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Abstract

We study an emergent semiclassical time crystal composed of two interacting driven-dissipative
bosonic modes. The system has a discrete Z, spatial symmetry which, depending on the strength
of the drive, can be broken in the time-crystalline phase or it cannot. An exact semiclassical
mean-field analysis, numerical simulations in the quantum regime, and the spectral analysis of the
Liouvillian are combined to show the emergence of the time crystal and to prove the robustness of
the oscillation period against quantum fluctuations.

1. Introduction

The advances in preparing and manipulating quantum matter in the laboratory during the past decades has
led to a growing interest in out-of-equilibrium quantum phases [1-10]. Simultaneously, a great degree of
attention has been devoted to the search for the spontaneous breaking of time-translational invariance
[11-18]. Both efforts has converged on the realization of a time-crystalline phase of matter, the so called
discrete or Floquet time crystals [19, 20]. There, a many-body quantum system self-organizes and responds
with a period different from the one imposed by the time-periodic external drive, breaking the discrete
time-translational symmetry. An important characteristic of Floquet time crystals is that strong disorder is
needed to induce many-body localization preventing the system from absorbing energy from the drive and
heating up towards a featureless thermalized state.

Another type of time crystal dissipates energy to the environment instead of relying on disorder
[21-38]. Interestingly, a subgroup of these are not driven at all [22] or the driving is such that the
time-dependence can be completely eliminated by moving to a rotating frame [24, 26, 29, 30, 32-36, 38]. In
these cases, the symmetry breaking is assessed with respect to the time-independent dynamical generator,
usually the Lindblad superoperator £ of a Markovian master equation, 0;p = L£(/). Such dissipative
quantum systems have one or more attractive steady states that respect the time-translational invariance of
L. In the thermodynamic limit, however, the steady state might never be reached, signalling that the
continuous time-translational symmetry is broken. If one finds a time-periodic response on a function
f(r) = limy Ny Tr[Op(t + 7)]—N being the system size—for a suitable system operator O one can say
that a time crystal has been formed. Crucially, the period is not constrained to integer multiples of the drive
period and can vary continuously with the system’s parameters.

Most of the dissipative time crystals with continuous time-translation symmetry studied so far rely on
long-range interactions [22, 24, 26, 30, 34—36, 38], which occur naturally in systems with dipolar
interactions or can be engineered, for instance, by coupling matter to a common resonant mode of a lossy
cavity. This means those systems can be well described by mean-field equations in the infinite-volume
thermodynamic limit, and so be regarded as emergent semiclassical time crystals. A few exceptions [32, 33]
rely on a different notion of ‘thermodynamic limit’ in effectively zero dimensions [39], where the number
of bosonic excitations diverge in a system with one or a few bosonic modes and quantum fluctuations
become negligible. These therefore belong to the same kind of time crystals.
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The majority of the time crystals which have been studied so far have an underlying symmetry in
addition to the time-translational symmetry, and the two are broken together. In Floquet time-crystals, for
example, it is normally a global parity symmetry (Z,), and this leads to long-range correlations in both time
and space. For this reason the time-crystalline order is sometimes dubbed spatio-temporal order [16, 17,
40-42]. This spatial symmetry is not a requisite in continuous time crystals [22, 33], yet when it is present
it is broken [24, 26, 30, 32, 34-36, 38].

In this work we study an emergent semiclassical time crystal in a dissipative system with two interacting
bosonic modes which are driven and possess a minimal spatial Z, symmetry. We show that, depending on
the strength of the drive, the time-crystalline phase is either accompanied by the Z,-symmetry breaking or
it is not. This only occurs in a well-defined ‘thermodynamic limit’ in which the numbers of bosonic
excitations diverge. By analysing how our quantum system scales towards this limit, we show the emergence
of these time-ordered phases (i) proving that the period of the oscillations is robust against quantum
fluctuations as well as (ii) providing insight on the feasibility of observing long-lived oscillations in an
experimental realization in which the system might be far from the ‘thermodynamic limit’.

The system we consider is the Bose—Hubbard dimer (BHD), which in its closed system version has been
a prototypical model capable of explaining interesting macroscopic coherent dynamics, such as
self-trapping and nonlinear Josephson-like oscillations in a Bose—Einstein condensate trapped in a
double-well potential [43—46]. While there is an intrinsic quantum aspect to Bose—Einstein
condensates—their statistics—quantum correlations are normally irrelevant and the condensates can be
modelled by classical nonlinear wave equations. Nevertheless, by taking into account quantum correlations,
it has been suggested that the Josephson-like oscillations in the driven-dissipative BHD dimer [47, 48] can
be regarded as a signature of a dissipative time crystal [32, 33].

Unlike the most common case in which each mode has its own dissipative channel, the BHD we
consider has nonlocal dissipation (also called dissipative coupling or collective dissipation). The idea of
having self-sustained periodic oscillations in Bose—Einstein condensates with this kind of dissipation has
been explored in the context of weak-lasing and frequency comb generation [29, 49-51], although with
incoherent instead of coherent drive. Nonlocal dissipation is also encountered in other models of dissipative
time crystals [22, 26, 52]. We propose the intuitive explanation that such collective process enhances
synchronization between different parts of the system, which is in a sense what happens in continuous time
crystals [26]. Even though it is often neglected in theoretical modelling, nonlocal dissipation occurs
naturally in many systems in which there is one environment weakly-interacting with the whole system,
being a crucial requirement for obeying quantum detailed balance [53]. In a previous work [32], we have
shown that this dissipation together with the interactions decouple the two collective modes in the
coherently driven BHD, forming periodic oscillations between the two modes and thus a time crystal.
There, the two bosonic modes were symmetrically driven which rendered the time crystal bistable: for a
pump-strength window, it was possible to find two distinct time-crystalline periods depending on the initial
condition imposed on the system. The dimer had a spatial Z, symmetry (the swap mode 1 <+ mode 2),
which was found to be broken throughout the time crystalline phase. Here, considering a different driving
configuration, we show that the spatial Z, symmetry does not need to be broken in all regions of the time
crystalline phase.

