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Abstract

We investigate the joint distribution and the multivariate survival functions for the maxima
of an Ornstein-Uhlenbeck (OU) process in consecutive time-intervals. A PDE method, alongside
an eigenfunction expansion is adopted, with which we first calculate the distribution and the
survival functions for the maximum of a homogeneous OU-process in a single interval. By a
deterministic time-change and a parameter translation, this result can be extended to an inho-
mogeneous OU-process. Next, we derive a general formula for the joint distribution and the
survival functions for the maxima of a continuous Markov process in consecutive periods. With
these results, one can obtain semi-analytical expressions for the joint distribution and the multi-
variate survival functions for the maxima of an OU-process, with piecewise constant parameter
functions, in consecutive time periods. The joint distribution and the survival functions can be
evaluated numerically by an iterated quadrature scheme, which can be implemented efficiently
by matrix multiplications. Moreover, we show that the computation can be further simplified to
the product of single quadratures if the filtration is enlarged. Such results may be used for the
modelling of heatwaves and related risk management challenges.
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1 Introduction

The Ornstein—-Uhlenbeck (OU) process is a well-known diffusion process, widely used in physics,
finance, biology and other fields. Due to its extensive use, the study of its first-passage-time (FPT)
arises, naturally. The FPT density of a homogeneous OU-process to particular cases of barrier func-
tions can be found in closed-form. For example, if the barrier is equal to the OU long-term mean,
its closed-form probability density function (PDF) can be found in G6ing-Jaeschke and Yor (2003),
Ricciardi and Sato (1988) and in Yi (2010). However, it is more involved to obtain the PDF of
the FPT of the homogeneous OU-process to an arbitrary constant barrier. In Leblanc et al. (2000)
it is claimed that the closed-form solution was found, but in Goéing-Jaeschke and Yor (2003) it is
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pointed out that the results in Leblanc et al. (2000) are wrong due to the errors encountered when
using the property of 3D Bessel bridges, see Pitman and Yor (1981) and Pitman and Yor (1982). In
Going-Jaeschke and Yor (2003) a Bessel bridge representation for the FPT-PDF of a homogeneous
OU-process to an arbitrary constant barrier is provided. The analytical expression of the moment
generating function for the homogeneous OU-FPT has been well-studied, see for instance Alili et al.
(2005), Patie (2004) and Ricciardi and Sato (1988), and one may obtain an infinite-series represen-
tation for the PDF of the FPT of a homogeneous OU-process crossing an arbitrary constant barrier
by the inverse Laplace transform, see Alili et al. (2005). The same infinite-series representation
is also obtained in Linetsky (2004b) based on the spectral theory for options pricing in Linetsky
(2004a). However, to our knowledge, the properties of the infinite-series solution, especially the
tail behaviour, have not yet been studied. The tail behaviour of the infinite-series representation
is practically important since it determines whether one can use the truncated series as a robust
approximation.

The case of a time-inhomogeneous OU-process passing a time-dependent barrier tends to be
more complicated. In Tuckwell and Wan (1984) the FPT of a time-homogeneous Ito process, where
the barrier function must satisfy a first-order linear ODE, is studied. Under such conditions, a so-
lution is provided by Tuckwell and Wan (1984) using numerical PDE methods. In Buonocore et al.
(1987), it is shown that the FPT-PDF of a diffusion process passing a time-dependent boundary satis-
fies a Volterra integral equation of the second kind involving two arbitrary continuous functions. By
this method, the FPT-PDF for a homogeneous OU-process passing some special barrier specifications,
e.g. the barrier function is hyperbolic with respect to time, can be found analytically. In Gutiérrez
et al. (1997), the integral equation approach is generalised to time-inhomogeneous diffusion pro-
cesses. The FPT-PDF of a time-inhomogeneous diffusion process passing a constant barrier can be
obtained numerically by solving a PDE, see e.g. Karlin and Taylor (1981) and Wenocur (1987).
In Lo and Hui (2006) the Fokker-Planck equation associated with an inhomogeneous OU-process
passing a time-dependent barrier is studied and the method of images to derive the solution is intro-
duced. However, the generalisation to an unconstraint time-dependent barrier cannot be produced
due to the strict conditions imposed by the method of images. In Hernandez-del-Valle (2012) one
finds the FPT of Ito processes whose local drift can be modelled in terms of a solution of the Burgers’
equation. However, the OU-process class does not belong to such a process family. In Lipton and
Kaushansky (2018) a semi-analytical method is developed to calculate the first hitting-time of an
OU-process by use of heat potentials, and in Martin et al. (2018) the behaviour of the first-passage
time of a mean-reverting process over short and long time periods is described by an approximation
formula.

Motivation. Since all continuous functions can be approximated to arbitrary precision by piece-
wise constant functions, it is worthwhile to study the FPT of a homogeneous or inhomogeneous
OU-process passing a piecewise constant barrier function. In this paper, one of the main focuses is
put on the joint probability that the running maximum is above arbitrary fixed thresholds in pre-
specified consecutive time intervals. Such a probabilistic problem arises for example in applications
to environmental and climate risk, to which the insurance industry, but more importantly general
global welfare, is exposed. Heat waves, or repeated prolonged periods of droughts, can have sub-
stantial impact on economies, be these regional or (supra-)national. A heat wave is an event that
often is defined by the temperature passing a pre-specified threshold on a number of consecutive
days. This is a unequivocal case where the joint probability of the running maximum of a stochastic
process passing a fixed arbitrary barrier in consecutive intervals is necessary to address an important
real-world challenge. However, to our knowledge, the mathematical problem has neither been for-
mulated, nor tackled or solved before and the needed mathematical theory has not been developed,
either.

Main results. In this work, we study the multivariate survival function associated with an OU-
process crossing arbitrary barriers in multiple time intervals. In Section 2, we adopt a PDE approach
to deduce the infinite series representation of the survival function for the FPT of a homogeneous
OU-process with lower reflection barrier passing a constant upper barrier. By considering the lower



reflection barrier set at —oo, we produce the same infinite series representation as in Alili et al.
(2005) and Linetsky (2004b). This can be viewed as a generalisation and an alternative derivation of
the infinite series representation. Moreover, we analyse the distributional properties of the deduced
survival function, especially its tail behaviour and the truncation error. In Section 3, we provide a
theorem that transforms the FPT of an inhomogeneous OU-process passing a time-dependent barrier
to the FPT of a homogeneous OU-process with a different time-dependent barrier. This transfers the
time-inhomogeneity from the process to the time-dependent barrier only, which simplifies the orig-
inal problem. In Section 4 we deduce an integral representation of the joint distribution and joint
survival function for the maxima of a continuous Markov process in consecutive intervals. Although
the work in this paper is based on the OU-process, the integral representation derived in this section
opens up avenues towards the derivation of the probability of multiple crossings in consecutive peri-
ods of generic (mean-reverting) continuous Markov processes, thus generalising the results derived
in the present paper. With the knowledge of the integral representation, alongside the FPT density
function and the numerical integration method, the joint distribution and joint survival function for
the maxima of an OU-process with piecewise constant parameters in consecutive intervals can be
efficiently obtained. We also show that under certain assumptions, the nested integration can be
further simplified to become a product of single integrals, which leads to improved computational
efficiency. Finally, in Section 5 we present the quadrature scheme and the Monte Carlo integration
method for the numerical integration. Comparing with the direct Monte Carlo approach, the results
obtained by either the quadrature scheme or the Monte Carlo integration method show higher ac-
curacy and robustness. This is especially true in the rare-event cases, where the direct Monte Carlo
approach fails to reduce the approximation error, efficiently.

2 Survival function for the FPT of a homogeneous OU-process passing
a constant barrier

We begin by considering the first-passage-time (FPT) of a homogeneous Ornstein-Uhlenbeck (OU)
process crossing a constant barrier. In order to deduce the analytical FPT survival function of a
homogeneous OU-process, we adopted a PDE approach. By considering an alternative derivation,
we generalise the result in Alili et al. (2005) and Linetsky (2004b) in that we derive the infinite series
representation for the survival function by setting the lower reflection barrier at negative infinity.
Moreover, the distributional properties of the deduced survival function are analysed, especially its
tail behaviour and the truncation error.

Definition 2.1. An R-valued stochastic process (X, ), is called a homogeneous OU-process if it satisfies
the stochastic differential equation

dX; = (u—AX,)dt + odW,, 2.1)

where Xy = x €R, foru € R, A > 0and o > 0, where (W,)>¢ is a Brownian motion on the probability
space (2, Z,P). When u=0, A =0 =1, we call the process (X,),>o that satisfies

dX, = —X,dt +dw,, (2.2)
a standardised OU-process.

Definition 2.2. The first-passage-time (FPT) of a continuous process (X,),o to an upper constant
barrier b > X, = x is defined by Tx j, := inf{t > 0: X, > b}. The survival function of Ty j, denoted
by FTXb(t;x), is given by FTXb(t;x) = IF’(TX,;, >t| Xy = x).

As stated in Alili et al. (2005), Patie (2004) and Linetsky (2004b), if (X,),s, is a homogeneous
OU-process, the random variable 7y ;, is “properly” defined in the sense that P (Tx,b < oo) =1.



Next we present a relation between the survival functions of the FPTs for two different ho-
mogeneous OU-processes. With Lemma 2.1, if one knows the FPT distribution of a homogeneous
OU-process to a given barrier, the FPT distribution of another homogeneous OU-process to a shifted
barrier can also be obtained.

Lemma 2.1. The random variable Ty j, is equal to T j in distribution for

foar, =\ 2 (x=H), p=\2 -8
= e=\ B 5={E(-5)

that is, F, (t,x)= FT}?B (£,%).

Proof. We have

F. . (t,x) =IP’( sup X, < b’XO = x).
’ s€[0,t]

Then by a change of time, it follows

]P’( sup X, < b‘XO zx) ZP( sup X/ < b‘XO zx).
s€[0,t] s€[0,At]

Then,

IP’( sup Xs/l<b‘X0=x) sup \ S/A<\J—bN—X0—\J—x
se[0,At] s€[0,At]
\ u
=P| sup —X —
(se[o,m( o2 s oﬂ)

The dynamics of the process (v/A/02X,/; —u/(o ﬂ))szo are given by

A W A A u
dl \| =X ———= =\| SdX,n=— \| 5Xi/n———= |dt +dw,.
( 0_2 s/A O'\/x\) 0_2 t/A ( 0_2 t/A O'ﬂ) t

This means that, in law, the process (v/A/02X,/; —u/(o ﬁ))szo is a standardised OU-process.
Therefore,

A -t _x
o2 0 oV

]P’( sup X, < b‘XO =x) =IP’( sup X, < B‘)?O:fc),
se€[0,t] s€[0,]
that is, FTXb(t,x)zﬁrﬂ(f,J?). O

Lemma 2.1 provides a relationship between the survival functions — that is between the distri-
butions of the FPTs — of the homogeneous, respectively, the standardised OU-process. In order to
calculate the FPT survival function for a homogeneous OU-process, one can first calculate the FPT
survival function for a standardised OU-process. Therefore, from now on in this section, we consider
the case of a standardised OU-process.



