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A bstract

In this thesis we give a sufficient condition on a Banach space for it to have 

the same weak and norm Borel sets and to be a Borel subset of its bidual, when 

the la tte r is endowed with the weak* topology. We also deal with one-to-one 

maps between Banach spaces, say from X  into Y", when Y  has a countable 

cover by sets of small local diameter. Under these conditions we are able to 

characterize those maps which transfer tha t property to X .  We use this kind of 

map to show th a t certain spaces have a countable cover by sets of small local 

diam ter and to answer some questions on co-sums of Banach spaces and on 

topological invariants for the weak topology as well as some questions related 

to C [K )  spaces. We also study the inverses of some of these maps. Finally 

we construct injections of this type into Co(F) for spaces with Projectional 

Resolutions of Identity.
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Introduction

Throughout this thesis two notions will be constantly used. Both of them  

were introduced by Jayne, Namioka and Rogers in [12, 13],

Let (X , r )  be a Hausdorff space and let p be a m etric on X  not necessarily 

related to the topology on X .

The space X  is said to be a-fragmented by the m etric g if, for each e >  0, 

it is possible to write
OO

X = \ J X i ,
i=l

where each set X{ has the property tha t each non-empty subset of X{ has a 

non-empty relatively r-open subset of ^-diameter less than  e.

We shall say tha t (X, r )  has a countable cover by sets of small local g- 

diam eter if, for each c > 0, X  can be expressed as a union

OO

X  = u  (0.1)
1 =  1

each non-empty X{ having the property tha t each of its points belongs to some 

relatively non-empty r-open subset of g-diameter less than  e.

Although our aim is to find results on Banach spaces we give the statem ents, 

when possible, in term s of topological spaces and metrics defined on them .

In C hapter 1 we begin by giving the two definitions above as well as several 

notions on discrete families in topological and metric spaces. We show th a t cr- 

fragm entability and having a countable cover by sets of small local diam eter are



equivalent concepts when the topology on the space is generated by a m etric. 

We also prove th a t if a topological space { X , t )  has a countable cover by sets 

of small local diam eter and the m etric involved is lower semicontinuous for the 

topology T, then the sets in equation (0.1) can be taken to  be differences of r -  

closed sets. W hen applied to a Banach space we obtain th a t if it has a countable 

cover by sets of small local diameter, then it has a countable cover by differences 

of weakly closed sets of small local diameter. This condition was shown to be 

sufficient, by the authors above, to have Borel{Xj\\  • ||) =  B ore l[X ,w eak),  

see [9], p. 215 and [11], Lemma 2.1. We prove something stronger, we show 

tha t if a Banach space X  has a countable cover by sets of small local diam eter, 

then both X  and any || • ||-closed subset of X are Borel subsets of (X**,iu*), 

and this implies the coincidence of the Borel subsets of X .  We finish this 

Chapter characterizing both the property of having a countable cover by sets 

of small local diam eter and the cr-fragmentability in term s of decompositions 

of II • ||-discrete families into a countable number of relatively weakly discrete 

families.

Chapter 2 is concerned with one-to-one maps between Banach spaces (or 

rather between topological spaces with metrics defined on them ). l i T  : X  Y  

is a one-to-one map, with the Banach space Y  having a countable cover by 

sets of small local diameter, we prove tha t X  also has such a decomposition 

if and only if T  maps discrete families from (X , || • \\x) into discretely cr-



decomposable families in {Y, || • ||y). (Such a map will be said to be d. c7-d.). 

Moreover, if we denote by T||.||y the m etric given by

^ ||- ||y K ^ ) =  11̂ "̂  -  T v \\y , u , v  G X ,

we show th a t (X, T||.||^) has a countable cover by sets of additive class a  (for 

the topology 7]|.||y) of small local || • ||%-diameter if and only if T~^ is of Borel 

class a  and T  is d. cr-d.

We also show tha t (i) cr-fragmentability (first proved in [19]), (ii) to have a 

countable cover by sets of small local diameter, and (iii) the coincidence of the 

weak and norm Borel sets on a Banach space are each topological invariants 

for the weak topology. We prove too tha t the Co-sum of Banach spaces which 

have countable covers by sets of small local diameter (resp. cr-fragmentability) 

has a countable cover by sets of small local diam eter (resp. cr-fragmentability), 

(the (T-fragmentability case is Theorem 6.1 in [9]), and apply this to the case 

of C {K )  spaces with their weak topologies with K  = U{ür„ : n  G N } ,  where 

K , K ij  K 2 , ... are compact spaces, when each {C(Kn),weak)  has either one of 

the properties, [15].

In Chapter 3 we give examples of spaces with countable covers by sets of 

small local diameter. We begin by giving a proof tha t Co(T), for any set F, has 

tha t property (first proved in [13], Corollary 6.3.1). Spaces with Projectional 

Resolutions of Identity are also shown to have this property through the con

struction of d. cr-d. maps from these spaces into co(P). We apply this to three



particular cases: WCD spaces, duals of Asplund spaces and C {K )  spaces with 

K  being a Valdivia compact space. We finish the Chapter showing th a t spaces 

with Markushevich bases can be imbedded into Co(r) with an inverse map of 

the first Borel class.



Chapter 1

(j-fragmentability

1.1 Som e defin itions and rem arks

We start by giving two definitions introduced by Jayne, Namioka and Rogers 

which can be found in [9].

Let (X, r )  be a Hausdorff space and let p be a metric on X  not necessarily 

related to the topology on X .

We define the local g-diameter of a non-empty subset A  of X  to be the 

infimum of the positive numbers e with the property tha t each point x oi A  

belongs to a non-empty relatively open subset of A  of g-diameter less than e. 

D e fin itio n  1.1.1 The space X  is said to be a-fragmented by the metric g if, 

for  each c >  0, it is possible to write

X  =  u
t=i

10



Chapter 1: a-{ragmentability 11

where each set X i has the property that each non-empty subset o f X{ has a 

non-empty relatively open subset of g-diameter less than e.

D efin itio n  1.1.2 We shall say that the family B is a cover o f X  by sets o f  

small local g-diameter i f  each point of X  belongs to sets of B having arbitrarily 

small local g-diameter.

We shall usually say tha t X  has a countable cover by sets of small local 

diam eter when both the original topology and the metric on X  are clearly 

distinguished and it does not create any confusion.

Note th a t X  has a countable cover by sets of small local diam eter, if and 

only if, for each g > 0, % can be expressed as a union

OO

^ = u
1=1

each non-empty X i  having the property tha t each of its points belongs to some 

non-empty relatively open subset of g-diameter less than e.

W hen X  is a Banach space and the metric is the norm m etric we shall talk 

of the local diam eter of a set rather than its local norm-diameter.

We shall give some more definitions which will be of interest later on in 

this chapter. The definitions as well as some properties concerning them  can 

be found in [5, 6].

Definition 1.1.3

i) For e >  0 a family A =  of subsets of a m etric space (X, d) is
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called e-discrete (or metrically discrete with separating distance e) if 

d{y i,y 2 ) > £ whenever yi G A s ,y 2 G At and s ^ t .

ii) A family A =  of subsets of a topological space X  is called discrete

if for each æ G X  there exists an open neighbourhood of x  which intersects 

at most one element of the family A.

iii) A family A =  of subsets of a topological space X  is called a-  

discrete if it can be written as a countable union of families each of 

which is discrete.

iv) A family A =  of subsets of a topological space X  is called dis

cretely a-decomposable (d. cr-d., for short) if for each m  £ N  there exists 

a discrete family such that

A . =  y] S t” ), for all a e  5.
m=l

R em ark 1.1.4

1) If A — is a discrete family of subsets of a Banach space X , we

see th a t it is cr-decomp os able into a countable set of metrically discrete 

families as follows. Define

= {x  £ X  : X £ Ag and B{x,  —) H A( =  0 for all t s}
71



Chapter 1: a-fragmentability 13

for all n  >  1 and s G S. Then

=  Û  for all Æ 6 5.
n=l

And for each n  G AT the family : 5 G 5} is (^)-discrete in

X.

2) We will make use of the fact tha t in a metric space if a family is discrete 

in its union, then it is d. a-à. in the whole space.

3) It is also well known th a t in a metric space any open cover of the space 

has a <7-discrete open refinement (see for example [16], p. 234).

1.2 cr-fragm entability o f a m etric space

Our first result shows th a t having a countable cover by sets of small local 

diameter, although apparently stronger than a-fragmentability, turns out to 

be equivalent to the la tter when the topology on the space is given by a metric. 

The ideas in the proof are from [9], Theorem 2.4. It reads as follows:

P ro p o s it io n  1 .2.1 Let (X ,d )  be a metric space and g he another metric de

fined on X . The following conditions are equivalent:

i) (X ,d )  is a-fragmented by g;

ii) (X ,d )  has a countable cover by sets of small local g-diameter.

When the sets in i) can be taken to be differences o f d-closed sets (or more 

generally d-Fg-sets), then the sets in ii) can be taken to be d-Fg-sets.



Chapter 1: a-fragm entability 14

Proof. ii)=^ i) Is clear by definition.

i)=^ ii) Given e >  0 there is a decomposition of X  given by the c-fragmenta- 

bility of the space

X  = [JC i.
1 = 1

Fix 2 Ç i\T. Because of the cr-fragmentability, there exists a family of d-open 

sets, : 0 <  a  <  /x}, covering C, such th a t

Ci n  [/• \  U  and e-diam(Ci n % \  U  U'^) < ^
0</9<a 0</3<a

for 0 <  a  <  /X.