2. The model

We consider an open BHD with nonlocal dissipation which evolves according to the Lindblad
equation (A = 1)
Op = —i[H, p] +vDlar + a:](p), (1

where D[X] (p) = X/SXT —(1/ 2)(pAXTX + XTX,&) is the standard Lindblad dissipator. In a frame rotating
with the pump frequency w, the Hamiltonian reads

H=> (~Adla; + Ualalaty) — J(alay + ana}) + F(ay — ay + (ay — &)"). (2)
i=1,2
Here, d; is the bosonic annihilation operator of the i-mode, A = w,, — w, is the frequency detuning
between the pump frequency and the resonant frequencies w, of the two modes, U is the interaction
strength, ] is the coupling between the two modes, F is the pump amplitude, and ~ is the decay rate.
To better appreciate the effects the drive and the dissipation have over the two modes, we can rewrite the
Lindblad equation in terms of bonding and antibonding modes ag = (a, + a,)/v/2 and
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Figure 1. Semiclassical symmetry breaking. (a) Artistic representation of bonding (red) and antibonding (blue) bosonic
wavefunctions inside two coupled microcavity pillars. (b) Rescaled order parameter |é| as a function of the rescaled pump
amplitude. Different regions denoted by capital Roman numerals are separated by blue vertical dashed lines and are discussed in
the main text. Black continuous (dotted) lines indicate attractive (non-attractive stable) fixed points, while black dashed lines
depict repulsive fixed points. (c)—(e) Phase space portrait for pump amplitudes F/y = 0.5, 0.95, and 1.2, in regions I-III,
respectively. The parameters read A/y = 0.8, ]/ = 1.1, and U/y = 1. We use the same parameter values throughout the
manuscript.

ay = (a; — 212)/\/5, respectively, obtaining 0;p = —i[H, pl + 2~Dlag](p) with

~ . L . . U TR
H =(—A — Dakas + (—A + Nalas + V2F@l + ax) + 5 > " (@} ajai)
k=B,A

+ Zl};&gﬁA&A + EIBZIBEILE’L + 45’12&13&11&14

In this new basis we can note that only the bonding mode dissipates and only the antibonding mode is
driven, while the interaction (U) couples both modes. This bosonic dimer (although with local dissipation)
has been engineered using exciton—polaritons in microcavity pillars [54]. We illustrate our system in the
context of micropillars in figure 1(a) showing an artistic representation of how the bonding and antibonding
modes look in the two coupled pillars. The bonding (red colored) and antibonding (blue colored) modes
resemble the symmetric and antisymmetric wavefunctions, respectively, of the hydrogen molecule.
Semiconductor microcavities are not the only platform available to study dissipative and interacting bosonic
modes; circuit QED or optomechanical devices are also suitable. The drive we consider in this work can be
achieved in any of these three platforms by using two coherent drives, one for each one of the 1 and 2
bosonic modes, with a 7t-phase difference, as illustrated in figure 1(a). Our nonlocal dissipation could be
engineered in microcavity pillars by deliberately introducing defects in the overlap region of the two pillars
in order to increase nonradiative losses in the bonding mode. Alternatively, it could be engineered in circuit
QED devices by coupling two resonant modes to a microwave resonator at the same position, such that the
amplitude and phase of the linear coupling between the resonator and each mode are the same. Moreover,
reservoir-engineered nonlocal dissipation has already been used in optomechanical circuits to achieve
non-reciprocity [55, 56].

There is an exact semiclassical limit for the system governed by equation (1) in which the occupation
numbers of modes 1 and 2 diverge and the system’s criticality becomes manifest [57, 58]. It is defined by
taking F — +oc while keeping F1/U fixed. Is thus convenient to introduce a scaling parameter N to define
F=F/Nand U= U/N. From (1) we obtain the semiclassical mean-field equations

10,05 = (—A — J — iy)ap + U(|ap|*ap + aiag + 2|aal*as) (4a)
10iap = (—A + Nan + U(Jaaan + aas + 2|asan) + V2F, (4b)
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where we have defined a3 = aap/ V/N. We can see that these equations are scale invariant and, in
particular, they are exact ({(d;,) = a1,) in the weak-coupling N — +oc limit, which we study in this work.
We will consider parameter values for which equation (4) are not amenable to perturbative expansions (see
[59] for instance), as all energy scales will be equally important. Note that in the laboratory, the interaction
strength U is not easily controlled, yet is usually weaker than all other energy scales. Therefore, a large N
limit is achieved solely by increasing the pump amplitude up to the level where the modes population
become large enough such that the effective interaction energy U(&I&,} is relevant. For this reason F is the
only parameter we vary throughout this work.

In a previous work [32] we considered the same model but with a pump acting over the bonding instead
of the antibonding mode. There we found that the time-translational symmetry of the steady state was
broken and it was accompanied by a first-order dissipative phase transition in the form of bistability. This
means there was a region of parameter space where one could see long-lived oscillations with one of two
different frequencies, depending on the initial conditions. In the current work the symmetries are different,
so bistability is now replaced by a second-order phase transition due to the breaking of a Z, symmetry, as
we explain in the following.

2.1. Symmetries
Our system has a discrete (also dubbed weak, see [60]) Z, symmetry d; <> —d, (or &; <+ —&,) described

by the bonding parity operator p= (—1)435‘B = an,nzzo (—1)"* |0y, my) (n,, ny| (written in the Fock basis
of the 1, 2 modes). Note that due to the coherent drive, there is no U(1) phase invariance.

For any finite value of N, the dynamical equation (1) has a unique steady state (i.e., time-independent)
which is symmetric pgs = PﬁSSPT. However, both the Z, symmetry and the time-translational symmetry of
the steady state can be broken in the N — +o0 limit where the number of bosons in the system diverge.
Naturally, then, our order parameters to witness spatial and time symmetry breakings in the semiclassical
limit should be lim, ., ap(f) = lim, N oo N~'/2 Tr[agp(t)] and any time-dependent function
f(r) = limy Ny Tr[Op(t + 7)1, respectively. If f(¢) is periodic, then the system would be in a
time-crystalline phase. In the next section we will show that we find periodic oscillations for all values of the
pump amplitude F, but the Z, symmetry is broken only for a particular region.

3. Mean-field semiclassical dynamics and symmetry breakings

In this section we analyse the dynamical behaviour of our semiclassical model (4). We look for fixed points
and their stability, as well as the formation of limit cycles. In the first part we present the numerical results
we obtain by solving (4) and then we give an analytical explanation. But first, since the nomenclature for
nonlinear dynamics varies from one physics community to another, we first give a brief summary.

The fixed points are the stationary solutions, i.e., &dff’B = 0, and their local stability is deduced from
the eigenvalues of the Jacobian matrix obtained linearising the equations around them. If we express (4),
and their complex conjugates, in vector notation as d,&c = G(«v) where & = (G, &, G, dj\)T, the
expansion « — o'P + § for § the fluctuations vector leads us to the linear equation 9,6 = M§ where
M = (0G/0a)g, is the Jacobian matrix. Depending on the real part of the eigenvalues, the fixed point can
be (locally) attractive, stable but non-attractive, or repulsive, corresponding to having all eigenvalues
negative, at least one equal to zero, or at least one positive, respectively. A limit cycle is a periodic orbit in
phase space; when a trajectory enters a limit cycle it remains there forever.

