DISTRIBUTION OF MODULAR SYMBOLS IN H?

PETRU CONSTANTINESCU

ABSTRACT. We introduce a new technique for the study of the distribution of modular
symbols, which we apply to congruence subgroups of Bianchi groups. We prove that if
K is a quadratic imaginary number field of class number one and Ok its ring of integers,
then for certain congruence subgroups of PSLa(0'k ), the periods of a cusp form of weight
two obey asymptotically a normal distribution. These results are specialisations from the
more general setting of quotient surfaces of cofinite Kleinian groups, where our methods
apply. We avoid the method of moments. Our new insight is to use the behaviour of
the smallest eigenvalue of the Laplacian for spaces twisted by modular symbols. Our
approach also recovers the first and the second moment of the distribution.

1. INTRODUCTION

Mazur and Rubin [13] proposed the study of arithmetic statistics of modular symbols in order
to gain information about the non-vanishing of the central value L(F, x, 1), where E/Q is
an elliptic curve and x a primitive character. By the conjectures of Birch-Swinnerton-Dyer,
this is related to studying when there is excess rank

rankE(L) > rankE(Q) ,

where L/Q is an abelian extension. Motivated by this, the study of the distribution of
modular symbols became a very active area; see the work of Petridis-Risager [16], [17], [18],
Diamantis—Hoffstein—Kiral-Lee [5], Lee-Sun [12], Bettin—Drappeau [1] and Nordentoft [14].
In this work, we investigate the distribution of modular symbols associated to an imaginary
quadratic field.

Let K be a quadratic number field of class number one, Ok its ring of integers and n a
non-zero ideal of 0. In a series of papers [2], [3], [4], Cremona uses modular symbols
to study the arithmetic correspondence between isogeny classes of elliptic curves defined
over K of conductor n and Hecke cusp forms of weight 2 for the congruence subgroup
To(n). More precisely, the Hasse-Weil L-function L(E,s) of an elliptic curve E and the
L-function L(F,s) attached to a cusp form F are conjectured to be the same as part of the
‘Langlands philosophy’. Modular symbols are given by central values L(F,, 1), where 9 is
an additive twist, and they can be used to compute numerically the central value L(F,1),
which agrees with the value L(F,1) predicted by the Birch-Swinnerton-Dyer conjecture.
We prove that when n is a square-free ideal of Ok and F' a newform of weight 2 and level
n, modular symbols coming from F obey asymptotically the standard normal distribution
when ordered and normalised appropriately.

We develop a new method to obtain distribution results for modular symbols. While still

making use of the spectral theory of Eisenstein series as in the work of Petridis—Risager,

we apply the perturbation theory on character varieties to obtain significantly easier proofs.

Also, instead of using the method of moments for proving convergence in distribution, we
1
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make use of the moment generating function and the Berry—Esseen inequality to obtain
the limiting distribution with almost optimal error terms. Furthermore, our approach can
naturally recover the first and second moments of the distribution and has the advantage
that it can be naturally extended to modular symbols in H3.

To describe our results, we briefly review modular symbols for holomorphic cusp forms
on T'o(q). Let f be a weight 2 holomorphic cusp form for T'g(g) and o = Re(f(z)dz)
the associated real-valued, cuspidal one-form. Since the cusps are parametrised by Q, we

write
s
(r) :/ o.
100

The path can be taken as the vertical line connecting r» € Q to oo.

We begin by stating the conjectures of Mazur and Rubin. We define the usual mean and
variance for fixed level ¢

1 1 ,
E(f,c) = ol I;j C<a/6>, Var(f,c) = o 2 C(<a/0> —E(f,0)".
(a,c)=1 (a,c)=1

Conjecture 1.1 (Mazur-Rubin). Fiz f € S2(T'o(q)), where g is a positive integer. Then
there exists a constant Cy and, for each divisor d of q, constants Dy q, such that

Jim (Var(f,c) — Cyloge) = Dygq .
(c;q)=d

The constant C is called the variance slope and the constant Dy 4 the variance shift.

Moreover, they conjectured that modular symbols obey a normal distribution:

Conjecture 1.2 (Mazur—Rubin). The limiting distribution of the data

a/c ' )
(Cy logii;)f PUEE with (c,q) = d, a € (Z/cZ)

is the standard normal distribution.

We now describe the set-up for the general case of cofinite groups I' of PSLy(R), as in the
work of Petridis—Risager. Let a and b be two cusps (not necessarily equivalent) with scaling
matrices o, and o,. We define general modular symbols as

oar
(Fas = / a,
b

r € Top(X) = {Z mod 1 , (Z Z) €To\os Top/Tee 0<c<X}.

where « is a harmonic 1-form and

Petridis—Risager obtain the following average results of Conjectures 1.1 and 1.2.

Theorem 1.3 (Petridis-Risager [18]). There exist explicit constants Cy, Dy qu such that
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(a) (Normal distribution) The values of

Tap(X) — R, %»—) {a/c)

/Cyslogc

have asymptotically a standard normal distribution as X — oo.
(b) (Second moment) As X — oo,

% reraon):
% = Cflog X + Dy ap + 0(1).
Petridis—Risager worked with the spectral theory of automorphic forms. In particular, they
make use of Eisenstein series twisted by modular symbols, introduced by Goldfeld [7] [8].
They obtain results for I' a general cofinite Fuchsian group and f a cusp form of weight
2. Using dynamical properties of the Gauss map, Lee-Sun [12] obtain normal distribution
for the case where f € S3(I'o(N)), while Bettin—Drappeau [1] get results for general weight
k, but with I' = T'o(1). Using the spectral theoretical methods introduced by Petridis—
Risager, Nordentoft [14] obtains normal distribution for central values of additively twisted
L-functions associated to cusp forms of general weight & and level N. Our method uses
only the twisted Eisenstein series and perturbation theory on character varieties. This we
apply to H?, but can also be worked out for H? and give an easier proof of Theorem 1.3
with explicit and good error terms.

Here is a statement for our results. There is a natural action of PSLy(C) on H? via isometries.
Let ' < PSLy(C) be a cofinite discrete subgroup. For each cusp a, we denote by I') the set
of parabolic elements in I' that fix a. Then there exists a lattice Az < C such that

Uulfluaa—{<é i‘) : AGAa} .

We note that we require this extra notation since, unlike the two dimensional case, we only
know that I', is a subgroup of finite index of the stabilizer subgroup I'y and that for two
cusps a and b, the period lattices A4 and A, may be different.

Now, for a,b two cusps for I' (not necessarily distinct), we define

Rup(X) = {r = % mod A, , (i Z) € UCTlF;Ua\UglrUb/UEIFIBO'b , 0< e < X} .

We prove the following theorem.

Theorem 1.4. Let o be a real-valued, I'-invariant, cuspidal one-form.

(a) (Normal distribution) For every a,b € [—o00,00] with a < b, and any € > 0, for X
large enough,

#{T‘ERab(X)y %G[a,b]} 1 b .2 1
5 = —— —1/2+e€
#lap(X) \/ﬂ/ exp( 2>dt+Of (105 x)71/2+<),

where
43

(1.1) Co = ol TVEF]
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(b) (First moment) There exists a constant 6 > 0 such that

D oreRep(x)(Mat [° s
#Ro(X) */b ato(xT) .

(c) (Second moment) There exists an explicit constant De, q6, called the variance shift,
and a constant § > 0 such that

ZTGR“ (X) <T>gb

=CologX +Daap +0 (X9, asX —o00.
#Rab(X) g ,ab ( )

Remark 1.5. The error term in Theorem 1.4(a) is expected to be optimal up to €, see [1].
It seems to be difficult to obtain a good error term using the method of moments approach.

Remark 1.6. Theorem 1.4(b) is a generalisation of [18, Cor. 7.3] with = 1, where Petridis—
Risager obtain stronger results about first moment with additional restrictions on the set
Ry (X) .

