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Abstract

Our main aim is to investigate the relation between free ideal rings (firs) which
are algebras over a field and the rings obtained from them by a commutative field
extension of scalars. Having in mind the monoid of projectives of these rings, we
prove that commutative monoids with distinguished element which are conical
and have the UGN property are strongly embedded in their coproduct and that
the coproduct inherits some properties of its factors. This result, in conjunction
with Bergman’s coproduct theorems, is used to establish links between coproducts
of skew fields and the rings obtained from them by extension of scalars. The
notion of a power-free ideal ring is explored when looking at coproducts and,
more generally, at rings obtained by matrix reduction of coproducts. We also
look at firs of the form R = Fy(X), where F is either a finite Galois extension
or a simple purely inseparable extension of k. These firs, when tensored with F'
over k, give rise to rings that are no longer firs, but they are very close to being
full matrix rings over firs in the sense that the adjunction to R of a single inverse
(in the purely inseparable case) or of finitely many inverses (in the Galois case)
originates a ring which under the same extension of scalars is a full matrix ring
over a fir. The universal field of fractions of a fir obtained by this construction is
just the skew field component of the simple artinian ring obtained by extending

the scalars of the universal field of fractions of R.
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Introduction

The concept of a free ideal ring (fir) was first introduced by Cohn in the study of
rings which can be embedded in skew fields. Later the class of all rings embedded
in skew fields which preserve full matrices was named the class of Sylvester do-
mains and firs are therefore seen as special cases of Sylvester domains. The first
chapter of this thesis summarizes all the results needed in the rest of the work
concerning the theory of firs and Sylvester domains, monoid of projectives and
the Bergman coproduct theorems. Section 1.4 contains preliminary results on the
direction of the main proposal of this thesis to which no convenient reference was
available.

It has been known that the centres of firs which are not principal ideal domains
are fields—so that these rings can be regarded as algebras over a field. A natural
question arising from this observation is that of the description of the structure
of the rings obtained from firs which are algebras over a field by extension of
the ground field. We call rings obtained from this process extended firs. Since
extended firs can be regarded as subrings of their extended universal field of
fractions, in the case of finite ground field extensions, they are subrings of simple
artinian rings. In Chapter 4 we use this information and try to see how far they
are from being matrix rings themselves.

To obtain information on the structure of extended firs we look at the module
categories over these rings. A way of measuring the distance of an extended fir
from being a fir is by measuring the distance of its modules from being free. To
do so, we first look at the global dimension of the extended firs. This provides us
with the information on how far modules are from being projective. The second

step is to look at the monoid of projectives of such rings. This will tell us how



far projectives are from being free.

In the case of separable extensions of the ground field of a fir, the answer to
the first question is easily found: extended firs are hereditary. This is the contents
of Proposition 1.4.4. The results quoted in the rest of this paragraph are new.
Chapter 2 deals with the second question. In this chapter a theory of commu-
tative monoids with distinguished element is developed and special attention is
given to coproducts in this category. The main result in this chapter is Theorem
2.1.3 which states that under certain conditions, the coproduct in this category is
faithful and separating. This proves useful when considering rings obtained from
ground field extensions of firs which are coproducts of “simpler” firs. By “sim-
pler”, is meant firs whose extensions have a better known structure. Theorem
2.2.2, used in conjunction with Bergman’s theorem on the monoid of projectives
of a coproduct of rings, tells us that properties of the monoid of projectives of
the extended factors of the coproduct are preserved in the coproduct.

The main tool for studying coproducts of rings are Bergman’s coproduct the-
orems (Theorems 1.3.2 and 1.3.4). These theorems are strong enough to answer
the questions on the global dimension and the monoids of projectives of extended
coproducts of skew fields, a large class of examples of firs. Extended coproducts
of skew fields are dealt with in Chapter 3. In particular, we prove that in some
cases, the extended ring is a power free ideal ring (pfir) (Proposition 3.2.2)—a new
concept that generalizes the concept of a fir. The coproduct theorems also prove
useful in the study of extensions of firs obtained by matrix reductions of “simpler”
firs. An example is Corollary 3.3.5 which states that the matrix reduction of a
skew field under a central field extension is a pfir.

Tensor rings, another large class of examples of firs, are studied in Chapter 4.
Theorems 4.2.12 and 4.3.14 are original and the most important of this chapter.
Using the fact that an extended fir is a subring of a matrix ring, we enlarge the
original fir in order to obtain a matrix ring after the extension. This is always
possible, because if R is a ring which can be embedded in a skew field U and
both have the same centre k, then, if F/k is a finite commutative field extension,

Rr = R ®i F can be embedded in Ug, which is a simple artinian ring, thus a



matrix ring. For each matrix unit e;; of Ug, there is a natural number s and

elements u, € U and A\, € E, r =1,...,s such that

s
€ij = E Ur @ )‘r'
r=1

So if we take S to be a ring between R and U which contains all the elements
u, described above, we find that Sg is also isomorphic to a matrix ring. In
chapter 4, we apply this idea to two special tensor rings and extensions; we look
at Fy(z) ® F, where F is a finite commutative field extension of k. In Section 4.2
we take F'/k to be Galois and in the following section we take F' to be a simple
purely inseparable extension of k. It is proved that the adjunction of only a finite
number of inverses to R is enough to produce the matrix units. We develop full
calculations of generators and relations of Sg to conclude that, in these specific

cases, Sg is in fact a matrix ring over a fir (Theorems 4.2.12 and 4.3.14).

A convention used in this thesis is that all rings are associative, but not
necessarily commutative, and have a unit element, different from zero, which is
preserved by homomorphisms, inherited by subrings and acts unitally on modules.

Commutative rings which are fields will be referred to as commutative fields.
Noncommutative fields will be called, in general, skew fields. Occasionally, when
no possibility of confusion may arise, the adjectives “commutative” and “skew”
will be dropped. This is the case when we speak of the universal field of fractions
of a fir, for instance. We recall that a ring is called semisimple if it is isomorphic
to a finite direct product of matrix rings over skew fields.

Finally, maps will we written on the left and composed accordingly, that is,
from right to left, with a unique exception in Section 4.2, where the exponential

notation is used for automorphisms.



List of notation

In the list below R, S will stand for arbitrary rings, P a right module over R, D a
skew field, K a sub-skew field of D, X a set, k a commutative field, S a k-algebra

and F a commutative field extension of k.

N The set of non-negative integers

P™ Direct sum of m copies of P

R™ Free right R-module on m generators

R x S Direct product of R and S

Dg(X) Free Dg-ring on X, p. 14

xpR; Coproduct of the family of R-rings (R;), p. 24
R, xp Ry Coproduct of the R-rings R; and R,

™R"™ Set of all m x n matrices over R

Ry, Localization of R at a set of matrices X, p. 15
Z(R) Centre of R

P(R) Monoid of projectives of R, p. 16

1), Distinguished element of the commutative monoid M, p. 17

[ I M; Coproduct of the family of commutative monoids with distinguished ele-

ment (M;), p. 18



M ][y N Coproduct of the commutative monoids with distinguished element M
and N

M,(R) Ring of n X n matrices over R

Ag Tensor product A ®; FE

pdr(P) Projective dimension of P

r.gl.dim(R) Right global dimension of R

E(p) Monoid congruence generated by the relation p
M/E(p) Quotient of the monoid M by the congruence E(p)
¢ — d Elementary transition, p. 35

lim C; Direct limit of the direct set (C;)

M x N Direct product of the commutative monoids with distinguished element

M and N
20,,(T; R) n x n matrix reduction of the R-ring T', p. 60
[E : k] Degree of the extension F/k
Lg, R, Left and right multiplications by a € A
M(A) Multiplication algebra of A
Endi(A) Set of all the k-linear endomorphism of A
ker(f) Kernel of the morphism f
Gal(E/k) Galois group of the extension F/k
d;; Kronecker delta
E \ k Set of elements of E outside k

(’;) Number of subsets of size 7 of a set of size n
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Chapter 1

Background

1.1 Firs and Sylvester domains

In this section, we will present the definitions and main results related to the
theory of firs and Sylvester domains and their properties of embeddability into
skew fields. The presentation will follow Cohn (cf. [6] and [9]). Most theorems
will be stated without proofs and will be included just for completeness of the
whole text.

We remind the reader that all rings are associative, have a unit element,
different from zero, which is preserved by homomorphisms, inherited by subrings

and acts unitally on modules.

1.1.1 Firs and semifirs

We start by giving some definitions which characterize rings with some restric-
tive properties about ranks of free modules. We will be working with finitely
generated right modules over R. All definitions below, although stated in terms
of right modules, will not contain the modifier “right”, because a ring satisfying
one of them will surely satisfy the dual definition, which is obtained by the du-
ality between the category of finitely generated projective right R-modules and
the category of finitely generated projective left R-modules given by the functor
Homg(-, Rg).

11



Let R be a ring. R is said to have invariant basis number (IBN) if, for all
m,n € N, R™ = R"™ implies m = n; R is said to have unbounded generating
number (UGN) if for all m,n € N, R™ = R™ @ K implies m > n; R is said to be
weakly finite if for alln € N, R* 2 R™ @ K implies K = 0.

We will also have to deal with rings which have some restrictions on the
behaviour of some (or all) of its finitely generated projective modules. A ring R
is said to be an Hermite ring if for all m,n € N, P@® R™ = R" impliesn > m
and P =2 R™™. R is said to be power-free if it has IBN and for each finitely
generated projective module P there exists n € N, which depends on P, such that
P" is free. R is said to be projective trivial if there exists a projective module P
such that for every finitely generated projective module (), there exists a unique
n € N, which depends on @), such that Q = P™. Finally, R is said to be projective
free if it has IBN and every finitely generated projective module is free.

We say that a ring R has the cancellation of projectives property if for any
finitely generated projective modules P, P, @,

PeQ=P ®Q implies PP

The relations among the above properties of rings are illustrated by the fol-

lowing diagram, where a move downwards means a more restrictive property.

IBN

UGN

Weakly finite

Hermite
Power free I

\ Cancellation
/

Projective trivial

Projective free
Projective trivial rings are very closely related to projective free rings, as the
following proposition shows.
Proposition 1.1.1. For any ring R, the following properties are equivalent:

12



(a) R is a full matriz ring over a projective free ring;
(b) R is Morita equivalent to a projective free ring;

(c) R is projective trivial.
Proof. See [6, Th. 0.4.6, p. 18]. O

We now come to the definitions of firs and semifirs.

Definition. A ring R is a semifir if it has IBN and every finitely generated right

ideal is free.

The above definition is equivalent to its dual—reason why we speak of semifirs

instead of right semifirs. (Cf. [6, Ch. 1])

Definition. A ring R is a right (left) fir if it has IBN and every right (left) ideal
18 free. A right and left fir is called a fir.

We can give more homological characterizations of firs and semifirs. And this

is the content of the following theorem.

Theorem 1.1.2. Let R be a ring.
(a) R is a semifir if and only if it is weakly semihereditary and projective free.

(b) R is a right fir if and only if it is right hereditary and projective free.
Proof. See [6, Th. 1.4.1 and Cor. 1.4.2, pp. 77-78]. O
In particular, we have

Theorem 1.1.3. For any ring R the following conditions are equivalent:
(a) R is a full matriz ring over a semifir (resp. fir);
(b) R is Morita-equivalent to a semifir (resp. fir) ;

(¢) R is weakly semihereditary (resp. hereditary) and projective free.
Proof. See [6, Th. 1.4.4, p. 78 and Ex. 1.4.3, p. 79]. O

The first examples of firs are skew fields and principal ideal domains; in fact,
principal left ideal domains are always left firs. As nontrivial examples of firs, we

look at two large classes of rings. First, let D be a skew field and K a subfield
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of D. Then the free Dg-ring Dg(X) on a set X is a fir. Dg(X) is also called
the Dg-tensor ring on X (cf. [6, p. 61]). This is the contents of Th. 2.6.2 on p.
114 of [6] (cf. also Corollary 1.3.7 below). Free associative algebras over arbitrary
fields are included in this class of examples and hence they are firs.

Next, we look at coproducts of skew fields. Given a family of skew fields
(D;):er all containing a common subfield K, we can consider their coproduct in
the category of K-rings, denoted by *xD;. As will be stated later, coproducts of
firs amalgamating a common subfield are firs. So *xD; is a fir (see Proposition
1.3.5 and Corollary 1.3.6 below).

In this thesis we shall mainly be interested in firs which are also algebras over
a commutative field. These firs form a large subclass of the class of all firs. In
fact, Cohn proves in [6, Cor. 6.3.4, p. 311] that the centre of a right fir which is

not a principal right ideal domain is a commutative field.

1.1.2 TUniversal fields of fractions and Sylvester domains

Given a ring R, a field of fractions of R is a skew field K given together with
an embedding R — U such that K is generated as a field by the image of R.
Cohn in [9, Ch. 4] gives necessary and sufficient conditions for a ring to have a
field of fractions. In contrast to the commutative case, a field of fractions of a
noncommutative ring does not have to be unique up to isomorphism. So in this
context we speak of the universal field of fractions of a ring, which is unique up
to isomorphism (cf. Sec. 7.2 of [6]). We shall be interested in rings which have a
universal field of fractions with an extra property. We start with some definitions.
Given a ring R, and m,n € N, let "R™ denote the set of all m x n matrices over

R.

Definition. Let R be a ring and A an m x n matriz over R. The inner rank of

A 1s defined to be the least  such that
A=BC

where B € "R" and C € "R™. The inner rank of A is denoted by p(A).

14



Clearly, if A € ™R™, then p(A) < min(m,n).

Definition. Let R be a ring and A an m x n matriz over R; then A is said to

be left full if p(A) = m, right full if p(A) = n and full if m = n and p(A) = n.

Definition. A ring R is called a Sylvester domain if for any A € ™R, B € 'R"
AB =0 implies p(A)+ p(B) <r.

We also need to define the concept of localization for arbitrary noncommu-
tative rings. Let R be a ring and ¥ a set of square matrices over R. A ring
homomorphism f from R into a ring S is called X-inverting if the image of each
matrix in ¥ is an invertible matrix in S. We yvill call a ring Ry the localization
of R at ¥ if Ry is a universal target of ¥-inverting homomorphisms from R. The

existence and uniqueness of such a ring is given by the following

Theorem 1.1.4. Given a ring R and a set ¥ of square matrices over R, there
exists a ring Ry and a homomorphism X\ : R — Ry which is X-inverting and if
f: R — S is a T-inverting homomorphism, there exists a unique homomorphism

g: Ry — S such that g\ = f.
Proof. See Th. 4.1.3 in [9]. a

That is, ¢ is a unique homomorphism making the diagram

R ——+ Ry

N

S

commute. We can also look at localization at sets of non-square matrices, in
which case, Theorem 1.1.4 is still valid, but this will be of no use for us in this
thesis.

Note that A is an epimorphism but not, in general, a monomorphism. It is
also worth noting that if R is an algebra over a commutative ring k, then the
homomorphism ) is also k-linear, for, if we denote the centre of R by Z(R), then,

since Ry is a localization of R, A(Z(R)) C Z(Rx).

15



Localization does not depend on the order that inverses of matrices are ad-

joined. That is, if R is a ring and ¥, ¥ are two sets of matrices over R, then

Rs,us, = (Rs,)yy

where X} is the image of ¥, in Ry,. This isomorphism is a direct consequence of
Theorem 1.1.4. |
The following result states that Sylvester domains are exactly the rings that

have a universal field of fractions over which every full matrix is invertible.

Theorem 1.1.5. Let R be a ring. Then the following are equivalent:
(a) R is a Sylvester domain;
(b) the localization Re at the set of all full matrices is a skew field.

Moreover, Rg is then the universal field of }'mctions of R.
Proof. See Th. 7.5.10 on p. 417 of [6] and Th. 4.5.8 on p. 181 of [9]. a

Since every semifir (and, therefore, every fir) is a Sylvester domain (cf. [6,

Prop. 5.5.1, p. 253]), we have

Corollary 1.1.6. Let R be a fir. Then R has a universal field of fractions U

such that every full matriz over R can be inverted in U. O

1.2 Monoids with distinguished element

In the study of the category of all finitely generated projective right modules over
an arbitrary ring R, it is often useful to look at the monoid of projectives of R.
This is defined to be the monoid P(R) whose elements are isomorphism classes of
finitely generated projective right modules with operation induced by the direct
sum. P(R) is a commutative monoid in which we have a distinguished element
given by the isomorphism class of R as a right R-module.

This situation motivates an abstract definition of the category of commutative
monoids with distinguished element.

In this section, if z is an element of an additive commutative monoid and n

is a natural number, the notation n.z will stand for the sum of n terms equal to

16



z, that is

nr=xrx+...+x.
N e’

n terms
1.2.1 The category of commutative monoids with distin-

guished element

Let C be the category whose objects are pairs (M, ¢), where M is an (additive)
commutative monoid and ¢ : N — M is a monoid morphism from the monoid of
the natural numbers into M. If ¢ # 0, then (M, ¢) is said to be genuine. In the
applications, we will be mainly interested in genuine commutative monoids with
distinguished element, but we can carry out the theory without assuming this
restrictive property. If (M, ) and (L, 1)) are objects of €, then a morphism from
(M, ) to (L, ) is a monoid morphism f : M — L that makes the diagram

/
M—1L

J\N/¢

commute.

Each object (M, ) of € will have, then, a distinguished element given by
1, = ¢(1). Therefore, morphisms in € are just monoid morphisms which preserve
the distinguished element.

Given an object (M, ¢pr) of € and a positive integer r, we can define a new ob-
ject (M, ¢ 1 ) in the category such that XM is the same as M as a commutative
monoid, but in %M we regard 7.1, as its distinguished element. For convenience,
we denote the elements of 1M by im, for m € M, so that the operation in XM
is given by

1 1
-m+-m' = =(m+m),
T r T

where the sum on the right-hand side is to be taken in M. With this convention,
the associated morphism @1, : N — 1M is given by p1p(n) = Lom(r.m). And
thus the distinguished element 11, is just L(rdm).

In the next subsection, we will use the construction of }M from M in order

to make a convenient use of the equivalence between the category of finitely

17



generated projective modules over a ring and the respective category over the

r X r matrix ring of that ring.

Given two objects (M, ¢), (N,v) of €, a coproduct of M and N is an object
M [y N given with morphisms f : M — M Iy N and g : N — M ][y N such
that if K is any object in €, given any morphisms f : M — K, §: N — K,
there exist a unique morphism & : M [[y N —> K such that Af = f and hg = 7.
This definition is equivalent to the definition of the pushout of the morphisms
¢ :N— M, ¢y : N — N in the category of commutative monoids. Therefore,
the coproduct of M and N in C is just a monoid M [[y N given with monoid
morphisms f, g which preserve distinguished elements and are universal with this
property. It is also customary to call M ][y N the free product of M and N
amalgamating the respective images of N.

Coproducts always exist in €. In fact, M Iy NV is just the commutative
monoid generated by M and N whose relations are those of M and N and the
relation that identifies 1,, with 1.

Given an arbitrary family of commutative monoids with distinguished ele-
ments (M;, ¢;);cr, we can also consider the coproduct of the whole family. This
will be denoted by [ [y M;.

We will come back to coproducts in € in Chapter 2.

1.2.2 Monoids of projectives

Let us recall the definition, given in the introduction, of the monoid of projectives
of an arbitrary ring. Let R be a ring and consider the set P(R) whose elements are
isomorphism classes of finitely generated projective right R-modules. So every
finitely generated projective right R-module P defines an element [P] of P(R)
and [P] = [Q] if and only if P is isomorphic to Q. P(R) can be made into a

commutative monoid by defining in it the following binary operation
[Pl+[Q=[Paql

This definiton does not depend on the choice of the representatives P and @,

because the direct sum preserves isomorphic modules. This operation is clearly

18



commutative and defines an identity element in P(R) given by the zero module.
Also, P(R) has a distinguished element given by e = [R]. It will be shown later
that P is in fact a functor from the category of rings to the category C.

Note that, to be absolutely precise, we should be speaking of the monoid of
projective right modules of R. But, by the duality between the category of finitely
generated projective right R-modules and the category of finitely generated pro-
jective left R-modules, given by the functor Hompg( - , Rg), the corresponding
monoids are isomorphic (even as monoids with distinguished elements), so we can
restrict ourselves to right modules.

As an example, take R to be a skew field; then P(R) = N, because in this case
finitely generated (projective) modules are just finite-dimensional vector spaces
over R.

