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The exact solutions of spherically symmetric space-times are explored by using Noether symme-
tries in f(R, ¢, X) gravity with R the scalar curvature, ¢ a scalar field and X the kinetic term of ¢.
Some of these solutions can represent new black holes solutions in this extended theory of gravity.
The classical Noether approach is particularly applied to acquire the Noether symmetry in f(R, ¢, X)
gravity. Under the classical Noether theorem, it is shown that the Noether symmetry in f(R, ¢, X)
gravity yields the solvable first integral of motion. With the conservation relation obtained from
the Noether symmetry, the exact solutions for the field equations can be found. The most impor-
tant result in this paper is that, without assuming R = constant, we have found new spherically
symmetric solutions in different theories such as: power-law f(R) = foR" gravity, non-minimally
coupling models between the scalar field and the Ricci scalar f(R, ¢, X) = foR"¢™ + f1X? —V(¢),
non-minimally couplings between the scalar field and a kinetic term f(R, ¢, X) = foR" + fip" X7,
and also in extended Brans-Dicke gravity f(R, ¢, X) = U(¢, X)R. It is also demonstrated that the
approach with Noether symmetries can be regarded as a selection rule to determine the potential
V(@) for ¢, included in some class of the theories of f(R, ¢, X) gravity.

I. INTRODUCTION

Through the current observations such as Type Ia Supernovae |1], cosmic microwave background (CMB) radia-
tion [2], large scale structure [3], baryon acoustic oscillations (BAO) [4] and weak lensing |5], it has been revealed that
the cosmic expansion is accelerating at the present time as well as in the early universe at the inflationary stage [6].
Two main approaches have been proposed in order to account for the late-time accelerated expansion of the universe.
The first is the way of assuming the existence of dark energy in the framework of general relativity. The second is
that of modifying the theories of gravitation at the large-scales (for recent reviews on the theories of modified gravity

and the issue of dark energy, see, for instance, [1]).
In addition, more recently, LIGO has detected that in the coalescence phase, strong gravitational waves are emitted

by the system of two black holes |&]. The first event was the emission from black holes whose masses are about 30 solar
ones and the following ones are those from some-black-holes mergers [9-12]. Furthermore, strong gravitational waves

have been discovered from the two-neutron-stars collision [13], and this fact led to the multi messenger astronomy.
For f(R) gravity and the scalar-tensor theories |14], with the Neutron Star Merger GW170817 [13], the cosmological

bounds have been studied. Also, by using GW150914 and GW151226 |9, [15, [16], the observational constraints on
modified gravity theories have been examined |17]. Gravitational waves in the context of modified gravity theories have
been analyzed [18-24]. Under such current situations, it is very significant to investigate the solutions of spherically
symmetric solutions that could describe black holes, which are the sources emitting gravitational waves, in modified
gravity theories in detail so that we can find some clues to deduce information of fundamental physics in strong gravity
regions.

gI‘he various laws of conservation such that energy conservation, momentum conservation, angular momentum
conservation, etc., are directly related with symmetries of a given dynamical system and provide the integrals of
motion which are indeed the result of existence of some kinds of symmetry in that system. Using the Noether
Symmetry Approach, it is possible to obtain conserved quantities asking for the symmetries of the Lagrangian. The
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existence of some kinds of symmetry for the Euler-Lagrange equations of motion possessing a Lagrangian would
immediately be connected with the Noether symmetry. Even if there is no any specific theory favored by the Noether
symmetry approach, the discussions from the literature [25] point out that the existence of Noether symmetries is
capable of selecting suitable gravity theory and then to integrate dynamics by using the first integrals corresponding to
the Noether symmetries. A consequent process with regard to the first integrals due to the Noether symmetries allows
to achieve exact solutions of the dynamical equations for the gravity theory. Furthermore, it should be noted that
the Noether symmetries are not only a mathematical tool to solve or reduce dynamics but also their existence allows
to select observable universes/black holes/wormholes etc. and to select analytical models related to observations
[26]. The existence of a black hole (or any astrophysical object) is due to the solution of field equations for the
selected theory of gravity, which provides a non-trivial structured linkage of disappeared points in the space-time.
In particular, it is possible to classify singularity behaviors of any gravity theory which may be related to Noether
symmetries, and then decide which one is physical or unphysical solution.

In this paper, with Noether symmetries, we investigate the exact solutions of spherically symmetric spacetimes in
f(R, ¢, X) gravity, where R is the scalar curvature, ¢ is a scalar field, X is the kinetic term of ¢, and f(R, ¢, X) is
a function of R, ¢ and X |27, 28]. This theory can describe various modified gravity theories including the scalar-
tensor gravity and f(R) gravity. In particular, we adopt the classical Noether approach in order to find the Noether
symmetry in f(R, ¢, X) gravity. See |25] for some studies related to Noether symmetry approach in modified gravity.
As a result, from the classical Noether theorem, it is shown that the Noether symmetry in f(R, ¢, X) gravity leads
to a kind of the first integral of motion, which are able to be solved, so that we need not to analyze the cyclic
coordinate, as explored in detail in Ref. [29]. Thus, we derive exact solutions for the field equations by using the
conservation relation coming from the Noether symmetry acquired. Moreover, it is demonstrated that the approach
with Noether symmetries can be regarded as a selection rule to determine the potential form V(@) of ¢, which exists
in some class of theories described as f(R, ¢, X) gravity. One important approach in this paper will be to obtain
new spherically symmetric solutions in this extended theory of gravity without assuming R = constant, as in other
papers. If one assumes R = constant, one looses the higher order terms coming from f(R) gravity, making the theory
not so interesting. The organization of the present paper is as follows. In Sec. II, we explain f(R, ¢, X) gravity in
spherically symmetric space-time. In Sec. III, we explore the symmetry reduced Lagrangian in f(R, ¢, X) gravity. In
Sec. IV, we investigate the approach with the Noether symmetry. In Sec. V, conclusions are finally presented.

