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Abstract

In this note we will explore some applications of the recently constructed piecewise affine, H 1-Conforrning element that
fits in a discrete de Rham complex (Christiansen and Hu, 2018). In particular we show how the element leads to locking free
methods for incompressible elasticity and viscosity robust methods for the Brinkman model.

(© 2020 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/).
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1. Introduction

It is well known that standard finite element methods are not in general well-suited for the approximation of
nearly incompressible elasticity or incompressible flow problems. Indeed, in particular low order approximation
spaces often suffer from locking in the incompressible limit [1]. They may typically also exhibit instability when
Darcy flow is considered if the element was designed for Stokes’ problem [2]. These problems can be alleviated
using stabilization [3-5], but such stabilizing terms, although weakly consistent to the right order, may upset local
conservation of e.g. mass, momentum, and introduce an additional layer of complexity to the computational method
and its analysis. Drawing on pioneering work by Scott and Vogelius in the mid-eighties [6], recently some new
results on H'-conforming piecewise polynomial approximation spaces compatible with the de Rham complex have
been published [7-12]. Such elements are interesting, since they provide a tool for the robust approximation of
models in mechanics where a divergence constraint is present. Herein we will focus on the piecewise affine element
derived by Christiansen and Hu in [12]. The advantage of this approach is that it offers a simple and economical low
order locking free element in arbitrary space dimensions. Observe that for the Scott—Vogelius element the polynomial
order of the spaces typically depends on the number of dimensions [11]. The linear system also becomes very large
when the Scott—Vogelius element is used. Assume that the spaces are defined on triangular mesh with nno vertices,
nele elements and nf faces, on which a Clough-Tocher split (see Fig. 1, middle) is performed. Approximating
the degrees of freedom Ndof of the system in two space dimensions for the case of quadratic velocities and
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Fig. 1. A triangle T (left) is once divided into Clough—Tocher triangles (middle) which are further divided to Powell-Sabin triangles (right).

piecewise affine discontinuous pressures, neglecting effects of the boundary, we get using that nele ~ 2 x nno and
nf ~ 3/2 x nele,

Ndof =2 x (4 x nele + nno + nf) + 9 x nele = 42 x nno.

The piecewise affine element on the other hand has a data structure similar to that of the Bernardi-Raugel
element [13], with nodal degrees of freedom, a vector degree of freedom on each face and only one pressure
degree of freedom on each macro element. Approximating the global number of degrees of freedom yields

Ndof ~ 2 x nno + nf + nele =7 x nno.

It follows that the quadratic/affine Scott—Vogelius element requires about six times as many degrees of freedom as
the low order affine/constant element of Christiansen—Hu.

We discuss how this element can be implemented in engineering practice and show the basic, robust, error
estimates that may be obtained for linear elasticity and incompressible flow. In this paper we will consider two
different models, linear elasticity and the Brinkman model for porous media flow. The idea is to show the locking
free property of the element on the elasticity model and then illustrate how the element seamlessly can change
between the Stokes’ equations modelling free flow and Darcy’s equations modelling porous media flow, while
remaining H '-conforming. Observe that previous work on inf-sup stable elements that are robust both for Stokes’
and Darcy flow typically have been nonconforming, see [2,14,15]. The two models are introduced in Section 2. The
construction of the element is discussed in Section 3 and the finite element discretizations of the model problems
and their analysis are the topics of Sections 4 and 5. In Section 6 we discuss how boundary conditions may be
imposed weakly using Nitsche’s method, without sacrificing the good properties of the element. Finally Section 7
gives some numerical illustrations to the theory.

2. Model problems: linear elasticity and the Brinkman model

We will consider two model problems with solutions in V = [H'(£2)]¢, initially assuming homogeneous
Dirichlet boundary conditions. Let £2 C R?, d = 2,3 denote a convex polyhedral domain with boundary 92.
The first model problem is linear elasticity. Here we wish to find u € VO where V0 :=V N [H()I(Q)]d, such that

—V-o)=f, in §2, (2.1)

where o(u) = 2uVu + AV - ul, with V* the symmetric part of the gradient tensor, I the identity matrix and
i, A > 0 the Lamé coefficients and f € [L?(£2)]%. This system can be written on weak form: find u € V° such that

ag(u,v)=1(v), forallv e V°,
where

ap(w,v) = / o(u): V'y dx, (2.2)
Q

where the tensor product is defined by A : B := Zd

ij=1 aijbij and

ly) = / f-vdx. (2.3)
Q



E. Burman, S.H. Christiansen and P. Hansbo / Computer Methods in Applied Mechanics and Engineering 369 (2020) 113224 3
It is well-known that the problem (2.1) admits a unique weak solution in the space V° through application of
Lax—Milgram’s lemma, and that the following regularity holds [16],

lull g2y + AV - ull o) < Crllflle for w € [i1, n2] and A € (0, 00). 24

The second model problem is the Brinkman problem where we look for a velocity—pressure couple (u, p) €
VO x Q, where Q = L%(Q) denotes the set of square integrable functions with mean zero, such that

—nAu+ou+Vp = fin (?

V.u = gin . 2:5)

Here f € [L2()]%, g € L3(£2), 1 > 0 is the viscosity coefficient and o a possibly space dependent coefficient
modelling friction due to the porous medium. Observe that if & = 0 we recover the Darcy model for porous media
flow and if ¢ = 0 we obtain the classical Stokes’ system for creeping incompressible flow.