2.1 The FPT survival function of the standardised OU-process with a constant barrier

On the Hilbert space H? ([0, oco],[—oo, B]), the function FT;?B (£, %) satisfies the backward PDE

oF

ng) _ —

ot s

(2.3)

subject to the initial and boundary conditions

)=1, (2.4)
)=0. (2.5)

b (t,a) =0, (2.6)

which is the condition for a reflecting lower boundary at location d < b.

Proposition 2.1. The analytic solution to the PDE (2.3), subject to the initial condition and boundary
conditions (2.4), (2.5) and (2.6) is given by

for k € N, where

Here, F; is the confluent hypergeometric function of the first kind and a;. are the ordered solutions
to the equation

a - = 1—a 3 -
Fi|—=; ;b2)+ ,a)b {F (—;—;bz)zo 2.7
1 1( D) y(a,a)b 1F, 2 ’9 2.7)
with respect to a. Furthermore, the coefficient c; is given by
¢ = —1/[ay Oy H(ag, X;a)].

Remark 2.1. This proposition provides a generalization to the infinite series representation in Alili et
al. (2005) and Linetsky (2004b). It recovers the previous result when @ — —o0, which will be shown
in Theorem 2.1. We refer to Kent (1980) for eigenvalue expansions as a technique to solve first-passage
time problems in a diffusion setting.



Proof. By the method of eigenfunction expansion, FT}? E(E, X) admits the following representation

t,x)= Z cke_aqubk(ff),

k=1

Fro i

X,b

where ¢, are the constant coefficients, and a; and ¢, (&%) are the eigenvalues and eigenfunctions
that satisfy the general eigenfunction equation

A P (%) = —o i (X) (2.8)

subject to qb]’{(&) = qbk(i)) = 0. The pair (¢(-), a) satisfies

d*¢ _d¢ _
ﬁ—2x5+2a¢) =0 (2.9)
subject to
¢'(@) = $(b)=0. (2.10)

As shown in Zaitsev and Polyanin (2002), the ODE (2.9) is known as the Hermite differential equa-
tion, whose general solution is given by

o a1l . l1—a 3
P(X)=A 1F (—§;§;x2)+3x 1F1(—2 ;E;xz) (2.11)

where A and B are independent of X. After substituting Equation (2.11) into condition (2.10), we
obtain the system

A (F(=%;2;52)+Bb ,F, (5% 3;0%) =0,
B[ 1Fi (5% 3:8%) + 30— )@ 1Fy (5% 3;8%)] = 240d 1 Fy (5% 3:0%).

Therefore, the eigenvalues a; are the zeros of the equation

with respect to a. So we let
¢r(X) =H(ay, X;a)

20 [ ay 1 ~2) o (1_ak 3 ,.,2))
=" ,F,|—=;3; + ) Fil\ —/ = )
I‘(lga)(l 1( 5 2X y(og, @)% 1F; D) ZX

which is convenient for later use. Similar to Linetsky (2004a), the coefficient of each term can be
calculated by tedious but simple steps and are given by

¢ = —1/[ay 9 Haty, X;a)].
O

Proposition 2.1 gives the survival function of the FPT for a homogeneous OU-process passing a
given upper barrier subject to a lower reflection boundary. We re-derive the formulae after removing
the lower reflection boundary by taking a limit in the following theorem. This can be treated as a
different derivation of the infinite series representation in Alili et al. (2005) and Linetsky (2004b)
based on relaxing specific conditions. Here, the definition of the Hermite function 5%, (x) is given



in Abramowitz and Stegun (1964).

Theorem 2.1. The analytic solution to the PDE (2.3), subject to the initial and boundary conditions
(2.4) and (2.5), respectively, is given by
Oo ~
o (£%)= ) e ot (=)
k=1

for k € N. Here, #,(-) is the Hermite function with parameter a, and a; are the solutions to the
equation £, (—b) = 0 with respect to a, and ¢, = —1/[ay - 3y, 76, (—b)].

Proof. By Abramowitz and Stegun (1964), we have the asymptotic {F; (x;y;2) ~T(y)e*z* ™ /T(x)
for z — oo, that is,

1F1 (63 2) T

1.
00 T(y)ers

Therefore,

lim y(a,d)= lim
o —o00 d——00 1]-'«'1 (1_7(1;%;&2)4-%(1—(1 a2 1F1 (?J_Ta; %;&2)

1—
o F(5%:3:82) o B35 5@)a T(—2)
lim /%2222 +£(1—a) lim - 2

L S R P T L P M cr P

1F1 (—%;%; BZ) - 1F (%a

)
zaﬁ( 22240 o2 ):0,
r(%) r(-z)

which turn out to be the zeros of the Hemite function J‘K’a(—B) with respect to a:

1F1 (_%;%;52) - 1F (%;%;Bz)]zo

+2b

r(s*) r(-3)

Thus, the eigenfunctions are represented by ¢ (X) = €, (—%). The coefficients can be then ob-
tained by Proposition 2.1. O

#,(=b) := 2“%[

Remark 2.2. The Hermite function 5¢,(x) is equal to the limit &limoo H(a,x;d) in Proposition 2.1.
Example 2.1. Here we consider the PDF for the FPT of a standardised OU-process hitting the upper
barrier b with different lower reflection barriers d. Figure 1 shows the distances of the ordered
eigenvalues tend to increase, regardless of the value d takes. We can observe from Figure 2 that
when @ becomes smaller, the PDF with lower reflection barrier approaches the PDF without lower
reflection barrier.
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Figure 1: Distance between the first eleven ordered eigenvalues for the PDE (2.3) with upper barrier

b = 1.5 and different lower reflection barriers a.
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Figure 2: The probability density function for the first-passage-time of a standardised OU-process
crossing the upper barrier b = 1.5 with lower reflection barrier da.

Corollary 2.1. The analytic form of the FPT survival function of the OU-process (2.1) is given by

oo
_ i A
Frx,b(t,x)=2cke A KA, (_ E(X—%)), (2.12)

k=1

where €, (-) is the Hermite function, and the a;’s are the ordered solutions to the equation

(N (-5) =0

Furthermore, the coefficient c; is given by

Cr =—

1
k* Ou 7o, (_\/g(b - %))

Proof. Based on the relationship between the survival functions of the homogeneous, respectively,
the standardised OU-process in Lemma 2.1, one can obtain this result by substituting the parameters
in Lemma 2.1 into Theorem 2.1. O

In the following theorem, we show the absolute convergence of the infinite series (2.12) and



the bound of the truncation error utilising Corollary 2.1.

Theorem 2.2. The infinite series in formula (2.12) is absolutely convergent. As K — oo, the truncated

K

series Y. cke_mktﬁfak (—\/ ﬁ (x— %)) has truncation error O (e 2K*). Moreover, the absolute value
k=1

of the truncation error is bounded by

e(ag) = exp(#) [eXP(_MaK)

V3 +(1—At)F(0,ltaK):|,

ag

where x' = 4/ % (x — %), b’ =4/ % (b — %), and T'(a, x) is the upper incomplete Gamma function
with parameter a.

Proof. By Lebedev and Silverman (1972), as a; — 00, which means k — oo, we have

2
Aoy (—x') = gaictl/2ax" ~ay/2-1/4 (% + l)ak/ cos (Zx' Sy 1_am
k 4

> 2 "2 2)[”%%”

Hence, for a large enough k € N, we have

c —_|:1+O(;)i| |:a Zak-i-%exp(b_/z_%_l)(%_i_l)ak/z
‘ Ja/2+1/4 : 2 2 4J\2 "4

-1
1 arm )\« ba
wsin 26\ % 4 1 4T (_+—k) |
( 2 4 2 2 Vo /2+1/4

For k — 00, we obtain the asymptotic behaviour of a;

/2 / 2
4b +& 4k+3+4b

ak=2k+1+ 7‘[2 T 7'[2.

(2.13)

Therefore, for large enough K € N, the exact truncation error of Equation (2.12) is
[ [ 72 72 / AT\ —Aayt
—b cos(2xv/ar/2+1/4— L= )e "%
Z CkHoy, (—x")erut = Z —exp (x ) ( i ) :
. / LAY b’ ay
aksm(Zb vog/2+1/4—=% )(2+—m)

k=K k=K

Since large a;’s satisfy Equation (2.13), we have

1
sin 2b’\ %+—+M
2 4 2

Therefore, we have the asymptotic inequality

oo
D ey, (—x") e
k=K

/2_b/2
00 exp(x 3 —)Lakt) 12 _pr2 00 It
<3 Sexp(xT)CIZM

=1.

k=K o, |Z bay k=K 0‘2/2
K120 Jarj2t1/4
/2 /2 o ’2 ’2 [ere)
x'“—b 1 x“—=b 1
< exp (T) Cy exp(—Aagt) kZ:I:( @ < exp (T) C,Cyexp(—Aagt) I;( 3



/2 72
—-b
<exp (X > —) C1CyCsexp(—Aagt) =0 (exp(—Aagt)) =0 (e—zmt)_

Meanwhile, since ay > 0, we have

oo
D lewdt, (—x") ]
k=K
x*—p’?
R ) <exp(x/z_bf2) 2 exp (—Aagt) /o + 1
= o | E 4 D% - 2 k=K V2|b|ag
kK127 Jarj2+1/4
/z_b/2
72 72 Sl exp S
—b —Aat)(a+1 ( 2 ) —At
Sexp(x—)f exp(ZAa)(@+ 1)y, _ [EXP( aK)+(1—7Lt)F(O,7LtaK)].
2 o V2|b'|a? V2|1 ag

O

Theorem 2.2 gives an upper bound for the truncation error. One can determine the terms to
be kept in order to achieving a specific accuracy level with an explicit function. An example of the
error and its upper bound can be found in Figure 3.

10-13 —— Error

—+— Error bound

10-18

10-23

10-28

1033

Residual error

10-38

10-4%3

10-48

10 15 20 25 30 35 40 a5 50
Truncation order (k)

Figure 3: The log-scale plot between the truncation terms and the error when x’ =0 and b’ = 1.

To use the infinite series approximation for a probability density function, one needs to analyse
how many terms one needs to keep in order to attain a certain precision level for the approximated
distribution. Since one can transform the homogeneous OU-process barrier-crossing to a standard-
ised OU-process barrier-crossing problem, see Lemma 2.1, we here study the truncation precision of
the standardised OU-process. To this end, we proceed with Algorithm 1 in the appendix to study the
relationship among the initial values of the process, barrier levels and the number of truncations.
We plot the number of truncations required for various initial values and barrier levels in Figure 4,
where the a-zeros are taken in the interval [0,70]. We observe that when the barrier level is far
away from the initial value, the number of truncations required becomes smaller. Figure 4 can be
treated as a benchmark to determine how many terms one should truncate for a required quantile
precision level.