II. f(R,¢,X) GRAVITY IN SPHERICALLY SYMMETRIC SPACE-TIME

The action that we will consider reads [27]

S:/d4x\/—_g {% (Ro, X) + Lun| . (1)

where k? = 877G, Ly, is any matter Lagrangian and f is a function which depends on the scalar curvature R, a scalar
field ¢ and a kinetic term being equal to

X = —; 0" 0,0, (2)

where € is a parameter that if is equal to 1 represents canonical scalar field and equal to —1 represents a phantom scalar
field. Clearly, the above action has many different scalar tensor theories such as Brans-Dicke types (f(R, ¢, X) =
(¢, X)R) or minimally coupled scalar tensor theories (f(R, ¢, X) = a(R) + v(¢, X)). Variations of the action (1))
with respect to the metric yields

1 €
fRGuu = 5 (f - RfR) Guv + vuvufR - guuvavafR + §fX (vu¢)(vu¢) ) (3)
whereas variations with respect to the scalar field ¢ gives

Vi (fx Vo) +efy =0. (4)

Here, we have assumed the vacuum case where Ly, = 0 and fr = 0f/OR, fx = 0f/0X and fy = 0f/0¢. It should
be noted that the Schwarzschild solution is the unique spherically symmetric vacuum solution in GR, but we will see
that this no longer holds in f(R, ¢, X) theory of gravity. We also mention here that the vacuum solutions do not

necessarily imply a null curvature R = 0 or R = const., which lead to maximally symmetric solutions, to the contrary
in GR. The trace of Eq.(3]) yields

Rfr+Xfx —2f(R,¢,X)+30fr =0, ()



where 00 = V#V,. The latter equation will be useful in studying various aspects of f(R, ¢, X) gravity.
Let us now consider that the space-time is spherically symmetric such as the metric is

ds® = —A(r)dt* + B(r)dr?® + M (r)(d6? + sin 6%dp?), (6)

where A(r), B(r) and M (r) are functions of the radial coordinate r. It is easy to see that in this space-time, the scalar
curvature is

1 |:A// 2M// A/B/ M/A/ M/B/ A/2 M/2 2B:| (7)
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For the metric (@), the field equations (B]) become
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whereas the modified Klein-Gordon equation () yields
1 A B M’
h{&+§d<2~g§+2ﬂv]+ﬁ@wam_0 (11)

In above equations, primes denote differentiation with respect to r, therefore, the terms f;, = frrR'+ fred' + frRx X'
and fiy = frx R + fxed' + fxx X'

IIT. SYMMETRY REDUCE LAGRANGIAN IN f(R,¢,X) GRAVITY

For simplicity let us express the scalar curvature as follows
AI/ 2MI/

R=F -5~ B

(12)
where

A/B/ A/M/ A/2 B/M/ M/2 2
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contains only first derivatives terms. One can rewrite the action into its canonical form in such a way that we can
reduce the number of degrees of freedom. In our case, we have

R*

Sf(R,d),X) :/dT‘C(AaA/aBaB/aMaMlvRaR/a¢a ¢/)5 (14)

Recall that X depends on ¢'. Then, the action () in spherically symmetric space-time (@) becomes

Spr.e.x) = /dr {f(R,¢,X) =M (R—R)— X2 (X - X)} MVAB (15)
where X = —55¢ 2. Here \; and )\, are the Lagrangian multipliers that can be directly found by varying with respect

to R and X, giving \; = fr and Ay = fx respectively. Then, the above canonical action can be rewritten as

sﬂa¢xy=/ﬁr{ﬂR4mX)—fR{R—(R*—‘4/ 2”“)]—fx(x+~f—dﬂ}ﬂ4¢Z§, (16)
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where we have integrated by parts and ignored boundary terms. Then, the symmetry reduced Lagrangian becomes
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Note again that f, = frrR' + fre¢’ + frxX’. Varying the symmetry reduced Lagrangian (I8)) with respect to the
metric coefficients A, B, M, and the scalar field ¢ we obtain, respectively

2M"  M'B’ M2 2 2M' B
A
M/Al MI2 M/ A/ €

I (m*m) fh <2 z)—gfxsb'? [f+(3—R> fR—Xfx]—O, (20)

B(f - Rfr) =0, (21)
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The latter equation is the modified Klein-Gordon equation given in (IIJ). Since the equation of motion (20]) describing
the evolution of the metric potential B does not depend on its derivative, it can be explicitly solved in terms of B as
a function of other coordinates such that

/ 2 ’ !
fR(AfWA +2I\1/{42)+f1/%(147+2M) 3fx ¢/2

+eMVABfs =0. (22)

B= (23)
f+(F-R)fr—Xfx
By inserting the Ricci scalar R given by () into the equations ([9) and (2IJ), one get
2M// M/A/ M/B/ M/2 A/ B/
and
M M’A’ M'B" 2B A B M
B 4 )—2fl+Bf=0 25
o (5 + 3174 - anm — 3 )~ fx (5~ 5 + 55 ) 2R+ BI =0, (25)

in which the Eq.(24) comes from the field equations (8) and (@), and the Eq. (28] is equivalent to the field equation
(). The energy functional E. or the Hamiltonian of the Lagrangian £ is defined by

W OL
aq/i

Now, we calculate the energy functional E., for the Lagrangian density £y which has the form

!/ 12 !/ !/ €
B, =\ L (B4 MY i (B 4230 ) - w0~ DM~ X+ (2~ MRM . (20

It is explicitly seen that the energy function E., vanishes due to the field equation (20) which is obtained by varying
the Lagrangian (I8) according to the metric variable B. Therefore, the solution of equation Ez, = 0 in terms of B is

given by (23).
We note that the Hessian determinant of the Lagrangian (I8]), which is defined by H Bq” aq,J |I, is zero. This is because

Ec=q (26)

of the absence of the generalized velocity B in the symmetry reduced Lagrangian (I8)). It is known that the metric

variable B does not contribute to the dynamics due to the symmetry reduced Lagrangian approach, but the equation

of motion for B has to be considered as a further constraint equation. Thus, the new Lagrangian reads £} = L2

with

AMI2
2M

=[M(f—Xfx)+(2— MR)fg] [fR (M'A’—f— )+f1’%(MA'+2AM’)—§fXMA¢'2 , (28)



which is not explicitly dependent on r, so it is a canonical Lagrangian, and the quadratic form of generalized velocities
A" M' R, ¢’ and X’ and thus coincides with the Hamiltonian. Therefore, we can consider £ as the new Lagrangian
with five degrees of freedom. The Hessian determinant of £ is still vanishing, which comes from the selection of X
as a coordinate of the configuration space. This new Lagrangian has a property that if f(R, ¢, X) = F(R), then the
Hessian determinant of the Lagrangian is now non-vanishing as it is expected. Therefore it has to be supposed that
M(f—Xfx)+ (2— MR)fr # 0, which is necessary since the above definitions of B, the Eq. (23)), and £, the Eq.
([28)), lose significance. Furthermore, using the Eq. (26) we calculate the energy function for the new Lagrangian (28]
and find that

c=AB[M(f — Xfx)+(2— MR)fr]*, (29)

which is explicitly non-vanishing. The new Lagrangian (28] is useful to compare the Noether symmetries obtained in
this study with the results of Ref. [29], where they have been selected families of f(R) models in which the spherical
symmetry has been imposed, and searched for exact spherically symmetric solutions in f(R) gravity by requiring the
existence of Noether symmetries. In order to facilitate the comparison with the results of Ref. |29] for the power-law
form f(R,®,X) = foR™ we use the Lagrangian (28]) to compute the Noether symmetries.