Define

=  {x e  X  : d{x, X \ U i ) >  - }  and =  (Q  H \  U  «7* ).
^  0</3<a

It is clear th a t ^-d iam (if” J  <  e. Now ior (3 the sets i f ” ,- and iZ^^, when

non-empty, are separated by d-distance at least i .  So for each n  G TV the

family { if” j : 0 <  a  <  /x} is discrete in (%, d).

Set i f ” =  U {if” ,- : 0 <  a  <  /x}. We have

U = U U = U U {Oir\K.i\ U =
n=l n=l 0<ot<n n=l 0<a</i 0</3<a

= U (C,n % \ U I7*) = C',,
0<ot<fj. 0<j3<a

and therefore

X = u  U
t=l n=l
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Let us see th a t for each n , i  G N  the set i f "  has local g-diameter less than 

e. Take x  G if" . We have tha t for some a , x G if^^. Since the family 

{H ^ i  : 0 <  O' <  ;/} is discrete in (X, d) there must be a d-open neighbourhood 

y  of X such tha t

V  n  if^  j =  0 for P ^  CL.

So

g-diam (y fl i f f )  =  g-diam (y fl i f f  J  <  e.

Now if the Ci are differences of d-closed sets, and since the are d- 

closed, we have th a t the i f f  are differences of d-closed sets. So each i f "  is 

the discrete union of sets which are differences of d-closed sets. Since d-open 

sets are iV-sets, it follows tha t the i f f ’s are also f^-sets. ■

1.3 C ountable cover by special sets o f sm all 

local d iam eter

The decomposition of the space by means of arbitrary sets given in Definitions

1.1.1 and 1.1.2 can sometimes be improved. It is interesting to find conditions 

to impose on the m etric so tha t we could take Borel sets, for example. As in 

[9] the condition will be tha t of the m etric being lower-semicontinuous w ith 

respect to the original topology of the space, (i.e. the closed balls being also 

closed in the other topology).
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T h e o re m  1.3.1 Let { X ,r )  he a topological space and g he a lower semicon

tinuous metric on X .  I f  [ X ,r )  has a countable cover hy sets o f small local 

g-diameter, then { X ,r )  has a countable cover hy differences of r-closed sets of  

small local g-diameter. Moreover, i f  the g-topology is stronger than r ,  then the 

sets can he taken to he g-closed.

P ro o f . Let e >  0 be any positive number. We shall show th a t X  has a 

countable cover by differences of r-closed sets of local diam eter less than e.

Let {[/” : a  E A ,n  N }  be a cr-discrete refinement of a cover of X  by balls 

of diam eter less than e. We can suppose th a t each {Cf” : a  G A }  is metrically 

discrete with separating distances 6n > 0.

For n Ç: N  let {C ^  : m  G N }  be a countable cover of X  with local diam eter 

of each (7” <  Then for each n ,m  N  the family {Î7” H C ^ clç̂a is discrete 

in (Each point in (7^ has a non-empty relatively open neighbourhood

with diam eter less than  8n- This open subset of C” can intersect at most one 

of the U2, n  (7” ’s.)

For each œ G Î7” fl (7^ there exists a r-open neighbourhood of x, say 

such tha t

n ( U : n c z )  f  0,

J/x T  n  (c /j n  O  =  0 , for / 3 ^ a .
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Set

o r  = u
xg£/jnC“

is a r-open set with

C "  3  (u :  n C")

and

n  ( a ;  n  c : )  =  0 for 

Set =  ( %  n  % )  n  GS'” - It is clear tha t

^  =  U U (  U  K '"* )-
77% n a e A

We notice tha t, since g is r-lower semicontinuous and

diam(C7'” fl C” ) <  e,

we have

d iam (%  H %  "") <  £.

We now show that

U ( 1% n c : ] " n G D  =  U ( % n % ) ^ n  U  © r •
aG^ a6^ otÊ

Since fl (C/jg fl C ” ) =  0 for /5 ^  a , it is clear tha t

U  [(%  n  G :)  " n  G : - ]  =  U  ( %  n  G :)  " n  U  G’c
a£A aE-A aE-A
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Now, we always have

U (% n " c U (% n %) '
aeA aeA

and so we must check tha t

U(%nC:)"n[U G n̂c U (%n%)"n[U O -
aeA aeA aeA aeA

Set Ba = n  and Ga = ( j”’”'  and suppose tha t there exists

such th a t

aJ G U n [ (J (ja],
aeA aeA

U ^»"n[U (?„].
aeA aeA

Then, since

X e U Ga,
aeA

there m ust be C/a;, a r-open neighbourhood of x, such th a t Ux C Gao for some 

« 0  G A and

% n ( U  B .) #  0.
aeA

Thus Ux n  Bao ^  0, since Gao H =  0 for /? ao- Suppose now th a t there 

exists a r-open neighbourhood Vx of x  such tha t

Vx n Bao =  0-

Take 0 7  ̂ C/x H 14 C Gao • Since UxCVx is a r-open neighbourhood of x  and

æ e U .
a e A
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we have

(% n %,) n (u„B„) yi 0,

which implies th a t Ui n Vi n B a ^  ^  0. This is a contradiction.

Now we show tha t for each n ,m  Ç: N  the set

U n(U G.)
cxE A  O.Ç.A

has local diam eter less than  e. Consider

® 6 U  n  ( U  G„) =  U (^ a  " n  Ga).
aeA aeA oc

Then there exists ao such th a t x  G Gaa and

diam( (J H ( (J Ga) fl Gao) =  diam( |J {Ba fl Ga) fl Gao) =
aeA aeA aeA

= diam(5ao H Gao) <  diam(Bao ’”) <  6.

So we have

^  =  U  U  ( U  K '™ ),
neN meN aeA

where for each n , m  Ç: N  the set

U  K '”'
aeA

is a difference of two r-closed sets and has local diameter less than  e. ■

In [9], Theorem 2.4, the “moreover” part of our theorem was proved for 

(7-fragmentability. We do not know whether the whole statem ent in Theorem

1.3.1 holds for <7-fragmentable topological spaces or not.
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As a corollary of the previous result we have:

T h e o re m  1.3.2 Let X  he a Banach space. I f  [X, weak) has a countable cover 

by sets o f small local norm-diameter, then {X ,w eak) has a countable cover by 

differences o f weakly closed sets of small local norm-diameter and also by norm  

closed sets of small local norm-diameter.

P ro o f . Note tha t by Theorem 1,3.1, for each e we have

OO

X = \ J { F i r \ G i ) ,
»=1

where the Fi are closed and the Gi are open in the weak topology, and therefore 

in the norm  topology. Now each Gi is a 1^-set, say Gi — : n  G N } ,

with the  Hi^nS being closed sets. So we have

i=l n=l

and clearly for each i , n  G N  the set Fi fl Hi^n has local diam eter less than  e.l

1.4 B orel sets

Let (X ,  II • II) be a Banach space. The norm || • || is called a Kadec norm if 

the weak and norm topologies agree on {æ G % : ||cc|| =  1}. It was shown by 

Edgar tha t if a Banach space X admits an equivalent Kadec norm then:

i) B orel{X ,  || • ||) =  Borel{X ,w eak),  ([3], Theorem 1.1);

ii) X  G Borel{X**,weak*), ([4], Corollary 2.3).
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On the other hand, Jayne, Namioka and Rogers proved, ([9], Theorem 2,3), 

tha t a Banach space that admits an equivalent Kadec norm  has a countable 

cover by sets tha t are differences of weakly closed sets of small local diameter.

We improve Edgar’s result by showing th a t a Banach space with the JN R  

property verifies ii) above. Moreover, any norm-closed subset of the space is 

also a Borel subset of its bidual when considered with the weak* topology, 

from which we get i) above as a corollary.

R e m a rk  1 .4 .0  It was proved in [9], p. 215, and [11] tha t a topological space 

(X, r )  which has a countable cover by differences of r-closed sets of small local 

p-diameter, for some metric g, any g-open set can be w ritten as a countable 

union of differences of r-closed sets and therefore the Borel structures for both 

the r-topology and the p-topology agree.

T h e o re m  1.4.1 Let X  be a Banach space and suppose that (^X^weak) has 

a countable cover by sets of small local diameter. Then X  is the countable 

intersection of countable unions of differences of w*-closed sets in X** and 

therefore X  G Borel(X**,w*). Moreover, any closed subset o f X  is of the 

same type.

P ro o f . Let n  ̂ o: G G N }  be a cr-discrete refinement of a cover of 

X  by balls of diameter less than K We can suppose tha t each {Ua,n • ^  ^ 

is m etrically discrete with separating distances 6n,p > 0.
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For n ,p  G N  let : m  G N }  be a countable cover of X  with the

local diameter of each < 6n,p. Then for each n ,m ,p  G N  the family

{ ^ a , n  ^ n , m } c c e A  IS Weakly discrete in

U K » n C ^ , m ) ,
a e A

in fact it is discrete in (7^^. So for each x G H there exists a iy*-open

neighbourhood of x  in X**, say such that

n {Ul„ n C I J  #  0, 

n ( % .  n  =  0, for #  a .

Set

_  I I TTn,m ,pa,n U  ^x,a

is clearly a u;*-open set with

D ([/;,. n c;,„ )

and

G” ?  n  n  C ^ J  = 0, for /3 5̂  a .

