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Abstract

There are regions in the abyssal ocean where sharp topographic gradients occur, for example escarp-
ments, canyons or seamounts. In such regions the contribution of the topography to the ambient
potential vorticity dominates over the ubiquitous effects of planetary curvature, and may play an
important part in steering abyssal eddies, such as those affecting the dispersal of newly formed
bottom water. This thesis studies some models of vortex motion near a topographic escarpment.
The topography produces a restoring mechanism for wave generation, and acts as a wave guide, i.e.
the topographic wave phase and energy travels parallel to the isobaths with shallow water on the
right in the Northern hemisphere. The ratio, S, of the time scale for topographic wave generation to
the time scale for the vortex circulation, is a measure of vortex intensity. If the two scales are well
separated, i.e. S>> 1 (a weak vortex) or S < 1 (an intense vortex), analytical progress is made.
For a moderate intensity vortex (S & 1) the wave-vortex interaction is nonlinear and the contour
dynamics algorithm is adopted to study the vortex motion in this regime.

In Chapter 1 some examples of geophysical vortices are described, along with their significance.
Chapter 2 gives a brief summary of the mathematical preliminaries. Chapter 3 constitutes a review
of the relevant work, namely vortex motion over varying topography in quasigeostrophic dynamics.
Of interest is vortex motion on the S-plane, since the methods employed in such studies can be
adapted for the present work.

In Chapter 4 the results of McDonald (1998) for the motion of an intense singular vortex near an
escarpment are extended to cover the full range of vortex intensities. Analytic results indicate that
a weak singular vortex moves parallel to the escarpment in the sense of its image in the escarpment.
The vortices which travel in the same direction the phase of the topographic waves radiate waves
and experience motion perpendicular to the isobath as a result of energy loss. Numerical results
for moderate intensity singular vortices show that the motion is characterised by dipole formation.
The primary vortex pairs up with an opposite signed patch of relative vorticity which has been
produced as a result of cross escarpment advection. An anticyclone located on the shallow side of
the escarpment or a cyclone located on the deep side cross the escarpment as a result. A cyclone
located on the shallow side of the escarpment or an anticyclone located on the deep side are reflected
away from the escarpment.

Chapter 5 is an investigation into the motion of an initially circular vortex patch near an escarpment.
It is found that weak vortex patches behave as if the escarpment were a wall. At large times weak
vortices which travel in the same direction as the topographic wave phase radiate wave energy, and
are destroyed as a result of topographic wave radiation. Analytical results show that an intense
vortex patch moves in the same manner as an intense §-plane vortex, i.e. cyclones move along
curved northwest trajectories and anticyclones move southwest. Numerical studies for moderate
intensity patches show that the motion is again characterised by dipole formation.

Finally, Chapter 6 considers the motion of a singular vortex near a coastal ridge, i.e. an escarpment
running parallel to a wall. It is shown that weak vortices behave as if the escarpment were a
plane wall. In the cases where the vortex travels in the direction of the topographic wave phase
radiate wave energy, and the vortex drifts towards the escarpment as a result. Numerical studies
are presented in the cases of intense and moderate vortices.
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Chapter 1

Introduction

Many parts of the oceans and atmosphere are characterised by the presence of strong, isolated,
swirling currents, or vortices. These structures exist over a wide range of length scales and are
often long lived. Whilst it is not on the Earth, the Great Red Spot of Jupiter has become almost
the canonical example of such a vortex in a planetary atmosphere. The Great Red Spot, known
to exist since the invention of the telescope in 1610, was first described by Robert Hooke in 1665,
and continues to swirl to the present day. Figure (1.1) shows a picture of the Great Red Spot taken
in 1979. The Great Red Spot is 14,000 km across in the east-west direction and 40,000 km across
in the north-south direction. It swirls anticlockwise and is located in the upper atmosphere in the
southern hemisphere of Jupiter, which means that it is an area of high pressure or an anticyclone.

Wind speeds in the Great Red Spot are up to 360 km/hour.

In 1961 Raymond Hide described the origin of the Great Red Spot in the popular science journal
Nature (Hide, 1961). Unlike fluid which is free to move in three dimensions in an arbitrary way,
the Jovian atmosphere is confined to a thin spherical shell in which vertical velocities are negligible
compared to horizontal velocities. A remarkable feature of such fluids is the emergence of large
localised laminar vortices from the background small scale turbulent flow (see e.g. McDonald (1999)
and references therein). Figure (1.1) illustrates this well. There are several (smaller) white vortices
to the south of the Great Red Spot, and the motion in between is rather turbulent. The longevity
of the Great Red Spot is due to opposing shear on the north and south sides, and the rapid rotation

of Jupiter which has a day of length 9.6 hours.

The earth’s atmosphere and oceans share the quasi two-dimensionality of the Jovian atmosphere and



Figure 1.1: The Great Red Spot of Jupiter. The picture was taken by the NASA spacecraft Voyager
1 on 25th February 1979. The bottom ofthe picture is south and the top is located roughly at the
equator of Jupiter.



each gives rise to similar isolated vortices. For example, there is the wintertime polar vortex, located
in the stratosphere, and which in effect is isolated from the rest of the atmosphere, enabling the
chemistry of ozone depletion to take place (Mclntyre, 1995). Tropical cyclones are further examples
of intense atmospheric vortices, and which are capable of causing devastation and great cost to

human life.

Vortices are equally prolific in the ocean. They are, for example, produced by instabilities in sepa-
rated intense western-boundary currents. The Gulf Stream is an example of such a current, which
spawns vortices when its meandering becomes sufficiently large. These vortices are lenses of anoma-
lous warm water and are known as Gulf Stream Rings. Figure (1.2) shows a satellite image of the
sea surface temperature off the northeast coast of America. The warm Gulf Stream separates from
the western boundary of the Atlantic and its meandering motion is evident. Note the warm rings
near the large meander. Gulf Stream rings are typically a few hundred metres deep and 50 to 200
km in diameter. They move southwest in to the surrounding cold water until they interact with the
shelf or the Gulf Stream itself. Most of the rings have a lifespan of 1-3 months and are eventually
reabsorbed by the Gulf Stream. Similar vortices are shed from the Agulhas current at the tip of

South Africa and the Kurushio current off the east coast of Japan.

All of the Gulf, Agulhas and Kurushio rings exhibit a strong surface signature. However oceanic
vortices aren’t exclusively surface phenomena. For example the Mediterranean salt lenses (meddies)
are large flat discs which form 1000 m below the surface in the Mediterranean sea and move out
into the Atlantic Ocean. Meddies can be 100 km in diameter and about 800 m in vertical extent.
Moreover, they have a lifetime of up to 2 years and travel up to 2000 km into the Atlantic ocean - a
speed of about 2 cm s~!. Recent evidence also suggests that in the abyssal ocean, deep bottom water
formed in the polar oceans is dispersed by vortices rather than continuous currents (see references

in McDonald (1999)).

One of the most important characteristics of geophysical vortices is their ability to self propagate on
a rapidly rotating planet. Coupled with their longevity this gives vortices the ability to transport
passive scalars, such as momentum, salt, heat and biota, over distances much larger than their
characteristic size. For example the water, in the core of a meddy is up to 4°C warmer than the
surrounding Atlantic water and 1 part per thousand saltier; hence meddies are responsible for the

dispersal of a large amount of heat and salt throughout the north Atlantic. Similarly Agulhas eddies



Figure 1.2: Satellite image ofa part of the Gulf Stream. See text for further comments.



transport at least 2.2 x 1020J yr™! of heat and 14 x 10'2kg yr~! of salt from the Indian ocean to
the Atlantic ocean. Vortices form an important link in the global circulation of the oceans, and
the manner by which they redistribute salt and heat is an important factor in determining the
climate and weather. Unfortunately their lengthscales are too small to be resolved by global climate
models and so their effects need to be accurately parametrised in such models. It is of considerable

importance therefore to understand the behaviour of geophysical vortices through simplified models.

Vortices are also important from an environmental point of view. For example the northern ‘wall’
of the Gulf Stream meets the Labrador current which brings a high concentration of phytoplankton
from the nutrient rich polar waters. In turn this provides a happy feeding ground for fish and larger
sea, life, and consequently the Nova Scotia and Newfoundland fisheries are rich in marine life. In
addition, the water in the Gulf Stream Rings is not only warmer than the surrounding water, but
the biology is also different. It has been observed that springtime blooms occur at different times in
the warm rings than in the neighbouring cold water. Some of the biota present in the rings originate
in the warm Sargasso sea and are not otherwise seen in the cold shelf waters. See Davis and Weibe
(1985). At a smaller scale, surf zone vortices near coastlines may be important in the dispersal of

pollutants.

As alluded to before, geophysical vortices are not simply pushed around by prevailing currents, but
have the ability to self-advect. It is of particular importance to be able to predict the trajectories and
longevity of vortices. This is a complex matter since planetary rotation, thermodynamics, shearing
currents, neighbouring vortices, friction and bottom topography all contribute to the motion. This
thesis examines the effect of sharp topographic gradients on the motion of vortices. Sharp topography
exists in the deep ocean and may have a considerable effect on the motion of vortices. For example
McDonald (1993) modelled the dispersal of newly formed bottom water from polar regions along
mid ocean ridges by cold eddies. The continental slope affects the trajectories of the Gulf Stream
rings and the Walvis ridge considerably affects the motion of Agulhas rings. Before proceeding with

the study the next chapter presents some of the theoretical background to the present thesis.
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Chapter 2

Preliminary considerations

In this chapter and the next some background theory necessary to the present work is considered
without derivation. The details can be found in Pedlosky (1979), Chapter 3. In chapters 4 through
to 6, quasigeostrophic dynamics of a single layer fluid on an f-plane is modelled. This model ignores
the effects of planetary curvature (usually represented by the S-plane), which are assumed negligible,
at least locally, compared to the effect of sharp topographic gradients. Vertical structure is trivial,
since it is the dynamics of abyssal eddies that are of interest, and the deep ocean can be thought of
as a layer of relatively dense fluid lying under an infinitely deep layer of fluid of much lower density.
Future work could include the -effect, more general topography or the effects of stratification. Such
work is likely to be numerical in nature. The simple model problems considered in this thesis admit
analytical solutions in certain limits. Moreover, when taken in conjunction with existing analytical,
numerical and experimental studies of vortex-topography interactions it may be possible to identify
some general features of a wide class of geophysical vortex dynamics, an important concern for

mesoscale modelling in general circulation models.
2.1 Shallow water theory

In shallow water theory the dynamics of the atmosphere and oceans are modelled by a single “thin”
layer of homogeneous (constant density, p), inviscid fluid, rotating at constant angular velocity 2
about the vertical z-axis. The motion is governed by the shallow water equations, which in a frame

of reference rotating with the fluid are

u + (uV)u+ fkAu = —¢g'Vh (2.1)

11



Hy+V.(uH) = 0. (2.2)

The first equation is the momentum equation, and the second is the equation of mass conservation.
Here the dependent variables are u = {u, v), the horizontal velocity of the fluid, and H(z,y,t), the

thickness of the fluid layer. The latter quantity can be written
H((II, y,t) = h’(x’ y’t) - hB(fE, y)7 (23)

where h is the deviation of the free surface from its level position at any point and hg is the equation
of the rigid bottom boundary above some reference level z = 0. The bottom boundary is called the
topography. The independent variables are z, y, the horizontal coordinates, and ¢ the time variable

which has units
L

Ta:"[j,

(2.4)

where L is the “appropriate” length scale for horizontal motions with corresponding velocity scale
U. Hence Ty, is the typical time scale for a fluid particle to move a distance L. In problems involving
vortices, choosing L to be the length scale for the vortex and U to be the typical swirl velocity of the
vortex, T, is the typical time for a fluid particle to rotate about the vortex centre. For this reason T,
is sometimes called the eddy turnover time. The remaining quantities in the shallow water equations
are the Coriolis parameter f = 2Q), discussed later, and —g'k, the acceleration due to the reduced
gravity of the fluid. In the context of the abyssal ocean the single layer model can be though of as a
layer of relatively dense fluid lying under an infinitely deep less dense upper layer (sometimes called
the 11-layer model), where the interface between the layers is free to deform. Then the reduced
gravity is ¢’ = gAp/p, where g is the acceleration due to gravity, p is the fluid density and Ap is the

difference in density between the lower layer and the infinite upper layer.

The vertical scales in the derivation of the shallow water equations are D, the typical layer depth

and W, the typical vertical velocity. The notion of a thin layer is made precise by insisting that

D
T <1 (2.5)

i.e. the horizontal length scale is much larger than the vertical length scale. Equation (2.5) is the
definition! of the shallow water model, and it implies that the vertical acceleration is (D/L)2. Thus

a particle with initially zero vertical velocity maintains a zero vertical velocity to within small values

I'This constraint implies that the fluid pressure is p = pg(h — z) + po, with po the pressure at the surface, i.e. the
hydrostatic approximation. The hydrostatic approximation could also be taken as the definition of the shallow water
model. It is this that enables the equations to be written in terms of the fluid depth H, rather than the pressure
directly.

12



of order (D/L)? compared with the horizontal accelerations. The tendency of the motion of a thin
rotating fluid to become strongly aligned with the rotation axis is a famous result, known as the
Taylor-Proudman theorem. Taylor (1923) demonstrated that when an obstacle is dragged through
a rotating fluid at right angles to the rotation axis, the column initially above the obstacle moves as
a column with the obstacle. The “Taylor columns” are a feature of thin rotating fluids, and enable

the two dimensional description of the large scale horizontal motions.

The choice of a rotating frame of reference gives rise to an apparent force in the momentum equations,
—fk A u, known as the Coriolis force. Importantly the Coriolis force acts at right angles to the
direction of the fluid motion, i.e. to the right (left) looking in the direction of the motion in the
northern (southern) hemisphere. On the Earth the local horizontal component of the Coriolis force
is unimportant, at least in the mid latitudes (e.g. Gill (1982)), and the vertical component varies

linearly with the sine of the latitude ¢. The Coriolis parameter is
f=20gsing, (2.6)

where Qp = 7.292 x 10~%s~! is the angular velocity of the earth. Taking a fixed latitude ¢ is
equivalent to a tangent plane approximation to the curved surface of the planet, and is called the f-
plane. The f-plane describes well mid-latitude motions with only small meridional (i.e. latitudinal)

variations.

The Coriolis parameter varies with latitude due to the sphericity of the Earth sphericity. Rossby
(1939) developed a model in which the Coriolis parameter varies linearly with latitude in the mid
latitudes. In this model, known as the §-plane, f is approximated by linearising about some mean

latitude ¢y,

f=fo+ By, (2.7)

where fo = 2Qsin ¢y and y is the coordinate in the latitudinal direction. The parameter § measures

the variation of the Coriolis parameter in the latitudinal direction and is given by

8="2 cosgn, e
To

where rg is the radius of the Earth. The value of 3 at, for example 30° N, is 1.9 x 107 3cm~!s~1.
The B-plane model has proved to be very useful in understanding the large scale motion of the
atmosphere and oceans. The motion of vortices on the g-plane has has attracted considerable

attention, and a review is given in the following chapter. It is shown below that the (-plane
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approximation is equivalent to the f-plane approximation with linearly sloping topography, and for
this reason comparison of vortex motion near sharp topographic features with vortex motion on the

B-plane is made throughout this thesis.

In shallow water theory there is a physical quantity of such importance that the governing equations

can be written as a single conservation law. The potential vorticity is

_(+f
II= R (2.9)
where
ov Ou
(= B_y ~ 5 (2.10)

is the relative (i.e. to an observer in the rotating frame) vorticity, which is aligned with the rotation

axis. The potential vorticity is conserved on fluid columns,

D (¢+f\_
where
D _ 0

is the material or advective derivative, which expresses the rate of change of a scalar quantity
following a fluid element in its evolution. The conservation law, (2.11) states that relative vorticity
is generated due to vortex column stretching (i.e. changes in H) in the planetary vorticity field f
as fluid columns move over topographic or Coriolis gradients. This single expression encapsulates
the essence of geophysical fluid dynamics. The ubiquitous acquisition of relative vorticity by the
fluid is characteristic of the large scale motions of the atmosphere and oceans. Potential vorticity
conservation is responsible, for example, for the tendency of sub-inertial frequency (Rossby) waves
to adopt a preferential westward phase velocity, or for strong circulating cyclonic currents to follow

curved northwest paths.2

The motion of fluid in the atmosphere and oceans is approximately in a state of so called geostrophic
balance, i.e. the Coriolis force approximately balances the horizontal pressure gradient. Steady,

linearised shallow water motion has velocity components

u = —%g—z (2.13)
7]
v = %% (2.14)

2This latter statement holds in the northern hemisphere only.
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where 7 is the deviation in the free-surface from its resting value. Thus 7 is a streamfunction for the
flow. Since 7 is proportional to the fluid pressure, the flow is equivalently along the isobars, which

is why the isobars are used as a diagnostic in evaluating the weather.

2.2 Quasigeostrophic motion

The small departures of the fluid motion from purely geostrophic flow are of most interest. To
examine these departures the shallow water equations are rescaled, with the assumptions that the
free surface deviations and the topographic variations are small with respect to the average layer

depth. The equations are then expanded in a series in the Rossby number

U

Ro= f—L,

(2.15)

which i.s a small parameter, i.e. interest is focused on motions whose time scale is much larger
than the inertial period. Small Rossby number flows in dimensional terms are those that evolve
over weeks and months as opposed to hours or days. In the context of vortex motion the Rossby
number is the ratio of the inertial period to the eddy turnover time, and is therefore a gauge of the
importance of rotation on the vortex evolution. In particular if Ro is of order unity or less then the
rotation of the Earth plays an important role in the vortex motion. Typical values of, for example,
an Aghulas ring at 35° S are f =8 x 107551, U = 50 ¢cm s~! and L = 80 km, leading to Ro =~ 0.1

(McDonald (1999)).

The derivation is described in detail in Pedlosky (1979), and leads to the conservation law

DQ

i = 0, (2.16)
where the conserved quantity,
L\2
Q= Vz't/J — (%) Y+ ,By + Shpg, (217)

is the gquasigeostrophic potential vorticity in the context of a single layer G-plane. Here 9 is a
streamfunction for the flow and is proportional to the free-surface deviation or the fluid pressure.

The leading order velocity field in this scaling is

_ %
_ 9



hence the name “quasigeostrophic”. The potential vorticity consists of three parts. First, the term
2

V24 in (2.17) is the relative vorticity. The second term (RL;) 1) is a contribution due to variations

in the free surface elevation, and the parameter L/Rp is the ratio of the horizontal length scale to

the Rossby (deformation) radius,

Rp = Y90 (2.20)

The Rossby radius is a length scale which arises naturally in the derivation of the quasigeostrophic
governing equation. It is the ratio of the gravity wave speed to the Coriolis parameter, and is the
length scale on which the relative vorticity and the surface elevation make equal contributions to the
potential vorticity, or alternatively, the length scale on which the tendency of the surface to become
flat due to adjustment under gravity is balanced by the tendency of the Coriolis effect to deform the
surface. It is of great importance in geophysical fluid dynamics, and its presence in (2.17) defines
a preferential length scale for the motion. In particular, the free-surface effect of the rotating fluid

tends to cause disturbances to decay on distances of the order of the Rossby radius.

These first two terms in (2.17) are due to the relative motion. The remaining terms are present
independently of the motion and are therefore called the ambient potential vorticity. The variable
part of the ambient potential vorticity, By + Shp consists of the planetary vorticity field and the
topography.® Gradients in the ambient potential vorticity provide a restoring mechanism for wave
generation. To see this consider the case of hg = sgn(y), and 8 = 0, so that y = 0 is an interface
between regions of differing @), with higher @ lying in y > 0. If this interface is deformed as in
Figure (2.1), the priciple of conservation of potential vorticity implies that fluid which has moved
from shallow water to deep water will acquire positive relative vorticity and fluid which has moved
from deep to shallow water will acquire negative relative vorticity. Hence the disturbance propagates

with shallow water (i.e. higher ambient potential vorticity) to the right as shown in Figure (2.1).

It should be noted that this ‘stiffness’ of motion in the direction perpendicular to the ambient
potential vorticity gradient is not a consequence of the quasigeostrophic assumption; precisely the
same conclusions can be reached by consideration of the shallow water potential vorticity in equation
(2.9). In fact, the choice of topography mimics the variation of potential vorticity on the 3-plane,

increasing in the poleward direction. Potential vorticity waves on the 8-plane are known as Rossby

31t is well known (e.g. Pedlosky (1979)) that the linear variation in the Coriolis parameter is equivalent to a linearly
sloping topography on an f-plane. This is apparent even in (2.17), since setting 8 = 0 and hp = B’y is equivalent to
rescaling 8 = S’ over flat topography. This fact enables the B-plane to be modelled in a rotating, sloping bottomed
tank in a laboratory. Throughout this work comparisons will be made with vortex motion on the -plane.
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shallow

waves

Figure 2.1: The generation of waves by redistribution of ambient potential vorticity. The waves
propagate with higher ambient potential vorticity to the right.

waves. Such waves exist whenever there is a gradient in the potential vorticity. Since this occurs
for background sheared currents and variable topography as well as the meridional variation of f,

potential vorticity waves are ever-present in the atmosphere and oceans.

Furthermore, the swirl velocity of a vortex will cause redistribution of the background potential
vorticity leading to relative vorticity production. The secondary currents associated with this process
will in turn affect the motion and longevity of the vortex - indeed potential vorticity conservation
lends vortices the ability to self propagate. The dimensionless parameter S in (2.17) is a measure of

the strength of this interaction, and can be written as a ratio of time scales

LU T,
S=gmm =g (2.21)

Here T, is the eddy turnover time and ¢ is the change in the fractional height of the topography
over the horizontal length scale?. Relative vorticity is produced due to vortex column stretching on
the time scale T, = §~1 f~!, the topographic vortez stretching time and is the time scale on which
this process of wave generation proceeds. For this reason Ty, is also called the topographic wave time

scale. Note that S can also be rewritten

é

S=EO-.

(2.22)

In either form S describes the relative importance of advection and topographic wave generation.
Both § and Ro are small parameters in quasigeostrophic theory, but their ratio S can take on the

whole range of values. In vortex-topography interactions S is a measure of vortex intensity. For

4Note that elsewhere in the text §() refers the delta-function. The meaning should be clear from the context.
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S « 1 the vortex is said to be intense, since relative motion due to the swirl velocity of the vortex
dominates over topographic wave generation. For S >> 1, wave production occurs on a much faster
time scale than advection by the vortex, and the vortex is said to be weak. In these two cases
where the time scales are well separated, leading order solutions to initial value problems are often
available. If, however, S & 1, then the interaction between the vortex and the waves is nonlinear

and numerical solutions must be sought.

Throughout this thesis it is assumed that 3 = 0 and hp # 0, i.e. the G-effect is negligible compared to
the variation in topographic gradients. Of particular interest is the interaction of vortices with sharp
(discontinuous) topographic gradients. In the following section the vortex models to be considered

are presented.

2.3 Quasigeostrophic vortices

There are two models of vortices used in this work. The first is a singular vortex solution to the
flat bottomed f-plane equations, and the second is a circular patch of uniform relative vorticity.
These two solutions are related in the sense that a singular vortex model is often touted as a
good approximation to a uniform patch of relative vorticity. As will be seen this is a reasonable
assumption, at least far from the vortex centre, since both types of vortex have the same velocity

profile in the far-field. From here onwards the unit of length is taken to be the Rossby radius.

2.3.1 Singular vortices on the f-plane

Singular vortex solutions appear to have been first obtained by Morikawa (1960). In the absence of

topography (hg = 0) and for 8 = 0, the conservation of potential vorticity equation (2.17) implies

0

5 (V29 —¢) =0, (2.23)

where the horizontal length scale has been taken to be the Rossby radius, i.e. L = Rp. To obtain
a singular vortex solution to (2.23), suppose that at time ¢ = 0, the potential vorticity distribution

is given by a delta function at the origin,

Vi —tp = —%—;5&), (2.24)
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where r is the radial distance from the origin. Equation (2.24) is radially symmetric, and away from

the origin is the modified Bessel equation of order zero.

10 [109]
5 o] v=o (2.25)

The general solution is (e.g. Abramowitz and Stegun (1972))
Y(r) = AKo(r) + Blo(r). (2.26)

where Ky and I are the modified Bessel functions of the first and second kind, zeroth order re-
spectively. Since Iy grows exponentially with its argument, solutions which remain localised must
have B = 0. The coeflicient A is determined from the circulation around the origin. The azimuthal
velocity is

9y

Yy = "6"'; = —AKI (1"), (227)

where K is the modified Bessel function of the first kind, first order. Hence the circulation of

velocity around a small circle containing the origin is

27 2%
I'=-lim vgrdd = li_l}n AK, (r)rd§. (2.28)
T

r—0 Jo 0Jo
But, ll_rf(l) K, (r) = 1/r, so that
2w

T'=[ Adf=2n4, (2.29)
0

i.e. A=T/2n. Hence the streamfunction for a singular vortex of strength I" at the origin is
Y() = 5 Ko(r) (230)
o oV '

The sign of I' gives the sense of the circulation. For T' > 0 it is clockwise (anticyclonic in the
northern hemisphere) and for I < 0 it is positive (cyclonic). The streamlines are circular, and due
to the exponentially decaying nature of the modified Bessel function are bunched near the vortex
centre; this simple vortex model captures the essential effect of the free surface in rotating flows, i.e.

disturbances remain localised, diminishing exponentially on the scale of the Rossby radius®.

The angular velocity of the vortex is

b(r) = 1;2 = E%Kl (r). (2.31)

51t should be noted that a singular vortex violates the quasigeostrophic assumption since the amplitude of the free
surface deformation becomes infinite at the vortex centre. Moreover the horizontal velocities also become infinite at
the vortex centre implying that the Rossby number is of the order of unity near the vortex. These violations aren’t
considered important outside of a small neighbourhood of the vortex.
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Figure (2.2) shows a plot of the angular velocity profile of the singular vortex. For r < 1, the small

argument form for the modified Bessel functions (e.g. Abramowitz and Stegun (1972)) gives

T
b(r) ~ >, (2.32)

so that near the origin the quasigeostrophic singular vortex induces the same velocity as the barotropic®
singular vortex of the same strength. On the other hand for large values of r the asymptotic expan-

sions for the modified Bessel functions give, to leading order,
r [=» _,

Thus, the velocity field due to the quasigeostrophic singular vortex decreases ezponentially with
distance, on a scale of the Rossby radius, as opposed to the geometric decay in the case of the
barotropic vortex. Finally, the sign of T is the same as the sign of 1, so cyclones (resp. anticyclones)
correspond to a depression (raising) of the free surface. This is in keeping with oceanic cold (warm)

core rings which are cyclonic (anticyclonic) and have depressed (raised) profiles.
2.3.2 A circular patch of uniform relative vorticity

In the absence of topography (hp = 0), a circular patch of uniform relative vorticity centred at the
origin has

V4o — 9o = —aH(a — 1), (2.34)

where a is the patch radius, H(z) is the unit Heaviside step function and a gives the sense of the
circulation. For a > 0 it is clockwise (anticyclonic) and for a < 0 it is anticlockwise (cyclonic). The
streamfunction v = 1o (r) is radially symmetric. For r < a equation (2.34) is an inhomogeneous

modified Bessel’s equation of order zero. Solutions which are bounded at the origin have the form
Po(r) = a(l+ Al(r)), r<a. (2.35)

For r > a (2.34) is the homogeneous Bessel’s equation of order zero, and has solutions which vanish

in the far-field (i.e. the vortex is localised),

o(r) = aBKy(r), r>a. (2.36)

8The barotropic approximation is obtained by taking Rp — oo in (2.17), and in the absence of topography V2y =
constant is an exact solution. Alternatively by imposing a rigid lid on the fluid the same is true, except 1 is a mass
transport streamfunction, 1 o logr. For details regarding the dynamics of barotropic singular vortices see e.g. Aref
et. al. (1988)
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Figure 2.2: Profile of the angular velocity, b(r) of a singular vortex with strength I' = 1. Note the
rapid decay with e-folding length 1, or in dimensional terms, Rp.

21



The constants A and B are determined by requiring that 1o and its radial derivative 8v,/8r are
continuous on the patch boundary r = a. Making use of the Wronskian for the modified Bessel

equations (e.g. Abramowitz and Stegun (1972)),

1
In(2)Knt1(2) + Int1(2) Kn(2) = 2’ (2.37)
the solution is
_ [ a—aaK;(a)Ip(r), r<a
¢O(T) = { aaIl(a)Ko(r), r>a (238)
The angular velocity of the vortex patch, required later is
_10¢% _ 1 [ —aaKi(a)li(r), r<a
=152 = ek, 5 (239

Figure (2.3) show plot of the profiles of the streamfunction and the angular velocity.

The singular vortex is often used as an approximation to a uniform vortex patch. There are two
ways to conceive of this approximation. First, if the motion in the far field is of interest then a
singular vortex with strength I' = 2wraal; (a) has the same swirl velocity as a circular vortex patch
of radius a. Alternatively,

2
lim aal; (a) = a%. (2.40)

a—0

Hence a singular vortex of strength I' = awra? is the solution for a vanishingly small vortex patch.

