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ABSTRACT

This thesis aims to establish the feasibility of using on-board 
measurements to determine the nature of the incident wave and the 
slowly varying drift forces whilst they occur in directional or short 
crested seas. This capability could have widespread applications in 
offshore engineering, such as environmental data gathering, active 
mooring systems and dynamic position keeping.

If measurements of surrounding wave properties were to be used to 
determine the incident wave, they would be distorted relative to the 
undisturbed wave properties by scattered and radiated waves generated 
by the presence of the body. Alternatively, if the motions of the 
body itself were to be used to infer the undisturbed wave, the 
information would be filtered and even lost at some frequencies. In 
either case the problem is essentially one of linear inverse 
filtering or deconvolution, given that it is possible to determine 
the linear transfer functions relating the undisturbed wave height to 
any first order body motion or wave property, by means of modern 
numerical diffraction analysis.

This work demonstrates how information about the undisturbed wave at 
all frequencies of interest can be retrieved by constrained 
deconvolution of the outputs of a number of sensors with different 
response characteristics, placed on or around the vessel.

It is shown how this approach is readily extended so that the array 
of sensors can be made to act as either a conventional or an 
adaptive beamformer which filters out noise or waves from different
directions, and the means of evaluating the performance of a given
system is described. The problems associated with implementing the 
inverse filter and the beamformer in real time are addressed and 
results are presented for real time wave estimation from simulated, 
experimental and full scale data.

The real time model of a directional sea which retains information
about the amplitude, phase and direction of the waves can be used to 
calculate the resulting non-linear drift force. The quadratic
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transfer function for a given degree of freedom describes how the 
different frequencies in the incident wave interact to produce a low 
frequency force component and it is shown here how, with certain 
limitations, the drift force calculation can be implemented in real 
time. This would provide a time history which could be used as feed 
forward information by the controller of a dynamic positioning 
system, to improve performance and efficiency.

Finally it is shown by using auto regressive model fitting on both 
simulated and experimentally measured data, that it is possible to 
predict the variation in the drift force to a greater extent than the 
wave itself can be predicted, thereby increasing the benefit of the 
information to a ship control system.



~ 5 ~

List of Contents
Page

ABSTRACT 3
LIST OF CONTENTS 5
GLOSSARY OF NOTATION 21

- PART I -

1. INTRODUCTION 29

1.1 The dynamic positioning control problem 29
1.2 Calculation of second order drift forces 33
1.3 Measurement of directional seas 35
1.4 Outline of approach 40

2. INVERSE FILTERING OF LINEAR RESPONSES IN REAL TIME 43

2.1 Introduction 43

2.2 Digital filtering 47
2.2.1 The discrete convolution theorem 47
2.2.2 Characteristics of the impulse response 50 

function
2.2.3 Circular convolution 52

2.3 Inverse filtering 57
2.3.1 Constrained deconvolution 57
2.3.2 Linear combination of constrained estimates 58

2.4 Real time implementation 62

2.5 Closing remarks 64



- 6 “

3. OCEAN WAVE BEAMFORMING 65

3.1 Introduction 65

3.2 Conventional beatnfortning 67
3.2.1 The delay and sum beamformer 67
3.2.2 Frequency domain representation 69
3.2.3 Some directional transfer functions 71
3.2.4 Beamwidth and leakage for arbitrary arrays 74
3.2.5 The spatial Fourier transform 78

3.3 Adaptive beamforming techniques 81
3.3.1 Complex weighting of sensor outputs 81
3.3.2 Derivation of the Maximum Likelihood Filter 84
3.3.3 Filter gain and resolution 88

3.4 Directional power spectrum estimation 91
3.4.1 Linear methods for estimating directional spectra 91
3.4.2 The Maximum Likelihood Method for directional 96

spectra
3.4.3 Techniques for enhanced resolution 99
3.4.4 Parameters for directional spreading functions 101

3.5 Closing remarks 104

4. NON-LINEAR FORCING IN WAVES 107

4.1 Introduction 107

4.2 Theoretical model for drift force calculation 111
4.2.1 The second order Volterra series 111
4.2.2 Discrete time representation in 113

two dimensions
4.2.3 Reduction to a single transform from the 116

frequency domain



- 7-

4.3 The quadratic impulse response 118
4.3.1 Linear two dimensional filtering of a 118 

quadratic input
4.3.2 Boundaries between past and future 118
4.3.3 Extent of the impulse response 121

4.4 Real time implementation 123
4.4.1 The two dimensional finite discrete 123

Fourier transform
4.4.2 Circular convolution in two dimensions 124
4.4.3 Reduction to a single transform in 126

sum frequency
4.4.4 Notes on practical implementation 127
4.4.5 Discussion of end effects and non-causality 128

4.5 Linear prediction of non-linear forces 130

4.6 Closing remarks 134

- PART II -

5. IMPLEMENTATION OF A  WAVE FEED FORWARD SYSTEM 137

5.1 Introduction 137
5.2 Uni-directional wave and drift force calculation 140
5.3 Implementation of the real time beamformer 146
5.4 Requirements for a fully integrated system 148

6. APPLICATION OF BEAMFORMING TO DIRECTIONAL SEAS 153

6.1 Overview 153

6.2 Real time beamforming of simulated directional seas 154
6.2.1 Generation of sensor time series 154
6.2.2 Results for simulated directional seas (I) 156
6.2.3 Results for simulated directional seas (II) 158



- 8 -

6.3 Application to experimental wave data 163
6.3.1 Bidirectional wave experiment 163
6.3.2 Beamforming results 164

6.4 Application to full scale wave data 168
6.4.1 Full scale data collection 168
6.4.2 Comparison of results for different 170

array configurations
6.4.3 Beamforming of full scale data 173

6.5 Discussion 175

7. APPLICATION TO WAVE AND DRIFT FORCE ESTIMATION 177

7.1 Overview 177

7.2 Wave estimation from a tanker model 180
7.2.1 Tanker model arrangement 180
7.2.2 The inverse filter for a 181

bow mounted wave probe
7.2.3 Real time wave estimation 183

7.3 Estimation of drift forces on a tanker model 185
7.3.1 A  measure of error 185
7.3.2 Effect of real time estimation on 186

simulated forces
7.3.3 The experimental quadratic transfer function 188
7.3.4 Comparison of estimated and measured 191

drift forces

7.4 Prediction of low frequency drift forces 193

7.5 Discussion 196

8. CONCLUSION 199



_ 9 ~

ACKNOWLEDGEMENTS 209

REFERENCES 211

APPENDIX A  Derivation of the Maximum Likelihood 
filter and spectral estimate

217

APPENDIX B Fitting of linear prediction coefficients 223
B.l The auto-regressive model 223
B.2 The Z transform and power spectrum estimation 223
B.3 Auto-correlation matching for filter weights 225

FIGURES 229



- 10 -

List of Figures

1. INTRODUCTION

Figure 1.1 Wave feed forward schematic

2. INVERSE FILTERING OF LINEAR RESPONSES IN REAL TIME

Figure 2.1 Finite convolution and the extent of the impulse response 
function

Figure 2.2 Measurement of the extent of an impulse response function

Figure 2.3 Reconstruction of a unidirectional wave from two 
response measurements in the frequency domain

Figure 2.4 Reconstruction of a unidirectional wave from two 
response measurements in the time domain

Figure 2.5 Circular convolution in real time

3. OCEAN WAVE BEAMFORMING

Figure 3.1 Delay and sum beamformer

Figure 3.2 Axes for directional transfer functions

Figure 3.3 Some directional transfer functions

Figure 3.4 a) Power leakage plot for a 4 sensor line array 
(Spacing = 50m, look direction 90°) - Isometric

Figure 3.4 b) Power leakage plot for a 4 sensor line array 
(Spacing = 50m, look direction 90°) - Contour



- 11 -

Figure 3.5 Power leakage plot for a 2 sensor line array 
(Spacing = 50m, look direction 90°)

Figure 3.6 Power leakage plot for an 8 Sensor Line array 
(Spacing = 50m, look direction 90°)

Figure 3.7 a) Power leakage plot for a pitch roll heave buoy 
(look direction 150°)

Figure 3.7 b) Power leakage plot for a pitch roll heave bouy 
(look direction 180°)

Figure 3.8 The spatial Fourier transform

Figure 3.9 Response of a tuned array with two wave height
sensors for a fixed look direction and different 
rejection directions

2sFigure 3.10 Spreading parameters for a cos (0/2) model 
(1 < s < 10, integer values)

2sFigure 3.11 Spreading parameters for a cos (0) model 
(1 < s < 10, integer values)

2Figure 3.12 Spreading parameters for a sech /30 model
( 0.6 < 13 < 1.95, steps of 0.15)

4. NON LINEAR FORCING IN WAVES

Figure 4.1 Block Convolution in Two Dimensions

Figure 4.2 Axes for the Extent of the Quadratic Impulse Response 

Figure 4.3 Circular Convolution in Two Dimensions

Figure 4.4 Corruption Due to End Effects in Drift Force Calculation



“ 12“

5. IMPLEMENTATION OF A  WAVE FEED FORWARD SYSTEM 

Figure 5.1 (a) Flowchart for the program. WAVOR

Figure 5.1 (b) Flowchart for the program WAVOR (cont)

Figure 5.2 (a) Flowchart for the program WAFIL

Figure 5.2 (b) Flowchart for the program WAFIL (cont)

Figure 5.2 (c) Flowchart for the program WAFIL (cont)

Figure 5.3 Overall System Arrangement for Wave Feed Forward

6. APPLICATION OF BEAMFORMING TO DIRECTIONAL SEAS

Figure 6.1 (a) Flowchart for the program WAVECEN

Figure 6.1 (b) Flowchart for the program WAVECEN (cont)

Figure 6.1 (c) Flowchart for the program WAVECEN (cont)

Figure 6.2 Sensor layout and wave directions for Simulation I

Figure 6.3 Simulation I - Power leakage plot for conventional 
beamformer at 180°

Figure 6.4 Simulation I “ Time series of component wave directions 
and point wave time history

Figure 6.5 a) Simulation I “ Wave spectrum of direction 1 (90°)

Figure 6.5 b) Simulation I “ Wave spectrum of direction 3 (180°)



- 13 -

Figure 6.5 c) Simulation I - Wave spectrum measured by sensor 1

Figure 6.6 Simulation I - Real time estimation of direction 3
with adaptive beamformer (time now: point 7814)

Figure 6.7 Simulation I - Real time estimation of direction 1
with adaptive beamformer (time now: point 7820)

Figure 6.8 Simulation I - Real time estimation of direction 2
with adaptive beamformer (time now: point 7826)

Figure 6.9 Simulation I - Real time estimation of direction 1
with conventional beamformer (time now: point 7820)

Figure 6.10 a) Simulation I - Maximum Likelihood Method 
spreading function isometric plot

Figure 6.10 b) Simulation I - Maximum Likelihood Method 
spreading function section at 0.082 Hz

Figure 6.10 c) Simulation I - Maximum Likelihood Method 
spreading function section at 0.152 Hz

Figure 6.11 Simulation II - sensor layout and wave directions

Figure 6.12 a) Simulation II - Power leakage isometric plot for 
conventional beamformer (look direction 180°)

Figure 6.12 b) Simulation II - Power leakage contour plot for 
conventional beamformer (look direction 180°)

Figure 6.13 a) Simulation II - Power leakage isometric plot for 
conventional beamformer (look direction 12Qo)

Figure 6.13 b) Simulation II - Power leakage isometric plot for 
conventional beamformer (look direction 15Qo)



- 14 -

Figure 6,14 Simulation II - Time histories of component wave 
directions

Figure 6.15 Simulation II - Time histories of sensor outputs

Figure 6.16 Simulation II - Spectrum of total point wave time history 
at sensor 1

Figure 6.17 Simulation II - Real time estimation with adaptive 
beamformer (time now: point 7728)

Figure 6.18 Simulation II - Power leakage isometric plot for 
adaptive beamformer (180°)

Figure 6.19 Simulation II - Power leakage contour plot for 
adaptive beamformer (180°)

Figure 6.20 Simulation II - Power leakage contour plot for 
adaptive beamformer (150°)

Figure 6.21 Simulation II - Power leakage contour plot for 
adaptive beamformer (120°)

Figure 6.22 Simulation II - Power leakage contour plot for 
adaptive beamformer (135°)

Figure 6.23 Simulation II - Real time beamforming at 135°, 180° and 
225° - Time now: point 4097.
(actual component in upper plot at 150°)

Figure 6.24 Simulation II - Real time beamforming at 135°, 180° and 
225° - Time now: point 4098.
(actual and estimated components in upper plot at 180°)

Figure 6.25 Simulation II - Maximum Likelihod Method spreading 
function isometric plot



- 15 -

Figure 6.26 a) Simulation II - Maximum Likelihood Method spreading 
function section at 0.078 Hz

Figure 6.26 b) Simulation II - Maximum Likelihood Method spreading 
function section at 0.102 Hz

Figure 6.27 a) Simulation II - Spreading function parameters 
(peak directions indicated by 0 )

Figure 6.27 b) Simulation II - Spreading function parameters 
(Skewness and kurtosis)

Figure 6.28 Sensor layout and wave directions for bidirectional 
experiment

Figure 6.29 a) Point power spectrum for bidirectional experiment

Figure 6.29 b) Bidirectional experiment - Maximum Likelihood
Method spreading function contour plot

Figure 6.29 c) Bidirectional experiment spreading function section 
at 0.100 Hz

Figure 6.29 d) Bidirectional experiment spreading function section 
at 0.130 Hz

Figure 6.30 a) Bidirectional experiment spreading function
parameters (peak directions indicated by 0)

Figure 6.30 b) Bidirectional experiment spreading function
parameters (skewness and kurtosis)

Figure 6.31 a) Bidirectional experiment power leakage contour plot 
for look direction of 165°

Figure 6.31 b) Bidirectional experiment power leakage contour plot 
for look direction of 195°



- 16 -

Figure 6.32 a) Bidirectional experiment power leakage contour plot 
for look direction of 160°

Figure 6.32 b) Bidirectional experiment power leakage contour plot 
for look direction of 200°

Figure 6.33 Bidirectional experiment - Real time beamforming at 
165° and 195° (time now: point 7936)

Figure 6.34 Bidirectional experiment - Real time beamforming at
160° and 200° (time now: point 7936)

Figure 6.35 Bidirectional experiment - Real time beamforming at
135° and 225° (time now: point 7936)

Figure 6.36 MPN Data collection Tower

Figure 6.37 MPN2602 Power spectra for SW wave gauge and 
vertical water particle velocity

Figure 6.38 MPN2602 Transfer function of vertical water 
particle velocity relative to SW wave gauge

Figure 6.39 a) MPN2602 Power leakage isometric plot for
conventional beamformer with three water particle 
velocity measurements (Look direction 0°)

Figure 6.39 b) MPN2602 Power leakage isometric plot for
conventional beamformer with three wave height 
measurements (Look direction 0°)

Figure 6.39 c) MPN2602 Power leakage isometric plot for 
conventional beamformer with combined water 
particle velocity and wave height measurements 
measurements (Look direction 0°)

Figure 6.40 MPN2602 Coarse spectrum for SW wave gauge



“ 17“

Figure 6.41 a) MPN2602 Isometric plot of directional
spreading function from adaptive beamformer with 
three water particle velocity measurements.

Figure 6.41 b) MPN2602 Contour plot of directional
spreading function from adaptive beamformer with 
three water particle velocity measurements

Figure 6.42 a) MPN2602 Isometric plot of directional
spreading function from adaptive beamformer with 
three wave height measurements

Figure 6.42 b) MPN2602 Contour plot of directional
spreading function from adaptive beamformer with 
three wave height measurements

Figure 6.43 a) MPN2602 Power leakage plot for adaptive
beamformer with three wave height measurements
for a look direction of “90°

Figure 6.43 b) MPN2602 Power leakage plot for adaptive
beamformer with three wave height measurements
for a look direction of “20°

Figure 6.44 a) MPN2602 Isometric plot of directional spreading 
function from adaptive beamformer with combined 
wave height and water particle velocity measurements

Figure 6.44 b) MPN2602 Contour plot of directional spreading 
function from adaptive beamformer with combined 
wave height and water particle velocity measurements

Figure 6.45 MPN2602 Power leakage plot for adaptive beamformer
with combined wave height and water particle velocity 
measurements for a look direction of “90°



- 18 -

Figure 6.46 MPN2602 Directional spreading parameters vs frequency 
for three water particle velocity measurements

Figure 6.47 a) MPN2602 Directional spreading parameters vs 
frequency from three wave height measurements 
(Un-normalised CPSD)

Figure 6.47 b) MPN2602 Directional spreading parameters vs 
frequency from three wave height measurements 
(Normalised CPSD)

Figure 6.48 MPN2602 Directional spreading parameters vs
frequency from combined wave height and water 
particle velocity measurements

Figure 6.49 MPN2602 Comparison of directional spreading
parameters for different array configurations

Figure 6.50 MPN2602 Higher resolution spectrum for SW wave gauge

Figure 6.51 a) MPN2602 Isometric plot of higher resolution
directional spreading function from adaptive
beamformer with three wave height measurements

Figure 6.51 b) MPN2602 Contour plot of higher resolution
directional spreading function from adaptive
beamformer with three wave height measurements

Figure 6.52 MPN2602 Directional spreading parameters vs
frequency from three wave height measurements 
(higher resolution analysis)

Figure 6.53 MPN2602 Real time estimation of directional 
component at -80° (time now is point 3456)

Figure 6.54 MPN2602 Real time estimation of directional 
component at -15° (time now is point 3456)



_ 19~

7. REAL TIME ESTIMATION AND PREDICTION OF DRIFT FORCES

Figure 7.1 Tanker model and bow mounted wave probe

Figure 7.2 Bow probe transfer function (raw and truncated)

Figure 7.3 Impulse response of truncated bow probe transfer 
function (90% extent from -134 to +142)

Figure 7.4 Amplitude and phase of the constrained inverse filter 
for bow probe response measurements

Figure 7.5 Impulse response of the constrained inverse filter for 
bow probe Response measurements 
(90% extent from -158 to +167)

Figure 7.6 Amplitude and phase of the constrained and smoothed 
inverse filter for bow probe response measurements

Figure 7.7 Impulse response of the constrained and smoothed
inverse filter for bow probe response measurements 
(90% extent from -81 to 164)

Figure 7.8 Real time wave estimation from a bow mounted wave probe 
(time now = point 2668)

Figure 7.9 Real time estimation of simulated drift force 
(time now = point 4480)

Figure 7.10 Root mean square error for estimation of 
simulated drift force

Figure 7.11 Raw experimental wave height to surge force 
quadratic transfer function amplitude

Figure 7.12 Smoothed experimental wave height to surge force 
quadratic transfer function



- 20 -

Figure 7.13 Impulse response of raw quadratic
transfer function (isometric and sections)

Figure 7.14 Impulse response of smoothed quadratic
transfer function (isometric and sections)

Figure 7.15 Extent of the impulse response for raw and smoothed 
experimental quadratic transfer functions 
(First contour at 5% of peak value)

Figure 7.16 Real time estimation of wave and drift force
from bow probe response (time now = point 3136)

Figure 7.17 Root mean square error for estimation of wave and 
drift force from bow probe response

Figure 7.18 Real time estimation of experimental drift force 
from wave time history (time now = point 3136)

Figure 7.19 Root mean Square error for estimation of 
drift force from wave time history

Figure 7.20 Linear prediction of simulated drift force 
from point 4958 with a 40 pole model

Figure 7.21 Linear prediction of measured drift force 
from point 6980 with a 100 pole model



- 21 -

GLOSSARY OF NOTATION

a Column vector of the inverse filter impulsen
response at the nth discrete time lag for an 
array of sensors

A ( co) or {A(co)} Column vector of inverse filters or beamformer for 
an array of sensors

A^ Inverse filter vector at discrete frequency

b(t) Beamformer output time history

b^(t) Beamformer output due to a noise signal

B(co) Constraint operator

B Complex weighting factor

c Speed of wave propagation

C(co) or {C(co)} Matrix of cross power spectral densities for 
an array of sensors (square hermitian)

dj Predictor weights

d Depth from mean water line

D Water depth

Complex exponential (coscot + i sincot)

Power of wave component at discrete direction m

f(t) Force time history

f^ Discrete sample of low frequency drift force

f(n) Periodic discrete drift force time history

f(n^, n^) Force as a function of two discrete time dimensions



- 22 -

F(w^, ) Force resulting from the interaction of inputs at
frequencies and CO

F ( co) Drift force component at sum frequency co

F ( co,0) Directional spreading function

F^ Drift force component at discrete sum frequency cô
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hg(m^, m^) Impulse response of quadratic transfer function
which is given in terms of sum and difference 
frequencies

) Quadratic transfer function in terms of sum and
difference frequencies



- 23 -

H(k^, k^) Quadratic transfer function for discrete input
frequencies co, and co,ki k^
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Fourier coefficient of a finite discrete periodic 
sequence
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X(co,k) Fourier coefficient of a function of time and space

x(n^, n^) Discrete input function of two time dimensions

X(w^, ) Product of two input frequency components and two
dimensional Fourier transform of x(n^, n^)

x(n^, n^) Periodic function in two dimensions (period of N
samples)

X(k^, k^) Two dimensional finite Fourier transform of
periodic input function at discrete frequencies w

1
and CO,

y(t) Response time history

y Column vector of responses of an array of sensors atn
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Y(co) or {Y(co)} Vector of the Fourier coefficients of the response 
time histories for an array of sensors. Each term 
of the vector represents the respons of a different 
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p(r,r) Spatial covariance function

a Root mean square wave elevation or angular
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r Time lag
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Auto correlation function for discrete time lags

$ Incident wave potentialw ^

CO Frequency (rads/sec)
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1. INTRODUCTION

1.1 The Dynamic Positioning Control Problem

Dynamic positioning is used to keep ships and floating structures at 
a fixed location without the use of mooring lines. By means of 
thrusters, position sensors and an automauic control system it is 
possible to keep the vessel within a certain distance of the 
reference point, or to make it track along a specific path despite 
the disturbance from wind, waves and current. The applications are 
wide ranging and include the following:

- supply vessels
- semi-submersible or ship shaped drilling vessels
- diving support vessels
- subsea well maintenance vessels
- crane vessels
- pipelaying operations
- seismic data gathering.

Although the use of conventional catenary mooring systems is possible 
in most cases, it can be more efficient to use dynamic positioning 
because of time saved during vessel mobilisation. The situation can 
also arise where there is insufficient space in a crowded work area 
for long mooring lines.

Depending on the size and function of the vessel, dynamic positioning 
systems use a combination of the main propulsion units, the rudder, 
and either azimuthing or tunnel thrusters to provide the controlling 
force. The direct wave forces which cause oscillating motion of the 
structure are normally so great however that they can not be overcome 
and so the position keeping tolerances cannot be less than the wave 
frequency response of the vessel. These forces are referred to as 
first order wave forces. It is only the second order mean or drift 
forces caused by the waves, as well as the wind and current forcing, 
which can be counteracted by the thrusters.
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The means of measuring the displacement of the vessel relative to the 
fixed location or path which the vessel is trying to maintain can 
take the form of a taut-wire system, acoustic transponders located on 
the sea-bed, or a sophisticated radio or satellite navigation 
system. The measured position is fed back to the control system so 
that corrective action can be taken if the vessel moves off station. 
Because the system cannot overcome the first order wave forces, all 
motions (or thruster demands) at wave frequencies have to be filtered 
out to prevent needless surging and wear on the thrusters. This 
filtering process introduces a lag in the control system, which 
together with the response times of the thrusters and the inertia of 
the vessel itself, degrade the system performance both in terms of 
station keeping ability and efficiency.

In order to overcome this problem, Balchen, Jensen and Saelid 
[1976], proposed use of Kalman filtering and optimal control theory. 
The method relies on high frequency and low frequency models of the 
vessel dynamics to estimate the states (position and velocity) in 
response to environmental forces, and these are used in the feedback 
loop of the controller. The dynamic positioning system was developed 
further by Jensen, Saelid and Mathisen [1980] to use information 
about the environment. They included a wind model and direct 
measurements of wind speed and direction. The mean drift was treated 
as an equivalent current, but they could only treat the slowly 
varying component of the wave drift forces as an unknown random 
disturbance. The total equivalent current was deduced from the 
discrepancy between the observed motions and the behaviour of the 
linear model. The overall success of this state estimation technique 
has been judged on the relatively large number of systems which have 
been installed on operating vessels. Kalman filtering techniques 
have also been applied by Jensen [1986] in the monitoring and control 
of thruster assisted mooring systems.

The real time estimation of first order vessel motions with 
application to aircraft landing was presented by Triantafyllou, 
Bodson and Athans [1983], also based on Kalman filtering techniques. 
Whilst these and various other prediction methods, for example Auto 
Regressive Moving Average models (Lin [1987]), can provide accurate
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estimates of the vessel motions and effectively separate out the wave 
frequency and low frequency responses, they provide no mechanism for 
modelling the waves or determining the forces that produce these 
second order responses.

Whereas the Kalman filter relies on a pre-determined mathematical 
model of the vessel, there are a number of other proposed self tuning 
or adaptive systems based on optimal control theory. These have been 
discussed with respect to dynamic positioning by Broome and Pittaras 
[1987). Using a state space formulation, these methods identify a 
best fit model or relationship, between a wide range of inputs and 
outputs of a system and by this means provide optimal control. The 
advantage with self tuning or adaptive controllers is that they 
adjust themselves to the changing environmental conditions and do not 
depend on calculated values of the vessel parameters which might vary 
considerably with the loading conditions of the vessel. However due 
to the non-linear relationship between the wave and the resulting 
drift forces, the task of system identification for these components 
would be very demanding.

Measurements of the wind speed, together with a mathematical model 
for the effect of wind on the vessel, give an approximation of the 
instantaneous wind force on the vessel which is used as "feed 
forward" information by many control systems. Instead of waiting for 
the vessel to move off station, the thrusters start adjusting to 
counteract the disturbance as soon as it occurs. In the same way it 
is also possible to measure the average water particle velocity below 
the vessel to give current feed forward.

The possibility of extending the control system to include wave feed 
forward was first considered by Pinkster [1978]. He identified three 
components which contribute to the second order force on a vessel, 
and concluded that the largest of these is due to the variation in 
pressure around the mean waterline. This pressure and the area on 
which it acts are both proportional to the relative wave height 
(wave height measured from the vessel) and this leads to an 
expression for the drift force in terms of the square of the relative 
wave height integrated around the mean waterline. The resulting
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force contains both high and low frequency components due to sum and 
difference frequencies in irregular waves. On the basis of 
experiments using eight wave probes mounted around the vessel, a 
considerable improvement in the performance of the dynamic 
positioning system was obtained.

This thesis proposes to extend the method presented by Pinkster 
11978] so that all components of the non-linear wave forces can be 
included, with due account of wave directionality. Using the latest 
developments in second order diffraction analysis it should be 
possible to build up a model of the vessel behaviour which can 
produce an estimate of the total instantaneous wave drift force on 
the vessel.
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1.2 Calculation of Second Order Drift Forces

Given a time history of the incident wave, Marthinsen [1983] proposed 
a simple method of calculating the slowly varying drift force without 
the need to calculate the wave spectrum. The method used the Hilbert 
transform (Bitner-Gregorsen and Gran [1983]) to calculate an
instantaneous wave envelope amplitude and local frequency, and then 
applied the mean drift operator to give the instantaneous drift 
force. By the same token it has been proposed that it might be 
possible to derive the instananeous wave number vector in a 
directional sea, and then use a mean drift operator which is a 
function of direction and frequency. However this approximation 
would not be able to take account of any non-linear interaction
between different directional components.

The most complete model to date for the characterization of the 
processes which generate low frequency drift forces is the second 
order Volterra series. This was first used in ocean engineering 
applications by Dalzell [1976], in order to arrive at a method for 
calculating the added resistance of a ship in irregular seas. The
method used cross bispectral analysis to estimate a quadratic 
transfer function. This defines the relationship between two input 
wave frequency components and the resulting output at the sum of the 
two frequencies. (The sum of positive and negative frequencies gives 
rise to the low frequency components which are also called difference 
frequencies in the literature.) Dalzell then transformed the 
quadratic transfer function into a quadratic impulse response
function which was a function of two time lags. The total output was 
obtained from the weighted sum of the products of the input at each 
pair of time lags. It was therefore possible to calculate the added 
resistance time history by double convolution of the quadratic 
impulse response function with the incident wave time history.

Several examples of using the quadratic impulse response or second 
order Volterra filter to calculate the low frequency response of a 
moored structure in the time domain have been reported ( eq Koh, 
Powers, Miksad and Fischer [1984]). Cho, Kim, Powers Miksad and 
Fischer [1990] have extended this double convolution approach to
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predict the second order response of the structure and to use this 
information to help compensate for the motions in a control 
algorithm. However, rather than estimating the second order response 
which may be affected by a number of factors, not least the 
performance of the dynamic positioning system, this thesis 
concentrates on calculating the force. If the instantaneous 
disturbing force is known, it is more straightforward for a 
controller to make the appropriate compensation.

A full review of the use of the second order Volterra model for 
compliant offshore structures is given by Sincock [1989). He has 
addressed the problems relating to the estimation of the quadratic 
transfer function and describes how each sum frequency component of 
the drift force can be calculated in the frequency domain using the 
quadratic transfer function and Fourier coefficients of the incident 
wave. The drift force time history can then be obtained by inverse 
Fourier transformation of these sum frequency components without 
having to generate the quadratic impulse response function.

Dalzell [1986] proposed an extension of his original method in order 
to calculate low frequency forces in multi-directional seas. This 
consisted of deriving a quadratic transfer function for each pair of 
discrete wave directions. The total force could be expressed as a 
sum of the contributions which are obtained from the interaction 
between each pair of directions. This approach has also been taken 
by Eatock Taylor et al. [1988] and Mitchell [1989] who have 
presented theoretical and experimentally measured examples of 
interactive quadratic transfer functions.

The wide application of this model and the possibility of using 
second order diffraction analysis to calculate the quadratic transfer 
functions makes this frequency domain method suitable for the 
proposed application.
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1.3 Measurement of Directional Seas

In order calculate wave drift forces it is necessary to have a 
directional model of the sea state. Since the total instantaneous 
drift force depends heavily on the relative phases of the wave
components, it is not sufficient to obtain a directional spectrum in 
this application. Thus the possibilities for measuring directional 
seas have to be re-assessed, bearing in mind the need to determine 
the amplitude, phase and direction of the wave components, and also 
to accommodate various types of measurements which could be made 
from a floating vessel.

An arrangement for the measurement of directional spectra has been 
developed using radar technology (Gronlie et al. [1984]), The system 
uses a vessel mounted radar with a narrow beam which scans over a 
number of sectors. Several minutes are spent in each sector in turn 
and the reflections from the water surface provide a spectrum of
the velocity in that direction which is converted into a wave 
elevation spectrum. One of the principal advantages of this
arrangement is that it is entirely remote and it can also provide 
measurements of surface currents. It may be possible to adapt this 
system to convert the radar reflection directly into a wave elevation 
time history, but it would then be necessary to have a dedicated 
radar head for each direction instead of a single scanning unit. A 
further problem would be that the area observed by the radar is some 
distance from the vessel and the resulting time histories would need 
to be transformed to the vessel location.

The most comprehensive treatment of directional spectra to date has 
been given by Donelan, Hamilton and Hu [1985]. They used an array of 
14 wave staffs and the method of calculating the full frequency - 
wave number spectrum was based on the method of Barber [1963]. The 
wavenumber spectrum was calculated from the Fourier transform of the 
averaged spatial correlation function, resolved into x and y 
components. The method was extended by applying a least squares
fitting procedure to the spectral estimates and the array transfer
function to optimise the results. On the basis of results obtained 
it was possible to verify the fourth order Stokes dispersion
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relation, connecting frequency and wave number, and propose a tidy
expression for the directional spectum in terms of wind intensity.

2
Their results show that the spreading (expressed as a sech function 
of direction) depends only on the ratio of frequency to the peak 
frequency of the spectrum and that the spreading is a minimum at just 
below the peak frequency. This method however appears to be limited 
to using wave height measurements which must be obtained at a 
relatively large number of points. Relying as it does on the 
averaged spatial correlations, there also seems to be no possibility 
of retrieving phase information when using this method.

The method for collecting oceanographic data from a buoy in the open 
sea was pioneered by Longuett-Higgins, Cartwright and Smith [1963]. 
They showed that it is possible to express the first five 
coefficients of the Fourier transform of the directional spreading 
function in terms of the cross power spectral densities of heave, 
roll and pitch at any given frequency. Similar methods have been 
used by Borgman [1969] for an array of wave gauges and by Mitsuyasu 
[1975] for a clover-leaf buoy which measures heave, wave slope and 
wave curvature. The main drawback is that the spreading function is 
effectively forced into looking like the sum of two or three 
sinusoids. It is also possible to use the in and out of phase 
components of the cross power spectral densities to estimate directly 
the average direction, the directional spreading (or mean square 
deviation from the average direction), as well as the skewness and 
kurtosis of the spreading function (Kuik and van Vledder [1984]) for 
a pitch roll heave buoy. This is particularly useful when trying to 
compare different measured spectra. This type of analysis has been 
extended by using the fact that the raw spectral estimates have 
normal ditributions (Lundgren and Klinting [1987]) but it still 
offers no possibility of recovering phase information because the 
spreading parameters are calculated directly from the cross power 
spectral densities.

There is a completely different type of spectral estimation methods 
which have been applied to calculating directional ocean wave 
spectra. These are data adaptive methods which under certain 
circumstances can produce greater resolution because they adapt to
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the noise in the measured processes. They minimise the discrepancy 
between the estimate of the signal reconstituted from the spectral 
estimates and the observed measurements. They generally involve the 
solution of a set of simultaneous equations in order to achieve this 
minimisation. The principles are described by Lacoss [1971) and also 
by Press, Flannery, Teukolsky and Vetterling [1986] under the guise 
of Maximum Likelihood and Maximum Entropy spectral analysis methods. 
It is important to realize that the above authors deal with the 
enhanced estimation of the frequency spectrum from correlation 
functions. In all references relating to directional ocean wave 
spectra however, the frequency estimate is obtained by standard Fast 
Fourier Transform techniques and it is only the directional spreading 
estimation which utilizes the non linear spectral methods.