Set =  (tfS,„ n  c i m )  n

We show tha t

7̂ — n  U U{ U â,Tn,n,p}’
p m n aeA

Notice th a t, since diam(C/J„ fl < -,  we have

diam(Z7a,n fl Cn,m ) <  - .
V
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Let

x - e X - n f l U U U
p  m  n  o teA

For each p Ç: N  there exist n ,m  E N  and a  G A such tha t

SO there exists Xp E D such tha t ||cc** — ccp|| <  Thus we have

• 11- lim x„ = X
' p-*oo p  ~

and therefore x** G X .  

We now show tha t

u  ( (% "  n  c im )  n  =  U n CK.,n) n  (J
ct£A ot£A a £ A

We have

U  ( (% "  n  CS,„) n G^,j) =  U  (GJ,„ n CS,„) n  U  GT,?.
cxE A  a £ A  a £ A

since H „ D =  0, for P ^  a. So we m ust check tha t

U  ( % "  n CS,„) n  [ U  G” ^] c  U  ( % .  n  CS,„) n  [ U
olÇA ot^A ol̂ A

Set Ba — LI Gnjn and suppose th a t there exists

such th a t

U  n [ U  G„]
O.Ç.A a £ A

X ^  u  ”  n  [ U  G„]
aÇA a.Ç,A
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There m ust be a it;*-open neighbourhood Ux of cc, since

X G [J Ga,
aeA

such th a t Ux C Gaa for some œq G A  and

aeA

Thus Ux n  BaQ 7  ̂ 0, since Ga^ fl 5 / 3  =  0 for /3 7  ̂ ao-

Suppose now tha t there exists a w*-open neighbourhood Vx oi x such th a t

Vx n  Bao = 0-

Choose Ux w ith 0 7̂  C/x D C Gao ■ Since UxHVx is a tu*-open neighbourhood 

of X and

we have

X 6 U >
aeA

( % n i / ) n ( U  a . ) f  0,
aeA

which implies again tha t t/x fl 14 fl Bao 7̂  0- This is a contradiction.

If 5  is a norm closed subset of X ,  consider the families

{ F  n  n  c ^ J a e A

and follow the proof. In this case the vectors Xp^s belong to F  and, since F  is 

closed, the lim it also belongs to F.  ■

Our next result follows also from Theorem 1.3.2 and Remark 1.4.0 but we 

give a shorter proof here by using Theorem 1.4.1.
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C o ro lla ry  1.4.1 Let (X,  || • ||) 6e a Banach space with a countable cover by 

sets o f small local diameter, then B orel{X , || • ||) =  B orel[X ,w eak).

P ro o f . Let A be a norm-closed subset of X .  By Theorem 1,4.1, A  G 

Borel{X**,weak*), i.e. there exists B  G X**, B  G Borel(X**,weak*) and 

A  = B  n  X .  But the weak topology on X  coincides with the restriction to X  

of the weak* topology on X** and therefore A is a weak-Borel subset of X . ■ 

At this point we need to give another definition which can be found in [16], 

pages 345-346, as well as some basic properties.

D e fin itio n  1.4.1 Let Fq be the family of closed sets of a m etric space. Suppose 

th a t for an ordinal number a , we have defined the families for ^ < a. So 

the sets of the family Fa are countable intersections or unions of sets belonging 

to F^ w ith ^ < a  according to whether a  is even or odd (the lim it ordinals are 

understood to be even). It is known that the transfinite union of this families 

gives us the family of all Borel sets.

We can also do the same using open sets. Set Go to be the family of open 

sets. Suppose th a t for an ordinal number a, we have defined the families 

for (  <  CK. So the sets of the family Ga are countable unions or intersections 

of sets belonging to G^ with (  <  according to whether a  is even or odd.

The families Fa with even indices as well as the families Ga w ith odd indices 

are count ably multiplicative, which means that, given a sequence of sets of the 

family, its intersection belongs to the same family. The sets belonging to such
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a family will be said to be of multiplicative class a. Similarly, the families Fa 

with odd indices as well as the families Ga with even indices are additive and 

form the additive class a.

Our last result of this section is a generalization of the one mentioned above 

from [11]. The ideas for the proof also come from there. It will be used later 

on in C hapter 2.

L e m m a  1.4 .1  Let ( X , t ) be a topological space such that any open set is an 

Ff^-set. Let g be a metric on X  and suppose that X  has a countable cover by 

sets o f additive class a  o f small local g-diameter, then each g-open subset o f 

X  is o f additive class a..

P ro o f . Let G be a g-open subset of X .  Let m  >  1, be a countable 

cover of X  by sets of additive class a  of small local diameter.

For n  >  1 set

M (n) =  {m Ç: N  \ m > l  and Dm having local diameter less than  —}.

Then for each n  >  1 the family {Dm • G M( n) }  covers X .

W rite

Gn = {x  ^  X  : {y e  X  : g{y, x) C G}}.

For each n  >  1 and each m  >  1 in M (n), we consider the points cc G Gn H Dm- 

Since the local g-diameter of Dm is less than L, we can choose a relatively 

open subset U{x)  of Dm,  containing x  and having g-diameter less than X
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Thus X G U{x)  C G. Hence, for m  >  1 and m G M( n)  the set

Un,m = U{C/(œ) : x  e  GnH Dm}

is a relatively open subset of Dm- So for every n ,m  ^  N  there exist Vn,m, 

T-open subsets of X ,  such that Un,m = Dm H V ,̂m- Now we have

OO= u
i= l

where the sets are r-closed in X .  Hence

OO

1 = 1

and therefore the sets Un,m are of additive class a. They contain (7„ fl Dm and 

are contained in G. Hence

U{C/n,m : 71 >  1, 771 G M { ti)}

is a set of additive class a  tha t coincides with G. ■

1.5 D ecom p osition  o f d iscrete fam ilies

To finish this chapter, we will give characterizations of both the property of 

having a countable cover by sets of small local diameter and a-fragm entability 

which will be of help in Chapter 2.
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P ro p o s it io n  1 .5.1 Let { X , r )  be a topological space and g he a metric on X .  

Then the following conditions are equivalent:

i) {X^t ) has a countable cover by sets o f small local g-diameter;

ii) There exists a decomposition o f X ,

OO

X = \ J C i
i= l

such that i f  A =  is a g-discrete fam ily o f subsets of X ,  then for

each s Ç: S  there is a decomposition

A . = \ j
1=1

with A \ C Ci such that each fam ily is discrete in

P ro o f . i)=> ii) For each n  Ç: N , consider

OO

X  =  u  c r ,
1 = 1

where the sets C ^  have local g-diameter less than K

Let A =  {A,}ag5 be a discrete family in (X, g). Then there exist ^-discrete 

families such tha t

A, = IJ AT", for s e  S.
771 =  1

W rite {A*’̂ }  =  A ^ H C ^ ,  for m ,i  E N  and s Ç: S  and fix z,m  G N . Take 

X G Cf^. There exists a T-open neighbourhood of x,  say U, such tha t

d iam fy  n  C f  ) <  —.
m
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Therefore U meets at most one element of the family So

is discrete in r )  and we have

^  = U = U U^mncr = U4'"-
m=l m=l t=l t,m

Set =  Fn and So we have

OO

A ,=  \J  B : , B :  C Fn,
n=l

and is discrete in (F n ,r).

ii)=> i) Given c > 0, let {[/” : a  G F} be a a-discrete open refinement of 

an open cover of X  by balls of radius less than | .  Let {Cm}m=:i a countable 

cover of X  such th a t for n ,m  Ç: N ,

yn  ^  0 ^n,n.

m=l

and is discrete in {Cm^T)- Write

c  = u
aer

Obviously,

% = U c .
n , m

We now show th a t for each G W, the set has local diam eter less 

than e.

Take x £ F ^ . Then x  G B^'J^ and therefore there exists a T-open neigh

bourhood U OÎ X such tha t

U n C m C  B ^ ^  =  0 for a  7̂  «o-
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So diam(C/' D F^)  =  diam(C/' fl < diam(j5”’” )̂ < e. ■

We give an analogous statem ent for the case of the space being cr-frag-

mented. We omit the proof because it follows the same line as the previous

one.

P ro p o s it io n  1.5 .2  Let (X^r )  be a topological space and g be a metric on X .  

Then the following conditions are equivalent:

i) (%, r )  is a-fragmented by g; 

ii) There exists a decomposition o f X ,

OO

X = \ J C i ,

1 = 1

such that i f  A =  is a g-discrete fam ily o f subsets o f X ,  then fo r

each s Ç: S  there is a decomposition

^  = U A: c Ci
1=1

such that each fam ily satisfies the following condition:

fo r a n y i  G N , i f  : 6 G 5'} 0, then fo r  every non-empty

subset A  o f U{A* : s G 5} there exists a r-open subset U of 

X  such that U f) A  C A \ fo r  exactly one s S .



Chapter 2

O ne-to-one maps

2.1 In troduction

Suppose we have two Banach spaces X  and Y ,  and a one-to-one map T  : 

X  — > Y . If we assume tha t Y  has a countable cover by sets of small local 

diam eter, what kind of condition do we have to impose on T for X  to have 

such a cover as well? W hat can we say about T ”^? We shall give some answers 

to these questions in this chapter, but first of all we have to fix some notation.