Remark 1.7. We do not obtain an explicit value for D, 45, but we can write it in terms of
the coefficients of a certain Taylor expansion, see (5.11) for more details. For the case of
H?, the variance shift was explicitly calculated in [18].

We obtain the following corollary for imaginary quadratic number fields. Let K be a qua-
dratic imaginary field of class number one and n a square-free ideal. Let F' € S3(I'(n)) be a
cuspidal newform of weight 2 and level n, which is a vector-valued function F : H? — C3.
For r € K, we define the modular symbol

T

<’I"> = / F- 6 eR )
100

where 3 is a specific fixed basis for the invariant 1-forms. We rigorously introduce these

objects in Section 7.

Corollary 1.8. Let K be a quadratic number field of class number one. Let n < Ok a
square-free ideal with generator (n) =n and F € S2(To(n)). For d|n, set
Qo(X) ={a/claec (Ok/{c)", (en) =0, 0<]c] <X}
(a) There exists a constant Cg such that the data

a (a/c)
KNQ@y(X) =R, EHW

has asymptotically a standard normal distribution.

(b) There exists a constant Dy such that

1 a\?2
m Z <*> = CF IOgX‘i’DF,B +0(1) .
a/c€Qq (X)

Remark 1.9. We provide explicit value for C'r in terms of the Petersson norm of F' and our
base quadratic imaginary field K, see (7.5).
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The structure of the paper is as follows. In Section 2 we introduce the basic properties of
the space I'\H®. We highlight the elementary properties of modular symbols associated to
cuspidal one-forms.

In Section 3 we study the Eisenstein series and Poincaré series twisted by modular symbols.
We introduce the generating series Lqp(s,€) and obtain some of their essential analytic
properties. We also provide upper bounds for modular symbols.

In Section 4 we study the perturbation theory of the space L?(T'\H?,x.), where x. is a
unitary character given by modular symbols. We obtain Taylor expansions for the smallest
eigenvalue of the Laplacian A\g(e) and for sg(e), the first pole of Lqp(s,€). Moreover, we
study the behaviour of the residue of Lyp(s,€) at so(e).

In Section 5 we relate the moment generating function for the distribution of modular sym-
bols to our generating series Lqp (s, €). We recover the first two moments of the distribution.
In addition, we show that R, is equidistributed in the period lattice Ag.

In Section 6 we prove that modular symbols are normally distributed. We use the Berry—
Esseen inequality and the perturbation theory results developed earlier.

In Section 7 we obtain results for congruence subgroups of PSLy (0 ), where K is a quadratic
imaginary number field of class number one. We relate modular symbols to special values
of L-functions coming from newforms of weight 2 and level n, where n is a square-free ideal
of 0. We develop some properties of these L-functions.

2. THE GEOMETRY OF THE QUOTIENT SPACE F\H3

2.1. Notation. We refer to [6, Chapters 1-2] for a valuable exposition of the geometry of
the hyperbolic 3-space and of the groups acting on it. We define the three-dimensional
hyperbolic space H? as

HB =Cx (0,00) ={(z,y) ‘ ZGC,y>O}={(z1,x2,y) ‘ Ty, T2 ERa y>0} .

We denote the points in H? by

P=(z,y) =2z+4yj, wherez=umx+ixs, j=(0,0,1).

We equip H? with the hyperbolic metric coming from the line element:

dat +das + dy?

(2.1) ds’ /2
The volume element is given by
do — dridrody
v = —p

The hyperbolic Laplace-Beltrami operator is given by

0? 0? 0? 0
— 2 o —
(2.2) A=y <8x% + 92 + 8y2> yay )
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The group PSLy(C) acts on H? via isometries. The action of v = (CCL Z) € PSLy(C) is
given by
(az + b)(cz + d) + acy? Y
2.3 — )
23 =v) ( G+ AP AP Jer AP P

Let I' < PSLy(C) be any cofinite Kleinian group with cusps. The theory of such objects is
thoroughly developed in [6, Chapter 2]. Let a € P1(C) be a cusp for I' with scaling matrix
04 € PSLy(C) such that oq00 = a. Welet I'y = {y € I' : ~a = a} be the stabilizer of a in

I'. We define
F;:I‘aﬁaa{(é I;) :bE(C}Ju_l.

We note that I'/; consists of the parabolic elements in Iy together with I.

There exists a lattice A; < C such that

au_lfilou:{<(1) i‘) : )\EAa} .

We let &, be a period parallelogram for A, with Euclidean area | Z,|.

We define A the dual lattice of Ag:
(2.4) Ay ={ueC : (uA)eZforal e},
where (-, -) is the usual scalar product on R? = C.

Since T" is a Kleinian group, there exists a constant cqp > 0 defined by

(2.5) Cap = min{|c| : <i Z) co;'Toy, c# O} .

Say aj,---,a, € P1(C) are representatives for the I-classes of cusps. For Y > 0, we define
the cuspidal sectors

yﬂi(y)zaai{z—i_yj P2 € Py, yZY} .
Then for Yy large enough, there exists a fundamental domain .# which we can write as a
disjoint union
(2.6) F =FgUFy, (Yo)U---UZ, (V) ,

where % is a compact set.
We denote by T, a system of representatives (i :) of the double cosets in

—1pv -1 —1
o, Thoa\og Toy/o, Thop

Tub(X):{(z i) €Ty O<c|§X} .

with ¢ # 0 and

Also, we define
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Lemma 2.1. The map

Tab — Rab
v = yoo mod L,

is [I'y : T'y]-to-one.

Proof. We follow the lines of [18, Proposition 2.2] or [9, p. 50], where it is shown that the
map is one-to-one in the two-dimensional case. Let v,v" € Typ with

_fa b Y
’Y—(c d) and ’Y—<c/ d/)

and 7 = y00, 7’ = 7/0o. We may assume 7,7’ € &,. Then the matrix 7"/ = v'~1y € o, 'Top
has lower left entry ¢/ = —ac’ + d’c.

If ¢" # 0, then

/!

| —r+7| = >0.

cc!

Therefore r # r’, hence r #Z r’ mod £2,.

If " =0, then r =1 and 4" € (ab_lfab)oo = crb_lFbab. Since we assume v, € Tqp, there
are [0 Ty : 0 'Top) = [T : T] possible choices for 7. O

2.2. Construction of modular symbols. We denote by H* := H*UCU{oco} the extended
upper half-space and consider the compactified quotient space Xr = I'\H*. If A, B € H* are
I-equivalent, i.e. there exists some v € T" such that B = v(A), then the family of smooth
paths from A to B in H* determines a unique homology class in H;(Xr,Z). In fact, the
class depends only on v and we have the surjective map

®:T — H(Xr,Z), ~+ {oo,vo0}
which induces the canonical isomorphism

H(Xr,Z)=T/[,T] .

We consider the de Rham cohomology group H'(Xr, C) and inside of it we have H}(Xr, C)
consisting of cohomology classes represented by forms of compact support. Every member
of H}(Xr,C) has a harmonic representative. We provide a sketch argument showing that
Hy(Xr,C) and H!(Xt,C) are dual to each other.

Note that in general X1 may not be a manifold, since I' may contain elements of finite order
(Xt is called an orbifold). However, it is a result of Selberg [23, p. 482] that if I' < GL,,(C)
is a finitely generated subgroup, then I" has a torsion free subgroup I" of finite index. Then
Xt is a manifold and the finite quotient group I' := I'/T” acts on it. We have the exact
Poincaré pairing between homology and cohomology for X

Hl(XF/,(C)XHi(XF/,(C)—)C, (C,a)»—)/a.
c

In this duality, if we restrict to forms invariant under T', we recover H!(Xr, C) and can show
that there is also an exact duality between H;(Xr,C) and H}(Xr,C). For more details, see
[2, p. 43].
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Definition 2.2. A harmonic 1-form a = fidxy + fadxo+ f3dy on T\H? is a cuspidal 1-form
if

(1) « is rapidly decreasing at all cusps;

(2) for each cusp a and y > 0,
/ faidridee =0, i=1,2,3,
Pa
where oo = fq1dzy + fo2dx2 + fo,3dy.

