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Abstract

Magnetic fields are ubiquitous, permeating across all scales from interstellar space to

voids. Their origins and evolution still remain as open questions. On galactic scales

and beyond, Faraday rotation measure (RM) at radio wavelengths is commonly

used to diagnose magnetic fields, and its spatial correlation gives the characteristic

length scales of the field variation. This work shows how the RM is derived from

the polarised radiative transfer equations under restrictive conditions and assesses

the merit of RM fluctuations (RMF) for large-scale magnetic field diagnostics. The

interpretation of RMF analyses is ambiguous for an ill-defined characteristic den-

sity, such as lognormal-distributed and fractal-like structures. The RMF approach

also falls short under radiative absorption, emission, Faraday mixing and the con-

tribution of non-thermal electrons. Notably, correlations along the line-of-sight and

across the sky plane are generally dissimilar, therefore the context of RMF must be

clarified when inferring from observations. Magnetic fields can also imprint observa-

tional signatures in the radio synchrotron emission, whose total intensity reveals the

field strength and polarisation traces the field orientation. A point-by-point com-

parison between the X-ray and radio emissions of a simulated galaxy cluster follows

a linear best-fit slope of almost unity, indicating that the magnetic field scales with

density locally. On smaller scales, magnetic fields may have an important role dur-

ing the formation and evolution of molecular clouds. The effects of magnetic fields

on the ionisation and heating rates of cosmic rays in IC 5146 are quantified, assum-

ing that the fields are traceable via optical and near-infrared starlight polarisations.

While the ionisation rate is fairly constant across the cloud, cosmic-ray heating is

capable of raising temperatures by order of 1 K in a Galactic environment, or even

higher in actively star-forming regions. This may lead to an increase in the Jeans

mass and consequently affect the onset of star formation.



5

Impact statement

The origins and evolution of cosmic magnetism is still an astrophysical puzzle. This

research has shifted our current understanding of cosmic magnetic fields. Notably,

this work has shown that the conventional diagnostic of large-scale magnetic fields

is not universally applicable. As such, it has raised awareness within the scientific

community of the validity of assumptions which have been previously overlooked in

literature. This consequently motivates the work to develop a more robust theoret-

ical method of radiation transport as a cosmic magnetic field probe. These studies

are crucial as a means to probe the magnetic fields in galaxy clusters and beyond,

which are particularly timely with the advent of the world’s largest radio telescope,

the Square Kilometre Array.

As part of this research, the conventions of polarisation and magnetic field have

been clarified. These definitions were previously ambiguous across multi-disciplinary

literature, including plasma physics and astrophysics. Furthermore, this research

has contributed to our knowledge and understanding of magnetic fields in the intr-

acluster medium and molecular clouds. The work presented in this thesis has been

presented at local, national, and international conferences. The research works have

also been published and submitted to leading, international, peer-reviewed academic

journals. The cumulative academic reach1 of the three publications, from February

2018, are 9 citations, 486 reads, and 232 downloads, as of May 2020. Additionally,

this research has established a network of local and international collaborations,

across the UK, Taiwan (ROC), USA, Canada, Israel, France, and Hungary.

Beyond academia, this research has stimulated broader public interest and en-

gagement through posters, talks, and social media. From the extensive public en-

gagement activities undertaken during the duration of this research, it is clear that

1Using the metrics from the NASA’s Astrophysics Data System



Impact statement 6

astronomy is a subject that fascinates people of all ages. Parts of this research have

been widely communicated through Facebook, VoxCharta, and the UCL-MSSL As-

trophysics Blog, where posts on topics including “The invisible world of magnetic

fields” and scientific experiences in various conferences, have been well-received.

Moreover, the opportunity to tutor GCSE and A-Level students, as well as

discuss with visitors to the laboratory about research student life, has allowed this

work to be disseminated in informal and non-specialist settings. This has ensured

that the results of this research are accessible to wider audiences, including school

children and prospective BSc/MSc/PhD students. In some cases, this has inspired

younger students to pursue higher education in physics and astronomy. Finally,

there has been fruitful knowledge and research transfer between astrophysics and

industry, by consulting start-ups in renewable energy and technology on big data

analytics.

https://www.facebook.com/groups/243912932481301/about/
https://nthu.voxcharta.org/
https://msslastro.wordpress.com/
https://msslastro.wordpress.com/


7

Acknowledgements

First of all, I would like to express my deepest gratitude towards Prof Kinwah Wu

and Prof Lidia van Driel-Gesztelyi for their unwavering support and encourage-

ment throughout my PhD journey. I am incredibly grateful to be working with

two supervisors who inspired me to become a better scientist through their passion,

knowledge, insight and wisdom. Special thanks to Dr Curtis Saxton for the help-

ful science discussions, and for patiently teaching me IDL and various statistical

techniques. I am appreciative of Dr Wim van Driel for being a wonderful mentor

in radio astronomy. I would also like to thank Prof Daisuke Kawata, Prof Mark

Cropper and Dr Ignacio Ferreras for their technical help, scientific discussions and

bits of life anecdotes. I thank Prof Lucie Green and Prof Chung-Ming Ko for exam-

ining this thesis and for their helpful suggestions. Very special thanks to Mr Kwan

Keng Kwek for introducing me to the wonders of physics at Pengiran Jaya Negara

Pengiran Haji Abu Bakar Secondary School.

I am lucky to have met many amazing people who have assisted me along the

way and contributed immensely to my research experience at MSSL. Many thanks to

Dr David Barnes, Dr Idunn Jacobsen, Dr Jennifer Chan, Dr Ellis Owen, Dr Kirthika

Mohan, Dr Luke Pratley and Brian Yu for their help, discussion and companionship

in achieving our PhD degrees together. Special thanks to Dr Jennifer Chan for being

my long-time collaborator and good friend; and to Dr Ellis Owen for the fruitful

collaboration and his generosity in sharing ideas, techniques and methods in science.

I am happy to have had the opportunity to work with and alongside other past and

present members of the MSSL Astrophysics group, especially Dr Ziri Younsi, Dr

Awat Rahimi, Dr Stefano Pasetto, Dr Robert Grand and Dr Jason Hunt. I would

also like to particularly thank Dr Curtis Saxton, Dr Ziri Younsi, Dr Idunn Jacobsen,

Dr Ellis Owen, Dr Martin Spinrath, Dr Jennifer Chan, Jane Yap and SiNan Long

for proofreading my chapters.



Acknowledgements 8

I would like to thank the hospitality of the Institute of Astronomy, National

Tsing Hua University (NTHU), ROC (Taiwan), where I spent substantial time as a

visitor and wrote parts of this thesis. Special thanks to Prof Albert Kong for kindly

hosting and supporting my visits under the Ministry of Science and Technology of

the ROC (Taiwan) grant 105-2119-M-007-028-MY3. I have also been supported

by the Center for Informatics and Computation in Astronomy (CICA) at NTHU

through a grant from the Ministry of Education of the ROC (Taiwan). I am grateful

for the opportunity to learn from Prof Albert Kong, Prof Tomotsugu Goto, Dr

Martin Spinrath, Prof Shih-Ping Lai, Dr Kuo-Chuan Pan and Dr Hsiang-Yi Yang

during my visits. I enjoy the astro-ph sessions and Tomo-san’s group meetings,

especially the science discussions and banter with Dr Tetsuya Hashimoto, Dr Seong-

Jin Kim, Ting-Wen Wang, Daryl Santos, Chien-Chang Ho, Ting-Yi Lu, Yu-Yang

Hsiao and Chih-Teng Ling. Special thanks to Chun-Hao Lee, Sheng-Jun Lin, SiNan

Long, Anand Hegde, Travis Thieme, Dr Chris Lau, Jane Yap, Crimson Chan, Dr

Shang-Yu Chien, Shu-Wei Yeh, Bin Wang, Hao-Yuan Duan, Hui-Hsuan Chung, Dr

Kate Pattle, Dr Yi-Han Wu, Li-Wen Liao and En-Tzu Lin for their friendship,

science discussions, fun chats and badminton/yoga sessions.

Most of all, to my parents, my sister Emily, and my brother Kevin, thank you

for the unconditional love and support in all my pursuits.

Lastly, I am grateful for the financial support from the Ministry of Education,

Brunei Darussalam, without which the opportunity to pursue higher education in

the UK, and hence this thesis, would not have been possible. I also thank the Royal

Astronomical Society and the UCL Graduate Research Conference Fund for their

financial support towards conferences and research visits. This thesis has made use

of NASA’s Astrophysics Data System.



9

Contents

Page

Declaration of originality 2

Abstract 4

Impact statement 5

Acknowledgements 7

List of figures 13

List of tables 15

1 Magnetic fields in the Universe 17

1.1 Astrophysical magnetic fields . . . . . . . . . . . . . . . . . . . . . . 21

1.1.1 Stars and sub-stellar systems . . . . . . . . . . . . . . . . . . 21

1.1.2 Galaxies, groups, interstellar and intergalactic media . . . . . 25

1.1.3 Galaxy clusters and the intracluster medium . . . . . . . . . 25

1.1.4 Large-scale structures: filaments and voids . . . . . . . . . . 26

1.2 Origins of large-scale magnetic fields . . . . . . . . . . . . . . . . . . 28

1.2.1 Cosmic inflation . . . . . . . . . . . . . . . . . . . . . . . . . 28

1.2.2 Phase transitions in the early Universe . . . . . . . . . . . . . 29

1.2.3 Density perturbations before recombination . . . . . . . . . . 30

1.2.4 Biermann battery mechanism . . . . . . . . . . . . . . . . . . 31

1.2.5 The first stars and first galaxies . . . . . . . . . . . . . . . . . 33

1.2.6 Contribution from star-forming and starburst galaxies . . . . 34

1.2.7 Contribution from Active Galactic Nuclei . . . . . . . . . . . 35

1.3 Evolution of large-scale magnetic fields . . . . . . . . . . . . . . . . . 35



Contents 10

1.4 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38

2 Observational signatures and diagnostics of magnetic fields 40

2.1 Radio synchrotron radiation . . . . . . . . . . . . . . . . . . . . . . . 41

2.1.1 Radiation from a single electron . . . . . . . . . . . . . . . . 41

2.1.2 Relativistic beaming and spectrum of emission from a single

electron . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42

2.1.3 Spectrum of emission from a population of relativistic elec-

trons with a power-law energy distribution . . . . . . . . . . 43

2.1.4 Synchrotron self-absorption . . . . . . . . . . . . . . . . . . . 44

2.2 Polarisation and Faraday rotation . . . . . . . . . . . . . . . . . . . . 45

2.2.1 Polarisation of a photon . . . . . . . . . . . . . . . . . . . . . 45

2.2.2 Polarisation of an electromagnetic wave . . . . . . . . . . . . 45

2.2.3 Jones vectors and Mueller matrices . . . . . . . . . . . . . . . 45

2.2.4 Stokes parameters and the Poincaré sphere . . . . . . . . . . 46
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Chapter 1

Magnetic fields in the Universe

The Universe is magnetised. Magnetic fields are present in stars, sub-stellar objects

(including the Earth, some planets and moons), galaxies (e.g. the Milky Way),

and galaxy clusters and groups. They are present also in larger structures beyond

galaxy cluster scales, permeating the inter-cluster filaments and cosmological voids

(see e.g. Akahori et al. 2018, for a recent review). Magnetic fields are thought to

be necessary for stars to form, by decreasing angular momentum of proto-stellar

clouds through ambipolar diffusion (see e.g. Beck and Wielebinski 2013). The fields

may also influence the dynamics of the interstellar medium (ISM) and mediate

star formation by providing additional pressure against gravitational collapse for

dense molecular clouds (see e.g. Mouschovias and Ciolek 1999; Beck and Wielebinski

2013). It has been suggested too that magnetic re-connection can heat up the ISM,

while its field lines can divert the transport of cosmic rays (CRs) accelerated in

supernova remnants (SNRs), thus affecting their density and distribution within

the ISM (Fermi 1954). However, magnetic fields are not concrete objects with well-

defined boundaries. This makes it challenging for them to be measured directly and

their presence can only be inferred through indirect methods.

In 1896, Pieter Zeeman discovered the splitting of spectral lines of a sodium

flame in the presence of magnetic fields (Zeeman 1897). This breakthrough was

awarded the Nobel Prize in Physics 1902, shared between Pieter Zeeman and his

mentor, Hendrik A. Lorentz, for the discovery of the Zeeman effect. More than a

decade later, George Ellery Hale used the Zeeman effect to establish that sunspots

are magnetic (Hale 1908). This is the first time a non-terrestrial magnetic field

was detected. Hale also discovered that sunspots tend to exist in pairs of opposite

https://www.nobelprize.org/prizes/physics/1902/zeeman/facts/
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magnetic polarities, with one polarity leading the other in one hemisphere and vice

versa in the other hemisphere. The polarities appear to switch every ∼ 11 years,

therefore the period of a solar magnetic cycle is approximately 22 years. This is

known as the Hale’s polarity law (Hale et al. 1919; Hale and Nicholson 1925). In the

ensuing years, magnetic fields have been detected in the ISM (e.g. Hall 1949; Hiltner

1949), on different types of main-sequence stars (e.g. Babcock 1947; Robinson et al.

1980), white dwarfs (e.g. Kemp et al. 1970; Angel and Landstreet 1974), and neutron

stars (e.g. Truemper et al. 1978).

Most planets in the Solar System, including the Earth, also behave like a giant

magnet (see e.g. Gilbert and Wright 1600, for the discovery of the Earth’s magne-

tosphere). The planetary magnetic fields are either powered by the hydro-magnetic

dynamos of their metallic cores (see e.g. Elsasser 1939, for the Earth’s geodynamo

theory), or convection of electrically-conducting fluids close to their surfaces (see

e.g. Ness et al. 1989, for magnetic fields on Neptune). The strength and direction of

the magnetic field around the planets are usually measured using spacecraft mag-

netometers. However not all planets have detectable magnetic fields. The magnetic

field of Venus is almost non-existent, in part due to its slow rotation and lack of

stratified core (see e.g. Stanley 2014, for a review). Some of these planets, e.g.

Jupiter and Saturn, also have moons with diverse magnetic properties (see e.g. Jia

et al. 2010, for a review).

In 1932, Karl Jansky discovered radio waves emanating from the Milky Way

(Jansky 1933), which was later confirmed to be polarised synchrotron radiation

(Westerhout et al. 1962; Wielebinski et al. 1962), emitted by relativistic cosmic-ray

electrons gyrating in the galactic magnetic fields. Jansky’s pioneering efforts laid

the groundwork for the development of radio astronomy to study magnetic fields.

Soon, the presence of magnetic fields in nearby galaxies was hinted by observations

of starlight polarisation (e.g. M31, Öhman 1942) and observations of radio polari-

sation (e.g. the Crab Nebula, Cygnus-A, and Centaurus-A, Mayer et al. 1957, 1962;

Bracewell et al. 1962, respectively). Beginning the 1970s, several ground-based ra-

dio telescopes (e.g. Westerbork, Effelsberg, the Very Large Array (VLA)) became

operational and led the way to greatly improve the understanding of magnetic fields

in galaxies. Galactic magnetic fields are dynamically important, affecting the for-

mation of spiral arms, as well as the general evolution of galaxies. In particular, the
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formation of jets and radio lobes in active galaxies can only be comprehended with

the existence of magnetic fields (see e.g. Beck and Wielebinski 2013, for a recent

review).

Beyond galactic scales, the magnetic fields are relatively weaker and more diffi-

cult to be observed. Their large-scale properties are often inferred from the observa-

tional signatures in their radio synchrotron emission and Faraday rotation measure

(RM) (e.g. Govoni and Feretti 2004; see e.g. Carilli and Taylor 2002; Vacca et al.

2018, for reviews). Galaxy clusters, galaxy groups and the intracluster medium

(ICM) are known to be magnetised at several to tens of µG (e.g. Vacca et al. 2010;

Bonafede et al. 2010; Feretti et al. 2012) through the detection of diffuse, Mpc-scale

radio emission across the ICM (see e.g. Feretti et al. 2012; van Weeren et al. 2019,

for reviews) and the Faraday RMs of bright polarised radio sources inside or behind

the galaxy clusters (e.g. Clarke et al. 2001; Clarke 2004; Govoni et al. 2010; Bonafede

et al. 2013). The cluster volume is a patchwork of magnetic fields, typically coherent

on kpc length scales but disordered on the larger scales, which are likely attributed

to cluster interactions and mergers (e.g. Clarke 2004; Stasyszyn and de los Rios

2019; Domı́nguez-Fernández et al. 2019). These dynamical processes wipe out the

memory of the first magnetic fields. It is still uncertain whether the seed fields are

primordial in origin or generated through astrophysical processes after the first stars

and the first galaxies form.

The origin(s) of cosmic magnetism remains an open question. The other big

science questions which are as important are: how are the magnetic fields maintained

in present-day astrophysical systems, how can the large-scale fields be properly

diagnosed, and how can their evolutionary history be inferred (see e.g. West et al.

2019). The dynamo amplification and evolution of large-scale magnetic fields with

structure formation of the Universe requires the existence of a non-zero initial seed

field. In galaxies, it is natural to consider supernova remnants (SNRs) as a source

which distributes stellar magnetic fields over large ISM volumes (Rees 1987) and

drives turbulent dynamo actions (Balsara et al. 2004). Suppose that a plerion

(centre-filled) supernova remnant has a typical field strength of B ∼ 10−3 G and a

length scale of r ∼ 1 pc. Given that turbulent diffusivity is Dt ∼ 103 pc km s−1,

it would take approximately 106 years for SNRs to magnetise a galaxy (Zweibel

2006). As the galaxy forms, the magnetic field can be amplified up to Brms ∼ µG
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by the turbulent small-scale dynamo, which efficiently converts kinetic energy into

magnetic energy (e.g. Schober et al. 2013; Brandenburg and Subramanian 2005;

Balsara and Kim 2005). Since ∼ 106 years is much shorter than the Hubble time,

SNRs are likely able to seed magnetic fields in galaxies.

On larger scales, however, it becomes increasingly difficult for SNRs to pollute

the intergalactic medium (IGM) with magnetic fields. For a rich galaxy cluster with

a typical size of about r ∼ 1 Mpc and a turbulent diffusivity of Dt ∼ 107 pc km

s−1, the diffusion timescale for stellar fields to spread beyond galaxies is estimated

to be about 1011 years, which far exceeds the age of the Universe (see Zweibel

2006). Hence this cannot explain the presence of weak magnetic fields in clusters

and larger-scale structures such as cosmic filaments and voids (e.g. Vernstrom et al.

2017). It is argued that cosmological filaments and voids may have been magnetised

during cosmic inflation or by some exotic mechanisms in the early Universe. Alter-

natively, they could have been magnetised by cosmic rays from isolated star-forming

galaxies within the voids or void-bordering AGN (see e.g. Rees 1987; Widrow 2002;

Kulsrud and Zweibel 2008; Kandus et al. 2011; Widrow et al. 2012; Katz et al. 2019,

for overviews on the origins of cosmic magnetic fields). Nevertheless, the earliest

evidence of cosmological magnetogenesis should be imprinted within the cosmic web.

Future magnetic field observations with the Square Kilometre Array (SKA) in-

cluding its pathfinders, the Low Frequency Array (LOFAR), the Murchison Wide-

field Array (MWA), the Expanded Very Large Array (EVLA), and its precursors,

the Australian SKA Pathfinder (ASKAP) and MeerKAT, would be able to constrain

fundamental physics on cosmic magnetism (see e.g. Gaensler et al. 2010; Beck 2015;

Johnston-Hollitt et al. 2015). The dense all-sky maps of radio synchrotron polarisa-

tion and Faraday rotation measures would shed new light on the magnetic fields in

the Milky Way, intervening galaxies and media, galaxy clusters and groups, cosmic

filaments and voids. It is therefore important to properly characterise magnetic

fields beyond the scale of galaxy clusters in both theoretical and observational as-

trophysics.

This thesis is organised as follows. Chapter 1 presents an introduction to the

magnetic fields in the Universe, with an overview of astrophysical magnetic fields,

and the origins and evolution of large-scale magnetic fields. Chapter 2 discusses

the observational signatures and diagnostics of magnetic fields, with a focus on the
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physics of radio synchrotron radiation, polarisation and Faraday rotation. Faraday

RM at radio wavelengths is commonly used to diagnose magnetic fields, and its spa-

tial correlation gives the characteristic length scales of the field variation. Chapter 3

shows how the RM is derived from the polarised radiative transfer equations under

restrictive conditions, and presents the theoretical background and solutions to the

polarised radiative transfer equations. Chapter 4 assesses the merit of RM fluctua-

tions (RMF) for large-scale magnetic field diagnostics, and presents point-by-point

correlation analyses between the X-ray and radio emissions of galaxy clusters from

the cosmological magneto-hydrodynamic (MHD) simulations. On smaller scales,

magnetic fields may also be important during the formation and evolution of molec-

ular clouds (MCs). The effects of magnetic fields on the ionisation and heating

rates of cosmic rays in MCs are quantified and discussed in Chapter 5, assuming

that the fields are traceable via optical and near-infrared starlight polarisation. Fi-

nally, Chapter 6 summarises the main results of this thesis, along with some remarks

on the extension of these works.

In this chapter, Section 1.1 provides an overview of the current knowledge on as-

trophysical magnetic fields. Sections 1.2 and 1.3 present and discuss the origins and

evolution of large-scale magnetic fields, respectively. Lastly, Section 1.4 summarises

this chapter. Unless otherwise stated, this thesis uses c.g.s. Gaussian units.

1.1 Astrophysical magnetic fields

1.1.1 Stars and sub-stellar systems

Magnetic fields are present in stars. They play a role at nearly all stages of stellar

evolution. Magnetic fields are thought to be essential for the onset of star formation,

by providing additional pressure against gravitational collapse of dense cores and

clumps within molecular clouds (Mouschovias and Ciolek 1999). The magnetic field

lines can also guide cosmic ray transport as they are accelerated in SNRs, therefore

affecting their density and distribution within the ISM (Fermi 1954). Observa-

tionally, Zeeman splitting is often used to probe solar and stellar (sometimes also

proto-stellar) magnetic fields (Landi Degl’Innocenti 2003). In essence, the magnetic

field splits the atomic energy levels into more than one, which causes a spectral line

to become a line multiplex, each with slightly different frequencies. The amount of

frequency splitting is proportional to the magnetic field strength (see Section 2.4 for
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more details on the Zeeman effect).

In general, stellar magnetic field strengths can extend from several µG to TG

(e.g. Donati and Landstreet 2009). For solar-like stars, the magnetic fields are

thought to be generated in and at the bottom of the convective envelope (Parker

1993). Subsequently, the field is amplified by the turbulent, electrically-conducting

plasma which acts like a dynamo (Parker 1955). The fields are carried from the

convection zone base towards the surface via buoyancy. As the magnetic fields

are transported, they are stretched and sheared by the fluid motion, which in turn

leads to an increase in the magnetic energy. The stellar field topology varies greatly,

from being mainly poloidal to mainly toroidal, and from having almost axisymmetric

dipoles to complicated structures with no obvious symmetry (Donati and Landstreet

2009). The complex field topology is largely attributed to the physics and dynamics

of the star. For e.g., in the solar case, the omega-effect, also known as differential

rotation, converts poloidal fields to toroidal fields and amplifies them during the

process. From the toroidal layer at the bottom of the convection zone, strong flux

tubes become buoyant and rise to the surface. When the flux loop breaks through

the photosphere, a pair of sunspots is created. On the other hand, the alpha-effect

due to the Coriolis force transforms the toroidal fields back to poloidal, but in

the opposite direction (see e.g. Bushby and Mason 2004, for a review on the solar

dynamo).

After amplification, the solar magnetic field strength is typically ∼ 10− 103G.

Solar magnetism is often inferred from the flaring and eruptive activities at the

surface of the Sun. Sunspots are located where very strong magnetic lines of force

break through the solar surface. They usually come in pairs with opposite polarities

and appear dark because they are cooler than the rest of the solar surface. This is the

result of intense magnetic fields in sunspots, hindering heat convection to the solar

surface. Meanwhile, solar flares are sudden outbursts of energy which occur in the

solar atmosphere. They are thought to be due to magnetic reconnection, a process

in which oppositely-oriented magnetic field lines break and reconnect in a plasma,

therefore converting magnetic energy into plasma kinetic and thermal energies (see

e.g. Parnell 2000). Often, the plasma is being confined to coronal loops. Coronal

loops connect opposite polarity magnetic field concentrations. Prominences are

observed to be suspended above the solar surface and are believed to be supported
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Fig. 1.1: The yellow arrows depict the Parker spiral magnetic field. As the Sun rotates,

the solar wind creates a neutral current sheet (in blue) which is a thin layer between the

opposing field directions. As the magnetic and rotation axes are not identical, the sheet

gets wound up into a “ballerina skirt”. Image courtesy of J. Jokipii (University of Arizona).

by and threaded by magnetic fields. Coronal loops and prominences exhibit the

frozen-in condition (Alfvén 1942), where the plasma and magnetic fields appear to

move together. This is because the solar plasma has a very high electric conductivity,

such that the magnetic Reynolds number1 is very much larger than 1, indicating that

magnetic advection dominates over magnetic diffusion. Furthermore, the magnetic

field of the Sun extends into the heliosphere, being carried by the expanding solar

corona which, due to its high temperature and consequent high conductivity, cannot

be in a hydrostatic equilibrium (Parker 1958). The solar wind, along with the

rotation of the Sun, results in a wavy spiral shape of the heliospheric current sheet,

which is also known as the “Parker spiral” (see Figure 1.1).

Most planets and some moons in the Solar System also behave like a giant

magnet (see e.g. Stevenson 1983, 2003; Jones 2011, for reviews). The Earth has a

planetary dipole, whose magnetic field lines travel from the magnetic North to South

pole. Similarly, Mercury and Jupiter are also known to have dipolar magnetic fields

(e.g. Christensen 2006). On the other hand, Saturn, Uranus and Neptune exhibit

1The magnetic Reynolds number in the intracluster medium is also large, typically of the order

107 (e.g. Ruzmaikin et al. 1989). On the other hand, across a star-forming molecular cloud, the

magnetic Reynolds number can vary substantially from the order of unity or less (e.g. Li and Houde

2008) to the order 104 (e.g. Draine 2011).

https://cosmicopia.gsfc.nasa.gov/solarmag.html
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magnetic multipoles (e.g. Connerney 1993). The multipoles on Uranus and Neptune

are rather irregular and much weaker than those found on Saturn. The reason for

this may be that, unlike the Earth whose magnetic field is generated by the hydro-

magnetic dynamos of its molten core, the magnetic fields on Uranus and Neptune

are likely to be generated closer to their surfaces where icy salts or water lie (see e.g.

Stanley and Bloxham 2006). Intriguingly, Mars does not have a dynamo-generated

field but is found to have a magnetised surface, which indicates that it must have

been magnetised before (Acuna et al. 1999). Venus is the only planet that appears

to be non-magnetised as it lacks the magnetic material and currents (see e.g. Stanley

2014, for a review). Some of these planets, e.g. Jupiter and Saturn, have moons with

various magnetic properties, which were possibly created during meteorite impacts

(see e.g. Jia et al. 2010, for a review).

As stars in the main sequence approach the final stage of evolution, they be-

come either white dwarfs, neutron stars or black holes. Low mass stars end up as

white dwarfs, typically with r ∼ 109 cm and B ∼ 105− 107 G (see e.g. Chanmugam

1992). High mass stars, on the other hand, evolve into neutron stars, typically with

r ∼ 106 cm and B ∼ 1011 − 1013 G. These degenerate stars have strong magnetic

field strengths because as stars collapse, their surface area and volume reduce, thus

increasing their field strength, following the conservation of magnetic flux approxi-

mated by Br2 (Woltjer 1964). Observationally, the magnetic fields of neutron stars

are inferred from either the changes in their pulsar radio emission (e.g. Nagase et al.

1991), or cyclotron resonant scattering in their X-ray spectra (e.g. Santangelo et al.

1999; Staubert et al. 2019).

Neutron stars are also born spinning very rapidly due to the conservation of

angular momentum. A special characteristic of spinning neutron stars is the release

of “pulses” of radio synchrotron and X-ray radiation. This can be explained by

the acceleration of charged particles near the magnetic poles, which may not be

aligned with the stellar rotation axis. More specifically, an observer sees beams

of radiation whenever the magnetic pole is aligned to the line-of-sight. Hence the

pulses are periodic and neutron stars with such behaviour are also known as pulsars.

The strongest magnetic field in nature exceeds 1012 G, and is found on a type of

neutron star known as the magnetar. Magnetars are believed to be the sources

of high-energy electromagnetic (EM) emission in the form of X-rays and gamma



1.1. Astrophysical magnetic fields 25

rays (Thompson and Duncan 1993). They are speculated to have formed during

a supernova when a star collapses into a mass of neutrons with exceptionally high

gravity and a very strong magnetic field.

1.1.2 Galaxies, groups, interstellar and intergalactic media

Magnetic fields permeate the interstellar medium (ISM). They influence the ISM

dynamics such as the gas flow in spiral arms, disks and galaxy halos. They con-

tribute to the pressure within the ISM against gravity and are essential for the onset

of star formation. Through magnetic reconnection, they may heat up the ISM and

distribute energy within the medium through magnetohydrodynamic (MHD) tur-

bulence. They also divert cosmic rays and affect their distribution in the ISM (Beck

2009a). According to numerical simulations (see e.g. Govoni and Feretti 2004; Ryu

et al. 2008) and observational results (see e.g. Carilli and Taylor 2002; Clarke 2004),

the typical strength of galactic magnetic fields is of the order of 10−6 G. Radio

emissions reveal that the magnitude of the total magnetic field in the Milky Way is

about 6 µG (see e.g. Beck 2001), similar to the field strength of neighbouring radio-

faint galaxies such as M31 and M33. The first observation of a coherent magnetic

field traversing the Magellanic Bridge has been made by measuring the Faraday

rotation towards 167 polarised extragalactic radio sources with the Australia Tele-

scope Compact Array (ATCA) (Kaczmarek et al. 2017). Gas-rich galaxies such as

M51 (see Figure 1.2) have magnetic field strengths of about 20 − 30 µG in their

spiral arms (e.g. Beck 2016). The magnetic fields follow along the arms and are

strongest at the inner edges of the arms and in between them (see e.g. Beck 2015).

Starburst galaxies have the strongest galactic magnetic fields, about 50 − 100 µG

(e.g. Chyży and Beck 2004), which could be due to their exceptionally high rate of

star formation. For example, the star formation of M82 is ten times the rate of the

Milky Way.

1.1.3 Galaxy clusters and the intracluster medium

The detection of diffuse radio sources in galaxy clusters on Mpc-scales indicates

that magnetic fields are likely to be present within the galaxy cluster, permeating

throughout the intracluster and intergalactic media (see e.g. Ferrari et al. 2008;

Feretti et al. 2012, for reviews). Clarke (2004) observed that the RM of Abell

clusters are of the order ∼ 100 − 200 rad m−2, hence implying that the magnetic
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Fig. 1.2: An optical image of M51 from the Hubble Space Telescope overlaid by total radio

intensity contours from the VLA and the Effelsberg telescope at 6-cm wavelength. The

magnetic field vectors of polarised emission are also shown. Image courtesy of A. Fletcher

& R. Beck (MPIfR Bonn).

fields are of the order of ∼ 5−10 µG. Meanwhile, Bonafede et al. (2010) derived the

magnetic field strengths and radial profiles of 7 sources in the Coma cluster through

numerical simulations that best reproduce the observations. They found that the

magnetic field is best represented by a Kolmogorov power spectrum and the central

field strength to lie between 3.9 µG and 5.4 µG. Their simulated RMs suggest that,

in general, the standard deviation of RM, σR, and the mean of RM, 〈R〉, decrease

outwards from the cluster centre.

1.1.4 Large-scale structures: filaments and voids

According to the Lambda Cold Dark Matter (ΛCDM) model, large-scale structures

(LSS) are formed from the hierarchical clustering of objects (e.g. Widrow et al.

2012). The early Universe sees the manifestation of gravitational instabilities, which

causes linear density perturbations. Small-scale objects are created first, then they

collapse and merge into objects of ever-increasing size. This process is thought to

http://www.mpifr-bonn.mpg.de/staff/rbeck/MKSP/pictures.html
http://www.mpifr-bonn.mpg.de/staff/rbeck/MKSP/pictures.html
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Fig. 1.3: Projected (mass-weighted) magnetic field strength at z = 0 across a (50 Mpc)3

cosmological simulation (Vazza et al. 2014). The colours represent the field strength between

∼ 10 nG− 0.1 µG.

create a cosmic web of structure, in which large number of galaxies reside in fil-

aments, forming a network that is separated by voids and dominated by clusters

at the intersections (see e.g. Bond et al. 1996). Filaments consist of millions of

gravitationally-bound galaxies, which form massive, thread-like structures (see Fig-

ure 1.3) with a typical length of a few hundred Mpc (Kronberg 2010). They form

boundaries between large voids in the Universe and are believed to be permeated

by weak magnetic fields. Understanding the nature of large-scale magnetic fields

in filaments and voids is challenging as observations outside of clusters are limited.

Numerical simulations (e.g. Ryu et al. 1998; Ryu et al. 2008; Akahori and Ryu 2010;

Vazza et al. 2014), radio observations (of e.g. nearby superclusters, Xu et al. 2006),

and a combination of both (e.g. Brown et al. 2017) indicate that the field strengths

are of the order of ∼nG and the root-mean-square (rms) of the RM is predicted to

be ∼ 1 rad m−2. Recent observational evidence of Mpc-scale diffuse radio emission

from cosmic filaments (Giovannini et al. 2010, 2015) constrains the magnetic field

strength to be B < 1µG (Govoni et al. 2019).
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1.2 Origins of large-scale magnetic fields

It is still unclear whether the first magnetic fields were generated via some exotic

mechanisms in the early Universe or through some astrophysical processes after the

recombination era (see e.g. Widrow 2002; Kulsrud and Zweibel 2008; Subramanian

2016, for reviews). The processes that may have generated the first seed magnetic

fields are as follows.

1.2.1 Cosmic inflation

Magnetic fields may have first appeared in the very early Universe. When the

Universe was merely a tiny fraction of a second old, it underwent a brief period of

accelerated expansion known as inflation (e.g. Guth 1981; Sato 1981). It is widely

accepted that the initial density perturbations generated at the time of inflation

could give rise to form large-scale structures. Therefore, it is natural to question

whether the large-scale magnetic fields observed today could also be seeded from

the quantum fluctuations in the electromagnetic fields during inflation (Turner and

Widrow 1988). The inflationary expansion is also capable of stretching the wave

modes exponentially to generate coherent magnetic fields on the very large scales

of galaxies and beyond. Furthermore, the rapid expansion dilutes the pre-existing

charge densities, which substantially decreases the conductivity of the Universe,

and therefore generates primeval magnetic fields from a zero seed field (Turner and

Widrow 1988; see e.g. Subramanian 2019, for a recent review).

An open issue with this theory lies upon the fact that electromagnetism is

conformally coupled to gravity in a flat Universe. An expanding Universe in the

Friedmann-Lemâıtre-Robertson-Walker (FLRW) framework has its energy density

proportional to a−4, where a is the cosmological scale factor. The inflationary theory

creates an initial magnetic field strength of B ∼ 10−50 G on co-moving length scales

of order 10 kpc, which is too low to be of astrophysical or cosmological interest

(Widrow et al. 2012). In order to grow seed fields super adiabatically during inflation

such that they become physically signficant, conformal invariance of the Maxwell’s

equations and/or conformal flatness of the Friedmann spacetimes must be broken.

Turner and Widrow (1988) suggested that the addition of terms to the Lagrangian

breaks conformal invariance, and in turn, constrains the magnetic field to act as a

minimally-coupled scalar field. Alternatively, the EM field can be coupled to other
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fields in string-inspired cosmologies, such as the inflaton, as pointed out by Ratra

(1992); or the dilaton, which is discussed in Gasperini and Veneziano (1994). Other

possible models of inflation are reviewed and discussed by Martin and Yokoyama

(2008) and Subramanian (2010).

In essence, all of these models involve the breaking of invariance in various

“open” cosmologies, so that inflation is able to seed magnetic fields up to present-

day strength of 10−15 G . B . 10−9 G in large-scale structures (see e.g. Beck et al.

2013a). It is plausible for magnetic fields with an inflationary origin to penetrate

into and magnetise cosmological voids as well as seed the dynamos of other gravita-

tionally bound systems. For inflationary magnetogenesis to be feasible, new physics

beyond the Standard Model would be necessary to break the conformal and gauge

invariances. In view of this, void magnetic fields provide an interesting window

into understanding the theories of inflation and the science that extends beyond the

Standard Model.

1.2.2 Phase transitions in the early Universe

Primordial magnetic fields could also be generated during various phase transitions

in the early Universe. It may be possible that a tiny fraction of the free energy re-

leased during electroweak or quantum-chromo-dynamics (QCD) transitions can be

transformed into large-scale magnetic fields (see e.g. Kandus et al. 2011; Durrer and

Neronov 2013; Subramanian 2016, for reviews). The electroweak transition occurs

when the electromagnetic and weak forces become distinguishable: from the time in

which the photon, W and Z bosons are identical and massless, to the point when the

W and Z bosons acquire mass, but the photon remains massless (Coleman and Wein-

berg 1973). In the case of this being a first-order phase transition, bubble nucleation

can take place, creating non-equilibrium conditions well-suited for baryogenesis and

leptogenesis, thus leading to magnetic field generation (Quashnock et al. 1989; see

e.g. Widrow et al. 2012, for a review). The idea is such that the bubbles grow and

percolate, driving turbulence within the charged plasma, which therefore induces

currents and subsequently amplifies magnetic fields through a dynamo process (see

e.g. Brandenburg and Subramanian 2005, for a review).

Magnetogenesis is also possible during the QCD transition that takes place

when the temperature of the Universe cools below T ∼ 150 MeV (see e.g. Kahni-

ashvili et al. 2013; Bazavov et al. 2014). The Universe changes from a quark-gluon
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plasma to a hadronic phase under the strong nuclear force. Here the bubbles collide

and the electric fields behind their shock fronts generate current flow, and in turn,

create small-scale magnetic fields (see e.g. Subramanian 2016, for a review). Phe-

nomenologically, the co-moving magnetic field strength on a 1 Mpc-scale generated

during the QCD transition is estimated to be about B ∼ 1× 10−29 G, whilst during

the electroweak transition is approximately B ∼ 1× 10−23 G (see e.g. Widrow et al.

2012, for a review). Hence, strong fields can indeed arise from post-inflationary

phase transitions, but their correlation length scales are limited by the Hubble ra-

dius in the early Universe. The coherence length of the primordial magnetic fields

generated by phase transitions is expected to be of the order of the largest bubble

size formed, which is ∼ 0.01 pc for the electroweak transition and ∼ 10 pc for the

QCD transition (see e.g. Banerjee and Jedamzik 2004). These lengths are too short,

as compared to the kpc scales observed in galaxies and galaxy clusters today. Unless

some dynamical mechanisms occur, such as the inverse cascade of magnetic energy,

to generate helicity which can grow the scales non-linearly (see e.g. Field and Carroll

2000; Banerjee and Jedamzik 2004; Tevzadze et al. 2012).

1.2.3 Density perturbations before recombination

Prior to the epoch of recombination, the particle-photon interactions can trigger

tiny fluctuations in the cosmological density field, which eventually creates a seed

magnetic field (Ichiki et al. 2006; Maeda et al. 2011). The notion is that photons,

electrons and protons are efficiently scattered and tightly coupled. The anisotropic

pressure of photons and their preferential scattering off electrons over protons lead

to differences in the rotational velocities of the charged particles, yielding an electric

current and hence magnetic field. Although the expansion of the Universe quickly

damps away the first-order linear perturbation modes, the second-order couplings

between photons and electrons are strong enough to magnetise the early Universe.

Since density perturbations of photons and electric currents are linked, the mag-

netic fields produced via this coupling process must be correlated with temperature

fluctuations at recombination.

The generation of magnetic fields takes into account three main factors: the

baryon-photon slip, vorticity difference and anisotropic pressure. By adopting the

standard cosmological model (i.e. ΛCDM), the density perturbations of these pa-

rameters are numerically solved to derive the power spectrum of the magnetic field
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(Widrow 2002; Ichiki et al. 2006). It is shown that magnetic fields of 10−18.1 G can

be produced on a 1 Mpc-scale and they can be even stronger on smaller scales of

10 kpc, at 10−14.1 G (Ichiki and Takahashi 2006; Ichiki et al. 2006). These fields then

decay adiabatically with the expanding Universe to present-day strengths of about

B ∼ 10−22.8 G at 1 Mpc-scale and ∼ 10−18.8 G at 10 kpc-scale, which are capable of

seeding galactic magnetic fields and playing a role in early star formation processes

(Takahashi et al. 2005). When recombination ends, so does the generation of mag-

netic fields. This is because Compton scattering is no longer viable as the majority

of the electrons have combined into hydrogen atoms. As a result, the magnetic field

produced this way is essentially a “fingerprint” of primordial density perturbations.

The detection of such magnetic fields may be able to shed some light on the physics

of the early Universe.

1.2.4 Biermann battery mechanism

The equation of motion for electrons in a fluid can be expressed as

neme
dve
dt

= −nee

(
E +

ve ×B

c

)
−∇Pe − nemeg + Fe,i , (1.1)

where ne is the electron number density, me is the electron mass, Pe (= neκBTe) is

the electron pressure2, e is the electron charge, c is the speed of light, and Fe,i is the

electron-ion frictional force (see e.g. Kulsrud and Zweibel 2008). The inertial term

neme(dve/dt) and the gravitational term nemeg are negligible since me is small. The

force term Fe,i is also negligible because it is related to the current term j, which

approaches zero on large scales, since j ∝ 1/L. The resulting equation becomes

E = −
(
ve ×B

c

)
− ∇Pe

nee
. (1.2)

2Electron pressure can become significant when the number density of electrons is large and/or

the electron temperature is high. The electron gyroradius is therefore assumed to be much smaller

than the length scale of the system. This would result in a small battery term which is often

neglected in ideal MHD.
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Taking the curl of equation 1.2 and substituting it into Faraday’s law, ∂B/∂t =

−c(∇×E) , gives

∂B

∂t
= c

[
∇×

(
ve ×B

c
+
∇Pe

nee

)]
(1.3)

= ∇× (ve ×B) +∇×
(
c∇Pe
nee

)
∂B

∂t
= ∇× (ve ×B) +

c (∇ne ×∇Pe)

n2
ee

. (1.4)

Assuming that the plasma is partially ionised, the ionisation fraction χ can be

defined as

χ =
ne

np + nH
=
ne

nB
, (1.5)

where np is the ionised hydrogen (i.e. proton) number density, nH is the neutral hy-

drogen number density and nB is the baryonic number density (see e.g. Kulsrud and

Zweibel 2008). Here χ is treated as a constant in space.

Then, assuming thermal equilibrium within the plasma, i.e. Te = Tgas, the

ratios between the electron pressure Pe = neκBTe and the total gas pressure P =

(np + nH + ne)κBTgas, can be written as

Pe

P
=

ne

np + nH + ne
(1.6)

=
ne

nB + ne
(1.7)

=
ne

nB (1 + χ)
(1.8)

Pe

P
=

χ

1 + χ
. (1.9)

The total plasma density ρ can be expressed as ρ = mpnp + mene + mHnH,

where mp is the proton mass and mH is the neutral hydrogen mass. Since the

electron mass is small, i.e. mp � me, and the plasma can be considered as locally

charge neutral, i.e. ne = np, the plasma density is therefore

ρ ≈ mpnp +mHnH =
Mne

χ
, (1.10)

where M is the average mass per particle (see e.g. Xu et al. 2008). By substituting

equations 1.9 and 1.10, equation 1.4 becomes

∂B

∂t
= ∇× (ve ×B) +

Mc

e (1 + χ)

∇ρ×∇P
ρ2

. (1.11)
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In the case of a hydrogen gas,

∂B

∂t
= ∇× (ve ×B) +

mpc

e(1 + χ)

∇ρ×∇P
ρ2

. (1.12)

The first term in equation 1.12 is the advection of the magnetic flux and shows

that a small seed field can be amplified by shear flows and compression in the

plasma. The second term is the Biermann (1950) battery mechanism. It arises due

to pressure and density gradients, which give rise to vorticity and create a flow of

electric current. This, in turn, generates a weak seed magnetic field.

1.2.5 The first stars and first galaxies

The first stars and first galaxies are plausible source candidates of seed magnetic

fields. The seed field can be generated during the star formation process, as a result

of disk accretion and proto-stellar gravitational collapse (see e.g. Machida et al.

2007), which can then be further enhanced by magneto-rotational instabilities (see

e.g. Silk and Langer 2006; Widrow et al. 2012). The gas within the first star-forming

halos is turbulent (see e.g. Abel et al. 2002; O’Shea and Norman 2007; Yoshida

et al. 2008; Turk et al. 2009) and drives a small-scale dynamo, which exponentially

increases weak seed fields, as shown in semi-analytical and numerical studies (see

e.g. Schleicher et al. 2010; Sur et al. 2010). Assuming an initial field strength of

∼ 10−9 G, Sur et al. (2010) carried out simulations where the field was evolved

with the central collapsing core during the first star formation. They found that the

total magnetic field was amplified by six orders of magnitude, resulting in a ∼ 10−3

G field strength, which is strong enough to seed dynamos in galaxies and in the

IGM. The stars can release material into the interstellar medium, via stellar winds

and supernova explosions, which subsequently carry magnetic fields throughout the

entire proto-galaxy (e.g. Michel and Yahil 1973; Chyży et al. 2016).

An ensemble of small-scale stellar magnetic fields subsequently produces a large-

scale component which seeds a mean-field galactic dynamo (see e.g. Widrow 2002).

Galactic magnetic fields typically comprise of nearly similar random and regular field

components. The random, tangled fields are thought to be driven by the turbulent

flow motions and active star formation, whilst the regular fields are made coherent

by the large-scale dynamo and galactic rotation (see e.g. Beck 2016). Moreover, it is

possible to transport the magnetic fields from the disk into the halo by means of a

galactic, magnetised wind. This is supported by observations of similar scale heights
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of several spiral galaxies, which suggested that all of them host a galactic wind

(Krause 2015), as also demonstrated by numerical simulations (see e.g. Brandenburg

et al. 1993; Moss et al. 2010).

It is also proposed that galactic winds may be able to carry the magnetic fields

into the IGM and regions where larger structures reside. In order to explore the

likelihood of galactic winds being a source of magnetic fields in the ICM, Don-

nert et al. (2009) coupled the galaxies created in their cosmological MHD simula-

tions (GADGET-2) with a semi-analytic model for magnetised galactic winds following

Bertone et al. (2006). Their results show that the magnetic field amplifies as the

cluster forms, well reproducing the observed magnetic field strength and structure

in galaxy clusters at present time.

1.2.6 Contribution from star-forming and starburst galaxies

Most galaxies in the early Universe are believed to have experienced one or more

periods of star formation. The galactic centres are usually sites of active star forma-

tion and µG magnetic fields (see e.g. Beck 2012, for a review). During episodes of

star formation, the galaxies can efficiently drive magnetised metal-enriched hot gas,

as well as cosmic rays, from their central regions (e.g. Klein 2011). The relativistic

ejecta are often in the form of galactic bubbles, winds, and/or outflows, which can

quickly transport metals and magnetic fields from the stellar nurseries to seed a

substantial fraction of the IGM (e.g. Chyży et al. 2016).