Given any ring R, the monoid of projectives of R, P(R), has the following
properties:

(1) if p,q € P(R) are such that p+ ¢ =0 then p = ¢ = 0;

(2) for every element p € P(R) there exist ¢ € P(R) and a positive integer
r such that p + ¢ = r.e. This is because p = [P] for some finitely generated
projective R-module P, thus a direct summand of a free module of finite rank.

A monoid satisfying condition (1) above is called conical.

In 1974, Bergman proved that any finitely generated commutative monoid
with a distinguished element satisfying conditions (1) and (2) occurs as the

monoid of projectives of a ring. In precise terms,

Theorem 1.2.1 (Bergman). Let k be any commutative field and M a finitely
generated commutative monoid with a distinguished element e # 0 such that:
(i) for every z,y € M such that z +y =0 we have x =y =0,
(ii) for every x € M there exist y € M and n € N such that z +y = n.e.
Then there exists a k-algebra R which s right and left hereditary, such that

P(R) =2 M as monoids with distinguished elements.

Proof. See [4, Th. 6.2]. a

We can restate some of the definitions of Section 1.1 in terms of the monoid

19



of projectives of a ring.

Proposition 1.2.2. Let R be a ring. Then

(a) R has IBN if and only if the map N — P(R) is injective;

(b) every finitely generated R-module is free if and only if the map N — P(R)
s surjective.

Thus, R is projective free if and only if N — P(R) is an isomorphism.

Proof. Let ¢ : N — P(R) be the canonical morphism from N to P(R) sending 1
to e = [R).

(a) Suppose that R has IBN and that ¢(n) = ¢(m) in P(R) for some n,m € N.
This implies R™ = R™. By IBN, n = m. Thus, ¢ is injective. Conversely, suppose
that ¢ injective. Since R™ & R™ implies p(n) = n.e = m.e = ¢(m), by injectivity
of ¢, it follows that n = m. Therefore, R has IBN.

(b) If every finitely generated projective module is free, given p = [P] in
P(R), there exists n € N such that P = R™. So, p = n.e = ¢(n). Therefore, ¢
is surjective. Conversely, if ¢ is surjective, given any finitely generated projecive
module P, there exists n € N such that n.e = ¢(n) = [P], that is, P = R™.

The last statement follows immediately from (a) and (b). a

Proposition 1.2.3. Let R be a ring and let e = [R)] be the distinguished element
of P(R). Then R

(a) has UGN if and only if m.e+p = n.e, for m,n € N and p € P(R), implies
n>m;

(b) is weakly finite if and only if n.e = n.e +p, forn € N and p € P(R),
implies p = 0;

(c) is Hermite if and only if m.e + p = n.e, for myn € N and p € P(R),
impliesn > m and p = (n —m).e;

(d) is power free if and only if R has IBN and for every p € P(R) there exist
n=n(p),r =r(p) € N such that n.p = r.e.

(e) is projective trivial if and only if R has IBN and there ezists z € P(R)
such that for every p € P(R), there exists n = n(p) such that p = n.x. O
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The proofs are direct applications of the definitions of the terms involved, as

is the proof of the following consequence.

Corollary 1.2.4. A ring R is projective trivial if and only if P(R) = LN for

=
somer € N. O

We say that a ring R has the cancellation of projectives property if P(R)
satisfies the cancellation law, that is, if p+ q¢ = p' + ¢ for p, 7', ¢ € P(R) implies

p=p.
Proposition 1.2.5. Let R be a ring and denote by e the distinguished element

[R] of P(R). Then R satisfies the cancellation of projectives property if and only
ifp+e=p +ein P(R) impliesp=1p'.

Proof. We just have to prove that the condition is sufficient. Let p, 7, ¢ be ele-
ments of P(R) such that p + ¢ = p’ + ¢q. There exist ¢ € P(R) and n € N such
that ¢+ ¢ =n.e. So,p+ne=p+qg+q¢ =p' +q+4q =p + n.e. By induction
onn,p=7p. O

Let R, S be rings and f : R — S a ring homomorphism. Then f induces a
morphism f, = P(f) of monoids with distinguished element from P(R) into P(S)

in the following way.
fo + P(R) — P
[P] +— [P®rS],

where the right S-module P ®g S is obtained by extension of scalars. More

precisely, we regard S as a left R-module via

RxS — S
(r,s) — f(r)s
and we can form the abelian group P®gS, which, in fact, carries a right S-module
structure such that (z ® s)s' =z ® ss' for all z € P and s,s' € S. Since P is a

finitely generated projective R-module, there exists an R-module  and n € N

such that P®Q = R". So, (PQrS)®(Q®rS) = (P®Q)®rS = R"®rS = 5™

21



Therefore, P ®x S is a finitely generated projective S-module. It is clear that
f«([P]) depends only on the isomorphism class of P and not on P itself. Moreover,
f+ is indeed a morphism of commutative monoids with distinguished element,
because the tensor product operation commutes with the formation of direct
sums and f,([R]) = [R®g S] = [S]. In fact, P is a functor from the category of
rings to the category of commutative monoids with distinguished element.

If we start with an injective ring homomorphism f : R — S, then f, may not
be injective but, as the following proposition shows, it will be a faithful morphism,

i.e., if f.([P]) = 0 for some [P] € P(R) then [P] =0.

Proposition 1.2.6. Let R and S be rings and f : R — S an injective ring
homomorphism. Then the induced monoid morphism f. : P(R) — P(S) is a

faithful morphism.

Proof. Suppose that f,([P]) = 0 for some [P] € P(R). Consider the exact se-
quence of left R-modules

0—R-1558

and tensor it up with the projective, and therefore flat, module P. This yields
an exact sequence

00— P —PQgrS.

Since [P ®g S] = f«([P]) = 0, it follows that P is the zero module or, in other
words, that [P] = 0. So f, is faithful. O

An example of the use of the functor P is the calculation of P(9M,(R)) in
terms of P(R). Let R be a ring and FR denote the category of finitely generated
projective right R-modules and similarly with F9t,(R). We know that there is
an equivalence between FR and FM,(R), given by additive functor F' : FR —
FM,.(R) defined by F(P) = P x ... x P = {(z1,...,%,) : z; € P}. The
finitely generated projective 9, (R)-module F'(R) of the rows (ry, ..., ), where
r; € R, has the property that F(R)"* = 90,(R), that is, in P(90,(R)), we have
n.[F(R)] = [MM,(R)]. We will prove that P(9,(R)) = 1P(R). Consider the map

LPp(R) = P(M(R))
UP] ~— [F(P)].
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® is a well defined map, because F' preserves isomorphisms. Also, ® is a morphism
of monoids with distinguished elements, because F' preserves direct sums, sends
the zero module to the zero module and ®(:(n.[R])) = ®(2[R"]) = [F(R")] =
n.[F(R)] = [9M,(R)]. The fact that F' defines an equivalence implies that & is

surjective and injective, so an isomorphism. Therefore, we have

Proposition 1.2.7. Let R be a ring and n a positive integer. Then P(IM,(R))

is isomorphic to LP(R) as commutative monoids with distinguished element. [
The next result describes the behaviour of P under Cartesian products.

Proposition 1.2.8. Let R and S be rings. Then P(R x S) is isomorphic to
P(R) x P(S).

Proof. The map

P(R) x P(S) — PR xS)
(PLIQ) — [PxQ)

is a well defined injective morphism of monoids with a distinguished element. It
is also surjective, because any right R x S-module L can be written as the product

of the R-module L(1,0) with the S-module L(0,1). O

1.3 Bergman’s coproduct theorems

In this section we will state Bergman’s theorems on the global dimension of
coproducts of rings and on the description of their the monoid of projectives.
Proofs will not be given, since they can be found in the original paper [3] and, in
a simplified version, in [9, Ch. 5]. For a commented exposition without proofs,
see [14, Ch. 2].

After stating the theorems, we will use them in order to construct some ex-

amples of firs.
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1.3.1 Bergman’s theorems

Let K be an arbitrary fixed ring. We define the category of K-rings as the
category having as objects rings R given with a ring homomorphism K — R
and morphisms being commutative triangles of homomorphisms of rings. Equiv-
alently, a ring R is said to be a K-ring if R is also a K-bimodule satisfying the

following compatibility laws:
r(sz) = (rs)z; r(zs) = (rz)s; (zr)s = z(rs),

forall r,s € R and x € K. A K-ring R is said to be faithful if the natural map
K — R is injective. In this category a coproduct of a family (R))ea, denoted
by R = g R), always exists and can be defined as the ring with generators given
by the disjoint union of sets of generators of the R, and whose relations are the
relations in each R as well as the relations derived from the identifications of the

actions of K, that is, in xx R), we have

(riz)ry = r1(z79),

for any r; € Ry,,72 € Ry,,z € K. This definition makes R into \a. K-ring. If,
for each A € A, R, is embedded in R, the coproduct R is said to be faithful, in
this case, R is also known as the free product of the rings R, amalgamating the
images of K. Moreover, if the images of Ry and R, intersect exactly in K for
all A\ # u, then R is said be separating. The following theorem gives sufficient

conditions for the coproduct to be faithful and separating.

Theorem 1.3.1 (Cohn). Let K be any ring and (Rx)ea @ family of faithful K -
rings such that Ry/K is free as right K-module for all A € A. Then the coproduct
xx Ry is faithful and separating.

For a proof see [9, Th. 5.2.3, p. 213]. O

In the case where K is a skew field, the hypotheses of Theorem 1.3.1 are all
satisfied, so the coproduct is faithful and separating.
Now let us move on to Bergman’s theorems. The first result relates the global

dimension of the coproduct to that of the factors.
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Theorem 1.3.2 (Bergman). Let K be a semisimple ring and (Ry)xea @ family
of faithful K-rings. Let R denote their coproduct xxRy. Then

r.gl.dim(R) = sup{r.gl.dim(R)) : A € A}
if at least one of the Ry has positive right global dimension. If all Ry are semisim-
ple, then r.gl.dim(R) < 1.

This is Cor. 2.5 of [3]. A proof for the case where K is a skew field can also
be found in [9, Th. 5.3.5, p. 218]. O

By symmetry, we can obtain the same result for the left global dimensions.

Theorem 1.3.2 has an immediate corollary.

Corollary 1.3.3. Let K be a semisimple ring and (Ry))aea @ family faithful K-
rings. Suppose that for all A € A, Ry is a hereditary ring. Then their coproduct

g Ry is also a hereditary ring.

Proof. This is just an application of Theorem 1.3.2 with the fact that a right
hereditary ring R is a ring such that r.gl.dim(R) < 1. O

The next result describes P, the monoid of projectives, for a coproduct.

Theorem 1.3.4 (Bergman). Let K be a semisimple ring and (Ry)aen a family
of faithful K-rings. Let R denote their coproduct xxRy. Then

P(R) = [ P(Ry).

This is Cor. 2.8 of [3]. Again, for the case where K is a skew field, see [9, Th.
5.3.8, p. 221]. 0

1.3.2 Applications

In this subsection, Theorems 1.3.2 and 1.3.4 will be used to prove that two im-
portant constructions of rings provide examples of firs which, under extension of
their centres, will be analysed later on. All the results in this subsection can be

found in [9], for instance.
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Proposition 1.3.5. Let (Ry)xea be a family of firs containing a common subfield

K and denote their coproduct amalgamating K by R. Then R is again a fir.

Proof. This is Th. 5.3.9 on p. 222 of [9]. We include a proof. By hypothesis, for
every A € A, R, is hereditary. So R is hereditary, by Corollary 1.3.3. Also, by
hypothesis, for every A € A, P(R)) = N. Using Theorem 1.3.4, we conclude that
P(R) = N. Therefore, R is hereditary and projective free, so it is a fir. O

We can use the above result to prove that coproducts of skew fields amalga-

mating a common skew field and tensor rings are firs.

Corollary 1.3.6. Let (S\)xea be a family of skew fields containing a common

subfield K. Then xSy is a fir.
Proof. Every skew field is a fir. The result follows by Proposition 1.3.5. O

Corollary 1.3.7. Let X be any set and D a skew field. Then the ring R =
Dy (X), where K is a subfield of D, is a fir.

Proof. Notice that R can be written as

Since both D and K(X) are firs, by Proposition 1.3.5, R is a fir. O

1.4 Preliminary results

In this section we will present some preliminary results which will be used through-

out the thesis. We start with a well known result.

Lemma 1.4.1. Let U be a skew field with centre k and E/k a finite commutative
field extension. Then Ug = U ® E is isomorphic as an E-algebra to a matriz

ring M, (K), where K is a skew field with centre E and r divides [E : k.

Proof. Ug is simple, because U is central simple and E is simple. Moreover, Ug
is artinian, because it is a left vector space over U of finite dimension [E : k]. So
Ug =2 9, (K) for some r > 1 and K a skew field. Finally, if S denotes the simple
Ug-module, then S"™ & Ug. So, if s = dimyS, we have rs = [Ug : U] = [E :
k). O
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Given a ring R which can be embedded in a skew field U and which contains
the centre k of U, we can use the above lemma to regard Rg = R®; E as a
subring of a full matrix ring over a skew field. We shall explore this idea further

in Chapter 4.
The next result concerns the behaviour of localization under extension of the

ground field.

Lemma 1.4.2. Let R be an algebra over a commutative field k, ¥ a set of ma-

trices over R and E/k a commutative field extension. Then we have

(Re)g = (Re)g -

Proof. Let A : R — Ry be the universal X-inverting homomorphism. Regarding
3 as a set of matrices over Rg, let 4 : Rp — (Rg)y, be the universal X-inverting
map in this context. Since A® E inverts all matrices in X, there exist an F-algebra

homomorphism
[ (Rp)g — (Bs)g

such that
fu=AQFE. (1.4.1)

Let 7 : R — Rpg be the canonical injective homomorphism from R into Rg.
Since pi is X-inverting, there exists a homomorphism A : Ry — (REg)yg, such

that
hX = pa. (1.4.2)
This induces an E-algebra homomorphism
9: (Bs)g — (Rp)g-
such that
97 = h, (1.4.3)

where j : Ry — (Ryx) g is the canonical injection. The situation is illustrated in

the following commutative diagram.
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First, note that

fhA = fui, by (1.4.2)
= (A® E)i, by (1.4.1)
= jA

So, by uniqueness,
fh=j. (1.4.4)
We will now show that g = f~!. First,

gfui = gfhX by (1.4.2)
= gj\, by (1.4.4)
= hA, by (1.4.3)
= i, by (1.4.2).

Since all f, g, u are E-algebra maps, the above implies that ¢fu = . By unique-
ness, 9f = 1(rg),- And

fgi = fh, by (1.4.3)
= j, by (1.4.4).

So, fg = 1(ry),- Hence, f is an isomorphism. O

We will now look at coproducts under ground field extensions.
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Lemma 1.4.3. Let k be a commutative field and R, S k-algebras with a common

subfield F. If E[k is a commutative field extension, then
(R *F S)E = RE *FE SE

Proof. Let ig : R — R*p S and ig: S —> R xr S be the canonical homomor-
phisms. Also denote by o: R — Rg, 3: S — Sgand v : RxpS — (R*rS)E

the canonical injections. By definition of these maps, we have

’)’iR = (zR®E)a (145)
Yis = (is®E)ﬂ. (1.4.6)

If Ir : R — Rp*r, Sg and Is : Sg — Rg *r, Sk are the canonical coproduct

maps, then, by the coproduct property, there exists an F-algebra homomorphism
f:Rg*p, Sp — (R+r S)E
such that

fIp = irQFE (1.4.7)
fIs = is®FE. (1.4.8)

To get a map in the other direction, consider the maps Is83 : S — REg *r; SE

and Igra: R — Rg *p, Sg. They give rise to a homomorphism
h: R*FS—)RE *Fg SE'
such that

his = IgB. (1.4.10)

And this induces an F-algebra homomorphism
9: (R*rS)g — Rg *py; SE
such that
gy = h. (1.4.11)

So we have the following diagram.
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iR is

R*FS

R

(R *Xp S)E

iRQF iSQF

Rg =)~ Rp*pp, Sg ~—— S&

Now

gfIra = g(ir® E)o, by (1.4.7)
= g7ig, by (1.4.5)
= hig, by (1.4.11)
= Ipa, by (1.4.9).

Since all g, f, I are all E-algebra homomorphisms, this implies that gfIr = Ir.

Similarly, gfIs = Is. Therefore, by uniqueness, gf = 1g,« rySe- Moreover,

fgvir = fhig, by (1.4.11)
= fIga, by (1.4.9)
= (ir® E)a, by (1.4.7)
= i, by (1.4.5).

Similarly, fgvyis = 7is. By the coproduct property, this implies that fgy = v
and, since f and g are E-linear, it follows that fg = 1(r..s);. Hence, f is an

isomorphism. O

The last result in this section is about the behaviour of the global dimension

under extension of the ground field.

Proposition 1.4.4. Let k be a commutative ring and A a hereditary k-algebra.

If E is a finite separable extension of k, then Ag is a hereditary FE-algebra.
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The proof of the proposition will follow from two well known lemmas which
generalize results by Auslander, Reiten and Smalg in [2, Props. II1.4.6. and
I11.4.9, pp. 89-91]. For completeness we include proofs.

Lemma 1.4.5. Let B be a ring and A a subring with a split ezact sequence of
A-bimodules

0—A—B—C—70

where C' is projective as a right A-module. Then r.gl.dim(A) < r.gl.dim(B).

Proof. By hypothesis, B= A® C as A-bimodules. If M is any right A-module,
MRsBEMRs(ABC) 2 (M@1A)®(M®4C) 2 Mo (M®,0).
So,
pda(M) < pda(M ®4 B). (1.4.12)
Let
i —3 P — P —M®sB—0 (1.4.13)

be a minimal projective B-resolution of M ®,4 B Since C is a projective right
A-module, so is B, because B =2 A @ C. Therefore, (1.4.13) is a projective A-
resolution of M ® 4 B. For if P is a projective right B-module, then there exist a
right B-module @ and an index set I such that P&Q = B! = (AeC)! = AlgC!,

which is a projective right A-module. Hence
pda(M ®4 B) < pdp(M ®4 B).
With (1.4.12), this yields
pda(M) < pda(M ®4 B) < pdp(M ®4 B) < r.gl.dim(B).
So, r.gl.dim(A) < r.gl.dim(B). O

Lemma 1.4.6. Let A, B be rings such that B 1is separable as A-ring and projec-
tive as left A-module. Then r.gl.dim(B) < r.gl.dim(A).
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First let us recall that to say that an A-ring B is separable means that the

exact sequence of B-bimodules
0—Q— BB B—0,

where y is the multiplication map, i.e. u(z ® y) = zy, and § is the kernel of u,

is a split exact sequence.

Proof of Lemma 1.4.6. By hypothesis, B®4 B = B &) as B-bimodules. If N is
any right B-module, then

N@s,B2N®p(B4B) 2N (BoQ)XNd(N®sQ).
So,

Let

i — P — F — N —0

be a minimal projective A-resolution of N and tensor it with B over A:
> PL®aB— P ®sB-—N®sB—0. (1.4.15)

Since B is a projective left A-module, (1.4.15) is again exact. Moreover, if P is
any projective right A-module and @ is a right A-module such that P& (@ is free,
say, P ® Q = A! then

(P,B)® (Q®4B) =2 (Po®Q)®.B=2A'®, B= B

Thus, P ®4 B is a projective right B-module. Hence, (1.4.15) is a projective
B-resolution of N ® 4 B. So

pdp(N ®4 B) < pda(N),
which, with (1.4.14) gives
pdp(N) < pdp(N ®4 B) < pda(N) < r.gl.dim(A).
Therefore, r.gl.dim(B) < r.gl.dim(A). O
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We are now able to prove the proposition.

Proof of Proposition 1.4.4. First we will show that Ag is separable over A. Since
E/k is a finite separable field extension, E is separable as k-algebra (cf. [8, Prop.

5.5.6, p. 190]), so there exists a split exact sequence
0 —Q—FE®FE—FE—0. (1.4.16)
Tensoring (1.4.16) with A over k, we get a split exact sequence
0 — AR QD — AQ EQLE — Ay E — 0.

Since A@x E®x E = (A® F) ®4 (A® E), it follows that Ag is separable over
A.

