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Abstract

Automata learning is a popular technique used to automati-
cally construct an automaton model from queries. Much re-
search went into devising ad hoc adaptations of algorithms
for different types of automata. The CALF project seeks to
unify these using category theory in order to ease correct-
ness proofs and guide the design of new algorithms. In this
paper, we extend CALF to cover learning of algebraic struc-
tures that may not have a coalgebraic presentation. Further-
more, we provide a detailed algorithmic account of an ab-
stract version of the popular L* algorithm, which was miss-
ing from CALF. We instantiate the abstract theory to a large
class of Set functors, by which we recover for the first time
practical tree automata learning algorithms from an abstract
framework and at the same time obtain new algorithms to
learn algebras of quotiented polynomial functors.
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1 Introduction

Automata learning—automated discovery of automata mod-
els from system observations—is emerging as a highly effec-
tive bug-finding technique with applications in verification
of passports [3], bank cards [1], and basic network proto-
cols [18]. The design of algorithms for automata learning of
different models is a fundamental research problem, and in
the last years much progress has been made in developing
and understanding new algorithms. The roots of the area
go back to the 50s, when Moore studied the problem of in-
ferring deterministic finite automata. Later, the same prob-
lem, albeit under different names, was studied by control
theorists [19] and computational linguists [16]. The algo-
rithm that caught the attention of the verification commu-
nity is the one presented in Dana Angluin’s seminal paper
in 1987 [8]. She proves that it is possible to infer minimal
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deterministic automata in polynomial time using only so-
called membership and equivalence queries. Vaandrager’s
recent CACM article [27] provides an extensive review of
the literature in automata learning and its applications to
verification.

Angluin’s algorithm, called L*, has served as a basis for
many extensions that work for more expressive models than
plain deterministic automata: I/O automata [4], weighted
automata [13, 29], register automata [2, 20, 24], nominal au-
tomata [23], and Biichi automata [9]. Many of these exten-
sions were developed independently and, though they bear
close resemblance to the original algorithm, arguments of
correctness and termination had to be repeated every time.
This motivated Silva and Jacobs to provide a categorical un-
derstanding of L* [21] and capture essential data structures
in an abstract way in the hope of developing a generic, mod-
ular, and parametric framework for automata learning based
on (co)algebra. Their early work was taken much further in
van Heerdt’s master thesis [28], which then formed the ba-
sis of a wider project on developing a Categorical Automata
Learning Framework—CALF.! CALF was described in the
2017 paper [30], but several problems were left open:

1. An abstract treatment of counterexamples: in the original
L* algorithm, counterexamples are a core component, as
they enable refinement of the state space of the learned
automaton to ensure progress towards termination.

2. The development of a full abstract learning algorithm that
could readily be instantiated for a given model: in essence
CALF provided only the abstract data structures needed
in the learning process, but no direct algorithm.

3. Identifying suitable constraints on the abstract framework
to cover interesting examples, such as tree automata, that
did not fit the constraints of the original paper.

http://www.calf-project.org
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In this paper, we provide answers to all the above open prob-
lems and develop CALF further to provide concrete learn-
ing algorithms for models that are algebras for a given func-
tor, which notably include tree automata. In a nutshell, the
contributions and technical roadmap of the paper are as fol-
lows. After recalling some categorical notions, the basics of
L* (Section 2), and CALF (Section 3), we provide:

1. A general treatment of counterexamples (Section 4), to-
gether with an abstract analysis of progress, that enables
termination analysis of a generic algorithm.

2. A step-by-step generalisation of all components of L* for
models that are algebras of a given functor (Section 5).

3. Instantiation of the abstract algorithm to concrete cate-
gories and functors (Section 6), providing the first learn-
ing algorithm for tree automata derived abstractly.

The work in the present paper complements other recent
work on abstract automata learning algorithms: Barlocco,
Kupke, and Rot [12] gave an algorithm for coalgebras of a
functor, whereas Urbat and Schrider [26] provided an algo-
rithm for structures that can be represented as both alge-
bras and coalgebras. Our focus instead is on algebras, such
as tree automata, that cannot be covered by the aforemen-
tioned frameworks. A detailed comparison is given in Sec-
tion 7. We conclude with directions for future work in Sec-
tion 8. Omitted proofs are included in appendices A and B.

2 Preliminaries

In this section, we introduce some categorical notions that
we will need later in the technical development of the paper,
and we describe Angluin’s original L* algorithm. We assume
some prior knowledge of category theory (categories, func-
tors); definitions can be found in [11].

Definition 2.1 (Factorisation). An (&, M)-factorisation sys-
tem on a category C consists of classes of morphisms & and
M, closed under composition with isos, such that for ev-
ery morphism f in C there exist e € & and m € M with
f = mo e, and we have a unique diagonal fill-in property.

Given a morphism f, we write f~ and f~ for the &-part
and M-part of its factorisation, respectively.

We work in a category C with finite products and co-
products and a fixed factorisation system (&, M), where &
consists of epis and M consists of monos. We fix a vari-
etor F in C, that is, a functor such that there is a free F-
algebra monad (7T, n, ). We write yx for the F-algebra struc-
ture FTX — TX, which is natural in X. Given an F-algebra
(Y,y), we write f*: (TX, jix) — (Y,y) for the extension of
f: X — Y and denote y* = idg,: (TY,py) — (Y,y). We of-
ten implicitly apply forgetful functors. We also fix an input
object I and an output object O and write Fr for the functor
I + F(-). Lastly, we assume that F preserves &.
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2.1 Abstract Automata

We now recall the abstract automaton definition from Arbib
and Manes [10], which we will use in this paper, and its basic
properties of accepted language and minimality.

Definition 2.2 (Automaton). An automaton is a tuple A =

(Q, 4, 1,0) consisting of a state space object Q, dynamics §: FQ —
Q, initial states i: I — Q, and an output 0: Q — O. A ho-
momorphism from A to A’ = (Q’,5’,i’,0") is an F-algebra
morphism h from (Q, ) to (Q’,6")—ie, h: Q — Q' with
6’oFh=hod—suchthathoi=1i"ando’ oh =o.

We will use the case of deterministic automata as a run-
ning example throughout this paper.

Example 2.3. If C = Set with the (surjective, injective) fac-
torisation system, F = (=) X A for a finite set A, I = 1 = {x},
and O = 2 = {0, 1}, we recover deterministic automata
(DAs) as automata: the state space is a set Q, the transition
function is the dynamics, the initial state is represented as a
morphism 1 — Q, and the classification of states into accept-
ing and rejecting ones is represented by a morphism Q — 2.
In this case we obtain the monad T = (-) X A*, with its unit
pairing an element with the empty word ¢ and the multipli-
cation concatenating words. The extension of §: QXA — Q
to §*: Q X A* — Q is the usual one that lets the automaton
read a word starting from a given state.

Definition 2.4 (Language). A languageis amorphism T —
O. The language accepted by an automaton A = (Q, J, i, 0)

it
isgiven by Lg =TI 5 Ql 0.

Definition 2.5 (Minimality [10]). An automaton A is said
to be reachable if its reachability map i* is in 8. A is mini-
mal if it is reachable and every reachable automaton A’ s.t.
La = La admits a (necessarily unique) homomorphism

to A.

Example 2.6. Recall the DA setting from Example 2.3. The
reachability map if1x A > QforaDA A = (Q,4,i,0)
assigns to each word the state reached after reading that
word from the initial state. The language L#: 1 X A" — 2
accepted by A is precisely the language accepted by A in
the traditional sense. Reachability of A means that for every
state g € Q there exists a word that leads to ¢ from the ini-
tial state. If this is the case, the unique homomorphism into
a language-equivalent minimal automaton identifies states
that accept the same language. Here, minimality is equiva-
lent to having a minimal number of states.

2.2 The L* algorithm

In this section, we recall Angluin’s algorithm L*, which learns
the minimal DFA accepting a given unknown regular lan-
guage L. The algorithm can be seen as a game between two
players: a learner and a teacher. The learner can ask two
types of queries to the teacher:



Learning Generalised Tree Automata

Conference’17, July 2017, Washington, DC, USA

Algorithm 1 Make table closed and consistent

Algorithm 2 L* algorithm

1: function F1x(S, E)
2:  while T is not closed or not consistent do
3 if T is not closed then
4: findt € S,a € Asuch that Vs € S. T(ta) # T(s)
5 S «— SU {sa}
6 else if T is not consistent then
7 find s1,s2 € S, a € Aand e € E such that
T(s1) = T(s2) and T(s1a)(e) # T(sz2a)(e)
8: E «— EU {ae}

9: returnsS, E

;S — {¢}

: E«— {¢}

: S,E «— FIX(S, E)

while EQ(Hr) = c do
S « S U prefixes(c)
S,E « F1x(S, E)

return Hr

IR AN U

Figure 1. Angluin’s L* algorithm

1. Membership queries: is a word w € A" in L?
2. Equivalence queries: is a hypothesis DFA H correct?

That is, is Loy = L?

The teacher answers yes or no to these queries. Moreover,
negative answers to equivalence queries are witnessed by a
counterexample—a word classified incorrectly by H.