3.1. Numerical results

We find five regions in parameter space which are shown in figure 1(b), highlighted in different colors and
annotated using Roman numerals. We plot the rescaled order parameter |ag|/+/N of the Z, symmetry as a
function of the rescaled driving amplitude F/+/N+, showing that in regions II-IV the Z, symmetry is
broken. The time-translational symmetry is broken in all regions. In the following we explain the dynamics
in each one of them.

In regions I and V there is a single non-attractive fixed point (dotted black line in figure 1(b)) which
preserves the symmetry. This fixed point is never reached; all the trajectories go into a family of limit cycles
on the antibonding mode alone, as the bonding mode amplitude goes to zero. These can be seen in panel
(c) of the same figure, where we show a phase space portrait for F = 0.5 in region I. For panel (b) [as well as
for (c)—(e)] we allow 100 random initial conditions to evolve until they have become stationary and then
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Figure 2. Emergence of limit cycles. Amplitude of the bonding and antibonding modes as a function time and the Fourier
spectrum of the antibonding mode for different values of N. (a) Symmetry preserving oscillations for low pump

F/(+/N7¥) = 0.5, in region L. (b) and (c) Symmetry-preserving and symmetry-breaking oscillations, respectively, for two
different initial conditions and F/(v/N7y) = 0.95 in region II. The initial conditions are coherent states with o, = 0 and
a /\F = —1,0.5,and —0.5 for (a)—(c), respectively. The results for N = 10, 20, 30, and 50 were obtained averaging over
5 x 10 quantum jump trajectories, and for N = 200, averaging over 10* TWA trajectories. For the Fourier spectrum, the
antibonding mode was sampled with Aty = 1072 over total time T = 300 and 150 for the simulations with N > 200 and
N < 200, respectively. The rest of the parameters are (A, ], U/N) = (0.8,1.1, 1), same as in figure 1.

we sample dva 5(t) with a rate (yAf)™! = 1072,

In regions II and IV there are three repulsive fixed points (dashed black line); one of them preserves the
symmetry and two of them belong to a symmetry-related pair (&g <+ —dp) breaking the symmetry. Here
there is also a family of symmetry-preserving limit cycles revolving around the fixed point with ag = 0.
Additionally, there are symmetry-breaking attractive limit cycles: in the low end of region 11, a pair of them
emerge from the fixed point as the pump amplitude rises, converging eventually to the fixed points with
symmetry-breaking when region III is reached (see below). The same happens in regions IV in reverse. The
different limit cycles can be seen in figures 1(d.i) and (d.ii), where we plot a phase space portrait for
F = 0.95. Note we now plot the phase space of both modes as the bonding mode does not vanish.

Finally, in region III, the two symmetry-breaking repulsive fixed points of II and IV become attractive.
There are only symmetry-preserving limit cycles in this region and they revolve around the repulsive fixed
point with ag = 0. The fixed point (indicated by an arrow) and the limit cycles can be seen in panel (e),
where we plot a phase portrait for F = 1.2. We do not show the bonding mode in this case, as it goes to zero
(for the limit cycles) or to the finite fixed point value indicated by the order parameter in panel (b).

We can connect the image in figure 1(a) with the dynamics just described to have a pictorial
understanding. Succinctly we can say: in regions I and V the red (symmetric) mode is not occupied and the
blue (antisymmetric) mode always oscillates; in regions II and IV both red and blue modes always oscillate;
and in region III either the blue mode oscillates and the red mode is empty or both modes are occupied
without any oscillations.

In figure 2 we show examples of limit cycles for regions I and II by plotting the modes’ amplitudes as a
function of time. For the moment we just focus on the curves for N = oo, which correspond to the
semiclassical case. In panel (a), for low pump (F/y = 0.5), we can see that the limit cycle is reached when
the bonding mode goes to zero on a short time scale. In panels (b) and (c) we show the same quantities for
a pump amplitude F/v/Nvy = 0.95, inside region II. In panel (b) the initial condition is such that a
symmetry-preserving limit cycle is reached, while in (c), it is such that a symmetry-breaking limit cycle is
obtained. On the right hand side of the figure, we show the Fourier transforms of the antibonding mode
ax/v/N and we observe there are equidistant frequency peaks akin to frequency combs. This implies the
corresponding periods are commensurate with each other, meaning a single common period governs the
oscillations. Nevertheless, the frequency difference between consecutive peaks has a nontrivial dependence
on all parameters. Although not shown, we note that all the frequency peaks can also be seen in the Fourier
spectrum of the dynamics after the transient, when the system is in a fully periodic motion. Moreover, the
same frequencies are obtained from the amplitude or phase oscillations.
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3.2. Analysis
Some intuition about the dynamical behaviour can be gained by noting that, if ] — A > 0, which is our
case, a fixed point of (4) is given by

B — 1/3 B — 1/3
[ F F+<JA> [ F F+<1A) )
A\ Vau 202 3U V2U 202 30

where df\ is real and negative and the solution of the depressed cubic equation U(dfff +(J - A)aff +
V/2F = 0. This is the symmetry-preserving fixed point found for all F in the numerical analysis and shown
in figure 1(b). The eigenvalues of the Jacobian matrix which determines its linear stability are given by

X =~y 2\ JOED) - QUGE? - A -1, (©)
M = ii\/(} — A+20(a")2)2 — 02(ah). 7)

The eigenvalues A} are purely imaginary meaning (5) cannot be attractive. Instead, a family of limit cycles
can be reached: whenever & = 0 the two modes decouple, and the dynamical equation of és(¢)
corresponds to the semiclassical equation of a coherently driven, dissipationless nonlinear harmonic
oscillator

10,64 ~ (A +] + Ulaa|))aa + V2F. (8)

The limit cycle attained depends on all parameters and the value of & (#) at the time when & vanishes. A
similar effective decoupling mechanism has been studied in [32].