Now we will show that Ag satisfies the conditions on B in Lemmas 1.4.5 and
1.4.6. If {v1,...,v,} is a basis for E as a vector space over k with v; = 1, then,

as A-bimodules,
A@rE=A® (&L kvi) = &L (A ® ki) = L, A

Since v; = 1, the canonical map A — A ®; F can be regarded, via the above
isomorphism, as the inclusion A — @7 ; A in the first term. Therefore, Ag/A =
@7 ,A. So both Ag and Ag/A are projective A-modules on both sides (in fact,

they are free modules). Moreover, the sequence
0—A— Ap — Ap/A—0
is a split exact sequence of A-bimodules. Thus, by Lemmas 1.4.5 and 1.4.6,

r.gl.dim(Ag) = r.gl.dim(A).
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Chapter 2

Coproducts of commutative
monoids with distinguished

element

In this chapter we will look back at the category € of commutative monoids with
distinguished element, defined in section 1.2, and describe more precisely the
construction of the coproduct in €. We will use this construction to prove results

about properties of the factors that are transmitted to the coproduct.

2.1 The construction of the coproduct

Let M, N be commutative monoids with distinguished elements and let ¢ : N —
M and ¢ : N — N be the associated monoid morphisms. Let P = M x N and
consider the monoid M [[y N defined by P/E(p), where E(p) is the congruence
generated by the relation

p={((¢(n),0),(0,%(n))) : n € N}.

Let f: M — M ][]y N be the morphism defined by f(z) = (z,0) where (z,0)
stands for the equivalence class of (z,0) with respect to the congruence E(p) in

M x N. Similarly, define a morphism g : N — M [[yN by g(y) = (0,y). The

monoid M [[y N is a commutative monoid with distinguished element, whose
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associated morphism N — M [y N is given by the morphism fo = g¢. It is
immediate to see that M [[y N is indeed the coproduct of (M, ¢) and (N,%) in
the category of commutative monoids with a distinguished element.

In the case where the morphisms ¢ and v are injective (adapting [12]), we say
that the pair {(M, @), (N, )} is embeddable in the coproduct M [y N if the mor-
phisms f and g are monomorphism and strongly embeddable if it is embeddable
and f(M) N g(N) = Fo(N)(= gp(N)).

In this section we will give sufficient conditions for the coproduct of com-
mutative monoids with distinguished element to have the strong embeddability
property.

First let us see how to express equality of elements in M [[y N in terms of the
elements of M and N. This is provided by a result of Howie, which we include
here. We start with a definition. Let S be an arbitrary multiplicative semigroup
and p a relation on S, i.e. a subset of S2. Given c¢,d € S, we say that c is

connected to d by an elementary p-transition, and write ¢ — d, if
c=zay, d=zby

for some z,y € S', where either (a,b) or (b,a) belongs to p and the symbol
S! stands either for S if S is a monoid or for the monoid obtained from S by

adjoining an element 1 such that z1 = 1z = z, for every z € S and 11 = 1.

Proposition 2.1.1. Let p be a relation on a multiplicative semigroup S and let
a,b € S. Then (a,b) € E(p) if and only if either a = b or, for some m € N, there
1S a sequence

a=21 32> =2, =0b
of elementary p-transitions connecting a to b.
Proof. See [12, Prop. 1.5.9, p. 27]. O

We can interpret Proposition 2.1.1 in the case where S is a commutative

monoid and the relation p is symmetric in the following way.
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Corollary 2.1.2. Let p be a symmetric relation on an additive commutative
monoid M and let a,b € M. Then (a,b) € E(p) if and only if either a = b

or, for some m € N, there is a sequence
a:zl—>22->---—->zm=b,

where for each i = 1,...,m — 1, z; = 2z, if and only if z; = z; + a; and
Ziy1 = T; + b; for some z; € S and (a;, b;) € p. O
We have seen that given commutative monoids with distinguished element
(M, ) and (N, ), to construct their coproduct we define a relation p on M x N
by
p={((¢(n),0),(0,%(n))) : n € N}.
This relation is not symmetric, but since F(p), the congruence generated by p, is

always symmetric, we can consider the relation

P =A{((p(n),¥(m)), (p(m),%(n))) : n,m € N}

which is obviously symmetric, contains p and is contained in E(p). So E(p) =

E(p).

So now we can say, using Corollary 2.1.2, that given two elements § =

(z,y),n = (z',y") € MIIyN, & = n if and only if, for some n € N, there
are foreach i =1,... ,n+ 1 elements z; € M and t; € N such that

(z,y) = (21,t1) = (22,t2) = -+ - = (Znt1, tns1) = (2, 7).

That is, for each i = 1,... ,n there are z; € M, y; € N and a;,b; € N such that

(z,9) = (z1,1) + (p(a1), (1))
(@i, 4:) + (p(b:), (ai)) = (Tir1, Yiw1) + (@(aig1), ¥ (big1)) , 1=1,...,n—1
(73,’ yl) = (Zn, Yn) + (©(bn), Y(an))

Note that the case (z,y) = (z',9') is also covered: take n =1 and a; = b; = 0.

Rewriting the above system, we can say that (z,y) = (2/,y') in M [y N if

and only if for some n € N there are, for each i =1,... ,n, z; € M, y; € N and
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a;, bz € N such that

z =21+ p(ay) y =y + 9P(b1)
71+ ¢(b1) = 2 + ¢(az) Y1+ P(a1) = ya + P(bs)

i + (b)) = Tip1 + 0(air1) Y +9(ai) = Yirr + P (bi1)

Tp-1+ Sp(bn—l) =z, + Qo(an) Yn—1 + 1/1(%-1) =Yn+ w(bn)
Tn + So(bn) =1 Yn + ¢(an) =9

We will now look at conditions that guarantee the strong embeddability prop-
erty in the coproduct M [[y N. We say that a monoid M is conical if z +1' =0
implies z = 2’ = 0 in M. Borrowing a term from the theory of monoids of pro-
jectives, we say that a commutative monoid with a distinguished element (M, ¢)
has the UGN property if p(n) = = + ¢(m), with n,m € N and z € M, implies
n > m. Note that the UGN property implies, in particular, that ¢ is injective.
We will show that if both M and N are conical and have the UGN property, then
they are strongly embeddable in M [ N.

To show, for instance, that f : M — M [[y N, defined by f(z) = (z,0), is

injective, we must show that (z,0) = (z/,0) implies z = z'. But this is equivalent
to saying that there is a system like the one above, with y = y’ = 0 and that this
system implies z = z'. In this particular case, the first equation on the right-hand

side of the system would be

0=y +9(b).

If N is conical, this implies y; = ¥ (b)) = 0 and injectivity of ¥ implies b; = 0.
Similarly, the last equation on the right-hand side would be

Yn + w(an) =0

and again, we have y, = 0 and a, = 0. So the fact that (z,0) = (z',0) is

equivalent to the existence of element z,,...,z, € M, vs,... ,yn_1 € N and
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ai,...,0n_1,b2,...b, € N such that

z =z1 + p(ar)

1 = 2y + ¢(az) P(a1) = y2 + ¥(b2)

z; + (b)) = Tiy1 + @(ait1) Yi + ¥(a;) = yip1 + ¥(biy1) (2.1.1)
Tp-1+ (P(bn—l) =T Yn—1 + "/)(an—l) = w(bn)

Zn + o(by) = 2.

We have the following theorem.

Theorem 2.1.3. Let (M, ) and (N,¢) be commutative monoids with distin-
guished elements. If both M and N are conical and have the UGN property, then
the pair {(M,p), (N, )} is strongly embeddable in the coproduct M [ N.

For the proof we will need some lemmas first. The two following lemmas will

be stated with the notation of the system (2.1.1) for (z,0) = (z/, 0) shown above.
Lemma 2.1.4. Fori=1,...,n—=2,¥(a1+...+a;) = Y(ba+ ...+ bit1) + Yit1-

Proof. The proof will be by induction on 7. For ¢ = 1, this is just ¥(a:1) =
Y2 + 1(be), the first equation on the right-hand side of the system. Now assume

the result valid for some 1 < ¢ < n — 2, we will prove it for 7 + 1.

Pla+...+a+ai1) = Y(a+...+a;) +P(ain)
= P(b2+... +bip1) + Yir1 + P(i+1)
= P(bo+ ...+ bit1) + Yirz + P (bit2)
= b+ ...+ bip1 + bita) + Yiro-

This establishes the lemma. O

Corollary 2.1.5. If N has the UGN property, the system (2.1.1) implies
(a) fori=1,... ,n—2,a1+...+a; > by +...+ b1,
(b) @y + ...+ any =by+...+by.
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Proof. (a) By Lemma 2.1.4, ¥(ay + ... +a;) = ¥Y(ba + ... + biy1) + ¥ir1. Since
N has the UGN property, it follows that a; +... +a; > ba+ ...+ b;41. (b) By
Lemma 2.1.4, ¥(a; + ... + apn2) = ¥(ba + ...+ by—1) + Yn-1, 5O

Ylag+ ...+ an1) = Ylag+ ...+ ap—2) + ¥(an-1)

(ba+ ...+ by1) + Yn-1 + ¥(an_1)
= Ylba+...+bpo1) +P(by)

= Ybo+...+by).

Since 1 is injective, it follows that a; + ...+ ap—1 = by + ... + by,. O
We can now prove Theorem 2.1.3.

Proof of Theorem 2.1.3. We shall use the fact that, for: = 1,... ,n —2, a; +
coota; > by+ ...+ by (Corollary 2.1.5(a)) to write

QO(CL1+...+CLL') =<p(b2+...+b,-)+<,0(a1+...+az-—b2—...—bz-).
Following the first column of the system we can write

z = z1+ p(ar)

be) + p(a1 + az — by)

(
= z3+ p(a; + ap)
= @2+ ¢(

(

= z3+ ¢(a; + az + a3 — by)

= xn_1+<p(a1+...+an_1—bz—...—bn_g)
= ZTp_1+ go(bn_l) + cp(al +...+ap-1 — b2 - ... bn—l)
= 1z, + ¢(b,), by Corollary 2.1.5 (b).

So z = z'. Therefore, f is injective.
The proof that g is injective is analogous.

To prove that f(M)Ng(N) = fp(N) it is enough (in fact equivalent) to prove
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that a system of the type
z =1+ p(a1)
T1 = T2 + ¢(as) Pa1) = y2 + ¥(b2)

T; + (b)) = Tip1 + 0(ai41) i +¥(a:) = Yizr + P(big1)

Tno1+@bn-1) = 0(an)  Yn-1+¥(an-1) = yn
Un+9(an) =y
implies z € ¢(N). Note that, in this case, Corollary 2.1.5 (a) is still valid. So we
can proceed as above:
z = z1+¢(a)
= T2+ (a1 +az)
= o+ (b)) + (a1 + az — bo)

= 23+ (a1 +az+ az — by)

= Zn1+@@+...+a-1—by—...—by9)
= ZTpa+ @) +elar+...+a-1—by— ... —bp_1)
= pla,)+plar+...+ a1 —by— ... —by_y).
So z € ¢(N). Hence f(M)Ng(N) = fp(N). O

It is important to notice that the property of M and N being conical alone with
the hypothesis of both ¢ and 1 being monomorphism do not imply embeddability.
The next example shows, in fact, that even for monoids of projectives of rings

with IBN, this may not be true.

Example. Let S be the commutative monoid presented by
S={(a,b|2b=2.a, 4a+b=5.q),
which can be regarded as a monoid with a distinguished element via the morphism
N % 8§
1 — 2.a
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It can be verified directly that every element n.a +m.b of S, with n,m € N, can

be unambiguously reduced to one of the irreducible elements
0, a, 2.a, 3.a,...,b, a+0b, 2.a+0b, 3.a+b

and that n.a +m.b = 0 if and only if n = m = 0. So the morphism « is injective
and S is conical. We can say even more: given any element n.a+m.b of S, we have
2.(n.a+m.b) = n.(2.a) + m.(2.b) = n.(2.a) + m.(2.a) = (n+m)(2.a) = a(n+m).
Thus, by Bergman’s theorem (Theorem 1.2.1), S is isomorphic, as a monoid with
a distinguished element, to the monoid of projectives of an algebra R over an
arbitrary field. As we have just seen, R has IBN. (In fact, R even has the UGN

property.) Our second object is the commutative monoid T" presented by
T={(de|2d+e=d).

This will be considered as a monoid with a distinguished element by means of

the following morphism.

N 2o

1 — d

In this case, it is also possible to show directly that every element n.d + m.e of

T can be uniquely expressed as one of the following irreducible elements of 7"
0, d, 2.d, 3.d,...,¢e, 2.e, 3e,...,d+e, d+2.e, d+3e,...

and that n.d+m.e = 0 if and only if n = m = 0, so 7' is conical. Since the integer
multiples of d are all distinct in T, 8 is injective, i.e. T has the IBN property.
But note that T' does not have the UGN property, because 2.d + e = d. Here it
is also the case that T can be regarded as a monoid of projectives of an algebra
over a field which has IBN. For given any n.d + m.e € T, (n.d + m.e) + 2m.d =
nd+m.(2d+e) =nd+md=(n+m)d = Fn+m). Let C = S[[yT

and f : S — C, g : T — C be the canonical morphisms associated with the
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coproduct. We will show that f is not injective. Indeed:

fBa) = fla)+ f(2.0) = f(a) + fa(l)
a)+9B8(1) = f(a) + g(d)
= f(a) +9(2.d+e€) = f(a) + 9B(2) + g(e)
) + fa(2) + g(e) = f(a) + f(4.a) + g(e)
= f(5.a) +g(e) = f(4d.a+b) +g(e)
= f(b) + fa(2) +g(e) = F(b) + 9B(2) + g(e)

= f(b)+9(2d+e) = f(b) +g(d)
= f(0)+9B(1) = f(b) + fa(1)
= f(2.a+0b)

But, as we have seen above, the elements 3.a and 2.a + b are different in S. So
{(S,a),(T,3)} is not embeddable in C and this phenomenon was caused by the
absence of the UGN property in T'.

Theorem 2.1.3 has a very useful corollary when the monoids are monoids of

projectives.

Corollary 2.1.6. Let R and S be rings with UGN. Then {P(R), P(S)} is strongly

embeddable in the coproduct

P(R) [T P(S).

Proof. Monoids of projectives are always conical. Moreover, a ring has UGN
if and only if its monoid of projectives has the UGN property. Therefore, by
Theorem 2.1.3, the coproduct P(R) [ [y P(S) has the strong embeddability prop-
erty. O

Another useful corollary when the monoids involved are monoids of projectives
is

Corollary 2.1.7. Let r € N and M and N be two commutative monoids with
distinguished element. Suppose that M and N are conical and have the UGN
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property. Then there is an isomorphism of monoids with distinguished element
M][N = IN
o
N
if and only if M = N (and, thus, N = IN) or N = N (and, thus, M = IN).

Proof. Tt is clear that the conditions are sufficient for the isomorphism to exist.
Let us look at their necessity. As a monoid with a distinguished element, %N
is just the free commutative monoid F' on one generator x given with a monoid

morphism

N % F

1 — rx

Let 5: N — M and 7v: N — N be the monoid morphisms associated to M and
N respectively. Let C = M [[y N and denote by f: M — Cand g: N — C
the canonical coproduct morphisms. Since (M, 3) and (N, ) are conical and have
the UGN property, we have, by Theorem 2.1.3, that f and g are injective and
f(M)Ng(N) = fB(N). By hypothesis, there exists an isomorphism

d:F—C

of monoids with distinguished element. Since ®(z) € C, there exist m € M and

n € N such that ®(z) = (m,n) = f(m) + g(n). Surjectivity of ¢ guarantees the

existence of a,b € N such that
®(a.z) = f(m) and P(b.z) = g(n).

So, ®(z) = f(m)+g(n) = ®(a.z)+P(b.z) = ®((a+0b).z) and, since D is injective,
a+ b = 1. There are two cases to consider: when a = 0 and b = 1 and when
a =1and b = 0. Let us look at the first case, i.e. a = 0 and b = 1. In this
case, we have that f(m) =0 = f(0) and so, because f is injective, m = 0. That
is, ®(z) = g(n). We will now prove that, in this situation, # must be surjective.

Indeed, let p be an arbitrary element of M. Since ® is surjective, there must exist
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a ¢ € N such that ®(c.z) = f(p). So,
flp) = @(cx)
= c.®(z)
= cg(n)
= g(c.n),
that is, f(p) € f(M) N g(N) = fB(N). And, since f is injective, p € G(N). So
is surjective (and injective), providing an isomorphism between M and N. It now

follows that N = IN. The second case (¢ =1 and b = 0) yields an isomorphism

between N and N and has a symmetric proof. g

In particular, if R and S are rings with UGN such that
P(S) [[P(R) 2N,
N
then R and S are projective free rings. So we have the following corollary.

Corollary 2.1.8. Let K be a skew field and R and S be K-rings. Then Rxg S
s a fir if and only if both R and S are firs.

Proof. In one direction, this is just Proposition 1.3.5. Conversely, suppose that
A = Rxg S is a fir. On the one hand, by Theorem 1.3.2, R and S are hereditary
rings. On the other hand, by Theorem 1.3.1, R and S can be embedded in A, so
both have UGN. Moreover, by Theorem 1.3.4, there is an isomorphism of monoids

with distinguished element

Thus, by Corollary 2.1.7, R and S are projective free. Therefore, both R and S

are firs. O

2.2 Applications

Having solved the problem of strong embeddability, we can now look at proper-

ties of the factors which are preserved in the coproduct. We can use Propositions
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1.2.2 and 1.2.3 to define, just as we did with UGN, properties IBN, weak finite-
ness (WF), Hermite and power freeness (PF) for abstract commutative monoids
with distinguished element. That is, if M is a commutative monoid with a dis-
tinguished element e, then M has the IBN property if n.e = m.e implies n = m,
the WF property if n.e = n.e + x for some x € M implies x = 0, the Hermite
property if m.e + z = n.e for some x € M implies n > m and z = (n — m).e,
the PF property if it has the IBN property and for every x € M, there exist
n,r € N, both depending on z, such n.z = r.e. Finally, a (general) commutative
monoid M has the cancellation property if x +y = z + w for z,y,w € M im-
plies y = w. It is obvious to see that (UGN = IBN) and (Hermite — WF).
Moreover, if M is conical, then (PF => WF). If M is a conical genuine com-
mutative monoid with distinguished element, then we have (WF = UGN) and
(cancellation = Hermite). Thus, for a conical genuine commutative monoid
with distinguished element, we have the same implications represented by the

diagram in section 1.1, i.e.

PF =— WF =— UGN = IBN

and

cancellation = Hermite =— WF —> UGN = IBN.

If (M, ), (N,) are commutative monoids with distinguished element which

are both conical and have the IBN property, then an element £ = (z,y) of
M ]Iy N, where z € M and y € N satisfies

¢&=0 ifand only if z=0and y =0. (2.2.2)

Indeed, since (0,0) = 0 in the coproduct, we know that for some n € N, for each
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1=1,...,n, there exist z; € M and y; € N and a;,b; € N such that

0=z + p(ar) 0=y +9(b)
z1 + @(b1) = 22 + p(az) Y1 +¥(a1) = y2 + (b2)

zi + o) = Tigr + @(aiv1) Y +¥(a:) = Yig1 + P (biy1)

Tp_1+ So(bn—l) =2n + 9(an) Yn-1+ Y(an-1) = Yo + ¥(by)

Tn +p(bn) =7 Yn +¥(an) =y.
The first equation on the left gives us, by conicality of M and IBN, z; = 0 and
a; = 0. The one on the right gives y; = 0 and b; = 0. Now, by an induction
argument on %, we get x; =0, y; =0, a; = b; = 0 for 1 < ¢ < n. This implies that

T =z, + ¢(b,) =0 and y = y, + ¥(a,) = 0. As a consequence, we get

Proposition 2.2.1. Let (M, ) and (N, ) be commutative monoids with distin-
guished elements. If both M and N are conical and have the IBN property, then
the pair coproduct M [ [y N is conical and has the IBN property.

Proof. Let C denote the coproduct M [[ V. First let us show that C is conical.

Let £ = (z,y) and n = (a’,y') be elements of M [[y N, where z,2’ € M and

Y,y € N. Then, by (2.2.2),{+n=(z+2,y+y)=0ifand onlyifz =2' =0
and y = 3 = 0. In other words, £ +7 = 0 if and only if £ = n = 0. Hence C is
conical.