The learner gathers the results of queries into an observa-
tion table: a function T: SUS - A — 2E where S, E C A* are
finite sets of words and T(s)(e) = L(se). The function T can
be depicted as a table in which elements of S and S - A label
rows (- is pointwise concatenation) and elements of E label
columns. As an example, consider the following table over

the alphabet {a, b}, where S = {¢} and E = {¢, b, ab}:

—E
_fbab
S[ e]1 0 1
“al0 1 0

S-A1 1o 0 o

This table approximates a language that contains ¢, ab, but
not a, b, bb, aab, bab. Following the visual intuition, we will
refer to the part of the table indexed by S as the top part of
the table, and the one indexed by S - A as the bottom part.

Intuitively, the content of each row labelled by a word s
approximates the Myhill-Nerode equivalence class of s. This
is in fact the main idea behind the construction of a hypothe-
sis DFA ‘Hr from T: states of H are distinct rows of T, corre-
sponding to distinct Myhill-Nerode equivalence classes. For-
mally, Hr = (Q, qo, J, F) is defined as follows:

e O ={T(s) | s € S} is a finite set of states;

e F={T(s) | s € S,T(s)(¢) = 1} is the set of final states;

e qo = T(¢) is the initial state;

e §: OXA — Q,(T(s),a) — T(sa) is the transition function.
For F and gy to be well-defined we need ¢ in E and S respec-
tively. Moreover, for § to be well-defined we need T(sa) € Q
for all sa € S - A, and we must ensure that the choice of s

e a
e el
1 alo m
alo0 aa | 1 a
@) (b) ©
£ £ a 4
el 1 el1 0 Q '
alo0 al|0 1
aa | 1 aa |1 1 a
aaa | 1 aaa |1 1
aaaa | 1 aaaa | 1 1 @ a
@ © ®

Figure 2. Example run of L* on £ = {w € {a}" | |w| # 1}.

to represent a row does not affect the transition. These con-
straints are captured in the following two properties.

Definition 2.7 (Closedness and consistency). A table T is
closed if for all t € S and a € A there exists s € S such that
T(s) = T(ta). A table is consistent if for all s, s» € S such that
T(s1) = T(s2) we have T(s1a) = T(s2a) for any a € A.

Closedness and consistency form the core of L*, described
in Algorithm 2. The sets S and E are initialised with the
empty word ¢ (lines 1 and 2), and extended as a closed and
consistent table is built using the subroutine F1x, given in
Algorithm 1. The main loop uses an equivalence query, de-
noted EQ, to ask the teacher whether the hypothesis in-
duced by the table is correct. If the result is a counterex-
ample c, the table is updated by adding all prefixes of c to S
(line 5) and made closed and consistent again (line 6). Oth-
erwise, the algorithm returns with the correct hypothesis
(line 7).

Example 2.8. We now run Algorithm 2 with the target lan-
guage £ = {w € {a}* | |w| # 1}. The algorithm starts
with S = E = {¢}; the corresponding table is depicted in
Figure 2a. It invokes Algorithm 1 to check closedness and
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consistency of this table: it is not closed, because T(a) does
not appear in the top part of the table. To fix this, it adds
the word a to the set S. The resulting table (Figure 2b) is
closed and consistent, so the algorithm builds the hypothe-
sis H shown in Figure 2c and poses the equivalence query
EQ(H). The teacher returns the counterexample aaa, which
should have been accepted, and all its prefixes are added to
the set S. The next table (Figure 2d) is closed, but not consis-
tent: T(¢) = T(aa), but T(¢-a) # T(aa-a). The algorithm adds
a- ¢ = ato E so that T(¢) and T(aa) can be distinguished, as
depicted in Figure 2e. The table is now closed and consistent,
and the new hypothesis automaton is precisely the minimal
DFA accepting L (Figure 2f).

3 The abstract data structures in CALF

In this section we recall the basic notions underpinning CALF [30]

generalisations of the observation table, and the notions of
closedness, consistency and hypothesis. We call the gener-
alised table a wrapper:

Definition 3.1 (Wrapper). A wrapper for an object Q is a
pair of morphisms W = (S—a—Q, Q —p— P ). We de-
fine Tqy = f o « and call the object through which it fac-
torises Hyy as in tyy = (S — 7y = Hyy— 7 — P ).

Example 3.2. Recall the DA setting from Example 2.3 and
consider a DA (Q, 6, i,0). For each S C A" and E C A*, we
define as: S — Qand fg: Q — 2F by

Be(q)(e) = (00 67)(g. e).

One can show that for all S C A* and E C A* we have

(PE © as)(s)(e) = La(x, se).
This composed function S — 2F is precisely the upper part
of the observation table with rows S and columns E in An-
gluin’s algorithm for regular languages. The image of fgoas
is precisely the set of rows that appear in the table, which
are used as states in the hypothesis, and can be obtained as
Hqy from the wrapper (as, SE).

as(w) = i*(x, w)

Before we define hypotheses in this abstract framework,
we need generalised notions of closedness and consistency.

Definition 3.3 (Closedness and consistency). Given a wrap-
per W = (S—a—=Q, Q—p—P), where Q is the state
space of an automaton (Q, 8, i, 0), we say that ‘W is closed
if there exist morphisms iqy: I — Hqy and closeqy: FS —
Hqy making the diagrams below commute.

I——— 0 Fs —f%5 FO 25 0
I I
iw\:/ . \LB closerw\:/ . \L{i
Hqy — ¥ sp Hqy - W sp

Furthermore, we say that W is consistent if there exist mor-
phisms o4y : Hy — O and consqy : FHy — P making the
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diagrams below commute.

. Foo
ST—W>H,W FS#)FHW

| |
ocl 1 oW F ozl | consqy
~ ~

0—2 30 FQ-2s0—Lsp

If & contains only regular epimorphisms, then 77, is the
coequaliser of morphisms f,g: X — S and Fz;, is the co-
equaliser of morphisms p,q: Y — FS for certain objects X
and Y. A wrapper ‘W is consistent in this situation if and
onlyifooao f=o0ooaogand fodoaop=Fodoaog.

Example 3.4. Recall the morphisms defined in Example 3.2
and consider a DA (Q, §,i,0). Given S C A* and E C A%, the
wrapper (as, fg) is closed if there exists s € S such that
(PE o as)(s) = (Pg o i)(x) and if for all # € S X A there exists
s € S such that (Bz o as)(s) = (B 0 8 o (as x id4))(t). The
first condition holds immediately if € € S; in the second
condition, fg 0 § o (s X id4): SX A — 2F represents the
lower part of the observation table associated with S and E.

The wrapper (as, fg) is consistent if for all s1, s; € S such
that (Bg o as)(s1) = (Be o as)(sz) we have (0 o as)(s1) =
(00 as)(sz) and (B 0 & o (as X ida))(s1) = (Be © & o (a5 X
ida))(s2). The first condition holds immediately if € € E;
the second condition says that observations with the same
behaviour (i.e., the same row) should lead to rows with the
same content in the lower part of the table.

When a wrapper is closed and consistent, we can build
the hypothesis automaton as follows.

Definition 3.5 (Hypothesis). A closed and consistent wrap-
per W = (S—a—=Q, Q—p—P) for the state space of

an automaton (Q, 8, i, 0) induces a hypothesis automaton Hqy =

(Haw, Ow, iw, 0qy), where dy is the unique diagonal in the
commutative square below.

Fz3,
FS —% FHaqy

Sw 7
closeqy e consqy
s

Hayy —2—3 P

4 Counterexamples, generalised

In this section, we provide a key missing element for the de-
velopment and analysis of an abstract learning algorithm in
CALF: treatment of counterexamples. In the original L* algo-
rithm counterexamples were used to refine the state space
of the hypothesis—namely the representations of the Myhill-
Nerode classes of the language being learned. A crucial prop-
erty for termination, which we prove at a high level of gen-
erality in this section, is that adding counterexamples to a
closed and consistent table results in a table which either
fails to be closed or consistent, and hence needs to be ex-
tended. In turn, this results in progress being made in the al-
gorithm. We will show how we can use recursive coalgebras



Learning Generalised Tree Automata

Conference’17, July 2017, Washington, DC, USA

as witnesses for discrepancies—i.e., as counterexamples—between Definition 4.4 (Restricted language). Given a recursive coal-

ahypothesis and the target language in our abstract approach.
Let us first recall the definition.

Definition 4.1 (Recursive coalgebras). Recall that, for an
input object I, F; = I + F(—). An Fr-coalgebra p: S — FiSis
recursive if for every algebra x: F;X — X there is a unique
morphism x”: S — X making the diagram below commute.

RS -l Bx
pT lx
S--2-y X

The uniqueness property makes these morphisms com-
mute with algebra homomorphisms. That is, if p: S — F;S
is recursive, (X, x) and (Y, y) are F;-algebras, then for any F;-
algebra morphism h: (X, x) — (Y,y) we have ho x” = y*.

Example 4.2. A prefix-closed subsetS C A* is easily equipped
with a coalgebra structure p: S — 1+SxA that detaches the
last letter from each non-empty word and assigns * to the
empty one. Such a coalgebra is recursive, where the unique
map into an algebra is defined as a restricted reachability
map. This prefix-closed set is used in Algorithm 2, for DA
(see Example 2.3), to fix the counterexample (line 5).