As in [22], we denote the space of cuspidal 1-forms by HZ . (Xr,C). We note that any

cusp
cuspidal form is cohomologous to a form of compact support, i.e. if « is a cusp form, there

exists & € H} (Xt,C) such that

/ a:/ a, forallyel
@(v) @(v)

and we have the isomorphism

H! (Xr,C)~ H(Xr,C) .

cusp

A detailed construction of the above isomorphism can be found in [16, Proposition 2.1].

With this in mind, for v € T and a € H} (X, C), we define the modular symbol (7, a)
as

(2.7 <%“:Lm“lﬁ%“

for any Py € H*. From this definition, we can easily see that, for 7,72 € T,

Y1v2 P Y2 P Y1v2 P
wwww:/ a:/ a+/ o= (y,0) + (12,0) .
v

P P 2P

We note that if a is a cuspidal form, then for any parabolic v € T',

<%04>—/7P0a—0.

Py

In particular, (v, «) = 0, for all v € I',, for all cusps a.

We remark that our definition for the modular symbol (v, «a) agrees with the previous
definition (r)qp. Indeed, if v € o, 1oy, with 7 = yoo, then

Tq Y00 oq'yo;lb N
(2.8) (ryap = / « :/ a= <0a'yab_ ,a> .
b b

If a € H,,(Xr,C) is real-valued, we have a family of unitary characters y. : I' — S*
defined by
(2.9) Xe(7) = exp (2mie (7, @) -

If o, 8 € H\o,(Xr,C) with a = fidxy + fadzy + fady and § = gidey + gadws + gady, we
define the pointwise inner-product

(2.10) [, B] == y* (/101 + f202 + [393) -
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Since o and # are I'-invariant 1-forms, one can see that [«, 8] is a I-invariant function from
H? to C. In particular, since « is rapid decreasing in the cusps, we conclude that [, o] is
bounded on H?, which in turn implies that

1
(2.11) If:i(P)] < 5 for all P € H?,i = 1,2,3.

Now, for a, 3 € H]

Xr,C), we define the Petersson inner product
usp p

(2.12) (a, B) := /F\H3 (o, Bldv

and the L?-norm

(2.13) a3 = (e, )

3. GENERATING SERIES FOR MODULAR SYMBOLS

In this section we define a generating series for modular symbols Lgp(s,€). This we relate
to the twisted Eisenstein series and Poincaré series by characters and derive some of their
essential analytic properties.

3.1. Twisted Eisenstein series by modular symbols. We define the twisted Eisenstein
series

(3.1) Ea(Pys, )= > x(Mylos'vP)*,
~yel,\T
where x. is defined as in (2.9).
The theory of such series is developed in [6, Chapter 3]. They are absolutely convergent for
Re(s) > 2. In the area of absolute convergence they satisfy
Ea(vP, s, €) = Xxe(7)Ea(P; s,€) ,
—AFE.(P,s,e) = 5(2—5)Eq(P,s,¢) .

We note that the function P +— E,(op P, s, €) is invariant under the action of the lattice Ag
corresponding to ogll'"bab = (Uljlfab)go. We would like to write a Fourier expansion with
respect to the dual lattice Ap. With this in mind, for pu; € Ay, po € Ap, we define the
twisted generating series by

Xe(oavoy Ve ((p1, 2) + (p2, £))
|C‘28 ?

(3:2) Lao (s, pi1, pi2,€) i= Y
V€Tan

where the sum is over v = (CCL Z) € Tap. If 1 = po = 0, we just denote Lgp(s,0,0,¢€) =:

Lau(s,€).

We quote [6, Theorem 3.4.1] to obtain Fourier expansion of E4(cpP, s, €):

(3.3)

Ea(UBP7 S, 6) = 6ah[ra : F/a]ys + ¢ab(8a 6)y2_s + Z |/L|s_1¢ab(sa M, 6) Yy K571(27T|,U/|y) 6(<,LL7 Z>> )
0AREA]
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where

(3.4) Gan(5,€) = Lao(5,€)s  Gan (5, 11 €) = o Lap(s,0, s €)
|Zl(s — 1) | P |L(s)

and K denotes the K-Bessel function.

We now quote the theory from [6, chapter 6.1]. We have to modify it slightly since we
consider twisted Eisenstein series, so we follow the steps in Selberg’s Gottingen lecture notes
[23, p. 638-654]. If aj,--- ,a; € PL(C) are the inequivalent cusps for T'\H?, we define

1 1

EZ‘(P,S7€) = WEM (P,S,E) and ¢Zj(3,€) = Wd)aiuj (5,6) .
i " a; 1" a;
We let
El (P7 S, 6)
E (P, s,€) = and  ®(s,€) := (¢ij(s,€)) .
Eh(P7S,E)

We call @ the scattering matrix. Then both &(P, s,€) and ®(s,€) have meromorphic con-
tinuation to all of C. The following functional equation is satisfied:

E(P,2—s,¢) =D(2—3s,€6)&(P, s,€) .

Also, poles of &(P,s,¢€) occur only where ®(s,¢) has poles and vice versa. In the region
Res > 1, there are only finitely many simple poles, and they are on the interval 1 < s < 2
of the real line. If 1 < 0 < 2 is a pole of Fy(P, s,€), we define

(3.5) Ua,o (P, €) = Ress=¢ Ea(P, s,€) .

We denote by L?(T'\H?, x.) the space of all square-integrable functions f over I'\H? that sat-
isfy f(vP) = xc(7)f(P), for all vy € . Then uq (P, €) € L*(I'\H3, x.) and moreover

(3.6) (A+0(2—0))uqge(,e)=0.

We study the spectral theory of L?(I'\H3,y.) in Section 4.1. The spectrum of —A on
L?(T\H?, x.) contains a finite number of discrete eigenvalues in [0, 1), call them 0 < Ag(e) <
Ai(e) < --- < Ag(e) < 1. Then Eq(P,s,¢€) is meromorphic for Re(s) > 1 and has possible
poles at s;(€) corresponding to Aj;(e), so that s;(€)(2 — s;(€)) = Aj(e).

3.2. Twisted Poincaré series by modular symbols. We now introduce the twisted
Poincaré series, extending the definition of Sarnak in [21]. We will use them to obtain an
integral representation for the series Lqp(s,0, pt,€) and to find the residue of Lqp(s,0, 1, 0)
at s = 2.

For € A, we define
~ ([~ — s_—2m|uly(o?t -
(37)  Eau(Prs,e)i= > Xxe(Mylog'yP) e Mo Ple((2(o v P), 1)) -
~yelZ\T

We observe that for Re(s) > 2, the series converges absolutely, since it is certainly dominated
by the Eisenstein series. Also, since the function y(o7 ! P)e =271V Ple((2(o 71 P), 1)) is
I -invariant, it follows that E, , (P, s, €) satisfies

EC‘7M(7P’ 5, 6) = XS(V)Eu,;A(Pa S, 5)
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and that E, ,(0u P, s, €) is Ap-invariant. Additionally, it is easy to check that for Re(s) > 2
and p # 0,

(3.8) Equ(P,s,€) € L*(D\H, x.).