The Maximum Entropy Method was applied in slightly different forms by 
Kobune and Hashimoto [1986] and also by Stansberg [1986]. The former 
authors restrict themselves to the equations for a pitch roll heave 
buoy and use the maximum entropy condition to determine the 
function which best describes the relative power in each wave 
direction. The constraints in the minimisation process were that 
this spreading function should integrate to one over all directions, 
and that the coefficients of the Fourier series of the spreading 
function should satisfy the standard equations for cross power 
spectral densities of a pitch roll heave buoy. The latter author's 
approach is more general but also expresses the spreading function as 
a Fourier series with a limited number of terms.

The Maximum Likelihood Method was first presented by Capon, 
Greenfield and Kolker [1967], applied to the time domain filtering of 
seismic waves from a given direction and with a known velocity. They 
showed that the time domain filter which would reject noise in an 
optimum sense could be designed by considering the noise measured in 
the array of seismometers just prior to the arrival of the event or 
signal to be filtered. The filter design could be based on the cross 
correlations of the probes, in which case the time domain filter is 
obtained directly. Alternatively the frequency domain filter could 
be designed using the matrix of cross power spectral densities and 
then Fourier transformed to give the time domain filter. They found



-38-

that although the frequency domain method gave slightly less signal 
to noise ratio improvement, it was much quicker to compute and less 
suceptible to the assumption that the noise was a stationary random 
p r o c e s s .

The Maximum Likelihood Method for frequency-wavenumber spectral 
analysis was developed further by Capon [1969]. By substituting the 
expression for the maximum likelihood filter into the expression for 
spectral density, he showed that the power from a given direction can 
be given in terms of the inverse of the matrix of cross power 
spectral densities and the known phase lags which would arise between 
the various sensors if a wave from the given direction were to
propogate across the array. The underlying logic is that when 
estimating the power from one direction, waves from all other 
directions are considered as noise in the system.

The application of the Maximum Likelihood Method to ocean waves was 
presented by Oakely and Lozow [1977), and subsequently by Jefferys, 
Wareham, Ramsden and Platts [1981] but only using measurements from 
an array of wave gauges. This was extended by Isobe et al. [1984] to 
include measurements of other wave properties by converting them to 
equivalent surface elevations. In fact the method can make use of 
any response or measurement which has known linear transfer functions 
that will relate the measurement to the elevation at some fixed point 
of a wave from any given direction. Jefferys [1988] has proposed the 
use of the Maximum Likelihood Method to estimate the directional 
spectrum from the motions of a tension leg platform and wave 
measurements near it. The problem of calculating the disturbed wave 
elevation around a TLP has been addressed by Eatock Taylor and
Sincock [1989].

Thus it can be seen that the Maximum Likelihood Method is both
flexible and well documented as a means of calculating directional
spectra. Although there is no known reference to attempts to filter 
ocean wave data in the time domain, the work of Capon et al. [1967] 
(which has largely been overlooked in the literature) suggests that 
this might be feasible. It would mean that the phase information is 
retained in the filtering process and it should then be possible to



-39“

generate a model of a directional sea which could be used to
calculate drift forces.

Webster and Dillingham [1981) proposed that it is possible to use a 
system of sensors on board a vessel to measure time histories of 
directional wave components, but used a different technique. This 
was called the Fourier transform matching method and used an 
iterative linear programming approach to identify a set of wave 
directions, amplitudes and phases at each frequency which combine to 
produce the observed responses of a set of sensors. The sensors 
could be either a degree of freedom of the vessel motion, a velocity 
probe, or a pressure transducer. Using artificially generated data 
with one or two directional components, their results gave good 
estimates of the incident wave properties, which were converted from 
the frequency domain into time histories by inverse Fourier 
transformation. Their results were produced for a short block of 
data only. The amplitudes and phases of the wave components were 
determined by minimising the error between the computed and the 
observed responses, and the condition for selecting the set of 
incident directions was to minimise the sum of the amplitudes of all 
the components. This latter constraint was necessary in order to 
identify the one of many possible solutions which has the minimum 
total power.

Conceptually there is much in common between the adaptive beamformer 
approach and the Fourier transform matching method, except that the 
beamformer does not try to estimate the actual directions of the 
individual components. The beamformer looks in the directions in 
which it is steered and tries to reject as much as possible of the 
waves from other directions, whilst not distorting waves in the look 
direction. The actual incident directions must then be inferred by 
examining the relative power observed in each direction.
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1.4 Outline of Approach

The aim of this thesis is to extend the concept of wave feed forward 
so that all components of the drift force can be included, and also 
to take into account the effects of wave directionality. The 
proposed procedure falls into three distinct stages; reconstructing 
the incident wave from measurements made on board the vessel, 
estimation of the drift force using the full quadratic transfer 
function, and finally predicting the force itself into the near 
future to maximise the value of the control information. All three 
stages need to be carried out simultaneously and in real time.

The first part of the thesis covers the theoretical work that has 
been carried out to investigate the feasibility and the limitations 
of the proposed scheme, whilst the second part gives an account of 
the practical implementation of some of the elements of the scheme 
and presents the results that have been obtained.

Reconstruction of the incident wave from onboard measurements can 
generally be classed as inverse filtering or deconvolution and the 
theory is described in detail in chapter 2. The problems associated 
with inverse filtering, even for a unidirectional wave, relate 
primarily to the loss of information at frequencies where the vessel 
does not respond, the unscrambling of the diffracted and radiated 
waves if wave height measurements are to be used, and the 
implementation in real time. The means of overcoming these problems 
are proposed and the formulation gives a set of stable frequency 
domain or time domain filters, the outputs of which can be summed to 
give a full estimate of the incident wave. Chapter 2 also addresses 
the effects of using finite length data samples in the frequency 
domain and the possibility of non-causality in the inverse filter.

The principal of using a weighted sum of several sensor outputs to 
improve the quality of the estimate of a unidirectional wave
provides the basis for extending the analysis to filter out waves 
from different directions, using conventional or adaptive beamforming 
techniques. These are widely used in radar, sonar and seismic signal 
processing applications (see DeFatta et al 11988]) and are described
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in detail in chapter 3. In conventional beamforming, the outputs of 
the spatially distributed sensors are shifted in time or phase so 
that they are all referred to a common point for a wave from a given 
direction. Summing all the outputs then causes the signals due to 
the wave from that direction to reinforce each other, whilst signals 
from other directions tend to cancel each other out. Adaptive 
beamforming techniques use the same principle, except that the phase 
shifts are modified to achieve optimimum rejection of the unwanted 
signals. The term adaptive indicates that the method modifies the 
parameters to suit the data being analysed, as opposed to 
conventional beamforming where the parameters are determined 
according to the layout of the sensors only.

Both the conventional and adaptive beamforming filters have the same 
form as the inverse filter described above, so the system is easily 
modified to accommodate varying levels of complexity. The filtering 
operation can still be carried out in the time or frequency domains, 
but in either case, it should be feasible to filter waves 
simultaneously from all directions, rather than having to "look" for 
a period of time in each separate direction in rotation. Depending 
on the number and quality of the sensors, and the accuracy with which 
the directional transfer functions can be determined by diffraction 
analysis, it should be possible to build a real time model of a 
directional sea. This could be either a unidirectional sea with 
varying instantaneous direction, or a sum of plane waves from a 
limited number of discrete directions appropriate to the resolving 
power of the given array.

Having developed the means of measuring the incident wave, it is then 
possible to calculate the drift force using quadratic transfer 
functions. Chapter 4 examines the implications of trying to 
implement this technique in real time, and ways of establishing the 
range of time over which the estimate of the drift force would be 
valid. The quadratic transfer function may be smoothed to extend 
this range, but at the expense of reduced frequency resolution. In 
the limit, if the quadratic transfer function is entirely flat 
(independent of frequency), the bifrequency calculation reduces to a 
squaring process which operates only on the current input sample. In
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many applications, the square of the wave amplitude may be 
sufficient. The scale factor or mean drift operator could then be 
chosen to suit the frequency content of the incident wave. Using the 
same programmes, it should therefore be possible to vary the level 
of sophistication of the drift force calculation to suit the accuracy 
with which the transfer functions can be determined.

Chapter 4 also examines the possibility of extending the drift force 
estimate into the future by fitting an auto regressive model to the 
drift force time history and using it as a linear predictor. The term 
linear prediction relates to the linear combination of previous 
samples and is substantially more powerful than simple linear 
extrapolation, with wide applications in Geophysics and Speech
Synthesis (Makhoul [1975]).

Chapter 5 describes how the theoretical algorithms have been
implemented in software to carry out real time estimation of waves
and drift forces. This chapter also discusses the requirements for 
an integrated wave feed forward system, although such a complete
system has not been produced.

Chapter 6 presents the results that have been obtained using the 
software for real time directional filtering or beamforming on 
typical wave measurements, whilst chapter 7 concentrates on results 
for wave and drift force estimation from measurements made on a 
tanker model in uni-directional seas. This chapter also presents 
results for the prediction of drift forces.

Finally the main conclusions are summarised in chapter 8.
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2. INVERSE FILTERING OF LINEAR RESPONSES IN REAL TIME

2.1 Introduction

The term filtering is usually used to describe the process of
removing unwanted components from a particular signal. Inverse 
filtering, as the expression implies, is the task of reconstructing 
the original signal after it has been filtered, using detailed
knowledge of the filter properties. There is however one unavoidable
limitation, in that any information which was completely discarded in 
the filtering process cannot be retrieved.

The novel approach to inverse filtering which is proposed in this 
chapter is to set up an integrated procedure for firstly preventing
the amplification of noise when reversing the filtering process, and 
secondly, to combine information from several sources to build up a
complete picture of the original signal. It is then shown that this
method can be implemented in real time, using the frequency domain, 
for signals with a low sampling rate (eg ocean waves).

Consider for example the measurement of heave motion to estimate the 
incident wave on a ship. There would be certain frequency components 
that produce no response, regardless of their magnitude, when the 
length of the wave is exactly half the length of the vessel. For
high frequency inputs, the heave response might be so small that it
is of the order of the accuracy of the measuring system, in which 
case the estimate of the original wave input would be swamped by 
noise. For these frequencies it might be better to use the pitch 
response of the vessel to estimate the incident wave.

In this chapter the floating structure is considered as a number of 
linear filters, which each produce a response to the same given wave 
input. By pooling the information from the various filters there is 
a greater chance of filling the gaps where the original signal may be 
obscured and thus gaining a better estimate of the input.

The problem is then how to set up an algorithm that can select the
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most appropriate combination of responses to estimate any given input 
sig n a l .

For most applications, real time filtering of electrical signals is 
carried out directly using analogue components, or alternatively the 
signal is sampled at discrete time intervals and converted to digital 
form. Numerical operations by a digital signal processor can then 
manipulate the signal in a number of different ways before it is 
converted back to analogue form. The basic operation is that of
convolution or smoothing, where samples of the signal at different
time lags are multiplied by different filter weights and added 
together. Numerical convolution relates very closely to the physical 
model, where the response of a filter to an arbitrary random input is 
considered as the summation of the individual responses to a train of 
impulses of varying size.

An Auto-Regressive Moving Average (ARMA) model is a discrete time 
domain approach (Pandit and Wu [1983)) which is ideally suited to the 
way in which a digital signal processor works. Another time domain 
method is to use the state space representation which describes the
dynamics of a system in terms of a set of linear first order
differential equations. This technique is used in various control
applications (Kuo [1980]) including Kalman filtering and system
identification.

It is also possible to model a random input as a sum of sinusoidal 
components, each with a particular frequency, amplitude and phase. 
The output is then considered as the summation of the steady state
response to each underlying frequency component, which can be
calculated from a knowledge of the frequency domain transfer 
function. The two ways of considering the properties of a linear 
system and its response to random excitation are closely related as 
the frequency domain transfer function and the time domain impulse 
response function are a Fourier transform pair.
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Since the sample frequency required to analyse ocean waves is very 
low compared with the speed of modern signal processors, it is
pratical to transform a portion of the signal by means of the Fast 
Fourier Transform (FFT), manipulate the signal in the frequency 
domain, and inverse transform, all in the space of one sample 
interval.

There are several reasons why the frequency domain approach is 
prefered in this application. The main advantage is that the 
numerical methods that have been developed for analysing large 
floating structures use the frequency domain to calculate the linear 
responses and the second order forces. Thus a frequency domain
representaion of the input wave can be used directly in the drift
force calculation procedure as described in chapter 4.

Another motivation for developing the inverse filtering problem in 
this way is that it provides a unified framework which is readily 
extended to the problem of beamforming as described in chapter 3. 
Thus the simple inverse filter for a unidirectional sea has the same 
form, apart from the filter weights, as the filter which will give an 
optimum estimate of the wave from a given direction in the presence 
of waves from other directions.

It would in fact be possible to design the overall system in the
frequency domain and then transform the inverse filters to their 
impulse response representations. These could then be convolved 
directly with the time histories of the respective responses. It is 
felt however that this approach would be rather inflexible, and 
difficult to modify under changing conditions.

Section 2.2 summarises the principles of discrete time convolution 
filtering and how this may be carried out in the frequency domain for 
either infinite or finite length data sequences, depending on the 
characteristics of the filter function.
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Section 2.3 goes on to describe how the problem of unscrambling the 
convolution process (ie. deconvolution) can be solved by using 
frequency domain techniques to design a stable inverse filter even if 
the system transfer function is small or zero at some frequencies. 
If only one response is used, the input at these frequencies is lost, 
but it is shown that by inverse filtering different response modes 
and combining the resulting input estimates, the complete input can 
be retrieved.

Given a finite impulse response, section 2.4 discusses how the 
inverse filtering operation can be carried out in real time in the 
frequency domain.

It may be that the adopted conventions and notation differ slightly 
from standard usage, but if so this has been done to allow 
consistency with the later chapters on drift forces and ocean wave 
beam forming.
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2.2 Digital Filtering

2.2.1 The Discrete Convolution Theorem

The response of a vessel to a unidirectional irregular wave can be 
considered as the output of a filter operating on a single random 
input. The vessel is characterised by its impulse response function. 
The impulse response has the effect of convolving or smearing the 
input such that the response is effectively the linear superposition 
of the individual responses to a train of impulses of varying size.

The output y(t), due to a continuous arbitrary input x(t) operating 
on a linear system with an impulse response function h(t) is given by 
(Newland [1975]):

y (t) = I h (t ) x(t-T) dr
—  00 (2.1)

If the system input and output are sampled at discrete time 
intervals, the relationship between them can be written as the 
convolution sum:

y« ~ ^ h. X
j: (2 .2)

where x^ is the sequence of the input sampled at a time interval of 
A seconds, y^ the output, and h^ the discrete time impulse response 
function.

If the input is a complex sinusioid of the form

-icon A

(2.3)
X = en

where i is the complex number equal to the square root of -1, then 
the output of the convolution can be written as :
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y = Z  h . e

(2.4)

y = %  h. g -iwjA
^  i=_« J

(2.5)

Thus the output is a sinusoid of the same frequency which has been 
altered in magnitude and phase by the frequency domain transfer 
function H(w), which is given by

H(w) = Z  h e
n=-= "

(2.6)
In a similar way, the discrete input can be expressed in the 
frequency domain by the Fourier transform:

X(w) = Z  X e
n=-oo "

(2.7)

This is the discrete Fourier transform which exists for any function 
if the condition

Z  I X I < 0 0
n=-«

(2.8)
is satisfied.

The discrete Fourier tranform is periodic in frequency, since

X( w  + 2n/A) = Z x^ e e = X(co)
n = - o o

(2.9)

This is a manifestation of Nyquist sampling criterion, whereby 
signals above a certain frequency are aliased into lower frequencies. 
In order to use the discrete transform, it is necessary to assume
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that the signal to be analysed contains no frequencies which are 
outside the Nyquist frequency range. ie

< W  < where w,N
(2.10)

As shown by Dudgeon and Mersereau (1984], the inverse transform is 
obtained by multiplying each side of equation 2.7 by a complex 
sinusoid and integrating over all frequencies in the Nyquist
-frequency range :

w,N
j X ( w )  dco

CO,N
„ -iconA icokAZ X e e dconn=-«

(2.11)
The right hand side of this equation can rearranged to give

CO,N
I X ( w )  e^

cokA dco Z X
-CO,

n=-oo
N

CO,N
-ico(n-k)A dco

-CO,N

(2.12)
The integral in the brackets is only non-zero if n = k, in which case
it has a value of 2co__.N

Hence :

CO.

X(w) icon A e dco

N
(2.13)
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In order to establish the input output relationship in the frequency
domain, the expression for x . in terms of the Fourier coefficientsn-j
( from equation 2.13) is substituted into equation 2.2.

y = Z h. ^  f X(u) du
j=-« -J N

-"N (2.14)

Interchanging the order of summation and integration, and separating 
the exponential terms:

“n
y

■“ n

Z h.
j = —OO J

V/ \ iwnA . X(co) e dco

(2.15)

From equation 2.6, it can be seen that the expression in the square 
brackets is the frequency domain transfer function. By comparison
with the inverse Fourier transform equation (2.13), it can be deduced 
that the product of the frequency domain transfer function and the 
Fourier coefficient of the input yields the Fourier coefficient of 
the output at that frequency.

Y(w) = H(co) X(co)
(2.16)

2.2.2 Characteristics of the Impulse Response Function

It is necessary to examine the impulse response function more closely 
in order to ascertain the conditions for which real time
implementation is possible. In practice the filter function has
finite extent, over the past and into the future, and the limits of
the convolution sum can be changed with no loss of accuracy.
Equation 2.2 can therefore be written as:
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P
y = Z h . X .

 ̂  ̂ (2.17)

if hj = 0 for j < -q and j > p.

Thus p and q can be considered as the past and future extent
respectively of a given impulse response function as shown in figure 
2 .1.

In general a physically realisable system must be causal; that is to 
say that the response at any instant depends only on impulses that 
have already impinged the system, not on future inputs. Non-causal 
effects can arise however if one is considering a structure with 
large dimensions relative to the length of the incident waves and if 
the reference point is for example at the centre of gravity. The
transfer function which relates the relative wave height near the bow 
of a vessel in head seas to the wave elevation at the centre will 
show a positive phase lead and hence have a non-causal impulse 
response.

The overall extent or memory of the impulse response will depend on 
the frequency resolution of the system, manifested as the steepest 
gradient in the frequency domain transfer function. A  rectangular 
function will theoretically have infinite extent because of the step 
change in the frequency response. Conceptually, a much longer
section of the time history is required in order to establish the 
frequency content with sufficient accuracy to determine which side of 
the step one is on.

In order to design finite impulse response (FIR) digital filters, 
the sharp edges of the frequency domain transfer function are
smoothed so that there is a gradual transition from zero to unity 
gain. Frequency resolution is compromised, but with a significant 
reduction in the length of the convolution filter. There is a large 
amount of literature devoted to the subject of achieving the optimum 
filter performance for a given number of filter weights, to which an 
introduction may be found in Defatta et al (19881.
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The impulse response may continue with very small oscillations for 
some time. In order to obtain a practical measure of its extent, it 
has therefore been useful to introduce the concept of a cumulative 
distribution function of the modulus of the impulse response.

1 :P. = —  Z  I h. I where R = Z | h. |J R 1 1
 ̂  ̂ " (2.18)

The future and past extent which includes, for example, 90 percent of 
the impulse response can then be found by plotting the increasing 
function P^ against j and reading off the values of j for which P^ is 
0.05 and 0.95 respectively, as shown in figure 2.2.

2.2.3 Circular Convolution

The Fourier transform defined in equation 2.7 is clearly unsuitable 
for real time ampliations because it assumes that the sequence
extends over infinite time. In order to be able to transform a
sequence with a finite sample length, it is necessary to assume that
it is in fact periodic, with a period of NA where N is the number of
samples in the sequence. This gives rise to the finite discrete 
Fourier transform, which yields Fourier coefficients at a discrete 
set of frequencies which are the integer multiples of the fundamental 
frequency associated with the length of the sample.

The finite discrete Fourier transform is defined by:

\  = X  X e 2ninkA/N k = 0, 1 . . . N-1
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The frequency of the kth coefficient is

27Tk
NA

The corresponding inverse transform is expressed by:

(2.20)

N-1 
Z X, e 

k=0

where
that

2ninkA/N

(2.21)
above the term indicates that the sequence is periodic such

N + n
(2 .2 2)

It can be seen that apart from the factor of 1/N and the sign of the 
exponential, the equations for the tranform and its inverse are the 
same. They can both be carried out very efficiently by means of the 
Fast Fourier Transform (Newland [1975]).

Let us now consider the periodic sequence y^ which is the inverse 
transform of the product of the Fourier coeficients of the two 
periodic sequences x^ and h^.

N-1
Z H, X, e 

k=0 ^
2ninkA/N

(2.23)

Note that in order to evaluate the impulse response is extended
to a total of N points and rearranged so that h„ . = hN-J -J

Substituting the expressions for and X^, the right hand side is

N-1 N-1
Z Z

k=0 L j=0
-2nijkA/N N-1

Z
m=0

X e m
-2nimkA/N 2ninkA/N

(2.24)
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Combining the exponential terms

j=0 m=0 k=0 (2.25)

Because the N exponential terms are equally spaced around the unit 
circle, the summation over k is zero unless (n-j-m) is equal to 0 or 
an integer multiple of N, in which case the summation is equal to N.

Thus the resulting sequence is what is known as the circular 
convolution of the two periodic sequences:

N-1
y = X  h . X _.

J  ̂ J (2 26)

Because the sequences are periodic, it is possible to shift the 
limits of the summation by q points without altering the result so 
that the equation becomes:

N-l-q
y = Z h . X

^ (2.27)

From this equation it can be seen that if n is smaller than the past
extent or memory of the impulse response function, p as defined
above, then the circular convolution will differ from the infinite or
linear convolution of equation 2.2 because n-j becomes negative for
non-zero h .. In this case 

J

X = X . instead of xn-j n-j+N n-j
(2,28)

This means that compared with the linear convolution equation, the 
incorrect historical values of the sequence are being used in the 
summation.
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If n is greater than or equal to N-q, where q is the future extent of
the impulse response function, then n-j becomes greater than N for
non-zero h . and 

J

X = X . instead of xn-j n-j-N n-j
(2.29)

Here the circular convolution uses the incorrect future values of the 
input sequence x^.

For other values of n such that p < n < N-q, the circular convolution 
is equivalent to linear convolution.

The condition that the impulse response has finite duration
effectively limits the frequency resolution of the filter but the 
problem of leakage encountered when trying to use finite Fourier 
transforms to estimate spectral densities of a random process does 
not arise. Subject to the above limitations, circular convolution in 
the frequency domain effectively becomes just an alternative 
numerical device for calculating the finite discrete linear
convolution equation (2.17)

Several authors including Tretter [1976], Press et al. [1986] and 
Defatta et al. [1988] recommend this frequency domain method for 
carrying out convolution of very large data sets. Because of the 
efficiency of the FFT, it can reduce both the number of numerical 
operations and storage requirements. There are in fact two 
techniques called overlap add and overlap save, differing only
slightly in the detail of how end effects are accounted for. Known 
collectively as fast convolution, they are both based on dividing the 
long input sequence into short blocks. Fast Fourier Transformation, 
multiplication of the Fourier coefficients by the frequency domain 
transfer function, and subsequent inverse transformation to give
consecutive blocks of the filtered sequence.
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The overlap save method takes overlapping sections of the input and 
simply discards the corrupted ends before concatenating adjacent 
blocks in such a way that there is no overlapping of the output 
sections. The overlap add method on the other hand relies on 
extending non-overlapping blocks of the input with added zeroes to 
isolate the transients at the ends of each section. The transients 
can then be superimposed onto adjacent blocks (after tranformation, 
filtering and inverse transformation) where the zeroes overlap with 
no loss of accuracy. Defatta suggests that for a finite impulse 
response filter with more than 50 terms, frequency domain filtering 
is more efficient than the simple convolution sum.
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2.3 Inverse Filtering

2.3.1 Constrained Deconvolution

Consider now the situation where the output sequence of equation
2.2 is known and the input sequence is to be determined, given a 
knowledge of the impulse response of the system.

This inverse operation, known as deconvolution, is not immediately 
possible. It can however be achieved by transforming the discrete 
signals into the frequency domain (assuming infinite sample lengths 
in order to simplify the formulation at this stage) such that:

Y(w) = Z y^ e

(2.30)

The sequence can then be retrieved by inverse fourier
transformation of X(co), which from equation 2.16 can be expressed in 
terms of Y(w) and the transfer function H(w). Hence:

n  2 w  J H(co)N
■^N

for non-zero H(co).

Y(w) iconA acj

(2.31)

There are two drawbacks with this equation. The first is that 
infinite frequency resolution is not generally available because one 
has to work with finite length data sequences. In practice the 
integration becomes a summation over a discrete set of frequencies.

The more fundamental problem however is that the transfer function is 
very likely to be small if not zero at some frequencies. This has 
the effect of amplifying any noise in the measured responses.

In order to overcome this, a constraint is imposed on the input to be 
estimated. This assumes that the signal only contains frequencies at
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which the transfer function is non zero (or greater than a threshold 
5). The constraint is an operator such that for certain frequencies 
the constrained signal X'(co) is equal to the actual signal, but 
outside this range it is set to be zero. It is expressed 
mathematically by

X'(co) = B(to) X(co) where B(co) = 1 if |H(co)| > 5,

(2.32)otherwise B(co) = 0

This means that the estimate of the constrained input from the 
measured response is finite for all frequencies and can be expressed 
by:

“n
Y( co) itonA

= 2^^ I B(w) ^  e - ““ dw
■“ n (2.33)

Some form of constraint is unavoidable, and complete reconstruction 
of a distorted signal is not normally possible.

2.3.2 Linear Combination of Constrained Estimates

A  method of overcoming the inverse filtering problem, which is used 
in image processing, is to set up a procedure which iterates to arive 
at an estimate of the original signal (Dudgeon and Mersereau [1984]). 
Such a method is necessary if only one version of the distorted 
signal is available.

The approach adopted here however is based on the assumption that 
several versions of signal are available. If the filtering process 
was different in each case, it may be possible to combine the 
constrained estimates from each response in such a way that the 
complete undistorted input is recontructed. The method described 
below is not known to have been applied in typical inverse filtering
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or deconvolution applications, but it has much in common with the 
approach used in beamforming and estimation of directional spectra 
(see Chapter 3).

Consider first a system with one input and many outputs, each with 
its own frequency response characteristics. In the text the m x 1 
vector of outputs or responses at each frequency will be referred to 
as {Y(co)}. The symbol ~ will be used to denote a vector (or matrix) 
in the equations. Hence

Y(w) = H(w) X(w)
(2.34)

where {H(co)} is the vector of m transfer functions at each frequency 
that relate the incident wave to each of the respective responses to 
be considered.

In the frequency domain the new estimate of the constrained input 
could be given by:

X'(co) = A(w) Y(w)

where {A(co)} is the corresponding 
constrained inverse filters such that;

(2.35)

vector of finite amplitude

A(w) = B^(u)/H^(w)

B (co)/H (co) m m
(2.36)
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The constrained estimate X'(co) will be correct at any frequency 
where

A(o))^ H(w) = 1

(2.37)

If this is not possible, {A(co}} is chosen such that the right hand 
side of the equation 2.37 is zero, in which case the estimate will 
not contain any components at that frequency.

Rather than using only one of the responses to estimate a particular 
frequency band in the input, a weighted sum of different responses is 
used, so that the non-zero portions of Bj(w) overlap and each element 
of {A(co)} varies smoothly with frequency. In this way it is possible 
to reduce the extent of the individual impulse response functions.

There is in fact an infinite number of combinations, including 
complex numbers, which can satisfy the above constraint equation. 
This possibility will later be used to extend the method to filter 
waves from different directions, using the same set of sensor 
outputs. The important point at the moment however is that the above 
equation holds in order to piece together the correct signal.

The reason for going to these lengths is that we have now descibed 
the inverse filtering problem in terms of a linear combination of 
the outputs of the filters A^Cco), acting on the responses Y^(co). 
Using the inverse Fourier transform, the discrete time history of 
the constrained signal is now given by

“ n

X = -—  I Akw)^ Y(w) dwn 2w.
■“ n

( 2. 38)
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In the time domain the above equation can be written as a convolution 
sum.

Tx' = Z  a . y
n • = oo J n-j

^ ' ' (2.39)

where {y}^ is the vector of the set of measured responses at time 
interval n, and {a}^ is the set of impulse responses filters 
obtained by inverse Fourier transformation of each element of {A(co)}.

There are therefore two routes to obtaining the original input or 
wave; either by inverse transformation of the frequency domain
estimates, or by the linear superposition of the time histories
obtained from the convolution of each output with its constrained
time domain inverse filter. The two approaches are shown 
schematically in figures 2.3 and 2.4.
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2,4 Real Time Implementation

As suggested in section 2.2, it is possible to carry out frequency 
domain inverse filtering in real time if the impulse response 
function of the inverse filter is finite.

In order to do this, the data points are stored in a buffer of length 
L. At each sample instant, the current contents of the buffer are 
extended to a total of N points by adding zeroes into the future. 
The length of the added zeroes should be equal to the duration of the 
impulse response function to minimise end effects. The extended 
block is Fast Fourier Transformed, each Fourier coefficient 
multiplied by the corresponding transfer function, and the resultant 
series inverse transformed. Relative to "time now", the resultant 
output time history runs over L past points to N-L points into the 
future. As described above, the start of the block will be 
inaccurate because the convolution will be affected by the periodic 
nature of the input. This effect becomes progressively less 
significant until the pth point, after which the result is 
unaffected by the assumption of periodicity in the input, as shown in 
figure 2.5. Thus the zero padding is not strictly necessary, but it 
does serve to reduce the error in the first p points.

If the impulse response is causal, ie q = 0, the time history will be 
correct right up to "time now". The extension into the future will 
generally be non-zero, which represents the decaying response to the 
impulses received up to "time now". In the case of the constrained 
inverse filter which imposes a bandwidth limitation on the estimated 
input, this is quite an effective prediction into the near future. 
If the impulse response is non-causal, the implication is that future 
points are required for the correct result. Hence the given output 
for which, future inputs were set to zero, is only accurate up q 
points prior to "time n o w " , where q is the future extent of the 
impulse response function.

The algorithm can be written formally as follows:
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A  single input sequence gives rise to a set of m output sequences 
denoted by the vector {y}^ at the nth sample instant.

Given the vector of m frequency domain transfer functions {H}^ for 
these linear response sequences (at each discrete frequency , the
inverse filter vector {A}^ is determined such that each of its m 
elements is finite and the equation

T
“ k = 1

(2.40)

is satisfied.

The extent of the longest impulse response can then determined by 
inverse transformation of each of the individual filters.

If (a}j = 0 for j < -q and {a}j = 0 for j > p,

P T
X ' = Z a . y

j=-q -  ̂ ~  ̂ (2.41)

This is evaluated directly in the frequency domain by

N-11 \  ^ , 2ninkA/NX = —  Z X, ' e for p < n < N-q
M k=0 k

where

and

N-1„ „ -2ninkA/N
^  n!o '

(2.42)

(2.43)

(2.44)
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2.5 Closing Remarks

This chapter has described how it is possible to overcome the main 
problem associated with determining the time history of a 
unidirectional incident wave from a floating vessel, namely loss of 
information at certain frequencies.

The first requirement for the conversion of a response back to the 
original wave is to set this inverse function to zero at frequencies 
where the original transfer function was small or zero and would 
otherwise imply an infinite inverse. This prevents a futile attempt 
to retrieve the information where it is already lost. It means that 
the estimate from one response may have gaps at certain frequencies, 
but these are clearly defined and can be filled by information from 
a different response. In practice this is achieved by taking a 
weighted sum of the outputs of several responses which have each been 
inverse filtered. The relative weighting is chosen to give a gradual 
transition of emphasis from one response to another at the 
appropriate frequencies. The absolute value of the weighting 
function is adjusted to give the correct overall amplification when 
the outputs are summed. This requirement is expressed simply by 
equation 2.37.

The following chapter continues with the same approach to inverse 
filtering, but considers how the system behaves when the incident 
waves are from different directions, and how the weighting function 
can be modified to improve the directional filtering properties of a 
given set of responses.

It has been shown that filtering can be carried out in either the 
time domain or the frequency domain. It may seem that online Fourier 
transformation is an inefficient way of implementing the inverse 
filter but the flexibility, especially when dealing with a number of 
responses, makes this method worth considering.

The requirements that need to be met to isolate end effects have been 
described. These will also apply for the directional filtering case, 
where the frequency domain method is particularly useful.
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3 OCEAN WAVE BEAMFORMING

3.1 Introduction

The method of inverse filtering which was discussed in the previous 
chapter can readily be extended so that the system is sensitive to 
the wave number vector (ie. direction) aa ^ell as frequency. The 
procedure, known as beamforming, has its origins in phased array 
processing techniques which are used in seismic applications (Capon 
et al [1967]). Although the technique is very closely linked to the 
task of estimating directional spectra, for which there are many 
authors in the fields of Oceanography and Ocean Engineering, there 
appears to be no previous reference to attempts to filter ocean waves 
from different directions in such a way as to retain amplitude and 
phase information. The new work relating to real time FFT 
beamforming was developed from the work of Capon. After this had 
been formulated, further references were found which use similar 
ideas for radar and sonar applications (DeFatta et al. [1988]).

An array of spatially distributed sensors can be steered to "look" 
(or listen) in a particular direction by delaying the outputs of each 
of the sensors in the array by just the time that it would take for 
the wave from that direction (at a specific frequency) to travel from 
the respective sensor to a common reference point. If the delayed 
outputs are then summed together, signals in the look direction will 
reinforce each other, whilst coherent noise or plane waves in other 
directions will tend to cancel out across the array. The equivalent 
procedure can also be carried out in the frequency domain by applying 
the appropriate phase lag to the Fourier coefficients of the outputs 
from each sensor, which are then summed to give a frequency domain 
representation of the desired signal.

