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ABSTRACT
In this paper, a three-dimensional (3D) cascaded lattice Boltzmann method (CLBM) is implemented to simulate the liquid–vapor phase-
change process. The multiphase flow field is solved by incorporating the pseudopotential multiphase model into an improved CLBM, the
temperature field is solved by the finite difference method, and the two fields are coupled via a non-ideal equation of state. Through numer-
ical simulations of several canonical problems, it is verified that the proposed phase-change CLBM is applicable for both the isothermal
multiphase flow and the liquid–vapor phase-change process. Using the developed method, a complete 3D pool boiling process with up to
hundreds of spontaneously generated bubbles is simulated, faithfully reproducing the nucleate boiling, transition boiling, and film boiling
regimes. It is shown that the critical heat flux predicted by the 3D simulations agrees better with the established theories and correlation
equations than that obtained by two-dimensional simulations. Furthermore, it is found that with the increase in the wall superheats, the
bubble footprint area distribution changes from an exponential distribution to a power-law distribution, in agreement with experimental
observations. In addition, insights into the instantaneous and time-averaged characteristics of the first two largest bubble footprints are
obtained.
Published under license by AIP Publishing. https://doi.org/10.1063/5.0023639., s

I. INTRODUCTION

Boiling is a very efficient heat transfer process, which is
commonly observed in our daily life and widely used in many
industrial applications, ranging from energy conversion in nuclear
reactors to cooling of microelectronic devices. Since Nukiyama’s
pioneering work on the classification of boiling regimes,1 research
on boiling phenomena has attracted a lot of attention in the past
few decades.1–3 In the boiling process, violent vaporization usually

occurs simultaneously inside the fluid and on the superheated sur-
face. With the increase in the wall superheat, three boiling regimes
can be identified:1,2 nucleate boiling, transition boiling, and film
boiling. For a boiling system, pool boiling means that the vapor bub-
bles and heated liquid are only driven by the buoyancy force, while
forced-convection boiling involves other forces such as the pressure
gradient driven by pumps.

Many boiling experiments have been conducted to study the
bubble dynamics, as measured by the bubble departure diameter and
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bubble growth rate, and a lot of correlation equations have been con-
sequently developed.4,5 Furthermore, extensive experiments have
been carried out to investigate the boiling heat transfer characteris-
tics, and various heat transfer models have been proposed for differ-
ent boiling regimes, such as the nucleate boiling heat transfer model
by Rohsenow,6 the transition boiling heat transfer model by Ohtake
and Koizumi,7 and the critical heat flux (CHF) model by Zuber.8

However, most of the bubble dynamic correlations/models are lim-
ited to narrow parameter ranges (such as the pressure range), and
some of them may give conflicting predictions of the bubble depar-
ture diameter and/or bubble growth rate under certain conditions,4,5

not to mention the heat transfer models.
Boiling is extremely complex that includes many coupled phe-

nomena, such as bubble nucleation, growth, departure, deformation
and coalescence, the transfer of the phase-change latent heat, and the
liquid–vapor interface instability.9 With the rapid development of
computer technology, numerical simulations are playing a more and
more important role in elucidating the mechanisms behind the boil-
ing phenomena. The pioneering attempt of numerical investigation
for the film boiling was made by Son and Dhir based on a level-
set method.10 By adding a source term to the continuity equation,
the front-tracking method was extended to simulate the film boil-
ing.11 In addition, Welch and Wilson developed a volume-of-fluid
method to simulate the horizontal film boiling in 2000.12 Since then,
a lot of macroscopic methods have been proposed and employed to
investigate boiling phenomena. For details, the interested readers are
kindly directed to the comprehensive reviews.13,14 It may be noted
that most of these macroscopic methods assume an initial vapor
phase as an artificial input. Therefore, these methods are limited to
the film boiling regime and cannot simulate the bubble nucleation
in the boiling process.

During the last three decades, the mesoscopic lattice Boltz-
mann method (LBM), based on the kinetic theory, has become an
increasingly important method for numerical simulations of mul-
tiphase flows, on account of its generality, easy implementation,
and computational efficiency.15–29 Among others, the pseudopoten-
tial model has attracted significant attention in the modeling and
simulation of the liquid–vapor phase-change processes. In the pseu-
dopotential model, the interactions among populations of molecules
are modeled by a density-dependent pseudopotential. The most dis-
tinct feature of the pseudopotential model is that the phase sepa-
ration and interfaces between different phases emerge naturally via
the pseudopotential based interaction force among the neighbor-
ing fluid particles.18,30 As a result, deformation, movement, break-
down, and merging of phase interfaces occur automatically, without
resorting to any specific techniques to track or capture interfaces,31

as usually required in traditional numerical methods.32 In 2003,
the pseudopotential model was extended to simulate the boiling
process by Zhang and Chen.33 In their model, the pressure differ-
ence between the real pressure pEOS, which is based on the equa-
tion of state (EOS) with variable temperature, and the pressure in
the standard isothermal LBM is incorporated via a pseudopotential
based interaction force. Besides, an extended Lax–Wendroff scheme
is adopted to solve the scalar energy transport equation. Since
then, Hazi and Márkus,34 Biferale et al.,35 and Gong and Cheng36

have proposed different liquid–vapor phase-change LBMs and used
their models to simulate the boiling process. A common feature of
these phase-change LBMs34–36 is that all of them are based on the

double-distribution-function (DDF) method. That is to say, one lat-
tice Boltzmann equation is used to simulate the multiphase flow
field, while another lattice Boltzmann equation is used to solve the
scalar temperature or energy transport equation. According to the
analysis by Li and Luo,37 for the thermal LBMs constructed within
the DDF framework, the forcing terms will introduce an additional
term into the temperature transport equation. In many cases, the
effect of such an additional term is negligible. However, for the ther-
mal multiphase flow (such as the case of boiling), due to the large
density change near the liquid–vapor interface, the additional term
will lead to significant numerical errors in the simulation results.37

Considering this factor, Li et al.30 proposed a new hybrid phase-
change LBM, in which the lattice Boltzmann method is adopted to
solve the flow field, the finite difference scheme is used to solve the
temperature field, and the coupling between the two fields is estab-
lished by a non-ideal equation of state (EOS). Using their model,
the boiling curve including the three classical boiling stages was
successfully reproduced, and the effects of the heating surface wet-
tability on the boiling heat transfer were also investigated.30 Com-
bined with a theoretical analysis, Li et al. further clarified the mech-
anism of nucleation in LB simulations, which is attributed to the
decrease in the fluid density near the heating surfaces, such that the
system enters the unstable region of the liquid–vapor coexistence
phase diagram.38

In the classical collision-streaming algorithm of the LBM, a
widely used collision operator is the single-relaxation-time (SRT)
operator, in which all the distribution functions (DFs) are relaxed
to their local equilibria with an identical time scale.39 However,
the SRT-LBM may suffer from instability under a high Reynolds
number or low-viscosity conditions.40,41 The multiple-relaxation-
time (MRT) operator is an improved collision operator, in which
the collision is carried out in the raw moment space, and differ-
ent moments of DFs can be relaxed separately. In 2006, a cascaded
operator was proposed by Geier et al.42 In the cascaded opera-
tor, the collision is executed in the central moment space; thus, it
is also interpreted as a “central-moments-based” operator. Com-
pared with the SRT-LBM, both the MRT-LBM and the cascaded
LBM (CLBM) can enhance numerical stability by carefully sepa-
rating the time scales among the kinetic modes.42,43 Studies also
showed that the cascaded operator outperforms the MRT operator
in terms of numerical stability and Galilean invariance.21,42,43 More
recently, the relation between the CLBM and the MRT-LBM has
been clarified to form a generalized MRT (GRMT) framework.44,45

Within the GMRT framework, the inconsistencies in terms of forc-
ing schemes and/or equilibrium central moments in some previ-
ous CLBMs43,46,47 have also been revised.44,45 So far, CLBM has
been well verified and obtained great success in the modeling of
both the isothermal multiphase flow17,21,43 and the single-phase ther-
mal flow.48,49 Therefore, it is time to extend CLBM to simulate the
more challenging thermal multiphase flow, e.g., the boiling pro-
cess. More recently, CLBM has been employed to simulate two-
dimensional (2D) forced-convection boiling on a cylinder by Saito
et al.,50 while the present work further extends CLBM to a much
larger thermal multiphase system, i.e., the three-dimensional (3D)
pool boiling.