An easy computation shows that

(3.9) (A + 5(2 — ) Fau(P,s5,¢) = 27|ul(1 — 25) Ea (P + 1,0),
which can be rewritten as

(3.10) Bau(P,5,€) = 2nlpul(1 = 28)R(5(2 — 5), &) (Bau(P.s + 1,6)),

where R(), €) is the resolvent of A on L?(I'\H?3, x.) at A\. We have that R(s(2 — s),€) is
meromorphic for Re(s) > 1 and has possible poles at s;(€). Hence, from (3.8) and (3.10), it
follows that E, ,(P, s, €) may be analytically continued to Re(s) > 1, with possible poles at

sj(€).

Next, we want to use the Poincaré series to obtain an integral representation for the gener-
ating series Lqp (s, 0, i, €).

Lemma 3.1. Let p € Ap \ {0} and Re(s),Re(w) > 2. Then we have the integral represen-
tation
_ | 2|@xlp) ™t T(s)D(w —1/2)

Lao(s,0, 11, €) = Ea(P,5,¢)Ey o (P, €)dv .
ab (5,0, 1, €) 2ms 12| 5=t T(w + 5 — 2)T'(w — ) Jryms a(P: 8, €) B (P, 0, e)dv

Proof. We use a standard unfolding technique together with (3.3) and (3.7) to obtain
dxidxady

(P,s7e)Eb,H(P7E,e)dv:/0 /g@ Eq(ouP, s, e)yPe 2™ MlWe(—(z, 1)) )3
b

Eq
I\H?3

o w —aT S— dy
:/‘yeZWmﬂmM s 1.€) y Ko (2l

0
2 va  T(w+s—2)(w—s)
:Lab(s,O,u, 6) F(S) |:LL| ! (47T|M|)w_1 F(U} — 1/2) ’

where we have used [9, p. 205] for the integral of the Bessel function. O

Remark 3.2. Similar to the above calculation, it follows that, for © € Ag \ {0},

Ey (P, s,0)dv =0 .
[\H3

Next we want to use Lemma 3.1 to find the analytic properties of Lqp(s,0,u,0) at s =
2.

Lemma 3.3. For pn € Ay, the series Lqp(s,0,p,€) admits meromorphic continuation to
s€C. At s =2, Lqy(s,0) has a pole with residue

PPy : T
Ress—2 Lao(s,0) = | ;|L01;F|[\ﬁ3) d

while for p# 0, Lqp(s,0,u,0) is holomorphic at s = 2.
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Proof. Since the Eisenstein series Fq(P, s, €) admits meromorphic continuation to s € C, its
Fourier coefficients admit meromorphic continuation as well. Hence from (3.3) and (3.4),
we obtain meromorphic continuation for Lapu(s, 0, p, €).

We know that FE,(P,s,0) has a simple pole at s = 2 and it follows from the Maaf3-Selberg
relations in H? [6, p. 110] that

. _ |Za]lla : o]
(3.11) Resy—a Ea(0uP,5,0) = *—% ()

The conclusion follows from relating Lq4p(s,0) to the 0-th Fourier coefficient of E4(P,s,0),
as it can be seen from (3.3) and (3.4).

Now, when p # 0, then we know that Lqp(s,0, i, 0) has at most one simple pole at s = 2.
Using the integral representation from Lemma 3.1, this residue would have (1, Ey (P, @, 0))
as a factor, and by the remark above, this vanishes.

O

3.3. Bounds for modular symbols. In this section we prove upper bounds for modular
symbols, in similar fashion to [10, Proposition 3.3] or [16, Proposition 2.6].

Theorem 3.4. If~ = <Z :) € Tqp, then <UG’YU;1,Q> < |logle|| + 1.

Proof. We define the antiderivative of a:

(3.12) Fo(P) = /Pa .

Since « is cuspidal, it follows that it is rapidly decreasing at cusps, and hence F' is well-
defined on H? U {cusps}. We note that

P o tP
F.(P) :/ a:/ .
a joo

We note that F,, := F, o 04 is invariant under the translations in A,. Since « is rapidly
decreasing at the cusp a, it follows that F,(P) is bounded for y(o; ' P) > Y, with Y, chosen
as in (2.6).

Writing oo = fq1dz1 + fa2dz2 + fa,3dy, we conclude that

-1
o, P

Fu(P) = / fu,ldxl + fa,2d172 + fa,de
J

) 00

y(o ' P)
= / fas(z,y)dy (for some z € F,)

oo
Yo y(a;l P)

= fa3(z,y)dy + / fa3(z,y)dy

o0 YO
< 1+ |logy(o;tP)|
We have used the fact that by integrating along a vertical path, we can ignore the contribu-

tions from dz; and dzs, and the last inequality follows from the fact that fq3(z,y) < 1/y,
see (2.11).
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We deduce that for v € T,
(v, ) = Fa(vP) — Fu(P)
< |10g(y(aa_1’yP))| + \log(y(aa_lP)M +1.

Pick v = (Z Z) € 0, Top and P = 04(0,0,1). Then the equation above implies that

(oavoy ' a) < |log(lel* +[d*)| + 1.
The lower left element c is constant in a double coset in o3 'I"04\05 T'op /0y 'Tos and
clearly |c| > cqp. Hence we can choose a representative <(z Z in this double coset such
that |d| < |¢| and we conclude that
(oayoy ' o) < |logle|| + 1.

4. PERTURBATION THEORY OF OBJECTS TWISTED BY MODULAR SYMBOLS

In this section we study the dependency on e of the space L2(I'\H3,x.). If we denote by
Ao(e€) the first eigenvalue of —A on L?(I'\H?3, x.), we will see that, for ¢ small enough, \g(e) is
analytic in € and we obtain the first few terms in the Taylor expansion around € = 0. We also
study the behaviour of the residue of L4y (s, €) at so(€), where so(€)(2—so(€)) = Ao(€).

4.1. Spectral theory of the space L?(I'\H3, x.). Denote by L*(T\H?, x.) the space of
square integrable functions on I'\H?® with respect to the hyperbolic metric, satisfying

J(YP) = xc()f(P) .

For f,g € L?(I'\H3, x.), we note that fg is I-invariant. Hence we define the inner prod-
uct

o= g7,

We let Z(e) C L*(T'\H3, x.) be the subspace consisting of all C2-functions such that Af €
L*(T\H3, x). For f,g € C*(H), as in [6, p. 136], we define

(4.1) Gr(f,9) == y*(fo. 91 + frTus + f,9y) = [df . dg] .

where we have used the notation introduced in (2.10). Then for all f,g € Z(¢), Gr(f,g) is
I-invariant. Moreover, the following theorem holds, see [6, Theorem 4.1.7].

Theorem 4.1. For all f,g € 9(e),

[ cang= [ axggm.
T\H3 [\H?3

In particular, —A : Z(e) — L?(T'\H, y.) is a symmetric and positive operator. We denote
by L(e) the closure of A acting on Z(e).

The theory developed in [6, Chapter 5] for L2(T'\H?) can be straightforwardly generalised
to L2(D\H?, x.). The operator L(e) is nonnegative, its spectrum consists of a discrete part
and a continuous part. Let
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0 < Ap(e) < A(e) <2 Mple) < 1

be the eigenvalues in the interval [0,1) counted with their multiplicities.

The first eigenvalue is zero if and only if € = 0, in which case it is simple and the eigenspace
is generated by the constant function. We write A, (¢) = s,(€)(2 — s, (€)), where we choose
1 <sp(e) <2for 0 < A\, (e) < 1.

Recall that since « is cuspidal, there exists some compactly supported 1-form & such
that
(v,a) ={y,a) forallyel.

With this in mind, we define

(4.2) Uq(P,€) := exp (271’i6/ &)

and consider the unitary operators
Ua(e) : L*(T\H®) — L*(T\H?, x),
feUdye)f .

We also define
(4.3) L(€) := Uq(e) " L(e)Uq ) .

This implies that L(e) = A outside the support of &. This will be crucial later in the paper,
particularly in the proof of Lemma 4.7.