The corresponding weak formulation reads: find (&, p) € V° x Q such that:

Apl(, p). v, )] = 1), forall (v,q) € V° x Q.
Here the bilinear forms are given by

Apl(, p), v, @)) == ap(u,v) — b(p,v) + b(q, u) (2.6)
with

ag(w,v) ::/ uVw : Vv +ow -v dx,
Q

b(q,v) ::/ qV -v dx
Q
and
Ig(v, q) ::/f-vdx+/ gq dx. 2.7
Q 0]

By the surjectivity of the divergence operator we may write u = uy + u, where V - u, = g. Unique existence of
the ug part of the solution is ensured through the application of the Lax—Milgram lemma in the space Hg“), where

Hé”” ={veV:V.v=0}

A unique pressure is then guaranteed by the Ladyzhenskaya—Babuska—Brezzi condition [1].

3. The finite element space

Let 7}, denote a conforming, shape regular tesselation of (2 into simplices 7. We denote the set of faces of the
simplices in 7 by F and the subset of faces that lie on the boundary 92 by F,. We let X, denote the space of
functions in L2?({2) that are constant on each element,

X, = {x € L*(2) : x|r € Po(T); VT € Tp).

The Lz-projection on Xy, mo : L*(2) — X, is defined by (mov, xp)o = (v, x)p for all x, € X,,. my satisfies the
stability ||mov|lo < ||lv|le for all v € L?(£2) and the approximation error estimate

Imov — vlle < Chlvlgig), Vv e H'(£).

We also introduce the L>-projection of the trace of a function
7o L2(00) — 39X,

where
0X), = {x € LX00) : x|r € Py(F);VF € F}

where F}, is the set of faces in 7, such that F = F N af2. We let W), denote the space of vectorial piecewise affine
functions on 7,

Wy, == {v e [H'(2)]? : v € [P VT € Tp)



4 E. Burman, S.H. Christiansen and P. Hansbo / Computer Methods in Applied Mechanics and Engineering 369 (2020) 113224

and define Q) = X, N Q. It is well known that the space W}, is not robust for nearly incompressible elasticity and
that the velocity—pressure space W), x Qy, is unstable for incompressible flow problems. To rectify this we will enrich
the space with vectorial bubbles on the faces, following the design in [12], that allows us to remain conforming
in H', resulting in an extended space, that we will denote Vj,. The detailed construction of this space is the topic
of the next Section. We then apply Vj, in the finite element method for the system of compressible elasticity and
Vi x Qj, for the Brinkman system. For the space with built in homogeneous Dirichlet boundary conditions we write
Vh0 =ViN [Hol(.Q)]d. Observe that by construction all functions v, € Vho satisfy V - v, € Xj,.

3.1. Construction of the finite element space Vj,

The finite element space is constructed by decomposing every simplex in subelements. On these subelements
face bubbles are constructed, similar to the face bubbles used in the Bernardi—Raugel element [13], but in this
case they are constructed using piecewise affine elements. Using the subgrid degrees of freedom similar degrees
of freedoms as in the Bernardi—Raugel element are designed as well. The upshot here is that the piecewise affine
basis functions are designed so that the divergence restricted to each simplex in the original tesselation is constant.
The pressure space then consists of one constant pressure degree of freedom per (macro) simplex, allowing for
exact imposition of the divergence free condition. Although the numerical examples in this work are restricted to
the two-dimensional case below, for completeness we also give a detailed description of the construction in three
space dimensions.

We first treat the 2D case for which our numerical examples are implemented and then describe how this extends
to the three dimensional case. Consider a triangular element T twice subdivided, first by a Clough—Tocher split [17],
and then by a Powell-Sabin split [18], cf. Fig. 1. The first subdivision is created by joining the centroid of triangle
T with its corner nodes. The second subdivision splits each Clough—Tocher triangle by the line joining the centroid
of T with the centroid of its neighbouring triangle sharing the edge to be split. On the boundary we have a free
choice of how to split the edge; we here choose to split the edge along the line in the direction of the normal to
the boundary. On T the approximation is piecewise linear with two velocity degrees of freedom in each corner
node. On Powell-Sabin triangles we add a hierarchical “bubble” approximation in the following way. To the node
i on the exterior edge E of T is assigned a unit vector v; along the line L of the Powell-Sabin split, see Fig. 2.
The unknown in the corresponding edge node i is the vector a;v; where a; is a hierarchical scalar unknown. The
centroid-to-centroid nature of the split then ensures continuity of the discrete solution. In the centroid node the
bubble has two velocity components (i, ) determined a priori by setting the divergence d equal (with ¢; = 1)
on the triangles sharing node i and the Clough—Tocher triangles not being split by L. The divergence is set by

d::/vi -ngds.
E

The hierarchical bubble is then piecewise linear on these non-split Clough—Tocher triangles and the Powell-Sabin
triangles sharing node i. Thus, each edge on triangle 7 has its own unique hierarchical bubble and the total
approximation is the sum of the linear function on 7" and the three (vector-valued) bubbles.

A closed form for the velocities defining the bubble associated with an edge can be computed beforehand. With
the location of the corner, centre, and edge nodes according to Fig. 2, with A the area of triangle 7, we find

up = D(xy —x,) (3.1)

where

X Om = Y0 + X1 — yr) + x1(yr — ym)
2A1x; — X

This gives equal divergence d on all subtriangles.