This paper proposes a 3D CLBM for multiphase flows with
phase-change process based on the pseudopotential model and then
uses it to investigate the pool boiling process. The rest of this paper is
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structured as follows: In Sec. II, the proposed phase-change CLBM
is described in detail. Numerical experiments are carried out for
several benchmark problems to validate the proposed method in
Sec. III. Section IV presents numerical simulations of the 3D pool
boiling process, as well as analyses and discussions of results. Finally,
concluding remarks are given in Sec. V.

II. CLBM FOR THE LIQUID–VAPOR PHASE-CHANGE
PROCESS

In this section, a 3D hybrid CLBM for the liquid–vapor phase-
change process is proposed, in which the flow field is solved by an
improved CLBM coupled with the pseudopotential model, the tem-
perature field is solved by the finite difference method, and the two
fields are coupled via the non-ideal equation of state.

A. Solution of the flow field
To construct the CLBM for the 3D flow field, the D3Q19 lattice

is employed, in which the continuous velocity space is represented
by a discrete velocity set, ei = [∣eix⟩, ∣eiy⟩, ∣eiz⟩], with 19 discrete
velocities defined as follows:39

∣eix⟩ = [0, 1,−1, 0, 0, 0, 0, 1,−1, 1,−1, 1,−1, 1,−1, 0, 0, 0, 0]⊺,
∣eiy⟩ = [0, 0, 0, 1,−1, 0, 0, 1, 1,−1,−1, 0, 0, 0, 0, 1,−1, 1,−1]⊺,
∣eiz⟩ = [0, 0, 0, 0, 0, 1,−1, 0, 0, 0, 0, 1, 1,−1,−1, 1, 1,−1,−1]⊺,

(1)

where i = 0, 1, . . ., 18 and ∣⋅⟩ denotes a nineteen-dimensional col-
umn vector. The lattice speed c = δx/δt = 1 and lattice sound speed
cs = 1/

√
3 are adopted, where δx = 1 and δt = 1 are the lattice spac-

ing and time step, respectively. The raw and central moments of the
discrete distribution functions (DFs) fi are defined as follows:

kmnp = ⟨ fi∣emixeniyepiz ⟩,
k̃mnp = ⟨ fi∣(eix − ux)m(eiy − uy)n(eiz − uz)p ⟩,

(2)

where m, n, and p are integers and ux, uy, and uz are velocity compo-
nents in the x, y, and z directions, respectively. The equilibrium raw
and central moments, keqmnp and k̃eqmnp, are defined, likewise, by replac-
ing fi with the discrete equilibrium distribution functions (EDFs) f eqi .
To construct the central-moments-based collision operator, a raw
moment set ∣Ti⟩ and the corresponding central moment set ∣T̃i⟩ are
needed,

∣Ti⟩ = [T0,T1, . . . ,T18]⊺, ∣T̃i⟩ = [T̃0, T̃1, . . . , T̃18]
⊺, (3)

where the elements are combinations of kmnp and k̃mnp in the ascend-
ing order of (m + n + p), respectively. As discussed in Ref. 45,
to improve the implementation of the 3D CLBM, the following
non-orthogonal central moment set is adopted in this work:

∣T̃i⟩ = [k̃000, k̃100, k̃010, k̃001, k̃110, k̃101, k̃011, k̃200, k̃020, k̃002, k̃120,

k̃102, k̃210, k̃201, k̃012, k̃021, k̃220, k̃202, k̃022]
⊺

. (4)

It may be noted that “non-orthogonal” means the basis vectors for
the above moments are linearly independent but not necessarily
orthogonal to one another.23 The corresponding raw moment set
∣Ti⟩ can be defined analogously.

According to Eq. (2), the transformation from the discrete
velocity space to the raw moment space can be performed via a trans-
formation matrix M, and the shift between the raw moment space

and the central moment space can be achieved by a shift matrix N,
i.e.,44,45

∣Ti⟩ =M∣ fi⟩, ∣T̃i⟩ = N∣Ti⟩ = NM∣ fi⟩. (5)

The explicit formulations for M and N, as well as their inverses,
can be obtained according to the definition in Eqs. (4) and (5) (see
Appendix A). The row vector in M corresponds to the basis vec-
tor for each element in ∣Ti⟩, with M being a non-orthogonal matrix.
Such a non-orthogonal matrix M is also a sparse matrix, which has
less non-zero elements compared with its orthogonal counterpart.23

Moreover, the explicit formulation of N is very concise because no
mixed terms (such as k̃200 − k̃020) are encountered in Eq. (4). The
combined two factors, i.e., the adoptions of the non-orthogonal cen-
tral moment set in Eq. (4) and the linear transformations in Eq. (5),
would significantly simply the implementation and greatly reduce
the computational cost of CLBM in 3D.45

By relaxing different central moments to their equilibria sepa-
rately, the post-collision central moments are given by44,45

∣T̃∗i ⟩ = ∣T̃i⟩ − S(∣T̃i⟩ − ∣T̃eq
i ⟩) + (I − S/2)δt∣Ci⟩, (6)

where ∣Ci⟩ are the forcing terms in the central moment space,
by which the force field F is incorporated into the CLBM. The
relaxation matrix S is block-diagonal,

S = diag
⎧⎪⎪⎪⎨⎪⎪⎪⎩
s0, s1, s1, s1, sν, sν, sν,

⎡⎢⎢⎢⎢⎢⎣

s+, s−, s−
s−, s+, s−
s−, s−, s+

⎤⎥⎥⎥⎥⎥⎦
, s3, s3, s3, s3, s3, s3, s4, s4, s4

⎫⎪⎪⎪⎬⎪⎪⎪⎭
(7)

where s+ = (s2b + 2s2)/3 and s− = (s2b − s2)/3. The 3 × 3 block in
S is designed to independently relax the normal stress differences
(k̃200 − k̃020 and k̃200 − k̃002) and the trace of the pressure tensor (k̃200

+ k̃020 + k̃002), with the relaxation rates s2b and s2, respectively.45

According to the previous analysis,42,44,47 the central moments
of f eqi should be set equal to the continuous central moments of the
Maxwell–Boltzmann distribution. Therefore, the equilibrium cen-
tral moments based on the central moment set in Eq. (4) are given
as follows:45

∣T̃eq
i ⟩ = [ρ, 0, 0, 0, 0, 0, 0, ρc2

s , ρc2
s , ρc2

s , 0, 0, 0, 0, 0, 0, ρc4
s , ρc4

s , ρc4
s ]⊺.