To prove IBN, let r,s € N be such that (¢(r),0) = (¢(s),0). We want to

show that » = s. Indeed, the above identity is equivalent to the existence of a

system

o(r) = 21+ ¢(a1) 0=y + (b))
T1 + @(b1) = 72 + p(az2) y1 +¥(a1) = y2 + ¥ (b2)

i+ o(0i) = Tigr + @(aig1) Y +¥(as) = Yiz1 + P (big1)

Tp—1+ (P(bnnl) =Zn+ So(an) Yn—1+ w(an—l) =Yn + 'Qb(bn)
T + 0(b) = (s) Yn +P(an) = 0.
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where z; € M, y; € N and a;,b; € N. Since N is conical and has the IBN
property, the first and last equations on the right-hand side give us y; =y, = 0

and b; = a, = 0. So the system can be rewritten as

o(r) =21 + ¢(a1)
1 = T2 + p(ag) Y(a1) = ya +P(b2)

z; + o(bi) = Tigr + ©(aiv1) Y+ ¥(a:) = Yigr + P (bir1)

Tn-1+ P(bn-1) = T Yn-1 + Y(an-1) = ¥(bn)
Zn + ¢(bn) = 0(s).
The set of equations on the right-hand side, as a simple inductive argument shows,
implies that
Ylar+ ...+ an1) =P(b2a+ ...+ by).

By the IBN property of N, we get
g +...+a1=by+ ...+ by, (2.2.3)
Now the equations on the left-hand side give, in a similar fashion,
o(r+by+...+by)=9(s+ar1+...+ap_1).
So, by IBN in M,
r+b+...+bp=s+a1+...+ap_1. (2.2.4)

Now, (2.2.3) together with (2.2.4) imply 7 = s. Thus, C has the IBN property. 0O

Although the above proposition guarantees that under conicality, the IBN
property of the factors is preserved in the coproduct, we know that just IBN is
not enough to guarantee embeddability. We have seen in Theorem 2.1.3 that
conicality and UGN were sufficient to guarantee strong embeddability and we
will see that, in this case, not only the coproduct contains its factors, but also
inherits their UGN property. In fact, other more restrictive properties than UGN

are also transmitted from the factors to the coproduct, as the next result shows.

47



Theorem 2.2.2. Let (M, ) and (N,vy) be commutative monoids with distin-
guished elements and suppose that both are conical and genuine. Denote by C' the
coproduct M [[y N. If both (M, @) and (N, ) satisfy one of the properties below,
then so does C':

(a) UGN,

(b) WF,

(c) Hermite,

(d) PF,

(e) cancellation.

Proof. The proofs are similar to the proof of Theorem 2.1.3, so they will be only

sketched. For (a), suppose (¢(r),0) = (z + ¢(s),y), where z € M,y € N and
r,s € N. That is, we have a system

o(r) = 71 + p(a)
z1 = T3 + ¢(ag) Y(ar) = y2 + ¥(bs)

T + (b)) = zip1 + p(aiy1) v +¥(as) = yir1 + Y(big1)

Tn-1+ @(bn-1) = Tn + ©(an) Yn-1+ ¥(an-1) = yn + ¥ (bs)

ZTn + (bn) =z + ©(s) yn +¥(an) = v.
and we must prove that » > s. This follows because, since IV has the UGN
property, we have, as in Corollary 2.1.5 (a), a1 + ... +a; > by + ... + byy1, for
1<i<n-1.50

or) = zpat+elar+...+an-1—by— ... —bp_3)
= Zp1+@bn_1)+p(ar+...+ a1 —ba— ... —by_g—bp_1)
= Zp+elar+...+ap1+a, —by— ... —bp_1)
= Zn+ob,) +elar+...+a1+a, —bo— ... —bp1 — by)
= z+o(s)t+elar+...+a,—by—...—by).
That is,
o(r) = &+ o(s + & — b), (2.2.5)
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where @ = a; + ...+ a, and b = by + ... + b,. Since M satisfies UGN, r >
s+a—b > s. Therefore C satisfies UGN. Note that we can also use the system

above to prove, in the fashion of Lemma 2.1.4, that
$(@) =y + 9(b). (2.2.6)

For (b), setting 7 = s above, we are left to prove that z = 0. But this is
s0, because since M is WF, (2.2.5) implies = + @(@ — b) = 0, which implies, by
conicality and IBN, z = 0 and & = b. So, by (2.2.6) and because N has the WF
property, ¥ = 0 and, therefore, _(:c_,_;;_) = W = 0. Thus, C has the WF property.

For part (c), we must, using the above system and the Hermite property in
M and N, prove that r > s (which we have already done) and that (z,y) =
(p(r = s),0). By (2.2.5), it follows that z = @(r — s — &+ b). And, by (2.2.6), it
follows that y = (& — b). So, setting d = a — b, (z,y) = (¢(r — s — d), %(d))

(p(r —s —d) + ¢(d),0) = (¢(r — s),0). Hence, C has the Hermite property.

Part (d) is straightforward: we saw in Proposition 2.2.1 that M [y N has the

IBN property and given & = (z,y), we know that there are n,m,r, s € N such
that n.z = ¢(r) and m.y = 9(s). So

(nm).£ = (nm).(z,y) =

where 1 is the distinguished element in M [y N.

For part (e), we use a system

T+ 2z =11+ @(a) y+w =y +Y(b)
1 + QO(bl) =Ty + (P(CLQ) 1p(al) =y + ¢(b2)

zi + (i) = Tig1 + 0(air1) Y +¥(a;) = yiza1 + P (bit1)

Tn—-1 + (P(bn—l) = Tnp + (P(an) Yn—-1 + w(an—l) =Yn + ¢(bn)
Ty + o(bn) = 2’ + 2 Yn +¥(an) =y +w
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to represent an equation

(z,9) + (z,w) = (', ¢) + (2, w),

where z,2',2 € M and y,y’,w € N. Our aim is to show that the existence of

such a system implies (z,y) = (z/,y'). Indeed, the equations on the left-hand

side of the above system yield
z+z4+ebi+...+b) =2 +z+ (a1 +...+as).
By cancellation in M, we get
z + o(b) = 2’ + p(a), (2.2.7)

where @ =a; +...a, and b = by + ...+ b,. The equations on the right-hand side

yield
y+9@) =y +4(b). (2:2.8)

Suppose that @ > b and set d = @ — b. Since both M and N have cancellation,
(2.2.7) and (2.2.8) become

z=1'+¢(d), y+y()=vy.
So there is a system

r=z'+¢(d) y=y
o=z y+(d) =,

which implies that (z,y) = (z',7'). And, therefore, C has cancellation. If @ < b,

the argument is analogous. O

A property of a commutative monoid with a distinguished element mimicking
projective triviality is not in general preserved by the coproduct construction.
For an example, take M = N and N = IN in Corollary 2.1.7 with s > 1 and
t > 1. As that result shows, as a monoid with distinguished element, %NHN %N

cannot be regarded as a monoid of the kind %N even when s =t.

We have seen that given two conical commutative monoids with distinguished
element satisfying the UGN property, they are strongly embedded in their co-
product and the coproduct is again conical and has the UGN property. By
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associativity of the coproduct construction (see [11, Th. 1.3]), it follows that the
coproduct of finitely many conical commutative monoids with distinguished el-
ement satisfying the UGN property is conical, has the UGN property and the

factors are strongly embedded in it.

Proposition 2.2.3. Let {(M1,¢1),...,(Mn, )} be a finite family of commu-
tative monoids with distinguished element. Suppose that, for every i =1,...,n,
(M;, ¢;) is conical and has the UGN property. Let C = [[yM; and g;: M; — C
be the coproduct morphisms. Then, for every 1 =1,...,n, g; is injective and if
i # J, 6(Mi) N g;(M;) = gipi(N). Moreover, C is conical and has the UGN
property. O

Given an arbitrary family (M), ¢a)rea of commutative monoids with distin-
guished element, we can regard their coproduct C' = [ [y My as the direct limit of
the direct system formed by the coproducts of finite subsets of A. More precisely,
given ¢, a finite subset of A, let C; be the coproduct of the monoids M) with A € «.
If j is another subset of A such that ¢ < j (that is, ¢ C j), let of : C; — C;
be the coproduct morphism from C; into C; [ [ Cji = C;. Then I is a directed
set and (Cj, ) is a direct system of commutative monoids with distinguished
element. Let (limC;, 3;) be the direct limit of (Ci,0f). Tt is easy to see that,
as commutative monoids with distinguished element, @Ci = C. Using the fact
that, for a fixed 7 € I, §; is injective if and only if aj- is injective for all j > 7 (see,

e.g. [10, Lemma 21.2]), we can prove the following result.

Theorem 2.2.4. Let {(My,p5) : A € A} be a family of commutative monoids
with distinguished element. Suppose that, for every A € A, (M), p,) is conical
and has the UGN property. Then the family {(Mx,px) : A € A} is strongly
embeddable in the coproduct C = [y M,.

Proof. Let I be the set of all finite subsets of A, partially ordered by inclusion
(denoted here by <). Denote by C the coproduct [[yM,. As above, for every
1 € I, let C; be the coproduct of the monoids M), with A € ¢ and, for every
J > t denote by ozj. the morphism from C; into C;. We know that the set I is
directed, that the direct system (Cj, o) has a direct limit (lim Cj, B;) and that
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C = lim C;. By Proposition 2.2.3, the maps a§ are all injective, thus all the maps
B; are injective. In particular, for every A € A, By : My — C (where 3, stands
for Bgx}) is injective. Now given A, p € A, let 1 = {A, u}, so that By = Bia and

B, = Bick'. Hence

B(My) N B.(M,) = Bia}(My)N Biak (M)
= Bi(a}(My) Nat(M,)), because §; is injective
ﬁi(af‘cp)\(N)), by Proposition 2.2.3

= Aea(N).

Therefore, {(My, p)) : A € A} is strongly embeddable in C. O

For directed limits of monoids, as in the case of modules, all the elements in
li_n; C; are of the form §;(x;), for some s € I and z; € C;. So in this context it is also
true that the coproduct will inherit properties shared by all the factors. To see
that the Hermite property, for instance, is preserved, suppose that the factors M)
in the above theorem all have the Hermite property. Denote by v¢; : N -— C; the
monoid morphism that characterizes C; as a monoid with a distinguished element
and by ¥ : N — C the corresponding morphism for C—so that G;i; = ¥, for
every ¢ € I. Let

P(m) +z = ¥(n) (2.2.9)

be an equation in C. Take i € I and z; € C; such that z = 3;(x;). Then (2.2.9)

becomes
Bi(¥i(m)) + Bi(z:) = Bi(s(n))- (2.2.10)
By injectivity of §;, (2.2.10) is equivalent to
hi(m) + zi = i(n).

By Theorem 2.2.2, the Hermite property is transmitted from two factors to their
coproduct and, thus, by a simple induction, it is transmitted from finitely many

factors to their coproduct. So being Hermite is a property of C; and, therefore,
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n > m and z; = ¥;(n — m). Applying G;, we get z = Gi(z;) = Bii(n — m) =
¥(n — m). Hence C has the Hermite property. The other properties mentioned

in Theorem 2.2.2 behave in the same way.

Theorem 2.2.5. Let {M) : A € A} be a family of commutative monoids with
distinguished element. Suppose that, for every A\ € A, M), is conical and genuine.
Denote by C their coproduct [ [y Mx. If, for every A € A, M) satisfies one of the
properties below, then so does C:
(a) UGN.

(b) WF,
(c) Hermite,
(d) PF,
(

e) cancellation. O
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Chapter 3

Coproducts of skew fields

We saw that coproducts of skew fields amalgamating a common subfield provide
a large class of examples of firs. In this chapter, we will look at the effect of
submitting these coproducts to an extension of a commutative subfield and obtain

a description of their monoid of projectives.

3.1 Coproducts under field extensions

There will be no loss of generality in restricting our analysis to the case of two
factors. In this section a monoid with a distinguished element will be called basic
if it is isomorphic to N. If it is isomorphic to %N, for some natural number n, it

will be called parabasic.

Theorem 3.1.1. Let C and D be two skew fields having a common subfield K
and let R = Cxg D. Let k be the centre of K and E' a finite separable commutative
field extension of k. Then the monoid of projectives of the ring R = R Q¢ E s

a coproduct of direct products of parabasic monoids.

Proof. Let | = [E : k]. We know by Lemma 1.4.3 that
Re=(C*xx D)@y E = Cg *ko DE.

Let us look first at Kz = K ®; E. By Lemma 1.4.1, Kg = 9,(S), where S is a
skew field and r a natural number dividing [. Now let Z be the centre of C. We
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have
Ce=C® E~2C®z(Z®E).

Since E/k is separable, it follows that Z @ E = Z; X ... X Z,, where, for each
i=1,...,m, Z; is a finite commutative field extension of Z and > - ,[Z; : Z] =

(cf. [7, Cor. 5.7.4, p. 194]). So

Cr = CQz(ZQE)
2 C®z(ZyX...x Zy)
 (CQzZ1)X...x(C®z Zm).

Since C' is a skew field with centre Z and each Z; is a finite commutative field
extension of Z, it follows by Lemma 1.4.1 that, for each ¢ = 1,...,m there
exists a natural number s;, which divides [Z; : Z], and a skew field G; such that

C®z Z; = M, (G;). That is,

Ceg =M, (G1) X ... x M, (Grn)- (3.1.1)
Similarly, we can write

Dg =9, (Hy) x ... x 9 (Hy,),

where, for each ¢ = 1,...,n, t; is a natural number and H; is a skew field.

Therefore, Rg is isomorphic to the ring
ﬂJtsl(Gl) X ... X wtsm(Gm) *0,.(S) ﬂﬁtl(Hl) X ... X ﬁﬁtn(Hn)

Since 9M,.(S) is simple artinian, by Theorem 1.3.4, we have

P(Reg) = PN, (Gy) x...x M, (Gn))
H ?(Dﬁtl (Hl) X ... X ﬂﬁtn(Hn))
P((S))
= P(M,,(G1)) X ... x P(M,,_(Gn))
I 2@, (H)) x ... x PO, (Ha))
P(M-(5))

IR

1
(le...x—l-N)H(le...x—N).
S1 Sm 1y tl tn

T
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The proof of the above theorem also provides some information on the relation
between r and the s;’s and t;’s. Since K is embeddable in Cg, we can regard
Cg as an r X r matrix ring, say Cg = 9,.(T'). Since Cg is a semisimple ring, T'
is semisimple; therefore, there exist natural numbers rq,...,r, and skew fields

Lq,..., Ly such that

Thus,

CE' = Qﬁ,(T) = Dﬁr(imrl (Ll) X oo X mrh(Lh))
& My (L) X -+ - X My, (Lp)-

By uniqueness, h = m and, comparing the above expression with (3.1.1) and
possibly rearranging the order of the factors, s; = rr; and L; = G;. Thus, r
divides s; for every 1 = 1,... ,m. Similarly, r divides ¢; for every j = 1,...,n.

So we get the following result.

Corollary 3.1.2. With the hypotheses of Theorem 3.1.1,
RE = (mtsl (Gl) X ... X Dﬁsm(G’m)) *mr(s) (mtl (Hl) X ... X Dﬁtn(Hn)),

where for eachi=1,... mand j =1,...,n, G; and H; are skew fields and r

divides both s; and t;. 0

In the simpler situation where both C and D share the same centre, we can

drop the hypothesis on the separability of E over k to get the following

Corollary 3.1.3. Let C, D be skew fields having a common subfield k as their
centres. Let R = C*; D and E be a finite commutative field extension of k. Then
the monoid of projectives of Rg is isomorphic to tN] [ iN, for natural numbers

r,8. In particular, if r > 1 or s > 1, Rg s not a fir.

Proof. This is just an easier version of Theorem 3.1.1. First notice that k ®; F =

E. Moreover, since k is the centre of both C' and D there are natural numbers
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r,s, which divide [E : k], and skew fields G, H such that Cg = 9,(G) and
Dg = M, (H). Therefore, Rg = M, (G) xg M;(H) and

1 1
P(RE) = ;NH -N.
N

We also know that, by Corollary 1.3.3, Rj is hereditary, because both 9,.(G)
and 9M,(H) are. Thus Rg is a fir if and only Rg is projective free, that is, if
and only if P(Rg) = N. But, by Corollary 2.1.7, this is the case if and only if
r=g=1. O

Some comments on the nature of the ring Rg obtained in the above corollary
are due. R = C %, D is a fir and, therefore, is embedded in its universal field of
fractions U. This embedding induces an embedding of Rg into Ug. By Lemma
1.4.1, there exist n and a skew field L such that Ug = 91,(L). In the proof of
Corollary 3.1.3 we saw that the ring Rg is isomorphic to 9, (G) xg Ms(H), so
there are two natural ways of regarding Rg as a full matrix ring. First, since
M, (G) can be embedded in Rg, we can take the set of 7 X r matrix units of
9, (G) to be a complete set of matrix units in Rg. Therefore, Rg = M, (T), for
some ring T'. Now, using the embedding Rg C Ug, we can regard Ug asanr X r
matrix ring, say Ug = 9,(L'). Since Ug is simple artinian, 9,(L’) is simple
artinian, hence L’ is simple artinian. So there exist a natural number ¢ and a

skew field F such that L' = 9t(F'). Thus,
M, (L) = Ug =M, (L) = M, (M(F)) = M,(F).

By uniqueness, n = rt and L & F. This implies that Ug = 9,.(9M:(L)). By
definition, the embedding of R into Ug preserves the matrix units, so T' is
embedded in 2, (L). If we had started with the embedding of 9,(H) into Rg we
would have obtained that Rg is isomorphic to a full matrix ring 9,(7"), where
T’ is embedded in My (L) and ¢’ is a natural number such that st' = n. Note
that in the non-trivial cases, neither T' nor T will be firs, although they are both

hereditary rings. This is because
M, (T) = M, (G) xg M (H)
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implies, by Theorem 1.3.4,

—?(T = —NH N

If T is a fir, then P(T) = N and, by Corollary 2.1.7 we have that 1N = N, that
is, s = 1. Conversely, if s = 1, then 2P(T) = LN, which implies that P(T) £ N
Hence we conclude that T is a fir if and only if s = 1. An analogous argument
establishes that 7" is a fir if and only if r = 1.

As we have just seen, in general, the coproduct constructions do not generate
matrix rings over firs under ground field extension. But, as the next proposition
shows, in some cases this construction can provide examples of matrix rings over

firs.

Proposition 3.1.4. Let C be a skew field with centre k, F' a field (commutative
or not) containing k and E a finite commutative field extension of k such that
F Qi E is a field. Let R=C %, F. Then R is a fir and Rg is isomorphic to a

full matriz ring over a fir.

Proof. R is a fir, because it is a coproduct of two firs amalgamating a common
subfield. We know that Rg = Cg *g Fg. So P(Rg) = P(Ckg) [ Iy P(FEg). Since
Ck is simple artinian, P(Cg) = N for some natural number n and since Fg is a
field, P(Fg) = N. Therefore,

1
P(Rs) = —N,

i.e. Rpg is projective trivial. By Corollary 1.3.3, Rg is also hereditary, because

both Cg and Fg are. So Rg is isomorphic to a full matrix ring over a fir. O

3.2 Power-free ideal rings

Although coproducts of skew fields having a common centre under finite field
extensions do not give rise to projective free rings, they do give rise to power-free
rings, i.e. rings whose finitely generated projective modules have a power which
is free of unique rank, as proved in Corollary 3.1.3. This motivates the following

definition.
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Definition. A ring R is called a left power-free ideal ring, left pfir for short, if
it 1s left hereditary, power-free and P(R) is finitely generated as a commutative

monoid.
The term ideal appears in the definition because of the following result.

Proposition 3.2.1. Let R be a ring. Then

(a) if R is a left pfir, then every left ideal of R, as a left R-module, has a
power which is free of unique rank,

(b) if every left ideal of R, as a left R-module, has a power which is free of

unique rank, then R is left hereditary and power-free.

Proof. We will start by proving (a). Let I be a left ideal of R. Since R is left
hereditary, I is projective, in fact, I is isomorphic to a direct sum of finitely
generated projective left R-modules (cf. [6, Th. 0.3.7, p. 14]). So we can write [

as

I¥Ple..®P™,

where the elements [P;] are the generators of P(R). Since R is power-free, for
each 7 = 1,...,n, there exist an s; such that P is isomorphic to a free module

F;. Let s be the LCM of the s;’s and take t;’s such that s = s;¢;. Then

P~ (Phe.. @P")
— Plsl(tﬂ‘l) D...0 P:n(tnrn)

~ FPng... @ Fhm,

So I° is free. Uniqueness of the rank follows because, by definition, power-free
rings have IBN.

For part (b), let I be a left ideal of R. Since I has a power which is free, in
particular, I is a projective left R-module. So R is hereditary. For power-freeness,
let P be a finitely generated projective left R-module. We must show that there
exists a power of P which is free. Since R is left hereditary, P is isomorphic to a

finite direct sum of left ideals of R (cf. [6, Cor. 0.3.2, p. 12]), i.e.