D =

3.2. The construction of V, in three space dimensions

The construction in 3D is analogous to the one in 2D: any given tetrahedron 7' is decomposed using the Worsey—
Farin (WF) split [19], defined as follows. An inpoint is chosen for the tetrahedron, typically (but not necessarily)
the centre of the inscribed sphere. As inpoint on the (triangular) faces, one chooses (crucially) the point on the line
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Fig. 2. Quantities used to define the hierarchical bubble associated with edge E.

joining the inpoints on the two neighbouring tetrahedra. The faces are then split in three subfaces by joining the
inpoint to its vertices. The tetrahedron is split in 12 small tetrahedra, three for each face, based on a subface and
with summit at the inpoint of the tetrahedron.

The finite element space on the tetrahedron can then be described as the space K(T) of continuous P' vector
fields on the WF split which are divergence free, to which one adds one vector field with constant divergence on
T, namely x > x. As shown in [12] this space has dimension 16. It contains the P! vector fields on T (dimension
12), and four bubbles attached to faces (dimension 4). Indeed, for a P! vector field u, write u = (u — v) + v with
v the vector field defined by v(x) = (1/3V - w)x and note that u — v is a divergence free P! vector field on T, so
is in K(T). As degrees of freedom one may use vertex values and integrals of normal components on faces.

A face bubble can be defined explicitly for a face F, as follows. We let vy be the normalized vector parallel to
the line joining the inpoints of the two neighbouring tetrahedra of F. The vector field on T has value 0 at vertices
of T, vp at the inpoint of the face F, and O at inpoints of the other faces. At the inpoint of 7" we determine the
vector by the condition that the divergence of the vector field is the same on all the small tetrahedra of the WF
split and satisfies Stokes’ theorem on the three that are based on F.

3.3. The Fortin interpolant

For every u € VO there exists m,u € Vho such that w,u(x;) = ipu(x;) in the vertices x; of type I simplices, where
i denotes the Scott-Zhang interpolant, and for all F' € F

/nhwans:/u-nF ds.
F F

Note that the interpolant m,u satisfies the approximation error estimate
lmnu —ullo < Cihluly o),  hlIV@e —wlle + |l —ullo < C2h2|u|H2(Q)' (3.2)

The proof of the existence of m;, is identical to that of the interpolant for the Bernardi—Raugel element [13]. Note
that for functions v € V such that v - n = 0 there holds that 77y(7r;v) - 1|30 = 0.
It follows from this construction that for all g, € Q) and for all T € 7}, using the divergence theorem we have

/V~nhuqh dx :f (mpu - ny7)qy ds =/ (u - nyr)gq, ds =/V~uqh dx :/NOV~uqh dx.
T aT aT T T

A consequence of the existence of the Fortin interpolant is the existence of a non-trivial subspace Vy;,(v) C Vj,
such that

Vd,-v(v) = {vh € Vh VAR v, = ﬂov . V}.
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As a consequence, for every g, € Q) there exists
¢, €V, suchthat V- ¢, = g4 and [[Z, Il 1.0y < Collgnll - (3.3)

To see this, note that by the surjectivity of the divergence operator from V to Q for every g, € Q) there exists
§, € Vsuchthat V-¢, = g, and [,llg10) < Clignlle and if we now consider 7,8, € V,? we see that
V-, = mV-§, = gn and we conclude that £, may be chosen in Vho directly. Note that using minor modifications
of the above arguments we can construct a version of m,, where only the normal component of the velocity field
is set to zero, but with identical properties.

4. Finite element discretization of the model problems

We consider the finite element spaces Vj, Q that were defined in the previous section. The finite element
discretization of the problem (2.1) then takes the form: find u;, € V}? such that

ag(uy, vy) = 1(vy), for all v, € V?, 4.1)

where ag(-, -) and I(-) are defined by (2.2) and (2.3). The finite element method for the problem (2.5) on the other
hand takes the form find (u;, p;) € V,? X @y such that

Apl@n, pr), Wn, @) = lp0h, ), for all (v, gn) € Vi x Q. 4.2)

Both the problems (4.1) and (4.2) admit a unique solution by the same arguments as for the continuous problem.

5. Stability and error analysis
We introduce two triple norms. First for the elasticity system,
1 1
Ivall = 22 V2 walls, + 122V - will,. (5.1

Observe that by Korn’s inequality and Poincaré’s inequality the E-seminorm is a norm on HOI(Q). Then for the
incompressible model we have the triple norm,

1 1 1
s, yulls = 12 Vvalle + o 2vall e + IV vl + 1 +0) 2yl (5.2)

For the formulation (4.1) Korn’s and Poincaé’s inequalities lead to the coercivity, there exists ag > 0 such that for
all v, e V?

aplvally < apn, va). (5.3)
For the problem (4.2) we need to prove an inf—sup condition for stability.

Proposition 5.1 (inf-sup Stability for the Brinkman Problem). There exists ag such that for all (v, y,) € Vh0 X Qp
there holds

AB[(vhv yh)7 (whv Qh)]

agllve, yalls = sup
Wi an €V X(05\0) 1w gnlls

Proof. First we take w;, = v, and g; = y; to obtain
1 1

2 Vv l% + llo 2vallfy = Aplns yi), Wh, ga)]-
Then we chose w;, = (i + (7)’1§y, where ¢ is defined by (3.3) so that

(w+ o) ynlle, = Aln, yi), Wi, 01 = (WVVi, W)@ — @V, wa)o-
Observing now that

1 1

(uVvi, Ywi)a < w2 Vvallou? (w4 0)~' Collyall e

and

1 1 _
(v, wi)o < llo2vlloo2(n +0) ' Collylle
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it follows that
1
—(,u + o) nlly < Asl@a. 31, Wa, O] = CR(I2 Vw413, + llo 2wy l13).