2.4 Contour dynamics

For investigating flows with piecewise-constant distributions of potential-vorticity, a well-known
technique is contour dynamics’, a scheme which integrates the full nonlinear governing equation
{2.17). To derive the algorithm the quasigeostrophic governing equation is recast in a different,
but equivalent form. The following is an adaptation of the derivation by Dritschel (1985) in the

barotropic limit. First, write ¢ = (V2 — 1), so that the potential vorticity is,
Q =q+ Shs. (2.41)

Conservation of potential vorticity then leads to the inhomogeneous Helmholtz equation at any given

time,

(V2= =g (2.42)

Tor perhaps more correctly “contour advection”.
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Figure 2.3: Profiles of the streamfunction, ¥o(r) (solid line) and the angular velocity, b(r) (dotted
line) for a circular patch of uniform relative vorticity. The particular case shown has patch radius
¢ =1 and strength & = —1, i.e. a cyclone.
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The Helmholtz operator, (V2 — 1), has the Greens function —Ky(r)/2m, which leads to

v =5 [ [ ) Kamisay, (2.43)

where 2 = (z — z')? + (y — y')? and the integral is taken over the entire fluid domain. The velocity

field, u = =%y, v = 1, determined by (2.43) is
u@a) =) =5 [ [a@ VD --p), - Nara. @4y

Next, suppose that the anomalous potential vorticity, ¢, is piecewise constant in regions Rj which

cover the fluid domain, i.e. ¢ = gx if (z,y) € Rg. Then (2.44) can be written

u) =538 [ [ BOy-y)@-airay. (2.45)
k k

Applying Stokes theorem,

to u, with R =0 and P = —Kj(r), and to v with R = — Ky(r) and P = 0 leads to the velocity field
in terms of line integrals,

1
u(e,y) = 52 YA | Komnds, (247)
w & Ci

where Cj, is the boundary of R, xx = (2x,y) is a point on C, and r2 = (z — zx)% + (y — yx)*®.
The Cj, are “contours”, enclosing fluid of constant anomalous potential vorticity, and are material
curves, i.e. no fluid can cross them. It is straightforward to follow the time evolution of the contours

since the velocity at each point on the contours is given by (2.47).

In the present work the topography is an infinitely long escarpment. Suppose that the escarpment
is aligned along y = 0, so hp = sgn(y). Consider the flow regions, shown in Figure (2.4). There
are two contours in the problem. The first is the topographic contour, T', which lies along y = 0,
and the second is the advected, material contour A, initially coincident with T, but which deforms
as the flow evolves. At subsequent times the advected contour moves away from its initial position,
at first by advection by the vortex. The flow then consists of the three types of region depicted in
Figure (2.4). Fluid in regions such as (I) originates in deep water, and has crossed the escarpment,
gaining net anticyclonic circulation, and with ¢ = S. Fluid in regions such as (II) originates on the

shallow side of the escarpment, and has ¢ = —S, due to vortex stretching. The g-field is

S,  in regions (I)
g=4 -8, in regions (II) (2.48)
0, elsewhere.
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Figure 2.4: The various regions of the flow. (a) Initially the topographic contour and the advected
contour coincide along ¥ = 0. The dynamic potential vorticity ¢ = V23 — 1, is zero everywhere,
fluid of high ambient potential vorticity lies in y > 0 and that of low ambient potential vorticity is in
y < 0. Any initial deflection of the advected contour is solely due to the vortex. (b) At subsequent
times the fluid may lie in three types of region. In (I), above the topographic contour, but below
the advected contour fluid has moved from deep to shallow water and has ¢ = S. Fluid in regions
such as (II), below T but above A similarly have ¢ = —S and elsewhere (III) ¢ remains zero.
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Only the regions (I) and (II) contribute to the velocity of the fluid. The arrows in Figure (2.4)
indicate the direction of integration around the boundary of the regions, clockwise in regions (I) and

anticlockwise around regions (II). Equivalently
u,v 2 0 k 2 ol7 k> 2.49)

where r is the distance from the point (z,y) to the point (zx,yx) on A or T respectively. There are
three problems under consideration in this thesis, and the contour dynamics algorithm has to be

applied in a different way in each case.

Singular vortex

In Chapter 4 the motion of a singular vortex near an escarpment is considered. Since there is no
self-advection of a singular vortex, the vortex centre is treated as a passive particle, and the velocity
field calculated from (2.49). The velocity at each of the contour nodes is due to the integral around

the contours and the velocity due to the vortex centre.

Circular vortex patch
In Chapter 5 the motion of an initially circular vortex patch is considered. Now the vortex does
contribute to its advection. Denote the boundary of the vortex by V. Then the velocity field at any

point of either V or T is

S S
(u,v) = gAKo(TA)dxk -5 ‘/;KO(TA)ka + %_/‘,Ko(rv)dxk, (2.50)

where ry is the distance from the point on V.

Coastal topography

In Chapter 6 the motion of a singular vortex near an escarpment running parallel to a plane wall is
considered. To apply the contour dynamics algorithm in this case the velocity field due to the image
of the vortex in the wall and the images, T’ and A’, of the topographic and advected contours is
included. The velocity at the vortex is due to its image, and the contours T, A, T’ and A’. The

velocity at the contour nodes has the additional contribution due to the vortex and its image.

During the computational runs the advected contours are represented by a discrete set of nodes and
a cubic polynomial through the nodes. The purpose of this is twofold. First, when time-stepping (by

fourth order Runge-Kutta), the contribution to the integrals for the velocity field between adjacent

8Note that the sense of the potential vorticity jump is important. Specifically Agy, is the potential vorticity to the
left minus the potential vorticity to the right as the contour is traversed.
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nodes is calculated to the first order in the departure from a straight line between the nodes, using
the coeflicients of the polynomial. Second, the nodes are redistributed at each time step, the spacing
being determined by a non-local node density function, which depends on developing curvature and
velocity. The nodes are then placed at appropriate positions on the cubic polynomial curve. Surgery
is carried out at a predetermined cut-off scale. Full details of the algorithm are given in Dritschel
(1988). Finally, unlike the case of a seamount (e.g. Davey et. al. (1993)), there is no analytical
result for the integral along the undeflected topographic contour. The contribution to the velocity

field is obtained numerically at each time step, in the same way as that of the advected contour.

There are two important considerations to make. First, the infinitely long advected contour nec-
essarily has a finite representation during computational runs. Therefore, the contour length must
be chosen such that its ends remain undisturbed during the runs. The particular contour length
needed for any given parameter values depends on how localised the initial disturbance remains.
Second, in the analytical considerations in the present work, and that of McDonald (1998) for the
intense vortex limit, the topography is initialised near a pre-existing vortex. In the contour dynamics
computations a vortex is switched on near a pre-existing contour. However, as will be seen later,
contour dynamics results compare well with analytical results in both the weak and intense limits,

so it is assumed that this is the case for all parameter values.

The codes were tested in several ways. First the time step was decreased until no discernible
difference in the results occurred. Second, the same procedure was carried out with the spatial
resolution parameter. Third, many of the runs were carried out both with and without surgery. In
all cases the trajectory of the vortex centre with surgery active was identical with the trajectory
obtained without surgery. The saving in the number of contour nodes needed was as much as a

factor of 10 over long runs.
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Chapter 3

Quasigeostrophic vortex-wave
interactions

The ubiquity of vortices in quasi two-dimensional fluids and the generation of waves through po-
tential vorticity conservation makes vortex-wave interaction a subject of importance in geophysical
fluid dynamics. As pointed out in the introduction vortices are important in the general circulation
of the ocean, but their effects have to be parameterised in general circulation models. Considerable
attention has been paid to their study through laboratory experiments, numerical studies and the-
oretical investigations. In this chapter a brief review is given of some of the literature relevant to

this thesis.

3.1 Vortex motion on the §-plane

The study of the motion of potentially highly destructive tropical cyclones has motivated much of
the research into vortex motion in the atmosphere. These structures are intensive, long lived and
have a size comparable to the Rossby radius. Planetary curvature is a leading influence on the
trajectory of a tropical cyclone, and consequently the motion of intense cyclones on the g-plane
has received considerable attention. The theory of Gulf stream rings has also followed this line of
study. A review of some® of the literature is presented here. The work has followed two distinct
routes: initial value problems and solitary wave models. This review focuses on the former approach,
i.e. the evolution of an initially circular vortex under the (-effect. There are two reasons for this.

First, the techniques employed in B-plane vortex problems are adopted in the present work. Second,

11t would take dozens of pages to simply cite all of the work!
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as described previously, the 8-plane is equivalent to linear sloping topography and it is of interest
to compare the response of a vortex near a sharp topographic gradient with that of a vortex over

smooth topography.

The evolution of a weak vortex on the 8-plane is well understood. Flierl (1977) used linear quasi-
geostrophic theory to show that a weak localised disturbance moves west under the influence of 8
and decays rapidly due to Rossby wave radiation. The decay is substantially slower for more intense
vortices. Laboratory experiments by Firing and Beardsley (1976), and numerical investigations by
McWilliams and Flier]l (1979) and Mied and Lindeman (1979) show that a highly nonlinear (i.e. an
intense) vortex decays slowly and its westward drift speed approaches the Rossby long wave speed.

The effect of nonlinearity is to increase the longevity of the vortex, and to induce meridional motion.

These early studies revealed the first stage of the evolution of an intense vortex under the influence
of 8. The studies of McWilliams and Flier]l (1979) and Mied and Lindeman (1979) both showed
that an intense cyclone (resp. anticyclone) with an initially Gaussian vorticity distribution, follows a
curved northwest (southwest) trajectory. The physical mechanism for this process is well understood.
Consider the case of a cyclone. The sense of the circulation implies that fluid lying to the east of
the vortex is advected north, and by virtue of potential vorticity conservation gains anticyclonic
relative vorticity. To the west of the vortex, fluid advected south gains cyclonic relative vorticity.
Thus initially, a dipolar secondary circulation is set up by the primary vortex sweeping fluid columns
across the potential vorticity gradient. The sense of this dipole, the so-called S-gyres?, is such as
to initially induce a northward motion in the vortex. In the case of the weak vortex Rossby wave
production dominates and energy is rapidly radiated away from the vortex, which in turn decays.
In the case of an intense vortex the strong axisymmetric swirl of the vortex dominates the near
field dynamics and the #-gyres remain in the vicinity of the vortex. In turn the axisymmetric swirl
of the vortex rotates the axis of the dipolar g-gyres and consequently the vortex follows a curved
northwest trajectory. The case of an anticyclone is analogous, but with the exception that the

motion is southwest.

Analytical expressions have been found for the §-gyres in certain cases, and importantly the evolution
of the initially symmetric dipole has been described. Sutyrin and Flier] (1994) considered the

evolution of an initially axisymmetric vortex of piecewise constant potential vorticity using the

2This term was coined by Fiorino and Elsberry (1989) in a numerical study of non-divergent (aka barotropic)
vortex motion on the S-plane.
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quasigeostrophic §-plane model. Azimuthal mode-1 (i.e. the 3-gyres) is mainly responsible for the
motion of the vortex and in this case an expression for the drift of the vortex centre was obtained.
The initial symmetric disturbance evolves into a uniform westward stream at large times and the
vortex drift speed approaches the Rossby long wave speed. Similar expressions were obtained by
Reznik and Dewar (1994) investigating the dynamics of an initially circular vortex with arbitrary
distribution of relative vorticity with zero circulation using a barotropic §-plane model, and also by

Reznik (1992) investigating the motion of singular vortices on the §-plane.

This early stage of the vortex evolution is well understood. However since the vortex drift velocity
approaches the Rossby long wave limit the question arises as to the possible influence of wave
radiation, or put another way, the effect of the higher order normal modes. Reznik and Dewar
(1994) and Sutyrin et. al. (1994) have shown that the influence of higher order modes reduces the
vortex amplitude and decelerates its westward drift velocity. Until recently all analytical attempts
at describing the second stage of the vortex evolution have assumed that the vortex tends to some
purely westward quasisteady state with a radiated Rossby wave train in its wake. For example, Flierl
(1984), investigating the motion of an intense warm core ring in a two layer non-quasigeostrophic
model, used a solvability condition on the order one field to determine the time evolution of the
lowest order field. In this model the isolated vortex in the upper layer radiates Rossby waves in the
lower layer. In turn this radiation gives rise to a drag on the vortex, which migrates southward in

response.

Recently Reznik and Grimshaw (1998) have argued against this approach on three counts. First they
claim that there is no numerical or laboratory evidence that the radiated wave field is quasi-steady.
Indeed, they argue, that a non-divergent (barotropic) vortex always has a meridional drift speed
of the same order as the zonal drift speed, and so the establishment of a quasisteady wave wake
is not possible. Second the quasisteady wave wake has infinite energy, which is unphysical, since
the system of vortex and waves conserves energy. In particular the vortex must lose energy to the

radiated waves. Third, no previous theories conserve energy or enstrophy.

Reznik and Grimshaw (1998) present a new theory to remedy this charge. In it they show, through
considering solution to higher order terms in a perturbation series in 3, that an intense divergent
(quasigeostrophic) vortex on the (-plane does adopt a quasisteady state, but that this is a non-

radiating state. It is shown that the leading order solution (the 3-gyres) tends to a uniform westward

31



flow matching the drift speed of the Rossby waves. This “kills” the §-effect and the vortex moves
steadily westward adopting a nonradiating state. At the next order the §-gyres produce a correction
consisting of an axisymmetric component and a quadrupolar component. The quadrupole spreads
out from the central region containing the vortex and has little influence on the vortex motion. The
axisymmetric component is opposite in sign to the primary vortex in the vortex core and opposite
in sign outside of the vortex core. The anticyclonic rotation of the annulus in turn advects the
planetary vorticity in the opposite sense to the primary vortex. Thus the correction at the third
order is also dipolar and is termed the “secondary §-gyres”. Since this term is opposite in sense to
the primary S-gyres the vortex drift velocity is retarded at large times. The important conclusion of
this paper is that the dipolar component of the secondary circulations controls the vortex drift up
to times when the vortex decays. Since this is a near field effect, it is argued that far-field radiation

has negligible effect on the dynamics.

A further recent study is a numerical investigation which compliments the theoretical results of
Reznik and Grimshaw (1998), by Lam and Dritschel (1998), who apply the new “contour-advective
semi-Lagrangian” (CASL) algorithm of Dritschel and Ambaum (1998) to the evolution of an initially
circular quasigeostrophic vortex on the g-plane. In doing so the hitherto highest resolution numerical
simulations to date have been produced. Moreover the dependence of the dynamics on the size and
intensity of the vortex was examined. Two key features are identified. First is the existence of a
region of fluid moving with the vortex, a “trapped zone”. This is consistent with the results of
Sutyrin and Flierl (1994), and is due to the axisymmetric component of the secondary circulation
identified by Reznik and Grimshaw (1998). The trapped zone helps to shield the vortex from the
effect of the radiated Rossby waves. Results confirm the rapid decay of a weak vortex and the
longevity and northwest trajectory of a cyclone. Importantly it was shown that moderate intensity
vortices undergo the greatest meridional displacement. The mechanism for this enhanced poleward
motion is identified as a “trailing front”, which is part of the radiated Rossby wave train. To describe
it differently, and to reinforce one of the conclusions of this thesis, the trailing front consists of a
patch of anticyclonic relative vorticity and it is the formation of a dipolar mechanism of comparable

strength with the primary vortex that enhances the meridional motion of moderates vortices.
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3.2 Vortex motion near sharp potential vorticity gradients

There are regions of sharp (discontinuous) potential vorticity gradients in the ocean. Currents such
as the Gulf Stream are examples of such flows. Near a jet stream the shear flow forms a potential
vorticity interface with the rest of the flow. Vortices are often formed by pinching off from the jet
stream and the local shear flow dominates over the G-effect on these vortices. In the abyssal ocean
there are sharp topographic gradients such as seamounts, escarpments and canyons. These features

similarly dominate over planetary curvature in steering deep ocean eddies.

Hide (1961) showed that for Taylor columns to exist in flow over a finite height object the ratio
S = 6/Ro must exceed some critical value. Here ¢ is the height of the obstacle expressed as a
fraction of the depth of the fluid. If the obstacle is a topographic feature, then S, referred to as
the Hide parameter in flow over finite height object problems, is the same as the S appearing in
the quasigeostrophic potential vorticity (2.17). A right circular cylinder is often used to model a
seamount. Johnson (1984) considered the topographic waves admissible over a seamount, and found
that they cycle clockwise around the obstacle with the frequency of the lowest mode of azimuthal
wavenumber-1. This work was extended by Davey et al (1993) to flow over a seamount in multilayer
flow, using contour dynamics. Importantly when the oncoming flow is sufficiently strong or the
height of the seamount sufficiently low, a vortex is created over the seamount as the flow sweeps
the fluid off the seamount and downstream. Also considered was the capture of incident eddies by
the seamount. McDonald and Dunn {1999) have recently made a preliminary investigation into the
evolution of a vortex patch near a seamount. It was found that anticyclones tended to form dipoles

with the fluid initially located on the seamount.

The limit that the seamount has infinite radius is the case of an escarpment. Longuet-Higgins (1968)
derived the wave solutions to the shallow water equations over a topographic escarpment. These
waves have unidirectional phase and group velocities, propagating with shallow water to the right in
the northern hemisphere. The amplitude is maximum over the escarpment, and decays exponentially
with distance on either side. These waves are thus dubbed double Kelvin waves or seascarp waves.
Johnson and Davey (1990) studied the surface adjustment problem in f-plane quasigeostrophic
motion over an escarpment, and also found that the escarpment acts as a wave guide, the waves

propagating with shallow water to their right.
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McDonald (1992) considered the time dependent response of fluid to a source of buoyancy near an
escarpment using f-plane quasigeostrophic dynamics. It was found that a wavetube is excited and
grows linearly in time at the group velocity of the long topographic waves. However it was found that
the flux of fluid away from the source region is less than the flux of fluid at the source so eventually
nonlinear effects must become important. Numerical studies showed that if the source is located on
the shallow side of the escarpment then eddies are formed which self-propagate due to the presence
of the escarpment. In two further studies the role of the escarpment in steering bottom eddies was
investigated. McDonald (1996) investigated the interaction of a modon, (a dipolar distribution of
potential vorticity), with an escarpment. Linear theory predicts that when the modon moves within
the range of possible topographic wave phase speeds, a radiated wave train is left in the wake of the
modon. As a result the modon speed and radius decay exponentially. There is also an anomalous
case in which the modon moves at the long wave group velocity, so that energy cannot escape from
the vicinity of the modon and the response must eventually become nonlinear. In this case the
evolution of the topographic waves is governed by a forced Kortweg-de Vries equation, which leads

to the same result for the rate of decay of the modon as in the linear theory.

In a further study McDonald (1998) studied the motion of an intense singular vortex near a topo-
graphic escarpment, again using quasigeostrophic f-plane dynamics. The leading order drift velocity
components were found and it was shown that (if the escarpment is chosen to lie in the east-west di-
rection) an intense cyclone follows a curved northwest trajectory and an anticyclone follows a curved
southwest trajectory, qualitatively the same behaviour as a §-plane vortex. An important difference,
however, is that the westward drift speed is less than the topographic long wave group speed. The
westward drift speed is intimately related to the distance of the vortex from the escarpment. This
indicates an important difference between the case of the continuous topographic gradient and the
sharp topography considered in this thesis: on the #-plane there is no meaning in “distance from
the topography”, since the gradient of the topography is constant. It is anticipated that there will
be new types of behaviour in vortex interactions near an escarpment. McDonald (1998) found an
expression for the large time response of the vortex by equating the momentum flux of the radiated
waves with the rate of change of momentum of the vortex. If the vortex is within about a Rossby
radius of the escarpment then it migrates south (north) if it is an anticyclone (cyclone). Contour

dynamics simulations of the full equations confirmed the analytical results.
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Recent experimental results of particular relevance to the present study are due to Zavala Sanson
et. al. (1999) who have investigated the behaviour of barotropic vortices near an escarpment,
both experimentally and numerically. In that investigation the escarpment lay in the meridional
direction on a B-plane. The § parameter was small in comparison to the height of the topography,
and mainly served to bring the vortex near to the escarpment. The strength of the vortices was
of the same order of magnitude as the relative vorticity produced by fluid crossing the escarpment,
or, in the terminology of the present work, S ~ 1. It was found that anticyclones situated on the
shallow side of the escarpment were able to “climb” the topographic gradient, whilst cyclones were

“back-reflected”. This behaviour is also observed in the following investigation.

There are two further works which should be mentioned. Large scale warm (cyclonic) and cold
(anticyclonic) rings are formed by the meanders of the Gulf Stream. It has been observed that
if the vortex is weak, compared with the shear flow, then it can drift antiparallel to the stream
(this is analogous to eastward propagation on the g-plane). Stern and Flierl (1987) investigated
the interaction of a singular vortex with an idealised shear flow, in which the potential vorticity is
assumed piecewise constant in two regions, using both barotropic and quasigeostrophic dynamics.
They noted that if an anticyclonic vortex is sufficiently distant (i.e. weak) from an interface of
cyclonic vorticity then it moves antiparallel to the stream. Vortices which are close to the interface
“capture” the contour and wrap it up, qualitatively the same behaviour observed by McDonald
(1998). In a similar study Bell (1989) investigated the interaction of a weak singular vortex and
a potential vorticity interface, using contour dynamics in quasigeostrophic theory with Rp = oo.
It was found that if the vortex moves within the range of possible phase speeds of the potential
vorticity waves then a radiated wave train is left in the wake of the vortex (cf McDonald (1996)).
The singular vortex responds by moving towards or away from the interface depending on the sense
of the circulation. If the vortex moves at a speed outside of the wave phase speeds then the interface
adopts a quasisteady shape, which constitutes a patch of relative vorticity of the opposite sign to

the vortex. The vortex and the deformed interface move together.

This latter phenomenon is of particular importance in the rest of this work. In all cases examined
below it is found that a weak vortex near an escarpment behaves as if the escarpment were a plane
wall. The physical mechanism for this process is identified as a quasisteady deformation of the

contour initially separating shallow and deep water. This disturbance is a patch of relative vorticity
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of the opposite sign to the primary vortex. This phenomenon is expected to be a generic feature of
the interaction of a weak vortex with sharp potential vorticity gradients and for this reason, in this

thesis, it has been named the pseudoimage of the vortex.

The rest of this thesis consists of three different studies of vortex topography interaction. In Chapter
4 the work of McDonald (1998) is extended to cover the full range of values of S for the motion
of a singular vortex near an escarpment. In Chapter 5 the motion of an initially patch of uniform
relative vorticity near an escarpment is investigated for the full range of values of S. In Chapter 6
the motion of a vortex near coastal topography (i.e. an escarpment running parallel to a plane wall)
is investigated. Analytical results for the weak vortex limit are given and some preliminary contour

dynamics results are given for the intense and moderate regimes.
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Chapter 4

Motion of a singular vortex near
an escarpment

The investigation of McDonald (1998) into the motion of an intense, (S < 1), singular vortex near
an escarpment was described in the previous chapter. The aim of the present chapter is to extend

this work to investigate the full range of values of the vortex intensity.

First the weak vortex limit, S 3> 1, is investigated. The leading order solution on the topographic
wave time scale is found using linear theory. The large time solution is then investigated under the
assumption that the response remains linear on the advective time scale. This assumption is verified
through contour dynamics experiments. Second, the results of McDonald (1998), for an intense
singular vortex are summarised, partially for completeness, but also to investigate the departure of
the vortex dynamics from the intense regime to the moderate regime. Finally the case of a moderate
intensity singular vortex, for which there is no analytical theory, is investigated through contour

dynamics experiments.

4.1 Topographic waves

All of the work presented in this thesis assumes quasigeostrophic dynamics, described previously
in Chapter 2. The f-plane is used, to isolate the effects of sharp topographic gradients from the

B-effect. Here the explicit nondimensionalisation for the present study is given. Denote the original,
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dimensional variables by superscript *, and introduce the following, nondimensional variables,

1., . 1, 1

1
t_it’ z=7, Y=V, ¢—m

P*. (4.1)

Here the horizontal length scale, L, is the Rossby radius, and the time scale T}, is the advective (or
eddy turnover) time L/U or equivalently, by geostrophy, D/fA, where D is a typical fluid depth,
f > 0 (i.e. the northern hemisphere) is the Coriolis parameter, A is a suitable scale for the vortex
amplitude and U is a typical vortex velocity due to geostrophy. The Rossby number, Ro =U/fL, is
necessarily small for the quasigeostrophic approximation. Under this scaling the governing equation
is

(V0 =0+ T, VP ]+ 5L T2 o, (4.2

where the conserved quantity is the quasigeostrophic potential vorticity,
Q =V —9 + Sha(y). (4.3)

The nondimensional topography hg(y) is assumed to vary only in the y-direction, and the parameter
S is the ratio of the eddy turnover time to the topographic vortex stretching time, or, equivalently,

of the fractional height of the topography to the Rossby number:

S= =2 _ e (4.4)

where § = AD/D is half the fractional height of the topography in a layer of depth D. Figure (4.1a)
shows the present choice of topography, an infinitely long escarpment aligned along y = 0, which

can be expressed as

hg(y) = sgn(y). (4.5)

By analogy with the §-plane, shallow fluid lies in the direction of increasing y. For convenience
of description, the direction of increasing y is identified as north, and increasing z as west. In re-
ality there is no preferential direction on the f-plane, so this choice is made simply so as to align
the isobaths, or potential vorticity contours, in the S-plane sense. The fluid motion is strictly not
quasigeostrophic near y = 0, since there the topography has infinite gradient, so the flow must be
three-dimensional near the escarpment. Given that § < 1 in the derivation of the quasigeostrophic
governing equations, it is assumed that the three-dimensional effects near the escarpment are neg-
ligible and have no leading order effect on the dynamics. The two numbers, 4 and Ro are small

parameters, but their ratio S can, of course, take the whole range of values.

38



(@)

Figure 4.1: The present problem. (a) is a plot of the cross section of the fluid domain, and the
dimensional variables. The free surface elevation, 7 is scaled on RofL? and written 1; D is the
typical layer depth in the absence of motion, and § = AD/D is half the fractional height of the
topography. (b) shows the initial condition, which is a vortex (here a cyclone), distance L from the
escarpment, which is aligned along y = 0. Shallow water lies in the half-plane y > 0, and so contains
fluid with high ambient potential vorticity.
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Of interest in the present study is the interaction between a vortex and the topographic waves. The
linear wave solutions to (4.2) can be obtained by setting € = S~! and introducing the rescaled time
variable T = et, so that the unit of time is T, the time scale for topographic wave generation. Under

this rescaling the governing equation is

_(v%p ¥) + eJ[, Vi — ¢]+ah3 g;p 0. (4.6)

For 7 < €71, the advection term is negligible, and (4.6) becomes a linear topographic wave equation,

2 (- w)+%§—f 0. (47)

Note that this implies that V24 — 1) = 0, everywhere except y = 0. The boundary conditions at the

escarpment are (see Johnson and Davey (1990)),

[¥]=0 , y=0 (4.8a)

[yr] +2¢2 =0 , y

I
e

(4.8b)

where [] denotes the jump of the enclosed quantity across the escarpment, i.e. [g] = g(0%) —
g(0™). The first condition is continuity of 9 across the escarpment, whilst the second, obtained by

integrating (4.7) across the escarpment, is continuity of pressure.

Wayve solutions which vanish in the far-field have the form

,‘/) o E—M|y|ei(kz—w'r)’ (49)

and the dispersion relation, obtained by substitution into (4.8b), is

(4.10)

The waves have maximum amplitude over the escarpment, and decay exponentially with distance
from the escarpment, the same properties as the linearised shallow-water escarpment waves of
Longuet-Higgins (1968). Note also that the wave amplitude decreases exponentially with the

wavenumber k, so that the short waves have minimum amplitude. The phase and group veloci-

ties are
w 1
cp(k) = E:—m, (4.11a)
c(k) = N - (4.11b)

ok (k2 +1)372
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8o both the phase and energy of the waves propagate in the direction of decreasing z, i.e. with shallow
water to the right. Figure (4.2) shows a plot of the phase and group velocities. The escarpment
acts as a wave guide and dictates the preferential west direction of the wave propagation. This
is analogous to the Rossby wave on the g-plane, where the one dimensional topographic gradient
induces west propagation of wave phase and energy. The restoring mechanism for the waves is the
production of relative vorticity due to vortex stretching or contraction as fluid crosses the escarpment,
as demanded by potential vorticity conservation (4.3) . Figure (4.6) below shows this mechanism

schematically.