There is an instability signalled by Re[A\} ] > 0 where two symmetry-breaking fixed points emerge. This
inequality is satisfied in a region where the following two conditions are fulfilled:

J+A>U@G")? and \/UZ(@E’V — QU@ —A =12 > 4. 9)

For the parameters we use in figure 1 (same throughout the manuscript) these two inequalities are

simultaneously satisfied in the region F/vy € [0.927, 1.596], which corresponds to regions II-IV.
Interestingly, the bonding mode amplitude need not be zero for the effective decoupling of the two

modes. When the amplitude is small (|é| < 1), equation (4b) decouples from (4a), resulting in

equation (8) which drives the antibonding mode into periodic oscillations. At the same time, equation (4a)

becomes linear in the bonding mode while the antibonding mode acts as a drive giving

10,0 ~ (—A — J — iy)ap + U(aa(t)*ay + 2|aa(t)*as). (10)

Note that only the time dependence of &4 is written explicitly. This is to highlight that, since aa(?) is
periodic, it will cause the bonding mode to oscillate with the same period—this s, it is acting as a Floquet
driving. This explains why in regions II and IV a family of symmetry-breaking limit cycles organise around
the unstable fixed points emerging from the instability outlined in (9).

We remark on the importance of a pure nonlocal dissipation. If local dissipators in the form of
Faziz:l Dla;]1(p) (with small k < ) were to be added to (1), the oscillations in the bonding and
antibonding modes would be damped for all values F. Even though the system would preserve the Z,
symmetry, one would be able to observe long-lived oscillations only up to a time ~r .

Having given an analytical explanation for the phase space of our system in the N — +o0 limit, we
remark that an analysis that does not go beyond mean-field is incomplete: quantum fluctuations may well
destroy the semiclassical limit cycles. A transparent example can be found in [61], where a linearisation
method is developed to show that quantum fluctuations smear out the semiclassical limit cycle of the Van
der Pol oscillator. In order to prove the robustness against quantum fluctuations, we proceed in the next
section by solving our system exactly deep in the quantum regime (N = 1) and carrying out a ‘finite-size’
expansion in terms of the scaling parameter N.
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4. Quantum dynamics

For our numerical calculations in this section, we have appropriately truncated the Fock space in the 1-2
basis ensuring convergence in the results for each value of the scaling parameter N. For the time evolution
of expectation values, we solve (1) using a photon-counting unravelling [62] of the master equation and
averaging over 5 x 10> quantum jump trajectories, recovering to an excellent accuracy the full dynamics of
the density matrix. We also use the Wigner phase space representation and the truncated Wigner
approximation (TWA) [62]—we invite the reader to see appendix A for details.

By studying the time evolution of the rescaled expectation values (@, 3) (£)/+v/N for increasing values of
N, we gain insight on both symmetry breakings we are interested in. Firstly, the emergence of periodic
oscillations in | (@) |(¢)/+/N for all the pump amplitudes we consider would highlight the time-translation
symmetry breaking. Secondly, if the Z, symmetry is to be broken for an F window (i.e., regions II-IV), the
response of | (ag) |(t)/+/N should provide evidence for critical slowing down in this region due to the
necessary closing of the Liouvillian eigenvalue gap [63] (more to this below).

We compare the previously shown semiclassical limit cycles with the dynamics of the quantum regime in
figure 2. It clearly depicts the emergence of periodic oscillations in the antibonding mode as N is increased.
Recall that panel (a) corresponds to a low pump amplitude in region I, while panels (b) and (c) correspond
to region II with different initial conditions. Looking at the oscillations in the bonding mode in (b) and (c),
we can see that also in the quantum regime a symmetry-preserving or symmetry-breaking limit cycle is
approached with increasing N. Furthermore, we can observe in the Fourier spectrum of figures 2(a)—(c)
that the long-lived oscillations in the quantum regime have frequency peaks matching those of the
semiclassical limit. In particular, this proves that the period of the oscillations is robust against quantum
fluctuations. For N up to 50 we have used quantum jump trajectories while for the very high N = 200 we
have used the TWA which is a very good approximation for weak interactions (U = U/N = 0.005).

Thanks to the linearity of the Lindblad equation we can expand its formal solution in eigenmodes of the
superoperator L as

pt) = e“(p(0)) = > eV p = pu+ Y _geV'p, (11)

j20 jz1

where p; are the eigenmodes, \; the complex eigenvalues, and ¢; coefficients that depend on the initial
condition. As our notation suggests, Ao = 0 is associated with the steady state eigenmode py = pss. The
other eigenvalues have negative real part (verified numerically), hence [Re);| correspond to decay rates of
the transient modes, while Im); are frequencies. Since the steady state preserves the symmetry of £, this
picture suggests that to have a phase transition at least one non-zero eigenvalue must vanish in the

N — +00 limit (or in a thermodynamic limit, in general). This is analogous to the gap closing in a
second-order phase transition of a closed quantum system [64].

In order to obtain the eigenvalues of a general Liouvillian superoperator £, one normally proceeds by
first writing it as a matrix, £, and then diagonalizing it. In our case, thanks to the discrete Z, symmetry, the
L obtained from (1) decomposes into two block matrices as

s Aar A LT 0
c-tror =[5 2 (12

where (£) refers to the two eigenspaces corresponding to eigenvalues +1 of the symmetry operator
P = P ® P* that commutes with £. Details can be found in appendix B. The usefulness of this is twofold.
Firstly, it reduces the computational cost of finding the eigenvalues. Secondly, eigenmodes in the
(+)-subspace are Z,-symmetric while eigenmodes in the (—)-subspace are antisymmetric. This means we
should be able to find evidence of the time-translational symmetry breaking in the spectrum of £ alone,
and of the Z, symmetry breaking in the spectrum of £~

In figure 3 we show the non-zero eigenvalues of £ with smallest absolute real part as a function of the
pump amplitude for different values of N. In panel (a), we show an eigenvalue (") of £ which is purely
real and goes to zero as N increases. In panel (b), for the same symmetry subspace, we show a second
eigenvalue () which is complex. When N is increased, its real part tends to zero while its imaginary part
converges to a finite value. This eigenvalue is responsible for the emergent oscillations for all the pump
values we consider. In order to appreciate this, we have included in panel (b) the frequency predicted from
the semiclassical linearised equations, i.e., from (5) and (7). Clearly [Im \)| approaches the semiclassical
frequencies.

