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Abstract

This thesis describes substantial advances in the physical layer modelling of optical
fibre communication systems in the nonlinear regime. Optical communication net-
works are currently limited by the optical Kerr nonlinearity which imposes an upper
bound on the information throughput that can be achieved in such systems. Novel
analytical descriptions of the fibre channel are required, to accurately predict this
performance limitation and to develop effective algorithms to potentially mitigate
it.

Novel, low complexity models are proposed, that predict the nonlinear dis-
tortions arising from the Kerr effect, particularly in the context of next-generation,
ultra-wideband transmission systems, where optical bandwidths exceed the conven-
tional 5 THz window (C-band). Over such wide bandwidths, the delayed nature of
the nonlinear fibre response becomes significant, giving rise to inter-channel stim-
ulated Raman scattering (ISRS). A new low-complexity model is derived: based
on a first-order regular perturbation approach, it accurately describes the impact of
ISRS on the nonlinear distortions. Furthermore, approximations in closed-form are
proposed, enabling efficient system design and real-time optimisation. The results
are significant to enable rapid modelling of ultra-wideband communication systems
in the nonlinear regime.

Additionally, it is theoretically and experimentally shown that nonlinear in-
teractions between signal and noise from the transceiver sub-system become per-
formance limiting in nonlinearity-compensated fibre transmission. These interac-
tions, which have previously been overlooked, challenge state-of-the art proposals
on the optimal design of digital nonlinearity compensation algorithms, such as digi-
tal back-propagation. Enabled by the new model, a new optimal design is proposed
suggesting substantial gains of around 25% in reach with respect to previously pub-
lished designs. The research results can be directly applied to enable more rapid,

efficient and accurate analysis and design of large bandwidth optical networks.



Impact statement

Optical fibre communications underpin the global telecommunication infrastruc-
ture, an integral and indispensable pillar of modern society. Capacity demands are
forecast to continue to grow exponentially, driven mainly by cloud services, the in-
ternet of things and consumer appetite for high quality video-on-demand. Although
optical fibres could adequately fulfill these capacity needs in the past, fundamental
physical and information-theoretic limitations are imminent. The most significant
limitation is imposed by the instantaneous nonlinear fibre response, the Kerr nonlin-
earity. The Kerr nonlinearity leads to signal distortions that potentially sets an upper
limit on the achievable capacity using conventional transmission approaches. There
are two main strategies that can be pursued to further increasing the throughput per
individual fibre core to address future capacity demands. The first approach in-
volves extending the optical bandwidth beyond the conventional transmission band
to the ultra-wideband regime, utilising the entire low-loss region of single-mode fi-
bres. The second method mitigates the nonlinear Kerr effect through digital signal
processing, leading to noise reductions and higher achievable throughput for a given
signal bandwidth.

In the research described in this thesis new analytical models are proposed
that provide physical insight and allow the quantification of nonlinear distortions in
the ultra-wideband transmission regime and regimes where the Kerr effect is partly
mitigated.

In the ultra-wideband regime, the delayed nature of the nonlinear fibre re-
sponse is significant, giving rise to inter-channel stimulated Raman scattering
(ISRS). ISRS amplifies redistributed power within the optical spectrum during prop-
agation, imposing new challenges on system design and operation. For the first
time, the Gaussian Noise (GN)) model, a widely used tool to predict transmission
performance, was extended to account for the impact of ISRS on the nonlinear dis-
tortions. This new analytical result is a significant contribution in the field of non-
linear transmission modelling and paramount in the design and operation of next-
generation systems. Additionally, closed-form approximations were derived that

enable real-time performance estimates for uniform and shaped quadrature ampli-
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tude modulation formats. Such closed-form formulas are vital for the optimisation
and design of physical layer-aware optical networks. The proposed models are val-
idated by experiments over an optical bandwidth of 9 THz, representing the first
experimental investigation of ISRS on the nonlinear transmission performance for
coherent systems.

Another major contribution of this thesis is in the field of digital nonlinearity
compensation (NLC). When nonlinear distortions are mitigated though digital sig-
nal processing, nonlinear signal noise interactions (NSNI) become performance
limiting. Contrary to the established literature, it was shown that between
the signal and co-propagating amplified-spontaneous emission (ASE) noise are not
sufficient to predict performance limitations in systems that deploy NLC. A new for-
mula is derived, capable of predicting the impact of NSNI between the signal and
transceiver noise. Transceiver noise originates from any non-ideal transmitter and
receiver, arising from the optical as well as the digital domain. The derived formula
closed the performance estimation gap between theoretical predictions and NLC
gains that were observed in state-of-the art experiments. Furthermore, established
schemes on the optimum ratio between digital pre-distortions and back-propagation
are challenged and improved designs are proposed, yielding gains of around 25%
in reach. The new analytical model can be used to predict ultimate capacity limits
in optical fibre transmission systems.

Overall, the results obtained in the course of the PhD research led to 33 pub-
lications, but most importantly, can be used in the design of future optical commu-
nication systems. A joint experiment performed with XTera, utilising the models
described in this thesis, led to a record transmission result (item 23. in List[I.4). The
research led to a IEEE Photonics Society award, given to the top 10 PhD students
in the world. The research was also top-scored in the 45th European Conference on
Optical Communication ([P19] in Sec. [T.4).
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Chapter 1

Introduction

The internet has revolutionised the communications and computer world like no
other technology before. It is at once a world-wide broadcasting capability, a pow-
erful tool for information dissemination, and a medium for collaboration and in-
teraction between individuals and digital devices irrespective of their geographic

location.

Since its introduction, the traffic carried by the internet protocol (IP) has been
experiencing astonishing growth rates. It is forecast that the global internet traffic
will reach 3.3 zettabytes (3.3 - 102! bytes) by the year 2021 [23]. According to this
prediction, the IP traffic will have grown at a compound annual growth rate of 24%
from 2016 to 2021. The largest portion of the traffic carries video data with 82% of
all consumer traffic by 2021, of which 26% will be internet to TV videos and 13%
are live internet videos. Furthermore, traffic from conventional computers will be
overtaken by smartphone traffic and the number of devices will be three times as
high as the global population in 2021.

Optical fibre communications have supported this unprecedented traffic growth
over the past three decades and now stands alone as the enabling technology that
underpins the global information infrastructure. Capacity of lightwave communica-
tion systems increased from 100 Mb/s in 1970 to 10 Tb/s in present day commercial
systems. The technical milestones that unlocked the feasibility of these high rates
were wavelength division multiplexing (WDM), improved fibre design and fabrica-
tion, optical amplification, coherent detection and digital signal processing.

The evolution of optical fibre capacity, demonstrated in state-of-the art lab-
oratories, is shown in Fig. ) for trans-Atlantic distances of at least 6000 km.
The results were taken from [[IH9]. Fig. [I.1] shows significant capacity increases
over the years from 2011 to 2015. In subsequent years, the optical fibre capacity
appears to have saturated to throughputs of around 70 Tbit/s. The corresponding

optical bandwidths used for the same experimental demonstrations are shown in
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Figure 1.1: Laboratory throughput demonstrations together with their respective optical
bandwidth used taken from [1H9]]. Only experiments with trans-Atlantic trans-
mission distances of at least 6000 km are shown.

Fig. [I.Ib). Up to 2013, state-of-the art experiments utilised the C-band, a 5 THz
low-loss transmission window in optical fibres, while subsequent demonstrations
utilise the entire C+L band , an extended 10 THz transmission window. Fig. )
suggests that most capacity gains over trans-Atlantic distances have been achieved
by extending the optical bandwidth beyond the C-band. Erbium-doped fibre ampli-
fiers in the L-band (a transmission band ranging from 1565-1625 nm) and Raman
fibre amplifiers have made it possible to extend the usable fibre bandwidth.

While C+L band transmission (10.8 THz optical bandwidth) was demon-
strated in laboratory experiments since 2014, most terrestrial networks are still op-
erating within the C-band only. Fig. [I.T] shows that the network capacity can be
approximately doubled, when these networks are upgraded to the C+L band. How-
ever, beyond C-band transmission, the delayed nature of the nonlinear fibre response
becomes significant. A non-instantaneous nonlinear fibre response, with respect to
the optical field, results in inter-channel stimulated Raman scattering. effec-

tively transfers power from high frequencies to lower frequencies during propaga-
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tion, causing signal distortions and imposing new challenges on system design and
operations. Current analytical descriptions of nonlinear distortions do not account
for[[SRSlas it has been negligible over the C-band. However, for transmission band-
widths beyond the C-band, complex interactions between the instantaneous and the
delayed part of the fibre response must be analytically modelled. This is necessary
because numerical simulations become unmanageable in the ultra-wideband regime
even using state-of-the art graphical processing units (GPUk). Furthermore, an ac-
curate understanding of these new challenges is key to integrate the gains, achieved
in laboratory setups, into heterogeneous and less controllable optical network envi-
ronments. Better understanding of the nonlinear fibre response and more accurate
mathematical modelling in ultra-wideband regimes will also result in better engi-
neered system designs. Additionally, they will help answer questions on how much
gain can be achieved by further increasing the optical bandwidth to the S+C+L band
(15-20 THz) and how potential gains can be achieved and maximised.

Alternatively, the throughputs can be further increased by improved digital sig-
nal processing that reduce the distortions due to the nonlinear fibre response. While
some of the experiments shown in Fig. [I.1]deploy advanced DSP to mitigate fibre
nonlinearity, there were still large discrepancy between the theoretically achievable
gains [24]25]] and the ones achieved in experiments. This further suggests that the

fibre capacity can be increased by improved and advanced digital signal processing.

This thesis will explore the challenges that arise with ultra-wideband trans-
mission systems with special emphasis on distortions caused by fibre nonlinearity.
New analytical models are proposed that accurately describe the nonlinear distor-
tions that are jointly imposed by the Kerr nonlinearity and Furthermore,
closed-form approximations are derived that enable performance estimations car-
ried out within micro seconds. These formulas allow efficient system design and
the real-time optimisation of ultra-wideband optical networks.

The second major contribution of this research is the discovery of fundamental
limitations when nonlinear distortions are mitigated by means of digital signal pro-
cessing. Through state-of-the art experiments and accurate modelling, it is shown
that nonlinear interactions between transceiver (TRX)) noise and signal are perfor-
mance limiting when is applied. These interactions have been overlooked in
the established literature and based on the new model, improved [NL{ designs are
proposed.

Overall, this PhD thesis proposes novel mathematical models that enable to
quantify achievable gains and to derive optimum system design and operation for

future optical fibre communication networks.
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1.1 Research problem

The optical Kerr effect represents a significant physical limitation currently imposed
on optical signals propagating through optical fibres. For additive white Gaussian
noise (AWGN) channels, an idealised description suitable to model numerous real
world communication channels, the throughput is monotonically increasing with
the [SNR] and can be scaled arbitrarily by increasing the signal power. However, the
optical Kerr effect imposes distortions on the propagating lightwave that are pro-
portional to the cube of the signal power itself. The optical Kerr effect denotes the
dependence of the refractive index on the electrical field itself. The refractive index
describes the ratio of the phase velocity of the lightwave in a material compared to
avacuum. As a result, the SNR|cannot be arbitrarily increased by simply increasing
the signal power and the achieved throughput is fundamentally limited. Due to the
monotonic increase of nonlinear distortions as a function of launch power, fibre sys-
tems exhibit an optimum launch power giving a maximum achievable (for a
given link, TRX] and digital signal processing (DSP)). Most optical communication
systems operate at this optimum operation point leaving little room for fundamental
breakthroughs using conventional approaches and techniques. According to Shan-
non’s celebrated capacity formula [26], there are only two strategies in order to
increase the throughput that can be delivered by optical fibres. First, increasing the
number of independent communication channels and, second, increasing the [SNR]
per channel. Both strategies are covered in this thesis and addressed in more detail
in the following.

The first can be achieved by transmitting more independent channels at dif-
ferent wavelengths, denoted as However, as the Kerr effect is dependent
on the total launch power, more channels lead to larger nonlinear distor-
tions. However, the overall gain in capacity is positive as the increasing nonlinear
penalties do not outweigh the throughput gains of the additional channels. Most
systems currently utilise the entire C-band window (5 THz) for transmission, ac-
commodating hundreds of wavelengths. However, it is not clear up to which optical
bandwidths this trade-off remains beneficial. Diminishing returns may arise due
to additional effects, namely inter-channel stimulated Raman scattering, that scales
exponentially with optical bandwidth. becomes significant beyond C-band
transmission and before the research described in this thesis, there were no efficient
ways of predicting the nonlinear distortions due to Split-step simulations, ac-
curate numerical simulations of fibre propagation, quickly become unmanageable
due to the extensive (and required) use of Fourier transforms. Although, accurate,
low complexity, first-order perturbation models exist for C-band transmission sys-

tems [20,27-31,|31-34], they are not suitable for ultra-wideband transmission, as
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they do not account for ISRS. On the other hand, early studies have been carried
out predicting power limitations due to ISRS in the context of non-coherent trans-
mission [35H38]]. However, those studies neglected the impact of ISRS on nonlinear
distortions and thus cannot be applied to state-of-the art coherent transmission sys-
tems. Thus, new efficient modelling frameworks are required that efficiently and
accurately predict the nonlinear performance in systems that operate beyond the
C-band. They can then be applied to system analysis and operation and for the
evaluation of potential gains when extending the optical bandwidth beyond 5 THz.