Section 3.2 discusses Conventional Beamforming which essentially 
applies a uniform weighting to each of the delayed sensor outputs. 
It also introduces the linear directional transfer functions which 
make it possible to use an array with any combination of sensor 
types. The means of examining the natural noise rejection properties
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of a steered array and quantifying the resolution or beamwidth of the 
filter are examined and performance plots for some typical arrays are 
presented.

The performance of a given array can be enhanced by adjusting the 
weighting factor associated with each sensor. If the system is tuned 
to the conditions present at any g'ven time to optimise the rejection 
of noise it is known as an adaptive beamformer. Section 3.3 lays out 
the theory for the design of an adaptive beamformer and considers how 
to evaluate the performance of the system, given that it is dependent 
both on the layout of the array and the signals being analysed.

In the same way that estimation of the frequency spectrum can be 
achieved by successive application of a narrow band filter at each 
frequency, the directional spreading can be determined by applying a 
conventional or adaptive narrow band beamformer over the full range 
of directions.

Section 3.4 discusses problems associated with estimation of the 
directional spectrum and puts the beamformer method into the context 
of other published methods. It shows for the first time that linear 
methods for estimating directional spectra (as opposed to adaptive 
methods) can also be extended easily to use any combination of sensor 
types with different response characteristics.
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3.2 Conventional Beamforming

3.2.1 The Delay and Sum Beamformer

Consider a wave propagating across an array of two or more similar 
sensors as shown in figure 3.1. The output from the m th sensor can 
be written as

y (t) = X ( t - r )
(3.1)

where r is the time taken for the wave to travel from the origin to m
the respective sensor. Note that we retain the general meaning of x 
and y as input and output signal respectively. The time is given in 
terms of the distance from the origin to the mth sensor r^, resolved 
in the direction of wave propagation which is at a speed of c :

T = —  r cos 0
m  c m  (3.2)

where 0 is the angle of the wave direction relative the line from 
the origin to the sensor. The array can be steered to look in a 
particular direction by shifting the output from each sensor by the 
time a^y and summing the resulting signals to give the beamformer
output b(t):

If the beamformer shifts, a , each counteract the shift introduced asm
the wave traversed the array, the output of the beamformer will be an 
undistorted version of the input. For this to occur

a = - T = - — r cos 0m m c m  / o / \(3.4)

Consider a simple case where the beamformer delays are selected to 
receive a signal which is travelling in a direction perpendicular to 
the line between the sensors, ie ^ = a /2. For a line array this is
referred to as "broadside". Since parallel wave crests in this
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direction would reach the sensors at the same instant, the 
appropriate delays are 0 secs for both sensors (regardless of the 
wave frequency in this case).

If as well as the broadside wave, there is another wave, z, in the 
"endfire" direction (ie. propagating parallel to the line between 
the sensors), the contribution that this signal would make to the 
total output of a two sensor beamformer which is steered to look in 
the broadside direction is given by

b (t) - ^ [ z ( t ) +  z( t - — ) ]z 2 c

If the signal z(t) is at a single frequency co.

(3.5)

z(t) = Re [ e ]
(3.6)

and

b (t) = i  Re [ e > ]Z 2

Hence the total beamformer output is

b(t) = x(t) + ^ Re [ e ( 1 + e ) ]

(3.7)

(3.8)

If cor/c = n, the contribution of the endfire signal to the total 
beamformer output is zero. Since for any propagating wave the 
relationship between wavelength, frequency and celerity is given by

^  = 2n ,
(3.9)

it is apparent that the broadside beamformer will eliminate an
endfire signal if the spacing between the sensors is equal to one
half of the wavelength of the endfire signal z. In this case the
signal has completed half a wave cycle in the time it travels from 
one sensor to the next, so the second sensor cancels out the signal 
from the first.
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To summarise one can say that the simple beamformer that consists of 
two sensors with no delays will receive a signal in the broadside 
direction at all frequencies without distortion. The noise 
rejection properties can be tuned by altering the distance between 
the sensors so that a second harmonic signal in any direction apart 
from broadside is completely rejected.

If the array is to be steered away from broadside, the required 
delays would depend on both the frequency and the direction of the 
signal to be received and it would be necessary to apply some 
filtering of the input prior to applying the delays. This gives rise 
to the term of filter and sum beamforming.

In order to generalize the technique for sensors with different 
response characteristics and to be able to assess the performance of
the beamformer in terms of resolution or noise rejection in all
directions, it becomes simpler to use the frequency domain as
described below, rather than the time domain.

3.2.2 Frequency Domain Representation

Using Fourier transforms as described in section 2.2 we can write 
the general single input - multiple output equation at a frequency co 
in vector form and include the direction of the input in the 
notation.

Y(w) = H(w,e) X(co,0)
(3.10)

In this case H (co,0) is the transfer function which relates the input m
from a given direction X(co,0) as measured at the origin, to the
output Y (co) of the mth sensor, m
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The estimate (indicated by ") of the input at any frequency and 
direction can then be written in terms of the beamformer vector 
{A(co,0)} acting on the vector of M sensor outputs (Y(w)}:

X(w,9) A  (w,9) Y(w)
(3.11)

The conventional beamformer is obtained by ‘2 an equal
weighting to each of the sensors so that

A(co, 0) 1/H^(w,0) for non-zero H (w,0) m

(3.12)

Thus the function of A^(co,0) is to refer each response to a common 
reference point, or to compensate for the change in phase that occurs 
as the wave propagates across the array. The factor 1/M means that 
when all the M outputs are summed, the filter gain in the look 
direction is 1.

For the example of the array consisting of two wave gauges, the phase 
shift as the wave propagates from one sensor to the next can be 
expressed in terms of the spatial frequency or wave number k, 
resolved in the line between the two sensors. For a wave in the 
direction 0, the array transfer function and the corresponding 
beamformer would be :

H(w,0) = 1 and A(co,0) = ^ 1

-ikrcos0 ikrcos0e e
(3.13)
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In the presence of a second noise signal Z, at a direction 0, the 
output of the beamformer would be

X(w,e) = A^(w,e) [ H(w,0) X(w,9) + H(cj,0) Z(w,4) ]
(3.14)

which reduces to :

X(w,9) = X(w,e) + - ^ ikr(cos0 - cosdO i + e
(3.15)

It can now be seen that the amplitude of the noise signal will be
reduced as long as <t> is not equal to 6, and if the exponential term
kr(cos0 - cos#) is equal to n or -tt, the noise will be completely
rejected. The time history of the signal in the look direction 6 can
then be recovered by inverse Fourier transformation as described in 
section 2.2.

3.2.3 Some Directional Transfer Functions

This section outlines how the directional transfer functions for 
different types of wave sensors can be calculated from small 
amplitude linear wave theory. The approach is the same as that of 
Isobe et al. [1984] except for minor differences in the conventions 
for definition of wave direction and the sign of the exponent in the 
definition of the propagating wave. Although Isobe used the 
transfer functions for extending the Maximum Likelihood Technique of 
spectral estimation, they apply equally for both adaptive and 
conventional beamforming, as long as appropriate measures are taken 
when they tend to zero. The important case of two directionally
sensitive but orthogonal sensors (as found for example in a 
pitch/roll/heave buoy) is considered.

Figure 3.2 shows the adopted convention for the co-ordinate system 
and the incident wave direction, such that it is measured relative to 
the X axis in the direction that the wave travels.
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The velocity potential for small amplitude linear waves is given by 
Sarpkaya and Isaacson [1981] as :

^ _ igZ cosh(k(d+D) ) i(k.r - cot)
w  CO cosh(kD) ~ ~ Q

The complex wave amplitude is represented by Z. Depth d is measured 
from the still water level, positive up, and the water depth is D (a 
scalar number).

It is preferable here however that the sign of the exponent is 
reversed, so that a time lag is represented by negative phase (if the 
forward Fourier transform has a negative exponent). Thus the 
expression used for the wave elevation rj at time t is :

h(r,t) = Re { Z exp [ i ( c o t - k . r ) ]  }
(3.17)

where {r} is the position vector (r^,r ) of the sensor and (k) is the 
vector wave number which points in the direction of propagation of 
the wave.

The wave number and frequency are related through the dispersion 
relationship:

2
w  = g k tanh( kD )

where g is the gravitational constant, k is the scalar wave number 
and the vector {k} is given by:

k =
k cos 6 

k sin d
(3.19)

where 6 is the direction of wave propagation.
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If the output is considered as the wave elevation at an arbitrary 
point {r}, resulting from an input in the form of the above wave at 
the origin, the tranfer function is obtained by Fourier
transformation:

H(k,r) = e"'
(3.20)

It should be noted that because of the dispersion relation between 
wave number and frequency, the transfer function effectively becomes 
dependent on frequency and direction.

This can then be combined with the transfer function which converts 
the wave elevation to a different property (eg slope, velocity), to 
give a single transfer function which relates the elevation at a 
given direction and frequency at the origin to any property measured 
at an arbitrary position as given in figure 3.3. The density of 
water is p and {p} is a unit vector which points in the direction of 
measu r e m e n t .

It can be seen that if the direction of measurement is perpendicular 
to the direction of the wave, the transfer function for horizontal 
velocity or surface slope will be zero and the expression for the 
beamformer (equation 3.12) will break down. In this case it is 
necessary to have two measurements which are perpendicular to each 
other. The transfer functions for the two sensors could then be 
written as:

H(co,0) = G^(co,0) cos B' 

sin O'
(3.21)

where Q' is the direction of the wave relative to the direction of 
measurement of the first sensor and G^(co,0) accounts for the change 
in amplitude and phase due to the location of the sensor. Instead of
using the factor of 1/M as in equation 3.12, the terms of the

2 2beamformer are then weighted by cos 9' and sin 9' respectively. This 
causes each term of the beamformer to remain finite, whilst still



-74-

satisfying the unity gain constraint for a signal in the look 
direction. Hence:

A (w,9) H(co,0) = cos Q ’ s in 0 '
G^(co,0) GgCwpG)

G^(w,0) cos Q' =  1

(3.22)

Note that it is not necessary for the two readings to be of the same 
type, only that they are orthogonal. It would for example be 
possible to combine wave slope in the x direction with horizontal 
water particle velocity in the y direction.

3.2.4 Beamwidth and Leakage for Arbitrary Arrays

Although it has been shown that the beamformer may be capable of
completely rejecting signals at certain directions whilst passing a 
signal in the look direction without distortion, there will in 
general be some leakage from signals that are not in the look
direction. If the sensor outputs are due to a single wave at
direction <̂ , the output of the beamformer which has been steered to
look in direction 0 will be

X(w,0) = A(w,0) Y(w)
(3.23)

The product of the beamformer for direction 0 with the transfer 
function of the array at direction <t> describes the change in 
amplitude and phase for a signal that is not in the look direction. 
Thus the complex leakage function is defined as :

A(co,0) H(co,(̂ )
(3.24)

Now if the sensor outputs are due to the sum of an infinite number of 
directional components over the range from - tt to tt, the beamformer 
output will be the convolution of all the actual directional 
components that are present with this leakage function.
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X(co,0) = I W A(j>) X(w,d) d<t>
J c

(3.25)

Ideally this leakage function should be zero everywhere except at 0 = 
<i>f where the value should be 1.

For plotting and power spectrum estimation, it is easier to use the 
modulus of the function. Hence the gain or power leakage ratio is 
given in terms of the power of the leaked signal:

(3.26)

In order to quantify the resolving power of an array, it is also 
useful to set a criterion for the rejection of signals at, for 
example, half the amplitude. Thus the beamwidth can be defined as 
the range of directions for which the power leakage ratio is greater 
than 0.25. It is important to note that the leakage function will 
in general be different for different look directions, as well as 
being dependent on frequency. For a conventional beamformer, this is 
determined by the layout of the sensors, and the sensor weighting 
function.

If we consider a simple line array of M wave gauges, it turns out 
that the leakage function for equally weighted sensors is the Fourier 
transform of the rectangular window function (Dudgeon and Mersereau 
[1984]). If the spacing between the sensors is A, the transfer 
function for the output of the mth sensor due to an input at 
direction <t> is

H (w,@) = g-imAkcosd,
"■ (3.27)
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The inverse to refer a wave at direction Q back to the origin is

A  (w,@) = i  ^imAkcosfi
“ (3.28)

The leakage function can then be expressed as

g(,) = i 2 -imak(cosf - cose)

(3.29)

If the beamformer is steered to look in the direction perpendicular 
to the line of the array (cos# = 0 ) the above expression reduces to

sin [ ^  kcos <t> ] 

M  sin [ ^ kcos <i> ]
W  _ ( 0 ) =  ^ - 2 ^ . (M-l)Akcos, /2

2 (3.30)

The variable s is then defined to be :

Akcos0 s = -li-----
(3.31)

Substituting s into equation 3.30 and taking the square of the 
modulus leads to the following expression for the power leakage 
ratio, which is the same as the expression for the Fourier transform 
of the rectangular window function.

sin(Mns) 
sin(ns)

(3.32)

The shape of the leakage function for an arbitrary collection of 
different sensors can not be determined algebraically but Defatta et 
al [1988) have presented an approximate formula for the beamwidth of 
large aperture line arrays and plotted this for various number of 
sensors and look directions (the aperture is the total length of the 
array). The simplest method of examining the performance of a given 
array is to evaluate the function numerically for the different 
combinations of direction at the range of frequencies of interest and 
to plot it either in contours or as an isometric section.
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Figure 3.A shows isometric and contour plots of the power leakage 
ratio for a line array of 4 wave height sensors which are equally 
spaced at a distance of 50m, which corresponds to half the wavelength 
of a deep water wave with a period of 8 seconds. The array is steered 
to look at 90 deg to the line of the array, ie broadside. The 
direction axis on the plot refers to the leak direction, ie the 
direction of the wave traversing the array, measured relative to the 
line of the sensors and the frequency range shown is 0.0625 to 0.125 
Hz. The vertical axis shows the fraction of the power from this 
direction that will appear in the output of the beamformer. The half 
amplitude beamwidth is obtained by measuring the distance between the 
two points where the 0.25 contour line intersects the required 
frequency axis. At 0.125Hz, the frequency for which the array has 
been designed, the beamwidth is 36 degrees. Note that a line array 
is not capable of distinguishing between positive and negative wave 
angles, so the function is only plotted from 0 to 180 degrees. At 
lower frequency waves, the beamwidth increases until 0.69 Hz (14.4 
sec) where it is effectively 180 degs.

Figures 3.5 and 3.6 show isometric plots for similar line arrays with 
2 sensors and 8 sensors plotted over the same direction and frequency 
range. At 0.125 Hz the beamwidths are 85 degrees and 17 degrees 
respectively.

Figure 3.7 shows the power leakage plot for a pitch roll heave buoy 
for look directions of 150 and 180 degrees plotted over the full 
range of leakage directions from 0 to 360 degrees. In both cases the 
beamwidth is approximately 185 degrees and is constant with 
frequency. This is because all the sensors are at the same point and 
the system is not sensitive to changes in wavelength, only to the 
relative phase between roll and pitch. Note that in this case it is 
the heave measurement that enables the system to discern between 
positive and negative wave angles.
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3.2.5 The Spatial Fourier Transform

Having established expressions for the transfer functions and the 
connection between spatial sampling and the leakage functions, it can 
now be shown that applying the conventional beamformer to the outputs 
of an array of wave gauges which are equally spaced on a grid at 
intervals of Ar, is equivalent to carrying out a 2 dimensional 
discrete Fourier transform from the spatial domain to the full 2 
dimensional wavenumber (ie spatial frequency) domain.

Consider an array consisting of M x N equidistant sensors in the x 
and y directions respectively as shown in figure 3.8. It is 
convenient to use the subscripts x and y to refer to the axes in the 
spatial domain but X and Y retain their meaning as a general input 
and output, to emphasise the connection between the beamforming and 
inverse filtering. The transfer function for the output of the
sensor ^ (in the temporal frequency domain) due to an input wave 
with spatial frequency {k^,k^} is given by

H (co,k) = exp [ -i( m k  Ar + n k Ar ) 1 m,n ^ X X  y y
(3.33)

and the inverse to refer it back to the origin is the beamformer term

A  (co,k) = rr^ exp [ i( m k Ar + n k Ar ) 1 m,n M N ^ * -  x x  V Y
(3.34)

The estimate of the component which is at spatial frequency {k} is
obtained by applying the beamformer to the outputs as in equation
3.11. Writing the vector multiplication as a summation gives:

. . M-1 N-1 imk Ar ink Ar
X(w,k) = i i z Z Y (w) e = = e ? ?

’ (3.35)

If each summation is treated separately, it can be seen that this 
equation is the same as two finite discrete Fourier transforms, but 
with the opposite sign convention for the exponential term compared 
to the time - frequency transform defined in chapter 2.
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In practice it is possible to use only one direction in the spatial 
domain ( eg a line array) because the magnitude of the wavenumber k 
is assumed to be fixed relative to the temporal frequency (through 
the dispersion relationship) and the estimate for direction 6 can
then be obtained by using only since k^=kcos0.

Thus the beamformer could be considered as a general form of the 
discrete Fourier transform, but without the restriction of regular 
sampling. For a regular array, the beamformer output is the Fourier 
coefficient of a function which is periodic in space or
alternatively, a raw estimate of the coefficient for a function with
infinite extent. (It will later be seen that windows or tapered 
weighting functions can be use to improve this estimate, primarily by 
removing the discontinuities at the edges of the sample space.)

As in the temporal finite discrete transform, the spatial sampling 
interval Ar gives rise to maximum Nyquist spatial frequency above 
which information is aliased into lower spatial frequencies. This 
would occur if the distance between the samples is greater than half 
the wavelength :f the signal. The finite space covered by the samples 
limits the resolution and means that the estimates of the Fourier 
coefficients are only given at discrete integer multiples of the 
sample wave length (NAr or MAr).

As the spacing between the sensors is reduced and the number of
sensors tends to infinity, the expression for the (time) Fourier
coefficient can be included so that the temporal and spatial
coefficients can be expressed in a single equation as the transform
of the continuous function x(t,r ,r ):x" y

) = ( 2 ^ 3  II. x(t,r) - k.r) dt dr

(3.36)
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The corresponding three dimensional inverse transform gives the 
standard spectral representation for a two dimensional propagating 
wave, but with the sign of the exponent reversed (see also section 
3.4.1):

x(t,r) X(co,k) dw dk

(3.37)
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3.3 Adaptive Beamforming Techniques

In conventional beamforming, a real weighted average of the shifted 
outputs is used. In adaptive beamforming, the filter weights are 
allowed to be complex and chosen, using a minimisation technique, to 
achieve optimum rejection of unwanted signals or noise.

3.3.1 Complex Weighting of Sensor Outputs

In principle it is possible to choose any complex values for the 
different elements of {A(co,0)} as long as the constraint equation

A  (w,e) H(w,e) = 1
(3.38)

is satisfied. In this way it is possible to tune the noise rejection 
properties of the array without altering the layout of the sensors.

Consider the simple case of a two sensor array (cf section 3.2.2), 
traversed by signal X(w,0) in the look direction 0, and noise Z(w,#) 
in the direction <t>. The array transfer function and beamformer can 
be written as:

H(co,0) = 1 and A(co,0) =

-ikrcosGe „ ikrcosG J
where previously = 1/2
be s 
1/2.

(3.39)

In fact the constraint equation will
be satisfied for any complex B as long as B^ = B^ , and Re{B^} =

This gives the flexibility to shift the output of the first sensor 
relative to the second sensor so that the outputs due to the noise 
are separated by a phase shift of n, whilst the outputs due to the 
true signal combine to give zero phase shift. The reduction in 
amplitude is then compensated for by applying an overall gain to the 
summed output.
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This condition can be demonstrated mathematically by simultaneously 
solving for the above constraint and the condition

A^(w,e) H(w,0) = 0
(3.40)

Substituting the expressions for the array transfer function and the 
beamformer into this condition gives:

o n  ikr(cos e - cos 0) 
1 2 ®

Re-arranging for non zero complex and

_ ikr(cos 6 - cos 0) 

Ĥ ence considering complex arguments

arg B^ +• kr(cos 6 - cos (t> ) - arg B^

(3.41)

(3.42)

(3.43)

Since arg B^ = - arg B̂  ̂ to satisfy the constraint for zero distortion 
in the look direction,

arg B. = [ ^ ( c o s  9 - cos <t>) ~ ^
(3.44)

In order to give unity gain,

Re{ B^ } Re{ B^ } - ^ - | B^ | cos [ arg( B^ ) ]
(3.45)
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The full expression for the real gain K of the beamformer can then be 
expressed as the modulus of the complex terms

K
2 cos [ ^ ( c o s  Q - cos (t)) - ^ ]

(3.46)

and the expression for the beamformer itself is

A(co,0) =
tuned 
to
reject 
at <t>

■ k.r
1 cos G -i ( f

i ( f

kr \
~ 2  cos 0 )

kr \
~ 2  cos d> )

(3.47)

It can be seen that as 0 approaches 0, the part of the desired signal 
remaining after the noise has been rejected also approaches zero and 
the gain of the beamformer therefore increases to infinity. In this 
case it becomes more and more difficult to separate out the two 
sign a l s .

Whereas before the conventional beamformer could only reject one 
frequency at one other direction, the filter weights can now be 
selected to reject noise over a range of frequencies at any desired 
direction away from the look direction.

This approach can be extended for M sensors and noise at N different 
directions ( 0^ ) which are to be rejected (not including the signal 
in the look direction). The constraint equations are written in 
matrix form and solved directly for (A(0)}. Note that it is not 
necessary to retain the distinction between the weighting function 
and the transfer function when calculating the terms of {A}. The 
beamformer is now dependent on both the look direction 0, and the 
particular noise conditions that it is designed to reject.
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V ® ) A^(0) ■ 1

A (e) 0m

0

(3.48)

In order to solve this exactly, the number of sensors must be equal 
to the total number of discrete directions, ie M = N + 1 . If this is 
the case the beamformer is the first column of the inverse of the 
matrix of transfer functions for the array.

If the number of sensors is greater than the number of directions 
present, there is more than one solution. However if the number of 
sensors is less than the number of directions present, as is 
generally the case, it is necessary to resort to a minimisation 
technique to find the optimum {A} as described in the following 
section.

3.3.2 Derivation of the Maximum Likelihood Filter

The basis for the design of an adaptive beamformer is to write down 
the expression for the variance of the estimate of the signal in 
the look direction in terms of the beamformer coefficients and the 
outputs of the sensors. The circumflex " over each term indicates 
an estimate.

CO,N
S ( c o , 0 )  dco

( 3 . 49)
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At each frequency, the spectral density S(co,0) can be written in 
terms of the Fourier coefficients of the estimate at direction 0. 
The ensemble average for a number of finite length blocks is denoted
< >.

S(w,0) dco = < X(co,0) X(co,0) >
(3.50)

As shown in Appendix A, this can be written in terms of the 
beamformer {A(co,0}} and { C(co) }, the M x M matrix of the average 
cross power spectral densities of the M measured outputs. The matrix 
is Hermitian, which means that the transpose of the matrix is the 
conjugate of the matrix itself.

S(u,0) = A(u,e)' C(u) A(a,e)
(3.51)

As the variance is a quadratic term, it can only increase in the 
presence of noise. Therefore the best estimate of the signal, or 
the maximum rejection of unwanted noise, is obtained if the variance 
is minimised, subject to the condition that the signal in the look 
direction is undistorted (ie the constraint equation is satisfied). 
The total variance is minimised if the spectral density is minimised 
for all frequencies.

This is achieved by defining a Lagrangian, L, which combines the 
expression for the variance of the estimated input, and the 
constraint equation.

*T r *T * -1A C A +  ^ [ a  H - 1 ]
(3.52)

It is this quadratic expression which is minimised with respect to 
the m + 1 independent variables {A} and //, using standard
variational techniques. It involves differentiating with respect to 
each independent variable and solving the resulting set of m + 1
equations for every frequency.
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It is shown in Appendix A  that the solution can be written in terms 
of the inverse of the average cross power spectral density matrix, 
(C(w) }, after eliminating the Lagrange multiplier /i. It yields

A(co,0)
C (̂co) H'Xw,e)

H^(co,0) C l(w) h '(w ,0)
(3.53)

This procedure is called adaptive filtering because the filter is 
designed specifically to suit the characteristics of the noise 
present in the records to be analysed. The adaptive beamformer was 
first used by Capon et al. [1967] to single out the seismic time 
history due to a remote underground nuclear explosion. Further 
references to sonar and radar applications are found in Dudgeon and 
Mersereau [1984] and Defatta et al [1988].

As described in the following sections, the adaptive beamformer is 
also used to obtain estimates of directional spectra. It is sometimes 
called Minimum Variance Estimation because the power or variance of 
the estimated signal is minimised. The term Maximum Likelihood 
Estimation is most commonly used in ocean engineering applications 
for directional spectra. The technique here is similar to adaptive 
filtering for enhanced resolution of different temporal frequency 
components in a single time history. In that situation, the filter 
consists of weights applied to the different temporal (as opposed to 
spatial) samples which are summed. The expression for the terms of 
the filter is almost identical except that instead of using the 
inverted matrix of cross power spectral densities, it uses the 
inverted covariance matrix for different time lags and the transfer 
functions relate to the corresponding phase shifts for each lag.

The method depends on the existence of an inverse to the matrix of 
cross power spectral densities. In the absence of any noise, the 
matrix will be singular because all the terms are linear combinations 
of the same input. This problem can be overcome however by adding a 
known amount of incoherent noise to the measurements (Capon [1969]). 
If the matrix is non zero, singularity implies that there is no
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minimum, or rather there is a number of solutions which give an 
equally good result. The addition of incoherent noise is a 
mathematical device for arbitrarily choosing one of the solutions.

If all the transfer functions are zero, the system has lost the 
information and is incapable of reconstructing the input at that 
frequency. As described in section 2.3, the inverse filter is set to 
zero and one has to be content with a constrained estimate of the 
input which has no information at that frequency. The procedure for
estimating the filter coefficients will also break down if, despite 
non-zero transfer functions, there is no output in any of the sensors 
at a given frequency. In this case the coefficients can be set to 
zero with no detrimental effect, since there is genuinely no input.

Given either the conventional or adaptive beamformer, we can obtain 
an estimate of the time history of the plane wave from a given 
direction, by inverse transformation of the frequency domain 
estimates as described in section 2.3 for the inverse filter or 
alternatively the filter can be transformed into the discrete time
domain, in which case the estimate of the signal for a given
direction would be obtained by convolution with the sensor time
histories. Note that smoothing of filter elements can still be 
applied in the frequency domain in order to reduce the overall extent 
of the convolution equation. If the convolution is to be carried out 
in the frequency domain it is necessary to examine the time domain 
representation of the filter to determine the required block length 
and the range of validity of the estimate.
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3.3.3 Filter Gain and Resolution

Consider now the previous example of the two sensor array which has 
been steered to look in the direction 6 = n/2 and tuned to reject
noise over a range of frequencies at direction (t> = n/3. From 
subsection 3.3.1 the terms of the beamformer are therefore

A(w,n/2) = K e
. kr n
1 —  cos 2

tuned to 
reject 
at n/3

. / n ^ kr A V
-1 ( 2 ~2 3 )

, A ^ kr A V( 2 ~2 3 '

(3.54)

where K is given by:

K
2 cos [

(3.55)

Hence the full expression for the beamformer is :

A(co, a /2 ) 2 cos(kr/4 - a /2)
tuned to 
reject 
at a /3

“ i(A/2 + kr/4)

iin/l + kr/4)
(3.56)

where the (scalar) wavenumber k is obtained for each frequency from 
the dispersion relationship and r is the spacing between the sensors.

If the array is traversed by a third signal Q, at a direction 0, the 
output of each sensor due to Q is obtained from the vector (H(w,0)} 
which contains the array transfer functions for the direction 0.

H(w,0) =

-ikrcos0
(3.57)
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Applying the above beamformer to these array transfer functions will 
give the component of Q which remains after filtering which is the 
same as the complex leakage function W^(co,i^) (see section 3.2.5).

out
in

A(co, n/2) H(co,0)
tuned to 
reject 
at n/3

Evaluating the expression gives:

tuned to 
reject 
at n/3

(3.58)

tuned to 
reject 
at n/3

-i(n/2 + kr/4)^ i(kr/4 + n/2 - krcosi^)
2 cos (kr/4 - n/2)

(3.59)

This expression will have a maximum amplitude when the phase 
difference between the two complex terms is as small as possible. 
This is obtained when ^ is 0 or n, depending on the value of kr.

If the spacing between the sensors is selected to be a quarter of a 
wavelength; ie kr = n/2, the amplitude of the complex leakage
function for the direction n will be :

W (co,n) n/2 tuned to 
reject 
at n/3

-i(5n/8) i(9n/8)Î______ '____ + e _
2 cos (-3n/8) = 2.4142

(3.60)

Figure 3.9 shows this function for a two sensor array (eg wave height 
gauges) with a spacing of 1/4 of a wavelength (kr = n/2), which is 
steered to look in the direction perpendicular to the line between 
the sensors as for the example above. The plots show the wave height 
indicated by the output of the beamformer relative to the wave height 
which is actually propagating across the array, at the range of 
directions from 0 to 180 degrees. Note that a line array can not 
distinguish positive and negative angles and is therefore symmetrical 
around zero degrees. Each line on the plot shows the different
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response characteristics when the array is tuned to reject waves from 
respectively 0, 30, 60, and 80 degrees.

In each case the line passes through 1 for an incident wave direction 
of 90 degrees, since this is the look direction and the true wave 
height ought to be indicated. Each line has a zero point in the 
direction at which the beamformer is meant to reject the wave 
completely. However it can be seen that waves (or noise) propagating 
at more than 90 degrees will be amplified. The nearer the reject 
direction is to the look direction, the greater the amplification 
will be.

If the amplitude of the "noise" is very small, this may not be a 
problem. If it is of the same order as the signal to be examined, 
the true signal will be swamped. In this case this beamformer is 
clearly worse than the conventional one for which the leakage 
function is always less than 1 and will therefore always attenuate 
n o i s e .

It is for this reason that the adaptive beamformer algorithm in the 
previous section is designed to minimise the total power in the look 
direction. This effectively gives optimum rejection of noise from 
all other directions. As a result the gain may be very high in the 
directions at which there is no energy. Such supergains may be a 
problem however when implementing the beamformer because they tend 
to increase overall length of the impulse response of the filter. 
The addition of uncorrelated noise to a near singular cross power 
spectral density matrix, as mentioned in the previous section, is one 
way of keeping the filter gains within limits, but at the cost of 
reduced resolution near the look direction.

It is not possible therefore to interpret the power leakage plot for 
the adaptive beamformer simply in terms of an effective beamwidth. 
In order to assess the implications of the leakage function it is 
necessary to examine it in conjunction with the spreading function or 
power distribution, the estimation of which is dealt with in the 
following sections.
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3.4 Directional Power Spectrum Estimation

This section aims to put the adaptive beamforming techniques 
described in the previous sections into the context of conventional
methods for estimating directional spectra (including the maximum
likelihood method) and to highlight the common features between them.

3.4.1 Linear Methods for Estimating Directional Spectra

As in the estimation of frequency spectra, there are two distinct but 
related ways of defining the spectral density of a random process
which is a function of time and space. The first method to be
considered, as used by Barber [1963] and Donelan et al. [1985], 
defines the spectrum in terms of the Fourier transform of the 
spatial covariance function. This is a function of the time lag r, 
and the space vector lag {r}, which has been calculated and averaged 
for all time t and all locations {p}. (Note that {r} has previously 
been used to represent position. Nevertheless it is used to be 
consistent with the notation of Donelan et al.)

The spatial covariance function of the random process x, which is 
assumed to be ergodic in time and space, is

p( r, r ) = x( t, p ) x( t + r, p + r )
(3.61)

Since the covariance function tends to zero as r and r tend to 
infinity, the Fourier transform exists and the spectral density is 
defined as :

f(c,r) - k.r)

(3.62)
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In this case

S(co, k) dk dco

(3.63)

A  raw estimate of the true spectrum is obtained by discrete 
transformation of the sampled covariance function at a finite number 
of lags. Assuming that the time transform has been carried out and 
dropping the reference to co, the estimated spectrum is

S ( k )
M
Z

m=l
— , \ ik.rPV r ) e m m ~ ~

(3.64)

This estimate is in fact the convolution of the true spectrum with 
what is called the array masking function by Donelan et al [1985],
which is the same as the complex leakage function ^C#) defined in
section 3.2.4. Putting this function in terms of the vector wave
number, the estimate can be written as :

S ( k ) jj W^( k' ) S( k* ) dk'
(3.65)

In terms of direction (assuming the linear dispersion relationship), 
the spectral density is:

S (w,9) I W S(co,0) d^J B
(3.66)

Methods of improving the raw estimate take the form of either 
weighting the covariance estimates with a tapered window to improve 
the shape' of the leakage function ( it should ideally be a spike ) or 
some other technique to deconvolve equation 3.66, as discussed in 
section 3.4.3.
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The covariance method is suitable for spatially distributed wave 
gauges, but can not cope with several measurements at a single 
location such as a pitch/roll/heave buoy or clover leaf buoy. In 
that case it is necessary to avoid estimating the covariance 
function, and calculate the spectrum directly from the Fourier 
coefficients as described below.

The process itself is considered as a buin of sinusoids of different 
wavenumber and frequency so we can write

x(t,r) = II X(co,k) e^^^^ dw dk

(3.67)

where {r} reverts to meaning location rather than spatial lag, and 
X(w,k) represents the complex amplitude and phase of each component. 
This is the same equation as equation 3.37 in section 3.2.5. The 
spectrum is then defined as the expected value of the square of these 
coefficients :

S(w, k) dk dw = < X (w, k) X(w, k) >
(3.68)

The coefficients X(w, k) are estimated by applying the beamformer 
(adaptive or conventional) to the sensor outputs as described in 
previous sections. The beamformer may take the form of a spatial 
Fourier transform for regularly sampled data, or the weighted sum of 
a small number of different measurements at a single point. In 
either case, the estimate of the Fourier coefficients is smeared by 
the same leakage function as the spectral estimate in the covariance 
method. Once again, this can be simplified through the dispersion 
relationship to retain only frequency and direction.

n

X ( w ,  0 )  = I W ( # ) X( w, # ) d0

(3.69)
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The estimates can be expressed in terms of the beamformer acting on 
the expected value of the squared Fourier coefficients of the sensor 
o u t p u t s .