10
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Figure 4: Relationship between the process initial values, barrier levels and the number of trun-
cations. Here, the required quantile precision level is the median with relative error tolerance of
5%.

Remark 2.3. The a-zeros can be obtained by the bisection method. However, these a-zeros do not
need to be obtained with high precision. Through the numerical test, we notice that if the a-zeros are
accurate up to 10™*, the approximation can be stable and reliable.

Remark 2.4. For a barrier level b which is larger than 5, numerically solving the higher orders of
a-zeros (for a = 70) becomes unstable. This is due to the value of 5¢,(—b) becomes too large to be
stored in the computer; leading to the overflow of the mantissa under double precision issue. For these
cases, if the initial value is not next to the barrier level, one can truncate with fewer terms. This cannot
cause larger errors due to the empirical results shown in Figure 4, in which one only needs to truncate
with a few terms to reach a 5% quantile precision.

2.2 Tail behaviour of the FPT distribution for a homogeneous OU-process passing a
constant barrier

With the given infinite series representation in Equation (2.12), we now analyse the property of the
FPT distribution for a homogeneous process passing a constant barrier. With the method given in
page 114 of Peters and Shevchenko (2015), its tail behaviour can be characterised by the “hazard
rate function”.

Lemma 2.2. The distribution of the FPT of OU-process (2.1) to a constant barrier b is light-tailed, that
is, the exponential moments exist up to the Aa, order, where a is given in Corollary 2.1. i.e.

E[e?*]< o0, V6 <2a.

Proof. We consider the hazard rate function given in Peters and Shevchenko (2015), p. 114. The
hazard rate function r(t) for the FPT of OU-process (2.1) is given by

(e.e)
_ Z Bke_lakt
_atFX(XJ t; b) — k=1
FX(X: t; b) 2

Z Cke—lak t
k=1

r(t) .=

where By = Aaycy i, (—y/ ﬁ(x —£)) and G = ¢ 7, (—+/ %(x —4)). As shown in Remark 3.6
of Peters and Shevchenko (2015), if lim,_, o, r(t) > O exists, then the distribution is light-tailed
and the exponential moments exist up to liminf,_, ., r(t). In our case, since A > 0 is given by the

11



definition of an OU-process and {a; },<y are ordered positive solutions to the equation

(N (-5)-

with respect to a, we have

(e@) oo

Z Bke—kakt B, + Z Bke—}\(ak—al)t
lim r(t) = lim =2 = lim k=2 = Aa;.
t—00 t—oo X t—00 &

Z Cke_)‘akt C,+ Z Cke—k(ak—al)t

k=1 k=2

O

3 FPT transformation between an inhomogeneous and homogeneous
OU-process hitting time-dependant barriers

In Section 2, the eigenvalue expansion formulae is presented to compute the survival function of
the FPT for a homogeneous OU-process passing a constant barrier. However, the homogeneous
condition is usually too strong to model real-world events. For example, if we considered a stochastic
process with a periodic feature, the time-homogeneity of a homogeneous process would be too rigid
to allow the periodicity to be captured. In addition, barrier functions may be time-dependent, too,
in reality. It is therefore natural and practically important to study the FPT for an inhomogeneous
OU-process hitting a time-dependent barrier.

Definition 3.1. Let (Z,),>o be a continuous Markov process. The first-passage-time of (Z,),>o with
initial value Z, = z to an upper time-dependent barrier b(t), where b(0) > z, is defined by

%,b(t) = inf{tZO:Zt > b(t)}. (3.1)

The survival function of I p) is denoted by ng b(t)(t; %) and is given by

Fg,0(6:2) = B(Tz,000 > t). (3.2)
We focus in particular on the inhomogeneous OU-process, which is defined as follows.

Definition 3.2. Let (W,);>o denote Brownian motion on the probability space (2, Z,P). A solution
(Y;) >0 to the stochastic differential equation

dy, = (u(t) — A(t)Y,)dt + o(t)dw,, (3.3)

where Yy = y € R, is called inhomogeneous Ornstein-Uhlenbeck process. For u(t) : Rt - R, A(t) :
R* - R* and o(t) : R" — R satisfying (i) |,u(t) —A(t)y” +lo()|<c(1+ |y'|)for all y’ € R and
C €R, and (ii) A(t) is bounded, Yt > 0, the solution (Y, ),>q exists and is unique.

By Theorem 5.3.2 in @ksendal (2003), the properties (i) and (ii) in Definition 3.2 ensure that
the SDE 3.3 has a unique t-continuous solution. A sufficient condition for t-continuity is for u(t),
A(t) and o(t) to be bounded. Next we show that the FPT distribution of an inhomogeneous OU-
process crossing a time-dependent barrier is equivalent to the FPT distribution of a standardised
OU-process crossing another time-dependent barrier.

Definition 3.3. The mean-reverting scaling function a(t) : Rt — R™, the shift function (t) : Rt —
R, and the time-compensation function y(t) : Rt — R* are specified by:

12



a) a(t), B(t) and y(t) € C*(RT) for t > 0;
b) y(t) is increasing for t > 0O;

c) a(t), B(t) and y(t) satisfy the ODE system

o(r(a(t)vy'(t)
A (O (6)— 4 =1 (3.4)

B/(0)+ B(6) —a(Oulr()y'(t) =0
subject to the initial condition
a(0)=ap€R*,  B(0)=ByeR, y(0)=0 (3.5)
where the constants a, and f3, are pre-determined.
The time-dependent parameters u(t), A(t) and o(t) are specified in Definition 3.2.

Lemma 3.1. Sufficient conditions for the uniqueness and existence of a(t), f(t) and y(t) are ensured
as follows: For u(t), A(t) and o(t) given in Definition 3.2, if A(t) € C* (R+) and o(t) € C? (]R*),
then the ODE system (3.4) has a unique local solution with initial conditions a(0) = a, € R*, 5(0) =
Bo €R, and y(0) =0.

Proof. The first two equations can be rearranged such that

1 / a'(t)
= A = .
6) = (O (=145
Substituting the first equation into the second, we obtain
r'e) o’(y(6)
o~ o0 T
The equation can be written in the form
oo o' (v(0))
dIn(y’(t)) =2dt—2 (A(y(t)) + o (0) )d}/(t).

Thus,

r(t) O_/(y)
= — A d
y/(t) Cexp(Zt ZL ( )+ G(y)) y)

where C is a constant specified for a given initial condition, see Zaitsev and Polyanin (2002). By the
Picard-Lindel6f theorem, see Lindel6f (1894), the unique local solution y(t) is guaranteed, which
in turn, by the first equation in (3.4), implies the solution a(t) also exists and is unique. Since

B'(8)+ B(t)—a(Ouly())y'(t) =0

is a first-order linear ODE with respect to (t), whose solution is guaranteed to be unique, the ODE
system (3.4) has a unique solution. O

We note here that the necessary and sufficient conditions for the uniqueness and existence of
a(t), B(t) and y(t) are non-trivial. For a(t), B(t) and y(t) specified as in Definition 3.3, an inho-
mogeneous OU-process is transformed into a standardised one as follows.

13



Proposition 3.1. Consider the inhomogeneous OU-process (Y;).>q given in Definition 3.2. Assume
a(t), B(t) and y(t), in Definition 3.3, satisfy the sufficient conditions in Lemma 3.1. Then the trans-
formed process (a(t)Yy) — B(t))¢xo is a standardised OU-process (X);»o, almost surely, with initial

value Xy = agy — Bo.

Proof. The solution to the SDE (3.3) is given by

Y,=e Jo Mwydu [y + f u(s) exp (f A(u)du) ds + f o(s)exp (J A(u)du) dWs] .
0 0 0 0

Since v(-) satisfies the sufficient condition in Lemma 3.1, y(-) exists. Therefore,

70) r() s r(6) s
— o Jo AMwdu [ +J (s)ex ( f A(u)du) ds +J o(s)ex (f k(u)du) dW]
Y0 Y p P P P
0 0 0 0

and

Y, ;) =exp (—f /l(Y(u))Y’(u)du) [y + f u(r(s))y’(s) exp ( f A(Y(u))r’(u)du) ds
0 0

0

+ J a(y(s))y/v'(s)exp ( J /l(r(u))r’(u)du) dWs] .
0 0
It follows that

Y,y =[u(r(®)Y' () = A ()Y ()Y, ] dt + o (r(£))/ v/ (£)dW,,

and hence
=[ ()Y~ B'(D)]de + a(6)dVy(,)
- [a’(t)% B+ alutr O () — alAO) (O nr Py )} :
+ a()o(r (D) (D)dW,
=—X,dt+dw,.
In the last step, Definition 3.3 is used. Thus, (X,)> is a standardised OU-process. O

Now we are in the position to present the main theorem that links the FPT distribution functions
of the inhomogeneous and the standardised OU-processes.

Theorem 3.1. Let (Y,);>o be the inhomogeneous OU-process in Definition 3.2, and assume that the
ODE (3.4) has a unique solution. Then,

Fop o (GY)=Fo  (r7H(0);%) (3.6)

where (X ¢)e>0 1s a standardised OU-process with initial value Xo=%=ayy — By and

g(t) = a(t)b(y(t))—B(¢).

An equivalent statement is to say Jy,p(;) and y(Jx, g(t)) are equal in distribution.
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Proof. First, we show Jy ;) and y (%;,a(t)b(y(t))_ﬁ(t)) are equal in distribution. We have that

Py p(ry =Inf{t > 0:7, > b(t)} =inf{y(t) > 0: Y, ;) > b(y(t))}
=inf {y(t) > 0: a(t)¥,—B(t) = a(t)b(y(t)) — (1)}

Since v(-) is monotone, non-decreasing and positive, we deduce

Py =y (inf{t > 0 @), — B(O) = a(D)b(r (1)) — B(D)}).

By Proposition 3.1, we know that the process (a(t)Y, () — B(t))¢>o has the law of a standardised
OU-process. Therefore,

vy =7 (inf {t > 0: a(t)V,) — B(6) = a(Ob(r(e) = B(D))) =71 (z?,a(t)b(y(t))_ﬁ(t)).