If Ti and T2 are two topologies on a topological space üT, we shall say tha t 

Ti is stronger than  Tg, denoted by Tg T%, if any T2-open subset of H  is also 

Ti-open.

Let (X ,Ti) and T2) be topological spaces and pi , p2 be metrics defined 

on X  and y ,  respectively. If T  : X  — > Y is a one-to-one map, we define: Tr^

31
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to be the topology on X  given by the family {T~^(U) : U Tg-open} and to 

be the topology on X  associated to the metric T  o Q2, i.e, the family 

{T~^{U)  : U p2-open }. Note that if T  is t i  -T2 continuous (respectively gi -Q2 

continuous), then (resp. Tg  ̂ ■;< g i) .

D e fin itio n  2 .1.1 We shall say that a map T , as above, is discretely a-decom

posable, d. a-d. fo r  short, fo r the pair (pi, P2) ^  2̂  is one-to-one and it maps 

gi-discrete fam ilies o f subsets of X  into g2 ~d. a-d. families of subsets o f Y .

These maps were used by Hansell, see [6], where we refer for further proper

ties, w ithout imposing on the map the condition of being one-to-one. It is easy 

to see from Rem arks 1.1.4 tha t p2-d. cr-d. families in T { X )  are also ^2-d. a-d. 

i n Y .

2.2 d. a-d .  m aps

We now prove a lem m a which will be used in Theorem 2.2.2 below.

L e m m a  2 .2.1 Let {X,  t i )  and (Y, T2) be topological spaces and gi, g2 be metrics 

defined on X  and Y , respectively. Suppose that there exists a d. a-d. map 

T  : X  — y Y  fo r  the pair (gi, ^2)- (Y, T2) has a countable cover by sets o f

small local g2 -diameter, then there exists a decomposition o f X ,

X = \ j E i ,
1 =  1

such that i f  A =  2s a gi-discrete fam ily o f subsets o f X ,  fo r  each s E: S ,
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then there is a decomposition

OO

=  [J Ai,  4  C Ei,
t=l

such that each fam ily  ^  discrete in the space (^Ei^Tr^)-

Proof. Consider the map T  : X  — > Y. Then the family T A  is d. cr-d. 

Therefore there exit discrete families p G such that

GO

T A ,  =  U
p=l

By Proposition 1.5.1 there exists a decomposition of Y ,

Y = l ) C „ ,
n=l

and discrete families {B^'^}aç.s in the space (Cn,T2), with

OO

•Bf =  U  BI"'", and B "'’’ C C„ for p e  iV, a e  S.
n=l

Since T  is trivially T̂ -̂Tg continuous it follows th a t the family

T - ' ( { B n . e s )

is discrete in the space (T “^(7n, TT2).

It is clear th a t
00 00 00

^  =  U  U  =  u
p=l n=l 1 = 1

where A* =  T "^(B ”’̂ ), and Ei = Cn for some n ,p  e  N . ■
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We now give the analogous lemma for <j-fragmentability.

L e m m a  2 .2 .2  Let (X ,Ti) and (y,T2) be topological spaces and let gi,Q2 be 

metrics defined on X  and Y , respectively. Suppose that there exists a d. a-d. 

map T  : X  — > Y  for the pair (pi, ^2)- / /  (Y, T2) is a-fragmented by Q2 , then 

there exists a decomposition o f X,

00
X  = \ J E , ,

i= l

such that i f  A =  is a gi-discrete family o f subsets o f X ,  then fo r  each

s E S , there is a decomposition

A s = \ J  A ) ,  A \  C Ei,
1 = 1

such that each fam ily satisfies the following condition:

fo r  any i E N , i f  : 5 € 5} ^  0, then fo r  every non-empty

subset A  of U{A* : 5 G 5} there exists a r-open subset U o f X  

such that U f) A  C A], fo r  exactly one s E S .

T h e o re m  2.2.1 Let (X ,Ti) and (Y,T2) be topological spaces and let pi ,P2 be 

metrics defined on X  and Y , respectively. Suppose that there exists a one-to- 

one map T  : X  — > Y. Then the following conditions are equivalent:

i) T  is d. a-d. fo r  the pair (pi, ^2)/

ii) [X,Tgfi) has a countable cover by sets of small local gi-diameter;
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iii) (X,Tg^) is a-fragmented hy gi.

Proof. ii) Given e > 0, let {C/” : a  G F} be a cr-discrete open

refinement of an open cover of X  by balls of pi-radius less than  | .

For every n  G N  the family {T (f/” )}aer is d. a-d. in Y . Thus we have

OO

T{u:) =  u
m=l

with {B2'”*}e<gr being gj-discrete.

Define E J ’"* =  C U^. It is clear tha t

n,m a

We show that for any n ,m  Ç: N  the set

U K’”'
»er

has local pi-diam eter less than e.

So take x  G Then Tcc G and so there exists a ^2-open set,

say V , such tha t V  fl =  0 for a  œq. Now take G = T~^{V)j  which is 

Tgj-open, and we have

gi-diam (G fl ( \J  = gi-diam{G  fl E^f^)  < ^i-diam(C/^’"") <  e.
aer

ii)<=> iii) Proposition 1.2.1.

ii)=> i) Because of Proposition 1.5.1, any pi-discrete family, A =  

can be decomposed in the following way:

OO

A , =  \J  
1 = 1
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with the family {A*}aG5 being T^j-discrete in its union. Since Tg  ̂ is a m etric 

on X ,  it follows th a t these families are Tg^-d. cr-d, in X  and so A  is also 

Tg^-d. cr-d. Hence the map T  is d. cr-d. for the pair (pi, ^2)- ■

Theorem  2.2 .2  Let (X ,Ti) and (Y,T2) he topological spaces and let gi,Q2 he 

metrics defined on X  and Y , respectively, with T2 d  9 2 - Suppose that there 

exists a one-to-one map T  : X  — > Y  and that (Y, T2) has a countable cover hy 

sets o f small local Q2 -diameter. Then the following conditions are equivalent:

i) T  is d. cr-d. fo r  the pair (gi, P2)/

ii) (X,Tg^) has a countable cover hy sets o f small local gi-diameter;

iii) (X,Tg^) is a-fragmented hy gi;

iv) [ X jTt̂ ) has a countable cover hy sets of small local gi-diameter;

v) (X, TV2 ) 5̂ a-fragmented hy g i .

Proof. i)=>iv) For each e > 0 and p Ç: N , let Ap = be discrete

families in X  such tha t U{Ap : p G N }  is a refinement of a cover of X  by balls 

of Pi-radius less than  | .

By Lemma 2.2.1 there exists a number of sets C j ,  with

^ = U
i=i

and decompositions

A l = \ _ } A l ' ’ , a € S , p € N ,  A^-^ClCj 
3= 1
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such th a t each family is discrete in {Cj^Tr^)’

Now define

B? =  U
aes

It is clear th a t
OO OO

X  = u  u
J=1 p -1

We show th a t the family is a countable cover of X  by sets of small local

gi-diameter. Let x  G Since the family is discrete in (Cj’jTVj)

there exists a Tr^ open neighbourhood y  of æ such tha t

( y n C , ) n A r f  0,

for some sq ^  S  and

(V n Cj) n  =  0, for s ^  5q.

If V n  Cj  n  =  0 for every 5 G 5', we would have

y  n  c,- n  ( U  =  0,
aes

and this would imply tha t x ^  Bj ,  which is a contradiction.

So there exists 5q G 5  such that

V n C j H  A ÿ  ^  0 and y  n Cj  n A ^ /  = 0, for 5 ^  So.

Now, since A^'J is contained in a ball of radius less than  | ,  pi-diam(Af^^) <  e. 

Since V  H C j H  =  0 for s ^  sq, we have
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g i-d iam (y  fl B j )  = p i-d iam (y fl ( | J  = g i-d iam (y D A^f )  < e.
ses

iv)=>v) Obvious.

v)=4>iii) Obvious. ■ 

Theorem  2.2.3 Let (X, Ti) and (T,T2) he topological spaces and let g i , g 2 he 

metrics defined on X  and Y , respectively, with T2 p2- Suppose that there 

exists a one-to-one map T  : X  — > Y  and that (Y, T2) is a-fragmented hy p2- 

Then the following conditions are equivalent:

i) T  is d. a-d. fo r  the pair (gi, ^2);

ii) (X , Tgj) has a countable cover hy sets of small local gi-diameter;

iii) (X , Tpj) is a-fragmented hy gi;

iv) (X , Tr2 ) is a-fragmented hy g i .

Proof. i)=^iv) The same proof as above but using Lemma 2.2.2.

iv)=>iii) Obvious. ■

R e m a rk  2.2.1 Note tha t if in Theorem 2.2.2 (Theorem 2.2.3) the map 

is, for instance, T1-T2 continuous, then we obtain th a t (X ,T i) has a countable 

cover by sets of small local -diameter (resp. (X, Ti ) is <7-fragmented by gi).
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2.3 In v e rse  m ap p in g s

We start by recalling a definition from [16].

Definition 2.3.1 A mapping f  : X  — > Y  is said to be o f Borel class a  if, 

fo r  every closed subset F g Y ,  the set f~^[F)  is Borel o f multiplicative class c l . 

(Equivalently, f~^{G) is of additive class a, fo r every open set G).

Our next result improves part of a result in [14], Corollary 7.