This construction ensures that the operator L(e) acts on the fixed space LQ(I:\H3 ) and that
L(e) and L(e) are unitary equivalent. This implies that Spec(L(¢)) = Spec(L(¢)).
Write a = fidxy + fadxs + fsdy. Using the fact that
OU, (P, ¢)
81’1

and the other two similar corresponding derivatives with respect to x2 and y, we observe
that

= 2mie f1(P)Uq (P, €)

0? 0? 0? 0
_ -1, 2(9 <9 o N\_ 9
L(e)h =Uq(P,€) (y (83:% + 022 + 8y2> y@y) (Ua(Py€)h)

) oh Oh Oh . aft  Ofy Ofs
_ 2 on on on 2 (91
=Ah + 4wiey <f1 02, + f2 05 + f3 8y) + 27iey <8m1 + D2, + By h

—4m* P (f7 + f3 + f3)h — 2miey f3h.

We conclude that
(4.4) L(e)h = Ah+ eLMh 4+ 2LPh,

LW = 2mi ( 4? on + 9f + s _ yfs | +4mildh, ] ,
Oxr1  Oxo dy

L@®h = —472e[a, o]h .

where
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In particular we note that L(e) is independent of the choice of the cusp a and as a function
of € is a polynomial of degree two.

From now on, we fix Yp in (2.6) large enough such that « vanishes on cuspidal sectors
Z4(Yp), for all cusps a. Fix Y > Y. We choose h € C*°(R™") such that h(y) =0fory <Y
and h(y) =1 for y > Y + 1. Then for s € C and P € .# we define

h(y(og ' P)y(og ' P)* if P € Fo(Yo),

ha(PaS) = {0 1fPE<gz\ya(}/0)

We extend hq(-,s) to a I-invariant C°°-function defined for s € C and P € H?3.
We also define
(4.5) Q. ={seC| Re(s) >1, s(2—s) &Spec(—L(e))} .

We have the following Lemma, similar to [6, Lemma 6.1.4], [15, Lemma 2.1] or [18, Lemma
3.1]:

Lemma 4.2. For s € Q, there exists a unique D, (P, s,€) such that
(4.6) (L(€) + 5(2 — 5))Do(P,5,6) =0, Dq(P,s,¢) —ho(P,s) € L*(T\H?) .

Moreover, Dy (P, s,¢€) is holomorphic in s € Q. and real analytic in €.

Proof. If such a solution exists, we write
9a(P,5,€) = Do(P,s,¢) — ho(P,s) € L*(T\H?) .
We apply (L(e) 4+ s(2 — s)) to deduce

(4.7) (L(e) + s(2 — s))ga(P, s,€) = Hy(P, s,¢€) ,
where
(4.8) H(P,s,e) = —(L(€) +5(2 — 5))ha(P,5) .

We note that H, is a ['-invariant C*°-function in the variable P, which is moreover of com-
pact support when restricted to .%#. It also depends holomorphically on s € .. Moreover,
since L(e) is equal to A outside the support of &, we observe that H, is independent from
€, so that we can write it as Hq(P, s).

We can now use (4.8) as a definition for H, (P, s), and for s € €., we can apply the resolvent
operator defined as

R(s,e) = (L(e) +s(2 —s)) 7"
to obtain a unique function
9a(P, s,€) = R(s,€)Hq(P,s) € L*(T\H?) .

Since there exist only finitely many values of s € C with Re(s) > 1 for which s(2 — s) is an
eigenvalue of —A = —L(0) and we know that L(e) is a polynomial in € given by (4.4), we
can use the arguments in [11, p. 66-67] to conclude that the resolvent R(s, €) is holomorphic
for s € €. and depends real analytically on e. O
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Remark 4.3. For Re(s) > 2, the equation (4.6) agrees with
Dqo(P,s,€) = Uu(e)_lEu(Pasae) .

Therefore, the conclusions of Lemma 4.2 hold for the Eisenstein series in the region s € €)..

4.2. Behavior of \y(¢) and the residue of Lgu(s,€) at so(e). We know that Ag(0) =0
is a simple eigenvalue for L(0) = A. It is possible to apply Kato’s perturbation theory for
finite dimensional spaces [11, p. 68-70] for our operator L(e) of the form (4.4), as explained
in [20, Section 4]. We conclude that for € in a small interval around 0, Ag(e) is real analytic
in € and also Ag(e) is a simple eigenvalue.

We let ug(P,e) € L*(I'\H3, x.) be the normalised corresponding eigenfunction of —L(e),
ie.

(4.9) “E(Quo(Pe) = Mo()uo(P,e) and /F (P o =1

We want to study the behaviour of Ag(e) around € = 0. We adapt the proof of [19, Lemma
2.1].

Lemma 4.4. We have that A\{(0) = 0 and

" _ 871'2 2
)\0 (0) - VOI(F\H?’) ||0&H2 .

Proof. We apply Theorem 4.1 with f(P) = g(P) = ug(P, €) to obtain
(4.10)

No(€) = | Grlug(e),uo(-e))dv = /F\Hs v (‘gu

I\H3

2
8u0

dy

auo

Oy

2
‘ y3

2) dxidxady

In particular, we note that Ag(e) > 0 and Ag(€) = 0 if and only if the ug(P, €) is constant iff
e=0.

We differentiate (4.10) with respect to €, yielding
0
(4.11) Ap(€) = 2/ Gr (uo,uo(-,e)> dv .
T\H3 86

Setting € = 0 we deduce that Aj(0) = 0 since ug(P,0) is a constant function. Differentiating
once again,

8%uyg Oug Oug
1 _ et . v 7Y
(4.12) Ao (€) = 2/1“\]1—113 <Gr < 5e2 s uo( ,e)) + Gr ( 5 e )) dv

We define

dug
P):= — .
w(P) = —- .
Hence (4.12) and (2.12) give us
(4.13) g (0) =2 Gr(w,w)dv = 2||dw||3.
I\H3

since the mixed term vanished because ug(+,0) is constant.
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Since ug(P,€) € L?(T\H?, x.), we know that ug(yP,€) = xe(7)uo(P, ). Differentiating this
equation with respect to € and then setting ¢ = 0, we obtain that for all v € T,

27 {7y, )
vol(T"\H?3)
where we have used the fact that ug(P,0) = 1/4/vol(T'\H?3). Moreover, since we know that
A0(0) = A{(0) = 0, we know from (4.9) that
(4.15) Aw=0.

(4.14) w(yP) = w(P) +

7

If we define 8 = dw — 2mivol(I'\H?)~'/2q, then 8 is a harmonic, I'-invariant 1-form such
that for all P € H? and v € T

(4.16) /ijﬁzo.

In other words, this means that (v, 8) = 0, for all v € T', and since we have a perfect pairing,
this implies that dw and 2mivol(T'\H?)~'/2q are in the same cohomology class. The result
then follows from (4.13). O

Remark 4.5. From the proof above, we can deduce that w is of the form

w(P a+ Cq for some Q € H",

- 2 /P
—Mol(MED) Jg

where C is a constant.

Corollary 4.6. Let
_ 4ol
vol(T\H3) -
Then
s0(€) = 2 — m2Che® + O(€) .

Proof. Tt follows immediately from Lemma 4.4 and the fact that Ag(e) = so(€)(2 — so(€)).
]

Lemma 4.7. We have that

. T ; LTV b
Ress—so(c) Lav (s, €) = [ Zall 26| : Ta | 261 Pall 6] T FCJ/ a+0(e?) .

mvol(T'\H3) vol(T"\H?3)
Proof. From the Fourier expansion (3.3) of the Eisenstein series, we deduce

S 7T —S
Eq(0u P, s,€)dr1drs = 6ap| P |[La : Thly® + 1 1Lab(s7 €)y>s.
Py, -

We look at the residue at s = sg(€) on both sides of the equality to obtain
7-K-yQ—So(E)

———— Res,—s,(¢) Lab(5,€) = Res,— (¢ / Ey(op P, s,€)dx1das
SO(E) -1 Py

:/ ug(op P, €)dx1des |
Py
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where
uq(P,€) := Resg—g,(¢) Ea(P, 5,€) .

