence Pgy,, — w is invertible with inverse as claimed. The meromorphic Fred-
holm theorem (see, e.g., [11, theorem C.9]) then shows that R, (@) is a mero-
morphic family of operators for w € C. 0

7.4 A parametrix for the resolvent of Py , — w

We next find ¢ so that the compact perturbation Py, of Py, is invertible. This
inverse will be used to approximate the inverse of P,y .

LEMMA 7.6. There are wg, vo, 0y > 0 so that for all € > 0 and 8 < (0, 6p),
there is ¢ = q(€,0) € CZ°(A;[0,00)) such that for all v € (0,vo] and @ €
(—wo, wo) + i(—web, 00), the operators

Pgv—o: H{P? > HyY and Pgo—ow: Hi — Hj
are invertible with inverse Rq (@) := (Pg,y — »)~! satisfying
IR (@)l o rye < 1.
PROOF. We assume without loss of generality that € < %, and observe that

by (7.11)) and (7.14)

HATA PgSATIA = TIp(ey —ig)TIA + Ry
and thus, by Proposition[6.3]

ITA(§)* (TTATA(Pgy — @) SATIA)*(§) > TIATA(Py,y — 0)SATIA
= Tlpley —ig — w|*TIp + R,

where forall s € R,

IRvollay = Colllvllgy—1 + vilvl s+t + V2||U||H;v\+3), O<v=<l
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Therefore,
(Pa —w)ullly
> |{{€)lev —iq — @[> (E)(E) T Tau, ()" Tau)gy-sr2|
— [(Ry(6) (&) Tau, (€)(6) ™ Taw) (g)-s 12|

7.20 . _ _
T200 > 1(6) lew — iq — 0 (E)E) " Tau. (§) " Tau) gy 12|
—C € Taul? +v € Taul?
(06 Taull e IO Tl
2 —€ 2
RN TaMI? g )
Let 6, vo, and c1 be as in Lemma[7.2]and fix y = y € C°(A;: [0, 1]) with
8 max(Cop, 1)

= l 2¢ - 7
X on &)™ < ¢Zmin(1, 62)

Then, let ¢ = My for M to be chosen later and wg < ¢1/2. On supp(l — xe),

(€)*ley —ig — 0f?

> (£)*(|Reey —Rew|* + [Ime, — g — Imw|?)
> (€)% (min((c1 (1 + v|£[*) — [Rew])?, [c10(1 + v[E[*) + Imw|?)
> L(g)2€ eI min(1, 62)(1 + v[£[*)?

A%

(1+ Co)(1 +vlg[»).
On y = 1, we have
(€)*lev —ig — > = (§)*(M? — 4(wob + |ev])?) = 3(M? - C)

for some C > 0 independent of v, wg, 8 € [0, 1]. Thus, for wy := min(cy/2, 1)
and

8 Co.1)\?
e :=C+4(1+C0)(1+w) :

¢ min(1, 62)
we have
in(é)zsleu —ig—w> > (1+Co)(1+vE?)? 0<v<l

In particular, using this in (7.20) yields

(7.21) lull s < 1(Pgv — )utllay.-

As in the proofs of Lemma an identical argument using ||(P;,, — 5)u||%15
? A

implies

(722) lull e < NP, —@yula -

Since Poy — Py : Hf\+2 — Hj\\' for any N, Py, — w is a Fredholm operator.
In particular, (7.21) and (7.22) imply that R4, (w) exists and satisfies the requisite
bounds. U
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7.5 Convergence of the poles of Ry, (@)
We now finish the proof of Theorem [I.1]

PROOF OF THEOREM [[L]l First, note that by Lemmal[7.6]for w € (—wo, o) +
i(—wpb,00) and v € [0, vg], the inverse Ry, : H f\ — H j\ exists and satisfies

(Id +iRgv(w) Q) = Rgv(@)(Po,y — ).
Moreover, by Lemmas|[7.4|and[7.3] there is C,, > 0 such that for w € (—wq, o) +
i(Cy,00), Rov(w) : HY — H exists. Therefore, for w in this region, the inverse
(Id + iRz v (@) Q)" = Rov(@)(Pgv —w) : Hi — HA

exists.

Now, for any N > 0, Q : H{ — HIS\JFNJr€ and Ry (w) : HZ+N+€ —
H IS\+N , with uniform bounds in v > 0. Therefore, Lemma implies that for
any s

Ryv(@)Q : Hy — Hy
is trace class with uniformly bounded trace class norm. In particular, for v €
(—wop, wg) + i (—wob, oo) the operator

I[d+ iRgv(w)Q : Hy — H}

is Fredholm with index 0. Thus, by the meromorphic version of Fredholm analyt-
icity (see, for instance, [11}, theorem C.10])

(Id+iRgv(@)Q) ' : HY — H3}
is a meromorphic family of operators satisfying
(7.23) Rop(@) = 1d + iRg (@) Q) ' Ryv().

For g chosen in Lemma Ry,v(w) is analytic in (—wq, wg) + i(—wol, 00).
Hence, the eigenvalues of Py, on HR agree, with multiplicity, with the zeroes of

LEMMA 7.7. We have
fo(@) — folw)
v—0
uniformly on compact subsets of w € (—wg, wg) + i (—wob, 00).
PROOF. First, note that
vt [(Rq,v (w) — Rq,0 (0))Q] = —i Rgv (w) A7zq,O (0)Q.