IV. NOETHER SYMMETRY APPROACH

In this section, we seek for the condition in order that the Lagrangian density (I8]) or (28]) would admit any Noether
symmetry which has a generator of the form

0 .0
Y=¢6— f— 30
g, o (30)
where ¢° are the generalized coordinates in the d-dimensional configuration space Q@ = {¢%,i = 1,...,d} of the

Lagrangian, whose tangent space is TQ = {¢*,q'"}. The components ¢ and n' of the Noether symmetry generator Y
are functions of  and ¢'. The existence of a Noether symmetry implies the existence of a vector field Y given in (30)
if the Lagrangian £(r, ¢*, ¢"*) satisfies

YWUL 4+ £(D€) =D, K, (31)

where Y[ is the first prolongation of the generator (30) in such a form

YU =y 4y (32)

i—

aq/i ?
and K (r,q") is a gauge function, D, is the total derivative operator with respect to r, D,. = /9r +¢''0/dq", and n'* is
defined as n* = D,n’ —¢'*D,.£. The significance of Noether symmetry comes from the following first integral of motion
that if Y is the Noether symmetry generator corresponding to the Lagrangian L(r, ¢*, ¢’*), then the Hamiltonian or a
conserved quantity associated with the generator Y is

0L
I=—-¢E,+7 8q/i

- K, (33)

where [ is a constant of motion or Noether constant.
Let us start with the Lagrangian (28), where ¢* = {A,M,R,$,X},i = 1,...,5. Then the Noether symmetry
condition (BI]) for this Lagrangian yields 26 partial differential equations as follows

§7A = 07 §7M = 07 §7R = 07 §,¢ = 07 ng = O’ K’T = O’

1 1
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fre (Mn'x +2A0°¢) + frx (Mn', + 2An%) — eMAfxn’x =0,  fan’s + M (frRen’s + fren'a + frRxN 1) =0,
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where F' = [M(f — Xfx)+ (2— MR)fg] # 0. Then we solve the above system of differential equations to get the
Noether symmetry Y = €0, + n'0a +1n?0n +1°0r + 1n*0s + 1n°dx . The above system implicitly depends on the form
of the function f(R, ¢, X) and so, by solving it, we also get a wide class of gravity theories related to the form of
f(R, ¢, X) which are compatible with spherical symmetry. We point out here that the Noether symmetries for any

form of the function f(R, ¢, X) are
Yl :8T, Y2 :Tar—FAaA, (35)

which are trivial solutions of the above system in any case. In the following we will consider some forms of f(R, ¢, X)
to search the Noether symmetries. To do this, we will split the study in five different types of f(R, ¢, X):



= foR", where fy and n are constants (see [V Al).

= foR + f1X?—V(¢), where fo, f1 and q are constants and V(¢) is a potential (see [V B).

- f = fo¢p™R" + f1 X9 -V (¢), where fo, f1,m,n and ¢ are constants and V(¢) is a potential (see [V.C]).
. f(R, ¢, X) = foR" + f1¢™ X9, where fo, f1,m,n and q are constants (see [V D).

. f(R,6,X) = U(¢,X)R, where U(¢, X) is an arbitrary function which depends on the scalar field ¢ and the
kinetic term X (see

fR¢,

(
- f(R,
(R,
(

O W N
\./\_/\_/\./

In each case, some subcases where some specific parameters will be also studied. The specific cases listed above
represent different classes of modified theories of gravity that can be constructed with the curvature scalar X, a
scalar field ¢ and a kinetic term X. The first model has been widely considered in the literature and represents a
power-law f(R) gravity |30-132]. These models provide a good fitting for galactic rotation curves [33]. The second
model represents a generalisation of minimally coupled models (quintessence models) where the parameter g gives
the opportunity to have power-law kinetic terms in the action. Similar models have been studied in [34, 46]. The
third model represents a class of non-minimally couplings between a scalar field and the Ricci scalar. The case m = 2
and n = 1 has been widely studied in the literature, and in cosmology, it can reproduce a late-time accelerating
scenarios with the possibility of crossing the phantom barrier [36, [37]. Other studies have considered other power-law
parameters, see for example [38-440]. The fourth model is another family of coupling models where now the kinetic
term is coupled with the scalar field. This model is a particular case of the k-essence models, which can describe
late-time accelerating behaviour of the Universe and can describe inflation in a good agreement with cosmological
observations [41-43]. Moreover, these models also can achieve a unified model for dark matter and dark energy
avoiding the problems of the generalized Chaplygin gas models, which are due to a non-negligible sound speed in
these models [44]. Finally, the last model represents a Brans-Dicke theory, see [45, 146] for more details about this
theory. All these models have been widely studied in the literature in the context of cosmology but due to the difficulty
of finding exact solutions, there are not so many studies concerning non-trivial spherically symmetric spacetimes. In
this paper, we will find exact solutions to the models since they have interesting physics properties.

A. Case (i): f(R,¢,X)= foR".

This power-law form of f(R,®,X) gives the well-known f(R) theory of gravity, and Noether symmetries have
been investigated in Ref. [29]. As an example to see how our approach works, we revisit this form of f(R, ¢, X).
Furthermore, the trace Eq.(@) in this case becomes

3n0(R™ ') + (n—2)R" =0, (36)

which gives R = 0 for n = 1, R = 0 for n = 2, etc. We find from the system (BI) that the components of the
Noether generator Y for this case are

52017‘4—02, 771 = [Cl+C3(2’I’L—3)] A7 772 :C3M7 773 = _C3R7 774 :0:7757 K:C4, (37)
which yields that Y1, Yo and
Y3 = (2”—3)A8A+M(9M —R@R, 71750,1,2 (38)

are Noether symmetries. This explicitly represents that there exist extra two Noether symmetries Y; and Y5 in
addition to the known one Y3 found in [29]. The first integrals of the above Noether symmetries are

R M
I =—E;, L =ILr+ f2nMAR*™Y 2n + (1 —n)MR) [(n D5+ ﬁ} (39)
R A’
Is = fAnMAR?*™= Y [2n 4 (1 — n) M R] [(n ~DEn -5 +(2- n)I} , (40)
where I; is non-vanishing due to the E,; # 0. Then, arranging the above first integrals one gets
A 2M'\ M (A M LR
(n—l) + +— |7t =% ;
R\ A M M\ A 2M nffMA[2n+ (1 —n)MR)]
R M I — Iir)R21—™)
n-nZ Mk hr) , (41)
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A R’ ISRQ(I—n)
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where n # 1,2. Solving the third equation of (] in terms of A, one finds

(n—1)(4n—5)
2—n

Ig / R dr
fén(2—n) ) M(2n+ (1 —n)MR)]

(n—1)(2n—1)

A=R"w=

AO + I (42)

which has same form obtained in [29]. Due to the previously obtained relation (23]) of the metric function B, it takes
the form for this case:

b= [2n+ﬁ4n>MR1 [(”‘1)%(%/+2ﬁ)+%(%’+%)]' )

