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EIGENVALUES OF THE TRUNCATED HELMHOLTZ SOLUTION
OPERATOR UNDER STRONG TRAPPING*
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Abstract. For the Helmholtz equation posed in the exterior of a Dirichlet obstacle, we prove
that if there exists a family of quasimodes (as is the case when the exterior of the obstacle has stable
trapped rays), then there exist near-zero eigenvalues of the standard variational formulation of the
exterior Dirichlet problem (recall that this formulation involves truncating the exterior domain and
applying the exterior Dirichlet-to-Neumann map on the truncation boundary). Our motivation for
proving this result is that (a) the finite-element method for computing approximations to solutions
of the Helmholtz equation is based on the standard variational formulation, and (b) the location of
eigenvalues, and especially near-zero ones, plays a key role in understanding how iterative solvers such
as the generalized minimum residual method (GMRES) behave when used to solve linear systems,
in particular those arising from the finite-element method. The result proved in this paper is thus
the first step towards rigorously understanding how GMRES behaves when applied to discretizations
of high-frequency Helmholtz problems under strong trapping (the subject of the companion paper
[P. Marchand et al., Adv. Comput. Math., to appear]).
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1. Introduction.

1.1. Preliminary definitions. Let Q_ C R? d > 2, be a bounded open set
such that its open complement €, := R%\ Q_ is connected. Let I'p := 92_, where
the subscript D stands for “Dirichlet.” Let €2; be another bounded open set with
a connected open complement and such that conv(2_) € Q, where conv denotes
the convex hull and € denotes compact containment. Let Q¢ := Q1 \ Q_, and let
Tty := 091, where the subscript tr stands for “truncated.” We assume throughout
that I'p and Ty, are both C*°. Let v and & denote the Dirichlet traces on I'p and
I'y;, respectively, and let 4 and 74" denote the respective Neumann traces, where the
normal vector points out of ¢, on both I'p and I',. Let

Hy p(Qr) := {v € H' Q) : 750 = 0}.

Let D(k) : H'Y/*(I'y,) — H~'Y/?(Ty;) be the Dirichlet-to-Neumann map for the
equation Au + k?u = 0 posed in the exterior of Q; with the Sommerfeld radiation
condition
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as r := |x| = oo, uniformly in T := z/r. We say that a function satisfying (1.1)
is k-outgoing. When T'y, = 0Bp, for some R > 0, the definition of D(k) in terms
of Hankel functions and polar coordinates (when d = 2)/spherical polar coordinates
(when d = 3) is given in, e.g., [39, equations 3.7 and 3.10].

DEFINITION 1.1 (eigenvalues of the truncated exterior Dirichlet problem). We
say that pe is an eigenvalue of the truncated exterior Dirichlet problem at frequency
ke > 0, with corresponding eigenfunction ug, if ug € H&D(Qtr) \ {0} and uy € C
satisfies

(A+EkDu = peue  in Qe and Y up = D(ke) (Y ur).

DEFINITION 1.2 (quasimodes). A family of quasimodes of quality e(k) is a se-
quence {(ug, ke)}32, C H?(Qur) N Hy p(Qr) X R such that the frequencies k¢ — oo as
{ — 0o and there is a compact subset K € 1 such that, for all £, supp uy C K,

(A + K ue|| 2, < €he)  and  lugll o,y = 1.

Remark 1.3. By [5, Theorem 2|, we can assume that there exist Si,.S2 > 0 such
that e(k) > S1 exp(—Sak).

DEFINITION 1.4 (quasimodes with multiplicity). Let {(u¢, k¢)}32, be a quasi-
mode with quality e(k), and let {(m;, k; kj) 22 C NxR? be such that k; — oo and
k:; < k;r Define

W= {l: ke € [k;,kI]}.

VAREN

We say that u, has multiplicity m; in the window [k}, k;‘] if

W = my, [(uey s wey) r2(,)| < elky)  for by # bz, byl €W

We assume throughout that the quality, €(k), of a quasimode is a decreasing
function of k; this can always be arranged by replacing e(k) by (k) := supj., (k).

We use the notation that A = O(k~°°) as k — oo if, given N > 0, there exist Cy
and ko such that |A| < Cnk~N for all k > ko, i.e., A decreases superalgebraically in
k.

1.2. The main results.

THEOREM 1.5 (from quasimodes to eigenvalues). Let o > 3(d + 1)/2. Suppose
there exists a family of quasimodes of quality (k) with

e(k) < k'

Then there exists kg > 0 (depending on «) such that if £ is such that ke > ko, then
there exists an eigenvalue of the truncated exterior Dirichlet problem at frequency ki
satisfying

el < kge(ke).

We now give three specific cases when the assumptions of Theorem 1.5 hold. The
first two cases are via the quasimode constructions of [4, Theorem 2.8, equations 2.20
and 2.21] and [7, Theorem 1] for obstacles whose exteriors support elliptic-trapped
rays. The third case is via the “resonances to quasimodes” result of [44, Theorem
1]; recall that the resonances of the exterior Dirichlet problem are the poles of the
meromorphic continuation of the solution operator from Imk > 0 to Imk < 0; see,
e.g., [15, Theorem 4.4. and Definition 4.6].

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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LEMMA 1.6 (specific cases when the assumptions of Theorem 1.5 hold).
(i) Let d = 2. Given a; > az > 0, let

(1.2) E = {(xl,:m) : (2)2 + (Z)Z < 1}.

If Tp coincides with the boundary of E in the neighborhoods of the points (0, tasz),
and if Q4 contains the convexr hull of these neighborhoods, then the assumptions of
Theorem 1.5 hold with

e(k) = exp(—C1k)

for some Cy > 0 (independent of k).!

(ii) Suppose d > 2, T'p € C*°, and Q4 contains an elliptic-trapped ray such that
(a) Tp is analytic in a neighborhood of the ray, and (b) the ray satisfies the stability
condition [7, (H1)]. If ¢ > 11/2 when d = 2 and ¢ > 2d + 1 when d > 3, then the
assumptions of Theorem 1.5 hold with

e(k) = exp(—C’gkl/q)

for some Cy > 0 (independent of k).
(iil) Suppose there exists a sequence of resonances {A¢}72, of the exterior Dirichlet
problem with

(1.3) 0<—ImA=0(A\|™™) and Rely—oo as {— oo.

Then there exists a family of quasimodes of quality (k) = O(k™°°), and thus the
assumptions of Theorem 1.5 hold.

Remark 1.7 (resonances <= quasimodes <= eigenvalues). Part (iii) of
Lemma 1.6 is the “resonances to quasimodes” result of [44, Theorem 1]. The converse
implication, i.e., that a family of quasimodes of quality e(k) = O(k~°°) implies a
sequence of resonances satisfying (1.3), was proved in [47, 43] (following [45, 46]); see
also [15, Theorem 7.6]. Therefore, the “quasimodes to eigenvalues” result of Theorem
1.5 is equivalent to a “resonances to eigenvalues” result. In fact, in Appendix A we
show that the existence of O(k~°) eigenvalues implies the existence of quasimodes
of quality O(k~>°). We therefore have that resonances <= quasimodes <=
eigenvalues.

With {p;(k)}; the set of eigenvalues, counting multiplicities, of the truncated
exterior Dirichlet problem at frequency k (with u;(k) depending continuously on k
for each j), let

(1.4) E(e1,e0,k—, ky) := {j s (k) € (—2e1,2¢1)—i(0, 2g) for some k € [k_,k+]};

|€] is therefore the counting function of the eigenvalues, p;(k), that pass through a
rectangle next to zero in p as k varies in the interval [k_, ky]; see Figure 1.2

n [4, Theorem 2.8], 4 is assumed to contain the whole ellipse . However, inspecting the proof,
we see that the result remains unchanged if E is replaced with the convex hull of the neighborhoods
of (0,%a2). Indeed, the idea of the proof is to consider a family of eigenfunctions of the ellipse
localizing around the periodic orbit {(0,z2) : |z2] < a2}.

?In Figure 1, we have drawn the paths of the eigenvalues as arbitrary curves. We see later
in Figure 7 an example where the paths appear to be horizontal lines; this is consistent with the
intuition that eigenvalues should be shifted resonances.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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F1G. 1. Paths of the eigenvalues, pj;, of the truncated problem are shown as functions of
k € [k—,k4]. Those eigenvalues shown in green correspond to members of the box € defined by (1.4)
(shaded), while the eigenvalue in blue is not in . (Color is available online only.)

THEOREM 1.8 (from quasimodes to eigenvalues, with multiplicities). Let kj, kj

— 00 such that there exists C > 0 satisfying k; < kj < Ck; . Suppose there exists a
family of quasimodes of quality e(k) < k= Cd+3)/2 and multiplicity m; in the window
e kj] (in the sense of Definition 1.4). If €o(k) is such that, for some S > 0,

co(k) < SEUWTV/2 forall ke and  eo(k) > k> le(k) as k — oo,

then there exists kg > 0 such that if ki]_ > ko, then
(k) @D 260y ) eolhy ), Ky s k)| = my.

Observe that if k;’ = k; , then (up to algebraic powers of k) Theorem 1.8 reduces
to Theorem 1.5, except that now multiplicities are counted; therefore, the “quasimodes
to eigenvalues” result holds with multiplicities (just as the “quasimodes to resonances”
result of [43] includes multiplicities).

The ideas used in the proofs of Theorems 1.5 and 1.8 are discussed in section 1.5
below.

Remark 1.9. The reason why both the constant a in Theorem 1.5 and the expo-
nent in the bound on the quality in Theorem 1.8 depend on d is because the right-hand
side of the bound (1.15) below on the solution operator of the truncated problem de-
pends on d, which in turn comes from the fact that the trace-class norm of compactly
supported pseudodifferential operators depends on d.

1.3. Numerical experiments illustrating the main results.

Description of the obstacles 1_. In this section, {2_ is one of the two “horseshoe-
shaped” 2-d domains shown in Figure 2. We define the small cavity as the region
between the two elliptic arcs

(cos(t),0.58in(t)), € [—po,¢0], and (1.3cos(t),0.6sin(t)), t € [—d1,d1],

1
with ¢g = 77/10 and ¢y = arccos (13 cos((bo)) ;

this corresponds to the interior of the solid lines in Figure 2. We define the large cavity
as the region between the two arcs now with ¢y = 97/10. (Note that our small cavity

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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Fic. 2. The two obstacles 2_ considered in the numerical experiments.

is the same as the cavity considered in the numerical experiments in [4, section IV].)
Recall that Theorems 1.5 and 1.8 require I'p to be smooth, and thus these results do
not strictly apply to the small and large cavities; however, they do apply to smoothed
versions of these.

For both the small and the large cavities, I'p coincides with the boundary of the
ellipse £ (1.2) with a; = 1 and ay = 0.5 in the neighborhood of its minor axis. Part
(i) of Lemma 1.6 (i.e., the results of [4]) then implies that there exist quasimodes with
exponentially small quality.

We choose these particular {)_ because we can compute the frequencies ky in the
quasimode. Indeed, the functions ug in the quasimode construction in [4] are based
on the family of eigenfunctions of the ellipse localizing around the periodic orbit
{(0,z2) : |x2| < az}; when the eigenfunctions are sufficiently localized, the eigenfunc-
tions multiplied by a suitable cut-off function form a quasimode, with frequencies k,
equal to the square roots of eigenvalues of the ellipse. By separation of variables,
k¢ can be expressed as the solution of a multiparametric spectral problem involving
Mathieu functions; see see [4, Appendix A] and [38, Appendix E].

When giving specific values of k; below, we use the notation from [4, Appendix
A] and [38, Appendix E| that ky, , and k;, ,, are the frequencies associated with the
eigenfunctions of the ellipse that are even/odd, respectively, in the angular variable,
with m zeros in the radial direction (other than at the center or the boundary) and
n zeros in the angular variable in the interval [0, 7).

Plots of the eigenvalues and eigenfunctions. Figures 3 and 4 plot the near-zero
eigenvalues of the truncated exterior Dirichlet problem for the small and large cavities,
respectively, at frequencies corresponding to eigenvalues of the ellipse. Figures 5 and 6
plot the corresponding eigenfunctions. In all these figures, I'y, = 0B(0, 2).

Figure 4 shows that the large cavity has an eigenvalue very close to zero at each
of the four frequencies considered, qualitatively illustrating Theorem 1.5. In contrast,
Figure 3 shows that the small cavity only has an eigenvalue very close to zero at the

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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Fi1G. 3. The eigenvalues of the truncated exterior Dirichlet problem (Definition 1.1) near the
origin when I'p is equal to the small cavity. The eigenvalues are plotted at several frequencies, k,
corresponding to eigenvalues of the ellipse. In each plot, the origin is marked with a black dot, and
the eigenvalues are shown as green circles. (Color is available online only.)

frequencies kf  and k5  (top right and bottom left in the figures) and not at k§ 3 and
kS 4 (top left and bottom right). The reason for this is clear from the plots of the
eigenfunctions of the truncated exterior Dirichlet problem: looking at Figure 5, we
see that at kG 5 and k9 4 the eigenfunctions are not well localized around the minor
axis of the ellipse to be inside the small cavity—in the top left and bottom right of
Figure 5, we see them “leaking out” of the small cavity. However, looking at Figure 6,
we see that the corresponding eigenfunctions are localized sufficiently to be inside the
large cavity and thus generate an eigenvalue very close to zero. In these plots, the
eigenfunctions are normalized so that their L?(£,) norm equals one.