Recursive Fj-coalgebras have the special property that
using them as the state selector in a wrapper leads to a
reachable hypothesis, as we show next. Here, and through-
out the rest of this paper, we fix a target automaton A; =
(Ot 6, it, 0r) of which we want to learn the language.

Proposition 4.3. Given a recursive p: S — F;S and a closed
and consistent wrapper for Q¢ of the form W = ([i, 617, ),
we have that 75, = [ia, S ]? and Hay is reachable.

Proof. We will first show that 77, = [iw,w]? by using
the uniqueness property of the right hand side. This fol-
lows from the commutative diagram below as a result of

being a mono, together with the uniqueness property
of [iqy, Sy ]”.

-
F]TW

F[S > FrHqy

» N \Lll’w Sl
FIQt [iqy, closeqy]
\L[lt &l @ w

[it, 6t)” \

\/

(D) definition of [i, &]”

@ closedness and def. of iqy

() definition of Sy @ definition of 7
Now iFWO[UI, y1l? = liw, dwl]’ =13, € &, s0 il,iw e &by [6,

Proposition 14.11 via duality]. Thus, Hqy is reachable. O

(Q,6,i,0)

gebrap: S — F;S, we define for any automaton A =
its p-restricted language as the composition

51
L;:sLQlo.

Now we can define which recursive Fj-coalgebras are coun-
terexamples for a given hypothesis.

Definition 4.5 (Counterexample). A closed and consistent
wrapper ‘W is said to be correct up to a recursive p: S —
FiS if Lf;{w = prh. A counterexample for ‘W (or Hqy) is a

recursive p: S — FrS such that ‘W is not correct up to p.

The following result guarantees that a counterexample
exists for any incorrect hypothesis.

Proposition 4.6 (Language equivalence via recursion). Given
an automaton A = (Q,d,1i,0), we have La, = L if and
only if.ﬁf,_,lt = .Epﬂ for all recursive p: S — FiS.

Proof. First assume that .Epﬂl = Lpﬂ for all recursive p: S —
F;S.Note that T1 is the initial algebra of F; thus [, y]: FITI —
TT has an inverse. One easily sees that this inverse is recur-
sive, with the corresponding unique maps into algebras be-
ing reachability maps. Thus, L4, = ot o if =ooif = L4
Conversely, assume L7, = L#. Given a recursive coal-
gebra p: S — F;S, we have that [i, 6] = it’i o[nr,yr]? and
[i,8]7 = i* o [51,y:]” by uniqueness. Thus, the diagram be-

low commutes.

[it, 617
/}lt
[7.y1? y
IW\$ ‘/\ o

Corollary 4.7 (Counterexample existence). Given a closed
and consistent wrapper ‘W for Qy, we have Ly, # La, if
and only if there exists a counterexample for W.

Given a counterexample, the algorithm should adjust its
wrapper to accommodate the new information. The follow-
ing guarantees that doing this will lead to either a closed-
ness or a consistency defect.

Theorem 4.8 (Resolving counterexamples). Given a closed
and consistent wrapper W = (S—a—=Qy, Ot —p—P)
and a recursive coalgebra p: S — F1S’, the following holds.
If the wrapper W' = ([a, [it, 6t1°], B) is closed and consistent,
then W is correct up to p.
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Proof. Since the diagram below on the left commutes, we
obtain a unique diagonal h: Hy — H4y» on the right.

s v > Hay S —% Hay
K]\l/ \ KIJ/ n ///
’ P ’ , <
§+S mQt 5 Ty §+S// Tay
Twl\l/ \ T'W'\l/k
Hay: Y ’ Hay: >r“—> P
w w’

We will show that h is an automaton homomorphism. Not-
ing that 7, is a mono and 77, is an epi, commutativity of
the diagrams below shows that A commutes with the initial
states (h o iqy = i) and outputs (oy” o h = oqy).

I — % Hy — Hyy
®
Ly Qt T’;V’
© B
H’VV' ) o= 7 p
.
S o S Hay
o
x ®
K @ [a, [it, 617 Q o
\wa/ \
Hay h > Hoyy Oy 7

(D closedness (2) definition of h  (3) consistency

As for the transition functions, we use that r:;,v, is a mono to

show that hocloseqy = closeqy o Fx; with the commutative
diagram below.

FS closeqy y HfW h

FK]J/

F(S+S)

> Hy

closeqyr @

\

Hyyr >

(@ closedness

(@) definition of h

We are now ready to show that h o dqy = Sy~ o Fh. This
follows from commutativity of the diagram below using the
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fact that Fr7, is an epi.

FT,W

FHfW

closeqy
FK1

Fgy, (S+S) ® Hw

©, Wl

FHy ———> FHw —> Hay
(D definition of 54y  (2) definition of h
(@ definition of §q4»  (3) previous observation

Thus, h is an automaton homomorphism Hqy — Haqyr. This
implies in particular that h o [iq, Sw]? = [iw:, o ]|P. It
follows that the diagram below commutes.

[iw, dw 1R

S’ —) Hyy
oW 1
[iwu&m \Lh : M
Hy (0]

OrW/
We now show that 77, oxz = [iy, Sy]”. This follows by

the uniqueness property of [iy», d4y]” from commutativity
of the diagram below, using that T,;V, is monic.

Fris F[(S + S’ —) FiHy
JLies 5t]"]\l/ C/O\@)) \L[lwufsw]
F§ ———— FIQt Hyr
Fl[lt &P

T [ltv5t]

S [it, )P
KzJ/ [a,[it, 8t ]°
S+S —) Hrw/ &

’M/’
(D definition of [i, 6;]”
(3 definition of dy~

@) closedness and def. of iqy
(@ definitions of T:W, and T,;V,

The commutative diagram below completes the proof.

[i, 617

Sy [er, [it, 6171 o)

ow
(D consistency (2) previous observation O

Corollary 4.9 (Counterexample progress). Given a closed
and consistent wrapper W = ( S—a—=Q¢, Ot —p—=P )
and a recursive p: ' — F1S’ such that p is a counterexample
for W, ([a, [ir, 8]7], P) is either not closed or not consistent.
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5 Generalised Learning Algorithm

We are now in a position to describe our general algorithm.
Similarly to L*, which we described in Section 2.2, it is organ-
ised into two procedures: Algorithm 3, which contains the
abstract procedure for making a table closed and consistent,
and Algorithm 4, containing the learning iterations. These
generalise the analogous procedures in L*, Algorithm 1 and
Algorithm 2, respectively.

The procedure in Algorithm 3 assumes that for each wrap-
per W = ( S—a—=0Qt, QO —B—P ) there exists f': Qr —
P’ such that (a, f’) is locally consistent w.r.t. §. These are
used in the steps in lines 4 and 6 to fix closedness and con-
sistency defects. We will see later in Section 6 that existence
of these maps ensuring local consistency can be proved con-
structively in concrete instances.

In Algorithm 4, the wrapper is initialised with trivial maps
and extended to be closed and consistent using the subrou-
tine Fix (line 1). The equivalence query for the main loop
(line 2) returns a counterexample in the form of a recur-
sive coalgebra, which is used to update the wrapper. The
updated wrapper is then again passed on to the subroutine
Fix (line 4) to be made closed and consistent.

A crucial point is defining what it means to resolve the
“current” closedness and consistency defects. We refer to
these as local defects, by which we mean the ones directly
visible. For instance, in the DA example, the local closed-
ness defects are the rows from the bottom part missing in
the upper part, together with the empty word row if it is
missing. The local consistency defects are the pairs of row
labels that should be distinguished based on differing accep-
tance of those labels by the target, or differing rows when
the labels are extended with a single symbol.

We first introduce some additional notions. We partially
order the subobjects and quotients of Q; in the usual way:
forj: ] > Qiand k: K — Q in M, we say j < k if there
exists f: J — K such that k o f = j; for x: Oy —» X and
y: Qr — Yin &, we say x < y if there exists g: X — Y such
thaty = gox.

Definition 5.1 (Local closedness and consistency). Given
a wrapper ‘W = ( S—a—=Q¢, Ot —B—P ) anda’: S" —
O, we say that ‘W is locally closed w.rt. o’ if @’ < @ and
there exist morphisms iy : I — Hqy and Icloseqy o : FS —
Hqy making the diagrams below commute.

it , o’ St
I —— O FS' <55 FQu — Q1
|
iy : \Lﬁ Icloseqy o7 : \Lﬁ
A oy g oy
Hy —— P Hy —— > P

Given f’: Q — P’, we say that ‘W is locally consistent w.r.t.
B’ if f~ < B” and there exist morphisms oqy : Hyy — O and
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Iconsqy, g : FHy — P making the diagrams below com-
mute.

59 Ft},
S —¥ % Hyy FS —— ¥ % FHy
ocl : oy Fal : [consw,ﬁ/
Ot v St 15’ ’
O —— O FOi — Ot —— P

Note that a wrapper («, f) is closed if and only if it is
locally closed w.r.t. @ and consistent if and only if it is locally
consistent w.r.t. 8.

Example 5.2. Recall the morphisms defined in Example 3.2,
for which we consider A; as the DA. Given S,S’ C A* and
E C A*, the wrapper (as, fg) is locally closed w.r.t. ag if
(1) S’ C S and there exists s € S such that (fg o as)(s) =
(B o it)(x), and (2) for all t € §” X A there exists s € S such
that (B o as)(s) = (B o & o (as X ida))(t). The second
condition is equivalent to the property that any row in the
bottom part of the table (S’, E) can be found in the top part
of the table (S, E).