The second way to increase the throughput is by mitigating the nonlinear dis-
tortions and, hence, increase the SNR of a particular WDM channel. While the
nonlinear distortions cannot be mitigated entirely, the maximum achievable SNR
can be increased with advanced [DSP|(e.g., implementing digital NLC) which leads
to higher capacity. The reason that the nonlinear distortions cannot be entirely
compensated is due to Experiments and theoretical investigations suggest
that those fundamental limitations are set by nonlinear mixing between the signal
and co-propagating ASE noise, originating in periodically placed, optical ampli-
fiers [25,/39-42]]. Mathematical models have been developed to describe those in-
teractions [25,41]] and optimum digital NLC structures have been derived, by split-
ting the digital compensation between transmitter and receiver [41,43]. However,
the theoretically predicted gains have not been matched by state-of-the art experi-
ments [44-46[] and forecast gains expected from splitting the digital algorithm
evenly between transmitter and receiver have not been experimentally shown. This
suggests that the current models do not accurately represent all impairments aris-
ing in systems that utilise nonlinearity compensation . An accurate model for such
systems is vital for accurate gain predictions and system (re-)design.

The overall goal of this thesis was to develop accurate and efficient models
for the predictions of performance limitations in next-generation optical commu-
nication networks. Particular emphasis was drawn to nonlinear distortions in the
context of the two main strategies that potentially satisfy future capacity demand,
the utilisation of larger optical bandwidths and advanced [DSP| for nonlinearity mit-

igation.

1.2 Thesis outline

The remainder of this thesis is organised as follows.

Chapter 2 introduces the main theoretical literature that is required for the
later chapters. Fundamental concepts of digital communications are described as
well as the most relevant propagation effects in optical fibres. Furthermore, Ch. 2

describes existing, state-of-the art modelling approaches in the context of coherent
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optical communication.

Chapter 3 proposes new mathematical models that are able to predict distor-
tions arising from the nonlinearities. The analytical results extend the Gaussian
Noise model and account for inter-channel stimulated Raman scattering, significant
for ultra-wideband transmission systems. The proposed models are validated by
numerical simulations as well as by state-of-the art experiments.

Chapter 4 introduces closed-form approximations of the results derived in
Chapter 3. Formulae are derived for the Gaussian contribution as well as for the
modulation format dependent contribution of the nonlinear distortions. Addition-
ally, strategies are discussed that enable those results to be applied to ultra-wideband
systems, covering the entire S+C+L band (20 THz). All results have been validated
by numerical simulations in point-to-point transmission and mesh optical network
scenarios.

Chapter 5 reviews fundamental limitations in transmission systems that de-
ploy digital nonlinearity compensation. It is shown that, contrary to the previous
belief, nonlinear interactions between transceiver noise and the signal become per-
formance limiting. A new formula is proposed to accurately model such nonlinear
interactions. The model is supported by numerical and experimental results. En-
abled by the new formula, new digital nonlinearity compensation approaches are
proposed. In particular, optimum split ratios between digital pre-compensation and
back-propagation are identified, outperforming previously reported schemes.

Finally, a summary of the thesis is given in Chapter 6, highlighting the most

important contributions, and suggesting future work directions.

1.3 Key contributions

The key contributions of this thesis are listed below. The referencing in this Section

refers to the list of publications as a result from this PhD research, shown in Sec.

L4

* The Gaussian Noise model in integral form was extended to account for inter-
channel stimulated Raman scattering. The results represent the first model
able to predict nonlinear distortions in the presence of The approach
was enabled by approximating the signal power profile by exponential decays.
Numerical validations were carried out, showing agreements of 0.2 dB in
nonlinear SNR. The work is described in Chapter (3} and the results led to the
publication of [P13]. The results were further used in the publications [P8,
P22, P29].

* The new model, proposed in Sec. was validated by experimental results.
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The transmitted optical bandwidth was 9 THz, occupying both the C-and L-
band, and an average deviation of 0.4 dB was found between experiment and
modelling results. The experiment was the first experimental investigation of
the effect of inter-channel stimulated Raman scattering on the signal-to-noise
ratio in ultra-wideband coherent transmission systems. The work is described
in Sec. [3.3} and the results led to the publication of [P29].

The model proposed in Sec. [3.2] was used to estimate the achievable rate
degradation, due to when the optical bandwidth is extended beyond the
C-band to the entire S+C+L band (20 THz). It was found that, although ISRS]
degrades the capacity by around 40%, this degradation can be reduced to only
10% using adaptive modulation formats and code rates for every channel.
The work was the first investigation of the impact of on the capacity of
coherent optical transmission systems. The work is described in Sec. [3.4} and
the results were published in [P13].

The Gaussian Noise model was rederived, denoted as [SRS|/IGN| model, in
order to account for arbitrary (as opposed to frequency independent) sig-
nal power profiles. This enables the Gaussian Noise model to be applied
in regimes with strong power transfer due to as well as in distributed
Raman amplified systems. The work represents an improved formalism with
respect to the model in Sec. The result was the first exact, first-order
perturbation analysis of the Manakov equation, describing pulse propagation
in fibres, with arbitrary signal power profiles and Gaussian constellations.
Furthermore, analytical results were derived based on available closed-form
approximations of Numerical validations were carried out with neg-
ligible deviation compared to the proposed model. The work is described
in Sec. [3.5} and the results led to the publication of [P8]. The results were
further used in the publications of [P2, P4, P6, P19, P20, P22, P24, P26, P27].

A comparison was performed between the analytical models derived in Sec.
3.2 and the model. Excellent agreements were found, with devia-
tions of less than 0.1 dB, for ISRS power transfers of up to 6.5 dB (launch
power of 4 dBm/ch.). However for stronger power transfers, the ISRS GN
model was found to be more accurate with excellent agreements (<0.1 dB)
compared to numerical simulations. The work is described in Sec. [3.6] and
the results led to the publication of [P29].

The model was extended to account for variably loaded spans in an

analytical form. The main contribution was an analytical integral expression
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(3.11) that can be applied in the modelling of mesh optical networks, where
different optical spectra are launched into different network edges. The results
were compared to numerical simulations of Gaussian signals, uniform 64-
quadrature amplitude modulation (QAM) and Maxwell-Boltzmann shaped
64{QAM] Average deviations of 1.1 dB and 0.6 dB in nonlinear penalties
were found comparing the modelling results with uniform and shaped 64-
respectively. The work is described in Sec. and the results led
to the publication of [P27]. The results in this work were further used in the
publications of [P4, P6, P19].

A closed form approximation of the model was derived. The result
was a closed-form formula that estimated the amount of nonlinear distortions
in the presence of enabling ultra-wideband performance estimates in
real-time. The approach was enabled by a first-order description of
The work represents the first closed-form formula that accounts for [[SRS] ar-
bitrary launch power distributions and the dispersion slope. The formula was
compared to numerical simulations over the entire C+L band and a maximum
deviation of 0.3 dB is found. The work is described in Sec. {.1} and the re-
sults were published in [P6]. The results in this work were further used in the
publications of [P3, P4, P19, P22].

The [SRSIGN| model in closed-form, derived in Sec. 4.1 was extended to cor-
rect for the modulation format dependent contribution to the nonlinear distor-
tions. In particular, the result was a closed-form formula correcting for the
modulation format dependence in the cross-phase modulation contributions
of the nonlinear distortions. Numerical validations showed average devia-
tions between model and simulations of 0.3 dB and 0.2 dB for 16{QAM] in
low dispersive and high dispersive fibres, respectively. The analytical result
was the first analytical investigation of the modulation format dependence in
the presence of and the first closed-form formula correcting for it. The
work is described in Sec. 4.2} and the results led to the publication of [P4].
The results in this work were further used in the publication of [P19].

A strategy was proposed in order to apply the model to optical
bandwidths beyond 15 THz. The [[SRSIGNImodel is based on a triangular ap-
proximation of and only valid to bandwidths of up to 15 THz. However,
enabled by parameter matching, the formula can be applied to bandwidths
beyond 15 THz, where currently no analytical solutions of the Raman gain

equations exist. The work enables real-time performance estimates and opti-
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misation of transmission systems covering SCL band (20 THz). The results
were the first closed-form formula that can be applied to SCL band systems
and the first numerical validation of first-order perturbation approaches over
20 THz. The work is described in Sec. 4.3} and the results were published in
[P19] and rated "top-scored’ in the peer-review process.

It was shown that nonlinear interactions between transceiver noise and the
signal are significant in transmission systems that exhibit digital nonlinearity
compensation. The main contribution was a new formula that predicts the
nonlinear distortions arising from these residual interactions. The model was
compared to numerical and experimental results with good agreement be-
tween the theoretical predictions and the experiment. The work is described
in Sec. [5.1} and the results led to the publication of [P15]. The results in this
work were further used in the publications [P9, P21, P25, P31].

The new formula, derived in Sec. [5.1], was used to derive an optimum scheme
for digital nonlinearity compensation, deriving the optimum split ratio be-
tween digital pre-compensation and digital back-propagation. It was shown
that this ratio depends on the transmission distance and the noise that is intro-
duced by the transmitter and receiver. The work disproves previous designs,
where it was suggested that the optimum split ratio is always half. The new
design yields reach improvements of around 25%. The work is described in
Sec. [5.2} and the results were published in [P9].
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Chapter 2

Theory and literature review

The aim of this chapter is to introduce the main physical concepts in optical commu-
nication that are required in order to understand the goals (see Ch. [I)) and research
described in this thesis. The fundamentals of light propagation in the optical fibre
channel are reviewed with special emphasis on nonlinear effects, as they are cur-
rently viewed as the main limitation to increasing the achievable information rates
within a given optical bandwidth. Particular attention is drawn to ultra-wideband
bandwidth scenarios, where the optical bandwidth is larger than in conventional
transmission systems. Fibre properties, enabling amplification techniques and com-

mon system modelling approaches are introduced and reviewed.

2.1 System modelling

A coherent optical communication system is comprised of an optical transmitter, a
transmission link and an optical receiver followed by some digital signal process-
ing, schematically shown in Fig. 2.1 Optical modulators modulate the data onto

[ LINK "
Optical ' | Optical
@ P DSP Data
Transmitter : S5 | Receiver

Figure 2.1: Transmission model in optical communication.

a light wave exploiting amplitude, phase and the polarisation state of the electric
field. The modulated light then propagates through the optical fibre channel and
is detected at the receiver side. Through the use of coherent detection and digital
signal processing, the data is transferred from the optical into the electrical domain
and then recovered, with errors originating from both the link and the transceiver
sub-system [47]. In a coherent receiver, the received signal is mixed with a local
oscillator and the resulting signal is subsequently detected using two photodiodes

(per polarisation). This leads to beating terms from which the amplitude and phase
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of the signal can be successfully extracted [48]. In the remaining sections of this
chapter, the main concepts and transmission impairments of the light wave propa-
gating in an optical fibre are introduced with focus on ultra-wideband transmission

and nonlinear effects.

2.2 Modulation formats and mutual information

The electric field O (t) of a[WDMlI channel centered around f, can be written as

Q(t) = Q(T)e /2, 2.1)

where Q(¢) is the complex envelope of the channel. As Q(¢) is complex
valued, its real and imaginary parts can be used to transmit information. the
Fourier transform is defined as in [11], i.e., the forward transform is given by
F{fO)}(f) = [ f(t)e/*™dt. In practice, the complex envelope of the electric
field is generated by combining the output of two amplitude modulated optical
waves that are phase shifted by 7 (i.e. are orthogonal) with respect to each other.
Utilising both real and imaginary parts of the electric field, is referred to as quadra-
ture amplitude modulation, where the non-phase shifted and the 7 phase shifted
wave components are called the inphase component (Il) and the quadrature compo-
nent (Q). At the receiver, the complex electric field can be reconstructed by using a
coherent receiver and coherent

QAM)|modulation formats are represented by a constellation diagram as shown
in Fig. 2.2] As an example Fig. [2.2] a) shows a 16{QAM] signal, using 4 dif-
ferent levels per [l and [Q] component. Fig. [2.2] b) shows a Gaussian modulated
signal, where the component of every constellation point is drawn from a Gaus-
sian distribution. Gaussian constellations are not practically achievable as they re-
quire an infinite number of amplitude levels per [l and [Q] component, however, they
have three valuable properties. First, they upper bound the nonlinear distortions
of formats, leading to modulation format independent and guaranteed con-
servative performance estimates [31]. Second, Gaussian-modulated signals result
in relatively simple analytical expressions enabling very efficient, low complexity
models for the estimation of nonlinear interference [27,29,49|]. Third, they max-
imise the achievable information rate in the presence of an additive white Gaussian
noise channel. Fourth, Gaussian modulation is a good approximation for shaped
constellation, which will be covered in this section. is defined as additive
noise whose amplitude samples are drawn from a Gaussian distribution and whose
power spectral density (PSDJ) is uniform over the signal bandwidth. Gaussian mod-

ulation and its benefits in the modelling of nonlinear distortions will be extensively
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discussed in Section [2.6.2] It will be shown that Gaussian constellations result in

simple integral expressions for analytical performance estimations, referred to as
the [GNl model.

Quadrature
o
[
|
Quadrature

| |

—1 0 1
Inphase

Figure 2.2: The inphase (real) and quadrature (imaginary) part of a 16-QAM format in a)
and a Gaussian constellation in b). Both constellations are normalised to unit
power.