Figure 7 plots the trajectories of the near-zero eigenvalues as functions of k for
both the small cavity (left plot) and the large cavity (right plot) for k € (2.5,12.5),
with the spectra computed every 0.025. For Figure 7, I'y, = 0B(0, 1.5); this change
(compared to Ty, = 0B(0,2) for the earlier figures) is to reduce the cost of each
eigenvalue solve because each of the two plots in Figure 7 requires 400 such solves.
Since we use the exact (up to discretization error) Dirichlet-to-Neumann map on T,
we expect there to be no difference between choosing I'y, = 9B(0,1.5) and Ty, =

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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Fi1G. 4. The eigenvalues of the truncated exterior Dirichlet problem (Definition 1.1) near the
origin when I'p is equal to the large cavity. The eigenvalues are plotted at several frequencies, k,
corresponding to eigenvalues of the ellipse. In each plot, the origin is marked with a black dot, and
the eigenvalues are shown as green circles. (Color is available online only.)

0B(0,2) (in particular, Figures 3 and 4 are unchanged when T'y, is changed from
0B(0,2) to 0B(0,1.5)).

The eigenvalues that enter the red rectangle in Figure 7 are colored green; these
are members of £(0.2,0.05,2.5,12.5), where £ is defined by (1.4). Similar to the
eigenvalues plots in Figures 3 and 4, Figure 7 shows that the large cavity has more
near-zero eigenvalues for the range of k considered than the small cavity. This is
expected since a larger number of the eigenfunctions of the ellipse are localized in the
large cavity than in the small cavity.

How the eigenvalues and eigenfunctions were computed. Definition 1.1 (of the
eigenvalues of the truncated Dirichlet problem) implies that if uy is an eigenvalue at
frequency k¢, and with corresponding eigenfunction uy, then

(1.5) a(ug,v) = pe(ue, v)p2(q,,) forallv e H&D(Qtr),

where the sesquilinear form a(-, -) is that appearing in the standard variational (i.e., weak)

formulation of the Helmholtz exterior Dirichlet problem.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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F1a. 5. Absolute value of the eigenfunction of the truncated exterior Dirichlet problem associated
with the smallest eigenvalue for the small cavity.

DEFINITION 1.10 (variational formulation of Helmholtz exterior Dirichlet prob-
lem). Given k > 0, Q_ as above, and F € (Hy p(Qur))*, let u € Hj p(Qr) be the
solution of the following variational problem:

(1.6) findue H&D(ch) such that  a(u,v) = F(v) forallv e H&D(Qtr),

where

(1.7) a(u, v) == / (vu.w—kzw) — (DR (V) 7o)

Qtr tr
where (-,-)r,, denotes the duality pairing on Ty, that is linear in the first argument
and antilinear in the second.

The figures above were created by solving the eigenvalue problem (1.5) using the
finite-element method with continuous piecewise-linear elements (i.e., the polynomial
degree, p, equals one) and meshwidth h equal to (27/30)k=%/2. The Dirichlet-to-
Neumann map, D(k), in a(-,-) was computed using boundary integral equations—see
Appendix B for details. The accuracy, uniform in frequency, of the finite-element
method applied the variational problem (1.6) with p = 1 and hk3/? sufficiently small
has been known empirically for a long time and was recently proved in [34] for the
case when the Dirichlet-to-Neumann map is realized exactly.

Since computing the Dirichlet-to-Neumann map is relatively expensive, in prac-
tice one often approximates it using a perfectly matched layer (PML) or an absorb-

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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F1a. 6. Absolute value of the eigenfunction of the truncated exterior Dirichlet problem associated

with the smallest eigenvalue for the large cavity.
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F1G. 7. Paths of the eigenvalues for k € (2.5,12.5) for the small cavity (left) and the large

cavity (right). The eigenvalues that enter the red rectangle are colored green. (Color is available
online only.)

ing boundary condition (such as the impedance boundary condition). The plots of
the eigenfunctions and near-zero eigenvalues of the corresponding truncated exterior
Dirichlet problems are very similar to those above; this too is expected since the
quasimode is supported in a neighborhood of the obstacle.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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1.4. Implications of the main results for numerical analysis of the
Helmbholtz exterior Dirichlet problem. Theorems 1.5 and 1.8 are the first step to-
wards rigorously understanding how iterative solvers such as the generalized minimum
residual method (GMRES) behave when applied to discretizations of high-frequency
Helmholtz problems under strong trapping (the subject of the companion paper [38]).
We now explain this in more detail.

As we saw in (1.5), the eigenvalues of truncated exterior Dirichlet problem (in
the sense of Definition 1.1) correspond to eigenvalues of the sesquilinear form of the
standard variational formulation (Definition 1.10). The standard variational formu-
lation is the basis of the finite-element method for computing approximations to the
solution of the variational problem (1.6). Indeed, the finite-element method consists
of choosing a piecewise-polynomial subspace of H017 p(Q¢) and solving the variational
problem (1.6) in this subspace.

A very popular way of solving the linear systems resulting from the finite-element
method applied to the Helmholtz scattering problems is via iterative solvers such as
GMRES [42]; this choice is made because the linear systems are (i) large and (ii)
non-self-adjoint. Regarding (i), the systems are large since the number of degrees of
freedom must be > k9 to resolve the oscillations in the solution; see, e.g., the literature
review in [34, section 1.1]. Regarding (ii), the non-self-adjointness of the linear systems
arises directly from the non-self-adjointness of the underlying Helmholtz scattering
problem; GMRES is applicable to such systems, unlike the conjugate gradient method.

There is currently large research interest in understanding how iterative methods
behave when applied to Helmholtz linear systems and in designing good precondition-
ers for these linear systems; see the literature reviews [19, 21, 25], [27, section 1.3].

The location of eigenvalues, especially near-zero ones, is crucial in understand-
ing the behavior of iterative methods. In the Helmholtz context, eigenvalue analyses
of iterative methods applied to nontrapping problems include, for finite-element dis-
cretizations, [17, 16, 20, 49, 21, 51, 11, 37] and, for boundary-element discretizations,
[10, 12, 8].

The paper [38] analyzes GMRES applied to discretizations of Helmholtz problems
with strong trapping, using the “cluster plus outliers” GMRES convergence theory
from [6] (with this idea arising in the context of the conjugate gradient method [32] and
used subsequently in, e.g., [18]). The paper [38] obtains bounds on how the number
of GMRES iterations depends on the frequency under various assumptions about the
eigenvalues. In particular, Theorem 1.5 rigorously justifies [38, Observation O2(b)] for
the standard variational formulation of the truncated exterior Dirichlet problem. We
highlight that, although the results in [38] are about unpreconditioned systems, they
give insight into the design of preconditioners. Indeed, a successful preconditioner
for Helmholtz problems with strong trapping will need to specifically deal with the
near-zero eigenvalues created by trapping. Theorems 1.5 and 1.8 give information
about the location and multiplicities of these eigenvalues, and [38] shows how these
locations and multiplicities affect GMRES.

1.5. The ideas behind the proof of Theorem 1.5.

Semiclassical notation. Instead of working with the parameter k£ and being inter-
ested in the large-k limit, the semiclassical literature usually works with a parameter
h := k~! and is interested in the small-A limit. So that we can easily recall results
from this literature, we also work with the small parameter k="', but to avoid a no-
tational clash with the meshwidth of the finite-element method, we let i := k=1 (the
notation A comes from the fact that the semiclassical parameter is sometimes related
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to Planck’s constant, which is written as 27h; see, e.g., [52, section 1.2]). Theorem
1.5 is then restated in semiclassical notation as Theorem 2.2 below.

The solution operator of the truncated problem. Let R, (X, 2) : L?(Qy) — L2(Q4yr)
be the solution operator for the truncated problem

(—=h2A =X —2u=f inQy,
(1.8) " u =0,
V'u =D/ )V u;

that is, Rq,, (A, z) satisfies

(—=h2A = X2 —2)Rq, (N, 2)f = f in Q,
")’(?RQ“ (>‘7 Z)f = Oa
" Ra,, (A 2) f = D(N/h)yg Ra,, (A, 2) f.

Note that, at this point, it is not clear that the problem (1.8) is well posed and that
the family of operators Rq, (A, 2) is well defined. We address this in Lemma 1.11
below.

We study Rg,, (), z) by relating it to the solution operator of a more standard
scattering problem. Namely, let V € L°°(€2,) with suppV € R%, and consider the
problem

(=R2A = X2+ V)u=f onQy,
(1.9) 7 u=0,
u is A/h outgoing.

By, e.g., [15, Chapter 4], the inverse of (1.9) is a meromorphic family of operators
(for A € C when d is odd or A in the logarithmic cover of C \ {0} when d is even)
Ry (A) : L2 (Q4) = L (24) with finite-rank poles satisfying
(—=R2A = X2+ V)Ry(A\)f=f inQQ,
(1.10) PRy (N f =0,
Ry (M) f is A/h outgoing.

Observe that, although both Rg,, (A, z) and Ry (A) depend on A, we omit this depen-
dence in the notation to keep expressions compact.

The following two lemmas (proved in section 2.2) relate Rq,, (A, z) and Ry () and
then characterize the eigenvalues of the truncated exterior Dirichlet problem as poles
of Rq,, (X, z) as a function of z.

We use three indicator functions: 1g,, denotes the function in L (2, ) that is one
on 4, and zero otherwise, 1{s° denotes the restriction operator L*(Qy) — L*(.),
and 1&" denotes the extension-by-zero operator L?(Q,) — L*(€24).

LEMMA 1.11. Define

(1.11) R(\, z):= Ry(\)  with V(z) = —zlq,,.
Then
(1.12) Ro,, (A, 2) = 15, R(N, 2) 167

and thus Rg,, (X, z) is a meromorphic family of operators in X for A € C when d is
odd and X in the logarithmic cover of C\ {0} when d is even.
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LEMMA 1.12. For A € R\ {0}, z — R(\, 2) is a meromorphic family of operators
L2, (Q4) — L () with finite rank poles.

comp

COROLLARY 1.13. If z; is a pole of z — Rq,,(1,2), then p, := —hj_gzj is an
eigenvalue of the truncated exterior Dirichlet problem (in the sense of Definition 1.1).

The key point is that we are interested in Rg,, (A, 2) as a meromorphic family
in the variable z, in contrast to the more familiar study of Ry ()\) as a meromorphic
family in the variable .

Recap of “from quasimodes to resonances.” Recall that resonances of —h%A +
V' are defined as poles of the meromorphic continuation of Ry (w) into Imw < 0;
see [15, sections 4.2 and 7.2]. The “quasimodes to resonances” argument of [47]
(following [45, 46]; see also [15, Theorem 7.6]) shows that existence of quasimodes (as
in Definition 1.2) implies existence of resonances close to the real axis; the additional
arguments in [43] then prove the corresponding result with multiplicities.

These arguments use the semiclassical mazimum principle (a consequence of the
maximum principle of complex analysis; see Theorem 2.7 below) combined with the
bounds
(1.13)

IXRy ()Xl sz < Cexp (CR%10g070), Ae\  |J B,
weRes(—h2A+V)

for Q@ € {Rew > 0}, and

(1.14) Ry (M)l pe 2 < for Tm(\?) > 0;

Im(\?)
see [47, Lemma 1], [48, Proposition 4.3], and [15, Theorem 7.5].

From quasimodes to eigenvalues. Theorems 1.5 and 1.8 are proved using the same
ideas as in the “quasimodes to resonances” arguments, except that now we work in
the complex z-plane (with real \) instead of the complex A-plane. The analogues of
the bounds (1.13) and (1.14) are given in the following lemma.

LEMMA 1.14 (bounds on Rg,, (A, 2)). Let 0 < a <b, and let z;(k, \) be the poles
of Ra,, (X, z) (as a meromorphic function of z). Then there exist Cq,e1 > 0 such that
for all0 < h <1, \2 € [a,b], and § > 0,

1Ray, (A 2)]| 22(020) 12 (02) < €XP (clrfd 1og5f1)

(1.15) for z € B(O,slh)\UB(zj(h, ), 0).

Furthermore, there exists Cy > 0 such that

(z)

(1'16) ||RQtr()\’Z)||L2(ch)—>L2(Qtr) < C2E

for Imz >0,

where () := (1 + |2|?)Y/2.

The bound (1.15) is proved by finding a parametrix for —A?A—\? —z1g,_ (i.e., an
approximation to Rg,, (), 2)) via a boundary complex absorbing potential. While
parametrices based on complex absorption are often used in scattering theory (see,
e.g., [14, 13], [15, Theorem 7.4]), parametrices based on boundary complex absorption
appear to be new in the literature. One of the main features of the argument below

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 05/11/22 to 193.60.240.99 . Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

6736 J. GALKOWSKI, P. MARCHAND, AND E. A. SPENCE

is that it relies on a comparison of the (in principle, trapping) billiard flow with the
nontrapping free flow to obtain estimates on the parametrix. A similar argument
should work for boundaries in any nontrapping background.

We also highlight that, while we consider the scattering by Dirichlet obstacles in
this paper and therefore must use boundary complex absorption, smooth compactly
supported perturbations of —A, e.g., metric perturbations or semiclassical Schrodinger
operators, can be handled similarly. Indeed, for these problems, the parametrix based
on boundary absorption could be replaced by one based on simpler complex absorbing
potentials.

1.6. Outline of the rest of the paper. In section 2, we prove Lemmas 1.11 and
1.12 and then collect preliminary results about the generalized bicharacteristic flow
(section 2.4), the geometry of trapping (section 2.5), complex scaling (section 2.6),
and defect measures (section 2.8). In section 3, we find a parametrix for Rg,, (A, 2)
via a boundary complex absorbing potential. In section 4, we prove Lemma 1.14. In
section 5, we prove Theorems 1.5 and 1.8 using Lemma 1.14 and the semiclassical
maximum principle.

2. Preliminary results.

2.1. Restatements of Theorems 1.5 and 1.8 in semiclassical notation.

DEFINITION 2.1 (quasimodes in & notation). A family of quasimodes of quality
e(h) is a sequence {(ug, he)}32 C H*(Qur) VHp p(Qir) X R such that hy — 0 as £ — oo
and there exists a compact subset IC €@ Uy such that, for all ¢, supp uy C K,

(=R = V|| o S elhe)  and e g,y = 1.