In the following section the solution for the initial value problem of a weak singular vortex near an

escarpment is investigated.
4.2 A weak singular vortex

From chapter 2 isolated singular vortex solutions to (4.2) in the absence of topography, and with
the Rossby Radius as the characteristic length scale of the motion, are
r 1/2
Uz - X,y-Y) = - Ko (@ - X)* + w-¥)%)"?), (412)

where (X (t),Y (¢)) is the position of the vortex centre, and Ky the modified Bessel function of the
first kind, order zero. Here I' = +1 gives the sense of the circulation; for I' > 0 it is clockwise
(anti-cyclonic) and I' < 0 anti-clockwise (cyclonic). The vortex is initially O(1) distance from the

escarpment. Suppose at £ = 0 there is a vortex of the form (4.12) with location
(X(0),Y(0)) = (0,L). (4.13)

See Figure (4.1b). The aim is to determine the subsequent motion of the vortex (X (¢), Y (¢)). Seeking

a solution of the form,

Yv=U,(z-X,y-Y) +4, (4.14)
the governing equation becomes
0¢ Ohp oY, Ohp
2 — 2 — —_— . T - v —
(Vi —¢)s + J[9, Vi — &) -i-Sa:c By S 5z By (4.15)

In the following subsection the leading order solution for the weak vortex limit is found by simple

Fourier analysis.
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Figure 4.2: A plot of the phase velocity (solid line) and group velocity (dotted line) against the
wavenumber k. Note that both ¢, ¢, < 0, so the wave phase and energy both propagate to the west.
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4.2.1 Short time solution

As in the previous section set € = S~! « 1 and introduce the rescaled time variable 7 = et, so that
the unit of time is the short, topographic wave time scale Ty,, and denote the solution on this time
scale by ¢o. For 7 < O(e™!) the advection term in (4.15) is negligible, so for times up to 7 = O(e™?),

L
0z 8y Oz Oy’

(V2¢o — ¢o)- + (4.16)

which is a linear, forced topographic wave equation, the forcing being due to the vortex. On this
time scale scale the vortex drift velocity components are O(e), and advection of the vortex is by the

regular ¢o-field®, so that

dX ol
— = —e— ) 4.17a
dr OY lp=xy=v ( )
ay 84
T T Do lxyy 4170

Hence, for times up to 7 = O(e™!), X = O(¢) and Y = L + O(¢), and the vortex term is, to leading

order

v, = \I"u(x)y - L)) (418)
on this time scale. Also 8hp/dy = 26(y) so away from y = 0 (4.16) is
V2¢o — ¢ = 0. (4.19)

The topography is “switched on” near a pre-existing vortex at 7 = 0, i.e the initial condition is

¢o(,y,0) = 0. (4.20a)
The boundary conditions are
Vgg >0 , 2 + 9% = o0, (4.20b)
[po]=0 , y=0, (4.20c)
[Poyt] + 205 = —2Wyq(z,—L) ,  y=0. (4.20d)

Condition (4.20b) is the requirement that the fluid to be at rest far from the escarpment, whilst
(4.20c) and (4.20d) are the matching conditions (4.8a) and (4.8b) respectively. The solution to this

problem is obtained through standard Fourier transform methods. Define the Fourier transform of

$o by

¢0 (k, Y, T) = / ¢0($1 Y, T)e_ikxdz‘ (421)

!since there is no self advection by a singular vortex.
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In Fourier space the problem becomes

4301/1! - ('1‘72 + 1)4;0 =0, , Y 75 0 (4-223)
=0 ,  y-— oo, (4.22b)
[d;o] =0 , y=0. (4.22¢)

Equations (4.22a), (4.22b) and (4.22¢) have solutions of the form
bo(k,y,7) = B(k,7)e~VETIl, (4.23)
The function B is determined from boundary condition (4.20d), which transforms to the ODE

-V%%+1B, +ikB = —ik ¥, o’ (4.24)

with initial condition B(k,0) = 0. Also ¥, is even in z so that

o0
. r —|ly—LIVETFT
lI’v = 2/0 ‘I’u coskz dzr = me ly—LIVk +1. (425)

The final equality in (4.25) is obtained from the following identity (Gradshteyn and Rhyzik (1980),

p736);
o0 T >
K 22 + %) cosyz dr = ————e PV + 4.26
for , @ > 0. Thus equation (4.24) becomes
wll
B, +iwB = — —e e [LIVFHT 4.27
r T (4.27)

where w is the topographic wave frequency given by (4.10). Equation (4.27) is linear and is easily

solved using the integrating factor method, giving

B(k,7) = ?Jl:;—ﬁe—lwk’“ (e ~1), (4.28)
and hence from (4.23)
~ T o X
¢0(k) Y, T) = We_(lyl-i_llll) ke+1 (e_“"T - 1) . (429)
The inverse Fourier transform is
1 © . .
bola,iT) = 5= [ Golly, e dk, (4:30)
— 00

Using the evenness of ¢o and identity (4.26) it is straightforward to show that the solution consists
of a steady term and a topographic wave term,

o = 85 + 85, (4.31)
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where

80 = ~5-Ko (&% + (sl +12D%) "), (432)

and
(()"’) = %/:o A(k,y) cos(kz — wr) dk, (4.33)

with

e~ (Wl+IL)VETFT
V2 +1

At 7 = 0 the topographic wave term ¢>((]"’) cancels with the steady term ¢((,"), i.e. the correct initial

Alk,y) = (4.34)

condition. Below it is shown that the wave term decays rapidly on this time scale, so after the initial
adjustment the response for times of order of the topographic wave time, Ty, is steady. The two

terms are now considered separately.

The steady term.

The steady term ¢(()”) is reminiscent of an image of the vortex in the escarpment y = 0. Note however

the important distinction: if L < 0 then ¥, + d)((,’) vanishes for y > 0 and similarly if L > 0 then

U, + ¢((,’) is zero for y < 0. Thus the fluid on the same side of the escarpment as the vortex feels

the effect of an image vortex in the escarpment, whereas the fluid across the escarpment from the

vortex is undisturbed with respect to the steady term,¥, + ¢((,’) . For this reason the steady term,
((,8), is dubbed the pseudoimage of the vortex. The streamlines of ¥, + ¢(()”) are shown in Figure

(4.3).

The importance of the pseudoimage in the following theory cannot be overstated. In the contour
dynamics investigations described below, it will be seen that the behaviour of the vortex is well pre-
dicted by the pseudoimage description for many eddy turnover times. It should be emphasised that
the pseudoimage has a definite physical meaning. It is part of the topographic wavetrain, a wavetrain
which is initially excited by the circulation of the vortex pushing fluid across the escarpment. It
is non-dispersive, is even in y, and is not singular anywhere. The relative vorticity associated with
the disturbance ¢((,’) is precisely enough to advect the vortex as if the escarpment were a plane wall.
Importantly, it will be shown that the dispersive topographic waves rapidly propagate away from
the vortex, and have no influence on it for times 7 —= €71, i.e. for large times the advection of the

vortex is due solely to its pseudoimage. The properties of the dispersive waves are discussed next.

The topographic wave term.
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Figure 4.3: Streamlines for the steady term ,,:. The vortex has unit strength and is located at
(0,1). The contour interval is 0.01, and the position of the escarpment is indicated by the dashed
line. Note the closed streamlines on the side of the escarpment occupied by the vortex. The fluid
on the opposite side is undisturbed.
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The unsteady part of the solution qbg'”) given by (4.33) is a Fourier superposition of the escarpment
waves discussed in section 4.1. The amplitude is maximum over y = 0, i.e. over the most rapidly
varying topography. The dispersion relation is given by (4.10) and the group and phase velocities

are given by equations (4.11b) and (4.11b) respectively.

Standard asymptotic methods are employed to deduce the large time behaviour of q&((;"). The inte-
grand in (4.33) is analytic, so the only contributions to the integral as 7 — oo come from the points

of stationary phase (see, for example, Bender and Orszag (1978)). Rewrite the integral (4.33) in the

form
w _ L [® ifr
0 = 4 /_m Ak, y)e"" dk, (4.35)
where
kz
flk)= — (4.36)

The points of stationary phase are the solutions of f'(k,;) = 0, and the method of stationary phase

gives, for fixed ( = z/T as T = o0,

¢(W) ~ LZA(IC ) it f(ks) 2m 1 irp/d (4 37)
T A T2V B |

with u = sgn(f"(ks)), the sum is taken over all the points of stationary phase and the real part
is understood to be taken. In the present case there is only one point of stationary phase, which

occurs for —7 < £ < 0, and is given by

1/2
ky = ((—()‘2/3 - 1) . (4.38)
Moreover
f''(ks) = —3ks (C)5/3 <0, (4.39)
since k; > 0 and ¢ < 0. Hence
1/2
W o _ L —uinyFET (L T
o | R \/2_”e 37 ek, cos (ksx WeT 4) , (4.40)

where w, = —k; (ks+1)"1/ 2. Hence, for large T, at fixed —7 < z < 0 the topographic wave amplitude

decays like 771/2.

The stationary phase approximation breaks down at the point z = —7, corresponding to the point of
maximum group velocity w” (k) = c; (k) = 0, since then the denominator in (4.37) vanishes. Denote
by k = k,, the wavenumbers for which this occurs,

c'g(km) =0. (4.41)
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By considering a third-order expansion of the phase, § = kz — wT, about k = k,, Lighthill (1974),
shows that for k = k,,,
(()'”) ~ EL"‘3/3cos(ls7m:z: — w(km)T) Al —M , (4.42)
2|¢;7/2] |c7/2]

as 7 — oo. Here Ai() is the Airy function, which satisfies the ODE

%Ai —zAi=0. (4.43)

The Airy function decays exponentially for negative argument and for positive argument oscillates
like the cosine of the two-thirds power of its argument (see Abramowitz and Stegun (1972) for

details). In the present case k,, = 0, so the waves with maximum group velocity are the long waves.

Moreover, the maximum group velocity is ¢,(0) = —1. Hence, near £ = —7, as 7 = o©
—(lyl+ILD) 7 —
w  _Le AT _ 4.44
W T G T ( (37/2)1/3) ' (444

Thus, ¢>((,‘") decays exponentially for £ < —r and oscillates for > —7. The amplitude of this
maximum oscillation at the wavefront decays like 7~1/3, and the wavefront approximation smoothly
matches the topographic waves to the undisturbed fluid ahead of the train (see Lighthill (1974) for
details). The wave term evaluated over y = 0 is illustrated in Figure (4.4a). The plot is obtained
by numerical integration of (4.33). The west propagating topographic waves are evident. Note the

largest amplitude oscillations near the wavefront, and the rapid decay near z = 0. Equation (4.44)

predicts that, for the given parameters at 7 = 60 the value at £ = —7 is
(W) (_r,0) ~ w0560 Ai(0) ~ 0.0032 (4.45)
oV 901/3 o ‘

using Ai(0) =~ 0.355028 from Abramowitz and Stegun (1972). This compares favourably to the

numerical value of 0.0028.

Of particular importance is the influence of the waves at the vortex centre. The wave amplitude
decays most rapidly at the z-location of the vortex centre, and this can be seen as follows. There

are no points of stationary phase for z = 0. Equation (4.33) evaluated at the vortex centre is

(W) (0, L[ etV L 4.46
¢y (0, ,T)—g-/o NS coskz_*_1 . (4.46)

Writing € = k/vk? + 1 this may be rewritten

1
(0, L, 7) = % /0 h(€) cos €T dE, (4.47)
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Figure 4.4: (a) Plot of ¢[(,w) evaluated over y = 0. Times are 7 = 10 (solid curve) and 7 = 60 (dashed
curve). (b) The wave term evaluated at the vortex centre as a function of 7. In each case I' = 1, i.e.
an anticyclone, and the solution has been scaled by 2x. See text for further comments.
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where,

h(€) Ve 4.48
e o
The Riemann-Lebesgue Lemma (e.g. Bender and Orszag (1978)) states that if
1
JALGIE: (4.49)

exists then the integral in (4.47) decays like 77! as 7 — co. This is clearly the case here, since h(¢)
is bounded for all £ € [0,1]. Hence, the influence of the waves on the vortex decreases algebraically
for large 7. Figure (4.4b), shows a plot of the response at the vortex centre, obtained by numerical

integration of (4.46).

It has been shown that the topographic waves decay algebraically on the topographic wave time
scale, Ty,. Significantly their decay is most rapid at the vortex centre, and so as 7 — €' they have
no influence on the vortex drift velocity. The trajectory of the vortex centre on topographic wave

time scale is considered in detail in the next subsection.
4.2.2 Short-time vortex trajectory

As stated above advection of the vortex is by the regular field ¢q. First consider times 7 <« 1. The

regular term (4.31) is, to leading order in T,

do & g—;/(; wA(k,y) sinkz dk, (4.50)

as 7 = 0. The pseudoimage term cancels with the coskz term in the expansion of the wave term,
and so the pseudoimage has no leading order effect on the vortex at initial times. The vortex velocity

components given by (4.17a) are then

%)Tf = 0, (4.51a)
Y I'r [
‘fi—T - 6—2% : wA(k, L)dk. (4.51b)

The integral in (4.51b) converges, since |A(k,y)| < e~*, and is negative, since w is negative for
k > 0. Hence, for 7 < 1 the vortex moves with velocity increasing linearly in time, in the y-
direction. Cyclones (T' < 0) drift north and anticyclones (I' > 0) move south, regardless of the sign

of L.

For times 1 < 7 < €~!. The topographic waves have propagated away and have no influence on the

vortex. Then, the advection of the vortex is due solely to the pseudoimage. From equations (4.17a)
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and (4.17b)

dX ay
ar " dr 0 (452)
where
r
u= —ﬂKl (2|L|)sgnL (4.53)

Anticyclones (I' > 0) move west (resp. east) in shallow (deep) water, whilst cyclones (I' < 0) move
east (resp. west) in shallow (deep) water. Compare this with the results of Bell (1989) and Stern
and Flierl (1987), who find that a weak vortex near a potential vorticity interface and a shear flow

respectively, also moves in the sense of its image in the interface.

To understand the physical mechanism responsible for the drift of the vortex, consider Figure (4.5).
This plot shows the evolution of the streamlines associated with the ¢g-field, for I' = 1, i.e. an
anticyclone. In Figure (4.5a), the streamlines of the short time solution given by equation (4.50) are
plotted. The initial response is the establishment of a secondary dipole, centred over the escarpment
and with its axis aligned along the y-axis. This is the result of the anticyclone drawing fluid to its west
from the deep side of the escarpment, and pushing fluid to its east away from the shallow side of the
escarpment. The vortex moves south along the dipole axis?. These secondary circulations, induced
by the circulation of the primary vortex diminish rapidly, as energy is lost to the topographic waves.
This process is clear in Figures (4.5b,c), which show the rapid west propagation of the topographic
waves, away from the vortex centre. The final frame, Figure (4.5d), shows that as 7 — oo all that
remains is the non-dispersive pseudoimage term. Figure (4.6) shows the same process schematically,

this time for a cyclone, I' = —1.

This behaviour is in contrast to the motion of an intense singular vortex near an escarpment.
McDonald (1998) showed that intense cyclones move northwest, while intense anticyclones move
southwest. Importantly, both cyclones and anticyclones approach a steady westward drift velocity
that matches a possible topographic wave phase velocity, so that wave radiation must eventually
become an important factor in the motion of the vortex. In the present weak limit this is not
always the case as, for instance, shallow water cyclones and deep-water anticyclones move east, i.e.
antiparallel to the topographic waves. The large time response of the vortex is the subject of the

following section.

2This is precisely the initial response for an intense vortex near an escarpment and on a f3-plane. In those cases
however the strong circulation of the vortex rotates the dipole axis before the initial disturbance can disperse as
topographic waves, causing the southwest (northwest) curved trajectories for anticyclones (cyclones).
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Figure 4.5: The advection of the vortex, here an anticyclone, by the regular field. (a) evaluation of
¢ at T = 0%, by equation (4.50). The contour values have been scaled by 7/2w. Note the initial
* advection is south, along the dipole axis. (b) ¢ evaluated at 7 = 4 and (c) evaluated at 7 = 7,
from equation (4.31), (d) is the pseudoimage term, the regular field as T — 0o. See text for further
comments.
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(2)

(b)

waves

Figure 4.6: The mechanisms for the vortex and wave propagation. (a) The circulation of the vortex,
here a cyclone, moves fluid to its east from deep to shallow water, and fluid to its west from shallow
to deep water. The fluid gains net relative vorticity in the sense shown, and the dipolar nature of the
disturbance advects the vortex northwards. (b) The preferential direction of the waves is west, and
is also due to the initial relative vorticity production. The waves propagate away from the vortex,
which is then advected by its pseudoimage, shown by the dotted arrow.
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4.2.3 Large-time solution

In this section the solution on the long, advective time scale is investigated. A natural approach is
to use the fact that € is small, and seek a solution to equation (4.2) in the form of a perturbation
series in ¢,

¢=¢o+epr+ ... (4.54)

However, this leads to a solution which grows secularly. See Appendix A for details. Instead, the
adjustment on the short, topographic wave time scale is assumed to happen instantaneously on the
advective time scale. That is, the large 7 asymptotic, steady solution of the previous subsection is
taken as the initial condition. Denote by ¢, the solution to (4.15) on the advective time scale. The

two solutions are then matched by demanding that

lim 1 = lim go = —Ty (s, |y] + |L|). (4.55)

t—0t T—00
For times t < 1, from equation (4.53) the vortex centre moves with the steady drift velocity X (t) =

ut, suggesting a solution of the form
w(xayat) = ‘I’v(m —ut,y— L) + ¢1(x,y,t). (456)

Note that J[V2¢y, $o] = 0 in equation (4.2). That is, the response is linear as t — 0F. It is assumed
that this remains the case for finite £. This assumption is justified a posteriori, by contour dynamics

investigations of the full nonlinear problem.

The linear governing equation for ¢; is then

5¢1 Ohp 3‘1’0 ahB
V2 - + = ——
¢ ( ¢1 ¢l)t oz ay oz ay ) (4'57)

Away from y = 0 this is
V¢ — 61 =0. (4.58)

The initial condition is given by (4.55) and the boundary conditions obtained as above are

Vé1 =0 22 +9* = 0 (4.59a)
[#1]=0 , y=0 (4.59b)
€[pryt] + 2012 = —2Uyp(z —ut,~L) , y=0 (4.59c)

Denote the Fourier transform of ¢; by ¢, so (4.58) and (4.59a,b) have solutions of the form

¢Al (k’ y’t) =B (kv t)e_ b +1|y|' (460)
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From the properties of Fourier transforms,
¥, (z —ut, —L) = e~ *“§ (z, - L), (4.61)

so0 the transform of (4.59c¢) is, using identity (4.25) and after some manipulation:

d ; iwl .
@i (Bre™) = =g e VT, (462)
with solution,
| LIVATTT
iwt __ wl’ € Il i(w—ku)t
Bie** =C(k) + SV TT ku—w e , (4.63)
where,
= k 4.64
SR .

is the topographic wave frequency on the advective time scale. Initial condition (4.55) gives ¢4 (z,0,0) =

—,(z,|L|) from which,

r ku
__ —|LIVETF1
Ok) =~ =T = . (4.65)
Thus,
~ = 1 . .
¢1 (k,y,t) = —me—('yl'i'll’l) k41 kU —w (kue_""t - we"""t) . (4.66)

Note that this may be rewritten

R R kue—iwt _ we—ikut
B (kg ) = =,y + L) 22—, (4.67)
so in particular, when t =0
431 (k,y,O) = _‘i’v(z’ !yl + |L|)$ (4'68)

which is the correct initial condition. The solution consists of a quasi-steady term and a topographic

wave term, and can be written

1 (z,,1) = ¢ + (), (4.69)
where
§"’ _ _L/ e~y +ILNVERFT 1 eika—ut) g (4.70a)
ar Jo 1+ euvkZ+1 VEZ +1

(w)
1

(=IyHILDVETFT
Teu / e eilkz—wt) g1 (4.70b)
C

T4r Jo l+en/R2+1

) — ¢ (z — ut,y), and so is a disturbance

The ¢{) term is a non dispersive term of the form ¢
which propagates with the vortex. To leading order in the binomial expansion with respect to € of

the integrand this term is the steadily propagating pseudoimage. The second term ¢§w) is a Fourier
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superposition of topographic waves. The dispersion relation is given by (4.64), and so the phase and

group velocities are

1

(k) = - (4.72a)
c(k) = “m (4.72b)

as before. Note that the appearance of € in these quantities is due to the time scale being the

advective time scale.

Each of (4.70a) and (4.70b) has simple poles for ¥ = v where

1 1/2

whenever —1 < eu < 0, i.e. whenever the vortex drifts west. In order that the waves radiate
away from the vortex the inversion contour, C, must pass below these poles as in Figure (4.7). The
existence of poles gives rise to the possibility of wave radiation as ¢ = oo. There are only two cases
to consider since the case u = 0 is of no interest because there is no vortex, and the cases |eu| > 1
are ruled out, otherwise u is an O(1/¢€) quantity, contradicting the weak vortex assumption which

constrained u to be at most O(1).

(i)0<eu<1

This is the case of either a cyclone located on the shallow side of the escarpment or an anticyclone
located on the deep side of the escarpment, and since 1+ eu(k?+1)1/2 # 0, there are no singularities.
Thus the inversion contour C' may be deformed back to the real k-axis. For large ¢ the wave term

is dominated by the single point of stationary phase, occurring for —t < z < 0,

ky = ((—ec)—2/3 - 1)1/2 : (4.74)

where { = z/t. A similar calculation to that in section 4.1 yields

(w) . Tue e—(WIHIEDVEZ+1 ( 1 >1/2 . (k o 1"_) -
U Vor 1reu/RE+1 \3tk, (73 W= wit—7), .

for ¢ constant as ¢ — co. The waves are transient, decaying like t~1/2, leaving only the steadily
propagating vortex and pseudoimage as ¢ — o0o. The vortex is moving at a velocity outside the
range of topographic wave phase velocities, and in particular, since u > 0, is moving in the opposite

direction to the waves. The vortex propagates away from the wave bundle, which consequently
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Figure 4.7: The inversion contour, C, in the complex k-plane. The radiation condition dictates that
the contour should pass below the singularities at k = &~y. Branch cuts made from =i to +ioo, are
shown by the heavy lines.
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decays, leaving only the quasi-steady term. The transient nature of the disturbance is illustrated
by Fast Fourier Transform of the regular field ¢, over the escarpment in Figure (4.8). The large,
localised disturbance near the vortex centre is the nondispersive part of the topographic wave train
(i.e the pseudoimage), whilst the topographic waves propagate away to the west, with amplitudes

decaying with time.

(ii) —-1<eu<0

This is the case of west travelling anticyclones located on the shallow side of the escarpment or
cyclones located on the deep side of the escarpment. There are simple poles in the integrals (4.70a)
and (4.70b) at k = £, given by (4.73). At large times the the solution is dominated by the behaviour

near the poles, for which

1
kv —>1, (4.76)
€U

corresponding to short waves. Also, a simple rearrangement of (4.73) reveals

1

e\/__'yﬁT = cp(27),

since u < 0. The asymptotic behaviour is dominated by the short waves with phase velocities close

u=-— (4.77)

to the velocity of the vortex.

Consider first the non-dispersive term ¢§’). The contribution to the integral from the semi-circular
arcs is exponentially small as £ — ut = —o00. However the same is not true for 2 — ut — 0o. In this
case the inversion contour, C, must be closed in the upper half-plane and the integral evaluated by
the method of residues. In doing so it is necessary to introduce a branch cut from k = i to k& = ooi,
since vk2 + 1 is double valued. The inversion contour must then be deformed round the branch cut.
As z — ut — oo the contribution due to the branch cut is exponentially small and may be ignored.

To make the poles explicit write

1 1 euvik?+1-1 (4.78)
l1+euvk2+1 (ew)> k2-o2 '
so that,
SR / WL remuigy, (4.79)
1 dr(eu)? Jo k2 + 42 vk +1 .
The residue of the integrand at the pole k = v is
€U lyl + lLl)) iv(z—ut)
— exp —_——]e . 4-80
g ( leul (480)
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Figure 4.8: FFT evaluation of the regular solution over y = 0, for a nonradiating weak vortex. The
parameter values used are I' = —1, e = 0.1 and L = 0.5. The times are (a) ¢t = 7 and (b) ¢ = 30.
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Similarly the residue at k¥ = —v is

__% exp (_ ly| + |L]) ) e—iv(a—ut). (4.81)

|eu

The large time behaviour of ¢§’) is then given by 2#i times the sum of the residues, i.e. for large t,

0 % exp (_ %) sin~(z — ut)H(z — ut), (4.82)

where H(z) is the unit Heaviside step function, which arises due to the fact that there is no contri-
bution for £ — ut < 0. Next consider the wave term ¢§"’). Near the poles k = £+ a Taylor expansion

gives,

wk)+ku ~ wEy)xy+ WO +u)kFy)

= (cg(7) +u)(kF1), (4.83)

since w’(k) = ¢y. Hence near the poles,

Tue e_(|y|+|L|)Vk +1

T'ue eik(@—co(Mt) gFiv(—cotu)t g 4.84
ar Jo 1+ euvk? +1 .

o~ -

There is no contribution due to the poles as z—cy(y)t = —oo. A residue calculation for z—c,(v)t —

oo then yields

§w) ~ —6—5—7 exp (— &L;-JI—LD) siny(z — ut)H(z — c4t), (4.85)

where w(v) = —yu has been used. Note that for k¥ = £+ the inequality u < ¢; < 0 holds. Thus the

large time response for the radiated case is

$1 % g(y) siny(z —ut) [H(z —ut) - H(z - ;1) (4.86)
where
_ L (L
9(y) =  © p( feal ) (4.87)

This is a wave tube existing for ut < z < ¢4(7y)t, and whose width, say D, grows like the difference

of the phase and group velocities of the radiated waves:
|D| = €7t ((eu) — (eu)?), (4.88)

since ecy; = ecf, at k = £. Since €3 is negligible, the rate of growth of the wave tube is approximately
u, the phase velocity of the radiated waves. Figure (4.9) illustrates the process of the wavetube
formation. Here, the solution ¢; has been evaluated over the escarpment by Fast Fourier Transforms.

The waves ahead of the vortex decay. Note also the pseudoimage, i.e the non-dispersive part of the
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Figure 4.9: FFT evaluation of the regular solution over y = 0, for a radiating weak vortex. The
parameter values used are I' = +1, € = 0.1 and L = 0.5. The times are (a) ¢ = 7 and (b) ¢ = 30.
The non-dispersive pseudoimage is evident, and the waves ahead of it are the dispersive wave. The
waves in the wake of the vortex are the steadily propagating radiated waves.
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wavetrain which propagates with the vortex. The waves are radiated from the pseudoimage, which

must decrease in size, and which in turn must affect the vortex drift velocity.

In summary, in the radiating cases (anticyclone located on the shallow side or cyclone located on the
deep side of the escarpment) the topographic waves decay like t~1/2 except for the particular short
waves with wavenumber k = %+, which have phase velocity equal to the vortex zonal drift velocity.
A wave train of finite length forms in the wake of the vortex. The trailing edge of this wave train
moves at the group velocity of the radiated waves. Thus there is no disturbance for £ > ¢4t, and in

particular the fluid is at rest at the initial position of the vortex.

Since the radiating waves have non-zero energy flux, they must exert a drag on the vortex, which in
turn must respond to this loss of energy. Bell (1989) argued that a weak singular barotropic vortex
moves perpendicular to a potential vorticity interface due to wave radiation. In the following section
global momentum arguments are used to calculate the effect of wave radiation upon the vortex drift

velocity.
4.2.4 Large time vortex trajectory

For the case of an intense singular vortex, McDonald (1998) calculates the response of the vortex to
the radiating waves by equating the energy flux of the wave tube to that of the vortex to derive an
ODE for L, the distance of the vortex centre from the escarpment. In the present case an analogous
equation is obtained by equating the momentum flux of the vortex to the pseudomomentum (see
McIntyre (1981), Lam and Dritschel (1998)) of the wave tube. This has the advantage that the
calculations are simpler; however the momentum and energy flux arguments are equivalent and

yield the same result. The energy density in the wave tube (4.86) is

1,- - _
po= (b +el,+41),

e il + 1L
= exp |2l 4
e () (489)

where the overbar denotes the average over one wave period. Note that by ¢; in this equation is
meant the large time asymptotic solution given in (4.86). The wave power (i.e. the total energy
flux), F, of the radiated waves is found by integrating p over all y and multiplying the result by
the group velocity. The “appropriate” group velocity is the rate of growth of the wave tube given

by(4.88). This gives the wave power,

62



F =T?e12L/eul, (4.90)

The rate of change of the wave pseudomomentum is then the wave power divided by the phase
velocity,

2
g = f—ue-lu/wl. (4.91)

This quantity is also the drag on the vortex, which must respond by losing momentum. See e.g
Mclntyre (1981). The leading order z-momentum of the vortex is, by a generalisation of the result

for barotropic vortices in Batchelor (1967),

M, = - / / y(VZ) —¢)dA =TL, (4.92)

the integral being taken over all space. Note that dI'/dt = 0, (i.e. conservation of circulation), so
any change in the vortex momentum is manifested only by a change in L. Taking the time derivative

of (4.92) and equating it with the wave momentum flux (4.91) yields the differential equation for L

dL T

2E _ — pleL/eu| 4.

dt  2eu’ (4.93)
Note that u < 0, so both shallow water anticyclones and deep water cyclones drift towards the

escarpment in response to topographic wave radiation. The drift is very slow,

dL . 1.
= =0(e). (4.94)

This might be expected for two reasons. First, the energy density of the radiating waves is localised
near the escarpment. This is evident in the expression (4.89). Second, the wave energy is concen-
trated in the long topographic waves, and which propagate rapidly away from the vortex centre.
Thus, the west traveling vortices radiate only the less energetic, short topographic waves. This in
turn is a consequence of the weak vortex assumption, which constrains the vortex velocity to be
O(e) on the topographic wave time scale. The topographic waves whose phase speed matches the

vortex drift speed are the short waves.