A fraction of these galaxies are gas-rich and have an extraordinarily high rate

of star formation, relative to their mean star formation rate in the long term or the

star formation rate of other galaxies. These are known as starburst galaxies, and

they can form new, massive stars, which strongly ionise the surrounding clouds and

oftentimes exploding into supernovae, thus triggering a cascade of star formation

throughout the region. The supernova remnants inject cosmic rays and magnetic

seed fields into the IGM, where the latter gets amplified by the cosmic-ray driven

dynamo (e.g. Hanasz et al. 2004, 2013; Siejkowski et al. 2018).

The starburst activities often occur in abrupt, short-lived phases, as they end

when the available gas reservoir is either fully consumed to form stars or blown out

of the galaxy. Over the lifetime of each galaxy, and the combined action of many

starburst events, it is possible to magnetise a significant volume of the surrounding

IGM in the present day Universe (e.g. Kronberg 2016). Notably, dwarf galaxy
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starburst outflows of magnetised gas is most effective in seeding the IGM at z & 7

(Kronberg et al. 1999).

1.2.7 Contribution from Active Galactic Nuclei

Daly and Loeb (1990) proposed Active Galactic Nuclei (AGN) as a possible origin

of large-scale fields. A supermassive black hole at the centre of the active galaxy

accretes mass to form a disk, which produces a strong seed magnetic field via the

Biermann battery mechanism. These fields are amplified by the galactic dynamo

and then ejected into the surrounding IGM by relativistic jets and winds of the

AGN (see e.g. Kronberg et al. 2001). Assuming equipartition between magnetic

and kinetic energies within a 1 Mpc3 volume, the required seed field strength for

AGN contribution is estimated to be B ∼ 10 nG (Ryu et al. 2012).

Further works have been carried out to explore the effects of a population of

AGN jets and its volume filling fraction to magnetise the Universe. Using the cosmo-

logical AMR-MHD simulation of galaxy cluster formation (ENZO), Xu et al. (2010)

found that a single, powerful radio jet at z = 3 is capable of magnetising the entire

ICM to the observed µG levels, after undergoing cluster-wide turbulent amplifica-

tion and diffusion. The timing of the AGN injection is crucial in this scenario: to

obtain cluster-wide magnetic fields, the injection must occur at a sufficiently high

redshift, otherwise the resulting fields are only confined within radio lobes and iso-

lated bubbles. On the contrary, there appears to be no significant effect on the

final magnetic energy and final magnetic field strength as the number of AGN in-

jections increases. Xu et al. (2012) injected magnetic fields from 30 simulated AGN

at z = 2.5 and found that the cluster, although filled to a larger volume, was still

magnetised to µG levels. This is because the final magnetic energy and final mag-

netic field strength in the ICM are mainly determined by the amplification with the

ICM turbulent energy (Xu et al. 2010). Hence, the magnetic growth saturates at

µG levels, in spite of additional AGN injections spreading the magnetic fields wider

to fill a larger volume of the cluster.

1.3 Evolution of large-scale magnetic fields

Various observations (see e.g. Govoni et al. 2001a,b; Carilli and Taylor 2002; Gov-

oni and Feretti 2004; Govoni et al. 2004; Bonafede et al. 2010; Ryu et al. 2012) have

indicated that galaxies and clusters are magnetised, with field strengths in the µG
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range and ordered typically on scales of ∼ 1 − 10 kpc for galaxies and ∼ 0.1 − 1

Mpc for clusters. Some superclusters (e.g. Virgo, Hercules and Perseus-Pisces) also

appear to be permeated by large-scale magnetic fields with an upper limit of several

10−7 G, assuming field reversal scales of hundreds of kpc (Xu et al. 2006). Cos-

mological MHD simulations (see e.g. Brüggen et al. 2005; Ryu et al. 2008; Vazza

et al. 2014) predict the magnetisation of cosmic filaments to reach strengths of a

few ∼ nG, lower than the upper limit of ∼ 0.1µG constrained by RM observations

of background quasars3 (see e.g. Ryu et al. 1998; Xu et al. 2006; Ryu et al. 2012).

There has also been evidence supporting the presence of magnetic fields in

cosmic voids. The Large Area Telescope (LAT) on the Fermi Gamma-ray Space

Telescope (Fermi-LAT) observations of distant TeV blazars4 place lower limits on

the intergalactic magnetic field strength at B ≥ 3× 10−16 G if assuming a constant

TeV flux emitted over long timescales (Neronov and Vovk 2010), while a more

robust limit of B & 10−18 G is obtained from restricting the active TeV emission to

a shorter period (Dermer et al. 2011). Independent constraints on the properties of

intergalactic magnetic fields are also possible with gamma-ray observations of GRBs,

the first of which is GRB 190114C, limiting B > 10−19.5 G for a coherence length

of l ≤ 1 Mpc (Wang et al. 2020b, see also Section 2.4 for more details). Whether

or not this level can be detected by the Cherenkov Telescope Array (CTA) is still

uncertain (Dzhatdoev et al. 2020).

Seeding of these large-scale magnetic fields can either be attributed to astro-

physical or primordial processes. Whilst the gas collapses during structure formation

and galactic interactions, it experiences turbulence, compression and shear, all of

which amplifies, stretches, twists and folds the seed field. Hence, it is not only

crucial to trace the origin(s) of the large-scale fields, but also understand how they

evolve with the structure formation of the Universe.

The magnetic field evolution is determined by the induction equation:

∂B

∂t
= −c× (∇×E) . (1.13)

In the context of an astrophysical plasma, it is expressed as

∂B

∂t
= ∇× (v ×B) + η∇2B +

mpc

e(1 + χ)

∇ρ×∇P
ρ2

. (1.14)

3A quasar is a rapidly accreting supermassive black hole at the centre of a massive galaxy.

4A blazar is an AGN with a relativistic jet almost directed towards an observer.
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The first term ∇ × (v × B) amplifies the magnetic fields due to the vorticity of

plasma motions. It is of the form

∇× (v ×B) = −(v · ∇)B + (B · ∇)v −B(∇ · v) , (1.15)

such that the term (v ·∇)B amplifies the fields by advection, (B ·∇)v by shearing,

and B(∇ · v) by compression. The second term η∇2B describes how the field

diffuses through the plasma, where η is the magnetic diffusivity. This term is usually

neglected in astrophysical settings because the ICM and IGM are generally good

conductors. Lastly, the third term is the battery term, which accounts for the

seeding of magnetic fields from baroclinity. This means that the magnetic fields can

be generated from the misalignment of pressure and density gradients, e.g. during

cluster mergers and shocks. Neglecting the vorticity and battery terms, the time

for the magnetic field to decay is

td =
L2

η
, (1.16)

where L is the characteristic length scale for the diffusion to occur. For clusters,

where L ∼ 1 Mpc, the decay time is estimated to be many orders of magnitude larger

than the Hubble time, implying that turbulent motions must play an important role

in the system.

In a co-moving frame, the magnetic fields evolve with the expanding Universe,

following

∂B

∂t
=

1

a
[∇× (v ×B)]− 2

(
ȧ

a

)
B +

1

BN tN

mpc

e(1 + χ)

∇ρ×∇P
a2ρ2

, (1.17)

where BN and tN are the normalisation constants for the magnetic field and time,

respectively (e.g. Kulsrud et al. 1997; Chan and Wu 2014, private communication).

The cosmological scale factor a quantifies the expansion of the Universe. The ex-

pansion rate of the Universe is characterised by the first Friedmann equation:(
ȧ

a

)2

= H2
0

(
Ωr,0

a4
+

Ωm,0

a3
+

Ωk,0

a2
+ ΩΛ

)
, (1.18)

where Ωr is the energy density of radiation, Ωm is the energy density of matter, Ωk

is the curvature, and ΩΛ is the energy density of dark energy. Observations of the

cosmic microwave background (CMB) indicate that the Universe is flat so Ωk ∼ 0.

The subscript “0” denotes present-day values of the cosmological parameters. The
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scale factor is also related to the redshift by a = 1/(1 + z), and to the physical

distance by arco, where rco is the co-moving distance.

The term −2(ȧ/a)B in equation 1.17 dilutes the field strength as the Universe

expands. In the case of a slow-moving, barotropic fluid, equation 1.17 simplifies to

∂B

∂t
= −2

(
ȧ

a

)
B , (1.19)

which leads to

∂

∂t

(
a2B

)
= 0 . (1.20)

The above expression is simply flux conservation. Since the magnetic field strength

B declines with a2 as the Universe expands, there has to be some mechanism to

compensate for this field reduction. It is argued that there could be a galactic dy-

namo capable of amplifying the seed fields to the µG strengths observed in galaxies

and galaxy clusters today (e.g. Moss et al. 1991; Gressel et al. 2008; see also Bran-

denburg and Subramanian 2005; Brandenburg 2015, for reviews on galactic dynamo

theory). To this end, the vorticity term has to dominate, through e.g. structure

formation, cluster mergers and shocks. The seed fields must have a coherence length

scale longer than 10 kpc and strengths ranging between 10−22 and 10−12 G (see e.g.

Kandus et al. 2011, for a review on primordial magnetogenesis).

1.4 Summary

This chapter provides an overview of magnetic fields across all scales from interstellar

space to cosmological voids. Magnetic fields are omnipresent and hence they must

play an important role in shaping the Universe. They are thought to contribute

significantly, amongst gravity, turbulence, and cosmic rays, to the evolution of the

interstellar medium, and particularly to the formation of stars in molecular clouds

(see Chapter 5). Stellar, planetary, and lunar magnetic fields are likely to have

arisen from the hydro-magnetic dynamos of their liquid metallic cores or convection

of electrically-conducting fluids close to their surfaces. Their field structures are

observed to be dynamically complex, and their field strengths can vary over many

orders of magnitude, e.g. from 10−103 G in the Sun to ∼ 1015 G in magnetars. The

conventional methods to trace stellar and sub-stellar magnetic fields are starlight

and dust polarisations, as well as Zeeman and Goldrich-Kylafis spectropolarimetry.

Cyclotron resonant scattering features are also a direct observational evidence for
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strongly-magnetised neutron stars.

On galactic scales and beyond, it becomes more challenging to detect and study

magnetic fields. The properties of magnetic fields in these large-scale systems are

often inferred from observational signatures in their radio synchrotron emission and

Faraday RMs. Notably, magnetism in galaxies, galaxy groups, and the intergalactic

medium, have been constrained by radio observations to be of the order of several

µG, and even stronger in starburst galaxies. There is also observational evidence for

galaxy clusters and their intracluster medium to be magnetised at several to tens

of µG, through the detection of diffuse, Mpc-scale radio emission across the ICM

and the RMs of bright radio point sources at ∼ 100s rad m2. The cluster volume

is a patchwork of magnetic fields which are typically coherent on kpc length scales

but more disordered on the large scales, presumably due to cluster interactions and

mergers.

These dynamical processes smear out the memory of the first magnetic fields.

The Biermann battery amplification and evolution of large-scale magnetic fields

with structure formation of the Universe requires the presence of a non-zero seed

field. It is still unclear whether the seed fields are primordial in origin or generated

through astrophysical processes after the recombination era. The earliest evidence

of cosmological magnetogenesis may be imprinted in the largest scale structures of

the Universe, such as the cosmic filaments and voids, which are weakly magnetised

at ∼ 10−16−nG levels. The advent of the all-sky SKA RM survey will provide

solid constraints on when and how the first magnetic fields are generated. It is

therefore important to study the observational signatures that magnetic fields will

leave in the radio wavebands (see Chapter 2) and assess the large-scale magnetic

field diagnostics in the RM fluctuations for galaxy cluster scales and beyond (see

Chapters 3 and 4).
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Chapter 2

Observational signatures and

diagnostics of magnetic fields

Most of what is known about magnetic fields in galaxy clusters and larger scale

structures comes from radio observations. The intracluster medium (ICM) is weakly

magnetised and consists of relativistic electrons. The relativistic electrons gyrate

around the magnetic field lines to produce synchrotron emission. Therefore radio

synchrotron radiation is often used as a probe of large-scale magnetic fields. It

is important to understand the physics of radio synchrotron radiation, especially

its polarisation and effects under Faraday rotation, which are commonly used to

characterise the magnetic fields. Observationally, many radio experiments have con-

tributed immensely to the understanding of magnetic fields in astrophysical systems.

Meanwhile, observations in the other wavebands, such as optical and near-infrared,

or even using high-energy particles, e.g. cosmic rays, have proven to be useful in di-

agnosing magnetic fields on the smaller scales, e.g. in molecular clouds. This chapter

therefore focuses on the observational signatures and diagnostics of magnetic fields.

This chapter is organised as follows. Section 2.1 presents an overview on the

physics of radio synchrotron radiation, starting with the radiation from a single

electron and a description of its relativistic beaming and spectral properties. The

spectrum from a power-law distribution of electrons and the physics of synchrotron

self-absorption are also discussed. Section 2.2 describes the polarisation of light and

the physics of Faraday rotation. In particular, the polarisation of a photon and

the polarisation of an electromagnetic wave are presented using the formalism of

Jones vectors, Mueller matrices, and the Stokes parameters. Section 2.3 outlines
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the polarised Universe observable in the radio wavelengths and how it improves the

understanding of astrophysical magnetic fields. In Section 2.4, other magnetic field

diagnostics, such as the Zeeman effect and high-energy cosmic rays, are discussed.

Lastly, Section 2.5 summarises this chapter.

2.1 Radio synchrotron radiation

Charged particles gyrate around magnetic fields and radiate. In the non-relativistic

case, the frequency of emission is the same as the frequency of gyration, which is

known as cyclotron radiation. In the highly relativistic regime, the frequency of

emission goes beyond the frequency of gyration and is subject to beaming effects.

This is known as synchrotron radiation. The total intensity provides a direct esti-

mate of the equipartition field strength, whereas the polarisation reveals the field

orientation and degree of field ordering. For more details, see e.g. Rybicki and

Lightman (1979) and Ulrich and Fletcher (2015).

2.1.1 Radiation from a single electron

When an electron travels in a magnetic field B, it experiences a Lorentz force and

accelerates, following

γme
dv

dt
= −e

c
(v ×B) , (2.1)

where e is the electron charge, me is the electron mass, c is the speed of light, v

is the electron velocity, and γ =
(
1− v2/c2

)−1/2
is the Lorentz factor. It can be

shown that the electron velocity component parallel to the magnetic field, v‖, obeys

dv‖

dt
= 0 , (2.2)

implying that v‖ is invariant. The rate of change of electron velocity component

(i.e. electron acceleration) perpendicular to the magnetic field, v⊥, is

dv⊥
dt

= − e

γmec
(v⊥ ×B) . (2.3)

As |v| is constant and v‖ is invariant, |v⊥| is also constant. Therefore, the electron

gyrates in a uniform, helical motion along B at an angular frequency

ωB =
|e||B|
γmec

, (2.4)

and it accelerates in the direction perpendicular to B with a magnitude a⊥ =

ωB|v⊥| = ωBv⊥ (as only e2 is relevant to the radiative processes, without losing
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generality, the negative sign of the electron charge e is dropped hereafter). As a

result, the total radiation emitted for a single electron is

P =
2

3
r2

e c β
2
⊥ γ

2B2 , (2.5)

where β⊥ = v⊥/c, and re = e2/mec
2 is the classical radius of the electron. For an

isotropic distribution of velocities, the total power is the mean over all angles at a

given speed β,1 so equation 2.5 becomes

P =
4

3
σT c β

2 γ2 UB , (2.6)

where σT = 8πr2
e/3 is the Thomson cross section and UB = B2/8π is the magnetic

energy density.

2.1.2 Relativistic beaming and spectrum of emission from a single

electron

Due to relativistic boosting, synchrotron emission is strongly beamed in the direction

of motion. The emission concentrates in narrow angles of the order 1/γ along

the velocity direction. The beaming of radiation has a significant effect on the

observed synchrotron spectrum. As the electron traverses around the magnetic field,

its emission can only be seen when aligned with the observer’s line-of-sight. The

observer sees a pulse of radiation whose period is much shorter than the gyration

period by a factor of γ3. The synchrotron spectrum is fairly broad, extending to

the order of its critical frequency

ωc =
3

2
γ3 ωB sinα , (2.7)

which depends on the Lorentz factor and the magnetic field strength perpendicular

to the line-of-sight. The power of each synchrotron pulse is

P (ν) =

√
3 e3B sinα

mec2
F

(
ν

νc

)
, (2.8)

where νc = ωc/2π. The function F is the Airy integral of the modified Bessel

function K5/3(ξ) and can be written in the form of

F

(
ν

νc

)
=

ν

νc

∫ ∞
ν/νc

K5/3(ξ) d(ξ) . (2.9)

1Note that
∫ 4π

0
dΩ sin2 θ = 2/3.
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Hence, a single-electron power spectrum varies asymptotically, following

P (ν) ∝ ν1/3 for ν/νc � 1 and (2.10)

P (ν) ∝ e−ν/νc for ν/νc � 1 , (2.11)

with a peak emission occurring at νmax = 0.29 νc.

2.1.3 Spectrum of emission from a population of relativistic elec-

trons with a power-law energy distribution

The synchrotron radiation from an ensemble of relativistic electrons with a power-

law energy distribution generally follows a power-law spectrum

P (ν) ∝ ν−α , (2.12)

characterised by a spectral index α. The relation between the spectral power-law

index and the electron energy distribution power-law index can be derived as follows.

Consider the number density of relativistic electrons with energies between γ1

and γ2 to be

nre (γ) dγ = Cγ−p dγ , (2.13)

where C is a normalisation constant and p is the electron distribution index. The

total power radiated per unit volume by this distribution of electrons is therefore

Ptot(ν) = C
∫ γ2

γ1

P (ν) γ−p dγ ∝
∫ γ2

γ1

F

(
ν

νc

)
γ−p dγ . (2.14)

Since νc ∝ γ2, equation 2.14 can be re-written as

Ptot(ν) ∝ ν−(p−1)/2

∫ x2

x1

F (x)x(p−3)/2 dx , (2.15)

where x ≡ ν/νc. Over a large range of energies, such that x1 ≈ 0 and x2 ≈ ∞, the

integral term becomes a constant. Hence,

Ptot(ν) ∝ ν−(p−1)/2 . (2.16)

Comparing equations 2.12 and 2.16 gives

α =
p− 1

2
, (2.17)

where p ≈ 2.2 for freshly-accelerated electrons (by, e.g. supernova remnants and

cosmic rays), whereas p ∼ 3.0− 4.0 for aged electrons (e.g. radio jets in X-ray bina-

ries) (see e.g. Ginzburg and Syrovatskii 1968; Achterberg et al. 2001; Tsouros and

Kylafis 2017).
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2.1.4 Synchrotron self-absorption

Not all of the synchrotron radiation emitted can reach the observer because of

synchrotron self-absorption. At lower frequencies, more photons are likely to be

scattered off and absorbed by electrons within the source. This results in an op-

tically thick region, where the photon mean free path is much smaller than the

characteristic size of the source.

The average energy per particle E for a relativistic gas is

E = 3kBTeff , (2.18)

where kB is the Boltzmann constant and Teff is the effective temperature2 of the

synchrotron-emitting electrons.3 Therefore,

Teff =
γmec

2

3kB
, (2.19)

which, at a given γ, the maximum synchrotron emission occurs at ν ≈ γ2νc, so

Teff ≈
mec

2

3kB

(
ν

νc

)1/2

, (2.20)

and since νc ∝ B, this becomes

Teff ∝ ν1/2B−1/2 . (2.21)

Recall that the surface brightness Sν of a blackbody is given by the Planck

function

Sν (Te) =
2hν3

c2

1

ehν/kBTe − 1
, (2.22)

where Te is the blackbody temperature. At radio wavelengths, the low-frequency

limit (i.e. hν � kBTe) applies, leading to the Rayleigh-Jeans law (1905):

Sν (Te) =
2ν2kBTe

c2
, (2.23)

(Rayleigh 1900, 1905a,b; Jeans 1905b,c,a). Lastly, substituting equation 2.21 into

2.23 gives

Sν ∝ ν5/2B−1/2 . (2.24)

2Although synchrotron emission is non-thermal, an effective temperature depending on fre-

quency can still be assigned to the electrons.

3This leads to a specific heat ratio of cP/cV = 4/3.
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This shows that, at low frequencies, severe self-absorption causes a turnover in

the synchrotron spectrum. At low frequencies, the region is said to be optically

thick when the synchrotron emission is proportional to ν5/2. At high frequencies,

the synchrotron emission is proportional to ν−(p−1)/2 and the region is said to be

optically thin (see e.g. Rybicki and Lightman 1979). Synchrotron self-absorption is

a notable feature in the spectra of compact, highly energetic sources, for instance,

the nuclei of active galaxies and quasars. Nonetheless, on larger scales (e.g. the

IGM), synchrotron self-absorption is relatively low and can often be neglected.

2.2 Polarisation and Faraday rotation

2.2.1 Polarisation of a photon

The polarisation of a photon is described by the orientation of the axis along which

its electric field oscillates. A photon that is in a superposition of eigenstates can have

linear, circular or elliptical polarisation. The quantum polarisation state vector for

the photon is identical to the Jones vector, usually used to describe the polarisation

of a classical wave. For more details, see e.g. Bohren and Huffman (2008).

2.2.2 Polarisation of an electromagnetic wave

Light is an electromagnetic wave. The electric field of light oscillates perpendicular

to the direction of propagation. The orientation of the electric field determines

the type of polarisation being observed. In the case of linear polarisation, the

electric field travels in a single plane along the direction of propagation. When the

two orthogonal linear components of the electric field has the same amplitude but

are out of phase by π/2, the electric field rotates in a circle, resulting in circular

polarisation. Depending upon the direction of rotation as seen by an observer,

the polarisation is either deemed left- (anti-clockwise) or right-handed (clockwise).

Circular polarisation is a special case of elliptical polarisation, where the electric

field describes an ellipse. Elliptical polarisation arises from the superposition of two

linear components which have different amplitudes and/or a phase difference that

is not π/2. Light is considered unpolarised when the direction of its electric field

does not have a preferential direction.

2.2.3 Jones vectors and Mueller matrices

The Jones vector is named after Robert Clark Jones (1941a; 1941; 1941b; 1942)

and is only applicable to light that is already fully polarised. Light which is ran-
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domly polarised, partially polarised, or incoherent, must be treated using Mueller

(1943) calculus (see Collett 2005, for more details). Consider a monochromatic

plane wave of light to be propagating in the z-direction, with angular frequency, ω,

and wavevector, k. The corresponding Jones vectors are 1

0

 (2.25)

for linear polarisation in the horizontal direction,

 0

1

 (2.26)

for linear polarisation in the vertical direction,

1√
2

 1

1

 (2.27)

for linear polarisation in +45◦,

1√
2

 1

−1

 (2.28)

for linear polarisation in −45◦,

1√
2

 1

−i

 (2.29)

for right-hand circular polarisation,

1√
2

 1

+i

 (2.30)

for left-hand circular polarisation.

2.2.4 Stokes parameters and the Poincaré sphere

Consider an electric vector

E = E0 e
−iωt =

 E1

E2

 e−iωt , (2.31)



2.2. Polarisation and Faraday rotation 47

where E0 is a general complex vector in terms of amplitudes E1 = ε1e
iφ1 and

E2 = ε2e
iφ2 . Taking only the real part of E, the electric field in the xy plane is

Ex = ε1 cos(ωt− φ1) , (2.32)

Ey = ε2 cos(ωt− φ2) , (2.33)

which become

E′x = ε0 cosχ cosωt , (2.34)

E′y = ε0 sinχ sinωt , (2.35)

after tilting the xy plane over an angle of ψ, where −π/2 ≤ χ ≤ π/2. Rotating E′x

and E′y through ψ again result in

Ex = ε0(cosχ cosψ cosωt+ sinχ sinψ sinωt) , (2.36)

Ey = ε0(sinχ sinψ cosωt− sinχ cosψ sinωt) . (2.37)

Comparing the equations 2.32 gives

ε1 cosφ1 = ε0 cosχ cosψ , (2.38)

ε1 sinφ1 = ε0 sinχ sinψ , (2.39)

ε2 cosφ2 = ε0 cosχ sinψ , (2.40)

ε2 sinφ2 = −ε0 sinχ cosψ . (2.41)

The above equations can be condensed into the four Stokes parameters of polarisa-

tion [ I, Q, U, V ]. I defines the total intensity, Q and U correspond to the linearly

polarised intensities and V is the circularly polarised intensity. Any polarisation

state can be uniquely represented on or within the Poincaré sphere. For monochro-

matic waves, the Stokes parameters are

I ≡ ε2
1 + ε2

2 = ε2
0 , (2.42)

Q ≡ ε2
1 − ε2

2 = ε2
0 cos 2χ cos 2ψ , (2.43)

U ≡ 2ε1ε2 cos(φ1 − φ2) = ε2
0 cos 2χ sin 2ψ , (2.44)

V ≡ 2ε1ε2 sin(φ1 − φ2) = ε2
0 sin 2χ , (2.45)
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where 2χ and 2ψ are the azimuthal and polar angles, respectively, as denoted in

Figure 2.1. ε2
0 is the intensity of the beam. Alternatively, the wave has

ε0 =
√
I , (2.46)

sin 2ψ =
V

I
, (2.47)

tan 2χ =
U

Q
(2.48)

(Rybicki and Lightman 1979). A fully polarised wave satisfies I2 = Q2 + U2 + V 2,

whilst a partially polarised wave follows I2 > Q2 + U2 + V 2. Meanwhile, for other

common polarisation states, the Stokes vectors are
1

1

0

0

 (2.49)

for linear polarisation in the horizontal direction,


1

−1

0

0

 (2.50)

for linear polarisation in the vertical direction,


1

0

1

0

 (2.51)

for linear polarisation in +45◦,


1

0

−1

0

 (2.52)

for linear polarisation in −45◦,



2.2. Polarisation and Faraday rotation 49

Fig. 2.1: Schematic of the Poincaré sphere, where P is a point on the sphere such that

|OP | = ε0 (Collett 2005).


1

0

0

1

 (2.53)

for right-hand circular polarisation,


1

0

0

−1

 (2.54)

for left-hand circular polarisation, and


1

0

0

0

 (2.55)

for unpolarised light. Note that the Stokes parameters can convert into one another

except between Q and V . The Stokes parameters are often used to represent Faraday

rotation.

2.2.5 Physics of Faraday rotation

A linearly polarised wave can be decomposed into two circularly polarised states.

The circularly polarised states interact differently in a magnetised medium and
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Fig. 2.2: Schematic of the Faraday rotation effect (Silva et al. 2012).

therefore propagate at different speeds resulting in a phase shift between them.

The recombination of the out-of-phase circularly polarised states into a linearly

polarised wave causes a rotation in the polarisation plane. This phenomenon is

known as Faraday rotation, named after Michael Faraday (1845 – see e.g. Knudsen

1976, for a review on Faraday rotation; see also Bhat 2002, for a review on the works

of Faraday: the father of electromagnetism).

The rotation measure (RM, denoted as R) is defined as

R = (∆ϕ)λ−2 = (ϕ− ϕ0) λ−2 , (2.56)

where ϕ is the measured polarisation angle, ϕ0 is the intrinsic polarisation angle

at the source, and λ is the radiation wavelength (see Figure 2.2). ϕ0 is usually

not known and any polarisation angle ϕ has an nπ ambiguity. In order to resolve

these issues, a minimum of three different reference wavelengths have to be used

to correctly determine the slope of ϕ against λ2, and hence the RM. The RM for

radiation traversing a magnetised plasma between an interval s0 and s is

R(s) = 0.812

∫ s

s0

ds′

pc

(
ne,th(s′)

cm−3

)(
B‖(s

′)

µG

)
radm−2 (2.57)

(Rybicki and Lightman 1979), if only thermal electrons are present. The thermal

electron number density is ne,th and the magnetic field strength along the line-

of-sight is B‖ (see Chapter 3 for derivation). The usual convention for the RM

is positive for a magnetic field pointing towards the observer, and negative when

pointing away from the observer. Therefore, the RM is sensitive to the regular

component of the line-of-sight magnetic field.
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2.3 Polarised Universe observable in the radio wave-

lengths

As it is impractical to describe every radio telescope, this section provides an

overview of several major telescopes that have been highly productive and made

significant impact in radio astronomy (see e.g. Trimble and Ceja 2010, for an exten-

sive list).

2.3.1 VLA and JVLA

Sited on the plains of San Agustin, New Mexico, is the Very Large Array (VLA),

which consists of twenty seven 25-m dishes in a Y-shaped re-configurable array. It

has four array configurations: A (with a maximum separation of 36 km), B (10 km),

C (3.6 km) and D (1 km). In every three to four months, the configuration is switched

from one to another, allowing the VLA to cover a wide range of angular resolution

(0.2 to 0.004 arcsec) and frequency (74 MHz to 50 GHz). Since its completion in

1980, the VLA has been ranked the most productive ground-based telescope ac-

cording to its number of publications and citations. In addition, the VLA is also

part of the National Radio Astronomy Observatory (NRAO) and has produced the

largest radio survey to date, the NRAO VLA Sky Survey (NVSS), which covers the

entire sky north of −40◦ declination. The VLA has been crucial to numerous im-

portant science discoveries, some of which include the imaging of magnetic filaments

at the galactic centre (Yusef-Zadeh et al. 1984), the discovery of the first Einstein

ring (Hewitt et al. 1988), and the revelation of internal structures within radio jets

(Swain et al. 1998). To further enhance its scientific capabilities, the VLA has been

upgraded and renamed in 2012 as the Jansky Very Large Array (JVLA). The JVLA

is now in operation, achieving at least an order of magnitude improvement in all

observational capabilities, compared to the VLA. Some of its science highlights in-

clude the imaging of merging cluster Abell 2256 to an unprecedented detail (Owen

et al. 2014), and full polarisation observations of a sample of AGN with large RMs

(Pasetto et al. 2016).

2.3.2 IRAM 30-m telescope

The 30-metre single dish radio telescope is located at the Spanish Pico de Veleta

where atmospheric water content is minimal to allow for the observations of

millimetre-wavelength signals from the cosmos. Operated by the Institute for Radio
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Astronomy in the Millimetre Range (IRAM), it is the second largest millimetre-wave

telescope in the world after the Large Millimetre Telescope (LMT). The 30-m dish

received its first light in 1984, and since then, it has explored the southern skies

and the Milky Way centre at wavelengths between 0.9 and 3 mm. This wavelength

range is ideal for studying spectral lines of interstellar molecules and tracing star

formation within giant molecular clouds of the Milky Way out to nearby galaxies.

One such example is the large-scale survey of line emission in the Orion molecular

cloud (Berné et al. 2014). In 2015, the second generation Neel-IRAM-KID-Array

(NIKA2) has been installed at the telescope to enable simultaneous observations

in the 1.15 mm and 2.0 mm bands of sub-mJy point sources, map the SZ effect in

clusters out to z ∼ 2, as well as trace dust in nearby galaxies and star forming

regions (e.g. Catalano et al. 2016).

2.3.3 ATCA and the Parkes Observatory

The Australia Telescope Compact Array (ATCA) and the Parkes Observatory are

run by the Commonwealth Scientific and Industrial Research Organisation (CSIRO)

as part of the Australia Telescope National Facility (ATNF). The ATCA and the

Parkes observatory are frequently operated together with the Mopra telescope to

form a very long baseline interferometer. The ATCA is located west of Narrabri,

Australia and started its operations in 1987. It is an aperture synthesis telescope

with an array of six 22-m movable dishes on a 6-km East-West baseline. The array

can be used for observations between frequencies of 1.1 GHz and 105 GHz. Primarily

scanning the southern skies, the ATCA has achieved many scientific highlights,

including making the first detailed radio image of SN 1987A (Staveley-Smith et al.

1993) and, the first observation of a neutron star with an ultra-relativistic jet (Fender

et al. 2004).

At the outskirts of the New South Wales town of Parkes is a 210-feet parabolic

dish known as the Parkes 64-m radio telescope. It is the second largest dish in

the southern hemisphere and is also considered as the predecessor of multi-beam

receivers, which are now available on many radio telescopes. After its completion in

1961, the dish has operated almost daily up to present day, due to regular upgrades

such as the addition of smooth metal plates to improve the detection of radio waves.

Over the decades, the Parkes observatory has found more than two-thirds of known

pulsars, including the discovery of the the first known double pulsar system (Lyne
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et al. 2004). Not only that, a series of occultation observations made using the

Parkes dish led to the historical discovery of the first quasar 3C273 (Hazard et al.

1963; Schmidt 1963; Greenstein and Schmidt 1964), as well as the discovery of the

Magellanic Stream (Mathewson et al. 1974). Now the Parkes observatory is a vital

component of the Parkes Pulsar Timing Array in the quest to detect gravitational

waves (see e.g. Wang et al. 2015; Kerr et al. 2020).

2.3.4 VLBA

The Very Long Baseline Array (VLBA) is an interferometer consisting of ten 25-m

parabolic dishes, stretching from Mauna Kea, Hawaii to the US Virgin Islands. Com-

pleted in 1993, the VLBA spans approximately 8000 km, making it one of the long

baseline interferometers in the world4. The VLBA typically observes at wavelengths

of 3 mm to 28 cm, corresponding to a frequency range between 1.2 GHz and 96 GHz.

Some of the key VLBA observations include: the structure of a circum-nuclear disk

of maser emission (Miyoshi et al. 1995), the first direct and accurate measurement

of the distance to a faraway galaxy NGC 4258 (Herrnstein et al. 1999), the recent

discovery of a nearly naked supermassive black hole (Condon et al. 2017), as well

as the first direct, accurate measure of the distance to a star-forming region on the

far side of the Milky Way (Sanna et al. 2017). As the VLBA is also operated by the

NRAO, its sensitivity can be improved five-fold by running it simultaneously with

the Arecibo radio telescope, the GBT, the VLA and the Effelsberg radio telescope.

2.3.5 GMRT

The National Centre for Radio Astrophysics in India is home to the Giant Metrewave

Radio Telescope (GMRT) since 1995. The GMRT is primarily designed to search

for the highly redshifted 21 cm signal emitted by neutral hydrogen to determine the

epoch of reionisation (see e.g. Ghosh et al. 2011). Pulsar astrophysics is also another

key science goal of the GMRT (see e.g. Frail et al. 2016). To this end, the GMRT

is made up of 30 fully steerable 45-m dishes, with a range of baselines up to 25 km,

providing an angular resolution of 1 arcsecond at 21 cm. With its high sensitivity at

a frequency range of 150 MHz to 1.5 GHz, the GMRT is often used to study a variety

4Other very long baseline interferometers (VLBI) include the European VLBI Network (EVN)

and the Event Horizon Telescope (EHT). The EVN is a global network of 22 telescopes, including

Effelsberg and Jodrell Bank, whereas the EHT will be an Earth-sized interferometer, linking various

radio telescopes across the world such as ALMA and IRAM.
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of celestial objects, for instance, the Sun, HII regions, nearby galaxies, pulsars and

supernova remnants. The GMRT is also one of the SKA pathfinders.

2.3.6 GBT, Effelsberg 100-m telescope and Jodrell Bank Lovell

telescope

The Green Bank Telescope (GBT) is the world’s largest fully steerable radio tele-

scope, followed by the Effelsberg 100-m telescope and the Lovell telescope at Jodrell

Bank. Located at the US, the GBT has a 100-m diameter collecting area, grant-

ing access to 85% of the entire celestial sphere, with observations at wavelengths

of 3.0 m to 2.6 mm. Since 2001, the GBT has made several important discoveries,

which include the detection of 3 new milli-second pulsars in M62 (Jacoby et al.

2002), the first observation of a helical magnetic field in the Orion molecular cloud

(Robishaw and Heiles 2005), and the discovery of the most massive neutron star yet

known (Demorest et al. 2010). Meanwhile, the Effelsberg 100-m dish near Bonn,

Germany has been in operation since 1972. Its high sensitivity and frequency cov-

erage between 0.3 and 96 GHz not only allow for the observations of clusters, star

formation regions and jets, but also the ability for high-precision pulsar timing.

One of the key discoveries made using the Effelsberg is the all-sky radio emission

at 408 MHz (Haslam et al. 1982), which has now become the basis for the estima-

tion of non-thermal foreground to the CMB. The third largest fully steerable radio

telescope in the world belongs to Jodrell Bank, whose Lovell dish extends over 76

metres in diameter. Operating since the summer of 1957, it was originally designed

to detect radio echoes from cosmic ray air showers. It was soon found that the

echoes originated from ionised meteor trails, which then opened up a flurry of re-

search on meteors, quasars, pulsars, masers and gravitational lenses. Some of the

milestones achieved by the Lovell 76-m telescope include the discovery of the first

pulsar in globular cluster, as well as the detection of the first gravitational lens (see

e.g. Morison 2007, for a review). The telescope is now operated by the University

of Manchester.

2.3.7 LOFAR and WSRT

Both the Low Frequency Array (LOFAR) and the Westerbork Synthesis Radio Tele-

scope (WSRT) are operated by the Netherlands Institute for Radio Astronomy

(ASTRON). Observations began in 2012 at LOFAR. Designed as a radio interfer-
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ometric array, LOFAR consists of about 20000 omni-directional antennas, which

are concentrated in at least 48 stations distributed across Germany, the UK, Fin-

land, France and Sweden. It is optimised for the low frequency range between 10

and 250 MHz, with sub-mJy sensitivity and sub-arcsecond spatial resolution. This

makes it an excellent probe for cosmic magnetism of the nearby Universe, includ-

ing one of its recent observations of the Milky Way magnetic field possessing a

spaghetti-like structure (Jelić et al. 2015; Zaroubi et al. 2015). LOFAR is also a

technology precursor for the SKA. Meanwhile, operations started in 1970 at the

WSRT. Located at the north of Westerbork, it uses methods of aperture synthesis

and Earth rotation synthesis to make observations, targeting frequencies between

120 MHz and 8092 line spectral resolution. WSRT is a linear array of fourteen 25-m

dish-shaped antennas on a 2.7 km East-West line. Its equatorial mount makes it ad-

vantageous for polarised emission research of the northern sky because the antennas

do not change orientation during observation. Over years of operation, the WSRT

has made many scientific advances, including the first time where polarised emission

and its Faraday rotation have been observed to 10µJy/beam rms for a large sample

of galaxies (Heald et al. 2009). Often, the WSRT is operated simultaneously with

other telescopes to perform (Very Long Baseline Interferometry) VLBI observations.

2.3.8 ALMA and MWA

The Atacama Large Millimetre/Submillimetre Array (ALMA) is by far the most

expensive ground-based telescope. Sited at northern Chile, it consists of 66 high-

precision antennas that can be moved over distances of 150 m to 16 km, allowing

ALMA to zoom into the millimetre and sub-millimetre wavelengths. Observations

started from the end of 2011, including the detailed imaging of star birth and plane-

tary nebulae, comet studies and investigations of properties of starburst galaxies in

the early Universe. Located at Western Australia, the Murchison Widefield Array

(MWA) is the first large-N array made up of 128 phased tiles, each tile composed

of 16 crossed dipoles arranged in a 4 by 4 square. Operating in the frequency range

of 80 to 300 MHz, the MWA aims to detect neutral atomic hydrogen emission from

the epoch of reionisation, to study the Sun and the Earth’s ionosphere, as well as to

hunt for radio transient activities. The MWA started observations in 2013. A recent

scientific highlight is the first-time, direct observation of field-aligned plasma ducts

in the Earth’s ionosphere (Loi et al. 2015). The MWA is also one of the technology
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and science pathfinders for the SKA.

2.3.9 SKA and its precursors

The Square Kilometre Array (SKA) is the upcoming new radio telescope that will

address fundamental questions about the Universe. It will be made up of thousands

of receptors connected across a total collecting area of a million square metres.

Along with the MWA, the South-African MeerKAT and Australian ASKAP, this

will make it the world’s largest and most sensitive radio telescope ever built. It

is predicted to have 50 times the sensitivity and 10000 times the survey speed of

current radio telescopes.5 It has recently been confirmed that the telescope will

have a dual site, in which the low frequency aperture arrays for Phases I and II

will be built in Australia, while the dishes and mid-frequency aperture arrays in

South Africa. One of the five key science projects that the SKA will undertake is to

understand the origin and evolution of cosmic magnetism (see e.g. Beck 2009b). The

SKA will revolutionise the study of cosmic magnetism by an All-Sky RM Survey.

This survey will measure the RMs for 108 polarised extragalactic sources across an

entire hemisphere, with a 60′′ resolution (Stepanov et al. 2008), thus providing a

high density background of radio polarised sources for RM mapping towards nearby

galaxies for the study of magnetic fields. The construction of the background RM

grid and high-sensitivity polarisation maps will fully characterise the evolution of

cosmological magnetic fields from redshifts z > 3 to today (Schilizzi 2007). This

will enable the properties of magnetic fields in LSS to be determined and compared

with theoretical predictions. The SKA will cover radio frequencies between 70 MHz

and 10 GHz, in which the higher frequencies (1− 10 GHz) are useful in tracing the

details of magnetic fields in galactic centres, disks and cluster relics (see e.g. Beck

2011). The lower frequencies will map weak magnetic fields in the outskirts and

halos of the Milky Way, galaxies, and galaxy clusters.

2.4 Other magnetic-field diagnostics

2.4.1 Zeeman effect

The strength and orientation of the interstellar magnetic field can be measured

using the Zeeman effect (Zeeman 1897) in H I, OH, and CN in extended gas; and in

5See SKA official website for more details.

http://www.skatelescope.org/
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OH, CH3OH, and H2O in masers (see e.g. Crutcher and Kemball 2019, for a recent

review). The Zeeman effect is defined by the splitting of spectral lines of an atom in

the presence of an external magnetic field. The amount of splitting depends on the

strength and orientation of the external magnetic field, the spectroscopic selection

rules and the properties of the atom. The selection rules govern the number of

allowed transitions between atomic orbitals.

For a weak magnetic field, the normal Zeeman effect occurs, in which a spectral

line is split into a central π-component and two symmetric σ±-components. This is

commonly referred to as the spin-0 state because the spin S is zero and the total

angular momentum J is equivalent to the orbital angular momentum L due to LS-

coupling. If the magnetic field is aligned along the line-of-sight, π disappears and

only the pair of circularly polarised right-hand σ+ and left-hand σ− components are

visible. The frequencies ν for the σ± components are

ν = ν0 ±
eB

4πmec
, (2.58)

where ν0 is the line frequency in the absence of a magnetic field, e is the electron

charge, me is the electron mass, c is the speed of light, and B is the magnetic field

strength (see e.g. Crutcher and Kemball 2019, for a recent review).

When the magnetic field is normal to the line-of-sight, all three components can

be seen, for example in the hydrogen atom, with π being linearly polarised to B‖

and σ± linearly polarised to B⊥. This is attributed to the selection rules: ∆mS = 0,

i.e. no change in electron spin quantum number; ∆mL = 0, i.e. no frequency shift

for the π-component; and ∆mL = ±1, i.e. symmetric, but opposite shifts in the

orbital angular momentum for σ±-components. When the spin of the initial and/or

final states is non-zero, the anomalous Zeeman effect can take place (Knutson and

Burikham 2003). Unlike the normal Zeeman effect, the splitting of energy levels in

the anomalous case are reliant on all contributions of ∆mJ, ∆mL, and ∆mS. When

the upper and lower states experience different amounts of splitting, this leads to

more than three distinct transitions, and therefore gives rise to multiple spectral

lines. The splitting of the sodium doublet is a good example, whereby the selection

rule ∆mJ = 0,±1 can either generate four or six lines, depending on the choice

of transition. When the external magnetic field becomes stronger, the Zeeman

splitting dominates over the spin-orbit coupling, giving rise to the Paschen-Back
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effect. In essence, this occurs when L decouples from S, causing each of them to

precess almost independently about the magnetic field. Since S ≈ 0, the amount of

splitting is nearly uniform under the selection rules of ∆mL = 0,±1 and ∆mS = 0.

Subsequently, only three spectral lines are observed, similar to the normal Zeeman

effect, but each of the lines is actually made up of a very closely-spaced doublet

(Knutson and Burikham 2003). The Paschen-Back effect applies to all atoms in the

strong magnetic field limit.

The amount of Zeeman splitting depends on the magnetic field strength, and

the polarisation of the Zeeman line components depends on the magnetic field ori-

entation with respect to the line-of-sight. The Sun has magnetic field strengths

between a few G and several kG, which are strong enough for Zeeman splitting to

be observed. These observations are used by the Helioseismic and Magnetic Imager

(HMI ) instrument on the Solar Dynamics Observatory (SDO) to produce magne-

tograms. Magnetograms show how magnetic fields on the Sun changes, depending

on the line-of-sight magnetic field strength and its associated polarity. Regions

hosting the strongest magnetic fields of several kG are identified as sunspots (Hale

1908). Sunspots with their fields directed outwards (north polarity) are convention-

ally shown in white colour, whereas those with their fields directed inwards (south

polarity) are shown in black.

Apart from studying solar magnetic fields, the Zeeman effect is also particularly

useful in testing star formation paradigms. Zeeman observations in the molecular

lines of cyanogen (CN) can directly measure magnetic field strengths and morpholo-

gies in dense molecular clouds. The first observations of the CN Zeeman effect were

carried out with the IRAM telescope towards the Orion Molecular Cloud and re-

ported a magnetic field strength of B‖ = −0.36 ± 0.08 mG (Crutcher et al. 1999).

Following this, the first interferometric CN Zeeman detections and observations of

dense molecular cores were carried out using the CARMA telescope and found an

upper limit of B‖ ∼ 4 mG (Crutcher 2014). Zeeman splitting used to be limited to

observations within the Milky Way but it is now able to probe magnetic fields in

some extragalactic environments with the help of high sensitivity radio instruments.

The detections of extragalactic Zeeman splitting are few and far between, including

an absorption line in HI towards the Perseus cluster (Kazes and Baan 1991; Sarma

et al. 2005) and in OH megamasers (OHMs) within 15 starburst galaxies (Robishaw
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et al. 2008; McBride and Heiles 2013). There is also the potential of measuring mag-

netic fields in other galaxies using dual-polarisation VLBI observations of OHMs,

such as that successfully demonstrated in Arp 220, whose magnetic field is measured

to be in the pc scale with strengths B ∼ 1− 5 mG (McBride et al. 2014).

The typical strengths of interstellar magnetic fields lie within 10µG ≤ B ≤
1 mG, which are estimated using equation 2.58 to cause frequency splits between

28 Hz ≤ ∆ν ≤ 2.8 kHz. These frequency splits are orders of magnitude lower than

the observed line widths, which are often Doppler broadened. Moreover, overlapping

features due to complex emission from high-energy density systems such as OHMs

can smear the Zeeman-splitted lines. In view of these limitations, additional tools,

such as Stokes polarisation, are needed, together with Zeeman splitting to assess

the roles of magnetic fields in the Sun, stars, and stellar nurseries in the Milky Way

and some nearby galaxies on smaller spatial scales.

2.4.2 Goldreich-Kylafis effect

When the Zeeman effect is very weak, it can be rather challenging to resolve the

three Zeeman line components. The components have very low linear polarisations,

as a result of symmetric, equally-likely transitions, i.e. ∆m = −1, 0, 1. This is not

always the case because the transitions ∆m can happen at different rates, leading

to increased linear polarisation in the molecular spectral lines. This is known as the

Goldreich-Kylafis (GK) effect (Goldreich and Kylafis 1981; Kylafis 1983). It occurs

when an anisotropic source exists within the medium, such as velocity gradients lying

parallel or normal to the magnetic field; or when an external anisotropic radiation is

applied to excite the σ± and π line components differently, therefore causing unequal

populations in magnetic sub-levels. In general, the quicker the radiative transitions,

the brighter are the line intensities.

Subject to which transitions are excited, the net linear polarisation can either

be parallel or perpendicular to the magnetic field direction (Cortes and Crutcher

2006). This is one of the unfortunate issues in measuring the GK effect because the

magnetic field orientation is ambiguous by π/2. Although the GK effect is unable to

distinguish coherent from ordered fields, it is able to tell them apart from random

fields. Moreover, the GK effect is prominent in observations of CO line transitions

which is an excellent tracer of shocked gas due to its abundance and dipole moment

(Gusdorf et al. 2014). As such, the GK effect is often used to probe magnetic
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field morphologies in active star-forming regions, young stellar outflows, supernova

remnants and molecular clouds.