Modulation formats are inherently tied to the achievable information rate
(AIR) they can achieve given the channel statistics. [AIR]is an important figure of
merit as it corresponds to the net data rate that can be achieved by a transceiver using
soft-decision decoding. While hard-decision decoding operates on discrete quanti-
ties (i.e. bits that are either 1 or 0), soft-decision decoding operates on continuous
quantities (soft bits) that additionally express the certainty of a bit estimation. This
additional information results in better performance with respect to hard-decision
decoders. A way to estimate the AIR is utilising mutual information (MI), which
measures the amount of information obtained about the sent symbols X through
observing the received symbols Y. The MIlis given by

MI(X,Y) = / / dxdy px.y (x,y)log, (%), (2.2)

where px y (x,y) is the joint probabilty distribution of X and ¥ and px (x), py (y)
are the marginal probability distributions. For an channel, a Gaussian prob-
ability distribution (i.e. Gaussian modulation) maximises (2.2)). The resulting MI is
defined as (AWGN) channel capacity, and is given by the Shannon formula [26]

C =log, (1+SNR), (2.3)

where SNR is the signal-to-noise ratio. While Eq. (2.3)) serves as a very useful



20

16

2.2. Modulation formats and mutual information

T

T T

uniform
MB shaped

4-QAM
16-QAM
64-QAM

39

256-QAM
1024-QAM
- - - Gaussian log, (1+ SNR)

MI [Bits/4D-symbol]

| | | | | |
16 18 20 22 24 26 28
SNR [dB]

30

Figure 2.3: The mutual information as a function of SNR for a AWGN channel. Shown are
uniform constellations and probabilistically shaped constellations.

upper bound on information throughput, it is difficult to (exactly) achieve in prac-
tice due to the requirement of infinite amplitude levels in I and Q components and
infinite-length forward error correction code (FEC). However, the Shannon capac-
ity can be approached by means of constellation shaping, where the location (i.e.
geometric shaping) or the probabilities of occurance (i.e. probabilistic shaping) of
each constellation point is varied. With respect to probabilistic shaping, it has been
shown that the optimum probability distribution, under the constraint of a discrete
constellation set and minimisation of average transmitted power, for the AWGN]
channel is the Maxwell-Boltzmann distribution [[50] given as

o~ [

= 24
P ) e P o

where Avip is the shaping parameter that is optimised for a given Note that
AMp = 0 describes a uniform constellation as in Fig. 2.2]a).

It should be stressed that the Shannon formula holds for AWGN chan-
nels. However, the optical fibre channel does not strictly resemble an AWGN chan-
nel. E.g., it has been shown that the fibre channel exhibits a significant phase-noise
component [51]]. Additionally, the nonlinear interference noise is characterised by
temporal correlations [32,52]]. However despite the non-AWGN nature of the fibre-
optic channel, the Shannon formula (2.3)) is of significant practical relevance as it
offers an estimate of achievable throughputs using conventional (i.e. linear) trans-
mission and detection schemes. Nonetheless, it should be emphasised that the ac-

tual capacity of the fibre-optic channel is unknown and still an open research ques-
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tions [|53]].

To summarise, Fig. @ shows the mutual information for several uniform
and probabilistically shaped constellation formats as a function of the [SNRl The
results were obtained by numerically solving Eq. (2.2) (multiplied by 2, as two
orthogonal polarisations are assumed) and using a gradient descent algorithm in
order to maximise the shaping parameter in Eq. (2.4) for every As expected, a
higher cardinality (i.e. unique elements) of the symbol alphabet results in higher[MI]
as the cardinality dictates the maximum achievable information rate for SNR — oo.
Furthermore, Fig. [2.3] shows that probabilistic shaping, indeed, is able to close the
gap to capacity (Gaussian modulation), yielding a maximum achievable shaping
gain of 1.53 dB [50] (for SNR — o0). This shaping gain can be achieved by means

of geometric or probabilistic shaping.

The calculation of mutual information is required to asses the net throughput
that can be achieved for a given optical transmission system. Although the trans-
mission models developed in this thesis (see Chapters 3] [ [5) estimate the signal-
to-noise ratio, the net throughput for the modelled system can be calculated using

MI and the concepts discussed in this section.

2.3 Fibre propagation and impairments

In this section, the main concepts and transmission impairments of light wave prop-
agation in an optical fibre are introduced with emphasis on ultra-wideband transmis-
sion. The evolution of the slow varying, complex envelope of the guided electric
field Q = Q(z,t) is well described by the nonlinear Schrodinger equation (NLSE)
[11}, Ch. 2]

00 a _ Bd*0 B0 2|0

2
e ed P27 % P37 X% _ —T 2.5
5. T 28t g e Y| WG "2l 2
Loss Disp:e,rsion Kerr effect Raman effect

where a is the loss coefficient, 3, is the group velocity dispersion parameter, 33 is

the group velocity dispersion slope at reference wavelength A¢, z is the propagation

distance, T =1t — é is the time of the reference time window moving at group

velocity v, at reference wavelength A, ¥ is the nonlinearity parameter and Ty

is the Raman time constant. The nonlinear parameter can be computed via y =
27‘Cn2
ArefAett’

2]. The Raman gain constant captures the delayed nature of the nonlinear fibre

with effective mode area Aes and nonlinear refractive index ny [11, Ch.

response, leading to inter-channel stimulated Raman scattering. The Raman time
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constant is related to the slope of the Raman gain 7T = #ﬁ}%g, (f) with
f=0
the fractional contribution of the delayed nonlinear response f,. The Raman gain

spectrum describes the power coupling of two frequency components as a function
of their frequency separation (see Fig. [2.7). The Raman gain becomes relevant
for bandwidths beyond 5 THz and is only valid for bandwidths up to the peak of
the Raman gain coefficient (approximately 15 THz). Beyond 15 THz, an integral
form of the Raman term has to be considered, which can be found in [54]]. Eq.
(2.5) is valid for the case of single polarisation. In Section [2.3.3] the case of dual
polarisation is discussed.

For later use, Eq. (2.5)) is written in the frequency domain by applying the
Fourier transform. The [NLSE]in the frequency domain is

Linear effects

2
+J7{Q() « Q" (=) » Q(f) = JTr 27 f (Q(f) * Q" (= 1)) * Q(/)},

v

0 I L TS PO SR i P
o (f)_( + 27 Bo f +J37rB3f)Q(f) (2.6)

Nonlinear effects

with Q(f) =.Z {Q(¢)} (note that both also depend on distance z), where .# denotes
the Fourier transform and u(x) % v(x) denotes the convolution operation. Eq. (2.5))
is key for the calculation of the transmission performance of optical fibre commu-
nication. As such, the analytical models developed in this thesis (Ch. [3] {] [5)) are
extensively validated against numerical solutions of the The prevailing nu-
merical method to solve is discussed in Section Eq. and can

be separated into linear and nonlinear effects.

It should be noted that throughout this thesis, Eq. (2.6) is not directly in-
tegrated. In particular, the Raman term in (2.6) is neglected and the Raman ef-
fect is indirectly accounted for in numerical simulations as well as in the analytical
modelling. The Raman effect in (2.6) results in (formally introduced in Sec.
and it can be accounted for by introducing a signal power profile (i.e. a
suitable loss function), such that the profile resembles the power transfer caused by
Mathematically, the signal power profile is obtained from the Raman gain
equations (see Sec. [2.3.2.2). The approach neglects the temporal gain dynamics of
which will be extensively discussed in Sec. and the approach will be ex-
perimentally validated as part of this thesis in Sec. [3.3] The negligible nature of such
dynamic effects is motivated by the averaging of many independent sources which
has been theoretically shown for on-off keyed systems [55,56]]. Additionally, the

Raman effect couples frequencies that exhibit large frequency spacings (> 5 THz).
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Such frequency spacings exhibit large channel walk-off (see Sec. [2.3.1)), that re-
duces the effect of the impact of temporal gain dynamics.
2.3.1 Linear propagation

When nonlinear effects are negligible, Eq. (2.5) reduces to a linear differential equa-

tion, and it is convenient to analyse the signal evolution in the frequency domain,

given by
2 ()= ( -2+ jom?Bof?+ 3B o(f) 2.7)
aZ - D) J 2 J 3 3 s .
with solution
0(z,f) = (0, f) exp <—%z+j2n2ﬁzf2z+j§n3ﬁ3f3z> SR

Eq. and (2.8) model the intrinsic fibre loss and the effect of dispersion that
cause a temporal spread of propagating pulses. Both linear effects are compensated
by means of optical amplification, at the expense of linear noise, and chromatic dis-
persion compensation through dispersion maps [57] or digital filters [48]. A good
understanding of both, linear and nonlinear effects, is necessary as their interplay is
currently viewed as a fundamental limitation to increase capacity [58,59]]. Addition-
ally, the linear solution (2.8) plays a fundamental role in the derivation of first-order

perturbation models, which are addressed in Section @]

2.3.1.1 Fibre loss

In general, the intrinsic fibre loss is a function of frequency, due to the interaction
of a few different frequency-dependent absorption mechanisms. Neglecting dis-
persion and extending Eq. for frequency dependent loss, we obtain a simple
exponential relationship before and after propagation

06:.1) = 000, pyewp (- “12) 29)

in terms of the electric field and

P(z,f) = P(0,f)exp(—a(f)z), (2.10)

in terms of optical power, with P (z, f) = |Q (z, f)|*. The attenuation coefficient of a
is shown in Fig. [2.4] The profile was obtained from a fitting function to match
experimental results [10]. The main absorption mechanisms that contribute to the
overall fibre loss are Rayleigh scattering (o< A ~%), infrared absorption (< exp (1)),
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Figure 2.4: Attenuation profile of a standard single mode fibre (SMF) taken from [10].

ultra-violet absorption (< exp (—g2A)) and waveguide imperfections, where ¢; and

q» are fibre dependent fitting parameters.

The fundamental limit is imposed by Rayleigh scattering [60] for lower wave-
lengths and infrared absorption for longer wavelengths. Fig. [2.4]shows the so-called
second (around 1300 nm) and third telecom windows (around 1500 nm) which are
further subdivided into transmission bands. Both transmission windows were in
earlier fibres separated by a loss peak imposed by hydroxide ions (OH ™). However
since 1982, efficient fibre manufacturing processes are known to effectively remove
the OH™ content [61]. As a result, the entire low-loss region of the is acces-
sible in state-of-the art optical networks. Utilising all transmission bands, yields an
increase in bandwidth of 13.4 times with respect to C-band (as defined by the avail-
ability of erbium-doped fibre amplifiers, see Section [2.4.1)) alone, a great potential
to increase fibre capacity.

2.3.1.2 Dispersion

Another linear effect occurring during propagation is dispersion. The term group
velocity dispersion means that different frequencies travel with different ve-
locities, leading to a temporal spreading of the propagating pulse. Dispersion leads
to inter-symbol interference impairing signal demodulation, if left uncompensated.
Additionally, to the effect that pulses located at different centre frequencies travel
at different velocities, the pulses themselves become spread in time. This is be-

cause the frequency components within the same pulse also propagate at different
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velocities. Neglecting attenuation in Eq. (2.8) yields

Q(z.f) = 0(0, f)exp (1'27r2f2 [ﬁz + %ﬂﬁzf] z) : (2.11)

in the frequency domain. Eq. (2.11)) shows that dispersion introduces a frequency
dependent phase shift while the amplitude stays constant. As mentioned dispersion
leads to a velocity difference when two pulses are separated by a frequency Aw =
2nAf. The corresponding separation time (ignoring the dispersion slope) between

the two pulses, after a propagation distance L, can be calculated from

ar= 2 (E Aa)—a—z(B)Aa)L—ﬁAa)L (2.12)
- dw \v, - dw? P2 ' '

21c
12

ref

Applying the relation Aw = —25¢AA to (2.12)) yields a similar equation with respect

to a wavelength separation

27e
~T

ref

AT = BoAAL = DAAL, (2.13)

where D is called the chromatic dispersion parameter. The chromatic dispersion
parameter D is approximately 17—-2— at 1550 nm for a Regarding

nm-km
the reported value for the chromatic dispersion parameter typically varies in D &

[16,20] —2— depending on fibre specifications. The two n-th channels that are

nm-km

located at wavelength 1550 nm + nAA are dispersed by

m = 2LDnAA l, (2.14)
T
symbol slots, where Ry, = ﬁ with symbol rate R},. For a symbol rate of R, =32 GBd
and a spacing of Af = 32GHz or AA = 0.256 nm (Nyquist-spacing), the +154-
th channels (10 THz, approximately the entire C+L band) are dispersed by 4188
symbol time slots after 100 km in a A symbol time slot has time duration
T, = RL,]' In ultra-wide bandwidth simulations this number must be kept within a
few percent relative to the number of simulated symbols. This prevents that the
signal leading edge of the signal wraps around the simulation window (i.e. keeps its
impact low) as, in the simulation, the signal is assumed to be periodically extended

across time.

Additionally, for large bandwidth signals, it is important to consider the

change of the dispersion parameter D over the optical bandwidth. Similar to f3
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Figure 2.5: Dispersion profile for a standard single mode fibre together with its linear

4
approximation. The dispersion profile satisfies D (1) = %Ssz (QL - Aﬁ%“’),

with zero-dispersion wavelength Azpw = 1324 nm and zero-dispersion slope
Szpw = 0.092 —E— [11].

nm2km

the linear change of the dispersion coefficient D is given by

aD dme (27c)?
S=[—-— = . 2.15
(‘M>A—Lef PE B2+ 12 B3 (2.15)

ref ref

A has a slope S of 0.067111112’_5km at 1550 nm. The dispersion parameter D
together with its linear approximation for a standard single mode fibre, is shown in
Fig. It can be seen, that the linear dispersion approximation (via S or f33) is
fairly accurate from 1380 nm to 1620 nm which contains all bands except the O and

U band.