It has been shown in this subsection that the pseudoimage description of the vortex motion is valid
on the long advective time scale, for so long as linear theory is valid on that time scale. In the
following subsection the validity of the linear theory is tested numerically by contour dynamics

experiments.
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4.2.5 Contour dynamics results

The numerical algorithm, which integrates the full nonlinear equation (4.15), has been described in
Chapter 2. Before proceeding to describe and discuss the results two points should be made. First,
the infinitely long topographic contour necessarily has a finite representation during computational
runs. The contour length must be chosen so that its ends remain undisturbed during the computa-
tions. Given that the time scale employed for the contour dynamics algorithm is the advective time
scale, this is hampered by the fact that the waves travel rapidly away from the vortex centre and
introduce end effects during the numerical runs. For small values of € runs up to ¢ = 10 are possible

before end-effects become important.

The time step used in all the runs presented here is At = 0.1. Several of the runs have been repeated
with a time step of At = 0.05, which resulted in no difference in the vortex trajectories. Also, surgery
is carried out at a spatial cut-off scale of u = 0.15. Several of the runs were repeated with a spatial
resolution of x = 0.1, and also with no surgery. In each case there was no difference in the computed

vortex trajectories.

In the preceding sections linear theory was used to predict the evolution of a weak vortex on the
advective time scale. The main focus of the numerical investigation is to test the hypothesis that
the evolution of the vortex is well described by the linear theory, for times beyond that for which
that theory is formally applicable. In particular, for what range of values of € is the linear theory
applicable? Indeed, what is the appropriate time scale for the applicability of the linear theory? Of

further interest is the effect of wave radiation on the path of the west travelling vortices.

Attention is restricted to the case L > 0, i.e. to vortices (of both signs) located on the shallow side of
the escarpment. There is no loss of generality here, since the governing equation (4.15) is invariant

under the transformation
¢($1 y) - —1/’(93, _y) (495)

Analogous results for vortices located on the deep side of the escarpment may be deduced by symme-

try. The behaviour of anticyclones differs from that of cyclones, and each case is treated separately.

Anticyclones

Experiments were carried out for values € = 0.1, 0.2 and 0.4, with L = 0.5 in each case. Figure
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(4.10a) shows a plot of the vortex zonal drift velocity compared with the linear theory prediction
given in equation (4.53). It is apparent that the prediction agrees well with the numerical results,

even up to € = 0.4.

Figure (4.10b) shows a plot of the vortex trajectory, again compared with the linear theory prediction.
Note the initial southward movement in all cases presented. This observation is consistent with the
linear theory, which stated that anticyclones initially move south as the result of the establishment

of a secondary dipole (see the earlier discussion).

Figure (4.11) shows a plot of the evolution of the advected contour for € = 0.1. The west travel-
ling dispersive waves are evident. Note also the disturbance which propagates with the vortex. The
steadily propagating disturbance consists of fluid originally located on the shallow side of the escarp-
ment, and which has crossed the escarpment to the deep side gaining net cyclonic relative vorticity
of magnitude 2¢~!. In the limit of small € the circulation of this patch has precisely the correct
magnitude to advect the primary vortex in the sense of its pseudoimage in the escarpment. Put
another way, the steadily propagating cyclonic relative vorticity is the pseudoimage, and as noted
in the analytical discussions above forms a non-dispersive part of the topographic wave train. There
is no visible evidence of topographic wave radiation in this plot, and this observation is reinforced

by the vortex drift, which, after the initial southward movement is predominantly zonal.

However, consider Figure (4.12), which shows the evolution of the contour for ¢ = 0.4. Here,
the topographic waves and the pseudoimage are also apparent. Note the radiating waves, of larger
amplitude than for the weaker vortex, in the wake of the pseudoimage. This behaviour is qualitatively
the same as that shown in the FFT plot of the analytical solution shown in Figure (4.9). Enhanced
meridional drift is the response of the vortex to topographic wave radiation. Given that the vortex
is singular, and so cannot change its shape, escarpment-ward meridional drift is the only response

that the vortex can have to wave radiation.

Cyclones

Again experiments were carried out for values ¢ = 0.1, 0.2 and 0.4, with L = 0.5 in each case. Figure
(4.13a) shows a plot of the vortex zonal drift velocity compared with the linear theory prediction
given in equation (4.53). The prediction is in good agreement with the numerical results for small

values of €, but it is evident that the linear theory predicts the vortex motion for a smaller range of
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Figure 4.10: The drift of anticyclonic singular vortices, for 0 < ¢ < 10. The parameter values
used are L = 0.5, € = 0.1 (dotted line), ¢ = 0.2 (dashed line) and € = 0.4 (dot-dashed line). The
z-displacement of the vortex centre is shown in (a) and the path of the vortex centre in (b). The
solid line shows the analytic prediction, calculated from (4.53).
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Figure 4.11: The evolution of the contour for a weak anticyclone. The parameter values used are
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Figure 4.12: as Figure (4.11), except € = 0.4.
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values of € for cyclones than it does for anticyclones. This statement is reinforced in Figure (4.13b),
which shows the trajectory of the vortex centre. For € = 0.4 the cyclone has undergone substantial
meridional drift. This cannot be the result of wave radiation, since the cyclone propagates in the
opposite direction to the topographic waves. Therefore, the meridional drift must be the result of

nonlinear effects.

To understand why nonlinear effects are more pronounced for cyclones than anticyclones consider
Figure (4.14), a plot of the evolution of the contour for € = 0.1. As for the anticyclones the dispersive
topographic waves are evident. The pseudoimage is also evident, this time consisting of a patch of
fluid which had crossed the escarpment from deep to shallow water, gaining net anticyclonic vorticity,
and which, in the limit € — 00, has precisely the right circulation to advect the cyclone as if the

escarpment were a plane wall.

Next consider Figure (4.15), which shows the contour evolution for a cyclone with € = 0.4, and
illustrates a fundamental difference between a near weak cyclone and a near weak anticyclone. The
initial disturbance “wants” to move west, dispersing as topographic waves. However, in this case the
sense of the vortex circulation is such as to counter this tendency and is sufficiently strong to prevent
the initial disturbance from moving away from the vicinity of the vortex. In contrast an anticyclone
reinforces the westward propagation of the initial disturbance. For a cyclone a dipole consisting of
the primary vortex together with the newly formed anticyclonic relative vorticity is formed, and by
t ~ 6 this dipole propagates northeast, away from the escarpment. It will be shown below that for
moderate intensity cyclones located on the shallow side of the escarpment, the formation of dipoles

is a generic feature.

4.2.6 Discussion

It has been shown that, in the limit € — 0, linear theory predicts that a weak singular vortex near
an escarpment drifts in the sense of its image in the escarpment. Whilst an explicit definition of a
pseudoimage is new, the phenomenon has been noted in two previous works. Bell (1989) and Stern
and Flier] (1987) investigated the motion of a singular barotropic vortex near a potential vorticity
interface and a shear flow respectively, and found that weak vortices move parallel to the interface

in the image sense.
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Figure 4.13: The drift of cyclonic singular vortices. The parameter values used are L =1, e = 0.1
(dotted line), € = 0.2 (dashed line) and € = 0.4 (dot-dashed line). The z-displacement of the vortex
centre is shown in (a) and the path of the vortex centre in (b). The solid line shows the analytic
prediction, calculated from (4.53).
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Figure 4.14: The evolution of the contour for a weak cyclone. The parameter values used are L = 0.5,
S =10 (i.e. e=0.1).
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Figure 4.15: As Figure (4.14), except € = 0.4. The vortex centre is indicated by the cross.
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West travelling anticyclones (resp. cyclones) located on the shallow (deep) side of the escarpment
radiate short topographic waves as ¢ =& 0co. Global momentum arguments were used to estimate the
meridional drift of the vortex centre due to the wave radiation. This drift is exponentially slow since
the energy flux associated with the short waves is small. It should be emphasised that meridional
drift is the only possible response of a singular vortex to wave radiation, since its’ shape is fixed.
Thus “vortex breakdown” has no meaning in the present context. It is anticipated that a patch
of vorticity may change its shape in response to wave radiation, and decay at large times. The
problem of a vortex patch near an escarpment is the subject of the following chapter. McDonald
(1996) investigated the motion of a modon near an escarpment. The modon moves parallel to the
escarpment by self advection, and the west travelling modons decrease in radius in response to wave
radiation. It is worth highlighting that there is no 3-plane analogy for a weak singular vortex, since
the Bessel function structure of the singular vortex dictates that the circulation is necessarily strong
near the vortex centre. That is, near the vortex centre the § contours will be strongly wrapped
up, even for a “weak” vortex. The present results are a consequence of there being some distance

between the vortex and the topographic gradient.

Contour dynamics experiments have shown that for small € linear theory does indeed describe the
drift of the vortex centre for many eddy turnover times. Both anticyclones and cyclone drift parallel
to the escarpment at the velocity due to the pseudoimage. The physical meaning of the pseudoimage

was identified as a non-dispersive path of relative vorticity in the deflected topographic contour.

For anticyclones located on the shallow side of the escarpment, linear theory is accurate up to e = 0.4
and beyond. The wave induced meridional drift of the vortex centre increase with increasing €, and

the amplitude of the radiated waves also increases with e.

On the other hand it has been shown that nonlinear effects are important for cyclones at smaller
values of €. The primary mechanism for the breakdown of the linear theory for cyclones is the accu-
mulation of anticyclonic relative vorticity near the vortex centre. This is a result of the circulation
of the primary vortex driving fluid against the preferred direction of the topographic waves. This
anticyclonic relative vorticity is then able, through a dipole mechanism, to advect the primary vortex
northeast. At large times the cyclone leaves the vicinity of the escarpment, a process which Zaval
Sanson et. el. (1999) refer to as “back-reflection”. A more thorough discussion of this phenomenon

is given below, in the investigation of the behavior of moderate intensity vortices.
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4.3 An intense singular vortex: a review

In this section a review of the results of McDonald (1998) is presented, for completeness of de-
scription, and more importantly to understand how the asymptotic analysis for the intense singular
vortex limit breaks down. In solving the full nonlinear equation (4.15), in the limit S <« 1, McDonald
(1998) showed that the leading order vortex drift velocity components are (Su, Sv) where, 4 and v

are given by the integral expressions

v = 2 /lolo (cosb(r)t — 1)Ky (r)Vr? — L? dr (4.96a)
TJIL

v = 2 /olo sinb(r)t K1(r)Vr? — L? dr. (4.96b)
T |L

where b(r) = —T'K;(r)/2nr is the angular velocity of the vortex. This solution is formally valid for
t < O(S~1). Asymptotic results show that anticyclones follow a curved southwest trajectory, whilst

cyclones follow a curved northwest trajectory. As ¢ — S, the vortex drift is purely zonal, with
u = — exp(—|L|), (497)

for both anticyclones and cyclones. As ¢ = oo global momentum arguments show that the intense
vortices have a wave radiation induced meridional drift, and have “rest-latitudes” about a Rossby
radius from the escarpment. It is interesting to consider how the analytical results for S « 1

breakdown as S is increased.

First consider the case of intense anticyclones. Figure (4.16) shows a comparison of contour dynamics
trajectories with the analytic prediction for S = 0.01,0.1 and 0.2. The analytical trajectory has
been calculated by fourth order Runge-Kutta, with the vortex drift velocity components given by
(4.96a,b). The prediction is exceptionally good for small S. However, for S = 0.2 the vortex centre
initially drifts further west, and less far south. Significantly at later times the westward drift velocity

begins to retard, whilst the southwards drift velocity increases.

Consider Figure (4.17), which shows the evolution of the contour for S = 0.01. Note the initial
dipolar structure of the front as the vortex circulation deflects the contour. The flow is later char-
acterised by strong axisymmetrisation near the vortex centre. The vortex winds up the contour and
build a shield of weak anticyclonic relative vorticity around itself. At later times the dipole axis has

tilted, and the vortex trajectory curves to the west.
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Figure 4.16: Comparison of the contour dynamics results with the analytical prediction for intense
anticyclones for 0 < £ < 30. The parameter values used are L = 0.5 and S = 0.01 (dotted line),
S = 0.1 (dashed line) and S = 0.2 (dot-dashed line). the analytical trajectory is shown by the solid
line.
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Figure 4.17: The evolution of the contour for an intense anticyclone. The parameter values used are
L =0.5and S =0.01.
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Compare this with Figure (4.18), which shows the contour evolution for S = 0.2. The initial front
is stronger than that formed for smaller S, accounting for the initial increase in both the meridional
and zonal drift speeds. The weaker vortex is less able to wind the contour. As the dipole crosses
the escarpment the cyclonic part of the dipole increases in size and has more influence on the vortex
centre than the anticyclonic relative vorticity. It is the vortex centre and the cyclonic relative
vorticity forming a dipole that retards the westward drift velocity and increases the southward drift

velocity.

Next consider the case of intense cyclones. Figure (4.19) shows a comparison of the vortex drift
produced by the contour dynamics experiments compared with the analytical prediction. Once
again the analytical prediction is good for small S. Note with increasing S the theory underpredicts

the westward drift speed, and at later times, for S = 0.2 the vortex centre begins to drift east.

Figure (4.20) shows the evolution of the contour for S = 0.01. Again, note the initial dipolar
structure of the front as the cyclones deflects the contour, and later the strong winding of the
contour near the vortex centre. Next consider Figure (4.21), a plot of the evolution of the contour
for S = 0.2. In this case the initial dipole is still evident, but the vortex, being weaker than it is for
small S is less able to wrap up the contour. A patch of anticyclonic relative vorticity forms to the
east of the vortex centre. The dipole consisting of the primary vortex and this anticyclonic patch

the begins to move north and east.

The formation of dipoles seen here becomes much more pronounced for moderate intensity vortices.

This issue is covered in more depth in the following section.

4.4 A moderate singular vortex: contour dynamics results

To complete the study of the motion of a singular vortex near an escarpment contour dynamics
results are presented in this section for moderate vortices. There is no theory available for the S ~ 1
regime, since the magnitude of the circulation of the relative vorticity produced due to deflection of

the topographic contour is of the same order as the circulation of the primary vortex.

Attention is restricted to the cases S = 2 (moderately weak vortex), S = 1 (moderate vortex) and

S = 0.5 (moderately intense vortex). Once again only vortices located on the shallow side of the
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Figure 4.18: The evolution of the contour for a near intense anticyclone. The parameter values used
are L =0.5 and S =0.2.
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Figure 4.19: Comparison of the contour dynamics results with the analytical prediction for intense
cyclones for 0 < t < 30. The parameter values used are L = 0.5 and S = 0.01 (dotted line), S = 0.1
(dashed line) and S = 0.2 (dot-dashed line). the analytical trajectory is shown by the solid line.
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Figure 4.20: The evolution of the contour for an intense cyclone. The parameter values used are
L=0.5and S =0.01.
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Figure 4.21: The evolution of the contour for a near intense cyclone. The parameter values used are
L=0.5and §=0.2.

81



escarpment are considered and the cases of anticyclones and cyclones are considered separately.

4.4.1 Anticyclones

Figure (4.22) shows a plot of the trajectories of the moderate anticyclones. For S = 2, the moderately
weak anticyclone appears to still be well modelled by the linear theory. At large times the drift is
purely zonal. For the moderate anticyclone (S = 1), the initial response also appears to be linear.
However the vortex centre later turns south and crosses the escarpment, traversing a large arc
before finally turning east. The moderately intense anticyclone (S = 0.5) also moves sharply south,
crosses the escarpment and turns east at later times, with the exception that the initial westward

displacement is much reduced.

Figure (4.23) show the contour evolution for S = 2. The response does indeed appear linear. The
pseudoimage and radiated waves are apparent. It must be concluded that linear theory predicts the

motion of anticyclones even for S = 2 (i.e. € = 0.5), for at least forty eddy turnover times.

Next consider Figure (4.24). At short times the topographic waves are linear and the vortex centre
is advected by the pseudoimage. The wave radiation appears strong enough to cause the vortex to
reach and cross the escarpment. At this stage the vortex begins to wrap the topographic contour,
and has a small but significant patch of cyclonic relative vorticity nearby. The dipole mechanism

then turns the vortex from its westward drift and the vortex centre moves east at large times.

Figure (4.25) show the evolution of the contour for S = 0.5. At short times the vortex wraps the
contour up, and then crosses the escarpment. As for the previous case a patch of cyclonic relative
vorticity accompanies the vortex in its evolution and the dipole mechanism turns the vortex east at

later times.

4.4.2 Cyclones

Figure (4.26) shows a plot of the trajectories of the moderate cyclones. For S = 2, the moderately
weak cyclone follows a generally north east path. For the moderate anticyclone (S = 1), the initial
motion is also northeast, but path of the vortex centre then “loops”. However the net migration of

the vortex centre is north and east. The moderately intense (S = 0.5) cyclone exhibits the same
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Figure 4.22: A plot of the trajectories for the moderate intensity anticyclones for 0 < ¢ < 40. The
parameter values used are L = 0.5, S = 2 (dotted line), S = 1 (dashed line) and S = 0.5 (dot-dashed
line).
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Figure 4.23: Evolution of the contour for an anticyclone with L = 0.5 and § = 2.
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Figure 4.24: As Figure (4.23) except S = 1.
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Figure 4.25: As Figure (4.23) except S = 0.5.
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behaviour except that the drift is more east and less north.

Figures (4.27) -(4.29) show the contour evolution for the moderate anticyclones. The behaviour
is qualitatively the same in all cases. The cyclone pinches off some of the topographic contour.
This anticyclonic relative vorticity together with the primary cyclonic vortex form a dipole, and
the general migration of the dipole is northeast. In particular the vortex propagates away from the
escarpment, and is only affected by the anticyclonic path at later times. The looping motion is

characteristic of a dipole with differing magnitude poles.

4.4.3 Discussion

It has been shown that for moderate singular vortices the characteristic of the motion is the formation
of dipoles, and curiously, both cyclones and anticyclones drift east at large times. The process by

which this happens differs slightly for anticyclones compared with cyclones.

The anticyclone crosses the escarpment. A large patch of fluid initially located on the shallow side
of the escarpment accompanies the vortex as is crosses the escarpment. This fluid gains cyclonic
relative vorticity, and forms a dipole with the primary vortex. The dipole mechanism curves the

path of the vortex to the east at large times.

On the other hand the cyclones draw fluid from the deep side of the escarpment. This fluid has
anticyclonic relative vorticity, and the dipole formation proceeds more quickly than the case of
anticyclones. The cyclones move northeast from the outset, and at large times move away from the
escarpment. The process of dipole formation occurs for cyclones over a larger range of parameter
values than for anticyclones. This was indicated in the discussion of the weak cyclones, where, even
for relatively large values of S the circulation of the vortex competes with the topographic wave

mechanism, causing a build up of anticyclonic relative vorticity near the vortex centre.

It is worth highlighting that the results of this subsection are entirely in keeping with the exper-
imental results of Zavala Sanson et. al. (1999) who have recently investigated the behaviour of
barotropic vortices near an escarpment, both experimentally and numerically. In that investigation
the escarpment lay in the meridional direction on a 3-plane. The 3 effect was small in comparison

to the topography, and mainly served to bring a vortex near to the escarpment. The strength of the
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Figure 4.26: A plot of the trajectories for the moderate intensity cyclones for 0 < ¢ < 30.
parameter values used are L = 0.5, § = 2 (dotted line), § = 1 (dashed line) and § = 0.5
dashed line).
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Figure 4.27: Evolution of the contour for a cyclone with L = 0.5 and S = 2.
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Figure 4.28: As Figure (4.27") except § = 1.
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Figure 4.29: As Figure (4.27) except S = 0.5.
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vortices was of the same order of magnitude as the relative vorticity produced by fluid crossing the es-
carpment, or, in the terminology of the present work, S ~ 1. It was found that anticyclones situated
on the shallow side of the escarpment were able to “climb” the topographic gradient, whilst cyclones

were “back-reflected”, precisely the behaviour observed in these contour dynamics experiments.

Lam and Dritschel (1998) find that maximum meridional displacement of a circular vortex on a
B-plane occurs for moderate intensity vortices. They describe the mechanism for this process in
terms of a “trailing eddy”, i.e. a part of the radiated Rossby wave train that has circulation in
the opposite sense to the primary vortex. Put another way, for the moderate intensity B-plane
vortex, a dipole forms between the primary vortex and the shed vorticity. This is precisely the same
mechanism that has been observed in the present case. It might be expected that dipole formation in
more general moderate intensity vortex-wave interactions is common. For example dipole formation
maybe extremely important in cross-frontal mixing, something which needs to be understood and

parameterised in General Circulation Models.

4.5 Conclusions

In this chapter a study of the motion of an intense singular vortex near an escarpment has been
carried out for the full range of values of vortex intensity. Several important conclusions may be

drawn.

First, analytic results for a weak vortex have predicted that the escarpment act like a plane wall.
This phenomenon was dubbed the “pseudoimage of the vortex”, since there is no true image vortex.
In the case where the vortex travels in the same direction as the topographic waves, expressions for
vortex drift induced by wave radiation and based on pseudomomentum arguments, were found. This
drift is purely meridional and negligible for times of order unity. Contour dynamics confirmed the
analytical predictions and revealed that the pseudoimage is a steadily propagating, non-dispersive,
patch of relative vorticity in the deflected topographic contour. It might be anticipated that more
realistic models of weak vortices near an escarpment, or indeed any sharp topographic gradient such

as a seamount, might evolve in the sense of its image in the potential vorticity interface.

Second, contour dynamics show that dipole formation is generic for moderate intensity vortices.
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This is fully in keeping with experimental results, and directly analogous to numerically observed

dynamics of a vortex on the G-plane.

Third, the model doesn’t account for changes in vortex shape. For a more realistic model vortex
shape changes may be of great import, and as a first step in understanding the evolution of a
continuously distributed vortex near an escarpment, an initially circular patch of uniform relative

vorticity is considered in the following Chapter.

Appendix A: Secular growth in singular perturbation solution
In this appendix it is shown that a perturbation series solution for the weak singular vortex problem

contains secular terms. Seek a solution to equation (4.2) in the form,
&= ¢o+ep +... (4.A1)
As noted above the vortex velocity is O(e), so expanding ¥, about (X,Y) = (0, L) gives
Ty(z—X,y-Y) =T, (z,y — L) — eut¥,,(z,y — L) + O(e?), (4.A2)

anticipating that X = eu. Substituting (4.A1) into (4.2) and equating the O(1) terms yields the

problem for ¢y
(V2¢0 - ¢0)t + ¢‘Oa:dy = “‘\I"vzdyy (4A3)

with initial and boundary conditions identical to (4.20a)-(4.20d). The first order solution is then

the same as the short time solution above:
r 1/2
# = —5-Ko [ (5% + (] +12D)""*] + Guae: (4.A9)
Since @yeve decays rapidly near the vortex take
r
#o = —5-Ko [ (2 + (] + 1) "], (4.45)
™
so X = eut. Noting that ¢ solves the nonlinear terms, the O(e) equation is
(V2¢1 - ¢1)t + ¢lzdy = 'Uft‘I'v:czdy) (4'A6)

with initial condition (4.20a) and boundary conditions (4.20b) and (4.20c). The solution is of the

form

u(k,y,8) = A (k,t)e™VFFI, (4.A7)
The remaining boundary condition is

[¢1yt] + 2¢lz - 2Ut¢vzz (l‘, _L)7 y= 0 (4A8)
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giving the differential equation

—Vk? + 14y, + ikA; = —utk®¥,(z,y - L), (4.A9)
with solution
Ay(k,t) = %ﬁe—lwk’“ [itw + (1 — e™*], (4.A10)

where w = k/vk? + 1, as before. After some manipulation this gives the O(e) solution,

_Tu [*

[> o]
¢ = o e~ WIHIDVEHT (605 bz — cos(ke + wt)) dk — % we~ (WHILDVE*+1 gin ko dk.
0 0

(4.A11)
This has terms of O(t), and so grows secularly; i.e. ¢; — oo as t = oo. This suggests the need to

rescale the time variable, a la Herman et. al. (1989). This is done above in subsection 4.2.3.
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Chapter 5

Evolution of an initially circular
vortex patch near an escarpment

A limitation of the singular vortex model of Chapter 4 is the inability of the singular vortex to change
its shape as it evolves. The Bessel function structure of the singular vortex is preserved for all time,
and so the velocity field associated with the vortex is always radially symmetric. Consequently
the process of vortex deformation is absent in the singular vortex model, and this, in turn, has
two implications regarding the ability of that model to describe the physical mechanisms of a more
realistic vortex-topography model. First, the contribution of vortex deformation to the velocity
field are excluded, so that a description of both the vortex drift and the advection of the ambient
potential vorticity by the vortex is incomplete. Second, the possibility that the vortex responds to
wave radiation by deforming is excluded. A more realistic model of vortex motion near an escarpment
should examine the effects of vortex deformation on the evolving flow. This chapter investigates the
motion of an initially circular patch of uniform potential vorticity near an escarpment. Of particular
interest is a comparison of the motion with the singular vortex model, i.e. how well does the singular
vortex model describe the motion of the vortex patch centroid, and what features of the motion of

the vortex patch model are absent in the singular vortex model?

The evolution of a vortex patch on the -plane has received considerable attention, and a literature
review was presented in Chapter 3. The approach to the present problem is adapted from the now
standard formulation of Sutyrin and Flier]l (1994), where the equation for the production of relative
vorticity by advection of the ambient potential vorticity (the so-called “regular” field) is written in

a form independent of vortex deformation. This latter effect (the so-called “singular field”) is then
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described by an equation forced by the leading order regular field. The particular formulation given
below is adapted from the formulation of Reznik and Grimshaw (1998), which explicitly includes an
equation for the drift of the vortex centroid. A further work which has influenced the present study
is that of Lam and Dritschel (1998), in which the evolution of an initially circular vortex patch on
the (-plane is investigated using a contour advective semi-Lagrangian (CASL) algorithm. The high
resolution results obtained by Lam and Dritschel (1998) are discussed below in comparison to the

results for the motion of a vortex patch near an escarpment.

The effect of the topography on the vortex is of primary interest, so the question of how the vortex
came to be near the escarpment is ignored. It could have, for example, been carried by a background
mean flow, or arrived due to the drift induced by the G-effect. In the following, it is assumed that no
part of the vortex straddles the escarpment at the initial time, i.e. the vortex radius is less than the

distance of the vortex centre from the escarpment. This assumption greatly simplifies the analysis.

The chapter is organised as follows. First the leading order solution on the topographic wave time
scale for a weak vortex patch is obtained by Fourier analysis. The large time behaviour for a weak
vortex is investigated by contour dynamics. Second, the leading order solution for an intense vortex
patch is obtained by the Green’s function method. The large time behaviour for the intense vortex
is also investigated by contour dynamics. Finally the case of a moderate intensity vortex patch, for

which no analytical theory is available, is investigated by contour dynamics.

5.1 Problem formulation

The f-plane quasigeostrophic governing equation, with the same scalings (4.1) as in Chapter 4 is,

for convenience, rewritten as,

Q: +J[%,Q] =0, (5.1)

where

Q = V*) - + Sha(y). (5.2)

Here S is the ratio of the eddy turnover time to the topographic vortex stretching time,

LU 6 T,
Y _ 0 _1a 5.3
S = TR Ty (5:3)
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and the topography

hs(y) = 556n(v), (5-4)
i.e. an infinite escarpment aligned along y = 0, is also the same as the previous chapter, except for
the factor of a half. This factor has been included so that when S = 1 the the ambient potential
vorticity jump across the escarpment has the same magnitude as the relative vorticity of the primary

vortex.

The initial condition is a circular patch of uniform relative vorticity, which with the Rossby radius

as the characteristic length scale, can be written,
Vg — ho = —aH(a — 1), (5.5)

where a is the patch radius, r is the radial distance from the vortex centre and a = =+1 gives the
sense of the circulation. For a > 0 it is clockwise (anticyclonic) and for o < 0 it is anticlockwise

(cyclonic). The solution, derived in Chapter 2 (see equation (2.34)), is

_ [ a—aaK;(a)ly(r), r<a
%o(r) = { aali (a)Ko(r), r>a (5.6)
and the angular velocity of the vortex is
_10¢o 1 ( —aaKi(a)L(r), r<a
b(r) = ror r { —aaly(a)K:1(r), T>a (5.7)

Figure (2.3) shows a plot of the profiles of the streamfunction and the angular velocity.