Let
(2.1) e(h) := he(h™1).
Remark 1.3 implies that we can assume that there exist gl, §2 > 0 such that
(2.2) e(h) > Sy exp(—Sa/h).

Theorem 1.5 is then equivalent to the following result in the sense that the following
result holds if and only if Theorem 1.5 holds with py := hZQZg.

THEOREM 2.2 (analogue of Theorem 1.5 in A notation). Let o > 3(d + 1)/2.
Suppose there exists a family of quasimodes in the sense of Definition 2.1 such that
the quality e(h) satisfies

(2.3) e(h) < T,

Then there exists g > 0 (depending on «) such that if £ is such that hy < hg, then
there exists zg € C and 0 # uy € H&D(Qtr) with
(2.4)

(=hiA =14 20)ue =0 in Qr,  Yirue = D(h ) (v ue),  and  |ze] < hy “e(he).

DEFINITION 2.3 (quasimodes with multiplicity in & notation). Let 0 < a(h) <

b(h) < 0o be two functions of h. A family of quasimodes of quality (%) and multiplic-
ity m(h) in the window [a(h),b(R)] is a sequence {h;}32, such that h; — 0 as j — oo
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and for every j there exist {(u; ¢, Eje)},— m(h ) ¢ H2(Q4) N Hj p(Qe) x [alhy), b(hy)]
with

H( h’ A— EJ@ UJ,€||L2(Q ) 6(h’j)a ||uj,€||L2(Q”) =1,
< h;%e(hy) for £y # L,

and supp u;j ¢ C K for all j and ¢, where K € Q;.

(w005 U e0) L2020 | <

With {z,(%, )}, the set of poles of z — Rq,, (A, z) counting multiplicities (with
zp(f, A) depending continuously on A for each p), let

(2.5) Z(e1,e0,a,b; k) := {p : 2p(h, \) € (—2¢1,2¢1) —i(0,2¢0) for some \? € [a,b]};

|Z| is therefore the counting function of the poles of z — Rgq, () z) that enter a
rectangle next to zero in z as A\? varies from a to b.

THEOREM 2.4 (analogue of Theorem 1.8 in /i notation). Let 0 < ag < a(h) <
b(h) < by < 00, and suppose there exists a family of quasimodes with quality

(2.6) e(h) < hPd+3)/2

and multiplicity m(h) in the window [a(h),b(h)] (in the sense of Definition 2.3). If
eo(h) is such that, for some S > 0,

(2.7) eo(h) < ShUAHD2 forall b, and  eo(h) > h 24 e(h)  as h— 0,

then there exists hy > 0 such that if h; < ho, then
—(d
|2 (S0 e (h) . zolhy) . alhy) b(Ay) < )| = m(hy).

Proof of Theorem 1.8 from Theorem 2.4. We first show that if there exists a fam-
ily of quasimodes w; with multiplicity m, in the window [k, , k;] in k notation (i.e., in
the sense of Definition 1.4), then there exists a family of quasimodes in A notation (in
the sense of Definition 2.3).

Without loss of generality, each k, € [kj ,k;r] for some j (if necessary by adding
a window with k; = k;r = ky), i.e., given £ in the index set of the quasimode, there
exists j such that £ € W;. We now index the quasimode with the index j describing

the windows [k, k7]. Let

PR
o1 (k)
h; _(kj) o om(hy) =my, a(hy) =1, b(hy) = ——,
(k5)?
2 _(p—1 (ke)?
e(h;) == hje(h; "), and Ej.:= e and w; g :=ug for £ € W
J

Then
[(h5A + E; (k) [[(A + ke 12
= (k; )" e(ke) < (k; ) 2e(ky) = e(hy),

where we have used that e(k) is a decreasing function of k. Therefore, we have
shown that there exists a family of quasimodes with multiplicity m(%) in the window
[a(h),b(R)] in i notation (i.e., in the sense of Definition 2.3).

,Z)UMHLZ(QH)
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The result of Theorem 1.8 then follows from the result of Theorem 2.4 since (a)
if A2 € [a(h),b(R)] and A\/h = k, then k € [kj_,k;'], and (b) if

z € Z(hj_(d-‘rl)/z{-;o(hj), eo(h;), a(hy), b(hy); hj),

then

VA B

pi=hi%e 5((k;)<d+1>/2eo(k;), colk7), ko k*). q

2.2. Results about meromorphic continuation.

Proof of Lemma 1.11. Once we show (1.12), the meromorphicity of Rgq,, (A, z) in
A follows from the corresponding result for Ry (A\) [15, Theorem 4.4].

We first show that the appropriate extension of a solution of (1.8) is a solution
of (1.9) with V(z) = —z1g,,. We then show that the appropriate restriction of the
solution of (1.9) with V(z) = —zlq,, is a solution of (1.8).

Given f € L?(f,), suppose that u solves (1.8). Then, by the definition of the
operator D, there exists a \/h-outgoing function v € HZ _(R%\ ;) such that

loc
(=h2A =X =0 onR¥\Qy, and Afv=1u, ~v=~u

Therefore,

N .— qext ext
vi=lg u+ 1gag v

is in H2.(Q4) (since both its Dirichlet and Neumann traces match across ;) and
(=R°A = N0 =210, 0+ 15" f on Q4.
By the definition of R(A, z) as the solution of (1.10) with V(z) = —z1q,,,
=R\ 2)15" f, which implies that u=15"R(\2)15" f.
Now suppose f € L%(,). Then, by (1.11) and (1.9),

(=h2A — X2 — 219, )R\, 2)f = f  inQ,
(2.8) R\ 2)f=0 onTp,
R(\, 2)f is A/h-outgoing.

Therefore, if f = 1§ f and v := R(A, 2)f, then (—h2A — A2)R(A,2z)f = 0 in RY\ Oy
and v is A/h-outgoing. This last fact implies that

(2.9) (15 v) = DOV (15, ).

Since v = R(\, 2)f € H2 (), the Dirichlet and Neumann traces of v across Iy, do

loc

not have jumps, so that (2.9) implies that
(2.10) N (1G5 v) = DOV Ry (15, v).

Then, by (2.8) and (2.10), u := 1{5° v solves (1.8) and the proof is complete. |
Proof of Lemma 1.12. Since

(=h%A = M\ — 21, )R(\,0) = I — z1g, R(),0),
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the definition of R(\, z) (1.11) implies that
(2.11) R(A,2) = RO\, 0)(I — 21, R(A,0)) .

We now claim that, for any p € C*°(Q, ) with supp p € R% and p = 1 on Q,,

(212) (I —210,R(\,0)) " = (I - 21a,R(\00) " (I + 1o, RO 0)(1 = p)).

Indeed,
I— 21, R(\,0) = (I—zlgnR()\,O)(l —p) (I—zlgnR(A,O)p)_1> (I— 210, R(),0)p),
and thus

(213) (I —z1g,R(A,0)) "
= (1= 210, RO0)) ™ (1= 210, ROV0)(1 = p)(1 = 10, BO,000) )

Observe that since pR(X,0)p : L*(Q4) — L?(24) is compact, 1o, R(X,0)p : L?(24) —
L?(92) is compact, and the analytic Fredholm theorem [15, Theorem C.8] implies that

(2.14)  z+ (I — 21, R()\,0)p)"! is a meromorphic family of operators for z € C

with finite rank poles.
Now, since (1 — p)lq,, = 0, for |z| small enough,

(215) (1= p)(I — 210, R(\0)p) = (1—p) (210, RN, 0)p)F = (1 - p).
j=0

However, by (2.14) both the left- and the right-hand sides of (2.15) are meromorphic
for z € C. Therefore, (2.15) holds for all z € C, and hence

(2.16) (I =210, RO, 0)(1 = p)) " =1+ 210, R(\,0)(1 - p).

Using (2.15) and (2.16) in (2.13), we obtain (2.12). Therefore, for x = 1 on {4, and
p=1onsuppy, (2.11), (2.12), and (2.15) imply that

xR(X, 2)x = xR(A,0)p(I — z1g,, R(A, O)p)flx.

Using (2.14) again completes the proof. |

With zo(%, A) a pole of Rq,, (A, z), let
(2.17)
1

— Ro, (A, z)dz  and  mpg(20(h,A)) :=rankIL, (s ),
27'('1 Zo(h,)\)

g (nny = —

where 3%0(}1 N denotes integration over a circle containing zp and no other pole of
RQtr ()\, Z)
The following result then holds by, e.g., [15, Theorem C.9].

LEMMA 2.5. For A € R\{0}, IL, (5,5) : L*(Qu) — L*(Q4:) is a bounded projection
with finite rank.
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The next result concerns the singular behavior of Rq, (A, z) near its poles in z
and is analogous to (parts of) [15, Theorem 4.7] concerning the singular behavior of
Ry (M) near its poles in .

LEMMA 2.6. For A € R\ {0}, if z0 = z0(h, \) and mpg(zo9) > 0, then there exists
M., > 0 such that

M

0 (CR2A - A2 — )t
Rq,, (A, 2) ZHZO =) + A(z, 20, N),
=1

where z — A(z, 29, \) is holomorphic near z.

Proof. By Lemma 1.12, for A € R\ {0}, z — Rq,, (A, 2) is a meromorphic family
of operators (in the sense of [15, Definition C.7]) from L?(Q,) — L?(,), and thus
there exist M, > 0, finite-rank operators Ap(\) : L?(Qy) — L?(Qur), £ =1,..., M.,
and a family of operators z — A(z, 29, \) from L?(;) — L?(%,), holomorphic near
Zp, such that

A
’
Rq,. (A z) = ——+ A A).
2 (A 2) ézzl (z — 20)" + A(z, 20, \)
By integrating around 2, and using the residue theorem, we have A; = —II,,. Then,

with = denoting equality up to holomorphic operators,

M
2 Ag(*hQA — )\2 — Zo) Ag
—RA N - 2) = -
RQn (>‘7 Z)( Z) ; < (Z _ Zo)e (2 — Zo)@—l ’
N M A[(—hQA — )\2 — Zo) — Ag+1
=1 (z = 20)f 7

where we define Ay, 11 := 0. Since Rgq,, (A, 2)(=h*A = X* — 2) = I on H*(Qy) N
HYQ), Appr = Ag(—R2A = X2 —2), £ =1,...,M,,, and the result follows from the
density of H2(Qu,) N HH(Q4) in L2(Qy,). d

2.3. The semiclassical maximum principle. The following result is the semi-

classical maximum principle of [47, Lemma 2], [48, Lemma 4.2] (see also [15, Lemma
7.7]).

THEOREM 2.7 (semiclassical maximum principle). Let H be a Hilbert space and
2 Q(z,h) € L(H) an holomorphic family of operators in a neighborhood of

(2.18) Q) 1= (1w — 28(h), w+26(1) +i( — 62, 5(1)),

where

(2.19) 0<d(h)<1 and  B(h)* > Ch=3E5(h)?

for some L > 0 and C > 0. Suppose that

(2.20) 1Q(z, 1) [[—n < eXp(Ch_L), z €,

(2.21) 1Q(z, h) [ —on < In?z’ Imz>0, zeq.

Then

(2.22) 1Q(z, A)|[[yon < 6(67;) exp(C+1) forall z € [w— B(h),w+ B(h)].
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References for proof. Let f,g € H with ||f]l = |lg|lx = 1, and let

F(z,h) = (Q(z + w, h)g,f>H.

The result (2.22) follows from the “three-line theorem in a rectangle” (a consequence
of the maximum principle) stated as [15, Lemma D.1] applied to the holomorphic
family (F'(-,h))o<h<1 with

R=28(h), op=6(h), d-=0d(h)h7",
M = M_ = exp(Ch™ %), M, =Céh)~t 0
2.4. The generalized bicharacteristic flow. Recall that
T&Rd ={(2,6) e T*"RY, 2 € O} } = {x € Q4 , £ € R}
and
Se R :={(2,§) € 'R, x € Oy} = {z € Oy, € e R with [¢] = 1}.
We write ¢, : Ss*erRd — Sg*uRd for the generalized bicharacteristic flow associated

with a symbol p (see, e.g., [31, section 24.3]). Since the flow over the interior is
generated by the Hamilton vector field H,, for any symbol b € C§°(T6+Rd),

(2.23) de(bo ) = Hyb = {p, b},

where {-,-} denotes the Poisson bracket; see [52, section 2.4].

We primarily consider the case when p is the semiclassical principal symbol of the
Helmholtz equation, namely p = |£|> — 1. By Hamilton’s equations, away from the
boundary of Q2 , the corresponding flow satisfies &; = 2§; and f'i = 0, and thus, for
p = (z,&) with x away from I'p, ¢:(p) = = + 2t£ for t sufficiently small; i.e., the flow
has speed two.

We let mr denote the projection operator onto the spatial variables; i.e.,

TR T&Rd — Q4 mr((x,)) = .

2.5. Geometry of trapping. Let x € C*(Q,;]0,1]) with suppx € R¢ and
X = 1 near Q_, and define r : T5+Rd — R by

r(z,§) = (1 - x(z))lz|
so that there exists ¢ > 0 such that for ry > ¢,
{{I? r> 7’()} = Rd \ B(O,’I’O).

Moreover, note that {r < ¢} is compact for every c¢. Next, define the directly escaping
sets,

Ey =

{($7§> € S*Rd | I‘(.’Ii,f) > To, i<x7£>Rd > 0}7
£ 1= {(z.6) € SR | x(2,6) 2 0, (&g > 0}
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Then

(2.24) p € £+ implies that pit(p) € Ex and r(pie(p)) > /r(p)? + 4t2 for all t > 0.

Therefore, r(p:(p)) — oo as t — oo, and hence p € E1 escapes forward/backward
in time. This, in particular, implies that

(225)  r(p) = ro, v(Ft,(p)) < x(p) for some to >0 = £(xz(p),£(p)) > 0.