We observe here that one can find the metric functions A and B if the functions M (r) and R(r) are known one way or
another. One can give so much examples of the exact solutions for the field equations using the above relations (@2),
(@) and ([@3). Here the Eqs. () are constraint equations to be satisfied. If one chooses M (r) = r? and R = Rgr?,
one gets hypergeometric functions for both A(r) and B(r). There are some specific cases for p where one can get
analytical solutions without those hypergeometric functions. The easiest case is as it was chosen in Ref. [29], where

one takes n = 5/4,p = —2, Ry = —5 which gives R(r) = —T%. The minus sign in R is due to the signature of the
metric. For this case, the metric coefficients A and B from the relations {@3]) and [@2) are obtained as
1 1
A(r) = —= (kir +k2),  B(r) = ——, (44)

V5 2 (1 + ﬁ)

kir
where ki = Ag, ko = 3215/(225f2), I = —Iaky/ko and I3 = —I3/2 which comes from the constraint equations (&I]).
The latter solution was already found in [29]. It should be noted that the above metric is non asymptotically flat,
has a horizon at r = —ks/k; and it was ruled out by Solar system tests [47]. Another new solution can be found by
taking M (r) = r%, R = Ror? and p = (n — 2)/(4n* — 10n + 7), which gives the following metric coefficient

_ —8n2+19n—12
(n=1)(2n—1) amiosnir Jy(n—1) (4n® — 10n +7) Ry" 2nr 4n?—10n+7

Alr) = et A el o
(T) ra 10n+7 oliy 4](8”3(” _ 2) (8712 —19n + 12) og (n — 1)R0
2 2—2n
I3 (4n> —10n +7) R? el )

2f8n?(n —2) (8n%? — 19n + 12)

The expression for B(r) is involved but can be directly found by using Eq. (@3). Another analytical solution can be
found from [{@2) by taking M(r) =12, R = Ror? and p = (2 — n)/(4n? — 9n + 5). This solution reads

747124»97175

8n2—19n412
I3(n—1)(4n—5)R, " ? log ((n — 1) Ror an7=on+5 — 2n)

1—on 2n2-3n+41

A(r)y=r=—5R, " * Ag +

2f8(n — 2)n?(n(8n — 19) + 12)

IgT%RS_Qn log(r)
2 -2

with B(r) being also too involved to write it here but it can be easily found with Eq. (@3]).
It is possible to give some other examples to produce new solutions from the generic statements for A and B. If we

take n = 1/2, M (r) = r? and R(r) = Ror~?, then it follows from (), ([@2) and @3] that ¢ = 2/3 and Ry = 1, which
gives

(46)

2k 2
Afr) =40 |1 - == |, B(r) = , 47
where k = 2I3/(3A0f2). This solution has an event horizon at r = (2k)3/? and it is asymptotically flat. Furthermore,
taking M(r) = r? and R(r) = Ror~?, the equations (@), @2)) and {3) yield ¢ = 2/43 and Ry = 1006/321 for n = 3,
and ¢ = 4/167 and Ry = 72/23 for n = 4, which gives rise to the solutions A and B

T

AoRy° A3kREY  13/43 p84/43 I
Alr) = 20743 — T =i B(r) = - — P TNEmEY7ENS k=—"0, (48)
r 13(Ro — 3) 86 (Ro — 3+ 12kRy4r13/43) 640/
for n = 3, and
Ar) = ARE? 6TRRS 41/167] g () = 30752 r—330/167 b B )
R (3Ro—8) » VT 97889 (93R, — 248 + 16TKRI/6T) T BAGfZ



for n = 4. These two solutions are also asymptotically flat. To the best of our knowledge, the five solutions ([@5])—(Z9)
are new spherically symmetric solutions in power-law f(R) gravity. It is important to remark that in the literature,
many authors have found solutions in f(R) only considering R = constant, which indeed is a trivial case since all the
higher order terms considered in f(R) disappears. The above new solutions could be interesting since they contain
some logarithmic terms that could be related to dark matter [48].

For n =1 (the GR case), i.e., f(R,$, X) = foR, the reduced Lagrangian and the constraint (23] for B become

24 M (24 M
EGR—AM<A 35 ) Bgr =M T T ) (50)

which yields that the energy function is E¢,, = A Bgr. Then we find from the Noether symmetry condition (BII) for
the above Lagrangian the following Noether symmetries

1

Y, =08,, Yy=r0+A0s, Ys=A04— M8y, Yi= \/—Ma“" (51)
Y; = \/%8,4 — VMo, Yo =120, +2rMdy with K = 4MA, (52)
Y; = \;%8,4 — 9V My with K = —4AVM, Y= \/Lﬁa"‘ with K = 4v/M, (53)
which gives rise to the following first integrals
I, =—FEry,, In=Lr+2AM', Iz3=-2MA' I,= % Iy = —24AVM <2Z/ + %) : (54)
Is = Lir* + 4rM A <AZ/ + %’ - %) . Ir=—2rAVM <22V + % - %) . Ig = Lir — 4V M. (55)

Here we point out that the Noether symmetry Y3 for GR Lagrangian has only been obtained in [29]. Using the above
first integrals, the functions A and M together have the Schwarzschild form with some constraints as follows

I7 —I5T‘ Il

1 2
= B=—— M = — (Iyr — I, 56
Lir— I3’ A’ TR (56)
4[1 IQ 4I2 I4
Is = —, Is=—(Iy—2I I, = —, Ig=— (I —2I3). 57
s=1,0 b Il(z 3), Ir I, Il(z 3) (57)
Thus the standard form of Schwarzschild solution is covered for Iy = —1,I4 = —4,I5 = 1,1 = 0,Ig = 0 and
I, = 213 = —1I7 = 8m, where m is the Schwarzschild mass, which means that the Noether symmetry relates the

first integrals Io, Is and I7 with the Schwarzschild radius or the mass of the gravitating system. For the classical
Schwarzschild solution, the event horizon at r = 2m corresponds to a singularity of the Schwarzschild coordinates at
which ggo = 0, i.e. A(r) =0, and g1 = B(r) tends to infinity. It is known that a horizon is a null-hypersurface, and
one can say that r = constant is the null-hypersurface at A(r) = 0 which yields all the possible horizons.

For n = 2, the Noether symmetries are Y1, Y2 given in (35) and
Y3 = A0a + MOy — RORg, (58)

with the first integrals I; = —E, and

R M
Iy =ILir+2f§MAR*(4 — MR) (E + ﬁ) : I3 =6fiMA(4 — MR)RR/, (59)
in which the latter first integral yields
I3
A= 60
6f3M(4— MR)RR'’ (60)
with I3 # 0. Then it follows from the first integrals (59) that
R 1 M’
— =, (61)

R (Bhr+ao) M
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which has a solution

213

R=Ro(1+%)" (62)
r
for M(r) = r?, where Ry is an integration constant, o = I3 — 3I; and ¢ = 37~ Thus, using (62) in (60) and
I = —f2ABR*(4 — MR)?, we find
1 4l3 215 -1 4 213771
A=A (142) 7 Ry (1+4) 7 —4) , B= 4-Ror? (1+2) 7 (63)
r r (1+9) r

2

where Ay = So we have obtained a complete solution of the quadratic gravity (n = 2) when M (r) = r%. As

Iy
AfgRG
far as we know, this solution is a new exact solution for the quadratic gravity. This solution is asymptotically flat
if 0 < I3/ < 1/4 and can describe a black hole since its horizons are at » = —q and when 72 Ry(q/r + 1)258/® = 4,
which depends on the exponent I5/a. Thus, the above solution is a new black hole solution in quadratic gravity given

by f(R) = foR>.