The smallest eigenvalue (\;) of £~ tends to zero with increasing N in the region where the semiclassical
analysis predicts the broken Z, phase. This is shown in figure 3(c), where we have delimited between
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Figure 3. Liouvillian’s eigenvalues with smallest absolute real part as a function of F/(v/N7) for different values of N. (a) and
(b) The two smaller eigenvalues of £ Af" is real and A} is complex, with its imaginary part approaching the semiclassical
frequency (7) (black dashed line) as N is increased. (c) The smaller eigenvalue of L. Tts real part approaches zero by increasing
N in a region where its imaginary part vanishes. The region between vertical dashed blue lines corresponds to regions II-IV
where the semiclassical analysis predicts breaking of the Z, symmetry. The markers are just a guide; each curve contains 76

points.
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Figure4. Algebraic scaling of the eigenvalues. Re A[ and Re A} as a function of N in log—log scale. For each N, we take the
largest value of the curves for Re A, in the left panel of figure 3(c). At the same values of pump amplitude, we extract the Re A} .
In the left (right) panel we see the eigenvalue show a dependence A oc N’ with 3 = —0.52 (3 = —0.64) (fit, dashed blue).

vertical blue dashed lines regions II-IV (in the plot for the real part). The real part of the eigenvalue has an
inverted parabolic shape approaching zero with increasing N, while the imaginary part is zero throughout
this region. The asymptotic vanishing of this eigenvalue explains the critical slowing down in the
convergence to the steady—steady expectation values of non-symmetric operators, as shown for the bonding
mode in figure 2(c). Figure 2(b) does not show the same critical slowing down in the bonding mode in spite
of sharing the same pump amplitude. This can be understood by recalling that the coefficients ¢; in (11)
depend on the initial conditions; in the latter case the initial state does not couple to the eigenmode

associated to A; .

Figure 4 shows the scaling of Re \; and Re \,” with N in a log—log scale. For Re )\, we take the largest
value of each curve shown in figure 3(c), and we extract Re A, for the same values of the pump amplitude.
We see that both eigenvalues are well fitted by an algebraic scaling A oc N? with 8 = —0.52 for \; and
8 = —0.64 for \J, showing that their real part vanish in the N — +oo0 limit.

In region III the semiclassical prediction is not completely accurate. It predicts there is either a steady
state with Z, broken or a limit cycle only in the antibonding mode. Yet from figures 3 and 4 one can deduce
limit cycles will always be found in both modes throughout region III. Even though one could fine tune the
initial condition such that a symmetric or non-symmetric steady state is reached—in the N — oo limit
when the gaps are closed—any perturbation or time-delayed two-point measurement on the system would
be enough to make the bonding and antibonding occupations oscillate forever. To illustrate this point, we
show in figure 5 the second-order coherence of the bosonic modes d; (left panel) and dg (right panel) for
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Figure 5. Second-order coherence of bosonic modes 1 (left) and B (right) in region IIT (F/(v/N7) = 1.2) and for two values of
N. The first detection is done in the steady state.

F = 1.2 in region III, and two values of N. In the long time limit, the coherence is given by

o _{al@0al(r+ 0a(r + 0a0)  Trlalae ()]
g~ (1) = lim R = P , (13)
300 (@} (t)a;(1)) Tr[a] a;ps]
where j can be 1,2, A, or B, and we have defined ij = a]-,assa} / Tr[&;?zjﬁss]. The last equality in the above
equation emphasises the following: the first detection transforms pg into ﬁ]’., which is then evolved up to a
time 7 where the second detection occurs. Noting that f; can be expanded as a linear combination of L’s

eigenmodes, as in (11), we can conclude that the long-lived eigenmodes are probed by the measurement
[65].

5. Discussion and outlook

The time crystal discussed in this work pertains to the class of emerging semiclassical time crystals also
discussed in [22-28, 30, 32—36]. The mechanism behind it can be traced to the effective dynamical
decoupling between the bonding and antibonding modes. The key ingredients are that these modes are
nonlinearly coupled and that only one of them is explicitly damped (cf (3)). The other (non-damped) mode
can evolve autonomously when the population in the damped one is small. We note that this behaviour is
closely related to the one found in frequency combs in the weak-lasing regime of dissipatively coupled
condensates [66]. The mean-field model for the two dissipatively-coupled Bose—Einstein condensates
considered in that work, can also be obtained by the semiclassical limit of the Lindblad master equation

2
Op=—i lz (w,«aja,» + %

ajajaiai) - g(alag +alay), p:|
i (14)
+9Dlar + a)(p) + Y (T —9)Dlail(p) + WDlal1(p),

i=1

which considers incoherent (W) instead of coherent pump. The dissipative coupling is crucial, and the limit
cycles are found when the population in the two modes are small and the nonlinearity o becomes
inefficient, like in our case.

This phenomenon can be generalised to spatially extended configurations of bosonic modes. In a ring,
for instance, one would need that the different linear modes (with well defined angular momentum) have
different dissipation rates. Then, coherently pumping one of the linear modes would result in periodic
long-lived oscillations in the mode(s) with smallest decay rate(s). If one of them has no decay channel—Ilike
in the case discussed in this work—then a time crystal would be found.

It would be interesting to relate the limit cycles we find to the mechanism outlined in [67], where an
operator A which commutes with the Lindblad operators, [fi,A] = [ﬂj,A] = 0, is at the same time an
eigenoperator of the Hamiltonian [H, A] = wA. These algebraic conditions are sufficient to show the
existence of limit cycles, even in the quantum regime. In our current case, however, one would expect that
the frequency w (in the N — oo limit) is given by the semiclassical frequency in (7), which depends on all
parameters including the decay rate . The exact condition for coherent dynamics put forward by Buca et al
in [67] gives an w depending on Hamiltonian parameters alone. We hypothesise there could be a
complementary, and less precise, case to that algebraic condition where A, and thus the commutators as
well, depend themselves on expectation values, such that only in a thermodynamic limit some of them
vanish and a clear indication of coherent dynamics is obtained.
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Appendix A. Truncated Wigner approximation

In the Wigner representation one can obtain a generalized Fokker—Planck equation for the Wigner
quasi-probability distribution

1 A A (¥ oK o
W(an,af 0,05, = — / d’*z; &’z Tr[D(iz;) @ D(izy )p(r)]e (Grortam) emimagtza0) (A )
s

where D(o) = e’ =" g the displacement operator.
For the system we consider in this work, the truncated Wigner approximation amounts to neglecting the
third-order derivatives

aa} dai dayj JGh )2

v (o 0 o
4

) W forj=1,2, (A.2)
which scale as oc N~3/2, while the first- and second-order derivative terms in the Fokker—Planck equation
are made of terms of orders N and 1.

The truncated Fokker—Planck equation for W can then be mapped into stochastic Langevin equations
for «;, yielding

Oy = [IA — /2 = 2iU(|ou|* — D]ay + (] — v/2)as —iF + \/v/2m

(A.3)
Oray = [iA —v/2 = 2iU(|a|* — D]z + (] — 7/2)ay +iF + /v/2m,.