Since Q : H} — HIS\JFN for any N, and, by Lemma Rgv : H} — H{™¢
with uniform bounds in v, Rgy(w)ARg0(w)Q : Hy — H IS\+N is uniformly
bounded in v for any N. In particular, Lemma [6.5]implies

v (Rgoo (@) — Rg0(@) @l 21 a5 ) < C.
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By [11}, prop. B.29]
|detyys (1 + A) — detgs (I + B)|

AN 21 s — i+ IBI 21 s o
< A= Bloimysnype AT AT,

Therefore, since Ry,yQ : Hy — H ﬁ’ is uniformly bounded in v for any N, the
lemma is proved. U

Finally, we show that the eigenvalues of Pp,, on H} agree with those on L2
Together with Lemma([7.7] this will complete the proof of Theorem [I.1]

LEMMA 7.8. Let v > 0 and Gy, G satisfy (/.1). Suppose that u € Hf\G and
1

(7.24) (Po., —0)Xu =0.

Then u € HKG for any k. In particular, the spectrum of Py, on L2(T") agrees
0
with that on H3 .

PROOF. Let G¢ = (1 — x(€|&]))G1 + x(€|§])Go with y € C(R), y = 1 on

[—1/2,1/2] and supp y C (—1, 1). Note that G, satisfies (7.1) and lim¢_,o G¢ =

Gy pointwise. In particular, Ge = Go on 2|§| < ¢! and Ge = G on [§] > €L,

Suppose thatu € Hj _ satisfies (7.24). Then,
1
fullry,
= [I€)* Tag ullL2(ag,)
k 2 s 2
< | 1g1<e146) TAGeuHLZ(AGG) + [ Lgm e (€) TAGluHLZ(AGI)

2 2
< [Te1=e1 € Tace e, Tac Wl ag,) T [Vei=e1 6 Tag, 1124,
< Cel(§)' Tag, ullL2(ag,)-

where in the last line we use Lemma In particular, v € H*(Ag,) for each
fixed € > 0.

Sinceu € H f\GG, we can apply (7.17) together with to obtain

Ul|lgxe <C, Ul g—n .
Il = Cevaluloy

€

where C; n,,, does not depend on €. Writing this on the FBI transform side, we
have

1Y Tag. ullL2(ag,)
< Ck,N,v”(E>_NTAG€M”L2(AGG)

< Cenw (Mg <m Tac L2 ag,y + MENIE Tag ullL2ag,))-
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Now, choosing M > (2Ck, N,v)l/ (N—k) large enough, and moving the last term to
the left-hand side, we obtain

IEY Tag ullL2ag,y < Crnvow I e1<m Tag ullz2cac,)
= Cenpllligl<m TagyulliL2(ag,)
= Ceny g1 < TagySac, Tag, UllL2(ag,y)
< Chs N €)Y Tag, ull2(ag, )

where in the last line we apply Lemma 4.9]
In particular, sending ¢ — 0%, we have that

lim sup [[(§)* Tag ullp2(ag) < Cllullay -
e—0 !

Finally, by Fatou’s lemma together with the fact that G¢ — Gy, this implies
_ k
”””HKGO = K& TagyullLoagy) = Cllullmy -
and in particular, u € H K as claimed.
Go

This completes the proof of Theorem [I.1]

7.6 Poles of the resolvent R ¢, (w) in the upper half-plane
Finally, we study the behavior of Rg,0(w) = R(w) for Imw > 0 and complete
the proof of Theorem|I.2] (That resolvent was defined in Lemma[7.4])

LEMMA 7.9. Suppose that
w1 € {[Rew| < wo, Imw > 0} \ spec,,, 12(P).

Then, R(w) is analytic near wy. Moreover, for s € R, Imw > 0, and u €
L2(T™ N HS, R(w)u = RLz(a))u where RL? denotes the L? resolvent for
P.

Conversely, if w1 € (—wg, wo) N specy,, 12(P), then wy is a pole of R(w) and

I
R(w) = Aw) + —2—,
w — w1

where A(w) : Hy — H3, is analytic near wy and Iy, is the orthogonal projection
onto the L? eigenspace of P at w;.

PROOF. For Imw > 0, the spectral theorem shows that the resolvent of P,
R (w) 1= (P —w)™' s LA(T™) — LX(T™),

exists and is analytic. Also, Lemma shows that R(w) = Ro,o(w) is a mero-
morphic family of operators in (—wg, wp) + i (—cof, 00).
Lemma [B.7)implies that for ¥ € <75 (defined in (#.2))) and Ime > 1,

RL? (w)u € 5.
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Since P : Hy — Hp and oy C HpA, R(w)(P — w)|w; = 1d.y. Therefore, for
U € oy,

RE (0)u = [R(@)(P — 0)]RY u = R(@)[(P — 0)RY (0)Ju = R(w)u.
Since 73 are dense in both L?(T") and H?%,

R(w)u = RLz(w)u, Imw >0, Rew € (—wp,wo), ue L*(T")N H3.

This proves the first part of the lemma.