B. Case (ii): f(R,¢,X) = foR+ f1X7 - V().

In this case, the existence of a non-trivial Noether symmetry selects the form of potential function V(¢) of the
theory, which means that it is possible to find out exact solutions for a given theory with the selected potential. Here
the function F takes the form F = 2fy+ f1(1 — ¢)MX?— MV (¢). Further, the field Eq. @) and trace Eq.([) for this
case yield

2V(9)

f1 -1 €
R = +(q—2)=X1, V, (XT7 V) — —Vy =0. 64
fo (4 )fo a ?) afr ¢ (64)
For the potential V(¢) = Vo (¢ + Vl)l%, we find the Noether symmetries Y1, Y given in (B5]) and
1—- X
Y3ZAaA—MaM+(2—qq)((Z5+V1)a¢+;6X7 (65)

with g # 1. Further, for the potential V(¢) =V (¢ + ‘/1)24*_(]‘17 it follows that the Noether symmetries are Y1, Yo, and

A (g—2) X
Y3 = — 4 + VM + —
ST v M /M VM

where ¢ # 1,2. For this case, the first integrals of Noether symmetries Y; and Y5 are

(¢ +V1)0p — Ox, (66)

L =—-E;, Ih=ILr+ foAFM/, (67)

which are common for all possible subcases of this case, and give

I —Lir Jolt M’
= B = —— 68
foFM/ ’ (IlT—IQ)F ( )
The above relations require that
I fgM"
B=-—"""—-A
(IlT — IQ)2 (69)

The first integrals for (65) and (GGl are , respectively

A1

Is = —MAF [foz -3

frelg -~ )X (6 + vmﬂ , (70)
and

B = VIIAF |fo (5 + 57 ) - 1hela- DX 0+ 10| )
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Using the relations given in (68]), the first integral (Z0) can be written in the form

2(g—1)
’ LM A= fi (q — l)eq |:11T _ I2:| ' (¢ + Vl)¢/2q*1A2*q, (72)

S (hr—L)MT T gap2aTpaet | MY

where €? = 1 for even ¢, and €¢? = € for odd ¢. This is the Bernoulli differential equation for A, and it has the solution

_ 1 (g —1)2 Iir— T 2(q—1) B
ATt = [AH%/m( 7 2) (6 + V)¢’ Var| (73)
0 1

where 11 is the integration factor given by y; = exp [(1 — ¢)I3 [ M'dr/(Iir — I;)M], and Ay is an integration constant.
Furthermore, together with (68]), the first integral (7)) takes the form

A/—l- |: IgM/ M/:|A_ fl(q—2)€q <IlT—IQ
(Iir — I,)VM — 2M ga+1fa—tra—t M’

which is also a Bernoulli differential equation and has the following solution

L1 fiet(g=1)(g—2) L — )27 -
ATt " e [A1+ geri gzt | 12\ T (¢ +Vi)¢'®Vdr| (75)

2(q—1)
) (¢ + Vi)g/ 2= A2a, (74)

where f15 is the integration factor given by po = M(@=D/2exp {(q —1)I; [ M'dr/(Iir — 1)V M}, and A; is an inte-

gration constant. Now, we search the Noether symmetries in the following relevant subcases for ¢ = 1, 2.

1. Subcase (ii-a): ¢ = 1.

For this subcase, the field Eq.[ ) and trace Eq.(]) for this subcase give

2V
RO Sy gy, (76)
fo fo 1
We find that there exists Noether symmetries for the potential V' = V; (¢ + V1)4 such that Y1, Yo and
A (¢ +W1)
Y;=— 04+ VMOy — ————=04, 7
V) vV Y. vl ()
Then the first integrals of this subcase are given by (67) and
I -1
L==2"" 4 fFVMA, (78)

2vVM

where F' = —M (Voé + V1)* + 2fo. Thus, these Noether integrals give rise to the same relation with (68)), and

F' M M 1 M’
FYw o -1 (

I +I3\/—M> =0, M/#O. (79)

Therefore, for M = r2, we find that

1 - 2f0[17‘

A=— Lir — )" B L — L) 2ths 80
2 foFor (Lir —I2)™", o (Iir — I2) ) (80)
1 1—1 i
= = [2fo = Fo(hr =)' | —wA, 81
o Vo [ fo— Fo (Iir — 1) 1 (81)
where Fj is an integration constant and I;3 = —21I3/I;. If I;3 < 1, the above metric is asymptotically flat and has an

horizon at r = Iy /I; with I3 # 0. Hence, this solution also represents a black hole solution which to the best of our
knowledge is a new solution in this specific scalar field theory.
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2. Subcase (ii-b): ¢ = 2.

In this subcase, the Eqs. ) and (@) imply that

R=—2V(O). VXV~ 55V =0, (52)
For this subcase we find the Noether symmetries for the potentials V' =V, (¢ + V1)74 and V = Vje~ "% respectively,
= A04 — MOy — ((bzi‘/l)a;b-i-gax, (83)

and
Yg__ﬁaA+\/MaM+ V(J\l/Ma¢— 2§M8X’ (84)

in addition to Y1, Y5. Here the Noether symmetry (83]) can be obtained by taking ¢ = 2 in (63]). Corresponding first
integrals with the potential V = V; (¢ + V1)74 are given by (67), and

fi(lir — I)?

— /_
Iy =—MF | o = Zjprens

(6 +V1)e"| . (85)

Then, using the first integrals of this subcase, we obtain the same form of A and B with (68)) and also the following
constraint equation:

IgM/ A= fl(IQ —IlT)2(¢+V1)¢/3

A= (I — Lr)M ™~ AL f3M7? ’ (86)
where M’ # 0. For M = r?, this equation has the following solution
Lr—L)% h Lr— L]0
Al = { 1 T 2] Ao 161 f3 / [ 1 T 2} (6+V)gtdr o, (87)
where Ay is a constant of integration. Then we find the metric function B through (69) as
y [ — L] f Lr— 1,720 %) 3
B) = —an g3 |22 ot g [ |22 T et (58)

For the potential V = Vie~ "%, the first integrals I; and Iy together with E; = ABF? gives the same relations
obtained in (68) and ([69), where F = 2fy — fiM X% — foVy Me~"0?. The first integral of Y3 becomes