(8)
It can be proved that such a definition of ∣T̃eq

i ⟩ is equivalent to choos-
ing f eqi with all Hermite polynomial tensors supported by the D3Q19
lattice, although the explicit formulation of f eqi is usually not needed
in the simulations. Consistently, the forcing terms in the central
moment space are given as follows:45

∣Ci⟩ = [0,Fx,Fy,Fz , 0, 0, 0, 0, 0, 0,Fxc2
s ,Fxc2

s ,Fyc2
s ,Fzc2

s ,

Fyc2
s ,Fzc2

s , 0, 0, 0]⊺. (9)

After the collision step, the post-collision DFs are reconstructed
by ∣ f ∗i ⟩ =M−1N−1∣T̃∗i ⟩. Then, the streaming step is performed in the
discrete velocity space as usual, i.e., from point x to the neighbors
(x + eiδt),

fi(x + eiδt, t + δt) = f ∗i (x, t). (10)

The hydrodynamic variables are updated by

ρ =∑
i
fi, ρu =∑

i
fiei + δtF/2. (11)
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The kinematic viscosity ν and bulk viscosity ξ are related to the relax-
ation parameters by ν = (1/s2−0.5)c2

s δt and ξ = 2/3(1/s2b−0.5)c2
s δt,

respectively.
The combination of Eqs. (6)–(11) forms our CLBM for mod-

eling the single-phase isothermal flow. To model the phase-change
process, the pseudopotential model is employed in this work, in
which the interaction force among fluid particles is defined as15,51

Fint = −Gψ(x)∑
i
w(∣ei∣2)ψ(x + eiδt, t)ei, (12)

where G controls the strength of the interaction force and ψ is a
density-based pseudopotential function. The weights are given as
w(0) = 1, w(1) = 1/6, and w(2) = 1/12. To incorporate the realistic
equation of state, the pseudopotential function can be chosen as52

ψ =
√

2(pEOS − ρc2
s )/Gc2, (13)

where G = −1 is used to guarantee that the term inside the square
root is positive. However, the mechanical stability solution of the
coexistence densities will be inconsistent with the solution given
by the Maxwell construction (the so-called thermodynamic incon-
sistency of the pseudopotential model) if such a square-root-form
pseudopotential is used. To solve this problem, Li et al. suggested
that the mechanical stability condition could be adjusted to achieve
the thermodynamic consistency by modifying the forcing terms
for both SRT-LBM53 and MRT-LBM.54 Following the methodol-
ogy of Li et al., the forcing terms in the present CLBM could
be modified as

∣Ci⟩ = [0,Fx,Fy,Fz , 0, 0, 0,η,η,η,Fxc2
s ,Fxc2

s ,Fyc2
s ,Fzc2

s ,

Fyc2
s ,Fzc2

s , 0, 0, 0]⊺, (14)

where η is defined as

η = 2σ∣Fint∣2

ψ2(s−1
e − 0.5)δt , (15)

in which σ is used to adjust the mechanical stability condition, within
the tunable range, 0.0625 ≤ σ ≤ 0.125. It should be noted that only
the interaction force Fint (instead of the total force F) is needed in
the adjustment term η.

Using the Chapman–Enskog analysis, the following macro-
scopic equations can be recovered in the low-Mach number limit:

∂tρ +∇ ⋅ (ρu) = 0,

∂t(ρu) +∇ ⋅ (ρuu) = −∇(ρc2
s ) +∇ ⋅ [ρν(∇u + (∇u)T)

(16)

− 2
3
ρν(∇ ⋅ u)I] +∇[ρνb(∇ ⋅ u)]

+ F − 2G2c4σ∇ ⋅ (∣∇ψ∣2I),

where the last term in the momentum equation is an additional term
introduced by the adjustment term η. When σ = 0, Eq. (14) degrades
into Eq. (9), and the above equations degrade into the standard
Navier–Stokes equations.

B. Solution of the temperature field
The temperature equation for the liquid–vapor phase-change

process can be written as30

∂T
∂t
= −u ⋅ ∇T +

1
ρcv
(λ∇2T +∇λ ⋅ ∇T)− T

ρcv
(∂pEOS

∂T
)
ρ
∇ ⋅u, (17)

where λ is the thermal conductivity and cv is the specific heat at
constant volume. It may be noted that for convenience, the term
∇ ⋅ (λ∇T) used in Ref. 30 has been replaced by (λ∇2T +∇λ ⋅ ∇T).
In this work, we use the finite difference method, originally sug-
gested by Li et al.,30 to solve the temperature field. The first-order
and second-order derivatives in Eq. (17) are calculated using the
following lattice-based finite difference scheme:55

∂ϕ
∂xα
= 1
c2
s δt
∑
i
ω(∣ei∣2)eiαφ(x + eiδt),

∂2ϕ
∂xa∂xa

= 2
c2
s δt
∑
i
ω(∣ei∣2)[φ(x + eiδt) − φ(x)],

(18)

where α represents the coordinate axis and ϕ represents a physical
variable. Following the work of Li et al.,30 if the right-hand side of
Eq. (17) is denoted by K(T), the time discretization is realized using
the fourth-order Runge–Kutta scheme,

Tt+δt = Tt +
δt
6
(h1 + h2 + h3 + h4),

h1 = K(Tt), h2 = K(Tt +
δt
2
h1), h3 = K(Tt +

δt
2
h2),

h4 = K(Tt + δth3).

(19)

C. Coupling between the flow field
and the temperature field

The pseudopotential CLBM in Sec. III A and the finite dif-
ference solver in Sec. III B are coupled via the non-ideal equation
of state (EOS) pEOS. Namely, the change in temperature leads to
the change in pEOS, which is, in turn, incorporated into the pseu-
dopotential CLBM for the flow field through Eqs. (12) and (13).
Different equations of state, such as the van der Waals, Carnahan–
Starling, and Peng–Robinson equations, can be incorporated into
the pseudopotential model by the square-root-form pseudopoten-
tial in Eq. (13), in which the Peng–Robinson EOS is adopted in this
work,

pEOS =
ρRT

1 − bρ −
aφ(T)ρ2

1 + 2bρ − b2ρ2 (20)

where φ(T)= [1 + (0.374 64 + 1.542 26ϖ− 0.269 92ϖ2)(1−
√
T/Tc)]2,

a = 0.4572R2T2
c /pc, and b = 0.0778RTc/pc. According to the analyses

in the literature,52,54 we set ϖ = 0.344, a = 2/49, b = 2/21, and R = 1.
Then, the critical temperature and pressure can be obtained as
Tc = 0.072 92 and pc = 0.059 57, respectively.

In addition, in the simulations of the pool boiling, the vapor
bubbles and heated liquid are driven by the buoyancy force, which is
defined as

Fb = −(ρ − ρave)gj, (21)
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where ρave is the average density in the system, g is the magnitude
of the gravity acceleration, and j is the unit vector in the verti-
cal direction. As a result, the total force acting on the system is
F = Fint + Fb.

III. NUMERICAL VERIFICATION
In this section, numerical simulations are conducted to assess

the validity of the proposed liquid–vapor phase-change CLBM
for both isothermal multiphase flow and thermal multiphase flow.
Unless otherwise specified, the tunable relaxation parameters are
set to be s2b = 0.8, s3 = 1.2, and s4 = 1.2, and the non-equilibrium
bounce-back boundary scheme is employed to deal with the non-slip
velocity boundary condition (see Appendix B).