Taking w, = v, + 2Co) N + J)’II;), and g, = y, + V - v;, we conclude that

min (; e ) va. yully < —||quvh||n —||a-%vh||29 + zico(wo)*nyhn%z
< Agln, yn), Wh, qn)]
To finish the proof note that
wn. gnlls < va, yalls + 12Co) ™" (1w +0)7'¢,. Oll s
< s yills + QCo) ' 12 (+ ) " Collyull + IV - ville < Clvi, il O

Using the stability estimates we may now prove error estimates for the approximations of (4.1) and (4.2).

Proposition 5.2. Let u be the solution of (2.1) and uy, the solution of (4.1) then

1 1
w2V —up)llo+ 122 eV -u—V-up) o < Cv elvnf ||M2V(u —vi)lle
h dlt

and
1 1 1 1
In2V —up)llo+ 122 (V-u—=V-up) llo < Ch(p2lull 2oy + 221V -ullyio) < Cehllifllo.
where Cg is independent of A.

Proof. Lete, ;= u,—vy, with v, € Vy;,(u). Note that by adding and subtracting w;, and using the triangle inequality
and Korn’s inequality we have

12V @ —w)llo + 122 oV u =V -wy) o < 112 V@ —v)llo + llexll.
For the second term we apply the coercivity (5.3), followed by Galerkin orthogonality
ap(u —uy,,wy) =0 for all w, € V,?
to obtain
acllenlly < ac(en. en) = ag( — vy, ep).
Noting that
AV -(uw—vy),V-en)o=ANV -u—myV-u),V-e)p=0 5.4
we may write
agllenlly < QuVE@ —v), Vier)q < 22V — vl ellells. (5.5

which proves the first claim.
The second claim is immediate, taking v, = m,u and using the approximation properties of mj, (3.2) and
1
the regularity bound (2.4). To show that the constant Cg is independent of A observe that A2 ||V - u|| w2 =

1

max(ci? [u|y2 o), MV - ullgio). O

Proposition 5.3. Let (u, p) € V x Q be the solution to (2.5), with u > 0, o > 0 and (uy, py) the solution to
(4.2). Then there holds

llw —wup, wop — pullp < C inf |lu — vy, Olls
vade

where Vd ={ve VO V.v=myg} and

1 . 1 2 1
lle — s, 70p — palls < Chp? |u| 2y + min(C1ho 2 [ul g1 (o), C2h°0 2 |ul 2 )
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Proof. We introduce, as before, discrete errors ey, := uj, —v;,, with y;, € Vfiv and 1, = mop — pp. Using the triangle
inequality we see that

llw — un, Ollg < llw — vy, Ollg + llen, nalls-
For the second term on the right hand side we apply the stability of Proposition 5.1 to obtain
Agl(en, nn), Wi, gn))

llen, nullz < sup i i
Whan €(VO\0)x (25 \0) h> qnllB

using Galerkin orthogonality we have

Agl(en, nn), Wn, gn)l = Aplw — vy, p — 0 p), Wi, gn)l- (5.6)
Observe that by construction we have

b(gn,u —vy) =0 and b(p — mop, wy) = 0.
The only remaining term on the right hand side of (5.6) is bounded using the Cauchy—Schwarz inequality,

ag — vy, wy) < |lu—vu, Ollgllwn, gnll5-

This proves the first claim and the second follows as before taking v, = m,u € V. and using the approximation
properties of the Fortin interpolant 7, (3.2). O

Since we have imposed the boundary conditions strongly above we cannot take © = 0 in the Brinkman model
corresponding to the case of the Darcy equations. In order to make this limit feasible we will now discuss weak
imposition of boundary conditions using Nitsche’s method.

6. Weakly imposed boundary conditions, Nitsche’s method

Here we will discuss how to impose non-penetration conditions on the space V), as one wishes to do in the
case of zero-traction boundary conditions in elasticity and how to relax the no-slip condition when © — 0 for
the Brinkman model. Therefore we here propose Nitsche methods for the imposition of boundary conditions that
preserve the locking free character for elasticity and are robust in the limit of pure porous media flow for the
Brinkman model.

6.1. Zero traction conditions for linear elasticity
Consider first the elasticity problem (2.1), with the boundary decomposed in 92 := 92, U d {2y where 9{2p and
d{2y each consists of a set of entire polyhedral faces. We assume that
tu=gpondf2pandu-n=gy on df and f(o(u)-n) =0 on 3{2y. 6.1)

Here the tangential projection is defined by ¢ := I — n ® n. The Nitsche formulation then takes the form: Find
u;, €V, such that

Agpn(up,vi) = Lvp) (6.2)
with

Apn(un,vi) = ag@p, vy) — c@p, vy) — cp, wp) + sUp, vi)
and

Lwp) =1vp) + 1c(vi)
where

cup,vy) = @-(opn), v, -n)yo + (o) -n), tvy)so,

s(up,vp) = (y/h( + Amo) up -n, vy -n)yo + (Yiu/h tuy, tvy)yq,
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and

levp) = (@gn, Y/ h(u+Amg) vy -n—n - (0(vp)n))so + @€r, yiu/h tvy, —t(c(vy) - 1))sop-

Observe that the projection 77 in the boundary penalty of the normal component is necessary to avoid locking.
We define the stabilization semi-norm by

1
Wils = sWn,vi)2

and the following augmented energy norm defined on H'({2)

IvallZ = WVall =+ vals.
We recall that || - ||g., is @ norm by Korn’s inequality and Poincaré’s inequality. We recall the trace inequalities
1 1
Ivllar < Cr(h™2 vz +h2(|Vvlz) VT and v € HY(T) (6.3)
and
_1
Ivillor < Crh™2|lvylly VT and v, € V). (6.4)

Using these inequalities it is straightforward to prove the following approximation estimate in the norm || || g, and
a bound on the form c.