It is essential to compensate for dispersion to prevent inter-symbol interfer-
ence. Before the introduction of coherent detection, dispersion compensation was
performed by means of dispersion maps (dispersion management) where some fi-
bre spans along the transmission link use negative dispersion coefficients result-
ing in reduced accumulated dispersion at the receiver. Dispersion compensation
modules usually consist of long ( 10 km) pieces of dispersion compensating fibres
(DCF) [62,,163]] or compact, chirped fibre bragg gratings [64]. Alternatively, the
accumulated dispersion can be reversed electronically by applying a digital filter,
following coherent detection, with transfer function

H(f)=exp <—j27f2f2 {ﬁz + %ﬂﬁsf] L) : (2.16)
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after transmission distance L to compensate for chromatic dispersion [65]].

2.3.2 Nonlinear propagation

As dispersion can be mitigated by digital filters and equalisers, the current limitation
of optical communication systems is imposed by Kerr nonlinearities [58./66,67]. In
order to obtain a better understanding of fibre nonlinearity, Eq. in the absence
of dispersion (D =0 and S = 0), yields

2
%—f=—%Q+jv<|Ql2Q—TRa('9—%Q>. @.17)
The second term in is related to the instantaneous Kerr effect while the third
term describes the delayed nonlinear Raman response giving rise to inter-channel
stimulated Raman scattering [68,/69]. Although there are no instantaneous physical
processes, the nonlinear response can be separated into a quasi-instantaneous and
a delayed contribution of the fibre response with respect to the frequency of the
optical field. The nearly instantaneous part originates from electronic contributions
while the delayed part originates from induced vibrations of the silica molecules.
effectively redistributes power from high frequency to lower frequency com-
ponents during fibre propagation. More specifically, the delayed Raman response
arises from the non-instantaneous nature of the interaction between the incident
optical waves and the vibrational modes. Eg. is valid for bandwidths up
to approximately 15 THz, as it relies on a linear approximation of the Raman gain
spectrum. This assumption will be addressed in more detail in Section[2.3.2.2] Non-
linear effects include phenomena such as self-phase modulation (SPM)), cross-phase
modulation (XPM)), four-wave mixing (FWM)) and stimulated Brillouin and Raman
scattering. In the following section these effects are described in more detail.

2.3.2.1 Instantaneous Kerr effect
First, the instantaneous Kerr effect is analysed in more detail. Neglecting in

(2.17) yields

20 . _g ) 2
= —-Zo+irlore 2.18)
with the solution
0(2,T) = Q(0.T)exp (—az-+j¥/Q(0.T)* Lerr) 2.19)

in the time domain, where Legr = [ exp (—a{)d{. Eq. @.19) describes a phase

shift in the time domain, dependent on the instantaneous power of the waveform Q
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Figure 2.6: Illustration of chirp with a) being an unchirped pulse and b) being a chirped
pulse as a result of SPM.

itself. It can also be noted that the intrinsic fibre loss reduces the relevant length
scale from the span length L to the effective length L.g. The effective length of
alSMH (0t = 0.2 8B) js L = 129020 o 1 — 51715 m, which shows that the
Kerr effect is only significant at the start of the fibre span. This can be exploited in
numerical simulations and analytical modelling of the fibre channel, by tailoring the
distance resolution to the exponential power loss profile [70]]. Given an initial pulse
envelope Q(0,7) = Qo (T)exp (jo), the phase and angular frequency at distance

L are
O(L,T) = 9o+ ¥|Q0 (T)|* Letr, (2.20)
and

d
o(L,T) = (L.T) = ~YLetr5: Q0 (7). .21

_8_T¢
Eq. (2.Z1), shows that while the envelope of the pulse in time is not varying, the
leading edge of the pulse experiences a frequency shift towards higher frequencies
and the trailing edge of the pulse a frequency shift towards lower frequencies. In
other words, the pulse acquires a time-dependent change of the instantaneous fre-
quency, also called chirp. An illustration is shown in Fig. [2.6 with an un-chirped
and a chirped pulse as a result of self-phase modulation.

[SPMlis the process whereby a pulse nonlinearly interacts with itself, in fibres
first demonstrated in 1967 [[71,[72]]. On the other hand, cross-phase modulation is
the process whereby a pulse nonlinearily interacts with another pulse [73,74]].
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2.3.2.2 Delayed nonlinear effect

In recent years much attention has been drawn to the study and mitigation of Kerr
nonlinearities such as and FWM]| which limit the achievable data rates
and are the prevailing nonlinear effects for optical bandwidths within the C-band,
where conventional Erbium fibre amplifiers operate. As mentioned, the nonlinear
response can be considered instantaneous within these bandwidths, with respect to
changes in the optical signal, and the delayed part of the response is negligible.
However, for optical bandwidths beyond C-band, the delayed nonlinear fibre re-
sponse must be taken into account. Neglecting dispersion and Kerr nonlinearity,

and writing out the convolution operations in Eq. yields

0 o
S0l =-50(/)

(2.22)
_2myTk / / HOA)O (fi — £)0(f — f)dfidf.

To analyse the effect of a delayed nonlinear response, a transmitted signal consisting
of only two continuous waves with powers P, = |@|* and P, = |Qy|* at (relative)
frequencies 0 and f, respectively, can be considered. The waveform is then given
by

O(f) =016 (f)+ 00 (f — fi), (2.23)

note that Q; (z) and Oy (z) are distance-dependent, which is suppressed for nota-
tional convenience. Inserting the signal at the transmitter Eq. (2.23) into Eq. (2.22))
yields
d
1018 () +0u8 (7~ f] = =3 [213 () + Q8 (£~ i)
2myti [ [dndfs 51018 (f1)+ 08 (i ) (2.24)
(016 (fi = f2) + Qb (/1 = 2= fI][Q16 (f = f2) + Q6 (f — fa— fi)]-
The convolution integrals are only non-zero for two frequency combinations which
are {fi =0and f, = —f;} and {f; = fi and f» = fi}. The resulting equation is
d
32110 (/) + Qb (f — fi)] = —% (016 (f) + Qb (f — fi)]

(2.25)
—27YTR fi [|Q1 > 0k8 (f — fi) — Q> 018 (f)] -
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As the two Dirac delta functions are orthogonal, (2.25]) can be written as two cou-
pled differential equations and further translated to the power evolution of the con-

tinuous wave, using the relation 5- aP = QZ* 0+ %—gQ*, as

ISRS gain
a — e
8_P1 = —aP +4nyTR fi P, P,
az (2.26)
a_Pk = —ob —4nYIRfiP1 Py -
z ———
ISRS loss

Eq. (2.26) reveals that a delayed nonlinear response, leads to a power transfer be-
tween propagating frequencies. If we have that f; > 0, the wave P, amplifies wave
P, at the expense of its own depletion as described by (2.26). This power transfer
from high to low frequency components is referred to as inter-channel stimulated
Raman scattering. As mentioned, is caused by elastic scattering with optical
phonons, the quantisation of vibrational modes of the glass lattice.

In fact, (2.26) can be generalised to the Raman gain equations, a set of M
coupled differential equation that describe power evolution of each continuous wave
channel, where M is the total number of channels [75]]

i—1

1
== Z ggR (Af)PP A+ Y EgR(Af)PjPi—O‘Pi,
=i+1 =J1 j=1

~
ISRS loss ISRS gain

(2.27)

. 7

with the optical power P,, of channel i, the normalised Raman gain coefficient
gr(Af), the attenuation coefficient o and the frequency separation Af = |f; — fi|

fi

between channel j and i. The factor 7 conserves the photon number and the factor

% accounts for polarisation averaging as the Raman gain coefficient is strongly po-
larisation dependent [[76]]. The channels are indexed such that the highest frequency
channel has index i = 1. Eq. can be solved numerically and it extends the
simplistic model in Eq. (2.5) and Eq. (2.26)) by accounting for energy con-
servation and the precise Raman gain spectrum. Figure shows the Raman gain
coefficient in silica for a frequency separation of up to 20 THz, as measured by
Stolen and Ippen in 1973 [12]]. Fig. also shows a linear regression of the Raman
gain spectrum, often referred to as the triangular approximation of the Raman gain
function, valid for bandwidths up to 15 THz. The triangular approximation leads to

simplified descriptions of such as Eq. (2.5) and Eq. (2.26). Additionally, Eq.
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Figure 2.7: Raman spectrum at 1550 nm for a standard single mode fibre taken from [|12]]

and a linear regression slope of C, = 0.028 m

(2.2°7) can be solved analytically under the triangular approximation [77,78|]

Pt e 00z—PotCrLeft f

(Z f) fGT ( ) _PtolCrLeffvdv’

(2.28)

where C; is the slope of a linear regression of the normalised, polarisation averaged
Raman gain spectrum %g,(A f), Pt is the total optical power GTX (f) is the signal
power spectral density at the transmitter and Leg = = CXP( . Eq. (2.28) yields
the normalized signal power profile such that the 51gnal power profile P(z, f) at
any distance and frequency is P(z, f) = p(z, f)P(0, f). The z dependence in L is
suppressed for notational convenience.

The power evolution of the highest and lowest frequency channel is shown
in Fig. 2.8] The results were obtained by numerically solving Eq. with the
Runge-Kutta method and its analytical approximation (2.28). The results assume
a fully loaded (ideal Nyquist-spaced) signal with a total optical bandwidth,
Biot of 10 THz, channel bandwidth, B¢, of 40 GHz, —2 dBm/ch. launch power, an
effective fibre core area, A of 80 um? and a Raman gain spectrum as in Fig.
A very good agreement can be seen between the Raman gain equations and its ana-
lytical approximation, especially at the beginning of the fibre spans, where nonlin-
ear distortions prevail. Therefore, (2.28)) can be utilised as a simplified description
of in the analytical modelling of nonlinear distortions in the ultra-wideband
regime.

To date, the impact of [SRS| has not been relevant for practical systems op-
erating over bandwidths less than 5 THz. However, as bandwidths increase in the
quest to increase channel throughput, the impact of inter-channel stimulated Raman
scattering must be revisited in the context of exploring its impact on achievable

communications rates in coherent WDM| communication systems. The impact of
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Figure 2.8: Power evolution of the highest and lowest frequency channel of a 10 THz sig-
nal (populating the entire C+L band), in the presence of ISRS. Results were
obtained by numuerically solving the Raman gain equations and its ana-
lytical approximation (2.28).

has been studied in early studies addressing on-off keyed transmission sys-
tems and neglecting the interaction between the Kerr effect and [35H38]. As
outlined in Chapter [I] developing models that predict the impact of on the
Kerr nonlinearity is a primary goal of this thesis. In Chapters [3| @} new analytical
models are derived in order to accurately predict such interactions and in Section
3.4 the impact of on the achievable information rate is investigated in the
context of state-of-the art, coherent optical transmission systems.

2.3.3 Polarisation

The Eq. (2.5) is only valid for single polarisation. However, usually both
orthogonal polarisation states of the optical wave are used for transmission. For this
case, Eq. (2.3) can be extended to the Manakov equation [[79] as

90: %0, PB3d30. . (8 2|0+ 0y
90 a4 P20 P QZ]Y(§‘QX+Qy|2Qx_TRMQx),

9z "2 orr T 6 or3 oT

.ﬁZ 82Qy . B3 83Qy .

20, a (8 2 a|Qx"’Qy
2 12975 g zars—”<§’Qx+Qy‘ O TG5O ]

0z +2

Oy +

where Oy and Q) are the complex envelopes of the signal in x and y polarisation,
respectively. Eq. (2.29) models the average impact of birefringence on the pulse
propagation [80]. Birefringence means that the refractive index of the material is

polarisation dependent. However, in optical fibre transmission over tens of kilo-
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metres, the birefringence varies so rapidly over the transmission distance that it
is sufficient to analyse the average over the Poincaré sphere (i.e. all possible po-
larisation states). In the Manakov equation polarisation mode dispersion (PMDJ),
arising from the velocity differences of the two polarisation states, is neglected.
Eq. (2.29) can be extended to the Manakov-PMD equation in order to model the
effect of [81]]. However, as a dispersive effect, reduces the coherence
between co-propagating frequency components and, as such, reduces nonlinear dis-
tortions [82]. Therefore, the Manakov equation serves as a good conservative esti-

mate of the nonlinear distortions and the overall transmission performance.

2.3.4 The split-step Fourier method
To simulate the pulse propagation through an optical fibre, Eq. (2.5)) (or Eq. (2.29)

for dual polarisations) must be solved. Unfortunately, (2.5)) has no analytical solu-
tion and efficient numerical methods are required. The prevailing numerical method
to solve (2.9) is the and consists of dividing the entire transmission distance
into small steps with length Az [11]. Within a step, linear and nonlinear effects
are decoupled and solved separately. Rewriting (2.8)) and (2.19) as operators, the
execution of a single split-step can be mathematically written as [[11, Ch. 2]

O(z+ Az, 1) ~ e N DG 4y (2.30)

with linear and nonlinear operators

(2.31)
g 10 T)
N=j T — e 21 )
The linear operator can be evaluated in the Fourier domain as
APQ(z,1) = F 1AL FQ(z,1) (2.32)

Eq. (2.30)) is then repeatedly applied until the end of the fibre span z = L is reached.
The accuracy of can be improved by applying half the linear operator at the
start and at the end of each split-step, referred to as the symmetric split-step Fourier
method [11], Ch. 2].