I Il’l” f1 2
I3 = AF 89
= VAR |1+ e (%9)
which yields
IsM’ M’ fi(la — L)%
A — [ + —] A= ———"""". 90
(12—117‘)\/ M Il‘/Ofogj\4/2 ( )
If M = r?, then the Eq. ([@0) gives
(hir = 1) /
r— Iy I3
Al = {Al ATy /(M - ¢/3dr} ’ oy
where A; is an integration constant. Thus it follows from Eq. (69) for B that
B(r) — 2 —2(1+73) S 2(1+33) /3
(r) = 4L f2 (Iyr — I) VA + A (Lir = I2)™ "1 ¢™dr o (92)
0
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Then, if one specifies the scalar field ¢, one can find some exact solutions. As an example, let us take the following
scalar field

I 21
7(]17” — IQ) 30 y (93)

where C} is a constant and I3 # I; /2. Using this scalar field, the integrands in (@) and ([@2)) become C; and therefore,
it is easy to get the following solution for the metric coefficients

A(r) = % (Al + AI"lT) . B(r) = —4f2L(Lr — 12)*2( 1) (A n AI—?T) (94)

where Ag = f1C3/(4f3V0). Tt is clear that for I; = —2I3, one gets for that the metric coefficients from ([@4) are

(A()Ig — 4A1]§) _ Alfg AQT‘ - 2A1]3
2137 r2 Iy 4+ 2137

. B(r)=4f2 ( (95)
which behaves similarly as a Schwarzschild metric and additional contribution. This metric is asymptotically flat and
has two horizons at the surfaces r; = 24,115/A¢ and ro = —I5/(213), i.e A(r) = 0 at these surfaces. At the surface
r = 71, the metric coefficient B(r) vanishes, and it is infinite at the surface r = r3. Therefore, the horizon at r = r9
has same behaviour with the classical Schwarzschild solution. For the specific case Ag = 1,41 = 0,1 = —4mli3 and
I3 = 2f2, one gets the standard Schwarzschild solution A(r) = 1— 22 and B(r) = 1/A(r) with m = —I/(413). Thus,
the Eqs. ([@8) can be understood as a generalization of the Schwarzschlld solution found in General Relativity.

C. Case (iii): f(R,¢,X) = fo¢"R" + f1 X7 =V (¢).

For this case, the field Eq.( ) and trace Eq.(]) take the following form

O (pmR"Y) + %qﬁmR” WQfo [(— — 1) X9 4 V(¢)] —0, (96)
V, (X971VHe) + — (mfog™ 'R™ — V) = 0. (97)

qf1

(2n—m)
In this case the potential of the corresponding theory will be V(¢) = Vo(bq = with n # ¢, and it is obtained the
Noether symmetries for this potential such that Y7, Y3 given by B3] and

U _ _m (n—q) (m —2n)
Y; = {2(1 (3—2q)+2n ] Ada+ (1 2q) (MOy — ROR) — oF $0yp + 5 XO0x, (98)
which have the Noether integrals
/ !
Ii=—E;, Iy=ILr+ fonR" '¢"MAF [ (n—1)— R M] (99)
AI R/ (b/
Is = MAF {f0n¢mR"_1 {EI +p ((n — 1)E +m— p )] + §f1(n — q)Xq_1¢¢’} , (100)

where £ and p are deﬁned as é =2-n+5(¢—=2),p=2n-1+3(1-2¢), ¢ #0,and F' = foo™ R 2n + (n — 1)M R]+
fil—gMX?-V,

. The above relations give

_ [Rn71¢m]7% Ig [Rnfld)m] ij[ Rl (’I”)
A(r) = TR Ao+ foﬁn/ UF dr|, (101)
I
B(r) = s, (102)
R M' (- ILr)R*™"

6f1(n—q) le n¢1 m(,‘b d/r'

where Ay is an integration constant, £ # 0, and R;(r) = exp [ Sfoln ~T=3 It is seen that this case is a

generalization of the previous case.
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Ifn=q=1,1e f(R,¢,X)= foRd™ + f1X — V(¢), then we find the Noether symmetries Y1, Yo given in (B5)
and

Y3 = A04 — MOy, (104)
with vanishing potential V(¢) = 0. Thus, the corresponding Noether integrals become
M/ ¢/ A/ ¢/
L =-F Iy =Lr—1LfoMAQ™ | — — Is =1L foMAy™ | — — 105
1 c o =Iir—nLfoMA¢ <M+m¢>’ s =TI foMAg <A+m¢>’ (105)
where E; = 4f2AB$*™. These first integrals give rise to the solutions
_ Ig dr Il¢72m
A= ™ [Ag+ —— | — B=- 106
¢ |:O+Ilf0/M:|7 4f§A7 ( )
1 L [ (hr+1)
m=_— d 107
om = gp [0+ o [ a] (107)
. 1/m
where Ay and ¢y are integration constants. For the case M = r?, assuming ¢(r) = %} , it follows

from (I06) and (I07) that there are the possibilities (a) ¢o = 0,49 = fo ', Io = —I3 and (b) Iy = 0,49 = fy ', I =
—C1I3/¢p. In case (a), one gets the following analytical solutions

Ao _ AgLiCiTEmem m O
A(T‘) - Olll (Il’f' I3) ’ B('f‘) - 4([3 _ IlT) ’ (b(’f') - r . (108)
Then, in case (b), the analytical solutions are found as follows
A(r) = ?r, B(r) = - —20hCr S, o)™ = % + % : (109)
! 4 (Cl + %)

where it should be I; < 0. To the best of our knowledge, these are also new spherically symmetric solutions in this
non-minimally couple theory between the scalar field and the Ricci scalar. It should be noted that the solution (I09)
only depends on m in the scalar field and not in the metric. The metrics (I08) and ([I09) are non-asymptotically flat,
and they have horizons at r = Is/I; and r = 0, respectively.

D. Case (iv): f(R,¢,X) = foR" + fr¢™ X1.

Here, the field Eq.[@) and trace Eq.([5) become

_ -2) (¢—2)h _ €M
o) + D e mX7 =0 mXIIvrg) + ThgmolX e = . 110
For this case, we have the Noether symmetries Y1, Y2 and
(n—q) (m +2n)
Ys=(2n—3)A04a + MOy — ROp — ———=¢0p — —— X Ox, 111
3= (20 = 3)A0a + MOy = ROr = 7,55 9% ~ Gy zg) 0% (1)
m mX
Y—qb_%(@——a), 112
4 6= g OX (112)
with g # 0. Then the first integrals corresponding to the above symmetries are
R M
Il = —EL, 12 = IlT + fonMAFRnfl |:(TL — 1)5 + ﬁ:| 5 (113)
. A R efiln—aq) o
Iy = MAF R (2—n)— D20 —1)— | + ———= X gy 114
3 {fanret 2= m% 4 - D= T |+ LEZD g ] (114
I = —efigMAF X915 ¢/ (115)

where F' = foR" 1 [2n+ (1 — n)MR] + f1(1 — q)M¢™ X 9. Then we solve the above equation ([I14) in terms of A and

find
A+ 1 /R<n—12)£in—5> (IB n Iy(n — q)(bl"'g?ng’) dr

(n—1)(2n—1)

A(r) =R »2

: (116)

fon(2 —n) q(m + 2q) MF;

where A; is an integration constant, and Fy = fo[2n + (1 — n)MR] + f1(1 — )M R'~"¢™ X 9. This solution reduces
to the solution of case (i) for A given in @2) if f1 =0 and so Iy = 0.
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E. Case (v): f(R,¢,X)=U(¢,X)R.