Lemma 6.1. The following approximation inequality holds

1 1
lluw — mpullen < Ch(p2|ul g2y + A2V - ulgi0) (6.5)

Proof. The inequality
1 1
lle — mpulle < Ch(p? |ul 2oy + 221V - ulgg).

is immediate by the commuting property and approximation properties of the Fortin interpolant. Considering the
stabilization part we see that using (6.3) on each boundary face followed by the approximation (3.2),

1 1
18/ )2 | = ) - mllag < Chya? [ul .
Using the definition of w;, we see that wym,u - B = 7ou - n and therefore
1
A/ h)2||7o(u — mpu) - mllae = 0.

This last property is necessary to prove that the method is locking free. [

Lemma 6.2. For € > 0 there holds

c(up, up) < elluplly + e Cry " uyl?. (6.6)

Proof. This proof follows the ideas of [20], we include it here for completeness. First we note that
c(up, up) = Qun - Viuyn + AV -y, up - n)yo + Quet(Vuy, - n), tuy)sop .-
Since for F € Fp, V - uy|r € Py(F) there holds
AV up,uy -n)yo = AV - uy, Toup - n)yo.
Applying the Cauchy—Schwarz inequality followed by the trace inequality (6.4) we see that for all € > 0,
@un - (Vuy) -,y w0 < 207 |13 Viulloll2h ™ 2uy - nllyo
< el Vupl} + Che M ndh~ 2wy - nld,
@ut (Vuy ), tu),, < 2Cr |12 Viulo i h™ 2w lsa,

Los., 2 2 1y, 4,1 2
<eln2Viuylln + Cre  ln2h 2tuyllyq,
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1 I
CrlIAzV -uplloy ZIA2h 2mouy, - nllao

A

AV -uy, Toup - n)yo

1 2 24-1_—1yq 4,1~ 2
€AV ~uylp + Cr4™ e IAZh™ 2mouy, - vl .

IA

Summing up the different contributions and observing that
1.1 2 11 2 11 2 1 2
l2h= 2wy - nll50 + 1A2h™ 20wy - nlljo + |2 h™2tuy |y, < v~ lul;
we see that
1 2 1 2 2~ —1, |2
clun, up) < €2p2Viuplg + 142V -upllg) + Cre™ y ™ uply.

This proves the claim. [

Lemma 6.3. Assume that y > 4Cry, then there exists a > 0 such that for all v, € V), there holds,
allvally, < Apan, vi).

For the choice y = 16C2, o = %

Proof. By definition
1 1
Ap s, vi) = 2002 Vvl 5 4+ A2V - wullgy + il — 2¢n, va)
= vallg + al? = 2cvh, va).
Using the result of Lemma 6.2 we see that

Apansvi) = vall% + val? = 21vall% — 2C2y = w2
=1 = 2)lwull3 + (1 =2C3y Hivsl2.

Taking 0 <€ < 1/2 and y > ZC%G’1 proves the claim. For the particular choice € = 1/4 and y = 16C% we see
that

1
Apa®nvn) = Sl O
Proposition 6.1. Let u be the solution of (2.1) with the boundary conditions (6.1) and uy, the solution of (6.2),
then there holds
llw —wnllen < Chiflle

where the constant C is independent of A.

Proof. First note that by the triangle inequality there holds
llw —wnllen < lluw — wrullen + llwawe — wplle n.

Using the coercivity of Lemma 6.3 we have, with e, := m,u — u,,

1 2

Sllenll., = Arnten. en).
Using now the consistency of Agj, we see that

1

Flenlli < ApsGrau —u, ).
We also have the following continuity of the form Ag ;,

LU (N 1 1

App(mpu —u, ep) < Cllenllgn(llmnu — ullpn +h2 w2 V> (mpu — wllye + h2 A/ u2V - (mpu — w)lls o).

Here we used the Cauchy—Schwarz inequality termwise and, for the terms with a factor A, the relations

MV -en + h™ ' Foep, (Tpu —u) -n)yo =0
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and
MY - (e — w), e - mYgg < MRV - (ute — w)llgou?h 2 ey - nllg.
It follows that
%meh s < (s — wlles + k2 10 Vo Gr — w)llog + b2 14/ Y - (o — wlla0).
and as a consequence
e — wnll . < Clllmnte — wllz s+ 2 1w Voo — w)llag + b2 w2 AV - (o — w)ls0).
The error estimate is concluded by the approximation result of Lemma 6.1 and the inequality (6.3) by which
RE 3 VS (o — w)llag + B2 2 A2V - (rate — w)llso < CId V¥ Gy — )l g + 2 IV - (rau — w)]l )
+Ch(u2 ul o gy + 1AV -l ). ©6.7)
followed by approximation. This leads to
e — wall e < Cu™ 2 h(ulul gy + MV - #lg10y) < Chilfllo,

where C depends on u but not on A. The second inequality is a consequence of the elliptic regularity (2.4). [
6.2. Zero viscosity limit for the Brinkman problem