There has been a long-running debate whether magnetic fields affect star for-

mation, owing in large part to the difficulty of observing stellar nurseries in the

Milky Way from Earth. Stellar nurseries are defined as dense regions within molec-

ular clouds that collapse under their own gravity to form stars. There are two

competing models that seek to answer the fundamental question of what drives

star formation. The first model proposed that molecular clouds are magnetised,

such that the magnetic fields influence how the cloud assembles and break apart,

hence controlling the speed and efficiency of star birth (see e.g. Crutcher 2014). In

contrast to this, the second model suggests that magnetic fields are unimportant

because turbulence dominates during molecular cloud formation and its dissipation

is what causes core collapse to form stars (see e.g. Elmegreen et al. 2000).

In order to address this issue, the observations of magnetic field alignment in

six giant molecular clouds in the spiral arms of the Triangulum Galaxy M33 are

made for the first time using the Submillimetre Array (SMA; Li and Henning

2011). M33 is chosen for its almost face-on view and close proximity to the Milky

Way. Using CO line (GK effect) and synchrotron emissions, polarised light from

these molecular clouds are analysed and used to detect the magnetic fields within

them (see Figure 2.3). The fields within the clouds are discovered to be aligned

with the spiral arms, suggesting that the galactic field of M33 anchors the clouds.

Their results strongly indicate that magnetism is crucial in the formation of dense

molecular clouds and stars. Another recent work carried out using the SMA unravels

the magnetic field structure in the flattened envelope and jet in HH 211 (Lee et al.

2014). More interestingly, a first-time detection of a SiO line emission in the jet due

to the GK effect is reported but can only be confirmed with further observations

of higher sensitivity. It is worth pointing out that the GK effect is hard to detect,

since its degree of polarisation is typically 2− 4%, which is only slightly above the

instrumental polarisation. Observations of the GK effect is thus limited to nearby

galaxies only.

2.4.3 Interstellar dust

Dust particles are solid, irregular-shaped grains, mainly composed of silicate,

graphite and dirty ice. Although they merely constitute to 1% of the gaseous in-
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Fig. 2.3: These images show the polarisation intensities (grey contours) and vectors (red

lines) within the six giant molecular clouds observed in the spiral arms of M33 (Li and

Henning 2011). The polarisation properties are derived from the CO line (GK effect) and

radio synchrotron emissions using the SMA. The thick grey lines indicate the tangents of

the local optical arms, whereas the ellipses correspond to the beam sizes.

terstellar medium permeating the Milky Way, dust grains play significant roles in

astrophysics. The formation of molecules, stars and planetary systems are thought

to be attributed to dust grains. In view of this, the molecular production of H2 is

believed to be catalysed by dust grains whose surfaces act as primary sites for col-

liding hydrogen atoms in their surrounding gas to combine. The birth of stars and

proto-planetary systems is understood to be formed by the gravitational collapse

of a rotating cloud of dust and gas. In addition to that, the physical interactions

between dust and starlight store important information on the interstellar mag-

netic field structure, grain physical properties and chemical composition, as well as

their alignment mechanisms. These parameters of interest can be extracted through

studies of: (i) extinction, which is the obscuring of light from distant stars; (ii) red-

dening, which is the dimming of blue light over red; (iii) scattering of starlight, by

which the reflection nebulae and diffuse Galactic light are generated; (iv) polarising
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starlight, which is due to elongated dust alignment, causing the preferential extinc-

tion of one linear polarisation over another; (v) absorption (∼ 30− 50%) of optical

photons, thus heating up the interstellar medium; and (vi) emission of the excess

energy gained in the sub-millimetre (sub-mm) wavelengths, most of which is in the

form of thermal infra-red radiation.

The polarisation of starlight by dust not only shows that dust grains are pro-

late in nature, but also places observational constraints on interstellar magnetic

fields. Optical starlight polarisation is the result of selective absorption by dust

grains whose magnetic moments tend to align themselves with the interstellar mag-

netic field. The preferential grain alignment was first discovered by Hiltner (1949)

and Hall (1949) during their study of starlight polarisation attenuated by interstel-

lar dust, and later ascertained via the trace of magnetic fields in the Milky Way

(Davis and Greenstein 1951), in M51 (see e.g. Scarrott et al. 1987), and also along

the Galactic plane (see e.g. Fosalba et al. 2002). The physics of alignment is not yet

well understood, although it is widely accepted that the rotating dust grains con-

tinuously collide with the surrounding hydrogen atoms and interact with starlight

photons, then precess and align themselves with the magnetic fields, either via

paramagnetic dissipation of energy (Davis and Greenstein 1951) or radiative torque

alignment (Draine and Weingartner 1996a; Hoang and Lazarian 2008). The latter

alignment mechanism is more efficient and is supported by observations (Andersson

2015; Cashman and Clemens 2014). The dust particles preferentially absorb light

that is polarised along their major axes, thus the net starlight becomes linearly

polarised in the direction parallel to the magnetic field lines. At the same time, the

hot dust grains cool down by emitting thermal infra-red photons. This net sub-mm

emission is inherently polarised perpendicular to the incident optical photons and

magnetic field lines.

Assuming equipartition between turbulent magnetic energy and turbulent ki-

netic energy, the dispersion of starlight polarisation orientations together with es-

timates of gas volume density and line-of-sight gas velocity dispersion can be used

to determine the magnetic field strength across the sky plane. This is known as the

Davis-Chandrasekhar-Fermi (Davis 1951; Chandrasekhar and Fermi 1953, hereafter

DCF) method, and its developments (e.g. Hildebrand et al. 2009; Houde et al. 2009,

2011; Cho and Yoo 2016; Yoon and Cho 2019; Cho 2019) have been widely used to
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infer magnetic field information, particularly in the ISM and molecular clouds, from

dust polarisation data (e.g. Marchwinski et al. 2012; Cashman and Clemens 2014;

Wang et al. 2020a). Sub-mm polarisation has also been used to trace the structure

of magnetic fields, and in particular the direction of field lines on the sky plane, as

seen in the Orion Molecular Cloud (Vaillancourt et al. 2008) and along the plane

of the Milky Way (Planck Collaboration 2015). The latest Planck image reveals

the presence of stronger polarised emission along the Galactic plane, threaded by

regular magnetic fields lying predominantly parallel to it. Above and below the

plane, the polarised emission is reduced by tangled local magnetic fields within gas

and dust clouds. These works are essential in order to quantify and separate the

Galactic foreground contributions from CMB polarisations, therefore improve the

knowledge and understanding of the early Universe.

Unfortunately optical and infrared observations have their limitations. The

observed degree of polarisation is unable to distinguish between the intrinsic po-

larisation properties of dust and the magnetic field geometry due to the lack of

understanding in grain alignment. Furthermore, anisotropic scattering of light in

the interstellar medium can contaminate starlight polarisation. Bright sources are

required as the degree of polarisation is very low, hence the field resolution is limited

to the local Universe only.

2.4.4 High-energy cosmic rays

Cosmic rays (CRs) and magnetic fields are important in the dynamics of interstellar

and intracluster media. The CRs, being composed of charged particles, interact

with the magnetic fields as they propagate. In particular, the energies and arrival

directions of CRs give some indication of their origins, as well as the strength and

direction of the intervening magnetic fields. CRs are energetic particles travelling

nearly at the speed of light. The primary CRs are usually made up of protons,

and sometimes other heavier nuclei (see e.g. Grenier et al. 2015, for a recent review;

Neronov et al. 2016). When such a particle interacts with the Earth’s atmosphere, it

creates a shower of lower-energy secondary particles. While solar CRs have energies

between 107 − 1010 eV, the rest have a wide range of energies, typically between

109 − 1020 eV (e.g. Gaisser and Stanev 2006). For the lower end of energies up to

approximately 1018 eV, the CRs are believed to have originated from within the

Milky Way (see e.g. Blasi 2013, for a review).
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The most plausible source of these Galactic CRs is supernova remnants (SNRs)

(e.g. Koyama et al. 1995; Ackermann et al. 2013). Their explosions are thought to

drive magnetic fields that are generally amplified via a turbulent dynamo mechanism

(e.g. Uchiyama et al. 2007; Inoue et al. 2009; Xu and Lazarian 2017). The strong

magnetic fields are essential for an efficient diffusive shock acceleration of CRs.

These magnetic fields subsequently trap and mirror the CR particles up to energies

of around 1015 eV (e.g. Aharonian et al. 2006). Consequently, young galactic SNRs

or Fermi bubbles may be able to further accelerate these particles up to 1018 eV

(e.g. Ptuskin et al. 2010; Cheng et al. 2012; Chernyshov et al. 2017). However,

these shock acceleration mechanisms would struggle to accelerate CRs to higher

energies above 1018 eV. These high-energy CRs are likely to have an extragalactic

origin. Arguably, from their anisotropic distribution, the high-energy CRs may

be associated with nearby galaxies, such as radio galaxies and/or AGN (e.g. The

Telescope Array Collaboration 2014, 2018; The Pierre Auger Collaboration 2018).

Nearby AGN jets may have injected CRs and magnetic fields into the ICM. Ob-

servationally, the transport of CRs in clusters of galaxies can be probed in the radio,

X-ray and gamma-ray wavelengths (e.g. Miniati et al. 2001; Pfrommer et al. 2008).

Proton-proton collisions in the ICM produce secondary particles, including neutral

pions which decay into gamma-rays and relativistic electrons. The relativistic elec-

trons generate radio synchrotron emission when gyrating around the intracluster

magnetic fields. They also emit X-rays by inverse Compton scattering of cosmic mi-

crowave background photons. The transport of CRs in galaxy clusters is therefore

governed by the properties of magnetic fields and turbulence in the ICM.

Notably, the synchrotron and inverse Compton cooling time is of the order of

108 years, implying that the CR electrons must have been recently injected or re-

accelerated in the galaxy cluster environment (e.g. Kang et al. 2012; Fujita et al.

2015; see e.g. van Weeren et al. 2019, for a review). On the other hand, the CR

protons can be as old as their hot cluster – potentially being the source of radio

halos observed today. These radio halos are thought to be linked to the dynamical

state of the clusters (e.g. Dolag and Enßlin 2000; Donnert et al. 2010; Keshet and

Loeb 2010). How cosmic rays propagate in different clusters may provide a means to

model the observed bi-modality among the cluster radio halos (e.g. Brunetti 2009).

Moreover, cosmic rays can store a large amount of energy, which can be released
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at the cluster centres. They could therefore play an important role in stabilising

a cluster cool core against cooling instabilities (e.g. Colafrancesco and Marchegiani

2008; Fujita and Ohira 2011; Fujita et al. 2013; Ruszkowski et al. 2017, see also

Chapter 4 for more details on galaxy clusters and radio halos).

On smaller scales, the propagation and interactions of CRs are also affected by

magnetic fields in the interstellar medium (ISM). The ISM is a mixture of magnetic

fields; hot, tenuous gases; and cold, dense molecular clouds (MCs). CRs tend to

scatter randomly from the magnetohydrodynamic and turbulent plasma waves in

the diffuse, interstellar regions (e.g. Kulsrud and Pearce 1969; Ko 1992; Lazarian and

Beresnyak 2006; see e.g. Zweibel 2013, for a recent review). When CRs penetrate the

dense cores and clumps of the MCs, they may be confined by the stronger, mG-level

magnetic fields (e.g. Li et al. 2015b). These magnetic fields, which are amplified by

the gravitational collapse of materials, enable focusing and entrapment of CRs in

the MCs. As such, magnetic fields must play a significant role in CR transport and

interactions in the ISM, as well as, mediating star formation alongside the forces

of turbulence and gravity (see Chapter 5 for cosmic ray interactions in magnetised

molecular clouds).

2.4.5 Astronomical transients

Apart from radio galaxies and AGN, gamma-ray bursts (GRBs) have also been iden-

tified as candidate high-energy cosmic ray (CR) sources. Being the most luminous

objects in the Universe after the Big Bang, GRBs are widely recognised as astro-

physical powerhouses for high-energy CRs and magnetic fields. By definition, GRBs

are intense, irregular, and short pulses of gamma-rays, which either last less than 2

seconds (short GRBs) or more than 2 seconds (long GRBs) (e.g. Klebesadel et al.

1973; Gendre et al. 2013; see e.g. Kumar and Zhang 2015, for a review). The bursts

appear to arrive from random directions in the sky and are most certainly extra-

galactic with redshifts measured between z ∼ 0.16 − 8.2 (see e.g. Berger 2014, for

a review). Usually the GRBs are followed by an afterglow6 of radiation with lower

energies and longer timescales, e.g. in the X-ray, optical, and radio wavelengths (see

e.g. Dainotti and Del Vecchio 2017, for a recent review).

6The observed afterglow has been argued to be produced by synchrotron processes, in which

magnetic fields would play a crucial role (e.g. Lloyd and Petrosian 2000).
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Since high-energy cosmic rays propagate through the large-scale magnetic fields,

they consequently carry information about the strength and direction of the fields.

The observed prompt emission is probably generated by a “fireball” of energetic

particles accelerated within the relativistic, magnetised shocks during cataclysmic

events, e.g. binary neutron star mergers (Narayan et al. 1992) or massive star col-

lapse (Woosley 1993). The internal shocks or the reverse shock in GRBs are among

several central engines in the Universe where the conditions for the acceleration of

high-energy CRs can be satisfied following the Hillas (1984) criterion (e.g. Waxman

1995). Alternatively, it has also been proposed that protons can be accelerated to

greater than 1020 eV7 within the inner engines of GRBs with magnetic fields larger

than 1015 G (e.g. de Souza and Opher 2010).

Observations of pair echoes from high-redshift GRBs at z & 5 can also be used

to probe intergalactic magnetic fields in the early Universe (Takahashi et al. 2011).

The GRBs emit primary photons with GeV − TeV energies. These photons interact

with the photons in the diffuse IGM, producing electron-positron pairs. The pairs

of charged particles are then deflected by the intergalactic magnetic fields, before

emitting secondary gamma rays via inverse Compton scattering with the CMB pho-

tons. The secondary gamma rays are known as a pair echo, and they experience

a time delay relative to the primary gamma rays. This time delay depends on the

properties of the intergalactic magnetic fields, and has been used to constrain the

field strengths in several instances, e.g. B ∼ 10−16−10−15 G (Takahashi et al. 2011),

B ∼ 10−21−10−17 G (Veres et al. 2017), and B > 10−19.5 G (Wang et al. 2020b), for

a coherence length of l ≤ 1 Mpc. The next-generation gamma-ray telescopes such

as the Cherenkov Telescope Array (CTA) may be able to observe pair echoes from

luminous GRBs up to z . 10 (e.g. Fernández Alonso et al. 2018), and therefore

tighten the constraints on the nature of intergalactic magnetic fields.

Aside from GRBs and their afterglows, fast radio bursts (FRBs) have also been

identified as a potential powerful probe to the intergalactic magnetic fields (e.g.

Akahori et al. 2016; Vazza et al. 2018). FRBs are millisecond, brief8 radio signals

7The highest energy CRs above 1019 eV are attenuated due to the Greisen-Zatsepin-Kuzmin

(GZK – Greisen 1966; Zatsepin and Kuz’min 1966) effect with the CMB photons. Hence, any

observed CRs at energies above the GZK limit must originate from nearby sources.

8Several FRBs have been observed to repeat in their lifetimes, hinting at the possibility of two
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emanating from distant galaxies (Lorimer et al. 2007). Their short duration, fre-

quent occurrence, and extragalactic origin make them ideal for large-scale magnetic

field diagnostics (e.g. Zheng et al. 2014). In particular, combining the estimates of

the dispersion measure (DM) and rotation measure (RM) along the line-of-sight of

the FRBs is proven to be useful in magnetic field inference (e.g. Akahori et al. 2016;

Hackstein et al. 2019). The DM gives the free electron column density along the

line-of-sight, whereas the RM is partly determined by the magnetic field strength

along the line-of-sight. As such, both the DMs and RMs of FRBs can be used simul-

taneously to investigate the intergalactic magnetic fields, as shown below, following

Akahori et al. (2016).

Consider a source of FRB at redshift z = zi. In the observer’s frame, it has a

dispersion measure

D = CD

∫ zi

0
dz

ne(z)

(1 + z)

dl(z)

dz
pc cm−3 (2.59)

(e.g. Deng and Zhang 2014) and a rotation measure

R = CR

∫ 0

zi

dz
ne(z)B‖(z)

(1 + z)2

dl(z)

dz
rad m−2 (2.60)

(e.g. Akahori and Ryu 2010), where ne(z) is the proper electron density in units

of cm−3, B‖(z) is the line-of-sight magnetic field strength in µG, and dl(z) is the

distance of radiation propagation along the line-of-sight in pc. The normalisation

constants are CD = 1 and CR = 0.812 (Akahori et al. 2016).

At z = 0, the magnetic field strength along the line-of-sight is

B‖ =
CDR
CRD

= 12.3

( R
10 rad m−2

)( D
103 pc cm−3

)−1

nG. (2.61)

In a cosmological context, equation 2.61 becomes

B‖ =

(
CDR
CRD

) 〈1 + z〉
fD

(2.62)

= 12.3
〈1 + z〉
fD

( R
10 rad m−2

)( D
103 pc cm−3

)−1

nG

(Akahori et al. 2016), where fD and 〈1 + z〉 are the fraction of DM and weighted

redshift by the warm-hot intergalactic medium (WHIM) in the cosmological fila-

ments, respectively. The RM and DM are cluster-subtracted measures for an FRB.

different classes of progenitors (see e.g. Cordes and Chatterjee 2019, for review).
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Given a cosmological model, fD and 〈1 + z〉 can be calculated for a known DM.

In practice, the B‖ estimate has its limitations in, e.g. the variance of observed

DMs, and the foreground contamination due to the host galaxies or the Milky Way.

However, these observational limits will improve with the advent of the SKA, which

is expected to detect at least 104 FRBs sky−1 day−1 at z & 6 in the 0.35− 0.95 GHz

band (Fialkov and Loeb 2017).

2.5 Summary

This chapter presents the observational signatures and diagnostics of magnetic fields

from interstellar to cosmological scales. The intracluster medium is filled with rela-

tivistic electrons and weak magnetic fields. The relativistic electrons gyrate around

the magnetic fields to produce synchrotron radiation. Therefore radio synchrotron

emission and its polarisation are often used to diagnose large-scale magnetic fields.

Firstly, this chapter outlines the physics of radio synchrotron emission from a sin-

gle electron. A relativistic electron gyrates in a uniform, helical motion around

a magnetic field line, emitting synchrotron radiation which is strongly beamed in

the direction of motion. The spectral properties from a single electron and from a

power-law distribution of electrons are also described (the latter is used in Chapters

4 and 5).

Next, the physics of polarisation is presented, with an overview on its various

representations by the Jones vectors, Mueller matrices and the Stokes parameters.

The Stokes parameters of polarisation are defined on the Poincaré sphere. They

are often used in calculations of Faraday RMs and polarised radiative transfer (see

also Chapter 3). These theories alongside many radio experiments have contributed

immensely to the understanding of magnetic fields in astrophysical systems. From

single-dish radio telescopes (e.g. IRAM) to radio interferometers (e.g. LOFAR),

numerous scientific advances have been achieved in mapping the radio sky to un-

precedented detail.

On the other hand, observations in other wavelengths, such as optical and near-

infrared, have proven to be useful in probing magnetic fields on the smaller scales,

such as molecular clouds. The polarisation of interstellar dust is often used as a

proto-stellar magnetic field diagnostic, especially when direct methods such as the

Zeeman effect and the Goldreich-Kylafis effect are particularly difficult to perform
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in dusty star-forming regions. Lastly, other large-scale magnetic field diagnostics,

in the form of high-energy cosmic rays, gamma-ray bursts, and fast radio bursts,

are discussed. Notably, the first GRB observational constraint on the strength of

intergalactic magnetic field is B > 10−19.5 G for a coherence length of l ≤ 1 Mpc.
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Chapter 3

Rotation measure, fluctuations, and

large-scale magnetic fields

This chapter presents results which have been published in whole or in part in:

(i) Alvina Y. L. On, Jennifer Y. H. Chan, Kinwah Wu, Curtis J. Saxton and

Lidia van Driel-Gesztelyi, “Polarised radiative transfer, rotation measure fluctua-

tions and large-scale magnetic fields”, December 2019, MNRAS 490 (2): 1697–1713,

doi:10.1093/mnras/stz2683. Published by Oxford University Press on behalf of the

Royal Astronomical Society. All rights reserved. I am the lead author of this paper

and wrote most of the manuscript. I formulated the research project and identified

the majority of the scientific methods involved in the analysis. I also derived parts

of the analytical formulation, built most of the simulated models, and computed the

numerical RMF simulations. I also led the interpretation of the statistical results

from the simulated RMF analyses.

(ii) Jennifer Y. H. Chan, Kinwah Wu, Alvina Y. L. On, David J. Barnes, Jason D.

McEwen and Thomas D. Kitching, “Covariant polarised radiative transfer on cos-

mological scales for investigating large-scale magnetic field structures”, April 2019,

MNRAS 484 (2): 1427–1455, doi:10.1093/mnras/sty3498. Published by Oxford Uni-

versity Press on behalf of the Royal Astronomical Society. All rights reserved. I am

a co-author of this paper. My main role was to carry out an independent verifica-

tion of the absorption, emission and Faraday coefficients, which are essential for the

polarised radiative transfer calculations, the foundation of the key scientific theme

of the paper. I also contributed to clarifying the conventions of polarisation and

magnetic fields, which have been ambiguous in multi-disciplinary literature across

https://doi.org/10.1093/mnras/stz2683
https://doi.org/10.1093/mnras/sty3498


71

plasma physics and astrophysics, hence establishing a consistent convention for these

expressions to be used in the cosmological polarised radiative transfer formulation

derived by the lead author. I also performed some test calculations in the limit of

galaxy cluster scales, conducted consistency and accuracy checks for the science, and

assisted the lead author in some parts of the manuscript preparation.

This chapter presents the theoretical framework of polarised radiative transfer,

fluctuations, and large-scale magnetic fields. While stellar magnetic fields have been

extensively studied (see e.g. Wickramasinghe and Ferrario 2000; Wu and Wickra-

masinghe 1990; Staubert et al. 2019), the determination of magnetic field properties

in larger astrophysical systems is less direct. Faraday rotation measure (RM)1 has

been identified as a diagnostic tool for magnetic fields in the Milky Way (see e.g.

Simard-Normandin and Kronberg 1980; Han et al. 1999; Brown et al. 2003; Gaensler

et al. 2004; Brown et al. 2007; Haverkorn et al. 2008; Oppermann et al. 2012; Han

et al. 2015; Han 2017), nearby galaxies (e.g. Gaensler et al. 2005; Beck et al. 2020;

Mao et al. 2010, 2017) and also some galaxy clusters (e.g. Carilli and Taylor 2002;

Vogt and Enßlin 2003; Clarke 2004; Govoni and Feretti 2004; Brentjens and de

Bruyn 2005; Bonafede et al. 2010; Kuchar and Enßlin 2011; Vazza et al. 2018).

There have also been studies using the Faraday rotation of distant polarised

radio sources such as quasars (e.g. Kronberg et al. 2008; Xu and Han 2014b) and

Fast Radio Bursts (FRBs) (e.g. Xu and Han 2014a; Zheng et al. 2014; Akahori et al.

2016; Ravi et al. 2016; Vazza et al. 2018; Hackstein et al. 2019), as a means to detect

and probe cosmological magnetic fields. These fields permeating the cosmic web of

filaments and voids are weak, and their properties are often inferred statistically

(e.g. Akahori et al. 2014; Vernstrom et al. 2019), or indirectly constrained through

the non-detection of GeV gamma-rays (e.g. Neronov and Vovk 2010; Taylor et al.

2011; Dermer et al. 2011; Takahashi et al. 2013).

Faraday Rotation Measure Fluctuation (RMF) analysis is proposed as a means

to probe the structures of large-scale magnetic fields (e.g. Akahori and Ryu 2010;

Beck et al. 2013b). RM and RMF analyses are essentially based on the theory of

1“Faraday depth” and “rotation measure” can only be used interchangeably in the case of a

single point source along the line-of-sight.
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polarised radiative transfer under certain restricted conditions. It is therefore impor-

tant to have a proper understanding of the information extracted from the analyses

and under what conditions the analyses enable unambiguous interpretations.

This chapter is organised as follows. In Section 3.1, the polarised radiative

transfer equation is presented and shown to reduce to the standard RM equation

under certain conditions. In Section 3.2, the RMF analysis is examined in the

context of polarised radiative transfer. The mathematical and statistical properties

of the analyses are also identified. In Section 3.3, the formal solution to the polarised

radiative transfer equation is derived. Section 3.4 describes the absorption, emission

and Faraday mixing coefficients in the cases of thermal and non-thermal plasma.

In Section 3.5, the numerical algorithms and verifications of the polarised radiative

transfer calculations are presented. Lastly, Section 3.6 summarises this chapter.

3.1 Rotation measure

3.1.1 In the context of polarised radiative transfer

The transport of polarised radiation along a distance s is governed by the differential

equation

d

ds


I

Q

U

V

 = −


κ q u v

q κ f −g
u −f κ h

v g −h κ




I

Q

U

V

+


εI

εQ

εU

εV

 , (3.1)

where the coefficients for absorption are κ , q , u and v, for emission ε, for Faraday

rotation f , and for Faraday conversion g and h (see Sazonov 1969, for derivation;

Jones and O’Dell 1977; Pacholczyk 1977). The Stokes parameters [ I, Q, U, V ]

are observables, whose combination gives the total degree of polarisation, Πtot =√
Q2 + U2 + V 2/I (≤ 1), the degree of linear polarisation Πlin =

√
Q2 + U2/I,

the degree of circular polarisation Πcir = V/I, and the polarisation angle ϕ =

(1/2) tan−1(U/Q) (see e.g. Rybicki and Lightman 1979). In the absence of absorp-

tion and emission, κ = q = u = v = 0, and [ εI , εQ , εU , εV ] = 0, respectively. This

implies dI/ds = 0, and also

d

ds


Q

U

V

 = −


0 f −g
−f 0 h

g −h 0



Q

U

V

 . (3.2)
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In the highly relativistic limit, the emission from magnetised astrophysical

plasma (e.g. synchrotron radiation and curvature radiation) are strongly linearly po-

larised. As such, the amount of circular polarisation can be considered as negligible.

The linear polarisation properties are therefore determined by the inter-conversion

between the two Stokes parameters of linear polarisation, Q and U . The inter-

conversion between the linear and circular polarisations of the Stokes parameters

are insignificant. Thus, it is sufficient to consider only the two linearly polarised

Stokes parameters. This greatly simplifies the polarised radiative transfer calcula-

tions. In the absence of Faraday conversion, the polarised radiative transfer equation

is simply

d

ds

 Q

U

 = −

 0 f

−f 0

 Q

U

 . (3.3)

The Faraday rotation coefficient f , which is determined by the local number density

(and energy distribution) of the free electrons and the line-of-sight component of

the magnetic field, is therefore the only parameter. The transfer matrix does not

have any diagonal elements, implying that the total linear polarisation is conserved

along the propagation of radiation.

Generally, thermal and non-thermal electrons co-exist in astrophysical envi-

ronments. However, the inter-conversion between the two linearly polarised Stokes

parameters is mostly determined by the thermal electrons, provided that the non-

thermal relativistic electrons are relatively fewer in population. With only thermal

electrons present, the Faraday rotation coefficient is given by

fth =
ω2

p cos θ

c ωB

(
ω2

B

ω2 − ω2
B

)
(3.4)

(Pacholczyk 1977), where ω = 2πν is the angular frequency of radiation, ωp =

(4πne,the
2/me)

1/2 is the plasma frequency, ωB = (eB/mec) is the electron gyro-

frequency, ne,th is the thermal electron number density, B is the magnetic field

strength and θ is the angle between the magnetic field vector and the line-of-sight.

Here, c is the speed of light, e is the electron charge, and me is the electron mass.

In the high-frequency limit (i.e. ω � ωB), the Faraday rotation due to only thermal

electrons can be expressed as

fth =
1

π

(
e3

m2
ec

4

)
ne,thB‖ λ

2 , (3.5)
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where B‖ = |B| cos θ is the magnetic field along the line-of-sight and λ = 2πc/ω

is the wavelength of radiation. The corresponding expression for Faraday rotation

due to only non-thermal electrons is

fnt =
1

π

(
e3

m2
ec

4

)
ζ(p, γi)ne,ntB‖ λ

2 , (3.6)

where the factor

ζ(p, γi) =
(p− 1)(p+ 2)

(p+ 1)

(
ln γi

γi
2

)
, (3.7)

for p > 1, assuming an isotropic distribution of non-thermal electrons with a power-

law energy spectrum of index p (Jones and O’Dell 1977). The number density of

non-thermal electrons is ne,nt, and γi is their low-energy cut-off.

In a plasma consisting of thermal electrons plus non-thermal electrons, the

relative strength of their contributions to the Faraday rotation is therefore

fnt

fth
≈ ζ(p, γi)

(
ne,nt

ne,th

)
, (3.8)

provided that neither ne,nt nor ne,th correlates or anti-correlates significantly with

B‖
2.

3.1.2 Derivation of rotation measure

From the restrictive polarised radiative transfer equation (3.3) which only has two

Stokes linear polarisation components, it can easily be shown that the change in the

linear polarisation angle along the line-of-sight is

dϕ

ds
=

1

2

(
1

U2 +Q2

)(
Q

dU

ds
− U dQ

ds

)
=
f

2
. (3.9)

With only thermal electrons present in a sufficiently weak magnetic field where

ωB � ω, a direct integration of equation (3.9) with f = fth yields

ϕ(s) = ϕ0 +
2πe3

m2
e(c ω)2

∫ s

s0

ds′ ne,th(s′)B‖(s
′) . (3.10)

Rotation measure (RM) is defined as

R = (∆ϕ)λ−2 = (ϕ− ϕ0) λ−2 . (3.11)

2A similar relation was given in Jones and O’Dell (1977) for the relative contributions of rela-

tivistic and thermal electrons to the Faraday rotation. Their relation is expressed in terms of the

spectral index α of the optically thin power-law synchrotron spectrum. The relation in (3.8) is

expressed in terms of the power-law index p of the electron energy distribution, which is intrinsic

to the magneto-ionic medium. Note that α = (p− 1)/2.



3.2. Rotation measure fluctuations 75

The polarised radiative transfer equations (3.1), (3.2) and (3.3) are linear, thus

the contributions to the Faraday rotation coefficient by a collection of thermal and

non-thermal electrons are additive. The RM for radiation traversing a magnetised

plasma between an interval s0 and s is therefore

R(s) =
e3

2πm2
ec

4

∫ s

s0

ds′ ne(s
′) Θ(s′)B‖(s

′) , (3.12)

where ne is the total electron number density, and Θ(s) = 1−Υ(s) [1− ζ(p, γi)]
∣∣
s

is

the weighting factor of ne contributing to the Faraday rotation effect, accounting for

both thermal and non-thermal electron populations, with Υ(s) as the local fraction

of non-thermal electrons. If only thermal electrons are present, Υ(s) = 0 such that

Θ(s) = 1, hence recovering the widely-used formula in RM analysis of magnetised

astrophysical media (see e.g. Carilli and Taylor 2002):

R(s) = 0.812

∫ s

s0

ds′

pc

(
ne,th(s′)

cm−3

)(
B‖(s

′)

µG

)
radm−2 . (3.13)

3.2 Rotation measure fluctuations

3.2.1 Computing rotation measure in a discrete lattice

In practical calculations, polarised radiative transfer in an inhomogeneous medium

often require sampling the medium into discrete segments in which the variations in

physical properties are sufficiently small. With this condition satisfied, the radiation

propagation path length L can be divided into N intervals of length ∆s, i.e. L =∑N
i=1 ∆s(i). The integral in equation (3.12) can be approximated by summing

contributions from all segments

R(s) =
e3

2πm2
ec

4

N∑
i=1

∆s(i) ne(i) Θ(i)B‖(i) , (3.14)

where ne, Θ and B‖ are evaluated at the centre of each interval, si. If the mag-

netic fields have uniform strengths and no preferential orientations, B‖ will have a

symmetric probability distribution: P (B‖) = P (−B‖). With ∆s > 0, ne > 0 and

Θ ∈ [ 0, 1 ], the symmetry in the probability distribution of B‖ implies that the

expectation value of RM is

〈R〉 =
e3

2πm2
ec

4

N∑
i=1

〈∆s ne ΘB‖〉
∣∣
i

= 0 , (3.15)

where 〈...〉 denotes the ensemble average of the variables.
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If ne, Θ and B‖ are incoherent among the intervals ∆s, then ne, Θ and B‖

are the only independent variables for computing the RM of a cell3 defined by an

interval. For a medium that does not evolve during the radiation’s propagation, ne,

Θ, B‖, and their products are exchangeable variables. Under the ergodic condition,

the ensemble averages of independent and exchangeable variables can be replaced

by the averages of over the path length, i.e. for a sufficiently large N ,

〈X〉 =
1

N

N∑
j=1

X(sj) = 〈X(sj)〉s . (3.16)

Thus,

〈R〉 =
e3

2πm2
ec

4
N〈∆s ne ΘB‖〉s = 0 . (3.17)

Moreover, if there is no correlation between B, ne, and Θ,

〈R〉 =
e3

2πm2
ec

4
N 〈∆s〉s〈ne〉s〈Θ〉s〈B‖〉s = 0 . (3.18)

3.2.2 Rotation measure fluctuations as a restrictive autoregression

(AR) process

Note that an observable Õk on the lattice grid k in an AR(1) (autoregression of

order one) process on a 1-D lattice is given by the recursive relation:

Õk = ρ Õk−1 + εk

= ρ
(
ρ Õk−2 + εk−1

)
+ εk

· · · · · ·

= ρm Õk−m +
m−1∑
j=0

ρj εk−j (3.19)

(see e.g. Box and Jenkins 1976; Anderson 1976; Grunwald et al. 1996), where ρ is a

parameter, and εk is an iid (independent, identically distributed) variable with an

expectation value E(εk) = 〈εk〉 = 0 and a variance Var(εk) = [σ(εk)]
2. For a finite

or semi-infinite lattice, which is truncated at j = 0, at which the observable Õ0 is

well defined, equation (3.19) can be re-written as

Õk = ρk Õ0 +
k∑
j=1

ρk−j εj . (3.20)

3The terms “cell” and “voxel” are used interchangeably in this thesis.
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For a polarised radiation’s propagation path consisting of N segments with

approximately coherent Faraday rotation properties, the polarisation angle at the

end of the k-th segment is given by

ϕk = ϕk−1 + ∆ϕk

= ϕk−2 + ∆ϕk−1 + ∆ϕk

· · · · · ·

= ϕ0 +
k∑
j=1

∆ϕj , (3.21)

where ∆ϕk is the rotation of the polarisation angle in the kth segment, and the po-

larisation angle measured by the observer is simply ϕN . Comparing equations (3.21)

and (3.20) reveals that the evolution of the polarisation angle along the radiation’s

propagation is an AR(1) process with a constant parameter ρ = 1, provided that

〈∆ϕj〉 = 0 and that Var(∆ϕj) is well defined and computable. An AR(1) process

is a Markov process (see Anderson 1976), and an AR(1) process with ρ = 1 is also

known as a simple random-walk.

The rotation measure across the propagation path of the radiation is R
∣∣
N

=

(ϕN − ϕ0)λ−2. Hence, from equation (3.17),〈 N∑
j=1

∆ϕj

〉
s

= λ2 〈R〉s = 0 . (3.22)

As the expectation value and the variance of (ϕN − ϕ0) are

E
[
ϕN − ϕ0

]
= 0 ; (3.23)

Var
[
ϕN − ϕ0

]
= N σ2 , (3.24)

respectively, with σ2 =
〈
∆ϕj

2
〉
, the standard deviation of R in the radiation’s

propagation direction is therefore

σR =
√
N
[〈

∆ϕj
2
〉]1/2

λ−2

=
e3
√
N

2πm2
ec

4

[〈
∆s2 n2

e Θ2B‖
2
〉]1/2

=
e3
√
N

2πm2
ec

4

[〈
∆s2 n2

e Θ2B‖
2
〉
s

]1/2
. (3.25)

Note that the rotation measure fluctuation along a radiation propagation path con-

sisting of coherent segments is proportional to the square root of the number of
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the segments (
√
N =

√
L/〈∆s〉s), a characteristic of a simple random-walk process,

where the root mean square displacement is proportional to the square root of the

number of steps. Here, the root mean square of properties within a step size is[〈
∆s2 n2

e Θ2B‖
2
〉
s

]1/2
.

In the specific condition that the interval segments have equal length, ∆s, and

(ne Θ) does not vary along the line-of-sight, equation (3.25) becomes

σR =
e3

2πm2
ec

4

√
L

∆s
∆s ne Θ

[〈
B‖

2
〉
s

]1/2
. (3.26)

A similar but more rigorous expression can be obtained if there is no correlation be-

tween electron number density and the magnetic fields. In this case, equation (3.25)

becomes

σR =
e3

2πm2
ec

4

√
L

∆s
∆s ne Θ

[〈
B‖

2
〉
s

]1/2
, (3.27)

with ne Θ denoting the mean value of (ne Θ). Additionally, with the presence of

only thermal electrons, then Θ = 1 uniformly, and

σR =
e3

2πm2
ec

4

√
L

∆s
∆s ne,thB‖rms

= 0.812

√
L

∆s

(
∆s

pc

) (
ne,th

cm−3

) (
B‖rms

µG

)
rad m−2 . (3.28)

Most observational and numerical studies use either one of the expressions

given in equations (3.27) or (3.28) in their RM fluctuation analyses. These include

investigations of magnetic fields in galaxy clusters or in large-scale structures (e.g.

Sokoloff et al. 1998; Blasi et al. 1999; Dolag et al. 2001; Govoni and Feretti 2004;

Subramanian et al. 2006; Cho and Ryu 2009; Sur 2019). Note that the two expres-

sions above are not always explicitly distinguished in studies of RM fluctuations.

The σR derivations from equation (3.25) to equations (3.26), (3.27) and (3.28) rely

on subtly different assumptions regarding the electron density spatial distributions

and their relation or correlation with the magnetic fields. For instance, it matters

whether local quantities are multiplied before spatial averaging, or averaged sepa-

rately then multiplied. Note also that, in reality, the condition of constant electron

number density, or/and the condition of electron number density and magnetic field

being uncorrelated, are generally not satisfied. One should therefore bear in mind

which underlying assumptions have been used, and they should be stated explicitly

when interpreting the magnetic field structures using the observed RM statistics.
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Furthermore, while σR is observed on the sky plane, it is calculated over the radi-

ation’s propagation path, with the application of a random walk model along the

line-of-sight and invoking other explicit assumptions made above.

3.2.3 Remarks on the fluctuations along the line-of-sight and across

the sky plane

The statistics of observed polarisation across a sky plane depend on the spatial vari-

ations of the magnetic fields and the properties of the magneto-ionic plasma along

the line-of-sight (specified by the ray propagation unit vector k̂). On cosmological

scales, the radiative transfer along a line-of-sight is also the radiative transfer from

the past to the present. Therefore, the transfer of polarised radiation as it reaches

the sky plane perpendicular to k̂ is affected by the cosmological evolution of both

the intervening magnetic fields and the magneto-ionic plasma.

More specifically, the spatial properties of the magnetic fields and the magneto-

ionic plasma may not be independent from their temporal properties as the Universe

evolves. There is also no guarantee that the fluctuations in the magnetic fields

and the fluctuations in the plasma properties are statistically identical. In the

context of polarised radiative transfer, it is the convolution between the magnetic

field properties and the plasma properties that determines the observables on the

sky plane.

For an all-sky polarisation map, the common observables are, for e.g., the

fluctuations in the degree of polarisation and the fluctuations in the orientation of

the polarisation vectors. The statistical fluctuations of an observable x are usually

determined by the variables observed on the sky plane. These fluctuations are not

identical to the underlying fluctuations along the line-of-sight. Suppose there are

two independent orthogonal components, where one is parallel (‖) to k̂, and the

other perpendicular (⊥) to k̂. Clearly, the relation σx,⊥ = σx, ‖ does not always

hold. Furthermore, there are usually two correlation lengths, `‖ and `⊥, for each

plasma quantity, e.g. the electron number density ne (which is a scalar) and the

magnetic field B (which is a vector).

This leads to a serious question: how valid is the correlation length derived

from the polarisation statistics across the sky plane be treated as the correlation

length scale over which the magnetic fields vary spatially along the line-of-sight

or, alternatively, as the length scale over which the magnetic fields evolve over
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cosmological time? Take the rotation of the polarisation angle as an example. This

observable depends on the number density of the free electrons and the magnetic field

strength along the line-of-sight B‖. The perpendicular component of the magnetic

field strength B⊥ is irrelevant here. Therefore, the fluctuations in the polarisation

are the result of the fluctuations in the thermal electron number density ne,th and

their energy distributions, as well as the fluctuations in the line-of-sight magnetic

field strength B‖.

Moreover, the fluctuations of polarisation along a ray cannot be observed di-

rectly. For an all-sky observation, a polarisation map is typically generated on the

celestial sphere, which represents the polarisation signatures at the end-points of a

bundle of rays. Assuming these rays are independent, the variations seen in their

polarisation signatures, such as the RM fluctuations, can be statistically uniform

across the sky, even when the magneto-ionic plasma has no spatial structures at any

cosmological epoch. The observed RM fluctuations among the rays actually reflect

the convolution of the fluctuations in |B‖| and ne,th along the line-of-sight. Hence,

the RM fluctuations are not quite the signatures left by the spatial structures in a

slice of space perpendicular to the ray propagation vector k̂.

There is also another subtle, yet significant, issue when assessing the local

variations in polarisation along a ray. Consider that the electron number density

and its energy spectrum are uniform in space and do not change with time. Therefore

the rotation of the polarisation angle only depends on |B‖| = |B| cos θ, where θ =

cos−1(k̂ · B̂) and B̂ = B/|B|. Magnetic fields are vectors, so there are two aspects

in the magnetic field fluctuations: one related to the field strength (magnitude),

and the other to the field orientation. The fluctuations in the field magnitude and

the fluctuations in the field orientation are not necessarily due to the same physical

process.

For instance, the spatial variations of the magnetic field orientation B̂ can be

a consequence of the presence of local magnetic sub-domains within the plasma.

The variations in the magnetic field strength along the line-of-sight |B‖| are usually

caused by the changes in the global magnetic energy density. This particular effect

is associated with the co-evolution of magnetic fields and structure formation of the

Universe. The fluctuations in B̂ and the fluctuations in |B| can therefore operate

on different characteristic length scales and time scales. This causes ambiguity
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in the interpretation of polarisation fluctuations for cosmic magnetism. Thus, the

assumption for σ|B|
∣∣
‖ or⊥ = σB̂

∣∣
‖ or⊥ does not universally hold and has to be treated

with caution in applications.

3.3 Solution to the polarised radiative transfer equation

In the absence of scattering, the radiative transfer equation is simply

dIν
ds

= −κνIν + εν , (3.29)

where Iν is the specific intensity of radiation at frequency ν for a location s along

the line-of-sight, and κν and εν are the specific absorption and emission coefficients

respectively. The transfer equation can be expressed in terms of the optical depth,

τν , such that
dIν
dτν

= −Iν + Sν , (3.30)

where Sν ≡ εν/κν is the source function, and the differential optical depth is defined

as dτν = κν ds. Integration of equation 3.30 gives the formal solution

Iν(τν) = Iν(0) e−τν +

∫ τν

0
dτ ′ν Sν(τ ′ν) e−(τν−τ ′ν) , (3.31)

where Iν(0) is the initial specific intensity (e.g. Rybicki and Lightman 1979).

Consider the Stokes parameters of polarisation Iν = [ Iν , Qν , Uν , Vν ]. The

subscript ν will henceforth be implicit for simplicity. In a homogeneous medium,

the polarised radiative transfer equation is

d

ds


I

Q

U

V

 = −


κ q u v

q κ f −g
u −f κ h

v g −h κ




I

Q

U

V

+


εI

εQ

εU

εV

 ,

which is the same as equation 3.1. In a local coordinate system where the magnetic

field lies in the yz plane and the radiation propagates in the z-direction, εU = 0,

and u = g = 0. The polarised radiative transfer equation therefore becomes

d

ds


I

Q

U

V

 = −


κ q 0 v

q κ f 0

0 −f κ h

v 0 −h κ




I

Q

U

V

+


εI

εQ

0

εV

 . (3.32)
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The solutions to it are

I = IP + IH e
−Ks , (3.33)

in which the particular solution IP satisfies
κ q 0 v

q κ f 0

0 −f κ h

v 0 −h κ




IP

QP

UP

VP

 =


εI

εQ

0

εV

 , (3.34)

and the general solution IH satisfies

I ′H = −qQH − vVH ; (3.35)

Q′H = −qIH − fUH ; (3.36)

U ′H = fQH − hVH ; (3.37)

V ′H = −vIH + hUH (3.38)

(e.g. Pacholczyk and Swihart 1975; Pacholczyk 1977; Jones and O’Dell 1977; Meg-

gitt and Wickramasinghe 1982).

3.4 Absorption, emission and Faraday mixing coeffi-

cients

3.4.1 Thermal plasma

The transfer coefficients for a magnetised thermal plasma are

fth =
ω2

pωB cos θ

c(ω2 − ω2
B)

; (3.39)

hth =
ω2

pω
2
B sin2 θ

2cω(ω2 − ω2
B)

; (3.40)

κth =
ω2

p(2ω4 + 2ω2ω2
B − 3ω2ω2

B sin2 θ + ω4
B sin2 θ)

2cω2(ω2 − ω2
B)2

νc ; (3.41)

qth =
ω2

pω
2
B sin2 θ(3ω2 − ω2

B)

2cω2(ω2 − ω2
B)2

νc ; (3.42)

vth =
2ωω2

pωB cos θ

c(ω2 − ω2
B)2

νc (3.43)

(Sazonov 1969; Pacholczyk and Swihart 1975; Pacholczyk 1977; Meggitt and Wick-

ramasinghe 1982; also consistent with Wickramasinghe and Meggitt 1985, after

correcting the sign of qth and omitting ω2 from the denominator of vth). Here
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ω = 2πν is the angular frequency of the radiation, ωp =
√

4πnee2/me is the plasma

frequency, ωB = (eB/mec) is the electron gyro-frequency, and θ is the angle between

the magnetic field vector and the direction of wave propagation. The electron-ion

collisional frequency is given by

νc =
4e4ne

√
2π

3
√
me(kBTe)3/2

ln Λ , (3.44)

where Te is the electron temperature in thermal equilibrium. For ω � ωp, the

Coulomb factor is

Λ =

(
2

1.781

) 5
2
(
kBTe

me

) 1
2
(
kBTe

e2ω

)
(Te ≤ 3.16× 105 K) ; (3.45)

Λ =
8πkBTe

1.781hω
(Te > 3.16× 105 K) (3.46)

(Lang 1974, after correcting for a typo on page 46, Table 2; Pacholczyk 1977).

In a local thermal equilibrium, Kirchhoff’s law applies, and hence

εth
I

= κthBω ; (3.47)

εth
Q

= qthBω ; (3.48)

εth
V

= vthBω , (3.49)

where, in the limit of low frequencies, the Planck function can be approximated by

the Rayleigh-Jeans intensity

Bω =
ω2kBTe

2π2c2
(3.50)

(Kawabata 1964, after correcting for a misprint of 8π3 in the denominator of Bω;

Meggitt and Wickramasinghe 1982, after correcting for a misprint of 4π3 in the

denominator of Bω). Here vth and εth
V

are positive, following the same convention

in Chan et al. (2019).