The present problem considers the evolution of an initially circular vortex patch near an escarpment.
The topography is “switched on” near a pre-existing vortex at time ¢ = 0. In a frame of reference

with the origin attached to the vortex centroid (to be defined), the governing equation is

Ohs 0% _, (5.8)

) -

where 9 = 1 — uy + vz and u = (u, v) is the drift velocity of the vortex centroid (z.(t),yc(t)). The

initial relative vorticity is

Qo = V4o — 9o = —aH(a — 1), (5.9)
and the initial potential vorticity is
S
Qo = o + Zsga(y + L), (5.10)

for a vortex of radius @ with centroid initially located at (0,L). Figure (5.1) shows the initial

condition.
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The boundary between the two different values of Qg represented in (5.9) by the Heaviside function
is a material line and is advected with the flow, so subsequently the relative vorticity must have the

form

Q= V2 — ¢ = —aH(ro — 1) + q(2, 9, ). (5.11)

Here ¢ is the correction to the relative vorticity, and ro = r9(6,t) is the equation of the evolving
patch boundary, so initially ro(€,t) = a. Substituting (5.11) into (5.8) and equating to zero the

regular and singular parts in the resulting expression! leads to

Bq ~ 3hB 61,0

T + J[,q] + S—ay e 0 (5.12a)

aZ & Tldre —1] _— (5.12b)
6t T=T0

These equations describe the two processes which contribute to the motion. The first equation
(5.12a) describes relative vorticity production due to advection of the ambient potential vorticity. It
does not contain advection of the relative vorticity H(ro — r) of the vortex patch, which is instead
described by the second equation (5.12b), which states that deformation of the vortex shape is due
to advection of the vortex boundary. To leading order then, advection is due to relative vorticity
production. It is the appearance of the vortex shape in the problem which was missing from the

singular vortex model, and which complicates the solution.

To close the problem a definition of the vortex centroid is required. It is now standard (e.g. Reznik
and Grimshaw (1998) or Lam and Dritschel (1998)) to choose the geometric centroid of the evolving
patch, i.e. the centre of vorticity for a patch with uniform vorticity. This choice is not necessary since
obtaining the solution in any coordinate frame yields all of the information about any characteristic

point associated with the vortex. The centroid location (z.(t),y.(t)) is

_ [ Jyzdzdy _ J Jy ydzdy
Te = W, Yec = m, (5-13)

where V is the vortex patch bounded by the curve ro(6,t). Using Green’s theorem these are, in

polar coordinates,

2
z.(t) = 5;1&5/ r3(8,t) cos 0d8, (5.14a)
1 027|'
ye(t) = 33 / r3(8,t) sin 6d6. (5.14b)
0

1By which is meant the following. The Heaviside function leads to terms §(rp — r) upon substitution into the
governing equation. The terms that are multiplied by the delta function are equated to zero and all remaining terms
are similarly equated to zero. Hence the names “regular” and “singular”, despite the fact that the equations are in
fact both regular. This is standard practice for vortex patch analysis.
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Here the fact that the area ma? of the initial patch is conserved has been used. In the moving frame

z.(t) = y.(t) = 0 so the problem is closed by the condition
27 .
/ rie?®ds = 0. (5.15)
0

Equations (5.12a), (5.12b) and (5.15) together with the initial conditions

»(r,8,0) = o(r), (5.16a)
q(z,y,0) = 0, (5.16b)
ro(6,0) = a, (5.16¢)
(2:(0),4.(0)) = (0,L), (5.16d)

describe the evolution of the vortex patch. A complete study of the problem requires consideration
of the three parameters S, a and L. The leading order solutions for § 3> 1 (a weak vortex) and
for S <« 1 (an intense vortex) are obtained analytically. The case of a moderate intensity vortex
(S & 1) is investigated numerically by contour dynamics. The investigation of the dependence of the
motion on the vortex radius, a, and its distance from the escarpment, L, is limited to the question
of whether the motion of the vortex patch is well approximated by a singular vortex as a/L — 0.

Also L = 1, so that the vortex is close enough to the escarpment to interact with it.

5.2 A weak vortex patch

For a weak vortex, S > 1, set ¢ = S~! and rescale the time variable 7 = €t, so that the unit of

time is T,, the topographic wave time scale. Under this rescaling the equations (5.12a) and (5.12b)

become
Oq - Ohp Oy
E + EJ['(f), q] + a—y% = 0, (5173)
a2 4 e 3o — 1] = 0, (5.17b)
or r=rg

which express the fact that advection is O(e) on this time scale. In particular, for times 7 < €71,

deformation of the patch boundary, which is due to advection, is O(¢). Thus, the parameter ry can
be taken to be constant, at least on the topographic wave time scale T,. In the following subsection

the leading order solution to this problem is obtained by Fourier analysis.
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5.2.1 Leading order solution

For times T < €7, ignoring the advection terms in (5.17a) and (5.17b) yields

0q , Bhp B

or Oy Oz
ro = a. (5.18b)

= 0, (5.18a)

This implies that for times 7 < €~! the singular part of the flow (i.e. the flow due to the vortex) is
steady at its initial value 79. The regular field (i.e. the secondary circulations) can be obtained by
writing

¥ =10+ (5.19)

The magnitude of the regular field ¢ can be O(1) or greater since S >> 1 is the magnitude of the
relative vorticity, ¢, acquired by a fluid particle crossing the escarpment. Substituting this into

(5.11), with (8, 7) = a for all 7, leads to
g=V’¢-¢. (5.20)

Equation (5.18a) is then a forced topographic wave equation,

Ohp 8¢ _ Bhp Bio

2
v ¢_¢)+E3_z__6—y"5?’ (5.21)

9
or
where for convenience the frame of reference is the inertial frame with the escarpment aligned along
y =0, i.e. hp(y) = sgn(y)/2. This problem is very similar to the weak singular vortex problem

of Chapter 4, and may be solved in precisely the same fashion. Matching the solution across the

escarpment, as in section (4.1), the problem for ¢ is

Vig-¢=0 |, y#0 (5.22a)
¢(z,4,00)=0 , 7=0 (5.22b)
Vé—-0 , 2?2 +y? > 0 (5.22c)

¢=0 , y=0 (5.22d)

[byr] + bz =—%0z , y=0. (5.22¢)

Apart from the additional factor of a half in the equation for the topography, this differs from the
weak singular vortex problem only in the form of the forcing term %y, in the right hand side of

(5.22¢). Since a circular vortex doesn’t contribute to its own drift, the advection of the vortex centre
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(¢, yc) is due to the regular field, i.e. the vortex drift velocity components are

dz.

ar 6¢”‘z=zc;y=vc (5.23a)
ay
d_'rc i 2 (5.23Db)

Hence, for times up to 7 = O(e~1), z. = O(¢) and y, = L + O(e), and the vortex term is, to leading
order

Yo = 1/)0(2:1 y- L)a (524)

on this time scale.

The leading order solution is obtained by standard Fourier analysis. Denote the Fourier transform
of ¢ by
~ 0 .
é(k) = / pe*2dz. (5.25)
—QQ

In Fourier space (5.22a), (5.22¢) and (5.22d) are

by —(K*+1)p=0 ,  y#0, (5.26a)
$—=0 ,  y— oo, (5.26b)
[&] =0 , y=0, (5.26¢)
with solutions of the form
¢ = B(k,r)eVE I, (5.27)

The matching condition (5.22e) together with the initial condition (5.22b) give the initial value

problem for B,

2Vk2 + 1B, —ikB = —ikioly=0 (5.28a)

B(k,0) = 0. (5.28b)

For L > a, so that no part of vortex patch crosses the escarpment?, the forcing term evaluated at
the escarpment is,

Yo(z,0) = aal; (a)Ko((z? + L*)V/?). (5.29)

Making use of identity (4.30) the Fourier transform of this is

- aali(a)T _ ;1T
Yo|y=0 = %e ILIVES+1, (5.30)

2This is consistent with the idea described in the introduction that the vortex has approached the escarpment from
elsewhere. Without this assumption the Fourier transform of the forcing is more difficult.
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Substitution of this expression in (5.28a) gives

. aali(a)wr _
B, +iwB = — —— L2 o~ [LIVEFT 5.31
T T W 21 € ( )
with solution
aaly(a)T _ 01 /BTTT o —i
B(k,7) = ———— e~ ILIVFH (g—iwr _ 1), 5.32
(k,7) = 2olo) e -1) 532
where
we=—— (5.33)

W+
is the frequency of the topographic waves. Note the appearance of the factor of two in the denomi-
nator of w, which is due to the chosen form for the escarpment topography (5.4). The solution for

the regular field consists of a steady term and a topographic wave term,

6= 6@ 4+ o), (5.34)
where
$9 = —aali(a)Ko ((&® + (lyl +|L1?)'?), (5.352)
¢ = oali(a) /0 ” A(k,y) cos(kz — wr)dk, (5.35b)
with

e—(IyI+ILDVEEFT
vEZE+1

The topographic wave term is identical with the topographic wave term for the weak singular vortex

Alk,y) = (5.36)

(4.38), with the exception of the factor before the integral. Immediately then it is apparent that

the waves decay like 771/3 at the wavefront, like 7~1/2 in the wavetrain and importantly like 7~ at
the z-location of the vortex centre {see Chapter 4 for details). Figure (5.2) illustrates the decaying

nature of the dispersive topographic waves.

The steady part of the solution, %y + ¢, is analogous to the pseudoimage of the weak singular
vortex. For sgn(y) = —sgn(L), (i.e. across the escarpment from the vortex) the fluid is at rest. On
the other hand for sgn(y) = sgn(L), (on the same side of the escarpment as the vortex), the fluid
behaves as if there were an equal and opposite circular patch of relative vorticity centred at (0, —L).

On the fast topographic wave time scale, this pseudoimage remains circular to within values of O(e).

The fact that both the wave term and the steady term in this solution are identical to the leading

order solution for a singular vortex is to be expected, since the flow exterior to a circular vortex
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shallow

Figure 5.1: The initial condition for the present problem. A circular patch of uniform relative
vorticity of radius a is initially located with its centre distance L from the escarpment.
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Figure 5.2: The topographic wave term ¢{*) evaluated over y = 0 at times 7 = 10 (solid line) and
7 = 60 (dotted line). The parameter values used area=1,a=1and L =1.2.
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patch is identical to that of a singular vortex. However, the vortex may deform for longer times and
so the question as to whether the pseudoimage description is meaningful on the slow advective time

scale is discussed below in the contour dynamics investigation.

The vortex drift velocity components as 7 — 0, obtained from equations (5.23a) and (5.23b), via a

leading order expansion of the solution (5.35a) and (5.35b) are
o 9]
u=0, wv=eaal (a)r/ wA(k, L)dk, (5.37)
0
whilst as 7 = 00, the advection of the vortex centre is solely due to the pseudoimage, giving
v=0, u=eaal(a)K;(2|L|)sgnL. (5.38)

The integral in (5.37) converges, since [A(k,y)| < e*, and is negative. Hence, for T < 1 the
vortex moves linearly in the y-direction. Cyclones (a < 0) drift north and anticyclones (a > 0) drift
south, the same short-time behaviour as a weak singular vortex and the mechanism is precisely the
same. Figure (5.3) shows the evolution of the regular solution, 1 = ¢(®) + ¢(*) for a weak vortex
patch. The initial response to the advection of fluid across the escarpment by the swirl velocity of
the vortex is the establishment of a secondary dipole, seen in Figure (5.3a) which advects cyclones
(resp. anticyclones) north (south). The dispersive topographic waves rapidly propagate away from
the vortex, as in Figure (5.3b,c), and as 7 — oo only the solitary non-propagating disturbance (the
pseudoimage) remains. The relative vorticity of the pseudoimage is O(e~!), and is precisely strong
enough to advect the weak primary vortex as if the escarpment were a wall. Thus, the weak cyclones
move east when located on the shallow (deep) side of the escarpment and anticyclones drift west

(east) when located on the shallow (deep) side of the escarpment.

The results of this subsection could have been obtained by replacing the vortex patch by a singular

vortex of strength
r— aaly(a) ’
27

(5.39)
initially located at (0,L). That is, for as long as the linear theory is valid, the motion of a weak
vortex patch is adequately modelled by the linear theory for a weak singular vortex. Formally, the
linear theory is only valid on the topographic wave time scale, i.e. ¢ = O(e). Further analysis is
possible if the vortex patch is assumed to remain circular for times ¢ = O(1). Such an approach

is reasonable for a <« L, but amounts to little more than modelling the vortex patch by a singular

vortex. Since the effect of vortex shape changes is of particular interest in the present study, the
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Figure 5.3: The advection of the vortex, here an anticyclone, by the regular field. (a) evaluation of
¢ at 7 = 0F. Note the initial advection is south, along the dipole axis. (b) ¢ evaluated at 7 = 4
and (c) evaluated at T = 7, from equation (5.34), (d) is the pseudoimage term, the regular field as
7 — 00. The vortex is shown by the circle and its centre by the dot. The parameter values used are
a=1,a=-1land L=1.2.
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large time behaviour is examined numerically by contour dynamics in the following subsection.
5.2.2 Contour dynamics results

In Chapter 4 it was shown that linear theory described the evolution of a weak singular vortex
for many eddy turnover times, far beyond the formal time of the applicability of the theory. This
leads to the main question of this section: does the pseudoimage of the linear theory describe the
evolution of the weak vortex patch for times ¢ > O(1)? That is, does the weak vortex patch near an
escarpment evolve as if the escarpment were a wall? The problem of the motion of a vortex patch
near a wall is itself difficult; the changing vortex shape due to interaction with its image has to
be tackled numerically®. The plots of the evolution of a vortex patch near a wall presented below
were obtained by contour dynamics, and are used for comparison with the vortex shape changes
for a vortex patch near an escarpment. The vortex drift is compared with the velocity predicted
by the singular vortex linear theory, i.e. with the drift predicted by (5.38). Two further issues are
considered in detail. First, the effect of topographic wave radiation on the shape of a west travelling
vortex patch is discussed. Second, the hypothesis that the singular vbrtex linear theory is more

accurate for smaller vortex patches is considered.

Following the observation in Chapter 4 that the governing equation (5.1) is invariant under the

transformation

d’(xy y) - —TP(Z, _y), (540)

attention is restricted to the case L > 0, i.e. the vortex is initially located on the shallow side of
the escarpment. The evolution of a vortex on the deep side can then be deduced by symmetry. The

cases of an anticyclone and a cyclone are treated separately.

Anticyclones

Figures (5.4), (5.5) and (5.6) show comparisons between the evolution of an anticyclonic vortex patch
near an escarpment with that of an equivalent anticyclonic vortex patch near a wall, for e = 0.1, 0.2
and 0.4 repectively. In each case @ = 1, a = 1 and L = 1.2. The patch near the escarpment is
shown in the solid line, and its centroid by a cross. The evolving patch near a wall, also computed

by contour dynamics, is shown by the dashed line and its centroid by a dot.

3There are a class of steadily propagating solutions, the so-called V-states, of Pierrehumbert (1980). In the
terminology of the present work these are circular for a < L and approach the singular vortex solution in the limit
a/L — 0.
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Figure 5.4: Comparison of the evolution of a vortex patch near an escarpment (solid line) with that
of a vortex patch near a wall (dashed line). The centroid locations are shown by a cross (escarpment)
and a dot (wall), and the parameter values used are & = 1 (anticyclone),a =1, L =1.2and e =0.1.
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Figure 5.5: As Figure (5.4) except € = 0.2.
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Figure 5.6: As Figure (5.4) except € = 0.4.
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In Figure (5.4) it is clear that the weak vortex patch evolves almost precisely in the sense if its
pseudoimage as € — 0. Both the patch boundary and the centroid are practically coincident with
those of the patch evolving near a wall. For ¢ = 0.05 (not shown) the two patches are coincident
at the resolution of the plot. This feature is robust, the calculation proceeding to 30 eddy turnover
times without any significant deviation. The computation was stopped at ¢ = 30 due to large

distortions near the left end of the topographic contour, here located at = —15.

Figure (5.5) shows the evolution of the contours for ¢ = 0.2. There are some small deviations
in the vortex boundary, compared with the pseudoimage prediction, and the beginning of some
filamentation. This process is more clear in Figure (5.6), which shows the contour evolution for € =
0.4. Whilst, the centroid location is still well predicted by the pseudoimage theory, the filamentation
of the patch boundary, and its deformation from the shape predicted by the pseudoimage theory is
clear. At later times the vortex patch is ripped apart. To understand this process it is useful to

consider the evolution of the topographic contour.

Figure (5.7) shows a close up of the contour which initially lay over the escarpment, for € = 0.1.
The west travelling dispersive waves are clearly evident, as is the nondispersive disturbance (the
pseudoimage), which travels with the vortex in its evolution. As for the singular vortex, this non-
dispersive part of the topographic wave train consists of cyclonic relative vorticity, and in the limit
€ — 0 its circulation has precisely the correct magnitude to advect the vortex in the sense of its

image in the escarpment.

Next, consider Figure (5.8), which shows the topographic waves for € = 0.4. Initially, the pseu-
doimage dominates the motion, and the vortex evolves according to the pseudoimage description.
However, at later times topographic waves are radiated in the wake of the pseudoimage. The plot
shows clearly that the circulation associated with the relative vorticity of the radiated waves is
strong enough to attract the vortex boundary into the wave train. Consequently the relatively weak

anticyclone is eroded as a result of wave radiation.

To compare the drift of the anticyclonic patches with the singular vortex model, consider Figure(5.9),
which shows the drift of an anticyclone for values of € = 0.1, 0.2, and 0.4. The linear singular vortex
prediction (5.38) is in good agreement with the contour dynamics results for the z-velocity, and

the agreement improves as ¢ — 0, as is shown in Figure(5.9a). The net drift in the y-direction is
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Figure 5.7: A close-up of the evolution of the topographic contour, for an anticyclone. The parameter
values used area =1, L =12 and ¢ = 0.1.
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Figure 5.8: As Figure (5.7) except e = 0.4.
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small, as can be seen from the scale of the y ordinate in Figure(5.9b) but nonetheless increases with
€ as topographic wave radiation induces escarpment-ward meridional drift, in addition to vortex
filamentation. The singular vortex prediction improves with smaller a, at fixed L, as can be seen
in Figure(5.10), which is identical with Figure(5.9), except that a = 0.25, i.e. the vortex is small
compared with the Rossby radius. The contour plots (not shown) indicate that for the small vortices

the vortex shape remains approximately circular.
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Cyclones

Figures (5.11)-(5.13) show comparisons between the evolution of a cyclonic vortex patch near an
escarpment with that of an equivalent vortex patch near a wall. The parameter values are e = 0.1, 0.2
and 0.4 as in the case of an anticyclone presented previously. Once again in each casea=1,a=1
and L = 1.2. The patch near the escarpment is shown in the solid line, and its centroid by a cross.

The evolving patch near a wall, is shown by the dashed line and its centroid by a dot.

For ¢ = 0.1, shown in Figure (5.11) it it can be seen that the linear pseudoimage description of
the vortex evolution is in excellent agreement with the contour dynamics results. For € = 0.05 (not
shown) the boundary of the vortex patch near an escarpment is coincident with the boundary of a

vortex patch near a wall to within the resolution of the plot.

However, for € = 0.2, shown in Figure (5.12) it can be seen that the pseudoimage description is
good for about 20 eddy turnover times, but then begins to breakdown. By ¢ = 30 neither the vortex
patch boundary, or its centroid are accurately predicted by the pseudoimage theory. This is in
contrast to the anticyclone for the same parameter values, where the linear theory still describes the
vortex evolution well. The failure of the linear theory becomes even more pronounced for € = 0.4,
shown in Figure (5.13), where it can be seen that the contour evolution differs significantly from
the pseudoimage prediction. The linear description of the vortex patch evolution is less robust for

cyclones than anticyclones.

To understand the difference between the cases of anticyclones and cyclones, consider the close
ups of the topographic contour evolution for € = 0.1 and 0.4, shown in Figures (5.14) and (5.15)
respectively. In the case € = 0.1, the dispersive topographic waves propagate away from the vortex.
Also note the nondispersive disturbance (the pseudoimage), travelling with the vortex. This patch
consists of fluid which has crossed the escarpment from the deep side to the shallow side, thus gaining
cyclonic relative vorticity. In the limit € — 0 the circulation of the pseudoimage is of precisely the
correct magnitude to act as an image of the vortex in the escarpment. The weak circulation of the

vortex is dominated by the strong cyclonic pseudoimage.

For the case € = 0.4, the initial displacement of the topographic contour is greater, as the circulation
of the vortex patch is stronger. The pseudoimage is closer to the vortex that in the case of an

anticyclone. The initial disturbance of the contour “wants” to disperse to the west, in the form of
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118



t=3 t=6 1=10

1 @ 1
obe—e e — S~ O=-—
Ad 2 2
;) N N S S -4 ' L N y -4 1 1 L —
-4 -2 o 2 4 -4 2 o 2 4 4 2 ] 2 4
t=13 =16 =20
4r 4r ar

g N\
o /
P
o i
2 a2t 2t
4 1 L L ] -4 1 1 T S— 4 L Il ]
-4 2 0 2 4 -4 2 [ 2 4 4 2 o 2 4
t=23 t=26 t=30
ar ar ar

2F 2t 2
< It 1 1 J 4 -t L T S— - L 1 1 —
-4 2 o 2 4 -4 2 o 2 4 -+ 2 o 2 4

Figure 5.13: As Figure(5.11), except € = 0.4.

119



topographic waves. This tendency is counteracted by the increased swirl velocity of the primary
vortex, which acts to advect the disturbance to the east. The result of these competing tendencies is
a build up of anticyclonic vorticity near the primary vortex, and this accumulation has a significant
effect on both the deformation of the vortex shape and its drift velocity. This doesn’t happen for an
anticyclone, since in that case the swirl velocity associated with the vortex pushes fluid in the same
direction as the topographic waves, and so there is no local build up of relative vorticity near the

vortex.

Figure (5.16) shows a comparison of the vortex drift with the linear singular vortex prediction given
in (5.38). Note the initial northward motion, consistent with the initial dipole formed by advection
of fluid across the escarpment. The eastward drift is well described by the analytical prediction for
30 eddy turnover times and beyond for € < 0.2. However, for € = 0.4, the zonal drift speed exceeds

that predicted by the linear theory. Moreover the meridional drift is significant for ¢ = 0.4.

Finally, consider Figure (5.17), which shows the drift of a small (@ = 0.25) cyclone, compared to the
linear singular vortex prediction, for various values of €. As for the case of anticyclones the singular
vortex approximation is more accurate for smaller vortices. However, note that for ¢ = 0.4 both the

zonal and meridional drift differs significantly from the theory.

5.2.3 Discussion

It has been shown that as € = 0 the vortex patch evolution is described by the pseudoimage for many
eddy turnover times. This statement holds for both cyclones and anticyclones. It has been shown
that the vortex patch boundary deformation is accurately predicted by the pseudoimage theory
by comparison with an equivalent vortex near a wall. Moreover, the vortex patch drift velocity is
equally well described by the linear singular vortex approximation given in equation (5.38), and this

agreement improves for a/L — 0.

Wave radiation for the west propagating anticyclones appears insignificant for small €. This is be
expected, given the singular vortex results in the previous Chapter. It was shown that wave induced
drift is O(e~1/¢), (see equation (4.93)), for a weak singular vortex, which is a result of the vortex
travelling at the topographic short wave velocity. The same is true in the present case, and since the

short waves are least energetic it is reasonable that the effects of wave radiation are not evident for
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the times of the runs given. For larger values of € it has been shown that wave radiation is significant
and causes enhanced escarpment-ward. It is worth highlighting that the singular weak anticyclone is
unable to change its shape, and for values of € comparable to those discussed here, the weak singular
anticyclone responds to wave radiation through meridional drift only. The anticyclonic vortex patch,
on the other hand, decays via stripping. This stripping is due in part to wave radiation, but this

type of vortex filamentation is associated with the local shear in the flow.

The linear theory is less robust for cyclonic vortex patches, and breaks down for ¢ = 0.2. Nonlinear
effects are far more significant for cyclones than anticyclones, and is due to the circulation of the
vortex competing with the preferential direction of propagation of the topographic waves. The
circulation of the vortex patch induces a secondary anticyclonic circulation in its vicinity, and the
dipolar nature of this structure causes a northeastward drift of the primary vortex. It is shown later
that for moderate cyclones the dipole formation is characteristic of the motion and dominates the

drift of the primary vortex.

Linear theory, and in particular the linear singular vortex approximation to the vortex patch evo-
lution, describes well the drift of the vortex centroid for € — 0, for both anticyclones and cyclones.

The linear singular vortex approximation improves with decreasing vortex patch size.

Finally, note that there is no §-plane analogy for the evolution of a weak vortex patch near an
escarpment; the pseudoimage description is an artefact of the discontinuous topographic gradient,
and weak vortices near an escarpment are long lived, by comparison with weak vortices on the §-
plane, which drift west, regardless of the sense of the circulation, and which decay rapidly as the
result of Rossby wave radiation. The figures of Lam and Dritschel (1998) illustrate this process

well.

5.3 An intense vortex patch

In the case of an intense vortex, S < 1 is a small parameter. To reformulate the problem note that

the secondary circulations scale like S, and seek a solution to (5.12a) and (5.12b) in the form

1/;(1',0, t) = ¢0(7‘) +S¢é1 + ..., (5.41a)
g = Sa+S¢+.., (5.41b)
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ro = a+Sri+.., (5.41c)

(u,v) = S(ur,v1) + -, (5.41d)
The initial conditions (5.16a)-(5.16d) become, for the leading order quantities,
pr=q=r1=uy=v=0, ¢t=0 (5.42)

The leading order solution, obtained below is valid for ¢ < O(S—1).
5.3.1 Leading order solution

Substitution of (5.41b) into (5.12a) gives the initial-value problem for the leading order vorticity

correction,
O0q oq, _ Ohp
W + b(f‘) W = —b(T) W ’ (5433)

Hence changes in the leading order vorticity correction, ¢; are due to the advection of the ambient
potential vorticity and ¢; itself by the axisymmetric circulation of the primary vortex. Equation

(5.43a) is easily solved by the method of characteristics. The complimentary function is
i =qi(0 - b(r)t,r), (5.44)
and the particular integral is
1
p(r,0) = — §sgn(r sin@ + y.), (5.45)

since hp = sgn(rsiné + y.)/2 in the moving polar coordinate frame. The initial condition (5.43b)
leads to

Gi(r,0) = %sgn(r sin( — b(r)t) + L), (5.46)

so that the solution for the leading order vorticity correction is
1
a=3 [sgn(rsin( — bt) + L) — sgn(rsinf + y.)]. (5.47)

Apart from the additional factor of 1/2 (due to the particular choice of representation for the
escarpment topography), this is formally the same as the leading order vorticity correction obtained
by McDonald (1998) in the case of an intense singular vortex near an escarpment, differing only in

the form of the angular velocity b(r). The reason that this is the case is discussed below.
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The equations governing the next order quantities are

V2¢1 — ¢1 = a1 (r,6,1) (5.48a)
or1 or, O s
¥ + b(a)ﬁa— + W(a, 0,t) + u1acosf + viasinf =0 (5.48b)
2
/ r1(6,t)e?®ds = 0 (5.48c)
0
a d
% + b(r)% = —J[p1 + wy — vz, q1] — J[¢1, hB). (5.48d)

The piecewise continuous form of the vorticity correction, ¢;, appearing as a forcing term in the
equation for the streamfunction correction ¢; in (5.48a), inhibits progress. To proceed, it is assumed
that the response for short times is dominated by azimuthal mode-1, since, according to equation
(5.48b), the leading order vortex drift velocity components (u;,v;) are controlled by this dipolar
mode. This is analogous to the motion of an intense vortex on the (-plane where the mode-1
component is termed the 3-gyres. See Chapter 3 for a review of results for vortex motion on the

(S-plane.
First, writing
r1(8,t) = ri" () sin 6 + {9 (¢) cos 8, (5.49)

and substituting into (5.48c), leads to

™ = 0, (5.50)

i.e. the patch boundary remains circular to this order of approximation.

It is straightforward to obtain the azimuthal mode-1 Fourier coefficients for ¢;. The derivation is

given in Appendix A, and the result is quoted here,

a1 = ¢ (r,t)sin 6 + ¢{9(r, £) cos, (5.51)
where
4 = :—; r2 — L2(cosbt — 1), r> |L] (5.52a)
@ = —:—r P _Lisinbt, r>|L| (5.52b)
and, importantly
¢ =q¢"=0, r<|L|. (5.53)

In obtaining this approximation it has been assumed that y, = L + O(S). Details can be found in

Appendix A. This cut-off at r = |L| implies that there is no secondary relative vorticity production
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near the vortex, at least for short time, and will become apparent later in the contour dynamics
investigation. The deflected topographic contour remains isolated from the vortex boundary, due to
the dominance of the strong azimuthal circulation of the intense vortex. Note however, that ¢ is

continuous at r = |L|.