PEL®..0I,
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where the I;’s are left ideals of R. By hypothesis, for each 7 = 1,... ,n, there
exists s; such that I;* is isomorphic to a free module F;. Let s be the LCM of

the s;’s and take t; such that s = s;t; for all 2. Then

P =2 Le..06,)°

> Ye...@Iih

1%

F'o...eFr
So P? is free and, hence, R is power-free. O

We can define right pfirs in a similar way. The unmodified term pfir will be
used to refer to rings which are left and right pfirs simultaneously.

Recall that, by Proposition 1.2.3(d), a ring R is power-free if and only if it
has IBN and for every p € P(R), there exist n,r € N such that n.p = r.e, where
e is the distinguished element of P(R). It is clear that coproducts of parabasic
monoids satisfy the same property. This allows us to rephrase Corollary 3.1.3 in

the following way.

Proposition 3.2.2. Let C, D be skew fields having a common subfield k as their
centres. Let R = Cx; D and F be a finite commutative field extension of k. Then

Rg is a pfir.

Proof. We saw in the proof of Corollary 3.1.3 that Rg is a hereditary ring. We
also know that the monoid of projectives of Rg is isomorphic to the coproduct
of two parabasic monoids. So P(Rg) is finitely generated and Rg is power-free.

Therefore, Ry is a pfir. O

3.3 Matrix reduction functor

In this subsection we shall discuss the effect of ground field extensions of firs
obtained by matrix reduction.
Let R be aring and S an R-ring; then the nxn matriz reduction of S, denoted

by 20,.(S; R), is defined to be the centralizer of the matrix units in the R-ring
S xp M, (R).
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So 20,,(S; R) is an R-ring which satisfies
M, (20,,(S; R)) = S xg My(R),

where the above isomorphism sends matrix units to its corresponding matrix
units. It is easy to see that 20, is a functor from the category of R-rings to itself,
called the n x n matriz reduction functor. In fact, it is the left adjoint of the
matrix functor M, (cf. [9, p. 43]).

The first result in this subsection shows how to relate a coproduct of a ring

and a matrix ring with the matrix reduction functor (cf. Ex. 1.7.6 of [9]).

Lemma 3.3.1. Let R be any ring and S and T R-rings, then
M, (W, (S *xr T;T)) =2 S xg My(T)
for every n € N.

Proof. Tt is enough to note that T *r 9,(T) = M, (7). Because, then,
M (0, (S 5 T;T)) 2 S 4 T 47 M (T) 2 S %5 My (T).
[l

Note that when dealing with R-rings, there is no loss of generality in looking
at matrix reductions of coproducts, because we can always write S as S xg R.

When R is taken to be a commutative field and S and T' R-algebras, 20, (S xg
T;T) is also an R-algebra and we can relate the monoid of projectives of 20, (S *g
T;T) with the ones of S and T. More specifically, we can prove a result like Cor.
5.7.7 of [9] in this slightly more general setting.

Proposition 3.3.2. Let k be a commutative field and S and T arbitrary k-
algebras. Then, for every n € N, 20,(S *, T;T) is a fir if and only if both S
and T are firs.

Proof. Let A =920,(S *, T;T). Using Lemma 3.3.1, we can write
M, (A) =S x M, (T) (3.3.2)
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and, since k is a field, by Theorem 1.3.4,

“p(4) = 2(5) [ ] -7(1). (3.33)

If both S and T are firs, they are both hereditary and projective free. So by (3.3.2)
and Corollary 1.3.3, A is also hereditary and by (3.3.3), A is projective free—so
it is a fir. Conversely, if A is a fir, it is, in particular, hereditary, so, by (3.3.2)
and Corollary 1.3.3, both S and T are hereditary. Now, since A is a fir, I, (A)
is weakly finite and since S and 9, (7T") are embedded in 9,(A) (by Theorem
1.3.1), S is weakly finite and so is 7', for the embedding of 9M,(T) in M, (A),
preserving matrix units, induces an embedding of 7" in A. In particular, both S
and T have UGN and we can, then, apply Corollary 2.1.7 to the isomorphism
in (3.3.3) to conclude that both S and 7' must be projective free and, therefore,
firs. d

The following lemma establishes that a matrix reduction under field extension

is again a matrix reduction.

Lemma 3.3.3. Let k be a commutative field and S and T arbitrary k-algebras.

If E is a commutative field extension of k, then, as E-algebras
W, (S T;T)® E =200, (Sg *g Tg; Tk),
for every n € N.
Proof. First tensor 9, (2, (S *x T;T)) with E over k to obtain
M, (W, (S % T57T)) @k E 2, (W, (S T;T) Q4 E). (3.3.4)
Next, tensor S *; 9M,(T") with E over k and use Lemma 1.4.3 to get
(S *x M, (T)) ®k E = Sp xg (I, (T) @ E) = Sg xg Mu(Tk).

But, by Lemma 3.3.1, Sg *g 9, (T%) is isomorphic to MM, (W, (Sk *g Tr; Tk)).

Therefore,
Combining (3.3.4) with (3.3.5), we get the desired result. O
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We saw that Proposition 3.3.2 provided us with a method of obtaining firs from
known firs by matrix reduction, but in view of Lemma 3.3.3, this process does

not contribute much to our search for firs among extended firs. More precisely,

Corollary 3.3.4. Let k be a commutative field, S and T be firs which are k-
algebras, n € N and E be a commutative field extension of k. Let A = 20,(S *
T;T). Then Ag is a fir if and only if both Sg and Tg are firs.

Proof. Using Lemma 3.3.3, we can write
Ap = 20,(Sg *£ Te; Tk)
and, by Proposition 3.3.2, Ag is a fir if and only if both Sg and T are firs. O

But we can still find some pfirs among extended firs obtained by matrix re-

duction.

Corollary 3.3.5. Let k be a commutative field, E a finite commutative field
extension of k and S a skew field with centre k. Then, for every n € N, the
k-algebra A = 20,(S; k) is a fir and Ag is a pfir, but not a fir unless Sg ts a skew
field.

Proof. 1t is clear that A is a fir. Since S is a skew field with centre k, Sg is
isomorphic to a matrix ring 9, (K), where r divides n and K is a skew field with

centre E. We have isomorphisms

M, (Ag) = M(K) x5 M,(E) (3.3.6)
lfP(AE) o 1“*17 TlN (3.3.7)

n N[[=N.n
So, by (3.3.6), Ag is hereditary and, by (3.3.7), P(Ag) is finitely generated and

power free. Hence Ag is a pfir and, by Corollary 2.1.7, a fir if and only if r = 1,
i.e. if and only if Sg is a field. O
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Chapter 4

Tensor rings

In this chapter we look at the effect of central extensions on tensor rings. We
will show that in some cases the extension itself is enough to provide a matrix
ring over a fir, but in other cases a finite localization is necessary to make the
extended fir into a matrix ring over a fir.

Firs are always embeddable in skew fields—their universal field of fractions,
for instance. Therefore, rings obtained from firs by finite commutative extensions
of their centres will be isomorphic to subrings of simple artinian rings, which are
matrix rings.

We know, by Proposition 1.4.4, that a ring obtained by a separable extension
of the centre of a fir is always hereditary. So to study further homological char-
acteristics of such rings, it is enough to look at their monoid of projectives. We
will show that a ring obtained by a finite extension of the centre of a tensor ring
can be far from projective free. But, as we shall soon see, in some cases such
extensions produce projective trivial rings, providing examples of matrix rings
over firs. In Section 4.2, we shall look at a case where projective triviality is not
obtained from the extension only and we will resort to a finite localization in
order to adjoin to the extended fir the matrix units of its extended universal field
of fractions. The result will be a hereditary projective trivial ring, or, a matrix
ring over a fir.

In Section 4.3 of this chapter, we shall present an example of a tensor ring that

subjected to a purely inseparable extension of its centre gives rise to a projective
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free ring which is not hereditary. Again, by adjoining to this ring enough inverses
so that we get in it the matrix units of its extended universal field of fractions,
we shall obtain a matrix ring over a fir.

Finally, in the last section of this chapter we present results on the origin of

the universal field of fractions of the firs obtained in the preceding sections.

4.1 Matrix rings over firs

We start with tensor rings that give rise to matrix rings over firs under finite field

extensions.

Proposition 4.1.1. Let D be a skew field containing a subfield K. Suppose
that the centres of D and K coincide and denote it by k. Let E be a finite
commutative field extension of k. Let X be an arbitrary set and consider the

tensor ring R = Dg(X). Then RQy E is isomorphic to a matriz ring over a fir.

Proof. We can write R as D xx K(X). So
R®x E= D@y F xkg,5 (K ®k B){(X).

Since both D ®, E and K ®; F are simple artinian rings, there are skew fields G

and H and positive integers 7 and s such that s divides r and
D @y E =M, (G) K @y E=M,(H).

Therefore,

R @i E = M(G) *om, a1y M, (H) (X)
= M, (G) *om, () Ps(H(X)).

By Corollary 1.3.3, R ®; E is hereditary. By Theorem 1.3.4, we can also write

1 1 1
P(R®y E) = ;NH -N= N,
iN

so R ®y E is projective trivial. Hence R ®; F is isomorphic to an 7 X r matrix

ring over a fir. d
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4.2 (Galois case

In this section we will look more closely inside the structure of a specific tensor
ring R under a Galois extension of its centre. We will start by showing how to
identify the matrix units in the simple artinian ring obtained by the extension of
the universal field of fractions of R. We will then adjoin finitely many inverses
of elements to R in order to obtain an intermediate ring which, under the same

extension, will yield a full matrix ring over a fir.

4.2.1 General theory

We start with some general theory of rings and will be specializing to reach our
alm as necessary.

The following is a well known result in the theory of division algebras. For
the case [U : k] < oo this is proved by Jacobson in [13, Th. VIL.3, p. 182]. The
author refers to Brauer and Albert who proved but did not publish this result
and observes that his proof is different from theirs. The proof given here was

slightly modified for the infinite dimensional case.

Theorem 4.2.1. Let U be a skew field with centre k. Suppose U contains a
finite Galois extension F' of k of degree n generated by an element o. Then there
exists an element y € U such that the set {a'ya? 11,5 =0,... ,n— 1} is linearly

independent over k.

Proof. In this proof, all tensor products will be over k. Let M(U) be the multi-
plication algebra of U, i.e. the k-subalgebra of EndiyU generated by all left and

right multiplications. There is a k-algebra homomorphism
:UQU® — M(U)

such that p(a®b) = L,R,, where L, stands for the left multiplication by a and R,
for the right multiplication by b. Since U is a simple ring with centre k, it follows
that U ® U° is also simple, by Cor. 7.1.3 of [8], hence ¢ is injective. In particular,
we have an injective homomorphism ¢ = ¢|rer : F ® F' — M(U). Since F is

Galois, by Cor. 5.7.5 of [7], F® F & F} X --- x F,,, where each F; is isomorphic
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to F. Let e; denote the unit element of F; and f; = ¢(e;) € M(U). Since ¢ is
injective and the e;’s are nonzero, it follows that each f; # 0, that is, for each
i=1,...,n, there exists y; € U such that f;(y;) # 0. Now let y = Y0 fi(w)-

Then, foreach j =1,... ,n,

) = 4 (iﬁ-(w))
= Zn:fjfi(yi)

= > bl w
i=1

= (e;)(y;)

= [i(y)-
Consider now the k-space homomorphism

EMU) — U
defined by £(f) = f(y) and the composite k-linear map
FRF L MU) -5 U,

which will be denoted by n = £1. We will show that 7 is injective. The k-subspace
ker(n) of F ® F is in fact an ideal, for if Y a; ® b; is an element of ker(n), then,
by definition, Y a;yb; = 0. Therefore, for any a,b € F,

n((@®b)(Xa:;®b;)) = n((Xlaa; ® bid)
= Sn(as: ® bib)
— Saaybb
= a(Da:ybi)b
= 0.

Thus, (a®b)(>_ a; ®b;) € ker(n) and ker(n) is an ideal of F ® F'. Since F @ F' =

Fy x -+ x F,, ker(n) must be isomorphic to a sum of the F’s. But n(e;) =
&Y(e;) = E(fi) = fily) = fi(y;) # 0. So ker(n) must be 0. Hence 7 is injective.

This implies that n must send k-linearly independent sets to k-linear independent
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sets. In particular, since {&* ® o/ : 4,5 = 0... ,n — 1} forms a basis for F ® F

over k, the elements a’ya’ = n(a* ® a’) are linearly independent over k. O

The proof of the above theorem has a corollary. For its proof, we will use a

lemma which we state below.

Lemma 4.2.2. Let U be a skew field, ¥ a multiplicative subset of U and K its

centralizer in U. If a;,b; € U* (i=1,...,n) are such that

Z a;ixb; =0 forallx € %,

i=1
then ay,... ,a, are right linearly dependent over K.
Proof. See [8, Lemma 9.8.1, p. 390]. O

Corollary 4.2.3. Let R be a ring which has a skew field of fractions U such that
both have the same centre k. Suppose R contains a finite Galois extension F' of k
of degree n generated by an element a. Then there exists an element x € R such

that the set {a'za’ 14,7 =0,... ,n} is linearly independent over k.

Proof. Note that, by the proof of Theorem 4.2.1, in order to find a y satisfying the
condition, the only thing we required from the map ¢ was that it was injective.

Therefore, if we prove that the homomorphism
§: R® R° — M(R)

such that f(a ® b) = LRy, for a,b € R, is also injective, we can produce, as we

did in Theorem 4.2.1, an injective k-linear map
FF —R

sending c® d to czd, for ¢,d € F and some element € R. And this implies that
{o!za? 14,5 =0,...,n} is linearly independent over k.

To prove that @ is injective, we will use Lemma 4.2.2. First note that, since
R is a subring of U, it is a multiplicative subset. Next, since U is generated as a
field by R, the centralizer of R in U is just k. Suppose that ker(6) # 0 and pick a

nonzero element Y ., a;®b; in ker(#) with m minimal. m must be greater than 1,
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because a;xb, = 0 for all z € R implies, in particular, that a;b; = 0. Since R is an
integral domain, we would have a; = 0 or b; = 0. But this is impossible, because
we had chosen a; ® b; to be nonzero in ker(6). By Lemma 4.2.2, a4,... ,a,, are

linearly dependent over k. So, by possibly relabelling indices, we can write

ay = Z az-)\i
1=2
with A; € k. But then,
m m
Zai ® b = Zai ® (Aib1 + by),
=1 1=2
contradicting the minimality of m. So ker(f) = 0, i.e. 6 is injective. O

One last observation will be necessary before we proceed.

Lemma 4.2.4. Let k be a commutative field and R a k-algebra. Suppose that R
contains a finite Galois extension F of k with basis {vy,...,v,} and let G =
Gal(F/k). Suppose also that there exists x € R such that the set {v;zv; :
i,j =1,...,n} is linearly independent over k. Then, for each o € G, the set

{vi:w;-’ 11,7 =1,...,n} is linearly independent over k.
Proof. Consider the following function between k-vector spaces.

p:Fx---xF — R

&1,...,&) — Yoo vz

The map ¢ is obviously linear and is it injective, for if (&, .. ,&,) = 0, writing
& = >, Aijv; with Ay; € k, we obtain > i Mijvizv; = 0. And this implies, by
hypothesis, that );; = 0, therefore, & = 0 for every ¢ = 1,...,n. Now take 0 € G
and suppose that we have an equation

n
g __
E Aijvizv] =0

i,j=1
with );; € k. This is equivalent to the relation

@ (Zj)\ljv;’, . ,Zj)\njv;’) =0.
Since ¢ is injective, for all 7, we have (Z] /\ijvj)a = Zj Aijug = 0. The facts that
o is an automorphism and {v;} linearly independent over k£ imply that A;; = 0,

for all 4 and j. So {v;zv{ : 4,5 =1,...,n} is linearly independent over k. O
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4.2.2 Matrix units

We now start to restrict our objects. We begin by giving the set-up.

Let R be a ring which has a commutative field k as its centre. Suppose that
R has a skew field of fractions U with the same centre ¥ and that R contains a
finite Galois extension F' of k. Let E be a field which is isomorphic to F' over k.
We will be considering the effect of extending the ring R by E over k. We need
some notation. Suppose the degree of the extension F/k is n > 1. It is known
that F contains a primitive element, i.e. there exists a € F such that F = k(a).
Similarly, we can write E = k(f3), where the isomorphism between E and F' takes

a to . Let
f(X) =) aX
1=0

denote the minimal polynomial of o over k. (It is understood that a, = 1.)
Clearly, f is also the minimal polynomial of § over k. Denote by G the Galois
group Gal(F/k) = {1 = o1,...,0,} and by G’ the group Gal(E/k) = {1 =
T1,... ,Tn}. We know that G 2 G’ (because F = F) and suppose the elements
were written in such an order that this isomorphism takes o; to 7;. Finally, write
a; for o’ and, similarly, §; for G%.

Since Ug is simple artinian, it is isomorphic to a matrix ring 9, (K), where 7
divides n and K is a field. We will show explicitly what the matrix units for Ug
are. In particular, it will be shown that Ug is in fact an n X n matrix ring.

Consider the following polynomial over F' Q; E:

n i—1

(X, Y)=) a;y XIYI (4.2.1)
and note that
B(X,Y)(X - Y) = f(X) - f(Y). (4.2.2)

This last assertion can be proved by multiplying out the left-hand side.

Some elementary facts about ®(X,Y’) will be listed in the lemma below.

Lemma 4.2.5. For the polynomial ® defined above, the following are true
(1) ¢(ai:ﬂj)ai - Q(ahﬂ])ﬂj; fOT‘ any 'Laj = ]-a SRR (2)
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(ii) ®(X, X) = f'(X), where f'(X) =Y ia; X"},

(iii) ®(04, oj) = 635 f'(eu);

(iv) Foranyo € G andi=1,... ,n, ®(a’, B)af = ®(a?, B)5;:.
Proof. (i) follows from (4.2.2), because ®(oy, 3;)(as — B;) = f(au) — f(B;) =0,
since all a;’s and ;’s are roots of f. (ii) is a straightforward calculation. (iii)
follows from (ii) when ¢ = j and if ¢ # j, since ®(ay, ;) (i — ;) = f(ou)—f(a5) =
0, it follows that ®(a, a;) = 0. (iv) is true, because since F' = k(a), we can write
(uniquely) o; = 777 " bijof, with b;; € k and this implies that §; = Z;.:(} bi; 7.
So, af = E;:Ol bij(a°)? and

B(a”, fof = <I>(a°,ﬂ)ibij(a")f
= Zbl}q) ’IB (Of )
= ZbU@ IBJ by (1)

= ¢(a’,f) Zbijﬂj
=0

= 20", B)6
O
Now, for each i = 1,... ,n, define in F ®; F, elements
def (i, 8)  @(oy, B) (4.2.3)

€ = - )
f'{) f'(6)
where the last equality follows from Lemma 4.2.5 (i). If we denote by e the

element

(e, ) (4.2.4)

and introduce the notation
oo def 2(%, )
(8’
for any o € G, we can write e; = e%. In particular, e; = e. Note that since, for

every 0 € G, e € F ®; F, which is a commutative subring of Rg, we always
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have
ae’ =e’a. (4.2.5)
Lemma 4.2.6. The elements defined in (4.2.3) satisfy

n
E e, = 1 and €;€; = 6,;3'6,'.

=1
Proof. This proof follows a well known argument. We will first prove the second

assertion. For each i, e; is an idempotent, because, by Lemma 4.2.5 (i) and (ii),
®(a;, B)® (a4, B) = ®(cs, B)®(6, 8) = ®(ai, B) f'(B). Therefore,

® (i, 8) (v, B)
1B B
®(as, B)f'(B)
(f'(8))?
®(ay, B)
f'(B)

= €.