P(Z% aopron-po > 7 O1%=%) =Fy_ (y7(e):5%). -

X,8(t)

Example 3.1 (Seasonal trend). One example is to apply a seasonality function to the mean-reverting
level function u(t). Here we show how we can utilise Theorem 3.1 to transform the problem of an
inhomogeneous OU-process hitting a constant barrier to the one of a standardised OU-process hit-
ting a periodic barrier. We consider the inhomogeneous OU-process (Y;);>o, parametrised by u(t) =
Asin (6t + @), A(t) = Aand o(t) = o, with initial value Yy = x, where A, 6, ¢ € Rand A, > 0. The
constant barrier is denoted by b. The mean-reverting scaling function a(t) and the time-compensation
function y(t) are given by a(t) = vA/o and y(t) = t/A. Then B(t) satisfies

t 1
©=n(7)—=-Fw. 3.7)
PO o ?
The associated ODE (3.7), in this particular case, has the unique solution
AV 0 0
t :Be_t+—sin(—t+ —arctan(—)), (3.8)
A(e) ovizrez T\ 7 Py

where B is a constant so to match the initial condition. For convenience, we let B = 0 by imposing the
initial condition Ji
AVA 0
p(0) = ———=sin ((p —arctan (—)) ,
oVA2+ 62 A
which, by Theorem 3.1, means that the standardised OU-process (X ¢)e>o Starts from
s VYA AVL ( (0 ))
Xg=—Xg— ————=sin| ¢ —arctan| — | |.
o ovVAZ+ 02 A
Then we have a particular solution for 3(t) given by

AV . (9 (9))
n|{ —t+ @ —arctan z .

o Az+9251 A

B(t) =

By Theorem 3.1, we can now calculate the probability of a standardised OU-process, with initial value

- o xVA AVA ( (9))
Xog=Xx= — in| ¢ —arctan 7))

s
o oVA2+ 02
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crossing a periodic barrier

g(t)= bﬁ— AVA in(%tJr(p—arctan(%)).

s
o ovA2+ 062

4 Multiple crossings of an inhomogeneous OU-process

For an inhomogeneous OU-process with parameter functions in C'(R"), one can transform its
barrier-crossing problem to one involving the standardised OU-process and a time-dependent bar-
rier function. The time-dependent barrier can be approximated by a piece-wise constant function.
This is due to the fact that any continuous function can be approximated with a piecewise con-
stant function to arbitrary accuracy given a sufficiently large number of partitions. The problem
thus reduces to a multiple-crossing problem for a standardised OU-process. We call this scheme the
transformation method.

Alternatively, one may directly use the piecewise constant approximation for the parameter func-
tions of the inhomogeneous OU-process. This alternative method leads to a multiple-crossing prob-
lem for a locally-homogeneous OU-process. We call this scheme the direct approximation method.

The transformation method modifies the inhomogeneous OU-process to a global standardised
OU-process by solving an ODE system given in Definition 3.3. After the transformation, it uses
piecewise constant functions to approximate the new time-varying barrier. This scheme requires
further conditions to be satisfied, suchlike continuity of the parameter functions, for the transfor-
mation to be well-defined. In addition, solving the ODE system can be difficult. The second method
does not rely on such a transformation, however, it results in a locally homogeneous OU-process
with piecewise constant barriers, where the time steps for the barriers and OU-parameters may not
necessarily match.

2.0 2.0
1.5 1.5
1.0 1.0
0.5 0.5
0.0 0.0

-0.5

-0.5

-1.0
—1.51 — H(t)

-1.0{ — Barrier

— Inhomogeneous OU
-1.5

—— Direct approximated barrier 20

o 1 2 3 o 1 2 3
2.0

-2.0

151
1.0
0.5
0.0+
-0.51
~1-01 — Transformed barrier

_1.5/ — standardized OU
—— Approximated barrier

-2.0
o 1 2 3

Figure 5: An example where the transformation method is advantageous and the piecewise-constant
approximation is applied. The inhomogeneous OU-process crossing the time-dependent barrier
b(t) =1+ 0.65sin (10t + arctan(10)) is shown in the upper panel. The parameter functions of the
OU-process are u(t) =sin(10t) and A = o = 1 as shown in the middle panel. The original problem
can be transformed to a standardised OU-process with smoother time-dependent barrier, see the
lower panel.

In applications, the method one should select is decided on a case by case basis. In Figure 5,
we simulate a time-inhomogeneous OU-process with a time-dependent barrier. The application of
the first method can offset most of the time-dependences from the parameters and the barrier. The
direct approximation method will lead to a higher approximation error. In order to reach the same

16



level of accuracy, one may have to approximate using more time segments, which complicates the
barrier-crossing problem.

1.00 1.00
—— Barrier

— u(t)=1/(1+e%")
— — Direct approximated p(t)

0.751 __ Inhomogeneous OU 0.75

0.50 0.50

0.25 0.25

- ————

0.00 0.00

-0.25 -0.25
-0.50 -0.50

-0.75 -0.75

-1.00 -1.00
o 1 2 3 o 1 2 3

= Transformed barrier

—— Standardized OU

0.25{ — = Approximated barrier ==
0.00
-0.25
-0.50
-0.75

-1.00

-1.25

Figure 6: An example where the piecewise-constant approximation is inefficient and the trans-
formation method is disadvantageous. The inhomogeneous OU-process crossing the constant bar-
rier b(t) = 0.5 is shown in the upper panel. The parameter functions of the OU-process are
u(t) =1/(1+e>*) and A = o = 1 as shown in the middle panel. The original problem is trans-
formed to a standardised OU-process with a steeper time-dependent barrier, see the lower panel.

However, this does not mean that the first method is always better than the direct approximation
approach. For example in Figure 6, with the same number of discretisations, the transformation
method leads to a higher approximation error.

In general, if any of the three OU parameter functions is not in C'(R"), one should use the
direct approximation method. When applying the transformation method, the transformed barrier
function g(t) = a(t)b(y(t)) — B(t) can be written as

¥(

g(0) = et | agelo 2 p(y(1)) — By — oo f

t)
ejo A(s)ds‘u(s)ds:| i
0

where y(t) is obtained from the equation

agelo Mt o () /7 (0) = 1.

Although it is difficult to devise a general principle to select the method to be adopted, we can
provide a rule for some special cases as, e.g., in the next proposition.

Proposition 4.1. Assume that the inhomogeneous OU-process in Definition 3.2 has coefficients o(t) =
o, AM(t) = A, u(t) € C2([tq,t,]), and consider a constant barrier b(t) = b. The transformed barrier
function is denoted by g(t) = a(t)b(y(t)) — B(t), where a(t), B(t) and y(t) are defined in Definition
3.3. Then in the bounded time interval [ty, t5], if, for all t € [t1, t5], g'(At) and u/(t) are both positive
or negative, g”’(At) and u”(t) are both positive or negative, and u(t) satisfies

max e o (o v+ 2 [ e*u(s)ds) + Bor'(t) — Pon(t)

telty,ts]

<oV,
max u”(t) o
te[tq,t,]

it follows that g(t) is less convex than u(t), and it is thus better to use the transformation method.

Proof. See Appendix C. O
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Example 4.1. Let A = 0 = 3, = Land u(t) = t3 € C?([t, t,]). Then g(t) = b—p(t) € C* ([tq, t5]).
Thus,

ma "(t ma ’e_t 1+ [Lesu(s)ds )+ u/(t)— t‘ 647t 16t
fe[ltl,)itz]lg ( )l . te[tl,)é] ( fO M(S) S) ,LL( ) nu’( ) B tg}gﬂ(] 7e

max |u”(t)] max _|u”(t)] B max_|6t|
tefty,ty] tefty,ty] t€[0,1]

Ift;=0and t, =1, then

max “(t
te[)ttl,/ltz]lg (0] _ 7e1 <1
max |u/(t)] 6 ’

telty,ts]

In this case, it is more accurate to use the transformation method. This is because u(t) is convex,
monotone increasing, and more convex than g(t). Hence g(t) tends to be smoother than u(t), and so
g(t) can be better approximated by piecewise constant functions than u(t). However, if t; = 0 and
ty = 0.1, then
max |[—6+7e " +6t o1
t€[0,0.1] _ 35e

max |6t| 03
t€[0,0.1]

—9>1.

In this case it is less accurate to use the transformation method.

Next we investigate the case where u(t), A(t) and o(t), the parameter functions of the inhomo-
geneous OU-process (Y;),>o, and the barrier function b(t) are cadlag piecewise constant functions.
Let the parameter functions be specified by

N N®
2 (A
u(e)= > 1 (ce[e®), (), At) =D a1 (re[ed), M),
i=1 i=1
N©@) N
o)=Y 0:1(t e [t)e), b(t)= > b (t €[tiy,t),
i=1 i=1
foralli =1,2,...,N, where A;,0; € R*, u;,b; € R and b, > Y,. Here, we consider a finite-time
horizon where tl(\%) = t](\?()m = tfv‘;g) = ty, and 1(-) denotes the indicator function. We study the
following probabilities:
Y Y Y
P(M!, <b,M!, <b,..,M!  <by), 4.1)
Y Y Y
P(M!, 2b,M >b,..., M | >by), (4.2)
where
Yy
tint; . SUP Y.
te(ti1,t;]

In particular, the probability (4.1) is equal to the probability that the FPT of this inhomogeneous OU-
process is larger than ty. Expression (4.2) is the probability that the inhomogeneous OU-process
crosses the barrier in each interval, i.e. the multiple crossing (joint) probability. We may consider
the following discretisation schemes:

1) Matching time-discretisation for u(t), A(t), o(t) and b(t), i.e. ¢t
i=0,1,...,N.

W _ () _ (o) _
o=t =t =t forall

2) Matching time-discretisation for u(t), A(t) and o(t) only. i.e. tl(“ ) = tlw = tga) for all
i=0,1,...,N®,

3) Non-matching time-discretisations for any of u(t), A(t), o(t) and b(t).
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One can show that the probabilities (4.1) and (4.2) in the last two cases can be further reduced to
the first case by utilising Theorem 4.1. Therefore, in what follows, we will focus on the first case
unless specified otherwise, and we shall show the reduction methods from the case 2) and 3) to
case 1) in Section 4.3.

4.1 Joint distribution and multivariate survival functions for multiple maxima of a
continuous Markov process in consecutive intervals

We begin with a theorem for a continuous Markov process. We recall the definition of a Markov
process, see for instance Bingham and Kiesel (2013). In this section, we introduce the filtered
probability space (2, Z, (Z;),P) and an adapted Markov process (Z;);>o. We write o(Z; : s < t) for
the natural filtration of the Markov process (Z,), where o(Z, : s < t) C &Z,.

Lemma 4.1. If (Z,):>( is a Markov process, then P(A N B|Z,) =P(A|Z,)P(B|Z,) for allA€ o(Z, :
u=>t)and B€ o(Z,:u < t). It follows that P(A|B, Z,) = P(A| Z,).