Given E’ C A", the wrapper (as, fg) is locally consistent
w.rt. fp if for all s1,s, € S such that (B o as)(s1) = (fg ©
as)(sz) we have (o; © as)(s1) = (ot 0 as)(s2) and (fgr 0 & ©
(as xida))(s1) = (Be © 8 o (s X ida))(s2). This condition is
equivalent to the property that for all s,s” € S mapping to
the same row in the upper part of (S, E), the rows for sa and
s’a are the same in the lower part of (S, E’) for alla € A.

The following shows that for each wrapper («, ff) for Q;
we can always find o’ s.t. (o, p) is locally closed w.r.t. a.

Proposition 5.3. Given ¢: S — Q and f: Qi — P, the
wrapper ([, [i, 6] o Fral, p) is locally closed w.r.t. a.

If « is the unique morphism induced by a recursive coal-
gebra, we can even simplify the above result and show that
the o’ found is also induced by a recursive coalgebra.

Proposition 5.4. Given arecursive p: S — F1S, the wrapper
([i, 6t] © Filit, 8¢17, P) is locally closed w.r.t. [it, 8 ]°. Further-
more, Frp is also recursive and [it, 8] o F[it, &¢]P = [i, 5]Fre.

Definition 5.5 (Run of the algorithm). A run of the algo-
rithm is a stream of wrappers ‘W, = (ay, f) satisfying the
following conditions:

1. ap: 0 = Qr and fy: Qr — 1 are the unique morphisms;

2. if ‘W, is not closed, then f,+1 = f, and ay+1 is such that
(atn+1, Bn) is locally closed w.r.t. ap;

3. if ‘W, is closed but not consistent, then a,4+1 = a, and
Pr+1 1s s.t. (@n, Pr+1) is locally consistent w.r.t. f;

4. if ‘W, is closed and consistent and we obtain a counterex-
ample p: S — FiS for W, then a_ , = [an, [it, &:]°]°
and f,+1 = Pn; and

5. if ‘W, is closed and consistent and correct up to all recur-
sive Fj-coalgebras, then ‘W, = W,.

We have the following correspondence.
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Algorithm 3 Make wrapper closed and consistent

Algorithm 4 Abstract automata learning algorithm

1: function Fix(a, )

2. while (a, f) is not closed or not consistent do

3 if (a, f) is not closed then

4: a <« a’ such that («, f) is loc. closed w.r.t. &’

5 else if (a, f) is not consistent then

6 B« B’ such that (a, p) is loc. consistent w.r.t. §’

7. returna, f

af—Fx(:0—>Q,!: Ot — 1)

2: while EQ(H(q,p)) = p: S — FiS do
32 o« dsta”=]ali, )]

4  a,f « Fix(a, f)

5: return H,, g

Figure 3. Generalised Learning Algorithm.

Proposition 5.6. Algorithm 4 terminates if and only if for
all runs {W, }nen there exists n € N such that Wy = W,

Lemma 5.7. Consider arun{W, = (an, fn)}nexn andn € N.
We have o, < a,,,, and f8;, ., < B, for alln € N. Moreover, if
oy, < ay, then anyy = an; if By, < By, then Bpi1 = Py
Putting the above results together, we obtain the follow-
ing theorem showing that the algorithm terminates. More-
over, it necessarily terminates with a correct automaton, for
which we give conditions that guarantee minimality.

Theorem 5.8 (Termination). If Q; has finitely many subob-
Jject and quotient isomorphism classes, then for all runs {W, =
(tn, Pr)}nen there exists n € N such that ‘W, is closed and
consistent and the corresponding hypothesis is correct. If Ay is
minimal and for all k € N there exists a recursive py: S —
FiSk such that ap = [i, 8|P%, then the final hypothesis is
minimal.

Proof. We will show that {W, },en converges, for which it
suffices to show that both {ay, }nen and {fn }nen converge.
Suppose {a;, }nen does not converge. By Lemma 5.7 there ex-
ist i, € N for all n € N such that i1 > ip, a;’n < a;’nﬂ, and
a; ., ¥ a; foralln € N. Note that isomorphic subobjects
are ordered in both directions. Using transitivity of the order
on subobjects we know that for all m, n € N with m # n we
have that ¢ and o] are not isomorphic subobjects. This
contradicts the fact that Q; has finitely many subobject iso-
morphism classes. Thus, {an, }nen must converge.
Now suppose {f, }nen does not converge. By Lemma 5.7
there exist i, € N for all n € N such that i,.q > ip, ﬁ;’nﬂ <
.and f7 £ f7 . foralln € N. Note that isomorphic quo-
tients are ordered in both directions. Using transitivity of
the order on quotients we know that for all m,n € N with
m # n the quotients 7 and f; are not isomorphic. This
contradicts the fact that Q; has finitely many quotient iso-
morphism classes. Thus, {f, }nen must converge. We con-
clude that {W, },,ciy converges, and by Proposition 5.6 the
algorithm terminates. By definition, it does so with a correct
hypothesis.
Now assume that A; is minimal and that for all k € N
there exists px: Sy — FiSk such that ax = [i, &]Pk. Let

n € N be such that ‘W, ; = W,, which by the above we
know exists, and define ‘W = “W,.. We know from Proposi-
tion 4.3 that Hqy is reachable. Together with correctness of
Hy and minimality of Ay there exists a unique automaton
homomorphism h: Hqy — A;. We show that f, o h = 7,
with the commutative diagram below, where we precom-
pose with the epi 77, and use that automaton homomor-
phisms commute with restricted reachability maps.

Sn —»TW Hqy
T(TA/:[I'W,(SW]/)"¢ an=lit &7 \L‘r"
Hyw —5 oy —22 p,

It follows that h € M [6, Proposition 14.11]. Being an au-

tomaton homomorphism, A commutes with the reachability

maps: h o il,iw = if. Because i,ﬁw € & and if € &, we have

h € & [6, Proposition 14.9 via duality]. Since &N M contains
only isomorphisms [6, Proposition 14.6], it follows that A is
an isomorphism of automata and therefore that the hypoth-
esis is minimal. ]

Computability. To be able to apply the algorithm in a con-
crete case one needs the following ingredients. For each au-
tomaton A; having finitely many subobject and quotient
isomorphism classes there needs to be a run {W,, },exy such
that we have a family of sets {D,, },en of data such that both
Dy and the function D, + D, are computable, and such
that we can determine from D,, whether ‘W, is closed and
consistent. Furthermore, we need to be able to compute the
hypothesis H,, whenever ‘W, is closed and consistent. Usu-
ally D,, consists of a representation of the maps

ano,ﬁn ,BnO(StOF(Zn ,Bnoit

One then needs to show how to find local closedness and
local consistency witnesses using these maps, and that the

Ot © Op.

teacher can always choose a counterexample such that the
data in the step after adding the counterexample can be com-
puted. The teacher must also be restricted to return only
such suitable counterexamples, rather than arbitrary ones.
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6 Example: Generalised Tree Automata

In this section we instantiate the above development to a
wide class of Set endofunctors. This yields an abstract algo-
rithm for generalised tree automata—i.e., automata accept-
ing sets of trees, possibly subject to equations—which in-

clude bottom-up tree automata and unordered tree automata.

These are examples that were not in scope of any of the ex-
isting abstract learning frameworks in the literature.
We first introduce the running examples for this section.

Example 6.1 (Tree automata). Let I be a ranked alphabet,
i.e., afinite set where y € I' comes with arity(y) € N. The set
of I'-trees over a finite set of leaf symbols I is the smallest
set Tr(I) such that I € Tr(I), and for all y € T we have
thatty, ..., taity(y) € Tr(I) implies (y, t1, . . ., tarity(y)) € Tr(D).
The alphabet T' gives rise to the polynomial functor FX =
yer Xty(r) The corresponding free F-algebra monad is
precisely Tr, where the unit turns elements into leaves, and
the multiplication flattens nested trees into a tree. A bottom-
up deterministic tree automaton is then an automaton over
F with a finite input set I and output set O = 2.

Example 6.2 (Unordered tree automata). Consider the fi-
nite powerset functor $s: Set — Set, mapping a set to its fi-
nite subsets. The corresponding free Pr-monad maps a set X
to the set of finitely-branching unordered trees with nodes
in X. Automata over P, with output set O = 2 and finite
I, accept sets of such trees. Note that unordered trees can
be seen as trees over a ranked alphabet I' = {s; | i € N},
where arity(s;) = i, satisfying equations that collapse dupli-
cate branches and identify lists of branches up to permuta-
tions.

Automata in these examples are algebras for endofunc-
tors with the following properties: they are strongly fini-
tary [7]—i.e., they preserve finite sets; and they preserve
weak pullbacks. In this section we will show that the con-
ditions listed at the end of Section 5 can be satisfied for all
automata over strongly finitary, weak-pullback-preserving
endofunctors F, with a finite input set I. For the rest of this
section we assume these properties for F and I.