Theorem  2.3.1 Let X , Y  be two Banach spaces and f  : X  — > Y  be a con

tinuous linear injection. Define ip = f~^  : /(% ) — > X . Then the following 

conditions are equivalent:

i) p  is o f Borel class a  and f  is d. a-d.;

ii) (X ,/||.||y ) has a countable cover by sets of additive class ex. (for the topol- 

ogy fw-Wy) o f small local || • \\x~diameter.

Proof. ii)=> i) By Theorem 2.2.2 we have that /  is d. <7-d.

Now let G he a norm open subset of X .  Since the topology /||.||y in X  

verifies tha t any open set is an F^ set, we apply Lemma 1.4.1 and obtain th a t 

G is of additive class a  in (X, /||.||y)- Hence the set p~^(G)  is of additive class 

a  in ( / (X ) , II • ||y) and therefore p  is of Borel class a.

i)=^ ii) For n  G X  let {[/” : a  G A} be an open a-discrete refinement of an 

open cover of X  by balls of radius less than K  Consider B ^  =  /(^ ^ )*  Then 

for each n  E N  the family {B2}aeA  is d. cr-d., so for every n , i  e  N  there exist
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discrete families {B^^}aeA  such that

OO

b ; = u  Bir-
t=i

Note th a t since the sets C/” are open in X  and ip is of Borel class a, the 

sets B2 = are of additive class a.

Now fix 2,n  G N . The family H B2}aeA is discrete in f { X )  and its 

sets are of additive class a.

Set

%,» = U (%" n B2).
olE A

Then is a discrete union of sets of additive class a  and therefore is itself 

of additive class a.  (For a proof of this fact see [16], page 358, Theorem 1). It 

is obvious tha t

f ( X )  =  U H .> .
i , n

Define The sets Ci^^s are of additive class a  and they

form a countable cover of (%, /||.||y).

Now take x G and f { x )  = y E So y E Ba^  fl B^^ for only one 

0=0 G A.  Thus there exists an open neighbourhood U oi y in Y  such tha t

U n  { B T  n  5 ” ) =  0 for a  ^  qq.

W rite V  = f~^{U).  V is a /||.||y-open neighbourhood of x  and

d iam (y  n  Ci,n) = d ia m ( /- '(B  fl H.>)) =  d iam (/-^ (B  n  n  <

<  d iam (/-* (B ”)) =  diam (B^) <  £.
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Therefore Ci^n has local diam eter less than e. ■

2.4 Som e to p o lo g ica l in v a rian ts

The following lemma provides us with a useful tool to check when some maps 

are d. cr-d. For a proof of it see [17].

Lemma 2.4.1 Let X  and Y  be Banach spaces with norms || • \\x cind || • ||y, 

respectively. Let T  : X  — > Y  he a one-to-one map such that fo r  every hounded 

sequence in X  converging to some point x in the T||.||y topology we have

that X n  converges weakly (or pointwise in the case of X  being a C(K) space) 

to X .  Then T  is d. a-d.

Theorem  2.4.1 Let (%, || • \\x) and (Y", || • ||y) he Banach spaces. Suppose 

that there exists an homeomorphism (f) : [X,weak)  —  ̂ (Y^weak).  Then the 

following results hold.

i) (XjWeak)  has a countable cover hy sets of small local || • \\x~diameter 

i f  and only i f  [Y, weak) has a countable cover hy sets o f small local || • ||y - 

diameter.

ii) (X, lyeaA;) is a-fragmented hy || • \\x i f  and only i f  (Y, weak) is a-fragmen

ted hy II • | |y .

iii) Borel {X,weak)  =  B ore l(X ,\\ • ||x ) i f  and only i f  Borel{Y, weak)  =  

Borel{Y,\\ • | | y ) .
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P ro o f . In this case it is clear tha t the conditions in Lemma 2.4.1 are

fullfiled and so our map (f) and its inverse are d. a-d. Moreover, since there

is weak to weak continuity, by Remark 2.2.1 and Theorems 2.2.2 and 2.2.3, i) 

and ii) hold. To prove iii) assume tha t Borel(Y^weak) =  Borel{Y, || • ||y).

Denote by R(x,||.||;^) the closed unit ball of {X , || • ||%). B(^x,\\-\\x) is a w- 

closed subset of X  and, since ÿ is a homeomorphism, ÿ(jB(_y,||.||^)) is a iw-closed 

subset of Y .  Thus the norm || • ||% is lower semi continuous on (X, ^||.||y). Since 

(j) is d. a-d., (X , ^||.||y) has a countable cover by differences of ÿ||.||y-closed sets 

of small local || • ||%-diameter. So if G is a || • ||%-open subset of X , then, see 

Rem ark 1.4.0,

G = U C"
1 =  1

where Ci is the difference of two <ÿ||.||y-closed sets for every % E X.

Set Bi = <!>{Ci). Then the B{S  are differences of || • ||y-closed sets and 

therefore they are w-Borel sets. Thus ^~^[Bi)  =  Ci are ly-Borel in X . We 

conclude th a t G is a countable union of weak-Bore\ sets and therefore is itself 

a weak-Borel sub et of X . ■

2.5 T h e  Co-sum o f som e B an a ch  spaces

N otation: Let A he a set. We shall denote hy \A\ the cardinality o f the set A. 

D efinition 2.5.1 Let {X„ : n  E N }  he a sequence o f Banach spaces with
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norms {|| - Un : G N } . We denote hy co{X„ : n  G N }  the Banach space o f

all sequences x = with Xn G Xn, fo r  n  £ N , and such that given c > 0

there exists m  E N  such that ||aJ„||„ <  e fo r  n  > m . The norm  in this space is

In order to give our next result we need the next proposition. The proof of 

part i) can be found in [9], Theorem 6.1.

Theorem  2.5.1 Let {Xn,  || • ||n)^i a sequence of Banach spaces. Set X  =  

co{Xn : n  G N } . Then the following results hold.

i) I f  fo r  each n  E N  the space Xn is a-fragmented hy its norm, then the 

space X  is a-fragmented hy its norm.

ii) I f  fo r  each n  E N  the space Xn has a countable cover hy sets o f small 

local II ' \\n~diameter, then X  has a countable cover hy sets o f small local 

II • \\oo-diameter.

Proof. For each n  G iV, we can find a sequence Bn = {^m)m=i subsets 

of X n  such th a t each point of belongs to sets of Bn having arbitrarily small 

local II • 11 n-diameter. For r ,k  E N  define

C* = {x  = {xn)Z=i G X  : \{xn : ||a;„||n >  ^ } | =  r}.

Denote by the canonical projection from X  onto Xn^ For n E N  denote 

by m „ an element of the form (m i, ...,m n) G {1, . . . ,n } ^ .
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For r  >  1, A: >  1 define

^  n  n ... n

for m.}< — 7̂71 j j ... j TTij*̂  j dj. — ^cîj j ... ̂  dj- ̂  &nd

■̂ o,k — G X  ; ||x|[oo ^  ^}*

I t’s clear that

OO OO OO

^ = U U  U U 4T“'U(U^0,.).
k=l r=l d^e{l r}^mrE{ji, ^=1

So we have a countable collection of sets covering X  and now we will show 

that given x = G X  and e >  0 there exist r, k,  d^, nir such th a t

X e

and the local || • ||oo-diam(i4™j’’*’') <  e.

Take k E: N  such tha t ^ < f- Then either ||x||oo <  ^ or there exists 

r £ N  such th a t x ^  In the first case, x G Ao^k and obviously the local 

II • 11 OO-diameter of Ao^k is less or equal than  e.

So suppose tha t there exists r E N  such that x  G (7*, i.e., ||cci||,- >  \  for 

% — d\ ,..., dj- « Let

r • r ll®»l|t ~  k  ^  • J  J 1
0  = rm n {   — - ,  -  : z =  cti,..., dr}.

Now for i G {d%,..., dr} we have tha t X{ G X{.  Thus we can find m*- G N  and 

E^ .  3 X such th a t the local || • ||j-diam(jE^^) <  6. Hence there exists a weak
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open neighbourhood of X{ in X{, say Vi, such that

II • ||i-diam(K- n  <  5.

Set

P r \V i) .
i= l

y  is a weak open neighbourhood of x  in X .  We show tha t

II • ||oo-diam(y PI < e.

Take y Cl For i = d i , d r ,

l|y%||: >  llk :||i -  ll^i -2 /i ||i | > p  

SO for i 0  {di,  ...,dr}, ||i/i||i <  Therefore

||®t- -  2/i||i <  <  I  for z =  d i , dr.

and

1 1 2 e
ll^i -  2/*||i =  -  otherwise.

Hence || • ||oo-diam(y fl < e as required. ■

Following the notation in Theorem 2.5.2 below, in [15], Kenderov and 

Moors showed th a t if the spaces {C{Kn),ptwise)  are or-fragmentable, then 

{C{K) ,ptwise)  is also cr-fragmentable. We prove it for the weak topology and 

also in the case of countable covers by sets of small local diameter.

T h e o re m  2 .5 .2  Let [K n)^-i be a sequence o f closed subsets o f a compact 

Hausdorff space K  such that K  =  UKn. Then the following results hold.
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i) I f  fo r  each n  ^  N  the space {C{Kn) ,weak)  is a-fragmentable, then the 

space (C{K) ,weak)  is a-fragmentable.

ii) I f  fo r each n  ^  N  the space [C{Kn)jWeak) has a countable cover by sets 

of small local diameter, then the space {C i^K \weak') has a countable 

cover by sets of small local diameter.