A. Verification of the Laplace’s law
First, the Laplace’s law is verified based on the static droplet test.

In simulations, the saturation temperature is set to be Ts = 0.86Tc,
and the equilibrium liquid–vapor coexistence densities can be cal-
culated according to Eq. (20), i.e., ρl = 6.4989 and ρv = 0.3797. For
such a choice, the tunable parameter σ is set to be 0.102 to achieve
the thermodynamic consistent coexistence densities. The kinetic vis-
cosity is set to be uniform in the system, νl = νv = 0.1, and the
gravity is not considered in this case. The computational domain is a
160δx × 160δx × 160δx box, with periodic boundary conditions
along all the directions. The density field is initialized as follows:

ρ = 0.5(ρl + ρv) − 0.5(ρl − ρv)

× tanh

⎡⎢⎢⎢⎢⎢⎣
2

√
(x − x0)2 + (y − y0)2 + (z − z0)2 − R0

W

⎤⎥⎥⎥⎥⎥⎦
, (22)

where W = 4δx is the initial interface thickness, R0 is the ini-
tial droplet radius, and the droplet center (x0, y0, z0) is located at
the center of the computational domain. When the simulation is
convergent, according to the Laplace’s law, the pressure difference
across the liquid–vapor interface Δp is proportional to the interface
curvature, namely,

Δp = 2γ/R, (23)

where γ is the surface tension. The steady state radius R is measured
based on the location of the mean density 0.5(ρl + ρv), which may
be slightly different from initial R0. By changing the initial radius
within the range 24δx ≤ R0 ≤ 48δx, the surface tension can be mea-
sured according to Eq. (23). Figure 1 shows the change in Δp with
2/R, and we can see a very good linear fitting, which means that the
Laplace’s law is well verified. Based on the slope of the fitting line,
surface tension is obtained, γ = 0.066.

B. Measurement of the contact angle
The wetting condition plays a very important role in the boil-

ing heat transfer process. In this subsection, we consider to measure
the contact angle between the liquid phase and the solid wall. Usu-
ally, the contact angle in the pseudopotential model can be tuned
by adjusting the fluid–solid interaction force.18 For simplicity, the
fluid–solid interaction is not considered in this work, and liquid–
liquid interaction force in Eq. (12) is also not applied at the wall

FIG. 1. Numerical verification of the Laplace’s law: red filled circles are the
simulation results, and the solid fitting line has a slope of 0.066.

nodes. The simulation is performed in a 200δx × 200δx × 100δx box,
with the periodic boundary condition in the x and y directions and
the non-slip condition at z = 0 and z = 100δx. The density field is
also initialized according to Eq. (22), while the center is set at (x0,
y0, z0) = (100, 100, 0), and the initial radius is R0 = 40δx. The steady
density field is shown in Fig. 2 (top panel). It can be clearly seen
that the droplet has deformed from the hemispherical shape to a
coronal shape, which means that the wall is hydrophilic. To measure
the accurate value of the contact angle, the density field at the slice
x = 100δx is obtained and shown in the bottom panel. The contact
angle can be calculated from measurements of the base and height
of the liquid phase in such a slice. If the base and height are denoted
by L1 and L2, then the droplet radius can be calculated by56

R = (4L
2
2 + L2

1)
8L2

. (24)

FIG. 2. Measurement of the contact angle.
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Then, the contact angle can be obtained via the formulation
tan(θ) = (L1/2)/(R− L2). For the present case (Ts = 0.86Tc), we finally
obtain the contact angle θ = 51.6○.

In the following simulations for the pool boiling process, the
Jacob number (defined as the ratio between specific sensible heat
and latent heat) is tuned by varying the wall temperature. There-
fore, it is useful to measure the variation of the static contact
angle with the temperature. As shown in Fig. 3, the contact angle
increases gradually with the reduced saturation temperature and
finally reaches θ = 68.2○ when the temperature is approaching the
critical point.

C. Verification of the D 2 law
In this subsection, the validity of the proposed model for sim-

ulating the liquid–vapor phase-change process is verified. To this
purpose, droplet evaporation is simulated, and the results are tested
based on the well-known D2 law.57 For the single droplet evap-
oration case, the D2 law predicts that the square of the droplet
diameter decreases linearly with time during the evaporation pro-
cess, i.e., D2(t) = D2

0 − Ωt, under the following conditions: (i) the
evaporation process is quasi-steady, (ii) the viscous heat dissipation
and the buoyancy force are negligible, and (iii) the thermophysical
properties (cp, cv, and λ) are constant.

We first consider the evaporation of a 3D liquid cylinder
(equivalent to a 2D droplet), to verify the numerical accuracy of the
present model, by comparing it with the evaporation of a 2D droplet
by using the method of Li et al.30 The simulations are conducted in a
200δx × 200δx × δx box, with periodic boundary conditions along all
the three directions. A liquid cylinder with diameter D0 = 70δx is ini-
tialized in the box center. The temperature of the cylinder is set to be
the saturation temperature Ts = 0.86Tc, and the temperature of the
surrounding vapor is set to be Tc. Due to the temperature gradient
at the liquid–vapor interface, evaporation is triggered. During the
simulation, a constant temperature boundary condition is imposed
at the boundaries in the x and y directions to keep the vapor tem-
perature higher than the droplet temperature. In the computational
domain, the kinetic viscosity and the specific heat at constant volume
are set to be uniform, i.e., ν = 0.1 and cv = 6.0. The non-dimensional
time is defined as t∗ = t/td, where td = D2

0/ν is the diffusion time
scale. As shown in Fig. 4, the present simulations agree well with the
results by Li et al.30 for both cases with λ = 1/3 and λ = 2/3, which

FIG. 3. Variation of the static contact angle with the reduced saturation
temperature.

FIG. 4. Comparison of the evaporation process for a 2D droplet by using the
method of Li et al.30 and a 3D cylinder by using the present method.

proves the accuracy of the present model for the phase-change heat
transfer problems.

Then, we move to the simulation of 3D droplet evaporation
cases in a 200δx × 200δx × 100δx box. All the numerical settings are
the same as the above, except that the constant temperature bound-
ary condition is imposed at all the boundaries. Here, we consider
three cases with λ = 0.125, 0.25, and 0.5. Figure 5 shows the evapo-
ration process for the three cases, where panel (a) is the initial state
and panels (b)–(d) are the states at t∗ = 4.81 for λ = 0.125, 0.25, and
0.5, respectively. As shown in this figure, for all cases, the spherical
droplet shape is preserved during the evaporation process, and the
larger the thermal conductivity is, the faster the droplet evaporates.

FIG. 5. Droplet evaporation process: (a) a snapshot of the initial droplet; (b)–(d)
snapshots of the droplet at t∗ = 4.81 for the cases with λ = 0.125, 0.25, and 0.5,
respectively.
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FIG. 6. The change in normalized diameter square D2/D2
0 with the normalized

time t∗. Inset: the absolute value of the slope in the main panel ∣k∣ changes linearly
with λ.

To be more quantitative, the change in the normalized diameter
square D2/D2

0 with time is plotted in Fig. 6. For all cases, D2/D2
0

changes linearly with t∗, which agrees well with the so-called D2

law. Moreover, the larger the thermal conductivity is, the faster the
droplet diameter square decreases with time. As can be seen in the
inset of Fig. 6, the absolute value of the slope in the main panel ∣k∣
changes linearly with λ, which also agrees with the theory that the
evaporation constant in the D2 law depends linearly on the thermal
conductivity.

IV. NUMERICAL SIMULATIONS AND ANALYSIS
In this section, the proposed phase-change CLBM is applied to

the simulation of 3D pooling boiling. In the simulations, the satura-
tion temperature is set to be Ts = 0.86Tc, and the tunable parameter
σ is set to be 0.102 to achieve the thermodynamic consistent coexis-
tence densities (ρl = 6.4989 and ρv = 0.3797). The kinetic viscosities
are set to be νl = 0.1 and νv = 0.5/3, corresponding to the dynamic
viscosity ratio μl/μv = (ρlνl)/(ρvνv) ≈ 10. The above settings approxi-
mately correspond to the saturated water–vapor system at tempera-
ture 556 K and pressure 7 MPa.50 Following Refs. 30, 33, and 34, the
specific heat at constant volume is set to be constant, cv = 6.0, in the
whole computational domain. The thermal conductivity λ = ρ(cvχ)
is chosen to be proportional to the density ρ with cvχ = 0.028.30 The
specific heat at constant volume is set to be cp = cv.