In particular, in Section 6.1 we instantiate wrappers to
ones with a specific format, which make use of contexts to
generalise string concatenation to trees, and we show how
these wrapper can be computed, whereupon we develop pro-
cedures for local closedness (Section 6.2) and local consis-
tency (Section 6.3). Section 6.4 covers the representation of
the associated hypotheses, and we conclude by identifying
a set of suitable (finite) counterexamples in Section 6.5.

6.1 Contextual wrappers

Denote by 1 the set {{1}. Given x € X for any set X, we
write 1, for the function 1 — X that assigns x to [J. Note
that for all functions f: X — Y we have

lrx) = f o 1. (2)
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We use the set 1 to define the set of contexts T(I + 1), where
the holes O occurring in a context ¢ € T(I + 1) can be used
to plug in further data such as another context or a tree, e.g.,
in the case of Example 6.1. In fact, it is well known that T(I+
(-)) forms a monad with unit jx = Tkzonx: X — T(I+X)
and multiplication fx: T(I + T(I + X)) —» T(I + X) [22].
We now introduce a class of wrappers where, intuitively,
contexts are used to distinguish inequivalent states.

Definition 6.3 (Contextual wrappers). A contextual wrap-
per is a wrapper (as, fg) for Q; where:
e as: S — Q,for S C TI, is the restriction of the reach-
ability map to S;
e Br: Qi — OF is the function given by

Br(q) = or o [it, 14]%.
for EC T +1).

Example 6.4. In the case of DA, contextual wrappers are
essentially those of Example 3.2. In fact, as is the restriction
of if: A* = 1 X A* — Q;to S C A*. For B, a bit of care
is required due to the generality of contexts. We have E C
{*,0} x A*, and

(ot 0 ;) (g, e) ifx=(0,e)
(o1 0 87 )(ir(x), e) if x = (x,e).

Note that the second case is not useful as a context distin-
guishing two states, because it does not depend on q.

Let us consider contextual wrappers for Example 6.1. We
have that S C Tr(I) is a set of T-trees over I,and E C Tr(I+1)
isformed by contexts, i.e., I'-trees where a special leaf [ may
occur. The function as(t) is the state reached after reading
the tree t, and fg(q)(t) can be seen as a generalisation of
the DA case: it is the output of the state reached via §* after
replacing every occurrence of [J with g and x € I with i(x)
in t. Therefore (as o fg): S — OF is the upper part of an
observation table where rows are labelled by trees, columns
by contexts, and rows are computed by plugging labels into
each column context and querying the language. When E
contains only contexts with exactly one instance of [J, this
corresponds precisely to the observation tables of [14, 17].

BE(@)(x) = {

We now show how to compute the morphisms induced
by a wrapper that are used in the definition of closedness,
consistency, and the hypothesis. In particular, we show that
they can be computed by querying the language £ 4.
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Proposition 6.5 (Computing wrapper morphisms). Given
S € TI with inclusion j: S — TI and E C T(I + 1), we have

ﬁan5:5—>OE

(P oas)(s) = La, opyoTnr, 1]

PegodioFas: FS — OF
(Be © 6t o Fas)(f) = La, o pro Tlnr, yr o Fjo 1¢]

Peoip: I — of
(B 0 it)(x) = L, o T[id, 14]
ogoas: S — O
(ot 0 as)(s) = La(s).

Example 6.6. Asin the DA case, the maps of Proposition 6.5
correspond to the observation table. The proposition tells us
how they can be computed by querying the language.

For bottom-up tree automata:

e fE o as is the upper part of the observation table, as
explained in Example 6.4;
e B o6 o Fas is the bottom part of the table. In fact, in
this case the successor rows for S are labelled by FS =
Lyer S2ty(y) je., by trees obtained by adding a new
root symbol to those from S. Successor rows are then
computed by plugging these trees into the contexts
E, and querying the language. Note that this requires
using the map y to convert the additional root and its
arguments into a tree before they are plugged into a
context.
e fr o i; returns the leaf rows, i.e., those labelled by the
leaf symbols I;
® 0 0 ag queries the language for each row label.
For unordered tree automata the maps are similar. The key
difference is that now rows are labelled by trees and con-
texts up to equations. As a consequence, there is just one
successor row for each set of trees in S, whereas in the pre-
vious case we have one successor row for each symboly € T'
and arity(y)-list of trees from S.

6.2 Witnessing local closedness

We now show how the general notion of local closedness
can be concretely instantiated for Set automata.

Lemma 6.7 (Local closedness for Set automata). Given S, S’ C
TI andE C T(I+1) such thatS C S, (as, i) is locally closed
w.rt. as if there exist k: I — S" and {: FS — S’ such that

as ok =i asr of = 6 o Fas.

Example 6.8. For bottom-up tree automata, local closed-
ness holds if the table (S’, E) already contains each leaf row
(left equation), and it contains every successor row for S,
namely FS = [[,er S2ity(y) (right equation).

For unordered tree automata the condition is similar, and
now involves successor trees in P¢(S).
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The following proposition guarantees that we can always
extend S to make the wrapper locally closed. Moreover, this
can be done so that ag forms a proper contextual wrapper,
i.e., it is again a restricted reachability map.

Proposition 6.9. Given finiteS C TI andE C T(I+1), there
exists a finite S’ C TI such that (as/, Pg) is locally closed w.r.t.
as. If there exists a recursive p: S — FiS such that as =
[it, 8¢ |7, then there exists a recursive p’: S’ — FiS’ such that
as = [ir, &t]7 .
Proof. Let j: S — TI be the inclusion map and define
§"=SUu{mx) | x eI} U{(yr o Fj)(x) | x € FS}.
We choose k: I — S’ and £: FS — S’ by setting
k() = n1(x) €x) = (y1 © Fj)(x)
Note that k and ¢ are well-defined by construction of S’. Us-
ing the definitions of as and k, we can then derive that
(asr © k)(x) = if (k(x) = i (1)) = ie()

Furthermore, we find that

(as 0 O)(x) = if (yi(Fj(x))) (def. of £)
= &(F(if)(Fj(x)))
(itn is an F-algebra homomorphism)
= §(F(if 0 j)(x)
= (6 o Fas)(x) (def. of a5)

Hence (as, fE) is locally closed w.r.t. as, by Lemma 6.7.
Given a recursive p: S — FS such that as = [i, 6",
define p’: S” — F;S’ by

p’(s) = p(s) P’ (([n1, y1l © Frj)(x)) = Frj(x).

Since both p and [n;, y7]™! are recursive, so is p’ ]

Example 6.10. To better understand this proposition, it is
worth describing what recursive coalgebras are for the au-
tomata of Examples 6.1 and 6.2. For bottom-up tree automata,
they are coalgebras p: S — [, cr Sarity(y) 4 I satisfying
suitable conditions. Prefix-closed subsets of Tr(I) are sets
of trees closed under taking subtrees. Every prefix-closed S
can be made into a recursive coalgebra that returns the root
symbol and its arguments, if applied to a tree of non-zero
depth, and a leaf otherwise. For unordered tree automata,
p: S — PrS + I will just return the set of subtrees or a leaf.

Note that the above proof leads to a rather inefficient al-
gorithm that adds all successor rows to the table to make
it locally closed. For instance, in the case of Example 6.4, it
adds rows obtained by adding a new root symbol to existing
row labels in all possible ways, for each symbol in the alpha-
bet. One may optimise the algorithm by adding instead only
missing rows, and one instance of each.
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6.3 Witnessing local consistency

Analogously to the previous section, we now show how lo-
cal consistency can be concretely instantiated for Set au-
tomata.

Lemma 6.11 (Local consistency for Set automata). LetS C
TI and E C E' C T(I+ 1), with S finite. Furthermore, suppose
that fors,s’ € S with (fg o as)(s) = (Be o as)(s’) we have

(0r 0 as)(s) = (of 0 as)(s”)
PE o & o F(as o [ids, 15]) = g o 6 o F(as o [ids, 1s])
Then W = (as, Prr) is locally consistent w.r.t. Bg.

Example 6.12. For bottom-up tree automata, local consis-

tency amounts to require the following for the table for (S, E’).

For every pair of trees s, s’ € S such that the corresponding
rows are equal we must have:

e both s and s’ are either accepted or rejected;

e successor rows obtained by extending s and s’ in the
same way are equal. Formally, comparable extensions
of s and s’ are obtained by plugging them into the
same “one-level” context from F(S + 1) = [, (S +
{D})arity(y).

For unordered-tree automata, we need to compare s and
s” only when they are equationally inequivalent. Note that
one-level contexts are also up to equations, which means
that the position of the hole in the context is irrelevant for
computing extensions of s and s’.

The following ensures that we can always make the wrap-
per locally consistent by finding a suitable finite E’.

Proposition 6.13. Given finiteS C TI and E C T(I + 1), the
set E' C T(I + 1) is defined as

E' = EU{(nr+1 0 x2)([)}
U A{(fl; o T(id +cx))(e) | e € E,x € F(S+ 1)},

wherecy: 1 — T(I + 1), withcx = yr+1 0 F[Tky 0 j, 1] 0 14,
where j: S — TI is set inclusion. It holds that E’ is finite and
(as, Prr) is locally consistent w.r.t. Bg.