P ro o f. Define the map

T  : C {K)  —  co(C(ir„), II • H oc )

by the formula

T(/) = 1.

By Theorem 2.5.1 and Remark 2.2.1, since T  is clearly weak to weak con

tinuous, we only have to show th a t T  is d. cj-d.

So take { fm)m=uf  ^ C'(R') and suppose th a t {T{fm))  converges to T{ f )  

in the norm of cq, i.e., given e > 0 there exists m  E N  such th a t for all Â: >  m  

we have

m f k )  -  T ( / ) |U  <  e,

I.e..

\\—f k \Kn  f\Kn\\oo ^  £ for all n E N.
n n

Now, \{ X  E  K ,  there exists n  E  N  such tha t x E  K n ,  and so

\—f k M  ~  ~ /(^ ) l  — ^ for all k > m .  n n
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Thus fjn converges to /  in the pointwise topology and by Lemma 2.4.1 we 

conclude th a t T  is d. cr-d. ■



Chapter 3

Spaces w ith a countable cover 

by sets of small local diam eter

We shall give some examples of spaces with countable covers by sets of small 

local diam eter as well as some with well behaved injections into Co(r) for some 

set r.

3.1 T h e  sp ace  co(r)

D efin itio n  3 .1 .1  Let V be a set. We define co(F) to he the set

co(r) = {x  Ç: BF : fo r  a// £ >  0 |{i G F : |æ(i)| >  s}| <  oo}.

When endowed with the swpremum norm, co(F) is a Banach space.

Our next proposition is based on Lemma 3.2 from [22]. It also follows from

48
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[9], Theorem 2.1 b), since Co(T) has an equivalent locally uniformly convex 

norm and on bounded sets in co(T) the weak and pointwise topologies coincide. 

P ro p o s it io n  3 .1 .2  {cq{T), pointw ise) has a countable cover hy differences o f 

pointwise closed sets o f small local diameter.

P ro o f. Given e >  0, for n G iV with ^ <  |  and k Ç: N  we put

= {y ^  Co(r) : |{t E r  : \yt\ > - } |  =  k}.
n

We show th a t is the intersection of an open and a closed set in the 

pointwise topology. Set

. . . ,  CLm) =  {2: G Co(r) : > - , 2  =  1, . . .  ,m }, a{ G T.

and

(cti am)6r»"
is open and clearly

We now show th a t the sets B ^  have local diameter less or equal than e. 

Let y' G and let {t G F : \y[\ >  ^} =  { t i , . . .  ,tk}- Then there exists 

0 <  (̂  <  I  such th a t \y’f..| — <̂ >  F ,% =  1, . . . ,  A;. The set

U = {y G Bk : |î/f̂  ~ 2/fi I < • • • ? \yt̂  ~ Vth\

is an open neighbourhood of y' in Bk in the pointwise topology.

Take x G U. Then for 2 =  1, . . . ,  A;

=  \y'ti\ -  (I!/!(I -  ^  lyU -  ^ >  lylj -  l^tj +  ~
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And since x  G and \xn\ > =  1, . . . ,  A:, we have \xt\ < ^ io r  t ^  ti.

So take x ,y  £ U. Let’s show tha t ||a; — y He» <  For z G {1 , . . . ,  A;},

\^u — Vti\ <  \^ti ~  2 / t J  +  \Vti “ 2 / t i l  ^  S -h S =  26 <  e.

And for t G F with t ^  ti,

1 1 2  
\xt -  yt\ < \xt\ +  jytj < -  +  -  =  - < £ .n n  n

3.2 P rojectional R esolutions o f  Identity

D efin itio n  3 .2.1 Let X  be a Banach space. The density character o f X, 

denoted by dens(X), is the smallest cardinal number of a dense subset of X .  

D e fin itio n  3 .2 .2  Let X  be a Banach Space. We denote by p  the smallest 

ordinal such tha t its cardinality \p\ = dens(X ). A projectional resolution of 

identity, P R Iio r  short, on X  is a collection {P« : ujq < a  < p \  oi projections 

from X  into X  tha t satisfy, for every a  with (jUq < a  < p, the following 

conditions:

i) l|Fa|| =  l;

ii) PaoP/3 =  P/goPa =  FL if Wo < a  <  <  ft;

iii) dens{Pa{X)) < |o:|;
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iv) U{-f/3+i(-^) : CÜQ < /3 < a } is norm dense in

v) =  Id x .

The following lemma lists some properties of the PRFs tha; we will need 

later on.

L e m m a  3 .2 .1  Let X  be a Banach space and {Pa : ujq < a  < p- h a  P R f  on 

X . We put Pa+i — Pa = Ta> foT ljq < CL < p. Then the followinj r^.sults hold.

i) For every x G X , i f  a  is a limit ordinal, ojq < a  < p, we havi

Pa{x) =  II • II — lim f^(æ ).
/3 < a

ii) For every x £ X ,  {||Th(a:)|| • ol G [ujq, p )} belongs to cq{[ljo,p)). 

P ro o f, i) Let a  be a limit ordinal, < cl < p, and let x £ ï . l î

^ e  U

say X £ P ^ q ( X ) ,  then Pfi{x) = x i f  j3 > ^q.  Thus, in this case, wehcve

II • II — lim Pj3{x) = X  = Pa(aj). (1)

If X G P a { X ) ,  by (iv) in Definition 3.2.2, given e > 0  there exsti

y  6 U  M X )
/3<a
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such th a t 11 a; — y \\ < | .  For this c >  0 there must he f3o < a  such tha t for any 

l3, /3o < /3 < a, we have

Thus

I l f .W  -  P;3(x)|| <  ||P„(x) -  f .W I I  +  ||P„(ÿ) -  P0 (y)\\ + ||P^(ÿ) -  Pp{x)\\ <

<  ll-P alllk -y ll +  -  f . ( y ) | |  +  ||-P^III|œ-ÿ|| <  E,

whenever (3 > po.

Finally for x £ X  and P < a  we have

P^{x) -  Pa(x) =  Pfi{Pcc{x)) -  Pcc{x)

and thus (1) holds for every x Ç: X .

ii) If the assertion is false, there exists æo G X , £ > 0, and

Wo < 0=1 < #2 < . . .  < 

such th a t for every i >  1, ||7hX^o)|| >  Set

a  =  sup{«i : i >  1}.

It is clear th a t

lim Pfi{xo) ^  Poc{xo)yp—+a

which contradicts with (i).
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3.2.1 d. cr-d. maps into co(F) using PRI

The next theorem is a straightforward adapatation to the case of PRFs from 

that in [22].

T h e o re m  3 .2 .1.1 Let p  be a class o f Banach spaces such that the following 

results hold:

i) fo r  every X  G p there exists a P R I on X ,  {Pa : ujq < a  < p}.

ii) (P„+i -  P .)(% ) 6 p.

Then fo r every X  G p  there exists a one-to-one hounded linear map

T : X ^  co(r),

fo r  some set T, such that fo r every discrete fam ily A =  o f subsets of

X ,  the fam ily T A =  { T Aa]aç.s is d. a-d. in  co(r).

P ro o f . Let X  G p. We proceed by induction on densi^X).

W hen X  is separable, we have th a t is m etrizable and separable.

So let { fn  : n  >  1} be a dense subset of {Bx*)W*) and define

T : X ^ c o ( i V ) b y r ( x ) =  .
/  n = l

T  is clearly a linear map, and it is one-to-one because {fn)^=i is dense in Bx*- 

In order to prove the d. cr-d. property we show first tha t discrete families in a 

separable Banach space are countable.
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Let A =  be a discrete family in X  and let be an open

base for the topology on X .  For each 5 G *?, pick a, G Ag. Then there exists 

Uĝ  open neighbourhood of such tha t U gr\At — 0, for t ^  s. Now for each 

5 G 5  there exists G AT such that Ug G Bn^ C  Ug. Hence |6'| <  |JV| and 

therefore S  must be countable.

So let A =  {An}neiv  ̂ be a discrete family and define

£(n) ^  and g W  =  0, for n  5̂  m

Then for every m  & N  the family is discrete and

oo
T{An) = IJ  for every n e  N.

771 =  1

So the family T A  is d. <7-d.

Let X he an uncountable cardinal and X  G p such th a t d en s(X ) = %. 

Suppose th a t the result is true for every V  £ p  with dens(Y )  <  %. Let p  be 

the smallest ordinal with cardinality \p\ = %.

Let {Pa : LJo < a  < p} he a P R I  on X .  For any ol̂  Uq < a  < p, we set 

X a  =  {Bct+i — Pa){X). Then X a  G p and dens{Xa) < |o:| <  dens{X ). Thus 

there exist sets Fq and one-to-one continuous linear maps

Jcc'-Xa ----  ̂ Co(Fa)

which satisfy the condition tha t the image of any discrete family in X a  is 

d. cr-d. in co(Ta).
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Since is separable, there is also Jq : Puq[X )  — > Cq[N ) sharing

these properties. Set

v  = N c  U

and define T  : X  — > ^oo(r) by

T{x){n) =  Jo(fL o(^))W  for n ^  N , and

T (x)(7 ) =  ij« (P «+ i(aj) -  fL(æ))(7 ) for 7  E 

T is clearly a linear map and is continuous. We have

||r x || =  sup ||ij„ (P « + i(œ ) -  <
UQ<OL<H ^

< \  sup ||Ja ||( ||P a+ l(a ;)-P a (a j) ||)  <  ^  SUp ( ||Pa+i || || CC || +  || P^ || || æ || ) <
^ UQ<ot<̂x ^ wo<a<fi

<  ^  sup (||æ|| +  ||æ||) =  ||æ||.