As used in section 3.3.2, the matrix of average crosspower spectral 
densities is

C(w) dw < y ” (w ) (w ) >

(3.70)

Thus we can write the general equation for the beamformer spectral 
estimate :

S(w,0) d 0  = a '“^ ( w ,0) C ( w ) A ( w ,0)

(3.71)

This estimate is smeared by the square of the complex leakage 
function, namely the p 
section 3.2.2, so that:
function, namely the power leakage ratio g(#) as defined in

S(w, 0) I P M )  S(w, d>) &<t>J w, w
-n (3.72)

where

P A<t>) = I A^(w,0) H(w,4) I ^w, 0 (3.73)

Note that the condition that the beamformer should pass all power in 
the look direction (unity gain constraint) leads to an over-estimate 
of the true spectrum in a particular direction due to additional 
leakage from other directions. In some cases, where there is an 
even distribution of power, it may be appropriate to reduce the 
estimate of the spectrum by a factor which is equal to the area under 
the power leakage ratio, and thereby compensate for the leakage from 
other directions.
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In this form the same technique can be used to estimate the spectrum 
from any combination of different sensors with different direction 
and frequency response characteristics. Rather than thinking only in 
terms of Fourier transforms of standard window functions, the 
expression for the power leakage ratio gives a simple means of 
assessing the bandwidth of the spectral estimate. If this is not 
satisfactory it is possible to alter the terms in the weighting 
function of {A}, and quickly see the effect of the change.

For the analysis of pitch roll heave buoy data. Longuet Higgins et al 
[1963] show that the terms of the cross power spectral density matrix 
are related to the first three terms of the Fourier series of the 
periodic directional spreading function. Their estimate of the 
spectrum has exactly the same form as equation 3.72 and they show 
that the weighting function that they use (to prevent negative power 
leakage) results in a leakage function of

= ^  COS {̂<j> “ 0)/2
(3.74)

Using the conventional beamformer described in section 3.2.3, with 
2 2cos 0 + sin <t> weighting for the directionally sensitive orthogonal

channels, the transfer function and corresponding filter can be 
written as

H(0) = 1 and A(#) = ^ 1

ik cos# cos # 
ik

ik sin# sin # 
ik

The p o w e r  leakage ratio is

T  [ 1 + cos# COS0 + sin# sin0 ]=

(3.75)

(3.76)
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When this is simplified it becomes

P„(ÿ) = cos (d - 9)/2
® (3.77)

and is the function plotted in figure 3.7.

Thus the Fourier series method is essentially the same as the 
beamformer approach, except for the scale factor that arises from the 
unity gain constraint in the look direction. This is of no 
consequence as the spreading function is generally normalised to 
integrate to one over the range of directions. The full spectrum is 
given in terms of the frequency spectrum multiplied by the normalised 
directional spreading function.

3.4.2 The Maximum Likelihood Method for Directional Spectra

As indicated in the previous section, the beamformer method can make 
use of either adaptive or conventional beamformers or filters.

The procedure is simply to apply the filter a number of times to 
determine the different input signals from a number of different 
directions. Each time the filter is applied, waves from directions 
other than the one being examined are considered as noise. As shown 
in Appendix A, the expression for the beamformer A(co,0) (equation 
3.53) is substituted in the expression for the spectral density of 
the signal (equation 3.71) in the look direction to give an estimate 
of the spectral density as a function of frequency and direction. 
Hence :

H(w,8)^ C(w)"l H(w,8)^
(3.78)
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The reason that the expression for the maximum likelihood method 
spectral estimate looks so different is that it is not actually 
necessary to calculate the adapative beamformer coefficients 
explicitly. The estimate of the spectral density is given in terms 
of the array transfer functions for the given direction, and the 
matrix of cross power spectral densities for all the sensors in the 
array.

This is the spectral estimate used originally by Capon [1969) and 
later by Jefferys et al [1981] and Isobe et al [1984] for directional 
estimates. As before this estimate is a convolution of the true 
spectrum with the power leakage function. As such it is only used as 
a relative measure of the spread of power. The simplest way of 
accounting for the leakage is to normalise the estimate with respect 
to the total power (from all directions) that is measured at a 
single point, without regard to direction. The full spectrum is then 
expressed in terms of the frequency spectrum and a directional 
spreading function F(co,0).

The spreading function F(co,0) is therefore defined such that

F(w,9) = S . (w,e)
mlm (3.79)

and

7T
I F(w,e) A0 

-n (3.80)

To overcome the problem of variable leakage or bandwidth, Davis and 
Regier [1977] proposed a refinement of the maximum likelihood 
technique which they called the Data Adaptive Spectral Estimator 
(DASE). This has not been implemented in the analysis, but a brief 
description is included to illustrate the scope for refinement if 
necessary. The formulation applies equally to the beamformer as to 
spectral estimation.
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Instead of designing the beamformer to pass the signal in the look 
direction with unity gain, the minimisation is carried out under the 
constraint that the leakage function has a prescribed width, and an 
area of unity. The constraint equation would then be:

e + A/2

I
e - A/2 (3.81)

The parameter A is the effective bandwidth of the spectral estimator 
which is chosen to suit the type of array and the data being 
analysed. The integrand is more conveniently written in terms of the 
square hermitian matrix {Tj formed from the integral of the transfer 
function vector over the chosen bandwidth.

9 + A/2
T(w) = j h'''(co,(Z>) H^(co,0) dd

9 - A/2 (3.82)

so the constraint then becomes:

A"^(w,9) T(co) A(w,9)
(3.83)

Minimisation of the power in the look direction subject to the above 
constraint leads to the expression

[ C(co) - ^ T(w) ] A(w,9) = 0
(3.84)

and the data adaptive spectral estimator is

S (co, 0 ) —
°  ( 3. 85)
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where is the largest eigenvalue of the matrix

R(w) = C(w)  ̂ T(w)
(3.86)

As A tends to 0, this method reduces to the maximum likelihood 
method. The parameter A can be selected on an iterative basis, 
progressively reduced until the sum of the powers from each direction 
account for the total power. The value of A then provides an 
indication of the resolution of the spectral estimate.

3.4.3 Techniques for Enhanced Resolution

So far we have considered both linear and adaptive methods of 
estimating directional spectra, based on the concept of the mean 
power passed by a narrow-band beamformer. The beamformer filter 
{A(co,0)} can either be the inverse of the array transfer function, or 
can be selected using the maximum likelihood technique. In either 
of these cases, and also for the raw covariance spectrum, the
estimated spectrum is the convolution of the power at all directions
with the power leakage function of the array. The techniques for 
enhanced resolution focus on inversion or deconvolution of equation 
3.66 or 3.72, and were used by Donelan et al [1985] relating to the 
covariance estimate. A similar technique has also been proposed by 
Jefferys [private communication, 1988] relating to the maximum
likelihood beamformer method.

The method adopted by Donelan et al. [1985] in the most comprehensive 
analysis to date of directional wave data was to calculate the raw 
spectrum at a large number of points which lie on the wavenumber grid 
appropriate to the aperture of the array. They then select an
arbitrary number of points at which the raw estimate is greatest.
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It is then assumed that the true spectrum can be accurately modelled 
by a set of delta functions at this set of M  discrete wavenumber 
locations.

S(k)
M
Z

m=l
E 5(k - k ) m m

(3.87)

The idea is to solve for a set of E which, when convolved with them
leakage function, produce the observed raw wavenumber spectrum. 
Donelan uses a least squares fitting technique whilst Jefferys 
[1988] has suggested solving for the number of preselected look 
directions. In either case it is necessary to generate the power 
leakage coefficient (PLC) matrix:

P ( e i , y

n>

P

E(0^) ■ ' s(e^)

E(0 ) s(e )n m

(3.88)

The number of chosen look directions is M, and the number of
directions at which the true spectrum is presumed to lie is N. Each
term of the power leakage matrix indicates the amount of power from
the direction 0 which is included in the beamformer estimate at n
direction 9^. If the number of delta functions corresponds to the 
number of observations of the raw estimate, the system is exactly 
determined by the inverse of the power leakage coefficient matrix. 
If not an estimate is made using a least squares error criterion. As 
mentioned above, the chosen directions are few and fairly arbitrary 
in the first instance. The fitting process however is then repeated 
until they account for all the observed power.
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That is to say the selected estimates are approriate when the set of 
E(0^) sums to the total point power.

N
Z E(0 ) = S(w)

(3.89)

If this criterion is satisfied, it is not then necessary to scale the 
spectral estimates in order to obtain a spreading function which 
integrates to one over the full range of directions.

3.4.4 Parameters for Directional Spreading Functions

In order to compare directional spectra obtained by different 
methods, it is necessary to define some parameters which characterise 
a spreading function without relying on an assumed model. The 
spreading function can be considered as a probability distribution, 
except that it is periodic. It is therefore appropriate to use the 
mean direction, the standard angular deviation of the distribution, 
skewness and kurtosis, which can be calculated at each frequency. 
(The dependence on co is implied for the following, without including 
it in the notation.)

The spreading function is calculated from the estimates of the spectrum
at each discrete direction 6 , where the total number of directionsm
covering the full range is M with a regular spacing of A6 and then 
normalised so that;

M
1 Z  F(co,0 ) A0

1 m
(3.90)

It turns out that only a limited number of directional estimates are 
required in order to establish an accurate estimate of the mean 
direction.
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The circular mean is defined in terms of the average deviation from 
the direction of the peak power, denoted 0^.

M
e = 0 + E F(0 ) [ 0 - 0 1 A0p p

(3.91)

The mean square angular deviation:

2 ^  P —  -12a = E  F(0 ) [ 0 - 0 1 A0
m=l

The skewness:

(3.92)

1 ^ r  — -i 3-- E F(0 ) [ 0 -  0 ] A03 . m m
a m=l (3.93)

The kurtosis:

1 M _
-, E F(0 ) [ 0 -  0 ]* A04 , m m
a m=l (3.94)

The kurtosis of a normal distribution is 3. A  value higher than this 
implies more energy near the extremes ( see Press et al [1986] ).

Another important parameter for directional spectra is based on the 
proposed cosine power model for a typical spreading function:

F(s) = p  cos^®( e - ë  )
^ (3.95)

where F is a normalising factor.
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Since this is a sinusoidal function, the s parameter can be 
determined directly from the first two coefficients of the Fourier 
expansion of the spreading function as obtained from the Longuet 
Higgins pitch/roll/ heave analysis. This function was also used by 
Mitsuyasu [1975] for presenting the results of directional spectra 
from a clover leaf buoy. A similar form, used by Borgman [1969] and 
Mitchell [1989], assumes that all the power lies in one half of the 
circle. The Borgman cosine power model is :

F(0) = cos^®( e - e ) -n/1 < B < nfl

F(9) = 0 otherwise

If the spreading function is estimated using the beamformer 
technique, the s parameter can be inferred by comparing the root mean 
square angular deviation of the different models with the one that 
was actually measured.

A further model for unimodal spreading functions was proposed by 
Donelan et al [1985]. From the analysis of wave gauge data in Lake 
Ontario, they found a relationship between the frequency co (relative 
to the peak frequency), and the parameter (3 which defines the width 
of the spreading such that

F(0) = sech^ (39
(3.97)

Figure 3.10 to 3.12 show the key parameters for the above mentioned 
models. As all these models are symmetrical, skewness has not been 
included. The distributions are normalised to integrate to 1 over 
the range of 0 to 360 degrees, but plotted on a percentage axis. 
Thus the peak spreading ranges from 0.5 to 2 percent per degree for 
the different models.
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3,5 Closing Remarks

The process of filtering can be considered in the same context, 
regardless of whether one is trying to establish frequency or wave 
number (direction).

In the case where a component at a certain frequency is to be 
determined, samples are taken at different times. Each sample is 
then corrected by a phase shift which is opposite to the phase lag 
that occurs between a reference time and that sample instant for a 
wave at that frequency. When the phase corrected samples are added 
together (as in a Fourier transform), components at other frequencies 
tend to cancel each other out. The components of the samples which 
are at the filter frequency will then be in phase and will re-inforce 
each other.

Where a component at a certain direction is to be determined, the 
samples are required at different locations. By the same token, each 
sample is corrected by an appropriate phase lag which would occur for 
a wave at that direction travelling from the reference point to the 
sample location. In this case it is generally necessary to know the 
frequency as well. When all the samples are added together the 
components at that direction are in phase, whilst components from 
other directions tend to cancel each other out.

The usual case is that the same type of sample is taken and that the 
interval in time or space is regular. This gives rise to the Fourier 
transfrom into either the frequency or the wave number domain. 
However, as long as a particular sample can be corrected to a common 
reference point, it is possible to use any type of measurement which 
may be different from the other samples. There is similarly no 
absolute requirement for the time interval or spacing to be regular. 
Hence the concept of filtering with arbitrary arrays has been 
developed in this chapter and it has been shown how the filter can be 
used to determine either time histories or power spectra.
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By weighting the samples with complex factors (distinct fom the phase 
and amplitude shifts necessary to refer the samples to a common 
point), it is possible to improve the noise rejection properties of 
the filter without affecting its ability to pass a signal at the 
desired frequency or direction. The means of determining the optimum 
weighting factors has been described and this is known generally as 
Maximum Likelihood Estimation.

The possibilities of using the same basic techniques for analysing 
data from an arbitrary array of sensors have thus been extended. In 
chapter 2, the weighting factors of the inverse filtered sensor 
outputs were adjusted so as to only use sensors which are responsive 
at a given frequency. In this chapter the same weighting factors are 
modified to improve the directional filtering charateristics of the 
array.
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4. NON-LINEAR FORCING IN WAVES

4.1 Introduction

The two previous chapters have been concerned with modelling linear 
dynamic systems for which the output is related to the input by the 
single convolution integral (equation 2.1). The input was the wave 
elevation time history and the output some motion response. One of 
the most important properties of such a linear system is that of 
superposition which in the time domain implies that the output time 
history is the sum of the individual responses to a train of separate 
input impulses. There is no interaction between the input impulses 
and the output is directly proportional to them. In the frequency 
domain linearity leads to the principle that a harmonic input at one 
frequency will produce an output at that frequency alone and which is 
proportional to the amplitude of the input. The response to an input 
which is the sum of several harmonic components will be the same as 
the sum of the individual responses that would result from each 
component on its own.

In this chapter the input is still the wave elevation, but the output 
is the low frequency forcing. Depending on the position control 
system of the vessel, this force may or may not give rise to 
substantial excursions from the mean position of the vessel, or may 
indeed change the mean position. Strictly speaking it is assumed 
that the position control system is capable of suppressing any low 
frequency response and that the mean position of the vessel remains 
fixed. The second order forces (or the means of controlling the 
second order response) are assumed not to affect the first order 
forcing or response to any significant extent and do not therefore 
affect the estimation of the incident wave. It should be noted that 
the reverse does not apply; the second order force is strongly 
dependent on the interaction between the first order response of the 
vessel and the incoming wave.

The starting point for this chapter is the widely accepted model for 
non-linear hydrodynamic systems, namely the second order Volterra
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series, which can be considered as a generalisation of the linear 
convolution integral (Schetzen [1980]). In this model the system is 
characterised by a quadratic impulse response function which gives 
the output as a weighted sum of the product of the input impulses at 
different time lags. In the frequency domain this becomes the 
quadratic transfer function, which describes how the components of a 
biharmonic input interact to give an output or force which is at a 
different frequency.

It is beyond the scope of this work to consider the mechanics of how 
the drift forces arise or how the quadratic transfer function can be 
calculated using second order diffraction analysis. Similarly no 
attention is given to the theory of cross bi-spectral analysis which 
is required to estimate the quadratic transfer function from measured 
data.

This chapter aims to establish whether, or under what conditions, a 
given quadratic transfer function can be used in real time to 
calculate the instantaneous drift force on a vessel, given 
information about the input wave. As shown in chapter 2, it can be 
very convenient to carry out inverse filtering in the frequency 
domain to establish the input. It is therefore desirable to be able 
to use this information directly to calculate the force in the 
frequency domain, and then transform the result to the time domain. 
It would not be necessary to transform the wave information to the 
time domain.

An advantage of using the full quadratic transfer function, is that 
the theory for the Volterra series model has already been expanded to 
cover short crested seas, and this ties-in well with the beamforming 
techniques presented in the previous chapter.

Section 4.2 therefore lays out the mathematical model for drift force 
calculation. Although the quadratic impulse response and the 
quadratic transfer function are related through a double or two 
dimensional Fourier transform, the Fourier coefficients of the drift 
force at low (and high) frequencies can be derived from integration 
over the bifrequency plane, and only a single Fourier transform is
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required to obtain the drift force time history.

This frequency domain technique is well established for the
calculation of long time histories of drift force. When carrying 
out simulations, there is sufficient length to discard large sections 
of points at the start and finish of the time history where there 
might be corruption, without having to establish precisely how much 
is actually corrupted.

No known attempts have been made to define the significance of the 
end effects in the frequency domain method, or to use this in real 
time as proposed here.

Section 4.3 examines therefore the nature of the quadratic impulse 
response by considering it as a linear two dimensional filter which 
acts on a two dimensional input function. It also clarifies the
boundaries between past and future for the impulse response which is 
derived directly from the sum and difference frequency quadratic
transfer function, since this is the form in which the function is 
generally derived. It concludes with a discussion of the factors 
which affect the overall extent or duration of the impulse response.

By continuing with the analogy of a two dimensional linear filter, 
section 4.4 shows that for finite length records, the frequency 
domain method in fact calculates a two dimensional circular
convolution of the periodic input and impulse response. If the
extent or duration of the impulse response is known, it identifies 
the region where the circular convolution is equivalent to the
infinite convolution of the Volterra series, and therefore the
requirements for implenting the method in real time. The conclusion 
is that the length of past (and perhaps future) data points required 
for transformation to the frequency domain needs to be only just 
longer than the duration of the impulse response, in order to obtain 
a valid sample of the drift force.

Examination of a sample quadratic transfer function indicates that 
there may be some degree of non-causality and that this will prevent 
the system from calculating the instantaneous value of the drift
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force. It may only be possible to estimate the drift force some 
time after the moment has passed.

To compensate for a possible delay, it is proposed to use an 
auto-regressive model to predict the drift force time history into 
the near future. This method, known also as linear prediction, has 
applications in many different fields, but no previous reports of the 
prediction of slowly varying drift forces have been identified. 
Section 4.5 discusses the theory behind the fitting of an 
autoregressive model to examine if there is any reason why this 
should not apply equally well to a time history which is derived from 
a second order process, rather than a system which is purely filtered 
white noise. The long periods of the drift forces suggest that 
prediction ma y  be feasible up to a significant time ahead, and should 
at least be more effective than attempts to predict the wave.
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4.2 Theoretical Model for Drift Force Calculation

4.2.1 Discrete Second Order Volterra Series

Given a time history of the incident wave, there are two possible 
ways of estimating the drift force on the vessel. The simplest 
method is to assume that the drift force is proportional to the 
square of the wave height elevation. Depending on the level of 
sophistication, the constant of proportionality can be chosen to 
suit the instaneous frequency of the wave envelope using Hilbert
transform techniques as suggested by Martinsen [1983].

The more general approach however is to use the second order
Volterra series model to characterise the response of a non-linear
system in terms of a quadratic transfer function. This effectively
describes how different frequencies in the input(s) interact to 
produce a response at the sum of the two frequencies . In the time
domain, this means a convolution with the product of the inputs at 
different time lags.

The second order Volterra series model has been described in detail
by Schetzen [1980] and was first used in ocean engineering by 
Dalzell [1976] for the problem of ship resistance in waves. Since 
then considerable work has been carried out by many researchers which 
indicates the suitability of this model for hydrodynamic 
ap plications.

A  full review of the use of the second order Volterra model and the 
estimation of quadratic transfer functions for compliant offshore 
structures is given by Sincock [1989]. Eatock Taylor, Hung and
Mitchell [1988] have subsequently proposed an extension to the model 
to cover drift forces in directional seas. The work here is based on 
the results of these authors, but extended to examine the effects of 
implementing the frequency domain method in real time. The advantage 
with this approach is that it is suited to the methods proposed in 
previous chapters for estimating the incident wave field. The
computational effort involved in calculating the drift force at a



- 112-

limited number of low frequencies is small, given the frequency 
domain representation of the incident wave.

As used by Sincock [1989], the second order Volterra series is first 
presented in the continuous time domain.

f(t) = h,(r) x(t-r) dr

hg( T ̂ , Tg) X (t-r^) xft-Tg) dr^dr^

(4.1)

The function x(t) is the system input, most commonly the incident 
wave height, and f(t) is the total force including first and second 
order components.

Note that the first term is the convolution integral used in equation
2.1 to calculate the response of linear systems.

The function hgCr^, r^) is known as the quadratic impulse response 
function which when transformed to the frequency domain gives the 
quadratic transfer function co^).

-IWiTi -IWgT^
w^) = hgCr^, r^) e e dr ̂ dr^

(4.2)

The quadratic transfer function describes the response of the system 
to a biharmonic input, which has components at frequencies and •

This formulation has been generalised by Mitchell [1989] to account
for waves in N discrete directions. It assumes that each pair of
input directions (0., 0.) will contribute to the total forcing to

 ̂ J
give
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f(t) = Z [ h (0., t ) x(0., t-r) dr
i=l J  ̂ ^

N N r r
+ z z ,0 x(0.,t-r^) x( 0 .,t-r 2 ) dr^dr^

i=l j=l J J J J

(4.3)

In the same way as shown above, the interactive quadratic impulse 
response function for a pair of directions, will lead to the 
interactive quadratic transfer function U^(d ̂ ,9 which
describes the response of the system to a bidirectional input with a 
component at direction i and frequency co^, and a component at 
direction j and frequency .

The important symmetry relationships for the interactive quadratic 
transfer functions are further derived by Mitchell [1989]:

^ 2 (0 ^» ^j f > ^ 2  ̂ ~ 2* ^ 2* )

^ 2 (0 -» ^ > ~^2^ ~ ^ 2 (0 -, ^ f  ”^1» ^ 2 ^
J (4.4)

it
The symbol denotes the complex conjugate.

4.2.2 Discrete Time Representation in Two Dimensions

In the discrete time domain equation 4.1 can be rewritten, 
considering only the second order component of the force. Using the 
same notation as equation 2.2 (the discrete convolution for a linear 
system), the force f^ is the nth sample of the force time history 
which has been sampled at a time interval A. The quadratic impulse 
response function is denoted h(m^, m^). The two arguments indicate 
that it is a two dimensional function and it should not therefore be 
necessary to include the subscript 2 to distinguish it from the first 
order impulse response.



-114-

f = Z Z h ( m , , m.) x xn 2 n-m^ n-Mg

(4.5)
m^=-« m2=-(

First we define the two dimensional function which is the product of 
the input at different time intervals. Note that along the line n^ = 
n^, this function represents the square of the input signal. The 
notation may be slightly confusing, but as above the two arguments 
indicate that it is a different function from the original one 
dimensional input.

x(n^, n^) = X ^
' " (4.6)

Following the development for the one dimensional case given in 
section 2.2.1, we can then define the two dimensional discrete 
Fourier transform (Dudgeon and Mersereau (19841):

°» «> -iwyn^A -iw^n^A
X(co^, w^) = Z  Z  x(n^,n^) e e

n^=-«
(4.7)

Note that for the transform to exist, the sequence must be absolutely 
summable. For the two dimensional case this is expressed by the 
condition (cf equation 2.8)

n^=-« ^2~~
Z  I x(n^,n^) I < «

(4.8)

Substituting x(n^, n^) from equation 4.6 into equation 4.7 and
changing the order of summation, we have

-iw^n^A « -ico^n^A
X(co , CO ) = Z  X e Z X e ̂  ̂ n. n„

(4.9)

n  = — 00 1 n = — oo 21 “ 2
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By comparison with equation 2.7 we can see that in the frequency 
domain, the new input function is the product of the Fourier 
coefficients of the one dimensional input at each pair of 
frequencies :

X(w^, ) - X(w^) XCco^)
(4.10)

The inverse Fourier tranform for the two dimensional case is obtained 
in the same way as for the one dimensional case (equation 2.13) so 
that

• A • Aiw^n^A icô n̂ A
e dw^ dco^

4w /
N '“ n

x(n^, n^) = I I X(w^, cô ) e

(4.11)

where the Nyquist frequency is the same as defined in section 
2.2. 1.

Continuing the development as for the one dimensional case, it is 
possible to show the convolution theorem for two dimensions which 
leads to (cf equation 2.16):

F(w^, co^) = H(w^, w^) X(w^, co^)
(4.12)

where H(co^, co^) is the quadratic transfer function, which could be 
obtained by the discrete two dimensional Fourier transform of 
h(m^,m 2 ), which is used in equation 4.5.

Thus the full expression for the drift force in the time domain, is 
the double inverse Fourier transform:

“ n  • a  • af f i c o ^ n ^ A  i t o ^ n ^ A
f (0 ^ , 0 2 ) = H(w^, w^) X(co^, co^) e e dco^ dco^
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The resulting function has a value at every point in the n^^, 
plane, but the points of interest are where n̂  ̂ = n ^ , in which case 
this becomes the one dimensional sequence f^ which is defined in 
equation 4.5.

4.2.3 Reduction to a Single Transform from the Frequency Domain

Since equation 4.13 only needs to be evaluated along the line n^ = 
n^, the calculation can be reduced to a single Fourier transformation 
along the sum frequency line w = » and a summation over .

“n  “n
r r i(w^+ U ^ ï n  A

f(n) = H(w^, to^) X(w^, co^) e dco^dco^

’“ n (4.14)

If w  = and Ç = we can define the sum frequency component
of the drift force as

F(co) - I H(co-C, C) X(co-C, Ç) dC

^ (4.15)

which gives the simple expression for the drift force in the time 
domain as a single inverse Fourier transform:

f(n) = I F( co) e^^^^ dco

(4.16)

The change in the limits of integration is caused by the substitution 
for the sum frequency. This implies that the resulting force can 
have frequency components which are greater than the Nyquist 
frequency. Indeed this might be expected, since if the input has a 
component at the Nyquist frequency, the square of this will have a 
component at twice the Nyquist frequency. If the output is sampled 
at A, (the same as the input), these components will be aliased into
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lower frequencies and will not be readily apparent. If one is
considering the high sum frequency components in a system, it is
therefore prudent to select the sampling interval such that the
Nyquist frequency is at least a factor of two greater than the
highest frequency component of the input.

However, only the low sum frequency forcing is of interest in this
application. Sum frequency components greater than the lowest wave
frequency are set to zero and it is therefore of no consequence if
the limits are changed to -w__ and w_. to make this a standard inverseN N
transform.

“ n

f(n) = I F(w) e^"*^ dco

■“ n (4.17)

As shown in equation 4.10, it is possible to write the transform of 
the two dimensional input X(w^, co^) in terms of its one dimensional 
transforms, so equation 4.15 can be simplified to

“ n

F(co) = I H(co-C, C) X(co-C) X(c) dÇ
"“ n (4.18)

Together, equations 4.17 and 4.18 represent the frequency domain 
method for calculating the drift force at sample instant n as used by 
Sincock [1989]. As implied above, however, the calculation could 
equally well be done by double inverse transformation from the 
(^^,^ 2 ) plane and then evaluating the resulting function f(n^, 0 2 ) 
along the line n^ = n 2 .

It is important to bear in mind that this frequency domain 
calculation is just another means of evaluating the double 
convolution sum given in equation 4.5.
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4.3 The Quadratic Impulse Response

4.3.1 Linear Two Dimensional Filtering of a Quadratic Input

In order to establish the feasibility of evaluating the drift force 
in real time (using either the time or the frequency domain), it is 
necessary to examine the so called quadratic impulse response 
function hCm^jm^) in more detail, together with its frequency domain 
equivalent, the quadratic transfer function H(co^, Wg).

By its name, the quadratic transfer function is most commonly 
considered to be a non-linear entity. Indeed, it relates a 
non-linear response to the system input. However in order to 
understand the double convolution sum or its frequency domain 
equivalent, it is helpful to consider the quadratic transfer function 
itself as a linear two dimensional filter, which acts on the two 
dimensional "quadratic" input which is defined by equation 4.6. It 
is the squaring of the input that gives rise to the non-linearities, 
not its subsequent filtering.

The process is one of two dimensional block convolution as described 
in the literature for image processing (Dudgeon and Mersereau [1984]) 
and this is shown schematically in figure 4.1. Note that for image 
processing the axes are two dimensions in space rather than time. In 
this context it is easier to examine the effects of implementing the 
frequency domain method with finite discrete Fourier transforms as 
described in section 4.4.

4.3.2 Boundaries Between Past and Future

Rather than a function of the input frequencies and , the
quadratic transfer function (QTF) is normally given as a function of 
the sum and difference frequencies and respectively, not least 
because of the symmetries about these axes. This raised some 
question as to how to establish the extent and non-causality, if any, 
of the quadratic impulse response function and hence the feasibility
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of real time implementation. If necessary the complete quadratic 
transfer function could be built up in the domain and then
double inverse Fourier transformed to give an impulse response in 
terms of the time ordinates n̂  ̂ and n ^ . However this reconfiguration 
of the QTF is not a trivial matter. For this reason and also in an 
attempt to obtain a better understanding of the possibility for 
non-causality, the following analysis was carried out to define the 
boundaries between past and future for the QTF which is transformed 
directly from the sum and difference frequency domain. It shows that 
these boundaries are rotated 45° to the fundamental n ^ , n^ axes (see 
figure 4.2)

Let

(4.19)

Rearranging these expressions for the difference and sum frequencies 
leads to

(4.20)

(4.21)

The Jacobian for this transformation is therefore

1/ 2  1/2

-  1 / 2  1/ 2

and the substituion in the integral will be

(4.22)

(4.23)
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The quadratic transfer function of the rotated frequency axes is
denoted by H with  ̂ s

H (n , a ) = H ( u  , w  )
(4.24)

Assuming infinite series, the discrete time quadratic impulse 
response function is given by the double inverse Fourier transform of 
the quadratic transfer function:

h(
r r ico^n^A iw^n^A

e e dco^ dco^ .

(4.25)

Substituting in terms of and gives

, r r i(Oi+ n^)n^A/2 Q^)n^à/2
-  I I Q^) e e dO ^dO % -

°»

Reorgainising the exponential terms gives

n Ù
1 r  r i n ^ ( n ^ - n 2 ) A / 2  i O ^ C n ^ »  n^)A/ 2=  2  J  J Q.^) e e dO^ dfi^

■°» °»
If we rotate the time axes so that

1 1 1 1
- 2 ~  2 ^2 m  2 - 2 2 "̂ 2

(4.28)

or

n = m + m and n_ = - m, + m_
(4.29)
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we find that

h(n^, n^) = 4  h (m^, m^)
(4.30)

where h^(m^, m^) is the double inverse Fourier transform of the sum 
and difference frequency quadratic transfer function H (0^, üg).

• o A • n AIP iQ.m.A i£2_m_A
Og) e e dDj^ dO^

^  (4.31)

Thus the region on the (m^, m^) plane which represents the past or
decay of the quadratic impulse response is the upper quadrant 
delineated by:

m + m = 0 and -m + m = 0
(4.32)

The axis m^ = 0 corresponds to the line n^ = which is the actual 
one dimensional time axis.

4.3.3 Extent of the Impulse Response

As for the one dimensional case, the extent of any impulse réponse 
function is minimised by smoothing the frequency domain transfer 
function so that the system does not try to differentiate strongly 
between signals which have similar frequencies.

However the quadratic transfer function is in practice only 
calculated for a limited range of frequencies, implying a sharp 
transition to zero at the boundary where its value is unknown. If 
this is to be used in a real time implementation, the efficiency of 
the system will be improved by smoothing this transition. The method 
used here in a limited investigation of this matter was to give a 
moving average of the function in the frequency domain at these 
edges. An alternative approach however could be to transform the
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quadratic transfer function into the time domain and truncate the 
resulting impulse response function. If the truncated impulse 
response is then transformed back to the frequency domain, this will 
produce a smoothed (or more correctly blurred) frequency response. 
For computed transfer functions, this effect is relatively less 
important, because the function is normally only calculated at a 
large frequency spacing and interpolated for frequencies in between. 
This is a natural smoothing process and leads to a relatively short 
extent of the impulse response. The effect can be of more 
significance however if the QTF is estimated from experimental 
results. The statistical variation and inaccuracies can give a very 
jagged function. In this case the the Fourier transform method for 
smoothing the function would be strongly recommended, although this 
was not attempted here.



-123-

4.4 Real Time Implementation

4.4.1 The Two Dimensional Finite Discrete Fourier Transform

In order to arive at the Fourier series for a finite two dimensional 
sequence it is necessary to assume that it is periodic, with a period 
of N samples in the same way as for the one dimensional case. The 
periodic function in two dimensions is expressed as :

X (n^+N, n^) = X (n^, n^+ N)

= X (n^, n^)
(4.33)

2
The N discrete Fourier series coefficients X(k^, k^) are then given 
by the finite summation:

N-1 N-1  ̂ -i2n(k^n^ + k2n2)A/N
X(k^, k^) = Z Z x(n^, n^) e

n^= 0 n^= 0
(4.34)

The corresponding inverse tranform is :

. N-1 N-1 i2n(k^n^+ k2n2)A/N
:(n^, n^) = -^ X Z X(k^, k^) e

N k^= 0 k^= 0
(4.35)

In the same way the Fourier series coefficients H(k^, k^) are defined 
in terms of the periodic impulse response function.
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4.4.2 Circular Convolution in Two Dimensions

If we now define the Fourier coefficients F(k^, k^) of a new 
periodic sequence to be

F(k^, k^) = H(k^, k^) X (k^, k^) ,
(4.36)

it is shown by Dudgeon and Mersereau [1984] that these are the 
coefficients of the sequence which is the circular convolution in two 
dimensions of the two periodic input sequences. Hence

. N-1 N-1 i2n(k^n^+ k2n2)A/N
f(n^,n 2 > = 5: Z  H (k^,k 2 > X(k^, k^) e

N k^= 0 k^= 0
(4.37)

is equivalent to

N-1 N-1
f (n^, n^) = Z  Z h(m^, m^) x(n^- n^- m^)

m^=0 m2=0
(4.38)

The difference between the circular convolution and the infinite 
convolution in two dimensions can be established in the same way as 
for the one dimensional case (cf section 2.2.3).