To prove the second part, let w; € (—wp, wp) and Iy, : L2(T") — L3(T™)
be the orthogonal projection onto the w; eigenspace for P. (Note that [1,,, may be
the zero operator if w; is not an embedded eigenvalue for P.) By [12] lemma 3.2],
the w; eigenfunctions of P are smooth and hence P=PrP+ I14, has the same
symbol as P and no embedded eigenvalue at ;. Moreover, we may choose ¢ > 0
so small that w; is the only embedded eigenvalue for P in |w — w;]| < €. Then, for
0<|w—wi]| <e,Imw >0,

R (0) = (P —w) ™ + (P — ) 'y, (P — )
Mo,
(w1 — o)1 + w1 —w)’

= (ISJ—a))_1 +

Note that by [12] lemma 3.3] for v € (w1 — €, w1 + €), the limiting absorption
resolvent (P —w —i0)~1 : H1/2+0 . g =1/270 exjgts,
The meromorphy of R(w) : H} — H3} (Lemmal7.4) gives

K B,’
(7.25) R(w) = A(w) + ,; ooy

where A : Hf\ — Hf\ is holomorphic near w;. Therefore, for |w — w1| < ¢,
Imeo > 0,andu € L2(T") N HS,

K
(0 — w1) X A(w)u + Z(a) — a)l)K_iju
(7.26) j=1

~ _ I1 _
= (w —a)1)K|:(P —w) = Too o +w‘fl_w]u — (cu—a)l)K 1Hw1u.
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Letu € @5 C H3 N H@/2+0 Then, using (7.26) with ® = w; + ir, we
obtain

r—>0t

K
Bgu = lim [(ir)KA(wl +iru + Z(ir)K_iju]

Jj=1

1—

r—0t

~ II
= lim (ir)K|:(P —w;—ir) = ﬁ]u — (X, u
ir

= 8K1 leu.

Since o5 is dense in both H@/2D40 gpq Hy, Bg = dk111y,. In particular, we
may write (7.25) with K = 1 and by the same argument obtain B; = [, . O

Appendix A Review of Some Almost Analytic Constructions

Here we include some facts about almost analytic functions and manifolds. For
an in-depth presentation see [25, secs. 1-3] and [37}, chap. X].

A.1 Almost analytic manifolds

Let U be an open subset of C™ and let Ur := U N R™. We define an almost
analytic function as follows:

feC®U) < 03 f(z) = Or(Imz|*®), zeKeU.

This definition is nontrivial only for Ugr # @. We write f ~ 0in U if f(z) =
Okg(Imz|*®), z € K € U C C™. We note that (see [37, lemma X.2.2]) for
f € C® that implies 3% f ~ 0in U.

We also need the notion of an almost analytic manifold. Let A C C™ be a
smooth manifold and Ag := A N R™. We say that A is almost analytic if near
any point 79 € Ap, there exist a neigbourhood U of zg in C™ and functions
f1s-oos fr € C°(C™) such that

ANU ={z: fj(z) =0,1<j <k}, 0;fj(zo) arelinearly independent,

10z fj (2)] = O(Im 2|*° + ‘ISlﬁlpk Je@]™);

see [25) theorem 1.4].
A special case is given by

(A.D) i@ =z;j—hi(@), 7= (@ks1,---2n)-

Equivalence of two almost analytic manifolds can be defined as follows (see [25]
def. 1.6, prop. 1.7]): suppose A1 NR™ = A, NR™ and that A is defined by (A.T))
with & = hy, k = 1,2, respectively. Then

A1 and A5 are equivalent as almost analytic submanifolds (denoted A ~ A»)
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if and only if, on compact subsets,
h1(2)) = ha(2)| = O(Im 7y (z)[)
(A.2) or, equivalently,
|h1(2)) = ha(z)| = O(Im 2| + [Im hy (2)]).

We now consider almost analytic vector fields:

m
V=> aj@d;. a cC™C"),
j=1

which we identify with real vector fields V such that for u holomorphic % f=Vv:

V:=V+V=2ReV

m
= ZReaj(z)(azj +9z;) +iIma;(z)(3;; — 9z,)
j=1

m
= ZReaj (2)0Rez;, +Ima;(z)0mz; -
i=1

Example A.1. Suppose M C C™, dimr M = 2k, is almost analytic. Then vector
fields tangent to M are spanned by almost analytic vector fields, V; = a;(z) - 0z,
0zaj(z) = O(Imz|*°),z € M, j = 1,... k. In fact, using [25, theorem 1.4,
3°] we can write M locally near any z € M N R™ as {(z/,h(Z')) : 2/ € Ck},
h= (g1, hm): CK = C™* 3z = O(|Im /| + [Im h(z)|°°). We then
put

m
(A3) Vi=0g+ Y 0g,he(2)o,.
t=k+1
The real vector fields I’/; then span the vector fields tangent to M .

Following [25}30] we define the (small complex time) flow of V' as follows for
seC,|s| <6

(A4) Dy (2) 1= expsV(2).

The right-hand side is the flow out at time 1 of the real vector field sV, unless the
coefficients in V' are holomorphic [V,iV] # 0, which means that exp(s + )V #
expsVexptV fors,t € C. However, we still have [iV, V] ~ 0.