We show that T {X )  C co(r). By Lemma 3.2.1, ii), given x E X  the set

{||^a(a:)|| : «  G [wo, /^)}

belongs to Co([wo,//)), where Ta = Pa+i — Pa-

So, given any e >  0, there exist a i , . . . ,  a„  G [wo, p) such tha t

||Tai(a;)|| > e and ||7]g(æ)|| <  e for /5 0!i,z =  1, . . .  ,n.

For each i E {1, . . .  ,n} , JaX ^ X ^ )) ^ co(FaJ. Hence there exist 71, . .  . , 7m, G

Taj such th a t \Jai{Tai{x){'yk)\ > e for A; =  1 , . . .  ^vrii. So there is only a finite

collection of 7 G F such tha t |r ( x ) (7 )| > e, and therefore T (x )  E co(F).
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Now we prove tha t T  is an injection. Take x Ç: X  and suppose tha t 

T(æ) =  0. We show that P^{x) = 0 for loq < (  < p.

For (  =  Wo, we have Jo{P̂ ^q{x )) = 0 and, since Jq is an injection, we 

conclude th a t P^oi^) =  0.

Fix ljq < (  < p, and suppose tha t =  0 for Wo <  a  < (. If (  is a

non-limit ordinal, then ^ =  a  +  1 for some a  < (. Now

-  Pcc{x)) = 0 = >  P^{x) = 0,

because Pa{x) = 0 and is an injection.

If ^ is a lim it ordinal, we have

P^(x) =  lim Pot(a3) =  0.

For C — Pi since p is a limit ordinal, we have

P^i{x) = X = lim P a(x) =  0,

hence x = 0 and so T  is an injection.

Now we introduce some notation. Set Ya =  Pa{X)  for ujq < a  < p  and

Zcx = {y ^  co(F) :yt = 0{oT t e  | J  F J .
a<C<H

Define ha : co(F) — > Za C co(F) by

0 for t G U{F( : a < ^  < p},
K { y )  =  y'  with y[ = <

yt otherwise.
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Observe th a t TY^ C Za and tha t the diagram

X  co(r)

I I K

has the property th a t ha o T  = T  o Pa ̂

We prove now tha t T  maps discrete families into d. <j-d. families.

Fix (  <  and suppose tha t for each a  <  (  the image under T  of any 

discrete family of subsets of Ya is d. cr-d. in co(F). We show th a t for any 

discrete family A =  {Ag}agg of subsets of Y^ the family T .4 is d. cr-d. in co(F). 

We may assume th a t A  is E-discrete for some e > 0.

The case ^ =  wo is clear, since is separable.

Now let ^ =  a  +  1 be a non-limit ordinal. Take a cover

V =  U  of
i=i

consisting of sets of diam eter less than  |  and such tha t the families Vj are 

discrete (cover Ya by open balls of diam eter less than J and obtain a a-discrete 

refinement). By the inductive assumption the families h~^TVj = TP~^Vj are 

d. cr-d. in Co(F) for all j  G N .

In order to prove tha t the family T A  is d. cr-d. in Co(T) it is sufficient to
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show th a t for each j  Ç: N  and each U € Vj, the family

T A ^  = { T A % ^ s ,  where = P ; \ U )  H A„

is d. cr-d. in co(F).

Suppose tha t the last assertion has already been proved. Thus, for every

j  N  and every U G Vj there exist families m  Ç: N , such tha t for

every m  ^  N , is a discrete family in Co(T) and

T A 'i  =  U  g W
m = l

Now for every j  ^  N  the families TP ^  are d. cr-d., and therefore for every 

n ^  N  there exist discrete families {C ^j}ueV j such tha t for all j  E N  and

U G Vj we have
oo

t p : \ u ) =  u
n = l

Since V is a cover of we have

oo oo

U( U TA'i) = U( U (U c>))
j=i ueVj j=i ueVj m=i

oo oo

= u( u  (U 4 i n ^ ’̂ «'w))=
i = l  U£Vj  m = l 

oo oo oo oo

= U ( U ( U 4 1 n U 4 1 ) ) =  u  (U(41n(7W)).
j = l  U e Vj m = l n = l j,m ,n=l UEVj

So we have to see th a t if we fix j ,  m ,n  Ç: N , then the family

^  =  { U  ( 4 1  n
U E V j
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is discrete.

So take xq G Co(r), since {C ^j}ueV j is a discrete family, there exists an 

open neighbourhood of xq, say N q, which intersects at most one element of the 

family. Assume that N q H 7̂  0 for some Uq G Vj and N q H = 0 for 

U 7̂  Uo, U G Vj. For Uo G Vj the family is discrete and therefore

there exists an open neighbourhood of xq, say M q, such th a t 7̂  0

for some sq G 5  and M q f |  ̂ =  0 for 5 7̂  5q.

Take Go = N q D M q . G q is an open neighbourhood of x q  which intersects 

at most the one set D B ^ j^ ^  and therefore meets at most

U  ( < L  n  cW ).
ueVj

Hence we conclude tha t the family !F is discrete and therefore th a t T A  is

d. (7-d.

So we prove tha t the family T A ^  is d. cr-d. in co(F). For x G G ,

with 5 7̂  t we have

\\Pcc{x) -  Pa(2/)|| < ^  and \\x -  y\\ > e.

(Note tha t diam ([f) < |  and the family {Aa}ae5 is e-discrete.) Therefore

||(x -  P„(x)) - { y -  >  J

and since

Pa+iix) = X for X e  Va+l,



Chapter 3: Spaces with a countable cover by sets o f small local diameter 60

we conclude tha t {Pa+i ~  is a discrete family (in fact, ^-discrete) in

Xa- Therefore by the inductive assumption, Ja{Pa+i ~  Pa){>^^) is d. a-d. in 

co(ra)- Thus the inverse image of this family under the map defined by

d : Co(r) — > co(ra)

y ^  2/|ra

is a d. cr-d. family. The family T A ^  is by the definition of T  a refinement of 

the family

d - \ \ j a { P . + l  -  P a ) A " )

and therefore is also d. cr-d.

Now let ^ be a limit ordinal. For x G we have

Hm||Tx|r„|| =  0,

by Lemma 3.2.1 i), and we obtain th a t for any e >  0 and for all x E Y^, there 

exists a  < (  such tha t

||Pa(æ) - x \ \ < ^  and ||Tx|r^|| >  ||T æ |rJ|, for t) > a. (*)

Fix two rational numbers r  > r '  >  0 and put

=  {?/ G co(F) : \\y\rj\ > r  and \\y \r j < / ,  for rj > a}

We show th a t the family is a discrete family in co(F). Take Xq G

Co(r) and 6 = We claim tha t the ball B {xq] 5) cannot meet two distinct
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elements of the family. Suppose there exist a , 77, say a  < t j , such th a t 

B{xo] (Ç) n  ^  0 ^  B{xo] 6) n

Take

u  G B [ x q \  8 ) n and v  G B { x q ]  8) fl 

For y G co(F) write yr̂  = y\r^. We have

Urj -  Vr^W <  \\Urj ~  X qJ  +  ||xo^  “  U^|| <  8 8  =
r — r'

and

Hence we have

T — t'
0 < r  — r ' <

2 ' 

which is absurd.

If we consider the sets

A ^ = { x £  yl, : \\Pa{x) -  x\\ < j } ,

then the family { P a (^ “ )}aG5 is discrete in Ya.

To verify this take xq G Fk and consider the open ball B { x q \ | ) ,  and suppose 

tha t for t ^  s the sets

B(xo; | )  n  P„(A “) and B{xo, | )  n  P „ (^ r )
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are both non-empty. Take xi  E AJ and X2 E such tha t

Pu{xi)  E B{xo] n  Pcc(A^) and E B{xo] D Pa(-A“).

Since the family {Aa}ggg is e-discrete, we have

\\Pcc{xl) -  Pa{x2)\\ < J  and ||xi -  XgH > e.

Then

e < \\xi -  X2II <  ||xi -  Pa(®l)|| +  ll^a(a^l) -  Pa{x2)\\ +  ||fL(æ2) “  2̂11 <

which is absurd.

So )}aG5 is discrete in Ya and by the inductive assumption the family

{TPaiA"^)}a^s is d. (T-d. in co(r). Hence

{ h - ^ T P 4 A : ) U s  =  { T A ^ U s

is d. cr-d. in co(r).

We conclude tha t the family {M “ fl is d. a-d. (it is just a refine

ment of a d. cr-d. family). Since the family {M°^}a<-n is discrete, the family

{ U  (M “ n
«<f

is d. cr-d.

We check the last assertion. Since {Ti4“}a£5 is d. cr-d., take

n=l
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with discrete for every n ^  N . Then

{ U ( M “ n =  { U ( M " n ( U
oc<( a<  ̂ n=l

oo

= {U( U (^“ n BW))},e5.
n=l a<^

We have to show th a t for every n  G iV the family

{ U (M“ n BW)},e5

is discrete.