The choice of the step size is key as the split-step Fourier method is more accu-
rate for a smaller step size. The convergence of the step size can be improved when

the step size distribution is logarithmic (tailored to an exponential loss of the signal
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Figure 2.9: The for different number of split-steps relative to the for a con-
verged number of steps for each[WDM]channel. Shown are a constant step size
distribution a) and a logarithmically distributed step size distribution b). The
results assume a 1 THz signal after 100 km of SMHE with an artificially ten-fold
increased Raman gain coefficient.

power profile) [70]. Fig. 2.9 shows the relative to the converged (true)
for each channel for different number of steps. The results were obtained
by running the algorithm for different numbers of total steps per span for
the same underlying transmission system. This way the convergence of the
accuracy as a function of the step size can be studied. Additionally, the impact
of using a uniform and a logarithmic step size distribution was investigated. The
constant step size distribution is shown in Fig. 2.9a) and the logarithmic step size
distribution is shown in Fig. [2.9b). The results assume a 1 THz signal after 100 km
using the symmetric (2.30). The nonlinear operator is evaluated at the
effective step size (length). An artificially ten-fold increased Raman gain coefficient
was assumed to yield an power transfer of 8.2 dB over 1 THz. It can be seen
that the converges for increase step sizes with improved convergence when
the step size is logarithmically distributed. A logarithmic step size distribution ef-
fectively reduces the step size at the beginning of the fibre span, where nonlinear
distortions are significant, and increases the step size at the end of the fibre, where
nonlinear effects are negligible (see Sec. [2.3.2).

The is extensively applied as a benchmark for computational complex-
ity and in order to quantify the accuracy of the analytical models that are derived in

Chapters 3] 4} [5
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Figure 2.10: Signal power profiles within a SMF span using lumped and distributed ampli-
fication.

2.4 Optical amplification

Due to the intrinsic fibre loss, optical communication systems rely on the availabil-
ity of optical amplifiers, for transmission over hundreds of kilometres and beyond.
Optical amplification is the process of increasing the input signal power without the
necessity of converting the signal into the electrical domain, allowing for transpar-
ent optical links. Optical amplification can be broadly categorised into lumped and
distributed techniques. Both schemes result in different power profiles within the
fibre span, resulting in different levels of nonlinear penalties. Therefore, a precise
knowledge of the signal power profile is required for the modelling of nonlinear
distortions. An illustration of the different signal power profiles by numerically
solving Egs. (2.35)), for a is shown in Fig. 2.10] In the former case the am-
plification is performed in a lumped amplifier at the end of every span. In the latter
case the fibre itself functions as the gain medium during propagation. This is re-
alised by exploiting stimulated Raman amplification (see Section [2.3.2.2)), where
a high power pump, with a frequency shift of around 13 THz, is injected into the
propagation fibre. In the next sections, both amplification strategies are discussed
in more detail.

2.4.1 Rare-earth-doped fibre amplifier

Although there are many different types of lumped amplification, the most common
lumped amplifier is the Erbium-doped fibre amplifier (EDEA). The amplifier con-
sists of an erbium-doped fibre acting as the active material in the wavelength region
around 1550 nm. The early developments of the[EDFAland its wavelength gain win-
dow motivated the definition of the C-band. deliver high gain (G > 20 dB),
enabling long-haul transmission without the necessity of optic-electronic conver-

sion. However, co-propagating amplified-spontaneous emission noise will be gen-
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erated within the doped fibre and injected into the transmission fibre. The[ASElnoise
degrades the signal-to-noise ratio. It is well modelled by additive white Gaussian

noise and its noise power over both polarizations can be calculated as

PAsg = 2nsph (f+fc) Bret (G - 1) ) (2.33)

where ng, is the spontaneous emission factor, / is Planck’s constant, f is the relative
and f. the reference frequency, By, is the reference bandwidth and G is the gain of
the amplifier. The noise characteristic of an amplifier is typically measured in terms
of noise figure F,, defined and given by

SNR;j, 1

SR~ E, = e [142ng (G—1)] = 2ng, forG>> 1, (2.34)

where SNR;, and SNR,; are the before and after the amplifier. The sponta-
neous emission factor is related to the population inversion in the gain media with
nsp > 1 resulting in a minimum possible noise figure of F, > 2 =3 dB. A con-
ventional offers high gain over an optical bandwidth of around 35 nm. This
availability of the over the wavelength range of 1530 to 1565 nm motivat-
ing the definition of the C-band over the same wavelength range. With the use of
longer erbium-doped fibres, the gain window can be shifted into the L band [83].
Similar to the definition of the C band, the availability of efficient optical amplifi-
cation motivated the definition of the L band, ranging from 1565 to 1625 nm. A
joint C+L band amplifier can then be realised by splitting the signal into the two
bands, amplifying both separately and recombining both bands after the amplifica-
tion stage. Using this technique, a lumped amplification window of around 77 nm

can be realised [84].

The amplification window fundamentally depends on the used dopants in the
active fibre. To increase the bandwidth beyond C+L band, alternative dopants must
be used. A rare-earth material that can be used as a dopant for amplification in the S
band is Thulium (Tm>"), abbreviated as Thulium-doped fibre amplifier (TDFA]) The
first TDFAl providing a peak gain of 8 dB over 1470-1540 nm was experimentally
demonstrated in 2000 [[85]]. State-of-the art [TDFAl can provide over 30 dB gain for
wavelengths ranging from 1460-1520 nm [13]], unlocking the entire S+C+L-band
for ultra-wideband transmission. Using the S+C+L band, a transmission rate of up

to 150.3 TTb over 40 km has been experimentally shown [86}87].

Amplification in the E-band has been demonstrated by using Neodymium
(Nd**) with a peak gain of 13.3 dB from 1376-1466 nm [14]]. A promising dopant

for lumped ultra-wideband transmission is Bismuth (Bi3+), which has been shown



2.4. Optical amplification 56

‘ Nd3+ Er3+

Tm3+

32+

Loss [dB]
[\
~
I

p—
(@)
I

O‘band E‘band S bqnd C bandL bapd U band
1200 1300 1400 1500 1600 1700
Wavelength [nm]

Figure 2.11: Loss (required gain) after propagation in a 80 km SMF based span using the
profile shown in Fig. [2.4 Demonstrated amplification windows of a variety
of rare-earth dopants are also shown [13H16f. The results shown in the figure
neglect inter-channel stimulated Raman scattering.

to have an amplification window from 1250-1500 nm [[15]] and 1600-1700 nm [16].
Furthermore, it has been shown that the Bismuth-Erbium co-doped fibres can lead
to a seamless amplification window with demonstrations of 15 dB gain from 1515-
1775 nm [88]]. Fig. 2.11] shows the required gain after propagating through 80 km
of a using the loss profile as in Fig. together with the demonstrated am-
plification bands for rare-earth-doped fibre-amplifiers. The power transfer due to
inter-channel stimulated Raman scattering was not included. Fig. 2.11] shows that,
in principle, the entire low-loss window of the[SME can be amplified and, thus, used
to increase transmission rates. However as[TDFAK are already readily available, this
strongly relies on the commercial availability of Bismuth and Neodymium doped

fibre-amplifiers providing gains of up to 30 dB gain.

2.4.2 Distributed Raman amplification

In addition to lumped implementations, optical amplification can be carried out in a
distributed manner by utilising the effect of stimulated Raman scattering (see Sec.
[2.3.2.2). A high power laser is injected into the propagating fibre, typically spaced
by 13 THz with respect to the amplifying signal, in order to achieve the maximum
Raman coupling (cf. [2.7). In contrast to doped-fibre amplifiers, the propagation fi-
bre itself serves as the gain medium. Different configurations are possible including
forward pumping, backward pumping or both at the same time. Typically, backward
pumping is employed in order to reduce the relative intensity noise (RIN) [89]]. RIN]
originates from the transfer of pump power fluctuations onto the signal wave, lead-

ing to signal distortions. These distortions are reduced using backward pumping
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Figure 2.12: Signal power profiles for first-and second order-Raman pumping. Different
optical bandwidths, a 155 channel and a 310 channel system, are shown to
illustrate the effect of pump depletion.

as the pump and the signal propagate in opposite directions, leading to more aver-
aging and reduced as a consequence. Multiple Raman pumps can be used in
order to achieve a flat gain profile across the signal (amplification) bandwidth [90].
Configurations, where the pump itself is amplified by another Raman pump, reduce
the total noise, referred to as second-order Raman amplification. This can be
used to allow for reach extension [91] or to achieve more symmetric power profile,

which is a key enabler for, e.g., optical-phase conjugation [92].

Similar to the mathematical description of (2.27)), distributed Raman
amplification is described by a system of coupled differential equations, depending
on how many pumps are used [93-95]]

oP

0z = OCP—gR(’fc—prPva

dJF, Are

o =k s (= hl) PRt s (=il R @39)
oP, A
a—; = —0php — l_;gR (|fp2 _fp‘)PpPPZ’

where P, is the power profile of the first-order pump with loss coefficient a;, at
A, (frequency f),), Py, is the power profile of the second-order pump with loss
coefficient a,, at wavelength 4, (frequency f,2), P is the signal power profile at
reference wavelength A.¢ (frequency f.). It should be noted that the distance z in
(2.33) is defined relative to the propagation direction of the pumps (i.e. z =0 defines
the end of the fibre).
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With the combination of forward, backward pumping as well as higher-order
pumping, different signal power profiles can be realised with different nonlinear
and performances. Another effect that occurs using distributed amplification
is pump depletion. The term —@{—;ng (! fe— fp|) PP, in Eq. (2.35) ensures energy
conservation and as the signal is being amplified the pump itself is being depleted.
This effect increases with increasing total signal power and therefore with increas-

ing channel count (assuming constant power per channel).

To illustrate different signal power profiles for first-and second-order back-
ward pumping, Eq. was numerically solved using the Runge-Kutta method.
The results assume a symbol rate of 32 GBd and a channel power of -2 dBm per
channel and are shown in Fig. 2.12] A signal containing 155x32 GBd channels
(approximately the entire C-band) and one containing 310x32 GBd channels (C+L
band) are shown. It can be seen that, indeed, pump depletion increases with the

number of transmitted channels (i.e. with the total power).

The noise power for Raman amplified systems is obtained by integrating the

signal power profile via

L by (z)
G(z)

PASE = BretnsphfoG(L) A dz, (2.36)

where G (z) = exp < J58r (f) %f)d 4 ) Raman amplification generally introduces
less [ASEl noise with respect to doped fibre-amplifiers. Distributed Raman ampli-
fiers exhibit excellent noise figures with respect to their lumped counterparts. Both
effects combined result in improved overall system performance (SNRJ) in Raman

amplified systems.

Recent high-capacity experiments for C+L band transmission include Raman
amplification in combination with lumped amplification for better performance and
to overcome the amplification gap between the C and L band [84,96]. Ultra-wide
bandwidth transmission using all-Raman has been shown in [97] where an amplifi-
cation bandwidth of 94.5 nm was demonstrated. However, the high throughput of
102.3 Tb/s was only achieved over a rather short distance of 240 km. As part of the
work of this thesis, a throughput of 74.38 Tb/s over 6300 km was achieved using
a hybrid Raman/EDFA amplifier, covering a continuous bandwidth of 91 nm [98]].
The use of hybrid Raman/EDFA amplifiers impose a strong wavelength dependence
of the system performance due to as only part of the spectrum is amplified by
the Raman amplifier. As a consequence of the strong wavelength dependence, the
spectral distribution of the launch power must be optimised in order to maximise

the total throughput. The new analytical model derived in Ch. (3| was applied to
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perform the launch power optimisation in the experimental setup in [98].

2.5 Digital nonlinearity compensation
In addition to extending the optical bandwidth, the can be improved in order

to increase transmission throughput (cf. (2.3)). The SNR includes noise sources
originating from transceiver, spontanenous ASE noise and fibre nonlinearity, where
as the optical signal-to-noise ratio (OSNR) only includes noise from optical com-
ponents (e.g. ASE noise). The SNR is formally defined in the next section [2.6]

For the remainder of this thesis, the receiver is assumed to consist of digi-
tal dispersion compensation (or digital-back propagation), ideal root-raised-cosine
(RCC) matched filtering and constellation rotation. The SNR was then estimated as
the ratio between the variance of the transmitted symbols E[|X|?] and the variance
of the noise 62, where 6> = E[|X —Y|?] and Y represents the received symbols
after digital signal processing. For the received symbols, only scaling and an ideal
phase rotation (jointly applied to all symbols) was applied. It should be noted that
different results in terms of SNR could be obtained using different approaches. For
example, it has been shown that carrier phase estimation algorithms reduce the non-
linear interference power due to their temporal correlations [32,52]]. However, this
effect is not considered in this thesis as no carrier phase estimation is performed.

To reduce the nonlinear distortions imposed by fibre nonlinearity, hence im-
prove digital nonlinearity compensation has been proposed and investigated
[24./99,100]]. Most digital nonlinearity compensation techniques extend the physical
link with a virtual link inverting the propagation equation and using the received sig-
nal as initial condition (see Eq. (2.3) witha — —a, Bo — — B2, B3 — — B3, Yy = —7,
Tk — —Tg ). To date, three different implementations have been proposed in the
literature, depending whether this virtual link is placed at the transmitter, called
digital pre-compensation (DPC), receiver, called digital back-propgatation (DBP)
or evenly split between them. This scheme is illustrated in Fig. [2.13] where the
algorithm is arbitrarily devided between transmitter and receiver. The link
consist of n spans, where X spans are digitally pre-compensated at the transmitter
and the remaining n — X spans are digitally back-propagated at the receiver.