3.4.2 Non-thermal plasma

For a power-law distribution of relativistic electrons, one can express

dnre = [nγγ
p]γ−p Θ(γ − γi) g(Ψ) dγ dΩΨ , (3.51)

where [nγγ
p] is the normalisation constant4, Θ(γ−γi) is the step function, and g(Ψ)

is the pitch-angle distribution, normalised to
∫
g(Ψ) dΩΨ = 1 (Jones and O’Dell

4Note that [nγγ
p] is analogous to the normalisation constant C in Chapters 2 and 4.
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1977). As such, the number density of relativistic electrons is

nre =

∫ ∞
γi

dγ [nγγ
p]γ−p =

[nγγ
p]γ

(1−p)
i

p− 1
(p > 1) , (3.52)

where γi is the low-energy cutoff of electrons.

The transfer coefficients for the non-thermal plasma are

fnt = fακ⊥

(ωB⊥

ω

)2
(ln γi) γ

−2(α+1)
i cot θ

[
1 +

α+ 2

2α+ 3

d ln g(θ)

d ln (sin θ)

]
; (3.53)

hnt = hακ⊥

(ωB⊥

ω

)3
γ
−(2α−1)
i

[
1− (ωi/ω)α−1/2

α− 1/2

]
; (3.54)

κnt = κακ⊥

(ωB⊥

ω

)α+5/2
; (3.55)

qnt = qακ⊥

(ωB⊥

ω

)α+5/2
; (3.56)

vnt = vακ⊥

(ωB⊥

ω

)α+3
cot θ

[
1 +

1

2α+ 3

d ln g(θ)

d ln (sin θ)

]
, (3.57)

for α > 1/2, where ωi ≡ γ2
i ωB⊥ , ωB⊥ = ωB sin θ, and κ⊥ = (2πrec/ωB⊥)[4πg(θ)][nγγ

p]

for g(θ) = 1/4π (assuming an isotropic electron distribution). The dimensionless

functions are

fα = 2

(
α+ 3/2

α+ 1

)
; (3.58)

hα = 1 ; (3.59)

κα =
3α+1

4
Γ

(
α

2
+

25

12

)
Γ

(
α

2
+

5

12

)
; (3.60)

qα =

(
α+ 3/2

α+ 13/6

)
κα ; (3.61)

vα =
3α+1/2

2

(
α+ 2

α+ 1

)(
α+

3

2

)
Γ

(
α

2
+

7

6

)
Γ

(
α

2
+

5

6

)
, (3.62)

where the spectral index of radiation α is related to the power-law index of the

energy distribution of electrons p via α = (p − 1)/2. The emission coefficients for

the Stokes I, Q, and V parameters are

εnt
I

= εIαε⊥

(ωB⊥

ω

)α
; (3.63)

εnt
Q

= εQαε⊥

(ωB⊥

ω

)α
; (3.64)

εnt
V

= εVαε⊥

(ωB⊥

ω

)α+1/2
cot θ

[
1 +

1

2α+ 3

d ln g(θ)

d ln (sin θ)

]
, (3.65)

where ε⊥ = (mec
2)(re/2πc)ωB⊥ [4πg(θ)][nγγ

p], and re = e2/mec
2 is the classical
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radius of the electron. The corresponding dimensionless functions are

εIα =
3α+1/2

4(α+ 1)
Γ

(
α

2
+

11

6

)
Γ

(
α

2
+

1

6

)
; (3.66)

εQα =
(α+ 1)

(α+ 5/3)
εIα ; (3.67)

εVα =
3α

2

(α+ 3/2)

(α+ 1/2)
Γ

(
α

2
+

11

12

)
Γ

(
α

2
+

7

12

)
(3.68)

(Jones and O’Dell 1977; Chan et al. 2019).

3.5 Numerical algorithms and verifications

The polarised radiative transfer equation (3.32) is a set of four coupled first-order

differential equations, which can be solved numerically by direct integration. The

numerical scheme adopted in Chan et al. (2019) and On et al. (2019) for the calcu-

lations of polarised radio emission from galaxy clusters is described as follows.

Consider the propagation of a ray in a 4-Stokes representation. The properties

of the incident ray define the initial conditions of polarisation. Let the ray travel

along a line-of-sight distance s discretised into Ncell number of cells. The size of

each cell is therefore s/Ncell. For each cell, the change in the Stokes parameters

of polarisation is calculated using the 4th-order Runge-Kutta (RK – Runge 1895;

Kutta 1901) integrator.5 In the first cell, the Stokes parameters are initialised as

[ I0, Q0, U0, V0 ]. With this, the output Stokes parameters are computed by solving

the polarised radiative transfer equation numerically. The output of one cell becomes

the input of the next adjacent cell. The final transmitted ray seen on the sky plane

is thus the net Stokes parameters of polarisation [ If , Qf , Uf , Vf ].

There are subtle issues in the practical calculations, even though the numerical

scheme for the solution of the polarised radiative transfer equation seems conceptu-

ally straightforward and simple. These issues make the numerical computation for

specific astrophysical applications challenging. The transfer coefficients are deter-

mined by the line-of-sight properties of the magneto-ionic plasma, where one of the

important variables is the electron number densities. On local scales, the electron

number density can either be thermal or non-thermal, and this assumption greatly

5This work uses the Fortran implementation of the 4th-order RK method in Press et al. (1992).

For a comparison, similar results have also been obtained using the Dormand & Prince (DP – Dor-

mand and Prince 1980) integrator and the Linear Algebra PACKage (LAPACK). The DP integrator

is a 5th-order RK method and its Fortran subroutine in Hairer et al. (2008) is used here.
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reduces the computational demand in the polarised radiative transfer calculations.

However, for calculations over large scales, the above assumption clearly breaks

down.

Within the diffuse ICM, thermal and non-thermal electrons co-exist. This leads

to a hybrid of thermal and non-thermal interactions and emissions. The transfer

coefficients in Section 3.4 depend, not only on the electron number density, but

also on their energy spectrum, as well as on the magnetic field properties. The co-

existence of thermal and non-thermal electrons, with the added complexity from the

magnetic field contributions, would lead to situations where the transfer coefficients

can differ by several orders of magnitude. In such a case, the polarised radiative

transfer equations become stiff. Stiffness occurs when the numerical solution being

sought is varying slowly, but there are also nearby solutions varying quickly. The

stiff system has proven problematic at times in this work.

In order to mitigate the stiffness, the following algorithm is implemented. The

light travel distance is used as a scaling factor for the transfer coefficients, such that

their values become as close to 1 as possible (see Chan et al. 2019, for more details).

This formulation provides numerical stability for calculations with the integration

solver. However, it makes the application of the RK family of integrators compu-

tationally expensive. This is because, to reduce stiffness, an integration step size is

chosen for numerical stability rather than numerical accuracy. The computational

cost can be offset by implementing an alternative solver in the cell where the stiffness

is severe. A useful solver is the Linear Algebra Package (LAPACK – Anderson et al.

1999). The LAPACK routines diagonalise the transfer matrix and solve for the eigen-

values and eigenvectors. The eigensolutions are then transformed back to obtain

the Stokes parameters [ I, Q, U, V ]. This work adopts the LAPACK implementation

for some of the polarised radiative transfer calculations.

The verification and validation of the Stokes ray-tracing computational algo-

rithms are carried out for a number of test problems designed in an astrophysical

context. In particular, the numerical accuracy in calculations of the variables along

the ray is assessed. Their applications to the interpretation of polarisation effects in

the radio wavelengths are also discussed. Here are two examples of the test problems

constructed on galaxy cluster scales.
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The first test considers a mock spherical galaxy cluster6. The polarised radiative

transfer equations are solved to compute the polarisation of radio synchrotron radi-

ation from the cluster. The mock cluster is a spherical volume filled with magneto-

ionic hydrogen plasma, with a virial radius of rvir ≈ 2.64 Mpc. The electron number

density in the ICM decreases radially. The strength of the magnetic field through-

out the ICM is uniform, and its field vectors have no preferential orientation. The

magnetic field is made solenoidal through a divergence-free filter (see Chapter 4

for more details). The normalised values of the thermal electron number density

and the magnetic field strength are chosen to be of similar orders to those observed

in galaxy clusters: 〈ne,th〉 = 10−3 cm−3 and Brms = 1µG. For the non-thermal

electrons, their energy density is set to be 1% of that in the thermal electrons.

This mock galaxy cluster is placed inside a simulation box, which is discretised

into (512)3 voxels. The radiative transfer calculations are carried for each of the

voxels. The initial conditions are defined for the incident rays with Stokes parame-

ters [ I0, Q0, U0, V0 ] = [ 0, 0, 0, 0 ]. The radiation frequency is set at ν = 1.4 GHz,

which is similar to the observing bandwidths of many radio telescopes (e.g. Arecibo,

FAST, ATCA, and SKA and its precursors). The rays are traced cell by cell through

the ICM, along the line-of-sight z. In every cell, the opacity calculator computes the

thermal and non-thermal absorption, emission and Faraday mixing coefficients. The

polarised radiative transfer equations are then solved directly using the 4th-order

RK method or the DP method. In voxels with extreme stiffness, the LAPACK solver

would be switched on.

The Stoke parameters [ If , Qf , Uf , Vf ] of the line-of-sight rays emerging from

the final 512 × 512 cells are used to calculate the total Stokes intensity Itot, the

linearly polarised Stokes intensity Ilin =
√
Q2 + U2, and the circularly polarised

Stokes intensity Icir = |V |, in the field-of-view of the sky plane. The results are

shown in Figure 3.1. It is within expectations for the total Stokes intensity to

peak at the cluster centre and radially decrease outwards, as it follows the change in

cluster density. Notably, the circularly polarised intensity is weaker compared to the

total intensity and the linearly polarised intensity. This is because the relativistic

electrons in the ICM produce synchrotron radiation that is mainly linearly polarised.

6Note that this cluster is not generated from the GCMHD+ simulation.
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Therefore, only a small amount of circular polarisation is being produced through

Faraday conversion from the linear polarisation.

In the second test, a small galaxy cluster is used from the high-resolution,

magnetic divergence-cleaned GCMHD+ simulations (see Barnes et al. 2018, for details

of the cluster simulations). The cluster has a virial radius of rvir ≈ 1.44 Mpc and a

gas mass of mgas ∼ 1013 M�. The magnetic field and the electron number density in

the ICM are determined self-consistently throughout the simulations. The magnetic

field strength peaks at ∼ 2.5µG near the cluster centre. The mean thermal electron

number density is approximately 10−5 cm−3 (Barnes et al. 2018; see also Chapter

4 for more details on the X-ray and radio properties of galaxy clusters). The ratio

of energy density of the non-thermal electrons to the energy density of the thermal

electrons is set at 0.01.

Table 3.1 shows the transfer coefficients and emission coefficients from the ther-

mal and non-thermal electron contributions in this galaxy cluster. The absorption

and emission processes are contributed mainly by the non-thermal electrons. The

non-thermal coefficients for Faraday rotation fnt and Faraday conversion hnt are

sensitive to the low-energy cutoff of electrons γi. Generally, fnt decreases as γi in-

creases, following (ln γi)/γ
2
i (see equation 3.53). This implies that Faraday rotation

weakens when electrons become relativistic. On the other hand, hnt increases from

low to intermediate γi, but declines steeply once γi rises higher (see equation 3.54,

and also e.g. Figure 2, Huang and Shcherbakov 2011). This indicates that, in the

relativistic limit, Faraday conversion also becomes less important. Thus, as γ in-

creases, the radiation mechanism converts from being mainly circularly-polarised

cyclotron to mainly linearly-polarised synchrotron.

Notably, the minimum emissivity in V is negative for both cases of thermal

and non-thermal electrons in this simulated galaxy cluster. This occurs when the

magnetic field vector and the wavevector are largely misaligned at an angle θ. More

specifically, εthV < 0 when vth < 0. This occurs when cos θ < 0 between π/2 < θ <

3π/2. Meanwhile, εnt
V < 0 when cot θ < 0 at π/2 < θ < π and 3π/2 < θ < 2π.

Hence, a negative εV in this case may be interpreted as a fraction of the total emission

being directed away from the observer. Furthermore, it is clear that Faraday rotation

dominates over other radiative processes in this galaxy cluster. These results can be

generalised: for electron number densities and magnetic fields typical of the ICM,
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Fig. 3.1: Radio synchrotron intensity and polarisation maps calculated along the line-of-

sight z for a mock spherical galaxy cluster with rvir ≈ 2.64 Mpc at the present-day Universe.

The panels from top to bottom show the total intensity Itot, the linearly polarised intensity

Ilin =
√
Q2 + U2, and the circularly polarised intensity Icir = |V |.
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Coefficient Thermal Non-thermal

Minimum Maximum Minimum Maximum

f −4.026× 10−22 5.172× 10−22 −3.746× 10−31 4.830× 10−31

h 5.652× 10−53 1.180× 10−30 −5.501× 10−35 −7.621× 10−59

κ 7.984× 10−42 5.583× 10−32 6.065× 10−61 4.768× 10−36

q 3.545× 10−75 5.504× 10−51 4.603× 10−61 3.619× 10−36

v −1.121× 10−42 1.236× 10−42 −2.415× 10−40 2.009× 10−40

εI 1.481× 10−53 1.623× 10−44 3.374× 10−61 7.353× 10−41

εQ 1.790× 10−87 8.334× 10−62 2.382× 10−61 5.191× 10−41

εV −1.671× 10−53 1.515× 10−53 −2.331× 10−45 2.466× 10−45

Table 3.1: Summary of transfer coefficients and emission coefficients from thermal and non-

thermal electron contributions through a high-resolution galaxy cluster from the GCMHD+

simulations (Barnes et al. 2012, 2018). The coefficients quantify the effects of Faraday

rotation f ; Faraday conversion h; absorption κ , q, and v; and emission εI , εQ , and εV .

The absorption and Faraday mixing coefficients have units of cm−1, while the emission

coefficients have units of erg s−1 cm−3 Hz−1 str−1. The parameters for the non-thermal

calculations are chosen at ν = 1.4 GHz, γi = 30, and α = 0.6.

Faraday rotation is significant on the Mpc scales at a frequency of about 1.4 GHz.

The Stokes intensity and polarisation maps obtained from this test are also presented

in Chan et al. (2019).

3.6 Summary

This chapter discusses the theoretical framework of polarised radiative transfer,

fluctuations, and large-scale magnetic fields. First of all, the polarised radiative

transfer equation is presented and used to derive the standard rotation measure

(RM) equation under several conditions. These conditions are: (i) the absence of

emission and absorption processes, (ii) the significance of linear polarisation over

circular polarisation, and (iii) the sole contribution of thermal electrons to the RM

in an environment with a sufficiently weak magnetic field. The analyses of RM

fluctuations are then examined in the context of polarised radiative transfer.

There are two expressions commonly used to quantify the RM fluctuations,

but they are not always explicitly distinguished in many studies of RM fluctua-
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tions, including those probing the magnetic fields in galaxy clusters and larger-scale

structures. In this work, the two expressions are shown to be derived based on the

theory of simple random-walk but with subtly different conditions. The conditions

are generally specified by the spatial distributions of electron density and their rela-

tion with the magnetic fields. Usually, assumptions are made on having a constant

electron number density and/or a non-correlation between the density and the mag-

netic field. However, these assumptions do not generally hold in real astrophysical

environments. It also matters whether the local quantities are multiplied before

spatial averaging, or averaged independently before multiplication. Notably, the

fluctuations along the line-of-sight and across the sky plane are generally dissimilar.

Therefore it is important to bear in mind which underlying assumptions have been

made before using the statistics of RM observations to interpret the magnetic field

properties.

This chapter also presents the formal solution to the polarised radiative transfer

(PRT) equation. The absorption, emission and Faraday mixing coefficients, in the

cases of thermal and non-thermal plasma, are verified. The transfer and emission

coefficients are essential for the PRT calculations. The PRT equations are solved

using a numerical scheme based on ray-tracing along a number of discretised vox-

els. The solution to the PRT is calculated using either the 4th-order Runge-Kutta

method or the Dormand & Prince method. In severe cases of stiffness, the LAPACK

implementation is called instead.

Lastly, the Stokes ray-tracing computational algorithms are verified and vali-

dated for a number of astrophysical test problems. This work shows two examples:

a mock spherical galaxy cluster, and a small galaxy cluster from the high-resolution

GCMHD+ simulations. The first test shows that circular polarisation is relatively

weak in the mock galaxy cluster. This may be attributed to the radio synchrotron

radiation being mainly linearly polarised, so only a small amount of circular polar-

isation can be generated through Faraday conversion. Meanwhile, the second test

shows that Faraday rotation mainly dominates over other radiative processes in the

simulated galaxy cluster, and it can be a significant effect on Mpc scales. Hence,

these works, on building a solid theoretical foundation and combining statistical

methods for data analysis, are crucial for making a reliable interpretation of radio

observations.
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Chapter 4

Magnetism in galaxy clusters

This chapter presents results which have been published in whole or in part in:

(i) Alvina Y. L. On, Jennifer Y. H. Chan, Kinwah Wu, Curtis J. Saxton and

Lidia van Driel-Gesztelyi, “Polarised radiative transfer, rotation measure fluctua-

tions and large-scale magnetic fields”, December 2019, MNRAS 490 (2): 1697–1713,

doi:10.1093/mnras/stz2683. Published by Oxford University Press on behalf of the

Royal Astronomical Society. All rights reserved. I am the lead author of this paper

and wrote most of the manuscript. I formulated the research project and identified

the majority of the scientific methods involved in the analysis. I also derived parts

of the analytical formulation, built most of the simulated models, and computed the

numerical RMF simulations. I also led the interpretation of the statistical results

from the simulated RMF analyses.

(ii) David J. Barnes, Alvina Y. L. On, Kinwah Wu and Daisuke Kawata, “SPMHD

simulations of structure formation”, May 2018, MNRAS 476 (3): 2890–2904,

doi:10.1093/mnras/sty400. Published by Oxford University Press on behalf of the

Royal Astronomical Society. All rights reserved. I am a co-author of this paper. I

carried out all of the radiative transfer calculations for the X-ray and radio emis-

sions by galaxy clusters from the GCMHD+ simulations. I performed the correlation

analyses between the X-ray and radio emissions and contributed to the interpretation

of the results. I also conducted consistency and accuracy checks for the science, and

assisted the lead author in some parts of the manuscript preparation.

The previous chapter presents the theoretical framework of rotation measure,

fluctuations and large-scale magnetic fields. Most of the current methods in rotation

https://doi.org/10.1093/mnras/stz2683
https://doi.org/10.1093/mnras/sty400
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measure fluctuation (RMF) analyses rely on a random walk model, in which the

standard deviation of RMF provides a statistical measure of the magnetic field

correlation length. This chapter discusses the usage of Faraday RM in diagnosing

intracluster magnetic fields. Galaxy clusters are the largest virialised objects in

the Universe. They are assembled under hierarchical structure formation processes,

whereby smaller structures, such as galaxies and galaxy groups, coalesce first, then

collapse and aggregate under gravity to build larger structures (e.g. Peebles and Yu

1970; Press and Schechter 1974; see e.g. Kravtsov and Borgani 2012, for review).

The merger activities drive shocks and turbulence into the intracluster medium

(ICM), which accelerate particles to relativistic energies and also heat up the ICM

to temperatures of 107−108 K (e.g. Sarazin 1986; Fabian 1994; Burns 1998; Sanders

et al. 2009a,b; see e.g. Brunetti and Jones 2014, for review). In the presence of µG

intracluster magnetic fields, the relativistic electrons emit synchrotron radiation,

whereas the turbulent and/or shock heated ICM produces thermal bremmstrahlung

X-rays (e.g. Meekins et al. 1971; Sarazin 2002; Zhuravleva et al. 2014, 2018; Hitomi

Collaboration et al. 2016; see e.g. Feretti et al. 2012, for review). Over time, the

clusters relax, reaching typical masses of about 1014 − 1015 M� and volumes of

approximately 100 Mpc3 (e.g. Zwicky 1933, 1937; see e.g. Ettori et al. 2013, for

review).

There is growing evidence in a number of galaxy clusters of the presence of

diffuse radio synchrotron sources, typically extending over scales of 100 kpc to >

Mpc at the cluster centre (mini-halos or halos) and/or cluster periphery (relics) (e.g.

Giovannini et al. 1993; Finoguenov et al. 2010; Zandanel et al. 2014; see e.g. Ferrari

et al. 2008; Feretti et al. 2012, for reviews). These diffuse radio sources neither

have an optical counterpart nor an obvious connection to galaxies in the cluster

and are therefore often associated with the ICM. Their formation and energetics

are usually attributed to recent cluster merger processes, with turbulence being

the likely driving force behind regular, cluster-centric, mostly unpolarised radio

halos; and shock acceleration at cluster outskirts for the elongated, irregular, rather

strongly (up to 30%) polarised peripheral relics (e.g. Ensslin et al. 1998; Buote 2001;

Govoni et al. 2004; Giacintucci et al. 2008; Iapichino et al. 2011; Kang et al. 2012;

Donnert et al. 2013; Iapichino et al. 2017; Burke-Spolaor et al. 2017; see e.g. Brüggen

et al. 2012, for review).
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Approximately 20 − 30% of massive, X-ray luminous clusters appear to host

radio halos of low surface brightness, typically of several µJy arcsec−2 at 1.4 GHz (see

e.g. van Weeren et al. 2019, for a recent review). There is circumstantial evidence

linking cluster merging and radio halos (e.g. Blasi 2001; Brunetti et al. 2001, 2004;

Bacchi et al. 2003; Feretti et al. 2004; Brunetti et al. 2008; Cassano et al. 2010;

Cantwell et al. 2016). Several clusters, e.g. 1E 0657-56, A2163, Coma, A2255,

A2744, A2319 and 1RXS J0603.3+4214, show similar morphological halo features

in their radio and X-ray images (e.g. Liang et al. 2000; Govoni et al. 2001a,b;

Feretti et al. 2001; Brunetti et al. 2008; Brown and Rudnick 2011; Parekh et al.

2017; Rajpurohit et al. 2018; Cassano et al. 2019). Upon a local point-by-point

comparison between the radio and X-ray surface brightness, the correlation is fairly

described by a power-law (e.g. Govoni et al. 2001a; Feretti et al. 2001; Giacintucci

et al. 2005; Cassano et al. 2006; Rajpurohit et al. 2018; Cova et al. 2019).

This chapter is organised as follows. As outlined in Chapter 3, Section 4.1

assesses the usage of RMF analyses for magnetic field diagnostics in the frame-

work of polarised radiative transfer. Models of the ICM are generated with various

magnetic field configurations and electron density distributions. These synthetic

models are used to investigate how density fluctuations could affect the magnetic

field correlation length inferred from the conventional RMF analyses. Section 4.2

presents galaxy cluster models from the cosmological MHD simulations, which are

used to study the scaling relations and properties of Faraday RM, radio and X-ray

emissions. Lastly, Section 4.3 summarises this chapter.

4.1 Variance of rotation measure fluctuations

4.1.1 Assessing the rotation measure fluctuation approach

The expression derived in Section 3.2.2,

σR = 0.812

√
L

∆s

(
∆s

pc

) (
ne,th

cm−3

) (
B‖rms

µG

)
rad m−2 , (4.1)

is commonly used in RM fluctuation analysis for probing the structures in large-scale

magnetic fields. Here the formalism is assessed as to when it is justified and when

it deserves caution. There are two variables in the expression: ne and B, whose

spatial distribution properties are the focus of this assessment. The simulated RM

fluctuations are computed using a Monte-Carlo method by considering Mpc cubes of



4.1. Variance of rotation measure fluctuations 95

thermal electrons and magnetic fields. The thermal electron number density (d) and

magnetic field strength (b) are assigned independently with a specific distribution:

either uniform (U), Gaussian (G), fractal (F) or log-normal (L). Each simulation

is designated by a four-letter label. For example, ‘UdGb’ stands for uniformly dis-

tributed densities and Gaussian-distributed magnetic field strengths with random

orientations. The Mersenne Twister (MT, Matsumoto and Nishimura 1998) is im-

plemented to generate uniformly distributed pseudo-random numbers, Z ∈ ( 0, 1 ],

which transform into the G-, F- and L-distributed variates accordingly.

The cubes are discretised into 2563 voxels with an equal edge length of ∆s.

Thus the statistical properties of the parameters are essentially averaged over a

length scale specified by the voxel size. The magnetic fields and the thermal elec-

trons are simulated according to the assigned distributions over the voxels. The

distributions are normalised to be consistent with those observed in galaxy clusters:

〈ne,th〉 = 10−3 cm−3, Brms = 1µG and L = 1 Mpc (e.g. Cho and Ryu 2009). The

thermal electron number density and the magnetic field strength in the whole sim-

ulation cube, regardless of the magneto-ionic distribution, are 16777.216 cm−3 and

16777216µG, respectively. This ensures consistency between the model cubes and

enables meaningful comparisons to be made between the simulations.

To compute the RM, the contributions along the lines-of-sight, x,y and z, are

summed using the discretised expression of equation (3.13) in terms of lattice units

(i, j, k),

R⊥ = 0.812
∑
‖

∆s

pc

[(
ne,th(i, j, k)

cm−3

)(
B(i, j, k)

µG

)]
‖

rad m−2 . (4.2)

The standard deviation ςR⊥ across the simulated sky plane is then computed and

compared with the longitudinal standard deviation given in equation (3.28).

Modelling magnetic fields

Consider magnetic fields with random orientations and no spatial correlation. The

orientation of the magnetic fields is specified by the unit vectors: B̂x = sin θ cosφ,

B̂y = sin θ sinφ and B̂z = cos θ, with cos θ ∈ (−1, 1 ] and φ ∈ ( 0, 2π ]. The field

strength, on the other hand, has a uniform, non-solenoidal (Ub*) or a uniform,

solenoidal (Ub) or a Gaussian (Gb) distribution. The normalisation is such that

the root mean square is Brms = 1µG. Therefore, the line-of-sight rms component
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is B‖rms = Brms/
√

3 ' 0.577 µG. The Gaussian distribution is generated using the

Box-Muller (1958) transform in the usual Monte-Carlo simulations. The simulated

magnetic fields are then cleaned in Fourier space with the application of a divergence-

free (∇ ·B = 0) filter: Bi(km) = (δij − kikj/k
2) B̃j(km) (Balsara 1998).

The divergence-free filter is constructed as follows. Consider a vector k (= ki),

defining a reference axis in a vector space. Any other arbitrary vector X can be

decomposed into two components, one parallel to and another one perpendicular

to k: X = X
(k)
‖ + X

(k)
⊥ , with

∣∣ k ·X(k)
‖
∣∣ ≥ 0 and k ·X(k)

⊥ = 0. Now introduce

a projection operator P(k), such that, X ′ = P(k) X = X
(k)
⊥ . This projection

operator eliminates the longitudinal component of X, ensuring that k ·X ′ = 0 for

any given X . A non-trivial example of P(k) is (I − k̂k̂), where I is an identity

operator and k̂ = k/|k|, such that,

k ·
[(
I − k̂k̂

)
·X
]

= ki

(
δij −

kikj

k2

)
Xj = 0 . (4.3)

Magnetic fields in vacuum are solenoidal, i.e. divergence-free, satisfying ∇·B =

∂ iBi = 0. In Fourier space, the divergence-free relation is expressed as k ·B(k) =

kiBi = 0, which requires the field component parallel to k to vanish. Thus, the

filter (I − k̂k̂) may be applied in Fourier space to build a divergence-free magnetic

field (with designated structural properties) from a generic initial simulated random

vector field (with otherwise the same structural properties). The procedure is:

(i) Construct a random field B̃(k) (= B̃i(km)) according to the specified struc-

tural properties in Fourier space.

(ii) Apply the divergence-free filter, i.e. carry out the projection operation:

Bi(km) = (δij − kikj/k
2)B̃j(km).

(iii) Use an inverse-Fourier transform on Bi(km) to obtain Bi(xm) in configuration

space.

As the filtering process removes the longitudinal part of the magnetic field

in Fourier space, it reduces the total magnetic energy stored in the system. The

Parseval’s (energy) Theorem,∫
Vx

d3x
∣∣B(x)

∣∣2 =

∫
Vk

d3k
∣∣B(k)

∣∣2 , (4.4)
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requires that the total magnetic energy is reduced by the same amount in configu-

ration space as in Fourier space. With the divergence-free magnetic field given by

B(k) = (I − k̂k̂) B̃(k), the energy density of the magnetic field is

1

8π
|B|2 =

1

8π

[(
δij −

kikj

k2

)(
δim −

kikm

k2

)
B̃jB̃m

]
=

1

8π

[
B̃iB̃i −

1

k2

(
kiB̃i

)2
]

=
1

8π

∣∣∣B̃∣∣∣2 (1− µ2) , (4.5)

where µ = k̂ · B̃/|B̃|. For a randomly-oriented magnetic field in Fourier space,

〈
1− µ2

〉
=

1

2

∫ 1

−1
dµ

(
1− µ2

)
=

2

3
. (4.6)

Hence, one-third of the magnetic energy density is filtered out. This is the expected

amount when there is equipartition between the energies in the longitudinal compo-

nent and the two orthogonal perpendicular components (the solenoidal components)

of the initial “magnetic” field B̃. To recover the energy loss by the filtering process,

the field components are rescaled by a factor of
√

3/2. An inverse Fourier transform

is then conducted to obtain the divergence-free (“solenoidal”) magnetic field in the

configuration space.

Note that the divergence-free filtering process also introduces a residual dipole,

which has a preferred orientation, depending on how the filtering process is executed.

A quick-fix solution1 to suppress this dipole structure is a superposition of three

independent, orthogonal field realisations. The resultant field from the superposition

is then renormalised by a
√

1/3 scaling factor. Since the realisations prepared

as such are divergence free in real (configuration) and Fourier space, their linear

superpositions in real and Fourier space2 are also divergence free.

1A more proper treatment requires a superposition of three anti-parallel pairs of independent,

orthogonal field realisations to completely remove the dipole. This process would then leave a resid-

ual quadrupole. Nonetheless the quick-fix solution is sufficient for the purpose of this demonstrative

study. In practice, the divergence filtering is not always necessary before radiative transfer, as the

magnetic field outputs by a detailed magneto-hydrodynamic simulation (see e.g. Marinacci et al.

2015, 2018; Barnes et al. 2018) should be divergence free, at least in principle.

2It is impossible to consider an infinite span of the configuration space while executing the Fourier

transform. The restriction of the electron number density and magnetic field structure within a

finite volume is equivalent to the introduction of a cubic window function to an infinite configuration
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Modelling free-electron number density

Consider four model electron number density distributions: uniform (Ud), Gaussian

(Gd), log-normal (Ld) and fractal (Fd). For the uniform distribution, the electron

number density is set to be one unit in each cell. For the Gaussian distribution, a

Box-Muller transform is applied with a standard deviation of 0.2 times the mean

10−3 cm−3, so that there is only a few negative numbers, which can be simply con-

verted to positive by taking the absolute. The log-normal distribution is generated

by taking the exponential function of Gaussian-distributed random numbers. For

a fractal model, random phases (kx, ky, kz) are generated in Fourier space. Then,

a power-law filter |k|−5/3 is applied to mimic a Kolmogorov-like turbulence spec-

trum (1941b; 1941a). Simulations predict various kinds of turbulence in clusters

and cosmic filaments (e.g. Iapichino et al. 2011). Scaling laws originally derived for

incompressible media also turn out to be a good approximation for compressible

turbulence in subsonic regions of real observed or numerically simulated IGM (see

e.g. Schuecker et al. 2004; Miniati 2014; Nakwacki et al. 2016; White et al. 2019).3

In this case, frequency cutoffs as in Saxton et al. (2005) are imposed numerically:

kmax = N/2 to prevent excessively sharp contrasts at voxel scale, and kmin = 8

to prevent any single density peak dominating. The inverse Fast Fourier Trans-

form yields a fractal-like spatial structure with normally distributed local values

N . Dimensionless positive densities are obtained by taking exp (αN/Nmax), with

the contrast factor α = 4 and Nmax as a fiducial maximum fluctuation (Elmegreen

et al. 1989; Elmegreen 2002). Lastly various astrophysical configurations of ther-

mal electron number densities are obtained by normalising 〈ne,th〉 of each cube to

10−3 cm−3.

RM dependence on the density and magnetic field structures

Synthetic RM maps are calculated by integrating along lines-of-sight x, y and z

using equation (4.2) through various distributions of thermal electron number den-

sities and magnetic field strengths. The RM maps from the GdGb and UdUb*

space. Thus, the density distribution and the magnetic field structure that are obtained in the

Fourier representation are actually the convolutions of the cubic window function with the electron

number density distribution and the magnetic field structure.

3The alternative extreme, of shock-compressed supersonic turbulence, yields steeper ∼ k−2.1

spectra; e.g. Lee et al. (1991); Federrath (2013).
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Fig. 4.1: Synthetic RM maps of one realisation of GdGb (top) and UdUb* (bottom) in

the xy (left), xz (middle) and yz (right) planes.

distributions are indistinguishable from a simple eyeball test (see Fig. 4.1), even

though the maps are generated from distinct distributions of number densities and

magnetic field strengths. GdGb is commonly assumed in astrophysical scenarios,

whereas UdUb* is simply unrealistic because the magnetic fields are non-solenoidal.

The resulting RM maps are similar across all lines-of-sight, implying that it is non

trivial to characterise the thermal number densities and the magnetic field strengths

from the observed RM fluctuations alone.

Table 4.1 shows a quantitative comparison of the models. Calculating the

line-of-sight longitudinal dispersions using equation (3.28), σxy
R ' σxz

R ' σyz
R '

29.3 rad m−2 is obtained in all cases, indicating that this type of RM fluctuation

formula cannot distinguish between the different distributions of number densities

and magnetic field strengths. The tiny variations in the least significant figures of

σxy
R , σxz

R and σyz
R are due to the numerical noise and random differences in the gen-

erated realisations. Table 4.1 also shows that the line-of-sight and sky transverse

fluctuations match reasonably well (σR ' ςR) in the cases of UdUb*, UdUb and

UdGb, indicating that the widely-used RM fluctuation formula is applicable for uni-

formly distributed densities and magnetic field strengths with uniform distributions
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and Gaussian distributions. However, for GdUb, GdGb, FdUb, FdGb, LdUb and

LdGb; σR < ςR, meaning that the RM fluctuation formula is inadequate in situa-

tions with Gaussian, fractal or log-normal density distributions. The disagreement

between σR and ςR is at the level of ∼ 2%, ∼ 25% and ∼ 40%, respectively for G, F

and L density models. For a comparison, Bhat and Subramanian (2013) calculated

the evolving RM properties of the ICM in fluctuation dynamo simulations, and

found that ςR was ∼ 10%–15% above some statistical indicators of RMF (≈ σR).

In their models, the evolving magnetic features seemed to be more influential than

the density variations.

Notably, both the RMS model and explicit RT simulation cannot distin-

guish the difference between solenoidal and non-solenoidal fields, as shown by

σR(UdUb∗) ' σR(UdUb) ' 29.3 rad m−2. The calculations also show that the

sky planar fluctuations: ςR(UdUb∗) ' ςR(UdUb) ' ςR(UdGb), ςR(GdUb) '
ςR(GdGb), ςR(FdUb) ' ςR(FdGb) and ςR(LdUb) ' ςR(LdGb). The Fourier trans-

form and inverse Fourier transform are part of the divergence cleaning process. Note

that the Fourier transform of uniformly distributed fields in a finite volume gives a

3-D sinc function (in the Cartesian coordinate).

For a more detailed characterisation of the RM distributions, histograms and

cumulative distribution functions (CDFs) of the RM maps are calculated from every

line-of-sight through the UdUb*, UdUb, UdGb, GdUb, GdGb, FdUb, FdGb, LdUb

and LdGb distributions. For each cube, the histograms and CDFs along lines-of-

sight x, y or z coincide, confirming that isotropy is preserved in each cube (also

demonstrated by the results in Table 4.1, where σxy
R ' σxz

R ' σ
yz
R for all simulations).

For the sake of model comparisons, GdGb(z) is set as the basis CDF, from which its

numerical difference from the CDFs of the rest of the models are calculated. The

CDFs at every line-of-sight are almost indistinguishable in each case of uniformly-

distributed and Gaussian-distributed densities: GdGb, UdUb*, UdUb, UdGb and

GdUb, as shown by the tiny fluctuations in the zero line (Fig. 4.2). In comparison,

the CDFs of fractal and log-normal distributed densities: FdUb, FdGb, LdUb and

LdGb deviate significantly from the basis CDF.
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Using the numerical CDF curves, a Kolmogorov-Smirnov (Kolmogorov 1933;

Smirnov 1948, hereafter KS) test is performed, with the null hypothesis being that

the two RM samples, observed either in the x, y or z direction, are drawn from the

same distribution. The KS test is non-parametric and reports the maximum value

of absolute (vertical) difference between two CDFs (see e.g. Press et al. 2007). The

KS statistics are calculated and summarised in Table 4.2. The KS statistics D � 1

and p-value probabilities are in the range of 0.2− 0.6, favouring the null hypothesis

since p > 0.05. The KS tests do not show evidence of anisotropy.

In addition, a fractal medium with two density phases (hereafter referred to

as cloudy models)4, mimicking the typical environment in the ICM/ISM, is consid-

ered. Astrophysical plasmas are susceptible to form substructures through a variety

of thermal, magnetic, and buoyancy instabilities (e.g. Field 1965; Shu et al. 1972;

Balbus and Soker 1989; Quataert 2008; McCourt et al. 2012; Sharma et al. 2012;

Wareing et al. 2016). An optically thin plasma of nearly solar composition has

a temperature-dependent radiative cooling function that incurs thermal instabil-

ity over an interval 104 K . T . 108.5 K (e.g. Sutherland and Dopita 1993; Lodders

2003; Maio et al. 2007; Sutherland et al. 2018). A homogeneous medium can sponta-

neously self-segregate into a quasi-equilibrium of two co-existing phases: the original

hot diffuse medium; and a minor component of cooler dense clouds. Due to external

isobaric conditions, a density ratio & 103 is implied between the phases, in the ab-

sence of any further gravitational collapse. Thermally condensed clouds are endemic

in otherwise hot extragalactic media, and can stretch into filaments in upflows and

downflows associated with active galaxies (e.g. Ford and Butcher 1979; Saxton et al.

2001; Conselice et al. 2001; McDonald et al. 2010; Voit et al. 2017; Combes 2018;

Olivares et al. 2019).

As a test of RMF due to strong density inhomogeneities, two-phase toy models

are built, which are capable of approximating the knotty medium of a galaxy cluster

core, or the ISM of an elliptical galaxy that acquired clouds via thermal instabil-

4The magnetic field morphology is often complex in a turbulent medium. There is usually a

large-scale magnetic field component that is spatially coherent at the scale of the astrophysical

object. Meanwhile, on smaller scales, turbulence would stretch and bend the frozen-in magnetic

field lines, causing small-scale magnetic fluctuations to occur. However, for the purpose of this

study, it is sufficient to consider simpler magnetic field models: Ub*, Ub, and Gb.
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Fig. 4.2: Top-left panel shows the CDF of GdGb(z) as a reference to calculate the numerical

differences with the CDFs of GdGb(y), GdGb(x), as well as UdUb*, UdUb, UdGb, GdUb,

FdUb, FdGb, LdUb and LdGb for every line-of-sight. The CDFs are almost identical in all

cases, except for models with fractal and log-normal density distributions.
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Distribution D p-value

xy & xz xy & yz xz & yz xy & xz xy & yz xz & yz

Ud Ub* 0.0044 0.0048 0.0045 0.5707 0.4763 0.5460

Ud Ub 0.0052 0.0047 0.0052 0.4272 0.5502 0.4364

Ud Gb 0.0052 0.0055 0.0057 0.4255 0.3654 0.3712

Gd Ub 0.0052 0.0048 0.0052 0.4240 0.5123 0.4509

Gd Gb 0.0050 0.0051 0.0051 0.4696 0.4359 0.4275

Fd Ub 0.0047 0.0072 0.0072 0.5110 0.1549 0.1421

Fd Gb 0.0049 0.0068 0.0071 0.5052 0.1696 0.1658

Ld Ub 0.0050 0.0050 0.0050 0.4833 0.4662 0.4644

Ld Gb 0.0049 0.0045 0.0049 0.4806 0.5550 0.4865

Table 4.2: The KS statistics D and p-value probabilities corresponding to various config-

urations in Table 4.1.

ity or a wet-dry merger (e.g. Larson 1974, 1975; Piontek and Ostriker 2004; Sage

et al. 2007; Skory et al. 2013). A Gaussian distribution of pseudo-random complex

numbers is generated before applying an amplitude filter to obtain a Kolmogorov-

like power spectrum. This cube is transformed according to the Elmegreen recipe

for imitating lognormal density fluctuations in a turbulent medium, which will rep-

resent the diffuse phase. A volume filling factor of clouds (0 < f � 1) is then

prescribed and the densest ranked voxels are selected down to a suitable threshold.

Their densities are multiplied by a uniform constant, set to ensure a mean density

ratio of 103 between the cloud and non-cloud phases. Assuming that the clouds are

condensing from the hot medium, the mean of the entire cloudy block is normalised

to 10−3 cm−3, matching the standard for the single-phased density models.

Models, ranging from a negligible smattering of clouds (f ≈ 10−6) to a heavily

obscured overcast case (f ≈ 10−2) where a majority (& 0.7) of RM map pixels or

rays traverse at least one dense cloud, are created and tested. Table 4.3 presents

basic global properties of these models. In terms of area, the cloud coverage factors

decrease with f , and vary with orientation due to the clouds’ random fractal shapes.

Clouds account for only a tiny fraction of the total mass in Cd4–Cd6, and just under
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Model log f mc/M ax/A ay/A az/A

Cd2 -2.01 0.912 0.713 0.752 0.749

Cd3 -3.01 0.495 0.150 0.155 0.155

Cd4 -4.02 0.0877 0.0188 0.0190 0.0189

Cd5 -5.12 0.00746 0.00171 0.00172 0.00169

Cd6 -6.32 0.000477 0.000122 0.000122 0.000122

Table 4.3: Summary of cloudy model properties: volume filling factors f ; cloud mass

fraction mc; and area covering factors for the three orthogonal views ax, ay, az. Before

radiative transfer calculations, all models are normalised to the same total mass or mean

density.

half the mass in Cd3. The overcast case Cd2 is dominated by the mass of the dense

cold phase, making it unrealistic for the filament-infused core of a galaxy cluster

(where the cold fraction is at most a few tens of percents), but perhaps more like

the primordial medium of a hypothetical wet protogalaxy. The mean densities of the

cubes vary by factors of a few before their normalisations into fiducial ICM units.

Various cloud volume filling factors f = 10−2, 10−3, 10−4, 10−5, and 10−6,

corresponding to Cd2, Cd3, Cd4, Cd5 and Cd6, respectively, are considered. Fig-

ures 4.3 and 4.4 show the log10 cross-sections and column densities of Cd3 and Cd5,

respectively. Each cross-section is a slice taken from the cloudy models Cd3 and Cd5

at x = 128, y = 128 and z = 128. The cross-sections and column densities show the

non-uniformity of the diffuse media and the cloud phases. The cloudy models are

fairly isotropic along every line-of-sight, with Cd3 being more dense than Cd5, as

indicated by the larger number of bright specks embedded within the cloudy media.

Fig. 4.5 shows that the resulting RM maps of the Cd2Gb and Cd2Ub* distributions

are indistinguishable, despite the distinction between the distributions of magnetic

field strengths, especially with Ub* being non-solenoidal and unphysical. Moreover,

Table 4.4 shows that the RMS statistics are unable to tell the cloudy features apart,

in spite of Cd2 – 6 having different volume filling factors. In particular, the RMS

statistics for various distributions of Cd and b are σR ' 29.3 rad m−2, which is

similar to the RMS statistics for various distributions of the single-phased models

in Table 4.1, indicating that the RMS method cannot distinguish between a range

of different clumpy (or smooth) configurations of density and magnetic fields.
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Fig. 4.3: Cross-sections of Cd3 (top) and Cd5 (bottom) at x = 128 (left), y = 128 (middle)

and z = 128 (right).

Fig. 4.4: Column densities of Cd3 (top) and Cd5 (bottom) in the x (left), y (middle) and

z (right) directions.
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Fig. 4.5: Synthetic RM maps of Cd2Gb (top) and Cd2Ub* (bottom) in the xy (left), xz

(middle) and yz (right) planes.

The sky-transverse standard deviations reveal that, with the exception of the

overcast model Cd2, the ςR decreases with decreasing volume filling factor. This

is as expected since the scatter should be less with fewer clouds, and approach-

ing the L lognormal models as f → 0. Clumpiness always causes ςR > σR, and

often by large multiples (with relative differences up to 94%). Furthermore, com-

paring the dispersions between the longitudinal direction and the sky transverse

direction, the cloudy models in Table 4.4 show a greater scatter than the Ud, Gd,

Fd and Ld models did in Table 4.1. The variability of standard deviations may

be attributed to the random shapes and orientations of the clouds. Histograms

are also calculated to characterise the RM distributions from every line-of-sight

through the Cd2Ub*, Cd2Ub, Cd2Gb, Cd3Ub*, Cd3Ub, Cd3Gb, Cd4Ub*, Cd4Ub,

Cd4Gb, Cd5Ub*, Cd5Ub, Cd5Gb, Cd6Ub*, Cd6Ub and Cd6Gb distributions. For

each cube, the histograms along lines-of-sight x, y and z coincide, confirming that

isotropy is preserved in each cube, which is also shown by ςxy
R ' ςxz

R ' ςyz
R in Ta-

ble 4.4.

The results from the KS-tests are summarised in Table 4.5. The KS statistics

do not show evidence of anisotropy. Using GdGb(z) as the basis CDF, its nu-
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merical difference from the CDFs of the cloudy, magnetised models are calculated

and shown in Fig. 4.6. These panels are almost indistinguishable between differ-

ent configurations of magnetic fields, for example, the numerical difference trends

for Cd3Ub*(x,y, z), Cd3Ub(x,y, z) and Cd3Gb(x,y, z) look similar to each other.

This suggests that the RMs are more dependent on the cloud structures, rather than

the magnetic field configurations since the density variations are of orders of magni-

tude within each cube, while the variation of the magnetic field is relatively smaller.

Notably, the CDFs of Cd2 show the largest deviation from the basis CDF, whereas

the CDFs for the rest of the models, apart from Cd3, are almost indistinguishable.

This may be a consequence of a scarcity of clouds in Cd4, 5 and 6.

Hence, from the results above, the widely-used RM fluctuation formula (RMS

statistics) is valid when all of the following conditions hold: (i) a random field pro-

duces random Faraday rotation, (ii) there exists a meaningful characteristic thermal

electron number density, (iii) there exists a uniform or Gaussian distribution of mag-

netic field strengths, (iv) the field is isotropic, and (v) the density and the magnetic

field are not correlated.5 In situations where some of these criteria are not met,

the RMS statistics would be inadequate to be used to interpret the magnetic field

properties from the RM analyses. More specifically, different statistical indicators

can potentially mislead when the line-of-sight longitudinal dispersion is less than

the sky transverse dispersion σR < ςR, by tens of percents or by factors of a few,

especially if there is unrecognised cloudiness. Discrepancies could, in principle, be

large in some environments, such as cluster cores, where multiphase features are

obvious in other wavebands (e.g. Conselice et al. 2001) or faint cluster outskirts

where clumpiness is conjectured (e.g. Urban et al. 2014).