Take x  G co(r). There exists an open neighbourhood N  oi x which meets 

at most one element of the family {M “ }a<^, say iV nM “° ^  0 , and N f]M ^  =  0 

for j3 ^  0=0; /3 < (. For this ao, the family {j5^o)a}aG5 is discrete. So there 

exists an open neighbourhood M  oi x which intersects at most one element of 

this family, say M  fl ^  0 and M  fl =  0, s sq.

Set V  = N  f] M . V  is an open neighbourhood of x and meets at most 

M “° n  , and therefore V  intersects at most

U ( M « n B W ) .

Considering all pairs of rational numbers r > r' > 0 ,h y  (*), we cover TAa by 

the sets

U (M“ n TA“)

associated w ith these pairs. Then the family {TAs\aC:S is d. a-d. and this ends 

the induction. ■



Chapter 3: Spaces with a countable cover by sets o f small local diameter 64

3.2.2 W CD spaces, duals of Asplund spaces and C(K) 

spaces 

D efin itio n  3 .2 .2.1

i) A Banach space X  is called an Asplund space i f  every convex continuous 

function defined on a convex open subset U o f X  is Frechet differentiable 

on a dense Gs subset of U.

ii) A Banach space X  is called weakly countably determined (W CD ) i f  there 

exists a countable collection {Kn  : >  1} o f w*-compact subsets o f X**

such that fo r  every x Ç: X  and every u E X * * \X  there exists uq such 

that X E Kno and u  ^  Kn^.

iii) Let K  be a compact space. K  is said to be Valdivia compact i f  there exists 

a set I  and a subset K q o f [0,1]^ such that K  is homeomorphic to K q and 

K q n  S ( /)  is dense in K q, where 2 (7 ) is the subset o f [0,1]^ consisting 

o f all functions {^(i) : z E 7} such that x(i)= 0 except fo r  a countable 

number of Vs and [0,1]"  ̂ is equipped with its product topology.

We now apply Theorem 3.2.1.1 to these three particular cases of Banach 

spaces. The existence of a P R I in these spaces can be found in [2], Chapter 6. 

C o ro lla ry  3 .2 .2.1 Let K  be a Valdivia compact space. Then there exists a 

map T  : C {K )  — > Co(T) with the following properties.
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i) T  is a one-to-one hounded linear map.

ii) T  : {C {K ),po in tw ise)  — > [co{T)jpointwise) is continuous.

iii) T  maps discrete families o fC (K )  into d. cr-d. families ofco{T).

P ro o f. Consider the families {K a : cjq < a  < //}, : (jUq < a  < p}  of Val

divia compact spaces and continuous retractions tha t arise in the construction 

of a P R I  on C {K ).

Since w {Ka) <  |o!|, we apply the inductive assumption to  C{Ka) instead 

of Xa. We also can identify C{Ka) with Ya. So we obtain

Ta  : C { K a )  Co{Ta)

satisfying conditions i), ii), iii), and define T  as follows

T (/)(n ) =  T„„(P„„(/))(n) for n € AT,

n m )  =  -  Pa(/))(7) for 7 €

Since Pa and are point wise continuous, T  is pointwise-pointwise continuous.

We have to go back to the proof of Theorem 3.2.1.1 and to modify a few 

things. W here we had

“(Pa+i — P a){A^) is discrete in  X a \

we can put

{Pa+i — Pa){A^) is ^  — discrete in  Xa,
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and therefore discrete in C[Ka+i) = Ya+i^

Then

is d. cr-d. in co(ra+i).

(Since p is a limit ordinal, a - \- l  must be less than  p  and therefore we can 

apply the inductive assumption.)

The rest of the proof remains valid. ■

C o ro lla ry  3 .2 .2 .2 Let X  he a weakly countably determined Banach space. 

Then there exists a one-to-one continuous linear map T  : X  — > Co(T) such 

that the image o f any discrete fam ily in X  is d. a-d. in  Co(T).

P ro o f . Let p  be the class of WCD Banach spaces. \{ X  G p, we obtain 

a P R I  on X j  and since being WCD is an hereditary property, we have tha t 

{P(x+i — Pa){X) = Xa  is WCD. Now we can apply Theorem  3.2.1.1 and obtain 

the desired result. ■

C o ro lla ry  3 .2 .2 .3  Let X  he an Asplund space. Then there exists a one-to- 

one hounded linear map T  : X*  — > Co(T) such that the image under T  o f any 

discrete fam ily in X* is d. a-d. m Co(F).

P ro o f . Let p  be the class of duals of Asplund spaces. If X*  G p  we can 

obtain a P R I  on X*  satisfying

(Pa+l -  P a ){X ')  -
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Here (Xa+ i/Xa)*  is the dual of an Asplund space, i.e., another element of p 

and now we only have to apply Theorem 3.2.1.1 to p. ■

Due to the existence of equivalent Kadec norms for the three types of 

Banach spaces we have considered, our next result is known.

T h e o re m  3 .2 .2.2 Let X  he a Banach space o f one o f the following types: 

weakly countably determined, the dual o f an Asplund space or a C(K) space 

with K  being a Valdivia compact space. Then (X,weak) has a countable cover by 

sets o f small local diameter and therefore Borel^X , || • ||) =  B ore l[X ,w eak). 

Moreover, in the case o f X= C (K ), we have that (C(K),pointwise) has a count

able cover by sets o f small local diameter and therefore

B o re l(X , || • ||) =  B orel[X ,w eak) = B orel[X ,po in tw ise).

3.3 M a rk u sh e v ic h  basis .

D efin itio n  3 .3 .1  Let % he a Banach space. A family {x^, f'y}'iev in X  x X*  is 

called a Markushevich basis (M-basis) if the following conditions are satisfied:

i) span{x^  : 7 G T} =  X;

ii) I I / 7 I I  =  1, for 7 G T;

iii) f^{x^)  =  1 for 7 G r  and f^{xs)  =  0 for 7 , 7 , 6  G T;
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iv) n { K e r  /^  : 7  G F} =  {0}.

Let F  be the norm closure of the linear span of { f^  : 7  G F} in X *. The 

formula

llklll =  sup{ f {x)  : f  e F ,  ll/ll <  1}

defines a new norm on X .  The M-basis is said to be norming if the norm  ||| - 1|| 

is equivalent to the original norm || • ||.

Lem m a 3.3.1 Let X  he a Banach space with a norming M-basis f^}yer-  

Then there is a continuous linear injection T  : X  co(F).

P ro o f . Consider T  : X  — > ^°°(F) defined by T{x)  =  (/y(œ)), T is clearly 

a continuous linear map and, by the definition of M-basis, is an injection. We 

now show th a t T { X )  C co(F).

Consider the set K  =  {/y : 7  G F} U {0}. K  is a w*-comp act subset of X*. 

Define = {x* G X*  : |z.y(æ*)| > |} .  is a u;*-open neighbourhood of in 

X*  such th a t /y ^  for ^ ^  7  G F.

Now given æ G % and e >  0, set Î7 =  {x* G X*  : |x*(x)| <  e}. U is a 

w*-open neighbourhood of 0 in X*. Now the family {Ky : 7 G F} U C/ is a 

u;*-open cover of K  and therefore there exist 71, ...,7n G F such that

K c \ J  V,. U U.
j=i

Thus, for 7  ^  {7 1 , •••)7n})7 G F we have tha t /y G /7, i.e., \f^{x)\ < e and 

therefore T{x)  G cq(F). ■
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The next result is part of one in [10], Theorem 1,

P ro p o s it io n  3.3.1 I f  X  has a norming M-basis, then (X^Tptwiae) ^  a-frag- 

mented using Tptwiae-closed sets.

T h e o re m  3.3 .1  Let X  he a Banach space with a norming M-hasis. Then there 

is a continuous linear injection T  : X  Co(T) which is d. a-d. and its inverse 

is o f the first Borel class.

Proof. Define T  : X  —> Co(T) by T{x)  =  (fy(a:)).

It follows from Theorem 2.2.2 and Proposition 3.3.1 th a t T  is d. cr-d. and 

th a t {X,Tptwiae) has a countable cover by sets of small local diameter. We 

show tha t the equivalent norm ||| • ||| is lower semicontinuous for the Tptwiae 

topology.

Take {xa }a e i,x  G X  with |||æa||| <  1 and x^ ^  x in the Tptwiae topology, 

i.e .,/y (x a) /y(æ )for every-y G P. Since |||œ ||| =  sup{/(æ) : f  e  F, | | / | |  <  1}, 

given e > 0 there exists f  E F, | | / | |  <  1 such that

kill  <  /(æ ) + 1 -

Since f  G F  there exists (Ai/y^ +  ... -f- such tha t

f { x )  < Ai/y^(æ) +  ... +  A„/y„(æ) +  -

and there exists ao such tha t for a  »  ao

"h "h ^nf'yni.^'} — T ••• T An^7 n(®a) "h g -
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Thus,

lll^̂ lll <  +  ” • +  ^nf'Yni^ct) 4- c <  lll^alll +  ^ 1 +  £.

So for any e > 0 we have th a t |||cc||| <  1 +  e which implies th a t |||cc||| <  1.

Now since ||| • ||| is lower semicontinuous and {XjTptujise) has a countable cover 

by sets of small local diameter, we have by Theorem 1.3.1 th a t (X , Tptwiae) has 

a countable cover by differences of Tptwiae-closed sets of small local diameter. 

Since differences of T„orm-closed sets are Tnorm-Fa sets, we have, by Theorem 

2.3.1, th a t T  is d. a-d. and its inverse is of first Borel class. ■
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