Next, seeking a solution to (5.48a) in the form

$1(r,0,) = 9 (r,£) sin 6 + ¢ (r, £) cos 6, (5.54)

¢ 10 (1 ) _ ).
(W+;6—T-( ))¢ q (5.55)

where the superscript (v) can be either (s) or (c) for the sin or cos components respectively. The

leads to

Greens function for the operator in the right hand side of (5.55), which is regular at the origin is

well known (see e.g. Sutyrin and Flier] (1994) or Lam and Dritschel (1998)) and is

el ={ i -5 s 6
so that
o= [ ctrldap, 557
or, rather less appealing,
-50) [ oa0,0K () 2317
® _ (5.58)

=L(r) / pal”) (0,8)K1(p)dp — K () / e (o, )1 (p)dp, 7> |L|
Note that the solution is continuous on r = |L|. Now, according to (5.50), equation (5.48b) becomes

3¢1

(a,0 t) + uiacosf + viasind = 0. (5.59)
But,
%%i = §”) cosf — ¢»§°’ sin 4, (5.60)
in turn implying that
ma = —¢{9(a,t) (5.61a)
va = ¢(a,1). (5.61b)

As for the weak vortex patch the constraint a < |L| is adopted, for which the vortex drift velocity

compoenents are
u = —I1 a)/ (cosbt — 1)K, (r)V/r? — L3dr, (5.62a)
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n = 2o / sin btK, (r)v/r? — Ldr. (5.62b)
|

ma L

These are the same expressions obtained by McDonald (1998) for an intense singular vortex near
an escarpment (cf equations (4.96a,b)), except for the constant multiplying the integrals, and the
particular form for the vortex angular velocity b(r). Moreover, as a — 0, I1(a)/a — 1/2, so the

singular vortex drift velocity components are recovered from (5.62a) and (5.62b) in this limit.

The asymptotic behaviour of the integrals is derived in Appendix B and is quoted here. As ¢ — 0,

Ad?t?

uy - F, (5.633)
Bat

" -%, (5.63b)

where A and B are positive constants which depend on L. For ¢ 3> 1 but less than O(S—1)

2I log?¢
up ~ —# exp(—|L]) + O ( oi ) (5.64a)
log?
w ~ O ( Oi t) (5.64b)
Since sgnv = —sgna and sgnu = —1 in {5.63a,b), it is apparent that for small times anticyclones

(a > 0) move south and west, whilst cyclones (@ < 0) move north and west. Equations (5.64a,b)
indicate that after the initial meridional acceleration there is a slow decay in the meridional velocity.
The zonal drift approaches the steady westward speed of 2SI;(a)exp(—|L|)/2a. These features
are clear in Figure (5.18), which shows plots of the drift velocity components, and the centroid
trajectory for a cyclone with a = 1 (solid line) and a = 0.5 (dotted line). Note that the smaller

vortex experiences increased meridional drift and decreased zonal drift.

This behaviour is qualitatively that of an intense vortex on the $-plane*. The mechanism for this
behaviour is illustrated in Figure (5.19), which shows the evolution of the streamlines calculated
from (5.58). Initially the vortex (here a cyclone) pushes fluid columns lying to its west (resp.
east) from the shallow (deep) side of the escarpment to the deep (shallow) side. Potential vorticity
conservation demands that these fluid columns acquire net cyclonic (anticyclonic) relative vorticity.
This secondary dipole is initially symmetric about 2 = 0, as can be seen in Figure (5.19a), and
results in an initial northwards drift of the cyclone. At later times, Figures (5.19b,c) the strong
cyclonic circulation of the vortex rotates the secondary dipole anticlockwise, which results in the
vortex following the curved northwest trajectory. At large times, Figure (5.19d), the flow in the

vicinity of the vortex approaches a uniform westward stream.

4And indeed of an intense singular vortex near an escarpment.
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Figure 5.18: The drift of an intense vortex patch near an escarpment. (a) is a plot of the zonal drift
velocity, (b) is a plot of the meridional drift velocity and (c) is a plot of the trajectory of the vortex
centroid. The parameter values use are L = 1.2, a = —1 (i.e. a cyclone), and @ =1 (solid line) and
a = 0.5 (dashed line). See text for further comments
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Figure 5.19: Plots of the streamlines for the leading order solution, evaluated numerically by equa-
tions (5.58). The parameter values used are a =1, L = 1.2 and a@ = —1, i.e. a cyclone. The times
are (a) t =07, (b) t =10, (c) ¢t = 20 and (d) ¢t = 50. See text for further comments.
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The flow near the dipole axis is approximately uniform, and this can be seen from the large time

asymptotics for ¢; (see Appendix B for details). The residual flow ¢y, is

Pres = 03] +uyrsing — vircosf

= [#208) - Zo{(a,0)] sinb + [47(r8) - Z4{7 (a,)] coso. (5.65)

The coefficients of sin# and cos§ are plotted in Figure (5.20) at times ¢ = 20 and ¢ = 100. Note that
in some region near the vortex the residual flow practically vanishes. This can also be seen from
the asymptotics of ¢pes. As t — 00 and for r < |L| the results of Appendix B imply that near the

vortex,
rli(a)
a

Bres [211 (r) -2 ] exp(~|L|)sinf + O (l"g: t) . (5.66)

The coefficient of sinf is small in practice. For example, for a = 1 and L = 1.2, the maximum
modulus of ¢, in the interval 0 < r < |L| is approximately 0.021. Apart from explaining the leading
order behaviour these asymptotic results reveal some of the features of the long time evolution of

the vortex.

First, consider equation (5.48d) describing the evolution of the second order vorticity correction go.
According to equations (5.52a,b) the spatial derivatives of ¢; grow with time (the first Jacobian
term in the left hand side). However, the exponentially decreasing nature of the angular velocity
b(r) implies that the region of most rapid growth of ¢; occurs near the vortex centre. The smallness
of the residual flow ¢r¢; compensates for this growth and the first Jacobian term in the right hand
side of (5.48d) grows slowly. Similarly the spatial derivatives of ¢, are slow to grow, implying in
turn that the second Jacobian term in the right hand side of (5.48d) also grows slowly. The right
hand side of (5.48d) multiplied by S? is the remainder obtained when substituting the leading order
solution ¢y + S¢; into the governing equation (5.8). This fact, together with slow growth of the
second order vorticity correction g2 means that the leading order solution ¢g + S¢; may describe

the vortex evolution beyond ¢ = O(S™1).

Near the vortex centre, the solution ¢g + S¢; tends to
Yoo =t (((z + Suwrt)? + )/2) + Sury. (5.67)

In obtaining this solution the approximation I;(r) ~ r/2 for sufficiently small r has been used®.

Reznik and Grimshaw (1998) obtained a similar result for the leading order solution for an intense

5In practice I1(r) ~ r/2 even for r = 2.
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Figure 5.20: The coefficients of sin# and cos# in equation (5.65) : (a) the coefficient of sin 8 and (b)
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(B-plane vortex. There is however a crucial difference with the present case. The steadily propagating
vortex on the F-plane has westward drift velocity that precisely matches the Rossby long wave phase
speed. The solution analogous t0 ¥, is then an ezact solution of the governing equation, and the
authors are justified in saying that the nonlinearity “kills the G-effect”, and the vortex adopts a
non-radiating state. In the present case (5.67) is not a solution of (5.12a). Moreover the vortex
always travels with westward drift velocity of magnitude less than unity, i.e. at a velocity matching
a possible phase speed of the topographic waves. Wave radiation must become important at large

times. The large time behaviour is investigated by contour dynamics in the following subsection.

5.3.2 Contour dynamics results

There are two considerations made in the contour dynamics investigations for the intense vortex
patch. First, the accuracy of the leading order solution in describing the vortex trajectory is con-

sidered. Second, changes in the vortex shape due to topographic wave radiation is of interest.

Figure (5.21) shows the trajectory of an anticyclone, with ¢ = 1, L = 1.2 and for § = 0.05, 0.1
and 0.2. The displacement of the vortex centroid divided by S is plotted to enable comparison with
the analytic prediction. The analytic prediction, shown by the solid line is calculated by fourth
order Runge-Kutta and numerical integration of (5.62a,b). As S is decreased it is evident that
the centroid trajectories obtained by contour dynamics approach the theoretical prediction. Note
that the contour dynamics trajectories are displaced further to the west than the theory predict,
and this feature is enhanced as S is increased. This is to be expected, since an anticyclone moves
southward, i.e. towards the escarpment, and, since the westward drift increases exponentially as
|L| decreases. This feature is not captured by the theory, where |L| is assumed to be constant for
t < O(S™1). Figure (5.22) shows a similar plot for the trajectory of a cyclone produced by contour
dynamics simulations. In this case the numerical calculations produce centroid trajectories which
are less displaced in the y-direction than the theory predicts. Again, this is expected since cyclones
move away from the escarpment, in turn implying that the magnitude of the along-escarpment
velocity decreases. Finally, note in both the cases of an anticyclone and a cyclone, the trajectory
for S = 0.05 has a slight ‘bump’ in comparison with the analytic trajectory. This is likely to be due

to the assumption that the vortex remains circular.

The evolution of the contours for § = 0.1 are shown in Figures (5.23) and (5.24) for the case of an
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Figure 5.21: The trajectory of the vortex centroid for various values of S, for 0 < ¢t < 30. The
parameter values used are a = 1, L = 1.2 and o = 1, i.e. anticyclones. The analytical prediction
(5.62a,b) is shown by the solid line and the contour dynamics results by the dotted line (S = 0.01),
dashed line (S = 0.1) and dot-dashed line (S = 0.2).

135



(-LyS

2.5 T T T T T T T T T T T T T T
\
2.0~ | —
. \ .
N \
N -~
AN \.
b N \ T
AN \
N \ -1
h \

1.5 N . -
N N \ ]
AN \‘ ]

A N \,
N \ -

N
N 4
N
10+ N .
N\ -
\
05 -
3

.
Vi
N
\

0,0 I 1 1 1 I 1 Il Il 1 | 1 | 1 ! I 1 1

-2.0 -1.5 -1.0 -0.5 0.0
x/S

Figure 5.22: As Figure (5.21) except here & = —1, i.e. cyclones.

136



anticyclone and a cyclone respectively. Note that the vortex shape remains approximately circular,
even up to time ¢ = 180. The slight deviation of the patch from circular accounts for the error in the
prediction of the vortex trajectory. Importantly the vortex remains an isolated coherent structure,

and there is little evidence that wave radiation distorts the vortex even on long time scales.

The flow for the intense vortex patch is characterised by a strong axisymmetrisation of the flow near
the vortex. In the language of Lam and Dritschel (1998) this tendency defines a “trapped region”,
which accompanies the vortex in its evolution. Also note, at large times there is a “trailing eddy” in
the wake of the vortex. For the cyclone this eddy consists of fluid which has crossed the escarpment
from the deep to the shallow side, and thus consists of anticyclonic relative vorticity. Similarly, the

trailing eddy in the case of the anticyclone consists of fluid with cyclonic relative vorticity.

Figure (5.25) shows the trajectories of a cyclone and an anticyclone with equal magnitudes, for S =
0.1 (solid lines), 0.2 (dotted lines), and for 0 < ¢ < 180. First note that the anticyclones experience
further zonal drift than the cyclones. This is simply a consequence of them being closer to the
topography and thus more susceptible to the effects of relative vorticity generation as fluid columns
cross the escarpment. Second, both cyclones and anticyclones experience enhanced meridional drift

as S increases.

Figures (5.26) and (5.27) show the contour evolution for S = 0.2 for an anticyclone and a cyclone
respectively. At this parameter value, there is a marked difference between the behaviour of vortices
of different signs. In the case of an anticyclone there is still strong wrapping of the topographic
contour. The vortex drifts toward the escarpment, and at large times dipole formations is evident.
In contrast, the cyclone doesn’t wrap the topographic contour so strongly, and the dipole formation
is apparent at earlier times. The vortex drifts away from the escarpment, accounting for the weaker

interaction of the vortex with the topographic contour.

5.3.3 Discussion

It has been shown that for times up to ¢ = 30 the analytic results for the drift of an intense vortex
patch near an escarpment predict very well the drift produced by contour dynamics experiments.
This agreement improves as S — 0. The large time results produced by contour dynamics simulations

reveal two important facts. The first is that the intense vortex patch remains approximately circular
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Figure 5.23: The contour evolution for an intense anticyclone (o = 1). The parameter values used
area=1,L=12and S=0.1.
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Figure 5.24: As Figure (5.23), except & = —1, i.e. a cyclone.
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Figure 5.26: The contour evolution for a near-intense anticyclone (oo = 1). The parameter values
used are a = 1, L = 1.2 and S = 0.2. The plots shown axis scaling -8 < z < 2and -5 <y <5.
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Figure 5.27: As Figure (5.26), except a = —1, i.e. a cyclone.
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for many eddy turnover times. The second is that the meridional drift of the intense vortices increases

with S. These two statements hold for both intense cyclones and intense anticyclones.

Why does the vortex remain circular for the large times in the contour dynamics runs presented
here? For short times azimuthal mode-1 dominates the flow, and it was shown in the theory that
this mode has no leading order effect on the vortex shape. However, it is expected that, at large
times, the distortion of the vortex might be significant due to the interaction of higher order normal
modes and/or topographic wave radiation. The reason that this does not occur is the existence of
the “trapped zone” around the vortex periphery. In the present case a small trapped zone exists
from the outset of the motion, and is described by the theory. Specifically, equation (5.53) indicates
that, to leading order, there is no production of relative vorticity in the annulus of radius |L| around
the periphery of the vortex. This feature is apparent in the contour dynamics plots for the intense
vortex patches, where the topographic contour is isolated from the vortex periphery. In the region

r < |L| the strong axisymmetric swirl of the vortex dominates the motion.

However, it is evident from Figures (5.23) and(5.24) that the trapped zone is larger than |L| at large
times. This feature can also be predicted from the theory. Consider equation (5.48d), which can be
rewritten as

Oq2 Jqa

¢ T 55 =Fnt) + G (r,t) sin 20 + G (r, t) cos 26, (5.68)

where F and G®) depend on ¢§") , u1 and v;, and contain d-functions from the second Jacobian term
in (5.23). Specifically, the second order vorticity correction consists of an axisymmetric component
and a quadrupole component. In the study of Reznik and Grimshaw (1998), it was found that
the axisymmetric part of the second order vorticity correction for an intense vortex patch on the
B-plane fills a growing region near the vortex centre, whilst the quadrupole component decays with
time. This results in a region of axisymmetric flow, the size of which grows in time near the vortex
centre, and the differential rotation, due to relative vorticity production, in the growing annulus
around the vortex, serves to preserve the circular shape of the vortex. The trapped region for
the (G-plane vortices has been well-described by Lam and Dritschel (1998). In the present case the
contour dynamics simulations indicate that a trapped zone develops in the region r < rg;, say, where
raiv > |L|. Figure (5.20) offers evidence that the trapped zone grows with time, with the further

effect of shielding the primary vortex from radiated topographic waves.

In addition to the trapped zone, the contour dynamics simulations show the existence of a “trailing
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eddy”, which is of opposite sign to the primary vortex. The trailing eddy is in fact a part of the
radiated topographic wave train. The strength of the trailing eddy increases with S, and enhances
meridional motion in the primary vortex. For small values of S the trailing eddy is very weak, and
is shielded from the vortex by the trapped zone. As S increases, the strength of the trailing eddy
increases, and the size of the trapped zone appears to decrease. Hence weaker vortices experience
greater meridional displacements. Distortion of the vortex shape is also greater for larger S, since

the trapped zone is less able to shield the primary vortex from the trailing eddy.

The final point to make in this discussion regards the ability of the singular vortex to describe well
the trajectory of the vortex centre. This is a simple consequence of the Bessel function structure
of the vortex patch, and the assumption made throughout that a < |L|. The swirl velocity of the
vortex patch at the escarpment is then proportional to K;(r)/r, i.e. is the same as for a singular
vortex. Moreover there is no relative vorticity production inside the annulus r < |L|, and the circular
structure of the vortex swirl velocity is preserved inside this annulus. In short, in the region r > ||,
the flow “sees” the vortex patch as a singular vortex. Although it was not made explicit in McDonald
(1998), it is the case that for the intense singular vortex there is also no relative vorticty production
inside r < |L|. Hence, as far as the topographic contour is concerned, the vortex patch, so long as

it remains circular, may as well be a singular vortex.

5.4 Contour dynamics investigations for § =~ 1

To complete the investigation of the evolution of a vortex patch near an escarpment, this section
considers contour dynamics results for the case S &2 1, i.e. a moderate intensity vortex. For brevity
results are presented for three particular parameter values: S = 2 (a moderately weak vortex),
S =1 (a moderate vortex) and S = 0.5 (a moderately intense vortex). As for the weak and intense
limits described above the discussion is further limited to vortices located on the shallow side of the
escarpment; the analogous results for vortices situated on the deep side of the escarpment may be

obtained via the transformation (5.40).

There are three main questions under consideration. First, are there any qualitative general state-
ments that can be made regarding the vortex evolution? In particular, the long time drift of the

vortex is investigated. Second, what physical mechanisms govern the processes of the vortex evolu-
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tion? Third, under what conditions does a singular vortex representation describe the evolution of

the vortex patch?

5.4.1 Anticyclones

Figure (5.28) shows the trajectories of the centroid for the moderate anticyclones. The moderately
weak (S = 2) anticyclone undergoes predominantly zonal motion, but the escarpment-ward drift
is greater than that seen for the weak anticyclones. The moderate (S = 1) anticyclone undergoes
the greatest meridional drift, crosses the escarpment and begins to turn east at later times. The
moderately strong (S = 0.5) anticyclone follows a generally southwestward trajectory, similar to an

intense anticyclone.

Figures (5.29), (5.30) and (5.31) show the contour evolution for the cases S = 2, 1 and 0.5 re-
spectively. At early times the moderately weak anticyclone appears to move in the sense of its
pseudoimage. However, the radiated topographic waves begin to cause the patch to filament. By
t = 36 a substantial part of the vortex has been entrained into the topographic waves, and patch
distortion is significant. The vortex also drifts towards the escarpment, and at later times it is

destroyed by topographic wave radiation.

This behaviour is also demonstrated by the moderate (S = 1) anticyclone, but happens from the
outset of the motion. The vortex is rapidly distorted and the trailing cyclonic relative voticity
induces significant meridional drift of the vortex. By ¢ = 54 the vortex has ceased to exist as a

coherent structure, and has merged with the topographic contour.

The moderately strong anticyclone is less susceptible to wave radiation. The trailing cyclonic eddy
causes escarpment-ward drift of the vortex, but the vortex remains a relatively coherent structure.

At later times a dipole has formed, and this dipole continues the general southwest migration.

5.4.2 Cyclones

Figure (5.32) shows the trajectories of the centroid for the moderate cyclones. In all cases a northeast
drift is observed. For the moderately strong cyclone (S = 0.5) the trajectory of the centroid begins

to loop. As in the case of a moderately intense singular cyclonic vortex this looping motion is
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Figure 5.28: The trajectories of the moderate anticyclones for 0 < t < 60. the parameter values
used are a =1, L = 1.2 and S = 2 (solid line), S = 1 (dotted line) and S = 0.5 (dashed line).
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Figure 5.29: The contour evolution for a moderately weak anticyclone (a
values used area =1, L =1.2 and S = 2.
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Figure 5.30: As Figure (5.29) except S = 1, a moderate anticyclone.
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Figure 5.31: As Figure (5.29) except S = 0.5, a moderately intense anticyclone.
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characteristic of a dipole with different magnitude circulations in its constituent cells.

Figures (5.33), (5.34) and (5.35) show the contour evolution for the cases S = 2, 1 and 0.5 respec-
tively. In all cases the motion is characterised by the formation of a dipole as the primary cyclonic
vortex becomes associated with the patches of anticyclonic relative vorticity, produced due to fluid

columns crossing the escarpment from the deep to the shallow side.

Finally, consider Figure (5.36) which shows a comparison of the trajectories of the vortex patch centre
with that of a singular vortex. The singular vortex plots were obtained using a singular vortex of
strength I' = 2raal; (a) initially located at (0,L). In each case showna =1, L=12and S=1.
Note that for both (a) anticyclones and (b) cyclones the singular vortex trajectory only predicts the
vortex patch trajectory for very short times. At large times the singular vortex approximation fails
to predict the vortex patch motion. The distortion of the vortex patch boundary contributes to the
drift velocity of the vortex, and it is this essential feature which the singular vortex approximation

fails to capture.

5.4.3 Discussion

In the case of the anticyclones wave radiation is important. The moderate and moderately weak
anticyclones decay as a result of being torn apart by the radiated topographic waves. This feature
is, of course, not captured by the singular vortex model of Chapter 4. For the moderately strong
anticyclone however, the dipole formation that was characteristic of the moderate intensity singular
anticyclones is observed. The moderately strong anticyclone moves southwest, and at large times

crosses to the deep side of the escarpment.

In contrast, the moderate cyclones exhibit precisely the same features as the moderate singular
cyclones. The primary vortex remains a coherent structure, and is steered away from the escarpment
as a result of dipole formation. The dipole formation seems more robust for cyclones and is a result

of the motion away from the escarpment, and hence away from the influence of the topography.

The moderate vortex patch undergoes greater meridional drift than either the weak or intense
vortices. A similar conclusion for moderate intensity (-plane vortices was reached by Lam and

Dritschel (1998). There is however an important exception. The moderate vortex near an escarpment
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Figure 5.32: The trajectories of the moderate cyclones for 0 < ¢ < 60. the parameter values used
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doesn’t have an associated trapped zone, except for, arguably, the moderately strong cyclone. This
is due to the vortex being a finite distance from the topography, and thus being unable to wrap
up the contour efficiently. Instead the trailing eddy dominates the motion and causes the enhanced

meridional motion.

5.5 Conclusions

A study of the motion of a vortex patch near an escarpment has been studied for the full range of
values of the vortex intensity, S. The leading order solution for the weak and intense limits was
obtained. In both cases the singular vortex model accurately predicts the trajectory of the vortex

centre.

The weak vortex solution was found on the topographic wave timescale. For S > 1 the vortex
remains circular to leading order for times ¢ < O(S™!), and it is for this reason that the singular
vortex model accurately predicts the drift. For longer times contour dynamics results indicate that
the escarpment acts like a wall, i.e. the pseudoimage description of Chapter 4 generalises to a
uniform vortex patch. It is anticipated that a distributed weak vortex near an escarpment may
also be well described by the pseudoimage. At large times east travelling vortices (i.e. anticylones
located on the shallow side of the escarpment or cyclones located on the deep side) are stripped as

a result of topographic wave radiation. This feature was lacking in the singular vortex model.

The leading order solution on the advective time scale was found for the intense vortex. It was
suggested by the theory that the singular vortex model would predict the trajectory of the vortex
centre, a result arising from the fact that the vortex remains circular to leading order. Contour
dynamics results confirmed this to be the case, and it was found that cyclones (resp. anticyclones)
drift northwest (southwest) as a result of the formation of a secondary dipole. The westward drift
speed is within the range of possible phase speeds of the topographic waves. However, for small
values of S wave radiation appeared to have a negligible effect on either the vortex shape or the

meridional velocity.

In contrast the singular vortex approximation fails when S & 1, since for moderate intensity vortex

patches distortion of the patch boundary is important. The motion of the moderate vortices is
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characterised by the formation of dipoles. Anticyclones (cyclones) located on the shallow side of
the escarpment drift toward (away from) the escarpment as a result of the dipole formation. This
is qualitatively the same behaviour observed previously for singular vortices, and reinforces the
conclusion reached in Chapter 4. In particular these results are in agreement with those of Zavala
Sanson et al (1999), who, recall, showed in laboratory and numerical experiments that an anticyclone
approaching an escarpment from the shallow side proceeded to cross the escarpment, and a cyclone
approaching an escarpment from the shallow side is “back-reflected” as a result of dipole formation.
Moreover, the trailing eddy of the 3-plane vortex of Lam and Dritschel (1998) is a further example
of dipole formation in a vortex-topography interaction. One may speculate that dipole formation
as a result of vortex interaction with potential vorticity gradients is a generic feature of geophysical

fluid dynamics.
Appendix A: Derivation of the Fourier series coefficients for ¢,

In this appendix the m = 1 Fourier series coefficients for ¢; in subsection 5.3.1 are derived. First,

for times ¢ < O(S~!), the meridional drift velocity v; = O(S), so that
ye =L+ O(S). (5.A1)
Hence for ¢ < O(S™1), equation (5.47) can be written
¢ = % lsgn(sin(8 — b(r)t) + L/r) — sgn(sin 8 + L /)] . (5.A2)

Next note that if r < |L] then ¢; = 0. For r > |L| the Fourier series for ¢, is

¢ =ap+ Z Gy, €08 + by, sinmb, (5.A3)
m=1
The constant term is
1 T
a = — q(r,0,t)df

27

-

us s
= % / sgn(sin(6 — bt) + L/r)d6 — % / sgn(sinf + L/r)df

T -7

7 —bt T
-1 / sgn(siné + L/r)d8 — %/ sgn(sin + L/r)df

T J—m—bt -

= 0, (5.A4)

since the two integrands are periodic with period 27, and the integrals are each over an interval of

length 27.
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Writing a; = ¢\ and by = q§’), the m = 1 terms are

(#) TR
¢ (rt) = -/ a sin 6d4

-

™ ™
- L sgn(sin(0 — bt) + L/r) sin6df — 1 sgn(sin + L/r) sin 6d6
2r J_, 2w J_x
1 w—bt 1 ™
= — sgn(siné + L/r)sin(6 + bt)d6 — — sgn(sin @ + L/r) sin 6d0
2m —m—bt 2 -
cosbt — 1 sin bt

= —/sgn(sin0+L/r)sin0d0+ —— [ sgn(sin@ + L/r) cos0d,
27 I 2r Jr

and similarly

q§°)(r,t) = %/ g1 cos9dd

-
sin bt
27

= COSb;l/sgn(sin6+L/r) cos8df —
I

27 /Isgn(Sin 6 + L/r)sin8dp.

where I is an interval of length 27. To calculate the integrals in these two expressions denote by
6. the (two) values of @ in the interval I where the sgn function changes sign, i.e. sinf, = —L/r.
By dividing the integrals into three intervals according to whether the sgn function is positive or

negative it is straightforward to show, for r > |L|

/sgn(sine + L/r)sin6df = |cosf.|= ;x/ r? — L2, (5.A5)
I

/sgn(sin 6+ L/r)cosfdfd = 0. (5.A6)
I

Hence, the leading order behaviour of ¢; is

a1 = ¢\” sin 0 + ¢{ cos#, (5.A7)
where
2
&” = — r2 — L2(cosbt — 1), (5.A8)
¢ = — 2@ _Lignnt (5.A9)
1 T ’

for r > |L| and ¢{*) = ¢{) = 0 otherwise.
Appendix B: Asymptotic results for drift velocity components for intense vortex.
(a) Behaviour as ¢t — 0.

For t « 1 approximate
(bt) _  oPd’I}(a)t?
2 2r2

1 — cos(bt) = — Ki(r), (5.B1)
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so that

2 r3 2 © 13
un 0B (@)t / ;gr) Vr? = L2dr. (5.B2)

27 L
The integral converges and the integrand is positive definite for L < r < co. Hence the integral is a

positive constant, say A, which depends on L, i.e.

. _Ad’al}(a) 2

~ o (5.B3)
as t — 0. Similarly, approximating
I
sin(bt) ~ bt = — %—lr(i)t-xl (r), (5.B4)
for t « 1, leads to
Bal?
VR _Z¥ile) (@) t, (5.B5)

m

as t = 0, where B is a positive constant which depends on L.
(b) Behaviour as t — oc.

It is useful to approximate the large time behaviour of ¢, in the near field of the vortex, from which
the asymptotic drift velocity components can be deduced. Consider ¢§"), for r < |L|. From (5.58)

this may be written

2
() =—~ZL()P + Py + Py, (5.B6)

where

N R G (5.B7)
P, = /-r: cosbt\/p? — L2 K, (p)dp, (5.B8)

L

/00 cosbt\/p? — L2K,(p)dp (5.B9)

T

Py

Here r, is large but fixed. First note that
P, = —mexp(—|L|). (5.B10)
See e.g. McDonald (1998). Next consider P,. Write the angular velocity of the vortex
b(r) = —FKIT(”, (5.B11)

where I' = aal; (a). From Abramowitz and Stegun (1972) the derivative of K;(r) is

K{(r) = ~Ka(r) + K (r), (5B12)
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so that

¥(r) =1 & zr(?‘). (5.B13)

Hence b'(p) # 0 on the interval L < p < r;. Moreover, /p? — L2K; (p) is integrable on this interval.

The Riemann-Lebesgue Lemma then implies that
P, =0(t™), (5.B14)
as t — oo. For r; > L approximate \/p? — L? =~ p and K,(p) ~ e~?/,/p for n =1,2. Then

P = / cosbtpK (p)dp

1

0
= l/ cos gtpz Mdp

r 131 Kg(p)
1 e
N = / cos &t log? €d¢,
T/
since for large p, £ & e~?. Here & = |[[|K1(r1)/r1. Making a further change of variable leads to
1 131 . 0 (2
P~ I_T-t_/o sin z log (f) dz. (5.B15)

Integration by parts implies that the leading order behaviour of the integral is O(log?t) as t — oo.

That is, for large ¢

2
P=0 (l°gt t) : (5.B16)
Hence it follows that
log?t
O =21(r)exp(-121) +0 (1), (5:B17)

as t — co. A similar treatment for the component ¢§c) leads to

2
9 =0 <loth) ; (5.B18)

as t — o0o. Finally the vortex drift velocity components may be obtained from (5.62a), (5.62b),

(5.B17) and (5.B18) and are

2
w o~ -8 exp(—|L|)+O<logt t), (5.B19)
2
v~ 0<1°§ t>. (5.B20)
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Chapter 6

The motion of a vortex near
coastal topography

In this chapter the motion of a singular vortex near coastal topography is investigated. The choice of
topography is an infinite escarpment running parallel to a plane wall. The interaction of the vortex
with the topography is of primary interest, and the means by which the vortex came to be near the
escarpment is ignored. An off shelf vortex could, for example, have been advected towards a western

boundary under the §-effect, and a vortex on the shelf could have been formed near a river outlet.