This case gives a Brans-Dicke type action, where the coupling to the Ricci curvature also includes the kinetic term
of the scalar field ¢. Then we select some form of the function U(¢, X) to search the Noether symmetries.

1. Subcase (v-a): U = foXW(¢).

The field Eq.[ ) and trace Eq.(@) in this subcase have the form

3X71 €
R=—"_ __[O[X"W(¢)], V. (X7'WRVH*¢) + —XIW,R = 0. 117
oW @l Yl )+ X (1)
For this subcase, when W(¢) is an arbitrary function of ¢, it is found that the Noether symmetries are Y1, Ys by

B3) and

1 1
Y3 = A0 ——— (M9oy — RORr — X0 —. 118
3 A+(2q_1)( M R x), a# 5 (118)
The corresponding first integrals of these symmetries become
M W X’
L=-E;, L=I FXPTW2AMAR2 — gMR) | — + — + ¢ 11
V=B, D= hr+ BXMWILAQ - M) (7 4+ e ). (119)
f8 2q71/2 A w’ X’
I3 = XMW MAR2—gMR) |(1 —q)— 2 D — — 120
5= 30— 2-qMR) |1 -q)—7+Ca+ 1) | 37 +a57 ) | (120)
where W’ = W, ¢'. Solving the first integral (I20) in terms of A it follows that
(2¢— DI [ (XTW)T7 d
2g+1 q— 3 —4 dr
A= (XTW)ET | A+ / : 121
T AT g | ve-am 2y
and combining ([I19) yields
I
B=— 122
FEAX2W2(2 — qMR)2’ (122)
w' M X' I —1T
LA 2 17 (123)

w M IX T fZX2W2MAQ2 - ¢MR)’

where A is a constant of integration. Considering these results one can derive some exact solutions of the field
equations. As an example of the above solution, if we take ¢ = 1/4, M(r) = r? and R = «/r?, then the relations

(21)-([@23) give
A= 2—273—1’ (K r+ Ky)' ™, (124)
where p = (2;10252, { = (IIK;(TII;KI), and K1, Ko are constants defined by K; = —%811_0‘)2 and Ky = %

Considering the definition of R given by (@) to satisfy R = «a/r?, we find that £ = —1/3 and K; = 1 — a/2 for p = 3
which means A = 2—‘; and B by (28], or £ = —1/4 and K; = (4 — 2«a)/3 for p = 4 which means A = I?IDT and B by

(I25).

2. Subcase (v-b): U = foX'/2V,, where V, = dV (¢)/d¢.

For this subcase, the field Eq. ) and trace Eq.(#]) are as follows

J =0 (VNX) .Y, (%Vd,v“o;) +2eVX VR = 0. (126)

VeV X VX
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This subcase has also Noether symmetries Y1,Y2 given in [B8) and Y3 with

Y3 = MOy — ROr — XO0x. (127)

In this subcase, we find some extra Noether symmetries as follows
Y= Ad4 — (MfM— Yo - MZ% Dy + (12\;};/{’;} - %) X0y, (128)
Y; = - (M};[ ) Or + (Mj\?};é)v% 41422 —Mf\é%‘/‘/w Xox, (129)
Yo=AlnM0os — g In (AM?) Onr + % [(MR+1)InM +1n A] Og — %qu [(MR —1)InM + (1 - g) lnA] Dy
+ 14+ InA+ ]2\;/;/{’2‘:2 ((MR —1)In M+ (1 - g) lnA> Xoy, (130)

Y;=AlnA <1nM+ #) Oa+MInM (lnM—i— %) Om

1 M M
-l-—{[(ﬁ —2) In M + (MR—2)1nA2MR—8] In M + KTB —2) 1nA+MR—4} lnA} Or

M 2
\%4 MR MR
+MRV¢{[< 5 —1>lnM+2MR—4—1nA}lnM+[(T—1>IHA+MR—2]II1A}6¢
2 Vo MR MR
+[MRV5{K1 > >lnM+1nA 2MR+4]1nM+[(1 ; )mA MR+2}1nA}
- <1nA n lnTM) 1nM}X8X, (131)
MR 1
Ys = Aln A0x +2M (M + = ) 0 = 2= [BMR — 4)In M + (MR — 2)In 4] 9
v WV
+MRV¢[(MR 2)In M —In A] 9y + MRV? (2-—MR)lnM +InA)—In(MA) —2| X0x, (132)
36XV¢ 1% 66XV¢¢ VV¢¢
Yo=V |A04a + MOy — RO —— 05— |2 — X0 133
9 A+ M R-i-( RV 4V¢> 5 <+ RV 2‘/5 X | (133)
der 2V .
Y= ——X h K= 134
= PNARME - 1)V, [‘% Vs ax] b Ve, 134

where the subscript ¢ denotes the derivative with respect to ¢, and V;; # 0. The Noether symmetries Y7, ..., Y9 have
the following nonvanishing Lie brackets:

Yo Ya = Yi Vo Yol=gVet oY Yo Y =Ys4 Vet Y [VaYs]= LYs+ Vi,
[Y3,Ye| = —gY3 +Ys—Ys5, [Y3,Y7] =2Y5 + Yg, [Y3,Ys] =2Y5+ Y5, (135)
(Y4, Y] = —%Ys + %Y5, [Y4,Y7) = Y5+ Y6 + Y, Y4, Ys] = %Y?, +Yy,

Y6,Y7|=-Y7, [Yg, Ys]=—-Ys— %Ys, [Y7,Yg] = -2Y7.

Here we do not consider the Lie brackets of Noether symmetry Yo due to the gauge function K = V(¢) appeared
together with this symmetry. For the Noether symmetries Y; and Y1, the Noether first integrals are

I, = -E, Lo =1Vy¢' —V(9), (136)

in which the latter first integral has a solution for V(¢) in terms of r as V(¢) = Vor — Vi, where Vi = I1p and 1} is
an integration constant. Thus, using the definition of X which has the form X = —e¢™?/2B, we find from the first
relation of (I36) for A that

86[1

A=— 1
f3Ve (4 — MR)?