LEMMA A.2. Suppose that I' € C™ is an embedded almost analytic submanifold
of real dimension 2k and V is an almost analytic vector field. Assume that

(A.5) v, iV are linearly independent with span transversal to T,
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and that, in the notation of (A.4),
(A.6) Im ®,(z)| > |t|/Cx, z€ KE&T.
Then for any U € C™, there exists 6 such that
A= {expﬁ(p):peFﬂU, t] <8, t € C}
is an almost analytic manifold, Agr = I'g and dimge A = 2k + 2.
We will use the following geometric lemma:

LEMMA A.3. Suppose Z; € C®°(R™; T*R™), j = 1,...,J, are smooth vector
fields and, for s € RJ,

J
(s.2):=)_s;Zj € C®R™; T*R™).

=1
Then for f € C®(R™) J
(A7) ﬂwﬂm»=fh§mzwf@+omm”ﬂ,peK@R@
=
while for Y € COO(R’";pT*Rm),
A8) ey (p) = i %adl(‘s,z) Y(p) + Ok (Is|*tY), pe K € R™.
p=1

For a proof, see [22, app. A]. We recall that F. Y (F(p)) := dF(p)Y(p).
PROOF OF LEMMA[AZ] Let(:T" < C™ be the inclusion map. Then
dexp(tV + 121V) 0 1(p) : T(o,p)(R? x T') — T,C™

is given by (T, X) +— Tlf/\ + Tzi/l7 + 1+ X, which, thanks to our assumptions, is
surjective onto a (2k + 2) (real)-dimensional subspace of 7*C™. Hence, by the
implicit function theorem, A is a (2k 4 2) dimensional embedded submanifold of
cm™.

To fix ideas we start with the simplest case of I' = {0} C C”. In that case
{A ={P;(0):7 € C,|t| < 8}, and from our assumption

M @ (0)] ~ [V + 120 V| ~ |t].
The tangent space is given by
To, A = {0, P(0)T + 30, (0T : T € C} C C2.
If we show that
(A9) P (0) = O(|t]*),

then d(Ts,0)A.iTe,0)A) = O(t*>°) and almost analyticity of A follows from
(25| theorem 1.4, 1°]. The estimate (A.9) will follow from showing that for any
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holomorphic function f, 87 9377 f (®+(0))|s=0 = 0. But this follows from (A7)
and the fact that [V, i V] ~ 0 at 0. Indeed,

33 07207 f (@ (0))|r=o0

o0
1 ~ —~\ K
= a‘;lll 8‘;’;8;(2 F([] V + i V) f(O)) |l‘=0
k=0
(A.10) o
= \k, o LTS
o a(l)‘l[l 8?22 <Z F(IIV + tzl V) (V + llV)f(O)) |t=0
k=0

= VOiVe(V +iiV) f(0) = VOV — V) f£(0) = 0.

The fact that ¥ and 7V commute to infinite order at 0 was crucial in this calculation.

Holomorphy of f was used to have w f=Wwf.
We now move to the general case. For z € I', Tg, () A is spanned by

(A.11) 0;D()T +0;9,(z)T, TeC, dd,(z)X. X eT,I.

We can repeat the calculation (A.10) with 0 replaced by z to see that, using the
assumption (A.6) and the fact that Im ®;(z) = Imz + O(¢),

(A.12) Ir®@(z) = O(|1]* + [Imz|*) = O(|Im P,(2)|*).

To consider d®;(z)X = ()« Y(P,(z)), we choose a vector field tangent to I,
Y, Y.(z) = X. We choose

k
(A.13) Ye=We. We=)Y ¢jVj. cecCk
j=1
a constant coefficient linear combination of vector fields (A.3). Then d®;(z)X =
(®¢)«Ye(Ps(2)), and we want to show that
(A.14) ¢ > (D)« Ye(Ps(z)) is complex linear modulo errors O(|Im ®;(z)]°).

In view of (A.TT), which shows that d(Tp,(;)A,iTe,;)A) = O(Im @,(2)|*)
and from [25| theorem 1.4, 1°], we conclude that A is almost analytic.
To establish we use with (s, X) = 51V + 520V, s1 = Ret, 55 =
Im¢. Since [I’/\, i/V] ~0and V ~ i/l7/i at Imw = 0, we see that
o0 fp
(A.15) (OB AMEDY Fadg We(w) + Ot KF 4+ |Im w|*).
p=0

Because of the form of W, (see (A.3) and (A.13))
ad% We(w) = ad) We(w) + O(IImw'|* + [Im h(w")|*°)

and
c adlp, W, (w) is complex linear.
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Since w = ®4(z),z € I,
Imw’| + [ImA(w")| = O(ImZz’| + |[Imh(Z")| + |¢])
= O(|Imz| + [t]) = O(Imw| + [¢t]) = O([Imw|),
since [Im w| = |Im ®;(z)| > |¢|/C. Combining these estimates with (A.13) gives

(A.14). O

A.2 Almost analytic generating functions

We now recall how to obtain generating functions for almost analytic strictly
positive Lagrangian manifolds. We recall that an almost analytic submanifold of
T*C", A, is Lagrangian if

n
(@c)la ~0, wc =) d§ndz.
j=1

In addition, we say that A is strictly positive ([25 def. 3.3]) if AR is a submanifold
of T*R™ and for all p € AR,