The f-plane quasigeostrophic governing equation, with the same scalings (4.1) as in Chapter 4 is

0

s O Ohs _
ot -

(V2% =) + 4, V2¢-¢]+S% By 0. (6.1)

Here S is the ratio of the eddy turnover time to the topographic vortex stretching time,

g LU _§ _T

- T (6.2)

The choice of topography is

hp(y) = sgn(W —y), (6.3)

i.e. an infinitely long escarpment aligned along y = W. The wall is parallel to the escarpment, and
is aligned along y = 0, so the shallow side of the escarpment is in the region 0 < y < W and the
deep side of the escarpment is y > W. Figure (6.1) shows the fluid domain, which is an attempt to
model the shoaling topography which occurs near continental margins. In the following section the

properties of the topographic waves are discussed.
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deep

Figure 6.1: The geometry of the domain under consideration. There is an escarpment at y = W
parallel to a plane wall aligned along y = 0. The vortex is initially located at (0, L).

6.1 Linear waves

For S > 1, set e = S~! and introduce the new time variable T = €, so that the unit of time is T,

the topographic wave time. For 7 « €71, the linearised governing equation is

[ Oy Ohp
5 VY= + 55 =0 (64
The boundary conditions are
oY _
Vi =20 , Yy = 00 (6.5b)
[%]=0 ) y=w (6.5¢)
[ye] — 29 =0 ) y=w (6.5d)

Condition (6.5a) is the requirement of no normal flow at the wall, (6.5b) is the condition that the
fluid is at rest in the far-field, (6.5¢) is continuity of 1) across the escarpment and the final condition,
(6.5d) is the matching condition found by integrating (6.1) across the escarpment as in the previous

chapters. Linear waves have the form
Y(z,y,7) = Aly)elF=m), (6.6)

Denote the solution in the two parts of the flow by
{ P = Ai(y)ert=wd) o<y <W

Py = Ag(y)eika—vt) 4 > W,

(6.7)
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On the shelf
¥ = Bsinhy/k2 + 1 iF2—w7), (6.8)

satisfies boundary condition (6.5a), whilst off the shelf,

Yy = Ce—y\/k5+l ei(kz—w‘r)’ (6.9)

satisfies boundary condition (6.5b). Matching condition (6.5¢) is satisfied for 9; = i at y = W,

i.e. whenever

c=2 (e”"*/k’“ - 1) . (6.10)
2
The solution is then, ignoring the constant factor,
sinhyvk? +1 cos(kx — wr) O<y<Ww
Y= (6.11)

3 (ezW"" oo 1) e"VVEHL cog(kr —wT) y>W

Hence the waves have maximum amplitude over the escarpment. The dispersion relation is obtained

from (6.5d) which, after a little work leads to

__k —2WVETHL
W= (1 e ) (6.12)
Note that
.k
W}1_r)noow = 7may (6.13)

so that in the limit of the wall being infinitely far from the escarpment the dispersion relation for
topographic waves in the absence of the wall is recovered. A further interesting limit is the case

W « 1, for which the leading order frequency of the waves is given by
w ~ 2kW. (6.14)

That is, for the escarpment very close to the wall the waves are, to leading order, non-dispersive.
This has some interesting consequences in the weak vortex interaction described below. Plots of
dispersion curves for various values of W are shown in Figure (6.2a). If W is greater than about
1, so that the escarpment is more than a Rossby radius from the wall, the dispersion curve is

indistinguishable from the limiting case (6.13).

The phase and group velocities are

Y _ 1 _ —2WVETFT
a®)=% = T (1 e ) (6.15)
Sw 1 e~ 2WVEH 2. /i3
«W =% = @rnwt wEee 2wk Vi +1-1) (6.16)
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Figure 6.2: The (a) dispersion curve, (b) phase velocity and (c) group velocity for W = 1/4 (dotted
line), W = 1/10 (dashed line) and for W — oo (solid line).
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The wave phase and energy both propagate toward positive y, i.e. with shallow water to the right.
Figures (6.2a,b) show plots of the phase and group velocities. The maximum value of each occurs

for k = 0, whilst the maximum value itself decreases with W. Moreover,
cp(0) =¢c,(0) =1 —¢e72W, (6.17)

so in particular the maximum phase and group velocities are near unity for W — oo, whilst the

maximum value is approximately 2W for W <« 1.

The presence of the wall modifies the frequency of the topographic waves. For fixed &k the frequency
w is a decreasing function of W. In the limit W — 0 the frequency is linear, and ¢, — ¢, i.e. the

waves are non-dispersive and the wave phase and energy propagate at the same velocity.
6.2 A weak singular vortex

In the absence of topography, the streamfunction for a singular vortex located at a distance L from
a wall aligned along y = 0 is the sum of the streamfunctions for the vortex and its image in the wall,

_ T

‘11271'

(Ko (@ -0+ @ -1 - Ko (6= X + w+¥))'2)).  (618)

Here (X (t),Y (t)) is the position of the vortex centre, and I" = +1 gives the sense of the circulation.
For T < 0 it is anticlockwise (cyclonic) and for I' > 0 it is clockwise (anticyclonic). Suppose at
t = 0 there is a vortex of the form (6.18) with initial location (0,L). The aim is to determine the

subsequent drift of the vortex centre (X (¢),Y (¢)). Seek a solution of the form

Yv="+¢, (6.19)
so that the governing equation is
9 o2 2 8¢0hg 0 Ohp
5V ¢—9)+J$V ¢]+55:E_ay—__sax By (6.20)

In the following subsection the solution on the fast topographic wave time scale is obtained by

Fourier analysis.

6.2.1 Leading order solution

The solution on the topographic wave time scale can be found by Fourier transform methods. For

a weak vortex, S > 1, set € = S~! and rescale the time variable 7 = et. The governing equation
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(6.20) is then
0¢Ohp 0¥ Ohp

% B = 8 By (6.21)

—(V2¢ ¢) +eJ[6, V2h —¢] + ==

For times 7 < €~ ! the advection term in (6.21) is negligible, so that, on this time scale, the governing

equation is a linear forced topographic wave equation,

0pOhp _ 0V Ghp

% dy ~ or By (6.22)

—W% ¢) + o

where the fact that V2% — ¥ = 0 has been used. It will be justified a posteriori that the vortex drift
in the y-direction is O(e?) on this time scale. Denote by u and v the components of the vortex drift

velocity in the 2 and y directions respectively, on the long advective time scale, so that

dX
d_'r = €u, (6.233)
av .,

The vortex is advected by its image and the ¢-field, i.e.

T d¢

u= g K QIL) = 5 (X, L), (6.24)

Note that u can take the full range of values since L is free to vary over the range of values. In
particular if L = O(e) then u = O(e™!), and the vortex drift is order unity on the topographic wave
time scale. This has interesting consequences, outlined later, because the possibility arises that the
vortex can travel at the velocity of the topographic long waves. Assume further that u is constant?,

so for times 7 <« €71

X = eur, (6.25a)

Y = L. (6.25b)

Under the above assumptions the streamfunction for the vortex and image on this time scale is

U= [Ko (- cur + (- D)) - Ko (@ - ewr)? + @+ DY?)] . (626)

The topography, given by (6.3) is “switched on” near a pre-existing vortex at = = 0, so the initial-

boundary value problem for 7 < €71 is

Vi¢-¢=0 |, y#EW, (6.27a)
%ﬁ =0 y=0, (6.27b)
V=0 , y — 00, (6.27c)

IThis is also justified a posteriori, since it is found that the leading order prediction of u is constant.
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=0 |, y="W, (6.27d)
(Byr] — 265 =20, y=W, (6.27¢)

¢($, Y, 0) =0 , T=0. (627f)

Note that in (6.27¢) Ohp/0y = —26(W — y) has been used. The solution is found by Fourier

transforms. Denote the Fourier transform by ¢ as in (4.21). The solution satisfying (6.27a-c) is

{ A(k,7)sinhyvk2+1, 0<y<W,

b= (6.28)

B(k,)e?VE 1, y>W.

Condition (6.27d) implies [¢7] =0 at y = W, which in turn gives

B= %A (eZWﬁm - 1) . (6.29)

Condition (6.27e) transforms to the ordinary differential equation for A4,

A +iwA = __ Bk -wvE \1:| (6.30)

VET+1 y=w’
where w is the topographic wave frequency given by (6.12). Now

R r .
] = ———Jetheur 6.31
'y=w WEZF1 € ’ (6:31)

where,

&= (e_|w—L|\/Pﬁ _ e-|w+L|\/Pﬁ) (6.32)

is obtained from identity (4.26). Note that if the vortex lies off the shelf (L > W) then (6.32) can

be rewritten

¥ = 2e VP ginh W/k2 + 1, (6.33)

and if the vortex lies on the shelf (L < W), then (6.32) can be rewritten
¥ = 2¢"WVFHlginh [/k2 + 1. (6.34)

Using the integrating factor method, together with the initial condition (6.27f), which implies that

A(k,0) =0, leads to

—iwT —ikeur I'k 1 - {0
A(k,7) = (e7%m — e~ )(k2+ P WVEH §, (6.35)

The solution consists of a steadily propagating term and a topographic wave term,

¢ = ¢ + ¢, (6.36)
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where T
~5 / Ai(k,y),e*Ewn) 0y < W
T JC

4 = (6.37)
_'2]:‘71_' LA2(kv y),eik(z—eur)’ y> w

and r
3 [ Aletan, o<y <w,
C
o™ = (6.38)
T ,
L [ e, 4>
T Je
with
k e—W\/Fﬁ_, .
A (k,y) W11 w_euk Usinhyvk2 + 1, (6.39a)
. .
Agky) = 1 SERWVEH1G e (6.39b)

(k2+1) w-—euk
Note that the integrands in (6.37) and (6.38) have singularities when w/k = eu, i.e. whenever the
vortex velocity matches a topographic wave phase speed. In these cases the inversion contour, C,

must be indented to pass below the singularities.
6.2.2 Behaviour as 7 — 0

Below it is shown that the quasisteady term can be interpreted as a pseudoimage of the vortex in
the escarpment, i.e. the escarpment acts like a plane wall. This is true for both the vortex and its
true image in the wall, and is discussed below. There is a short spin-up time associated with the
establishment of the pseudoimage, and this can be seen as follows. For 0 <y < W, ¢; = ¢§" + ¢§w)

can be written

¢1 — _-2%/ Al(k, y) (e—ikeur _e—iwf) eik:l: dk
c

I / A (k,y) (—ikeut + iwT) e'*® dk, (6.40)
27 C

where the integrand has been written to leading order in the Taylor series about 7 = 0 for 7 < 1.
This in turn can be written

_Dir
27

b = /C Ar(k,y)(w — euk)e™® dk

- F_T/ Ai (k,y)(w — euk) sinkz dk. (6.41)
47!' 0
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The second equality follows by noting that A; (w — euk) is analytic (cf equation (6.39a)) and odd.

Precisely the same argument leads to the approximation
Lr [ ]
¢ R y Az (k,y)(w — euk) sinkz dk. (6.42)
0

The velocity components of the vortex due to the ¢-field are then

e 09 Y (6.43a)
% l(0,)
_ 0¢ _I'r had
v= Bloy = 7 /0 A(k,L)(w — euk) dk, (6.43b)

where A = A; or Ay according to whether 0 < L < W or L > W respectively. For 1 < 1 the
¢-field induces a drift in the y-direction. Anticyclones (I’ > 0) move toward deep water and cyclones
(' < 0) move toward shallow-water. The mechanism for this process is the initial advection of fluid
across the isobaths, and the consequent generation of secondary circulations, which in turn advect

the vortex. See Chapter 4, and in particular subsection 4.2.2 and Figure (4.3).
6.2.3 The quasisteady term

The quasisteady term of the solution is ¥® = U4+, and represents a disturbance that propagates
with the vortex at velocity eu in the z-direction. To interpret this term consider the expansion

2k e WVEHL w 1 1 + (_eu_k)
k2+1 w—euk  sinhWyk2+1w—euk sinhWvkZ + 1 ’

This approximation is valid for 7 = O(1), but still less than e~!. To this order of approximation the

(6.44)

amplitudes (6.39a,b) may be rewritten

1

Ai(ky) = 2\/162_\Ils1nhy\/k2+ (6.45a)
As(k,y) = %ew‘”‘!"'l\ile“wki“, (6.45b)

both of which are analytic and even functions of k, so

__I_‘-/°° 1 § sinhyvkZ + 1
VEZ+1

cosk(z —eur) dk, O<y<W,

sinh Wvk2 + 1
o) = ” (6.46)
oo \/ !
—% Wi \Ile vWE L cosk(z — eur) dk y>WwW.

There are two cases to consider, according to whether the vortex lies on the shelf, i.e. in the region

0< L < W, or off of it.
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Case 1: Vortex off the shelf

If the vortex lies off the shelf, then L > W and use of (6.33) implies that (6.46) can be rewritten as

r [ 1
“or ~WVRTET _ o=t LVRTIT) cos k(s — eur) dk 0
€ € cosk(zx — eut <y<w,
2m / VEZ+1 ( ;
¢(8) — 0 +
L [P 1 (o -@W-D)&IT _ ~(+L)VETFT
T )y VE2EE1 (e —e€ ) cosk(z — eur) dk, y > W.

(6.47)
Use of identity (4.26) shows that on the shelf 0 < y < W (6.47) is —¥, i.e. (6.47) cancels with the
vortex and image terms on the shelf. In the region y > W, off the shelf, the second term of (6.47)

cancels with the image term of ¥. Hence the quasisteady term, 4() = ¥ + ¢(®) for a vortex lying

off the shelf is,
0’ 0< y< W,
p© = r (6.48)
57 [Ko(r1) = Ko(r2)], y>W,
where
7 = (¢—eur)’+(y—L)?, (6.49a)
r2 = (z-eur)’+(y—(2W - L))%. (6.49b)

Expression (6.48) thus represents the vortex and its pseudoimage in the escarpment. After the initial
spin up of the pseudoimage the true image of the vortex in the wall no longer contributes, i.e. the
vortex “forgets” about the presence of the wall, which is “blocked” by the escarpment. The velocity

of the vortex due to this term is
r
u = ——K;(2(L-W)) (6.50a)
2
v = 0. (6.50b)

After the initial small onshore drift of the vortex, the motion becomes purely longshore, and the

magnitude increases from its initial value, up = —I'/27 K, (2L).

Case 2: Vortex on the shelf

In this case L < W and substitution of (6.34) in (6.46) leads to

I [® e WVFHL ginh LVEZ+1
2r Jo  VEk24+1 sinhWvk2+1

r [ 1 /ETTT FTTT
- —(y—L)Vk*+1 __ ~(y+L)VE*+1 -
o /0 T (e v e\ )cos k(z — eut) dk, y> W.

sinhyv'k? + 1cosk(z —eur) dk, 0<y< W,

¢(8) —

(6.51)
Off the shelf, y > W, and in this region (6.51) cancels with the vortex and image term ¥. In the

appendix to this chapter a vortex pair in the middle of a channel of width 2W is considered. By
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comparing the first term of (6.51) with (6.A18) it can be seen that this term is in fact the infinite
set of images of a vortex pair in a channel of width 2W. Writing the quasisteady part of the full
solution 9(#) = ¥ + ¢(9) leads to

P o

o Y. (Ko(rnt) — Ko(ra-)), 0<y<W
1/;(5) = n=—o0o (652)
0, y>Ww,
where
roe = (@ - X)"+(y - 2nW + L)), (6.53a)
ri_=(z-X)*+(y— (2nW - L))2 (6.53b)

In this case, then, the escarpment acts as a plane wall, leading to an infinite set of pseudoimages.

The velocity at the vortex centre is then due to the true image of the vortex and the pseudoimages,

e
1l

I kL) - % i (K1(20W) — K1 (2(nW — L)), (6.542)

—_ 2_
i n=1

v = 0, (6.54b)

so the vortex drift velocity decreases from its’ initial value.

It has been show that, to leading order, the quasisteady term represents a pseudoimage of the vortex

in the escarpment. The large time behaviour is deduced in the following section.
6.2.4 Large time behaviour

Each of the inversion integrals (6.37) and (6.38) have singularities whenever 0 < eu < ¢p(0), i.e.

when

O<eu<l—e W, (6.55)

Note that only cyclones move in the direction of positive z, so unlike the case of a singular vortex
near an escarpment with no wall nearby, wave radiation can only occur when the vortex is a cyclone.

There are three cases to consider.

Case 1l eu<Ooreu>1—e2W
In this case the integrands are analytic and the inversion contour C' can be deformed back to the

real line. The points of stationary phase are given by the solution, k,, of
; = ¢y (k). (6.56)
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By considering Figure (6.2), it is evident that there are two solutions to (6.56) whenever 0 < z/7 <
1 —e~2W, However the solution having k, < 0 must be ruled out since 7 > 0. Hence there is a
single point of stationary phase, and by the argument given in Chapter 4 the topographic waves
decay like 7-1/2, and so have no influence on the vortex for large times. In this case the vortex is
moving at a velocity outside of the range of possible phase speeds, and the behaviour for 7 = O(e™!)

is dominated by the pseudoimage term ¢(%).

Figures (6.3) and (6.4) show plots of the solution evaluated over y = W by Fast Fourier Transforms,
for two different cases where the vortex is an anticyclone. The plots were obtained by FFT of
equations (6.18), (6.37) and (6.38). In Figure (6.3) the parameter values used are W = 0.5 and
L =1, and the times shown are 7 = 20 and 7 = 160. The pseudoimage term which moves with
the vortex is evident, and the topographic waves which propagate in the opposite direction to the
vortex decay with time. In Figure (6.4) the parameter values used are W = 0.03 and L = 0.6 and
the times shown are 7 = 60 and 7 = 160. The pseudoimage is again evident, but note that the
waves, whilst smaller in amplitude than the previous case, are slow to decay and appear to be only
slowly dispersive. This is in agreement with the behaviour of the topographic waves in the limit
W — 0, discussed previously in section 6.1, where it was shown that in this limit the waves are non
dispersive to leading order. In both cases the vortex drift velocity in the z-direction was calculated

using equation (6.50a).

Case20<eu<l—e2W

In this case there are singularities on the real axis whenever,
‘% = eu (6.57)

i.e. whenever the vortex drift velocity matches a possible topographic wave phase speed. From the

graph in Figure (6.2) it is clear that there are two poles on the real axis at k = £+ where ~y satisfies

= (1 — W 7’“) . (6.58)

NES

The large time behaviour is dominated by the behaviour near the poles. To proceed with the residue

calculations write

e—W\/k2+1 P(k)

Ai(k,y) = N U(k)sinhyv/k2 + 1, (6.59)
. > _
Ay, y) = sinhWvk?+1 P(k) B (k)ev T =y (6.60)

N R
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Figure 6.3: FFT evaluation of the solution over y = W, for a non-radiating weak vortex. The
parameter values used areI' = +1, e = 0.1, W = 0.5 and L = 1. The times are (a) 7 = 20 and (b)
T = 160. The dispersive waves, propagating in the opposite direction to the vortex are evident, and
the non dispersive disturbance propagating with the vortex is the pseudoimage.
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Figure 6.4: FFT evaluation of the solution over y = W, for a non-radiating weak vortex. The
parameter values used are I' = +1, e = 0.1, W = 0.03 and L = 0.6. The times are (a) 7 = 60 and
(b) 7 = 160. The waves, propagating in the opposite direction to the vortex appear to be almost
non dispersive, and the nondispersive disturbance propagating with the vortex is the pseudoimage.
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where

1 (@R ) -1 - eI e
P(k) = -5 (1) = (L= ) (1-e"VFF Lk +1).  (661)

Equations (6.59) and (6.60) indicate that the poles are simple. The inversion contour is indented to

pass below the poles, (see Figure (4.7) in Chapter 4 for a diagram of the contour). Note that

2
P(x7y) = ‘aW +1. (6.62)
First consider
@ = /C A; (k, y)eh@=evn) gk, (6.63)

There is no contribution from the semi-circular arcs as £ — eur — —00, and the contribution due to
the branch cut is also exponentially small as x — eur — 0o0. The residue of the integrand, making
use of (6.62), at k =~y is
—W+/7241 P . .
e VI PO ¥ () sinhyy/~2 + 1€¥7(E—€u)

v+l 2y

= 1 11)76—WV 7*+1§(y) sinhyy/42 + 1 ?7(E—evn), (6.64)
€

Similarly, the residue at k = —v is

(Tf)‘;fwm\i'w) sinhyy/7% +1 e~ 16e=ewn), (6.65)
€
Thus, as 7 — €71,

2

(eu)fye_WV 7*+1 §(v) sinhyy/42 + 1 siny(z — eur) H(z — eur). (6.66)

8~ -
The same arguments lead to

g’) ~ —G—EW sinh W+/4% + 18 (y)e ¥V’ sin~y(z — eur) H(z — eur). (6.67)

Next consider the wave term, ¢(*). Near the poles k = %+ a Taylor expansion gives
w(k) = £yeu + (k F v)ce (), (6.68)

so near the poles

eilkz—wt) o gik(z—co(7)T) Fiv(co(7)—eu)T (6.69)

Hence, there is no contribution to the integral as £ — ¢;7 =& —o0. Moreover, w(y) = ~yeu, so it is

clear that the residues of ¢(*) at k = £ are the same as those of ¢(¥). Hence, as t — €1,

¢(2,y,7) ~ g(y) siny(z — eur) [H(z - eur) — H(z — c(7)7)], (6.70)
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where

2r =
e WV §(y) sinhy /42 +1, O<y<W,

~(eu)y
9(y) = - (6.71)
e sinhyv/2 + 1 8(y) e V7 4> W

Equation (6.70) represents a wavetube growing like the difference between the phase and group
velocities of the radiated waves. Figures (6.5) and (6.6) illustrate the process of the wavetube
formation. The plots were obtained by FFT of the solution as in Figure (6.3). In Figure (6.5) the
parameter values used are W = 0.5, L =1and I' = —1 (i.e. a cyclone), and the times shown are
7 =20 and 7 = 160. The pseudoimage is the non dispersive disturbance which propagates with the
vortex. The waves ahead of the vortex are the dispersive topographic waves which decay with time,
whilst the wavetube grows in the wake of the vortex due to radiation. In Figure (6.6) the parameter
values used are W = 0.03, L = 0.6 and I’ = —1 and the times shown are 7 = 20 and 7 = 200. In
this case the waves ahead of the vortex are of small amplitude and are not resolved in the plot. The

wavetube growing due to topographic wave radiation is evident.

Equation (6.70) representing the growth of the wavetube is analogous to the large time response of
a weak vortex near an escarpment in Chapter 4. There are, however, some important differences. In
the absence of the wall the radiated waves were the short waves, with low energy density. This in turn
was due to the vortex velocity being an O(e) quantity, a result of its advection by its pseudoimage
occuring on the long timescale 7 = ef. Consequently the momentum loss to the radiated topographic
was exponentially small, and the effect on the vortex trajectory was negligible, even for ¢t x~ ¢72. In
the present case there is no such constraint on the vortex velocity. The longshore velocity of the
vortex induced by its true image can take the whole range of values, and for fixed I is a function
of the distance of the vortex from the wall (and thus the distance from its image). Here then is the
possibility of interaction with the long topographic waves, i.e. those with high energy density. The

momentum loss through wave radiation may be more significant.

There are two particular limits that are discussed below in detail. First, if L = O(e) so that eu is
an O(1) quantity, and if W ~ O(1), then consideration of Figure (6.15) shows that the wavenumber
of the radiated waves can take arbitrarily small values. Second, if W « 1 and if eu = O(e) which
is possible for L = O(1), then the vortex can travel at the group velocity of the topographic long

waves.
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Figure 6.5: FFT evaluation of the solution over y = W, for a radiating weak vortex. The parameter
values used are I' = —1, e = 0.1, W = 0.5 and L = 1. The times are (a) 7 = 20 and (b) 7 = 160.
Note the dispersive waves ahead of the vortex which decay and the wave tube growing in the wake
of the vortex as a result of wave radiation.
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Figure 6.6: FFT evaluation of the solution over y = W, for a radiating weak vortex. The parameter
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The topographic wave ahead of the vortex are not resolved in this plot.
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Case 3: eu = 1 — e 2WVFHI

For a given value of W there is a particular value of L for which a cyclone travels with precisely the
velocity of the waves with & = 0. In this case the two poles coalesce at & = 0 to form a second order
pole. Moreover, these are the waves with maximum group velocity (see equation (6.17) and Figure
(6.12)), and which therefore correspond to a second order point of stationary phase. McDonald
(1996) considered a similar case for a modon travelling at the group velocity of the topographic long
waves near an escarpment, and applied the method of Akylas (1984) to the Fourier integral to show
that, for a given value of z linear theory predicts that the response becomes unbounded at large
times. In particular ¢ ~ 7'/% as 7 — oco. Figure (6.7) illustrates that this behaviour also occurs
in the present case. The plot was obtained by FFT, and for fixed W = 0.3 numerically finding the
value of L (here L ~ 1.67) such that eu = 1 — e=2WVF+I for 5 vortex off the shelf. The vortex
drift velocity was calculated using equation (6.50a). The physical reason for this behaviour is that
the large time response is dominated by the waves with vanishing group velocity, so energy can not
escape from the vortex. This in turn implies that energy can not escape from the vortex and so the

response must eventually become nonlinear.

McDonald (1996) introduces long wave scales into the nonlinear governing equations (6.20) and finds
that to leading order the wave amplitude is governed by a forced Kortweg de Vries equation. This
procedure is difficult in the present case and the nature of the vortex-wave interaction in the case
that the vortex travels at the topographic long wave group velocity is examined by contour dynamics

below.

6.2.5 Vortex trajectory

The arguments used in Chapter 4 can be used to equate the momentum flux in the radiated wave
tube with the rate of change of the z-momentum of the vortex. The energy density in the wavetube

is

N =

p=5 (B2 +83+¢), (6.72)

where ¢ is given by (6.70), and the average value over a wavelength is taken. Denote the on shelf

and off shelf components of p by

n O<y<WwW
= (6.73)
p2 y>W
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Figure 6.7: FFT evaluation of the solution over y = W, for a weak vortex travelling at the topo-
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The required averaged quantities are

2 ~
A" owfri ¥2(y) sinh?y/2+1 O<y<W

(eu)?
¢% = . (6.74)
(i::)z sinh? Wy/42 +1 §2(y) e V7' +L 4> W
2 (2
21‘(6(u»y)2:21) e WV §2(y) cosh®y/72+1 0<y<W
¢§ = N (6.75)
——(632:2 ) sinh? W/42 + 1 $%(y) e VT +H 45 W
and
(eu)2 e WV §2(4) sinh?y/2+1 O<y<W

¢ = (6.76)
I .
e S WV T8 VI >

These lead to, after some manipulation

2

- F(EZ);' 1) e~ 2W V71 $2(y) cosh2y/42 + 1 (6.77)
2 (A2

o= F(EZ)a‘:TI) sinh? W+/42 + 1 $2(y) e 20V 7*+1, (6.78)

The wavepower (i.e. the total energy flux), F, is found by integrating p over positive y and multi-
plying the result by the rate of growth of the wavetube (i.e. the group velocity of the radiated waves

a frame moving with velocity c4(y),

F=(-cm) [ sd. (6.79)
It is straightforward to show
/0 Y o dy = ;% e~VTH §2(y) sinh 2W /72 F 1, (6.80)
and
/ p2 dy = &gz 1 gowyr $2(y) sinh®W+/4% + 1, (6.81)
8o that

0 2 /2
/ pdy = Fyvy+l e 2WVTHL §2(4) [ sinh 2W+1/92 + 1 +sinh® W+/42 + ]
0

(eu)?y?

2 /] .
= 1DVl awyse ¥2(y) [sinh2W /92 + 1+ cosh2W /42 + 1 — 1]

2 (eu)*y?
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lFZ /72 + 1 @2(7) [1 _ e_2W 72+1
2 (eu)*?

1T%(y2 +1) -
2 (eu)y? v (652

where equation (6.58) has been used to make the final substitution. Thus the wave power in the

wavetube is
27,2
po 07 +1)

2 (GU)’YZ ‘1’2(’7) [Eu —Cg (’Y)] ’ (683)

and the rate of change of the wave pseudomomentum is this quantity divided by the phase velocity:

=L R0 80) - ). (684

This is also the drag on the vortex, which must therefore respond by losing momentum. The
leading order z-momentum of the vortex is, by a generalisation of the result in Batchelor (1967) for

barotropic singular vortices

8
Il

—/Ooo/my(vz‘ll—ll') dz dy

—00

= TL (6.85)

Finally, equating the rate of change of M, with M yields the differential equation for L

dL _1T(y*+1)

dr 2 (6U)2’Y2 @2(7) (eu —Cy (7)) . (686)

Figure (6.8) is a plot of ¢, — ¢, for various values of W. Note that eu = ¢4(7), and so eu —c4(y) > 0.
The maximum occurs for v near to zero (i.e. the topographic long waves), but if vy = 0 then
eu — gy(y) = 0 and linear theory predicts that there is no meridional drift due to wave radiation.
This is consistent with the fact that since ¢,(0) = ¢,(0) energy can’t escape from the vortex. The
response in this case must become nonlinear. There are two cases to consider, and in each case there
is a subcase of interest, namely when the vortex travels at a velocity near the topographic long wave
group velocity. These subcases are investigated by contour dynamics simulations in the following

subsection.