Proof. This is straightforward and shown in most standard textbooks on probability, see, e.g., Bing-
ham and Kiesel (2013). O

We prove Theorem 4.1 by use of the conditional independence property. We consider the time
steps 0 =ty < t; < .-+ < ty = T, and denote the barrier level in the interval [t;_;,t;) by b;. In
Theorem 4.1, we calculate the joint distribution function, or the survival function, of the maximum

of a continuous Markov process in each interval. Here, we write M, , := sup Z,.
te(ti—1,t;]

Theorem 4.1. Let by,...,by € 2 := Dom(Z,). The joint distribution and survival functions of the

maxima of a continuous Markov process (Z,),>o in consecutive intervals are given, respectively, by

P(M,, ., <by,--+,M < by |Zy=12)

to, > EN—1EIN

= f Y1 (to, t1,20,%1, b1) f Yn—1 (N2, tN—1,ZN—25ZN—1, DN—1)
9 9

X q(ty—1,tn,Zy—1)dzy_q -~ dzg,

P(Mto,tlzblﬁ'”’M ZbN|ZOZZo)

tN—1,tN

= f K1 (to, t1,%0,21,b1) J Kn—1(En—2, EN—1,2N—2,ZN—1, Dn—1) G (En—1, tN, Zy—1) dzy—q - - - d2y,
) )

where
Yi(tioy, t, 51,2, b) =P (M, _ . < bi|Z,_ =2i1,2Z:, = %) p(tiy, ti,%im1,%),
Ki(ti1, ti>%i-1,%;, b)) = P(Mti,l,ti 2 bi|Z,  =2i1,2Z = 2;) p(tio1, ti,Zio1, %),
q(tn—1,tysZy-1) = P(MtN_l,tN <byl|Z, = IN-1)>
q(ty—1,tn,Zn—1) =1—q(ty—1, tn,ZN-1)-

Here p(t;_1,t;,2;_1,%;), for i =1,...,N —1, is the transition density function of the process (Z;):>o
from state z;_; at time t;_; to state z; at time t;.

Proof. We show the proof for the joint distribution function. The proof for the joint survival function
is similar, since we also utilise the Markov conditional independence property. We proceed with a
proof by induction.
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(1) Case N = 2: We know that
]P)(Mto:tl < bl’Mtl,tz < b2|ZO :Zo)

= J ]P)(MtOstl < bl’MtlstZ < bz |Zt1 = Zl,ZO == ZO)PZO (Ztl S dzl |ZO :ZO) .
2

Since {M,,;, < b} €0 (Z;:s < t1) and {M,, ,, < Dby} € 0(Z; :5 = t;), we have

]P)(Mto»tl < bl’Mtl, < b2 |ZO :Zo)

ty

= f P(thtl < bl |Zt1 = Zl,ZO = ZO)P(Mtl,tz < b2|Zt1 :Zl,ZO = ZO)IP(Z[‘I S d21 |Z0 :Zo),
9
by Lemma 4.1. Then by the Markov property, we obtain

]P(Mto,tl < blyMtl,tz < b2|ZO = ZO) = f 'labl (t(), t1)207zlz bl)q(tl) t27zl)dzl:
9

which is the case N = 2 in Theorem 4.1.

(2) Consider Theorem 4.1 for N = K such that

P(Mt():tl < b17Mt1,t2 < b2,"' M < bK|ZO =Zo)

2 tg—15tk

= J Y1 (to, t1,20,21,b1) "+ J Y1 (tk—2, tk—1,2K—2,2Kk—1, bx—1) q (tg_1, tx, Zg—1) dzg_q - - - dz;.
9 9

Now consider the case when N = K + 1. We have

P(M,, ., <by,M; ., <by,--+,M < b, My ., < brs11Zo=12)

to,t1 > g1tk

= f P(Mto,tl <by, My, ¢, <bg,-+ Myt <Dbr1lZ, =21,20 = Zo) Py, (Zt1 €dz 2o = ZO)-
9

Then, by Lemma 4.1, since {M, , < b;} € 0(Z; :s < t;) and {M;, , < by, , My, ¢, <
bxi1} € 0(Z, :s > t;), we have

P(Mto,tl <by,M 1, <bg,- .My 1., < briy1 |Zt1 =21,2p :ZO)

= IED(IVItO,t1 <bi|Z, =2,Zy= ZO)]P)(ML‘I,tZ <Dby, - My, <bgi1lZy, =21,20= ZO)-
For N = K, by the Markov property, we have
P(Mtl,tz < b2>Mt2,t3 < b3: e ;MtK,tKH < bK+1 |Zt1 =Zl)

= f Y1 (t1,t9,21,29,b3) f Y (tg—1, tr>2x1, 2K br) q (tg, tes1, Zg ) dzg - - - dzs.
9 9

By iterated substitutions, the proof is complete for the case N =K + 1.
O

Now we decompose the joint distribution and survival functions of the maxima of a continuous
Markov process in consecutive intervals into three components:

a) The distribution or survival function of the maximum of the continuous Markov process in a
given interval conditional on its starting value and terminal value;

b) The transition density function in a given interval;
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¢) The distribution function of the maximum of the continuous Markov process in a given interval
conditional on its starting value only.

The third item is equivalent to the FPT distribution for a Markov process to cross a constant
barrier in a given interval. Essentially, the first item involves the calculation of the maximum of a
continuous Markov bridge, which involves Proposition 4.2.

Proposition 4.2. Let (Z,),>( be a continuous Markov process where Z, = z, and Tz ,, := inf{t > 0: Z, > b}.
Then,
T,b )
0 pg(t) Tz;’%fTZb(t z)dt, ifz,2’ <b,
P(Mor=blZr=2',Zy=2)=
L otherwise,

where p(t, T, b,z") denotes the transition density function of (Z,),>¢ from state b at time t to state z’
at time T, and f., (t;z) is the probability density function of first-passage-time T ;, with Z, = z.

Proof. See Appendix C. O

With Proposition 4.2 and Theorem 4.1 at hand, we are able to at least approximate the joint
distribution and survival functions of the maxima of a continuous Markov process in consecutive
intervals, provided that we know its transition density function and its FPT density for a constant
barrier.

4.2 Simplified calculation of survival functions via restrictions

Now we present a theorem which simplifies the calculation of the survival function in Theorem 4.1,
if the restriction ]P’(Zt0 <by,Z; <by,:+-,Z;, < bN) = 1 is introduced. We can prove that if, at
the end of each interval, the terminal value of the process is lower than the barrier level in the
subsequent time interval, the nested integral simplifies to a product of single integrals.

Theorem 4.2. Given that IP’(Z <by,Z; <by,---,Z;, < bN) = 1, the joint survival function of
the maxima of a continuous Markov process (Z, )tZO G R in consecutive left-open-and-right-closed time
intervals is given by

]P(Mto,fl 2 bl’ e M[’N 1IN = bN |ZO _ZO) (4'3)

b p(M, ,>b|Z,  =x;
ZP(Mro,aZbl'Zo:Zo)l_[U ( tio1ot tig )

i=2 P(M, > b2y =2)
> bi—l |Zti—1 = xi’ZO = ZO)]P)(ZL'FI S dxi |ZO = Zo)]

i—2,ti-1

x]P’(Mt

i—2,ti—1

Proof. We write T =inf{t>t; ;:Z,=b;},Vi=1,2,---,N. The event {Mt = b } is equiva-
lent to {T(i) < ti}, and further write

C={z,<by,--+,Z,  <by}.
Since {T(i_l) < ti_l} C{Z,en=0b;41},Vi=1,2,---,N, we have

P(M,, . >bilZg=20,C, M, > by, , M,  >bi 1)

=P(M,_, . = b;|Zg=20,C, My, ¢, = by, , My, = bip, 77V <t;4)

i-3,ti—a =
- P(M b |ZO _ZO)C M bl:' o >Mt = bi—2:T(l_1) < ti—lJZT(i—l) = bi—l)

i—3,ti—a =

i—1,ti

ti1,ti = to,t1 =

Furthermore, since

{Mfo,t1 2by, My g, 2 bi—Z} C Zrin

i—3,L
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and

{M > b, } C F \F i,

-1t =

by Lemma 4.1, we obtain
IF’(Ml = bilZy=20,C, M, = by, M, . >b; 1)

:IP’(M1 Lt = bilZg=20,C, 7D < ti1, Lo = bi—l) :P(M
= P(Mti—l,ti = bi |ZO =ZO’C’Mti727tl 1 2 b )

blZO—Z()CT(l 1)<t )

ti—1,t; =

It means that conditional on event C, the discrete process (L;);ey defined by L; = 1, 2b, is a
discrete Markov process. Hence,

P(M toty = b1 s My gy 2 > by | Zo = 2, C)
=P (M, 0 = bN|20=ZO:C My, 2 b1, , M o = by_q)
XP(MtN tneg = Do 1|Zo—zo:c M ¢, = Dby, My e, = by 2)]P’(Mt0 t; = b1|20:ZOJC)

= P(Mto,tl 2 by 12y = 2, C) l_[IP(Mti_l,ti 2b;|Z2g=20,C, My, ¢, , = bi—l) .
i=2

Therefore, 1f]P’(Z <bg,-+,Z, , < bN) =1, then
IED(]V[tot1>bl>"' M, 1tN>bN|ZOZZO)
=P (M., = b11Zo =2 l_[P(Ml o= bilZo=20,M, .  =Dbi,)

i=2
:P(Mt b >bl|ZOZZO)><

N i
l_[|:J< P(Mti—l;ti > bi |Zti—1 = X)]P(Zt - (S dX|ZO _ZO)Mt _ontiin > bi—l)

NTrb p(M, ,>bZ, =x
ZP(MtOtl_bllzo_Zo)l_[[f ( ti1,t; ti—1 )

i=2 P (M, oty = Dic 1125 =2,)
> b2, =x,2y=2)P(Z,  €dx|Zy=2)].

tio,tig
O

Here, with the additional condition ]P’(Zt0 <by,Z; <by,:+-,Z;, < bN) =1, the discrete pro-
cess (L;);ey defined by L; = 1 M, | o=b, is a discrete Markov process. We can simplify the previous
nested integral to the product of multiple single integrals under restrictions. This is significantly
more efficient from a computational viewpoint. However, the joint distribution function

P(M

<by,--,M <bN|20=ZO)

to,t1 IN—1,IN

does not admit such a simplification. One has to utilise the nested integral formula in Theorem 4.1
to compute it, although this can also be computed efficiently with the two schemes in Section 5.
4.3 Non-matching time-discretisation

As discussed before, we may have non-matching time-discretisation schemes for the piecewise con-
stant functions u(t), A(t), o(t) and b(t). In such a situation, the process is still continuous and
Markov. By Theorem 4.1, if we can obtain

P(Mtl;l,f >b |Zt 1—21 1> .—Z) andP(MtN 1Lty _leth —ZN 1)
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Vi=1,...,N—1, the joint distribution and survival function for the maxima of the inhomogeneous
OU-process in consecutive intervals can still be calculated. We have the following two sub-cases for
non-matching time-discretisations in the interval [t;_, t;].

Case 1: Matching time-discretisation for u(t), A(t) and o(t), but non-matching for b(t).
An example of this case is shown in Figure 7. Here, the time-discretisations for u(t), A(t) and
o(t) are the same.

—— Barrier
1.4 — fi(t)
a(t)
1.2 — A
1.0
I
0.8
0.6
ti_, tj, t;, t;

Figure 7: Matching time-discretisation for u(t), A(t) and o(t), but different for b(t).

In this case, P (M tot; 2 bilZe = Zi—l) can still be calculated by Theorem 4.1. For example
in Figure 7, we have

P(M,, . 2bilZ,  =2_1)

=1 —]P’(Mti_l’th <by, My, ., <biM, o <bilZ  =%.1),
which can be solved by a nested integration formula, see Theorem 4.1, with the local homo-

geneous property for each sub-interval. In terms of ]P(Mti—l,ti > bi|Z,  =2i1,Z = zl-), it
also follows by Theorem 4.1.