4.1.2 Subtleties in the interpretation of magnetic field properties

from polarisation data

Ambiguity in the polarisation angle

The inference of RM from observations of linear polarisation is subjected to an

nπ ambiguity in its direction (Ruzmaikin and Sokoloff 1979). For a clean line-of-

5Condition (v) does not hold in the ideal MHD scenario, where the magnetic field lines are

assumed to be frozen into the plasma. Therefore, the plasma and the magnetic field lines have to

move together.
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sight with a single point source, measuring the polarisation angles ϕ at various

wavelengths λ satisfies a relationship: ϕ = ϕ0 +Rλ2, giving the rotation measure

R from the slope and the intrinsic polarisation angle ϕ0. The foreground magnetic

field structure can be inferred from the RM if the emission measure is known. In

practice, the measured polarisation angle ϕ can only be constrained between 0 and

π, leading to an ambiguity of ±nπ, where n is an integer, thus causing a problem

in correctly determining ϕ0 and R.
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Early efforts were taken to resolve this ambiguity by imposing a search limit

for the best RM from an astrophysical perspective and carrying out observations in

several frequencies so to obtain the best fit using a chi-squared minimisation (see

e.g. Simard-Normandin et al. 1981; Rand and Lyne 1994). This method assumed

that no nπ ambiguity occurs between two closely-spaced wavelengths, such that

|∆ϕ| < π/2 is fulfilled (Ruzmaikin and Sokoloff 1979). The source is observed across

a radio broad band with sparsely sampled wavelengths, and near each observed

wavelength, combinations of (ϕ ± nπ) are considered in the fitting process. While

this method can be applied to Faraday-thin media with a bright background point

source, it sometimes gives multiple acceptable solutions. It does not work well for

faint sources. In the Faraday-thick regime, the method will break down because

the linear relation does not hold. It is also problematic when there are multiple

sources along a line-of-sight or when Faraday depolarisation occurs (see e.g. Vallee

1980; Sokoloff et al. 1998; Farnsworth et al. 2011). Recently, alternative methods

have been developed, for example, the circular statistical method (Sarala and Jain

2001), the PACERMAN algorithm (Dolag et al. 2005a; Vogt et al. 2005), the RM

synthesis/RMCLEAN method (Burn 1966; Brentjens and de Bruyn 2005; Heald et al.

2009), Stokes QU -fitting (e.g. Farnsworth et al. 2011; O’Sullivan et al. 2012), and

the dependence on RM of neighbouring sources (Taylor et al. 2009; Ma et al. 2019).

The nπ ambiguity is one of the obstacles that must be overcome when analysing

large-scale magnetic fields using the RM information. On the other hand, it may be

possible to bypass the reliance on RM statistics by carrying out a proper (covariant)

polarised radiative transfer, which can directly track the evolution of polarisation

along a line-of-sight to naturally resolve the nπ ambiguity without having to make

an a priori assumption on the Faraday complexity (see Chan et al. 2019).

Issues in polarisation analyses associated with large-scale astrophysical

structures

FRBs and quasars as diagnostics: FRBs and quasars are exceptionally bright, po-

larised radio point sources, which are observable across cosmological distances. They

are therefore useful probes of the intergalactic magnetic fields (see e.g. Xu and Han

2014b; Zheng et al. 2014; Akahori et al. 2016; Ravi et al. 2016; Vazza et al. 2018;

Hackstein et al. 2019) and their evolution (see e.g. Xu and Han 2014b), if their
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Fig. 4.6: Top-left panel shows the CDF of GdGb(z) as a reference to calculate the numerical

differences with the CDFs of GdGb(y), GdGb(x), as well as Cd2Ub*, Cd2Ub, Cd2Gb,

Cd3Ub*, Cd3Ub, Cd3Gb, Cd4Ub*, Cd4Ub, Cd4Gb, Cd5Ub*, Cd5Ub, Cd5Gb, Cd6Ub*,

Cd6Ub and Cd6Gb at every line-of-sight.
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redshifts and dispersion measures are known (see e.g. Kronberg and Perry 1982;

Blasi et al. 1999; Kronberg et al. 2008; Xu and Han 2014a; Petroff et al. 2016). Cir-

cular polarisation has been detected in some quasars (see e.g. Roberts et al. 1975;

Saikia and Salter 1988; Rayner et al. 2000; O’Sullivan et al. 2013) and FRBs (see

e.g. Petroff et al. 2015, 2017), indicating that Faraday conversion (see e.g. Vedan-

tham and Ravi 2019; Gruzinov and Levin 2019) or scintillation-induced variations

(Macquart and Melrose 2000) might occur. As the number of detections of FRBs

and quasars increases (see e.g. Keane 2018), the polarisation properties of their sig-

nals can be used to better constrain large-scale magnetic field properties. Apart

from the effects of Faraday conversion and scintillation, it is also important to dis-

tinguish between the RM contributions from multiple sources along the line-of-sight,

consider the effects of traversing multi-phase media, as well as taking into account

the structural evolution and stretching of radiation wavelength in an expanding

Universe (see e.g. Han 2017). In these situations, RM is no longer sufficient to fully

characterise the changes in polarisation and hence a covariant cosmological polarised

radiative transfer treatment is necessary (see Chan et al. 2019).

Direct radio emission from large-scale structure: An emissive and Faraday-

rotating medium will result in a net depolarisation due to differential Faraday

rotation (e.g. Sokoloff et al. 1998; Beck 1999; Shukurov and Berkhuijsen 2003;

Fletcher and Shukurov 2006). This effect is particularly important in extended

sources such as emitting filaments in the cosmic web. A simple Faraday screen with

a bright source behind a Faraday-rotating medium would be insufficient to capture

this effect properly. A covariant polarised radiative transfer calculation is there-

fore essential to evaluate the line-of-sight depolarisation effect from all radiative

processes at different redshifts (see Chan et al. 2019).

Contamination in the power spectrum: The power spectrum of the observed

polarised intensity may be contaminated by emissions from the medium and em-

bedded sources. Contributions from these sources would lead to apparent higher

power in fluctuations at small-scales. It is crucial to assess whether these signa-

tures of spatially separated sources can be distinguished from those imprinted by

the true structures of magnetic fields. In addition to these, the interpretation of

the power spectrum is complicated by the contributions at various cosmological

redshifts. Consider a radio observation of the sky at a fixed frequency νobs. The
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Fig. 4.7: Schematic of how higher-redshift structures can contaminate the observed power

spectrum at a fixed νobs (dashed line), which differs from the theoretical power spectra

P (k)|z from all sources at a single redshift.

observed power spectrum P (k) is the result of contributions from sources at differ-

ent redshifts. Hence, at each k, the power spectrum is contaminated by different

levels of emission from various sources at higher redshifts (see Fig. 4.7), which differ

from the power spectrum of the Universe at every redshift, P (k)|z. Local P (k)|z
does not contain any contribution from the higher redshifts, whereas observationally,

different components at higher k are picked up at νobs.

4.2 Cosmological MHD simulations of cluster formation

While the use of RMS statistics requires caution, much of what is known about

magnetic fields in galaxy clusters comes from probing the diffuse radio sources asso-

ciated with them and/or measuring the Faraday RMs of embedded and background

polarised sources. Many galaxy clusters, based on observations and numerical sim-

ulations, have shown similar morphological features in their radio halo and X-ray

images, as well as a power-law relation in their radio (or RM) and X-ray brightness

(see e.g. Feretti et al. 2001; Dolag et al. 2001; Govoni et al. 2001a; Giacintucci et al.

2005; Dolag et al. 2005b; Govoni et al. 2010; Xie et al. 2020).
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The detection of diffuse radio sources in a number of galaxy clusters, either

at their centres (radio halos) or peripheries (radio relics), indicates that magnetic

fields and relativistic electrons are pervasive in the ICM. The physical acceleration

mechanism(s) generating the radio synchrotron emission is still not well understood.

Since the diffuse radio sources extend over several Mpcs, cooling time arguments

predict that such an active mechanism has to operate in the ICM, for example: in-

situ shock acceleration during cluster mergers, ultra-high energy particles emitted

from radio galaxies near/in the cluster, and/or secondary electrons of cosmic ray

interactions with the ICM (e.g. Miniati 2014, 2015; see e.g. van Weeren et al. 2019,

for review).

The local pixel-by-pixel relation between the observed emissions in radio and

X-ray (and also gamma-ray) in galaxy clusters may provide a means to distinguish

between the possible acceleration mechanisms. The development of magnetic fields

as a cluster evolves should also imprint signatures in observations. In Sections 4.2.3

and 4.2.4, galaxy clusters from the N -body/Smoothed Particle Magnetohydrody-

namic (SPMHD) code GCMHD+ are used to quantify the relations and properties of

Faraday RM, radio and X-ray emissions. For completeness, the numerical method

and cluster simulations are briefly summarised in Sections 4.2.1 and 4.2.2 (see Barnes

et al. 2012, 2018, for more details).

4.2.1 Numerical method

The N -body SPMHD cosmological code GCMHD+ is used to simulate the evolution

of magnetic fields in galaxy clusters. The hydrodynamical code GCD+ and its pa-

rameters are presented in Kawata et al. (2013), with the MHD implementation by

Barnes et al. (2012), where the magnetic field is evolved through the induction

equation. Further improvements are made in Barnes et al. (2018) by adding an

artificial resistivity switch at magnetic discontinuities (Tricco and Price 2013), and

implementing a hyperbolic cleaning scheme (Tricco and Price 2012) to maintain a

solenoidal magnetic field ∇ ·B = 0. The hyperbolic cleaning scheme significantly

reduces the divergence error in the magnetic fields, while the artificial resistivity

scheme should be carefully chosen in order not to destroy the weak magnetic fields

(see Barnes et al. 2018, for details).
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4.2.2 Cluster simulations

The cosmological simulation begins at z = 60, where density perturbations are in-

troduced into a low resolution dark matter spherical volume of 200 Mpc3 using the

GRAFIC2 code (Bertschinger 2001). Assuming a flat ΛCDM cosmological model with

parameters from the WMAP 5-year data (Komatsu et al. 2009), the density pertur-

bations and initial conditions are evolved to z = 0, then a central halo with a virial

mass of at least 1014 M� is chosen using the friend-of-friend algorithm. The halo is

iteratively refined to produce a “zoomed-in” simulation, where each particle within

(8× r200) and (4× r200) is replaced 8 times for the low resolution simulations (here-

after prefixed ‘C’), whereas for the high resolution simulations (hereafter prefixed

‘HR’), each particle is replaced 8 times and 64 times, respectively; until the halo

is free from lower mass particles within (2 × r200). Every highest refined particle

has a mass mDM = 6.20 × 108 M�. Then, the same number of gas particles, each

of mass mg = 1.26 × 108 M�, are added to the highest resolution region. The gas

particles are embedded within a seed magnetic field of 10−11 G, which is uniformly

distributed in the x-direction to ensure zero divergence initially.

4.2.3 RM and X-ray correlations during the assembly of galaxy

clusters

Although numerous studies on the correlation between the RM and X-ray surface

brightness of galaxy clusters have been carried out (e.g. Dolag et al. 2001), this is the

first time the relation is calculated and examined while the clusters form and evolve.

Observationally, galaxy clusters are typically X-ray luminous because of their hot

(105.2 K ≤ T . 107 K) and diffuse (10−6 cm−3 . ne . 10−2 cm−3) intracluster gas.

By exploiting the presence of radio sources within or behind the galaxy clusters,

the intracluster magnetic fields can be inferred from the RMs. How the magnetic

fields develop as the cluster evolves should therefore also imprint signatures in the

RM and X-ray relation. Here the GCMHD+ code is used to simulate the formation of

ten low resolution (C01–10) and two high resolution (HR01–02) magnetised galaxy

clusters. The evolution of the density, magnetic field strength and temperature of

every cluster is followed from z = 3 to z = 0 (see Tables 4.6–4.15), except for the
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z rvir/Mpc 〈ne,th〉/cm−3 〈B〉/G 〈T 〉/K
0.00 1.976 3.419E-05 1.202E-09 1.457E+07

0.25 1.603 5.230E-05 1.350E-09 1.513E+07

0.50 1.401 7.093E-05 1.054E-09 1.547E+07

1.00 1.041 1.324E-04 3.261E-10 1.337E+07

1.50 0.5665 2.628E-04 3.177E-10 9.675E+06

2.00 0.4325 4.311E-04 7.689E-11 7.284E+06

3.00 0.2027 1.030E-03 2.447E-11 4.849E+06

Table 4.6: Summary of cluster C01 properties: redshift z; virial radius rvir; mean thermal

number density 〈ne,th〉; mean magnetic field strength 〈B〉; and mean temperature 〈T 〉.

z rvir/Mpc 〈ne,th〉/cm−3 〈B〉/G 〈T 〉/K
0.00 2.322 3.082E-05 1.250E-09 1.914E+07

0.25 1.909 4.675E-05 8.370E-10 1.770E+07

0.50 1.518 6.751E-05 6.874E-10 1.782E+07

1.00 0.8544 1.600E-04 4.858E-10 1.308E+07

1.50 0.6138 2.502E-04 1.605E-10 1.106E+07

2.00 0.3852 4.581E-04 4.402E-11 7.902E+06

3.00 0.1668 1.003E-03 1.169E-11 3.448E+06

Table 4.7: Summary of cluster C02 properties: redshift z; virial radius rvir; mean thermal

number density 〈ne,th〉; mean magnetic field strength 〈B〉; and mean temperature 〈T 〉.

higher resolution clusters6 (see Tables 4.16–4.17). Generally the weak, frozen-in seed

field gets amplified via a turbulent dynamo mechanism driven by cluster formation.

The continuum X-rays are thermal bremssthrahlung radiation, with an emis-

sivity given by

jX =
dW

dt dV
=

(
2πkBTe,th

3me

)1/2 25πe6

3hmec3
Z2 ne,th ni ḡB erg s−1 cm−2 (4.7)

(Rybicki and Lightman 1979), whereme is the electron mass, e is the electron charge,

c is the speed of light, kB is the Boltzmann constant and h is the Planck constant.

6The higher resolution cluster simulations are more computationally demanding, so their evolu-

tion could only be tracked at fewer redshifts.
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z rvir/Mpc 〈ne,th〉/cm−3 〈B〉/G 〈T 〉/K
0.00 1.851 3.069E-05 1.210E-09 1.124E+07

0.25 1.521 4.711E-05 1.095E-09 1.202E+07

0.50 1.234 7.320E-05 8.196E-10 1.095E+07

1.00 0.8616 1.356E-04 4.269E-10 1.055E+07

1.50 0.5729 2.543E-04 1.481E-10 8.619E+06

2.00 0.3744 4.676E-04 6.845E-11 8.456E+06

3.00 0.1801 9.823E-04 1.328E-11 3.528E+06

Table 4.8: Summary of cluster C03 properties: redshift z; virial radius rvir; mean thermal

number density 〈ne,th〉; mean magnetic field strength 〈B〉; and mean temperature 〈T 〉.

z rvir/Mpc 〈ne,th〉/cm−3 〈B〉/G 〈T 〉/K
0.00 2.432 3.166E-05 1.264E-09 2.118E+07

0.25 2.011 4.613E-05 1.128E-09 2.300E+07

0.50 1.663 6.846E-05 6.508E-10 2.012E+07

1.00 0.9121 1.349E-04 3.476E-10 1.435E+07

1.50 0.5218 2.605E-04 8.982E-11 9.253E+06

2.00 0.3074 5.313E-04 3.791E-11 5.138E+06

3.00 0.1571 9.714E-04 2.523E-11 2.623E+06

Table 4.9: Summary of cluster C04 properties: redshift z; virial radius rvir; mean thermal

number density 〈ne,th〉; mean magnetic field strength 〈B〉; and mean temperature 〈T 〉.

z rvir/Mpc 〈ne,th〉/cm−3 〈B〉/G 〈T 〉/K
0.00 1.019 3.333E-05 1.865E-10 4.885E+06

0.25 0.8116 4.785E-05 1.803E-10 4.495E+06

0.50 0.8211 4.662E-05 9.070E-11 4.517E+06

1.00 0.4232 1.400E-04 7.576E-11 2.793E+06

1.50 0.3325 2.351E-04 2.422E-11 2.795E+06

2.00 0.2121 4.378E-04 1.481E-11 2.189E+06

Table 4.10: Summary of cluster C05 properties: redshift z; virial radius rvir; mean thermal

number density 〈ne,th〉; mean magnetic field strength 〈B〉; and mean temperature 〈T 〉.
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z rvir/Mpc 〈ne,th〉/cm−3 〈B〉/G 〈T 〉/K
0.00 2.144 2.968E-05 4.038E-10 1.413E+07

0.25 1.227 4.960E-05 3.345E-10 1.290E+07

0.50 1.001 6.974E-05 1.998E-10 9.091E+06

1.00 0.6675 1.328E-04 9.889E-11 6.476E+06

1.50 0.4413 2.419E-04 2.822E-11 4.880E+06

2.00 0.3268 4.163E-04 3.808E-11 5.292E+06

3.00 0.1735 9.884E-04 1.495E-11 3.519E+06

Table 4.11: Summary of cluster C06 properties: redshift z; virial radius rvir; mean thermal

number density 〈ne,th〉; mean magnetic field strength 〈B〉; and mean temperature 〈T 〉.

z rvir/Mpc 〈ne,th〉/cm−3 〈B〉/G 〈T 〉/K
0.00 2.455 3.103E-05 1.052E-09 2.047E+07

0.25 1.857 4.746E-05 9.188E-10 1.942E+07

0.50 1.514 6.884E-05 3.841E-10 1.482E+07

1.00 0.6637 1.320E-04 7.286E-11 7.749E+06

1.50 0.5169 2.436E-04 1.595E-10 7.043E+06

2.00 0.3390 4.324E-04 6.288E-11 5.549E+06

3.00 0.1851 1.016E-03 2.054E-11 3.852E+06

Table 4.12: Summary of cluster C07 properties: redshift z; virial radius rvir; mean thermal

number density 〈ne,th〉; mean magnetic field strength 〈B〉; and mean temperature 〈T 〉.

z rvir/Mpc 〈ne,th〉/cm−3 〈B〉/G 〈T 〉/K
0.00 3.197 3.175E-05 1.208E-09 3.981E+07

0.25 2.512 4.695E-05 8.275E-10 3.072E+07

0.50 1.839 6.771E-05 7.626E-10 2.759E+07

1.00 1.069 1.422E-04 2.753E-10 1.822E+07

1.50 0.6599 2.504E-04 8.814E-11 1.232E+07

2.00 0.3826 4.550E-04 3.210E-11 8.100E+06

3.00 0.1991 9.839E-04 7.603E-12 4.295E+06

Table 4.13: Summary of cluster C08 properties: redshift z; virial radius rvir; mean thermal

number density 〈ne,th〉; mean magnetic field strength 〈B〉; and mean temperature 〈T 〉.
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z rvir/Mpc 〈ne,th〉/cm−3 〈B〉/G 〈T 〉/K
0.00 2.364 3.175E-05 1.324E-09 1.995E+07

0.25 1.987 4.716E-05 1.008E-09 2.223E+07

0.50 1.631 6.853E-05 6.702E-10 1.734E+07

1.00 0.9860 1.374E-04 4.098E-10 1.296E+07

1.50 0.6202 2.656E-04 4.063E-10 1.131E+07

2.00 0.4728 4.303E-04 1.232E-10 1.108E+07

3.00 0.2204 9.980E-04 3.543E-11 5.940E+06

Table 4.14: Summary of cluster C09 properties: redshift z; virial radius rvir; mean thermal

number density 〈ne,th〉; mean magnetic field strength 〈B〉; and mean temperature 〈T 〉.

z rvir/Mpc 〈ne,th〉/cm−3 〈B〉/G 〈T 〉/K
0.00 1.349 2.619E-05 3.655E-10 6.008E+06

0.25 1.098 4.162E-05 2.886E-10 6.633E+06

0.50 0.8976 6.450E-05 2.709E-10 5.632E+06

1.00 0.6415 1.325E-04 1.835E-10 6.918E+06

1.50 0.4322 2.615E-04 6.797E-11 5.030E+06

2.00 0.2977 4.392E-04 3.072E-11 4.924E+06

3.00 0.1420 1.016E-03 7.198E-12 1.808E+06

Table 4.15: Summary of cluster C10 properties: redshift z; virial radius rvir; mean thermal

number density 〈ne,th〉; mean magnetic field strength 〈B〉; and mean temperature 〈T 〉.

z rvir/Mpc 〈ne,th〉/cm−3 〈B〉/G 〈T 〉/K
0.00 1.450 2.226E-05 3.634E-08 6.704E+06

0.50 0.9781 5.340E-05 2.597E-08 6.213E+06

1.00 0.6556 1.230E-04 1.554E-08 6.409E+06

2.00 0.3142 3.721E-04 4.532E-10 4.765E+06

Table 4.16: Summary of cluster HR01 properties: redshift z; virial radius rvir; mean

thermal number density 〈ne,th〉; mean magnetic field strength 〈B〉; and mean temperature

〈T 〉.
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z rvir/Mpc 〈ne,th〉/cm−3 〈B〉/G 〈T 〉/K
0.00 1.444 2.288E-05 1.559E-08 6.588E+06

Table 4.17: Summary of cluster HR02 properties: redshift z; virial radius rvir; mean

thermal number density 〈ne,th〉; mean magnetic field strength 〈B〉; and mean temperature

〈T 〉.

The number density and temperature of the thermal electrons are ne,th and Te,th,

respectively. Without losing generality, the velocity-averaged Gaunt factor ḡB is set

to 1. Assuming a fully ionised hydrogen plasma, Z = 1 and ne,th = ni. In addition

to that, only particles with temperatures higher than Te,th = 105.2 K are taken into

account. It is essential to only consider emission from regions below the critical

density to form stars, i.e. ρ ≤ 0.01 M� pc−3 (Cox et al. 2006; Geng et al. 2012).

With all of these assumptions, the X-ray intensity is calculated by integrating the

emissivity over the interval ds along the line-of-sight

IX ∝
∫

ds n2
e,th T

1/2
e,th erg s−1 cm−2. (4.8)

Comparing the X-ray intensity to the standard deviation of RM allows the relation

between magnetic fields and gas density in galaxy clusters to be constrained. The

standard deviation of RM, σ̄R, at each pixel of the simulated sky plane is the square

root of the variance of contributing RMs along that line-of-sight.

At z = 0, the simulated galaxy clusters reach mean number densities of

∼ 10−5 cm−3 and mean temperatures of ∼ 106−107 K (see Tables 4.6–4.17). Mean-

while, the magnetic field strengths of high-resolution clusters HR01 and HR02 reach

a maximum of ∼ 10−7 − 10−6 G, which reasonably agree with typical peak µG ob-

servations in galaxy clusters. The peak magnetic field strengths of lower-resolution

clusters C01–10, on the other hand, are several orders of magnitude lower than

expected. This is because the magnetic field amplification is sensitive to the numer-

ical resolution limit. Lowering the resolution smooths out the small-scale velocity

fluctuations that would otherwise further amplify the seed magnetic field during

structure formation (e.g. Barnes et al. 2018).

The synthetic X-ray images and RM maps of all clusters at various redshifts are

shown in Figures 4.8–4.19. Notably, the differences in X-ray morphologies as each

cluster evolves from z = 3 to z = 0 reveal different formation histories. At z = 0,
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Fig. 4.8: Properties of cluster C01 at z = 3.0, 2.0, 1.5, 1.0, 0.5, 0.25 and 0.0, where panels

from left to right correspond to the log10 of X-ray surface brightness, sin(λ0
2R), correlation

between IX and σ̄R in the sky plane with cut-offs applied at 10−4 of the maxima, and corre-

lation between IX and σ̄R without any cut-offs, respectively. Here the reference wavelength

is chosen as λ0 = 100 cm.
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Fig. 4.9: Properties of cluster C02 at z = 3.0, 2.0, 1.5, 1.0, 0.5, 0.25 and 0.0, where panels

from left to right correspond to the log10 of X-ray surface brightness, sin(λ0
2R), correlation

between IX and σ̄R in the sky plane with cut-offs applied at 10−4 of the maxima, and corre-

lation between IX and σ̄R without any cut-offs, respectively. Here the reference wavelength

is chosen as λ0 = 100 cm.
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Fig. 4.10: Properties of cluster C03 at z = 3.0, 2.0, 1.5, 1.0, 0.5, 0.25 and 0.0, where

panels from left to right correspond to the log10 of X-ray surface brightness, sin(λ0
2R),

correlation between IX and σ̄R in the sky plane with cut-offs applied at 10−4 of the maxima,

and correlation between IX and σ̄R without any cut-offs, respectively. Here the reference

wavelength is chosen as λ0 = 100 cm.
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Fig. 4.11: Properties of cluster C04 at z = 3.0, 2.0, 1.5, 1.0, 0.5, 0.25 and 0.0, where

panels from left to right correspond to the log10 of X-ray surface brightness, sin(λ0
2R),

correlation between IX and σ̄R in the sky plane with cut-offs applied at 10−4 of the maxima,

and correlation between IX and σ̄R without any cut-offs, respectively. Here the reference

wavelength is chosen as λ0 = 100 cm.
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Fig. 4.12: Properties of cluster C05 at z = 2.0, 1.5, 1.0, 0.5, 0.25 and 0.0, where panels

from left to right correspond to the log10 of X-ray surface brightness, sin(λ0
2R), correlation

between IX and σ̄R in the sky plane with cut-offs applied at 10−4 of the maxima, and corre-

lation between IX and σ̄R without any cut-offs, respectively. Here the reference wavelength

is chosen as λ0 = 100 cm.
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Fig. 4.13: Properties of cluster C06 at z = 3.0, 2.0, 1.5, 1.0, 0.5, 0.25 and 0.0, where

panels from left to right correspond to the log10 of X-ray surface brightness, sin(λ0
2R),

correlation between IX and σ̄R in the sky plane with cut-offs applied at 10−4 of the maxima,

and correlation between IX and σ̄R without any cut-offs, respectively. Here the reference

wavelength is chosen as λ0 = 100 cm.
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Fig. 4.14: Properties of cluster C07 at z = 3.0, 2.0, 1.5, 1.0, 0.5, 0.25 and 0.0, where

panels from left to right correspond to the log10 of X-ray surface brightness, sin(λ0
2R),

correlation between IX and σ̄R in the sky plane with cut-offs applied at 10−4 of the maxima,

and correlation between IX and σ̄R without any cut-offs, respectively. Here the reference

wavelength is chosen as λ0 = 100 cm.
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Fig. 4.15: Properties of cluster C08 at z = 3.0, 2.0, 1.5, 1.0, 0.5, 0.25 and 0.0, where

panels from left to right correspond to the log10 of X-ray surface brightness, sin(λ0
2R),

correlation between IX and σ̄R in the sky plane with cut-offs applied at 10−4 of the maxima,

and correlation between IX and σ̄R without any cut-offs, respectively. Here the reference

wavelength is chosen as λ0 = 100 cm.
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Fig. 4.16: Properties of cluster C09 at z = 3.0, 2.0, 1.5, 1.0, 0.5, 0.25 and 0.0, where

panels from left to right correspond to the log10 of X-ray surface brightness, sin(λ0
2R),

correlation between IX and σ̄R in the sky plane with cut-offs applied at 10−4 of the maxima,

and correlation between IX and σ̄R without any cut-offs, respectively. Here the reference

wavelength is chosen as λ0 = 100 cm.
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Fig. 4.17: Properties of cluster C10 at z = 3.0, 2.0, 1.5, 1.0, 0.5, 0.25 and 0.0, where

panels from left to right correspond to the log10 of X-ray surface brightness, sin(λ0
2R),

correlation between IX and σ̄R in the sky plane with cut-offs applied at 10−4 of the maxima,

and correlation between IX and σ̄R without any cut-offs, respectively. Here the reference

wavelength is chosen as λ0 = 100 cm.
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Fig. 4.18: Properties of cluster HR01 at z = 2.0, 1.0, 0.5 and 0.0, where panels from left

to right correspond to the log10 of X-ray surface brightness, sin(λ0
2R), correlation between

IX and σ̄R in the sky plane with cut-offs applied at 10−4 of the maxima, and correlation

between IX and σ̄R without any cut-offs, respectively. Here the reference wavelength is

chosen as λ0 = 100 cm.

Fig. 4.19: Properties of cluster HR02 at z = 0.0, where panels from left to right correspond

to the log10 of X-ray surface brightness, sin(λ0
2R), correlation between IX and σ̄R in the

sky plane with cut-offs applied at 10−4 of the maxima, and correlation between IX and σ̄R

without any cut-offs, respectively. Here the reference wavelength is chosen as λ0 = 100 cm.
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Fig. 4.20: The change of slope in the σ̄R − IX relation with redshift for 12 simulated

clusters, with cut-offs applied at 10−4 of the maxima (left) and without (right).

their X-ray intensity peaks at ∼ 10−4 erg s−1 cm−2. In general, the X-ray images

and RM maps show similar morphological features, hinting at a possible relation

between the line-of-sight magnetic field strengthB‖ and the thermal electron number

density ne,th. A local point-by-point comparison between σ̄R and IX of every snap-

shot image as the cluster evolves is used to quantify this relation. It appears that

the σ̄R and IX of each cluster follow a power-law relation

σ̄R = A IbX , (4.9)

where A is the normalisation constant and b is the slope of the σ̄R-IX relation.

Using the method of least-squares, the relation

log10 (σ̄R) = log10 (A) + b log10 (IX) , (4.10)

is fitted and the results are shown in Figures 4.8–4.19.

While some scatter is visible, the σ̄R–IX relation seems to be universal in viri-

alised clusters. The linear best fits are performed across all data and compared to

those where the central region of the cluster is excised at IX ≥ 10−4 erg s−1 cm−2.

The slopes have values of b ∼ 1, indicating that locally, the magnetic field essentially

scales with the gas density. Generally, the power-law is not steady and it appears

to co-evolve with the cluster formation and dynamics. To investigate the time de-

pendence of the power-law relation, the power indices of every evolving cluster are

plotted against their redshifts in Figure 4.20.
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Overall, there is no obvious trend in the slope evolution with redshift in the

centre-excised clusters as shown by the left panel of Figure 4.20. Most of the slopes

have values lower than one. However, when all data is being considered in the right

panel of Figure 4.20, there is a noticeable bump at z = 1. This bump coincides

with the period of active cluster formation at z = 1, during which a substantial

amount of materials collapse to form larger-scale structures, thus amplifying ne,th

and B. Furthermore, there is a noticeable decline in the overall slopes approaching

the higher-redshift end, where little magnetic field is present. There is a considerable

number of slopes which are larger than unity in Figure 4.20. It can be deduced that,

in these instances, σ̄R > IX, indicating that the X-rays are perhaps emitted after

sufficient magnetic field amplification.

It is worth noting that the slope is sensitive to how the cut-offs are applied. The

centre-excised scenario where b . 1 is more reliable, as it gets rid of the overdense,

central region of the cluster resulting from the simulation being adiabatic and lacking

of e.g., radiative cooling and AGN feedback. Without the cut-offs, the scatter in

the σ̄R-IX relation may be better fitted with a power-law of order 2, suggesting that

the RMs double with every X-ray photon count rate. This may make sense if the

hot gas gets re-accelerated by the threading magnetic fields to re-emit in the radio

wavelengths. Apart from this, the resolution level of the simulations has quite an

effect on the overall magnetic field amplification, when comparing the final magnetic

field strengths of C01–10 with HR01–02. This is clear from Figure 4.20 where the

slopes of C01–10 are generally lower than those of HR01–02. The HR clusters

are generated with an improved divergence cleaning scheme at higher resolution,

reporting σ̄R ∼ 100 rad m−2 which is consistent with literature.

A future direction would be to address whether a similar correlation exists

in larger-scale structures, such as superclusters, which would further improve the

understanding on their physical and magnetic field properties. It would also be

worthwhile to investigate whether the power-law relation still holds in X-ray emitting

clusters with radio relics. This would potentially shed some light as to whether there

exists a common origin for radio halos and relics.

4.2.4 Properties of cluster X-ray and radio emissions

Apart from Faraday RMs, it would also be interesting to look into the properties of

cluster X-ray and radio emissions. The high-resolution cleaned GCMHD+ simulation
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(see Appendix A) produces a cluster with a central peak magnetic field of ≈ 2.5µG,

which is in reasonable agreement with e.g., Govoni and Feretti (2004); Bonafede

et al. (2010). This cluster is however an order of magnitude smaller in mass than

clusters with observed radio halos. At redshift z = 0, the X-ray and radio emissions

are calculated and examined whether a power-law relation naturally arises. The

X-ray emission is calculated using equations 4.7 and 4.8. The radio emission is

synchrotron radiation from energetic electrons gyrating around the cluster magnetic

fields. Assuming relativistic electrons with a power-law energy spectrum

nre(γ) dγ = Cγ−p dγ , (4.11)

where p is the electron energy spectral index and nre(γ) dγ is the number density

of relativistic electrons in the energy range of γ and γ + dγ, the energy density of

the relativistic electrons is therefore

Ere = C(mec
2)

∫ ∞
1

dγ γ1−p . (4.12)

Treating Ere as 1% of the thermal energy density (Kotera and Olinto 2011; Geng

et al. 2012), the normalisation constant becomes

C = 3× 10−3

(
nekBTe

mec2

)
. (4.13)

As such, the specific radio emissivity is

jR =

√
3e3CB⊥

mec2(p+ 1)

(
mec2πν

3eB⊥

)− (p−1)
2

Γ

(
p

4
+

19

12

)
Γ

(
p

4
− 1

12

)
erg s−1 cm−3 Hz−1

(4.14)

(Rybicki and Lightman 1979) at frequency ν, where B⊥ is the magnetic fields com-

ponent perpendicular to the line-of-sight and Γ(...) is the Gamma function. The

frequency is set to ν = 1.4 GHz, which is commonly used in radio observations,

such as the VLA (see e.g. Xu et al. 2003). The electron spectral index is set to

p = 2.2, corresponding to electrons that are freshly accelerated by shocks (see e.g.

Achterberg et al. 2001). Integrating the radio emissivity over the interval ds along

the line-of-sight gives the intensity

IR ∝
∫

ds CB(p+1)/2
⊥ erg s−1 cm−2 Hz−1. (4.15)

The resulting X-ray and radio intensities are shown in the left panels of Fig.

4.21. Each synthetic map/image of the cluster spans roughly 2.9 Mpc × 2.9 Mpc
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Fig. 4.21: Left: Contours of radio intensities IR at 104, 105 and 106 Jy, superimposed over

the coloured X-ray intensities log10 IX of the higher resolution cluster generated using the

cleaned implementation at present-day configuration, viewed in the xy (top), xz (middle)

and yz (bottom) planes. The X-ray and radio intensities have similar morphologies. Right:

A point-by-point comparison of the X-ray and radio intensities in the xy, xz and yz planes,

with a best-fit performed at IX ≤ 10−4 erg s−1 cm−2 (red) and across all intensities (blue).

The correlation follows a power-law with a slope close to one.
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and is divided into 256 × 256 square pixels. The synthetic X-ray colour images

of the cluster are overlaid with radio contours in the xy, xz and yz planes.

Here, a minimum cut-off at IX = 10−6 erg s−1 cm−2 is applied below which the

X-ray emission would be too faint to be detected. The cut-off corresponds to a

flux lower-limit Fmin
X ≈ 2.37 × 10−17 erg s−1 cm−2, after accounting for the spa-

tial isotropy of the emission, following the method by Kotarba et al. (2011). The

imposed minimum flux threshold is lower than the detection limit of ROSAT at

FX(0.1 − 2.4 keV) ∼ 10−12 erg s−1 cm−2 (e.g. Böhringer et al. 2013), but similar to

that of Athena at FX(0.5−2 keV) ∼ 10−17 erg s−1 cm−2 (e.g. Barret et al. 2013). The

X-ray images show irregular and asymmetric substructures, hinting that the cluster

is likely to be disturbed and may have experienced a recent merger. The cluster is

also X-ray luminous, reaching a maximum intensity of IX ≈ 10−3 erg s−1 cm−2 at the

centre. The overall temperature and density of the cluster are traced out to its virial

radius, leading to lower values than those typically measured within r500 in X-ray

observations (e.g. Mantz et al. 2010). Moreover, as mentioned before, the cluster

is less massive (mgas ∼ 1013M�) and rather small (rvir
7 ≈ 1.44 Mpc) compared to

many of the clusters that have been observed using Chandra and ROSAT.

Superimposed over the X-ray images are synthetic radio contours in white,

where the levels define intensities decreasing outwards at 106, 105 and 104 Jy, re-

spectively. These values of intensities8 are independent of distance from the source

and correspond to artificial fluxes of several µJy per pixel at 1.4 GHz, which are

consistent with various observations (e.g. Govoni et al. 2001a; Murgia et al. 2009;

Vacca et al. 2010; Murgia et al. 2010; Farnsworth et al. 2013) and numerical simu-

lations (e.g. Vacca et al. 2010; Kotarba et al. 2011; Geng et al. 2012; Govoni et al.

2013). Following the method by Geng et al. (2012), the expected flux arriving

on Earth is estimated by multiplying the calculated total intensities with a factor

f = πr2
beam/(4πD

2), assuming D ≈ 99 Mpc for the distance to the cluster (e.g.

Coma, see Reiprich and Böhringer 2002), and treating rbeam as the beam radius

corresponding to an angular resolution of ∼ 5′′, if observed with, e.g. the VLA

B-configuration at 1.4 GHz (see e.g. Condon et al. 2003).

7Note that r500 ≈ 0.7r200 ≈ 0.5rvir.

8The conversion between intensity and flux/surface brightness does not affect the value of the

best-fit slope.
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Qualitatively, the X-ray images and radio contours show similar morphological

features, indicating a spatial coincidence between the thermal and relativistic com-

ponents in the cluster. To quantify this, a local point-by-point comparison between

the X-ray and radio intensities projected along the lines-of-sight: x, y and z is

performed; adopting a similar approach to Dolag et al. (2001). This method is un-

affected by morphological differences and possible misalignments between the radio

and X-ray maxima (Govoni et al. 2001a). The simulated cluster has a bolometric

X-ray luminosity of LX,500 = 3.11 × 1044 erg s−1, which is marginally higher than

typically observed (e.g. Maughan et al. 2012) and likely due to the simulations being

adiabatic.

A positive correlation is found between the radio and X-ray intensities in the

cluster, which appears to satisfy a power-law relation

IR = AIbX , (4.16)

where A is the normalisation constant and b is the slope of the IR-IX relation. The

method of least squares is used to fit the linear relation

log10 (IR) = log10 (A) + b log10 (IX) , (4.17)

and the results are shown in the right panels of Fig. 4.21. Clearly, there is some

scatter around the lines of best fit, indicating that the cluster is rather dynamically

disturbed. Further investigations of the effects on the scaling relation is carried out

by performing a best-fit across all data (blue) and comparing it to that where the

central region of the cluster is excised (red). The latter omits the anomalous, over-

dense X-ray bright region of the cluster, which is a consequence of the simulation

being adiabatic and lacking of additional physics, such as radiative cooling and AGN

feedback. By setting the upper limit at IX = 10−4 erg s−1 cm−2, the best fit slopes

are calculated, obtaining 0.998, 1.013 and 1.024 along the z, y and x directions,

respectively. These values are slightly larger than those derived from an all-data fit:

0.914, 0.926 and 0.934; implying that the centre-excised IR-IX relation is tighter,

and that the central region of the cluster does not follow a universal behaviour,

possibly due to the missing physics in the simulations.

Overall, the high resolution cleaned simulation is capable of reproducing results

that are consistent with observations. The main results are as follows:
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(i) The simulated cluster reaches the observed magnetic field amplitude at µG levels

with a radially declining profile.

(ii) The simulated cluster has a bolometric X-ray luminosity of LX ≈ 3.11 ×
1044 erg s−1, which is an order of magnitude larger than observed for a cluster of

this low mass (e.g. Giodini et al. 2013). This is likely due to the over-cooling of

adiabatic simulations.

(iii) At 1.4 GHz, the radio surface brightness of the cluster is calculated to be sev-

eral µJy per pixel, comparable to that found by observations and other numerical

simulations.

(iv) The morphological similarities between the X-ray and radio emissions from the

cluster correspond well with observations of several massive, merging clusters (e.g.

Liang et al. 2000; Feretti et al. 2001; Govoni et al. 2001a; Kempner and David 2004;

Storm et al. 2015).

(v) At every line-of-sight, a local point-by-point radio to X-ray comparison shows a

positive relation, which can be adequately described by IR ∝ IbX with b ≈ 1. These

results are consistent with b ≤ 1 derived from observed relations (Feretti et al. 2001;

Govoni et al. 2001a).

(vi) The observables in the radio and X-ray wavebands are related to the intra-

cluster gas density, temperature and magnetic fields. Given the initial choice of the

energy density of the relativistic electrons, the ratio between the radio and X-ray

intensities yields the relation9:∫
ds B

(p+1)/2
⊥ ∝

∫
ds ne,th T

−1/2
e,th . (4.18)

There are several caveats to take into consideration. First of all, the simulated

cluster presented here is at least ten times smaller than the Coma cluster. Observa-

tionally, radio halos have only been found in some massive clusters, and so far, they

have not been detected in smaller clusters. Hence, whether or not small clusters

could harbour a weak halo is debatable. The two key ingredients for producing

synchrotron radio emission are energetic electrons and magnetic fields. Unless there

is a strong reason to exclude their presence, radio halos could exist in low mass

9It is worth noting that, while
∫ 1

−1
dx f(x) ∝

∫ 1

−1
dx f(

√
1− x2), f(x) is not necessarily propor-

tional to f(
√

1− x2). Furthermore, the result may be obtained by assuming the frozen-in condition

and neglecting temperature dependence (Dolag 2018, private communication).
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clusters. Given that clusters grow in mass through accretion and mergers, on top

of radio-emitting relativistic electrons having a shorter lifetime than the dynamical

time of clusters and their major merging intervals, as well as larger clusters having

more charged particles available to be accelerated, it is natural to have a higher

probability in finding radio halos in more massive clusters.

Whilst the magnetic fields are relatively weak and frozen into the hot plasma,

their interactions with the relativistic plasma is not known from the simulations.

Assumptions have to be made where the relativistic energy density is scaled with the

thermal energy density, as well as treating the energy spectrum of the relativistic

electrons as a simple power-law. As a result, the spatial coincidence between the

radio halo emission and the hot gas regions is somewhat expected. The calcula-

tions also show hints that the power-law may not even hold in the IR-IX relation,

as the slope is particularly sensitive to how the cut-offs are applied. While it is

difficult to rule out whether these may be artefacts resulting from the models being

prescribed in this work, it could also be due to the MHD interactions between the

bulk of magnetic flows and the non-trivial interactions heating the gas particles.

Hence it is premature to draw any conclusions on discriminating between the pos-

sible re-acceleration mechanisms or the magnetic field distribution (see e.g. Planck

Collaboration 2013, for various models) for radio halo generation based on the value

of the slope itself using the simulations shown in this work.

4.3 Summary

This chapter discusses the applications of Faraday rotation measure in the diagno-

sis of galaxy cluster magnetism. Firstly, the usage of rotation measure fluctuation

(RMF) analyses for large-scale magnetic field diagnostics is assessed in the context

of polarised radiative transfer. By ray-tracing through various magnetic field config-

urations and electron density distributions, the conventional random walk approach

to modelling RMF is shown to be not universally valid, breaking down for densities

with fractal and log-normal structures. This implies that density fluctuations can

significantly obscure the effect of magnetic field fluctuations, and hence affect the

correlation length of magnetic fields determined by the conventional random walk

model. Furthermore, it is difficult to disentangle the signals from the density and

magnetic field fluctuations based on the value of the standard deviation of RM itself.
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Even without degeneracy between the signals from density and magnetic field

fluctuations, radiative processes such as absorption and emission can confuse and

ambiguate the interpretation of the RM. In addition to the thermal electrons, non-

thermal electrons can also contribute to the Faraday rotation. The interpretations

of RMF analyses are cautioned against when a characteristic density is ill defined.

The inference of observational data has to be clarified as the spatial correlations are

generally dissimilar along the line-of-sight and across the sky plane. A more proper

treatment based on covariant polarised radiative transfer is necessary to develop

solid theoretical models and predictions in preparation for the SKA.

Next, the scaling relations between the dispersion of RM and X-ray intensity

are calculated for galaxy clusters assembling from z = 3 to z = 0 in the GCMHD+

simulations. The relation between the dispersion of RM and X-ray intensity varies

unsteadily during cluster formation with slopes of b . 1 for IX ≥ 10−4 erg s−1 cm−2,

indicating that, locally, the magnetic field scales with the gas density. The centre-

excised relation is more reliable than the cluster-centric relation as the cluster centre

tends to be anomalous from the lack of additional physics in the simulations. Since

the correlation length of magnetic fields can be derived from the dispersion of RM,

this relation allows X-ray observations by e.g. Athena to determine the evolution

of magnetic fields at galaxy cluster scales, which can be independently compared to

that inferred from radio observations by e.g. the SKA.

Lastly, the radio and X-ray intensities of a high resolution cluster are calcu-

lated and found to exhibit similar morphological features. A local point-by-point

comparison between the radio and X-ray images of the simulated cluster reveals a

power-law relation with a best-fit slope of b ∼ 1, which is consistent with several

observed halo clusters. This suggests, even though the simulated cluster is of lower

mass than those seen to host halos, the power-law relation can still naturally arise

from having the weak magnetic field frozen into the gas. Additionally, it is ascer-

tained from the radiative transfer calculations that cluster halo observations can be

reproduced by assuming that a fraction of existing thermal electrons in the ICM is

accelerated to re-emit in the radio synchrotron.
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Chapter 5

Cosmic rays in magnetised molecular

clouds

This chapter presents results which have been submitted in whole or in part in:

Ellis R. Owen, Alvina Y. L. On, Shih-Ping Lai and Kinwah Wu, “Interactions

of energetic cosmic rays in molecular clouds: astrophysical implications and ob-

servational signatures”, submitted March 2020 to MNRAS. I am a co-author of

this paper. I formulated the application of structure functions to characterise the

magnetic fields and cosmic ray propagation in molecular clouds. I contributed to

the calculations of angular dispersion function that was used to derive the cosmic

ray diffusion coefficient. I cleaned the IC 5146 polarisation data and calculated the

frequency distributions and power spectra. I also conducted consistency and accu-

racy checks for the science, and assisted the lead author in parts of the manuscript

preparation.

The previous chapter assesses how Faraday rotation measure fluctuation analy-

ses are used in the diagnosis of galaxy cluster magnetism. These large-scale magnetic

fields leave observational signatures in the radio synchrotron emission, whose total

intensity reveals the field strength and polarisation traces the field orientation. On

smaller scales, magnetic fields are also known to pervade molecular clouds (MCs)

by leaving observable imprints through Zeeman (1897) splitting, the Goldreich-

Kylafis (GK) effect (Goldreich and Kylafis 1981; Kylafis 1983), as well as in the

sub-millimetre dust polarisation. The Zeeman and GK detections are scarce, par-

ticularly in the denser regions of the MCs (e.g. Crutcher et al. 1993; Ward-Thompson
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et al. 1994; Crutcher et al. 1999; Lai et al. 2003; Crutcher 2012). Whether or not

dust polarisation can effectively trace magnetic fields in denser regions of the cloud

is still unclear. The interpretation of dust polarisation in terms of magnetic fields

relies on the understanding of grain alignment theories (Davis and Greenstein 1951;

Gold 1952; Dolginov and Mitrofanov 1976; Purcell 1979; see also, e.g. Lazarian 1995;

Draine and Weingartner 1996b; Lazarian et al. 1997; Roberge and Lazarian 1999;

Cho and Lazarian 2005; Lazarian and Hoang 2007, 2008; Hoang and Lazarian 2008;

Hoang et al. 2018; Lazarian and Hoang 2019). Although these theories are complex

and still a work-in-progress, they are often used to derive magnetic field information

from sub-millimetre observations in the MCs (see e.g. Ward-Thompson et al. 2000,

2002; Crutcher et al. 2004; Kirk et al. 2006; Andersson and Potter 2007; Li et al.