Case 1: Vortex off the shelf

In this case L > W and substitution of (6.33) in (6.86) leads to

dL _2T(v* +1) .

ey P 2LV §inh? W/y2 +1 (eu — ¢4 (7)) . (6.87)
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Figure 6.8: A plot of the difference ¢, — ¢,, between the phase and group velocities for W = 1/4
(dotted line), W = 1/10 (dashed line) and W — oo. Note that ¢, — ¢, > 0 for all values of W and
k.

Note that all of the factors in (6.87) are positive, which in turn implies that dL/dr has the same
sign as I. Here the vortex is a cyclone, so I" < 0 and the vortex drifts towards the escarpment as a

result of topographic wave radiation.

Case 2: Vortex on the shelf

In this case L < W and substitution of (6.34) in (6.86) leads to

dL _2T(v*+1) _sw /7251 12
_—=—— h*Ly/y2+1 - . .
T (eu)?y? e sinh® Lv/v2 + 1 (eu — ¢4 (7)) (6.88)

Again, all of the factors dI, 2I'(v2 + 1 | s I'; i.e. the on
- T = TO D VR it L T e )
shelf cyclone migrates towaras m(e all 1n response t0 wave raaiation.

6.2.6 Contour dynamics results

To apply the contour dynamics algorithm in the present case the influence of the image of the vortex
and the contours in the wall was taken into account. The velocity at the vortex centre is due to its
image, the contours and the images of the contours. The velocity at the contour nodes is due to the

vortex, the image of the vortex, the deflected contour and the image of the deflected contour.

The results presented here have been selected to illustrate the validity of the linear theory, and to
investigate the onset of nonlinearity in the cases where the vortex travels at the group velocity of

the topographic long waves. The cases of a vortex off the shelf and a vortex on the shelf are treated
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separately.

Off shelf anticyclone

The trajectory of the vortex centre for three different cases is shown in Figure (6.9). Here the
shelf width is W = 1, 0.5 and 0.1, but the distance of the vortex from the escarpment is fixed at
L —-W =0.5. Also the value of € is 0.2, i.e. a weak vortex. This was the smallest value that could
be used in practice since end effects occur rapidly for smaller values. Figure (6.9a) is a plot of the
z location of the vortex centre compared with the linear theory prediction given by (6.50a). The
linear theory predicts well the longshore drift velocity for short times. At larger times the velocity

in the z-direction begins to retard.

Figure (6.9b) shows the displacement of the vortex centroid from its initial position. The drift in
the y-direction is oscillatory but small, and the maximum displacement occurs for the case (W, L) =

(1,1.5).

Figure (6.10) shows the evolution of the contour for W = 1 and L = 1.5. The topographic waves
propagate away from the vortex. Note also the build up of cyclonic relative vorticity in the vicinity
of the vortex. This is due to the swirl of the anticyclone competing with the preferred direction
of the topographic waves. This process is also apparent in Figure (6.11) which shows the contour
evolution for w = 0.1 and L = 0.6. Note also that in this case the topographic waves appear to
be nondispersive. This is consistent with the analytic prediction and, in particular, equation (6.14)

which says that the topographic waves are nondispersive to leading order for small W.

Off shelf cyclone

As for the anticyclone the trajectory of the vortex centre for three different cases is shown in Figure
(6.12). Here the shelf width W =1, 0.5 and 0.1, but the distance of the vortex from the escarpment
is fixed at L -~ W = 0.5. Also the value of € is 0.2. This was the smallest value that could be used in
practice since end effects occur rapidly for smaller values. Figure (6.12a) is a plot of the z location
of the vortex centre compared with the linear theory prediction given by (6.50a). The linear theory
predicts well the longshore drift velocity for short times. Figure (6.12b) shows the displacement of
the vortex centroid from its initial position. The drift in the y-direction is oscillatory but small, and

the maximum displacement occurs for the case (W, L) = (0.1,0.6)
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Figure 6.9: A plot of the trajectory of the vortex centre for a weak (¢ = 0.2) off shelf anticyclone
for various pairs (W, L). The dotted line is for (W, L) = (1,1.5), the dashed line is (W, L) = (0.5,1)
and the dot-dashed line is (W, L) = (0.1,0.6). The plots are for 0 < ¢t < 10. (a) is a plot of the z
coordinate of the vortex centre compared with the prediction given in (6.50a) (solid line) and (b)
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shows the displacement of the vortex centre from its initial position.
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Figure 6.10: The evolution of the contour for a weak (e = 0.2) off shelf anticyclone. The parameter
values used are W =1 and L = 1.5.
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Figure 6.11: The evolution of the contour for a weak (e = 0.2) off shelf anticyclone. The parameter
values used are W = 0.1 and L = 0.6.
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Figure 6.12: A plot of the trajectory of the vortex centre for a weak (¢ = 0.2) off shelf cyclone for
various pairs (W, L). The dotted line is for (W, L) = (1,1.5), the dashed line is (W, L) = (0.5,1)
and the dot-dashed line is (W, L) = (0.1,0.6). The plots are for 0 < ¢ < 10. (a) is a plot of the z
coordinate of the vortex centre compared with the prediction given in (6.50a) (solid line) and (b)
shows the displacement of the vortex centre form its initial position.
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Figure (6.13) shows the evolution of the contour for W = 1 and L = 1.5. The pseudoimage is
apparent as are the topographic waves which propagate away from the vortex. There is no evidence

for wave radiation for the times of the runs shown here.

Figure (6.14) shows the contour evolution for the case W = 0.1 and L = 0.6. As in the case of an
anticyclone, the topographic waves appear to be nondispersive. Note also the nonlinear response of

the pseudoimage at late times which is evident in the final frame.

Finally consider Figure (6.15) which is an example of an off shelf vortex moving at a speed near
the group velocity of the topographic waves. Here € = 0.1, W = 0.3 and L = 1.67 the same values
used to obtain the FFT plot shown in Figure (6.7). The disturbance grows, but is unable to escape
from the vicinity of the vortex even at large times. Eventually the response becomes nonlinear. The
trajectory of the vortex is shown in Figure (6.16). Note the very slow drift of the vortex in the

y-direction.

On shelf vortex

Results are presented here for an on shelf vortex with W = 1.5 and L = 0.5. Figure (6.17) shows
the drift in the z-direction of the vortex centre for an anticyclone and a cyclone. In each case the
solid line shows the position predicted by equation (6.54a) and where the calculation has included
enough terms of the series to give accuracy to 6 decimal places. Once again the pseudoimage gives

an accurate prediction of the vortex drift.

Figure (6.18) shows the contour evolution for the cyclone. Note the pseudoimage and the dispersive

waves ahead of it. There is some evidence of wave radiation at later times.

189



IIIIIHII lllll(llll

1=6

||‘||II|I llllilllll

=8

t=10

IIIIIIIII ll]lll!l&]

Figure 6.13: The evolution of the contour for a weak (¢ = 0.2) off shelf cyclone. The parameter
values used are W =1 and L = 1.5.
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6.3 An intense singular vortex

It is anticipated that some analytical progress is possible in the limit that the vortex is intense,
i.e. § € 1. Here, however, an investigation of the problem is made using only contour dynamics

simulations. Some of the important elements of the problem are highlighted.

Before proceeding some comments regarding the general features of the motion may be made. The

velocity of the vortex due to its image in the wall is

T
u=——Ki(2L), (6.89)

i.e. the image advects an anticyclone in the direction of decreasing z (hereafter identified as east) and
similarly a cyclone is advected in the direction of increasing z (west). On the other hand the velocity
induced at the vortex centre due to the deflected topographic contour is such that anticyclones drift
southeast and cyclones drift northeast. Hence the secondary circulations enhance the eastward drift
of a cyclone and retard the westward drift of an anticyclone. The magnitude of the velocity due
to the image is a function of L, and the magnitude of the velocity due to the deflected contour is
O(S) and also a function of |L — W], i.e. the distance of the vortex from the escarpment. It is
expected that if L = 1, then the drift of the vortex will be dominated by the image, and if L > 1
but |L — W| =~ 1 then the effect of the image (i.e. the wall) will be weak in comparison with the

effect of the deformed contour.
6.3.1 An off shelf vortex

In this subsection results are presented for intense vortices with L > W, i.e. vortices located off the
shelf. The distance L — W of the vortex from the escarpment is kept fixed at the value 0.5 and the
width of the shelf W varies. In all the case given here the value of the parameter S is 0.1. The cases

of an anticyclone and a cyclone are treated separately.

Anticyclones

The results of three simulations are given here. The first has W = 1 and L = 1.5, the second has
W = 0.5 and L = 1 and the third has W = 0.1 and L = 0.6. Figure (6.19) shows a plot of the
trajectories of the vortex centre in each of these cases. The displacement from the initial position

(X,Y — L) is plotted for easy comparison, and the solid line shows the analytic prediction of the
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trajectory in the absence of the wall, obtained by numerical integration of equations (4.96a,b). For
L = 1.5 the vortex drift is close to that expected in the absence of the wall, and the eastward
drift is only slightly retarded by the image. This is expected since the velocity due to the image
vortex decreases exponentially with L, and so in this case the velocity due to the deflected contour
dominates the motion. As L is decreased the effect of the image becomes stronger, and for L = 0.6
the vortex drift is mainly longshore and the effect of the deflected contour only slightly modifies the

velocity due to the image.

Figures (6.20) - (6.22) show the evolution of the contour for the same cases. For W = 1 and
L = 1.5 the contour evolution is very similar to that in the absence of the wall. In Figure (6.21)
the contour evolution for the case W = 0.5 and L = 1 is plotted. Again the flow in the vicinity of
the vortex is predominantly axisymmetric. In Figure (6.22), showing the evolution of the contour
for W = 0.1 and L = 0.6, the flow pattern resembles the atmosphere of a singular vortex dipole.
This statement is reinforced by considering Figure (6.23) which shows the formation of a singular
vortex dipole atmosphere?. The plot was obtained by placing a square array of 2500 points over the
initial position (0, +1) of the vortex pair. The points were advected by fourth order Runge-Kutta

according to the velocity field due to the vortices.

Cyclones

Results are presented for off shelf cyclones for the same parameter values as the case of off shelf
intense anticyclones,i.e. W =1and L=15W =0.5and L =1 and W = 0.1 and L = 0.6. Figure
(6.24) shows a plot of the trajectories of the vortex centre in each of these cases. The displacement
from the initial position (X,Y ~ L) is plotted and the solid line shows the analytic prediction of
the trajectory in the absence of the wall. The same general trends are apparent as for the case of
an intense off shelf anticyclone described previously. For L = 1.5 the vortex drift is close to that
expected in the absence of the wall, and the eastward drift is slightly enhanced by the image. As
L is decreased the effect of the image becomes stronger, and for L = 0.6 the vortex drift is mainly

longshore and the effect of the deflected contour only slightly modifies the velocity due to the image.

Figures (6.25) - (6.27) show the evolution of the contour for the same cases. Exactly the same

observations as for the anticyclones may be made. For W = 1 and L = 1.5 the contour evolution

2Note that the sense of the circulation of the dipole in Figure (6.23) is opposite to the anticyclones under consider-
ation. The point made here is nonetheless the same. The use of the term ‘atmosphere’ for a dipole is due to Thomson
(1867)
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Figure 6.19: A plot of the trajectory of the vortex centroid for various values of L and W for an
intense anticyclone. The parameters used are S = 0.1 and I' =1 with L — W = 0.5 fixed. The solid
line shows the analytic prediction for a singular vortex located distance 0.5 from an escarpment in
the absence of a wall. The other curves are for W = 1, L = 1.5 (dotted line), W =0.5and L=1
(dashed line), W = 0.1 and L = 0.6 (dot-dashed line). The trajectories are shown for 0 < ¢ < 30.
See text for further comments.
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used are S=0.1,I'=1,W =1and L = 1.5.
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Figure 6.21: As for Figure (6.20) except W = 0.5 and L = 1.
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Figure 6.24: A plot of the trajectory of the vortex centroid for various values of L and W for an
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line shows the analytic prediction for a singular vortex located distance 0.5 from an escarpment in
the absence of a wall. The other curves are for W = 1, L = 1.5 (dotted line), W =0.5and L =1
(dashed line), W = 0.1 and L = 0.6 (dot-dashed line). The trajectories are shown for 0 < ¢ < 30.
See text for further comments.
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is very similar to that in the absence of the wall. In Figure (6.21) the contour evolution for the
case W = 0.5 and L =1 is plotted. Again the flow in the vicinity of the vortex is predominantly
axisymmetric. In Figure (6.22), showing the evolution of the contour for W = 0.1 and L = 0.6,
the flow pattern resembles the atmosphere of a singular vortex dipole, similarly to the case of an
anticyclone with the same parameter values. It may be inferred that the leading order effect in the

flow is that of the vortex and its image.
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Figure 6.25: The evolution of the contour for an intense off-shelf anticyclone. The parameter values
used are S =0.1,I'=1, W=1and L =1.5.
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Figure 6.26: As for Figure (6.25) except W = 0.5 and L = 1.
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Figure 6.27: As for Figure (6.25) except W = 0.1 and L = 0.6.
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6.3.2 An on shelf vortex

In this section results are presented for just one set of parameters for an intense on shelf vortex.
Specifically the case given is W = 1 and L = 0.5 and for the value S = 0.1. The simple conclusion
drawn here is that, as expected, the influence of the image on the vortex dominates the motion.
Figure (6.28) shows the trajectory of the vortex centres. The drift is primarily long shore, and the

deflected contour only induces a slight meridional motion.

The contour evolution for an anticyclone is shown in Figure (6.29) and for a cyclone in Figure (6.30).
The anticyclone begins to capture and wrap the contour, but at later times the flow pattern once
again resembles that of a dipole. The vortex entrains fluid from both sides of the escarpment and
will transport this fluid far along the coast with little influence from the escarpment. The cyclone
fails to capture the contour and moves away to the west, only entraining fluid initially located on the
shelf. In other words the anticyclones ‘collides’ with the cross-escarpment fluid whilst the cyclone

moves rapidly away from the cross-escarpment fluid.
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Figure 6.28: The trajectory of the vortex centre for an on shelf intense vortex. The parameter values
usedare W =1, L =0.5and S = 0.1, for 0 < ¢t < 30. (a) is the trajectory for an anticyclone (I' = 1)
and (b) is the trajectory of a cyclone (I' = —1)

209



=8

o
. n
* III||III lllllllllﬂllllllll

n
o

& IIII|IIII‘II|I|ITH 1IIIIIIIII

s

o

-3
L

<

-3
b

-
=3

& T[T I I I T

4
o

[

5

o
n

o
o

&
n

o

& lIlI]Ill HIIIITH IIII[IIIII

Figure 6.29: The evolution of the contour for an intense on-shelf anticyclone. The parameter values
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6.4 A moderate intensity vortex

In this subsection some preliminary contour dynamics results for the case S = 1 of a moderate
intensity vortex are given. The values of W and L chosen are the same as those for the intense

vortex described in the previous section.

6.4.1 An off shelf vortex

In this subsection results are presented for moderate vortices with L > W, i.e. vortices located off
the shelf. For consistency with the results presented for the intense vortex limit the distance L— W
of the vortex from the escarpment is kept fixed at the value 0.5 and the width of the shelf W varies.
In all the case given here the value of the parameter S is 1. The cases of an anticyclone and a

cyclone are treated separately.

Anticyclones

The results of three simulations are given here. The first has W = 1 and L = 1.5, the second
has W = 0.5 and L = 1 and the third has W = 0.1 and L = 0.6. Figure (6.31) shows a plot
of the trajectories of the vortex centre in each of these cases. The displacement from the initial
position (X,Y ~ L) is plotted for easy comparison. In all cases the anticyclones migrate away from
the escarpment in the looping motion characteristic of dipoles with cells of opposite but unequal
circulations. The motion is very similar to that of the analogous case of cyclones located on the

shallow side of the escarpment in the absence of the wall (see subsection 4.4.2 and figures therein).

The contour evolution in these three cases is shown in Figures (6.32) - (6.34) and confirms that
dipoles are indeed formed between the primary vortex and fluid originally located on the shelf which
has been advected off the shelf by the vortex and which has gained, via vortex stretching, net cyclonic
relative vorticity as a result. The process of dipole formation appears to be the trend for all the
values of W presented here. Note however the difference between the present case and the analogous
case of a moderate cycloe located on the shallow side of the escarpment in the absence of the wall.
In particular, consider Figure (6.24). The cyclonic ‘blob’ of fluid that pairs up with the primary
vortex turns back toward the wall and by ¢ = 30 is sufficiently close to the wall that the effect of

the images of both the primary vortex and the secondary patch of fluid is likely to dominate the
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Figure 6.31: A plot of the trajectory of the vortex for various values of L and W for a moderate
anticyclone, for 0 < ¢ < 30. The parameters used are S =1 and I' = 1 with L — W = 0.5 fixed. The
curves are for W = 1, L = 1.5 (solid line), W = 0.5 and L =1 (dotted line), W = 0.1 and L = 0.6
(dashed line). See text for further comments.
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influence of the primary vortex.

Cyclones

The results of three simulations are given here for the same parameter values as presented for the
case of an off shelf moderate anticyclone. Figure (6.35) shows a plot of the trajectories of the vortex
centre in each of these cases. The displacement from the initial position (X,Y — L) is plotted for
easy comparison. In all cases the cyclones migrate towards the wall and climb on to the shelf. Once
on the shelf the image of the vortex becomes highly influential and the cyclones move parallel to the

wall to the west.

The contour evolution in these three cases is shown in Figures (6.36) - (6.38). The general trend is
for the vortices to move toward the escarpment. In doing so they come under the influence of the

image which then carries them far away from the initial disturbance in the contour.
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Figure 6.32: The evolution of the contour for a moderate off-shelf anticyclone. The parameter values
used are §=1,I'=1,W =1and L =1.5.
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As for Figure (6.32) except W = 0.5 and L = 1.



Figure 6.34: As for Figure (6.32) except W = 0.1 and L = 0.6.
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6.4.2 An on shelf vortex

In this section results are presented for just one set of parameters for a moderate on shelf vortex.
The case described is W = 1 and L = 0.5 and for the value S = 0.1. Figure (6.39) shows the
trajectory of the vortex centres. The anticyclone initially moves northeast but then turns to move
to the west. The cyclone rapidly approaches the wall where it comes under the influence of its image

and it propagates rapidly to the west.

The contour evolution for an anticyclone is shown in Figure (6.40) and for a cyclone in Figure (6.41).
The anticyclone pushes some of the fluid off the shelf, where it gains cyclonic relative vorticity. This
then turns the anticyclone to the east, and resembles the pseudoimage. On the other hand the
cyclone pulls fluid from the deep water on to the shelf where it gains anticyclonic relative vorticity.
This then forces the primary cyclone towards the wall. The image dominates the motion at later

times and the cyclone is carried to the west and away from the deflected contour.

6.5 Conclusions

A simple model of vortex motion near coastal topography has been studied for the full range of
vortex intensities. Linear theory has been used to calculate the vortex drift velocity in the limit that
the vortex is weak. In the intense and moderate vortex regimes some of the principle features of the

motion have been identified in a contour dynamics study.

The main result from the linear theory is that, once again, the escarpment acts like a plane wall in
the weak vortex limit. This is true for vortices located both on and off the shelf. Contour dynamics
results confirm that linear theory describes well the motion for times larger than when it is formally

applicable.

Although no theory has been presented for the intense vortex the key feature of the motion has
been identified. The secondary circulations that arise due to the deflected contour compete with
the influence of the image of the vortex. If the vortex is sufficiently far from the wall then the
flow evolves as if the wall were not present. On the other hand if the vortex is sufficiently close
to the wall then the vortex motion is dominated by the influence of the image and the secondary

circulations only slightly modify the vortex drift. Both of these limits could be tackled analytically.
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The interesting case is when the secondary circulations and the image have comparable influence on

the vortex. This issue is not pursued here.

In the case of a moderate intensity vortex some results have also been presented. It appears that
for moderate anticyclones located off the shelf the dipole formation witnessed in the previous two
chapters is generic. The dipole moves away from the escarpment, the wall loses its influence and
the vortex evolves as in Chapter 4. On the other had the initial dipole formation for the cyclone
takes place, but the sense of the secondary circulation is such as to cause coastward motion of the
cyclone. At later times the image of the cyclone takes over and the vortex moves far away from
the influence of the deflected contour. For moderate intensity anticyclones located on the shelf the
dipole formation is such as to compete with the image. For the parameter values shown here the
anticyclone moves east at large times. On the other hand the dipole formation for the cyclone is
such as to force the vortex closer to the influence of its image. The study of the moderate intensity
vortices merits further consideration. Indeed, it should be emphasised that the study in this chapter
is incomplete both numerically and analytically. A more extensive and quatitative study of the

parameter space should be undertaken.

Appendix A: Derivation of the Fourier transform for a singular vortex pair in a channel.

Consider a singular vortex dipole, located in the middle of a channel of width 2W, and where the
walls are aligned along y = =W. The vortices have y-coordinates +L and strengths I respectively.
See Figure (6.42). The images of the vortices comprise an infinite set of vortices, with the same

z-coordinate X (t), and constant y-coordinates. The streamfunction for the flow is

V=g 3 (Kolrai) ~ Kolra), 6.A1)

where o
r2, =z —-X)*+(y— (2nW + L))?, (6.A2)
r2_=(x-X)?+ (- (2nW - L))%. (6.A3)

To obtain the Fourier transform of (6.A1) in the required form rewrite v as
v="+ \I’imageaa (6.A4)
where U is the vortex pair given by (6.18), and

‘I’images = % Z (KO(rnl) - KO("'nZ) + KO(TnS) - KO(TTI4)) ’ (6A5)
n=1
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is the system of images. Here

= ((z—-X)"+(y - (2nW + L)),
r2 = ((@-X)"+(y—(@2nW-1L))>

ras = ((&=X)+(y+@nW - L)),

r2, ((z — X)® + (v + (2nW + L))*.

Making use of identity (4.26), the Fourier transform of the image term is

b, L X S (o l-CrWDIVET _ o ly= (oW -L)VFTFT
‘I’zmages = W T le T; (e —€

e~ lvH@nW-L)|VFTFT _ e_|y+(2nW+L)|\/E!ﬁ) ]

In the weak coastward vortex problem the transform is required for y < W for which

-y~ (2nW L) =y — (2nW £ L).

(6.A6)
(6.A7)
(6.A8)

(6.A9)

(6.A10)

(6.A11)

(6.A12)

It is straightforward to show that the Fourier transform of the image term can then be rewritten,

A

r
‘I’images = WTﬁ

(e(y_Lm;m — WHLWVRFT | (~y+D)VEHT _ e(—y—L)\/F*’ﬁ)

)
xe—ikX Z e—2nwm (6.A13)

n=1

The term in brackets is
2cosh(y — L)Vk? + 1 —2cosh(y + L)Vk? + 1 =4sinhyv/k? + 1sinh L\/k2 + 1

Moreover, note that

1 2 2" -
= = = -n —2n7
sinhn e1—e ™ 1-—e 27 2 Z €
n=0
by the Binomial Theorem. Hence
oo —_
— 1—e2n 2sinhn

Use of (6.A14) and (6.A16), with n = W+/k? + 1 in (6.A13) leads to

N F Sinhyv k2+18inhka2+1a—Wme—ikX

¥, =
mages o kT 1 sinh WvE2 + 1

This term is even in k so finally, for 0 <y < W,

. ~ [ [® e~WVFTI sinh IvVEk2 + 1
images = ~ o5 o vk2+1 sinh WVk? +1

sinhyvk2 + 1cosk(z — X) dk,

which is the coastward term in equation (6.51) with X = eur.
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Chapter 7

Conclusions

Several models of the interaction of a vortex with a topographic escarpment have been studied. The
models are simplistic approximations to real geophysical vortices. Nonetheless it is anticipated that

these models could offer insights into vortex behaviour in more realistic situations.

One the most important tenets of this thesis is the concept of the pseudoimage for weak vortices.
In all cases studied here the linear theory for a weak vortex predicted that the escarpment will
act as a plane wall. The pseudoimage description is very robust and in all of the cases studied
contour dynamics solutions to the nonlinear equations show that the pseudoimage describes the
vortex motion well for many eddy turnover times, i.e. well beyond the formal time for which
linear theory is valid. It is expected that the pseudoimage description will be useful in other weak
vortex interactions with sharp potential vorticity gradients. For example the study of a vortex near a
seamount might begin with the image of a vortex in a cylinder to predict the motion. Stern and Flierl
(1987) and Bell (1989) have noted the pseudoimage effect previously for a singular vortex moving
near a potential vorticity interface. The phenomenon seems to be generic in weak vortex interactions
with potential vorticity gradients and so it seems apt to name it the “pseudoimage”, as has been
done throughout this thesis. It should be noted that the pseudoimage concept is unique to problems
involving discontinuous potential vorticity gradient. On the S-plane a weak vortex decays rapidly
due to Rossby wave radiation. A weak vortex travelling parallel to an escarpment is a relatively
long lived structure. Indeed vortices travelling in the opposite direction to the topographic waves

will continue to do so until they meet another obstacle.

The pseudoimage also presents an interesting question in relation to the initialisation of vortex-
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escarpment interactions. In the f-plane models presented in this thesis, the initial condition is the
presence of a vortex near un undeflected topographic contour. However a more physical situation is
that of a vortex approaching an escaprment from infinity. If the vortex moves towards the escarpment
on a time scale which is much slower the both the eddy-turnover time and the topographic wave
time, then the contour will adjust to the pseudoimage whatever the strength of the vortex. It would
be informative to investigate the range of values of the vortex strength for which this adjustment is
stable, i.e. to seek equilibria of vortex shape and topographic contour adjustment, and assess the

stability of such solutions.

In addition the contour dynamics results for the interaction of moderate vortices with sharp topogra-
phy indicates that dipole formation may be a generic feature of the motion, and in keeping with the
work of Zavala Sanson et al (1999) described previously. This process is not unique to discontinuous
background potential vorticity gradients, having been rather well described for moderate S-plane
vortices by Lam and Dritschel (1998). It appears that dipole formation for moderate intensity vor-
tices is the primary source of motion perpendicular to the gradient of potential vorticity. If this is
a sharp gradient then the possibility arises that the vortex can cross the discontinuity and interact

strongly with it, or else move away from the discontinuity as a dipole.

Further work in this area is plentiful. Recent studies of vortex motion on a multilayer 8-plane
have indicated that the vertical structure of the vortex has important consequences on its evolution
(see e.g. Sutyrin and Morel (1997)). It is believed that the Agulhas rings have a barotropic and a
baroclinic component, so a more realistic model should take the effects of stratification into account.
A good starting point would be a contour dynamics investigation of the motion of a heton (see Hogg
and Stommel (1985)) near an escarpment. Modification of the quasigeostrophic contour dynamics

scheme is straightforward for a 2-layer fluid and its implication is outlined in Davey et. al. (1993)

The quasigeostrophic assumption made throughout this thesis requires both Ro and the amplitude
of the interfacial disturbance compared to the layer depth to be small parameters. It is the latter
assumption that is too restrictive. For example, as mentioned in Chapter 3, an Agulhas Ring has
Ro ~ 0.1, but they can undergo interfacial disturbances which is of the same order of magnitude as
the layer depth. Furthermore, there are regions in the ocean where the variation in topography is
large enough to invalidate quasigeostrophic theory. For example the Walvis Ridge, which is known

to greatly affect the trajectories of Agulhas Rings, and which lies in the southern Atlantic off the
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east coast of Africa, rises up to 2000 km above the abyssal plain at 4000 km depth. Also, coastal
surf zone vortices have large Rossby number and large topographic variations over the range of
lengthscales of interest. Relaxing the quasigeostrophic assumption is of importance in developing a

study of the interaction of vortices with topographic gradients.

The contour advective semi-Lagrangian algorithm of Dritschel and Ambaum (1998) is suited to
a non-quasigeostrophic study. A barotropic, non-divergent (i.e. rigid lid) scheme also allows for
both arbitrary Rossby number and O(1) variations in topography. However, for the barotropic, non
divergent flow, Ro and § can not be combined into a single parameter S as in the present problem.
Hence the dependence of the vortex dynamics on both the Rossby number and the height of the
topography needs to be investigated to cover the whole parameter space. More realistic topography
could also be considered. For example, an exponentially varying shelf abutting a flat ocean, where
the step height could be O(1) is a better model of a continental shelf than the quasigeostrophic
model presented in Chapter 6. Also the effect of varing Ro and the topographic gradient over a

linearly sloping bottom, could also be investigated.

It would also be desirable to use a shallow water code to investigate the effect of vortex stretching,
absent in the non-divergent model, on the dynamics of vortices. A comparison with the non-divergent
case is of interest. Finally a multi-layer shallow water code could be used to investigate the effects

of vertical structure on the motion of the vortex.
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