If

h(m^, m^) = 0 for p ̂ < m^ < N - q^

™2 < N  - q,,
(4.39)

then equations 4.37 or 4.38 can be used to compute the infinite two 
dimensional discrete time convolution equation
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f(n^, n^) = Z Z h(m^, m^) x(n^- tn̂ , n^- m^)
m^=-* tii2=-°°

for values of and such that

(4.40)

Pi < Hi < N - and < N - .
(4.41)

This is shown diagramatically in figure 4.3 and further explained as 
follows :

If n^ and n^ are greater than p^ and p^, the positive or past extent
of the impulse réponse function, the circular convolution is the same
as the infinite convolution because the system "forgets" that the 
incorrect values have been used for n^, n^ < 0 in the periodic
sequence. Similarly if n^ and n^ are less than N - q^ and N - q^
respectively, the result is unaffected by the fact that the circular 
input function is repeats itself for n^ and n^ > N-1 because these 
values are too far into the future to have any impact. Note that the 
impulse response function for negative time lags (the future part), 
is located at the ordinates m^ = N - q^ to m^ = N-1, because of the 
way the periodicity is defined.

This feature is utilised in the "overlap save" method of carrying out 
block convolution or frequency domain filtering of two dimensional 
images (Dudgeon and Mersereau [1984]). Consecutive blocks of input 
data are "overlapped" so that when the corrupted edges of each output
block are discarded, the whole picture can be built up from adjacent
blocks of "saved" output points which are uncorrupted and do not
o v e r l a p .
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4.4.3 Reduction to a Single Transform in Sum Frequency

As for the continuous frequency case, it is only necessary to 
evaluate the function f(n^, n^) at points where n^ = n^, and 
equation 4.37 can be reduced to a single inverse Fourier transform 
instead of a double inverse Fourier transform.

If n = n^ = n^,

N-1 N-1 i2n(k^+ kg^n A/N
f(n) = Z  Z  H(k^,k 2 ) X(k^, k^) e

N k^= 0 k^= 0
(4.42)

2This is a summation of N terms, covering every pair of (input) 
frequency ordinates. Because of the periodicity in frequency,
there are only N unique values of k^ + k^. In order to collect all 
those terms which sum to the same frequency in a single expression, 
we write k = k^ + k^ and 1 = k^, and first evaluate the Fourier
coefficient F^ at each unique sum frequency k:

N-1
F = -  Z  H(k-i 1) X(k-1, 1)

(4.43)

Note that the higher sum frequencies (k̂  ̂ + k^ > N - 1 ) will in effect 
be aliased into lower frequencies.

To complete the double summation of equation 4.42, it remains only to 
sum the N values of F^, each multiplied by the complex sinusoid at 
frequency k. The periodic drift force time history as a one 
dimensional function of n is therefore given by the single finite 
discrete inverse Fourier transform:

f(n) = i  F. e 2"inkA/N

(4.44)

If the estimates of the wave were available for a discrete number of 
directions, the total drift force could be calculated as the sum of 
the components caused by each pair of input directions. Each
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component would be calculated using equation 4.43, but with the 
interactive quadratic transfer function (which describes the 
interaction between inputs from different directions) and the 
bi-directional inputs. The summation could be carried out in the 
frequency domain before inverse transformation using equation 4.44.

4.4.4 Notes on Practical Implementation

In the practical implementation, the number of terms to be calculated 
in order to arrive at can be substantially reduced. Firstly it is 
only necessary to calculate F^ at positive frequencies, (k < N/2) 
since

‘'-k ■ ^N-k - \ (4.45)

Secondly, we are in most cases only interested in calculating the low 
frequency terms which arise from the combination of positive 
frequencies with negative frequencies. The same symmetry applies for 
the input coefficients so it is only necessary to consider 1 < N/2 
and k-1 > N/2.

The frequency band where wave energy can be expected will generally 
be covered by a much smaller number of terms and only these need to 
be retained.

The procedure to identify all the necessary input frequency pairs for 
each sum frequency, interpolate the quadratic transfer function and 
evaluate F^, was based on the method used by Sincock [19891. This 
approach uses the minimum number of calculations and optimises the 
the sequential access to the larger arrays which store the input 
coefficients.
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4.4.5 Discussion of End Effects and Non-causality

The above sections describe how carrying out the double convolution 
in the frequency domain with finite length sequences will introduce 
certain end effects. However it is important in this application to 
bear in mind that the Fourier coefficients of the input wave are in 
effect determined by circular convolution of the response sequences 
with their inverse filters. They are therefore the Fourier 
coefficients of a signal with corrupted ends and these end effects, 
namely the extent of the inverse filter, need to be allowed for in 
order to assess the region where the estimate of the drift force is 
valid.

The impact of these additional end effects is illustrated in figure
4.4. Thus the drift force time history will be incorrect due to 
having the wrong input to the double convolution for the first p^ 
points, where p^ is the past extent of the inverse filter. It will
take the next p^ points for that error to be "forgotten" by the
quadratic process if p^ is the longest positive extent of the
quadratic impulse response. The result should be correct from there 
up to the end of the finite block, ie "time now", if both the inverse 
filter and the QTF are causal. If not, the force estimate will 
suffer from having the wrong future input for q^ + q^ points before 
"time now", where q^ is the negative or future extent of the inverse 
filter, and q^ is the non-causal extent of the quadratic impulse 
r e s p o n s e .

Although finite extents can be defined for the impulse responses, the 
error gets progressively smaller as one moves away from the ends of 
the estimated time histories. So in practice it is not a case of
incorrect or correct values, but a relatively rapid transition from
corrupted to acceptable values.

The reason for non-causality in the inverse filter is well understood
(it is the reverse of the lag in the response of the real causal
system). This can be overcome by only using sensors which lead the 
response of the vessel. In any event the durations are relatively 
small with regard to the first order system.
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An exhaustive examination however of the reasons behind non-causality 
in the quadratic impulse response was not possible. Nevertheless it 
was observed that the quadratic impulse response function can have 
non-zero values for negative time lags in the experimental data that 
was used (see chapter 7). It was not clear whether this was an
artificial effect caused by the limited frequency range over which
the function was estimated, or whether the system is in fact 
n o n - c a u s a l .

A  typical example of a non-causal filter is one which has zero phase 
lag. The drift force model which assumes that it is a mean force in 
phase with the square of the wave, but which varies with the
instantaneous frequency of the wave envelope, does indeed imply a 
non-causal relationship between the wave and the drift force. 
However more complete descriptions of quadratic transfer functions 
would be required to obtain a better indication about the
possibilities for non-causality.
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4.5 Linear Prediction of Non-Linear Forces

The previous section discusses various reasons why the drift force 
time history that is estimated might not be valid right up to "time 
now". One method of overcoming this effective delay in the 
estimation process is to use pure time series analysis of the 
historical sequence of "good" drift force values which can be built 
up with time from the overlapping sections. This long time series 
will have a certain spectrum and it can also be charateristised in 
the form of an auto-regressive model. Such a model can be used very 
readily to predict the future time history on the basis of values up 
to the present. This procedure is also known as linear
prediction, (quite different from linear extrapolation) and has a 
wide range of applications. However there are no known reports of 
using this approach on time series of drift forces which do not have 
a zero mean and are not necessarily gaussian.

The theory of establishing an auto-regressive model, or finding the 
optimum linear prediction coefficients is therefore laid out here in 
order to examine where assumptions about the nature of the time 
history or the system being modelled might impact the validity of 
using this technique for "non-linear" processes. It is based on the 
approaches used by Kay and Marple [1981], and Press et al. [1986].

The Autoregressive model assumes that the value of a sequence can be 
expressed as a weighted sum of the previous terms and an unknown 
input or random shock.

N
y = Z  d . y + Xn J 'n-j n

(4.46)

The input can be thought of as the discrepancy between the true value 
of y^, and the prediction based on the previous N terms. The problem 
to be considered is how to determine the optimum values of the 
predictor weights d ^ .
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Considered in the context of filtering, the method assumes that the 
time history to be modelled is in fact the response of a hypothetical 
causal recursive filter which is excited by a sequence of white 
noise. A  recursvive filter is one that uses past output values of 
the sequence, and is therefore different from the filter described by 
equation 2.2 (which expresses the output as a weighted sum of input 
values only). The main difference is that the impulse response of a 
recursive filter can be infinite and the response may continue 
indefinitely after the input has stopped.

By designing a filter to make the hypothetical input as close to 
white noise as possible, one has identified any dominant harmonic 
components in the known response sequence and it is these that are 
predictable (within the limitation of the number of filter terms). 
The fact that this hypothetical filter must be causal relates to the 
way in which it is to be used, rather than any properties of the 
system to be modelled. The problem could be thought of as "what is 
the causal filter which best approximates the (possibly non-causal) 
second order dynamics of the system, including the first order
dynamics of the wave generation process ?"

If the input sequence has a flat spectrum (ie white noise), the 
response spectrum gives the square of the modulus of the filter
transfer function. In the case of a non-recursive filter, the
impulse response function gives the filter weights and can be
determined using Fourier transforms.

To determine the terms of a recursive filter, a more involved process 
is required. This is outlined briefly below and described in more 
detail in Appendix B. It appears that no underlying assumptions 
about the nature of the time series itself are necessary to arrive at 
"best fit" for the filter.
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The autocorrelation of the output of the filter H(z), excited by 
white noise or an impulse, can be expressed for finite lags in terms 
of the prediction coefficients.

M
^ ?n+j ?n > = < [ Z  yn+j_m + %n+j ] y„ >

(4.47)

This shows that the autocorrelation at lag j is the weighted sum of 
the autocorrelations at lags j-m, plus the cross correlation between 
the input and the output at lag j .

M
<!>. = Z d 0 .  + < X y ^
J m=l J""' ^

If the impulse response of H(z) is causal and is denoted h^,

2< x , . y >  = < X ^ Z h x  > = a h .n+j n n+i m n-m -i•J -» m=-‘»

(4.48)

(4.49)

This is because for a white noise input the terms in the bracket are
zero unless m = -j, in which case the expectation is the mean square

2of the white noise process, a , multiplied by the -jth term of the
impulse response. For the system to be causal, this term should be

2zero. If j is zero, the term is a , since h^ = 1.

This leads to the Yule Walker equations which express the recursive 
filter weights in terms of the autocorelation function of the output 
sequence and its mean square value:

M
~ ^ for j > 0

(4.50)
J "> J-”

2 M
<t> . = a + Z  d (?) . for i = 0
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As described by Kay and Marple [1981], Che procedure for determining
the coefficients for predictor of order M  is to use the above
equations for autocorrelation lags 1 to M to solve for the predictor

2coefficients d^ .. d^, and then find a (the mean square value of the 
one step ahead prediction error) from the equation for j=0. The 
work here used an efficient algorithm presented by Press et al [1986] 
to calculate the autocorrelation function and solve for the filter 
weights for any given filter order M.

By applying the one step ahead predictor (equation 4.46) many times 
in succession, any range of prediction can be made. Note that for a 
given number of filter terms, the fit will improve as the sequence 
available for estimating the autocorrelation function gets 
longer. However, once the model has been determined, only the last M 
terms of the sequence are required to start the prediction.
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4.6 Closing Remarks

This chapter has considered what information can be gathered about 
the slowly varying forces on a floating structure, given information 
about the incident wave and a relatively sophisticated model which 
characterises the second order dynamics of the system.

If the wave model has been determined in the frequency domain as 
suggested in chapters 2 and 3, it is possible to simultaneously and 
efficiently calculate the drift force Fourier coefficients using the 
quadratic transfer function and then transform them into a drift 
force time history. If several directional components are available, 
this approach can in theory be extended to give the total drift force 
which is due to the interaction between waves from different 
d irec t i o n s .

The validity of the wave estimate relative to the most recent 
response sample point was affected by the duration of the non-causal 
part of the impulse response of the inverse filter. In the same way, 
there is potentially a delay between the most recent valid wave 
estimate and the most recent valid drift force estimate corresponding 
to the non-causal duration of the quadratic impulse response 
function. This chapter has identified the boundaries between past 
and future for impulse response functions which are derived from sum 
and difference frequency quadratic transfer functions. It is 
possible therefore to assess the non-causal extent (if any) of the 
process by double inverse Fourier transformation of the quadratic 
transfer function. The overall duration of the impulse response will 
also indicate what sample block length is required for the frequency 
domain method in order to isolate the end effects, and which points 
in each individual block should be discarded when building up a long 
time history from overlapping sections.

Quite independently of the pre-determined second order model of the 
system, it seems that it should be possible to carry out prediction 
of the drift force estimate into the future. Using an autoregressive 
model, this would depend only on previous estimated values. However 
since the predictor would function on the basis of a best fit to
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calculated rather than measured data points (it is not possible to 
measure the drift force), the effectiveness of the predictor will 
depend very much on the accuracy of the force calculation.

Some of the possibilities for applying the theory that has been 
developed in the first half of this thesis are described in the 
following chapters.
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5. IMPLEMENTATION OF A WAVE FEED FORWARD SYSTEM

5,1 Introduction

The theory presented in the previous chapters has covered the three 
main aspects of a wave feed forward system for dynamic positioning 
control. These are estimation of the amplitude, phase and direction 
of the incident waves from measurements made on board the vessel, 
estimation of the drift force, and finally prediction of the drift 
force itself into the near future. It is the wave feed forward 
concept that has been the underlying reason for examing the aspects 
that have been dealt with so far.

This chapter therefore aims to describe how a fully integrated wave 
feed forward system could be implemented. The resources available 
during the research could not cover the development of a complete 
system, but software has been written to carry out some of the 
proposed calculations and test the feasibility of the concept in a 
real time situation using simulated and experimental data.

The fundamental choice remaining is whether to use the time domain or 
the frequency domain to carry out the calculations. The main 
advantage of the latter approach is that the numerical methods for 
the analysis of large offshore structures use the frequency domain to 
calculate both the linear response and non-linear forcing. In 

addition, calculation of directional wave spectra is based on a 
frequency domain formulation. It would be possible to design the 
overall system in the frequency domain and transform the resulting 
filter functions to their impulse response representations which 
could be implemented as standard digital filters. It is felt however 
that this would be rather inflexible, and difficult to implement if 
the system is to be capable of adapting to changing conditions.

Section 5.2 describes the program WAVOR that has been written to 
carry out real time inverse wave filtering of uni-directional seas in 
the frequency domain. It reads stored time histories point by point 
as though they were samples being produced by an array of sensors and
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at each time step it plots a short section of the estimated wave time 
history up to "time now". This gives an animated picture of the wave 
time history as it passes the vessel, as "time now" progresses.

The routines to implement the drift force calculation using the full 
quadratic transfer function (QTF) were included in this programmme to 
give a simultaneous estimate of the drift force time history. This 
programme has been used successfully with wave tank measurements to 
estimate the wave and drift force on a tanker in uni-directional 
head seas as described in chapter 7.

By expanding the inverse filtering part of this program to cover many 
directions, only minor changes were required to implement the 
conventional real time beamformer. The further addition of 
subroutines to calculate the cross power spectral density matrix and 
its inverse made it then possible to include the option of using the 
adaptive beamformer. This program, called WAFIL, is described in 
section 5.3.

As secondary output, WAFIL also produces the equivalent of the 
Extended Maximum Likelihood directional spectrum, the statistical 
parameters of the spreading function, and information about the 
effectiveness or leakage of the beamformer at each look direction. 
It is this information that can be used to determine which look 
directions are most appropriate. It is this program that has been 
used to generate the results that are presented in chapter 6.

All the software was written in "VAX FORTRAN" with "GKS" graphics. 
No special hardware or machine code routines were required to achieve 
the required speed on a MicroVax computer. Standard subroutines were 
used for the Fast Fourier Transform and matrix inversion where 
r e q u i r e d .

Considerable care was taken however to ensure that the large 
multi-dimensional arrays required to store all the variables are 
arranged so that access to them is sequential wherever possible.
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This work has demonstrated the value of using the frequency domain in 
on-line or real time situations. No previous reports of this 
approach have been found for ocean wave applications. Because the 
sample interval required for the adequate representation of ocean 
waves is relatively long, it is possible to Fast Fourier Transform a 
block of data (from several channels), manipulate the information in 
the frequency domain, and then inverse transform the data block to 
the time domain before the next sample arrives.

Finally in section 5.4, there is a discussion of how the different 
elements might be combined to form a fully integrated wave feed 
forward system, and how the available information might be used to 
adopt a simple but appropriate model of the directional sea state in 
which the system is operating.
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5.2 Uni-directional Wave and Drift Force Estimation

The program WAVOR was written to experiment with real time inverse 
filtering in the frequency domain and to confirm whether it is 
possible to isolate the end effects when using a finite discrete 
Fourier transform. It was therefore designed to deal with waves from 
one direction only, but to accept readings from up to 10 sensors,
each with their own individual linear response characteristics. The
algorithms for the calculation of drift force were also included in 
this program.

The principal steps and calculations in the program are illustrated 
in the form of a flowchart in figure 5.1.

The program set up allows for variation of all the parameters in the
calculations including the number of sensors, sample interval, data 
block length of the Fast Fourier Transform (FFT), number of added
zeroes at each end of the data block, the shape of the windowing
function, the number of frequencies to be retained in the calculation 
and various plotting parameters.

Prior to the start of the estimation cycle, the program reads the
"actual" wave and drift force time histories which have been
previously calculated or measured and stored on disc, and stores them 
in separate arrays of up to 8192 points. These are used later for 
comparison with the estimates which are obtained using the sensor 
output data files, at any given point in time.

The program then reads the linear and quadratic transfer functions 
which are supplied from previously generated data files. These must 
be at the correct frequency spacing corresponding to the sample 
interval and the block length being used.

The final task before the start of the real time estimation is to 
generate the inverse filter. This consists of a vector which has as 
many terms as the number of sensors, at each frequency of interest. 
For most purposes up to 100 frequencies were sufficient in the range 
where wave energy can be expected, but for checking purposes it was
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necessary to be able to use all the frequencies generated by the FFT 
which had a maximum length of 2048 points.

At a given frequency, the filter term is the complex number which 
when multiplied by the complex Fourier coefficient of the output of 
sensor i, gives the amplitude and phase of that component frequency 
of the input wave (or a fraction of it). Thus it can be considered 
as the inverse of the complex transfer function multiplied by a 
real weighting coefficient. The weighting coefficient determines in 
effect which sensor or combination of sensors will be used to
retrieve the information about the wave at that frequency. As long
as the sum of the weighting coefficients for all the sensors is 
unity, the overall gain of the inverse filter will also be unity when 
the filtered outputs of the sensors are combined.

The procedure adopted was to make the relative weight for the sensor
proportional to the amplitude of the sensor transfer function. The
reasoning behind this is that sensors with small amplitude transfer
functions are likely to contain relatively more noise which would be
amplified by the inverse filter. If the transfer function amplitude
is below a critical value the weighting for that sensor is set
to zero and that sensor is effectively ignored. A maximum threshold
H is also defined, above which the sensors are given equal max ° ^
weighting.

Thus the algorithm for the design of the inverse filter can be 
summarised as follows:

For any given frequency calculate the relative weighting of the 
ith sensor such that

W. = 1 for I H. I > H1 1 max

W. I H. I for H . < I H. I < H1 1 min 1 max

W. = 0 for 1 H. I < H .1 1 min
(5.1)
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This is then corrected to give unity gain by setting the 
weighting which is used in the inverse filter to be

W.
B.i NP

Z W.
i = 1 ^

(5.2)

where NP is the number of probes or sensors.

This was found to be a simple yet effective means of designing the 
inverse filter. The advantage of giving proportional weighting is 
that as the transfer function for the sensor approaches a zero point, 
there is a gradual reduction in the amplitude of the inverse filter 
term. Avoiding sharp transitions with frequency tends to reduce the 
length of the impulse response function of the filter for an 
individual sensor, which in turn produces smaller end effects.

The real time estimation cycle starts by advancing the notional "time 
now" by N  points. For the first cycle this must be as many points as 
there are in a full data block in order to prime the time history 
buffer arrays with real uata. For subsequent cycles the effective 
time interval can be anything down to one data point (ie time now 
advances by one sample interval).

The existing contents of the time history buffers for each sensor are 
then shifted back by N points, leaving space for N new points to be 
read onto the end of each data array.

The data is transferred to a separate array which is an integer power 
of two points long and includes zero padding at the end. The zero 
padding prevents the points at the start of the data block from 
affecting the result at "time now". Strictly speaking the length 
of the added zeroes should be as great as the length of the impulse 
response function of the filter to minimise corruption (see section 
2.2.3). In practice the filter function gets very small at longer 
time lags even though it might not become zero, and it was not 
generally necessary to have a length of zero padding which was more
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than 25% of the total FFT block length.

Provided the two ends of the data are sufficiently isolated by 
zeroes, no window function or smoothing in the time domain is 
necessary but this option is provided. Applying a smoothing function 
at the ends of the time history will reduce the required length of 
zero padding, but it effectively discards the most up to date 
information and is therefore not recommended for real time filtering. 
There is a need for windowing however if the Fourier coefficients are 
to be used to derive spectral estimates.

Each sensor time history is then transformed to the frequency domain 
using a standard FFT routine. In order to save storage and 
calculation, it is only necessary to retain the Fourier coefficients 
at frequencies where wave energy can be expected. The rest are 
discarded and effectively set to zero. This process also acts as a 
noise filter.

The Fourier coefficients of the wave estimate are then obtained at 
each frequency by multiplying the transpose of the vector of inverse 
filters for each sensor with the vector of the Fourier coefficients 
from each sensor at that frequency as detailed in section 2.4.

The resulting frequency domain representation of the input wave can 
then be used directly with the quadratic transfer function to 
calculate the Fourier coefficients of the drift force at frequencies 
of interest as outlined in section 4.4.3 and 4.4.4.

Before reverting back to the time domain, it is necessary to load
each set of data into a full FFT length array, with the correct order
of all positive and negative frequencies. Where the coefficients
have not been retained or have not been calculated, they are 
substituted with zeroes. The full arrays are then inverse 
transformed using the same standard FFT routine.

It is a straightforward matter to keep track of which point in the 
resulting time history corresponds to "time now" and where that point 
is in the full reference time histories.
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When the estimated time histories are plotted relative to "time 
now", they show a trace continuing into the future (to the right of 
"time now"). This is where the zeroes were added to the sensor time 
histories which only contained real data which occurred before "time 
now". The estimated wave outside the range where data was supplied 
is in fact the transient response of the filter function, which takes 
some time to decay away after the last non-zero input.

The plotting is arranged so that at each cycle the old trace is first 
plotted over with the screen background colour, so that when the 
latest block of data is plotted, the wave time history appears to 
move along the time axis. This method is more efficient than
replotting the whole screen, including the axes, at each time step 
but it still means that erasing the old trace and plotting the new 
one for both the wave and the drift force represent perhaps the most 
time consuming operations in the estimation cycle. Note that the 
same procedure is also required for the simultaneous plotting of the 
actual time histories to give continuous comparison with the
est i m a t e s .

Apart from the simulations described in chapter 7, extensive checks 
have been made on the software for debugging purposes. The most 
important of these was to set the linear transfer function to unity 
for all frequencies. If all frequencies are retained, the result 
after transformation and inverse transformation is identical to the 
input time history. There are no transient decays into the future
and the output shows a sharp cut off at "time now".

The most significant check for the drift force calculation was to set 
the quadratic tranfer function to unity for all frequency pairs. 
This corresponds to a dirac delta function for the quadratic impulse 
response function in the time domain. It is therefore equivalent to 
squaring the current point in the input time history, with no
influence from neighbouring points. Thus when the drift force is 
estimated it agrees exactly with the square of the input time 
history, and shows no transient decays into the future.
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Considerable care was required to ensure that the phase conventions 
of the Fast Fourier Transform, the inverse transform, the linear 
transfer function and the quadratic transfer function are all 
consistent. This was confirmed by testing with simulated time 
h i s t o r i e s .
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5.3 Implementation of the Real Time Beamformer

The implementation of the real time beamformer is essentially the 
same as the inverse filter described in the previous section, except 
that it is expanded to use several directional filters
simultaneously, and includes the algorithms for the design of the 
adaptive beamformer. A simplified flowchart of the program WAFIL is 
shown in figure 5.2.

Following data setup and initialisation, the core cycle of the
program starts where a number of new data points for each sensor time 
history are read from the disc (entry point B), and continues until 
the time history of the current block is plotted on the display 
screen. The number of points read at each cycle can range from 1 
(ie. the wave estimate is calculated at every sample instant), up to 
512 which was the maximum block length used and in which case there 
is no overlapping between consecutive data segments.

At the start of each cycle, the raw data points of the previous block 
are shifted back to make room for the new points and a tapered data 
window is applied if necessary to reduce spectral leakage in the 
estimation of the cross power spectral density matrix (CPSD matrix). 
The 1/lOth or l/20th cosine taper window is preferred because it
causes least modification to the original data set for subsequent
deconvolution. Once the average CPSD matrix has been established it 
would be possible to revert to a square window to retain all the 
information up to the latest point at "time now", and rather rely on 
added zeroes into the future to reduce the end effects.

The Fourier coefficients (Y(w)} of the sensor outputs are obtained by 
Fast Fourier Transformation (FFT). The CPSD matrix is assembled from 
these for the current block of data and accumulated with the matrix 
from previous blocks to the estimate of the average cross power 
spectral densities. The upper triangular form of the matrix is 
stored as a linear array at each frequency.

The Fourier coefficients of the wave estimate at each direction are 
obtained by applying the filter (A(w)} to the Fourier coefficients
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{ Y ( cü)} which are only retained at positive frequencies where wave 
energy can be expected. The frequency domain representation of the 
input wave is then inverse transformed to give the time history for 
each direction. These time histories can then be plotted and 
compared with the corresponding segment for that wave direction which 
was recorded separately in the generation procedure. The individual 
estimates for each direction are also summed in the time domain and 
the resulting point time history compared with the actual.

The time taken to complete the cycle, including reading the data 
points from the disk through to plotting the results, depends on many 
variables such as number of sensors, data block length, number of 
directional estimates but was generally less than one second on a 
Microvax Computer.

Initially since no information about the sea state is available, the 
filter {A(co)} is calculated on the basis of the conventional 
beamformer described in section 3.2. After a specified number of 
points however, the cycle is broken and the adaptive filter is 
designed using the average CPSD matrix of the overlapping blocks up 
to "time now". The spreading function for the sea state is also 
obtained at this stage. It is also possible to generate the power 
leakage coefficient matrix relating to the selected beamformer for 
subsequent evaluation of the directional resolution.

After this interruption which lasts only several seconds, the 
estimation cycle can start again. The structure of the program 
illustrates how the algorithms might be implemented in a true real 
time system, except that the design of the filter and assessment of 
the resolution could be carried out without stopping the main cycle 
if the required data were to be transferred to a different computer 
or to a different process on the same computer.



-148-

5.4 Requirements for a Fully Integrated System

The computer programs described above were implemented to test 
individual aspects of the overall method which has been described in 
theory in the previous chapters. Nevertheless they included most of 
what might be required to design a self contained wave feed forward 
system.

The attraction is that such a system could be quite independent of 
the dynamic positioning control system. The only modification 
necessary to the control algorithm of the DP system would be to allow 
it to make use of a feed forward component. This should be
relatively simple as many systems already use a wind speed 
measurement in the control loop.

A schematic arrangement of the main components in the proposed wave 
feed forward system are shown in figure 5.3. Clearly the most
important item is the motion measurement system. This might consist 
of a single inertial reference unit, or this might be combined with 
wave height measuring devices located at strategic positions around
the structure. The number of independent data channels available
will determine the directional resolution of the system. In order to 
be able to determine the overall mean direction of the sea state, a 
minimum of three independent channels is required.

It is important that the data used is from responses which are as 
linear as possible with wave height. Because of non-linearities, roll 
in a ship shaped vessel will generally be difficult to use directly 
with this method, but it is possible to subtract out measured roll 
from other responses which are for example a combination of roll and 
wave height. Where the motion is linear, it would not be necessary 
to transform or convert wave height measurements into a vessel motion 
component and a wave height component.

A  second factor which is of great significance for the directional 
resolving power of the system is the synchronisation of the 
instrumentation. Any delays introduced by electronic pre-pocessing 
of the instrumentation must be accurately accounted for. Electronic
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processing should include low pass filtering prior to sampling, in 
order to prevent frequency components above the Nyquist frequency 
from being aliased into lower frequencies. For the purposes 
indicated here, a relatively long sample interval of around 1 second 
should be adequate.

Only a small buffer is required for each of the sampled channels, 
which is as long as the Fourier transform block to be used. After 
the addition of zero padding, data from each channel can be Fourier 
transformed, one channel at a time. The Fourier transformation marks
the start of the estimation cycle. Discarding or setting to zero the
Fourier coefficients outside the range where wave energy can be 
expected acts as a further "noise filter".

As described in section 5.3, the model of the wave can be built up by 
applying, initially at least, the conventional beamformer. In its 
simplest form, this is just the inverse filter for a uni-directional 
head sea. The beam former is applied directly to the Fourier
coefficients of the sensor outputs and gives the amplitude and phase
of the incident waves for the current block of data, in the form of 
its estimated Fourier coefficients.

These coefficients are used to calculate the drift force as described 
in section 5.2 and the inverse Fourier transformation will produce a 
time history of mean and slowly varying drift force for the current 
block of data. These are stored in a new buffer, allowing the cycle 
to repeat itself. Considering the low frequency of the drift forces, 
it would not be necessary to obtain a drift force estimate for every 
wave sample, but it is important to minimise the delay before the 
drift force estimate becomes available.

It would then be up to a supervisory module to determine what section 
of the drift force estimate for the past N points represents a 
reliable estimate. Based on pre-programmed information about the 
impulse response times of the conventional beamformer and the drift 
force calculation, the "good" points would immediately be passed to 
the linear predictor, which would use them to obtain an estimate of 
the drift force at time t, which corresponds to the same time that
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the response samples were taken.

The cycle described would repeat continuously, and the data flow in 
this cycle is represented by the thick line in figure 5.3. All the 
operations in this path need to be carried out as rapidly as 
p o s s i b l e .

Initially the predictor would have to be tuned to a typical drift 
force spectrum. However as time passes a long history of the drift 
force can be built up and the linear prediction coefficients can be 
fitted. This can take place without interrupting the main flow of 
d a t a .

There are a range of other tasks that can be carried out whilst the 
real time estimation continues; using either spare capacity in the 
same processor, or by transferring data to a second processor. In 
addition to the main data flow for inverse filtering, the Fourier 
coefficients of the response measurements are also passed to the 
modules which determine and use the spectral characteristics of the 
responses. The "point power estimator" uses the linear transfer 
functions of non-directional responses to calculate the total power 
or mean square of the wave elevation, including all directions. This 
is important in order to have a reference with which the sum of the 
directional estimates can be compared.

The average cross power spectral density matrix of the sensor 
responses is built up over some time from sample Fourier coefficients 
at regular intervals. This is used first by the "Maximum Likelihood 
Spectral Estimator" to generate a spreading function for a short 
crested sea state. As described in section 3.4.2, this spreading 
function must be combined with the estimate of the point power 
spectral density in order to judge the absolute power in each 
direction. On its own however, it will give a good indication of the 
mean direction of the incident waves, and a relative measure of the 
directional distribution.

Given that it may be necessary to use a limited number of directional 
components, the maximum likelihood spreading function can be used to
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determine which directions should be chosen for beamforming, and 
subsequent modelling of the incident waves. A simple algorithm would 
for example be to divide the spreading function into a given number 
of sections with equal areas, with a mean direction for each of 
these. Alternatively, the directions chosen could correspond to the 
peaks in the spreading function if there is more than one which is 
clearly defined.

The "adaptive beamformer" module then generates the terms for each 
directional filter, using the inverse of the matrix of average cross 
power spectral densities, and the linear transfer functions for those 
directions as described in section 3.3.2. This set of directional 
filters can then be applied to the Fourier coefficients of the 
responses to check that the sum of the power in each discrete 
direction is sufficiently close to the total point power. Further 
checks could include a safeguard against very high filter gains or 
excessive impulse response durations. Depending on the durations of 
the impulse responses, it may be necessary to update the range for 
"good points" in the drift force estimation.

Only when it has been established that the adopted model is 
reasonable, would the new directional filters be introduced to 
replace the conventional uni-directonal beamformer in the continuing 
estimation cycle.

If it is possible to filter out a discrete number of directions for 
the incident wave, it may then be possible to use the stored 
interactive quadratic transfer functions for these directions to 
arrive at the estimate of the slowly varying drift force in surge, 
sway and yaw.

The software would need to include some kind of monitoring or 
supervisory module which evaluates the performance of the system and 
tracks changing conditions. Whenever necessary, the wave model, the 
adaptive beamformers and the autoregressive model could be updated.
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6. APPLICATION OF BEAMFORMING TO DIRECTIONAL SEAS

6.1 Overview

Software has been written to carry out real time directional wave 
filtering, simultaneously for any given number of directions, using 
the theory of chapter 2 and chapter 3. The method of implementation 
has been described in chapter 5. This chapter describes how
artificial data was generated in order to test the beamforming 
methods and presents results which confirm the feasibility of the 
system for directional wave time history measurement.

This chapter also shows results which have been obtained using data 
from a wave tank, and the results of analysis of full scale data 
taken from a measuring tower off the coast of Holland. The results 
are presented in the form of spreading functions for the directional 
wave spectra and comparisons are made between the performance of
different types and combinations of wave sensors.

Results are also given for estimates of time histories of different 
directional wave components in a spread sea state. This is the first 
known attempt to show results of this nature.