We now define the outgoing tail T'y C SER?, the incoming tail T C SgR?, and the
trapped set K by

(226)  Tu:={ge SaR? | r(pi(g) A oot — Foc},  K:=TpnT;

i.e., the outgoing tail is the set of trajectories that do not escape as t — —oo, the
incoming tail is the set of trajectories that do not escape as t — oo, and the trapped
set is the set of trajectories that do not escape in either time direction.

We now recall some basic properties of I'+ and K, with these proved in a more
general setting in [15, section 6.1].

LEMMA 2.8.

(i) The sets T+, K are closed in S3RY, and K C {r < rg}.

(ii) Suppose that p, € Ss*erRd with p, — p and there exist t, — oo such that
O+, (Pn) = poo. Then p € T'¢.

Proof. (i) We show that I'_ is closed in SgR?. Suppose that pg € SHRY\ T'_.
Then r(p:(po)) — oo as t — oo. In particular, there exist 0 < t; < ty such that

(1, (po)) > 7o and r(py, (po)) < v, (o)) So, applying (2.25) with p = ¢y, (po),
we have ¢y, (po) € £7. Since £9 is open and ¢y, is continuous, we have ¢y, (p) € £
for all p sufficiently close to pg, and hence, by (2.24), p ¢ T'_. Therefore, I'_ is closed.
By an identical argument, I'} and hence I'_ N I'; are closed.

Now we show that K C {r < ro}. Note that SR N {r > ro} C £ UE_. But
E4NT_ =0 and E-NT4 =0, and hence S5RIN{r > r} T NI _ = as claimed.

(ii) We prove the result for ¢, — oo; the proof of the other case is similar.
Seeking a contradiction, assume that p ¢ T'_. Then there exists T > 0 such that
r(pr(p)) € £7, and hence, since @7 is continuous, and £ is open, for n large enough,

or(pn) € E2. But then, by (2.24) and (2.25), for t > T, r(p:(pn)) > /15 +4(t — T)2.
In particular, for n large enough,

r(‘PTn (pn)) > T(% +4(T, —T)? = o0,

which contradicts the fact that r(eor, (pn)) = Poo- d

2.6. Complex scaling. We now review the method of complex scaling following
[15, section 4.5]. We first fix a small angle of scaling, § > 0, and the radius, 1 > 7o,
where the scaling starts; without loss of generality, we assume that Q; € {z :r <7 }.
Let fo € C*°(]0, 00) satisfy
fg(T’)EO, TST‘l; fg(r):rtanﬁ, 7’227’1;
fo(r) =0, r>0;  {fa(r) =0} = {fo(r) =0}
Then consider the totally real submanifold (see [15, Definition 4.28])

Ty = {x+if9(|x|)f;| Lze ]Rd} cce
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and note that we identify Q_ with its image on I'y. We define the complex scaled
operator Py on ) by the Dirichlet realization of

S B (d—1)i WA,
= (Hifé(r)hDT) (7“+ife(r))(1+if(§(r))hDr (r+ifs(r))?’ {r>ro},

where Ay denotes the Laplacian on the round sphere S4=1. Note that Py is a semi-
classical differential operator of second order such that on r < ri, Py = —h%?A with
principal symbol, pg, satisfying pg(x, &) = |£]? on {r < r1}, and in polar coordinates
T =ro,

& N s
(L+ifg(r))? =~ (r+ife(r)*

Now, by, e.g., [15, Theorems 4.36 and 4.38], for Im(e\) > 0,

(227) p@(r7 ¢’ gragtﬁ) =

(2.28) Py—\?: H*(Q)NHY(Qy) — L*(Q) is a Fredholm operator of index zero.

In particular, for V€ L>®(R%), supp V' C {r < r1}, this implies that
(2.29)
Py — XN +V:H*(Q,)NH} Q) — L*(Q) is a Fredholm operator of index zero.

Moreover, by [15, Theorem 4.37], (Py — A% 4+ V)~! has the same poles as Ry ()\) and,
for y € C*({z : r <r;}) with supp y € R,

(2.30) X(Py — X+ V) 'x = xRy (Mx

2.7. Semiclassical pseudodifferential operators. For simplicity of exposi-
tion, we begin by discussing semiclassical pseudodifferential operators on R? and then
outline below how to extend the results from R? to a manifold I' (with these results
then applied with T' =T'p or I = T,).

A symbol is a function on T*R? := R? x (R%)* that is also allowed to depend on
h and thus can be considered as an h-dependent family of functions. Such a family
a = (an)o<n<hy, with a € C°(T*R?), is a symbol of order m, written as a € S™(R?),
if for any multi-indices «, 8

(2.31) |02 an(w,)| < Capl€)™ 11 for all (z,€) € TR and for all 0 < h < hy,

where (¢) := (1 + [¢>)*/? and Cy,p does not depend on 7; see [52, page 207], [15,
section E.1.2].

For a € S™, we define the semiclassical quantisation of a, denoted by Opp(a) :
S(RY) — S(R?), as

32 Opy(a(e) = e [ [ exn (o =) -¢/n) e €)oty) dyde

see [52, section 4.1], [15, section E.1 (in particular page 543)]. The integral in (2.32)
need not converge, and can be understood either as an oscillatory integral in the sense
of [52, section 3.6], [30, section 7.8], or as an iterated integral, with the y integration
performed first; see [15, page 543].

Conversely, if A can be written in the form above, i.e., A = Opp(a) with a € S™,
we say that A is a semiclassical pseudodifferential operator of order m and we write
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A € U, We use the notation a € A'S™ if h='a € S™; similarly, A € R if
htAe v We write W, % =N, U, ™.

Let the quotient space S™/hS™~! be defined by identifying elements of S™ that
differ only by an element of AS™~!. For any m, there exists a linear, surjective map

o W — S™/RS™ T
called the principal symbol map, such that, for a € S™,
(2.33) o' (Opp(a)) =a, mod AS™

see [52, page 213], [15, Proposition E.14] (observe that (2.33) implies that ker(o}*) =
h\I/;L”_l). When applying the map o}* to elements of ¥}, we denote it by oy, (i.e., we
omit the m dependence) and we use o(A) to denote one of the representatives in
S™ (with the results we use then independent of the choice of representative). Key
properties of the principal symbol that we use below are that

(2.34) on(AB) = op(A)on(B) and  h”'oy([Opp(a),Ops(b)]) = —i{a, b},

where (as in section 2.4) {-,-} denotes the Poisson bracket; see [15, Proposition E.17]
and [15, equation E.1.44], [52, page 68].

While the definitions above are written for operators on R?, semiclassical pseu-
dodifferential operators and all of their properties above have analogues on compact
manifolds (see, e.g., [52, section 14.2], [15, section E.1.7]). Roughly speaking, the
class of semiclassical pseudodifferential operators of order m on a compact mani-
fold T', U7*(T') are operators that, in any local coordinate chart, have kernels of the
form (2.32) where the function @ € S™ modulo a remainder operator R that has the

property
(2.35) HRHH;N%H;{LV < CnhY.
We say that an operator R satisfying (2.35) is O(hoo)q,;x.

Semiclassical pseudodifferential operators on manifolds continue to have a natural
principal symbol map

op U — S™(T*T)/RS™ 1 (T*T),

where now S™(T*T) is a class of functions on 7T, the cotangent bundle of ', which
satisfies the estimates (2.31). Furthermore, (2.34) holds as before.

Finally, there is a noncanonical quantization map Opy, : S™(T*T") — U7 (T) that
satisfies

on(Opy(a)) = a,
and for all A € U7(T"), there exists a € S™(T*T") such that

A = Opy(a) + O(h=) .

2.8. Defect measures. We say that a sequence {up, }52; with [lup, || f2®e) < C
for all n (with C independent of n) has defect measure p if for all a € C°(T*R9),

(Opn, (@)un,, un, ) 2 ga) = /adu,
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where Opy,(a) is defined by (2.32). By, e.g., [52, Theorem 5.2], i is a positive Radon
measure on T*R?. We say that up, and fs, have joint defect measure p/ if

(236) <Ophn(a)uhn,fhn>L2(Rd) — /ad'uj.

We usually suppress the n in the notation and instead write that uj has defect
measure p and that uy and f; have joint defect measure /.

LEMMA 2.9 (see [52, Theorem 5.3]). Let P € W(R%), and suppose that uy has
defect measure i and satisfies

IPunl > (gay = o(1).
Then supp p C {or(P) = 0}, where o(P) is the semiclassical principal symbol of P.

The following lemma is the defect-measure analogue of the propagation of singu-
larities result [15, Theorem E.47].

LEMMA 2.10. Let P € U(R?) with Im oy (P) < 0. There exists C > 0 such that
the following holds: suppose that uy, has defect measure p and satisfies

Puﬁ = hfha

where || ful|L2ray < C1 and up, and fr have joint defect measure p?. Then, for all real
valued a € C°(T*RY),

ﬂ(HReaﬁ(P)GQ) > —QIm/ﬂ(a2) — C’u((ﬁ)’”*laz).

Proof. Let A = Opg(a). Since o5(A*) = a (by [15, equation E.1.45]) and thus
on(A*A) = a? (by [15, equation E.1.43]), by the definition of the joint measure (2.36),

(2.37) 20 Im (A* Aup, Puy) = 2Im i/ (a®) + o(1),
and, by (2.34) and (2.23),
A~ Im <[A*A, Re Pluy, uh> = ,LL(HReO.h(p)CL2).
Since 2Im z = Im(z — Z) and P = ReP +iIm P with Re P and Im P both self-adjoint,
—2h~ ! Im (A* Aup, Puy),
=1 T ((Pun, A" Aun) — (A" Aun, Pur) )
—h ' Im (<(A*A ReP — RePA" A)un, un) +i( (A" ATm P + Im PA" A)uy, uﬁ>),
=h"'Im ((A*"AReP — RePA* A)us,us) + 25~ ' Re (A" AIm Pugs, ur)),
= (Hgeo,pya’) + o(1) + 217" Re (Im PAup, Aup) + 207" Re (A" [A, Im Plup, un ),
(2.38) < pu(Hreoppya®) +o(1) + 207" Re (A*[A, Im Plup, un ) + C|| Aul| 3 (n-1) /2,

where the last line follows from the sharp Garding inequality (see, e.g., [15, Proposi-
tion E.32]) and the fact that Im o4(P) < 0. By (2.34),

Reh 'op(A*[A,ImP]) = Re ( —ia{a,Imoy(P)}) = 0,

and therefore, since the kernel of o, : ¥, — S~ /AS~ > is AU, > ™! Re A*[4,ImP] €
h¥, > and, in particular,

(2.39) Re(A*[A, Tm Plug, up) = O(h?).
The result follows by combining (2.38) with (2.39) and (2.37) and sending i — 0. 0O
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COROLLARY 2.11. Let = > 0, and suppose the assumptions of Lemma 2.10 hold
and, in addition, i/ = 0. Then, with ; the bicharacteristic flow corresponding to the
symbol Re oy (P), for any B C T*R¥ N {|¢| < =},

(2.40) 1(eu(B)) < eCt<E>m71u(B) fort > 0.

Corollary 2.11 shows that, under the assumptions of Lemma 2.10, we have infor-
mation about the defect measures of sets moving forward under the flow.

Proof of Corollary 2.11. Let a € C°(T*R N {|¢| < Z}). By (2.23),
at (eCt(E>m—1 /(a2 o (Pt) d;“f) _ /at(a2 ° ‘pt) + (C<E>m71a2) oy dﬂ

= /at(a2 o) + (C{E)™ 1a®) o gy dps
= M(HRcah(P)a2 + C<£>m_1a2) > 07

and thus
(2.41) CtE™ ! /a2 du > /(a2 o p_¢)du.

Let 15 be the indicator function of B C T*R% N {|¢| < Z}. By approximating 15 by
squares of smooth, compactly supported symbols, (2.41) holds with a?> = 1. Since
Ipow_¢ = 1,,(B), the result (2.40) follows. More precisely, we first let B be open and
K, € B compact with K,, * B and choose a,, € C°(T*R4 N {|¢| < =}) with a,, = 1
on K, and suppa, C B. The result for B open follows by monotonicity of measure
from below; the result for general B follows by outer regularity of u. |

We now review some recent results from [22] about defect measures when up
satisfies the Helmholtz equation. Let f € L2, (R?) be such that || x| z2re) < C.

comp
We use Riemannian/Fermi normal coordinates (z1,2’) in which I'p is given by

{z1 = 0} and Q4 is {x; > 0}. The conormal and cotangent variables are given by
(£1,¢&"). Recall the definition of the hyperbolic set

Hr, :={(2',¢) e T*Tp : [¢'|y <1} CT*Tp
(where the metric g is that induced by I'p) and the definition of the gliding set
G = {xl = Hyay =0, H2x <0, [¢= 1} c S5, R
Let N € ¥1"(I'p) and D € \I/%"H(F p) have real-valued principal symbols satisfying

lor (NN 2™ + |on(D)[2(€") ™22 > ¢ > 0 on T*T'p,

(2.42) T
or(N)or(D) > 0 on B*I'p,

where B*T'p := {(z/,¢’) : |¢|; < 1} and |{’|, denotes the norm of &’ in the metric, g,
induced on I'p from RY. Let u € L2 _(£24) be a solution to

loc
(=12A = 1)up = hfn  in Qg (NhD, — D)ug|r, = o(1).

Later we restrict our attention to specific N’ and D, but we consider more general
operators here because we believe some of our intermediate results (specifically Lemma
3.3) are of independent interest; see [23].
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Suppose that 18‘juh has defect measure p and that l‘g’ﬁuh and f;, have joint
defect measure /. On I'p, let v; be the joint measure associated with the Dirichlet
and Neumann traces and v,, be the measure associated with the Neumann trace; see
[22, Theorem 2.3]. In what follows, we only use the fact that #n/v,, = v;, where
7 = op(N)/or(D) is bounded (see [22, Lemma 2.14 and section 4]).