The simulation is performed in a L × L × H box, with the peri-
odic boundary condition in the x and y directions and the non-slip
boundary condition at the walls z = 0 and z = H. The constant tem-
perature condition is applied to the walls, with Tb and Ts (Tb > Ts)
at the bottom wall and top wall, respectively. Following Ref. 30, we
consider the hydrophilic case with a static contact angle θ = 51.6○

at the saturation temperature, which corresponds to the condition
with zero fluid–solid interaction force. The effect of the heating sur-
face wettability could be investigated in the future by incorporating

a fluid–solid interaction force, such as the modified ψ-based inter-
action force,58 into the present model. According to Ref. 59, charac-
teristic length l0, characteristic velocity u0, and characteristic time t0
are defined as

l0 =
√

γ
g(ρl − ρv)

, u0 =
√
gl0, t0 = l0/u0. (25)

The liquid–vapor interface thickness measured based on the static
droplet test23 is W = 3.96δx. For convenience, the character-
istic physical variables used in the simulations are summarized
in Table I.

It can be seen that the condition L ≫ l0 ≫ W is well satisfied
in the simulations, namely, the computational box length is much
larger than the bubble length scale, which, in turn, is much larger
than the interface thickness. Therefore, it is credible that our simu-
lations can resolve a lot of (with up to hundreds of) bubbles. Besides,
the magnitude of the maximum spurious current, measured based
on the static droplet (R ≈ l0) test, is us = 0.0018 (≪ u0). Therefore,
the effect of spurious currents is negligibly small. As usual, the lat-
tice units are used to define the above quantities. The conversion
between the physical and lattice units could be found elsewhere.60,61

In the beginning of the simulation, the lower part of the com-
putational domain (z < 0.6H) is set to be the saturated liquid
(ρ = ρl, T = Ts), and the upper part is set to be the saturated vapor
(ρ = ρv, T = Ts). To trigger the bubble nucleation, a small tem-
perature disturbance is added to the first grid layer near the bot-
tom wall, i.e., T = Ts + δT. The disturbance term δT satisfies the
Gaussian distribution, with a mean value of 0 and a standard devi-
ation of 0.07Ts. In the primary stage (0 ≤ t ≤ 1000δt), the grav-
ity is not applied so that the liquid–vapor interface relaxes to a
quasi-equilibrium state. A series of cases with different values of
the wall superheat ΔT = Tb − Ts are considered, and the simula-
tion runs until t = 500 00δt (t∗ = t/t0 ≈ 63) for each case unless
otherwise specified.

For the subsequent analysis, the specific latent heat hfg needs to
be calculated. According to the derivation by Gong and Cheng,62 hfg
can be obtained by

hfg = hv −hl = ∫
ρl

ρv

1
ρ2 [T(

∂pEOS
∂T
)
ρ
− pEOS]dρ+

pEOS
ρv
− pEOS

ρl
, (26)

where hv and hl denote the enthalpy for the vapor phase and liquid
phase, respectively. In the original work by Gong and Cheng,62 the
Peng–Robinson EOS is substituted into Eq. (26), and a complex for-
mulation is obtained to calculate hfg . In this work, the specific latent
heat is obtained using standard numerical integration methods. For
the Peng–Robinson EOS, we have

(∂pEOS
∂T
)
ρ
= ρR

1 − bρ −
aρ2

1 + 2bρ − b2ρ2 ⋅
∂φ(T)
∂T

(27)

TABLE I. Physical variables used in the simulations (lattice units).

L × L × H g l0 u0 us t0 W

600 × 600 × 300 3 × 10−5 19.02 0.024 0.0018 792.5 3.96
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FIG. 7. Snapshots of the pool boiling
process at Ja = 0.220. The isothermal
surface [T = 0.5(Tb + Ts)] and liquid–
vapor interface are marked by red and
white, respectively. (a) t∗ = 25.24, (b)
t∗ = 37.85, (c) t∗ = 50.47, and (d)
t∗ = 63.09.

where ∂φ(T)/∂T = −[1 + ε(1−
√
T/Tc)]ε/

√
TTc with ε = (0.374 64

+ 1.542 26ϖ − 0.269 92ϖ2). Although the second term on the right-
hand side of Eq. (27) may be negligible,30 it is still included in our
calculation. Substituting Eq. (27) into Eq. (26), the specific latent
heat is obtained, hfg = 0.3813.

Figures 7–10 show the snapshots of the pool boiling pro-
cess with different Jacob numbers (Ja), where the Jacob number is
defined as the ratio between specific sensible heat and latent heat, Ja
= cpΔT/hfg . For the case of Ja = 0.220, it can be seen from Fig. 7(a)
(at t = 20 000δt) that due to the existence of a high-temperature zone

FIG. 8. Snapshots of the pool boiling
process at Ja = 0.283. (a) t∗ = 25.24,
(b) t∗ = 37.85, (c) t∗ = 50.47, and (d)
t∗ = 63.09.
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FIG. 9. Snapshots of the pool boiling pro-
cess at Ja = 0.441. (a) t∗ = 25.24, (b)
t∗ = 37.85, (c) t∗ = 50.47, and (d) t∗

= 63.09.

FIG. 10. Snapshots of the pool boiling
process at Ja = 0.488. (a) t∗ = 25.24,
(b) t∗ = 37.85, (c) t∗ = 50.47, and (d) t∗

= 252.37.

on the wall, the liquid density is decreased according to the ther-
modynamic consistency, which gradually leads to the evaporation.
Therefore, some small nucleation points are produced, and some of
them have grown up to be small bubbles. By continuously heating,
the bubbles will rise driven by the buoyancy force. When the ris-
ing bubbles reach the liquid–vapor interface, the bubbles will break,

and small secondary bubbles are produced due to the interface insta-
bility, as shown in Fig. 7(b). In the meantime, the rise of bubbles
leads to the rise of the high-temperature regions, which can be fur-
ther confirmed by the red regions near the elongated bubble tails, as
shown in Fig. 7(c). The satellite bubbles on the wall due to the depar-
ture of rising bubbles become the new nucleation points and then
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develop to be new rising bubbles, as shown in Fig. 7(d). Moreover,
as more and more bubbles grow up and carry the thermal fluids from
the wall, the temperature in the main flow area will become higher
and higher. Finally, a high-temperature zone can be seen above the
liquid–vapor interface, as shown in Fig. 7(d). It is obvious that this
case is in the nucleate boiling regime and, more specifically, in the
discrete bubble region (most of the bubbles grow up and depart
independently).63

Then, we move to the case with a larger superheat, Ja = 0.0283,
as shown in Fig. 8. Similar to Fig. 7(a), Fig. 8(a) shows the result at
t = 20 000δt, where some initial bubbles are going to depart. It is seen
that the initial bubbles are larger than the bubbles in Fig. 7(a), which
is qualitatively consistent with the positive correlation between bub-
ble departure diameter and superheat in the classical boiling mod-
els.5,64 Larger bubbles are more likely to merge when they depart
and rise, as shown in Figs. 8(b)–8(d). When the larger rising bub-
bles reach the liquid–vapor interface, the bubbles will also break and
cause more significant disturbances. Similar to Fig. 7(d), as more
and more bubbles departure and rise, the fluid in the main flow area
becomes hotter and hotter, the high-temperature area also expands
to be higher and higher, and, eventually, a high-temperature region
will be formed above the liquid–vapor interface. Compared with the
case at Ja = 0.0220, the high-temperature region reaches the upper
part of the liquid–vapor interface earlier at t∗ = 50.47, as shown in
Fig. 8(c). From different stages in Fig. 8, it is seen that the bubble
departure is very efficient and is accompanied by clear coalescences
among the bubbles during the boiling process. Therefore, we believe
that the case at Ja = 0.0283 is in the mushroom bubble region of the
nucleate boiling regime.