2013; Wang et al. 2019). More specifically, dust grains in denser cloud regions may

not efficiently align with the magnetic fields (Lazarian et al. 1997; Lazarian and

Hoang 2007; Hoang and Lazarian 2009), although there has been recent evidence

suggesting otherwise (e.g. Cho and Lazarian 2005; Jones et al. 2016; Wang et al.

2017).

The dense cores of MCs within the Milky Way are expected to be shielded

from much of the ionising (particularly ultraviolet, UV) interstellar radiation by

dust and molecular Hydrogen (Draine 2011). However, observations have revealed

sustained ionisation rates of up to ζH = 10−17 − 10−15 s−1 in dense cores (Caselli

et al. 1998; van der Tak and van Dishoeck 2000; Doty et al. 2002), compared to

ζH = 10−16 s−1 in diffuse interstellar clouds (Black et al. 1978; van Dishoeck and

Black 1986; Federman et al. 1996). The cause of this ionisation is widely attributed

to cosmic rays – CRs (Goldsmith and Langer 1978; Goldsmith 2001; Lequeux 2005;

Draine 2011), which would also act to regulate the temperature (e.g. Spitzer and

Tomasko 1968) and chemical evolution (e.g. Desch et al. 2004; Indriolo et al. 2015;

Bisbas et al. 2017; Padovani et al. 2018; Albertsson et al. 2018; Gaches et al. 2019)

of MCs. CRs are energetic, charged particles which can penetrate into a MC (e.g.

Ivlev et al. 2018) and ionise its shielded dense core. CR protons in the MeV-GeV

range and CR electrons in the 10 keV-10 MeV range are believed to contribute to

the bulk of this ionisation (e.g. Spitzer and Tomasko 1968; Padovani and Galli 2011;

Yamamoto 2017).

In a Galactic setting, CR ionisation rates can vary from ζH ≈ 6.8×10−18 s−1 to
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ζH ≈ 1.2× 10−15 s−1 (Spitzer and Tomasko 1968), with a rate of around 10−16 s−1

typically adopted (see Glassgold and Langer 1974; Hartquist et al. 1978; Black

et al. 1978; van Dishoeck and Black 1986; Federman et al. 1996; Geballe et al. 1999;

Indriolo et al. 2007; Geballe et al. 2007, and Padovani et al. 2009; Draine 2011

for overviews). CRs with energies above a GeV can also play a role. These are

associated with star-forming activities which yield massive stellar end products, e.g.

supernova remnants (see Hillas 1984; Kotera and Olinto 2011, for reviews). Such

environments can accelerate particles to relativistic energies through, e.g. Fermi

(1949) acceleration in diffusive shocks (e.g. Krymskii 1977; Bell 1978a,b; Axford

et al. 1977; Blandford and Ostriker 1978). At these high energies, pion-producing

(π0, π±) pp interactions between CR protons and the dense MC gas can arise (cf.

Owen et al. 2018; Kafexhiu et al. 2014). The decay of π± yields secondary MeV

CR electrons which may be able to contribute to the ionisation rate (e.g. Padovani

et al. 2009). Higher-energy CRs can also engage with the ambient magnetic field,

and drive a gas heating rate via Alfvén wave excitation (Wentzel 1971; Wiener et al.

2013b).

The ionisation level of a dense cloud governs the degree to which it is cou-

pled to its ambient magnetic field. This, in turn, regulates its stability against

fragmentation and/or gravitational collapse (Mestel and Spitzer 1956; Price and

Bate 2008) and influences its subsequent star-forming activities. The propagation

of charged CRs is affected by the local magnetic field, which can develop a com-

plicated structure (Padovani and Galli 2013) with field strengths being amplified

during co-evolution with its host cloud (Crutcher 2012). In this scenario, CRs may

be focused by the field morphology, causing a convergence in their diffusive propa-

gation. On the other hand, CRs may also be reflected/deflected as their pitch angles

increase due to the stronger magnetic field. These antagonistic processes generally

act concurrently (Cesarsky and Volk 1978; Ko 1992; Chandran 2000; Desch et al.

2004; Padoan and Scalo 2005), with mirroring/deflection effect usually dominating

over focusing (Padovani and Galli 2011, 2013).

This chapter investigates the ionisation and heating of MCs in the presence

of CR irradiation and magnetic fields. Firstly, the propagation of CRs in MC

environments is formulated, accounting for their injection/absorption via hadronic

interactions, ionisations, and MHD wave excitations in a self-consistent manner.
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The formulation is then applied to a model MC in a typical Galactic interstellar

environment. Gas temperatures and molecular abundances are derived from the

calculations of the chemical balances of species including HCO+, H+
3 , OH+ and

H2O+. Finally, the formulation is also applied to the interstellar cloud IC 5146,

whose polarisation observations are used to trace its magnetic fields, from which

the CR propagation parameters and ionisation/heating patterns are determined.

This chapter is organised as follows. Section 5.1.1 outlines the characteristics of

MC environments based on studies of the Milky Way and nearby galaxies, whereby

a model is introduced to describe the density and magnetic structures of MCs. The

dominant components engaging with CRs are identified, and the key features of the

Galactic IC 5146 region are described. Sections 5.1.2 and 5.1.3 present the relevant

CR physics – the CR propagation in MC environments and the interaction channels

for both hadronic and leptonic CRs. Section 5.2 details the analysis of magnetic

field structures in MC environments and demonstrates how the propagation of CRs

in IC 5146 can be determined from this. Section 5.3 presents the results of the CR

heating and ionisation rates in a model MC and in the dense filamentary structures

of IC 5146. Lastly, Section 5.4 summarises this chapter.

5.1 Cosmic rays in molecular clouds

5.1.1 Molecular clouds

The interstellar medium is multi-phase, with cold, dense neutral MCs inter-mingled

with hot tenuous gases in pressure equilibrium. MCs are believed to have formed

via condensation from ISM gas, as the latter cools and collapses under gravity. The

size of a MC varies from several to tens of pc. The cloud density and temperature

are typically around 102 cm−3 and 10 K, respectively. Observations indicate that

MCs are permeated by magnetic fields with strengths of a few µG. These magnetic

fields are presumably swept in from the ISM by the collapsing material to create

a “pinching” in the field orientation. The structure of the magnetic field vectors

has been observed to resemble an “hourglass” (Girart et al. 2006; Rao et al. 2009;

Tang et al. 2009), where field lines are drawn closer together in regions of higher

cloud density. This produces a much stronger magnetic field within the MC com-

pared to the surrounding ISM (Crutcher et al. 1999; Basu 2000; Basu et al. 2009).

Further gravitational collapse within MCs to form clumps and cores is mediated by
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pressure support, either due to magnetic fields (Mouschovias 1991; Mouschovias and

Ciolek 1999) or turbulence (Padoan and Nordlund 1999; Mac Low and Klessen 2004;

Zhang and Li 2017; Coudé et al. 2019). Recent studies suggest that both have an

important role (Kudoh and Basu 2008; Vázquez-Semadeni et al. 2011; Seifried and

Walch 2015; Federrath 2016; Planck Collaboration 2016). This leads to a hier-

archical substructure, wherein clouds host clumps of size 0.3 – 3 pc and density

103−104 cm−3. Moreover, cores on scales of 0.03 – 0.2 pc may develop within these

clumps. Cores have higher densities of around 104−105 cm−3, with some cases even

reaching 106 − 107 cm−3 (see e.g. Bergin and Tafalla 2007, for a review). Note that

different distinctions between the components are also proposed in literature and

are equally valid (see e.g. Myers 1995). This is because an exact description of the

continuous substructure of MCs cannot be fully captured by a simple hierarchy of

just a few distinct elements (Rodŕıguez 2005).

Polarisation observations have revealed complex structures in the magnetic

fields towards the dense cores of a number of MCs (see e.g. Hull et al. 2017). This

indicates that turbulence is important in the cloud cores and plays a role in giving

rise to the complexity in the magnetic structures of these MCs. There are, however,

some massive cores where the magnetic fields are ordered, on 0.1 – 0.01 pc scales,

and mostly parallel or perpendicular to the ordered fields on larger scales (Zhang

et al. 2014) and to the observed orientation of their host cloud (Li et al. 2015a).

In these clouds, the magnetic fields are of dynamical importance globally, as they

regulate the initial cloud collapse/fragmentation processes (see also Li et al. 2009;

Koch et al. 2014), despite that turbulence may be arguably more dominant on the

sub-pc scales (see Ching et al. 2017; Tang et al. 2019). Being of higher density and

smaller size, the cores are observed to sustain typical magnetic field strengths of

around 10 − 15 µG (Crutcher et al. 1999),1 while the mean line-of-sight and total

magnetic field strengths in the inter-core regions of MCs have been observed to be

7.4 µG and 14.8 µG, respectively, via Zeeman effect (Thompson et al. 2019).

A three-zone model for the structure of a MC and its core is constructed to

calculate the interactions and propagation of energetic particles. The model is

illustrated in Fig. 5.1. In Zone 1, which is an external ISM region outside the

1Note that observations show substantial spread in this value, which seems to be sensitive to

the type of core observed (Crutcher et al. 2010).
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MC, CRs propagate at the local Alfvén speed vA (= |vA| = B/
√

4πρ, with ρ as the

plasma density) in the almost fully ionised medium (i.e. ionisation fraction, xi ≈ 1),

due to the streaming instability (see Wentzel 1974; Kulsrud 2005). The generalised

modified Alfvén speed of a medium which is not fully ionised (i.e. xi < 1) is given

by

vA,i = vA(1 + εi)
−1/2 (5.1)

(Mart́ınez-Gómez et al. 2018), where εi = nH/nions. Here, nH = nions(1 − xi)/xi is

the density of neutral molecules (regardless of whether they are H or H2), and nions

is the density of ions (assuming their abundance is equivalent to that of thermal elec-

trons). It follows that vA,i ≈ vA
√
xi. From Zone 2 to 3, the magnetic field pinching

effect resulting from the cloud’s evolution, combined with the associated increased

density/neutral fraction, would begin to cause CR propagation to become increas-

ingly diffusive as the higher neutral fraction damps the Alfvén waves (Kulsrud and

Pearce 1969; Zweibel and Shull 1982). As long as the magnetic field orientations and

density structure are known at any given location, this approach can be adapted

to account for any likely MC structure. It is not only limited to the “hourglass”

magnetic field configuration as illustrated in Fig. 5.1. In this simplified model, only

a single core (Zone 3) is considered within the MC, but this can be extended to any

number of cores as required. Unless otherwise specified, nH refers to the number

density of all gas within the cloud, whether atomic or molecular Hydrogen.

5.1.2 Cooling and absorption of cosmic rays

Electrons

In each interaction event, a CR electron only transfers a small fraction of its energy

to the medium. The cumulative energy loss of the electron is a sum of many small

decrements. In practice, the sequence of energy loss can be approximated as smooth

and continuous. Thus, a continuous model, with averaging properties of energy loss

in interactions, can be constructed and this model is adequate for the purpose of

this study. Although CR electrons and positrons have opposite charges, their energy

loss mechanism is practically identical in the astrophysical environments considered

here. The rate derived for energy loss (such as cooling due to Coulomb interaction)

applies to both electrons and positrons and also to both primary and secondary

particles. Hence, both e+ and e− are referred to as “electrons” hereafter without
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Fig. 5.1: Schematic of the different CR propagation regions within the density and magnetic

field profiles of an idealised molecular cloud, characterising observed features (e.g. Rao et al.

2009). Zone 1 is the ISM region (xi ≈ 1). In Zone 2, the magnetic field pinching effect

and increased density/neutral fraction of the cloud begins to affect the propagation of CRs,

which becomes increasingly diffusive. Zone 3 is the dense core of the MC where magnetic

fields are the strongest and densities the highest. The gas is almost completely neutral

(xi ≈ 10−7 or less, see Draine 2011) except for the ionisation caused by CRs. Magnetic

focusing/mirroring effects become important in Zone 3.

losing generality.

In a low-density plasma, the rate of cooling via electron-Coulomb interactions2

for ionisation fraction xi is

bC ≈ mec
2 nHxi c σT ln Λ (5.2)

(see Dermer and Menon 2009), where me is the rest mass of an electron, c is the

speed of light and σT is the Thomson cross-section. The Coulomb logarithm is taken

as ln Λ ' 30. The rate of cooling due to electron bremsstrahlung (free-free) process3

is

bff(γe) ≈ αf c σT nHxi γemec
2 (5.3)

2See e.g. equation 8.12 (Dermer and Menon 2009) for the full description.

3See e.g. equation 8.30 (Dermer and Menon 2009) for the full description.
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(see Dermer and Menon 2009), where αf is the fine-structure constant and γe is the

Lorentz factor of the electrons. Average ionisation losses due to interactions with

Hydrogen per CR electron are given by

bion(γe) = [nH/ne] (1− xi)ζ ion
e (γe)γemec

2 (5.4)

(Spitzer and Tomasko 1968). Here, the differential (per energy interval) direct

ionisation rate by electrons4 is defined as

ζ ion
e (γe) = ne(γe)c

∑
x

σion
e,x (γe) , (5.5)

where σion
e,x is the cross section associated with each relevant ionisation process x

between electrons and the neutral medium. Strictly, the composition of MCs is

dominated by molecular Hydrogen, not atomic Hydrogen, and this changes the

available channels through which ionisation may proceed. Together with direct

ionisation (eCR + H2 → eCR + H+
2 + e), dissociative ionisation (eCR + H2 → eCR

+ H + H+ + e) and double ionisation (eCR + H2 → eCR + 2H+ + 2e) may also

occur. This work follows the approach by Padovani et al. (2009) to model the

ionisation cross sections.5

The rates for Compton and synchrotron cooling are

brad(γe) =
4

3
σTc β

2γe
2 εi

γe�1−−−→ 4

3
σTc γe

2 εi (5.6)

(see e.g. Blumenthal 1970; Dermer and Menon 2009), where εi is the energy density

of the radiation field εph (Compton cooling) or magnetic field εB (= B2/8π, syn-

chrotron cooling), respectively. In MC environments, εph � εB, and hence Compton

cooling is insignificant.6 The total cooling rate (at a position s) is the sum of all

the contributing processes:

be(γe, s) = bC(s) + bff(γe, s) + bion(γe, s) + brad(γe, s) . (5.7)

4This does not account for so-called “knock-on” ionisations caused by energetic electrons ejected

by a primary ionisation process – these are only relevant for the efficiency of thermalisation/total

ionisation rate experienced by the cloud.

5Padovani et al. (2009) adopts the semi-empirical expression by Rudd (1991) for the direct

ionisation process, the polynomial fit to data from Straub et al. (1996) (see also Liu and Shemansky

2004) for the dissociative ionisation process, and the fit to the data from Kossmann et al. (1990)

for the double ionisation process.

6Other effects, e.g. triplet pair-production processes can arise at higher energies, but are not

important in the weak radiation fields inside MCs (Schlickeiser 2002)
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Protons

Protons interact with their surrounding medium either by ionisation or, at kinetic

energies above a threshold of Eth
p = 0.28 GeV (Kafexhiu et al. 2014), by pion-

producing hadronic interactions. This hadronic threshold is the minimum energy

for the production of two neutral pions, being the lowest energy particle generated

during the cascade, where Eth
p = 0.28 GeV = 2mπ0 +mπ0

2/2mp, mπ0 is the neutral

pion rest mass, and mp is the proton rest mass (see Owen et al. 2019a, for more

details).

The average proton cooling rate (per CR proton) due to collision-induced ion-

isations follows that for electrons, and is modelled as a cooling process arising at a

rate given by

bion(γp) = [nH/np] (1− xi)ζ ion
p (γp)γpmpc

2 (5.8)

(Spitzer and Tomasko 1968), where np is the number density of protons and γp is

the Lorentz factor of the particles. The total differential ionisation rate in the cloud

is

ζ ion
p (γp) = np(γp)c

∑
x

σion
p,x(γp) , (5.9)

where σion
p,x is the cross section associated with each relevant ionisation process x

between protons and neutral H2. The possible channels are direct ionisation (pCR

+ H2 → pCR + H+
2 + e), electron capture ionisation (pCR + H2 → H + H+

2 , which

is effectively a charge exchange process), dissociative ionisation (pCR + H2 → pCR

+ H + H+ + e), and double ionisation (pCR + H2 → pCR + 2H+ + 2e, which are

modelled by adopting the cross sections in Padovani et al. (2009)).7

The pion-producing events are modelled as an absorption process because a

large fraction of the CR energy is transferred in a single interaction. These proceed

7Padovani et al. (2009) used the empirical fit to the cross section for direct ionisation from Rudd

et al. (1985), and the fit by Rudd et al. (1983) for the electron capture (charge exchange) ionisation

cross section. The cross sections for dissociative ionisation and double ionisation are taken to be

equivalent to those for the corresponding electron interactions.
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via the major channels

p + p→



p∆+ →



ppπ0ξ0(π0)ξ±(π+π−)

ppπ+π−ξ0(π0)ξ±(π+π−)

pnπ+ξ0(π0)ξ±(π+π−)

n∆++ →


npπ+ξ0(π0)ξ±(π+π−)

nn2π+ξ0(π0)ξ±(π+π−)

, (5.10)

where ∆+ and ∆++ baryons are the resonances (Almeida et al. 1968; Skorodko et al.

2008), and ξ0 and ξ± are the multiplicities of the neutral and charged pions respec-

tively, which are increasingly formed at higher energies. The hadronic products

continue their interaction processes until their energies fall below the interaction

energy threshold Eth
p , which generally occur within a few interaction events (see

e.g. Owen et al. 2018). The neutral pions decay rapidly into two γ-rays, with a

branching ratio of 98.8% (Patrignani et al. 2016), on timescales of 8.5 × 10−17 s.

The charged pions undergo a weak interaction, either via π+ → µ+νµ → e+νeν̄µνµ

or π− → µ−ν̄µ → e−ν̄eνµν̄µ, with a branching ratio of 99.9% (Patrignani et al.

2016), on a timescale of 2.6 × 10−8 s. The rate per unit volume at which protons

are absorbed by the pp process is

Sp(γp, s) = nH(s)np(γp)cσpπ(γp) , (5.11)

where σpπ, the total inelastic pp interaction cross section, is parametrised as

σpπ =
(
30.7− 0.96 ln(χE) + 0.18(lnχE)2

) (
1− χ−1.9

E

)3
mb (5.12)

(Kafexhiu et al. 2014), where χE = E/Eth
p = (γp − 1)/(γth

p − 1). Here, E is the

proton kinetic energy, Eth
p is the threshold kinetic energy for the pp interaction and

γth
p is the Lorentz factor of a proton at this threshold energy.

5.1.3 Cosmic ray propagation

A charged particle gyrates along a magnetic field line, with a gyro-radius

rL =
1.07× 10−5

|Z|

(
E

100 MeV

) (
B

µG

)−1

pc , (5.13)

where E is the particle energy, |Z| is the magnitude of the particle charge and B is

the strength of the magnetic field. The gyro-frequency of the particle is ωL ≈ c/rL

(in the relativistic limit).
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For a MC, the magnetic field usually exhibits an ordered structure on the length

scale of the cloud itself (cf. section 5.1.1). Within the MC, however, the CR particles

may propagate through disordered magnetic fields on various length scales, and as

a result, the particles are deflected randomly. The multiple stochastic deflections of

the CR particles can be regarded as a series of random scatterings in the magnetic

field domains. From a phenomenological perspective, this may be approximated as

a diffusion process with a characteristic length scale set by rL (see also Ivlev et al.

2018, for a self-consistent formulation of CR propagation into MCs).

The size of the gyro-radius for particles in typical MC environments is many

orders of magnitude smaller than the cloud size: the gyro-radius of a 100 MeV

CR in a 100 µG magnetic field is around 10−7 pc, being even smaller at lower

energies. This compares with a length scale of a few 10s of pc for a MC, a few pc

for clumps (with nH ∼ 103 cm−3) or a few tenths of a pc for the dense cores (with

nH ∼ 104− 105 cm−3) i.e. many orders of magnitude larger than rL in all cases. As

such, within MCs, this leads to strongly directed, anisotropic CR diffusion in the

direction of the magnetic field vector, which facilitates magnetic focusing and CR

entrapment.

Magnetic mirroring and focusing

Since CRs are constrained to gyrate and propagate along the magnetic field lines,

their flux (per unit area) and any change in their number density (per unit volume)

must be proportional to the density of the magnetic field lines per unit area. This

is quantified using a magnetic concentration parameter, χ(≡ B/B0), as in Desch

et al. (2004). This parameter is the ratio of the magnetic field strength B measured

at some location within the MC (including the core region) compared to the mean

ISM value, B0. This follows from the magnetic field strength being defined as

the magnetic flux through a point, which is proportional to the concentration of

magnetic field lines through that point. As a CR propagates along a curved magnetic

field vector into a MC, kinetic energy and magnetic moment must both be conserved.

If it enters the cloud with a pitch angle (the angle between the incoming particle’s

velocity and the orientation of the magnetic field vector) θin and speed vin, the

component of its velocity along the field vector would be v|| = vinµ̃in, where µ̃in =

cos θin. The CR gyration velocity around the magnetic field would then follow as

v⊥ = vin(1− µ̃2
in)1/2. When a CR has propagated into a cloud where magnetic field
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strength has attained B = χB0, the cosine of its corresponding pitch angle must be

µ̃2 = 1− χ+ χµ̃2
in , (5.14)

in order to ensure that kinetic energy ∝ v2
⊥+ v2

|| and magnetic moment ∝ v2
⊥/B are

conserved. It therefore follows that µ̃2 < 0 (i.e. the CR will be deflected and unable

to propagate into the core) unless µ̃2
in > 1 − 1/χ. This effect reduces the overall

flux of CRs penetrating into the core of a MC, with CRs generally being reflected

out of regions where B ≥ χB0 unless the pitch angle at which they enter the cloud

is small. Averaging over pitch angles within and outside the cloud can characterise

this effect. The ratio of the internal and external fluxes demonstrates the degree to

which magnetic mirroring/focusing has modified the CR flux at a given point where

the magnetic field strength is known. Within the ISM, the angle-averaged CR flux

(for n as CR particle density) may be expressed as〈
∂n

∂t

〉 ∣∣∣∣∣
in

=

∫
Ω

dΩ

4π

∂n

∂t
=
∂n

∂t

∫ π

−π

dφ

4π

∫ 1

0
dµ̃ =

1

2

∂n

∂t
, (5.15)

assuming that the external ISM CR flux is isotropic, and only the fraction of CRs

directed within a solid angle of Ωin towards the cloud are able to enter it8. The

same analysis through some boundary within the MC (where the propagation is

now anisotropic) yields〈
∂n

∂t

〉 ∣∣∣∣∣
MC

=

∫
Ω

dΩ ξ(µ̃in, µ̃)
∂n

∂t

=
∂n

∂t

∫ π

−π
dφ

∫ 1

0
dµ̃ ξ(µ̃in, µ̃) , (5.16)

where the term ξ(µ̃in, µ̃) accounts for the combined focusing and mirroring effects,

with the effective CR flux being amplified by focusing through a factor of B0χµ̃ and

reduced by mirroring through a factor of B0χµ̃in. By substituting equation 5.14, ξ

may be expressed as

ξ(µ̃in, µ̃) =
χµ̃√

χµ̃2 − χ+ χ2
, (5.17)

8Note that the magnetic concentration parameter may be small at some points of the cloud

boundary. This occurs when B0 > B, e.g. if the external magnetic field is not well-ordered,

such that 0 < χ < 1. As a consequence, equation (5.18) becomes unphysical, indicating that the

magnetic mirroring and focusing effects at these points would be negligible.
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such that equation 5.16 can be written as〈
∂n

∂t

〉 ∣∣∣∣∣
MC

= 2π
∂n

∂t

∫ 1

0

χµ̃ dµ̃√
χµ̃2 − χ+ χ2

= 2π
[
χ−

√
χ2 − χ

] ∂n
∂t

. (5.18)

The magnetic scaling factor applicable to the CR flux and/or number density is then

the ratio of the angle averaged result inside the cloud (equation 5.18) compared to

that outside the cloud (equation 5.15), defined as

η(χ) = 4π
[
χ−

√
χ2 − χ

]
, (5.19)

which is adopted in the subsequent calculations.

Cosmic ray spectrum

Consider splitting the irradiating incident CR spectrum into two components

(e.g. Padovani et al. 2009; hereafter P09), where the component above a GeV is

largely responsible for heating and hadronic interactions, while that below a GeV

is more important in driving ionisation processes. The differential spectrum of CRs

above a GeV observed in the Milky Way follows a distinctive power-law

ni(E) =
dni(E)

dE
= ñHE,i

(
E

E0

)−ΓHE,i

, (5.20)

for species i being electrons or protons,9 and ni being their volume density. The

spectral index in the 1 GeV to 1 PeV regime (largely attributed to internal Galactic

CR sources) may be characterised by ΓHE,p = 2.7,10 being appropriate for primary

protons (e.g. Kotera and Olinto 2011), or the steeper index of ΓHE,e = 3.3 for

primary electrons (e.g. Hillas 2006). The spectral index of secondary electrons is

determined by the solution of the injection/transport equation rather than being

adopted as an intrinsic boundary condition. The normalisation of the high-energy

component ñHE,i is specified as

ñHE,i =
εCR,i fU (2− ΓHE,i)E

−ΓHE,i

0

E
2−ΓHE,i
max − E2−ΓHE,i

0

, (5.21)

9While beyond the scope of this work, it would be useful to also consider the contribution of

helium. The helium intensity is comparable or larger than that of electrons above 1 GeV.

10Note that the index would be less steep in regions of “fresh” CR acceleration, e.g. in the

Galactic ridge or a starburst galaxy (e.g. Aharonian et al. 2006; Gaggero et al. 2017; H.E.S.S.

Collaboration 2018b,a).
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with Emax = 1 PeV, and the reference energy taken as E0 = 1 GeV. εCR,i is the CR

energy density across all components, which takes a value of around 1.8 eV cm−3 for

the Galactic ISM,11 of which (roughly) around 0.4 eV cm−3 may be attributed to

the component below 1 GeV and the rest to higher energy CRs (e.g. Webber 1998;

Ferrière 2001). The parameter fU = 1.4/1.8 is the fraction of CR energy density

attributed to the high-energy component of the spectrum, with the remainder in

the lower energies described by

ni(E) = ñLE,i

(
E

E0

)−ΓLE,i

. (5.22)

The normalisation ñLE,i is specified by the high-energy spectrum at 1 GeV (i.e at

E0) to ensure continuity across the spectral break. The spectral continuity is a more

physically meaningful condition than maintaining an exact energy density ratio be-

tween the two CR components, which is subjected to substantial uncertainties as

a result of e.g. modulation effects in the solar neighbourhood, and spatial inho-

mogeneities (e.g. Webber 1998; Cummings et al. 2016). The ratio ne/np at 1 GeV

is set to be 1%, in line with observations (e.g., see Hillas 2006). Two values are

set for each of ΓLE,e and ΓLE,p to account for the broad range of spectral indices

considered in literature. The “minimum” spectra use ΓLE,p = −0.95 (Webber 1998,

hereafter W98) and ΓLE,e = −0.08 (the “conventional” model C of Strong et al.

2000 – hereafter C00, following the notation of P09). The “maximum” spectra use

ΓLE,p = 1 (Moskalenko et al. 2002, hereafter M02) and ΓLE,e = 1 12 (model SE in

Strong et al. 2000, hereafter E00 by the P09 convention). A CR flux model j(E)

based on the above treatment is adopted, normalised to that of P09 for Milky Way

conditions to provide an appropriate flux boundary condition when later solving the

transport equations 5.25 and 5.26.

11Voyager 1 and Voyager 2 recently estimated the Galactic CR energy density to be 0.83 −

1.02 eV cm−3 (Cummings et al. 2016; Stone et al. 2019). The lower values compared to that in

Webber (1998) could be due to different interstellar energy spectra being used.

12Note that this index is flatter than that obtained by Voyager 1. The electron intensity is also

found to be larger than the proton intensity at E < 50 MeV. These new estimates are likely to

affect the lower-energy CR ionisation rate and heating rate.
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The transport equation

The propagation of cosmic rays can be modelled as a transport process, and the

cosmic-ray transport equation takes the form:

∂n

∂t
−∇ · [D(E, s)∇n] +∇ · [vn] +

∂

∂E
[b(E, s)n ]

= Q(E, s)− S(E, s) (5.23)

(e.g. Schlickeiser 2002), where n = n(E, s) is the differential number density of CRs

(number of CR particles per unit volume per energy interval between E and E+dE)

at a location s. The diffusive process is specified by the term ∇ · [D(E, s)∇n]. The

diffusion coefficient, D(E, s), is determined by the gyro-scattering radius of the

CRs, which depends on the CR energy E, the interaction of the CR with the local

magnetic field (cf. equation 5.13), and the turbulence and the magnetohydrody-

namical (MHD) perturbations along the local magnetic field vectors. This is dealt

with empirically in section 5.2. ∇ · [vn] is essentially an advection term which

describes the propagation of CRs in the bulk flow of a magnetised medium (e.g.

inflow/outflow). However, in this work, it describes the forward propagation of CRs

through a magnetised ISM (Zone 1 in Fig. 5.1), which is restricted to the Alfvén

speed vA(= B/
√

4πρ) due to the CR streaming instability.13 The mechanical and

radiative cooling term b(E, s) can also be considered as an advection of the CR en-

semble in energy space due to cooling processes arising along their propagations.14

The injection of CRs by the source term is given by Q(E, s), while CR absorp-

tion/attenuation is encoded in the sink term S(E, s). As with the cooling term,

the exact form of these source/sink terms depends on the CR species in question.

The transport equation takes a different form for both CR protons (denoted as np)

and electrons (denoted ne – although, where necessary, primary and secondary elec-

trons are differentiated as ne,1 and ne,2, respectively, with the total electron number

density ne = ne,1 + ne,2).15

13Here, ρ =
∑

i nimi is the mass density, for number density ni of particles with mass mi.

14Cooling effects are most severe for CR electrons. The CR protons, being of larger mass, have

a substantially smaller Thomson cross section than the CR electrons. As such, proton cooling in

this work – apart from ionisation losses – is neglected.

15It is argued that both primary and secondary CRs contribute to the CR electron component

of Galactic CRs and also in ISM environments of nearby galaxies. Of these, as much as 60-80%
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The transport equation for protons and electrons are considered separately,

where the absorption of the protons is dominated by pp losses (see Owen et al.

2018, 2019b). This process injects some of the secondary CRs into the source term

of the transport equation for electrons (others being provided by ionisations). A

Cartesian geometry is adopted, with a coordinate s for the distance into a MC from

the boundary where the cloud meets the ISM (similar to, e.g. Morlino and Gabici

2015 and Phan et al. 2018).

Primary protons

For simplicity, consider the absence of additional sources of CR protons within or

in the vicinity of the MC environment, and ignore CR acceleration in the system.

The absorption is therefore dominated by the hadronic (pp) interaction. Thus, the

transport equation is

∂ [ηnp]

∂t
− ∂

∂s

{
D(Ep, s)

∂ [ηnp]

∂s

}
+ vA

∂ [ηnp]

∂s

+
∂

∂Ep
[bp(Ep, s)ηnp ]

= Qp(Ep, s)− nH(s)σpπ(Ep)ηnp c , (5.24)

where σpπ is the hadronic (pp) interaction cross section for pion production (see

section 5.1.2), and the cooling term is given by ionisation loss (see equation 5.9). In

the steady-state, equation 5.24 becomes

− ∂

∂s

{
D
∂ [ηnp]

∂s

}
+ vA

∂ [ηnp]

∂s

=− ∂

∂Ep
[bp ηnp ]− nHσpπ ηnp c , (5.25)

representing a balance between cooling loss, absorption, diffusion and advection of

the energy of the CR particles. The source term can be replaced by introducing a

boundary condition, given by spectra 5.20 and 5.22, at s = 0. This may be solved

numerically subject to appropriate boundary conditions, as outlined in Appendix B.

Note that the same boundary condition applies symmetrically at s = sc, where sc is

the size of the cloud. A further condition is required on D∂[ηnp]/∂s, which is taken

to be the CR flux through the boundary as estimated by j(E) (see section 5.1.3).

could be secondary CRs (e.g. Torres 2004; Thompson et al. 2007; Lacki et al. 2010; Lacki and Beck

2013). In this work, primary CRs are regarded as those which enter the MC through the boundary,

so both contributions are taken into account in this definition of the primary flux. Secondary CRs

are considered as those produced within the MC.
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Primary electrons

Primary electrons are defined as those which enter the cloud through some model

boundary. The form of the electron transport equation in this case is similar to that

for the protons, with the exception that there is now no absorption term. Electrons

cool much more rapidly than protons and are not subject to catastrophic processes

like the pp interaction. In the steady state, this gives

− ∂

∂s

{
D
∂ [ηne,1]

∂s

}
+ vA

∂ [ηne,1]

∂s
= − ∂

∂Ee
[be ηne,1 ] , (5.26)

where D, η and vA are the same as for protons (see, e.g. Kulsrud 2005), and the elec-

tron cooling term is the sum of all relevant contributions, given by equation 5.7 (see

section 5.1.2 for details). Equation 5.26 may be solved numerically (see Appendix B)

subject to boundary conditions at s = 0 and s = sc.

Secondary electrons

Secondary electrons are defined as those which are injected within the MC environ-

ment, at a rate encoded by the source term Qe(Ee, s). In this case, the transport

equation reduces to

− ∂

∂s

{
D
∂ [ηne,2]

∂s

}
+vA

∂ [ηne,2]

∂s
= − ∂

∂Ee
[be ηne,2 ] +Qe . (5.27)

The cooling terms retain their definitions from equation 5.26, while the injection

term is mediated by the solution to the proton transport equation. The injection of

CR electron secondaries Qhad
e is related to the local number density and interaction

rates of the CR protons (see Owen et al. 2019b, for discussions on multiplicities, by-

products and energy transfer efficiencies from primary to secondary species). Note

that the pp injection term is converted into differential units of electron energy

(assuming, for simplicity, that multiple secondaries produced in a given interaction

have adopted an equal share of energy), instead of in terms of the energy of the

initiating proton flux. The inclusive pion formation cross sections are adopted from

Blattnig et al. (2000). Moreover, to simplify the computation, the pion and muon

decay processes are assumed to yield secondaries of equal energies. Electrons may

also be injected by so-called “knock-on” production, where the ionisation of the

ambient MC gas leads to the emission of an electron of sufficiently high energy to

cause further ionisations. The knock-on injection term is

QK
e (Ee) = 1.75 nH(s)

∫
E1

dE1 σ
ion
H (Ee;E1)cn1(E1) (5.28)



5.1. Cosmic rays in molecular clouds 160

(Brunstein 1965; Brown and Marscher 1977), where n1 is the differential number

density (i.e. per energy interval) of CRs of energy E1 which initiate the first ion-

isation – either protons or electrons (including those provided by the pp process

for completeness, although from comparison of cross sections, this would be sub-

stantially less important in a MC environment except at very high energies when

CR fluxes would be relatively small) – and σion
H (Ee;E1) is the cross section for the

production of knock-on electrons of energy Ee due to an initial CR energy E1 (see

Abraham et al. 1966, although the energy-integrated form is used here). This gives

the contribution of knock-on secondary electrons per unit volume per energy inter-

val between Ee and Ee + dEe, with the total secondary CR electron injection term

Qe = Qhad
e + QK

e . Equation 5.27 can then be solved (see Appendix B) subject to

the boundary conditions that both ne and D∂[ηne]/∂s = 0 at s = 0 and s = sc for

all energies (as no secondary electrons would be expected to be flowing through or

be present at the boundaries).

5.1.4 Effects of heating and ionisation

Ionisation and chemical tracers

The ionisation rates of CRs can be constrained observationally through their impact

on the astrochemistry in the MCs. The observed column density of molecular species

along the line-of-sight gives their relative abundances, and the CR ionisation rate

can be inferred from the abundances of the molecules. The molecular species of

particular interest are those most sensitive to CR ionisation, three of which are

CO+, OH+ and C+ being considered in this work.

Analysing chemical formation and destruction channels and their rates allows

abundances to be modelled in a steady-state chemical system (see Appendix C).

These would typically be probed using the abundance ratios, integrated over a line-

of-sight, between two chemically related species.16 The ratios of closely related

species, N(CO+)/N(H2), N(OH+)/N(H2) and N(C+)/N(C), (via reactions P6, P4

of Table 1 and carbon ionisation, respectively), are considered by invoking a sim-

plified astrochemical network (see Table 1) for key reaction chains involving C, O

and molecular/atomic Hydrogen as initiated by CR ionisations. This network is

16The use of chemically related species ensures that the ratios are probing abundances at roughly

similar locations along each line-of-sight.
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valid in cold dense regions, on scales of less than 1 pc, where the gas temperature

is below 10 K. For this proof-of-concept study, a binary ionisation approximation

is adopted, such that CRs either ionise or do not ionise a species in an interaction

event. The excited atomic/molecular states and the associated modifications re-

quired for the rate coefficients of reactions are neglected, thus relaxing the limit on

the temperature.

While H+
3 and HCO+ are conventional probes of CR ionisation rates in certain

systems (e.g. van der Tak and van Dishoeck 2000), the former is hampered by

foreground contamination issues in infrared (IR) bands and the latter is strongly

affected by photo-ionisation. As such, alternative species have to be considered.

OH+ is a more direct measure of CR ionisation, as it relies on fewer interaction

steps in its formation (Hollenbach et al. 2012). The strongest OH+ transition is at

972 GHz, with previous detection in Herschel observations (e.g. Neufeld et al. 2010).

The ionisation potential for the formation of OH+ is around 13.0 eV, so any CR

ionisation signal could be easily contaminated by photo-ionisation in diffuse, non-

shielded cloud regions. Thus, OH+ is only appropriate as a tracer of CR ionisation

in dense, well-shielded clumps and cores. The abundance ratio

N(OH+)

N(H2)
≈

[
(4/fH2) + 2

]
ζH

nH(kP4 fH2 + 2xikT1)
(5.29)

is derived in Appendix C, using equation 16 for the OH+ balance, assuming that

the rate of process P2 and the H+
3 dissociative recombination rate are negligible

compared to the ionisation rates of H and H2. Here, fH2 is the molecular Hydrogen

fraction,17 and the rate constants kT1 and kP4 relate to the processes T1 and P4

(see Appendix C).

CO+ is another plausible tracer of CR ionisation. It has accessible observable

lines at 236.1 GHz (strongest), 235.8 GHz, 353.7 GHz and 354.0 GHz, which are all

within the detection range of the Atacama Large Millimeter/Submillimeter Array

(ALMA). The ionisation potential in this case is greater than 13.6 eV, so CO+ would

not be susceptible to substantial ionisation by interstellar radiation fields, making

it a more robust probe of CR ionisation. Even though the strongest 236 GHz

line is easily confused with emission from complex molecular species (in particular

17This is defined as the number of H nuclei in H2 molecules as a fraction of the total number of

H nuclei per unit volume.
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13CH3OH), several detections have now been reported (Latter et al. 1993; Fuente and

Mart́ın-Pintado 1997; Ceccarelli et al. 1998). The ratio

N(CO+)

N(H2)
=

xCζ
H

nH

(
kP5 +

(
kP6fH2/2

)
+ xikT5

) , (5.30)

is derived using the chemical balance for CO+ (eq. 17), where xC is the Carbon

abundance fraction. Another ratio

N(C+)

N(C)
=

2ζH

fH2nHxOHkI3
, (5.31)

may be further considered from the chemical balance of C+ from C ionisation in

equation 14. Here, the rate constants kT5, kP5, kP6 and kI3 are given in Table 1, and

xOH is the OH abundance fraction. Although N(C+)/N(C) would be contaminated

by photo-ionisation in photon-dominated regions and environments that are not

well-shielded from ionising interstellar radiation fields, it is a direct measure of CR

ionisation rate in the denser clumps and cores, which is complementary to the other

line ratios above.

Note that all of these abundance ratios require an estimate for the ambient

volume density of the region being probed. Typically, estimates for density nH can

be found via rotational excitation analysis of observed C2 lines (Sonnentrucker et al.

2007), analysis of H and the J = 4 level of H2 (Jura 1975), or from thermal pressure

analysis of C i (Jenkins et al. 1983) – see also Indriolo and McCall (2012). Moreover,

estimates for the fractional abundance of C and OH are required. For this proof-of-

concept case, fiducial values of fH2 = 0.053 (Indriolo et al. 2015)18, xC = 1.6× 10−4

(Sofia et al. 2004) and xOH = 1.0 × 10−9 (Hollenbach et al. 2012)19 are adopted.

The model for xi, the fractional ionisation, is discussed in section 5.3.1.

18This is a mean value from a Milky Way sample. See Indriolo et al. (2015) for details.

19Typically, variation of the xOH fraction would be expected throughout a MC due to its formation

by the recombination of H3O+ with electrons or destruction by reactions with C or C+. Studies

indicate that this generally would lead to a build-up of OH in some parts of the cloud compared

to the adopted fiducial limit (Hollenbach et al. 2012). As such, the estimated N(C+)/N(C) ratio

in equation 5.31 should be regarded as an upper limit to constrain ζH. Care must be taken if using

this ratio alone as strong contamination by photo-ionisation in the non-shielded regions would be

expected to boost the C+ abundance far above the levels driven by CR ionisation processes.
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Heating

CR heating has been argued to be important in the ISM of galaxies (Field et al.

1969; Wiener et al. 2013b; Walker 2016; Owen et al. 2018, 2019b), in their circum-

galactic environments (e.g. Salem et al. 2016; Owen et al. 2019a,b), and even in

the intracluster medium between galaxies (e.g. Loewenstein et al. 1991; Wiener

et al. 2013a; Ruszkowski et al. 2017). Its power is mediated by the thermalisation

mechanism(s) at work, as governed by the local conditions (e.g. density, ionisation

fraction, magnetic field).

Traditionally, the excitation and subsequent non-linear Landau damping, ion-

neutral collisional damping and/or turbulent damping of Alfvén waves in magnetised

environments, e.g. the intracluster medium (Loewenstein et al. 1991; Farmer and

Goldreich 2004; Fujita and Ohira 2011; Wiener et al. 2013a; Fujita et al. 2013;

Jacob and Pfrommer 2017; Ruszkowski et al. 2017), has been regarded as the main

process by which CR thermalise, and it is likely that this would be dominant in a

MC. CR heating by this channel would arise at a rate of n0〈σv〉 s−1 (Kulsrud and

Pearce 1969; Zweibel and Shull 1982) for 〈σv〉 as the rate per particle of momentum

exchange between ions and neutral particles, averaged over a thermal distribution.

This indicates a damping timescale of around 3× 103 yr, which would suggest that

Alfvén waves could not propagate far (less than 0.01 pc) into a MC (cf. Martin et al.

1997), even if considering artificially-favourable conditions for wave propagation, i.e.

low-density clouds (n ≈ 102 cm−3) appropriate for peripheral regions yet a relatively

strong 0.1 mG magnetic field more suitable for a dense core (e.g. Crutcher 2012). At

higher temperatures, this damping length would be even shorter, so thermalisation

via this mechanism deep within a MC would depend on Alfvén amplification by those

CRs able to reach the heavily shielded cores. Amplification could be either driven

by streaming instabilities, or CR anisotropies within the cloud (Kulsrud and Pearce

1969; Wentzel 1969; Zweibel and Shull 1982), or any mechanical processes (e.g.

motions due to gravitational collapse/condensation within the cloud) or turbulence

that may act as a wave source (Carlberg and Pudritz 1990; McKee and Zweibel 1995;

Gammie and Ostriker 1996; Martin et al. 1997; Falceta-Gonçalves et al. 2003).

The timescale of MHD wave excitation via the streaming instability is ∼
106 s (Ginzburg and Syrovatskii 1964; Kulsrud and Cesarsky 1971), which is shorter

than the corresponding damping rate. Alfvén waves are therefore expected to per-
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sist, build up and thermalise within a MC, with a power

QA = |vA,i · ∇Pc| (5.32)

(Wentzel 1971; Wiener et al. 2013b), where ∇Pc is the (local) CR pressure gradient

and vA,i is the Alfvén velocity (eq. 5.1). Given that CRs propagate preferentially

along the magnetic field vectors, |∇Pc| in this direction can be estimated from

the number density and spectrum derived from the relevant transport equation

(accounting for both proton and electron contributions), with vA,i also calculated

according to the local conditions. The heating power at a location s is then

QA(s) = (γA − 1)

{
vA,i

∫
dE

∣∣∇‖n(E)
∣∣ E}∣∣∣∣

s

. (5.33)

Here the adiabatic index is γA = 4/3 for the CRs. The integral over n(E) E dE

gives the CR energy density, where n denotes the total contribution from both CR

protons (np) and electrons (ne). For energies above a GeV, the number density of

protons far exceeds that of electrons. Therefore, the contribution of ne to the total

number density is negligibly small in the calculations.

CR can also heat a medium by collisional ionisation and subsequent thermali-

sation. In Spitzer and Tomasko (1968), this was found to arise at a rate of roughly

6.3× 10−27nH ergcm−3 s−1, where the heating power may be fully calculated using

QI(s) =
∑
i

fini(s)

∫
dE Eh(E)ζH′(E) (5.34)

for fi as the abundance fraction of species i with number density ni,
20 and ζH′(E)

is the total differential (per energy interval) rate of the CR ionisation process. The

energy a “knock-on” electron contributes towards heating its ambient gas is Eh,

which is a function of the energy of the CR initiating the ionisation event. Below

a threshold of the excitation energy of an atom, being 3/4 of its binding energy EB

(13.6 eV for Hydrogen), the full CR knock-on electron energy is available for heating:

collisional excitations cannot act to absorb its energy (to re-radiate as photons),

while further secondary ionisations are also not possible. At higher energies between

3EB/4 < E < EB, a fraction of an electron energy 3EB/4 in any collision may

now be lost to an excitation event, with only the remainder (Eh = E − 3EB/4)

20It is important to distinguish between molecular and atomic Hydrogen fraction in this calcula-

tion.
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available for heating. At energies between EB < E < 3EB/2, a single ionisation

or excitation process can proceed, with the probability of each determined by the

relative weighting of the respective cross sections:

Eh(E) =
σex [E − gEB] + σion [E − EB]

σex + σion
, (5.35)

where g = 3/4 (Spitzer and Tomasko 1968), σex is the collisional excitation cross

section, proportional to the energy-specific collision strength (Osterbrock 1989) and

σion is the ionisation cross section for the process in question (cf. Padovani et al.

2009). Given the energies of interest in this work, collisions would overwhelmingly

lead to an ionisation, meaning equation 5.35 reduces to Eh(E) = E − EB. In the

range 3EB/2 < E < 7EB/4, only one ionisation may arise. However, if instead

an excitation occurs then so must another and equation 5.35 still applies, but with

g = 3/2. When E ≥ 7EB/4, the situation is governed by the exact energy spectrum

of the CRs, where Eh(E) is determined numerically by Dalgarno and McCray (1972).

This work adopts the numerical approximation in Draine (2011) for computational

efficiency. Overall, an ionisation efficiency reduction would also arise to account for

energy losses to other channels, which is calculated by weighting according to the

respective timescales of each process.

Other mechanisms have also been proposed, but are unlikely to be as impor-

tant as MHD wave damping – in particular, see Colafrancesco and Marchegiani

(2008); Ruszkowski et al. (2017); Owen et al. (2018, 2019b) where, on 0.1 kpc

scales, thermalisation by Coulomb interactions in an ionised ISM is considered. In

this process, secondary CRs are injected by pp interactions of CR primary protons

(primary electrons would cool too quickly to propagate far from their source) to

provide a channel by which CR protons can thermalise. This process can be the

most effective in ionised media (see Owen et al. 2019b) but, in a predominantly

neutral cloud, Coulomb thermalisation would only be able to attain levels of around

10−31 erg cm−3 s−1 for nH = 104 cm−3 and xi = 10−8 (scaled from the result

in Owen et al. 2019b).