With u as above, let 1"/ be the positive measures on T*T'p, supported in the
hyperbolic set Hr,, and defined in [22, Lemma 2.9], [40, Proposition 1.7, part (ii)].

In the following lemma, *T*Q), denotes the b-cotangent bundle to €2, and 7 :
T*Qy — *T*Q, is defined in local coordinates by m(zy1,’,&1,&') == (z1,2', 2161, &)
(for more details about *T*Q. | see, e.g., [31, section 18.3], [24, section 4B]).

LEMMA 2.12. With up, p, i/, pi*, p°%, and n? as above, the following hold:

(i) supppu C S*Q..

(i) For all x € C(RI\ Q_), limno xunll2s = n(x]?):

(iii) For all a € C°(*T*Qy),

mepi(a o ) — mop(a)

t
- ( Dm0 ® (" — ) + 2 28OV
0

2 O'h(D)

nglulg) (aops)ds

(where the integral is understood as the integral of distributions acting on
smooth functions).
(iv) On Hr,, p°" = ap™, where

ST R on W)@, €) — on(D) (& )|
(2.43) o=
ST B onW) (@, €) + on(D)(a, €)

References for the proof. Parts (i) and (ii) are proved in [24, Lemma 4.2]. Part
(iii) is proved in [22, Theorem 2.15] (following [24, Lemma 4.8]), and part (iv) is
proved in [22, Lemmas 2.12 and 2.18] (following [40, Proposition 1.10, part (iii)]). O

3. Parametrix for (Py — A?) via boundary complex absorption. We now
find a parametrix for (Py — A\?) using a complex absorbing potential on the boundary
I'p. We then obtain by perturbation a parametrix for (Py—\2—2z1q,, ) for z sufficiently
small.

First, let

Po(\) = (P07§A2> CH2(Q4) = L(Qs) @ HY2(Tp).

Then let E : H3?(Tp) — H?(£2,) be an extension operator satisfying
VWEg=g,  g€H?Q).

Simple calculation then implies that

(3.1) (Po0) ™! = (Ra(N), E = Ra(N)(Ps = X)E),

where Rg()\) := (Py — A?)~! is the inverse of (2.28).
LEMMA 3.1. The operator Pg(\) is Fredholm with index zero.
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Proof. Recall that the map (2.28) is Fredholm with index zero. First, note that
if Pg(A\)u = 0, then v € H}(Q1) N H3(Q4) and in particular, u € ker(Py — A\?).
Therefore, since Py — A% : H}(Q4) N H2(Q4) — L2(Q) is Fredholm, ker Pp(N) is
finite dimensional. To see that the cokernel L2(Q}) & H*/2(I'p)/Po(A)H?(2) is
finite dimensional, define the map

7 L3(Q4) @ HY2(Dp) [Po(NH(Q4) — LA(Qy) /(P = N2 (H (24) 0 H(24)),
(f:9) + Po(NH? (1) = f — (Po — A*)Eg + (Py — X*) (Hy (24) N H?(Q)).

First, observe that this map is well defined since if (f1,g1)+Po(A\) H?(Q4) = (f2,92)+
Po(AN)H? (2 ), then there exists u € H?() such that

(i = for01 = 92) = ((Py = X)u, ypu).
In particular,
(fi=f2)=(Po=2A*)E(g1—g2) = (Pa—X*)(u—E(g1—92)) € (Ps—A?)(Hy (24 )NH?(Q4)),
so m(f1,91) = 7(f2, g2)-
Now suppose that 7(f,g) = 0. Then there exists u € Hg () N H?(Q4) such

that
f—(Py—X\)Eg = (Py — \)u.

Therefore,
(f,9) = Po(NEg = (f — (Po — X*)Eg,0) = ((Ps — A*)u,0) € Py(\) H*(24),
and 7 is injective. For an injective operator,
dim(domain) < dim(range) < dim(codomain);
therefore,
dim (L2(24) & H/X(Tp) /Po(\ H*(©1))
< dim (L2(Q+)/(Pg — A2 (HY Q) N H2(Q+))) < .

Since Py — A% : H} Q)N H?(Qy) — L*(Q4) is Fredholm, Py()) is Fredholm. To see
that Py(\) has index zero, recall that the index is constant in A by, e.g., [15, Theorem
C.5], and observe that the formula (3.1) implies that the inverse exists for some A. O

We now define our complex absorbing operator. Let ¢ € C°(R; [0, 1]) with ¢ = 1
on [—b,b] and suppy C [—2b,2b]. It will be convenient to have a specific notation
for the Neumann trace with the standard derivative operator replaced by D := —ih0.
We therefore let ’leﬁ = —ihyP. Let

Py — \2
Quyih +70

Poa(h) = ( ) Q) - L(Q4) ® HY2(Tp),

where @, € U;""P(I'p) with symbol

(3.2) on(Qv) = —(¢'ly)-
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Note that
0
Po.o(X) =Po(X) + <Qb'71[)h>

and hence Py g(A) is a compact perturbation of Pg(A). Therefore, by Lemma 3.1,
Po(A) is Fredholm with index zero.

LEMMA 3.2. Let Qp be as above, and let 0 < a < b and C1 > 0. Then there exists
C > 0 such that for all X € [a,b] +i[—C1h, C1 1],
|‘71[,)hu||Lz(FD)+‘|u||H§(Q+) <Ch™ (P - )\Q)U’HL?(Q+)+C [(@vyis +70D)“||Hg/2(r,3) :

In particular, since Py.g(N) is Fredholm with index zero,

Ro.q(A) := (Pa.qg(N) !

exists and satisfies
(3.4)

I aRe.@N(f: L2 (0 p) + IR, N (f: 9l 2001y < C<h_1Hf||L2(Q+)+||g||H2/2(FD))'

Observe that the bound (3.4) has the same hi-dependence as the standard non-
trapping resolvent estimate.

Before proving Lemma 3.2, we show how a parametrix for the operator (Py — A% —
z1lg,,) can be expressed in terms of Ry (). Let

Py — 2?2 — zlgq,
Po.o(\ 2) = ( mehﬂéh) P H Q) — L*(Q4) & H¥*(Tp).

By Lemma 3.2, the bound (3.4), and inversion by Neumann series, for |z| < h/(2C)
(where C' is the constant from Lemma 3.2),

Ro,0(A, 2) = (Po,g(X, 2) "
exists and satisfies

(35) IFaRo.a( () lzzs) + [Ro.0(02)(F. ) lzca)
< 2C(h*1||fHL2<Q+> + ||9||H2/2<FD>>'
Next, let

Pg — )\2 — Zthr
8

(3.6)  Po(\z):= ( ) CH () — L2(Qy) @ HY?(Tp).

If Ry o(A, 2) exists, then
Po(X, z) = (I+K(X 2)Poo(A 2),

where

(3.7) K\ z2)=QRoo(\z) and Q:= ( —Q?)71Dh> .

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 05/11/22 to 193.60.240.99 . Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

6750 J. GALKOWSKI, P. MARCHAND, AND E. A. SPENCE

Since K (X, 2) : L2(Q4 )@ H3/?(Tp) — L*(Qy )@ H3/?(T'p) is compact, (I+K (X, 2)) ™
is a meromorphic family of operators by [15, Theorem C.8]. Therefore, for |z| <

h/(2C),

(3.8) Po(\2) "t = Roo 2)(T+K(\2) .

Let Ry(A, z) be the inverse of the map (2.29) with V = —z1q,,, i.e.,
(3.9) Ro(\,2) := (Pp — A\ — 21, ).

Then, for |z| < i/ (2C),

(3.10) Ro(\, 2) = Py(\, 2) ! (é) = Roo(\2) (I + KA 2) " (é) ,

which is the required parametrix.

Proof of Lemma 3.2. Suppose that the estimate (3.3) fails with the left-hand
side replaced by ||ul[z2(q,); then there exist h, — 0, A, € [a,b] + i[-Ch, Ch], and
(s Fo Gn) € H? () & L2(Q4) ® Hy*(Up) with

1Fll 2y *+ Nl ey =1 inlle =,

and with )
P‘97Q(ﬁn) = (hnfmgn)

In particular, renormalizing w,, := @, /n, fn := fn/n, and g, := gn/n,

B 1
Il oo,y = B B = X)unl| g, <

and
1

||9n||L2(rD) = ||(Qb71[,)h +’YD)Un||L2(FD) < o

Now, since 0 < a < Re A\, < b, we may rescale A, to = B/ Re A, and hence replace
Re )\, by 1. Note that this rescaling does not cause any issues since b~ 'h, < h, <

ext

a"'h,. Extracting a subsequence, we can assume that 16 un has defect measure
u (see, e.g., [52_, Theorem 5.2]), and h,*Im )\, — Im B, and Re), = 1. Since
[ fn.llz = 0, p? = 0.

Let x, xo € C(R%0,1]) with supp x € R? and x, xo = 1 in a neighborhood of
{r <2r} and supp xo C {x = 1}. We first show that
(3.11) 11 = 2)unll2(q, ) = Ohn).

To do this, observe that, by (2.27),

EE_ s e, rwe o
P} fel 9 S ) = 1

(312)  lon(Po = X))l = | T iamaye

Therefore, by ellipticity, for W a neighborhood of supp 9y,

(3.13) [unl 222wy < C([|(Po - AQ)“nHLz(m) +llunll 20, )-
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Now, by (3.12) and the definitions of x and xo,

o (Opn (14 I3 ) (1 = x0) (P = X2)(1 = x0) ~ ixo) | = .
Therefore, by [52, Theorem 4.29],

[I(1 - X)u"||L2(Q+)
< CI[Opa((1+ €)™ (1 = x0)(Po — A2)(L = x0) = ix0] (1 = X)tn | .2 ey
(3.14) = C|Opa((1 + €)™ (1 = x0)(Po = M) (L = X)un| 2 gy

But

[OPA((1+ [€1*)~1) (1 = xo0)(Po — A2)(1 — X)Un||L2(Rd)
S ON=X)hnfnllL2 ) + 1P Xlunll g2, )
(3.15) SO =x)hnfnll 20,y + Chnllunll 2 g, ) = O(hn),

where we have used that, by direct computation, ||[Pp, X]||Hg(ﬂ+)—>H§*1(Q+) < Chin

the second inequality; (3.11) then follows from combining (3.14) and (3.15).
We now show that p(T*R?) = 1. First, observe that

(3.16) (P — A2)xun = [Pa, X]tn + o(Fin) L2
Consequently, using (3.13) in (3.16) we find that
(Py — X2)xup = O(hp) 2.

Since (Py — \?) = (—h?A — A\?) on supp X, we can now apply Lemma 2.12 (with u in
that lemma replaced by xu, here) to find that

2 . 2 . 2
nw(x*) = %IH})HXUnHm(QJr) = )1113}) HunHL2(Q+) =1,

where we have used (3.11) in the second equality. Moreover,
X . 2
w(T"R) < }LI_T%HUWHLQ(Q+) =1,

so that in fact u(T*R?) = 1.

We now show that ¢ = 0, which is a contradiction. To do this, we start by
observing that (3.11) implies that p({r > 2r;}) = 0. In fact, by Lemma 2.9,
w({on(Py) # 0}) = 0, and therefore supp p» C SS%]Rd N{r <2r}.

Now, Lemma 2.12, along with Lemma 2.10 together with the fact that Im oy, (FPy) <
0, allows us to propagate forward along the generalized bicharacteristic flow (in the
sense of Corollary 2.11) but not backward. In particular, since u({r > 2r1} = 0),
this implies that supppu C T'y. Indeed, suppose that A C S&Rd is compact and

ANTy = (. Then, by the definition of 'y (2.26), for each p € A there ex-
ists ¢, > 0 such that r(¢_¢,(p)) > max(2ry,r(p)). Hence, by (2.24), for t > t,,
r(¢w_¢(p)) > 2r1, and by the continuity of ¢_; , there is a neighborhood U, of p such
that p_(U,) C {r > 2r;} for t > t,. In particular, by the compactness of A, there
exists T' > 0 such that ¢_7(A) C {r > 2r;}. By the compactness of A in the &
variable and (2.40), there exists C' > 0 such that u(A) < exp (CT)u(p_r(A)) = 0.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 05/11/22 to 193.60.240.99 . Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

6752 J. GALKOWSKI, P. MARCHAND, AND E. A. SPENCE

Now, by Lemma 2.8, I'; is closed, and hence we may write (I'y)¢ = U, A4,, with A4,
compact. In particular, p((I'y+)¢) = 0 by monotonicity from below.
Next, note that since Im o (Py — A%) < 0 on {fs # 0},

supp 1 C {fy = 0}
by Lemma 2.9. In particular, by the definition of fy,
supp 4 C {r < 2ry}.

To complete the proof, we need to show that in fact p(I'y) = 0. This is where the
boundary term @) is used.
We claim that there are T, ¢ > 0 such that

(3.17) w(p-1(A)) = e“u(A)

for all A. Once this is done, we have that u = 0. To see this, observe that if u(A) > 0,
then by induction p(p_,r(A)) > €™ u(A). Taking N > —(logu(A))/c, we have
w(p_n7(A)) > 1, which is a contradiction to u(T*R?) = 1.

We now prove (3.17). First, note that the statement is empty if u(A4) = 0.
Therefore, we can assume that p(A) > 0. Since suppp C 'y, we assume that
A C I'y; since 'y is closed, we can assume that A is compact. Now, by (2.24), (2.25),

and (2.26),
\(2r1)2—r2
Fyn{ro<r<2r}c U oIy N{r <rp}).
t=0

Therefore, increasing T' by /(2r1)? — 73, we may assume that A C {r <ro}NT.
Letting NV = @, and D = —1 and recalling (3.2), we see that A/ and D sat-
isfy (2.42). Therefore, the proof of (3.17) is completed by the next lemma.