7; are complex Gaussian noises satisfying (7;(t)) = 0 and <77,~(t)77}?*(t’ )> = 0;;0(t — t'), where the average is
over stochastic realizations.

Appendix B. Symmetry of the Lindbladian

We briefly introduce the mapping of the super operator £ into a matrix, which allows us to build upon
common linear algebra knowledge: if two matrices commute, it is possible to separate the matrix into
blocks.

In the doubled Hilbert space (or Liouvillian space) superoperators and operators are mapped into
operators and vectors, respectively. Choosing a row-wise reshaping, a superoperator S(p) = C1pC, becomes
Slp)) = (C1 ® C))|p)) where T is the transpose and p = 3Z;;i) (| > [0)) = 2p3li) ® [j)-

Our system has the discrete Z, symmetry which can be expressed as L(PpP!) = PL(p)P! for any p, or
equivalently, (P ® P*)£ = L(P ® P*). This is, they commute. Since P has eigenvalues 41, we can split the
Liouvillian into two blocks, and obtain (12):

. Livir Loy 0 0
v I VA 0
L= [ 0 E] - 0 0 Lo o+ Ly 4| (B-1)
0 0 Lo Loy o

where £, ;4 corresponds to projecting onto the eigenspaces of P and P* with eigenvalue +1 on the right-
and left-hand sides of £, and so on.

ORCID iDs

Cristébal Lled6 @2 https://orcid.org/0000-0002-5147-9205

10


https://orcid.org/0000-0002-5147-9205
https://orcid.org/0000-0002-5147-9205

I0P Publishing

New J. Phys. 22 (2020) 075002 C Lled6 and M H Szymanska

References

(1]
(2]
(3]

(4]
(5]

(6]

(7]

(8]

[9]
[10]
(11]
[12]
(13]
[14]
[15]
[16]
(17]
(18]
[19]
[20]
[21]
[22]
(23]
[24]
[25]
[26]
[27]
(28]
[29]

(30]
[31]
(32]
(33]
[34]
[35]
[36]
[37]
(38]
[39]
[40]
[41]
[42]
[43]
[44]
[45]
[46]
[47]
[48]
[49]
[50]
[51]
[52]
(53]
[54]
[55]
[56]

[57]
(58]
[59]
[60]
[61]
[62]

[63]
[64]
[65]
[66]

Kinoshita T, Wenger T and Weiss D S 2006 Nature 440 9003

Schneider U et al 2012 Nat. Phys. 8 2138

Rechtsman M C, Zeuner ] M, Plotnik Y, Lumer Y, Podolsky D, Dreisow F, Nolte S, Segev M and Szameit A 2013 Nature 496
196-200

Jotzu G, Messer M, Desbuquois R, Lebrat M, Uehlinger T, Greif D and Esslinger T 2014 Nature 515 237—40
Schreiber M, Hodgman S S, Bordia P, Liischen H P, Fischer M H, Vosk R, Altman E, Schneider U and Bloch I 2015 Science 349
842-5

Eisert J, Friesdorf M and Gogolin C 2015 Nat. Phys. 11 124-30

Smith J, Lee A, Richerme P, Neyenhuis B, Hess P W, Hauke P, Heyl M, Huse D A and Monroe C 2016 Nat. Phys. 12 907-11
Kucsko G et al 2018 Phys. Rev. Lett. 121 023601

Mclver ] W, Schulte B, Stein F U, Matsuyama T, Jotzu G, Meier G and Cavalleri A 2020 Nat. Phys. 16 3841
2020 Nat. Phys. 16 1

Wilczek F 2012 Phys. Rev. Lett. 109 160401

Bruno P 2013 Phys. Rev. Lett. 110 118901

Wilczek F 2013 Phys. Rev. Lett. 110 118902

Bruno P 2013 Phys. Rev. Lett. 111 070402

Sacha K 2015 Phys. Rev. A 91 033617

Else D V, Bauer B and Nayak C 2016 Phys. Rev. Lett. 117 090402

Khemani V, Lazarides A, Moessner R and Sondhi S L 2016 Phys. Rev. Lett. 116 250401

Sacha K and Zakrzewski ] 2018 Rep. Prog. Phys. 81 016401

Choi S et al 2017 Nature 543 221

Zhang J et al 2017 Nature 543 217

Nakatsugawa K, Fujii T and Tanda S 2017 Phys. Rev. B 96 094308

Iemini F, Russomanno A, Keeling J, Schird M, Dalmonte M and Fazio R 2018 Phys. Rev. Lett. 121 035301
Wang R R W, Xing B, Carlo G G and Poletti D 2018 Phys. Rev. E 97 020202

Owen E T, Jin J, Rossini D, Fazio R and Hartmann M J 2018 New J. Phys. 20 045004

O’Sullivan J, Lunt O, Zollitsch C W, Thewalt M, Morton J J and Pal A 2018 arXiv:1807.09884v2

Tucker K, Zhu B, Lewis-Swan R, Marino J, Jimenez F, Restrepo J and Rey A M 2018 New J. Phys. 20 123003
Gong Z, Hamazaki R and Ueda M 2018 Phys. Rev. Lett. 120 040404

Gambetta F M, Carollo F, Marcuzzi M, Garrahan J P and Lesanovsky I 2019 Phys. Rev. Lett. 122 015701
Nalitov A V, Sigurdsson H, Morina S, Krivosenko Y S, Iorsh I V, Rubo Y G, Kavokin A V and Shelykh I A 2019 Phys. Rev. A 99
033830

Kefler H, Cosme ] G, Hemmerling M, Mathey L and Hemmerich A 2019 Phys. Rev. A 99 053605

Zhu B, Marino J, Yao N'Y, Lukin M D and Demler E A 2019 New J. Phys. 21 073028

Lled6 C, Mavrogordatos T K and Szymariska M H 2019 Phys. Rev. B 100 054303

Seibold K, Rota R and Savona V 2020 Phys. Rev. A 101 033839

Dogra N, Landini M, Kroeger K, Hruby L, Donner T and Esslinger T 2019 Science 366 1496—9