1 _
(A.16) —o(V.V)(p) >0 forall V e T,A\ (T,Ag)C.
14

LEMMA A.4. Suppose that A is a strictly positive almost analytic Lagrangian
submanifold of nbhdr=cm (0) given by

{(z,¢(2)) | z € nbhdem (0)}.
Then there is C > 0 such that for x € nbhdgm (0),

1
(A.17) o4t m(AR)) = [Iml(x)] = Cd(x, m(AR)).
PROOF. Since Ap is a submanifold of 7*R™, we may choose real coordinates
on R™ such that (near 0)
Ar = {(x,0,¢(x",0)) | (x, x") € Rk x R™ 7k},

Then, with p = (x',0,¢(x’,0)), (ToAR)C = {(8z,0,0x(x',0)8,7) | 8 € Tk},
and it follows that for all §,» € R™~k

(0,837, dxr & (x',0)857) € ToA N\ (THAR)C.

Strict positivity of A then implies that

20((0, 800, DL (6, 0080), 0.5, T (7 0)8)) = 2im 8, B) > 0.
Since in our coordinates,

S < (e n(AR)) < CI)
(A.17) follows. O
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With this lemma in place we can find generating functions in the almost analytic
setting:

LEMMA A.5. Suppose that A is a strictly positive almost analytic Lagrangian
submanifold of nbhd7+cm (0) and that s« : T o)A — ToC™ is onto. Then there
exists ¥ € C°°(nbhdcm (0)) satisfying

(A.18) 0z¥ = O(Im | + |Im W(2)|*)
such that, as almost analytic manifolds,
(A.19) A~ {(z,W2(2) s [z] <€}, Wz(0) =0.

PROOF. Since A is an almost analytic Lagrangian, we have o |5 ~ 0 (vanishes
to infinite order at Ag) while the projection property shows that, near z = 0,
A ={(z.2(2)) : z € C™},£(0) = 0. Hence d(¢(z)dz) ~ 0 and (see [25} theorem
1.4,3°))

9z8(z) = O(Im 2| + [Im £ (2)[*°).

We note that for z = x € R”, Lemma together with the strict positivity at
Ar = {(0,0)} shows that

(A.20) Ix”]/C < |Im&(x)| < Clx"|, xeR”, |x| <e.
where 7(AR) is given by {|x”| = 0}. We now see that

n
0~ O|A = Z azgi (Z) AN dZ,j + O(|Im2|oo + |ImC(Z)|w)coo(@/1;/\2rz(cn),
j=1

and in view of (A.20)
0z 8j (¥) = 0z, 5 (x) = O(IX"|), x €R”, |x| <e.

For x € R”, define ¥ by a simple version of the Poincaré lemma: W(x) =
[y ¢(tx) - x dt. Then

1 n
0y, W(x) = / (Z t2pd, Ge(tX) + (tx)) di
0 \r=1
1 n
(A21) :/ ( tzkakaj(tx)+§j(tx))dt+(9(|x”|°°)
0 \x=1
1
- /0 0:(t8; (1)) dt + O(x"|®) = £(x) + O(Im £ (x)|);

in the last argument we used (A.20) again. We now define W(z) as an almost
analytic extension of W. From [25| prop. 1.7(ii)] we obtain (A.19). O
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A.3 Integration of almost analytic vector fields
Here we show how to solve transport equations arising in Section[5.2] For clarity
we present a simpler case (see also [15] sec. 5.2.2]). Thus we assume that V' is an
almost analytic vector field on C* (w = (wy,w’) € C", w; € C, w’ € C*71)
satisfying
Imexp(V)(0,w')| > |t|/C. w' € Ben1(0,¢€),
teC, |t|<e, dwi(V)#D0.

Then (1,w') +— exp(iV(0,w’)) =: z(t,w') is a diffeomorphism for ¢ small
enough. We solve

(A.22) Va~b, a(0,w)=ag(w),

by putting

a(z) == ai(z) + a2(2), a1(z) = ap(w'(2)),

1
a»(z(t, w")) ::/0 th(z(ts,w'))ds.

We calculate the action of V on a; using almost analyticity of b, the properties of

z(¢,w’) and (A.7):
(Vaz)(z(t,w'))

1 %k
- / > FVtV"tb(z(O, w)ds + O(|t|*)
0 k=0""

1 ® k
N / SIVEH b0, w))ds + O %) + O(llm (0, w)|)
0 k=0""

~ 2 (k +1 1)vaVk+1b(Z(0v w) + O(t]*) + O(|Im z(0, w")|*)
k=0 :

= b(z(t,w") + O(f|® + Im z(0, w")|*)
= b(z(t,w") + O(IIm z|*).

Similarly, Va; ~ 0 and we obtain (A.22).

Appendix B Physical Deformations and Numerical Results

The purpose of this appendix is to illustrate our results by numerical examples.
We have not yet implemented the general theory numerically. However, in some
circumstances, it is enough to consider physical deformations of T” rather than the
more complicated phase space deformations. In particular, this is possible when
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there exists G(x, §) linear in § satisfying H,G > Oon {p = 0} N {|§| > C}. This
type of deformation is analogous to the method of complex scaling (rediscovered
as the method of perfectly matched layers in numerical analysis)—see [11, secs.
4.5, 4.7] for an introduction and references.