€;€;

If ¢ # j, then ®(a;, B)®(ej, By = B, B)®(e;, B)B = P(aw, B)®(ej, B)e;.
Since a; — a; # 0, it follows that e;e; = 0 for ¢ # j. To prove the first as-
sertion, consider the polynomial P(X) = Y7 | ®(ai, X)/f'(eu) over the field F.
P(X) is of degree at most n—1 (because each $(¢;, X) is) and forallj =1,... ,n,
P(ay) = 1, because ®(ay,a;)/f'(es) = 6, by Lemma 4.2.5 (iii). So P(X) —1
is of degree at most n — 1 and has n distinct roots. Therefore, P(X) must be

constant equal to 1, in particular, Y . e; = 1. 0

In R, let L = L(a) denote the linear operator defined by left multiplication
by « and for each i = 1,... ,n, write R; = R(¢;) for the right multiplication by
;. Now define the operator 0; = ®(L,R;) = > 1 _, an E;:(} L=i-1R7 We know,
by Corollary 4.2.3 and Lemma 4.2.4, that R contains an element z such that

{o’zal 14,7 =0,...,n — 1} is linearly independent over & for every s =1,...,n.
For each i =1,... ,n, let v; = 9;(x), i.e.
n h—1 ‘
v = Z ap Z "I ol (4.2.6)
h=1  j=0
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Since the a;, are not all zero, v; is different from zero and these elements satisfy
av; = vy, for all 4. (4.2.7)
Indeed,
(L =Rt = (£ —R)P(L,Ri)

= f(L) - f(R)

= 0,
because both o and «; are solutions of f(X) =0 and £ and R; commute. Since
v; = U;(z), we have (4.2.7). If we write a% = a; as a sum Y r_ bjpa®, with
bjn € k, as we did in the proof of Lemma 4.2.5, it is easy to see that (4.2.7)
implies

%y, = v;a%%, for all 4, 5. (4.2.8)

And, therefore,

e, = v;e%%, for all 4, 7. (4.2.9)

Since the v;’s are not zero in R, they are invertible over the skew field of
fractions U of R. Let S be the subring of U generated by R and v, for i =
1,...,n. Over Sg the relations (4.2.8) and (4.2.9) are also valid and, since the

v;’s are now invertible, in Sg we have
vyla% = a%%y;! and (4.2.10)

v le% = %%yt forall4,j. (4.2.11)

1 7

It is worth pointing out that (4.2.8), (4.2.9), (4.2.10) and (4.2.11) imply, by

replacing o; by 007!, the following other useful relations valid in Sg:

Q%% vy = v;a% and (4.2.12)
ey = e (4.2.13)
vt = 07 'a%%  and (4.2.14)
e%v;t = v7le%% for all i, 5. (4.2.15)

Now we are ready to prove
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Proposition 4.2.7. Let R be a ring which has a skew field of fractions U such
that both have the same centre k. Suppose R contains a finite Galois extension
F of k of degree n > 1 and let E be isomorphic to F over k. Then there exist
nonzero elements vy,...,v, in U such that the subring S of U generated by R
and v7,... vt is such that Sg is isomorphic to a matriz ring M, (T), where T

is the centralizer of elements
eij = v 'ev; (4.2.16)
and e is given by (4.2.4).

Proof. If we have in mind Prop. 0.1.1 of [6], the only thing left to prove is that
the set {e;i,7 = 1,...,n} forms a complete set of matrix units for Sg. Note

that, by (4.2.11), e;; = €™ =¢;, s0 Y, €; = 1, by Lemma 4.2.6. Moreover,
eijen = v; evjuy ey
= v w;ejenv; vy, by (4.2.9) and (4.2.11)
= 5jh.vi"lvjejvj_1vl, by Lemma 4.2.6
= &;pv; ev, , by (4.2.14)

= 6jh6il y by (4216)

And this proves the proposition. 0

4.2.3 A special case

We will apply the above results to the case of R = Fi(z), i.e. the free Fy-ring
on one generator. We know that R is a fir, so let U be its universal field of
fractions. Note that in this context x € R certainly satisfies the conclusion of
Corollary 4.2.3. The first thing worth mentioning is the fact that although Rg is
a hereditary ring, because E/k is separable, it is no longer a fir.

We have
Rp = (F ® F) xg E{z). (4.2.17)

One way of seeing this is by writing R = F % k(z) and then applying the tensor
product operation to it. Since F/k is Galois and E =2 F, it follows that F @, E =
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F) x ... x F,, where each F; 2 F (see Cor. 5.7.5 of [7] on p. 194). Therefore, if
we apply Bergman’s coproduct theorem on the monoid of projectives to (4.2.17),
we obtain

P(Re) = (P(R)x ... x P(F) [| P(E@)

P(E)
= (Nx...xN)HN
N
2 Nx...xN

where the Cartesian products above have n terms. Since n > 1, Rg is not

projective free, therefore, not a fir.

4.2.4 Generators

In this subsection it will be proved that Sg is isomorphic as an F-algebra to the
ring E{a, v;, v (i=1,...m)|f(a) =0, av; = vy, vyt = vy = 1).

)

Let us start with
Lemma 4.2.8. Fy(z) is isomorphic to k{o, z|f(c) = 0).

Proof. The map k(t1,ts) —> Fi(z) defined as k-linear, with ¢; — o, t —> =

is a surjective k-algebra homomorphism with kernel generated by f(t;). a
Corollary 4.2.9. Fy(z) is isomorphic to k{a, v; (i=1,..n)|f(a) =0, av; = v;a).

Proof. By Lemma 4.2.8, we can identify R = Fi(z) with k{a, z|f(a) = 0). De-
note the ring k(t, v;| f(t) = 0, tv; = v;t;) by R', where ¢; = t and 0; € Gal(k(t)/k)
which is the same as Gal(F/k). Note that we also have ®(t;,t;) = d;;f'(t;), where
® is defined in (4.2.1) (see Lemma 4.2.5). Moreover, (4.2.12), with ¢ substituted
for a remains valid, because it is a consequence of the fact that tv; = v;t; alone. It
is easy to see that the maps ¢ : R — R’ and 9 : R' — R defined on generators
by ¢(@) =t, ¢(x) = 7y Soiey s and (t) = @, P(vs) = Tp_; an 3125 &7 wa]
are indeed k-algebra homomorphisms. It is clear that ¢i(t) = t and that
Yé(a) = a. We must prove then that ¥é(zr) = z and that ¢y(v;) = v; for
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alli =1,...,n. In other terms, we must prove that

Z 2": ap Z oI g0l (i)

i=1 h=1 7=0

and

i=1 h=1 =1 j=0 =1
n h—1
=) a, ) oI E ol | z.
d
h=1 7=0 =1

The last equality is true because, since > a{ is a symmetric polynomial in the
a;’s, it is expressible as a polynomial in the elementary symmetric polynomials
in the o;’s with coefficients in k. But the elementary symmetric polynomials in
the a;’s are just the coefficients of f(X), the minimal polynomial for o over k.
Therefore, >0, O[Z is expressible as a polynomial in the a;’s with coefficients in

k, and thus, belongs to k. Now, continuing the calculations above, we have

n n
E Eahg ahjla:a*g Eahg ahjlozx

=1 h=1 7j=0 =1 h=1 3=0

= Z@D(a, ;)T
= f,(a)xa

because ®(a, ;) = 0 if o; # @ and = f'(a) if a; = @. To prove (ii), we proceed
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as follows

n h-1
D)t
h=1 7=0

a

We now look at the ring S obtained from R = Fy(z) by the construction given
in Section 4.2.2.

Corollary 4.2.10. Sg is isomorphic to

1

Ela, v, 0" G=1,...m)|f(a) =0, av; = vioy, vu]! = vty =1).

Proof. By Corollary 4.2.9 and the definition of S, the ring S is isomorphic to

k(o vi, vt (=1, m)| (@) = 0, aw; = vioy, vyt = vty = 1). O

We know, by Proposition 4.2.7, that Sg is isomorphic to a matrix ring, namely,
M, (T'), where T is the centralizer of the matrix units e;; = v; 'ev; and e is defined
in (4.2.4). Prop. 0.1.1 of [6] shows us how to regard the elements in Sg as matrices
over T': for each ¢ in Sg, take the matrix [c] = (¢;;) in 9M,(T), where ¢;; is given

by
n
= Z €,iCEjy. (4.2.18)
v=1

Since Sg is generated as an E-algebra by a,v;,v; ' (see Cor. 4.2.10), T will

be generated as an E-algebra by the entries of [a], [v], [v;!]. Let us start with
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= > v 'ue%e% v, , by (4.2.9), (4.2.11) and (4.2.5)

v=1
n
= 8y ) v uemavsty, | for e%ie? = §e”.
v=1
By applying the appropriate laws (4.2.8)—(4.2.15), we obtain

-1

v, 1v,~e""av[ Lo, = e 0 °v.

Using Lemma 4.2.5 (iv), we find that e,a% ° = ¢e,8% , where 7; was defined as

the element of the Galois group of E over &k corresponding to ;. Therefore,
n 1 1
Q=065 e =687 .
v=1

So, in matrix form,

gt 0 ... 0
0 B% ... 0
e
0 0 ... B
To look at [vs], we must first define, for each h = 1,... ,n, an element 7, in

the symmetric group S,, which is given by

m o {L...,n} — {L...,n} (4.2.19)

1 — Wh(i),
where 7,(¢) is the only element in {1,...,n} such that o.,u) = o,0h.
For a fixed v € {1,... ,n}, we have
-1 -1
€iVh€jy = U, €UUpY; evy,
_ -1 0iOh 5,05 »,—1
= v, vvpe” e v,
-1 -1
Omn(i),i Vs ViUhUp, (5 Vv €y -
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Therefore,

n n
(Vh)i; = Y €iVhejy = Orig > Uy, tvivput v e
h)ij = viVh€jyv = Omy(3),5 v YihYmy (i) YvEv-

v=1 v=1
For each h =1,... ,n, let Il denote the permutation matrix defined by =, i.e.
Iy = (Onpi))- Let pri=> 0, v;lvivhv;hl(i)vye,, and
pp 0 - 0
P — 0 pl.1,2 ()
| 0 0 - P |

So, [vs] = PyII,. Now, for each h,i =1,...,n, set

n
— § ‘ -1 -1,—-1
qn; = €V, U, (i)Vp V; Vv

v=1
With the help of (4.2.9)—(4.2.15), we can see that gs; = p;;'. So Py is invertible and
[v7'] = II;' Pt Note that py = S v tvve, for every h =1,...,n. Call
this common element p. Similarly, set ¢ = gn1. Recall that 7', the centralizer of
the matrix units of Sg, is generated as an E-algebra by the entries of [a], [v;], [v;].
Since the entries of [a] all belong to E, they are superfluous generators of T as

an F-algebra. This sums up to

Proposition 4.2.11. The ring T, defined as the centralizer of the elements ey
(k,l=1,...,n) in Sg, is generated as an E-algebra by the elements p, q, pij, gij,

wheret=1,... ,nand j=2,...,n. U

4.2.5 A matrix ring over a fir

In this subsection, we will prove that the only relations among the generators of
T, given by Prop. 4.2.11 are pg = gp = 1, p;;jgi; = ¢i;pi; = 1. This will finally
establish that 7' is a fir.

Let B be the E-algebra defined by

B = E(ZJ, 2y Yijs Zij (i=1,---,n,j=2,---,n)|yz =zy=1, YijRij = ZijYi; = 1)
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and consider the full n x n matrix ring over B, 9, (B), which is the E-algebra

generated by v, 2, yij, 2ij, En with defining relations

yz=2zy =1
YijZij = ZijYi; = 1
YEwu = Eny
VijErn = Enyij
EnErs = 61p Eps

> EBu=1,
h=1

where ¢, h,l,7,s=1,...,nand j =2,... ,n.
We will show that there exists an isomorphism between Sg and 9t,(B) which

preserves matrix units and, therefore, restricts to an isomorphism between 7" and

B.

Theorem 4.2.12. Let k be a commutative field and R = Fy(z), where F is a
finite Galois extension of k of degreen > 1. Let E be an extension of k isomorphic
to F/k. Denote by U the universal field of fractions of R. Then there exists a
subring S of U, obtained from R by adjoining inverses of finitely many elements

of R such that Sg is isomorphic to 9, (B), where B is the E-algebra defined by
B = E(y, 2, Yijy Zij (i:l,...,n,j:?,...,n)|yz =2y = 1, Yij2ij = ZijYi; = 1)

Proof. Let S be the ring obtained from R = Fy(z) by the construction in the
subsection 4.2.2. We will prove that this S satisfies the theorem. First, let

£ E{a,v;,v] " (=1, n)) — M, (B)
be the E-algebra homomorphism induced by the map

n
—1
o Zﬂr’ E;;
=1

Vp +—— (Z yhiEii> II; , where yp1 =y

=1
n
’U,:l — H;l E ZhiEii , where Zh1 = 2
i=1
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and II, is the permutation matrix defined by Iy = D 7;_, 6r,),;Es and mp is
given by (4.2.19). We have, then,

f(f(a))=f(£(a))=f(26”‘l ) Zf (6" )Es=0.  (4.2:20)

i=1
Moreover, if we write a% = Z;’__fol bnjo?, with by; € k, then g™ = Z;‘;l bnj
and, so, f™7 = Z;.:(} br; (67), for any 7 € G'. So

n—1
{a™) = ¢ (E bhjaj)
j=0
n—1
= th]{(a)’
j=0
n—1 n J
= thj <Zﬂ7‘—lEii)
= zbh] Z j Ey

1=

= thJZ j Ey

j=0

- ST

i=1

Hence,

Elavp) = &(a)é(vn)

= (Z IBTi_lEi,;) (Z yhjEjj) II
i=1 j=1

n
-1
= ZﬁT" YniLoiilln
i=1

- -1
- ZﬁTi Ynilimn ), (4.2.21)
because E;Il, = E; z,¢;). On the other hand,

E(vnan) = &(vn)€(an)

(Z thuHh) (Zﬁ""”’_lEy‘j)
-1 j=1

Z ﬂThT"h(")yhiEi,wh(i),
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because E;ll,Ejj = 0r,(:),;Ei;. Since, by definition, 7y, ) = 7;7%, we have 7'7;1(1.) =

75 7!, Therefore,

§(vhan) = iﬂTi—lyhiEi,wh(i)- (4.2.22)
i=1
Equations (4.2.21) and (4.2.22) amount to
E(avy) = E(npap) ,for h=1,... ,n. (4.2.23)
Finally,

E(onvy") = E(un)é(vp?)

= yh,zEuHh) (H;l Z Zh.jEjj)
=1 j=1

\i=
= thizhiEii
i=1
= 1 (4.2.24)
and, similarly,
vy top) = 1. (4.2.25)

Because ¢ is a homomorphism, (4.2.20), (4.2.23), (4.2.24) and (4.2.25) imply that
f(@), avy — vhapvn, vyt — 1, v;luy — 1 € ker(€).

Hence, there exists an E-algebra homomorphism £ : Sg — 9, (B) defined on

generators by

n
= ZﬂTi_lEii ) f-(’Uh thzEuHh ) Uh I, Zy}” i
=1 :

where yp1 = y,2n = 2, forevery h=1,... ,n.
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Note that

¢ _ ¢ (I)(aaﬂ)>
) = f( 7(8)
1 -
S Y
71(6) 2= " 2
- L - ap -y (87 h=I-1E, B0
1 )h=1 §=0 i=1
_ 1 n n o h_l(ﬁﬂ‘_l)h_j_lﬁj E.
f'(B) i=1 \h=1 j=0 ’
1 < -1
= — ([ E;;
i )Z 57", B)
1,
= 7! P

And, therefore,
Elei) = E&(vievy)
= £(v; )E(e)E(v;)
= ;'Y zinEwmBEu Y yuEull;
h=1 =1

= Hi_lzﬂylequ

= Hi_lEllHj

= E”
That is, the homomorphism £ takes the matrix units of Sg to the ones of 91, (B).

Now consider the E-algebra homomorphism

n: E(Y, 2, Yij, %ij, En Ghil=1,... nj=2,..n)) — SE
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induced by the map

y — p
z — q
Yij > Dij
Zij F— Qij
En — en.

It is immediate to see that
yz—1, zy — 1, yizi; — 1, 2y — 1 € ker(n)
and, since 7(Ep;) = en, we also have

EnErs — 017 Eps, Z By — 1€ ker(n)

i=1
and, because 7(y) = p and n(yi;) = ps;, which are all in the centralizer of the ey

in Sg, we finally get
YEw — Eny, YijEn — Enyij € ker(n).

Therefore, there exists an F-algebra homomorphism 7 : 9, (B) — Sg defined

on generators by

ay)=p, 7(z) =q, 1(yy) =i , T(2i) = Gj , T Ew) = e€n ,

fori,h,l=1,...,nand j=2,... ,n.

The next step is to show that 7 = £~1. Indeed,
— n -1
mée) = 7 (Z g Eu)
=1
= ZﬂTi_leii
i=1

= o
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and

7€(vn) = ﬁ(zyhiEiiHh)

=1

=17 (Z yhiEz',wh(i)>

=1

n
= Z Phi€iz; ()
=1

n
. § -1 -1
—_ ,Ul/ 'U’L’Uh’l),n_h(z)’l)ye,,ezmh(z)
i,v=1

n
— -1 o
= Un E :Uwh(i)vzezm(z)
i=1

n
= v vl v lev,,
= YA mh (i) Vi Ve mh (1)
i=1

= Un Z U;hl(i)vﬂh(i)eﬂh(i)
i=1

n
= UhE :eﬂ'h(i)
i=1

= Up.

Thus, 7€(v; ') = v;* and, therefore, 7€ = 1g,.

To show that &7 = 1g,(p), first note that, since vy, = 3 1 Dri€ir, i), We
have &(vn) = Yo, &(Pri)Eim)- On the other hand, by definition, £(v,) =
S yniFally = 31 YniBim,)- These two equalities imply that £(pr;) = yni
and, therefore, that £(gn;) = zp;. So

)

)
i) = Elpy) = vy
ii(z) = &(gy) = 2

) (en) = Em-
Hence, &7 = Lon,(B)- So My, (B) and Sg are isomorphic as E-algebras and we have
seen that the isomorphism € takes the matrix units of Sg to the corresponding

matrix units in 2T, (B). O
Corollary 4.2.13. Sg is isomorphic to an n X n matriz ring over a fir.
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Proof. The above isomorphism, between 9, (T) = Sg and 9,(B) preserves
matrix units. Therefore, T = B. Since B is just the group algebra of the free
group on n? — n + 1 letters over E, it follows from Corollary 3 of [5] that B and,
therefore T, is a fir. O

4.2.6 Extensions

Theorem 4.2.12 and Corollary 4.2.13 can be extended to the case where R =
Fr(X) and X is any nonempty set. For this, pick z € X and write

R= RI *k k(X’),

where R = Fi(z) and X' = X \ {z}. If we construct S from R in the same

manner as we did in Section 4.2.2, we get
Sg = E{a,v;, v f(a) =0, av; = vioy) g B(X').

By Theorem 4.2.12 and Corollary 4.2.13, we know that E(a,v;,v]!|f(a) =

0, av; = v;¢) is isomorphic to a matrix ring 9M,(T"), where T is a fir. So
Sp & M, (T) +5 B(X'). (4.2.26)

By Bergman’s theorem (Corollary 1.3.3), it follows that Sg is hereditary. Equa-
tion (4.2.26) also gives us

1
P(Sg) = ENH N.
N

Hence Sk is hereditary and projective trivial, therefore Sg is isomorphic to a full

matrix ring over a fir. Explicitly, Sg = 9, (V), where V = 20,,(T xg E(X'); T).

Corollary 4.2.14. Let k be a commutative field and R = Fy(X), where F is a
finite Galois extension of k of degree n > 1 and X a nonempty set. Let E' be an
extension of k isomorphic to F/k. Denote by U the universal field of fractions of
R. Then there ezists a subring S of U, obtained from R by adjoining inverses of
finitely many elements of R, such that Sg is isomorphic to an n X n matriz ring

over a fir. a
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4.3 Purely inseparable case

This section is similar to the previous section in its aim of obtaining from an
extended tensor ring, a full matrix ring over a fir. It differs from the earlier
section, because we will be looking at a simple purely inseparable extension. We
will be also using different methods. As before, we start with a very general

situation and go on specializing as necessary.

4.3.1 Recognition of matrix units

We will start by stating a theorem by Agnarsson, Amitsur and Robson.

Theorem 4.3.1. Let R be a ring containing elements f,a,b such that f* = 0 and
af" '+ fb=1. Then the set {E;;}, given by E;; = flaf™’™!, is a complete

set of n X n matriz units for R.
Proof. See [1, Th 1.3] a

This theorem will be applied to a ring which contains a purely inseparable

extension of a subfield.