Digital back-propagation, has been the subject of numerous research papers
as a method to enhance transmission performance [25,(99H103]. Reach increases
of around 100% (from 640 km to 1280 km) have been experimentally demon-
strated [44]]. Overcoming the modest bandwidths of digital-to-analog converter and
the use of mutually coherent sources (phase-locked spectral combs) enabled the ap-
plication of [104]. Reach gains of 100% (from 1530 km to 3060 km) [45]] and
even 200% (425 km to 1275 km) [46] have been experimentally shown using
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Figure 2.13: Illustration of digital nonlinearity compensation, where the digital nonlinear-
ity compensation is arbitrarily divided between transmitter and receiver. The
link consist of n spans, where X spans are digitally pre-compensated (DPC)
at the transmitter and the remaining n — X spans are digitally back-propagated
(DBP) at the receiver.

It should also be mentioned that other digital nonlinear compensation techniques
have been proposed which take advantage of the the long corrrelation time of the
nonlinear inteference and use, e.g. Kalman filters, to reduce the induced nonlinear
interference [32,,52]. However, in this section we will focus on digital nonlinearity
compensation by means of digital back-propagation or pre-compensation.

Digital nonlinearity compensation is not able to fully compensate for stochas-
tic effects, such as nonlinear interactions between the signal and co-propagating
noise or polarisation mode dispersion [40,/101]. In other words, as determin-
istic signal-signal nonlinearities are fully compensated by stochastic signal-
noise interactions become performance limiting. The nonlinear signal-noise beat-
ing can be further minimised (and, therefore, performance maximised) by means
of split NLC, as illustrated in Fig. @ [41,43,/105]]. This implementation divides
the virtual link evenly (X = [5]) between transmitter and receiver yielding [SNRI
improvements of 1.5 dB compared to DBP (X = 0). However, up to date there is no
experimental demonstration showing the benefits of split[lNLCl In chapterfd] it is ex-
perimentally demonstrated that nonlinear interactions between transceiver noise and
the propagating signal become performance limiting, which has been overlooked in
the literature prior to the research described in this PhD thesis. Using a new formula
to predict nonlinear [TRX]| noise signal interactions, it was proven that the optimum
split ratio is not one-half, which may explain why the predicted gains of split
have not been experimentally shown.

2.6 Analytical modelling

To accurately predict the performance of an optical fibre communication system, as
in Fig. [2.1] the noise components arising from the transceiver sub-system, optical
amplifiers (see Sec. [2.4) and fibre nonlinearity (see Sec. [2.3.2) must be taking
into account, as they all degrade the of the received signal. Assuming that all

three noise sources are statistically independent, additive Gaussian noise sources,
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the total at the receiver can be written as

P P

SNR = == 3
KP + Pasg +PnL1 KPP+ Pasg + NP

(2.37)

with Kk = SNR{I%X, where SNRrx is the transceiver (i.e. back-to-back) and
Pnig is the nonlinear interference power, describing the nonlinear distortions im-
posed by the optical Kerr effect. Eq. (2.37) assumes that all noise sources are
[AWGN! The total noise power (i.e. variance of the AWGN distribution) can there-
fore be obtained by simply adding the noise powers (variances) of the individual
noise contributions. In order to express the launch power dependence of the [SNR]
it is convenient to introduce a nonlinear interference coefficient as 7, = PP 3,
with 1, the nonlinear interference coefficient after span n. The nonlinear inter-
ference coefficient is a normalisation of the NLI noise power, such that the NLI

coefficient becomes independent of the optical launch power.

All transceiver impairments are summarised by the transceiver SNR], which is
the [SNRlin the absence of a transmission fibre and therefore the maximum achiev-
able for the transmission system. Transceiver impairments include quanti-
sation noise due to the finite resolution of digital-to-analog converters (DAC) and
analog-to-digital converters (ADC), noise contributions from linear electrical am-
plifiers as well as impairments due to optical transceiver components and blind [DSP|
implementations. The transceiver noise contribution is often ignored in theoretical
studies, however, it represents a significant noise contribution in the total system

performance.

The optimum launch power and[SNRIcan be obtained by setting the derivative
of Eq. (2.37) to zero and solving for the optimum launch power Fy. Inserting the
optimum launch power in the [SNR|equation (2.37) yields the optimum [SNR] as

1

[ F e 3

|P
Popt = { 2’;’5? (2.39)
n

Eq. (2.39) reveals that the maximum [SNR]is achieved when the nonlinear interfer-

S NROpt —

with optimum launch power as

ence power is half the[ASElnoise power, mathematically nnPg’pt = %PASE. Although,
Eqgs. (2.38) and (2.39) are often referred to in the literature as optimum and
launch power [106,/107], this is not strictly true. The reason is that the [NLI| coeffi-
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cient itself is a function of the (normalised) launch power distribution which is not
accounted for, in deriving Eq. (2.39), where it was assumed that the [NLI| coefficient
is independent of the launch power distribution and that every channel can be opti-
mised independently. However, the actual optimum launch power distribution only
deviates slightly from Eq. (2.39) (< 0.3 dB as shown in [[17])), and Eq. (2.38)) serves
as a good approximation.

2.6.1 First-order regular perturbation

While the noise contribution can be obtained using the closed-form formula
Eq. (2.33) and the transceiver can be measured in back-to-back characteri-
sations, the nonlinear is obtained by solving the [NLSEl (2.5). This is done
numerically using the (see Section [2.3.4)), which has a very high computa-
tional complexity due to the repeated use of large fast Fourier transforms. As a low
complexity alternative, the use of first-order perturbation theory has been proposed
to obtain an analytical solution (to first order) of the NLSE] [20,27-29.[31},32,[108]).
These analytical models yield vast complexity reductions, enabling real-time per-
formance estimation [109]. This is vital for efficient system design [110], physical
layer aware optical networking [[111] and real-time system optimisation [17]. Ad-
ditionally, analytical models reveal unique insight into the underlying parameter

dependencies.

Most analytical approaches rely on a regular first-order perturbation
approach, with the exception of [32] which proposes a logarithmic perturbation ap-
proach. Both approaches are accurate as long as the induced nonlinear perturbation
(i.e. distortion, interference) is small with respect to linear distortions. The ap-
proach has been shown to be accurate (<0.1 dB error in power) for optimum
launch power [33]]. Most communications systems are operated at or around the
optimum launch power, making the approach a powerful tool for performance
prediction. Within the [RPT] approach, the electric field is written as a perturbation

series with respect to the nonlinearity parameter Y as

0(f)=09()+roV (H+ (). (2.40)

Inserting the perturbation series (2.40) into the NLSEI (2.6), neglecting second-order

terms O (}/2) and separating zeroth and first-order terms yields

)

527 (N=ne" (),
8Z (2.41)
7 W =10V () +09 ()*0 O (-0 ),
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with the complex propagation constant I"(f) = S+ 2@ B + j%n3 Bsf3. In
principle, higher-order terms with respect to the nonlinearity coefficient can be eas-
ily included using the same procedure. However, higher-order terms are negligi-
ble around optimum launch power (2.39) and, therefore, of minor interest. The
zeroth-order solution of (2.41)) is simply the linear part of the NLSE] (see[2.3.T)) and
its solution is given by (2.8). Using the initial condition for the first-order field
0 (z=0, f) = 0, the first-order solution is given by

Q(l) (L, f) = ef"(f)L /L Q(O) (G, f)* Q*(O)A(Cv —f)* Q(O) (Caf)dc (2.42)
0

()

Eq. (2.42) represents the basis of first-order analytical models, where the RPT] is
either carried out in the frequency domain as in (2.42) [20,27-32] or in the time
domain [31}33,|34], which are both connected through a 3-dimensional Fourier
transform [112]]. While frequency domain models treat[NLI as time domain
representations offer quantitative insight into the phase noise component of [NLI as

well as temporal correlations of the nonlinear interference [32,33|].

The published approaches can be mainly categorised into two groups,
depending on the ability to account for arbitrary modulation formats. Those two
groups can be further sub-divided whether those models are expressed in integral
or in closed-form. Models, expressed in integral form, are highly accurate but rely
on numerical integration whose execution times may range from minutes to hours.
Closed-form approximations, on the other hand, can be computed in sub-seconds
but are less accurate compared to their counterparts in integral form. The different
modelling approaches are schematically shown in Fig. and discussed in detail

in the next sections.

2.6.2 The Gaussian Noise (GN) model

As shown in Fig. 2.14] available RPI]approaches can be categorised, depending on
the assumed signal constellation at the transmitter (i.e. modulation format depen-
dent or independent). Mathematically, this corresponds to the initial condition of
the zeroth order solution in Eqs. (2.41))(2.42) (the initial condition of the first-order

solution is zero).

The first analytical model in the context of modern coherent systems was de-
rived assuming Gaussian constellations [27,29] which later became widely known
as the Gaussian Noise (GN)) model [49]]. To be more precise, the[GNJmodel assumes
an infinitely narrow frequency comb, spectrally shaped according to the of

transmitted signal and where each spectral line carries a complex, circular Gaussian
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NLSE and Manakov Eq., simulation
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Figure 2.14: Approaches of modelling nonlinear distortions categorised into numerical
simulations and analytical models in integral form and proposed closed-form
approximation. The shown models do not account for utra-wideband effects
such as

distributed symbol &,. The signal assumption of the model is written as [[113]]

0:=0.1) =VAGH() Y. &8 (F—nfo). (2.43)

N—=—o0

where fy — 0 and G« (f) is the power spectral density of the signal at the trans-
mitter. Eq. (2.43) assumes the signal to be a Gaussian process. However, in [53] it
was shown that arbitrary signals do not converge to a jointly Gaussian process due
to fibre propagation (even in the presence of a dispersion only). However, (2.43))
is defined for mathemtical convenience and it is shown in Sec. that the defi-
nition overestimates the amount of nonlinear interference of regular QAM formats.
Following the signal definition as in Eq. (2.43)), it immediately follows that the
model is modulation format and symbol rate agnostic. First, assuming a Gaussian
constellation (see Fig. overestimates the amount of nonlinear interference with
respect to uniform and shaped [QAM]formats. Secondly, as the signal consists of in-
finite Gaussian modulated frequency components, the [NLI| as predicted by the
model is independent of symbol rate within a fixed optical bandwidth, because the
model is not capable of distinguishing between different channels. This means
that the nonlinear perturbation of one channel modulated at 100 GBd is the same
as compared to four channels modulated at 25 GBd. Therefore, the model is
not suitable for symbol rate optimisation [114]]. The symbol rate dependence can

be included with modulation format dependent models which are discussed in Sec.
2.6.4

Inserting Eq. (2.43)) and the solution of the linear NLSEl (2.8) into Eq. (2.42)

and exploiting the statistical independence of the symbols at different frequencies,
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the power spectral density of the nonlinear perturbation on frequency f can be writ-
ten as [29,[30,/49,/1135]]

G(e.f) =27 [dfi [ dp Gr( )G (RIGn i+ o= 1)
' | o0l (i) (h-N BByt o)L | (2.44)

—a+ jAn?(fi— ) (=) B+ B (fi+ )|

Eq. (2.44) represents the model for one polarisation. The dual polarisation case
can be obtained by replacing 27> — %}/Z [116].

The model is often attributed to the group of Politecnico di Torino. How-
ever, Eq. (2.44) was first reported in 1995 in the PhD thesis of C. Kurtzke (with
co-authors A. Splett and K. Petermann) [[115, Eq. (13.22)], written in German. In
English , Eq. was first published in 1993 [27, Eq. (4)] in the absence of loss
(a = 0), and in 2002 including the loss coefficient [29, Eq. (7)]EI The model
can be derived for arbitrary signal power profiles (see Section [2.4). The model
for backward-distributed Raman amplifications has been derived in [20]]. The non-
linear interference coefficient can be simply obtained by integrating the
(2.44)) over the bandwidth of interest and normalising by the channel launch power

as
i/ P~ (2.45)
nn P3 _B%h P3 1)

where |H (f )|2 is the transfer function of the matched filter at the receiver. The
approximation in Eq. (2.45)) assumes a rectangular transfer function equal to the
channel bandwidth and that the NLIJis uniformly distributed over the channel band-
width. The approximation error is negligible in systems with very dense
channel spacing (e.g. Nyquist-spacing). The approximation in Eq. is partic-
ularly useful for the derivation of closed-form approximations of the model, as
arbitrary matched filter shapes are difficult to include analytically.

The [GN] model after one span can be extended for the multi-span case by

including the phased-array term in the integration of (2.44) [[115]

_[sin (22— N~ 1) o+ s+ 2|

N T v 1 2 A7y A

o aid comparison the third integral in the second term in [29} Eq. (7)] resolves with the Dirac

delta function at @3 = wp — @) + @,. This leads to f(wy, ®, 0, @3) = jPa(wy — o)) (w2 — o).
Change of integration variables leads to Eq. (2.44)), with 3 = 0.