B.1 Deformations of analytic pseudodifferential operators

For u € 9’'(T") we extend u to be 2w Z" periodic on R”. We consider
(B.1)

(P = i i, s [ AR,
p(z.0)] < C(Reg)™, [Imz| <a, [Im¢| <b(Rel),
p(x.8) = p(x +27k,§), keZ".
and G(x, &) € SY(T*T") such that
G(x,§) = (Go(x).§), Go € C(T™";R").

Remark B.1. Observe that (B.1)) agrees with the definition of the standard left quan-
tization of the symbol p as in (6.2)).

We consider the complex deformed operator, Py, defined by the property that
when u is analytic in a sufficiently large neighbourhood of T” (or simply for u
being a trigonometric polynomial),

Py(ulry) = (Pu)lr,. To:={x+i0Go(x)|x € T"}.
We start by deriving a formula for the kernel of Py:
LEMMA B.2. Suppose u € C?®(T") extends analytically to |Im z| < a. Then, for

Im z| < a, the limit

v(z) = lim lim
@ e—>0t §—>0t (2m)"

Sy _ 2_ _ w2
/el(Z v,€)—€l&|7—8(z—y) p(z. &uly)dy d
exists, and moreover, v(Z) is the analytic continuation of Pu.

PROOF. For each fixed €, §, the resulting function of z is manifestly analytic in
a neighbourhood of T” (or R” if we think of periodic functions). Therefore, in
order to see that v itself is analytic, we need only show that the limit exists and the
convergence is uniform on compact subsets of |Im z| < a. For this, we deform the
contour in y to

'z):y—»y+ilmz,

so that we have

1
v(z) = lim lim
@) e—0t §—0t (2m)"

// et ey B el =8lz=y P ;- £y (y)dy dE
I'(z)

= lim

| sk 2 /ei(Rez—y,é)—elélz_BlRez—yzp(z’ uly + i m2)dy dE.
e—0+ §—0
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This contour deformation is justified for each fixed § since the integrand is super
exponentially decaying in y. Now, integrating by parts in £ using
1+ (Rez—y—2ie, D)
© T+ |Rez—y2 +4elg

we have forany N > 0
v(2) = lim lim —— / ¢t (Rez=y.8)—elPP—bRez—y|*
e—>0t §—>0t 2m)"
(LY (p(z.E))u(y +ilmz)dy d§.
In particular, since |8‘g p| < Cy(Re &)1l the integrand is bounded by

Cn(Rez — y)~N (g)me<lel’

uniformly in § > 0 and compact subsets of |[Im z| < a. Hence, for N large enough,
the limit in § exists and is uniform in compact subsets of |Im z| < a. It is given by
v(z) = lim

i(Rez—y.E) =€l ([ 1\N i
lim, [ (LN [p(z. O)]u(y +iTm2)dy de.
Defining B := (14 (§, Dy))/(1 + |€|%) we have, for any N > 0,
/ei(Rez—y,S)—EISIZ(Bt)N
r

: [(Lé)N[P(Z, Eu(y +ilmz)]dy dt.

Since [dFu(y +iImz)| < Cy and |8§8§p(x, £)| < Cyp(Re £)"—18l the integrand
is bounded by

)= 1l
v(2) 6_1)r(r)1+ (2m)"

Cn(Rez —y)~ Mg,
uniformly in € > 0 and compact subsets of |Im z| < a. In particular, the limit in €
exists, is uniform in compact subsets of |Im z| < @, and is given by

0@ = o [ OBV LYV [ty + i Imz)]ay d.
@m)" Jr
Thus, we see that v is analytic on [Im z| < a and agrees with Py onImz = 0.
In particular, by uniqueness of analytic continuation, v(z) = (Pu)(z). O

We now move to the representation for the Schwartz kernel of Pg.

LEMMA B.3. The kernel of Py acting on 2n 7" periodic functions on R” is given
by

det(dyy9(y))

(B.2) Kgy(x,y) = deteg(x, y)

W / ei(x—y,é)p(yg(x), (eg(x, y)—l)t%_) "

where the integral is interpreted as an oscillatory integral,

Ve 1= X +160Go(x),
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and ey(x, y) satisfies

eg(x,y)(x —y) = ya(x) —vg ().

In particular, Py € W™ and its principal symbol is given by
o (Pg) = p(ya(x). (ye(x)™)'§).

Remark B.4. Note that the symbol in is not 2" periodic in x. However,
it is of the form a(x,x — y, &) where a is 2nZ" periodic in the first variable.
Therefore, it still maps periodic functions to periodic functions.

PROOF. By Lemma[B.2] for v analytic on [Im z| < a and 6 small enough
(Poulry)(ve(x))

1 . )
_ Egr&agrfﬁ G / ¢ (Vo)=Y £ =l P800 (=3 (1 (1) Eyu(y)dy dE.

Now, since for each fixed § > 0, the integrand is super exponential decaying in y,
we may deform the contour in y to I'g, to obtain

(Poulry)(ve(x))
B3 = lm lim — / o 1) =76 (7).£)—€lE2—8(vo (x)—yo (7))

N e—>0+ §—>0+ (2m)"?
- p(ye(x).§) det(dy yo (y)ulye(y))dy d§.