LEMMA 3.3. Suppose that N and D are as in (2.42), p satisfies the conclusions
of parts (iii) and (iv) of Lemma 2.12 with p? = 0, and A C {r < ro} NT4. Then
there exist T,c > 0 such that (3.17) holds.

Proof. We claim that there exist e1,T > 0 such that for all p € Ty with r(p) < ro,

T
(3.18) /o (— ;ZZ((?)/)) Hix11lg(p-4(p))
+[Hyw1(0-4(p)| 718 (21(0-2(p))) log (e, (w—t(p)))>dt < e,

where 7, : SFDRd — T*T'p is the orthogonal projection and « is given by (2.43).

Once (3.18) is proved, we claim that Lemma 2.12 implies (3.17) with (¢,T) =
(e1,T). Indeed, suppose that (3.18) holds and that u(A) > 0, A C Ty N{r < ro},
and A is closed. Then let 0 < a € C*°(*T*R%\ Q_) with a =1 on A and

(3.19) U ¢i(suppa) C {r <D —; n } .
t€[0,~T)

Now let x =1 on {r < 2"} with supp x C {r < r;}. Then

(=R*A = D)xu = [-R°A,xJu+Af,  xulr, =0
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with f = o(1) 2, and hence by Lemma 2.12
men(x* (a0 @r)) — mop(x’a)

:/0 (_4<578X>/~L+5(:C1)®(Min_ﬂout)+ or(N)

QO'FL('D)

HEouuls ) (Clac p.) ds

But, by (3.19), x? =1 on suppa o ¢; for t € [0,T]. In particular, for ¢ € [0, 7],

mM(a o Spt) - W*M(G) = /0 (5(1‘1) ® (Min _ Mout) + ;jff.(/\,l/;))

ngl,ulg) (aops)ds.

Finally, since A is closed, we may approximate 14 by smooth, compactly supported
functions to obtain
(3.20)

W*M(@_t(A)) - W*H(A) — /O <6($1) ® (uin - luout) n UE(N)

QUH(D)

H§$1M1g> (14 0ps)ds.

Now, to study (3.20), we first assume that A and ¢ are such that for all p € A and
s € [0,2t], p_s(p) does not lie in the glancing region (Hpx1 = 0) and each trajectory
intersects I'p exactly once and does so for s € (0,¢). Shrinking the support of a
further if necessary, we can find ¥ C® T*R?\ Q_ transverse to the vector field H,
such that

F:[—tt]x ¥ 3 (s,p) = ¢_s(p) € Ty R

are smooth coordinates and ¢_4(A) is in the image of F for all s € [0,¢]. Then (3.20)
reads as

(-t (A)) — mep(A)

— /Ot (5(551) ® (™ — Mout))(lA o) di!
- /Ot /_tt/E <|pr1|(5a p)d(s) ® (La(s— t',p)))d(,uin — 1°")(p) ds dt’
= A/Ot (\pr1|(0,p)(a—1(p) — 1)1A(_t’7p))duout(p)dt/.

Now, arguing as in [22, Lemma 2.16], we obtain that m.pu = |[Hpz1|u®*1s<ods +
|Hpz1| ™ 1s>0ds, and hence

t
mn) = [ [ 1y 0,p) 1A~ ) ()i
»Jo
Therefore,

mai(p-(4)) 2 | inf (a(p) " Hmau(4)

= irfle o Jo UHpza|(e v ()71 6(x1 (1 (p))) log a(mr (9 s (P)))dt’ﬂ*u(A))

where this last equality comes from evaluating the integral using the fact that F' is
well defined (since each trajectory intersects I'p exactly once):

AC {Sos({xl = prl = 0}) \ {prl 75 0, 21 = 0} s € [O,t]},
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so that, in particular, trajectories from A do not intersect the hyperbolic set. In this
case, (3.20) implies that

on(N)
205(2))

(3.21) sl () = (o 2 tgmn ) (- ().

In particular, shrinking A if necessary, we may choose ¥ C {z1 = H,z; = 0} trans-
verse to H,, and work in coordinates

[0,t] X X3 (s,p) — p_s(p) € {ap,s({xl =Hy,z1 =0}) : s€ [O,t}}.

In these coordinates, (3.21) implies that m.p is absolutely continuous with respect to
t in the sense that there is a family of measures ¢t — 14 on ¥ such that 1,(X) € L!
and p = dt. Moreover,

[ avto) = [ e ([ g zn s o (o)as ) vl

In particular,

Rupi(p-1(4)) > inf exp ( / ;;§g>)x11g<¢_s<p>>ds) o).

Putting everything together, we have for all A and 0 <t < T,

T (-t (A))

> intexp (= [ (-0 3ot gy (1)

o)
2Uh(D)

mg(ws(p)))ds) ro(A)

> et u(A)

as claimed.
Therefore, it is enough to prove (3.18). Seeking a contradiction, we assume that
for every &1 > 0 and T > 0 there exists p € 'y with r(p) < 7 such that

/O <— ;j)jé\g) Hpai1g(¢—4(p))
+ [Hyz1 (91 (p))| 7 6(21 (¢ —4(p))) log a(r, (@—t(P))))dt > —e1.

Note that since both terms are nonpositive (since a < 1 and o (N)op(D) > 0), this
implies that each term is > —&;.
Now, if p_¢(p) € G for t € [t1, 2], then, since the flow in G is given by the flow of

the vector field
2

H X1
HS =H,+—-2—H,, p=I[?>-1
p Hglp 1
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(see [31, Definition 24.3.6]), we obtain, using that o, (N)/or(D) > ¢ > 0 on G (since
gc B*FD),

o(p) = exp(—(t2 — 1) Hs () + O ( 2 H,?xmo_t(p))dt)

—exp(—(t2 — ) Hig o) + O [ 20 iz (o).

where both here and in the rest of this proof we write a = b+ O(c) if |a — b| < Cc for
some C > 0 depending only on o, (N) and o,(D). On the other hand, if ¢_+(p) ¢ G
for ¢ € [t1,t2], and has exactly one intersection with I'p, then

b1a(p) = exp(—(t2 — ) Higz (o1, (0) + O (It — tr]20/1 - 1112

where |£/|, is measured at the point of reflection. All together, since or(N)or(D) >
c¢>0on ||, <1, and thus there exists ¢ > 0 such that

N N
oga = —4y/1— Fli ) 00~ I€1) < —ey/1- R 5ac5) + 00~ I€1).

we obtain from (3.22) that

¢-1(p) = exp(=THg2(p)) + Oler).

Therefore, choosing T' > r¢, and £; small enough, we obtain

dist(mx (o1 (p)), T (p)) > 370,
which is a contradiction to p € T'y N {r < ro}. O
We have therefore proved that

(3'23) ||uHL2(Q+) < Ch~t H(PO - )\2)u||L2(Q+) +C H(Qlﬂ/l[,)h + 'Y(?)UHHS/Z(FD) s

where here, and in the rest of the proof, C' denotes a constant, independent of A, A,
and z, whose value may change from line to line. To complete the proof of Lemma
3.2, we now need to obtain a bound on the H? norm of u, as opposed to just the
L? norm in (3.23). By a standard elliptic parametrix construction, for x; € C* ()
supported away from I'p, we have

Ix1ull gz, <€ | (Py — >‘2)UHL2(Q+) +Cull L2,y
< CRH[(Po = M)l o,y + C @3 0n + 98 )ull vz

by (3.23). Finally, using the trace estimate from [22, Corollary 4.2] we have for
X2 € C®{z :r < ro}) with supp x2 € RY,

Irull 2,y < € lixeull 2, + [[(R2A = Dxaul| 2, -
Elliptic regularity for the Laplacian then implies that
HX2U||H§(Q+) S C ||(*h2A — )\2)X2u||L2 + C ||XU||L2 + C ||")/0D’UJ||H2/2
< ChH[[(Po = X)ull g2 + C Qe + 70"l o2

(T'p)

(Tp)’

where we have used (3.23). Combining the bounds on HXlu‘|H,2(Q+)7 ||X2u||H}2(Q+);
and ||fyfhu||Lz(pD), we obtain (3.4). 0
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4. Proof of Lemma 1.14. With R(\, z) defined by (1.11), Rg(}, z) defined by
(3.9), and y € C°° with suppx C {z :r < r;} and supp x € R?, (2.30) implies that
(4.1) XRo(\, 2)x = xR(\, 2)x.

Recalling (1.12), we see that to prove the bounds (1.15), (1.16) it is sufficient to bound

[Ro (A, 2)1 22 (00)— L2 () -

We first focus on proving the bound for Im z > 0 (1.16). By the definitions of Py(], 2)
(3.6) and Ry(\, 2) (3.9), the bound (1.16) follows if we can prove the following.

LEMMA 4.1. There exists C > 0 such that if Re A > 0, Im A = 0, then

(4.2) |Po (N, 2) ) < C{z)(Imz)™'  for Tmz > 0.

—1
||L2(Qtr)®H2/2 (Tp)—L2(Qy

Moreover, there exists € > 0 small enough such that if Re A > 0, then Im A =0 and
(4.3)

IPo (N, 2) <C(Imz)"'  for Imz >0 and |2| < eh.

—1
||LQ<Q+>®H;/"<FDHH§<Q+)

To prove Lemma 4.1, we need the following result about the sign of the Dirichlet-
to-Neumann map.

LEMMA 4.2. For ReA > 0 and Im A > 0, we have InD(\/h) > 0.

Proof. Let G(\) be the meromorphic continuation from Im A > 0 of the solution
operator satisfying

(=R°A = X)G(\)g=0in R\ Qy,  GNglr,, =g,

and G is A/h-outgoing; then D(\/h) = 7I*G()\). Note that for ImA > 0, G(\) :
H'Y2(T'y,) — HY(R?\ ;). Therefore, for Re X > 0 and Im A > 0, by integration by
parts,

0= ((=F*A = X)G(N)g,GN)g)gaq,
= ||hVG(/\)9||%2(Rd\Ql) - )‘QHG(/\)QH%Q(DW\QI) + 52<D()\/ﬁ)gag>nr'
Therefore, taking imaginary parts,
2ReAlm )‘||G()‘>g||L2(Rd\Ql) = n? Im(D(A\/h)g, 9)r,,
and in particular, for Re A > 0 and Im A > 0,
0 < TIm(D(A/h)g, g)r,,-

Now, since the right-hand side continues analytically from Im A > 0 to Im A = 0, we
have

Im(D(A/h)g, g)r,, = 0
for ReA > 0 and Im A = 0. ]

Proof of Lemma 4.1. Let u € H2 .(24). Then let v = u — Eypu € HZ (Q4) N
H&IOC(QQ. By integration by parts,

—Im ((Py — A\? — z1q,,)v,v), = —Im{(—R°A —\? — z1q, )v,v)

Qtr Qtr

= (Im z)||vH%2(Q“) + h*Im (D(A/h)v, U>Ftr

> (Im 2)||v[|72 (q,)-
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Therefore, there exist C,Cy, Cy > 0 such that for Im z > 0,

lull 2 () < lvllz2@un) + 18 ull 2 (g0

< (Im2) " H|(=h*A = X* = 210, )0l r2(e,,) + Crllvg ull oz

< (Im2) " H(Py = X% = 21, )ull L2 (0, + Co(2)(Im 2) M| Byg ull 2 q.)
+ gyl

Hy*(Ip)
< OE)Imz)7|Pa(N, 2) ||L2(Q“.)@H:/2(FD)

by the definition of Py(], ) (3.6). Having obtained the bound (4.2) on |[ul|2(q,,), we
now prove the bound (4.3) on [ulg2(q,,). Using, e.g., the trace estimate from [22,
Corollary 4.2] (in a way similar to the end of the proof of Lemma 3.2), we have
44)  IvDpullzzep) < CRTHI(-R2A = X2 = 210, )ull 2., + C(2)l|ull 2 (.-

Furthermore, by (3.5) there exists € > 0 small enough such that for Imz > 0 and
|z| < eh, (Pog(\ 2))~! exists, and then, by Lemma 3.2 and reducing ¢ further if
necessary,

[ull g2,y < Ch[(Po — N = Zlﬂn)“Hm(m) +C[[(@Quyin + 75)“”1{2/2(%) :
By (3.2) and the Calderon—Vaillancourt theorem (see, e.g., [15, Proposition E.24],

[52, Theorem 13.13]), ||Qb||L2(FD)—>H3/2(FD) < C. Using this along with (4.4), the fact
h
that Py = —h%A on ,, and (4.2), we obtain

HUHHg(m) < C(h_l + <Z>2(Im2)_1) H(P0 — A - letr)uHL2(Q+) +C HV(?UHH,’?;/Q(FD) )

which implies (4.3); the proof is complete. d
Having proved the bound (1.16), we now prove the bound (1.15). From (3.10),

(4.5) Rg()\,z) = RO,QO\,Z)(I 4 K()\,z))_l <é> ’

where K (), z) is defined by (3.7). Since we have the bound (3.5) on Ry q(A, 2), to
bound Rg(), z) we only need to bound (I + K (), z))~L.

Let H = L*(Qy) @ Hs/z(FD). Recalling the definition of trace class operators
(see [15, Definition B.17]) and [15, equation B.4.7], since Ry q(A, z) exists for |z| < h,
K (A, z) defined by (3.7) is trace class for |z| < efi with

IK 2y er) S NQbll gy (2 (rpymerzepy IEaRe.QA 2) 30— L2 )
< CH<hD>3/2QbH£1(L2(pD))H'YlDﬁR@,Q()H z)”’H*)Lz(FD)'

Then, using reasoning similar to that in [15, page 434] to bound the norm of (hD)3/2Q,
together with the bound (3.5) on VfﬁRG,Q(/\a z), we have

(4.6) KN, 2)l 2y asm) < CR R~ < Ch™
Furthermore, by [15, equation B.5.21] and [15, equation B.5.19],
(L + KX 2) |,y < det (I+K(X2)) " det (I+ [K(X,2)" K (), 2)]?)
<det (T+K(\2) " exp (KA 2) K 222, 00)
(4.7) < det (I+K(\2) " exp (1K 2) | 0)s
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where we have used the definition of the trace class norm || - ||z, in terms of singular
values (see [15, equation B.4.2]) to write

H[K()\,z)*K()\7z)]l/2H£1(H) = 1K 2)ll 2, ) -
Using (4.6) in (4.7), we find that

48)  ||(I+K(\ 2 <det (I + K () 2)  exp(Ch™?)  for |2| < eh.