Lemma 4.3.2. Let R be a ring having a field k of characteristic p > 0 as its
centre. Suppose that R is embeddable in a skew field U and that there exists
a € R\ k such that o® € k. Then there exist nonzero elements v,t € R such that

at = ta and writing u = vt™!, we have
uo — oy = 1.
Proof. Let

6:U — U

T +— IO — QT

be the inner derivation of U defined by a. Since the characteristic is p and o? € k,
we have that 6” = 0. Let 7 be minimal such that 6"(z) = 0 for all z € R. Then

r > 1, because a does not belong to the centre & of R. So there exists ¢ € R
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such that 6"~!(z) # 0. Put v = 6" 2(z) and ¢t = §(v). Note that ¢ # 0, because
t = 0""Y(z). So t is invertible in U. Moreover, 6(t) = 6"(z) = 0 and §(¢7*) = 0.
Let

Then

that is,

uo — oau = 1.

a

Lemma 4.3.3. Let k be a commutative field of characteristic p > 0 and R a
k-algebra containing elements u, £ such that u is invertible in some ring S which

contains R, and these elements satisfy

& =0 (4.3.1)
ué —&u=1. (4.3.2)

Then the following equation is valid in R:
PP = (gu)Pt - 1. (4.3.3)

Proof. Consider the element y = £u; then in S, € = yu~!. Now, if we multiply
ué — &u = 1 by u on the right, we obtain uy — yu = u, or uy = (y + 1)u, which

in S can be written as
yut =u"y +1). (4.3.4)
Thus,

gt = (yuT)

= yu"l .. .yu‘lyu_1

= yu~'...yu?(y + 1), by (4.3.4)

= v " Vy+(p-1)... (b +2@E+1)
— u—(P—l)(yP—l - 1),
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where the last equality was obtained from the fact that if 0 < m < p, then

mP~! = 1(mod p). Hence

WP = (Gu) T - L

Corollary 4.3.4. With the hypothesis of Lemma 4.5.3, the elements

fij = =€ PP u ()2t (4.3.5)
form a complete set of matrixz units for R.
Proof. We can rewrite (4.3.3) as

—P e 1 g (u(Eu) ) = 1.

Applying Theorem 4.3.1 to R with n =p, f = €, a = —uP~! and b = u(&u)P~2
yields that the elements

fij = =€ WP (u(Eu)P?)
form a complete set of p X p matrix units for R. O

Theorem 4.3.5. Let R be a ring having a field k of characteristic p > 0 as
its centre. Suppose that R is embeddable in a skew field U and that there exists
a € R\ k such that o € k. Let E be an extension of k isomorphic to k(a). Then
there exists a nonzero element t € R such that the subring S of U generated by

R and t! is such that Sg is isomorphic to a full p X p matriz ring.

Proof. By Lemma 4.3.2, there exist elements v,t € R such that if u = vt™1 € S,
then

uo — ou = 1.

Let E = k(8), where « is sent to § in the isomorphism between F and k(). In
Sg,let £ = a— ;50 & = (a— B)P = a? — P = 0. Since J is in the centre of S,

it follows that u8 = fu and this implies that
ué —&u = 1.

Now, by Corollary 4.3.4, Sg contains a complete set of p x p matrix units and,

hence, is isomorphic to a full matrix ring. -
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In the above theorem, we know that the matrix units of Sg are given by
(4.3.5). Some simplifications can be made on the expression (4.3.5). For this,
some technical lemmas are needed. In the three lemmas below and in the corollary
following it, the elements u and £ are those of the proof of Theorem 4.3.5.

Lemma 4.3.6. For anyl,n € N, u(§u+1)" = (u+ (I + 1)) u.

Proof. By induction on n. For n = 0 the result is trivially true and for n =1 it
is an immediate consequence of (4.3.2). Suppose now it is valid for n > 1 and let
us prove it for n + 1.
u(u+ D" = w(lu+D)"(Eu+1)
= (fu+ ({+1))"u(éu+1), by induction hypothesis
= (fu+(+1)"(Eu+(+1))u, bycasen=1

= (éu+ (1 +1)"u.

Lemma 4.3.7. For any m,n € N, u™(u)" = (§u + m)"u™.

Proof. By induction on m. The induction basis m = 0 is trivial. Now, form > 1,

we have
um—i—l (é-u)n — uum(gu)n
= u(éu+ m)"u™, by induction hypothesis

= (éu+ (m+1))"u™", by Lemma 4.3.6.

Lemma 4.3.8. For anyl,n € N, &~1(&u+ ) = [m&P~ 1.
Proof. By induction on n. For n = 0, the result is obviously valid. If we suppose
it is valid for some n > 1, then
I Eu+ )" = £ (u+D)"(Eu+)
= "¢ Y(éu+1), by induction hypothesis

mHiep=l - for &P = 0.

90



Corollary 4.3.9. For any m,n € N, &7} (u(&u)”)™ = (m!)"&P~1u™.
Proof. By induction on m. For m = 0, the result is true. If m > 1,
e u(Eu)m)™ = 7 (u(éw)") u(éu)
= (mH"eP ™ (¢u)™ , by induction hypothesis
= (m)"&Héu+ (m+1))"u™*!, by Lemma 4.3.7
= (m)*(m+ 1)"P ™! by Lemma 4.3.8

= ((m+1)Hrerlymtt,

Now we can state and prove

Theorem 4.3.10. Let R be a ring having a field k of characteristic p > 0 as
its centre. Suppose that R is embeddable in a skew field U and that there erists
a € R\ k such that o? = a € k. Let E = k() be an extension of k isomorphic
to k(c) such that BP = a. Then there ezist t,v € R such that the elements

eij = —uP T EPTIyI Tt (4.3.6)

’

where u = vt™! and £ = a — B, form a complete set of p* matriz units for the

E-algebra Sg = S ®x E, where S is the subring of U generated by R and t™*.
Proof. We have seen in Theorem 4.3.5 that the elements
fij — _éi—lup—lgp——l(u(é-,u/)p—2)j—l

form such a set. By applying Corollary 4.3.9 to each of the f;;’s we can simplify
them to

fij=—((— 1)!);0—2§i—1up—1€p—1,uj—1. (4.3.7)
Next, note that (4.3.2) implies

u™€ = &u" + nu™ (4.3.8)
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for every n € N. By rewriting (4.3.8) as
fu = v —nu™ T,
we can prove, by induction on [, that

glyp=lep=t = [lyp-(H)gr—1,

Applying the above relation to (4.3.7) and noting that for j < p,

((] - 1)!)12—2 = (] _ 1)',

we get

G-1)! (i~ 1)
fii= (—1—:1—)'u” grlyi=t = (;—1)'6”

So e;; = fi; and thus Y 7_, e; = 1. Moreover,

L -Dim-1)
€ij€im ( 1)| ( ) fzjflm, by (439)
G-Dim-1t
RISE ol
- 6 ( 1), fzm

= 6]lelm.

Therefore the e;;’s do form a complete set of matrix units for Sg.

4.3.2 A special case

(4.3.9)

We will now apply the results of the preceding subsection to a tensor ring. We

will start by fixing our notation.

Let k be a commutative field of prime characteristic p > 0 and F' = k(a) an

extension where a € F' \ k and o = a € k. Consider the ring R = Fy(z), which

is a fir and therefore has a universal field of fractions U. Let E = k(f) be an

extension of k£ isomorphic over k to F' such that the isomorphism sends a to 3.

We shall need to look at the ring Rg = R®; E

It is known that Ug is a simple artinian ring, thus isomorphic to a matrix ring

over a skew field. More precisely, Ug = 9, (K), where K is a skew field over E
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and r divides [E : k] = p. Since Rg C Ug and Rg is not an integral domain (e.g.
the element { =a— € Rgissuch that & = (a— )P =af — P =a—-a =0
and £ is non-zero), it follows that r = p.

We shall consider the ring S, obtained from R by localizing enough in order
to obtain the matrix units of Ug in Sg, just as we did above.

Since z is a free element in R, it certainly satisfies *~!(z) # 0, where § is
the inner derivation of U defined by . We can than construct ¢ and w as in the
preceding subsection and apply Theorem 4.3.10 to R = Fy(z).

First we point out that Rg is not a fir, because it is not even an integral
domain. Writing

R=F *k k(x),

we can see that the monoid of projectives of Rg is given by

P(Rp) = P(Fp) [ [ P(E(z))
P(E)

P(Fg) [N

1%

IR

P(Fg).

If we write F' = k[Y]/(f(Y)), where f(Y) = (Y — a)?, then we have an exact

sequence

0— (f(Y)) — kY] - F—0
of k-spaces. Tensoring it up with E over k, we get an exact sequence
0— (f(Y)) — E[Y] — Fg — 0.

So Fg = E[Y]/(f(Y)) and the only maximal ideal of Fg will be (Y —a)/(f(Y)).
So Fg is a local ring. By Cor. 0.5.5 of [6], Fg is projective free. Thus Rg is a

projective free ring which is not a fir. In particular, Rg is not a hereditary ring.

4.3.3 Generators and relations

Using Theorem 4.3.10, we can apply Proposition 0.1.1 in [6] to Sg and conclude

that Sg is isomorphic to the matrix ring 9%,(7T"), where T is the centralizer in Sk
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of the matrix units e;; given by (4.3.6). The proposition mentioned above also

tells us that this isomorphism is given by the map

Sy b om,(T),
[ — ]

where [f] = (fi;) with fi; =30 esifeju.

Our aim will be to prove that 7' is a fir. In order to do that it will be necessary

to look at the images of the generators £, z, and ¢t of Sg in 9,(T).

Let us start by evaluating [€]. First note that

ené = —uP TP = 0, for every i = 1,

For 7 > 1, we have

e = —uPTEPTIITE

ceey D

=~ (5 — 1)), by (4.3.8)

R T N
= (j—Deij-1

Therefore,

0 ifi=1

euigeju =

(’l — l)e,,,,-_lej,, ife>1

0 ifi=1

(Z — 1)(51;__1,]'6,,,, if 2 > 1.

This implies that £&; = 0 and &; = Y 0_, evifejn = (¢

is,
(00 -~ 0 0 o0
10-- 0 0 0
02 .- 0 0 0
(€] =
00 p—2 0 O
|0 0 0 p—10
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It will be useful to know also what [u] looks like.

eiju = —uPTEPTyi Ty
— i1y

eijr1 ij<p

uPe;; if 7 = p, because uP€ = EuP.
So, for i < p, eyuejy = €yi11€5, = 0ir1 i€ and eypue;, = uPe,iej, = O1juPey,.
Thus

= 6f+Lj if ¢ <p

51ju7’ if i = D

Note that, because uP¢ = &uP, uP commutes with the matrix units e;; of Sg. So

uP € T. In matrix form, we can then write

0100

0 01 0
[u] =

000 - 1

-uPOO...O-

In order to avoid confusion with the matrix units of Sg, the p? matrix units
of M, (T) will be denoted by E;j;, i.e. E;; is the p X p matrix which contains a 1

on the (z, j)-entry and zeros elsewhere. We can now rewrite [£] and [u] as

p—1 p—1
1= iBipri, [l =) Eiip1 + v Ep.
=1 =1

To find out what the entries of [z] are, we will look first at [¢t]. We will need

a result due to Frobenius.

Proposition 4.3.11. Let k be a commutative field and A an n X n matriz over
k such that A™ = 0, but A"~ ! # 0. Then, if B is a matriz over k such that
AB = BA, there ezist Mg, A1, ..., An1 in k such that B = 3.7 L A% O

The proposition has the following consequence.
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Corollary 4.3.12. Let k be a commutative field, R a k-algebra and A ann xXn
matriz over k such that A™ = 0, but A" ! #£ 0. Then, if B is a matriz over R
such that AB = BA, there ezist 1o, T1,... ,Tn—1 1n R such that B =) ., L AL

Proof. Write B = E;":l Bju,;, where the B;’s are matrices over k£ and the u;’s are

linearly independent over k. Since BA = AB, we have

ZB Auj = ZAB w;,

which implies that B;A = AB; forall j = 1,..., m. Now apply Proposition 4.3.11
to A and B, to get, for each j = 1,...,m, elements A\;; € k, ¢ =0,...,n — 1 such

that .
ne
Bj =) XA
i=0
Thus,
m n—1
B = Z Bju; = Z Z /\J,A’uJ Z r A
7j=1 =0
where r; = 377 \jiu; € R. O

Since [€]P = 0,[£]P~ # 0 and [t][¢] = [€](t] and the entries of [£] are in the
ground field, we can apply Corollary 4.3.12 to [t] and obtain

[t] = 7ol + ri[€]+ -+ rpa [P,

for some r; in Sg.
Using the fact that [£]* = Y 77 T gIE, ., fors=1,...,p—1, we can
g 1= 1—1 +s,

write
‘L li—1
= Z (j ~ 1) bi_; Eij, (4.3.10)
i=1 j=1

where b; = slrs. Which, as a matrix, is just

[ (9 0 0 |
[t] _ ((1)) by (i) bo 0
(pol)bp—l (pII) bp—2 (z:})bo |



Note that, since t is invertible in Sg and [¢] is a triangular matrix with by on
the main diagonal, by must be invertible in . We can therefore write the matrix

[t7}] = [t]~! in terms of the b;’s and by

We will now proceed to the evaluation of [z] = (z;;). The element u was
defined to be u = 6772(z)t~!. If we define A : 9M,(T) — M,(T) to be the
derivation given by A(M) = M[¢] — [{]M, we can obtain some information on
the entries of [z] by looking at the image under [ ] of the equation above in the

following way: by definition of v we have
[u][t] = AP72([z]). (4.3.11)

The left-hand side of (4.3.11) is easily seen to be

p—1 i+1

i =Y (j j 1>bi_j+1Eij + byuP By,

i=1 j=1
Bearing in mind that A®(M) = Y7 (=1)/(7)[(]*M[£]"* for every n > 0 and
M € 9,(T), we can write the right-hand side of (4.3.11) as

p—2 p—i 142 . . .
_o j—1+s\/fm—-1+p—2—1
) = 2y e () () )
d(p =2 =) Tjmip-2-iBitjm-

Note that (?;%)il(p — 2 —i)! = (p — 2)!. And, since (p — 1)! = —1, it follows that
(p—2)! = 1. Thus

A7 [a]) = ZZ > (- (520

=0 j—1 m=1 (4.3.12)
m-—1+p—2—i
( m— 1 )-’Ej,m+p—2—z'Ez'+j,m-

We will now rewrite (4.3.12) in order to make it clearer what the entries of
AP~%([z]) are. First let h and [ be new parameters such that ¢ + j = h and
i+ 1 =10 So (4.3.12) is equivalent to

S o v ()

I=1 h=l m=1 (4,3_13)
(m —-1+p-—-1- 1)
Tht+1,mtp—1~1Enm-
m—1
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Let us introduce some notation. Set

A f(h—1\/m—-1+p—-1-1
Tihm = (—1)l ' (h _ l) ( m f 1 )xh—l+1,m+p—l—1Ehm-

We want to interchange the summations over [ and h in (4.3.13). A quick

analysis shows us that in order to do so, it is necessary to break the expression

. . p—1 h I+1 p—1 I+1 .
into two sums: Y F_ 1> D Tihm + D ey O ey Tlpm- That is,

AP ([a]) =
PG L (h-1\(m-14+p—1-1
Z (—1) h—1 m— 1 Th—t+1,m+p—1—1Ehm

h=1 =1 m=1

p—1 I+1

_ - 1\/m-14+p—-1-1

+ (—l)l 1(2 _ l) < m _pi 1 )xp—l+1,m+p—l—lEpm-

=1 m=1

We will now interchange the summations over m and [. Again, this will break

each term above in two sums:

h=1 \m=2l=m-1 m=2l=m-—1

More explicitly,

h
A fh—1\(m-1+p—-1-1
> (-1 l(h B l) < m— 1 )xh-l+1,m+p—l—1Ehm
— h—1
+ Z Z(—l)l_l (h B l) Th-t+1,p-1ER1
1
(p=1\(m—14p—1—1
1(—1)l ! (p _ l) ( m—1 xp—l+1,m+p—l—lEpm
p—1 p—1
+ (_1)1—1 (p _ l) xp—l—i—l,p—lEPl'
Remember that (’;}:}) = (—1)?~!. Therefore, the last two terms are equal to

PPl m—1+p—1-1
Z Z m—1 xp—l+1,m+p—l—1Epm
m=2l=m-1
and

E : Tp—1+1,p-1Ep1,
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respectively. Also, if in the first and second terms we replace [ by h — 7+ 1, in
the third term we replace [ by p — j7 — 1 and in the forth term we replace [ by
p — j + 1, we obtain

R i(h=1\(m—14p—h+j—2
Z (—1) j—1 m—1 $j,m+p—h+j—2Ehm

h
_(h—1
+ ) (=1 (j 3 l)xj,p_h+j_1Eh1

) Tj42,j+mEpm

One last adjustment will be necessary. For this we will need the following

Lemma 4.3.13. In characteristicp > 0, for any N and M non-negative integers,

not both zero, such that N + M < p,
. N-1+M _ N—1 p—l—-M .
o ("3 o (P,
o (N—-1+M\ _ m(P—N
0 ()3

Proof. Case (i) is as follows:

p—1-M\ (p—1-M)!
( N-1 ) ~ (N=1!(p— M~ N)!
P-M+1))...(p-(M+N-1))(p— (M+N))!
(N —1)/(p — M — N)!
M+1)...(M+N-1)
(N —1))
v (N =1+ M)!
= (=1 (N — 1)IM!

= (-1 (N ]_vl_+1 M) :

— (_1)N—1(
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Case (ii) is similar:

(p—N) _ (p— N)!
M ~ M!(p— N-M)!
_ =-Np-N+1)...(p-(N+M-1)(p— (N+M))
M!(p— N — M)!
uN(N+1)...(N+M—-1)
= (-1 i
u (N =1+ M)!

= =D MI(N —1)!
= (_1)M(N]_\71_+1M>.
0

Using Lemma 4.3.13 (i) with N = m and M = p — h + j — 2 we get
(MTHPh=2) = (—1)m-1(*7*1) and putting N = m,M = j in (i) yields

m—1

("‘mﬂ") = (-1)9(* jm). So the first and third term are modified and we can

finally write

AP2([z]) =
e (h=1\[h—j+1 |
Z (-1 1(]- _ 1) ( mj— 1 )il?j,m+p-h+j—2Ehm

h s (P E
+ Z(— ) -1 Zjp~h+j—1£h1

(4.3.14)
We know that
p-1 i+1 ;
QICEDIPD ( > i—j+1 845 4 bou® Epy. (4.3.15)
i=1 j=1

We will use the equation (4.3.11) and the expressions for each of the sides of
(4.3.11) given in (4.3.14) and (4.3.15) to determine relations among the z;;’s.

Comparing the entries (p, 1) of both matrices, we get

p
bou” = Y _ 1. (4.3.16)
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The entries (p,m) with 2 < m < p give us 37_*(~1)/ (”_J.'")xj+2,j+m =0, or
Top = 0
p—m~—1

m
Tp-m+2,p = E:

(—1)j+P—m+1 (p _ m) Tj+2,5+m» for2<m<p-1.
i J
j=0

Replacing p—m+2 by h in the second equation above leaves us with the following

relations.
Tp = 0 (4.3.17)
h—3 h_ g
Thy = Z(_l)hﬂ_l( j )37]‘+2,p—h+j+2, for3<h<p. (43.18)
=0

If we now look at the entries (h,1) with 1 < h < p—1, we get
- (h—1
br, = ;(—l)h—i (j B 1)a:j,p_h+j—1. (4.3.19)

And the entries (h,h+ 1) for 1 < h <p—1 give
bo = —T1p. (4.3.20)

What should be remarked at this stage is that (4.3.16), (4.3.17), (4.3.18),
(4.3.19) and (4.3.20) are all the relations derived from the equation (4.3.11). In
fact, using (4.3.17), (4.3.18) and (4.3.19) we can prove that all the other entries of
the matrices [u][t] and AP~2([z]) coincide. This fact will be used later on in this
section. It is clear that the entries (h,m) with2< h<p—2and h+2<m<p
are zero both for [u][t] and for AP~2([z]). We are left to check that the entries
(h,m) with 2 < h <p—1and 2 <m < h are equal, i.e. that

h o (h=1\[h—j+1
<m — 1) bh—me+1 = ; (=1)tIHmt (j _ 1) ( m—1 )il?j,m+p—h+j—2
foreach2<h<p-1and 2 <m<h.