We now consider the problem (2.5), but instead of imposing Dirichlet boundary conditions strongly we here
consider using Nitsche’s method on the tangential component. The Dirichlet condition on the normal component is
still imposed strongly. This way the method can handle all values of the viscosity, also 4 = 0. To fix the ideas we
assume that 0 > 0 and p > 0 in (2.5). If © = 0 we only impose the boundary condition on the normal component
for the boundary condition in (2.5)

u-nlyo=0. (6.8)
We see that the finite element solution will then be found in a subspace of

Vi={peV:@- -nlg=0)
instead of V. To impose this condition strongly on the discrete solution we introduce the space

V,3h ={veV,:v-n=0}L

This space can easily be constructed on polyhedral domains, by setting both the boundary bubble degrees of freedom
and the normal component of the nodal degrees of freedom to zero. The Dirichlet condition on the tangential
component will then be imposed using Nitsche’s method [21].

This time the Nitsche formulation takes the form: Find (u,, p;) € V,E » X QOp such that

Apnn, vi) = lp0hgn). YO, qn) € V), x Q) (6.9)
with
Apnup, vy) = Ag(up, vy) — muy, vy) — m@p, up) + sy, vi)
where
m(uy, vy) = (0 Wy, pp) - 1), tvy)yo = (ut (Vuy - n), tvy)yo
since o(u, p) .= uVu — pl and
s, vi) = (y/hp tuy, tvp)yq.
For the analysis of the Nitsche conditions we define the triple norm

Wva, vl = lva, yully + a3 (6.10)
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As noted in Section 3 there exists an interpolant 7 , : VO V,? , With the same commutation and approximation

properties as 7, in (3.2), with some abuse of notation we drop the subscript 7 below. In particular it is straightforward
to show, using the same arguments as in Eq. (6.5), that the following lemma holds.

Lemma 6.4. Let u € V) then there holds
1 1
lle — 7wpu, Ollg.n < Ch(u2lul g2 o)+ 02 |uly1()
Proof. The proof is identical to that of Lemma 6.1. O

Proposition 6.2. There exists ap, such that, assuming y large enough, then for all (v, y,) € Vno’ n X Qy there
holds

Ap n[vn, Y1), Wn, gn)]

agllvi, yullg.n < sup W T
Whan €V, \0)x Oy ho qnllB

Proof. First we take w;, = v, and ¢, = y;, to obtain

12 Vwsl%, + llo ™2 val% + a2 = 2m(n, vi) = Apaln, 30). Ws, )]
Following the same arguments as in Lemma 6.2 we see that

m(y, vi) < €llva, Ol + Ce ™y~ il
It follows that taking 0 < € < 1/2 and y > 4C?% /e we have

S0 =263, Ol = A a5, 9, O ).
Then we chose w;, = (u + o)_liy, with & as in (3.3).

(1 + o) Hlynlly =AsL0h, y), Wi, 0)] — (LVvy, VWi o — (v, wi)o
+ mwy, vp) +m@u, wp) —y(/htvy, twy)so.

The second and third terms on the right hand side are handled as in Proposition 5.1.
2y, 5 2 o oo 1 2
(uVYR, Vwp) o + (ovi, wip)o < Colln2 Vvl + Collo 2wl + ZCO (A NWallz g
2,5 2 oyt ] —1 2
< GOl Vil + Cillo 2vallly + 2+ 0) ™ 3l o (6.11)
Using the Cauchy-Schwarz inequality, the trace inequality (6.4) and the fact that ¢ € V,? we see that
1 1
mWp, vi) +mp, wp) —y(u/htvy, twp)yo < Crllu2Vwylloy = 2|vil,
< 20+ Il + (€1 Coy i
=7 W lynlie rCo)7y " valy-
Summing the above bounds it follows that,
1 ~1 2 2 2
St o)l = Asl®n, yu), Wi, 01 + Collva. Oll'g -

where we used that (C7Co)?y~! < C§€/4 < Cg. Taking wj, = v;, + (2Co)2( + 0)’1§y and g, = y, +V - v, we
deduce that

1 1
(— - Ze) Iva, O + =5 110, yull < ApLOn, y). Wi, )]
4 8C;

Let now € = % then for o« = 1/8 min(1, CO_Z) > 0 there holds,

allva, yullz, < Aslr. Y1), Wi, gn)].
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To finish the proof note that, as before,
wi. gnlls.n < Vi yallzn + 12C0) (e 4+ )", Oll s
< Wi, yull s + CoY 22 (1 + o) Collynlla < Callvi, yullan,
where Cp is independent of © and o, but not of Cy. The inequality then holds with g = a/Cp. U
Optimal a priori estimates follow using the stability of Proposition 6.2, consistency and continuity.

Proposition 6.3. Under the hypothesis of Proposition 6.2, let (u, p) € V. x Q be the solution to (2.5), with either
uw>0and o =0 o0r u>0and o >0 and (uy, p,) € V,?h X Qy the solution to (4.2). Then there holds

1 1
e —wun, p— prlla.n < Ch(u2lulyag) + o 2lulgi o)

Proof. We introduce, as before, the discrete errors ej, := u;, — w,u and n, = mop — py. Using the triangle inequality
we see that

lle —wp, Ollg,n < llw — mwaue, Oll g, + llen, nill g,
For the second term on the right hand side we apply the stability of Proposition 6.2 to obtain

Ag. nl(en, nn), Wi, gn)]
agllen, nullzn < sup .
Wi gn €V \0)x (05\0) wn, gnlls,n

using Galerkin orthogonality we have

Apnlen, nn), W, qi)] = Appl(w — mpu, p — mop), Wi, qp)l.