We remark that the above definition of E’ results in a
highly inefficient procedure. One can optimise it by incre-
mentally adding elements of the proposed E’ to E that dis-
tinguish rows not distinguished by the current elements of
E and that need to be added in order to satisfy the conditions
of Lemma 6.11.

6.4 Representing hypotheses

Given finite S € TI and E C T(I + 1), we consider the
wrapper ‘W = (as, fg). Assuming closedness and consis-
tency, the state space of the associated hypothesis is given
by the image of iz o as: S — OF. Since S and E are finite
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we can represent this function and thus compute its image.
The structure of the hypothesis is defined by

iy (%) = (BE 0 i)(x) 0y, (Tay(s)) = (or © as)(s)

4y (F(z3y)(x)) = (BE © 6t © Farg)(x).
We know from Proposition 6.5 how to compute those func-
tions via membership queries. This can be done in finite
time because E is finite.

The hypothesis automaton for bottom-up and unordered
tree automata, as in the DA case (see Example 3.2), is ob-
tained by taking distinct rows as states. See Example 6.6 for
the description of the hypothesis input, output and transi-
tion maps for those automata types.

6.5 Finite counterexamples

Finally, we refine Proposition 4.6 to show that the teacher
can always pick a finite counterexample.

Proposition 6.14 (Language equivalence via finite recur-
sion). Given an automaton A = (Q, 5, i,0), we have L 7, =
L # if and only ifLPJ,_,(t = Lpﬂ for all recursive p: S — F1S
such that S is finite.

Proof. Suppose that for all recursive coalgebras p: S — F;S
such that S is finite we have o o [it, §]” = oo [i, 5]”. Given
t € TI, note that (TI, 51, yr]) is the initial algebra of functor
Fr, which by being finitary is also the colimit of the initial se-
quence of F [5] and hence isomorphic to (U, ey F['0, a) for
an initial algebra structure a: Fy (U, ey F/'0) = Upay F1'0.
Let ¢: (TL [n1,y1]) — (Unen F/'0,a) be the isomorphism.
There exists n € N such that ¢(t) € F/'0. The set F/'0 is
finite by F; preserving finite sets and the carrier of a re-
cursive coalgebra p: F/'0 — F'*'0 by [15, Proposition 6],
with a”: F'0 — U,ey F['0 being the inclusion. Then S =
{71 (x) | x € F['0} is also finite and the carrier of a recur-
sive coalgebra p’: S — F;S, with [, y7]?": S — TI being
the inclusion. Moreover, t € S. Thus,

Lat) =(La, o [yl ))
= (or 0 it o [, y117)(®)
= (ot 0 [it,5t]p/)(t)

(iii is an Fr-algebra homomorphism)

(definition of L #,)

= L0 (1) (definition of L)
= L;(t) (assumption)
=(oo[i, 5]p')(t) (definition of pr;)

= (00 i* o [nr, y1]”)(®)
(i* is an Fy-algebra homomorphism)

= (Lao[nnyl”)(®) (definition of L #)
= La(t).
The converse follows from Proposition 4.6. m]
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Corollary 6.15 (Finite counterexample existence). Given a
closed and consistent wrapper ‘W for Qi, we have Ly, #
L, if and only if there exists a counterexample p: S — F;S
for W such that S is finite.

Example 6.16. Recall from Example 6.10 that finite recur-
sive coalgebras for bottom-up (resp. unordered) tree automata
are coalgebras p: S — [l er St 4 [ (resp. p: S —
P¢S + I). Therefore, finite counterexamples are recursive
coalgebras of this form such that S is finite or, more con-
cretely, a finite subtree-closed set of trees.

7 Related work

This paper proceeds in the line of work on categorical au-
tomata learning started in [21], and further developed in
the CALF framework [30, 31]. CALF provides abstract defi-
nitions of closedness, consistency and hypothesis, and sev-
eral techniques to analyse and guide development of con-
crete learning algorithms. CALF operates at a high level of
abstraction and does not include an explicit learning algo-
rithm. We discuss two further recent categorical approaches
to learning, which make stronger assumptions than in CALF

that allow for the definition of concrete algorithms. The present

paper can be thought of as a third such approach.

Barlocco et al. [12] proposed an abstract algorithm for
learning coalgebras. It stipulates the tests to be formed by
an abstract version of coalgebraic modal logic. On the one
hand, the notion of wrapper and closedness from CALF es-
sentially instantiate to that setting; on the other hand, the
combination of logic and coalgebra is precisely what enables
to define an actual learning algorithm in [12]. The current
work focus on algebras rather than coalgebras, and is or-
thogonal. In particular, it covers (bottom-up) tree automata,
which is outside the scope of [12].

Urbat and Schréder have recently proposed another cate-
gorical approach to automata learning [26], which—similarly
to the work of Barlocco et al. —makes stronger assumptions
than in CALF in order to define a learning algorithm. Their
work focuses primarly on automata, assuming that the sys-
tems of interest can be viewed both as algebras and coalge-
bras, and the generality comes from allowing to instantiate
these in various categories. Moreover, it allows covering al-
gebraic recognisers in certain cases, through a reduction to
automata over a carefully constructed alphabet; this (orthog-
onal) extension allows covering, e.g., w-languages as well as
tree languages. However, the reduction to automata makes
this process quite different than the approach to tree learn-
ing in the present paper: it makes use of an automaton over
all (flat) contexts, yielding an infinite alphabet, and there-
fore the algorithmic aspect is not clear. The extension to an
actual algorithm for learning tree automata is mentioned as
future work in [26]. In the present paper, this is achieved by
learning algebras directly.
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Concrete algorithms for learning tree automata and lan-
guages have appeared in the literature [14, 17, 25]. The infer-
ence of regular tree languages using membership and equiv-
alence queries appeared in [17], who extended earlier work
of Sakakibara [25]. Later, [14] provided a learning algorithm
for regular tree automata using only membership queries.
The instantiated algorithm in our paper has elements (such
as the use of contexts) close to the concrete algorithms. How-
ever, the focus of the present paper is on presenting an al-
gebraic framework that can effectively be instantiated to re-
cover such concrete algorithms in a modular and canonical
fashion, with proofs of correctness and termination stem-
ming from the general framework.

8 Future Work

The work in this paper makes use of the free monad of a
functor F in the formulation of the generalised learning al-
gorithm and hence can only deal with quotienting in a re-
stricted setting, namely by flat equations in the presentation
of F. This excludes more complex models such as that of
pomset automata, which feature languages of words mod-
ulo complex equations. Such richer equations can be cap-
tured by monads that are not necessarily free. It remains
an open challenge to extend the present algorithm to this
richer setting.

Another direction for future work is to extend the frame-
work with side-effects, encoded by a monad, in the style
of [31]. This would enable learning more compact automata—
albeit with richer, monadic, transitions—representing lan-
guages and, as a concrete instance, provide an active learn-
ing algorithm for weighted tree automata.
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A Proofs for Section 5

Lemma A.1. For all morphisms ay: S; — Q, a2: So — O,
and f: S; — Sy such that ay o f = oy we have a; < a;.
Proof. This follows directly from the unique diagonal ob-
tained in the commutative diagram below.

a”

S; —» e

a
* — O O
Proposition 5.3. Given a: S — Q: and f: Qi — P, the
wrapper ([, [i, & ] o Fral, ) is locally closed w.r.t. a.

Proof. Let W = ([a, [it, 8t ]oF;a], B). Note that o < [«
Fra]® by Lemma A.1 (via k1 : S — S + F;S). We define

>

. K1 K2 w
iw=1—FS—S+FS— Hy

, [it, 8t]o

>

5 5 T,
Icloseqy, ¢ = FS — F;S — S + F;S —% Haqy

and note that the commutative diagrams below show that
they satisfy the required properties.

I
K20K1
KoOK] \
S+FS pa St (o] Ot
oy .
Hay > P

Fs — % FQ,

St
K90 Kzl K0 Kzl \

S+HS id+F1a} S+ FrQy [a,[it,éé]] Qr
Tay B

Hqy P

~

i

Proposition 5.4. Given arecursivep: S — F1S, the wrapper
(li, 6t] © Filit, 8¢17, P) is locally closed w.r.t. [it, 8 ]°. Further-
more, Frp is also recursive and [it, 8] o F[it, &¢]P = [i, 5 ]Fre
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Proof. Let a = [it, 6]” and ‘W = ([it, 8] o Frex, B). Note that
a® < ([it, 8] o Fra)® by Lemma A.1 (via p).

We know from [15, Proposition 6] that Frp is recursive,
so we have [i, 8] o Fra = [i, 817 by uniqueness from
commutativity of the diagram below.

FrFyliy, 6:]° i, 6t]

F1F;S —) FrF1Qy —) F10Q¢

FIPT lFI[ita | l[its ol

.
Frs — 12 g, YO 4

[it, 6t

Lemma A.2. For any run {W, = (&n, fn)}nenw and n € N,
ifay | < o, then W), is closed.

Proof. For each j € N, denote by S; the domain of «; and
by P; the codomain of f;, and let X; be the object through
which «; factorises. We define fj: X, — H, as the unique
diagonal in the commutative square below.

7
S, —L% X;

/
4 :
/ %j
/
>
Ty .
Wj /

Y

/
/ ’ < ﬂj
Vo Ty

Hy, — P;

5y

Note that f; € & because T;'Wj € é&.