Figure 9 shows the results when Ja is increased to be 0.441. Dif-
ferent from the previous cases, it is difficult to see isolated bubbles
at t = 20 000δt (t∗ = 25.24), and there are clear adhesions among the
tails of the rising bubbles, as shown in Fig. 9(a). Actually, most of
the heating wall is covered by a vapor film for different stages in this
case. Since the thermal conductivity of the vapor phase is smaller
than that of the liquid phase, the vapor film is equivalent to a large
thermal resistance, which works as a block between the heated wall
surface and the main flow, thus reducing the heat transfer efficiency.
As a result, at the moment of t = 50 000δt (t∗ = 63.09), the high-
temperature region still does not expand to the main flow region
substantially, not to say the area above the liquid–vapor interface.
According to the results in Fig. 9, the case at Ja = 0.441 should be in
the transition boiling regime.

The results at Ja = 0.488 are shown in Fig. 10. It is seen that
as the superheat is further increased, the entire hot wall is covered
by a continuous vapor film. The existence of the vapor film com-
pletely separates the hot wall surface from the main flow area. Under
this condition, the heat transfer mechanism at the hot wall surface
is only the heat conduction of the vapor phase, so the heat trans-
fer efficiency is significantly decreased. As a result, the vapor film
near the hot wall develops so slowly that its change after a long time,
from t∗ = 25.24 [Fig. 10(a)] to t∗ = 252.37 [Fig. 10(d)], is still not
apparent. Obviously, the system in this case is in the film boiling
regime.

The above results show that with the increase in the wall super-
heat, the proposed phase-change CLBM can produce different boil-
ing regimes, namely, nucleate boiling regime (discrete bubble region
and mushroom bubble region), transition boiling regime, and film

boiling regime. To be more quantitative, we then move to the
heat transfer characteristics in the boiling process. Figure 11 shows
the transient heat flux at three different Ja, where the heat flux is
defined as

q = 1
L2 ∫

L

0
∫

L

0
[−λ(∂T/∂z)∣z=0]dxdy. (28)

For all cases, the transient heat flux has some oscillations at the
initial stage (t∗ < 20) and, then, gradually tends to a steady value.
For the case at Ja = 0.488, its heat flux is obviously lower than the
other two cases because the heat transfer efficiency is very low in
the film boiling regime. In the 2D simulations in Ref. 30, it was
shown that the heat flux fluctuates more significantly in the tran-
sition boiling regime than in the nucleate boiling regime, while in
the present 3D simulations, the fluctuations in both the two boiling
regimes are not too severe, which may be attributed to the 3D spatial
average.

In order to show the heat transfer characteristics more clearly,
the change in average heat flux q̄ (average in time) with the nor-
malized superheat (Jacob number Ja), i.e., the boiling curve, is plot-
ted in Fig. 12(a). As can be seen from Fig. 12(a), with the increase
in Ja, the average heat flux increases rapidly until a critical point
(critical heat flux, CHF) is achieved. Before the CHF point, the
system is in the nucleate boiling regime, including the discrete
bubble region (see in Fig. 7) and the mushroom boiling region
(see in Fig. 8). Then, with the further increase in superheat, the
heat flux begins to decline slowly, corresponding to the transition
boiling regime, and finally decreases rapidly to a very low plateau
when the system enters the film boiling regime. The simulated boil-
ing curve is in line with the classical boiling process reported in
the literature.30,66 In addition, we also plot the boiling curve in the
2D limit, which is obtained by setting the computational domain
as 600δx × δx × 300δx. It can be seen that the 2D simulation
results are consistent with the 3D results at small or large super-
heat but are clearly smaller than the 3D results in the middle region
(0.25 ≤ Ja ≤ 0.45).

To explain the difference, let us refer to the classical CHF
models for the pool boiling process. According to the models

FIG. 11. Transient heat at Ja = 0.283, 0.441, and 0.488.
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FIG. 12. (a) The change in average heat
flux with Ja. The two green dashed lines
(blue dotted lines) represent the upper
bound (lower bound) of the CHF value
predicted by using the Zuber model8

(Kandlikar model65). (b) The change in
the heat transfer coefficient with Ja.

proposed by Zuber8 and Kandlikar,65 the CHF has the following
formulation:

CHF = αρvhfg[
γ(ρl − ρv)g

ρ2
v

]
0.25

, (29)

where the prefactor α ∈ [0.120, 0.157] for the Zuber model.8 For
the Kandlikar model,65 α = 1+cos θ

16 ⋅ [ 2
π + π

4 (1 + cos θ)]0.5, which is
0.140 with the contact angle θ = 51.6○ at the saturation tempera-
ture. According to Fig. 3, the contact angle is not expected to be
constant when the wall temperature is changed. Within the range of
Ja, the contact angle would fall within ∈[51.6○, 68.2○], and therefore,
we have α ∈ [0.112, 0.140] based on the Kandlikar model. The two
dashed (dotted) lines in Fig. 12(a) represent the upper bound and
lower bound of CHF predicted by using the Zuber model (Kandlikar
model), respectively. As can be seen, the CHF by the 3D simula-
tions locates within the predicted ranges for both models, while the
CHF by the 2D simulations deviates significantly from them. Quan-
titatively, the deviation of CHF by 2D simulations from the lower
bound of the Zuber model (α = 0.12) is (25 ± 7)%, which agrees well
with the 2D simulations by Gong and Cheng66 (although the physi-
cal properties used in this work are different from those in the work
of Gong et al.).

As is known, boiling is a typical 3D phenomenon, where the
heat flux is directly affected by the bubble dynamics, such as the bub-
ble departure diameter and departure frequency, while the bubble
dynamics are determined by the 3D force balance.4,5 Therefore, it is
intuitively credible that the 2D simulation results have some devia-
tions from the 3D simulation results, especially in the area with high
heat transfer efficiency.

The change in the heat transfer coefficient hc = q̄/δT
with superheat is plotted in Fig. 12(b). The heat transfer coef-
ficient is a measurement of the heat transfer efficiency in
the boiling system, and the critical heat-transfer coefficient
(CHC) point represents the point with the highest heat trans-
fer efficiency in practice. Comparing Figs. 12(a) and 12(b), we
observe an important feature in the boiling process, namely,
the CHC point lies on the left-hand side of the CHF point
(JaCHC < JaCHF).

As far as the authors know, this paper produces the boiling
curve together with three typical boiling regimes for the large scale
3D pool boiling process (with hundreds of bubbles of different sizes
spontaneously generated from the wall) in the lattice Boltzmann

community for the first time. In the industrial applications, it is a key
in modeling the bubble dynamics (departure diameter and departure
frequency) for the boiling system because it is the starting point of
predicting the heat flux and heat transfer coefficient. Based on the
large scale 3D simulations in this work, it is possible to investigate
the bubble footprints on the wall. Figure 13(a) shows the sketch to
obtain the bubble footprint in our simulations, namely, the bubble
footprints can be obtained based on the slice near the wall (z = 10δx)
in a time series. Figures 13(b)–13(d) show the typical bubble foot-
print distributions at Ja = 0.220, 0.0283, and 0.441, respectively. In
these slices, the bubble footprints are marked in blue, and the gray
background represents the liquid phase. For the subsequent analy-
sis, the first two largest bubbles in each slice are denoted as “first”
and “second,” respectively. From these figures, it can be seen that
with the increase in Ja, the bubble footprints and the total area of the
vapor phase become larger and larger. For the small Ja in Fig. 13(a),
the boundary for each bubble footprint is clearly visible, and the con-
tour is approximately circular, which is corresponding to the discrete
bubble region, in agreement with the previous discussion. When Ja
is increased to be 0.0283, some bubbles may merge to form a large
vapor spot, which is corresponding to the mushroom bubble region.
When Ja is further increased, the system enters into the transition
boiling regime, and more bubbles merge to form larger vapor spots,
as shown in Fig. 13(d).