The form Ap is handled as in Proposition 5.3. Using the orthogonality properties of the 7, and my in the form b
we see that

Apnlw —mu, p —mop), Wh, qn)] < llu — mru, null.ullwn, Oll .1 + Im(wWp, u — mpw)| + Im(u — wpu, wy)|

For the Nitsche terms we see that using the Cauchy—Schwarz inequality followed by the trace inequality (6.3) and
the approximation of Lemma 6.4

1
mwy,, u — wpu) +m@ — g, wy) < Cllwy, Oll g2 hlul g2 o)

where we also used an argument similar to (6.7) to obtain the bound ||/L%V(u — )]s < C,u%h|u|Hz(Q). The
stabilization term is bounded by applying the Cauchy—Schwarz inequality

s(u —mpu, wy) < |lu — muulgwyl; < llu — muu, Oll g nllws, Oll 3.5
We conclude that
1
agllen, nullz.n < C(llu — mpue, Ollp,in + w2 h|ulg2c0)-

Applying the approximation properties of the projection 7, from Lemma 6.4 now proves the claim. [J
6.3. Superconvergence of the primal variable in the Darcy limit

Here we will prove that in the Darcy limit, the pressure variable converges to 7o p with the rate O(h?) on convex
domains. To fix the ideas we consider (2.5) with f =0, 0 = 1, u = 0, and the boundary condition (6.8). We let
(uy,, pr) denote the solution of (6.9). Note that in this case we solve the problem —Ap = g with Vp-n|;n = 0. The
following superconvergence result shows that we can use postprocessing to obtain a piecewise affine approximation
of p that has optimal convergence in H'! and L? norms.

Proposition 6.4. Let {2 be convex. The following bound holds

Imop — pulle < Ch*lIgllo + hllg — mogll)-
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Proof. Let ¢ be the solution of the problem
—Ap =mop — pn

6.12
Vo -n=0. ( )

By the convexity assumption on {2 there holds by elliptic regularity
1Pl a22) < Cligle and @l g2) < Cllmop — prllo- (6.13)

By the definition of (6.12) we have
I0p = palle; = (Top — pus Ap) = (p — pu, V - 1 V).
By the definition of (6.9) there holds
(p—pn, V -nV@)o = U —up, 1hVp)o.
Now we add and subtract Vg on the right hand side to obtain
(u—up, 1V = Vo)o+ @ —up, Vo)o =1+ 11.
Using the Cauchy—Schwarz inequality and the interpolation properties of m;, we see that
I < |lu—uplleChlo|y2g)-
For term /1 we integrate by parts and use once again the definition of (6.9).
I <|(V-(u—up), o —mop)el = (g —mg, ¢ — mop)el < llg — mogllaChle|yi g

Collecting the above inequalities we see that using the error estimate of Proposition 6.3 and the elliptic regularity
(6.13) there holds

Imop — pull%y < Ch(lle — u. Oll s + llg — mogll el 2
< C’lglle +hlg — mgl)llmop — pulla-
This concludes the proof. [l

6.4. Further remarks on using Nitsche’s method for the imposition of slip conditions

We will here discuss the imposition of the normal component of the velocity using Nitsche’s method in the
context of Brinkman’s problems with slip boundary conditions. This is useful in cases where the domain is not
polyhedral. Note however that we do not here account for effect due to the geometry approximation. We consider
pure slip boundary conditions

u-n=0and? (o(u, p)-n)=0o0n {2, (6.14)

where o (u, p) :== uVu — pl. This problem is well-posed in the space V.
This time the Nitsche formulation takes the form: Find (u;, p,) € Vi, x Q) such that

Apn(@n, ve) = lgWn, gn), YOn, qn) € Vi X Qn, (6.15)
with

Apn(up, vi) == Ap(un, vi) — c(@p, pn), vi) — (O, 0), wp,) + sy, vi) (6.16)
where

c((@n, pn)svi) == (- 0@y, pp) - N, vy Ny
and

s(up, vi) = (y/h(p +0) up - n, vy -n)yq.

Observe that to avoid perturbing the mass conservation the pressure test function is absent in the second c-form of
the definition (6.16). This destroys the anti-symmetry of the pressure velocity coupling in the boundary terms. One
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may however prove that inf—sup stability of a slightly modified version of the norm defined in (6.10) still holds.
Indeed, since the normal component of the vector fields is no longer imposed to be zero in the space, V - u;, is no
longer in Qj,. Therefore we can only hope to control V -u;, — | o V-u; dx. The constant is still controlled thanks to
the penalty term. To recover control of the full divergence it is sufficient to add one Lagrange multiplier imposing
that fa o Wn-n ds = 0. Proceeding as in the proof of Proposition 6.3, using, inf-sup stability, Galerkin orthogonality
and continuity, one may then prove the following a priori error estimate.