This chapter concentrates on the task of determining the directional
wave time histories, with little attention being paid to the impact
of end effects on real time implementation. The means of assessing 
and overcoming this problem is considered in chapter 7.
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6.2 Real Time Beamforming of Simulated Directional Seas

6.2.1 Generation of sensor time series

In order to test the real time directional wave filtering algorithms, 
a computer program has been written to artificially generate time 
series that would be recorded by an array of sensors in a directional 
sea state. A flowchart for the program WAVEGEN is shown in figure 
6 . 1.

The basis for the wave generation is that the time history of any 
wave property at a given point is the linear superposition of 
uncorrelated wave trains from a number of discrete directions. The 
time history of the wave elevation from each direction is obtained by 
colouring a pseudo random binary sequence with the impulse response 
representation of the spectrum for that direction, as described by 
Newland [19751 and used for simulations by Mitchell [1989]. The time 
history at each sensor due to that direction is then the convolution 
of the wave elevation time history at the origin, with the impulse 
response representation of the individual sensor transfer function. 
In the implementation however, the two convolution processes are 
merged by multiplying the spectrum with each sensor transfer function 
in the frequency domain, and then tranforming to give a single 
impulse response which relates the output of a sensor directly to the 
white noise input sequence.

The random input sequence for a given direction is simultaneously 
convolved with the M impulse responses for each of the sensors to 
produce M  output time series. Each of these is added to the 
respective time history for the previous direction and the cycle 
repeated until all directions have been included. In addition the 
time history at the (spatial) origin for each individual direction is 
stored separately.

An important requirement is that the random sequence used to produce 
each direction component is unique and uncorrelated with any of the 
others. This was achieved using a 512 point binary shift register
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with feedback taps at locations 1, 2, 5 and 18 in the register, so 
that it was possible to generate more than nine time histories of 
8192 points without repeating the sequence.

The frequency spectrum was specified in terms of significant wave 
height and chara 
and Bishop [1974]):
height and characteristic period for an ISSC spectrum (Price

173 H s
T ^ w ^ c

exp 691
T ^c (6 .1)

Alternatively, a rectangular flat topped pink noise spectrum was used 
with a two octave frequency range. This was specified in terms of 
the centre period T^ and the root mean square of the wave amplitude 
a(bar) such that:

Ŝ (co)
-  2 a

C 0 2  -

where

otherwise
(6.2)

CO,

N
4n

(6.3)

The frequency spectrum for each directional component could either be 
specified individually, or a single spectrum specifed and then scaled 
for each direction to give a specified spreading function. In this 
case the Borgman cosine power distribution was used (equation 3.95) 
in order to limit the energy to a 180 degree sector.
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6.2.2 Results for Simulated Directional Seas (l)

The first simulation was designed to demonstrate the ability to 
reject relatively low level noise from widely spread directions. In 
fact it shows that, knowing the direction of the signal to be 
detected and given an adequate number of sensors in relation to the 
number of directions present, even the low level noise can be almost 
exactly recovered over the required frequency range.

The simple array consisted of five wave level sensors arranged at a 
10 metre separation as shown in figure 6.2. Although not ideal in 
terms of resolution for the predominant wave direction, the cross 
formation gives a similar power leakage function for all wave 
directions (cf. line array of the same number of sensors), and this 
is shown in figure 6.3 for the conventional beamformer. The 
relatively small array aperture results in a totally unacceptable 
performance for longer waves, to the extent that for a wave of 10 
second period, the beamformer would pass more than 60% of the power 
from all directions. Nevertheless the spacing was chosen to prevent 
spatial aliasing of waves with periods down to 3.6 seconds 
(corresponding to a wavelength of 20 m).

The 5 incident wave directions were equally spaced from 90 to 270 
degrees. The main component at 180 degrees had an ISSC spectrum with 
significant wave height = 5m and characteristic period T^ = 10s. 
The remaining 4 directions were all pink noise with an rms amplitude 
of 0.5m spread evenly over the range of 5 to 20 second periods. The 
first five time histories in figure 6.4 show the component from each 
direction between points 1000 to 1200 in the generated sea state, 
folllowed by the combined total of these components as measured at 
the first sensor. The spectra of the full 8192 point time series 
were estimated independently of the generation procedure and are 
shown in figure 6.5 for direction 1 (90°), direction 3 (180°) and the 
total point wave time history.

Thus the aim of the simulation was to retrieve the actual time 
history from each direction using the combined time histories at each 
sensor location after they had been generated and stored.
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The adaptive beamformer was designed using the average CPSD matrix 
from the first 30 blocks of 256 points, which represents 128 minutes 
of full scale data at a 1 second sample interval and no overlapping 
between blocks. To reduce spectral leakage, a 1/10 cosine taper
window was applied to each block of data in the time domain. After 
transformation, the frequency domain coefficients were retained at 
all 129 frequencies up to the Nyquist frequency of 0.5 Hz.

Figures 6.6 to 6.8 show snap shots of the real time estimation cycle 
for "time now" at points 7814, 7820 and 7826 respectively. In each
case the lower plot shows the actual total point time history at the 
first sensor (solid line) plotted with respect to time now as it 
progresses. Overlaid on this is the estimate of the total time 
history (dashed line) which was obtained by summing the beamformed 
estimates for each of the five directions. The upper plot in each 
case shows the estimate of the component at the indicated direction 
(dashed line) plotted over the corresponding section of the time 
history for that direction which was recorded separately when the sea 
state was generated. Figure 6.6 shows the estimate for the dominant
direction of 180° (direction 3) whilst figures 6.7 and 6.8 show the
estimates at 90° and 135° respectively.

In all cases the agreement between the acual and estimated time
histories is very close. It is interesting to notice the variation
of the total wave estimate at each stage as the estimation advances 
in 6 second stages. This is primarily due to the variable influence 
of the end effects as the size of the discontinuity changes. This 
might be reduced by applying a more severe data window or smoothing 
the individual terms of the adaptive filter but further refinement 
was not felt to be justified at this stage. In any case it is not 
possible to overcome the effective non-causality in the system. This 
must simply be taken into account when assessing how long it takes 
after time now before the results are reliable.

Figure 6.9 corresponds to Figure 6.7, except that the conventional 
beamformer has been applied. As expected from the power leakage plot 
for the conventional beamformer (figure 6.3), the estimate for the
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wave at 90° includes most of the signal from each of the other 
directions. Consequently the sum of the components greatly 
overestimates the total point time history.

Finally, the sensor data has also been analysed by using the adaptive 
beamformer to look at 37 directions at equal intervals of 10° to 
determine the relative power at each direction. The resulting
Maximum Likelihood Method spreading function is shown in figure 
6.10(a) for the frequency range 0.04 to 0.18 Hz, and illustrates a 
particular anomally with this method when dealing with discrete 
directions. At 0.082 Hz the spectrum is dominated by the wave at 
180° and the peak direction is correctly located (see figure
6.10(b)). At higher frequencies however (above 0.15 Hz) where the
energy is more evenly spread, the peaks are located between the
directions at which the energy is known to propagate (figure 
6.10(c)). This phenomenon can be attributed to the changing shape of 
the leakage function for different look directions. When the 
beamformer is steered to look between the incident wave directions it 
picks up more of the waves at either side of the look direction than 
when the look direction coincides with the incident wave direction. 
In the latter case it has effectively succeed in rejecting all of the 
signals from other directions (as shown by the previous results). 
Spurious peaks have also been reported by Davis and Regier [1977] 
when using the maximum likelihood method. It is not known whether 
this is a problem restricted to simulated data with widely spaced 
discrete directions, but it indicates that some caution is required 
when selecting the predominant wave directions if they are not known 
a priori.

6.2.3 Results for Simulated Directional Seas (II)

The second simulation to be presented is similar to the previous one 
except that it has been set up to resemble more closely the generally 
accepted model of a real directional sea, and to assess the effect of 
using fewer discrete directions in the beamforming process than are 
actually present in the sea state.
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The array (shown in figure 6.11) is the same cross formation but the 
sensor spacing has been increased to 20m, thereby increasing the 
overall aperture of the array and consequently improving resolution, 
but at the expense of reducing the frequency above which spatial 
aliasing occurs to 0.2 Hz. The power leakage ratio for the 
conventional beamformer is shown in figure 6.12 for 180° and it can 
be seen that the resolution is relatively good (characterised by a
single narrow hump) for a small frequency range around 0.15Hz. Below
this the aperture is too small so there is almost no rejection of 
extraneous signals, whilst above this range the spacing is too large, 
giving rise to the characteristic sidelobes. Similar plots are shown 
in figure 6.13 for look directions of 150° and 120°.

For this simulation the 5 incident wave directions were spread from
1200 to 24Q0 at regular SQo intervals. Each component had a similar
ISSC spectrum but scaled so that the relative power from each

2direction approximated a Borgman cos (0) distribution and the point 
power spectrum had a significant wave height H^= 5m and 
characteristic period = 10s. The weighting factors for each
direction are shown in figure 6.11, together with appropriate factors 
for a cos^^(0/2) distribution. It can be seen that the two are very
similar but the former function was used because there was no power
beyond +/-90°. The theoretical rms angular deviation of 32.4° for 

2
the discrete cos (0) distri 
continuous function (32.5°).

2
the discrete cos (0) distribution is very close to the value for the

A  400 point sample of the time history for each direction starting at 
point no. 4000 is shown in figure 6.14, and the combined output for
each sensor for the same time period is shown in figure 6.15.

As in the previous simulation, it was then attempted to retrieve each 
of the 5 directional components by applying the adaptive beamformer 
for each of the look directions at which they were known to be 
located. The sample interval was 1 second and the average CPSD 
matrix was calculated using the first 30 blocks of 256 points as
before and with a 1/10 cosine taper window. In this case however 
only 50 frequency coefficients in the range 0.035 to 0.265 Hz were 
retained and used in the filtering process, the rest being set to
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zero .

Figure 6.17 shows the estimate for the 18Qo component as the dashed 
line on the upper plot, whilst the dashed line below is the sum of 
the 5 directional estimates which should be equal to the total point 
wave time history. It can be supposed from the poor agreement 
between the individual component estimate and its actual trace, and 
from the substantial over estimate of the total point time history, 
that leakage is occuring and some of the signals are effectively 
being included twice in the total estimate.

This effect can be examined more closely with the help of the power 
leakage plot for the adaptive beamformer which is shown in isometric 
form for 180° look direction in figure 6.18, for the full range of 
incident wave directions from 0 to 360°. The close spacing of the 
directional components and the wide range of directions with no power 
has given rise to very high filter gains and hence power leakage
ratios of up 1000 for directions at which there is no energy (ie 0 -
90° and 270 - 360°), although there is substantial power at the same 
frequency in other directions.

In order to examine the variation in the leakage function around the 
look direction it is necessary to plot the contours as shown in 
figure 6.19. The range of this plot is resticted to directions of 90 
to 270° for the same frequencies as before and to contour levels
between 0 and 1 at 0.1 increments. Note that as contour lines greater
than one are not plotted (for clarity) this may give rise to regions 
that are not enclosed by contour lines where the power leakage ratio 
is greater than one. The dashed vertical lines show the directions 
of the 5 components at 120°, 150°, 180°, 210° and 240° that make up 
the sea state. The feature of the plot is the central ridge with a 
peak of exaclty 1 along the look direction (180°) at all frequencies. 
From the plot one can estimate that for the frequencies where there 
is most power (0.06 to 0.15Hz) the beamformer output will include 20 
- 40% of the signal power at 150° and 30 - 40% of the power at 210°. 
Similar inspection of figure 6.20 reveals that the 150° beamformer 
includes less than 10% of the power at 180°, except at the peak 
frequency, where up to 40% is included. On the other side, the
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signal power at 120° is only attenuated by 50%. For completeness, 
the leakage plot for 120° is shown for the full range of directions 
in figure 6.21, In this case the beamformer leaks generally less 
than 10% of either of the centre directions, and a maximum of 40% of 
the power from 240°.

This information suggests that the total energy in the sea state 
might be more accurately reconstructed by filtering at fewer discrete 
directions. From figure 6.22 (the leakage plot for 135°) it is clear 
that if the beamformer were to look at 135°, it would pass all the 
power at 120° and 40% of the power at 150°. Looking at 180° would 
pass a further 20 - 40% of this signal, therby accounting for up to
80% of the power (or 90% of the wave amplitude) at 150°. It should 
be noted that accounting for one direction in this way may introduce 
some phase error since the filters are only gauranteed zero phase lag 
in the directions they are designed for. Nevertheless the associated 
error appears to be small from the following results so that phase 
distortion away from the look direction has not been investigated 
further.

The results of applying the beamformer at only 3 directions, 135°, 
180° and 225°, are shown in figures 6,23 and 6.24 for "time now" at 
the 4097th and 4098th point of the simulation respectively. In both 
cases the lower plot shows the total wave estimate (dashed line) 
obtained by summing the three estimated direction components over the 
actual point time history. The agreement here is very close. The 
upper part of figure 6.23 shows the estimate obtained by looking at 
135° plotted over the actual diretional component at 150°. The upper 
plot of figure 6.24 shows the estimated and actual components at 
180°.

Despite the crudeness of the matching procedure to obtain a unity 
gain crossover across the range of directions, the result is 
considered acceptable. This method is preferred to the alternative 
of looking in many directions and then scaling each component so that 
they sum to give the correct point time history.

Using the same CPSD matrix the beamformer was then steered to look at
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the relative power over the full range of directions from 0 to 360° 
at 10° intervals. The resulting maximum likelihood spreading 
function is shown in figure 6.25 as an isometric plot for the range 
of frequencies retained (0.035 to 0.26Hz), and in figure 6.26 as 
sections at 0.078 Hz and 0.102 Hz. In each case the vertical axis is 
percent spreading per degree so that the function integrates to 100% 
of the total point power (shown xn figure 6.16).

The outlying ridges at frequencies above 0.19Hz are the result of 
spatial aliasing, as expected for the sensor spacing of this array. 
The overall shape at lower frequencies however resembles a cosine 
distribution with almost no power beyond +/-90° of the mean 
direction. The peak is generally at 1.5 percent/deg. A  closer look 
at a typical section of the function shows however that the peaks do 
not occur at the directions where the power is known to be (as 
indicated by the vertical lines). In fact the relative power at 180° 
where the overall peak should be is shown as a distinct trough. This 
arises because the spreading function is effectively the result of 
convolving the five directional delta functions with the variable 
width window function discussed above.

This shows that particular care is needed when interpreting the
results for the directional spreading function. The distribution
parameters however provide a useful way of summarising the three 
dimensional plots and these are less sensitive to variations in the 
peaks. The mean direction, rms angular deviation skewness and 
kurtosis are all plotted as functions of frequency in figure 6.27. 
Despite the scatter of the peaks (shown by the circles), the mean 
direction is accurately established. The estimated rms deviation 
lies between 34 to 37° over the range of energetic frequencies (below 
the spatial aliasing limit) as compared to the true spreading of 
32.5° for the 5 discrete directions. Apart from one hiatus, the
skewness indicates roughly symmetrical distribution, whilst the
kurtosis of 3 to 6 (compared to the actual kurtsosis of 2.32 for the 
5 discrete directions) shows that the estimation procedure locates 
relatively more power at the tails of the distribution.
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6.3 Application to Experimental Wave Data

6.3.1 Bidirectional Wave Experiment

In order to further assess the feasibilty of using adaptive 
beamforming to discretise a spread sea state into its component 
directions, a simple experiment was carried out in the directional 
wave basin at Heriot-Watt University. A full description of this 
facilty is given by Linfoot and Hall [1987] and Mitchell [1989]. The 
tank is 9m square with a water depth of 0.9m. One side contains a 
row of 18 independently controlled wave paddles whilst the other 
three walls are fronted with an artificial sloping bottom to minimise 
reflections. The paddle control system also provides active 
compensation as a further measure to reduce reflections. The method 
of generating the sea state is filtering of white noise to produce 
directional components which are transformed to the individual wave 
paddle locations to determine the appropriate paddle displacement. 
It is therefore possible to produce a bidirectional sea state of two 
independent directions and then repeat the experiment with each 
direction on its own.

In order to present the results at full scale, the linear scale 
factor adopted was 1:81. This meant that the requested ISSC spectrum 
had a significant wave height H^=5.6m and charateristic period 
T^=8.4s. The directions used were +/- 16°. The wave gauge array 
used to measure the sea state consisted of five probes mounted on a 
light perspex frame, plus an additional gauge as shown in figure 
6.28. The design of the array was such that it could also be 
mounted on a 1:81 scale model tanker to give a set of relative wave 
height measurements around the bow of the vessel. (Although 
measurements were made, the difficulty in interpreting the results 
for the fixed array precluded any reasonable assessment of 
measurements in directional seas from a moving vessel). The sample 
rate of 5Hz for the experiment corresponded to a sample interval of 
1.8 seconds at full scale, with a full scale duration of 4 hours.
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6.3.2 Beamforming Results

To carry out the beamforming, the adpative filter was designed on the
basis of the average CPSD matrix estimated from the first 30 blocks
of 256 points with a 1/lOth cosine taper window. Careful inspection 
of the power leakage function showed that this would not give
sufficient resolution to discern the two separate input directions. 
Significant improvements were made however by normalising the CPSD 
matrix before inversion so that all the diagonal terms (which 
represent the auto spectral density of the corresponding channels) 
were equal. This procedure is generally recommended for directional 
spectra estimation as described by Jefferys [1986 1, but the same
technique is valid for the beamforming case with a more significant 
improvement in the results.

The spreading function was obtained directly from the inverse of the 
average CPSD matrix at each frequency (see equations 3.78 to 3.80) by 
comparing the relative power in the directions from 90° to 270° at 
5° intervals. The spreading outside this range is set to zero. The 
resulting spreading fur^^'on ranged from 0 to 3.2 percent per degree 
and is shown plotted at 0.2% contour levels in figure 6.29 over the 
most energetic frequency range (0.058 to 0.186Hz), together with the 
total point power over the full frequency range (0 to 0.277Hz). The 
parameters of the spreading function are shown in figure 6.30. These 
plots do not show the two distinct ridges that are to be expected but 
for 25% of the energetic frequency range, the overall peak was 
located at either +15° or -15° from the mean direction of 180° (which 
was accurately established). Because the spreading has been 
truncated at +/- 90° from the mean, the rms angular deviation is
relatively small (from 40° down to 20° ) and is consistent with a2 g
cos (0) with s = 1, 2 or 3 as the frequency increases. The rms 
angular deviation to be expected for the two discrete directions at 
+/- 16° is 23° for all frequencies.

Thus although the results of the spectral analysis were not too 
encouraging regarding the ability to separate the signals, the 
directional filters to be used were selected by examining the power
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leakage functions. It should be noted that although the filter is 
designed on the basis of the properties of the underlying random 
process, the leakage or noise rejection properties are not dependent 
on any particular realisation. The signal which is not in the look 
direction will leak a particular fraction (the square root of P(<^)) 
of the amplitude when that beamformer is applied to the sensor 
o u t p u t s .

Figure 6.31 shows the leakage functions for look directions of 165° 
and 195°, whilst figure 6.32 shows the equivalent for 160° and 200°. 
In both cases the contour lines are only plotted where the function 
lies betwen 0 and 1, at intervals of 0.1. Thus the areas not 
enclosed by contour lines are where the leakage factor is greater 
than 1, which only arises where there is no power, or are along the 
look direction in which case the function is equal to 1. (Dashed 
vertical lines indicate +/-15° from the mean in both cases.)

In both sets of plots there is a distinct trough along the direction 
opposite to the look direction, which confirms that the filter 
recognises that the power is where it is expected to be, and that it 
is trying to reject it. The different widths and depths of the 
valleys indicate that the filters for 160° and 200° might be more 
effective at eliminating the signals at 195° and 165° respectively. 
There is of course the disadvantage that because the filter is not 
looking exactly where the power is, there will be some attenuation 
(80% of the power) of the signal that is to be retrieved. Note that 
the power leakage function decreases to zero much faster than the 
signal amplitude is decreased. A  power leakage ratio of 0.1 (the 
lowest contour level) indicates that the beamformer output includes 
0.3 times the amplitude of the signal in the leak direction.

Some typical results of applying the different directional filters 
are shown in figure 6.33 for the look directions of 165° and 195° and 
figure 6.34 for look directions of 160° and 200°. The upper plot in 
each of these figures shows the estimate (dashed line) of the wave 
component from direction 1 (obtained by filtering of the wave probe 
data for the combined sea state) compared with the single plane wave 
at 164° that was measured in a separate experiment.
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The time scale is measured relative to time now in the current cycle 
which in both cases corresponds to point number 7936 of the 
experimental data (ie after the estimation of the CPSD matrix), and 
shows the latest 100 points of the 256 point block that was used in 
the fast Fourier transform. In both cases the lower plot shows the 
estimate of the total point time history obtained by summing the two 
discrete directional estimates in the time domain. These plots show 
only one typical step in the cycle that is repeated at every sample 
instant as time progresses. The quality of the results however 
varies from one cycle to the next. By observing the estimation over 
a number of cycles and allowing for the corrupted ends, it can be
seen that the 165° and 195° beamformers consistently overestimate the 
total point time history as expected from the leakage plots, whilst 
the 160° and 200° beamformers match the measured wave fairly well.

There are several reasons to explain the apparent lack of correlation 
between these records, of which the first is the method used to
synchronise the two separate experiments. In order to allow initial 
transients in the tank to decay, data sampling was started exactly 5 
minutes after the wave maker was started for each experiment. 
Triggering was manual however and is only expected to be accurate to 
within +/- 1/2 second, which represents +/- 3 data points. In plane 
wave experiments it was possible to synchronise repeat experiments 
exactly by overlaying the time history from a checkprobe mounted near 
the paddles specifically for that purpose. In the bidirectional test 
however the checkprobe time history was unrecognisable from the plane 
wave test. Matching of the estimated and measured directional 
components was attempted by trial and error over +/- 5 points but 
without any significant improvement.

The comparison of the filtered wave estimate from the bidirectional 
sea state with the single plane wave that was measured on its own in 
the wave tank, assumes that the bidirectional sea state was a linear 
combination of the two separate plane waves. In an infinite wave 
tank this would be the case. In the relativley small tank used here, 
one might expect some component of reflected waves in the measured
time histories. However, the control system for the wavemaking
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paddles included an active system for damping out reflections. If 
this system was not 100% effective, it might give rise to differences 
between the demanded wave time histoy and the actual wave time 
history. In addition, the different reflection conditions in the two 
different tests might give rise to different compensation responses 
or effectiveness.
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6.4 Application to Full Scale Wave Data

The techniques for real time beamforming and directional spectrum 
estimation have been used on full scale meausurements made near the 
Dutch coast. It has been possible to compare results from different 
combinations of sensors and highlight some of the practical problems 
when dealing with real data. The directional sea state has been 
broken down into its main component directions using the adaptive 
beamformer and the results indicate that these may provide a 
reasonable approximation to the fully directional sea.

6.4.1 Full Scale Data Collection

The data was collected by the Department of Public Works, 
Rijkswaterstaat, in the Netherlands, from the Measurement Platform 
Noordwijk (MPN) about 10 km from the coast near Noordwijk. Full
details of the facilities are given by Battjes and van Heteren [1984] 
who carried out an investigation into the phase relationship between 
horizontal and vertical water particle velocities.

Further work on the data has been reported by van Heteren, Keijser
and Schaap [1988] who used a tri-orthogonal velocity meter to obtain 
estimates of mean wave direction and spreading and compared them with 
results obtained from the three wave probes on the platform.

They used a modified from of the Longuet-Higgins pitch/roll/heave
buoy analysis for the tri-orthogonal subsurface velocity readings to 
obtain the first terms of the Fourier series of the spreading
function. These are used to obtain the mean direction and, by
fitting a cosine power function to the series, an estimate of the 
spreading parameter s. By considering the wave slope, they were able 
to apply the same analysis procedure to the three wave probes 
measurements. Finally they used the space array method of Borgman 
[1969], which also arrives at the first three terms of the Fourier
series of the spreading function.

At frequencies where there was sufficient energy they found agreement
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between the calculated mean directions. The system was too sensitive 
to errors however to give meaningful results for the directional 
spreading parameter.

The six legged jacket sructure is located in 17.3 m water depth and 
has three wave gauges of different types mounted on the south west, 
north west and north east corners. In addition there is an acoustic 
measuring device at the south west corner at a depth of 7.8m that 
produced the water particle velocity readings. The various sensor 
locations are shown in figure 6.36 with the positions calculated in a 
coordinate system centered on the south west wave gauge. The
orientation of the axes is aligned with the x and y velocity 
measurements and therefore the x axis is 36° to the east of north. 
Rather than using the nautical convention, angles are measured 
positive anticlockwise and in the direction of travel.

The data were received in the form of digitised sequences for each 
of the sensors at a sample interval of 0.25 seconds. They had 
already been calibrated and filtered to remove tidal effects.

Because of depth attenuation, the velocity meter readings are
relatively small and effectively loose all information at
frequencies above 0.2 Hz. Therefore only the results of the most 
severe of the available sea states are presented here. This is 
referred to as MPN2602 (both here and by previous authors) and was 
recorded for half an hour starting at 23.15 on 7th October 1980. At 
this time the wind had been blowing around 20 m/s for several hours 
from a bearing of 249° with repect to north, corresponding to a 
direction of -33° in the adopted coordinate system. The significant 
wave height was 3.0 m with an average period of 7.4 seconds.

As described by Battjes and van Heteren (1984], the data sampling and 
acquisition system introduced time delays between the sampling 
instants of the different sensors. Since directional estimation 
depends entirely on relative phase information, it was necessary to 
include the time correction factor when calculating the system 
transfer functions. Tests by the authors revealed that the velocity 
meter readings lead the south west wave gauge output by 0.64 seconds.



-170-

This was corroborated by carrying out a cross spectral analysis
between the south west wave gauge reading and the vertical velocity
as shown in figure 6.37 and 6.38. Despite the slight spatial
separation, the coherence was high ( > 95% ) over the range of
frequencies from 0.1 to 0.2 Hz. The transfer function showed an 
increasing linear phase response which was consistent with a constant 
time lead of approximately 0.5 seconds after making allowances for 
the separation. In the absence of any other information it had to be 
assumed that there were no significant shifts among the wave gauges.

6.4.2 Comparison of Results for Different Array Configurations

The natural beamforming capabilities of the different array
configurations were calculated as a described in section 3.2.4. The 
isometric leakage plots for a 0° look direction are shown in figure 
6.39 for the three water particle velocity readings on their own, the
three wave gauges, and finally the combination of all six sensors
together. These plots represent the maximum leakage (or worst 
performance) that might be expected from an adaptive beamformer.

The data was first analysed with fairly coarse frequency resolution 
and angular interval. A 1/lOth cosine taper window was applied to 
the data before transformation and the CPSD matrix was averaged over 
14 blocks of 512 points with no overlapping. This gave only 16 
frequencies over the energetic frequency range from 0.078 to 0.195Hz 
and the corresponding power spectrum of the wave elevation at the
south west wave gauge is shown in figure 6.40. The directional 
spreading function was obtained by steering the adaptive beamformer 
obtained from this CPSD matrix and evaluating the relative power at 
10° intervals over the full range from -lOO^to +180°. An additional 
estimate was made using a normalised version of this CPSD matrix for 
the three wave gauges.

Figures 6.41 to 6.45 show isometric and contour plots of the 
resulting directional power distributions for each of the different 
array configurations. The spreading parameters are plotted against
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frequency in figures 6.46 to 6.48, showing peak direction (circles), 
mean direction and rms angular deviation. From these plots it can be 
seen that the water particle velocity meter and the 3 wave gauges 
both identify two ridges around -10 to -20°, and around -80 to -90°. 
In both cases the mean direction is between these two ridges and has 
a tendency to increase with frequency. The velocity meter places 
more emphasis on the ridge at -15°, with a mean nearer this at -50°, 
whilst the 3 wave gauges places the mean around -60° at the peak 
frequency. In both cases the rms angular deviation or width of the 
spreading reduces to a minimum of around 40° at the peak frequency. 
When all the sensors are used together, the spreading shows the same 
tendency with regard to mean direction and spreading except that the 
spreading is greater which implies reduced resolution. This 
configuration does not distinguish two separate ridges, but rather 
has a single more rounded hump nearer the mean direction.

A  summary of the spreading parameters at two different frequencies is
given in figure 6.49. From these it can be observed by comparison
with the parameters of the standard spreading models (decribed in

2section 3.4.4 and shown in figure 3.11) that the sech PO model gives 
a closer match to the data in terms of the peak value of the
spreading function and the angular deviation. Donelan et al [1985)
selected their values of /3 from the half height angular width of the
spreading but given the variation and the peaks, is seems more
reliable to use the rms angular deviation. This leads to selected 
models of 0=1.35 and a mean of -55° at the overall peak frequency of 
0.109Hz, with 0=0.9 and a mean of -40° at the secondary peak of 
0.172Hz

A  more detailed look at the spreading function was achieved by
increasing the resolution of the analysis, at the expense of
increased variability. The total length of each sample was doubled 
by skipping alternate points in the time series and keeping the block 
length to 512 points. This meant that from the 3584 points at 0.5s
sampling interval it was possible to average the CPSD estimates over
13 blocks of data with 50% overlapping. This gave 31 frequencies in 
the same range from 0.078 to 0.195 Hz, and the corresponding point 
power is shown in figure 6.50. Compared to the previous spectrum
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(figure 6.40), it has a more pronounced peak around 0.12 Hz, but it 
still shows a distinct second hump around 0.17 Hz.

The directional spreading was obtained at each of the 31 frequencies 
by steering the adaptive beamformer from -150° to 30° at 5° 
intervals, evaluating the relative power in each direction and 
normalising the function so that the estimates over this half sector 
integrate to 100%. This was done for each of the three array 
configurations and in all cases the results were very similar to the 
coarser analysis, except that they displayed more variation with 
frequency and tend to have sharper peaks. Only the results for the 3 
wave height gauges are shown here in figure 6.51. The corresponding 
spreading parameters shown in figure 6.52 confirm the tendency for 
the peaks to be located at either -80° or -15° with similar mean 
directions. The rms deviation (32° at the peak frequency) is lower 
than before because the function has been set to zero outside the 
analysed sector. This approach is preferred for modelling situations 
where the power is generally assumed to lie in one half sector and 
any power indicated outside this range by the spectral analysis is 
most probably noise.

Contrary to what might be expected, the combination of the wave 
probes and the velocity meter tends to reduce the resolution of the 
system. This is indicated by the increased rms angular deviation 
(see figure 6.49) and the different widths of the rejection troughs 
in the power leakage plots (see figures 6.43 and 6.45). The 
reduction in resolution implies some degree of inconsistency between 
the two data sets, perhaps a different filtering procedure which 
introduces a phase error over and above the time delay. What is 
surprising is that the velocity meter, despite the very low signal 
levels and associated quantisation errors, gives the same features as 
the wave probes on their own.

Even if a whole series of the data were analysed, it would be 
difficult to establish whether the two peaks in the directional 
spreading function are spurious or not. Analysis from the 
conventional beamformer, for which the leakage functions of the 
different array configurations are shown in figure 6.39, would be so
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wide banded that the peaks would be smoothed out in any case.

The velocity meter and the 3 wave probes both produce the same two 
ridges in the directional spreading function, but indicate different 
relative strengths. An explanation of this may be that assuming 
there were two predominant components at the directions indicated, 
the component at -15° would be masked to some extent from the north 
east wave gauge by the structure of the jacket, whereas the component 
at -80° would not be. The velocity meter however was ideally placed 
to recieve all of the incoming waves without obstruction.

6.4.3 Beamforming of Full Scale Data

The distinct ridges in both the wave probe and the velocity meter 
spreading function results indicate that there could be two distinct 
directional components present in the incident wave field at -80° and 
-15° respectively. Although it is possible that the peaks are 
spurious and caused by the variable leakage function, the fact that 
they occur at the edge of the distribution suggests that this might 
not be the case. The apparently sharper resolution of the adaptive 
beamformer with three wave height measurements, shown by the lowest 
rms angular deviation out of the different configurations, was put to 
use in an attempt to isolate the directional components.

Examination of the leakage functions showed that each of the 
beamformers at -80° and -15° would only leak approximately 10-20% of 
the power at the other direction.

The adaptive beamformer was designed on the basis of the first 3456 
points at a sampling interval of 0.5s, corresponding to 28 minutes of 
the record. The CPSD matrix was averaged over 24 blocks of 512 points 
with 75% overlapping, with a l/20th cosine taper data window applied 
before transformation. Only 81 frequencies in the range 0.078 to 
0.39 Hz were retained , all the others being set to zero.

Both figures 6.53 and 6.54 show the last 200 points (100 seconds) of
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the estimates of the wave obtained by applying the beamformers to the 
Fourier coefficients of the 512 point block of data immediately prior 
to time now (point 3456 of the data sequence). Figure 6.53 shows the 
estimate at direction 1 (-80°) as a dashed line on the upper plot,
whilst the corresponding line in figure 6.54 shows the estimate at
direction 2 (-15°). The lower plot in each case is the same and
shows the wave time history measured at the south west wave gauge 
(solid line) and the estimate of the combined wave time history
obtained by summing the estimates for directions 1 and 2 in the time
domain. Discounting the end effects at the latest 25 seconds on the 
right, the estimate closely follows the total wave (note that the 
current block extends beyond the left axis of the plot so errors here 
are not end effects). This is despite the fact that the two
directional components, although similar in amplitude and frequency,
are sometimes out of phase (observed by plotting them over each 
o t h e r ) .

Although the wind had been relatively constant for several hours at 
-33°, these results strongly support the assumption that there are 
indeed two predominant wave directions present at -80° and -15°.
This can not be confirmed however without more detailed observations
on the wave conditions at the time.
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6.5 Discussion

This chapter has provided some insight into the problems associated 
with directional filtering. Indeed, they are not very different from 
normal filtering applications. In order to isolate a particular 
directional wave component one is trying to produce a band pass 
filter and it is no surprise that the bandwidth or "beamwidth" is 
relatively large if only a handful of spatial samples are available.

Thus the most significant means of improving any capability in
directional filtering is to increase the number of spatially 
independent measurements in the system. However this is often 
difficult to achieve, and the alternative of implementing an adaptive 
filter can give substantial benefits.