Based on the method in Fig. 13, the probability density func-
tions (PDFs) of the bubble footprint area can be obtained, as shown
in Fig. 14. For the small superheat cases (Ja = 0.189 and Ja = 0.220),
the system is in the discrete bubble region, and most of the bubbles
are isolated. It is seen from Figs. 14(a) and 14(b) that the PDFs of the
bubble footprint area are approximately exponentially damped and
can be well fitted by

P(S) =β1cexp(–cS), (30)

where S is the footprint area and c = 1/(∑N
i=1 Si/N) is the recip-

rocal of the average footprint area. Considering that the adopted
multiphase LBM is a diffused interface method, only the bubble foot-
prints with a larger length scale than the interface width (

√
S < W)

are included in the calculation, and the x coordinate starts from
10 (δx2) in Fig. 14. Therefore, a normalization factor β1 is intro-
duced in Eq. (30), which is defined as β1 = 1/(∫L

2

10cexp(−cS)dS). The
results confirm the validity of the recent suggestion motivated by the
experiments;3,67 namely, for low heat fluxes, the PDF of the bubble
footprint area obeys the exponential distribution. As the superheat is
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FIG. 13. (a) A snapshot for the pool boil-
ing process at Ja = 0.220. The red rect-
angle shows the location of the slice.
Typical bubble footprint distributions at
Ja = 0.220, 0.0283, and 0.441 are shown
in panels (b)–(d), respectively.

FIG. 14. PDFs of the bubble footprint
area. The solid lines and dotted lines rep-
resent the exponential fitting by Eq. (30)
and the power-law fitting by Eq. (31),
respectively. (a) Ja = 0.189, (b) Ja
= 0.220, (c) Ja = 0.283, and (d) Ja
= 0.346.
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FIG. 15. Transient variation for the areas of the first two largest bubble footprints. (a) Ja = 0.189, (b) Ja = 0.220, (c) Ja = 0.283, and (d) Ja = 0.346.

increased, bubbles merge more and more frequently, and large bub-
ble patches may appear on the wall surface. As a result, the tail of
the PDF is stretched, and the PDF deviates from the exponential dis-
tribution, as presented in Figs. 14(c) and 14(d). Recent experiments
showed that when the boiling crisis occurs (Ja ≥ JaCHC), the PDF
could be approximately fitted by a power-law distribution, i.e., P(S)
= 1/Sn. Based on the present 3D simulations, we could further test
against such an argument. When the superheat is increased to be
Ja = 0.346, the PDF indeed tends to a power-law distribution, as
marked by the dotted line in Fig. 14. In addition, the x coordinate
starts at 10 (δx2), and the dotted lines in Fig. 14 are written by

P(S) = β21/Sn, (31)

FIG. 16. Normalized average sizes for the first two largest footprints S̄1 and S̄2
change with Ja.

where β2 = 1/(∫L
2

101/SndS) is the normalization factor. In the fitting
lines, the index is n = 1.43, which is close to the index based on the
experiments, n = 1.52.3

Figure 15 shows the transient variation for the areas of the first
two largest footprints, which also represents the change in the sizes
of the first two largest bubbles. As can be seen from Fig. 15, the sizes
of the first two largest bubbles fluctuate significantly with time. For
the small superheat case (Ja = 0.189), despite the fluctuations, the
trends of the two lines approximately overlap, as shown in Fig. 15(a).
As the superheat increases, the two lines gradually bifurcate. There-
fore, the dependence on the superheat may be different for the first
two largest bubbles.

To show this effect, the normalized average footprint sizes
(average in time and then normalized by its value at the CHF point)
for the first two largest bubbles, S̄1 and S̄2, varying with Ja, are
plotted in Fig. 16. From Fig. 16, it is seen that with the increase
in Ja, S̄1 is increasing monotonically, while S̄2 increases first and
then goes down. Such a phenomenon is reminiscent of the previ-
ous analysis that at small Ja, the bubbles are mainly isolated (with-
out significant coalescence among bubbles), and therefore, the first
two largest bubbles do not have a large difference in average sizes.
However, at large Ja, coalescence happens frequently, and it is likely
that the largest bubble engulfs the second one to form a “new and
larger” largest bubble. As a result, the increase in the average size in
the second largest bubble with Ja could be effectively suppressed.
More importantly, the maximum point of S̄2 is exactly located at
the CHF point, which is consistent with the experimental finding
by Zhang et al.3 and may provide a new criterion to predict the
boiling crisis.

V. CONCLUSIONS
In this paper, a hybrid CLBM is proposed for the sim-

ulation of 3D thermal multiphase flow. In this model, the
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multiphase flow and temperature fields are solved by using an
improved CLBM coupled with the pseudopotential model and the
finite difference method, respectively, and the two fields are cou-
pled via the non-ideal equation of state. Based on some bench-
mark cases, it is demonstrated that the proposed phase-change
CLBM is able to simulate both the isothermal multiphase flow
and the thermal multiphase flow together with liquid–vapor phase
change.

The developed phase-change CLBM is then deployed to
conduct high-resolution simulations of the 3D pool boiling
process under a variety of wall superheat. The complete boiling
curve with typical boiling regimes, i.e., nucleate boiling (discrete
bubble region and mushroom bubble region), transition boiling, and
film boiling regimes, is successfully reproduced, and the complex
bubble dynamics including bubble nucleation, growth, departure,
and coalescence are well captured. It is shown that the CHF pre-
dicted by the present 3D simulations agrees better with the existing
theories and correlation models than that obtained by 2D simu-
lations. Based on the large datasets with hundreds of bubbles of
different sizes, a detailed analysis of the bubble footprints is then
presented. It is found that the PDF of the bubble footprint area
changes from an exponential distribution to a power-law distri-
bution with the increase in the wall superheat (or Jacob number,
Ja), which confirms the recent experimental finding of Zhang et
al.3 Moreover, the sizes of the first two largest footprints fluctu-
ate significantly with time. On the other hand, their normalized
average sizes (S̄1 and S̄2) change with Ja in well defined patterns.
Namely, with the increase in Ja, S̄1 increases monotonically, while
S̄2 goes up first and then goes down, with the maximum point

exactly located at the CHF point. These findings provide fresh
insights into the dynamics and mechanisms of the pool boiling
phenomenon.