P(Mt-_l,ti > b |Zti_1 =212y, zzi)

U

=1-p(M,

1—1’tj1

< bi’Mtjlith < bi’Mtjz,ti < bl |Zti_1 = Zi—l’Zfi = zl)
=1 —J ]P(thl € dx | Zti—l = Zi—l)Zti = Zi) X
R
]P{Mti*h%1 <by, My o <byM o <bilZ =212, =x,Z, = %)

=1 —J P(My e, <bilZe, =21, =x)
R

p(tjl’ ti,x,zi)p(tl-_l, tj]’zi—lix)
1t < bi’Mtjz’ti < bi |th1 =X’Zti zzi) dx.
p(ti—la tiyzi_]_,zi)

x P (M t;
This can be simplified further to obtain
P(M, . >bilZ,  =2_1,Z =%)

i-1,ti =

1 _J P(Mti,l,tjl <blz,, :Zi—bztj1 = x)
R

x fRP(Mtjl,tjz < b; |th1 = x>Zt]-2 = y)IP(Mtjz,ti < b; |th2 =Y,y :Zi)

% p(th: ti: .V:Zi)p(tjl; tj2:x1 }’)P(ti—b tjlrzi—lyx)
p(ti—l) tizzi—lzzi)

dydx.

23



Theorem 4.2 simplifies the nested integral in Theorem 4.1 to a product of single integrals,
provided that some additional restrictions are satisfied. For non-matching time-discretisation,
Theorem 4.2 can still be applied. However, the terms ]P(Mti—2>ti—1 >bi1|Z, , =xi,Zp= ZO)

and IP’(M bt 2 bilZe = xi) can only be evaluated by the nested integral in Theorem 4.1.

Case 2: Non-matching time-discretisations for any of the functions u(t), A(t), o(t) and
b(t).

An example of this case is shown in Figure 8. This case can be reduced back to Case 1 by
taking the union of all the time-discretisations steps as the an overall discretisations scheme.
For example in Figure 8, we can consider it as a special case of Case 1 for the time steps t;_;,

tjl’ tjz’ tjs’ tj4’ tjs and ;.
= Barrier
1.4 —_ i(t)
a(t)
1.2 — A
1.0
0.8
0.6
ti_, t:il t:iz t:i] t:ia t:is t;

Figure 8: Non-matching time-discretisation for any of u(t), A(t),o(t) and b(t).

Remark 4.1. When the discretisation is non-matching, we have two layers of nested integration:
a) The nested integration due to non-matching time-discretisation;
b) The nested integration arising from the application of Theorem 4.1.

By Theorem 4.2, one can simplify the nested integral in b) to a product of single integrations under
some restrictions. This can reduce the computational complexity. Although the nested integral in a)
cannot be further reduced, in practice, if the variations of the piecewise constants within a single segment
are much smaller than the variations of the piecewise constants among all the segments, one can use
matching time-discretisation as an efficient approximation.

5 Computational methods and numerical results

Thus far, we have obtained decomposition formulae for both, the joint distribution and the survival
function for the maxima of a continuous Markov process in consecutive intervals. For convenience,
in this section we take the survival function for a standardised OU-process in consecutive intervals
as an example to illustrate the computational methods. Moreover, for simplicity, we consider the
case that the lengths of all the time intervals are constant At, i.e. t; = iAt fori =0,1,2,...,N.

Corollary 5.1. Let (Z;)»¢ be a standardised OU-process and My, , ;. = SUP¢e[¢,_, ) Ze> Where t; = A,
fori=0,1,2,...,N. Then

P(M,, . > by, , M, _ . >bylZ, =z)

55

= f K (29,21, b7) "~ J K (2y_3,2N—2, bN—Z)J K (2n—2,2n—1, bny—1) G (2n—1, by) dzy_1dzy_o - - - dz,
R R R
(5.1)
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where

o
- _ )
Gy, by) = 1= e (—zN_l)]ﬂ(zN_l < by)+1(zy_1 = by)

k=1

and

11(21 1<Db;)1(z; <b;)

K(Zl ].JZlJb) Z o (1)% (l)(_ZN 1)J
—At

k=1 Vr(l—x2)
(Z b: X) @)
xexp{ Tz —a, At rdx

+p(0,At,2;1,2;) (1 —1(z_1 < b)) 1(z; < by)).

Here, 5¢,(+) is the Hermite function with parameter a, {a(ki)} are the solutions to the equation 7, (—b;) =

0 and 7 = —1/(ef 3,0 #,0(~by)).

Proof. See Appendix C. O
The iterated integral can be approximated efficiently by quadrature schemes or Monte Carlo

integration methods. We describe the two methods in what follows.

5.1 Quadrature scheme

We first present a quadrature scheme to evaluate

[:=P(M,, >by, -, M > by | Z,, =2)

tN—1,IN

= J K (20,21, b1) - J K (2n_3,2N—25 bN—Z)J K (2n—2,28-1, bn—1) @ (2n_1, by ) dzy g - - - dzy.
R R R
(5.2)

Since the OU-process is defined on R, we choose a sufficiently large number Z,,,, and sufficiently
small number Z,;,. We partition the domain [Z,;,, Znax] into L pieces of equal length 6z, where
the grid points are denoted Z,,;, = 2V <2® < ... <2z =z We can then approximate the
integration as follows:

Proposition 5.1. The nested integral in Equation (5.1) can be approximated by the product of matrices
I'~ l_[f]:_ll K;Q(52)N, where for i =1

K= [k (2027)x (20,57) o (z007)],

fori=23,--- ,N—1,

11’

K = i-1°%

1

K(zu) M p

11’1

and

Q = [as

Proof. See Appendix C.

K(z(z) W

M50 b)) (2,22, b,

11’

) welhan)

) S(0)

N—1’bN) q(zz(\rZ)pr)""
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(1) (L)
1 1’ b

K(z(z) W b)

11’1
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11’1

(= J(VL)vbN)]T’



Corollary 5.2. With further condition IF’(Z <by,Zy, <by,+,Zy, < bN) the nested integral (5.1)
can be reduced to the product of single lntegrals Whlch can be evaluated efficiently in vector form as
follows:

N
C (]_[ ViWi(éz))
i=1

where
C=
M, ¢ 2 b'|ZO=ZO)
‘/l = t —1lti = b |Zt _Z(l)) (Mfl 15t = bi |Zfi—1 :z(L))]
tiptig = Dic11Ze = 21 ),Zo =20) p(0, t;_152,21)
Mt ot = bialZy = 21,z = ZO)P(O, tio15%0,2%))
Proof. The proof can be shown by rearranging Equation (4.3) in Theorem 4.2. O

Remark 5.1. One can see from the difference between Proposition 5.1 and Corollary 5.2 that the
complexity of the matrices operation with the simplification theorem is O(N L), while the complexity of
the original nested integral is O(N L?).

5.2 Monte Carlo integration method

The integral (5.2) can also be evaluated efficiently by an importance sampling approximation.

Proposition 5.2. Assume Zy, Zo, ..., Zy_; are independent and identical random variables with density
function p : R — RY, which first-order stochastically dominate (z,z’, u) = K(z,z’, u) /p(&’). Let

Zl.(f"l) be the k;-th random number in the sample generated from the random variable Z;_;, and let L;
be the sample size of the random variable Z;_;. Then the nested integral (5.1) in Proposition 5.1 can
be approximated by the product of matrices I ~ (]_[fvz_ll Q;/ Li),@, where fori =1,

0 = [90 (Zo,ZF)) e (zo,zgz)) R (ZO,Z§K1))] ,

fori=2,3,- -1,
( (1)1 Z(l) b) 90( (1)1 Z(Z) b) (P( (1)1 Z(K) b)
i—12 i—1’ i—1°
( 1(2)1,2(1) b;) c,o(Zl(z)l,Z(z) b) <p(zfz)1,zm b;) ,
¢ (Z(Kz 1) Z(l) b. ) ¢ (Zi(fil—l), Zi(Z)’ bl) e (Zi(fi—l),zi(Ki)’ bl)
and

Q_=[q(ZIE,1)1,bN) (21%2)1’1’1\/):"' q( (KN D bN)]T

Proof. The integral can be rewritten as

k (29,21, b1) K (2N—3,2Nn—2, by_2)
IZJ —e b1 P(Zl)"'J N= 2 N=2 p(zn—2)
R R

p(z1) p(zn—2)
y J K (2y—2,2n—1, bn—1) G (2n—_1, by )
R p(ZN—l)

p(zn—1)dzy_1dzy_y---dzq,
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and further as
I =J ¢ (20,21, b1) p(z1) - f ¢ (2N—3,2N—2, by—2)P(2N—2)
R R

X J ¢ (2n—2,2n—1, bn—1) G (251, by )p(zy—1)dzy_1dzy o - - dz;.
R
The proof can now be continued analogous to the one for Proposition 5.1. O

5.3 Numerical analysis

The two methods can be compared with the direct Monte Carlo approach, which is shown in Algo-
rithm 2 (or Algorithm 3, a small-memory version). Since the direct Monte Carlo method needs to
be implemented by a time-discretisation, this method underestimates the passage-time probability,
see Lemma B.1 in Appendix B. We observe that when the number of time steps increases, the re-
sults obtained by the direct Monte Carlo method aline with the results obtained by the quadrature
scheme and the Monte Carlo integration. However, direct Monte Carlo results become increasingly
noisy when the joint passage event becomes rarer, while the quadrature scheme and Monte Carlo
integration methods remain stable. This shows the quadrature and Monte Carlo integration meth-
ods can improve the accuracy if the joint passage is an infrequent event. Another interesting insight
is that although the direct Monte Carlo result is more accurate for a larger number of time steps, its
Monte Carlo error is bigger, too, provided that the event occurrence is infrequent, see Lemma B.2 in
Appendix B. We conclude that the direct Monte Carlo method is not suitable for the passage-time
approximation.

In the comparison of the three methods, i.e. direct Monte Carlo, quadrature scheme and Monte
Carlo integration, we test the following two cases:

1) We fix the number of consecutive intervals and change the level of barriers in each interval;
2) We fix the level of barrier and increase the number of intervals.

In both cases, the probability we wish to approximate becomes small when the barrier levels rise
or the number of intervals increases. The direct Monte Carlo estimator will become noisy when
the joint event becomes rare, see Lemma B.1 and B.2 in Appendix B. In this subsection, we show
that the quadrature scheme and Monte Carlo integration estimators produce accurate and robust
approximations and the efficiency is improved compared with the direct Monte Carlo method. The
quadrature scheme and the Monte Carlo integration scheme contain two types of error source:

1) The truncation error from the approximation of the FPT density infinite series, and
2) the deterministic or stochastic error from the numerical integration.