Gas cooling and equilibrium temperature

Cooling processes would also operate within MC environments, allowing an equilib-

rium temperature to be reached at which cooling and heating rates are compara-

ble. Under typical dense molecular cloud conditions, gas cooling is dominated by
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CO and dust, with the latter only becoming important above densities of around

3 × 104 cm−3 – below this, only CO cooling would operate effectively (e.g. Galli

et al. 2002; Goldsmith 2001).

The analytic approximation in Whitworth and Jaffa (2018) and data from Gold-

smith and Langer (1978) are used to calculate the CO cooling rates. Either a uni-

form dust temperature of 10 K through the cloud or the treatment in Goldsmith

(2001) are assumed to calculate the cooling rates in this work. This determines

the equilibrium temperature profiles of MCs subject to different intensities of CR

heating.

5.2 Propagation of cosmic rays in magnetised media

5.2.1 Empirical characterisation of cosmic-ray propagation

To characterise the CR propagation in MCs, approaches similar to Schlickeiser and

Achatz 1993a,b (see also Schlickeiser 2002; Kulsrud 2005) are adopted. The back-

ground cloud-scale magnetic field structure is taken to vary on length scales substan-

tially larger than both the magnetic-field fluctuations and gyrating/scattering radii

of CRs. Using a quasi-linear approximation (Jokipii 1966; Schlickeiser 2002), the

Fokker-Planck (FP) equation (Kirk et al. 1988) can be greatly simplified, assuming

that (i) the turbulence driving the field fluctuations is purely magnetic21 and of low-

frequency, (ii) the turbulence components on different scales are uncorrelated and

non-interacting i.e. vA � c, and (iii) the CR pitch angle is small. When the flow

of CRs and the orientation of the fluctuations are largely parallel to the orientation

of the background cloud-scale magnetic field vector and independent of that in the

perpendicular direction, the only non-vanishing FP coefficient is then

Pµµ ≈
J (λ1)

vAλ1

(
ωLB0

B

)2

I⊥ . (5.36)

Here λ1 = λtd (|ωL|/ωp,0) is the CR resonant scattering length scale parallel to the

background magnetic field line. The turbulent decay length scale is λtd ≈ vA τtd,

where a turbulent decay timescale τtd = 2 Myr is adopted in this calculation (see

Gao et al. 2015; Larson et al. 2015). The (relativistic) CR gyro-frequency is ωL

(cf. equation 5.13) with a sign convention set by the charge (in units of proton

21Essentially, this means neglecting density perturbations as well as the electric field component

of associated Alfvén waves.
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charge), such that ωL = (101/γp) (B/1 mG) s−1 for protons, and ωL = (1.8 ×
104/γe) ( B/1 mG) s−1 for electrons (see e.g. Kulsrud 2005). The normalisation

ωp,0 is taken to be the gyro-frequency of a CR proton at a reference energy of

100 MeV. The magnetic field strength normalisation is taken as B0 = 1 mG to be

comparable to the field strength outside the densest parts of clumps/cores (see e.g.

Crutcher et al. 2010; Li et al. 2015a). Hence what remains to be evaluated are the

two variables J (λ1) and I⊥ in the above equation.

The dimensionless variable J (λ1) characterises the magnetic field fluctuations

along the direction of the background large-scale magnetic field vector and is defined

as

J (λ1) ≡
∫ λ1

0
dλ

λ

λ1
P̂‖(kcλ) +

∫ ∞
λ1

dλ
λ1

λ
P̂‖(kcλ) , (5.37)

where P̂‖ is the power spectrum of the fluctuations along the large-scale magnetic

field vector. The wavenumber normalisation is defined as kc = ωp,0/vA. In terms of

the dimensionless variable κ‖ = λkc,

J (λ1) = k−1
c

∫ λ1kc

0
dκ‖

κ‖

kcλ1
P̂‖(κ‖)

+ k−1
c

∫ ∞
λ1kc

dκ‖
kcλ1

κ‖
P̂‖(κ‖) . (5.38)

The variable I⊥ specifies the contribution from the orthogonal components of the

magnetic field fluctuations. Note that I⊥ is not dimensionless. Without losing

generality, two orthogonal components y and z of the perpendicular wave vector

are denoted, corresponding to the wave vectors ky and kz, respectively. Therefore,

k⊥ = ky + kz, with k⊥
2 = ky

2 + kz
2. In terms of these wave vectors and the

normalisation kc,

I⊥ ≡
∫ ∞
−∞

dky
kc

∫ ∞
−∞

dkz
kc

P̂⊥(ky, kz; kc)

=

∫
⊥

d2k⊥
kc

2
P̂⊥(k⊥; kc) , (5.39)

where P̂⊥ is the power spectrum of the perpendicular component of the magnetic

field fluctuations, which effectively takes the form of a scalar delta function, i.e.

P̂⊥(k⊥; kc) = δ(k⊥
2−kc

2) (cf. the “slab” approximation, Hasselmann and Wibberenz
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1968). For isotropic fluctuations in the y-z plane,

I⊥ = 2π

∫ ∞
0

dk⊥k⊥
kc

2
δ(k⊥

2 − kc
2)

= π

∫ ∞
0

dk⊥k⊥
kc

3

[
δ(k⊥ + kc) + δ(k⊥ − kc)

]
. (5.40)

As kc 6= 0, k⊥ + kc > 0, and hence,

I⊥ = π

∫ ∞
0

dk⊥k⊥
kc

3
δ(k⊥ − kc) =

π

kc
2
. (5.41)

Finally, the spatial diffusion coefficient is

D ≈ c2

8

(
1− 1

γ2

)∫ 1

−1
dµ

(1− µ2)2

Pµµ
. (5.42)

Since the pitch angles are small, Pµµ is not strongly dependent of µ (see Schlick-

eiser and Achatz 1993b), and can be taken outside the integral. Thus, D ≈
2c2/15Pµµ

22, for γ � 1.

5.2.2 Diffusion estimation

Angular dispersion function

Dust polarisation can be used to probe the magnetic field structure in dense MC

environments over a range of scales. The field structure is often characterised by

the angular dispersion function

Sd(`) =
1

Npair

Npair∑
i=1

[ϕi(s+ `)− ϕi(s)]d (5.43)

(e.g Redaelli et al. 2019), which is also referred to as the “structure function” (e.g.

Schulz-Dubois and Rehberg 1981). The order number d = 2 is adopted to constrain

the power spectrum, whereas the normalisation Npair = NP(NP−1)/2 is the number

of unique pairs in a data set of NP individual points.

The angular dispersion function has often been used to study astrophysical

magnetic fields, using e.g. rotation measure (RM) (e.g. Minter and Spangler 1996;

Lazarian and Pogosyan 2016; Xu and Zhang 2016), as well as polarisation angle (PA)

measurements, including in the analysis of MC environments (e.g. Hildebrand et al.

2009; Houde et al. 2009; Planck Collaboration 2016; Wang et al. 2019; Redaelli et al.

22Note that this formulation would be invalid if the MC is not in a steady-state, i.e. if there are

large-scale flows of the cloud medium, resulting from e.g. ongoing gravitational collapse, inflows or

outflows.
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2019). In this work, differences between pairs of measured dust polarisation angles

ϕ over separations ` are computed to quantify the similarity in the orientation

of magnetic field fluctuations on different scales, with the intention of encoding

the deviation of local perturbations from the background mean field vector.23 In

practice, to calculate Sn(`) from a set of NP polarisation angles, every unique pair in

that set must be identified and binned according to their angular separation distance

`. This would yield Npair unique pairs, indexed sequentially as

Npair = j(NP − 1)− j2 − j
2
− (NP − i) , (5.44)

for i and j as the indices of contributing NP data points to that pair in the original

data set (where i 6= j). Equation 5.43 is then applied to all points within that bin

to give an estimate for the angular dispersion function at that scale.

Diffusion parameter estimation

The application of equation 5.42 to empirical data requires the computation of the

parallel fluctuation term J (λ1). This depends on the power spectrum P̂ (k) of fluc-

tuations along the large-scale magnetic field vector which, arguably, is characterised

by the fluctuations in the measured PAs. The power spectrum P̂ (k) and angu-

lar dispersion function S2(`) are related via the Wiener-Khinchin theorem (Wiener

1930; Percival and Walden 1993) by

P̂ (k) =
1

2
F [S2(`)] (5.45)

(see Appendix D for details), where F [...] denotes a Fourier transform (FT). When

applied to a discrete data set separated into Nbins bins according to scale (e.g.

measured PA difference between a pair of points, binned according to the angular

separation of each pair – cf. section 5.3.2), the discrete FT24 of S2(`n) can be

taken for each scale-bin `n to find P (κn). The fluctuation statistic then follows a

discretised form of equation 5.38:

J (λ1) ≈ k−1
c

ib∑
n=1

κn
kcλ1

P (κn) + k−1
c

Nbins∑
n=ib

kcλ1

κn
P (κn) , (5.46)

where ib is the bin index corresponding to the (normalised) resonant length scale

λ1 kc, and P (κn) is the discrete FT of S2(`n) for `n as the characteristic separation

23The strength of the local field is estimated separately – see section 5.2.3.

24The Python packages SciPy (Virtanen et al. 2020) and NumPy (Press et al. 2007) are used.
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length between data pairs in the bin (taken simply as the bin centre-point in `).

κn is the normalised wavenumber associated with `n. An empirical estimation for

the diffusion parameter D within the observed system is obtained by substituting

equation 5.46 into 5.36.

5.2.3 Observing magnetic fields in molecular clouds

Polarisation of starlight by dust (as well as polarised sub-millimetre emission from

the dust itself) is often used to probe the strength25, orientation, and structure

of interstellar magnetic fields on the plane of the sky (see e.g. Crutcher 2012, for

a review). This polarisation arises from selective absorption (or re-emission) by

dust grains, whose magnetic moments tend to align themselves with the local in-

terstellar magnetic field due to radiative torque alignment, leading to a preferred

perpendicular orientation of the grains to ambient magnetic fields in low-extinction

regions (Dolginov and Mitrofanov 1976; Draine and Weingartner 1996a; Lazarian

et al. 1997; Draine and Weingartner 1997). As a result, a larger grain extinction

cross section occurs perpendicular to the background magnetic field vector, causing

linear polarisation. While there is some debate over whether this alignment mech-

anism could operate effectively in denser high-extinction regions where radiation

fields are lacking – e.g. in MCs and the cores therein – results are so far largely

consistent with the radiative torque model, but with substantial variation in align-

ment efficiency between individual sources (see Whittet et al. 2008; Cashman and

Clemens 2014).

5.3 Semi-quantitative analysis: model and results

5.3.1 Molecular cloud model

In the first instance, an idealised MC model is used to assess the propagation and

interactions of CRs. The model has a Plummer-like density profile with a frozen-in

magnetic field and a simplified CR diffusion coefficient. The frozen-in condition

suffices in the idealised scenario, although in principle, the magnetic field is only

frozen into a fraction of the molecular cloud that is ionised.

25The magnetic field strength in MCs is usually estimated using the DCF method (see Section

2.4.3 for more details).
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Fractional ionisation and density profile

The ionisation of molecular gas in different cloud components may largely be con-

sidered as a balance between the CR ionisation rate and recombination processes.

The resulting ionisation fraction per H2 molecule may be approximated by

xi(s) = xi,0

(
Y

Y�

)1/2( ζH

10−17 s−1

)1/2(
n(s)

105 cm−3

)−1/2

(5.47)

(Elmegreen 1979), where xi,0 = 8.7× 10−8 for small dust grains and Y� is the solar

metallicity. It is sufficient for the purpose of this study to adopt the “standard” CR

ionisation rate of ζH = 10−16 s−1, being typical of the diffuse inter-clump medium

(Black et al. 1978; van Dishoeck and Black 1986; Federman et al. 1996).26 The

density profile n(s) comprises a clump and a core, described by two superimposed

Plummer profiles (Whitworth and Ward-Thompson 2001; Lee et al. 2003; Dib et al.

2010), with n(s) = n0[1+(s/s0)2]a, where −2.5 ≤ a ≤ −1.5 for different clouds (Fed-

errath and Klessen 2013), including IC 5146 (see Arzoumanian et al. 2011). The

calculations assume gravitational and thermal pressures to be in equilibrium. The

parameters are set to a = −2, where n0 = 103 cm−3 and s0 = 2 pc for the clump

region, and n0 = 105 cm−3 and s0 = 0.2 pc for the core (e.g. Bergin and Tafalla

2007).

Magnetic field and diffusion coefficient

Consider that the magnetic field strength scales with the cloud density as

B(n) =


BICM (n ≤ n1) ;

BICM (n/n1)q̄ (n > n1) ,

(5.48)

where n1 = 300 cm−3, BICM = 30 µG for a background magnetic field strength of

the inter-clump medium,27, and q̄ ≈ 2/3 assuming spherical collapse and magnetic

flux-freezing (see Mestel 1966; Crutcher et al. 2010). In this first approach, the

orientation and structure of the magnetic field are ignored. Diffusion is isotropic,

26A more rigorous but computationally-expensive treatment demands the ionisation fraction to

be calculated dynamically.

27This is estimated from line-of-sight field strengths in Crutcher et al. (2010) by omitting the

diffuse cloud components; see also Thompson et al. (2019) which specifically considers inter-core

regions of MCs (with 30 µG as a line-of-sight magnetic field strength falling well within the suggested

range, albeit stronger than average for their sample).
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with a coefficient

D(E, s) = D0

[
rL (E, 〈|B|〉|s)

rL,0

]δ
, (5.49)

where 〈|B|〉|s = |B(s)| is the characteristic mean magnetic field strength at a position

s, and D0 = 3.0×1028 cm2 s−1 is an effective, empirical normalisation to the diffusion

coefficient, based on the ISM in the Milky Way (Berezinskii et al. 1990; Aharonian

et al. 2012; Gaggero 2012), as would be appropriate for a 1-GeV CR proton in a

5 µG magnetic field with gyro-radius rL,0. The index δ = 1/2 (see also Berezinskii

et al. 1990; Strong et al. 2007) accounts for the cloud turbulence spectrum which is

set here to be the same as the broader ISM. A more physical approach is presented

in section 5.3.2.

Results

The transport equations 5.25, 5.26 and 5.27 are solved with a numerical scheme

described in Appendix B to calculate the distribution of CRs for the cloud model

above. Fig. 5.2 shows the distribution of primary CRs. The number density grad-

ually increases towards the cloud centre, which is also reflected in the CR energy

density distribution, as shown in Fig. 5.3. The latter arises from the mirroring ef-

fects, coupled with a stronger magnetic field hampering CR propagation through the

central region. The increase in the CR abundance is relatively moderate, roughly

double ISM levels, suggesting that the effects of CR containment and focusing by

the MC environments are not particularly severe. Note that the results in Fig. 5.2

may be substantially modified if assuming that the model has a spherical geometry

or is in a more realistic environment, e.g. a medium that is strongly inhomogenous

(see e.g. Ivlev et al. 2018).

Comments on the secondary electrons

The impact of the secondary CRs in this study is found to be negligible. Their abun-

dance is several orders of magnitude lower than the primary CRs and their impacts

are correspondingly small. A low secondary abundance would also be consistent with

the view that γ-rays should dominate high-energy emission from MCs (Brown and

Marscher 1977; Gabici et al. 2009; Casanova et al. 2010), and any synchrotron emis-

sion would be dominated by the primary electrons in the CRs (Strong et al. 2014;
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Fig. 5.2: Distribution of energetic primary CR protons and electrons above a GeV propa-

gating into the MC model prescribed in section 5.3.1. The small increase in the CR number

density towards the core is due to increased magnetic containment.

Padovani et al. 2018).28 This is in line with expectations: knock-on production and

pion-production processes injecting secondary electrons operate fairly competitively

with one another (with knock-on processes slightly dominating at lower energies).

This occurs at a rate of ṅe ∼ nH cσ[π±]np, (as protons are more abundant than elec-

trons in the primary flux), where σ[π±] ≈ 10−29 cm2 at a GeV (Blattnig et al. 2000) is

the effective pion-production cross section (note that this is different from the total

pp inelastic cross section σpπ defined in equation 5.12). This can be balanced against

the “loss” of secondary electrons via cooling over a timescale of te ≈ (σion cnH)−1.

Radiative processes would be more important at higher energies, but the power-law

nature of the spectrum means that the number of these higher energy electrons

makes a negligible contribution to their total number density. So, lower-energy ion-

isation losses can be regarded as the dominant secondary electron cooling process.

28Secondaries could begin to dominate at very high densities on much smaller scales, e.g. in

circumstellar discs (Padovani et al. 2018). Very compact non-thermal sources in MCs may be a sig-

nature of synchrotron emission from secondary electrons (Jones 2014), although these may depend

on in-situ re-acceleration in, e.g. proto-stellar jets (Padovani et al. 2015, 2016; Cécere et al. 2016).

Note that this is in tension with earlier studies, which argued that synchrotron radiation from

secondary electrons in dark clouds could actually dominate Galactic radio emission (Brown and

Marscher 1977); synchrotron emission from secondaries was also considered in Dogel and Sharov

(1990) and Jones (2014), but these studies did not compare with the emission from primary elec-

trons.
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Fig. 5.3: Energy densities of primary CRs throughout the cloud under Galactic condi-

tions. The background interstellar CR energy density is indicated by the blue line, while

the contribution from the secondary CRs is negligible (not shown). The primary electron

component is multiplied by 50 in this plot for clarity.

Typically, σion ≈ 10−20 cm2 is the electron-ionisation cross section (Padovani et al.

2009) for a secondary electron generated by a 1 GeV hadronic primary (retaining

a few percent of the primary’s energy – see Owen et al. 2018). It then follows that

ne ≈ ṅe te, which may be re-arranged to give the ratio ne/np ≈ σ[π±]/σ
ion ∼ 10−9,

thus confirming the negligible level of secondaries.

Observable and astrophysical impacts

CRs can influence their host environment by ionisation, heating, and modifying

the chemical balance of certain species. The ionisation profiles due to the CR

distributions in section 5.3.1 are shown in Fig. 5.4. The top panel indicates the

impact of the high-energy CR component (HECR), above a GeV, with rates of

ζH = 0.6−1.1×10−18 s−1, which are somewhat lower than the widely-adopted values

of ζH = 10−17 − 10−15 s−1 in the dense cores (Caselli et al. 1998; van der Tak and

van Dishoeck 2000; Doty et al. 2002), and ζH = 10−16 s−1 in the diffuse inter-clump

medium (Black et al. 1978; van Dishoeck and Black 1986; Federman et al. 1996).

This difference can be attributed to the low-energy CR (LECR) population, below

a GeV, as shown in the lower panel of Fig. 5.4. Although their energy density

is less than that of the HECRs, LECRs engage more strongly in the ionisation

processes. Hence, they can elevate the rate to ζH = 10−17 s−1, when adopting

the “minimum” LECR species spectra in the W98 (Webber 1998) and C00 (Strong
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Fig. 5.4: Ionisation profile due to the HECR component (above 1 GeV) under Galactic

conditions (top) and both HECR and LECR (below 1 GeV) components (bottom).

et al. 2000) models, or to ζH = 10−14 s−1 if adopting “maximum” spectra in the

M02 (Moskalenko et al. 2002) and E00 (Strong et al. 2000) models.

These ionisation profiles29 (again, accounting for the variation between the

maximum and minimum LECR contribution to the ionisation rates) can also be

used to estimate abundance ratios for the species considered in section 5.1.4, i.e.

N(CO+)/N(H2), N(OH+)/N(H2) and N(C+)/N(C). These species are sensitive

to probe the CR ionisation, irrespective of whether the ionisation is caused by

LECRs or HECRs. The resulting profiles for the three ratios are different, as shown

in Fig. 5.5, where the shaded ranges are due to LECR ionisation and the dashed

lines due to HECR ionisation. The propagation of higher energy CRs may differ

substantially from their lower energy counterparts due to, e.g. energy-dependent

29The ionisation rates are sensitive to both the spectrum and available energy of LECRs.
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Fig. 5.5: Abundance ratios due to CR ionisation within the MC model, showing

N(C+)/N(C) (red), N(CO+)/N(H2) (blue) and N(OH+)/N(H2) (black). The shaded band

represents the range of possible values from LECR ionisations only, while the single dashed

line below each band represents the signature expected if only HECRs are present. Typically,

any signal would therefore be dominated by the low-energy CR ionisations.

diffusion coefficients and the greater loss channels open to the higher energy parti-

cles. It is therefore worthwhile to consider the signature of both components, even

though the LECRs would usually dominate the signal, with the higher-energy ratios

typically around an order of magnitude lower. While a single ratio should not be

used independently to infer CR ionisation rates, the ratio N(C+)/N(C) (in red) is

much less sensitive to the underlying MC model than both N(CO+)/N(H2) (blue)

and N(OH+)/N(H2) (black). This would make it a less stringent quantity to con-

strain CR ionisation rates alone, and less powerful to diagnose the presence of CRs

if alternative ratios are available. Indeed, this is in addition to possible contami-

nation issues the N(C+)/N(C) ratio would be susceptible to. For e.g., intervening

non-shielded regions in the cloud vicinity may boost the C+ abundance far above

the levels driven by CR ionisation processes.

Despite being more effective ionisers, the amount of energy available in LECRs

to subsequently drive ionisation-mediated heating effects is lower30 than in their

higher-energy counterparts. Moreover, HECRs are more likely to excite Alfvénic

fluctuations in the warm ionised medium. These waves subsequently drive heating in

30Note that the energy in LECRs may be more than 25% of that in HECRs (e.g. Webber 1998;

Stone et al. 2019).
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Fig. 5.6: Total specific CR heating rates with contributions from Alfvénic and ionisation

heating in the idealised molecular cloud model under Galactic conditions.

the magnetised plasma, making HECRs more effective than LECRs in this capacity.

The specific heating rate due to HECRs in the MC is shown in Fig. 5.6. Generally,

ionisation-driven heating dominates. In central regions, the Alfvénic specific heating

rate is boosted by the stronger magnetic field31. The peak specific heating rate

reaches almost 10−25 erg cm−3 s−1 in the core, while the outer regions of the cloud

attain levels of 10−26 ergcm−3 s−1, both being slightly lower than less sophisticated

estimates of 6.3 × 10−27 (nH/0.83 cm−3) erg cm−3 s−1 (Spitzer and Tomasko 1968;

Goldsmith 2001), but around two orders of magnitude higher than the estimated

specific CR heating rate in the warm ionised medium outside the cloud (Wiener

et al. 2013b). If the CR energy density is increased, the corresponding specific

heating rates are boosted proportionally (see Fig. 5.7). This indicates that the CR

impact on the evolution of MCs could be strongly influenced by their surrounding

conditions, e.g. due to the impact of a nearby SN event (see also Gabici et al. 2009),

or if located in a star-forming or high-redshift galaxy (see section 5.4).

By balancing CR heating rates against a simple cooling function (cf. sec-

tion 5.1.4), an equilibrium temperature can be estimated under different levels of CR

irradiation. Fig. 5.8 suggests that, in a Galactic scenario, the effect of an enhanced

31This may not hold in a more realistic 3D calculation. Assuming spherical symmetry, the CR

pressure gradient would approach zero towards the core. If so, the CRs are unlikely able to excite

the waves, according to equation 5.32. Hence, Alfvénic heating should be negligible at the core,

unless other sources of Alfvén waves exist.



5.3. Semi-quantitative analysis: model and results 178

0.5 1.0 1.5 2.0 2.5

s/pc

10�27

10�26

10�25

10�24

10�23

H
/e

rg
cm
�

3
s�

1

MilkyWay
10⇥ UMW

20⇥ UMW

50⇥ UMW

0.5 1.0 1.5 2.0 2.5

s/pc

101

102

T
eq

/K

UCR,MW

10⇥ UCR,MW

30⇥ UCR,MW

50⇥ UCR,MW

✏CR,MW
<latexit sha1_base64="JCFujypE9ZdZqg9etmbIrYQmGrw=">AAAB/nicbZDLSsNAFIYnXmu9RcWVm8EiuJCSeEGXxW7cCFXsBZpQJtOTduhMEmYmQgkFX8WNC0Xc+hzufBunbRba+sPAx3/O4Zz5g4QzpR3n21pYXFpeWS2sFdc3Nre27Z3dhopTSaFOYx7LVkAUcBZBXTPNoZVIICLg0AwG1XG9+QhSsTh60MMEfEF6EQsZJdpYHXvfg0QxbjDzpMDV+xN82xx17JJTdibC8+DmUEK5ah37y+vGNBUQacqJUm3XSbSfEakZ5TAqeqmChNAB6UHbYEQEKD+bnD/CR8bp4jCW5kUaT9zfExkRSg1FYDoF0X01Wxub/9XaqQ6v/IxFSaohotNFYcqxjvE4C9xlEqjmQwOESmZuxbRPJKHaJFY0IbizX56HxmnZPStf3J2XKtd5HAV0gA7RMXLRJaqgG1RDdURRhp7RK3qznqwX6936mLYuWPnMHvoj6/MHUneVEQ==</latexit>

✏CR,MW
<latexit sha1_base64="JCFujypE9ZdZqg9etmbIrYQmGrw=">AAAB/nicbZDLSsNAFIYnXmu9RcWVm8EiuJCSeEGXxW7cCFXsBZpQJtOTduhMEmYmQgkFX8WNC0Xc+hzufBunbRba+sPAx3/O4Zz5g4QzpR3n21pYXFpeWS2sFdc3Nre27Z3dhopTSaFOYx7LVkAUcBZBXTPNoZVIICLg0AwG1XG9+QhSsTh60MMEfEF6EQsZJdpYHXvfg0QxbjDzpMDV+xN82xx17JJTdibC8+DmUEK5ah37y+vGNBUQacqJUm3XSbSfEakZ5TAqeqmChNAB6UHbYEQEKD+bnD/CR8bp4jCW5kUaT9zfExkRSg1FYDoF0X01Wxub/9XaqQ6v/IxFSaohotNFYcqxjvE4C9xlEqjmQwOESmZuxbRPJKHaJFY0IbizX56HxmnZPStf3J2XKtd5HAV0gA7RMXLRJaqgG1RDdURRhp7RK3qznqwX6936mLYuWPnMHvoj6/MHUneVEQ==</latexit>

✏CR,MW
<latexit sha1_base64="JCFujypE9ZdZqg9etmbIrYQmGrw=">AAAB/nicbZDLSsNAFIYnXmu9RcWVm8EiuJCSeEGXxW7cCFXsBZpQJtOTduhMEmYmQgkFX8WNC0Xc+hzufBunbRba+sPAx3/O4Zz5g4QzpR3n21pYXFpeWS2sFdc3Nre27Z3dhopTSaFOYx7LVkAUcBZBXTPNoZVIICLg0AwG1XG9+QhSsTh60MMEfEF6EQsZJdpYHXvfg0QxbjDzpMDV+xN82xx17JJTdibC8+DmUEK5ah37y+vGNBUQacqJUm3XSbSfEakZ5TAqeqmChNAB6UHbYEQEKD+bnD/CR8bp4jCW5kUaT9zfExkRSg1FYDoF0X01Wxub/9XaqQ6v/IxFSaohotNFYcqxjvE4C9xlEqjmQwOESmZuxbRPJKHaJFY0IbizX56HxmnZPStf3J2XKtd5HAV0gA7RMXLRJaqgG1RDdURRhp7RK3qznqwX6936mLYuWPnMHvoj6/MHUneVEQ==</latexit>

✏CR,MW
<latexit sha1_base64="JCFujypE9ZdZqg9etmbIrYQmGrw=">AAAB/nicbZDLSsNAFIYnXmu9RcWVm8EiuJCSeEGXxW7cCFXsBZpQJtOTduhMEmYmQgkFX8WNC0Xc+hzufBunbRba+sPAx3/O4Zz5g4QzpR3n21pYXFpeWS2sFdc3Nre27Z3dhopTSaFOYx7LVkAUcBZBXTPNoZVIICLg0AwG1XG9+QhSsTh60MMEfEF6EQsZJdpYHXvfg0QxbjDzpMDV+xN82xx17JJTdibC8+DmUEK5ah37y+vGNBUQacqJUm3XSbSfEakZ5TAqeqmChNAB6UHbYEQEKD+bnD/CR8bp4jCW5kUaT9zfExkRSg1FYDoF0X01Wxub/9XaqQ6v/IxFSaohotNFYcqxjvE4C9xlEqjmQwOESmZuxbRPJKHaJFY0IbizX56HxmnZPStf3J2XKtd5HAV0gA7RMXLRJaqgG1RDdURRhp7RK3qznqwX6936mLYuWPnMHvoj6/MHUneVEQ==</latexit>

20
<latexit sha1_base64="R7NFHjqBdjd6wbURkcjnvwGf5bo=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KklV9Fj04rGK/YA2lM120y7dbMLuRCih/8CLB0W8+o+8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR7dRvPXFtRKwecZxwP6IDJULBKFrpoer2SmW34s5AlomXkzLkqPdKX91+zNKIK2SSGtPx3AT9jGoUTPJJsZsanlA2ogPesVTRiBs/m106IadW6ZMw1rYUkpn6eyKjkTHjKLCdEcWhWfSm4n9eJ8Xw2s+ESlLkis0XhakkGJPp26QvNGcox5ZQpoW9lbAh1ZShDadoQ/AWX14mzWrFO69c3l+Uazd5HAU4hhM4Aw+uoAZ3UIcGMAjhGV7hzRk5L8678zFvXXHymSP4A+fzB+w7jPc=</latexit>

Fig. 5.7: Total specific CR heating rates in the cloud under increasing ambient CR energy

densities (as labelled), demonstrating the impact of different environments on the cloud’s

thermal evolution, even when shielded from the interstellar radiation field. The baseline

case adopts the Milky Way CR energy density (εCR,MW), which is then scaled by the factors

indicated.

CR energy density would be minimal in the core regions of a MC where the temper-

ature is only boosted marginally compared to the surrounding clump. Moreover, the

core region only experiences modest increases in its equilibrium temperature, even

when faced with substantial enhancements of the CR flux. Instead, the surrounding

clump and inter-clump medium are more strongly impacted. The core temperatures

estimated here are somewhat lower than expected, given that Galactic observations

indicate core temperatures of around 8− 12 K (Bergin and Tafalla 2007). However,

some starless cores are found to have temperatures of T < 7 K (Pagani et al. 2007,

2009, 2015; Lin et al. 2020), while theoretical studies have also found temperatures

comparable to those calculated here in idealised cases (e.g. Juvela and Ysard 2011).

These results are consistent with several extreme cases where core tempera-

tures may be as low as 6 K or even less (e.g. Harju et al. 2008). It may indicate

that the adopted cooling function is overstated, or other processes, e.g. turbulent

heating (Pan and Padoan 2009), residual unattenuated interstellar radiation fields

and/or dust reprocessing/heating (Goldsmith 2001), may be operating alongside

CRs to maintain higher core temperatures. If other heating mechanisms operate in

competition with CRs, CR heating would only dominate the regulation of MC core

temperatures in environments where the CR energy density is substantially greater
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Fig. 5.8: Equilibrium temperature profile arising from CR heating balanced against gas

cooling under Galactic conditions, and with CR energy densities boosted by factors of 10,

30 and 50. Other processes may operate to maintain higher temperatures of around 10 K

observed in most of the Galactic MCs.

than that typically estimated in the Galaxy. A more thorough assessment of the

competition between various heating effects throughout the MC sub-regions merits

a further dedicated study.

5.3.2 Illustrative case

The IC 5146 cloud region and data set

The IC 5146 molecular cloud complex is located in Cygnus, exhibiting a converg-

ing filamentary system of dark clouds and elongated sub-structures extending from

a main filament as seen with Herschel observations (Arzoumanian et al. 2011).

Throughout the cloud, structures are in various stages of their evolution: the main

filament and nearby Cocoon Nebula appear to be at different stages of ongoing

star-formation episodes (Harvey et al. 2008; Dunham et al. 2015), while some other

dark cloud regions remain quiescent (Arzoumanian et al. 2011). The formation of

the system is believed to be driven by large-scale turbulence (Arzoumanian et al.

2011), which would have introduced perturbations into the otherwise well-ordered

large-scale magnetic field morphology (Wang et al. 2017, 2019), thus making it a

useful test-case.

There is some debate over the distance to the system (see e.g. Lada et al.

1999; Harvey et al. 2008), and whether it is one system or two clouds along the

same line-of-sight at different distances (Wang et al. 2020a). Such matters would
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impact the conversion between angular separations and physical distances in this

work. A recent re-analysis (if assuming it to be a single cloud) using Gaia DR2

data (Gaia Collaboration 2018) indicates it to be located 813± 106 pc away (Dzib

et al. 2018). This distance is adopted here, following Wang et al. (2019). The data

in this study is obtained from the optical and near infra-red stellar polarisation

observations towards IC 5146 (Wang et al. 2017). The data set is compiled by

matching polarisation data to the positions of 2022 independent background stars

to within 0.5” (corresponding to 0.002 pc at a distance of 813 pc) from the 2MASS

all-sky survey (Skrutskie et al. 2006) in at least one of the Rc-, i’, H- and K- bands

(see Wang et al. 2017, 2019). In total, only 3 stars were present in all four bands,

with around 71% of the stars being detected in the H-band, 24% in the Rc-band,

10% in the i’-band and 8% in the K-band (Wang et al. 2017).

The angular dispersion function in every band is computed using a bin size of

90” (corresponding to a physical size of 0.35 pc) to determine the diffusion coefficient

of CRs through the region. This bin size gives a reasonable signal-to-noise ratio over

the length scales of interest. The uncertainties are estimated using 10,000 Gaussian

Monte Carlo perturbations to the Stokes parameters Q and U (see Fig. 5.9, where

1σ errors bars are shown). By assessing the distribution of angular separations,

they do not reflect the features seen in Fig. 5.9. The structures evident in this

dispersion analysis are likely to be physical in origin rather than due to instrumental

or sampling effects. The FT of the dispersion function is calculated with the diffusion

coefficient for the region following equation 5.42. Spatial variation of the diffusion

parameter D arises from variations in the magnetic field strength alone, while spatial

variations due to the field structure are not significant32 – see Appendix E for details.

These findings are applied to the subsequent analyses.

Representation of the filamentary structures

The IC 5146 region consists of a network of filamentary structures. Arzoumanian

et al. (2011) identified 27 filaments, to which they fit a cylindrical density profile of

the form

nH(s) = nc

{
1 +

(
s

Rflat

)2
}−p/2

, (5.50)

32There is also no compelling support for a significant variation in the empirical value of D

between the different wavebands.
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Fig. 5.9: Dispersion functions calculated for the 4 bands. The x and y error bars indicate

the bin size, and 1σ Gaussian errors, respectively. The latter is estimated by a Monte Carlo

approach with 10,000 perturbations.

with nc being the density of the filament ridge and Rflat as the characteristic length

scale of the flat innermost portion of the profile.

In observations, the density of diffuse material is often characterised by the

column density along a line-of-sight. Here the column density along the line-of-light

to a radial position s within the projected filament is given by

NH(s) = PncRflat

{
1 +

(
s

Rflat

)2
}− p−1

2

, (5.51)

where P ∝ 1/ cosψ for ψ is the angle of the filament to the sky plane. The variation

of this parameter due to the inclination of IC 5146 to the sky plane is small. It

is within a factor of 2 if assuming random orientations, and less than many other

sources of uncertainty in the model. Hence, this system may be assumed to be

oriented at ψ = 0◦ to the sky plane. The magnetic field that permeates this cloud is

observed to be arranged predominantly perpendicular to the filament orientations

on the sky plane (Wang et al. 2017, 2020a). The mean magnetic field strength across

the filaments can be well described by a simple power-law:

Bmean(n) = B0

( n

150 cm−3

)p̄
. (5.52)

The best-fit values are B0 = 2.46+0.50
−0.51 µG and p̄ = 0.50+0.12

−0.13 (Wang et al. 2020a).

This prescription is specifically based on the analysis of IC 5146 and is different
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from the idealised case following Crutcher et al. (2010) (see equation 5.48). The

filamentary structures are therefore useful test-cases, where the heating and ioni-

sation rate profiles can be calculated through each filament by adopting a natural

boundary condition at the filament edge.

Results

15 of the 27 distinct filamentary structures identified in Arzoumanian et al. (2011)

have sufficient parametric information (column density NH and inner length scale

Rflat) available for the calculations (see Table 5.1). Filaments 16, 17, 18 and 19 are

located in a photon-dominated region, and are therefore omitted, as the temperature

estimates and comparisons would not be reliable for these cases. Filaments 22 and

27 are excluded for their unresolved width. Filaments 3, 15, 16, 18, 22 and 24 are

also excluded, due to the lack of data on the filament width Rflat, the p index in the

density profile and/or a single best-fit value. Filaments 14, 23 and 26 are excluded

due to an asymmetric profile. The filament ridge volume density, nc, is estimated

from the measured column densities NH using nc ≈ NH/(2 Rflat) following Wang

et al. (2020a). This assumes each filament has a cylindrical geometry. Note that

Rflat has been adjusted to account for the updated distance to IC 5146 of 813 pc

(compared to a distance of 460 pc used in Arzoumanian et al. 2011). For each case,

the ionisation rate and specific heating rate are computed to deduce the equilibrium

temperature. More specifically, the ionisation rates are calculated from the mini-

mum W98 LECR spectrum (ζH,min
LECRs), maximum M02 LECR spectrum (ζH,max

LECRs) and

HECRs above a GeV (ζH
HECRs). The resulting heating rate H and ionisation rates

in the filament ridge (being their densest point) are shown in Table 5.1, together

with an estimate of the temperature increase due to the CR processes ∆Teq,CR/K.
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Stronger heating is found to occur in the filaments with larger volume densities,

but the heating efficiency is not linearly proportional to the density (e.g. compare

filaments 4 and 5). This can be explained as follows. An increase in density will

also lead to an increase in magnetic field strength inside a filament. This, in turn,

increases the amount of deflection experienced by the CRs, which reduces their

heating efficiency. As shown, the strongest heating occurs in filaments 6 and 12.

These have a high density but not a particularly steep density profile, thus reducing

magnetic mirroring/deflection effects and allowing a substantial amount of CRs to

penetrate inside. CR ionisation rates due to both low and high energy CRs are

much less susceptible to density variations deep inside the cloud. This would imply

relatively consistent CR ionisation rates throughout Galactic MCs, regardless of

their internal configuration or exact filament/clump properties.

5.3.3 Additional remarks

A clear implication of the results in Table 5.1 is that CR-driven processes alone,

while able to sustain relatively high rates of ionisation within the cloud and heating

rates comparable to literature estimates (see, e.g. Goldsmith 2001; Wiener et al.

2013b and section 5.1.4), do not yield substantial increases in core/filament temper-

atures if operating alone. Although caveats in the model would offer scope for larger

values, this result taken by itself would suggest that other, mechanical, processes

(e.g. heating from turbulence dissipation driven by gravitational collapse – see Carl-

berg and Pudritz 1990; McKee and Zweibel 1995; Gammie and Ostriker 1996; Martin

et al. 1997; Falceta-Gonçalves et al. 2003) may be more important in maintaining

clump/filament temperatures at the expected level of around 8− 12 K (Bergin and

Tafalla 2007) under Galactic conditions. This would point towards clump destruc-

tion being reliant on the emergence of proto-stars heating and ionising dense regions

from within, or photo-evaporation/conduction from the external environment (i.e.

outside-in destruction) rather than CR heating.

However, the models described in this work rely on a number of assumptions.

Chief among these is the use of dust polarisation of stellar radiation to trace the

magnetic fields: the reliability of this indirect means of probing magnetic fields re-

mains under debate – particularly towards the dense higher-extinction regions of

principal interest in this work, and variation in alignment efficiency between indi-

vidual sources (see Whittet et al. 2008; Cashman and Clemens 2014) is well known.
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The observed PA dispersion is used to estimate the diffusion coefficient, however in

high density regions with poor radiative alignment efficiencies, the correspondence

between dust alignment and magnetic field vectors could be weak – or timescales for

radiative grain alignment to operate could become very long and unable to fully re-

flect rapidly-varying turbulent magnetic field structures or fluctuations on the very

small scales. Moreover, CR heating of dust grains themselves (Kalvāns 2018) could

also influence torque alignment efficiencies (cf. thermal wobbling, see Lazarian and

Hoang 2007), and hence dust polarisation. This would decrease the diffusion param-

eter and could substantially increase the CR heating rate felt in the densest regions.

Future observations probing a wide range of magnetic field structures in MCs to

higher resolution and avoiding the need to rely on dust alignment mechanisms may

be possible with the upcoming Square Kilometer Array (SKA) (see e.g. Strong et al.

2014). Moreover, an assessment of the impact of various magnetic field configura-

tions on the CR diffusion parameter and subsequent heating effect via simulations

is worthy of a dedicated future study.

A further assumption is that the cooling is dominated by CO and dust (Galli

et al. 2002; Goldsmith 2001). This is an analytical approximation (Whitworth and

Jaffa 2018; Goldsmith and Langer 1978), which assumes dust temperatures of

around 10 K (a compromise value between warmer regions in the cloud periph-

eries and cooler regions within the denser parts). While suitable under typical

galactic molecular cloud conditions, variations in dust fraction and/or composition

may result in different cooling rates in alternative settings – e.g. in dusty galaxies

or more/less chemically pristine or primordial environments (Jaacks et al. 2019).

Moreover, substantial variation in dust and gas temperatures throughout a cloud

would likely yield different cooling rates: presumably the rates adopted in this work

are somewhat overstated in the densest core/filament regions where gas temper-

atures and subsequent cooling rates would be lower and less able to balance CR

heating.

Variations in the irradiating CR flux or spectrum are also plausible. While this

work has considered the effect of scaling the CR energy density and maintaining the

same spectral form (see Figs. 5.7 and 5.8), there is wide-ranging evidence in literature

for different CR spectral indices at high energies in different environments. For e.g.,

there could be a harder spectrum in the vicinity of the galactic ridge, where more
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Fig. 5.10: Equilibrium temperature as a result of only CR heating of a cloud in different

starburst environments. A Galactic CR spectral shape is considered. The CR energy density

is estimated from Yoast-Hull et al. (2016).

CRs are freshly accelerated (Aharonian et al. 2006; Gaggero et al. 2017; H.E.S.S.

Collaboration 2018b,a).

Implications

Although relatively well-shielded by the magnetic field configuration, the modest

level of CR heating experienced in a filamentary clump or core would have sub-

stantial implications for subsequent star-formation. Fig. 5.8 explores the effect of

different irradiating energy densities of CRs, scaled according to the estimated en-

ergy densities in nearby star-forming galaxies. In the exterior clump regions and

inter-clump medium, a roughly linear relationship between CR energy density and

resulting heating and equilibrium temperature is evident (see also Figs. 5.7 and 5.8),

but the effect on the core temperature is much more modest. Aside from magnetic

deflection effects, CR heating is much more important in the inter-clump (diffuse

cloud) medium in general where the ionisation fraction is higher and CRs are de-

flected less. This would favour clump heating via conduction rather than direct

internal heating by the CRs.

Despite the core temperature increases remaining modest even when CR en-

ergy densities are enhanced substantially, the astrophysical implications can still

be significant. The Jeans mass, for example, is dependent on temperature (as well

as volume density of gas, nH) as this sets the level of thermal pressure against
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gravitational collapse:

MJ = 1.9× 102

(
T

10 K

)3/2 ( nH

103 cm−3

)−1/2
M� . (5.53)

While this is a crude measure of the maximum stable mass against collapse, ne-

glecting cloud/clump fragmentation, small-scale magnetic/turbulent support and

the micro-physics of the stellar initial mass function, it can still give an idea of the

size of MCs and the stellar clusters they develop into. Without CR heating, Galactic

clouds could reach around 200 M� before they become unstable and gravitationally

collapse. However, with Arp 220 levels of CR irradiation (see Fig. 5.10 for equi-

librium temperatures resulting from CR heating in Arp 220, M82 and NGC 253 –

three nearby starburst galaxies), this could increase to around 4 × 103 M�. The

mass distribution of clouds/clumps in systems with higher CR energy densities (e.g.

in star-forming galaxies) can therefore become distorted, as higher star-formation

rates would yield larger interstellar cloud sizes. This may favour more stochastic

burst-like star-forming episodes. More importantly, the larger mass threshold re-

quired for gravitational collapse would likely lead to a period of quenching in a

galaxy rich in CRs, as it would take longer for sufficiently large MCs to gain enough

mass to begin their collapse.

5.4 Summary

This chapter investigates the effects of CR heating and ionisation in magnetised

molecular clouds. First of all, a CR transport formulation is constructed to deter-

mine how CRs propagate and deposit their energy within molecular cloud models.

For an irradiating CR flux comparable to that in the Milky Way, the specific heating

rate is able to reach a level of ∼ 10−26 erg cm−3 s−1 in the densest regions of the

cloud. This heating is somewhat suppressed by magnetic deflection effects, but is

still higher than in the surrounding inter-clump medium by a factor of around 3. On

the other hand, the CR ionisation rates are in the range of ζH = 10−18− 10−16 s−1,

with ionisation being dominated by the contribution from low-energy CRs below a

GeV. Higher energy CRs are more engaged with the heating processes.

Next, the effect of magnetic fields in the IC 5146 star-forming region in Cygnus

is quantified, assuming that the fields are traceable via optical and near-infrared

starlight polarisations towards IC 5146. The CR diffusion coefficient across the
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cloud is estimated from the underlying fluctuations in the local magnetic field, and

then used to compute the CR heating and ionisation rates in 15 of the filamentary

structures identified in IC 5146. There is a broad variation of specific heating rates,

whereas the ionisation rates remain fairly uniform between different filaments. While

the calculated specific heating rate of 10−27−10−25 erg cm−3 s−1 is unlikely to cause

a large temperature increase in the filaments, molecular clouds in environments with

a strong CR flux (e.g. in star-forming galaxies) can be substantially heated. This

may result in an increase of the Jeans mass and subsequently lead to larger ISM

clump sizes. Hence, it could arguably yield a greater tendency for stochastic, burst-

like star-formation activities to occur, and even periods of quenching to arise.
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Chapter 6

Summary and outlook

Magnetic fields are omnipresent across all scales of the Universe. Their origins

and evolution are still open questions. On wider scales, observational signatures

imprinted in the radio synchrotron emission and Faraday rotation measures (RMs)

offer a unique window to infer the magnetic field properties in galaxy clusters and

larger-scale structures. More specifically, the spatial correlation of the RMs is often

used to characterise the length scale of the magnetic field variation.

Firstly, the work in Chapter 3 shows how the RM is derived from the polarised

radiative transfer equations subject to restrictive conditions, and assesses the merit

of RM fluctuations (RMF) for large-scale magnetic field diagnostics (On et al. 2019;

Chan et al. 2019). The conditions are that: (i) the circular polarisation is negligible;

(ii) the emission and absorption processes are absent; and (iii) only thermal electrons

contribute to the RM. As a result, there are two conventional expressions (3.27) or

(3.28) to quantify the RMF. However they are not always explicitly distinguished

in many RM analyses of intergalactic and intracluster magnetic fields.

The work in Chapter 3 shows that these two expressions are derived based

on the theory of simple random-walk, but with subtly distinct assumptions. The

general assumptions are for having a constant electron number density and/or a

non-correlation between the density and the magnetic field. However these as-

sumptions do not usually hold in real astrophysical environments. It also matters

whether the local quantities are multiplied before spatial averaging, or averaged

independently before multiplication. Furthermore, the fluctuations along the line-

of-sight and across the sky plane are generally different. The spatial properties of

the magnetic fields and the magneto-ionic plasma may not be independent from
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their temporal properties as the Universe evolves.