Chiacchio E I R and Nunnenkamp A 2019 Phys. Rev. Lett. 122 193605

Buca B and Jaksch D 2019 Phys. Rev. Lett. 123 260401

Chinzei K and Tkeda T N 2020 arXiv:2003.13315

Kefler H, Cosme J G, Georges C, Mathey L and Hemmerich A 2020 arXiv:2004.14633

Carmichael HJ 2015 Phys. Rev. X 5 031028

von Keyserlingk C W and Sondhi S L 2016 Phys. Rev. B 93 245146

Khemani V, von Keyserlingk C W and Sondhi S L 2017 Phys. Rev. B 96 115127

Russomanno A, lemini F, Dalmonte M and Fazio R 2017 Phys. Rev. B 95 214307

Smerzi A, Fantoni S, Giovanazzi S and Shenoy S R 1997 Phys. Rev. Lett. 79 4950-3

Albiez M, Gati R, Félling J, Hunsmann S, Cristiani M and Oberthaler M K 2005 Phys. Rev. Lett. 95 010402
Levy S, Lahoud E, Shomroni I and Steinhauer J 2007 Nature 449 57983

Abbarchi M et al 2013 Nat. Phys. 9 275-9

Sarchi D, Carusotto I, Wouters M and Savona V 2008 Phys. Rev. B 77 125324

Zambon N C et al 2019 arXiv:1911.02816

Aleiner I L, Altshuler B L and Rubo Y G 2012 Phys. Rev. B 85 121301

Kim S, Rubo Y G, Liew T C H, Brodbeck S, Schneider C, Hofling S and Deng H 2020 Phys. Rev. B 101 085302
Ruiz-Sanchez R, Rechtman R and Rubo Y G 2020 Phys. Rev. B 101 155305

Wang R R W, Xing B, Carlo G G and Poletti D 2018 Phys. Rev. E 97 020202

Breuer H P and Petruccione F 2002 The Theory of Open Quantum Systems (New York: Oxford University Press)
Galbiati M et al 2012 Phys. Rev. Lett. 108 126403

Fang K, Luo J, Metelmann A, Matheny M H, Marquardt F, Clerk A A and Painter O 2017 Nat. Phys. 13 465-71
Bernier N R, Toth L D, Koottandavida A, Ioannou M A, Malz D, Nunnenkamp A, Feofanov A and Kippenberg T 2017 Nat.
Commun. 8 604

Casteels W and Ciuti C 2017 Phys. Rev. A 95 013812

Casteels W, Fazio R and Ciuti C 2017 Phys. Rev. A 95012128

Bose S, Dubey U and Varma N 1989 Fortschr. Phys. 37 761818

Buca B and Prosen T 2012 New J. Phys. 14 073007

Navarrete-Benlloch C, Weiss T, Walter S and de Valcércel G ] 2017 Phys. Rev. Lett. 119 133601

Carmichael H 2009 An Open Systems Approach to Quantum Optics: Lectures Presented at the Université Libre de Bruxelles (October
28 to November 4, 1991) (Berlin: Springer) vol 18

Minganti F, Biella A, Bartolo N and Ciuti C 2018 Phys. Rev. A 98 042118

Sachdev S 2011 Quantum Phase Transitions 2nd edn (Cambridge: Cambridge University Press)