2.6. Analytical modelling 66

The phased-array term, resembling the formula of the far-field of a phased-array
antenna, captures the accumulation of [NLI| over multiple spans. Mathematically,
the phased-array term is a result when all spans are considered identical in terms
of fibre parameter and transmitted spectrum. In particular it captures the coherent
accumulation of [NLI| referred to as the coherent [GNlmodel. The coherent accumu-
lation is the effect that the total NLI over multiple spans is larger than the sum of the
individual NLI contributions of each span alone. It should be added that this holds
for dispersion uncompensated transmission links and not for arbitrary dispersion
maps. For ultra-wideband transmission, this coherent accumulation is very small
(€ =~ 0.04 after [20]) and the [NLI| accumulation can be considered incoherent and
linear with the number of spans n. The incoherent accumulation of the
model was first shown in [29] and later it was based on more mathematical argu-
ments and referred to as the incoherent model [20]. The coherent model
always overestimates the amount of [NLIl with respect to uniform or shaped
formats due to the neglected modulation format dependence. The modulation for-
mat dependence of the is discussed in more detail in Sec. Thus, the
incoherent model appears to be more accurate in the prediction of for-
mats compared to its coherent counter-part [[117]. However, this is a fallacy as the
source of the improvement does not originate from a more precise model but from
error cancellation between neglecting the coherence factor (i.e. coherent accumula-
tion) and neglecting the impact of the modulation format correction. The Gaussian
constellation assumption always overestimates the [NLI, with respect to [QAM] for-
mats. On ther other hand, the incoherent[NLI| addition always reduces the predicted
[NLIL The two arising approximation errors partly cancel each other, resulting in (so
it seems) increased prediction accuracy with respect to formats. The incoher-
ent model is less accurate for Gaussian constellations, which the model is
derived for.

Although the proposed based models, such as the model, are widely
applied throughout research and industry, they cannot be applied to optical band-
widths beyond the C-band. This is because they neglect which becomes
significant in the transmission over C+L band and beyond (see Section[2.3.2.2). As
part of this thesis, an extension of the model, that accurately accounts for [SRS]
is derived and described in chapter[3]. The newly derived model overcomes a major
shortcoming of all models presented in this chapter and has been published in [P8,
P13, P27].
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2.6.3 Approximations of the model in closed-form
The model relies on numerical integration of Eq. (2.44) which can take up

a considerable amount of time, particularly in the context of real-time applica-
tions. Such applications include on-the-fly power optimisations, physical layer
aware wavelength allocations in routing-wavelength allocations and other optimi-
sation problems that contain a very large solution space. To avoid the need for
numerical integrations, and, hence, obtain computational complexity reductions,
the [GNl model can be approximately solved in closed-form. This enables real-time
optimisation routines and further offers unique insight in the underlying parame-
ter dependencies. Such insight reveals useful scaling laws which can be utilised in
design and operations of fibre based communication systems. Several closed-form
approximations have been proposed in the literature which approximate the nonlin-
ear interference coefficient for the central channel after one span as 1 ~ %G (0),
following Eq. (2.45).

Closed-form approximations of the model have been proposed for loss-
less [27,/109]] and lossy fibres. In the latter category, the published approxima-
tions mainly differ in the geometric approximation of the integration domain of
Eq. (2.44), where circular and rectangular integration domains have been consid-
ered [20,28,49,/118]. A comparable closed-form formula was also derived assuming
OFDM signals [[119]. The proposed formulas are summarised in Table[2.1] The for-
mulas in [27,128,/119]] were derived for the assuming only one polarisation,
while the other reported formulae are derived base on the Manakov equation Eq.
(2.29), to account for dual polarisation transmission.

Table 2.1: GN model approximations in closed-form for a single span 1

Reference | Formula for 1, Improvements / assumptions
1993, [27) | G5 [1+In(2nLBoB?,)] | lossless fibre

2003, 28] A}}Zz e% In [ 2LeitBo (NehAf) ] ext. [27] for loss & non-Nyquist
2010, [119] | 5 fg; 5 1n (2228, 2085 ) | derived for OFDM

2011,[49] | & BYZ Lﬂg In 7 2Leffﬁ2( NenAf)?] | extends [28] for dual pol.

2011, 109] | & BfLﬁ In [72nL By (NenAf)?] | ext. [27] for dual pol., lossless fibre
2012, [20] | & Iff;flg asinh (=20 )

2013, [118]] 287 ;iLefgl asinh (%) extends [49] for low symbol rates

The difference of the closed-form approximations listed in Table [2.1] with respect
to the numerical integration of Eq. (2.44)) as a function of total optical bandwidth is
shown in Fig. The numerical integration of Eq. can be considered as
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Figure 2.15: The approximation error of proposed closed-form approximations in the liter-
ature as a with respect to the GN model in integral form (2.44)) as a function
of optical bandwidth

the true NLI power. The excellent accuracy (<0.1 dB) of the GN model compared
to simulation is shown in Fig. 2.16] The results were calculated assuming
one span of withy=1.2 ﬁ and length 80 km and a symbol rate of 10 GBd.
channels were successively added with a channel spacing of 10.001 GHz in
order to sweep the total optical bandwidth. The formulas in [28}]119] were extended
for the dual polarisation case by replacing 2y> — %}/Z. The formulae in [28,49,119]
are not not plotted for bandwidths below 20 GHz and 30 GHz, as they were derived
for large bandwidths (7> Lefs B2 (NehAf)? > 1). It can be seen from Fig. that the
approximation errors of the shown formulas become constant for sufficiently large
optical bandwidths. This means that all shown formulas correctly predict the loga-
rithmic growth of [NLI for large optical bandwidths. However, the formula proposed
in [118] exhibits the highest accuracy, particularly for low optical bandwidths. This
is a consequence of the equivalent, circular integration area approach that was car-

ried out in [[118], resulting in better convergence for low bandwidths.

The closed-form formulas in Table[2.1|analytically address the NLI coefficient
after a single span. All works consider an incoherent (i.e. linear) NLI| accumulation
over mutliple spans with the exception of [119]], in the context of orthogonal fre-
quency devision multiplexing (OFDM]), and [20]], in the context of Gaussian modu-
lation. The impact of the coherent accumulation, mathematically described by
the phased-array function (2.46), can be defined as [20]

N =mn' ¢, (2.47)
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where € € [0,1] is the coherence factor [29]. It should be emphasised that a scal-
ing law, as in Eq. (2.47), is only valid for Gaussian signals. This is due to the
fact that accumulated dispersion does not change the signal statistics of a Gaussian
modulated signal. Therefore, the coherent accumulation over multiple spans is ap-
proximately constant. Available formulas in closed-form for the coherence factor
are summarised in Table [2.2] Although [119] reveals parameter dependencies such
as the attenuation coefficient and span length it does not account for the strong de-
pendence on bandwidth [20,29]. In fully populated, ultra-wideband transmission
systems, the [NLI| accumulation is approximately incoherent which is correctly cap-
tured by [20].

Table 2.2: GN model approximations in closed-form for the coherent NLI accumulation

Reference | Formula for coh. acc. € Major improvements
1 5 (n71+e—aLnine—aL>e—aL

2010, [119] Wln 1++ == -
1 2 l—n+nHar(n—1) .

2012, [20] Tn(n) In |1+ M—LW imporves acc. of [119]

The formulas in Table cannot be applied for arbitrary launch power dis-
tribution. However, the precise modelling of arbitrary signal spectra is important
in the context of mesh optical networks. In mesh optical networks, different(WDM]
spectra are launched into links connected by two reconfigurable optical add-drop
multiplexer as a result of the routing-wavelength allocations and
time varying traffic demands. These conditions impose a strong dependence
depending on the frequency location of the channel under test [120]. To optimise,
e.g., launch power, wavelength assignment, in such scenarios closed-form approx-
imations capable of handling arbitrary combs are required. The model
(2.44) can be approximated in such a scenario by considering only self-phase mod-
ulation (SPM)) and cross-phase modulation (XPM)) terms. denotes the
contribution that a channel imposes on itself and XPM] denotes the [NLI| contribu-
tion that a single interfering channel (INT)) imposes on the channel of interest (COI).
This assumption is sometimes referred to as the XPM] assumption. The [XPM] as-
sumption neglects terms that are jointly generated by multiple interfering chan-
nels and the COI itself, denoted as the FWMI contribution. However, the
contribution is negligible in systems with high symbol rates and channel spacings
(> 40 GHz) [121]. Based on the [XPMI assumption, the total [NLI coefficient at

frequency f; = 0 can be approximated as

Neh

M) ~nsem(f)+ Y. N (i) (2.48)
k=1 k=i
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where nspy is the contribution of the and n)((kgM is the contribution
of a single interfering channel k£ on COI i. Both contributions can be be solved in
closed-form as [20,21]]

8 '}/ ffOC . . . 2[32 2 . . 2[32 2
TseM & ZB;hﬁz {le <—J7T o Ben | ~Li2 ([ JmT By | 1 (2.49)
and
x 8 yL2:a P?
Mo () = 577253

27 n2B%. B> P2

Huz( 2 (fk+—Bch)B )—Liz (J”ZB— (f” Bch)B )}
o (e (1 ) 5 - (5 (1 L) ) )

(2.50)

where Li; (x) denotes the di-logarithm function, f} is the centre frequency of chan-
nel k and P, and P, the respective channel powers. Eq. (2.49)(2.50) are capable of
handling arbitrary channel powers (including the absence of channel with launch
power 0) and are suitable for various optimisation problems in point-to-point and

mesh optical networks scenarios.

The advantages of the Gaussian Noise model are also its major drawbacks.
Due to its simplicity, it is not capable of predicting certain features of the nonlin-
ear interference. The major source of inaccuracy stems from the assumption that
the signal is Gaussian, which significantly overestimates the actual power for
uniform or shaped signal. However, correction formulae have been proposed
which will be discussed in more detail in the next section. Other, less significant,
features of [NLI| include symbol rate dependence [[120,[122-125]] (also addressed in
the next section), nonlinear phase noise [33,51]], long temporal correlations [32,33]]
and the dependence on the memory length (arising from dispersion) of the fibre-
optic channel [126].

The closed-form formulas in this section, do not account for and are
therefore not applicable in ultra-wideband transmission scenarios. However, in
chapter [] a closed-form approximation of the [SRS|[GN| model is proposed. The
formula is an approximation of the model, which was developed as part
of this thesis and discussed in detail in chapter [3] Additionally, the closed-form
approaches presented in this section (and published in the literature) are also appli-

cable for lossless fibres or lumped-amplified transmission systems.
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Table 2.3: Excess kurtosis of selected modulation formats.

Modulation format Excess kurtosis ¢
uniform QPSK -1
uniform 16{QAM] -0.6800
uniform 64{QAM] -0.6190
uniform 256{QAM] -0.6050
uniform co{QAM] -0.6000
geom. shaped 64{QAM] (12 dB SNR, GMI) [127] -0.3403
proba. shaped 64{QAM]| (12 dB SNR, MI) [50] -0.1871
Gaussian modulation 0

2.6.4 Modulation format dependence of NLI

In 2012, based on a RP1 approach, it has been analytically shown that the nonlinear
interference significantly depends on the chosen modulation format [31,32]. Addi-
tionally, the authors were able to show that part of the overall NLIimanifests itself as
a pure phase-noise component. This phase-noise component is particularly signif-
icant for ideally distributed Raman amplification and low dispersion transmission
systems [33,51], but usually negligible in lumped, long-haul transmission systems.
It could be shown that the [XPM] contribution of the nonlinear interference coeffi-
cient depends on higher-order moments of the transmitted constellation and can be

written as

Tb((kle (fi) = n>(<k13M, on (fi) + ’7>(<k12M, corr (fi) 5 (2.51)

Interestingly, it seems that the total [NLI| can be written as a superposition of a
Gaussian constellation (which is predicted by the [GN| model, Sec. [2.6.2)) and a

modulation format dependent correction term. Table [2.3] shows the excess kurto-
E[x*]
E*[x?]
can be seen that the kurtosis of common modulation formats is negative (being less

sis @ = — 2, with expectation E|[-], of a few selected modulation formats. It
peaky than a circular symmetric Gaussian distribution), meaning that the [NLI| is

reduced by the modulation format correction term in (2.5T).

Following up the work in [31,33,51]], a complete set of formulas have been
derived containing the modulation format correction for all arising terms (i.e.
XPMKXCI, [EWM] terms) [117,/128], referred to as the enhanced Gaussian Noise
(EGN) model. The derivation of the model further revealed that the non-
linear interference, in addition to the fourth-order moment (kurtosis), depends on
the sixth moment of the transmitted constellation. While the model exhibits

remarkable accuracy in terms of power, it is, due to its description in the fre-



2.6. Analytical modelling 72

24 T T T T T T T T T T
- =N
23 |- 2
m
=
o~ 22 [ |
Z
wn
Analytical model Gaussian
21 - -~  simulation —— 4-QAM =
— 16-QAM
20 | |

|
-7 -6 -5 4 -3 -2 -1 0 1 2 3 4
Launch power [P]

Figure 2.16: The SNR as a function of launch power for Gaussian modulation, uniform
4-and 16-QAM. The results were obtained from numerical simulation using
the SSFM and using the EGN model. The results assume 5x32 GBd channels
transmitted over lumped-amplified 5x80 km SMF based spans.

quency domain, not capable of predicting nonlinear phase noise and temporal
correlations. However, the model represents a major improvement over the
conventional model by improving the accuracy for arbitrary signal constella-

tions.