~1
)) ||L2~>L2
To estimate det(I + K (X, 2))~!, we use the same idea used to prove the bound (1.13),
namely the following complex-analysis result.

LEMMA 4.3 (see [15, equation D.1.13]). Let Qg € Q1 € C, let f be holomorphic
in a neighborhood of Q0 with zeros zj,7 = 1,2,..., and let zog € Q. There exists
C = C(Q0, 0, 20) such that for any § > 0 sufficiently small,

g £(2)] 2 ~Cog () (maxlog £(2)] ~ og f(aa)l ) for = € 90\ Bles.0).

J

Applying this result with f(z) = det(I + K (A, 2)), we see that to get an upper
bound on logdet(I + K (A, z))~! we only need a lower bound on det(I + K (), 29)) for
some |zg| < eh and an upper bound on det(I + K (), 2)) for all |z| < eh.

To obtain the upper bound for all |z| < eh, we again use [15, equation B.5.19]
and (4.6) to obtain

(4.9) |det(I + K(X, 2))| <exp(||[K(X, 2)|lz,) < exp(Ch_d) for |z| < eh.

To obtain the lower bound for some |zg| < ehi, we first observe that, from (3.8),

(I+K(\2) " =Poo2)Ps(N,2) " =T —QPy(A,2)
so that
| det (I+ K (X, 2))|"" = |det (I — QPy(A,2)71)|.

Since QPa (A, z) is trace class, we use [15, equation B.5.19], [15, equation B.4.7], (4.6),
and (4.3) to obtain
(4.10)

—1 _ _
o8 €1+ KO8 o)™ < 101y 0 [P0 20 sy < O
for zg = ieh. Therefore, combining Lemma 4.3, (4.9), and (4.10), we have

log | det (1 + K()\,z))71| < Ch %logs™!, z € B(Oﬁlh)\UB(zj,&),

Zj

where z; are the poles of (I + K(\,z))~!. Therefore, combining this last bound
with (4.5), (4.8), and (3.5), we have

I Ro(N 2) 200,y 12002, ) < XD (cfrdlog 5*1) for » € B(O,slh)\ B9,

Zj

where z; are the poles of Rg(\, z). The bound (1.15) and the fact that z; are the
poles of Rq, (), z) then follow from the relation (4.1) and Lemma 1.11.
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5. Proofs of Theorems 2.2 and 2.4.

5.1. Proof of Theorem 2.2. With Lemma 1.14 in hand, this proof is very
similar to [15, Proof of Theorem 7.6], except that now we work in the complex z
plane as opposed to the complex A plane. In addition, in this proof, the roles of ¢
and ¢ are swapped compared to [15, Proof of Theorem 7.6].

Let

(5.1) eo(h) := h™%e(h),

with @ > 3(d 4+ 1)/2 (we see later where this requirement comes from). The lower
bound (2.2) then implies that, given A, there exists C’ (depending on Ay and a) such
that

/
(5.2) log < ) < ¢ for all 0 < h < hyg.

Eo(h) ~— h
Seeking a contradiction, we assume that when i = h; there are no eigenvalues in
B(0,e0(h;)) (the exponential lower bound on go(%) leading to (5.2) therefore limits

how small this ball can be). Our goal is to show that this assumption implies that

1 —1
(5.3) IR(1,0)l 200y 22(00) < 5(5(}%’)) :
Indeed, since supp uy € 1,
(5.4) R(1,0)(—=h5A — L)ug = ug.

Then, by taking the norm of (5.4) and using (5.3), we obtain that [luel| 2, ) < 1/2,
which contradicts [[u|;2q, ) = 1. We prove (5.3) by using Theorem 2.7, where
Q(h) is a box (to be specified below) in B(0,eq(%)/2) with Lemma 1.14 providing the
bounds (2.20) and (2.21).

We first use the bound (1.15) from Lemma 1.14. This bound is valid for z €
B(0,e1h) and away from the poles. The definition of (%) (5.1) and the upper bound
in (2.3) implies that B(0,e0(h)/2) C B(0,e1k) for /i sufficiently small. We then choose
d in (1.15) equal to €o(h)/2 and use (5.2) so that, for all /; sufficiently small,

(55) IR, 2| L2y L2 (620r) < €XP (Clc'hj‘(d“)) for all z € B(0,e0(h;)/2)

and thus for all z € Q(h;) (since Q(A;) C B(0,e0(k;)/2)). We now let
Q(z,h) == Rq,,(1,2), L:=d+1, andC:=max{CiC", Coc},

where ¢ = ¢(fip) is chosen large enough such that (z) < ¢ for all z € B(0,e¢(h)/2) and
I < hg; these choices ensure that the right-hand sides of the bounds (5.5) and (1.16)
are bounded by the right-hand sides of (2.20) and (2.21), respectively. We then let

w=0, 28(h)= ieo(h), and () = Me(h)

with M chosen (sufficiently large) later in the proof. For the assumptions of Theorem
2.7 to hold at i = h;, we need that (i) the box Q(#;) defined by (2.18) is inside
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B(0,e0(R;)/2) (so that the bound (2.20) follows from (5.5)), and (ii) the second in-
equality in (2.19) is satisfied. The first requirement is ensured if

—(d+1 1 : —(d+1 1 _o
3(ny)h; T < geo(hy),  that s, Me(rj)n; ‘Y < 5y e (hy),
which is satisfied if 7; is sufficiently small since & > d+ 1. The second requirement is

1
gh—%(h)2 > Ch= 3D ©e(h)?;

given M, this inequality is satisfied when # is sufficiently small since o > 3(d + 1) /2.

Therefore, the assumptions of Theorem 2.7 are all satisfied at h = h; (for h; suffi-
ciently small), and the result is that the bound (2.22) holds for all z € [—3(h;), (1))
and thus, in particular, at z = 0. Therefore, for all h; sufficiently small,

c
1R 0)[ L2 (0) > L2(000) < Ne(h) exp(1 4 C).

We now choose
M :=2Cexp(l1+C)

and obtain (5.3), i.e., the desired contradiction to there being no eigenvalues in
B(O,Eo(hj)).

5.2. Proof of Theorem 2.4. We first recall the following lemma proved in [43,
Lemma 4]; see also [35, Lemma AII.20].

LEMMA 5.1. Let f1,..., fn be N wvectors in a Hilbert space H with

[(fis fi)n = 655 <& forall ij=1,...,N.

Ife < N7, then fi,..., fn are linearly independent.

We use Lemma 5.1 both in the proof of Theorem 2.4 below and in the proof of
the following preparatory result.

LEMMA 5.2. Let m(h;) and e(h) be as in Theorem 2.4 (so that, in particular,
e(h) < hO+3)/2 a5 — 0). Then there exists C > 0 (independent of hj) such that

(5.6) m(h;) < Ch7“.

Proof. First observe that it is sufficient to prove the result for sufficiently small ;
(equivalently, sufficiently large j). Let P(h;) = —h7A with zero Dirichlet boundary
conditions on I'p and I'y,. P(h;) is therefore self-adjoint with a discrete spectrum
and, since suppu; ¢ C K € Oy,

|| (P(hy) — Ejjz)ujngLQ(Qn) =¢(h;) forall j,£.

Let 4 > ¢ > 0, let II(h;) be the orthogonal projection onto the eigenspaces
corresponding to all eigenvalues of P(h;) in [ag — p,bo + ], and let M(h;) be the
number of these eigenvalues (counting multiplicities). By the Weyl law (with no
remainder term) on manifolds with boundary (see, e.g., [31, Theorem 17.5.3]),

M(h;) < Ch; %
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Furthermore, rank IT(%;) < M(%;), and thus to prove the result (5.6) it is sufficient to
prove that m(f;) < rankII(%;). To keep expressions compact, we now write P and II
instead of P(k;) and II(h;).

Since II commutes with (P — E;¢)~!, and (P — E; ) is invertible on (I — II)L?,

(5.7) (I—M)ujp = (P—E;) " (I —T0) (P — Ej)uye.

Since P is self-adjoint, the spectral theorem (see, e.g., [15, Theorem B.8]) implies that
1

(5.8) H(P - ij)_l(l - H)HL2(Q”)~>L2(QM) < I

Therefore, combining (5.7) and (5.8), we have

£(hy)
1

H (I — H)uj,£||L2(Q“,)—>L2(ch) <

(compare to [35, equation 32.2] and the first displayed equation in [43, section 3]).
Then, for 41,0, € {1,...,m(h;)},

|(Tuj 0, Mg 0,) 12(00) — Oeres| < [(uie, 5.05) L2020 ) — 1t
+ (g, (I = Mg e,) r2(02,,)
+ (1 = ey, Tuge,) 2 (0

(5.9) < b3 %e(hy) + %e(hj)

« pBd=1/2

j as j — oo,

where we have used that [|II||;2(q, ) 72(0,,) < 1 since Il is orthogonal. By Lemma

5.1, any subset of {Huj,g};r;(?'j) with cardinality < hj_(5d_1)/2 is linearly independent.
Seeking a contradiction, assume that (5.6) does not hold, i.e., for all C' > 0, there
exists j such that m(h;) > C’ﬁj_d. Choose a subset of {Hum}?:(fj) with cardinality
LCh;d + 1]. By the above argument, this subset is linearly independent, and thus
LChj_d + 1] <rankII(h;) = M(h;) < Chj_d, which is the required contradiction. 0O

Proof of Theorem 2.4. The proof is similar to that of the corresponding “quasi-
modes to resonances” result [43, Theorem 1] (see also [15, section 7.7, Exercise 1]),
except that we use the semiclassical maximum principle in the z plane (as in the proof
of Theorem 2.2), and now we also work in an interval in A (as opposed to at A = 1
in the proof of Theorem 2.2). To keep the expressions compact, we write i instead
of h; and write functions of the index j as functions of &; in particular, we drop the
subscript j on A;, Ej ¢, and u; .

Let

Z = Z(gl(h)a 50(h)a (L(h), b(h’)v h)v

where Z(e1,¢€9,a,b; h) is defined by (2.5), e9(h) is as in the statement of the theorem,
and €1 (h) < h will be fixed later. We assume throughout that | Z| < oo since otherwise
the proof is trivial. Let II(#) denote the orthogonal projection onto

U I, (Z2(@0)),

peEZ
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where II  is defined in (2.17). Let Z()) be the set of distinct values of z,(h, A) such
that p € Z. (While Z is independent of A, Z depends on A since the poles of z —
Rq,, (2, ) depend on \.) Note that for z, # z,, rank(I. +II., ) = rankII. +rankIIL. ;
therefore,

rank IT1(h) = Z rank IL, (5 5) = Z mg(zp(h,N)) = |Z],
2p€Z(A) 2p€Z(A)

where mp(zo) is defined in (2.17). To prove the theorem, therefore, it is sufficient to
show that m(h) < rankII(%).

Seeking a contradiction, we assume that rankII(h) < m(h). By Lemma 2.6,
near z,, the singular part of Rg, (), 2) is in the range of Il (R, ), and therefore
z = (I =TI(h))Rg,, (A, 2) is holomorphic on

Q(h) == (= 2e1(h), 2e1(h)) —i(0,2e0(R))
for all A2 € [a(h), b(h)]. Let Q(h) € Q(h) be defined by

Q(h) == (—e1(h), e1(h)) —i(0,0(h)).

Our goal is to apply the semiclassical maximum principle (Theorem 2.7) in subsets of
Q(h) with Q(z,h) = (I — II(h))Ra,, (A 2).

By Lemma 1.14, the fact that max(eg,e1) < £, and the fact that II() is orthog-
onal (and SO ||I — H(h)”LQ(Qtr)—)LQ(Qtr) S 1),

(5.10) (I = TI(R)) Ra,, (A, 2 < exp (Clh‘d log 5—1)

) HL?(Q“)HU(QU)

for z € ?z(h)\UB(zm(h, A),0)
m
and for A\? € [a(h),b(h)], where the z,,(h,\) are the poles of Rq, (), z) such that
B(zm (1, \),8)NQ(R) # 0. If § > min{eg(h), £1(h)}, then these 2y, (h, ) might include
poles that are not equal to z,(h, A) for some p € Z, but we restrict § so that this is
not the case. Indeed, we now choose d > 0 so that the bound in (5.10) holds for all
z € Q(h) and for all A2 € [a(h), b(h)].

If § and z,, are such that B(z,,,d) € Q(h), then the bound in (5.10) holds on
OB(zm,0), and then, since z — (I — II(h))Rq,, (A, z) is holomorphic in Q(%), the
maximum principle implies that the bound in (5.10) holds in B(zm,d). We now
restrict ¢ so that there cannot be a connected union of B(z,,,d) that intersects both
Q(h) and 9Q(h). Once this is ruled out, the maximum principle and the fact that
z — (I —II(h))Raq,, (A, 2) is holomorphic in (%) imply that the bound in (5.10) holds
in Q(h). Since we have assumed that rank II(i) < m(h), and m(h) < Ch~¢ by (5.6),
there exists a maximum of Ch~¢ of balls of radius 6. In particular, the maximum
distance between any two points in such a connected union is bounded by 2C5h~¢,
and hence a connected union intersecting both dQ(%) and Q(h) is ruled out if

(5.11) 206h™ < min {eo(h),e1(h)}.
We now assume that eo(h) < e1(f) and set

60(h) hd
4C

0=
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so that (5.11) holds. The lower bound on ¢ (%) in (2.7) and the lower bound on (%)
(2.2) imply that, given %, there exists C’ (depending on fig) such that

/

C
logé—! < - for all 0 < h < hy.
Therefore, the end result is that if 7 is sufficiently small,

H (I —1I(h))Ra,, (A, 2

)HL?(QH)HLz(Q“) < exp (Ch_d_1>

for z € Q(h) and A2 € [a(h),b(h)], where C' := max{C1C’, ¢ Cs}, where, as in the proof
of Theorem 2.2, ¢ = ¢(hp) is chosen large enough such that (z) < ¢ for all z € Q(h)
and A < hy.