Fink T, Schade A, Hofling S, Schneider C and Imamoglu A 2018 Nat. Phys. 14 365-9

Rayanov K, Altshuler B L, Rubo Y G and Flach S 2015 Phys. Rev. Lett. 114 193901

11


https://doi.org/10.1038/nature04693
https://doi.org/10.1038/nature04693
https://doi.org/10.1038/nature04693
https://doi.org/10.1038/nature04693
https://doi.org/10.1038/nphys2205
https://doi.org/10.1038/nphys2205
https://doi.org/10.1038/nphys2205
https://doi.org/10.1038/nphys2205
https://doi.org/10.1038/nature12066
https://doi.org/10.1038/nature12066
https://doi.org/10.1038/nature12066
https://doi.org/10.1038/nature12066
https://doi.org/10.1038/nature13915
https://doi.org/10.1038/nature13915
https://doi.org/10.1038/nature13915
https://doi.org/10.1038/nature13915
https://doi.org/10.1126/science.aaa7432
https://doi.org/10.1126/science.aaa7432
https://doi.org/10.1126/science.aaa7432
https://doi.org/10.1126/science.aaa7432
https://doi.org/10.1038/nphys3215
https://doi.org/10.1038/nphys3215
https://doi.org/10.1038/nphys3215
https://doi.org/10.1038/nphys3215
https://doi.org/10.1038/nphys3783
https://doi.org/10.1038/nphys3783
https://doi.org/10.1038/nphys3783
https://doi.org/10.1038/nphys3783
https://doi.org/10.1103/PhysRevLett.121.023601
https://doi.org/10.1103/PhysRevLett.121.023601
https://doi.org/10.1038/s41567-019-0698-y
https://doi.org/10.1038/s41567-019-0698-y
https://doi.org/10.1038/s41567-019-0698-y
https://doi.org/10.1038/s41567-019-0698-y
https://doi.org/10.1038/s41567-019-0781-4
https://doi.org/10.1038/s41567-019-0781-4
https://doi.org/10.1103/PhysRevLett.109.160401
https://doi.org/10.1103/PhysRevLett.109.160401
https://doi.org/10.1103/PhysRevLett.110.118901
https://doi.org/10.1103/PhysRevLett.110.118901
https://doi.org/10.1103/PhysRevLett.110.118902
https://doi.org/10.1103/PhysRevLett.110.118902
https://doi.org/10.1103/PhysRevLett.111.070402
https://doi.org/10.1103/PhysRevLett.111.070402
https://doi.org/10.1103/PhysRevA.91.033617
https://doi.org/10.1103/PhysRevA.91.033617
https://doi.org/10.1103/PhysRevLett.117.090402
https://doi.org/10.1103/PhysRevLett.117.090402
https://doi.org/10.1103/PhysRevLett.116.250401
https://doi.org/10.1103/PhysRevLett.116.250401
https://doi.org/10.1088/1361-6633/aa8b38
https://doi.org/10.1088/1361-6633/aa8b38
https://doi.org/10.1038/nature21426
https://doi.org/10.1038/nature21426
https://doi.org/10.1038/nature21413
https://doi.org/10.1038/nature21413
https://doi.org/10.1103/PhysRevB.96.094308
https://doi.org/10.1103/PhysRevB.96.094308
https://doi.org/10.1103/PhysRevLett.121.035301
https://doi.org/10.1103/PhysRevLett.121.035301
https://doi.org/10.1103/PhysRevE.97.020202
https://doi.org/10.1103/PhysRevE.97.020202
https://doi.org/10.1088/1367-2630/aab7d3
https://doi.org/10.1088/1367-2630/aab7d3
https://arxiv.org/abs/1807.09884
https://doi.org/10.1088/1367-2630/aaf18b
https://doi.org/10.1088/1367-2630/aaf18b
https://doi.org/10.1103/PhysRevLett.120.040404
https://doi.org/10.1103/PhysRevLett.120.040404
https://doi.org/10.1103/PhysRevLett.122.015701
https://doi.org/10.1103/PhysRevLett.122.015701
https://doi.org/10.1103/PhysRevA.99.033830
https://doi.org/10.1103/PhysRevA.99.033830
https://doi.org/10.1103/PhysRevA.99.053605
https://doi.org/10.1103/PhysRevA.99.053605
https://doi.org/10.1088/1367-2630/ab2afe
https://doi.org/10.1088/1367-2630/ab2afe
https://doi.org/10.1103/PhysRevB.100.054303
https://doi.org/10.1103/PhysRevB.100.054303
https://doi.org/10.1103/PhysRevA.101.033839
https://doi.org/10.1103/PhysRevA.101.033839
https://doi.org/10.1126/science.aaw4465
https://doi.org/10.1126/science.aaw4465
https://doi.org/10.1126/science.aaw4465
https://doi.org/10.1126/science.aaw4465
https://doi.org/10.1103/PhysRevLett.122.193605
https://doi.org/10.1103/PhysRevLett.122.193605
https://doi.org/10.1103/PhysRevLett.123.260401
https://doi.org/10.1103/PhysRevLett.123.260401
https://arxiv.org/abs/2003.13315
https://arxiv.org/abs/2004.14633
https://doi.org/10.1103/PhysRevX.5.031028
https://doi.org/10.1103/PhysRevX.5.031028
https://doi.org/10.1103/PhysRevB.93.245146
https://doi.org/10.1103/PhysRevB.93.245146
https://doi.org/10.1103/PhysRevB.96.115127
https://doi.org/10.1103/PhysRevB.96.115127
https://doi.org/10.1103/PhysRevB.95.214307
https://doi.org/10.1103/PhysRevB.95.214307
https://doi.org/10.1103/PhysRevLett.79.4950
https://doi.org/10.1103/PhysRevLett.79.4950
https://doi.org/10.1103/PhysRevLett.79.4950
https://doi.org/10.1103/PhysRevLett.79.4950
https://doi.org/10.1103/PhysRevLett.95.010402
https://doi.org/10.1103/PhysRevLett.95.010402
https://doi.org/10.1038/nature06186
https://doi.org/10.1038/nature06186
https://doi.org/10.1038/nature06186
https://doi.org/10.1038/nature06186
https://doi.org/10.1038/nphys2609
https://doi.org/10.1038/nphys2609
https://doi.org/10.1038/nphys2609
https://doi.org/10.1038/nphys2609
https://doi.org/10.1103/PhysRevB.77.125324
https://doi.org/10.1103/PhysRevB.77.125324
https://arxiv.org/abs/1911.02816
https://doi.org/10.1103/PhysRevB.85.121301
https://doi.org/10.1103/PhysRevB.85.121301
https://doi.org/10.1103/PhysRevB.101.085302
https://doi.org/10.1103/PhysRevB.101.085302
https://doi.org/10.1103/PhysRevB.101.155305
https://doi.org/10.1103/PhysRevB.101.155305
https://doi.org/10.1103/PhysRevE.97.020202
https://doi.org/10.1103/PhysRevE.97.020202
https://doi.org/10.1103/PhysRevLett.108.126403
https://doi.org/10.1103/PhysRevLett.108.126403
https://doi.org/10.1038/nphys4009
https://doi.org/10.1038/nphys4009
https://doi.org/10.1038/nphys4009
https://doi.org/10.1038/nphys4009
https://doi.org/10.1038/s41467-017-00447-1
https://doi.org/10.1038/s41467-017-00447-1
https://doi.org/10.1103/PhysRevA.95.013812
https://doi.org/10.1103/PhysRevA.95.013812
https://doi.org/10.1103/PhysRevA.95.012128
https://doi.org/10.1103/PhysRevA.95.012128
https://doi.org/10.1002/prop.2190371002
https://doi.org/10.1002/prop.2190371002
https://doi.org/10.1002/prop.2190371002
https://doi.org/10.1002/prop.2190371002
https://doi.org/10.1088/1367-2630/14/7/073007
https://doi.org/10.1088/1367-2630/14/7/073007
https://doi.org/10.1103/PhysRevLett.119.133601
https://doi.org/10.1103/PhysRevLett.119.133601
https://doi.org/10.1103/PhysRevA.98.042118
https://doi.org/10.1103/PhysRevA.98.042118
https://doi.org/10.1038/s41567-017-0020-9
https://doi.org/10.1038/s41567-017-0020-9
https://doi.org/10.1038/s41567-017-0020-9
https://doi.org/10.1038/s41567-017-0020-9
https://doi.org/10.1103/PhysRevLett.114.193901
https://doi.org/10.1103/PhysRevLett.114.193901

10P Publishing New J. Phys. 22 (2020) 075002 C Lled6 and M H Szymanska

[67] Buca B, Tindall J and Jaksch D 2019 Nat. Commun. 10 1-6
[68] Johansson J, Nation P and Nori F 2012 Comput. Phys. Commun. 183 1760—72
[69] Johansson J, Nation P and Nori F 2013 Comput. Phys. Commun. 184 1234—40

12


https://doi.org/10.1038/s41467-019-09757-y
https://doi.org/10.1038/s41467-019-09757-y
https://doi.org/10.1038/s41467-019-09757-y
https://doi.org/10.1038/s41467-019-09757-y
https://doi.org/10.1016/j.cpc.2012.02.021
https://doi.org/10.1016/j.cpc.2012.02.021
https://doi.org/10.1016/j.cpc.2012.02.021
https://doi.org/10.1016/j.cpc.2012.02.021
https://doi.org/10.1016/j.cpc.2012.11.019
https://doi.org/10.1016/j.cpc.2012.11.019
https://doi.org/10.1016/j.cpc.2012.11.019
https://doi.org/10.1016/j.cpc.2012.11.019

	A dissipative time crystal with or without 
	1.  Introduction
	2.  The model
	2.1.  Symmetries

	3.  Mean-field semiclassical dynamics and symmetry breakings
	3.1.  Numerical results
	3.2.  Analysis

	4.  Quantum dynamics
	5.  Discussion and outlook
	Acknowledgements
	Appendix A.  Truncated Wigner approximation
	Appendix B.  Symmetry of the Lindbladian
	ORCID iDs
	References