We write v: X411 — X, for the witness of a, | < ;. As-
sume towards a contradiction that ‘W), is not closed. By the
definition of a run we then have that f,,1 = f, and W,
is locally closed w.rt. a,. Define iqy, = hoiyw,  : I —
Hqy, and closeqy, = h o Icloseqy,,, «,, Where iqy, ., and
Icloseqy,,,,, , exist by local closednessand h: Hy,,, — Hqy,
is the unique diagonal in the commutative diagram below.

fn+1
n+1 } H'M/n+1 fn+1
n+1 }9 HW,,+1

o] \ @ ;
X —> Qt — T'a/nﬂ l ,//
ﬂn ﬁn+1 X h// T(;ynﬂ
l O l
Hay, ——— Po = Pauy
Wn Hqyy, >—> Py = Ppyy

(D definition of f,, or fr41

Now the diagrams below commute, leading to the desired
contradiction that ‘W, is closed.

i, H\L \

FS, — % FQ,

\Llclose«wm_lyan

'w"“ n+1 T{‘le
(@\ \L hl (@\\ lﬁn
HW —>P =Pun1 H‘WnT>P"= n+1
"Vn Wn
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(D local closedness

@) definition of h O
= (am ﬁn)}nEN andn € N,

then ‘W, is consistent.

Lemma A.3. For any run {W,
if W, is closed and ;, < >

n+1’

Proof. For each j € N, denote by S; the domain of «; and
by P; the codomain of f;, and let X; be the object through
which f; factorises. We define f;: Hy, — X; as the unique
diagonal in the commutative square below.

>

Wj
Sj —» Hay,

ﬂl
VL ﬂ"

X)—)P

Note that f; € M because T,"Wj e M.

We write v: X, — X4 for the witness of f;, < f; ..
Assume towards a contradiction that ‘W, is not consistent.
By the definition of a run of the algorithm we then have that
An+1 = an and W1 is locally consistent w.r.t. §,. Define
o, = 0w,,, ©h: Hy, — O and consyy, = Iconsqy,,, g, ©
h, where h: Hy, — Hqy,,, is the unique diagonal in the
commutative diagram below.

o~
Sp = Sn41 # HW

\ vl

o~
Sn = Sun1 &» HW,,

/
i e
"Wyt Qt ) X ~ h //
Wni1 // Xn
\1 l ’
Fus n+l k,/ lv
— X
1 n+1 fn+1
— X
+1 n+1

(D definition of f,, or fr41

Now the diagrams below commute, leading to the desired
contradiction that ‘W, is consistent.

n—Sn+1—>H(W FSn—FSn+1—>FH’W

o R

H(W,H 'Wn+1 FH(WnJrl
@ ' ) @
o \LO'W,HI tl 5 lconS'WnH-ﬁrgL
@) O —— Py
(D local consistency  (2) definition of h m]

Lemma A4. Leta:S — Qn, a':S" — Qr, and f: Qr —» P
be such that a* and a’* are isomorphic subobjects. If (a, f) is
closed and consistent, then so is (@', p).

Proof. Write W = (a, ) and W’ = (a’, f). Let X and X’
be the respective objects through which « and o’ factorise,
and denote by ¢: X — X’ the subobject isomorphism (o' o



Learning Generalised Tree Automata

¢ = a”). We define f: X — Hqy and g: X’ — Hqy as the
unique diagonals in the diagrams below.

S — %X s Ly X
/ /
/, l"‘“ y lf
. f/ . /
Tw /// Qt Towr 7// Qt
Ol L
- .
Hy 25 P W —2s p

Note that ¢” and r,‘}v are in &, and therefore so is f’; similarly,
since a”” and T;V' are in &, so is g [6, Proposition 14.9 via
duality]. We now define /: Hqy — Hqyr and ¢~ 1: Hyy —
Hqy as the unique diagonals in the diagrams below.

X %} Hay X' —2 % Hy
(ﬁl /// ¢—1l
/ -1 /
X/ ¢/, - X v I e,
// //
gl /7 fl /
Yy v
Hayr »—"— P Hy »—— P

It is a standard result that ¢ and ~! are inverse to each
other [6, Proposition 14.7], as suggested by their names. We
define

-1

i = T2 Hoy L Hapr oy = Hypr 2 Hay 2% 0

Fy~! S
d = Hyy ~2 FHay 2 Hap 5 Hopr.
To show closedness and consistency, we will need the fol-
lowing two equations.
owof=o0o0a" 15,00 oFf=poboFa”. (3)

Note that both &” and Fa” are in & because F preserves &,
and that they are therefore both epis. We use this to prove
(3) with the commutative diagrams below.

S %y x

¢\

Hqy
©
Q — 0
(D definition of f

() consistency
@ closedness
(@ definition of d4y

Fs —f2y px
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Now the diagrams below commute.

S,
SEON

1 0
Ly \Li’w @ X’ L> HW’
Hay B laﬁ s l
@l‘bw | X _) Hay
O MY )|, B) 4, |
W Tt « v
Q —— 0
(D definition of iqy»  (5) subobject morphism

@) closedness
(3 definition of ¥
(@ definition of g

Fs’ £25 pxr Fa'
®lF\F¢\
. g ®
Fray @ Fa™ St
FHeqy FX — FQr — O

(3)
FHay 2% Hop i

%@x%

Hy» — P

() definition of ¢!
(@) definition of oy
definition of d

Using [30, Theorem 9], the existence of a d making the last
diagram above commute shows together with the other two
commutative diagrams that ‘W is closed and consistent. O

Lemma 5.7. Consider arun{W, = (an, fn)}nen andn € N.
We havea; < a;,, and f; ., < B, foralln € N. Moreover, if

n+1

ay. . < o, then on = an; if B, < B, then fny1 = fn.
Proof. We consider each of the cases listed in the definition
of a run of the algorithm. If ‘W, is not closed, then ,,+1 = S,
and o, < 41 by the definition of local closedness. Suppos-
ing a;,; < a, leads by Lemma A.2 to the contradiction that
W, is closed.

If ‘W, is closed but not consistent, then a,,+1 = a, and we
have f; | < ﬁn by the definition of local consistency. Sup-
posing 8, < f; ., leads by Lemma A.3 to the contradiction
that ‘W, is consistent.

If W, is closed and consistent and we obtain a counterex-
ample p: S — F;S for W, then 11 = Bpand a,,, =
[an, [it, 6t]°]". We have a;, < [ay, [it, 8:]P]" using Lemma A.1.
Suppose a,,, < a,. Then [ay, [it, &]°]" = a,,, < a5, 50 a;
and [ay, [it, 6t ]°]" are isomorphic subobjects. By Lemma A.4
this implies that ([ay, [it, 6t]°], B.) is also closed and consis-
tent, which by Corollary 4.9 contradicts the fact that p is a
counterexample for ‘W,,.

If ‘W, is closed and consistent and correct up to all re-
cursive Fy-coalgebras, then we immediately have a1 = ay,

and fp41 = Pn- O
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B Proofs for Section 6

Lemma B.1. For all T-algebras (X,x),p: I — X, andc €
T(I + X), the diagram below commutes.

T(I+ T + X)) =5 T(I + X)
T(idy +IC)T\ \L[p ldxlﬁ
i ﬁc
T +1) —)“’ N e

Proof. Given any set Y and a T(I +(—))-algebra (Z, z), the ex-
tension of a morphism f: Y — Z to the T(I + (—))-algebra
homomorphsm f%: T(I + Y) — Z is given by fi =
T(idf +f). We can supply X with the T(I+(—))-algebra struc-
ture [p, idx]*: T(I + X) — X. Thus,

B _ #
P2 Lpiaxipe)]” = [P Lige )]
= [p,idx]* o T(id; +1

-
id% (c)

= (idj o1.)"

= idg( 015

= [p.idx]* o 1
= [p,idx]*

Proposition 6.5 (Computing wrapper morphisms). Given
S C TI with inclusion j: S — TI and E C T(I + 1), we have

Broas: S — OF
(Be © as)(s) = La, oproTlnr, 15]
BE o & o Fas: FS — OF
(B o bt o Fas)(f) = La, o pro Tlnr,yro Fjo 1¢]
B oii: I — OF
(Be 0 it)(x) = L, o T[idr, 1x]
ofoas: S —> 0O
(ot 0 as)(s) = La,(s).
Proof. We first claim that
(Be 2 if)(s) = L, o pr o Tlnr, 1],
To see this, first note that
(Be 0 if)(s) = o o [its Lz, I
:moﬁoTMJﬂJn

idi{(c))

@)

o fix o T(idj +1c). o

4

=otod o T[it,iii o 1]

=006 OT[iii om,iii o 1]

=000 o Tiii o T[nr, 15]

16

Van Heerdt et al.