Proposition 6.5. Let (u, p) € V x Q be the solution to (2.5), with the boundary conditions (6.14) and either
u>0and o > 0o0r u > 0and o > 0, and (uy, pr) € Vy, x Qy, the solution to (4.2) (assuming vy sufficiently
large). Then there holds

1 1 _1 _1
lu —wn, p— prlla.n < Ch(u2lul o) + o 2lulyig) + v~ 200 + W7 2|plyia)

Remark 6.1. We observe that the error estimate of Proposition 6.5 is less robust than that of Proposition 5.3, since in
the former the pressure appears on the right hand side. This is due to the appearance of a term (p — wop, Wy - R)s0
after application of Galerkin orthogonality. This term cannot be eliminated through the choice of my, since this
approximation already has been fixed by imposing orthogonality on the bulk of each element. Note however that
the constant in front of the pressure term can be made as small as desired by choosing the penalty parameter y large.
Moreover, in the Darcy limit o2u ~ 0~ 2V p and therefore the term o 2|u| 1) ~ 02|V plyio) > 07 2|plyi
and it follows that the pressure contribution is the lower order term. The limit where both u and o go to zero
simultaneously is not physically relevant.

7. Numerical examples

In this section we provide some details on the practical implementation of the approximation and give numerical
examples of near incompressible elasticity, Stokes flow, Darcy flow, and coupled Darcy—Stokes flow. For simplicity,
we consistently use strong imposition of boundary conditions in the examples.

7.1. Elasticity

We consider the well known Cook’s membrane, which is a quadrilateral with corners at (0,0), (48,44), (48,60),
and (0,44), in a condition of plane strain. The quadrilateral is fixed, # = (0,0), at x = 0, has zero traction,
o(u)-n = (0, 0), on the upper and the lower boundary, and o (u#)-n = (0, 1) (a vertical shearing load) at x = 48. This
particular choice of boundary traction and a Young’s modulus of E = 200, is taken from [22]. Cook’s membrane is
highly susceptible to locking in the incompressible limit for low order elements as we illustrate in Fig. 3, where we
compare the present method to a standard piecewise linear approximation on the type I triangles in the same mesh.
The standard method locks as v — 0.5, whereas the present method is unaffected. The results compare well with
those of [22]. In Fig. 4 we show the mesh of macro triangles and the computed deformation obtained the present
method.

7.2. Stokes flow

We consider a problem on the unit square (0, 1) x (0, 1) with exact solution
u = (20xy>, 5x* = 5y%),  p =60yx* —20y> —5

with f = (0, 0) and Dirichlet boundary conditions given by the exact solution. Zero mean pressure is enforced by
a Lagrange multiplier.

In Fig. 5 we show the convergence obtained with our method. The meshsize is defined as 1/4/NNO, where NNO
is the number of nodes on the grid of macro triangles. The dashed lines have inclination 1:1 and 1:2. The discrete
solution on one of the meshes in the sequence is shown in Fig. 6.
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Fig. 3. Locking with standard linear elements and locking free solution with the present approximation.
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Fig. 4. Mesh and corresponding solution for v = 0.49999.

7.3. Darcy flow

We consider a problem from [2] on the unit square (0, 1) x (0, 1) with exact solution
u = (—m sin’ (x) sin 27y), 7 sin @ x)sin® (wy)), p = sin(7x) —2/7
given by
f= (rr (cos (Tx) — sin’ (mx)sin (2my))), w sin 2w x sin? (ny)) ,

and Dirichlet boundary conditions # - n = 0 on the boundary. Zero mean pressure is again enforced by a Lagrange
multiplier.
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Fig. 5. Convergence for a Stokes problem on a sequence of meshes.

Fig. 6. Velocity and pressure solutions on a mesh in the sequence.

In Fig. 7 we show the convergence obtained with our method. The meshsize is defined as in the previous example,
as are the dashed lines. The discrete solution on one of the meshes in the sequence is shown in Fig. 8.

7.4. Coupled Stokes—Brinkman flow

In this section we show two examples of coupled Stokes—Brinkman flow. The domain is (0, 2) x (0, 2) in both
cases. In the first example we show normal coupling. The boundary conditions are # = 0 at x =0 and x = 2. We
letpu=1ando =0fory <1. Aty > 1 we choose o = 1 and decrease ;. We use a right-hand side f = (0, 100).
In Figs. 9 and 10 we show the streamlines for successively decreasing o € {1, 1072, 1073, 107%} on an 80 x 80
nodes uniform mesh. The flow tends to be uniform in the upper part and has to make a turn from a parabolic profile
in the lower part at y = 1.
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Fig. 7. Convergence for a Darcy problem on a sequence of meshes.

Fig. 8. Velocity and pressure solutions on a mesh in the sequence.

Fig. 9. Streamlines for ;= 1 and pu = 1072
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Fig. 10. Streamlines for u = 1073 and pu = 107°.
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Fig. 11. Velocity profiles for © =10 and u = 1.
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Fig. 12. Velocity profiles for u = 10~" and p = 1072,

19

The second example concerns tangential coupling. The domain and right-hand side are the same, but the boundary
conditions are # - n at x = 0 and u = 0 at x = 2. Here we take u = 100, 0 = 0 for x > 1 and o = 10? with
decreasing p for x < 1. In Figs. 11-12 we show the velocity profiles at y = 1 for u € {10, 1, 107!, 1072} computed
on an 80 x 80 nodes uniform mesh. Note the oscillations occurring for decreasing i, related to the forced tangential
continuity which cannot be upheld as /o — 0. The remedy for this effect (which will occur in the limit also for the
normal coupling example) is to release tangential continuity or invoke an interface law relaxing tangential continuity
using a physically motivated model [23], or using a variant of Nitsche’s method as described above, cf. also [3].
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