As shown in the simulations, the adaptive beamformer is particulary 
good at suppressing a component at a discrete direction even though 
its amplitude may be relatively large. This might be useful if one 
wanted to separate out a local wind driven sea state from a swell 
which originates from a long way off.

It is important to know the beamwidth of the filter if one is
attempting to generate a model of a directional sea state which 
consists of wave time histories at a few discrete directions. The 
major problem associated with using the adaptive beanmformer however 
is the rather variable nature of its performance. Although it will 
generally be better than a conventional filter it is not easy to 
assess by how much, as this will change with the sea state which is 
being analysed. This chapter has considered ways of examining the 
power leakage ratio to assess the beamwidth for a given look
direction and to identify the location of other directional
components. This approach would however be rather clumsy in a 
practical application, and the method proposed by Davis and Regier 
[1977] for designing an adaptive beamformer with a fixed beamwidth 
may be more efficient.

For full scale measurements, it is not possible to compare the 
estimates of the incident wave from each direction with actual time
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histories. It has been possible however to identify two dominant 
directions in a particular sea state using either a set of three wave 
probes or a water particle velocity measuring device. When summed in 
the time domain, the estimates from each direction produced a time 
history which was close to the total wave elevation measured at a 
single point. This provides a valuable check on the quality of the 
estimates, and gives an indication that the system is not trying to 
establish directional components which are too close to be 
distinguished by the given array. For any array, it is very 
important that all delays or phase distortions introduced by the 
measurements system are accurately accounted for to give records from 
each sensor which are completely synchronised. If this is not the 
case, the use of more senors will tend to reduce the directional 
resolution of the system.

Another problem which might arise if the adaptive beamformer is to be 
used in real time applications, is the length of the impulse 
response. Although this has not been examined in detail in this 
chapter, it is expected that high gains which may occur in the terms 
of the beamformer will give rise to a long impulse réponse which is 
also non-causal. More work is required to assess the impact of this. 
The software written did not include the facility to extract the 
terms of the adaptive beamformer in such a way that they could be 
transformed to give the impulse response for each sensor, but this 
would not be difficult to implement. The approach would be the same 
as that which is described in chapter 7 for simple inverse filters.
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7. APPLICATION TO WAVE AND DRIFT FORCE ESTIMATION

7.1 Overview

The previous chapter concentrated on the possibility of decomposing a 
short crested seas state into a small number of time histories from 
discrete directions, using fixed arrays of wave sensors. These have 
very simple transfer functions which make the real time estimation of 
a uni-directional wave time history using a conventional beamformer 
very straightforward, even if one insists on transforming it into the 
frequency domain first. The problems associated with the real time 
implementation were not addressed in that chapter, in that there was 
no close examination of the extent of the inverse filter or 
beamformer impulse response.

Another outstanding question relating to wave estimation is the 
ability of the system to cope wih measurements from a floating 
structure. Measurements of the wave made from a floating structure 
will be confused by the diffraction of the incident wave, motion of 
the structure itself and the radiating waves caused by this motion. 
Measurements of the motion itself are likely to have cancellation 
points and therefore require the use of several different responses 
to cover the full wave spectrum.

By using the rather simple case of a wave probe mounted at the bow of 
a model tanker in a unidirectional random sea state, the first part 
of this chapter aims to demonstrate that these problems can be 
overcome. The method of examining the impulse response of the system 
illustrates how to establish appropriate parameters for the real time 
estimation, such as block length, and to identify where the estimate 
will be uncorrupted by end effects. This method would apply equally 
well to the beamforming of the previous chapter.

In this case the transfer functions for the system were derived 
directly from the experimental data; there is no reason to suggest 
that the results would be any less succesful if the transfer 
functions had been derived from a linear diffraction analysis.
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The software described in chapter 5 has been used to simulate real 
time operation and produce an animation of the wave time history as 
it passes the vessel. The results presented here however are by 
necessity only snapshots or summaries of the continous estimation
which is one of the main features of the work.

Section 7.3 goes on to investigate the drift force estimation, for 
the same tanker model. It first examines purely the real time
implementation part of the problem by using theoretical drift force
time histories derived from calculated quadratic transfer functions. 
It shows that for the relatively smooth calculated functions, the 
effect of using short blocks is as expected, with limited end 
effects. What is not expected or adequately explained however was 
the degree of non-causality in the drift force process.

When comparing estimated time histories of drift force with 
experimentally measured time histories, it was found that it was
better to use quadratic transfer functions derived from 
cross-bispectral analysis of the experimental data rather than the
functions calculated from diffraction analysis. This was despite the
fact that the experimentally derived quadratic transfer functions are 
very irregular. The section describes how the extent of the
quadratic impulse response was assessed, and goes on to present 
limited results of the real time drift force estimation.

Although the snapshots of drift force estimate show the same trends 
as the measured time histories, the overall error statistics do not 
show satisfactory agreement. Apart from the real time
implementation, there are a whole range of problems associated with 
both the measurement of the drift forces and the estimation of the 
transfer functions, and it has not been possible to identify any 
single factor as a cause for the lack of agreement. Nevertheless the 
results are sufficient to indicate that the scheme is feasible. No 
previous attempt at such detailed comparison between calculated and 
measured drift forces has been identified.

Thus in order to demonstrate the effectiveness of the linear
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prediction of the drift forces, the work was limited to predicting a 
given time history and comparing the result with the future samples 
of the same time history. No attempts were made to fit the 
autoregressive model to the estimates or include the prediction 
scheme with the real time estimation. Section 7.4 presents some 
sample results for prediction and indicates that given an accurate 
past time history, prediction up to half a cycle ahead is feasible 
with reasonable accuracy. This represents a time scale of perhaps 30 
seconds and should go a long way towards compensating for the 
non-causality identified in the results of the previous sections.
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7.2 Wave Estimation from a Tanker Model

7.2.1 Tanker Model Arrangement

In order to demonstrate the possibility for wave estimation, 
experiments were carried out in the wave basin at Heriot Watt 
University with a 1:81 scale Model 60 tanker. Details of the wave 
basin are found in section 6.3.1. The tanker model had a full scale 
displacement of 109 000 tonnes and an overall length of 254m. The 
beam and draft were 38.4m and 13m respectively. The block 
coefficient for the tanker was 0.765.

The tanker was held in place at the centre of the tank by 6 mooring 
lines; one forward, one aft and two from each side. The lines were 
fixed to attachment points above the water and pretensioned with the 
aid of springs. The spring stiffness was selected so that the 
natural period of the vessel in surge was around 26 seconds. This 
was the mooring arrangement used by Mitchell [1989] for the purpose 
of measuring drift forces. The philosophy behind the arrangement was 
to locate the natural frequency of the mooring between the regions of 
first order wave forces and second order drift forces, minimising the 
vessel surge response at the natural frequency of the mooring. At
the drift force periods of interest, there was effectively no
dynamic amplification in the system and the drift force could be 
determined directly from the load cells placed in the mooring lines. 
At frequencies above resonance the ratio of the force in the mooring 
lines relative to the first order wave forces was negligible and it 
could be assumed that the mooring did not affect the first order 
vessel response.

The motion of the vessel was recorded using the Selspot system
(Linfoot and Owen (19791) whereby cameras detect the movement of 
light emiting diodes which are placed on the vessel. This 
information was sampled and recorded digitally. It was possible to 
transform the data from several diodes and cameras to give vessel 
motion in all six degrees of freedom, but for these experiments only 
one camera was used and this monitored the heave motion at two
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positions along the length of the vessel.

In addition to the Selspot system a standard two wire wave probe was 
mounted on the bow of the tanker. The point of wave measurement at 
the still water line was 7.1m (full scale) forward of the bow. The 
arrangement is shown in figure 7.1.

The response of the tanker was measured in a unidirectional random 
sea state (head sea). The requested spectrum was essentially an ISSC 
spectrum but it was truncated at higher frequencies to improve data 
quality. The resulting significicant wave height was H^=6.4m and the 
peak period T^=10.5s. The duration of the experiment corresponded to 
8 hours of data at full scale, sampled at an interval of 0.9 seconds. 
The same sea state was then measured with the tanker removed and a 
wave probe placed at the centre of the vessel position. In both 
experiments a secondary wave probe placed at the side of the tank 
made it possible to later synchronize the two sets of wave and vessel 
response data.

7.2.2 The Inverse Filter for a Bow Mounted Wave Probe

By means of a cross spectral analysis between the different vessel 
responses and the input wave time history, linear transfer functions 
for the responses were derived. The cross spectrum was obtained by 
ensemble averaging the estimates from 32 Fast Fourier Transform (FFT) 
data blocks. Figure 7.2 shows the amplitude of the transfer function 
for the bow mounted wave probe plotted against frequency. Note that 
the frequency axis is normalised and has no units, since it is 
presented as a fraction of the sampling frequency which was 1.111 Hz. 
These axes cover the entire Nyquist frequency range for positive and 
negative frequencies and the upper plot therefore includes all the 
smoothed estimates obtained from the FFT's of the time series data.

However the dominant energy in the sea state was between 7s and 15 s 
periods and outside this range the coherence of the estimated 
transfer function was poor. The lower figure shows the region of the 
transfer function that was retained for the frequency range of 0.06
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to 0.125 (normalised frequency).

The impulse response of the truncated transfer function was obtained 
by an FFT of the transfer function and is shown in figure 7.3, 
plotted against normalised time (as a ratio to the sample interval). 
The axes in this case represent a full 512 point FFT block. It
should be noted that the main part of the impulse response occurs for
negative time lags. This is to be expected because the wave probe is 
approximately 100m forward of the vessel centre and will therefore 
respond well before the wave reaches midships. The ripples that 
continue over the whole time range are due to the sharp cut-off
points in the transfer function. The lower plot shows the cumulative
area under the modulus of the impulse response function (see section 
2.2.2. This indicates that the effective extent including 90% of the 
impulse response lies from -134 to +142 samples. Note that this 
impulse response is quite artificial with repect to the vessel 
because it effectively includes a band pass filter, which is not part 
of the physical response of the system.

The inverse filter transfer function for the bow mounted wave probe 
is shown in figure 7.4. Note that this function is set to zero 
outside the frequency range 0.06 to 0.125 and is therefore 
constrained to estimate over this frequency range only. As well as 
an inverse filter, this function also represents the band pass filter 
which is effectively being used by "throwing away" the Fourier 
coeficients outside this frequency range in the estimation process. 
The corresponding impulse response is shown in Figure 7.5. It is 
noted here that substantially less of the impulse response occurs at 
negative time lags compared with the original transfer function. The
inverse filter is in effect just the transfer function from bow probe
measurement to wave height amidships.

Figures 7.6 and 7.7 show the transfer function and impulse response 
respectively of the inverse filter which has been smoothed by an 11 
point moving average of the frequency function. This was in an 
attempt to evaluate the effect of the rather artificial frequency 
cut-off. In the time domain the effect is to reduce the 90% extent
of the impulse response from a total of 325 points to 245 points.
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Another method would be to truncate the impulse response function at 
arbitrary time lags, say -64 and +128 and then compare the resulting 
frequency response with the original function to see where the 
response differs. Other methods used to optimise digital filter 
design (ie minimise the number of terms in the digital filter for 
optimum frequency réponse) are based on applying a smooth window 
function (rather than a simple 11 point moving average) to the 
frequency domain transfer function. The preferred approach however 
would have been to avoid the sharp transition altogether, in this 
case by estimating the original tranfer function over a wider range, 
retaining more frequencies in the estimation process, and making a 
very gradual transition well away from regions where there is wave 
energy. This would reduce the extent of the apparent impulse 
response and improve the accuracy of the wave estimate if necessary.

7.2.3 Real Time Wave Estimation

Using the recorded experimental data, the program WAVOR (section 5.2) 
was set up to demonstrate the real time estimation of the wave time 
history from the measurements made by the bow probe on the tanker in 
unidirectional head seas.

The inverse filtering was carried out on blocks of 384 points of 
response data at each estimation cycle. This block was extended with 
128 points of zeroes (into the future) to give the 512 point FFT 
block length. The overlapping of consecutive blocks could be varied 
so that at each cycle "time now" could advance by only one sample at 
a time, or by a full 384 points (no overlapping). No data windowing 
was applied. The inverse filter function used was the unsmoothed 
version as described in section 7.2.1 and shown in figures 7.4 and
7.5.

Figure 7.8 shows a snapshot of the estimated wave (circles at each 
sample) plotted over the unfiltered wave which was measured in the 
absence of the tanker. Although given in seconds, the time axis 
covers the full 512 point FFT used. The time = 0 line corresponds to 
"time now" which for this plot is point number 2668. This is the
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latest point of response data which has been read by the program. 
The region to the right of time=0 is where future zeroes were added 
to the bow probe response data prior to inverse filtering. It can be 
seen that the gradual decay or impulse response of the inverse filter 
itself acts as a reasonable predictor for as much as half a wave 
cycle.

The section of the wave estimate at the start of the block is clearly 
corrupted by end effects, but for most of the range the estimate 
apprears to agree very closely with the actual wave, despite the fact 
that the unsmoothed filter is being used.

The display was animated to show the passing of the measured and 
estimated time histories and the MicroVax computer completed the 
estimation and drawing cycle in well under the full scale sample 
interval of 0.9 seconds

The same estimation process was carried out using heave measured at 
two locations along the vessel as well as the bow probe, with very 
similar results.
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7.3 Estimation of Drift Forces on a Tanker Model

7,3,1 A  Measure of Error

When stepping through the time series, it becomes apparent that the 
closeness of the estimate to the actual time history is variable. It 
is therefore necessary to define a more quantative method of 
assessing the quality of the real time estimation. In particular 
this should identify trends relative to time now as it progresses.

The method proposed is to calculate the mean square of the error 
between the actual and the estimated time series at each point 
relative to "time n o w " , as the estimation steps through the gathered 
data. The square root of this function is then normalised with
respect to the root mean square of the actual time history. For two
non-zero mean functions of time x(t) and y(t), the root mean square 
error function is Q(r) where r is a constant time lag relative to
time now as the estimation progresses. The time average of a
function is denoted by <>.

Q(r)̂
< I y(t-r) - x(t-r) 1 >

2< x(t-T) >
(7.1)

If y(t) = x(t) then the value of the error function will be zero. On 
the other hand if the estimate is y(t)=0, the Q will be 1 at all 
lags. It is worth examining the error function slightly further 
however by writing each time history in terms of a mean and a time 
varying component with zero mean, so that for example:

(t) = X (t) + m such that < x_(t) > = 0O x  0
(7.2)
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For a given value of t it is not necessary to include the time 
argument so this is dropped for clarity. We can then write the 
error function as :

2 < - 2 < x„y„> - 2
Q - 2 2

< X- > + m
(7.3)

It can then be seen that if the estimate y(t) = m^, then the value of 
this function will depend on the relative magnitudes of the mean and 
standard deviation of the actual function, but will always be less 
than one;

2Q =  2------------ 2 y = m
< x„ > + m0 X (7.4)

The final possibility to consider is if both the functions have the 
same mean and standard deviation, but are completely uncorrelated. 
In this case the value Q is given by:

2 2 

• ■>

and can be greater than one if the square of the mean is less than 
the mean square of the time varying component.

7.3.2 Effect of Real Time Estimation on Simulated Forces

The next step is to try and use the estimates of the wave time 
history, which is available at each estimation cycle in the form of 
the fourier coefficients for short blocks of data, to calculate the 
drift force. Before this is attempted however in section 7.3.4, it 
is worth examining results from simulated data in order to validate 
the drift force part of the software and illustrate the effect of 
using short blocks to implement the calculation.
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The basis for comparison is a surge drift force time history which 
was generated from a theoretical quadratic transfer function for the 
tanker model. The quadratic transfer function was calculated by 
Mitchell [1989] using the DYHANA suite of diffraction analysis 
programs and this reference gives comparisons between calculated and 
measured values for the function. Because of the cost of evaluating 
the function at different pairs of sum and difference frequencies, 
the diffraction analysis was carried out on a relatively coarse 
frequency grid.

This quadratic transfer function was used with software provided by 
Sincock [1989] to calculate a 8192 point time history of drift force. 
This was made up from the first 353 sum frequency components, 
calculated in the frequency domain with interpolations between the 
available points of the calculated quadratic transfer function. Thus 
the shortest period for the drift force was approximately 20s for a 
sample interval of 0.873s. The Fourier coefficients at these 353 sum 
frequencies yielded the 8192 point time history after a single
inverse FFT. The input to the calculation was a wave elevation time 
history which had been generated by filtering white noise.

With this drift force time history as a basis for comparison, the 
program WAVOR (section 5.2) was set up to carry out the drift force 
calculation in real time using short blocks of only 512 points. The
same quadratic transfer function was used (but with less
interpolation), and the same wave time history was supplied as input. 
Thus the inverse filter was simply set to unity for all frequencies. 
The wave data was read in blocks of 448 points, with the addition of 
64 zeroes into the future. To obtain the same cut-off frequency in 
the drift force (20s period), only the first 23 sum frequencies were 
u s e d .

The results of this comparison are shown in figure 7.9 for one
cycle of the real time estimation at time now= point 4480, ie near
the middle of the long drift force time history. The upper plot
shows the wave as before, whilst the lower plot shows the
corresponding drift force real time estimate (circles) and the
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"acCual" drift force (solid line). It apears from this plot that 
there is only a slight discrepancy for approximately 25s at each end 
of the block. The discrepancy just before time=0 is due to a 
non-causal feature in the calculated quadratic transfer function, 
whilst the error at the start of the block is due to the decay of the 
quadratic impulse response.

Figure 7.10 shows the root mean square error function for the 
estimation of the simulated drift force. It was obtained by stepping 
through the time series in jumps of 64 points, from point no 1344 to 
7104. It therefore represents the average of 90 different samples of 
the error function at each time lag relative to "time now". This 
shows more clearly the regions where the drift force is corrupted by 
having the incorrect past and future input. Nevertheless the average 
error at time now is less than 20% of the rms drift force.

7.3.3 The Experimental Quadratic Transfer Function

A  time history of the low frequency drift force was obtained by 
recording the tension in the bow mooring line of the tanker in the 
experimental arrangement described in section 7.2, and then filtering 
out the components at the natural frequency of the mooring and at 
wave frequencies. The filtering was carried out by transforming the 
complete time history using an FFT, setting the appropriate frequency 
range to zero, and inverse transforming the remaining coefficients.

Using software for cross-bispectral analysis developed by Sincock 
[1989] and Mitchell [1989], estimates of the surge force quadratic 
transfer function were obtained for a limited range of sum and 
difference frequencies. The estimation was carried out using the 
Fourier coefficients from 60 non-overlapping blocks of 512 points to 
obtain averages of the cross bispectrum. The amplitude of the 
resulting quadratic transfer in its raw form is shown in figure 7.11. 
The frequency axes are normalised with respect to the sample 
frequency of the wave, with Freq 1 corresponding to the difference 
frequency and Freq 2 is the sum frequency Although it
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prevents every point from appearing on the plot, the function is 
plotted over the entire Nyquist frequency range to match the plots 
for the impulse response which are shown in figure 7.12. The surge 
force quadratic transfer function shows a high degree of variability, 
which as reported by Mitchell [1989], is not predicted by the 
diffraction analysis.

The impulse response function was obtained by using a two dimensional 
Fast Fourier Transform as given by Press et al [1986], with a block 
length of 256 x 256 points. The time axes are normalised here with 
respect to the period of the FFT, ie NA, and so for a sample interval 
of 0.9s the time range is ± 115 s. Note that the symmetries for the 
unidirectional transfer function for positive and negative 
frequencies were as described in section 4.2.1 in order for the 
impulse response to be purely real. All points in the bifrequency 
plane where estimates were not available were set to zero. Note that 
this is rather artificial when examining the impulse response, but no 
alternative was available. By extended diffraction analysis it might 
be possible to arrive at asymptotic values at low and high 
frequencies.

Nevertheless it is worth noting some important properties of the 
impulse response function. It is symmetrical about the T2 axis. This 
axis corresponds to the m^ axis (ie m^ = 0) of section 4.3.2. The T2 
axis also corresponds to the line n̂  ̂ = n^ which is the one
dimensional time axis for the calculation of the force. The impulse 
response is not symmetrical about the T1 axis. In fact it shows a 
greater weighting for future points (T2 negative), although the decay 
or past extent is longer.

Because of the limited range over which the QTF is known it is 
difficult to judge wether this non-causality is artificial or whether 
it is a property of the physical system. It is perhaps reasonable 
however to expect some non-causality if measurements are referred to 
midships. A  wave hitting the bow will start causing a drift force 
before that wave reaches the reference point.

For the purpose of drift force estimation, any further tampering with
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this rather ill behaved quadratic transfer function will only tend to 
confuse the results. Real time estimation has only been attempted 
with the raw function.

However, for the purpose of illustrating the sensitivity of the 
impulse response to rapid variation in the frequency réponse, the raw 
quadratic transfer function was smoothed with a 7 point moving 
average (in both directions). This function is shown in figure 7.13, 
and the resulting impulse response in figure 7.14. It can be seen 
that the essential features of symmetry and non-causality remain as 
described above, but the function decays to zero relatively quickly.

It is not a straightforward matter to quantify the extent of this two 
dimensional function. The method described in section 2.2.2 for a 
linear impulse réponse could be used along each axis, but this would 
not describe what is happening away from the axes, which could be
where the extent is determined.

The procedure used here was to generate a function which is the 
modulus of the quadratic impulse response plus a tiny offset to 
prevent this function from becoming zero. This function was then
plotted with contours, the first contour line being drawn for 5% of 
the peak value of the impulse response. The remaining contours were 
drawn at further 5% intervals. Because of the very oscillatory
nature of the function the contour lines are very dense and require
substantial computing effort.

The end result is shown in figure 7.15. The areas of black are
caused by the dense contour lines, whilst the areas of white are
where the modulus of the impulse response is less than 5%. From this
it can be seen that whereas the raw impulse response does not decay
to "zero", the smoothed function has an effective extent of 36
seconds into the future, and 42 seconds worth of past inputs
(including all values over 5%). If this function was to be
implemented as a double convolution filter, it would probably have no
effect if the outlying points were discarded. This would give a time
range of approximately -25 to +25 seconds, and for the sample

2
interval of 0.9s, this would require 55 filter terms.
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Using a similar approach, Dalzell [1976] concluded that 51 filter 
terms were appropriate for calculating the added resistance of a 
similar tanker in head seas. The degree of non-causality observed 
here also agrees with the data presented by Dalzell.

7.3.4 Comparison of Estimated and Measured Drift Forces

Using the bow probe response data and the experimental quadratic 
transfer function in its unsmoothed form, the program WAVOR was used 
to simultaneaously generate real time estimates of the incident wave 
and drift force time histories.

A  snap-shot of one estimation cycle is shown in figure 7.16, for "time 
now" = point 3136 of the same time history as shown in figure 7.8. 
The estimation was carried out using 512 point blocks, so the axes 
show the complete set of data including the future region where 128 
zeroes were added to the bow probe response data, of which only 384 
points were used prior to time now. The decay of the inverse filter 
again produces a fairly reasonable estimate of the incident wave up 
to nearly a full cycle ahead.

The drift force estimate was calculated using the first 22 sum 
frequencies to give the same cut-off as the filtered experimentally 
measured time series, corresponding to 33 seconds period. From this 
picture it appears that the estimate of the drift force (circles at 
each sample interval) closely follows the measured force (solid 
l i n e ) .

However if one looks at the rms error function (figure 7.17) which 
was calculated from 60 estimation samples between points 1152 to 
5000, the performance is less convincing. As expected for the wave 
estimate, after the initial transients have decayed, the average 
error is roughly constant right up to time now at approximately 25% 
of the rms of the wave elevation. This is most probably due to the 
limited frequency range that was used in the estimation (7 - 15s
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periods) so that the upper higher frequency components have been 
filtered out. Note that these only represent 6% of the power in the 
signal. In this sense the error function is a very stringent measure 
of performance and it might have been more indicative to have plotted 
the square of the function to represent the relative power in the 
error component.

When examining the corresponding error function for the drift force, 
the best estimate is surprisingly obtained at the ends of the data 
block. The average error at time now is 70% of the rms value of the 
actual drift force. It appears that the time varying estimate is no 
better than simply using the mean value as an estimate, although the 
corresponding error function has not been derived for this data. 
However by visual examiniation of the drift force estimates, it was 
apparent that the estimate using the experimental quadratic transfer 
function gave better results than using a flat QTF which corresponds 
to a wave squared approximation. A detailed comparison of results 
obtained using the calculated vs experimental transfer functions was 
not undertaken, given the poor agreement between the transfer 
functions themselves as discussed in section 7.3.3.

In an attempt to improve the quality of the results, the above 
simulation was repeated but using 1024 point blocks and the input 
wave time history, to eliminate the error caused by the wave 
estimation part. The results are shown in figure 7.18 for the same 
point in the real time estimation, and figure 7.19 is the error 
function. The lowest average error of 50% occurs just prior to time 
now (t=-20).

It was concluded that given the very variable quadratic transfer 
function for the tanker in head seas, the combination of errors from 
transfer function estimation and the real time implementation lead to 
unsatisfactory performance. Better results would be expected for 
other structures with more "well behaved" second order responses.

For the above cases, a single cycle of reading new data, Fourier 
transformation, inverse filtering, drift force calculation using the 
full QTF, inverse transformation, and plotting of the time histories
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was accomplished in well under 1 second on a MicroVax Computer. A 
greater portion of this time was spent performing the animation 
rather than the calculations themselves. It would therefore be quite 
possible to use the system on-line for a full scale application. It 
may not be possible to demonstrate the system online in the wave tank 
however, given the short sampling interval at model scale.

7.4 Prediction of Low Frequency Drift Forces

Using the same drift force time histories that were used in section
7.3.2 for simulated data and 7.3.4 for experimental data, the 
effectiveness of linear prediction is demonstrated in this section. 
This was carried out quite separately from the real time estimation 
work described in the previous sections.

Using subroutines available in Press et al. [1986], a computer 
program was assembled to read a section of the drift force time 
history and fit an autoregressive model with a given number of M 
predictor coefficients or poles to the data as described in section
4.5. These can then be used from any given point in the sequence to 
calculate the one step ahead prediction on the basis of the previous 
M points in the sequence. Allowing the one step ahead prediction to 
continue forward, it is gradually fed by fewer actual data points and 
more predicted points until only predicted points are being used.

In order to assess the performance of the predictor, the program was 
set up to step through the drift force time history and at each point 
to predict up to H points ahead, using only the M points prior to 
time now. At each step the predicted time history was compared with 
the actual value and the rms error function was generated for each 
prediction time by averaging the errors as time now progresses.

Because the available time histories were relatively long, and the 
sample interval very small compared to the period of the drift 
forces, it was beneficial to use a large number of predictor 
coefficients. However no studies were undertaken to optimise the 
number of poles.
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The first example used the simulated drift force time history which 
was used in section 7.3.2. Using the first 4598 points, a 40 pole 
model was fitted to the data. This model was then used to generate a 
40 step ahead prediction and this is shown in figure 7.20. Note that 
only the 40 points immediately prior to point 4598 which are plotted 
for t < 0, were used as a starting point for the prediction. Given 
the very small and nearly constant past points, the predictor picks 
out the imminent peak remarkably well.

The plot of prediction error in figure 7.20 was obtained by 
predicting from each point between points 4598 and 6000, using the 
same 40 pole model. This indicates that up to the 10 step ahead
prediction (8.7 s for this time history), the error is almost
negligible. It increases slightly up to 20 steps ahead, where the 
error is 30% of the root mean square of the sequence. After 30 steps 
ahead, the error is almost constant at 65%. As discussed in the 
previous section, this is a very stringent measure of accuracy, and 
it is judged that an accuaracy measure of 30% would be acceptable for 
most engineering purposes (at this level the ratio of the square of 
the error to the mean square of the drift force is only 9%).

Figure 7.21 shows a similar example but this time the experimental 
drift force time history was used. The number of poles was increased 
to 100, and the model was fitted using the 4000 points (equivalent to
1 hour of full scale data) prior to point 6980. It can be seen that
in this case the prediction is effective for 100 points which, at a 
full scale sample interval of 0.9, is 90 seconds into the future.

The corresponding average error function shows that this gives a 
better performance than the previous example, but a similar plateau 
in error is reached after approximately 40 steps ahead. The lower 
level of this plateau (40%) is most likely caused by a difference in 
the relative magnitude of the mean and the standard deviation of the 
sequence as discussed in section 7.3.1.

The results indicate that it is quite reliable to predict up to half 
a cycle ahead, which for typical drift forces is around 30 seconds.
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This should be sufficient to compensate for non-causality in the 
quadratic transfer function, but it is completely dependent on a 
good estimate of the past time history.

The time taken to fit the 100 pole model to 4000 points was 
approximately 20 seconds on the MicroVax computer, whilst the time 
required to step through the 100 point prediction was negligible 
compared to the full scale sample interval.
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7.5 Discussion

This chapter has concentrated on simulating the task of inverse 
filtering and drift force estimation in unidirectional seas. This 
has been carried out using both artificially generated data and 
experimental measurements. Although the results are shown here as 
isolated graphs, the estimation was carried out continuously as if 
the measurements of vessel response were being made in real time. It 
was possible to update the wave and drift force estimate for the 
latest block of data at every sample instant. This confirmed the 
approach adopted in chapter 5 whereby the data is treated in the 
frequency domain. Without the additional overhead of having to plot 
and animate the time histories, which accounted for a major portion 
of the processing requirements, it would be possible to cope with 
several more channels using the same software. Given the possibility 
of additional dedicated signal processing hardware, there should be 
no practical limit on the number of sensors that could be handled 
with this approach.

The wave estimates from a bow mounted wave probe proved to be 
reasonably accurate due to the rather linear behaviour of first order 
response. This would be less successful if measurements including a 
roll component were to be used directly. In this case it would be 
necessary to subtract the measured roll angles from wave measurements 
to arrive at absolute wave heights instead of relative wave heights. 
Even then, the non-linear roll response could lead to varying degrees 
of disturbance to the incident wave which would reduce accuracy. For 
a ship shaped vessel in quartering or beam seas, more work would be 
required to prove the feasibility of the system. In general however, 
a ship shaped vessel operates into the weather wherever possible and 
this is therfore not seen as a major drawback. For semi-submersible 
vessels in moderate sea states, the responses and wave scattering 
are fairly linear in all directions and therefore most types of 
measurement would be suitable for this application. As illustrated 
by the bow mounted wave probe, it is best to have sensors which are 
located as far up-wave as possible, in order to reduce the delay 
between sampling and a valid wave estimate.



-197-

It has also been shown that the process of constraining the wave 
estimation to only examine for certain frequencies where wave energy 
is to be expected, gives the inverse filter a small prediction 
ability. This is because the decay of the inverse filter describes 
the effect of previous inputs on the future.

It has been shown that the effect of real time estimation with short 
data blocks should not affect the result for drift force calculations 
given a smooth and well behaved quadratic transfer function. This 
did not seem to be the case for the tanker surge force quadratic 
transfer function, and the results were less accurate than the wave 
estimates. Given a less variable quadratic response, with for 
example semi-submersible type structures, it is expected that results 
would be improved.

The prediction of drift force into the future on the basis of 
"estimated" past time histories has not been attempted. For this to 
be realistic, the accuracy of the drift force estimation would need 
to be improved. However, fitting of an autoregressive model to 
measured or simulated drift force time histories has proved to be 
very effective, mainly because of the long period of the variations. 
This would be valuable in overcoming the delays that are inherent in 
estimating the wave and the drift force.
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8. CONCLUSION

This thesis has approached four separate topics which are of 
relevance to a wide variety of floating structures. The first two 
relate to real time modelling of the incident wave field, whilst the 
remaining aspects involve, respectively, the estimation and the 
prediction of low frequency forces which are caused by non-linear 
e f f e c t s .

Although each of these topics is of interest in its own right,
together they form the basis for developing a wave feed forward
system which might be capable of calculating the instantaneous slowly 
varying wave forces (as opposed to displacements) on a floating
structure. This information would be of benefit to a dynamic 
positioning control system for the vessel. An outline description of 
such a wave feed forward system has been presented.

The individual parts of the proposed scheme have been implemented 
and shown to be feasible. More work would be required however to
integrate them into a complete system and to optimise the 
configuration of all the possible parameters to suit a particular 
application. The design of a such a system would require an 
extensive first order diffraction analysis to establish the vessel 
response characteristics and a second order bi-frequency analysis 
would be necessary to establish the wave elevation to drift force 
quadratic transfer functions.

As well as vessel responses, full use can also be made of relative 
wave height measurements to deduce the incident wave. It is only 
necessary to know the linear transfer function that relates the 
incident wave at each direction to the response to be measured. This 
could be established either by experiment or by a diffraction 
analysis which considers the body motions and the scattered and 
diffracted wave potentials.

The theoretical investigations carried out have led to the following 
conclusions :
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1) If the vessel responses themselves are to be used to deduce the 
incident wave, constrained inverse filtering of several outputs 
can overcome the problem of cancellation points in the transfer 
functions. This gives rise to the concept of an "inverse filter 
vector" which acts in the frequency domain to first convert each 
measured response to an estimate of the incident wave, and then 
gives a weighted sum of the individual estimates. The weighting 
function is such that each frequency component of the incident 
wave is estimated using only measurements which are known to be 
responsive at that frequency.

2) It has been demonstrated that the inverse filter vector for a 
given wave direction will naturally tend to filter out waves 
from other directions and can therefore be considered as a 
beamformer. A  conventional beamformer would normally consist of 
an array of similar sensors which are spatially distributed, but 
in fact any combination of sensor types and positions can be 
e m p l o y e d .

3) Simple expressions for the directional filtering performance of 
arbitrary arrays have been derived and presented for different 
array types in the form of a power leakage ratio. The 
perfomance depends on the layout of the array and the weighting 
function to be used. For a given system, the power leakage 
ratio is a function of the direction of the wave which is to be 
rejected relative to the direction in which the array has been 
steered, and varies substantially with frequency.

4) If a set of wave elevation sensors are arranged on a rectangular 
grid, it is shown that applying the inverse filter with uniform 
weighting at each direction is equivalent to a two dimensional 
discrete Fourier transform.