It remains to show that o;0d; OTlt L a,opr, which follows
by commutativity of the dlagram below.

ur

T?I s TI
\Tzlit @ 7\%
HO L
it @ T ———— T O |if ®
/ @ \
Ts: 5 5
TO: : > O 57 O
(D property of if @ definition of L #,
(3 naturality @ (T, ;) is a T-algebra
For the first equation, we derive
(Br 0 as)(s) = (B © iP)(s) (def. of as)
= La,oproTlnr, 1] (by (4)
For the second equation, we derive
(Be © 8 © Fas)(f) = (Be 0 & o Fif o Fj)(f)  (def. of )
= (Be o if o y1 o F)(f)
(i* is an F-algebra homomorphism)
= L, o pr o Tnr 1yorj)]  (by (4)

=La,oproT[nryroFjo 1] (by (2)

For the third equation, we derive

(B 0 it)(s) = (BE o if o 11)(s)
= La oproT[nr, 1,71(5)]
=La,oproTlnr,nro 1]
=La, oproTyroTlidy, 14]
= L, o T[idy, 1]

Finally, for the fourth equation, we derive:

(or 0 as)(s) = (o1 0 if)(s)
= Las)
Lemma 6.7 (Local closedness for Set automata). GivenS, S’ C

TI andE C T(I+1) such thatS C S, (as, PE) is locally closed
w.r.t. as if there existk: I — S" and £: FS — S’ such that

asr of =6 o Fas.

(property of i¥)
(by (4)
(by (2))

(monad law)

(definition of as)
(definition of Lg,) O

as’ © k = it
Proof. Let W = (as, BE), and choose
i =1y 0k Icloseqy, o5 = 74y, 0 €

The necessary diagrams now commute:

FS’ F—al) FQ: i) O

\ V
S/

I ——— 0

\/

Icloseqy, o7
Huw L} P Hay *} P
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Note that as < ag because S C S’. Thus, ‘W islocally closed
w.rt. as. O

Lemma 6.11 (Local consistency for Set automata). LetS C
TI and E C E' C T(I+ 1), with S finite. Furthermore, suppose
that fors,s’ € S with (fg o as)(s) = (b © as)(s’) we have

(o1 0 as)(s) = (o 0 as)(s”)

PE o 6 o F(as o [ids, 15]) = g o 6 o F(as o [ids, 1s])
Then W = (as, Pgr) is locally consistent w.r.t. Bg.

Proof. Since T;'W is surjective, so is FT;'W. We define the func-
tion Iconsqy, g, : FHy — OF by

Iconsay, 5. (F15,,(y)) = (BE © & o Fas)(y).

By definition this satisfies the local consistency condition.
It remains to show that the function is well-defined. Denote
by K the kernel

{(s,8") |'s,s" € S,73(s) = oy (s")}
and let j: K — S X S be the inclusion. Consider y,z € FS
such that Fr7,(y) = Fr7,,(2). Because F preserves weak
pullbacks we can find x € FK such that F(m; o j)(x) =
y and F(m; o j)(x) = z. Using that S is finite, write K =

{(s1,87) .., (Su,5p,)}. Forall 1 < m < n we define f,,: K —
S+ 1by
ki(sp) ifk<m
(s, sp) = {x2(0) ifk=m
ki(sg) ifk>m.

Furthermore, let ¢, = F(fin)(x) € F(S + 1). We will prove
that

(PeodioF(aselids, 15, 1))(c1) = (BgodioF (asolids, 15, 1))(cn),

©)
for which it suffices by induction to prove forall1 < m <n
that

(BE 0 6t o F(as ° [ids, 15,,1))(cm)
= (BE © b o F(as o [ids, 1s,,,,, 1)) (cm+1)-
Note that
[ids, 15,1 0 fin = [ids, 1s,,,, 1 © frns1
by the definitions of f;, and fi,+1, so
(BE © 8¢ o F(as o [ids, 15,,1))(cm)
= (P o & o F(as o [ids, 1, 1)(cm)
(assumption)
= (BE 0 bt o F(as o [ids, 15, ] © fin))(x)
(definition of c,)
= (Be o & o F(as o [ids, 1s,,,,,] © fm+1))(x)
= (BE 0 b o F(as o [ids, 1s,,,., 1))(cm+1)
(definition of ¢y;41).
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Then
(BE 0 6 © Fas)(y) = (BE © & o F(as o 71 0 j))(x)
(definition of x)
= (BE © bt o F(as o [ids, 15,] o f1))(x)
(definition of f7)
= (BE 0 6t o F(as o [ids, 15,]))(c1)
(definition of ¢1)
= (BE 0 6 o F(as o [ids, 15, 1))(cn)
()
= (P o & o F(as o [ids, 15 1))(cn)
(assumption)
= (Pe o 6t o F(as o [ids, 15,]) © fn)(x)
(definition of ¢,)
= (PE © 8t o Fas o m3 0 j))(x)
(definition of f,)
= (fE o & o Fas)(z)
(definition of x).
We conclude that Iconsqy, g, is well-defined.
We define oqy: Hyy — O by
0w (t4y(s)) = (o 0 as)(s).
Again the local consistency condition is satisfied by defini-
tion, but we need to show that the function is well-defined.
Consider sy, s; € S such that 7,,(s1) = 77,,(s2). Then
(B 0 as)(s1) = (3 0 T4y)(s1)
= (3 © Tqy)(s2)
= (Pe o as)(s2),
s0 (ot © as)(s1) = (0t © as)(s2). Note that frr < fr because

E C E’. Thus, ‘W is locally consistent w.r.t. fg. ]

Proposition 6.13. Given finiteS C TI and E C T(I + 1), the
set E' C T(I + 1) is defined as

E" = EU{(n1+1 0 x2)(O)}
U{(fi1 o T(ids +cx))(e) | e € E,x € F(S + 1)},
wherecy: 1 — T(I + 1), withcx = y41 0 F[Tky 0 j, 1] 0 14,
where j: S — TI is set inclusion. It holds that E’ is finite and
(as, Pgr) is locally consistent w.r.t. Bg.

Proof. Note that since S is finite and F preserves finite sets
we have that F(S + 1) is also finite. Together with the fact
that E is finite it follows that E’ is finite. Suppose s1,s; € S
are such that (g o as)(s1) = (Be o as)(sz). For all s € S we
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have soforalls e S, x € F(S+1),and e € E,
(01 0 as)(s) = (0 © 144(5))(0D) (BE © 6t o F(as o [ids, 15]))(x)(e)
= (ot o [it, 1ag(s)] © k2)(0) = (BE © 8t o Flas, 1ags)D(x)(e)
= (0t © [it, Lag(s)]* © Nre1 0 k2)(O) @
= (e 0 as)(s)(nr+1 0 k2)(D)) = (01 © [it, 18,0 Flars. 1y D) 1F)(E)
(definition of fg), (definition of Sg)
SO

= (00 0 Lits L i o((T(ids #1450 e ] )(O)
(ot 0 as)(s1) = (Brr © as)(s1)((1+1 © k2)(L)) (shown earlier)
= (Be o as)(s2)(1+1 © k2)(L))
= (ot o as)(s2).
Furthermore, for all s € S we have
F[Tix 0 j, T1ag(s) © m] (shown above)
= F[TTit, 1g4(s)] © Tx1 0 j, Tlit, 1gg(s)] © Tz 0 11] ~ ‘ - .
= FTlit, 144(s)] © F[Tx1 0 j, Tk 0 1] = (o i, laS(S)]A oH O Tidy +ex))(e)
Tl ] o FlTxs o] = (B 0 as)(s)((jr © T(id; +e,))(e))
(definition of fg),
and therefore for all x € F(S+ 1) and e € E,
(BE 0 6t o F(as o [ids, 15,]))(x)(e)
= (Ber 0 as)(s1)((f1 o T(idf +cx))(e))
= (B o as)(s2)((f11 o T(idf +cx))(e))  (assumption)
= (Be 0 6t o F(as o [ids, 15,]))(x)(e).
Thus, it follows from Lemma 6.11 that (as, fg) is locally
consistent w.r.t. fg. ]

= (o o [i ido]* o fig o T(ids +1(r(ia, Fagisoex)@))(E)
(Lemma B.1)

= (0 o [it, idg]* o T(ids +1gg(s)) © i © T(id; +¢x))(e)

(definition of 7;),
so forall s € S and x € F(S + 1) we have
(8t o Flas, 1ag(s)D(x)
= (8 o F[&{ o Tig 0,8 0 Tlgg(s) © ml)(x)
(definition of as)
= (6t o F8; o F[Tiy o j, T1g44s5) © M1])(x)
= (8{ oyp o F[Tiy 0 j, T1gys) © n1])(x)
(6f is an F-algebra homomorphism)
= (& o yg o FTit, 1a4(s)] © F[Tky © j, 1])(x)
(shown above)
= (8¢ © TTit, Tago)] © Y121 © FITx1 0, i D)
= (6 o Tlit, 145(s)] © yre1 © F[Tky 0 j, 1] 0 1,)(0D)
= (8f o Tlit, 1ag(s)] 0 cx)(0)
(definition of ¢y)
= ([its Lag(s)1F 0 €x)(0)
= [it, ido F((T(id; +1a5(5)) © ex)(D).
Note that for all s € S, x € F(S + 1) we have
fig © TGAr +1(7(id; +145(5))0ex D)
= fig o T(idr +(T(idf +144(s)) © 1, (@)))
(2)
= fip o T(id; +(T(idf +144(s)) © Cx))
(definition of 1. ()
= fig o T(id; +(T(idf +144(s)))) © T(ids +cx)
= T(idy +1445)) © 11 o T(idf +cx),
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