Next, using that for each fixed € > 0, the integrand is super exponentially de-
caying in £ and that, with eg(x, y)(x — y) = yg(x) — yo(¥), we have eg =
Id+ O(8(x —y)~1), we can deform the contourin £ to I'; = £ > (eg(x, y))7 &,
to obtain

(Poulry)(ve(x))

= lim lim
e—>0t+ §—>0t+ (2m)"

/ o (=76 =€((e) " E)28(re (x)~7e ()2

ad
P (ve(0). (eq(x, y) ') 18 ()

detegr,y) ¥ ey dé.

Now, integrating by parts as in the proof of Lemma[B.2]results in the formula (B.2)).
To prove the final claim, let y € C2°(—1, 1) with y = 1 near 0. Then, for any
8 > 0, we have by (B.2) that with

1

P = o [ o (a0 a0 7E)

det(dyyp(y))

—1 _
Sete ey 1O e =D,

the error Pg — Pé is smoothing and maps periodic functions to periodic functions.
In particular, Py is a pseudodifferential operator on T” with symbol

a(Pg) = p(yp(x). (Iye(x)"")'8),

proving the last claim in the lemma. U
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B.2 The resolvent of the deformed operator

We now consider the setting of Theorem [I.I] Namely, we assume that P is
a self-adjoint zeroth-order pseudodifferential operator and study the properties of
Py.

PROPOSITION B.5. Suppose that P € WO is self-adjoint and satisfies (B.1)) and
that G = (G, &) € S! has H,G > 0 on {p = 0} N {|§| > C}. Then there are
wo, 00 > 0 such that for 0 < 6 < 6y, w € (—wg,wy) + i (—wpb, 00), and all
s eR,

Re(w) := (Pg —w) ' : HS(T") — HS(T")
is meromorphic with finite rank poles.
PROOF. First, note that there is w; > 0 such that

H,G >c>0 on{|pl <wo}N{l§|l>C}.

We compute

o(Pg)(x.£)
= p(x.§) +16(dxp(x.§). Go(x))
+ (3 p(x,8)), Bya ()™ —1d)§) + 0(6?)
= p(x,§) +i0((3xp(x, £), Go(x)) — (9 p(x, ), (BxGo)' (x)€) + O(6%)
= p(x,&) —i6H,G(x,£) + O(6?).

Therefore, for # > 0 small enough, and wy = min(c, w1), Pg — w is elliptic when
Imw > —wel, |IRew| < wyg.

In particular, Pg—w : H®* — H?* is Fredholm for w € [—wy, wg]+i(—wpb, 00).
Moreover, since Py : H® — H® is bounded, if Imw > 1, Py — w is invertible
by Neumann series and hence Py — w has index 0. By the meromorphic Fredholm
theorem [11, theorem C.9], its inverse Rg(w) = (Py —w)™' : HS — H is
a meromorphic family of operators with finite rank poles for @ € (—wq, wp) +
i(—wob, 00). O

PROPOSITION B.6. Let P and G be as in Proposition There are 6y, wg > 0
such that for 0 < 6 < 6y, the poles of Ry(w) for w € (—wo, wp) + i (—wpb, )
agree with multiplicity with those of RHA (w) where RHA (w) is the resolvent of
P on H} from Lemma

We will need the following lemma.

LEMMA B.7. Suppose that P is as in and RL* (w) is the resolvent of P on
L2. Then, there are C > 0 and § > 0 such that for Imw > C,

RLz(a)) A — Ag.
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PROOF. We start by showing that P : <5 — 75 is bounded. For this, note that
for j € 7,
Pu(j) = Y_ a(k)p(j —k.k)
kezZ"

where p(j, &) denotes the Fourier series for p(x, §) in the x-variable. Note that
by (B.T)), there is C > 0 such that

Pk, §)| < C(g)mealkl,

a

Therefore, for § < 7,

1PullZ, =Y ak)p(j —k.k)
J k

< Z (Z |7’4\(k)|2e4|k|5) (Z |ﬁ(] — k. k)|2e4(|j|_|k|)5)
J k P
= ||u||§{8(Ze—zalj—k|e4(|j|—|k|)8) < C”u||§{5(28(48_1643i82a)|j|)
J

k,j
2

2 .
24118

Since Imw > || P || w5—> w55 RL? (@) =—=>120 w %=1 Pk the proof is complete.
O

PROOF OF PROPOSITION[B.Gl Let wg be the minimum of wq from Proposi-
tion and Lemma [7.4] and suppose that @ € (wg,wo) + i(—wof, 00) with
Imw > 1. Then, Rg(w) : H*(Ly) — H5(Lp) and RE2(w) : oty — 5.

Let u € oZ5. Then we have RL2(w)u € o7 and

(Py — 0)([RP2(@)ullry) = (P — @)RP(@)u)lr, = ulr,.