It should be noted that the present simulations use a much
lower density ratio than the one in the experiment (∼1000). The sim-
ulations at the actual density ratio will be challenging as significantly
higher computing resources are needed for high-resolution 3D time-
resolved simulations. Moreover, as the density ratio increases, the
increased spurious velocities at the phase interfaces would usually
lead to numerical inaccuracy and/or instability. In the future, it
would be informative to compare the present results with 3D boil-
ing simulations at realistic density ratios. The capability of CLBM
for simulating isothermal multiphase flows with high density ratios
(≫1000) and low spurious velocities has been demonstrated in
Ref. 17, and the extension to boiling simulations would be another
step forward.
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APPENDIX A: TRANSFORMATION MATRIX AND SHIFT MATRIX
According to the definition in Eq. (4) of the main text, the explicit expression for M can be given by45

M =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
0 1 −1 0 0 0 0 1 −1 1 −1 1 −1 1 −1 0 0 0 0
0 0 0 1 −1 0 0 1 1 −1 −1 0 0 0 0 1 −1 1 −1
0 0 0 0 0 1 −1 0 0 0 0 1 1 −1 −1 1 1 −1 −1
0 0 0 0 0 0 0 1 −1 −1 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 −1 −1 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 −1 −1 1
0 1 1 0 0 0 0 1 1 1 1 1 1 1 1 0 0 0 0
0 0 0 1 1 0 0 1 1 1 1 0 0 0 0 1 1 1 1
0 0 0 0 0 1 1 0 0 0 0 1 1 1 1 1 1 1 1
0 0 0 0 0 0 0 1 −1 1 −1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 −1 1 −1 0 0 0 0
0 0 0 0 0 0 0 1 1 −1 −1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 1 −1 −1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 −1 1 −1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 −1 −1
0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (A1)
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It can be seen that M is a non-orthogonal matrix. Its inverse is also a non-orthogonal matrix, which can be obtained by the software
MATLAB, namely,

M−1 = 1
4

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

4 0 0 0 0 0 0 −4 −4 −4 0 0 0 0 0 0 4 4 4
0 2 0 0 0 0 0 2 0 0 −2 −2 0 0 0 0 −2 −2 0
0 −2 0 0 0 0 0 2 0 0 2 2 0 0 0 0 −2 −2 0
0 0 2 0 0 0 0 0 2 0 0 0 −2 0 −2 0 −2 0 −2
0 0 −2 0 0 0 0 0 2 0 0 0 2 0 2 0 −2 0 −2
0 0 0 2 0 0 0 0 0 2 0 0 0 −2 0 −2 0 −2 −2
0 0 0 −2 0 0 0 0 0 2 0 0 0 2 0 2 0 −2 −2
0 0 0 0 1 0 0 0 0 0 1 0 1 0 0 0 1 0 0
0 0 0 0 −1 0 0 0 0 0 −1 0 1 0 0 0 1 0 0
0 0 0 0 −1 0 0 0 0 0 1 0 −1 0 0 0 1 0 0
0 0 0 0 1 0 0 0 0 0 −1 0 −1 0 0 0 1 0 0
0 0 0 0 0 1 0 0 0 0 0 1 0 1 0 0 0 1 0
0 0 0 0 0 −1 0 0 0 0 0 −1 0 1 0 0 0 1 0
0 0 0 0 0 −1 0 0 0 0 0 1 0 −1 0 0 0 1 0
0 0 0 0 0 1 0 0 0 0 0 −1 0 −1 0 0 0 1 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 1 1 0 0 1
0 0 0 0 0 0 −1 0 0 0 0 0 0 0 −1 1 0 0 1
0 0 0 0 0 0 −1 0 0 0 0 0 0 0 1 −1 0 0 1
0 0 0 0 0 0 1 0 0 0 0 0 0 0 −1 −1 0 0 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (A2)

According to the relation between the raw and central moments, it can be proved that the shirt matrix N is a lower triangular matrix.
Moreover, the inverse of the shift matrix N−1 is quite similar to N, which can be obtained by reversing the signs of all the odd order velocity
terms in N.45 The explicit formulations of N and N−1 are given as follows:

N =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
−ux 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
−uy 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
−uz 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
uxuy −uy −ux 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
uxuz −uz 0 −ux 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
uyuz 0 −uz −uy 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
u2
x −2ux 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0

u2
y 0 −2uy 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0

u2
z 0 0 −2uz 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0

−uxu2
y u2

y 2uxuy 0 −2uy 0 0 0 −ux 0 1 0 0 0 0 0 0 0 0
−uxu2

z u2
z 0 2uxuz 0 −2uz 0 0 0 −ux 0 1 0 0 0 0 0 0 0

−u2
xuy 2uxuy u2

x 0 −2ux 0 0 −uy 0 0 0 0 1 0 0 0 0 0 0
−u2

xuz 2uxuz 0 ux2 0 −2ux 0 −uz 0 0 0 0 0 1 0 0 0 0 0
−uyu2

z 0 u2
z 2uyuz 0 0 −2uz 0 0 −uy 0 0 0 0 1 0 0 0 0

−u2
yuz 0 2uyuz u2

y 0 0 −2uy 0 −uz 0 0 0 0 0 0 1 0 0 0
u2
xu2

y −2uxu2
y −2u2

xuy 0 4uxuy 0 0 u2
y u2

x 0 −2ux 0 −2uy 0 0 0 1 0 0
u2
xu2

z −2uxu2
z 0 −2u2

xuz 0 4uxuz 0 u2
z 0 u2

x 0 −2ux 0 −2uz 0 0 0 1 0
u2
yu2

z 0 −2uyu2
z −2u2

yuz 0 0 4uyuz 0 u2
z u2

y 0 0 0 0 −2uy −2uz 0 0 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (A3)
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N−1 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
ux 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
uy 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
uz 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
uxuy uy ux 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
uxuz uz 0 ux 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
uyuz 0 uz uy 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
u2
x 2ux 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0

u2
y 0 2uy 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0

u2
z 0 0 2uz 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0

uxu2
y u2

y 2uxuy 0 2uy 0 0 0 ux 0 1 0 0 0 0 0 0 0 0
uxu2

z u2
z 0 2uxuz 0 2uz 0 0 0 ux 0 1 0 0 0 0 0 0 0

u2
xuy 2uxuy u2

x 0 2ux 0 0 uy 0 0 0 0 1 0 0 0 0 0 0
u2
xuz 2uxuz 0 ux2 0 2ux 0 uz 0 0 0 0 0 1 0 0 0 0 0

uyu2
z 0 u2

z 2uyuz 0 0 2uz 0 0 uy 0 0 0 0 1 0 0 0 0
u2
yuz 0 2uyuz u2

y 0 0 2uy 0 uz 0 0 0 0 0 0 1 0 0 0
u2
xu2

y 2uxu2
y 2u2

xuy 0 4uxuy 0 0 u2
y u2

x 0 2ux 0 2uy 0 0 0 1 0 0
u2
xu2

z 2uxu2
z 0 2u2

xuz 0 4uxuz 0 u2
z 0 u2

x 0 2ux 0 2uz 0 0 0 1 0
u2
yu2

z 0 2uyu2
z 2u2

yuz 0 0 4uyuz 0 u2
z u2

y 0 0 0 0 2uy 2uz 0 0 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (A4)

APPENDIX B: NON-EQUILIBRIUM BOUNCE-BACK
SCHEME

Taking the bottom wall (z = 0) as an example, the distribution
functions along the velocity directions, e5, e11, e12, e15, and e18, are
unknown because they are incoming from the outside of the compu-
tational domain. According to the ideology of the non-equilibrium
bounce-back scheme by Zou and He,68 the unknown distribution
functions can be reconstructed by

f5 = f6,
f11 = f14 − 0.5(−f2 − f8 − f10 + f1 + f7 + f9),
f12 = f13 + 0.5(−f2 − f8 − f10 + f1 + f7 + f9),
f15 = f18 − 0.5(f3 + f7 + f8 − f4 − f9 − f10),
f16 = f17 + 0.5(f3 + f7 + f8 − f4 − f9 − f10).

(B1)

The unknown distribution functions on the top wall, f6, f13, f14, f17,
and f18 can be also obtained according to the above relations.
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