We will now proceed to the proof of the above assertion. Denote by epn, the
(h, m)-entry of AP~2([z]), with 2 < h <p—1 and 2 < m < h, which is given in
(4.3.14), i.e.

h—m+2 -
itmer(P=1\(h—=J+1
€hm = ; (_1)h et <j — 1) ( m—1 )xj,m+p—h+j—2.
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First, let us verify the assertion for entries of the kind (h, h), with2 < h <p-1.
On the one hand, the (h, h)-entry of AP~2([z]) is equal to hz;,-1. This can be
easily verified by evaluating ep, and then applying (4.3.17). A direct calculation
of the (h, h)-entry of [u][t] gives us the element hb,. Therefore, we have

hiL'l,p_l = hbl,

for all h =2,...,p— 1. But this is just a special case of (4.3.19).
Now let us look at the entries (h,m) with3<h<p—1land2<m<h-1

On the one hand, using (4.3.19), we have

h
<m _ 1) bh—m+1 =

h—m+1
y h h—m
= (_1)h—m—]+1 (m - 1) ( )xj’m+p_h+j_2

j=1 J-1
ey
= (-1)" (m _ 1) Z1,m+p—h-1
h—m+1
i h h—m
+ Z (—]_)h-+ j+1 (m - 1) (] 1 )xj,m+p—h+j——2-
j=2

(4.3.21)

On the other hand,

h—m+1 .
o (A=1\[h—j+1
Ehm = E (—1)7% 1( )( ’ )xj,m+p—h+j—2

o 7—1 m—1

+-1 h—1
— Thm+2.p-
h—m41) hmt2p

Now we apply formula (4.3.18) to the second term of the right-hand side of the

equation above. This can be done, because, since m < h—1, h—m+2 > 3.

h—m+1 .

4 h—1\(h—75+1
m = -1 h—j+m-—1 b
Eh Z ( ) <]_1>( m_]. )fL'J’ +p—h+j-2

i=1

h—m-1
i h—1 h—m
+ (—1)hmH (h Cm+ 1) ( j )$j+2,m+p—h+j-
=0
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If we replace 7 by [ — 2 in the second term of the right-hand side, we get

h—m+1 R
itmer(P—=1\(h—7+1
Ehm = E (=1)h-7tm 1( ) ( ’ )xj,m+p—h+j—2

o j—1 m—1

h—m+1
h—1 h—m
__1\Yh—m+l
+ 2 (-1) (h Cm+ 1) ( 19 )xz,m+p—h+t—2
h

= (Lt
R ()0

h—1 h—m
T \h—mt1)\jog )| Timrhi

We want to compare the extended expression for (m’i )bh—m+1 in (4.3.21) with

)xl,m+p_h_1 (4.3.22)

the one for €4, in (4.3.22). First note that the coefficients of £ m+p—n—1 are equal.
It is then sufficient to prove that the other correspondent coefficients are also the

same. Indeed,

G () -Gt (Go8) -

(h—1)! (h—j+1)!
G-—)Ih—)'m—D(h—j—-m+2)!
(h—1)! (h —m)!
C(h=-m+ D) (m—=2)(G-2)(h—m—j+2)
B (h—1)! h—j+1 1
T G- m -2 (h—j—m+2)! [(j—l)(m—l) Ch—-m+1
_ (h—1)! (h—j+1)(h—m+1)—(G—1)(m-1)
(G —2)(m—2)(h—j —m+2)! G—1)(m—-1(h—m+1)
3 (h—1)! h(h—m —j+2)
G- Dm =2 (h——m+2)! ([ —-1)(m—1)(h—m+1)

hl{(h — m)!
G-D!(m-Dl(h—7—m+ 1) (h—-m+1)!

= (") (527)

This completes the proof of the claim that the relations (4.3.16), (4.3.17),

(4.3.18), (4.3.19) and (4.3.20) imply all the other relations among elements ob-
tained from the matrix identity (4.3.11).
The identities (4.3.16) and (4.3.20) allows us to write the element u? in terms
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of the z;;’s:

p
wP = — (Z zj,j_l) 1), (4.3.23)
j=2

because, since by is invertible in T', so is z1p.

What we have found so far is that all of the entries of [u], [t] and [t7!] can be
written in terms of the z;;’s and z7,. We have also found that there are some
relations among the z;;’s which are given by (4.3.17) and (4.3.18). The next
theorem and its corollaries claim that (4.3.17) and (4.3.18) together with the fact

that 1, is invertible are the only relations among the generators of T'.

Theorem 4.3.14. Let k be a commutative field of prime characteristic p > 0
and F = k(a), where o®? = a € k and o € k. Let R = Fy(z) and denote by U
its universal field of fractions. Let E be an extension of k isomorphic to F/k.
Then there exists a subring S of U, obtained from R by adjoining the inverse of
a single element of R, such that Sg is isomorphic as an E-algebra to the matriz

ring M,(A), where A is the E-algebra defined as

A = E(yij(i=1.p, =1, 2-1), Y1p, Y1y | Y1p¥ip = Yip Y1p = 1).

Proof. Throughout this proof, indexes ¢ will range between 1 and p and j between
1 and p—1. In the proof we shall again use the notation F,,,, withm,n=1,...,p,
to denote the matrix units of 90,(A).

We recall that our original ring R was just the free Fi-ring on z, i.e. R = Fi(z)
and that F' = k(a), where o = a € k. If in R we consider the inner derivation
determined by a,

0o : R — R
[ — fa-qaf,
S can be defined to be the ring obtained from R by adjoining the inverse of
62 Yz), ie. S Fy(z,t71 | 68~ (x)t™! = t7167"1(z) = 1). Using the fact that
oP = a, we can also write S & k{a,,t7! | of = a,62 7 (z)t™t = t7168 7 (z) = 1).
When we tensor up with E = k(3), where 7 = a, we get Sg & E(a,z,t7 | of =
a, 8?1 (z)t™! = ¢t71621(z) = 1), which becomes, after setting £ = o — §3,

Sp = B, z,t7" | € = 0,607 Y z)t ™ = t716P " (z) = 1),
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where § : Sg — Sg is given by 6(f) = f€ — £ f, which is the same as d,, because
B centralizes every element of E.

Consider the E-algebra homomorphism ¢ : E(§, z,t) — 9,(A) given by

p—1
v(€) = ZjEj-H,j
7=1

p
o) = Y yyEi+ B+ ) zEn
ij n=3
e(t™h) = 27,

where
3 n—2
Zp = Z(_l)m+n—1< m )ym+2,m+p—n+2
m=0

and Z~! is the inverse of the matrix

p % .
Z= ZZ (’:Z——:;.) Ci—nEin,

where co = —y1p, ¢n = Yom_ 1 (=1)" ™ (?))Ymp+m-n-1 for n =1...p— 1. Note

that Z is indeed invertible in ,(A), because it is a triangular matrix whose
main diagonal entries are all equal to —y;,, which is a unit in A.
For the sake of simplicity, we will put

-1

p
==) jEjn; Y= Z Yij Eij + y1pErp + Z ZnBnp.

1 ij n=3

i~

<.
1l

Since = is a lower triangular matrix, it follows that =P = 0.

Let A : 9t,(A) — 9,(A) be the inner derivation determined by Z: A(M) =
M= — =M, for each M € 9M,(A). We have pd(f) = o(f§ — &F) = o(f)e(§) —
p(&)e(f) = Ap(f), thus

Ap = pé. (4.3.24)

Call U the matrix given by

p-1 P
U= Z Ej,j—l—l - (Z yn,n—l) yl_plEpl-
j=1 n=2

Our aim is to show that all corresponding entries of AP~2(Y") and UZ coincide.

It should be noted that the matrices Z, Y, Z and U were defined in such a way
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that some corresponding entries of AP~2(Y) and UZ coincide. These entries are
exactly what the relations (4.3.17)-(4.3.20) and (4.3.23) suggested they should
be in order to obtain the identity

AP2(Y)=UZ. (4.3.25)

In fact, a proof of (4.3.25) is obtained by repeating all the steps of the (long)
remark that follows equation (4.3.20), making the appropriate modifications, for
example, the entries of [z] = (z;;) should be replaced by the entries of Y, etc.

With (4.3.25) in hand and the facts
AU)=UE-2EU=1, A(Z)=2=Z-=2Z =0,

which follow easily from the definition of the matrices above, we can conclude

that AP~1(Y) = A(UZ) = A(U)Z +UA(Z) = Z. In other words,
olt) = (7 (2) = AP Np(a) = ANV = 2. (43.26)

The information ¢(£)? = 0 and ¢(t) = Z is enough to ensure that ¢ induces
a homomorphism @ : Sg — 9M,(A) defined on generators by ¢(§) = =, @(z) =
Y,p(t7) = Z71.

A homomorphism 9 : 9M,(A) — Sg in the other direction is given by
VY (Emn) = €mn, V(Y1p) = T1p, ¥(¥i5) = Tij, Py, = — Y0, et 'er,. We should
recall that these elements of S were defined above as e, = —uP ™EP~lu" 1,
where v = 6*7%(z)t™ 21, = Y.P_ en1zep and z;; = Y P_ e,ze;,. Note that
1 is well defined, because we know that the e,,, form a set of matrix units for
Sk (see Theorem 4.3.10) and because the (1,1) entry of the matrix [t7}], i.e. the

element by = Y7 _ et ey, is —z7, (see (4.3.20)). So

P(ypyi) = YY) 0n)) = 21p(=b51) = z1p(—(~27,))) = L. (4.3.27)

(This can also be verified directly by evaluating

P P
(Z es1Zep,)(— Z et ler)
v=1 v=1

using the fact that since 6P71(z) = t, we have £P~1z€P~! = &P~1¢, that is,

fp_lil‘ p—lt—l — é-p—l.)
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We will show that 1) = @~ !. Let us start by calculating ¢)%. By the definition

of the homomorphisms,
p—1
vp(E) = P (ZjEjH,j)
p—1 ~
= Zjej+1,j-
j=1

Now recall (4.3.8) which stated that
ulé = gut + It
for every [ € N. Multiplying both sides by £7~! on the left yields
P lute = 1Py,
which implies that for [ =1,... ,p— 1,
eji+1€ = leji.

S0, jej+1,; = €j41,j+1§ and then,
p—1
PpE) = D e
j=1

p—1

= (Z ej+1,j+1) 3
j=1

= (1-en)é

= {—ené

= &, because e;;€ = 0.

Let us look at ¥@(z). We know that z = Z’,’;,mzlthehm, where z =
S eunTenm,. First, apply @ to the defining equation of u, u = 67~%(z)t",

obtaining
p(u) = G *(2)t7")
= @("*(2)p(t™")
= AP%(3(z))Z7', by (4.3.24) and (4.3.26)
= AP XY)Z7L
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So p(u)Z = AP72(Y) = UZ and, since Z is invertible, we get ¢(u) = U. There-
fore, if we apply @ to exn, whose equation is given in terms of u and ¢ in (4.3.6),

we get

@lepm) = —UP~hEP-1g™1,
And, by evaluating the powers of U and =, we finally get
@(ehm) = Ehm-

So we have, on the one hand,

o(z) = (Z thehm>

and, on the other hand, by definition of ¢,

Z yz] + ylpElp + Z Zn np-

n=3

Thus, by comparing corresponding entries, @(z;) = vij, ¢(Z1p) = Y1p, @(T2p) =0
and @(Znp) = 2, for n =3,...p. Therefore,

@Z (z; i) = (yzj) = Tj;
@(21p) = Y(Y1p) = Y1
$@(z2p) = 0 = 29, by (4.3.17),

and

Wﬁ(%p) = @/;(zn)

= i = 1( l_ >1/)(yl+2l+p n+2)

_ n —l-1 -
= ( ! Ti42,l+p—n+2

= xn,,, forn =3,.
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Thus,

Finally, since AP~}(Y') = Z, applying % on both sides and noting that 1(Z) =
¢ and that ¥(Y) = z, we get
P(Z) = P(APT(Y)) = "7 (P(Y)) = 67} (z) = ¢.
Thus, ¥@(t~!) = ¢(Z271) = ¢(Z)~! = t~1. Therefore,
$@ = Ids,.
In the other direction, we have

ed(yi) = @(i)
Y(yp) = P(z1p)
= I
¢b(Ey) = @(ey)
= E,;
PPvp) = @(z1p), by (4.327)
= @(z1p)7"!
= yl_pl'
Thus,
@Y = Idon,(4)-
Therefore, ¢ constitutes an isomorphism between 91,(A4) and Sg. O

Corollary 4.3.15. The centralizer T of the matriz units e;; in Sg is isomorphic

to A.
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Proof. Since the isomorphism ¢ takes matrix units to matrix units, the restriction

of ¢ to T is an isomorphism onto A. d
Corollary 4.3.16. T is a fir.

Proof. Since T is isomorphic to A, by Corollary 4.3.15, and because

A= E(yy) x5 E{y1p, vip W1py5, = 1 = Y1, ¥1p),

it follows from Proposition 1.3.5 that A, and, therefore, T', is a fir, for both the
free algebra E(y;;) and the group algebra E(ylp,g,/l‘pl]ylpyl‘p1 =1= yl"plylp) are
firs. The fact that the group algebra over a field of a free group is a fir is Corollary
3 of [5] on p. 68. O

4.3.4 Extensions

Like the Galois case, the results in this section can be extended to a ring of the

form Fi(X), where X is any nonempty set.

Corollary 4.3.17. Let k be a commutative field of prime characteristic p > 0
and F = k(a), where o® = a € k and o € k. Let R = Fy(X), where X
is any nonempty set, and denote by U its universal field of fractions. Let E
be an extension of k isomorphic to F/k. Then there exists a subring S of U,
obtained from R by adjoining the inverse of a single element of R, such that Sg

is 1somorphic as an E-algebra to a matriz ring 9M,(A), where A is a fir.

Proof. Pick an element x € X and write
R & R« k(X'"),
where R’ = Fi(z) and X' = X \ {z}. After constructing S, we get
Sp X E(,z,t7 |6 =0, (z)t7! =t716P () = 1) xg B(X").

Since E({,z,t7! | &2 = 0,0P Y (z)t™! = t71677(z) = 1) = IM,(T), where T is
a fir, it follows that Sg is isomorphic to a p X p matrix over a fir. Explicitly,

Sg = M, (V'), where V = 200,(T xg E(X'); T). O
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4.4 Final remarks

In both the two preceding sections, we obtained a matrix ring over a fir following
a very precise construction. We started with a fir R which had a universal field of
fractions U such that both shared the same centre k. Then we considered a finite
commutative field extension E of k of degree n. By tensoring U with E over k
we obtained a full n x n matrix ring over a skew field K, Ug = M, (K). Next,
we looked at a subring S of U, containing R, which was obtained by adjunction
of inverses. This ring S was such that Sg contained the matrix units of 9, (K)
and was, therefore, itself isomorphic to a full n x n matrix ring, say Sg = MM, (T),
where T was the centralizer in Sg of the matrix units. In the two instances
studied in Sections 4.2 and 4.3, we were able to prove that T was a fir. In this
section, we will be showing that K is the universal field of fractions of 7. But we
start by noting that the fact that the ring T obtained by this process in Sections
4.2 and 4.3 was a fir is a particularity of the cases studied. It is not true, in
general, that rings obtained by this process are always firs, as the next example

shows.

Example. Let C be a skew field with centre ¥ and E/k a commutative field
extension of degree 2 such that Cg = 9,(V) for some skew field V' (e.g. take a
skew field C' which contains an isomorphic copy of F, cf. [8, Cor. 7.2.12]). Let
R = C" %, C?, where C* = C for i = 1,2. We know that R is a fir; let U denote
its universal field of fractions. Since Rg is not an integral domain, because it
contains a full 2 X 2 matrix ring, it follows that Ug = 9y (K), where K is a
skew field. Write C% = 9, (V;). Since 9My(Vi) = C C Rg C Ug, we can regard
Ur as a 2 X 2 matrix ring over the centralizer of the matrix units of 0}3, say
Ug = 9M,(G). Since Ug is simple artinian, we have K = G, that is G is a skew
field. Now R itself is a subring of U such that Rg contains the matrix units of
Ug = 9My(G), so Rg = 9My(T). But in this case, T = Wy(V; *g M (Va); V1),
which is not a fir, because 1P(T) = IN] [ ;N

We return to the cases analysed in Sections 4.2 and 4.3, where it was proved

that T was a fir. We will start by analysing what happens in a general situation
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where Rp is itself a fir. Although this is not the case of the two instances of the
preceding sections, the study of this situation exemplifies the kind of argument

we shall be considering later.

Proposition 4.4.1. Let R be a Sylvester domain with universal field of fractions
U and suppose that the centre k of U is contained in R. Let E be a finite commu-
tative field extension of k. If Rg is a Sylvester domain then Ug is a skew field.

In this case, Ug is the universal field of fractions of Rg.

Proof. Let ® be the set of all full matrices over R. Then U = Rg. Denote by
A : R — U the canonical homomorphism from R into U and by X : Rg — Ug
the induced homomorphism.

Suppose that Rg is a Sylvester domain—so it has a universal field of fractions
K. Let n: Rg — K the canonical homomorphism of Rg into K which inverts
all the full matrices over Rg. Since [E : k] is finite, Ug is a simple artinian ring.
Let A be a full matrix over R. Then A(A) is invertible in U, so A(A) is invertible
in Ug. Since Ug has UGN, \(4) is full over Ug, thus A is full over Rg which
implies that n(A) is invertible over K. Hence 7 is ®-inverting and so there exists
a unique homomorphism f : Uy — K such that f\ = 5. Since Ug is simple,
f is injective and, because K is a skew field, Ur must be an integral domain,
but this implies that Ug is a skew field. We know that Ug = (Rg)e, so that A
is an epimorphism and, therefore Ug is generated as a skew field by A\(Rg). But
we also know that K is generated as a skew field by n(Rg). So f must be an

isomorphism and this implies that Ug is the universal field of fractions of Rg. U

In particular, if R is a fir and Rg also a fir, Uz will be a skew field—the
universal field of fractions of Rg.

Now we look at the case of matrix rings over firs.

Theorem 4.4.2. Let R be a Sylvester domain with universal field of fractions U
and suppose that the centre k of U is contained in R. Let E be a finite commuta-
tive field extension of k of degree m. Then Ug is isomorphic to an r X r matriz
ring over a skew field K, where r divides m. Regarding Rg as contained in Ug,

let A be a subring of Ug, containing Rg and the matriz units of Ug. The ring A
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is, then, isomorphic to an r x r matriz ring M, (T). If T is a Sylvester domain,

then K 1s its universal field of fractions.

Proof. That Ug = 9M,.(K) where K is a skew field and r divides m is the contents
of Lemma 1.4.1. The fact that A = 90t,(T) is a consequence of the presence of the
matrix units of Ug in A. We also know that 7' is the centralizer of the matrix units
in A and that T is a subring of K. Now suppose that T is a Sylvester domain
and denote its universal field of fractions by V. Let ® be the set of all full
matrices over R, so that U = Rg. We will show that the homomorphism Rg —
M, (V), obtained by composing the map A = M, (T) — M, (V), induced by the

canonical monomorphism 7" — V with the inclusion Rg — A is ®-inverting.

R U=Rs

Rg

é ZE = (Rg)e
M (T) M. (K)

o, (V)

Indeed, let M be an n xn matrix over R belonging to ®; then M is invertible over
Ug = (Rg)s- Since R is embedded in A =2 9,(T'), we can regard M as an rnXrn
matrix over T, and thus, over K. Because M is invertible over Uz = 9, (K) as
an m X n matrix, it is invertible over K as an rn x rn matrix. But this implies that
M is full over K, so full over T. That is, M is an n X n matrix over 9, (T") which,
regarded as an rn X rn matrix over 7T, is full. So M is an invertible rn X rn
matrix over V and, therefore, it is invertible as an n x n matrix over 9.(V).
This proves Rg — M, (V) to be ®-inverting. So there exists a homomorphism
¢:M(K) =2 Ug = (Rg)s — M. (V) extending Rg — I, (V). Since M, (V)
is simple artinian, we can suppose that ¢ preserves matrix units. For it it did not,
we would have 91, (V') isomorphic to an 7 X 7 matrix ring 9,(V’), whose matrix
units were the images under ¢ of the matrix units of 9M,(K). Since M, (V) is
simple artinian, we would have V = V'. So ¢ induces a homomorphism K — V/,

which must be injective, because K is a field. Hence we can regard K as a sub-
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skew field of V containing 7. But since V is a field of fractions of 7', we must

have K isomorphic to V. a

We can apply the above result to the rings obtained in Section 4.2, for instance.
Let us recall the set-up. Let k be a commutative field and F' a Galois extension of
k of finite degree n. Then R = Fy(z) is a fir. Denote its universal field of fractions
by U. Let E be an extension of k isomorphic to F. Then Ug is isomorphic to an
n X n matrix ring over a skew field K. By inverting a finite number of elements of
R, we obtained a ring S which had the property that Sg contained the n? matrix
units of Ug. So Sg = 9M,(T), where T is a subring of K. In Theorem 4.2.12,
we proved that T was a fir. Now, applying the above theorem to this situation,
we conclude that K is the universal field of fractions of 7. These ideas can be

applied in the same way to the rings of Section 4.3.
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