We apply the semiclassical maximum principle (Theorem 2.7) with

w=0, Bh)=ei(h), 6(h)=n""eo(h), and L=d+1,

and we now fix 1 (%) as

e1(h) == L(d—i_l)mgo(h).

C
observe that this definition of £(%) satisfies both the second requirement in (2.19) and
our previous assumption that eo(f) < e1(h). The result of Theorem 2.7 is that

H (I —1I(h)) Ra,, (A, 2

h
)HL2(Q“)%L2(Q“) < Cexp(C +1)

for z € [—e1(h),e1(R)] and  A* € [a(h),b(R)].

(5.12)

The definitions of F; and u, imply that
(I —11(h)) Ra,, (VEe,0) (= K*A — Ep)ug = (I —TI(h))ue

for ¢ =1,...,m(h). Since E; € [a(h),b(h)] for all ¢, the fact that the bound (5.12)
holds for all A? € [a(h), b(h)] implies that

_ —(a+1) £(0).
H(I H(h))WHLQ(QU)aH(QH) < Cexp(C+1)h o(h)
for ¢ =1,...,m(h). Therefore,
h
[0, 1R 0, ., = B < ) +-2C xp(C+ -0 )
tr 0

(compare to (5.9), but note that now the projection II is different). Using the in-
equality (2.6) and the second inequality in (2.7), we have

‘<H<h)uf1 ) H(h)u82>L2(Qtr) - 5&62 < hd,

and thus
hd
‘<H(h)ue1aH(h)u52>L2(Qtr) - 64162 < 67

where C' is the constant in (5.6). By (5.6) and Lemma 5.1, {H(h)ug}zn:(fj) is linearly
independent, and thus rankII(%) > m(k), which is the desired contradiction to the
assumption that rank IT1(%) < m(h). d

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 05/11/22 to 193.60.240.99 . Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

6764 J. GALKOWSKI, P. MARCHAND, AND E. A. SPENCE

Appendix A. From eigenvalues to quasimodes.

LEMMA A.1 (from eigenvalues to quasimodes in /i notation). Suppose that there
exist z = O(h™) and u satisfying (2.4) with ||[ul|p2(q,) = 1. Let x € C() with
X = 1 in a neighborhood of mr (K). Then xu is a quasimode (in the sense of Definition
2.1) of quality e(h) = O(h™) satisfying

lu = xullg2(0,,) = O(>).

Proof. The proof is similar to the proof of the “resonances to quasimodes” result
of [44, Theorem 1], except that we avoid using results about D for strictly convex
obstacles that are used in [44] and instead use a commutator argument.

First observe that

(—h*A —1—2)u=0 in Q,

so that
u=1¢5° R(1,0)15" zu.

Therefore,
u=1g" Ry(1, 0)18:t zZu

by (2.30) and the definition of Ry(A, z) (3.9). Let
(A1) v=Ry(1,0)15" zu,

and observe that v = u on Q,.

We now claim that, since z = O(h*°) and 4, € R? WFy(v) C I'y (defined by
(2.26)). By the definition of the wavefront set [15, Definition E.36], this is equivalent
to Av = O(h™) for all A with WF;(A) C (I'")°. This then follows by noting that
(Po—1)v =0O(h*) 2z, and applying [15, Theorem E.47], [31, section 24.4], and [50,
Theorem 8.1]% (with, in the notation of [15, Theorem E.47], By = I, B=P = Py—1),
together with the fact that o5 (Im(Py — 1)) < 0 and that Py —1 is elliptic on {r > 2r;}
(so that if (zg,&) € WFp(A), then there exists T > 0 such that ¢_r(xg,&) €
ellh(Pg — 1))

Now let x € C°(€Q;) with x = 1 in a neighborhood of mg(K). We claim that
XV = xu is a quasimode with quality e(h) = O(h°°). To prove this, since

(A.2) l[u— XU”H;A;(Q“) =1 X)U”Hg(ﬂu.) =(1- X)”HHg(Q“.\{Xgl}) )

it is sufficient to prove that v is O(h>) m2 . outside a compact set.
Our first step is to prove that, with ro < a < b < rq, for h sufficiently small,

(A.3) [ollz2@wsa) < CRHI(Po — Dvll L2y + Cllvllp2(acr<s),

where here, and in the rest of the proof, C denotes a constant, independent of i and
z, whose value may change from line to line. To prove (A.3), first observe that, since

3Strictly speaking, [15, Theorem E.47] is used away from the boundary and [50, Theorem 8.1]
is written for the time dependent problem, but the semiclassical version can be easily recovered by
applying the time dependent results to eit/ﬁv(z‘). It is then necessary to use the arguments in [31,
section 24.4] to obtain the “diffractive improvement,” i.e., that singularities hitting a diffractive point
follow only the flow of Hj, rather than sticking to the boundary. A careful examination of [31, Lemma
24.4.7] shows that the norm on the error term on (Py — 1)v is correct.
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Py — 1 is elliptic on r > 271, by [15, Theorem E.33] (more precisely its proof together
with the calculus from [52, Chapter 4]),

0]l L2 e>3m) < Cll(Po — D)ol 20y + CNEY vl L2 @s2r)
and hence
(A.4) 0]l L2 @>3m) < Cll (P — D)ol L2y + CNBY [0ll 22 (2r, <r<ary)-

Next, observe that there exists 7" > 0 such that for all p € 'y N {%“’ <r < d4r},
there exists 0 < ¢ < T such that a < r(v_.(p)) < b. In particular, using [15, Theorem
E.47] again, we have

0]l 2022 cpcaryy < CHHI(Po — Doll2iayy + 10l 22 (a<r<t) + OnBY 0] L2 (5 a) -
(*3 )
Using this and (A.4) in

lvllL2e>a)y < 1vll2(acr<t) + ||”U||L2(GT“’<r<4r1) + vl L2 (e>3r)>

we obtain (A.3) for & sufficiently small.

The next part of the proof involves using a commutator argument to control (up
to h errors) ||v][z2(a<r<p) by the norm on a slightly bigger region and with a gain
of i (see (A.5) below). Let ¢ € C°(—r1,r1) with ¢p =1 on {|z| < ro}, z¢'(z) <0,
and z¢'(z) < 0on a < |z|] <b. Then

o1 Im<(_h2A - l)v,¢(r)“>L2(Q+)

= —ih~ ! (<( A — Dv, ¥(r U>L2(Q ) <1Z)(I‘)’U, (_h2A - 1)U>L2(Q+))
=1 {[-h*A, ()], U>L2(Q+)
= ((2¢/(®©)hDy =A@ D)0, 0) 12 -

By the definition of T'y (2.26), o (¢ (r)hD,) = ¢'(r)(, I%I> <—c<0onTin{a<
r < b}. Therefore, since WFy(v) C Ty, for ¢y € C°(rg <r < ry) with ¢y =1 in a
neighborhood of supp 9¥(r),

20 Im ((—h*A = 1)v,9(r U>L2(Q+)

< —dlvllZ2uercs) + CHll1V] 7200, ) + CNhN||UH%2(Q+)

by the microlocal Garding inequality [15, Proposition E.34] (with A = —¢/(r)hD, —c
and B supported in (§,z/]z|) < €, ie., away from ', and in {ro < r < r}).
Therefore, by Young’s inequality,

(A.5)

122 (@ercty < OV 2N(=RA = )01 2oy + CRIY1VI 20, ) + ONEY 0] 220, -

We now use the propagation estimate again to control (up to h* errors) ||¢1U||2L2(Q+)
by ||v\|%2(a<r<b). Suppose that p € r=!({suppe1}) NT'y. Then there exists [t| <
/7% —r3 such that ¢:(p) € {a < r < b}. Therefore, by standard propagation esti-
mates [15, Theorem E.47], again using that WF(v) C Ty, we have
(A.6)

||1/)1U||L2(Q+) <Ch~ IH( WA - v HLZ(r<T1) + C||v||L2(a<r<b) + CNhN”U”L?(Q )
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We next use the propagation estimate again to control |[v||r2({r<r}\{x=1}) DY
Hv||%2(a<r<b). To do this, we need that there exists T > 0 such that for all p €
*

0\ (x=1} 4 with r(p) < ry there exists [t| < T with a < r(p¢(p)) < b. Suppose not;
then there exists p,, € S;‘Lr\{le}QJr with r(p,) <r; and T,, — oo such that

U oi(pn)N{a<r < b} =0.
[t|<Tn

By (2.24), we have r(p,) < ro and also r(¢p+7, (pn)) < 7. In particular, we may
assume that p, — p € {r < ro} \ K (since mr(K) € {x = 1}) and @17, (pn) = p+.
Then, by Lemma 2.8, p € 'y NT'_ = K, which is a contradiction. Applying the
propagation estimate (using the existence of the uniform time 7"), we have

(A7)

|‘U||%2({r§r1}\{le}) < Chil||(7h2A71)UH%2(rST1)+OHU”%2(a<r<b)+CNhN||UH%,2(Q+)'

Finally, we control [[v|/z2(q,\q,,).- For this, note that v = ulg,, + vl(q,,). and
by (A.3) and (A.7) we have

(A-8) [lvllza@iven) < CHTHI(Po = Dvllzaas) + CllvllLeacr<s) + CnEY|ull2(qy,)-

Now, using (A.6) in (A.5), and then using the definition of v (A.1) and that v = u
on 4, we have

llZ2 aercry < OBV 2(=02A = )0l 2o pzryy + ONEY 0] 220, )

= ChN72(Py — o720, + CNhNHUH%?(Q“) + CNhNHUHQLz(m\Qny
Then, using (A.8),
ol Z2(aeren) < ONBY ulZao,,) + ONBY ([0l 220 <r<),
and, taking i small enough, we obtain
[Vl L2(acr<ty < CNAN ullL2(0y) < CnAY

since ||ul|z2(q,,) = 1. Therefore, using (A.7), (A.8), the definition of v (A.1), and the
fact that z = O(h*°), we have

[(0)0] 720, (1) = OB,
so that, since WF(v) C S*R? (which is fibre compact),
[9()ollF2 @\ (yz1y) = OF);

the result then follows from (A.2). O

Appendix B. Details of how the eigenvalues/eigenfunctions were com-
puted in section 1.3. When discretizing the sesquilinear form a(-, -) defined by (1.7),
we need to calculate the Dirichlet-to-Neumann map D(k). Instead of approximating
D(k) using either a PML or an absorbing boundary condition, we use boundary in-
tegral operators to find D(k) “exactly” (i.e., up to the discretization of these integral
operators).
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Recall that the single-layer potential on Iy, is defined for ¢ € L!(T) by
Skp(z) == / Op(z,y)e(y)ds(y) for all z € R4\ Ty,
Cer

where, in two dimensions, ®x(x,y) := iHél)(k|x —y|)/4, where H(gl) is the order zero
Hankel function of the first kind. The single-layer and adjoint-double-layer operators
are then defined, respectively, by Sy = 'Sy and Dj, := 'Sy — I/2, where the
traces are taken from inside €,. With these definitions, for values of k for which
Sy : H=Y/2(I') — HY?(T) is invertible,

(B.1) D(k) = (—;I + D§€> St

see, e.g., [9, page 136].

To avoid the operator product in (B.1), we introduce the auxiliary variable @, =
Syt (8 (ue)) € H™Y/2(T'y,). The eigenvalue problem (1.5) can therefore be rewritten
as follows: find uy € Hy () and ¢, € H~'/2(T'y;) such that

1
(Vue: V) 1, = K2 (ue:0) 120, — <<QI + ch) ‘va73r”> = pe(ue;v) 2,

Cer

(B.2) and  (yue ). — (Sken ), =0

for all v € Hj 5(Q) and ¢ € H~'Y2(T;). We note that this formulation is the
transpose of the Johnson-Nédélec FEM-BEM coupling [33] applied to the eigenvalue
problem (1.5); see, e.g., [26, equation 9].

We use continuous piecewise-linear basis functions to discretize (B.2) and obtain
the following generalized eigenvalue problem:

1

~ A - Mtr T _ D/ M 0

(B.3) Au, = (Mfr 2( )S "‘) up = fi <0 0) uy =: ueBuy,
—Sk

where M is the mass matrix on ., Sy is a discretization of the single-layer operator,
and Ay is the Galerkin matrix corresponding to the discretization of (Vuy, Vv) —
k*(ug,v). The matrices M*™ and D)}, are defined, for i = 1,...,M and j = 1,..., N,
by

(M™)ij = (10'vj:¥i)p,, and  (D)ji = (D, 10'vi)p

where v; and 1; are, respectively, continuous piecewise-linear basis functions of the
Galerkin discretizations V,(Q) C Hy p (i) and Vi (Ty,) C H~Y2(T,); the dimen-
sions of these spaces are denoted by N and M, respectively.

To build the matrices in (B.3) and solve this problem, we use PETSc [3, 2, 1]
and the eigensolver SLEPc [41, 29] via the software FreeFEM [28]. Since we are
interested in the eigenvalues near the origin, we use the shift-and-invert technique;
i.e, we compute the largest eigenvalues of the problem (A)~'Bu, = vyu, and then
set yuy = 1/vp. To obtain the action of (A)~!, we use SuperLU [36] to compute the

LU factorization of A.

)
tr
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