Since so(€) = 2+ O(€?), it follows that

a R s=s0(€ La ) 1
( es Oée) b(S 6)) _ ;/ ’Uu<0'bP)d£L‘1dI2,
e=0 Py
where Dug(P.c)
U (P, €
P)y:=—">" .
'Ua( ) 66 —o
We define
(4.17) wa(P,€) = Uy (P, €) tuq(Pye).

Then wo(P,€) € L*(P\H?) and it is an eigenfunction of L(e) with eigenvalue Ao (e). Differ-
entiating (4.17) with respect to € and then setting e = 0, we get
Owq (P, €)

P
va(P) = 2mi wq (P, O)/ a+ e

e=0

We note that when P is in the cuspidal sector Z#,(Y}), the right-hand side of the equality
above is zero, since & is compactly supported, and L(e) = A in this region, hence wq(-, €) is
constant in this region.

|Zal[Ca:Ly]

Now, as in (3.11), we know that uq(P,0) = ol (TN}

4.4 and Remark 4.5, we deduce that

so by using the results in Lemma

; LTV P
UG(P):QWZ\@Q|[FQ.FG]/

vol(T'\H?3)

Since « is a cuspidal one-form, from definition we know that

G‘hP P
/ / a | dridxs 2/ / opa | deydas =0,
Py b Py joo
hence

0 (Ress—s(o) Lan(s:)) | _ 2i[Za|[Ta : r'/ / 2i|90|@b|[ru;r;]/b
e vol(D\H?) vol(T\H?) L@

5. MOMENT GENERATING FUNCTION

In this section we study the exponential sum

Z Xe(oavoy ') = Z exp(2mie (oqv0, ', @)

YETqp (X) YETqp (X)

Do : T4 > exp(2mie(r)as)

TEth (X)

(5.1)

which is the moment generating function for the distribution of modular symbols. We
relate this sum to the generating series Lqp(s,€). We write the first few terms in the Taylor
expansion around € = 0, thus obtaining expressions for the first and second moments of the



DISTRIBUTION OF MODULAR SYMBOLS IN H® 19

distribution of modular symbols. Additionally, we show that the values in the set Rqp(X)
become equidistributed modulo the lattice A, as X — oo.

Firstly, we need the following lemma about bounds on vertical lines for Lqp (s, 0, u, €).
Lemma 5.1. Fiz some § > 0. If 1 +6 < Re(s) < 2+ 6 and s(2 — s) bounded away from
spectrum of L(€), then, uniformly in e,

(5.2) Lao (5,0, 1, €) <5 (14 u])>7HE*0s .

Proof. For u =0, we use a similar argument of that in [23, p. 655] (which follows from the

Maaf-Selberg relations in H® [6, p. 110]). We have that |¢qp(s,€)] = O(1) in the region
Re(s) > 1+ n and away from the spectrum of L(¢). Now, the result follows from (3.4).

When p # 0 and Re(s) > 1, we use Lemma 3.1. Choose w = 2 + 2§ + it, where s = o + it.
Then Stirling’s formula gives us that the contribution from the Gamma factors is O(|s]).

Next, we want to study the contribution from the integral. We use Lemma 4.2 to deduce
that for Re(s) > 1 and s(2 — s) bounded away from the spectrum of L(e),

/|Ea(P,s7e)Eb,u(P7E,e)|dv:/ |Da(P, 5, ¢)Eo. (P, W, ¢)|dv
F F

§/ |ha(P, s)Ey, (P, w, e)|dv+/ |(Da(P, s,€) — ha(P,s))Ey, . (P,w,e€)|dv .
F F
The second integral is bounded by

lg(oa P, s, e)ll 2| Bou(Pw, €) || 2 < 1.

It remains to study the first integral. It suffices to concentrate on the cuspidal sector .%,(Y)
since hq (P, s) vanishes everywhere else. We get

/ |ha(P,s)Eyp (P, W, €)|dv :/ / ly*Ep (0o P, W, €)| dv .
Fal(Y) Yy Jo,

Now, with our choice of w = 2+ 2§ +it, we see that Fy ,(0qP, W, €) decays exponentially in
the cusp, so the integral above is indeed bounded. This in turn implies that

/gj |Eo(P, s, ¢) By (P, &)|dv < 1,

and hence we obtain the desired upper bound for Lqu(0, i, s, €). (]

We obtain the following expression for the moment generating function by using a similar
method to [16, Section 4].

Lemma 5.2. There exists an absolute constant v > 0 depending on the spectral gap of A
such that, uniformly for e small enough,
- . X250(e) .
> Xeloayoy ') = Toole) Ss=s0() Lap(s,€) (1+O0(X™)) .
YETas (X) 0
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Proof. Let ¢y : R — R be a family of smooth nonincreasing functions with

1 ife<1-1yT,
(5:3) ¢U(t)_{0 ift>1+1/U,

and ¢g)(t) = O(UY%) as U — oo. For Re(s) > 0, we consider the Mellin transform

(5.4) / oot

We can easily see that
1
(5.5) Ry(s) = 5 +0 (> as U — oo

and for any ¢ > 0

(56) ro) =0 (5 (1) ) el

where the last estimate follows from repeated partial integration. Now we use the Mellin
inversion to obtain

Z Ye(Ua’YUb ) ou <|C|2> = Z YE(Uu'yagl)%/ ﬁRU(s)ds

2
V€T an V€T as Re(s)=3 |C‘ ’
1
= 5 Lub(sae)XzsRU(s)ds
2mi Re(s)=3
Next, we recall Lemma 5.1 and equation (5.6) to deduce that the last integral is absolutely
convergent. We want to move the line of integration to Re(s) = h, where

2max(s1(0),1) + 2
3 .

Then for e small enough, s1(e) < h < so(e). We integrate along a box of height 7" and let
T — co. Indeed, the polynomial growth on vertical lines of L4y (s, €) guaranteed by Lemma
5.1, together with equation (5.6), give us

h:

Jim Ae(s):gLab(s,e)XzsRU(s)ds = Jim o Lap(s,6) X** Ry (s)ds =0 ,

L R anEe
and
. 2s 2s _
Tlgréo ASRe(sK? Lau(s,€)X**Ry(s)ds = Th /h<Re(5)<2 Lap(s,6)X*Ry(s)ds =0 .
Im(s)=T Im(s)=—T
We conclude that
1 1

S Lao(s )X Ru(s)ds =5 [ Las(s.)X* Ry (s)ds
2mi Re(s)=3 2mi Re(s)
+ Ress:so(e) (Lab(sv E)X28RU (8)) :

Setting ¢ = 3 in (5.6), we observe that

/ Lap(s,€) X% Ry (s)ds < X2hU3 .
Re(s)=h
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Now, (5.5) gives us

X 2s0(€) 1
(5.7) Ress—s(e) (Lah(s, e)XQSRU(s)) = ———— | Resy—s(e) Lab(5,6) + O | )
s0(e) U

Since we want this to be the main contribution, we choose U = X ¢, where
2 — max(s1(0),1)
a= .

4
With this choice, for € small enough, we get
- 3 ‘C|2 X2so(e) Y
(5.8) Z Xe(oav0y 1) du ()(2 = s0(€) (ReSSZSO(E) Las(s,€) + O(X )) .