As shown in Section 2, the truncation error in 1) can be reduced to a small level by introducing
few truncation terms. The numerical error 2) depends on its discretisation size in the quadrature
scheme and on the number of paths in the Monte Carlo integration scheme. This type of error can
be reduced by introducing a finer discretisation and/or by producing more Monte Carlo samples.

In the first numerical example we compute the probability of the maxima of a standardised
OU-process in the first and the second periods to cross the levels b; and b,, respectively. In the
left column of Table 1, seven combinations of barrier levels for the two consecutive periods are
considered. In this example, we choose the number of paths and discrete time steps so to achieve
accuracy of the order 10~ for the case b; = 1 and b, = 1. We have:
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by by| MC(500) | MC(1000) | MC(2000) | Quad. | MCint
1 1 [1417x1071[1.448x1071 [ 1.469x107 ' [ 1.517x 107" | 1.515x 107"
(2x107 (2x107%) (2x 1079 (3x 1074 (6 x10™)
1 2| 1.27x1072 [1.311x1072 | 1.352x 1072 | 1.426 x 1072 | 1.440 x 10~2
(1x10™ (8 x 10™°) (8 x 10™°) (2x107°) (7 x10™)
2 1| 508x10° | 538x10° | 554x10° [5.837x10° | 5.843x107°
(7 x107°) (5x107°) (6 x 107°) (2x107°) (3x107°)
2 2] 235x1072 | 250x107° | 2.62x107° | 2.72x107° | 2.74x 1073
(4 x10™) (4 x 10™) (4 x 10™) (2x107°) (3x107)
2 3| 41x10™ 5.0 x 107 54x10™ | 5.08x10™ | 5.10x 107
(4x1079) (5x107%) (4x107%) (2x1077) (3x1077)
3 2] 1.1x10™ 1.1x10° 1.2x10™ | 1.455x 10 | 1.458 x 10~
(3x1079) (3x107%) (4x107%) (1x1077) (9%x107%)
3 3 7 x107° 6x107° 6x107° 5.47x107° | 5.42x107°
(2x1079) (2x107°) (2x107°) (9x1078) (5x107%)

Table 1: The probability of the maxima for a standardised OU-process crossing the barrier levels b,
and b, in the two consecutive time intervals, respectively. The number in the bracket is the absolute
Monte Carlo or quadrature error. The three sets of direct Monte Carlo results are implemented with
2,000,000 sample paths. The number of time steps for the three sets of direct Monte Carlo results
are 500, 1,000 and 2,000, respectively. The quadrature scheme is implemented between the state
domain [—5,5] with state increment 0.005. The Monte Carlo integration method is implemented
with 100,000 sample paths.

We can also observe from Table 1 that in the direct Monte Carlo cases, the error cannot be
improved by introducing a finer time-discretisation, see Lemma B.2 in Appendix B. We also compare
the computational times needed to obtain the results in Table 1. In Figure 9, we observe that the
quadrature and Monte Carlo integration methods are more efficient than the direct Monte Carlo
scheme. It turns out that the quadrature scheme performs best.

256.78
250

200

=
w
o

128.35

CPU Time (seconds)
o
s)

65.53

50

0.24 I 5.79 1

Quadrature MC Integration

MC (500) MC (1000) MC (2000)

Figure 9: CPU time consumption for the case that b; = b, = 2, with prescribed max. absolute error
of 2 ~ 4 x 10> for all schemes for the computation of the multiple crossing probability in the two
consecutive time periods.

Our second example is to fix the barrier and increase the number of intervals, which leads to
lower joint passage probabilities. In Table 2, we observe that the numerical results obtained by
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the direct Monte Carlo methods tend to be less accurate when the number of intervals increases.
However, the quadrature and Monte Carlo integration methods remain reliable compared with the
direct Monte Carlo results.

N | MC(500) | MC (1000) | MC (2000) | Quadrature | MC integration

21235x10°[250x10° [262x10°[2.72x107° | 2.74x107°
(5x107™) | (4x107™) | (4x10™) | (2x107°) (3x107°)
3] 31x10% | 33x10% | 3.3x10% [3.23x10% | 3.29x107%
(1x107°) | (1x10™°) | (1x107™°) | (1x1079) (5x1079)
4| 55x10™ | 5.7x10™ | 5.6x10™> [ 523x10° | 5.30x 107
(4x107%) | (7x107%) | (8x107%) | (3x1077) (8 x1077)
5] 8x107° 7x107° 8x10° |[806x107°| 8.07x107°
(2x107%) | (2x107% | (2x107%) | (6x107%) (9 x 1079)

Table 2: Probability of the maxima of a standardised OU-process to be above the barrier level b = 2
in N consecutive intervals. The number below is the absolute Monte Carlo or quadrature error. The
three sets of direct Monte Carlo results are implemented with 2,000,000 sample paths. The number
of time steps for the three sets of direct Monte Carlo results are 500, 1,000 and 2, 000, respectively.
The quadracture scheme is implemented between the state domain [—5,5] with state increment
0.005. The Monte Carlo integration method is implemented with 100,000 sample paths.

We deduce from Figure 10 that the time needed when using the direct Monte Carlo method
increases linearly with respect to the number of consecutive intervals considered. On the other
hand, there is a small jump in the time consumption for the quadrature scheme and the Monte
Carlo integration method. This is because when only two intervals are considered, the matrix K;
or ; in Proposition 5.1 and 5.2 are not necessary. Once the matrix K; or €; are obtained, they
are saved for further computations. This shows that the computational demand of the quadrature
scheme and the Monte Carlo integration method remain essentially unchanged when considering
three or more consecutive intervals. The probability for large number of intervals can be evaluated
more efficiently by the quadrature and Monte Carlo integration methods.

1185.1
1200 e Quadrature

KXA MC Integration

—1000| EE2 Direct MC (500)
%) .
° E= Direct MC (1000)
S vz4 Direct MC (2000)
& 800
2 675.2
.2
S 600
€
>
g
S 400 394.2
© 320.6
.E 254.4 258.7

200 ;27 193.7, —

129.6 131.1——] 163.9
66.7 e FHH
0 0.2 5.9 0.8 \28'63 T 10 224 i i 11 220
2 3 4 5

Number of intervals

Figure 10: Time consumption of different schemes for an increasing number of intervals considered
in Table 2.
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6 Conclusions

In this paper, we consider the multiple barrier-crossing problem of an OU-process in consecutive
periods. We first produce an alternative derivation of the formulae for the first-passage time (FPT)
survival function, which coincide with the results given in Alili et al. (2005) and Linetsky (2004b).
We show that the FPT distribution is not heavy-tailed. Next, we provide the transformation formulae
of the FPTs between an inhomogeneous OU-process to a time-dependent barrier and a standardised
OU-process to another time-dependent barrier. We investigate in detail the maxima of an inho-
mogeneous OU-process with piecewise constant parameters in consecutive intervals. We present a
nested integration formula for the joint distribution and survival functions for the maxima in con-
secutive intervals of an inhomogeneous OU-process with piecewise constant parameters. By matrix
multiplications, the nested integral can be solved efficiently by quadrature or Monte Carlo integra-
tion methods. We also show that if one puts further constraints on the problem, the event that the
maximum in each interval is above the barrier can be simplified to the product of single integrals.
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Appendix

A Algorithms

Algorithm 1 Truncation terms deviation by quantile.

1: For a given initial value x and barrier level b, compute all the a-zeros in a given interval.
2: Take all a-zeros to approximate the w quantile of the hitting time, denoted q,,, by Theorem 2.1.
3: Fix the relative error . Obtain the error tolerance interval [q,,(1—8),q,,(1 + )]
4: Denote the approximation with n ordered a-zeros by §,,.
5: Starting from n = 1:
6: while g,, ¢ [q,,(1—06),9,(1+ )] do
7: n+=1.
8: Output n.
Notation:
NB: Number of sets
N: Number of paths for a given simulation set
M: Number of time steps per path
by, by: barrier level in consecutive intervals one and two
n: n-th path
m: m-th time step
qbfrf): Realisation of standard normal random variable for path n at time step m
6 =T/M: Length of time step
ng): Realised OU-process value of path n at time step m
IOF Indicator function
Prob,py: Probability of joint crossing in two consecutive intervals for set nb

Algorithm 2 Algorithm of Direct Monte Carlo

1: while pathn <N do
while time step m < M do
1, simulate realization of standard normal random variale qbr(r?)

2:
3:

B

bl

2, evaluate x,(:ll =xMe™ 4 u(1—e M) + 04/ 57 6™
if max(x\™, -+, x™_)> b, and max(x\™. .-+, x™) > b, then
127 oyl =M1 M/2+1> oM =2
1 =1
else
1M =0

10: Final Prob = Mean(Ind)
11: Final Err = StD(Ind)/v/N

32



Algorithm 3 Algorithm of Direct Monte Carlo (low memory requirement)
1: while set nb < NB do
2 while path n < N do
3: while time step m < M do
4 1, simulate realization of standard normal random variale ¢(")

5 2, evaluate xr(:ll = x’(#)e—m +u(l—e )+ o\ = 1= 7 20 qb(”)
6:
7: if max(x(”) ‘e 1(\22) > b; and max(xj(\;}ZH, e ,xl(\;)) > b, then
8 1™ =1
9 else

10: 1™ =0

11: Prob,y = Mean(Ind)

12: Final Prob = Mean(Prob)
13: Final Err = StD(Prob)/+NB

B Error analysis of the direct Monte Carlo method for FPT estimation

We estimate the probability P (supte(to’tl]X ¢ = b1, SUPe(e, 6 Xt = bz) by the following algorithm:
a) We discretise the time interval [ ¢y, t,] into M pieces:
t(): t(o) < t(l) < e < t(%) < tl — f(%+1) < < t(M)z t2-
b) We estimate the maximum in each interval by
sup X; ~ max {Xt(o),Xtu), e X (%)} s
te(toytl] t
sup X, ~ max {X (%H),X (Mg ,Xt(M)} .
fe(fl’fz] t t
c) We approximate ]P’(supte(t0 61Xt = b1, SUPe(e, 1,1 Xt 2 b2) with

P(maX{Xt(l),Xt(z), .- ,Xt(%)} > by, max {Xt(%ﬂ),Xt(%u): T ,Xt(M)} > bz).

Lemma B.1. The direct Monte Carlo algorithm (a)-(c) underestimates the real probability due to the
time discretisation, that is

IP’( sup X;=b;, sup thbz)
te(to,t1] te(ty,ts]

> ]P’(max {Xt(l),Xt(Z),"‘ ,Xt(%)} > b;, max {Xt(%m,Xt(%m:“' ,Xt(M)} = bz).
Proof. We observe that

{max {Xtu),Xr(z),~-~ ,Xt(%)} > by, max {Xt(%m,Xt(%ﬁ),'“ X (M)} > bz}

Q{ sup X, >by, sup Xthz}.

te(to,t1] te(ty,ty]
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Since the probability of a sub-event is smaller than that of the event itself, we have

]P’( sup X, =>b;, sup Xthz)

te€(to,t1] te(ty,ty]

= IP’(max {Xt(l),Xt(Z),"' ,Xt(%)} > by, max {Xt(%“)’xt(%”)’“. ,Xt(M)} = bz).
O

The larger M, the more time steps, and the approximated probability tends to be closer to the actual
probability of the event (that cannot be perfectly estimated by direct Monte Carlo).