It is further shown in Chapter 4 that the interpretation of RMF analyses is

ambiguous for a poorly-defined characteristic density, such as that with lognormal-

distributed or fractal-like structures. This implies that density fluctuations can

significantly obscure magnetic field fluctuations. In practice, it is also difficult to

disentangle the signals from the density and magnetic field fluctuations, based solely

on the standard deviation of RM itself. As a consequence, it would be unreliable to

determine the correlation length of large-scale magnetic fields using the conventional

RMF analyses.

Even without degeneracy between the signals from the density and magnetic

field fluctuations, the RMF approach also falls short under the presence of non-

thermal electrons and other radiative processes, such as absorption, emission, and

Faraday mixing. Hence it is important to bear in mind which underlying assump-

tions have been made before using the statistics of RMs to interpret the properties

of magnetic fields. A more robust formulation based on covariant polarised radiative

transfer (Chan et al. 2019) is essential to build solid theoretical models and make

predictions in preparation for the SKA.

Apart from the RMF approach, magnetic fields in galaxy clusters can also

be quantified from the local scaling relations between the cluster radio and X-ray

observables. As such, the work in Chapter 4 calculates the relations between the

standard deviation of RM σ̄R, and X-ray intensity IX, for galaxy clusters assembling

between z = 3 and z = 0 in the GCMHD+ simulations. The σ̄R − IX relation varies

unsteadily during cluster formation with slopes of b . 1 for the centre-excised

clusters. This indicates that the magnetic field scales with the gas density locally.

It can be generalised that the σ̄R− IX relation at different redshifts would allow X-

ray observations by, e.g. Athena, to determine the evolution of magnetic fields in the

cluster scales. These can be independently compared to the magnetic field properties

inferred from radio observations. While the simulations are purely adiabatic here, a

more definitive calculation of intracluster magnetic fields would require additional

physics to be taken into consideration, such as radiative cooling, star formation, and

AGN feedback.

The following work calculates the radio and X-ray intensities of a high resolu-

tion galaxy cluster from the GCMHD+ simulations (Barnes et al. 2018). The radio and
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X-ray images reveal similar morphological features. Upon a local point-by-point

comparison between the radio and X-ray images, a power-law relation with a best-

fit slope of b ∼ 1 is obtained. This relation is consistent with a few observed halo

clusters, even though the simulated cluster is of a lower mass. It may be a natural

consequence from having the weak magnetic field frozen into the gas. The radiative

transfer results are also suggestive of well reproducing radio halo observations by

assuming a fraction of fossil, thermal electrons being re-accelerated to emit in the

radio synchrotron within the ICM. It is cautioned that the simulations do not ex-

plicitly track the non-thermal electron properties and here they are assumed to be

freshly shock accelerated. Therefore, this work can be extended by implementing a

self-consistent model in the simulations for the injection of relativistic electrons by

nearby SNRs or AGN and following their transport during cluster evolution.

On smaller scales, magnetic fields may also play a crucial role in the dynamics

of the interstellar medium, particularly during the formation and evolution of molec-

ular clouds (MCs). Notably, magnetic fields can focus cosmic rays (CRs) into the

cores and clumps of MCs, which may lead to ionisation and heating of these dense

regions. As such, the work in Chapter 5 investigates the effects of CR interactions in

magnetised MCs (Owen et al., submitted). Firstly, a formulation on CR transport is

constructed to determine how CRs propagate and deposit their energy within mag-

netised MC models. For an irradiating CR flux typical of that observed in the Milky

Way, the specific heating rate can attain up to 10−26 erg cm−3 s−1 in the densest

regions of the cloud. Although the heating is suppressed by magnetic deflections, it

is still approximately three times higher than that in the ambient inter-clump re-

gions. On the contrary, the CR ionisation rates are around ζH = 10−18− 10−16 s−1,

which are presumably dominated by the contribution from low-energy CRs below

a GeV. Higher energy CRs are more involved with heating effects. While these

assumptions are taken in the first instance to simplify the semi-analytical calcula-

tions, the heating and ionisation processes are, in fact, intimately connected. It

would therefore be more physically meaningful to extend this work by calculating

the effects of heating and ionisation for an incident CR flux with both high-energy

and low-energy components taken into account.

Next, the effect of magnetic fields in the IC 5146 star-forming region is quan-

tified, assuming that the fields are traceable via optical and near-infrared starlight
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polarisations towards the cloud. The angular dispersion function of the observed

polarisation angles is used to constrain the power spectrum of the magnetic fields

and determine the CR diffusion coefficient across the cloud. As a result, the specific

heating rates are shown to vary between 10−27 − 10−25 erg cm−3 s−1, whereas the

ionisation rates remain fairly constant throughout the cloud. This may suggest that

MCs in environments with a strong CR flux, such as within a starburst galaxy, can

be sufficiently heated and consequently experience an increase in their Jeans mass.

This may lead to more stochastic, starburst activities to occur, and even periods of

quenching to arise.

It is important to note that several assumptions have to be made to simplify the

representation of the IC 5146 filamentary structures, the physics of CR transport

and the magnetic field properties, in order to carry out this work. These limitations

can be improved by performing a numerical simulation of a star-forming MC, where

the CR propagation and interaction effects can be traced as the cloud evolves under

gravity, turbulence, and the presence of magnetic fields. Furthermore, it may be

possible to derive information on the local CR population and diffusion coefficient

from future gamma-ray observations by the CTA. Hence, this work brings a new

perspective to understanding CRs and magnetic fields in MCs, from sub-millimetre

to gamma-ray observations.
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For completeness, appendices B, C, D and E present results which have been sub-

mitted in whole or in part in:

Ellis R. Owen, Alvina Y. L. On, Shih-Ping Lai and Kinwah Wu, “Interactions

of energetic cosmic rays in molecular clouds: astrophysical implications and ob-

servational signatures”, submitted March 2020 to MNRAS. I am a co-author of

this paper. I formulated the application of structure functions to characterise the

magnetic fields and cosmic ray propagation in molecular clouds. I contributed to

the calculations of angular dispersion function that was used to derive the cosmic

ray diffusion coefficient. I cleaned the IC 5146 polarisation data and calculated the

frequency distributions and power spectra. I also conducted consistency and accu-

racy checks for the science, and assisted the lead author in parts of the manuscript

preparation.

A Errata in the GCMHD+ analysis code output.f

(i) Conversion from simulation units to physical units

By definition,

n =
ρ

µmH
, (1)

where µ is the mean molecular weight, n is the number density of gas particles in

units of cm−3, ρ is the gas mass density in g cm−3, and mH is the hydrogen mass in

g. Assuming a fully ionised gas with primordial composition (whose mass is roughly

made up of 70.6% hydrogen), np = ne and µ = 0.6. Therefore, equation 1 can be

written as

ne =
ρ

µmp
. (2)

However, line 32 of output.f reads as

ne =
ρµ

mp
, (3)

so the number density output is corrected by a factor of 1/µ2 before carrying out

the radiative transfer calculations in Chapter 4.

(ii) Misalignment of axes

From lines 82+ of output.f, the y and z axes have been mistakenly swapped while

writing the cluster outputs. This is corrected for by applying a transpose to the

cluster outputs before carrying out the radiative transfer calculations in Chapter 4.
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B Numerical scheme for solving the transport equation

Consider the variables X(E, s) = η(s) n(E, s) and U(s) = D(E, s) ∂X/∂s, as well

as the indices q and r for the energy Eq and spatial sr grid points, respectively, in

discretising the partial differential equations 5.25, 5.26 and 5.27. In each case, a

numerical solution for Xq,r is calculated. Owing to the large differences between

the variations of each term (especially in sections B.2 and B.3), an implicit Runge-

Kutta (RK) 4/5 scheme is required to handle the inherent stiffness of the differential

equations. The RADAU5 implementation from Hairer and Wanner (1996) is adopted.1

B.1 Primary protons

Equation 5.25 is discretised as follows, when rewritten as a system of two difference

equations:

Uq,r+1 = Uq,r +
∂U

∂s

∣∣∣
q,r

∆s ; (4)

Xq,r+1 = Xq,r +
Uq,r

D(Eq)
∆s , (5)

where ∆s is the step-size in the s direction into the molecular cloud (MC). To solve

them, consider a two-step scheme:

∂U

∂s

∣∣∣∣∣
q,r+1

=
∂U

∂s

∣∣∣∣∣
q,r

+ ∆s

{
vA(sr)

∂X

∂s

∣∣∣∣∣
q,r

+
Xq+1,rbq+1,r −Xq−1,rbq−1,r

2∆E
+ nH(sr)Xq,rσpπ(Eq)c

}
; (6)

∂X

∂s

∣∣∣
q,r

=
Uq,r

D(Eq, sr)
. (7)

The boundary conditions are

X1,1 = X1,rmax = np(E1, s1)η(s1) ; (8)

U1,1 = U1,rmax = j(E1, s1)η(s1) , (9)

where rmax is the maximum index on the spatial grid, and the CR influx, j, is

estimated from Padovani et al. (2009).

1The RK-Fehlberg implementation from Press et al. (1992) also gives equivalent results.
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B.2 Primary electrons

The same iterative scheme as set out in equations 4 and 5 is used to solve equa-

tion 5.26, but with equation 6 replaced with:

∂U

∂s

∣∣∣∣∣
q,r+1

=
∂U

∂s

∣∣∣∣∣
q,r

+ ∆s

{
vA(sr)

∂X

∂s

∣∣∣∣∣
q,r

+
Xq+1,rbq+1,r −Xq−1,rbq−1,r

2∆E

}
, (10)

and an appropriate choice of cooling function b. The boundary conditions are out-

lined in section 5.1.3.

B.3 Secondary electrons

The scheme for secondary electrons follows from the discretisation of equation 5.27.

Again, the form is the same as in section B.1, but where the inner equation 6 is

replaced by:

∂U

∂s

∣∣∣∣∣
q,r+1

=
∂U

∂s

∣∣∣∣∣
q,r

+ ∆s

{
vA(sr)

∂X

∂s

∣∣∣∣∣
q,r

+
Xq+1,rbq+1,r −Xq−1,rbq−1,r

2∆E
−Qe|q,r

}
, (11)

with an appropriate choice of cooling function b. This time, the boundary conditions

on X are X1,1 = X1,rmax = 0, with those on U following similarly as U1,1 = U1,rmax =

0. The source term depends on the primary proton/electron solutions above, with

the Qe|q,r injection term as prescribed in section 5.1.3.

C Abundance ratios

CR ionisation rates can be inferred from the astrochemistry of molecular clouds. The

derived rates account for direct CR ionisations together with the knock-on events

caused by electrons being released in each ionisation process. The chemical processes

can be split into three categories: (1) initiation steps arise when a species ionised

by a CR subsequently reacts with species expected to be present in abundance in

the MC environment (e.g. H, H2 or C); (2) propagation steps yield the formation

of readily observable species, or facilitate their destruction in a way which would

impact on the chemical balance/abundance of that species, and (3) termination

steps result in the neutralisation of an ionised species within the chain, without

leading to the production of a further species of interest – the ‘products’ in Table 1,
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where the key reactions resulting from a CR ionisation event in a MC are listed

together with their associated rate coefficient. CR ionisation in a MC proceeds as

H + CR→ H+ + CR′ ;

H2 + CR→ H2
+ + CR′ ;

C + CR→ C+ + CR′ ,

which lead directly to steps I1, I2 and I3, respectively (see ID keys in Table 1).

In a steady state the reactions in Table 1 give the abundance ratios for the

species of interest, OH+, CO+ and C+ (see section 5.1.4). The key reactions yield

n(OH+) =
n(O+)n(H2)kP1 + n(H+

3 )n(O)kP3

n(H2)kP4 + ne kT1
; (12)

n(CO+) =
n(C+)n(OH)kI3

n(H)kP5 + n(H2)kP6 + nekT5
; (13)

n(C+) =
n(C)ζH

n(OH)kI3
, (14)

which may be used together with

n(H+
3 ) =

n(H2)ζH

n(CO)kP2 + n(O)kP3 + ne(kT2 + kT3 + kT4)
(15)

to assess the chemical balances of the required species. The rate coefficients for the

relevant processes are given in Table 1. These assume that atomic and molecular

hydrogen and atomic carbon ionisation rates by CRs are all equivalent. Equation 12

can be reduced to

n(OH+) ≈ [2 + fH2 ] ζH

kP4 fH2 + 2xikT1
, (16)

assuming that the value of n(H+
3 )n(CO)kP2 (i.e. the rate of process P2) and the

H+
3 dissociative recombination rate are negligible compared to the ionisation rates

of H and H2 (which would presumably be valid in a neutral MC with low ionisation

fraction). Moreover, equation 13 becomes

n(CO+) =
xCζ

H

(2kP5/fH2) + kP6 + (2xikT5/fH2)
, (17)

where xC = n(C)/n(H2). These expressions, together with equation 14, then yield

equations 5.29, 5.30 and 5.31 in section 5.1.4, where ratios are taken to allow the

abundances to be expressed as column densities.
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ID Reaction Rate coefficient(a) {c1/cm3 s−1, c2, c3/K}
Reference(s)(b)

I1 H+ + O → O+ + H kI1 = {7.0× 10−10, 0.26, 224.3}

Stancil et al. (1999)

I2 H2
+ + H2 → H3

+ + H kI2 = {2.1× 10−9, 0.0, 0.0}

Theard and Huntress (1974)

I3 C+ + OH → CO+ + H kI3 = {7.7× 10−10, −0.5, 0.0}

Prasad and Huntress (1980)

P1 O+ + H2 → OH+ + H kP1 = {1.7× 10−9, 0.0, 0.0}

Adams et al. (1980)

P2 H3
+ + CO → HCO+ + H2 kP2 = {1.4× 10−9, −0.14, −3.4}(d)

Klippenstein et al. (2010)

P3 H3
+ + O → OH+ + H2 kP3 = {8.0× 10−10, −0.16, 1.4}

Bettens et al. (1999)

P4 OH+ + H2 → H2O+ + H kP4 = {1.0× 10−9, 0.0, 0.0}

Jones et al. (1981)

P5 CO+ + H → CO + H+ kP5 = {7.5× 10−10, 0.0, 0.0}

Federer et al. (1984)(c)

P6 CO+ + H2 → HCO+ + H kP6 = {1.8× 10−9, 0.0, 0.0}

Adams et al. (1978)

T1 OH+ + e− → O + H kT1 = {3.8× 10−8, −0.50, 0.0}

Mitchell (1990)

T2 H3
+ + e− → H2 + H kT2 = {2.3× 10−8, −0.52, 0.0}

McCall et al. (2004)

T3 H3
+ + e− → 3H kT3 = {4.4× 10−8, −0.52, 0.0}

McCall et al. (2004)

T4 H2
+ + e− → 2H kT4 = {1.6× 10−8, −0.43, 0.0}

Mitchell (1990)

T5 CO+ + e− → C + O kT5 = {1.0× 10−7, −0.46, 0.0}

Mitchell (1990)

Table 1: Rate coefficients for principal formation/destruction reactions of chemical trac-

ers in MCs as collated in the UMIST RATE95 (Millar et al. 1997) and updated UMIST

RATE12 (McElroy et al. 2013) databases. Reaction IDs indicate initiation steps (I), prop-

agation steps (P) and termination steps (T).
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Table 1: Notes:

(a) Rate coefficients are given in terms of the parameters {c1, c2, c3}, for kxx =

c1 (T/300 K)
c2 exp(−c3/T ), where xx denotes the process ID.

(b) Reference(s) of the original source of the rate coefficients in the RATE12 database (McEl-

roy et al. 2013).

(c) CO production via CH and CH2 channels can also become important when the metallic-

ity is high (i.e. large CH/OH ratio). This channel is not considered in the reaction network

as it is sub-dominant for the objects of interest in this work. This should, however, be

included in the analyses of the high metallicity (above solar) regions.

(d) The sign of the parameter c3 in process P2 differs from other processes due to the

molecular geometry. The charge-dipole, charge-quadrupole, and the charge-induced-dipole

interactions influence the rate coefficient differently at different temperatures for the capture

of reacting species in forming the transition state – see Klippenstein et al. (2010) for details.

D Angular dispersion function and power spectrum

The empirical CR diffusion parameter is computed from the power spectrum P̂ (k) of

the magnetic fields permeating a MC (cf. section 5.2.2). CR diffusion is determined

by the properties and structures of the magnetic field. If the effects due to the

magnetic field dominate, the dispersion function S2(`) can be calculated from the

magnetic field power spectrum P̂ (k) under a slab approximation, i.e. where it

only depends on the parallel component of k (Hasselmann and Wibberenz 1968).

Therefore, P̂ (k) can be related to the dispersion function S2(`) (more generally

referred to as the second order structure function) of observed polarisation angles

through the cloud via a Fourier transform, denoted here as F [...]. From the Wiener-

Khinchin theorem (Wiener 1930; Percival and Walden 1993),

P̂ (k) = F [A(`)] =

∫ ∞
−∞

d`A(`) exp(ik`) , (18)

where the autocorrelation function A(`) in the case of a statistically homogeneous

and isotropic field can be expressed in terms of A(`) = A(0)−S2(`)/2 (e.g. Schulz-

Dubois and Rehberg 1981). Therefore,

P̂ (k) =

∫ ∞
−∞

d`

[
A(0)− 1

2
S2(`)

]
exp(ik`)

= A(0) δ(k)− 1

2
F [S2(`) ] , (19)
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where the first term on the right hand side is unphysical when k = 0 and vanishes

when k 6= 0. Hence,

P̂ (k) =
1

2
F [S2(`)] , (20)

since S2(`) is real and the Fourier Transform of S2(`) has a Hermitian symmetry.

E Spatial dependence of the empirical diffusion param-

eter in IC 5146

The analyses in section 5.2.2 assumes that the spatial dependence of the diffusion

parameter is derived only from the spatial variation in the magnetic field strength.

There is no clear empirical evidence for variation of the diffusion parameter within

the IC 5146 region due to the magnetic fluctuations. Here four sub-regions of IC

5146 are analysed to demonstrate the lack of evidence in large spatial variations of

the diffusion parameter, if adopting a fixed magnetic field strength and gas density.

Four circular regions (of radius 10’, labelled A, B, C and D) around the hub/core

filament structures of the region, shown in Arzoumanian et al. (2011) and Wang

et al. (2017), are selected. The Rc-, i’-, H- and K- bands are analysed separately to

determine whether there is any variation between observational bands. The number

of data points in each region is summarised in Table 2.

The diffusion parameter is computed for each region and band according to

section 5.2.2, for which a magnetic field strength on the plane of the sky is esti-

mated from the density using equation 5.52 (a relation appropriate specifically for

the IC 5146 region), and for a CR energy of 1 GeV. Given the large ranges in vol-

Region RA Dec Number of points

A 21h 53m 0s 47o 14′ 0′′ 34 (Rc), – (i), 120 (H-), 15 (K-)

B 21h 50m 0s 47o 30′ 0′′ 53 (Rc), – (i), 87 (H-), 15 (K-)

C 21h 45m 0s 47o 40′ 0′′ 48 (Rc), 41 (i), 165 (H-), 14 (K-)

D 21h 48m 0s 48o 10′ 0′′ 70 (Rc), 92 (i), 187 (H-), 10 (K-)

Table 2: Location and number of points in each analysis region. Each region selects all

points within a radius of 10’ from the centre. Note that only regions C and D intersect

the smaller observation window for the i-band data. Region A roughly corresponds to the

Cocoon Nebula.
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ume density throughout each region, a characteristic value of 103 cm−3 is used for

this comparative estimate. Note that future dedicated work should more carefully

quantify the structures of magnetic and density fields with higher resolution. The

results are shown in Fig. 1, where error bars are at 1σ confidence level. There is a

slight tension in the Rc-band data between the values derived for the four regions.,

However there is no evidence of variation in any of the other bands. Moreover, the

K-band yields slightly lower values for the diffusion coefficient, which presumably

results from each of the bands being sensitive to slightly different scales (see also

Wang et al. 2019) and subject to different opacities into the cloud. Hence, there

is insufficient evidence to motivate the calculations of spatially-varying diffusion

coefficients in this study.
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Fig. 1: Estimated empirical diffusion parameter values for each of the regions A, B, C and

D in each of the four bands. 1σ error bars are shown.
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R., Schuster, C., Schwanke, U., Siewert, M., Sol, H., Spangler, D., Steenkamp,

R., Stegmann, C., Tavernet, J. P., Terrier, R., Théoret, C. G., Tluczykont, M.,
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Zhang, Z.-Y. (2017), Cosmic-ray Induced Destruction of CO in Star-forming

Galaxies, ApJ 839, 90.

Black, J. H., Hartquist, T. W. and Dalgarno, A. (1978), Models of interstellar clouds.

II - The Zeta Persei cloud, ApJ 224, 448–452.

Blandford, R. D. and Ostriker, J. P. (1978), Particle acceleration by astrophysical

shocks, ApJ 221, L29–L32.

Blasi, P. (2001), The non-thermal radiation-cluster merger connection, Astroparticle

Physics 15(2), 223–240.

Blasi, P. (2013), The origin of galactic cosmic rays, A&A Rev. 21, 70.

Blasi, P., Burles, S. and Olinto, A. V. (1999), Cosmological Magnetic Field Limits

in an Inhomogeneous Universe, ApJ 514, L79–L82.

Blattnig, S. R., Swaminathan, S. R., Kruger, A. T., Ngom, M., Norbury, J. W.

and Tripathi, R. K. (2000), Parameterized Cross Sections for Pion Production in

Proton-Proton Collisions, Technical Report, NASA/TP-2000-210640; L-18021;

NAS 1.60:210640 01, 18568.



Bibliography 210

Blumenthal, G. R. (1970), Energy Loss of High-Energy Cosmic Rays in Pair-

Producing Collisions with Ambient Photons, Phys. Rev. D 1, 1596–1602.

Bohren, C. F. and Huffman, D. R. (2008), Absorption and scattering of light by

small particles, John Wiley & Sons.
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Falceta-Gonçalves, D., de Juli, M. C. and Jatenco-Pereira, V. (2003), Dusty Molec-

ular Cloud Collapse in the Presence of Alfvén Waves, ApJ 597, 970–974.

Farmer, A. J. and Goldreich, P. (2004), Wave Damping by Magnetohydrodynamic

Turbulence and Its Effect on Cosmic-Ray Propagation in the Interstellar Medium,

ApJ 604, 671–674.

Farnsworth, D., Rudnick, L., Brown, S. and Brunetti, G. (2013), Discovery of

Megaparsec-scale, Low Surface Brightness Nonthermal Emission in Merging

Galaxy Clusters Using the Green Bank Telescope, ApJ 779, 189.

Farnsworth, D., Rudnick, L. and Brown, S. (2011), Integrated Polarization of

Sources at λ ∼ 1 m and New Rotation Measure Ambiguities, AJ 141, 191.

Federer, W., Villinger, H., Howorka, F., Lindinger, W., Tosis, P., Bassi, D. and

Ferguson, E. (1984), Reaction of O+, CO+, and CH+ Ions with Atomic Hydrogen,

Physical Review Letters 52, 2084–2086.

Federman, S. R., Weber, J. and Lambert, D. L. (1996), Cosmic Ray–induced Chem-

istry toward Perseus OB2, ApJ 463, 181.

Federrath, C. (2013), On the universality of supersonic turbulence, MNRAS

436, 1245–1257.

Federrath, C. (2016), The role of turbulence, magnetic fields and feedback for star

formation, in Journal of Physics Conference Series, Vol. 719 of Journal of Physics

Conference Series, p.012002.

Federrath, C. and Klessen, R. S. (2013), On the Star Formation Efficiency of Tur-

bulent Magnetized Clouds, ApJ 763, 51.

Fender, R., Wu, K., Johnston, H., Tzioumis, T., Jonker, P., Spencer, R. and van

der Klis, M. (2004), An ultra-relativistic outflow from a neutron star accreting

gas from a companion, Nature 427(6971), 222–224.

Feretti, L., Fusco-Femiano, R., Giovannini, G. and Govoni, F. (2001), The giant

radio halo in Abell 2163, A&A 373, 106–112.



Bibliography 222

Feretti, L., Giovannini, G., Govoni, F. and Murgia, M. (2012), Clusters of galaxies:

observational properties of the diffuse radio emission, A&A Rev. 20, 54.
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colliding galaxies, MNRAS 415, 3189–3218.

Kotera, K. and Olinto, A. V. (2011), The Astrophysics of Ultrahigh-Energy Cosmic

Rays, ARA&A 49(1), 119–153.

Koyama, K., Petre, R., Gotthelf, E. V., Hwang, U., Matsuura, M., Ozaki, M. and

Holt, S. S. (1995), Evidence for shock acceleration of high-energy electrons in the

supernova remnant SN1006, Nature 378(6554), 255–258.

Krause, M. (2015), Magnetic fields in spiral galaxies, Highlights of Astronomy

16, 399–399.

Kravtsov, A. V. and Borgani, S. (2012), Formation of Galaxy Clusters, ARA&A

50, 353–409.

Kronberg, P. P. (2010), Cosmic magnetic fields and implications for HE particle

anisotropies, in the XVI International Symposium on Very High Energy Cosmic

Ray Interactions (ISVHECRI 2010), Batavia, IL, USA, p.9.

Kronberg, P. P. (2016), Magnetic field outflow from dwarf and starburst galaxies, in

Cosmic Magnetic Fields, Cambridge Astrophysics, Cambridge University Press,

p.100–116.

Kronberg, P. P., Bernet, M. L., Miniati, F., Lilly, S. J., Short, M. B. and Higdon,

D. M. (2008), A Global Probe of Cosmic Magnetic Fields to High Redshifts, ApJ

676(1), 70–79.



Bibliography 238

Kronberg, P. P., Dufton, Q. W., Li, H. and Colgate, S. A. (2001), Magnetic Energy

of the Intergalactic Medium from Galactic Black Holes, ApJ 560, 178–186.

Kronberg, P. P. and Perry, J. J. (1982), Absorption lines, Faraday rotation, and

magnetic field estimates for QSO absorption-line clouds, ApJ 263, 518–532.

Kronberg, P. P., Lesch, H. and Hopp, U. (1999), Magnetization of the Intergalactic

Medium by Primeval Galaxies, ApJ 511(1), 56–64.

Krymskii, G. F. (1977), A regular mechanism for the acceleration of charged parti-

cles on the front of a shock wave, Akademiia Nauk SSSR Doklady 234, 1306–1308.

Kuchar, P. and Enßlin, T. A. (2011), Magnetic power spectra from Faraday rotation

maps. REALMAF and its use on Hydra A, A&A 529, A13.

Kudoh, T. and Basu, S. (2008), Three-dimensional Simulation of Magnetized

Cloud Fragmentation Induced by Nonlinear Flows and Ambipolar Diffusion, ApJ

679, L97.

Kulsrud, R. and Pearce, W. P. (1969), The Effect of Wave-Particle Interactions on

the Propagation of Cosmic Rays, ApJ 156, 445.

Kulsrud, R. M. (2005), Plasma physics for astrophysics, Princeton University Press.

Kulsrud, R. M., Cen, R., Ostriker, J. P. and Ryu, D. (1997), The Protogalactic

Origin for Cosmic Magnetic Fields, ApJ 480(2), 481–491.

Kulsrud, R. M. and Cesarsky, C. J. (1971), The Effectiveness of Instabilities for the

Confinement of High Energy Cosmic Rays in the Galactic Disk, Astrophys. Lett.

8, 189.

Kulsrud, R. M. and Zweibel, E. G. (2008), On the origin of cosmic magnetic fields,

Reports on Progress in Physics 71(4), 046901.

Kumar, P. and Zhang, B. (2015), The physics of gamma-ray bursts and relativistic

jets, Phys. Rep. 561, 1–109.

Kutta, W. (1901), Beitrag zur naherungsweisen integration totaler differentialgle-

ichungen, Z. Math. Phys. 46, 435–453.



Bibliography 239

Kylafis, N. D. (1983), Linear polarization of interstellar radio-frequency absorption

lines and magnetic field direction, ApJ 275, 135–144.

Lacki, B. C. and Beck, R. (2013), The equipartition magnetic field formula in star-

burst galaxies: accounting for pionic secondaries and strong energy losses, MN-

RAS 430, 3171–3186.

Lacki, B. C., Thompson, T. A. and Quataert, E. (2010), The Physics of the Far-

infrared-Radio Correlation. I. Calorimetry, Conspiracy, and Implications, ApJ

717, 1–28.

Lada, C. J., Alves, J. and Lada, E. A. (1999), Infrared Extinction and the Structure

of the IC 5146 Dark Cloud, ApJ 512(1), 250–259.

Lai, S.-P., Girart, J. M. and Crutcher, R. M. (2003), Interferometric Mapping of

Magnetic Fields in Star-forming Regions. III. Dust and CO Polarization in DR

21(OH), ApJ 598(1), 392–399.

Landi Degl’Innocenti, E. (2003), The Zeeman effect: applications to solar physics,

Astronomische Nachrichten 324(4), 393–396.

Lang, K. R. (1974), Astrophysical formulae : a compendium for the physicist and

astrophysicist, Springer-Verlag Berlin Heidelberg.

Larson, R. B. (1974), Effects of supernovae on the early evolution of galaxies, MN-

RAS 169, 229–246.

Larson, R. B. (1975), Models for the formation of elliptical galaxies., MNRAS

173, 671–699.

Larson, R. L., Evans, Neal J., I., Green, J. D. and Yang, Y.-L. (2015), Evidence

for Decay of Turbulence by MHD Shocks in the ISM via CO Emission, ApJ

806(1), 70.

Latter, W. B., Walker, C. K. and Maloney, P. R. (1993), Detection of the Carbon

Monoxide Ion (CO+) in the Interstellar Medium and a Planetary Nebula, ApJ

419, L97.

Lazarian, A. (1995), Davis-Greenstein Alignment of Nonspherical Grains, ApJ

453, 229.



Bibliography 240

Lazarian, A., Goodman, A. A. and Myers, P. C. (1997), On the Efficiency of Grain

Alignment in Dark Clouds, ApJ 490(1), 273–280.

Lazarian, A. and Beresnyak, A. (2006), Cosmic ray scattering in compressible tur-

bulence, MNRAS 373(3), 1195–1202.

Lazarian, A. and Hoang, T. (2007), Radiative torques: analytical model and basic

properties, MNRAS 378(3), 910–946.

Lazarian, A. and Hoang, T. (2008), Alignment of Dust with Magnetic Inclusions:

Radiative Torques and Superparamagnetic Barnett and Nuclear Relaxation, ApJ

676(1), L25.

Lazarian, A. and Hoang, T. (2019), Magnetic Properties of Dust Grains, Effect of

Precession, and Radiative Torque Alignment, ApJ 883(2), 122.

Lazarian, A. and Pogosyan, D. (2016), Spectrum and Anisotropy of Turbulence from

Multi-frequency Measurement of Synchrotron Polarization, ApJ 818, 178.

Lee, C.-F., Rao, R., Ching, T.-C., Lai, S.-P., Hirano, N., Ho, P. T. P. and Hwang,

H.-C. (2014), Magnetic Field Structure in the Flattened Envelope and Jet in the

Young Protostellar System HH 211, ApJ 797, L9.

Lee, J.-E., Evans, Neal J., I., Shirley, Y. L. and Tatematsu, K. (2003), Chemistry

and Dynamics in Pre-protostellar Cores, ApJ 583(2), 789–808.

Lee, S., Lele, S. K. and Moin, P. (1991), Eddy shocklets in decaying compressible

turbulence, Physics of Fluids A 3(4), 657–664.

Lequeux, J. (2005), The Interstellar Medium, Springer.

Li, H.-B., Dowell, C. D., Goodman, A., Hildebrand, R. and Novak, G. (2009),

Anchoring Magnetic Field in Turbulent Molecular Clouds, ApJ 704, 891–897.

Li, H.-B., Fang, M., Henning, T. and Kainulainen, J. (2013), The link between

magnetic fields and filamentary clouds: bimodal cloud orientations in the Gould

Belt, MNRAS 436, 3707–3719.

Li, H.-B. and Henning, T. (2011), The alignment of molecular cloud magnetic fields

with the spiral arms in M33, Nature 479, 499–501.



Bibliography 241

Li, H.-B. and Houde, M. (2008), Probing the Turbulence Dissipation Range and

Magnetic Field Strengths in Molecular Clouds, ApJ 677(2), 1151–1156.

Li, H.-B., Yuen, K. H., Otto, F., Leung, P. K., Sridharan, T. K., Zhang, Q., Liu,

H., Tang, Y.-W. and Qiu, K. (2015a), Self-similar fragmentation regulated by

magnetic fields in a region forming massive stars, Nature 520(7548), 518–521.

Li, P. S., McKee, C. F. and Klein, R. I. (2015b), Magnetized interstellar molecular

clouds - I. Comparison between simulations and Zeeman observations, MNRAS

452, 2500–2527.

Liang, H., Hunstead, R. W., Birkinshaw, M. and Andreani, P. (2000), A Powerful

Radio Halo in the Hottest Known Cluster of Galaxies 1E 0657-56, ApJ 544, 686–

701.
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Rodŕıguez, L. F. R. (2005), Molecular Clouds: Fragmentation, Modeling and Ob-

servations, in C. Lidman and D. Alloin (eds.), The Cool Universe: Observing

Cosmic Dawn, Vol. 344 of Astronomical Society of the Pacific Conference Series,

p.146.

Rudd, M. E. (1991), Differential and total cross sections for ionization of helium

and hydrogen by electrons, Phys. Rev. A 44, 1644–1652.

Rudd, M. E., Goffe, T. V., Dubois, R. D., Toburen, L. H. and Ratcliffe, C. A. (1983),

Cross sections for ionization of gases by 5 − 4000 keV protons and for electron

capture by 5− 150 keV protons, Phys. Rev. A 28, 3244–3257.

Rudd, M. E., Kim, Y. K., Madison, D. H. and Gallagher, J. W. (1985), Electron

production in proton collisions: total cross sections, Rev. Mod. Phys. 57, 965–994.
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Kwon, W., Qiu, K., André, P., Aso, Y., Byun, D.-Y., Chen, H.-R., Chen, M. C.,

Chen, W. P., Ching, T.-C., Cho, J., Choi, M., Chrysostomou, A., Chung, E. J.,



Bibliography 266
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Nomenclature

Physical constants

c speed of light in a vacuum 2.99792458× 1010 cm s−1

e electron charge 4.8032068× 10−10 esu

g acceleration due to Earth’s gravity 980.665 cm s−2

G gravitational constant 6.67259× 10−8 cm3 g−1 s−2

h Planck constant 6.6260755× 10−27 erg s

~ reduced Planck constant 1.05457266× 10−27 erg s

kB Boltzmann constant 1.380658× 10−16 erg k−1

me electron mass 9.1093897× 10−28 g

mp proton mass 1.6726231× 10−24 g

Astronomical units

pc parsec 3.0857× 1018 cm

ly light year 9.461× 1017 cm

M� solar mass 1.9891× 1033 g

R� solar radius 6.960× 1010 cm

L� solar luminosity 3.9× 1033 erg s−1

Cosmological parameters (Planck 2015)

H0 Hubble constant (67.8± 0.9) km s−1 Mpc−1

ns tilted scalar spectral index 0.968± 0.006

Ωm matter density parameter 0.308± 0.012

σ8 amplitude of mass fluctuations at 8h−1 Mpc 0.815± 0.009
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Greek symbols

α spectral index

αf fine-structure constant

β ratio of relativistic speed to the speed of light

χ magnetic concentration parameter

χ ionisation fraction

γ Lorentz factor

∆ change in

∆+, ∆++ Delta resonances

δ index for magnetic field diffusion

εB energy of magnetic field

εν Stokes emission at frequency ν

εph energy of Compton cooling

εCR,i CR energy density across all components

εCR energy density of CRs

εCR,MW energy density of CRs in the Milky Way ISM

εI emission coefficient of Stokes intensity I

εQ emission coefficient of Stokes intensity Q

εU emission coefficient of Stokes intensity U

εV emission coefficient of Stokes intensity V

Γ(...) Gamma function

ΓHE,i spectral index of HE component for i species

ΓLE,i spectral index of LE component for i species

γe electron Lorentz factor

γi low energy cut-off of relativistic electrons

γp proton Lorentz factor

γth
p Lorentz factor of a proton at threshold energy

γA adiabatic index for cosmic rays, value 4/3

η magnetic scaling factor

η magnetic diffusivity

κ absorption coefficient of Stokes intensity I

κ̄π average pion-production inelasticity
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K5/3 Bessel function of order 5/3

Λ Coulomb factor

ln Λ Coulomb logarithm

λ wavelength of radiation

λ1 CR resonant scattering length scale parallel to background magnetic field

λtd turbulent decay length scale

µ mean molecular weight

µ̃ cosine of pitch angle

ν frequency of radiation

νc critical frequency

Ω solid angle

Ωin solid angle of incoming CRs

Ωr energy density of radiation

Ωm energy density of matter

Ωk curvature

ΩΛ energy density of dark energy

ϕ angle of polarisation (PA)

ϕ0 intrinsic angle of polarisation

ψ angle of the filament to the sky plane

Πlin degree of linear polarisation

Πcir degree of circular polarisation

ρ plasma density

σR standard deviation of RM

σT Thomson cross-section

σion
e,x cross-section associated with ionisation process x between electrons

and neutral medium

σion
p,x cross-section associated with ionisation process x between protons

and neutral medium

σpπ total inelastic pp interaction cross section

σion
H (Ee;E1) cross section for the production of knock-on electrons of energy Ee

due to an initial CR energy E1

〈σv〉 rate per particle of momentum exchange between ions and neutral

particles, averaged over a thermal distribution
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σex collisional excitation cross section

σion ionisation cross section

σ[π±] inclusive cross section for the formation of charged pions

ςR standard deviation of RM across the simulated sky plane

τ optical depth

τtd turbulent decay time scale

Θ(γ − γi) step function

Θ(s) weighting factor of electrons contributing to Faraday rotation

θ angle between magnetic field vector and line-of-sight

θin pitch angle of incoming particle’s velocity and magnetic field orientation

ψ azimuthal angle on a Poincaré sphere

ω angular frequency

ωB electron gyro-frequency

ωc cyclotron frequency

ωL CR gyro-frequency

ωp plasma frequency

Υ(s) local fraction of non-thermal electrons

υ absorption coefficient of Stokes intensity V

ϕ polarisation angle (PA)

ξ0, ξ± multiplicities of neutral & charged pions

ξ(µ̃in, µ̃) combined focusing and mirroring effects

ζ contrast factor

ζH ionisation rate

ζH,min
LECRs ionisation rate due to the minimum W98 LECR spectrum

ζH,max
LECRs ionisation rate due to the maximum M02 LECR spectrum

ζH
HECRs ionisation rate due to HECRs above a GeV

ζ ion differential direct ionisation rate

Physics notations

A normalisation factor

A(`) auto-correlation function

a index of cloud density profile
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a cosmological scale factor

ai area covering factor in ith direction

b slope of best-fit power law relation

bC cooling rate via electron-Coulomb interactions

bff cooling rate due to electron Bremssthrahlung (free-free)

bion cooling rate due to interactions with Hydrogen per CR electron

brad Compton and synchrotron cooling rates

be(γe, s) total cooling rate

b(E, s) cooling coefficient

B magnetic field

B magnetic field strength

B0 mean ISM value of magnetic field strength

B‖rms root-mean-square of line-of-sight magnetic field strength

B‖ line-of-sight magnetic field strength

Bω Rayleigh-Jeans intensity

C normalisation factor for relativistic electron energy spectrum

c1, c2, c3 rate coefficients of chemical tracers in molecular clouds

D(E, s) diffusion coefficient

D0 effective, empirical normalisation to the diffusion coefficient

Dt turbulent diffusivity

D D statistic in KS test

D dispersion measure

d order number

E electric field

E energy

E0 reference energy in ñHE,i

Emax maximum energy

Eq energy grid point

Eth
p threshold kinetic energy for the pp interaction

Eh energy a ‘knock-on’ electron contributes towards heating

EB binding energy

f Faraday rotation coefficient

f volume filling factor
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fU fraction of CR energy density attributed to the HE component

fH2 molecular Hydrogen fraction

Fe,i electron-ion frictional force

F [...] Fourier Transform

F (z) Airy integral

FX X-ray flux

gB Gaunt factor

g normalisation of binding energy

g Faraday conversion coefficient between Stokes intensities Q and V

g(Ψ) pitch-angle distribution

H specific heating rate

h Faraday conversion coefficient between Stokes intensities U and V

I Stokes I intensity

Iν specific intensity

Itot total polarised Stokes intensity

Ilin linear polarised intensity

Icir circular polarised intensity

IX X-ray intensity

IR radio intensity

I⊥ contribution from the orthogonal magnetic field fluctuations

ib bin index

J total angular momentum

J (λ1) dimensionless parallel fluctuation term

j current

j CR (in)flux

K5/3(ξ) modified Bessel function

κν transfer matrix

k wavenumber

kc wavenumber normalisation

kxx rate coefficient for process ID xx

kT rate coefficient related to T process

kP rate coefficient related to P process

kI rate coefficient related to I process
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kc wavenumber normalisation

l correlation length

l separation length between PAs

L orbital angular momentum

L characteristic length scale

Lint integral length scale

LX X-ray luminosity

MJ Jeans mass

mS electron spin quantum number

mL orbital angular momentum quantum number

mJ total angular momentum quantum number

m quantum number

mc cloud mass fraction

mπ0 neutral pion rest mass

N number

N chemical abundance

NH column density

Npair number of unique pairs in a data set of Np individual points

Nbins number of bins

N normally-distributed fluctuations

n0 normalisation of CR heating rate by Alfvén waves

nc density of filament ridge

np proton number density

ne electron number density

n̄e mean electron number density

nH number density of all gas within the cloud, whether atomic or

molecular Hydrogen

nB baryonic number density

ne,th thermal electron number density

ne,nt non-thermal electron number density

nions number density of ions

ñHE,i normalisation of high-energy (HE) component

ñLE,i normalisation specified by the HE spectrum at 1 GeV (at E0)
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ne,1 number density of primary electrons

ne,2 number density of secondary electrons

nc density of filament ridge

Õk observable on the lattice grid k

P power

P pressure

Pc CR pressure

Pµµ FP coefficient

P̂ (k) power spectrum

p electron distribution index

p probability value

p index of density profile

p̄ index of magnetic field profile

q index of mean magnetic field strength across filaments

q absorption coefficient of Stokes intensity Q

Q Stokes Q intensity

Qe|q,r injection of CRs/source term

Q(E, s) source term (CR injection)

Qhad
e injection of CR electron secondaries

QK
e knock-on injection term

QA Alfvén heating power

QI(s) ionisation heating power

R rotation measure

R ratio of chemical abundances

Rflat characteristic length scale of flat profile or filament width

re classical electron radius

r radius

rL CR gyro-radius around magnetic field

rL,0 gyro-radius of a 1-GeV CR proton in a 5µG magnetic field

rmax maximum index on spatial grid

rvir virial radius

S(E, s) sink term (CR absorption/attenuation)

S total spin
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Sν surface brightness or source function

Sp(γp, s) proton absorption rate by the pp process

Sd(`) angular dispersion function of order d

sc size of cloud

sr spatial grid point

s distance of propagation

∆s step size

T temperature

Teff effective temperature

Teq equilibrium temperature

t time

td decay time scale

te cooling time scale

U Stokes U intensity

UB magnetic energy density

u absorption coefficient for Stokes intensity U

V Stokes V intensity

v absorption coefficient for Stokes intensity V

v velocity

vA Alfvén speed

vin speed of incoming particle

v‖ velocity component along magnetic field vector

v⊥ velocity component perpendicular to the magnetic field vector

xi ionisation fraction

xi,0 normalisation for ionisation fraction

x ionisation process

Y� solar metallicity

Z random number

|Z| magnitude of particle charge

z redshift
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Acronyms

AGN active galactic nuclei

AIA Atmospheric Imaging Assembly

ALMA Atacama Large Millimetre/Submillimetre Array

AMR adaptive mesh refinement

AR autoregression

ATCA Australia Telescope Compact Array

Athena Advanced Telescope for High Energy Astrophysics

ATNF Australia Telescope National Facility

CARMA Combined Array for Research in Millimetre-wave Astronomy

CMB cosmic microwave background

CDF cumulative distribution function

CN cyanide

CO carbon monoxide

CPRT Cosmological Polarised Radiative Transfer

CR cosmic ray

CSIRO Commonwealth Scientific and Industrial Research Organisation

CTA Cherenkov Telescope Array

DCF Davis-Chandrasekhar-Fermi

DM dispersion measure

EHT Event Horizon Telescope

EM electromagnetic

ESA European Space Agency

EVN European VLBI Network

FAST Five-hundred-metre Aperture Spherical radio Telescope

FFT fast Fourier transform

FLRW Friedmann-Lemâıtre-Robertson-Walker

FP Fokker-Planck

FRB fast radio burst

GADGET GAlaxies with Dark matter and Gas intEracT

GBT Green Bank Telescope

GCMHD+ Galactic Chemodynamics MagnetoHydroDynamics
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GK Goldreich-Kylafis

GMRT Giant Metrewave Radio Telescope

GRB gamma-ray burst

HECR high-energy cosmic ray

HI hydrogen line in 21 cm

HMI Helioseismic and Magnetic Imager

HR high resolution

ICM intracluster medium

IDL Interactive Data Language

IGM intergalactic medium

IRAM Institut de Radioastronomie Millimétrique

ISM interstellar medium

JVLA Jansky Very Large Array

KS Kolmogorov-Smirnov

ΛCDM Lambda–Cold Dark Matter

LAPACK Linear Algebra PACKage

LAT Large Area Telescope

LECR low-energy cosmic ray

LMT Large Millimetre Telescope

LOFAR Low Frequency Array

LOS line-of-sight

LSS large-scale structure

MC molecular cloud

MHD magneto-hydrodynamic

MT Mersenne Twister

MWA Murchison Widefield Array

NASA National Aeronautics and Space Administration

NRAO National Radio Astronomy Observatory

NVSS NRAO VLA Sky Survey

ODE ordinary differential equation

OHM hydroxyl Megamasers

PDF probability density function

PI polarised intensity
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PRNG pseudo-random number generator

PRT polarised radiative transfer

QCD quantum-chromo-dynamics

RK Runge-Kutta

RM rotation measure

RMF rotation measure fluctuation

rms root mean square

ROSAT ROentgen SATellite

RT radiative transfer

SDC scalar divergence cleaning

SF structure function

SKA Square Kilometre Array

SDO Solar Dynamics Observatory

SiO silicon monoxide

SKA Square Kilometre Array

SMA SubMillimetre Array

SNR supernova remnant

SPMHD Smoothed Particle MagnetoHydroDynamics

SOHO Solar and Heliospheric Observatory

VLA Very Large Array

VLBA Very Long Baseline Array

VLBI Very Long Baseline Interferometry

WMAP Wilkinson Microwave Anisotropy Probe

WSRT Westerbork Synthesis Radio Telescope

Superscripts/Subscripts

0 initial

aniso anisotropic

cir circular

co co-moving

CR cosmic ray

e electron
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eq equilibrium

in incoming

HE high-energy

IR infrared

iso isotropic

LE low-energy

lin linear

MW Milky Way

max maximum

min minimum

nt non-thermal

obs observed

OP optical

ord ordered

p proton

re relativistic

reg regular

rms root-mean-square

td turbulent decay

th thermal

tot total

turb turbulent

vir virial

x in the x-direction

y in the y-direction

z in the z-direction

xy in the xy plane

xz in the xz plane

yz in the yz plane

‖ parallel

⊥ perpendicular
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