’YGT‘][‘
Setting € = 0, using Lemma 3.3, we obtain

> o (5) - (Gl o)

'YeTub

We now choose ¢}, and ¢% as in (5.3) with the further requirements that ¢f;(t) = 0 for
tZland¢2U(t)=1f0r0§t§1. Then

(L) ¥ s> a(d),

¥€Tan YE€Tap (X) ¥€Tap
so the previous two equations give us
Za||Z|[La : 1G] -

5.9 Too(X) = x4 (12 C 10X ) .
(5.9 #735(x) = x* (122120 e oy
Also, from the definition of ¢y,
(5.10)

_ — c|? _ _ 1 c|? 1
D> Xelowroy") du ('XQ) = Y. Xdlowwoy)+0 (#{veTub 1o < 'X—L <1t
YETab YETap (X)

But now we use (5.9) to bound the size of the error term

1 |e? | 1 1 ays
. —— < —< P = — _ _ — a .
#{’yeTub 1 U_X2_1+U} Tab<X 1+U> Tub<X 1 U) O(X )

The conclusion follows from (5.8) and (5.10). O

Let
F(e) = Resg—s,(¢) Lab (s, €)

and we write its Taylor expansion around € = 0 as F(e) = Y, -, Cre". So far we have shown

that

_ [ Zal|Z|[la : T

~ mvol(I'\H3)

Co

- . TV b
- 01:22|9a||9b|[ru.ru]/ .

vol(T\HB)

We note that the coefficients C} were essentially computed by Petridis—Risager in [18],
allowing them to obtain all moments for modular symbols.
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Corollary 5.3. If e > X~ ¥/*  for some v > 0 depending on the spectral gap, then

1 - e 3
#TT(X) Z Xe(oayoy H=1+e (27rz/b a) +e? (_27T2 log XC., + Da,ab)—FO(X ),
YET e (X)
where
(5.11) Davas = 272C0 + 22 |
Co

Remark 5.4. From the formula above we observe that computing the variance shift D, qp is
equivalent to finding the second term in Laurent series expansion of %Lub(& €) , or in

other words finding the first two terms in the Laurent expansion of the Goldfeld Eisenstein
series E2(P,s). For the case of H? this is done in [18] and their methods could be extended
to work in H® as well.

As a consequence of our work so far, we can show that R, (X) is equidistributed in the
fundamental domain &, as X — co.

Proposition 5.5. There exists v > 0 depending on the spectral gap for A, such that for all
p € Ag,
|Zal|Z5|[La : T

Telgh:(x)e«/h?‘)) = do(p) 2mvol(T\H?) [Ty : T]

X440 (1 u)X*)

In particular, for any continuous function h : C/Aq — C,

— h(z)dz as X —o00.
FRoo(X) /m, )

Proof. From Lemma 2.1, the generating series for the exponential sum is

> e(pr)) 1 3 elmyoo)) _ 1 Las(s,11,0,0) .

2s LTV 25 —
r€Rqp(X) |C| [Fb ’ Fb] YET e |C| [Fb : Fb]

By inverting +y in the series above, we note that Lqp(s, 1t,0,,0) = Lpa(s,0, —p,0). We use a
contour integration argument similar to the one in the proof of Lemma 5.2. The polynomial
growth of Lyq(s,0, —p,0) on vertical lines is guaranteed by Lemma 5.1, whilst by Lemma
3.3 we know that Ly4(s,0, 1, 0) has a pole at s = 2 if and only if 4 = 0. Finally, from (5.9)
we know that

| ZallZ6|[Ta : T
2mvol(T\H?) [I'y : Ty

#Ryp(X) = X* ( + O(X”)) :

The second claim follows from the generalised Weyl equidistribution criterion. ]

6. NORMAL DISTRIBUTION OF MODULAR SYMBOLS

We now have all the ingredients to prove that modular symbols have asymptotically a
normal distribution. We make use of the Berry—Esseen inequality and of our results about
the behaviour of so(€) and Lqp (s, €).

We recall the Berry—Esseen inequality, see [24, Theorem I1.7.16].
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Theorem 6.1. If X is a real valued random variable and T > 0, then

: 1 Tl et*/2 — E(exp(itX
(6.1) sup / e 2qt — PX <2)| < = +/ € (exp(itX)) dt .
2€R |J —c0 T -T t
For v € Typ(X), we define the random variable
(6.2) A, = _ (o yo ! o)
’ K CylogX V1702
where 7 is chosen uniformly at random from Typ(X).
We fix t := 2me/C, log X. Then, by definition,
) 1 1
E(exp(itA,)) = FToe(X) > Xeloaroy ')

'YeTab (X)

Fix some § > 0. We choose T = (log X)'/2~% and apply Theorem 6.1 for the random vari-
ables A,. We split the integral on the right-hand side of (6.1) into three ranges, depending
on the size of t. All the implied constants are uniform in e (and hence in ).

(1) Small |t|. Suppose |t| < X9, for some small §. Using exp(if) = 1 + O(f) and the
bounds for <Ja'yo;1, a> provided by Theorem 3.4, we obtain

t
E(exp(itA,)) =1+ O oavo
(exp(itA)) #Tab(X)\/m%Tzq;(X)N a0y )|

:1+O(t logX) .
Also, when [t| < X9 we see that
) 2
et = 1—%+O(t4) =1+0(tXx°) .

Therefore

/|t§X6

(2) Medium |t|. Suppose X9 < |t| < (logX)%, where § > 0. Using that so(e) =
2 — 2Cq€? + O(e?), we see that

e /2 — E(exp(itA,))
t

dt <</ Vieg X dt < X792
t<x—3

2s0(€)—4
Blexp(itA,)) = = (14 0(0)

= exp (log X (—27%Che® + O(€)) (1 + O(e))
= e 2(14 0(Elog X) + O(e))

—t?/21413 —t2/2
_t ol et
ViogX  (log X)1/2-9
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Hence the contribution from such ¢ is

—t2/2 _ ; —12/242 —t2/2
/ e E(exp(itAy)) gt < / e t1/2 n e - it
X-5<|t|<(log X) X-s<]t|<(log x)s \ (log X) |t|(log X)

t
< (log X)~/%+9
(3) Large |t|. Suppose (log X)® < |t| < (log X)¥/279. Similarly as in the previous case,

E(exp(itA,)) < et /2+0(|t]*(log X)~1/?) < e /M« o~ (log X)°/%
Therefore, the contribution from large |¢| is bounded by

—(log X)%/?

e

dt < (log X)~/2 .
/<logx>6<|t|<<logX>1/” |t (o X

Putting everything together, we conclude the result in Theorem 1.4(a). Parts (b) and (¢) of
Theorem 1.4, where the results about the first and second moments are stated, follow easily
from Corollary 5.3.

7. RESULTS FOR QUADRATIC IMAGINARY FIELDS

So far, we have described our results for the general case of a Kleinian group I'. In this section
we apply our results to Bianchi groups and their congruence subgroups. Let K a quadratic
number field with discriminant dg. The arithmetic properties the groups PSLs(0k) and
their congruence subgroups, as well as the geometry of the corresponding quotient spaces,
are thoroughly described in [6, Chapter 7], while the theory of Eisenstein series for I' =
PSL2(0k) is developed in [6, Chapter 8].

The ring of integers Ok has the Z-basis consisting of 1 and w, where
- — dr +Vdx
==
We denote by Zk a fundamental domain for this lattice.

The zeta function (x(s) of K is for Re(s) > 1 defined by

1
CK(S):ZW’

where the sum is over the non-zero ideals of Ok and the norm of a is N(a) = |0k /a|.

As mentioned in the introduction, Cremona has several results about modular symbols
associated to quadratic imaginary number fields. He uses them to compute spaces of modular
forms and to establish an arithmetic correspondence between elliptic curves and cusp forms,
see [2], [3], [4]. For consistency reasons, we will use the notation used in his work.