For example, let us consider M = 500, 1000, 2000 partitions in the time interval [0, 2]. We then
have:

IF’( sup X, = by, sup X, > bz)

t€(0,1] te(1,2]
> P(max {X1/10003X2/1000: e ,X1000/1000} = by, max {X1001/1000,X1002/1000: e ,X2000/1000} > b,)
> P(max {X5/1000,X4/1000,** »X1000/1000} = b1, max {X1002/1000-X1004/10005* ** »X2000/1000} = b2)
= ]P’(max {Xl/SOO’XZ/SOOJ e :Xsoo/soo} > by, max {X501/500,X502/500, e :X1000/500} 2 bz)
= ]P’(max {Xz/soo’X4/500a T :Xsoo/soo} = by, max {X502/500>X504/500; T :Xlooo/soo} = bz)
= P(max {X1/550,X2/250,*** »X250/250} = b1, Max { X551 /250, X252/250,*** »X500/250} = b2)-

Therefore, probycsogy < Probycooo) < Probyc2000) < PrOD,cryal-
We next address the Monte Carlo error of the algorithm (a) - (c).

Lemma B.2. For a fixed number of paths, the errors of the direct Monte Carlo algorithm (a) - (c),
based on a discretisation with M, and M, time steps (M, < M,), satisfy the relations

Erryean) 2 Ertyean,) U and only if - probyeay,y + Probyca,) = 1,

Erryeon) < Ertmean,) U and only if - probyeay,y + probycag,) < 1.
Proof. For convenience, we denote
{max {Xt(l);Xt(2)> a ,Xt(@)} > by, max {Xt(@“)’xt(?“)’ o ,Xt(Ml)} > bz}
by A and
{max {Xt(l),Xt(z), e ,Xt(%)} > by, max {Xt(%+l),Xt(%+z)’ o ,Xt(Mz)} > bz}
by B. Then the Monte Carlo algorithm (a) - (¢c) computes PfOch(Ml) = P(A) = E[14] for M; time
steps, and probyqy,) = P(B) = E[15] for M, time steps. If we implement the Monte Carlo algorithm

(a) - (¢) to compute E[14] and E[15], the ratio between the resulting errors is equal to the ratio
between the standard deviation of 1, and 1. That is:

Err(14)  StD(1,) .| Var(1,) E[(ﬂA)z]—E[ﬂA]Z
Err(1g) StD(1g) \J Var(1p) — \E[(15)%]-E[15]*

We observe that (1,)* = 1, and (13)* = 1. Therefore,

Err(1,) E[(HA)Z]—E[HA]Z_ E[1,]—E[1,]
Err(1p)  \E[(15)%]-E[15)* \E[1]—E[15]?
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:Q E[1,]J0—E[1]) _ | PAPA)
E[1;](1-E[15]) ~ \ P(B)B(B)

. | Probyiga,) 1= Probue,)
MC(My) Probyc(a,) 1~ Probycia,)

This shows that

rrMc(Mz).

Since M; < M,, we have probyc(y,) < probycay,). We denote probycy,) by p € RY, then
probyicy,) = p —a for some a € [0, p]. Therefore,

p—a 1—(p—a)
p 1-p

ErrMc(Ml) :\ ErrMc(Mz)

= 1+L( rob + prob —l)Err
=\ 1 pa—p) \ProPmenn) + Probuca,) MC(My)-

Sincea>0and p €[0,1],
Errvicny) 2 Errmcu,)  if and only if  probygey, ) + Probyca,) = 1,

Errvicony) < Errmcu,) i and only if  probygey, ) + Probyge,) < 1.

C Proofs

Proof of Proposition 4.1. Here we prove the case for positive g’(At), u'(t), g”(At) and u”(t),
since the other case can be shown in the same way. For o(t) = o, A(t) = A and b(t) = b, we can
solve the ODE system (3.4), and we obtain

am=§, /s(t)=/5oe—f[1+0+/I fo esu(%)ds], OEES

which are defined for t € [Aty, At,]. Since u(t) € C2([tq,t,]), we have

vV
g(f)zFb—/j(f)eca([fbfz])-
Therefore,
. ” —t —t Bo (t.s, (s Bo ,rety_ Bo ,ct
elAt L] (t)_te[rﬂi)itz]ﬁoe Vet o o en(5)ds+ S () - Fau®
inf u”(t) max u’”’(t)

telty,ty] te[ty,ts]
max fge (aﬂ + A fot e u(s) ds) + Bo (t) — Bou(t)

1 telty,ty]

oV max u”(t)

te[tq,t,]

Since g(t) and u(t) are monotone increasing and convex, if

max e fio (0 VA + 2 fg & (s)ds) + o (1) — Pou(t)
1t < O‘\/X,

max u”(t)
te[tl’tz]
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we have - .
n t
te[?%tl,ltz]g ( )
inf ],u”(t)

telty,ty

<1

Hence g(t) is less convex than u(t). This means that for a fixed level of accuracy, the transformed
barrier g(t) can be approximated by a piecewise constant function with fewer segments than u(t),
i.e. g(t) can be approximated better with the transformation method. O

Proof of Proposition 4.2. We first consider the case that z,z” < b. Since the two events {MO,T = b}
and {’L’ zp < T} are equivalent,

T
P(Mor = blZr=2/,Zg=2)=P (1, < T|Zr =2, Z :z):f fers (t1zr =2',2,=2)dt,
0

where f; (t |Z;=2",Z, = z) denotes the conditional density function of the first-passage-time
Tzp- By the Bayes theorem, we have

]P(M >b|Z / Z ) : (0 T /| t) fTZ,b(t;z) t
> =2',7,=2)= JT,2,2 |1, =t) ———dt.
prETe o b =500, T,z 27)

Here, p (0, T,2,2' | T7p = t) denotes the conditional transition density of (Z,),>( from state b at time
t to state z” at time T. Since (Z,) is a continuous process, we have {Tz’b = t}ﬂ{Zt >b}= {Tz’b = t}.
Hence,

p(0,T,2,7'| Typ= t)=p(0, T,2,2 |1, =1t,Z, = b).

Because {Tz’b = t} €0(Z;:0<s<t)and {ZT > z’} €0 (Z,:t<s<T),byLemma 4.1, we have
p(0,T,2,2 |t;,=t,Z,=b)=p(0,T,2,2'|Z,=b) =p(t,T,b,2).
Therefore,

p(t) T) bJZ/)

t;z)dt.
p(03 T) z! Z/)fTZ’b( ,Z)

T
P(Moyr > b|ZT:z’,ZO=z)=f
0

In the case that either z > b or 2’ > b, the probability turns out to be equal to 1 due to the continuous
property of the process (Z;);>o- O

Proof of Corollary 5.1. By Theorem 4.1, we have

P(M,, . > by, ,M > by | Z,, =20)

tN—1,IN =

= f ]P)(Mto,tl = by|Z,, = 20,2, = 21) p(to, t1,%0,21) -
R
g f P(MtN—Z:tN—l = bN—l |ZfN—2 = ZN—z’ZfN—l = ZN—l)
R

X p(ty_a, ty_1,2n—2,2n—1) (1 =P (Myy_ o < b |Ze, , =2n—1))dzy_; -~ dzy,

where p(t;_1,t;,2;_1,%;) is the transition density function of the process (Z;);>o. By Theorem 2.1
we have

(o]

N) —oM

1-P(M,, ., <bn|Z, =zy.q)= [1 =D e e B A 0 (o) [ ey < by) + 1 (e = by).
k=1
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By the homogeneous property of the standardized OU-process and Proposition 4.2, we have
P(M, . >bilZ,  =2_1,Z, =2)p(ti_1, t;,%i1,%)
=P (Mo,ac = bi| Zo = 21, Za; = %) P(0, At,5;1,%)
At
=f0 p(t, At by, z)P (17, €dt]Zg =2_1)1(z1 < b)) 1(z; < b;)
+p(0,At,21,%) (1 —1(3;y < b;)1(z; < b;))
and further

P(Mt o =2bilZe  =2i4,Z, =2,) p(ti_1, ti, 21, %)

—a(i)—l
1(z;—1 <b;)1(z; < b; b; ;
_Z @ (l)% (1)(—ZN 1)[ k (Zl 1< 1) (zl < 1) exp{ (Z 32(') a(kl)At}dx
—At v r(l—x2) 1—x

+p(0,At,z;_1,2)[1—1(2;1 < b;)1(z; < b)].

Therefore,

P(M,, . > by, ,M > by | Z,, =20)

tn—1,tN

= J K (20,21,b1) J K (2n—3,2N—25 bN—Z)J K (2§—2,2n—1, bn—1) 4 (Bn—1, by ) dzy_1dzy o - -+ dzq,
R R R

O

Proof of Proposition 5.1. We can approximate the nested integral by

Tr ST (a5, )52 3 (80,2090 by )z ST e (o5 o) by Ya (800 by )
k=1 -

kp=1 ky_1=1
We write
(k) : (k) (kit1) (kiv1) _ (kit2)
R = 3 G, 50) D K, b
ki+1_1 H—Z_l
: k k
X Z K(Z( NEZ), I(VNll), bN 1)q(z( N— l) bN)
ky_1=1

and F; = fl-(zi(l)) fl-(zi(z)) fi(zl.(L)) ]17. Then we proceed as follows:

1) The integral I can be approximated to obtain
< k k
I~ Z K(Zo,zg 1),b )f]_( ( 1)) K1F1.
klzl

2) Then fl( (kl)) Zk2_1 ( (k1) (kZ) bz)f ( ékZ)), and therefore F; = K,F,.

3) We repeat step 2) for N — 2 times until

fn- 3( Vs 3)) i K( (kN33)’ 1(\;<N22)’bN—2)fN—2( ék” 2)) Ky—2Fn—2,
ky_a=1

and thus, Fy_, = Ky_1Q.
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We finally have I ~ ]_[ivz_ll K;Q(5z)N!. Here, we may approximate q (zy_1, by) and « (z;_1,2;, b;)
as follows:

K

- _ .,

q(ZN—l) bN) - |:]_ — E C’EN)e g t%aiN) (_ZN—I):| 1 (ZN—l < bN) +1 (ZN—l > bN),
k=1

K
K(zi1,2;, b)) ~ Z C,El)ag)ﬁfag> (—2n-1)
k=1

—g®

-1
J ox. * "1(z_;<b))1(z <b;) (z; — b;x;)> .
XZ ! : : : : exp{—%—ag)At}5xj
=1 n(l—x?) 1—X].
+p(0,At,2_1,%) (1 —1(zi1 < b;)1(z < by)).
where e ' = x5 <x; <---<x; =1and 6x; = Xx; —X;_;. O
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