(137)
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For the first integrals of the Noether symmetries Yo, ..., Yg, one can get the following relations

Loy 2BM (M BN WM (A B
T T BU-—MR)\M 2B)’ *  BA-MR)\24 B)’
LM A B M 2VB —2LM [A' 2M’ 2VB
* 7 BA—-MR) (2147L B M +VOM>’ T BA—MR) | A M +VOM( )|
-LM B M VB 2B 34’ M' 2VB A 20
Ii=——2 |mA(= +— MR-2))+InM (- -2 — MR-1))+=
6 B(4—MR)[D <B+M+VOM( ))+n <B A M VoM )>+A+M}’
-LM M B VB M’ B VB
Ir=——2" [mA? (= - = +_2(MR—4))+2InAln M ==
g B(4—MR)[(D ) (M 3B T av ))+ nam <2M B V0>
34 B M' VB VB
2 2 re _ 2\ — _
+2(In M) (2A 5o+ o MR 2)) +2I(AM?) = (MR 2)}, (138)
25, M A B VB 34 2B M' VB
Ii=——1 _mA(ZS += ~InM - — MR —2
s B(4—MR)[H (A+B+V0M> . (A B T v )>
MR (A B MY\ A 2M’}
2 \4 B M) A M
L __ DM [3B" 3V VBR
" BA4-MR)| B TV "2V |’
with V' = Vyr — V4. Then, it is obtained for B from the first integrals I5, I3, I4 and Iy that
B— 3Vol1 M (139)

Ko+ 205 MR - 4Ky

where K is a constant defined by Ky = Vl‘% — Iy + I3 + 214 — Iy. Thus, the first integrals Iy and I3 in (I38)) yield

[Ko + M] MR — 4Ky = 20 (3011 - / (Iir — I)(4 — MR)Mdr) : (140)
2o M
_3VpM(4— MR) (B — 2 [ & (141)
— 0 141 2 M ’

where By, By are constants of integration. Furthermore, after some algebra, we find from the first integrals (I38]) the
following constraint relations

V;
15_4<12—I4——111>,

Vo
= R B (v ) s gl
. :2@(11(1\_4;%4;? _ B(fl—lj\]\/flR) (% n VGL;:Q) 4L — I+ 315 + glg] In M,
Is =213 — (Iir — L) (MR +4) + {% (% + ‘;ﬁf) — I3 — %IQ} MR
+2 ["3 o+ V0(411VMR) B B(jl—lﬂjéR) (% + ZZRH A
- [1‘1/0‘/(1]‘{}]3\4_;)) _ B(fﬁﬂj\iR) (% + ‘%f) + L — I + 315 + glg] In M.
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Now, for M = r?, the constraint equation (41 yields

S [0V (B + ) + S

R= v , (143)
2K0 - % + (11 + 3V0]3)T + 6V0B1[1’I”2
Then, using the latter R in Eqs. (I31) and (I39) for A and B, respectively, it follows that
2
€ [2Ko - V‘l/—gl + (I + 3V I5)r + 6%31]17‘2}
A= 144
20, fE(Vor — V1)2 7 (144)
Vo [2K0 — Vil (1 4 3VpIs)r + 6V03111r2}
B= , (145)

A(Vor — Vi) (Brly + £2)

which is a new solution for M = r2. Some other solutions could be produced from the constraint equation (4] if
we choose an integrable function of M in it. Clearly, this solution is non-asymptotically flat unless I; = —3VyI3 and
B; = 0. The singularities of the solutions (I44]) and ([43]) can be classified in the following way:

o At r = V4 /Vp, the metric coefficients A and B tend to infinity, but the Ricci scalar remains finite there.

o At r = —1I3/(2B111), the metric coefficient A becomes finite, B goes to infinity, and the Ricci scalar remains
finite there.

e The algebraic equation A(r) =0 from ([44) gives the solutions

1

" VB

—(I + 3Vol3) £ 1/ (24B1 Vi + 1)1 + 6V 1 (Is — 8B1 Ko) + 9VEI3 | . 146
1 013

Here, the outer horizon r = r, of the metric constructed from ([44), (I45) and M (r) = r? exhibits an event
horizon. The inner horizon » = r_ is not because in the entire region r < r, there are outgoing radial null
geodesics which fail to reach future null infinity and the hypersurface » = r_ is not a boundary of a region with
this property. At r = r4, the metric functions A and B vanish, but the Ricci scalar diverge to infinity, which is
a true space-time singularity.

V. CONCLUSIONS

In this paper we derived the Noether symmetries of spherically symmetric metric ([6]) for a Lagrangian density with
the function f(R, ¢, X). This analysis covers most of modified gravity models proposed in the current literature. It
is important to get any exact solutions for a given theory admitting a Noether symmetry if it exists. Besides, the
existence of a Noether symmetry “select” the integrable form of a model in a given class of theories. Furthermore,
the existence of Noether symmetries means to find out conserved quantities according to the Noether Theorem. For
each form of the function f(R, ¢, X), and so for the theory of gravity, we can find out exact cosmological solutions if

there exists any Noether symmetry.
One can search for symmetries of the Lagrangian related to cyclic variables to reduce the dynamics. It is known that

the conserved quantities are related to the existence of cyclic variables into the dynamics by the Noether symmetry
(see Ref. |29] for details). But it is not unique to find those of cyclic variable because of that the required equations
for the change of coordinates have not unique solution, and it is usually needed a clever choice. Also, the solution of
equations for the choice of coordinates is not well defined on the whole space [29]. Throughout this study, we deduced
that it is better to use the classical Noether symmetry approach to find Noether symmetry in f(R, ¢, X) theory of
gravity, rather that the approach used in Ref. [29]. In this study we show that under the classical Noether theorem,
Noether symmetry in f(R, ¢, X) theory of gravity yields a rather handy conserved quantity (or the first integral of
motion), which can be solved easily, and it is not required to search for the cyclic coordinate. Therefore, we directly
use the conservation relation ([B3]) associated with the obtained Noether symmetry Y in order to find exact solutions
for the field equations associated with the Lagrangian (28). In the previous section, we have studied different kinds
of f(R,¢,X) theories, in all of which the Noether symmetry exists and find exact spherically symmetric solutions
in the corresponding f(R, ¢, X) theory gravity. It is important to remark that in the literature, many authors have
found solutions in f(R) only considering R = constant, which indeed is a trivial case since all the higher order terms
considered in f(R) disappears. We have found new spherically symmetric solutions in power-law f(R) gravity by
considering R # constant which is non-trivial and in principle, without using Noether symmetries, it could have
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been hard to find them. In addition, we have also found other solutions in theories considering the scalar field ¢,
a kinetic term X and a potential V(¢). Some interesting new spherically symmetric solutions were found for non-
minimally couplings theories between the scalar curvature and the scalar field f(R, ¢, X) = foR"¢™ + f1 X7 —V(¢),
non-minimally couplings between the scalar field and a kinetic term f(R, ¢, X) = foR" 4+ f1¢™X? , and also in
extended Brans-Dicke gravity f(R, ¢, X) = U(¢, X)R. Some of these solutions also represent black hole solutions.
For some class of gravity theories in this paper we found some selected potential functions of V(¢). So one can apply
the Noether symmetry approach as a selection rule to determine the form of the potential function V' (¢) of the theory.
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