For technical reasons, we assume the K has class number one. This is not a vital restriction,
but it allows us to obtain nice arithmetic descriptions of the cusps and easier formulae
relating modular symbols to L-functions. Let n be a nonzero ideal in the ring of integers
0. We work with the congruence subgroup

To(n) := {(Z Z) € PSLy(6x) : cEn} .
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A basis for the left-invariant differential 1-forms on H? is chosen to be
dz dy dz
(7.1) 3= (_> ,

Let F: H? — C3 be a vector-valued function which we can write as F' = (Fy, Fy, Fy), then
we define the differential 1-form

1
(7.2) F-p:= ; (=Fodz + Fidy + Fadz) .

Definition 7.1. Let F : H?> — C? be a vector-valued function and v € GL2(C). Then we
define a new function (F|y): H3 — C? by

(F|7)(P) = F(yP)j(v; P) ,

where

r? —2rs S

1 = 2 2 =
= TR gg Ir[* —s[* —7Ts

J(v; P)

2rs T
withr =cz+d and s = ¢y.

This definition ensures that the differential F - 8 is invariant under « if and only if F|y =
F.

Definition 7.2. A cusp form of weight 2 for T'o(n) is a vector-valued function F : H? — C3
such that

(1) F - B is a harmonic 1-form;

(2) Fly =F, for all v € Ty(n);

(8) For all v € PSLy(Ok) and y > 0,

| =0
Pr

We denote the space of cusp forms of weight 2 for T'g(n) by S(n). We note that F € S(n) if
and only if F'- 3 is a cuspidal 1-form for Xo(n) := [o(n)\H*, where H* = H?> U K U {oo}. In
fact, the map

S(n) - H(}usp(XO(n)’ (C)
F—F-p
is an isomorphism.
For F' € S(n), we have the Fourier expansion

_ B o dr|aly oz
7 Fe(olR)= 3, o K< dK|>‘”<m>

0£a€lK

where ¥(z) = e(z + z) and

K() = (5500 Kolw), 3510

for y > 0 and Ky, K; the K-Bessel functions.
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The theory of cusp forms and associated L-functions, Hecke operators, newforms etc. is
similar to the classical Atkin—Lehner theory over Q. We briefly recall the elements we need
for our exposition.

For primes 7 in Ok which do not divide the level n, the Hecke operator T sends the cusp
form with Fourier coefficients c¢(a) to one with coefficients ¢/(a), where ¢/ (a) = N(7)(ar) +
c(a/m), where c(a) = 0 if o € Ok. As in the classical case, a newform in S(n) is an
eigenform for all Hecke operators T, for m not dividing n, which is not induced by a form
in S(m), for any level m properly dividing n.

Secondly, let ¢ a divisor of n and e is a generator for e. Then the Atkin-Lehner operator
W, on S(n) is given by the action of any matrix of the form (Ca]f] ;@) which has determi-
nant e. Then this operator is an involution and it commutes with the action of all Hecke

operators.

(6) (1) . The action of I, on H? sends (z,y)
to (ez,y) and if F € S(n) has Fourier coefficients ¢(«), then F|I. has Fourier coeflicients
2

Let € be a unit in 0% and I. denote the matrix

c(ear). Since 60 (1) and 5 601) give birth to the same action, but the latter belongs

to T'g(n), we must have that c(a) = c(€2a), for all units e € &} . Hence if € is a generator for
the unit group O, then I, induces an involution of S(n) Wthh commutes with the Hecke
operators, hence we can split S(n) into two eigenspaces

Sn)=ST(m) @S (n).

Newfroms in ST (n) are called plusforms, and their Fourier coefficients satisfy c(a) = c(eq),
for all & € 0% . Hence they depend only on the ideal (). So if F' € ST(n), we attach to F'
the L-function

c(a)
L(F,s) = .
( S) za: N(a)s
Since the Fourier coefficients ¢(a) are multiplicative, we obtain the Euler product

0 ifp|n,

L(F,s) =[]0 = c(p)N(p) ™ + x(»)N(p)'7>*)~",  where x(p) = {1 fptn.

p

Similar to classical case, one can deduce the Ramanujan bound |e(p)| < 2N (p)'/2, from
which it follows that L(F,s) converges for Re(s) > 3/2.

We now consider additive twists of this L-function. Fix r = a/c € K. If F' is a plusform,

then we define L(F, s,7) as
72) = Z e (V)

L(F,s,r) (o) (
where the second sum is over all ideals (a) and

N(a)
0#a€lK

Eeﬁ*

is invariant over generators of an ideal.
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We form the Mellin transform of F' by multiplying by y2°~2 and integrating along a vertical
imaginary axis. For s € C and r € K, we define

7o 25—2 > 25—2 dy
A(F,S,T) = ) FBZ Y F]_(?”,y)? .
T 0

The rapid decay of F(z,y) in the cusps ensures that A(F,s,r) is an entire function of
seC.

We note that if F' is a plusform, then we can write modular symbols as central values of
twisted L-function:

(7.4) (ry=A(F,1,r) :/ F-pB.
We obtain analytic continuation and functional equation for L(F, s, ).

Lemma 7.3. Let F be a plusform in S(n). Then
(a) For Re(s) > 3/2, we have

A(F,s,1) = i <C| '27|TdK|> I‘(s)2 L(F,s,r) .

(b) Write n = ¢f, where f = n+ (¢). Let ¢ = (e). Denote by w, the eigenvalue of the
Fricke involution W, acting on F'. Then we have the following functional equation:

A(F,s,a/c) = —w.N(e)' °A <F,2 — s, _ea) ,
c

where €a is the inverse of ea in (O [(c))*.

(c) With the same notation, we have {a/c) = —w.(—e€a/c).

We now quote [4, p. 415] and note that if F' is a plusform in S5(n), then the image of the
map
YA
IFZFQ(Il>—>C, IF(’}/): N Fﬂ

is a discrete, nontrivial subgroup of R, hence of the form Q(F)Z, for some real Q(F).
In [4], Cremona provides an algorithm for computing Q(F'). We show that for a fixed
newform F', the values in the image of the map Iz are normally distributed with the required
normalisation and ordering.

We have the following description of equivalent I'g(n)-equivalent points in K, as in [2,
Proposition 4.2.2] or [3, Lemma 2.2.7]:

Proposition 7.4. Let %,5—2 € K be written in their lowest terms. The following are
equivalent:

(1) There exists v € To(n) such that ~ (5—1) =B

q2’

(2) There exists u € O} such that siqgz = u?saqi(mod (q1g2) + n), where prsy =
1(mod (q)), for k =1,2.



28

PETRU CONSTANTINESCU

Hence we can provide the following description for the inequivalent cusps for T'g(n), where
n is square-free. For each ideal d[n, we fix some d € Ok such that (d) = 9. Then a complete
set of inequivalent cusps are given by ay = 1/d with d|n. If 9 = n, then 1/d is equivalent to
the cusp at infinity. Moreover,

and

Also, for all cusps 9, we have that [I'y : I'}] = |05 |/2. In particular, 1O =4 |ﬁ(5

Roco = {% mod P : ac (ﬁK/(C))*,(C)+n:a} .

<r>ooa=/lr Fg=[ F.p+i).

/d 1/d

(VTS)‘

6 and |07, | = 2 for all other quadratic imaginary number fields.

We note that we now have all the ingredients to derive Corollary 1.8 from Theorem 1.4.
Indeed, from [6, Theorem 6.1.1] we see that the covolume of PSLy(Ok) is

_ ldk[?
vol(PSLa () = 115

(x(2)

and similarly as in the 2-dimensional case, we can deduce

[PSLy(0k) : To(n)] = [J(1 + [p]) -
pln

Finally, the Petersson norm of F' is given by

|FI? = (F-8,F-8) = / L CIRE IR 2R
T\H3

Putting all together, we deduce that the constant C'r in Corollary 1.8 is given by

(7.5) Cr

_ An?|| F|”
1Ak P () T (L + 0D
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