In particular, [R12 (@)u]lry, = Ro(w)(u|ry,).
Foru, v € @, andImw > 1,

2
(Re(w)uh—‘ev v|F9>L2(F9) = ([RL (Cl))u|’]1"rl]1-,0, v|F9)L2(F9)'

By Lemma when Imw > 0 and u € %, we have R4 (w)u = REL2(w)u.
Then, deforming the contour of integration in the inner product to T",

(Ro(@)ulry, viry)12(ry)
= {[R" @ulr]lp, virs) ey
= (RE (@), v)2eny
= (R (@), v)2pny = (RFM (@)U, 0) oy (rm), i 0)-

Since @5 C HY{ C </_g, both sides of this equality continue meromorphically
from Imw > 1to w € (—wp,wy) + i(—wpb, 00), and the equality continues
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FIGURE B.1. We display the eigenvalues of Py acting on ei”xZLJZC] for
three different values of 6 and —20 < n < 20. P is chosen as in (B.4)
with V; = 0 and V,, = ((1 — £2) + e£2)e%". These choices guarantee
the existence of an embedded eigenvalue at 0 example 1]. Note
that once the eigenvalues emerge from the continuous spectrum, they are
independent of the choice of 6.

to hold for w in this set. Finally, since .2 is dense in Hj} and <5, is dense
in L2(Tg), this equality implies that the poles of Ry and R4 coincide with an
agreement of multiplicities. g

B.3 Numerical examples and discretization
In our numerical study, we consider operators of the form

P = (D)_le2 + sin(x1)(Id — V3 (Dx,))

(B.4) )
+ (Id — Vip(Dyx,)) sin(x1) + V4 (Dy,),

with V4(&1), @ = a, m, satisfying
(B.5) Ve < Ce™ReEIP Img| < b(Re&y), o=a,m.

Then, P satisfies the assumptions of Proposition[B.5|with Go = (=2 cos(x1), 0).
Since the deformation G does not involve x,, we may decompose

x0
LZ(T2)= @ einx2L2(xl)
n=—o0

and use that D, |einx2L%1 = nld.
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FIGURE B.2. We display the eigenvalues of Py on ei”sz)zcl with 6 =
0.8 as well as those for P + ivA for five values of v approaching 0 and
—20 <n < 20. P is chosen as in (B:4) with V,, = ((1—£2) +e£2)e
and V,; = 0. These choices guarantee the existence of an embedded
eigenvalue at 0 example 1].

In order to discretize the operator Pg|,inx, ;2 , we replace Ty, by ZWH(Z /NZ)
X1

and denote by X1, Y] € [%”(Z/NZ)]N vectors with the j® entry X{(j) = 2%

We will represent the Fourier dual to ZW”(Z /NZ) as —% + Z/NZ and index
vectors on the Fourier side with K € {—ﬂ, —% +1,..., % —1}. We then compute
a matrix that approximates the action of Py on the Fourier series side.

Letting yg(x) := x 4+ i6Go(x) and Fu the matrix for the discrete Fourier

transform,
e—27rin/N N
(FN)K,j = ) <K <

we obtain for a vector u € C¥,

N ,

u

1
FN— = MFpyu, M:=}'NDiag(—)}'*,
Yg(X1) N

Ve
so that
[Fn (Dx,)oul ~ [MKFnu]
where
K = Diag(K).
At this point we discretize ({D)~1/2), using the functional calculus of sec. 4].
In particular, writing

(D)g = (1 +n?)Id + (MK)?,
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we have
_1 -
FNI(D)™2)gu]l ~ (V(D)g) ™ Fyu
where the square root is taken in the sense of matrices and all eigenvalues are taken
with nonnegative real part.

Remark B.8. Note that the functional calculus definition of ({D)~1/2), agrees with

. . -1 .
the definition (B-3) with p = (1 4+ n% + £2)72. To see this, observe that at § = 0,
the two operators agree and hence their analytic extensions to I'g agree.

The operators [V, (D)]g are computed by using to write
1 ; _
(Va/m(D))Ou(x) = Z E / el(J/G(x) y(’(y))kVa/m(k)u(y)dy.
k

This sum converges since V,,,, satisfies (B.5). We then evaluate x and y on
ZW”(Z /N Z) in the above kernel to obtain the matrix approximation on the Fourier
transform side. More precisely, putting

~ 1 . . .
Py =35 f e A2 ATV A
k

we have
~0
FnVe(D)ou ~ Vi Fyu, V8 =FnV Fr.

Note that this approximation is valid since we take |V (£)| < Ce~C€€l and therefore
the sum in k converges rapidly. Finally, writing

$% = F Diag(sin(ys (X1)) Fy.
Our total operator is then approximated by
Polyinesp2 A~ FiPS Fy,
P = n(/(D)e) ™t + 8%(1d — V) + (1d — VIS~ + VY.

Since Fp is unitary, we compute the eigenvalues of P]‘gv to approximate the eigen-
values of P9|e,~,,X2L)2C1 .

When approximating P + ivA, these computations are much simpler and we
use the standard Fourier series approximations

P +ivA ~ FEPYFy, P i=n(D)™Y2 £ 8(1d - Vy) + (1d = V,)S + V, — ivKZ,
where
(D)~Y2 .= Diag((K)~"/?), V., := Diag(Va(K)),
S = Fn Diag(sin(X1))Fy-

The results of several numerical experiments are displayed in Figures[I.1]
and[B.2l
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