5) If weighting factors of the inverse filter vector at each 
frequency are allowed to be complex, it is shown that they can 
be selected such that a wave from a given direction is 
completely rejected, whilst the wave in the look direction is
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registered without distortion. In theory the number of discrete 
directions which can be completely rejected is one less than the 
number of sensors. The method of determining these complex 
weighting coefficients for a given look direction and set of 
rejection directions has been derived. If the number of sensors 
is greater than the number of directions to be resolved, there 
will be more than one set of complex filter coefficents that 
give complete rejection away from the look direction. If the 
number of directions is the same as the number of spatially 
distinct sensors, there is one unique solution for the filter 
coefficients.

6) In practice however, a large number of directional components 
will be present (eg. waves from a continuous range of 
directions or simply incoherent noise in the measurements). In 
this case the optimum set of filter coefficients at each 
frequency can be selected by minimising the power of the 
estimated signal in the look direction subject to the constraint 
that a signal from the look direction should be registered
without distortion. This approach is the same as the Maximum 
Likelihood Method for estimating directional spectra, except 
that in this case it is possible to retrieve both the amplitude 
and phase of each directional component. The terminology for 
this method in sonar and radar applications is adaptive 
beamforming, although it is not usual in that context to use an 
arbitrary collection of sensors.

7) Because the filter coefficients are chosen to suit the
particular measurements being made, the performance of the 
system will depend both on the layout of the sensors, and the 
sea state. The assessment of the performance of such a 
directional filter is further complicated by the fact that the 
power leakage ratio can become very large at directions where 
there is no wave energy. The performance can therefore only
really be judged when the directional spreading is known. 
Nevertheless the leakage functions can be examined in 
conjunction with the estimated directional spreading function to 
gain a qualitative assessment of the effectiveness of the
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system.

8) Using the beamformer vector and the matrix of cross power 
spectral densities for the sensor outputs, it is possible to 
write down a simple expression for the estimate of the spectral 
density of the sea state as a function of frequency and
direction. If the sensors are a rectangular array and the
beamformer has real weighting coefficients, this equates to the 
direct Fourier transform method for spectral estimation in two
dimensions. The benefit is that this "conventional" method can
now be used for any combination of sensor type and location. 
The leakage characteristics can be calculated to evaluate the
directional resolution of the spectral estimate. It is shown
that the conventional method of analysing pitch/roll/heave buoys 
and clover leaf buoys are special cases of this general
approach.

9) If the adaptive beamformer is used instead of the conventional
beamformer in the expression for the spectral density, it 
becomes the Extended Maximum Likelihood Method for directional 
wave spectra.

10) The processing of the sensor outputs to give a time history of a 
directional component could be achieved by converting the 
frequency domain inverse filter or beamformer into a set of 
finite impulse response digital filters for each sensor. It is 
shown however that this same calculation can be implemented very 
efficiently in the frequency domain. The Fourier coefficients 
of the wave at each direction are determined and then inverse 
transformed to give the time histories. It is possible to 
account for the effects of using finite periodic Fourier 
transforms.

11) The start of a finite block of the estimated wave time history 
is corrupted for a duration which corresponds to the decay or 
past extent of the impulse response functions for the inverse 
filters. The effect of this corruption is reduced by applying 
zero padding to the input data blocks which helps to isolate the
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ends. For a causal inverse filter, the estimate of the wave 
would be valid up to the most recent sample point of the 
measured data. In general however, the inverse filter for a 
physical réponse will not be causal and the most recent points 
in the wave estimate will not be valid. The delay between the 
most recent input data point and a valid estimate of the wave 
corresponds to the negative or future extent of the impulse 
response of the inverse filter. By using overlapping blocks of 
data and discarding the corrupted sections, it is possible to 
build up a long time history of the incident wave containing 
only valid data points.

12) Using the frequency domain representation of the estimated wave 
components, it is possible at the same time to calculate each 
sum (or difference) frequency component of drift force using the 
quadratic transfer function. If several directional components 
are available, this approach can in theory be extended to give 
the total drift forces due to the interaction between waves 
from different directions.

13) As for the bouimation of the wave time history, the drift force 
time history can be obtained from the frequency domain through 
inverse Fourier transformation. The start of the resulting 
finite block of data is corrupted for a duration which is 
equivalent to the decay or past extent of the quadratic impulse 
response function. The delay between the most recent valid 
input data point and a valid drift force estimate corresponds to 
the future extent of the quadratic impulse response function. 
By discarding the corrupted estimates of the drift force and 
overlapping blocks of data, it is possible to build up a long
time history which comprises only valid data points.

14) In practice the calculation of the quadratic transfer function 
for a real application can only be carried out at a limited 
number of points in the bi-frequency plane, with a relatively 
low resolution of variations in the function. This however will 
result in a short impulse response representation and will be
well suited to the proposed frequency domain method.



-204-

Computer programs have been developed to implement the algorithms 
described above and they confirm that it is feasible to use the 
frequency domain method in real time to estimate wave and drift force 
time histories from different response measurements. The
conclusions from the analysis of simulated and experimental data in 
unidirectional seas can be summarised as follows:

15) Using measurements made from a bow mounted wave probe on a
tanker model in uni-directional irregular seas, it was possible 
to obtain good estimates of the incident wave in real time. The 
inverse filter was determined from the transfer function between 
incident wave height and relative wave height at the bow which 
was calculated by cross spectral analysis. Because the wave 
probe was located ahead of the point of reference (midships), 
the inverse filter was almost causal and the estimate of the
wave time history was valid up the latest sample point. The
effect of limiting the range of frequencies at which the wave 
was to be estimated gave the constrained inverse filter a decay 
function which was quite effective as a short term predictor.
It was also possible to use heave measurements at two points 
along the vessel to obtain good estimates of the incident wave.

16) Using the same model tanker the attempts to regenerate the surge 
drift force time history were less successful than the wave 
estimation. This was due to the irregular nature of the surge 
force quadratic transfer function, which made it difficult to 
estimate reliably from the experimental data. The irregular 
transfer function also had a long impulse response which 
increased the inaccuracies introduced by the real time 
estimation. Nevertheless the estimate of the drift force 
followed the trend of the measured drift force, with respect to 
both amplitude and phase.

17) Using artificially generated drift force time histories however, 
it has been shown that there is no loss of accuracy in using short 
data blocks in the real time estimation if the quadratic 
transfer function is reasonably smooth.
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18) It was observed that the surge force quadratic transfer function 
for the tanker model, determined experimentally or by 
diffraction analysis, showed signs of being non-causal with 
respect to a point of reference at the centre of the vessel, and 
therefore some delay in the validity of the drift force estimate 
is inevitable. The physical reasoning for this is that waves 
impinging the bow will start to affect the total drift force on 
the vessel before they reach the point of reference.

19) It has been shown that this delay could be overcome by fitting 
an autoregressive model to the past time history and using it as 
a linear predictor to obtain estimates in the future. Such 
predictions are reasonably accurate up to half a cycle ahead, 
which for typical drift forces corresponds to around 30 seconds 
ahead.

Using similar computer programs which were extended to estimate wave 
time histories from a number of directions simultaneously in real 
time, analysis was carried out on simulated, experimental and full 
scale data. The conclusions from this part of the work are 
summarised as follows:

20) Using artificially generated time histories for an array of wave 
probes in a multi-directional sea state, it was possible to use 
the adaptive beamformer to accurately regenerate the time 
history of a single component direction, even where it was very 
small compared to the waves in other directions. A  much larger 
number of sensors would be required to obtain similar resolution 
from a conventional beamformer.

21) The terms of the adaptive beamformer for each sensor tend to be 
quite irregular with frequency and non-causal when presented in 
their impulse réponse form. This aspect has not been 
investigated thoroughly in the present work, but can be deduced 
from the observed deterioration of the wave estimates at ends of 
the data blocks. This might cause problems in control
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applications where the wave estimate is required immediateley.

22) Although qualatitive methods of assessing the directional 
resolution of an adaptive beamformer have been discussed, the 
method of selecting a few appropriate directions which best 
characterise a spread sea state has been mainly judgement and 
trial and error. Further work should be carried out using the a 
revised constraint criteria proposed by Davis and Regier [1977] 
when designing the adaptive beamformer to give a predetermined 
beam width.

23) Using full scale measurements, it has been possible to identify 
two distinct directional components, using either a set of three 
wave probes or a water particle velocity measuring device. When 
summed in the time domain, the estimates from each direction 
produced a time history which was close to the total wave 
elevation measured at a single point. This provides a valuable 
check on the quality of the estimates since no actual time 
histories from each direction are available for comparison.

24) Using the same beamforming software, but setting it up to look 
in all directions it was possible to obtain an estimate of the 
directional spreading function with associated statistical 
p a r a m e t e r s .

It appears that the limitations for such a system are set mainly by 
the quality of the measurements that could be made on or around a 
floating vessel, and the reliability of the calculation of the linear 
and quadratic transfer functions. The level of complexity can be 
tailored to suit the information available. Further work is required 
to carry out an assessment of the relative merits of using the full 
quadratic transfer function as opposed to the Newman approximation or 
indeed the simple squaring of the input wave (unity transfer 
function). The effect will depend on the type of structure being 
investigated. Little information in the literature has been 
identified on this subject, particularly when comparing actual time 
histories of drift force with calculated values.
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Even a simple arrangement could provide additional input to a 
position control system which could then use the information if it 
proves to be useful. It remains to be shown what the real benefits 
of this type of information would be, compared to the performance 
achieved with present dynamic positioning systems.

In terms of pure environmental data gathering, the possibility of 
filtering out time histories of incident waves from different 
directions could help to gain a better understanding of the behaviour 
of floating structures in short crested seas.
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APPENDIX A

Derivation of the Maximum Likelihood Filter and Spectral Estimate

Details of the maximum likelihood filtering and spectral estimation 
may be found in many references, both for the frequency domain and 
the spatial domain (direction). These include for example Capon et 
al. [1967 1, Capon [1969], Lacoss [1975], Oakley and Lozow [1977], 
Jefferys et al [1981], Isobe et al [1984], Dudgeon and Mersereau 
[1984], Defatta et al [1988], and Jefferys [1988].

The various authors use different notations and phase conventions, 
and some allow for different types of sensors. None of these authors 
however includes all the steps in the derivation.

The complete derivation is laid out here using the notation of the 
rest of the thesis in order to show the connection between the 
inverse filtering, the adaptive beamforming and maximum likelihood 
directional spectrum estimation. It is also important to establish 
the correct phase for the beamformer or directional filter.

Since the notation allows for an arbitrary collection of sensor types 
and locations, this could also be called the Extended Maximum 
Likelihood Method which was introduced by Isobe et al [1984] for the 
estimation of directional wave spectra. He did not however include 
the expression for the adaptive filter.

The outputs Y( co) of an array of M sensors can be written as the 
integral of all the input signals X(co,0) from different directions, 
each multiplied by its corresponding transfer function H(co,0):

7T

Y(w) = j H(w,e) X(w,9) de

(A.l)

We want to design a filter A(w,9) which acts on the sensor outputs to 
give an estimate of X(co,0), where
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X(co,0) = A(w,e)^ Y(co)
(A.2)

The circumflex " indicates an estimate. This estimate will include 
all the signal from direction 6 if the constraint

A(w,e)^ H(w,9) = 1
(A.3)

is satisfied.

The basis for the design of an adaptive beamformer is to write down
2the expression for the variance of the estimate of the signal in 

the look direction, first in terms of the spectral density of the 
estimate :

“n
= J S(co,0) dtoe

(...)

At each frequency, the spectral density S(co,0) for the signal from a 
given direction can be written as an ensemble average of the 
estimated Fourier coefficients of the signal at that direction 6:

S(co,0) dw = < X(w,0) X(w,0) >
(A.5)

The estimated Fourier coefficients for a sample are obtained by 
applying the beamformer to the vector of the corresponding Fourier 
coefficients of the output of the sensors as given by equation A . 2, 
hence

< X(w,e)* X(w,e) > = < [ A(u,0)”^ Y(w)" Y(u)^ A(e,w) ] > .
(A.6)
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We are looking for a constant beamformer that is not specific to a 
given sample or realisation, so the beamformer can be taken outside 
the expectation in equation A.6. The expectation of the product of 
the column vector Y(co) and the row vector Y(co)^ can then be written 
as a square matrix C(co) where

C(w) dco < Y(w)" Y(cj)^ >
(A.7)

Writing this out in full shows that C(co) is the matrix of average 
cross power spectral densities for the sensor outputs. The matrix is 
Hermitian, which means that the transpose of the matrix is the 
conjugate of the matrix itself;

C (w) dw = <  Y ^ ( w ) "  Y ^ ( w )  > < Y^(w)' Y^(w) >

< Y%(w)^ Y^(w) >

(A.8)
It is important to note the convention regarding the definition of 
phase in the cross power spectral density (not important for the auto 
spectral density) which must be consistent with the definition of 
phase of the Fourier transform and the transfer function. The 
convention of Newland [19751 is maintained here.

By substituting equation A . 7 into A.6 and A . 5 it can be seen that the 
spectral density of the estimated signal at direction 6 and frequency 
CO is

S(co,0) A(co,9) ^ C(co) A(co,0)
(A.9)

The variance will only increase in the presence of noise or signals 
from other directions. Therefore the best estimate of the signal
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from direction 0, or the maximum rejection of unwanted noise, is 
obtained if the variance is minimised, subject to the condition that 
the signal in the look direction is undistorted (ie the constraint of 
equation A . 3 is satisfied). The variance is minimised if the 
spectral density is minimised for all frequencies.

This is achieved by defining a Lagrangian, L, which combines the 
expression for the spectral density of the estimated input (equation
A . 9), and the constraint (equation A . 3). It is understood that this 
is required for each frequency, but the argument w is omitted 
temporarily for clarity. The argument for direction which applies 
for the filter and the transfer functions is also omitted 
temporarily:

p 'V -1
L = A  C A  + / ^ [ a  H - 1 J

(A.10)

The real number ^ is known as the Lagrange multiplier. If the 
constraint is satisfied, the term in brackets is zero. Note that the 
conjugate form of the constraint equation is used here. This 
quadratic expression is minimised with respect to the M + 1 
independent variables A^ and by differentiating with respect to 
each independent variable and solving the resulting set of M  + 1 
equations for every frequency:

Vv'X *T * , VfT
5L = 2 5A C A  + ^ 6A B. + [ A  H - 1

(A.11)

At the minimum we must therefore satifsy the M simultaneous equations 
represented by:

— _ = 2 C A  + /i H " = 0
5A ~ ~ ~

(A.12)

and the single equation
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From equation A . 12,

(A.13)

- f

Substituting back into equation A . 13 gives

(A.14)

- I C -  " H
(A.15)

Removing the brackets changes the order of the matrix multiplication, 
and noting that if C(co) is Hermitian, its inverse will also be and 
the combined operations of transpose and conjugate will have no 
effect. Hence for real lul

(A.16)
Substituting from equation A . 16 back into equation A.14 to eliminate 
Ai, gives the expression for A(co,0):

C l(w) HT(w,G)
A(co,0) = ------ l y  %------

H (w,8) C (co) H (w,9)
(A.17)

This is the expression for the maximum likelihood filter or 
beamformer, which is used in section 3.3.2.

It is now possible to substitute the above expression for A(co,0) back 
into the expression for the spectral density (equation A . 9) for a 
given frequency and direction:
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T -1 H C H T -1 'H C H
(A.18)

Taking the conjugate transpose of the terms in the brackets and 
interchanging the order gives:

C-1

T -1 'H C H T -1 H C H
(A.19)

Hence the estimate of the spectral density is

s ( w , e )
H(w,e)^ C(w)  ̂ H(w,9)

(A.20)

This is known as the maximum likelihood spectral estimate which is 
used in section 3.4.2.
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APPENDIX B

Fitting of Linear Prediction Coefficients 

B.l The Auto-Regressive Model

The Autoregressive model assumes that the value of a sequence can be 
expressed as a weighted sum of the previous terms and an unknown 
input or random shock.

N
y = S d . y . + X^n J 'n-j n

(B.l)

The input can be thought of as the discrepancy between the true value 
of y^, and the prediction based on the previous N terms. The problem 
to be considered is how to determine the optimum values of the 
predictor weights d ^ .

B.2 The Z transform and Power Spectrum Estimation

The following derivation follows closely that outlined by Press et al 
[1986]. In order to do this it is useful to consider the two sided 
Z transform of the sequence y^, sampled at interval A, which is given 
by

Z[ ] = Y(z) = Z y^ z
n=-«>

-n

(B.2)

If z is restricted to the unit circle, it can be seen that the Z 
transform reduces to the discrete Fourier transform:

Y(w) Z  y^ e
(B.3)

which can be evaluated at any frequency co (rads/s), up to the Nyquist
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frequency because we are assuming that there is an infinite 
sequence of numbers.

By direct means we can express the power spectrum of the infinite 
sequence in terms of the Fourier transform of the sequence itself.

P(w) Z  y e  ̂nn=-«>
-itoAn

(B.4)

which in z transform terms is an infinite power series:

P(w) Z  y z •̂ nn=-oo
-n

(B.5)

This is a function which depends on the infinite possible number of 
y^'s. It should be possible however to approximate this function
using a finite number of coefficients. The EFT power spectrum in 
fact uses an all zero function to model the infinite series:

P(co)
N/2-1
Z

n=-N/2

-n
CO CO,N

(B.6)

A  different approach to estimating the spectrum of the signal is to 
consider the autoregressive model (equation B.l). By taking Z 
transforms, the equation can be expressed in the frequency domain as 
a transfer function which operates on an input X(z) to produce the 
output Y(z) such that:

H(z)
1 -

N
Z

j=l
d . z 
J

(B.7)

If the input signal is white noise, the power spectrum of the output 
signal is described by the modulus of the transfer function at each 
frequency . Since the power in the signal can also be calculated
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from the Fourier transform of the autocorrelation function, we have 
an independent means of determining the finite set of predictor 
coefficients d ^ , such that the square of the prediction error, or 
input shock, is minimised and has a flat spectrum.

B.3 Auto-correlation Matching for Filter Weights

The auto correlation for an ergodic process is the time average of 
the product of the signal at points separated by a lag of j

(B.8)

Given a finite length sequence however, the autocorrelation function 
can only be estimated up to finite lags:

N-j
= nT F J  J q ^n+j ?n j = 0,l,2...,N

(B.9)

From the Wiener-Khinchin Theorem, we know that the Fourier transform 
of the autocorrelation function for different time lags gives the 
power spectrum as a function of frequency.

P(w) = Z  0. e -cj < 0 3  < o)__
j=-« J N N

(B.IO)

In z transform terms, given autocorrelation estimates up to a lag of 
M points, the power can be written as :

M
P(z) = 2 <i>. z ^

j=-M j
(B.ll)
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Considering Che modulus of the transfer function H(z) of the auto 
regressive filter and equating it to the above expression for the 
power, we obtain the following relation for each frequency or power 
of 2  .

2 M
Z 

j=-M
k=l

(B.12)

The route to matching the two sides of this equation at each lag is 
obtained from the Yule Walker equations. In this case the 
autocorrelation of the output of the filter H(z), excited by white 
noise or an impulse, can be expressed in terms of the prediction 
coefficients :

M
y»

(B.13)

This shows that the autocorrelation at lag j is the weighted sum of 
the autocorrelations at lags j-m, plus the cross correlation between 
the input and the output at lag j .

If the impulse response of H(z) is denoted h^.

2< X y > = < X Z h x  > = a h .n+j ^n n+j m n-m -j

(B.14)

(B.15)

This is because for a white noise input the terms in the bracket are
zero unless m  = -j, in which case the expectation is the mean square

2of the white noise process, a , multiplied by the -jth term of the
impulse response. If the system is causal, this term will be zero

2for positive j. If j is zero, the term is a , since h^ = 1.
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Hence the Yule Walker equations are

M
Z  d 

m=l
<t> .m J-m for j > 0

(B.16)

M
Z

m=l
d 0. m J-m for j = 0

(B.17)

As described by and Kay and Marple [1981], the procedure for
determining the coefficients for predictor of order M  is to use the
above equations for autocorrelation lags 1 to M to solve for the

2predictor coefficients d^ .. d^, and then find a from the equation 
for j = 0.

The problem is expressed in matrix terms by

r 0̂ 2̂ • • 1 r 2 -1a
1̂ 0̂ (t>̂ . . Vi "l 0

1̂ (̂0 • ' M̂-2 2̂ 0

Vi M̂-2 * 0̂ _ "m .
0

(B.18)

A very efficient recursive algorithm which calculates the 
autocorrelation function and solves this equation for increasing 
values of M is given by Press et al. [1986], and this has been used 
to implement the prediction of drift forces.
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Figure 1.1 Wave feed forward schematic
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Time now
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Figure 2.1 Finite convolution and the extent of the impulse response 
function
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Figure 2.2 Measurment of the extent of an impulse response function
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Figure 2.3 Reconstruction of a unidirectional wave from two 
response measurements in the frequency domain
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Figure 2.A Reconstruction of a unidirectional wave from two 
response measurements in the time domain
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Figure 2.5 Circular convolution in real time
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Figure 3.1 Delay and sum beamformer
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Figure 3.2 Axes for directional transfer functions
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Figure 3.3 Some directional transfer functions
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Figure 3.4 a) Power leakage plot for a 4 sensor line array 
(Spacing = 50m, look direction 90°) - Isometric
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Figure 3.4 b) Power leakage plot for a 4 sensor line array 
(Spacing = 50m, look direction 90°) - Contour
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Figure 3.7 a) Power leakage plot for a pitch roll heave buoy 
(look direction 150°)

Figure 3.7 b) Power leakage plot for a pitch roll heave bouy 
(look direction 180°)
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Figure 3.8 The spatial Fourier transform
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Figure 3.9 Response of a tuned array with two wave height 
sensors for a fixed look direction and different 
rejection directions
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Figure 3.12 Spreading parameters for a sech (39 model 
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Figure 4.1 Block convolution in two dimensions
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Figure 4.2 Axes for the extent of the quadratic impulse response
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Figure 4.3 Circular convolution in two dimensions
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Figure 4.4 Corruption due to end effects in drift force calculation
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START

for each frequency

Set up parameters

Read complete time history 
of wave and drift force for 
later comparison

Confirm that

Read quadratic transfer function

for each frequency pair 1, m

Read linear transfer function

for each i th sensor, j th frequency

Calculate A which is the vector of 

weighted inverse filters for each sensor

A .  =

Figure 5.1 (a) Flowchart for the programme WAVOR
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Figure 5.1 (b) Flowchart; for t:he programme WAVOR (cont)
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recorded time histories for 
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Figure 5.2 (a) Flowchart for the programme WAFIL
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Read N new points for each sensor

N = NS first time 
where NS is the number of 
pomts in the moving block

Advance time now by N points and 

shift current time history array
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to raw time history for each sensor

Fast Fourier tranform each sensor 
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Generate CPSD matrix at each frequency 

for current block of data
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Figure 5.2 (b) Flowchart for the programme WAFIL (cont)
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Figure 5.2 (c) Flowchart for the programme WAFIL (cont)
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Figure 5.3 Overall system arrangement for wave feed forward
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Calculate LTF for each sensor 
from linear wave theory for 
each direction and frequency
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or cenU"e frequency and 
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Figure 6.1 (a) Flowchart for the program WAVEGEN
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for each time step

Get the Ith random number 

from the shift register

Multiply wave spectrum by 
sensor LTF at each frequency

Unwrap and store 512 point 

impulse response function

Inverse Fast Fourier Transform
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Figure 6.1 (b) Flowchart for the program WAVEGEN (cont)
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F ig u r e  6 .1  ( c )  F lo w c h a rt  f o r  th e  program  WAVEGEN (c o n t )
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Figure 6.2 Sensor Layout and wave directions for Simulation I
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Figure 6.5 a) Simulation I - Wave spectrum of direction 1 (90°)
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Figure 6.5 b) Simulation I - Wave spectrum of direction 3 (180°)

50.01

37.5

25.0

12.5

0.2500.125 0.375 0.500

Hz

Figure 6.5 c) Simulation I - Wave spectrum measured by sensor 1
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Figure 6.6 Simulation I - Real time estimation of direction 3
with adaptive beamformer (time now: point 7814)
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Figure 6.7 Simulation I - Real time estimation of direction 1
witli adaptive beamformer (time now: point 7820)
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Figure 6.8 Simulation I - Real time estimation of direction 2
with adaptive beamformer (time now: point 7826)
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Figure 6.9 Simulation I - Real time estimation of direction 1
with conventional beamformer (time now: point 7820)
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Figure 6.10 a) Simulation I - Maximum Likelihood Method 
spreading function isometric plot
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Figure 6.10 b) Simulation I - Maximum Likelihood Method 
spreading function section at 0.082 Hz
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Figure 6.10 c) Simulation I - Maximum Likelihood Method 
spreading function section at 0.152 Hz
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Figure 6.11 Simulation II - sensor layout and wave directions
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Figure 6.12 a) Simulation II - Power leakage isometric plot for
conventional beamformer (look direction 180°)
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Figure 6.12 b) Simulation II - Power leakage contour plot for 
conventional beamformer (look direction 180°)
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Figure 6.13 a ) Simulation II - Power leakage isometric plot for 
conventional beamformer (look direction 120°)
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/Jag)

Figure 6.13 b) Simulation II - Power leakage isometric plot for 
conventional beamformer (look direction 15Qo)
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Figure 6.14 Simulation II - Time histories of component wave 
directions
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Figure 6.15 Simulation II - Time histories of sensor outputs
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Figure 6.16 Simulation II - Spectrum of total point wave time history
at sensor 1
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Figure 6.17 Simulation II - Real time estimation with adaptive 
beamformer (time now: point 7728)
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Figure 6.18 Simulation II - Power leakage isometric plot for 
adaptive beamformer (180°)
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Figure 6.19 Simulation II - Power leakage contour plot for
adaptive beamformer (180°)
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Figure 6.20 Simulation II - Power leakage contour plot for
adaptive beamformer (150°)
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Figure 6.21 Simulation II - Power leakage contour plot for
adaptive beamformer (12Qo)
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Figure 6.22 Simulation II - Power leakage contour plot for
adaptive beamformer (135o)
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Figure 6.23 Simulation II - Real time beamforming at 135°, 180° and 
225° - Time now: point 4097.
(actual component in upper plot at 150°)
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Figure 6.24 Simulation II - Real time beamforming at 135o, I8Qo and 
225° - Time now: point 4098.
(actual and estimated components in upper plot at I8Qo)
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Figure 6.25 Simulation II - Maximum Likelihod Method spreading 
function isometric plot
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Figure 6.26 a) Simulation II - Maximum Likelihood Method spreading 
function section at 0.078 Hz
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Figure 6.26 b) Simulation II - Maximum Likelihood Method spreading 
function section at 0.102 Hz
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Figure 6.27 a) Simulation II - Spreading function parameters
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Figure 6,27 b) Simulation II - Spreading function parameters 
(Skewness and kurtosis)
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Figure 6.28 Sensor layout and wave directions for bidirectional
experiment
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Figure 6.29 a) Point power spectrum for bidirectional experiment
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Figure 6.29 b) Bidirectional experiment - Maximum Likelihood
Method spreading function contour plot
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Figure 6.29 c) Bidirectional experiment spreading function section 
at 0.100 Hz
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Figure 6.29 d) Bidirectional experiment spreading function section
at 0.130 Hz
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Figure 6.30 a) Bidirectional experiment spreading function 
parameters
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Figure 6.30 b) Bidirectional experiment spreading function 
parameters (skewness and kurtosis)
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Figure 6.31 a) Bidirectional experiment power leakage contour plot 
for look direction of 165°
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Figure 6.31 b) Bidirectional experiment power leakage contour plot
for look direction of 195°
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Figure 6.32 a) Bidirectional experiment power leakage contour plot 
for look direction of 160°
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Figure 6.32 b) Bidirectional experiment power leakage contour plot
for look direction of 200°
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Figure 6.33 Bidirectional experiment - Real time beamforming at
165° and 195° (time now: point 7936)
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Figure 6.34 Bidirectional experiment - Real time beamforming at
160° and 200° (time now: point 7936)
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Figure 6.35 Bidirectional experiment - Real time beamforming at
135° and 225° (time now: point 7936)
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Figure 6.36 MPN Data collection Tower
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Figure 6.37 MPN2602 Power spectra for SW wave gauge and 
vertical water particle velocity
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Figure 6.38 MPN2602 Transfer function of vertical water 
particle velocity relative to SW wave gauge
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Figure 6.39 a) MPN2602 Power Leakage isometric plot for
conventional beamformer with three water particle 
velocity measurements (Look direction 0°)
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Figure 6.39 b) MPN2602 Power leakage isometric plot for
conventional beamformer with three wave height
measurements (Look direction 0°)
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Figure 6.39 c) MPN2602 Power leakage isometric plot for 
conventional beamformer with combined water 
particle velocity and wave height measurements 
measurements (Look direction 0°)
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Figure 6.40 MPN2602 Coarse spectrum for SW wave gauge
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Figure 6.41 a) MPN2602 Isometric plot of directional
spreading function from adaptive beamformer with 
three water particle velocity measurements.
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Figure 6.41 b) MPN2602 Contour plot of directional
spreading function from adaptive beamformer with 
three water particle velocity measurements
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Figure 6.42 a) MPN2602 Isometric plot of directional
spreading function from adaptive beamformer with 
three wave height measurements
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Figure 6.42 b) MPN2602 Contour plot of directional
spreading function from adaptive beamformer with 
three wave height measurements
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Figure 6.43 a) MPN2602 Power Leakage plot for adaptive
beamformer with three wave height measurements 
for a look direction of -90°
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Figure 6.43 b) MPN2602 Power leakage plot for adaptive
beamformer with three wave height measurements
for a look direction of -20°
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Figure 6.44 a ) MPN2602 Isometric plot of directional spreading 
function from adaptive beamformer with combined 
wave height and water particle velocity measurements
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Figure 6.44 b) MPN2602 Contour plot of directional spreading 
function from adaptive beamformer with combined 
wave height and water particle velocity measurements
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Figure 6.45 MPN2602 Power leakage plot for adaptive beamformer
with combined wave height and water particle velocity
measurements for a look direction of -90°
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Figure 6.46 MPN2602 Directional spreading parameters vs frequency 
for three water particle velocity measurements
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Figure 6.47 a) MPN2602 Directional spreading parameters vs 
frequency from three wave height measurements 
(Un-normalised CPSD)
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Figure 6.47 b) MPN2602 Directional spreading parameters vs 
frequency from three wave height measurements 
(Normalised CPSD)
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Figure 6.48 MPN2602 Directional spreading parameters vs
frequency from combined wave height and water 
particle velocity measurements
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Array
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Direction (°)

Rms Angular 
Deviation (°)

0.109Hz 0.172Hz 0.109Hz 0.172Hz

Velocity meter -47.3 -34.9 44.6 46.2

3 wave gauges 
(Un-normalised CPSD) -59.0 -43.3 38.6 56.4

3 wave gauges 
(Normalised CPSD) -59.1 -44.1 38.1 54.0

Wave gauges + 
velocity meter -62.8 -42.0 43.1 61.3

Sea state MPN 2602
Significant wave height 3.0 m
Average Period 7.4 s
Mean wind direction -33 ° (from 249° wrt north)

Selected model at 0.109Hz: F(0) ^ sech[ 1.35  ̂ ^

Selected model at 0.172Hz: F(0) =: sech[ 0.90 ^

Figure 6.49 MPN2602 Comparison of directional spreading 
parameters for different array configurations
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Figure 6.50 MPN2602 Higher resolution spectrum for SW wave gauge
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Figure 6.51 a) MPN26G2 Isometric plot of higher resolution 
directional spreading function from adaptive 
beamformer with three wave height measurements
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Figure 6.51 b) MPN2602 Contour plot of higher resolution 
directional spreading function from adaptive 
beamformer with three wave height measurements
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Figure 6.52 MPN2602 Directional spreading parameters vs
frequency from three wave height measurements
(higher resolution analysis)
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Figure 6.53 MPN2602 Real time estimation of directional
component at -8Qo (time now is point 3456)
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Figure 6.54 MPN2602 Real time estimation of directional
component at -15° (time now is point 3456)
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Figure 7.1 Tanker model and bow mounted wave probe
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Figure 7.2 Bow probe transfer function (raw and truncated)
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Figure 7.3 Impulse response of truncated bow probe transfer 
function (90% extent from -134 to +142)
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Figure 7.4 Amplitude and phase of the constrained inverse filter
for bow probe response measurements
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Figure 7.5 Impulse response of the constrained inverse filter for 
bow probe Response measurements 
(90% extent from -158 to +167)
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Figure 7.6 Amplitude and phase of the constrained and smoothed
inverse filter for bow probe response measurements
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Figure 7.7 Impulse response of the constrained and smoothed
inverse filter for bow probe response measurements
(90% extent from -81 to 164)
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Figure 7.8 Real time wave estimation from a bow mounted wave probe 
(time now = point 2668)
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Figure 7.9 Real time estimation of simulated drift force
(time now = point 4480)
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Figure 7.10 Root mean square error fo r estim ation of

simulated d r i f t  force
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Figure 7.11 Raw experimental wave height to surge force 
quadratic transfer function amplitude

Figure 7.12 Smoothed experimental wave height to surge force 
quadratic transfer function
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Figure 7.13 Impulse response of raw quadratic
transfer function (isometric and sections)
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Figure 7.14 Impulse response of smoothed quadratic
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Figure 7.15 Extent of the impulse response for raw and smoothed 
experimental quadratic transfer functions 
(First contour at 5% of peak value)
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Figure 7.16 Real time estimation of wave and drift force
from bow probe response (time now = point 3136)
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Figure 7.17 Root mean square error fo r estim ation of wave and

d r i f t  force from bow probe response
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Figure 7.18 Real time estimation of experimental drift force
from wave time history (time now = point 3136)
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Figure 7.19 Root mean Square error for estimation of
drift force from wave time history
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Figure 7.20 Linear prediction of simulated drift force 
from point 4958 with a 40 pole model
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Figure 7.21 Linear prediction of measured drift force 
from point 6980 with a 100 pole model