Fig. shows the [SNR] as a function of launch power, while Fig.
shows the [SNR]at optimum launch power (2.39) after 400 km of transmission. Both
results were obtained by numerical simulations using the[SSEM](see Sec. [2.3.4) and
numerically integrating the model. The fibre length was assumed to be 80 km
based onSMH (a = 0.2 {8, D =17 -2 and y = 1.2 ) and amplified by an
with a 4.5 dB noise figure. As transmitted signals, 5 channels modulated at
32 GBd and spaced by 32.1 GHz were assumed using Gaussian, 4{QAM] and 16-

[QAM] modulation. The step size was Az = 0.1 km and the sequence length was 213

symbols.

It can be seen that, indeed, the case of Gaussian modulation is always con-
servative, due to its high excess kurtosis shown in Tab. [2.3] As correctly predicted
by the model, the (especially in the nonlinear regime at high launch
powers) is increased for constellations with lower excess kurtosis. After 400 km,
the optimum [SNR] for the 4{QAM]| and 16{QAM] formats are 0.5 dB and 0.8 dB
higher compared to Gaussian modulation, respectively. The gap between 4{QAM]
and Gaussian modulation reduces from 1.9 dB after 1 span to 0.6 dB after 30 spans.
The[GNImodel as in Eq. (2.44)) is identical to the[EGNImodel in the case of Gaussian
modulation. In summary, the very simple [GN] model is particularly useful in
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Figure 2.17: The optimum SNR as a function of span number for Gaussian mod-
ulation, uniform 4-and 16-QAM. The results were obtained from numerical
simulation using the SSFM and using the EGN model. The results assume
5x32 GBd channels transmitted over lumped-amplified 80 km SMF based
spans.

long-haul systems, while the considerably more complex model should be
considered for short and medium-haul systems.

Experimental validations of the [GN] model can be found in [[125}[129,[130],
reporting accuracies within a few percent at maximum reach for several fibre types.
The accuracy of the model has been investigated in [131,[132] showing dif-
ferences between experimental results for 16{QAM]| and model of 0.2 dB
in nonlinear interference coefficient and of around 1 dB with respect to the [GN|
model [132]. As a caveat, accuracies reported in the literature may vary depending
on the quantity that is subject to comparison. This is because analytical models only
predict the nonlinear interference power (or coefficient) which is only one contri-
bution of the total (cf. Eq. (2.37)). Therefore, measurement inaccuracies with
respect to other noise sources (transceiver noise, ASE noise) have an impact on the

estimated accuracy of the nonlinear interference power.

2.6.5 Approximations of the modulation format dependence in
closed-form

As addressed in Section [2.6.3] closed-form approximations that evaluate the non-
linear interference are key enabler for real-time performance estimations and opti-
misation routines. To improve the accuracy of the closed-form approximations of

the model (see Section [2.6.3)), approximations of the modulation format correc-
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tion terms are desirable (see Section [2.6.4)). The most dominant [NLI| contribution in
transmission, particularly in ultra-wideband systems, is the [XPM] contribu-
tion. Therefore, a closed-form approximation of the XPM| modulation format cor-
rection, as in (2.5T]) would yield a large accuracy gain at little additional complexity
respect to[GNJmodel closed-form formulas. A formula for the XPMlmodulation for-
mat correction for the central channel (a formula for any channel within the

comb can be found within the same work) has been derived in [22]

80 ')/ZLfon Nep— 1
0)~ —d e H 2.52
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where the harmonic number is Har (n) = Y¢_, 1. Eq. (2:52) has been derived in the
asymptotic limit of a large number of spans n — oo. Thus, it does not sufficiently
correct the modulation format dependence for short and metro-haul networks (con-
sisting of only a few spans). However for long-haul systems, the relatively simple
correction formula Eq. (2.52)) exhibits very good accuracy of around 0.2 dB com-
pared to numerical simulations for quasi Nyquist-spaced channels.

The formula proposed in Eq. does not account for [[SRS| and cannot
be applied for transmission systems that operate beyond the C-band. As part of
this thesis, in chapter ] a modulation format correction formula is derived, which
accounts for the impact of It therefore extends the published results in this

chapter for ultra-wideband transmission systems.

2.6.6 Nonlinear signal-noise interactions

In scenarios where the nonlinear interference is partly or completely mitigated, Eq.
is not sufficient in the predicting of system performance and nonlinear signal
noise interactions must be taken into consideration. In fact, for systems using, e.g.,
digital nonlinearity compensation (see Sec. [2.5), these signal-noise interactions
become performance limiting [39]].

The study of signal-noise interactions dates back to the 1960s, where it was
referred to as modulation instability [[133]]. Early work of Gordon and Mollenauer
resulted in a formula of the variance of the phase noise resulting from [NSNI| [[134].
However, in the coherent age where links have high dispersion, the phase-noise
character of the is broken down and mostly translated to amplitude noise.
The first analytical approach to model was included in the work by Tang
in [29] where signal constellation, as well as [ASEl noise, were assumed to follow a
Gaussian process. Similar approaches in order to model as been carried out
in [25[3942]. In order to account for[NLC|and[NSNI| Eq. must be modified.
In particular, DBP decreases the coefficient and therefore noise-signal in-
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teractions, which were neglected previously, must be taken into consideration. The
resulting after assuming ideal, noiseless transceivers, can be estimated
as [25,/41]]

P

SNR = — — . 2.53
(M — Tin) P? + KP + NPasg + 371 Ease Pase P? (2.53)

where Easg is the [ASE noise-signal beating accumulation factor that depends on
where nonlinearities are compensated (i.e. at the receiver or transmitter). For re-
ceiver based digital back-propagation § =Y | i 1+€ and for transmitter based digital
back propagation & = Y7~ i' €. The [NSNI coefficient 7, is in general not the same
as 1); as only 2 signal fields are involved and not 3 as in the case of 1;. The work
in [[135] shows that the modulation format dependent correction is smaller for 7);
than for n;. This means that the modulation format dependence is less severe in
the case of signal-noise interactions, which is plausible as only 2 modulated signal
fields are involved in the four-wave mixing process. Additionally, can only
be applied over a portion of the entire optical bandwidth. In this case, the vari-
ables 7); is evaluated over that particular bandwidth which is pre-compensated or
back-propagated. Typically it is assumed that 7}; = n; if is jointly applied to
the entire bandwidth (otherwise 7; < 1;). It has been shown that, Eq. (2.53) ex-
hibits good accuracy with numerical simulations despite neglecting the impact of
the modulation format dependence in calculating 7); [43]].

As part of this thesis, it was discovered that nonlinear interactions between
the signal and transceiver noise become performance limiting in nonlinearly com-
pensated transmission systems. As those interactions are not included in published
equations, such as Eq. (2.53)), a new formula was proposed for the per-
formance computation. The formula was experimentally verified, showing inaccu-
racies of Eq. (2.33), and used in order to prove that the optimal split ratio of the
DBP algorithm is distance dependent and not X = [%1 (half the link is compensated
at each, the transmitter and receiver), as previously shown (see section[2.3).



Chapter 3

Inter-channel stimulated Raman
scattering: Analytical modelling and
its impact on ultra-wideband

transmission

After describing the theoretical background in chapter |2} the novel contributions,
as a result of this research, are presented and discussed. Increasing the transmitted
optical bandwidth is key to maximise current throughput of optical fibre commu-
nication systems. With the increasing availability of rare-earth doped amplifiers
beyond the C-band window or the use of hybrid Raman amplification techniques
(see Ch. [2.4), ultra-wideband transmission is seen as a promising technology for
next-generation optical networks. Additionally, ultra-wideband transmission makes

use of the legacy infrastructure without the need for new fibre deployment.

However, for such ultra-wide bandwidths, the non-instantaneous nature of the
nonlinear fibre response becomes significant, giving rise to inter-channel stimulated
Raman scattering (ISRS)) as described in Sec. [2.3.2.2] effectively transfers
power from high to lower frequencies within the same optical signal. Although the
physics of the interaction between the Kerr effect and are well understood (as
described in Ch. [2.3.2.2), efficient low-complexity performance models for state-of-
the art coherent systems were not available before the results of this PhD research.
Low-complexity models are important for high-capacity transmission designs and
technologies and they enable efficient operation and real-time optimisation of such

systems in point-to-point and mesh optical network scenarios.

The analytical models published in the literature (prior to the research de-
scribed in this thesis [P13]), and discussed in Sec. [2.6, do not account for
and the wavelength dependence of the attenuation coefficient (cf. Fig.
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Figure 3.1: Approaches of modelling nonlinear distortions in the presence of inter-channel
stimulated Raman scattering. Analytical models that account for [SRS]in inte-
gral form are described in this chapter. Closed-form approximations and mod-
ulation format corrections of the nonlinear distortions are described in Ch. 4.

[20L30-34, 113, (117,119,120, 1224125,/136]]. It is, therefore, key to extend the
[RP1l models to account for [SRS] so that they can be applied to optical bandwidths
beyond 5 THz.

The modelling of and its interplay with nonlinear distortions can be
categorised into three groups: i) numerical simulations using i) analyti-
cal models in integral form using first-order regular perturbation (see. [2.6)) and iii)
closed-form approximations where [RPI] models are approximated in closed-form.
Models, expressed in integral form, are highly accurate but rely on numerical in-
tegration whose execution times may range from minutes to hours. Closed-form
approximations, on the other hand, can be computed in sub-seconds but are less ac-
curate compared to their counterparts in integral form. A schematic of those three
groups in the context of modelling is shown in Fig. [3.1] This chapter de-
scribes approaches that analytically model nonlinear distortions in the presence of
and whose results are expressed in integral form. In particular, an extension
of the model is derived, that enables the quantification of and the wave-
length dependent attenuation on the nonlinear distortions. This represents a key
result of the research, described in this thesis, and is significant in the modelling of
ultra-wideband transmission systems. In particular, two approaches are described to
extend the conventional Gaussian noise model (see Sec. [2.6.2) for [SRSI However,
the approaches are general and can be applied to a wider range of models, including
the modulation format dependence (see Sec. [2.6.4)).
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First, an approach based on an effective attenuation coefficient is described
in Sec. [3.1)and [3.2] The approach is based on an exponential decay approxima-
tion of the signal power profile and valid in the weak regime. The model is
subsequently validated by an ultra-wideband transmission experiment, covering an
optical bandwidth of 9 THz, in Sec. [3.3] Finally, enabled by the new model, the
impact of on the achievable information rates is quantified, as the bandwidth
is extended well beyond the C-band.

The second major contribution is a complete re-derivation of the model
to account for arbitrary signal power profiles, i.e. those resulting from The
newly derived model is referred to as model and a major result of this
PhD thesis. The model accounts for strong power transfers and, in contrast
to the results in Sec. [3.2] is capable of modelling hybrid Raman amplified links. In
Sec. [3.6] the effective attenuation approach, presented in [3.2] is compared to the
model in terms of computational complexity and prediction accuracy. In
Sec. the model is extended to account for variably loaded spans in
order to efficiently model mesh optical network transmissions.

The material presented in this chapter were published in peer reviewed confer-
ences and journals [P8, P13, P22, P27]. The experimental results in Sec. @ were
published in collaboration with G. Saavedra [P29].

3.1 Modelling inter-channel stimulated Raman scat-

tering
To quantify the impact of on the total (2.37), the impact of on the

noise contribution and the nonlinear interference power must be modelled.
First, it is important to quantify the impact of on the[ASElnoise. To offset
the wavelength dependent fibre loss and the power transfer induced by [[SRS] a gain-
flattening filter can be used. At the end of a fibre span, the signal is amplified
with a frequency dependent gain Ggpga (f;) provided by a lumped amplification
device (e.g. an EDFA). A gain-flattening filter imposes a loss Iggr ( f;) at the channel
frequency f;. The is designed such that a particular, desired, output power
spectral density is achieved. In order to offset wavelength dependent loss and [[SRS|

the frequency dependent loss must be chosen as

B P (0)
lore (fi) = P,(L)Ggpra (f)’

3.1

where P; (0) and P; (L) is the power of channel i at the beginning and end of the fibre
span, which can be obtained by numerically solving Eq. (2.27) or in closed-form
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using Eq. (2.28). Setting the loss of the according to Eq. (3.I) recovers the
launch power at each fibre span.

The [ASEl contribution after the results from the gain Ggpga (f;) and is
then attenuated by the loss Igrg (f;)- It can be calculated by modifiyng (2.33))
yielding

Pask (fi) = 2nsphfiBret (GepEa (fi) — 1) lrr (fi)
P.(0 (3.2)
~ 2nsphﬁBrefﬁ .
Eq. (3.2) can be used to calculate the impact of on the[ASEl noise contribution
(i.e. Pasg in the SNRIEq. (2.37)) and it can be calculated in closed-form using Eq.

(2.28).

In addition to the contribution, the impact of on the nonlinear inter-
ference power is required. For this pupose, the Gaussian noise model is extended
and re-derived in order to account for The newly derived expressions are

validated by numerical and experimental results.

3.2 The effective attenuation approach

In this section, the effective attenuation approach is presented. The effective atten-
uation approach enables the modelling of ISRS through effective attenuation coef-
ficients that resemble the apparent loss in the fibre span. The major assumption of
the approach is that the temporal effects of are neglected. As a result, only the
average effect of on the signal power profile is considered. This assumption is
discussed and motivated in more detail in Sec. [3.2.1and experimentally validated in
Sec. The average power transfer of [SRSlis given by the Raman gain equations
Eq. (2.27). Within the effective attenuation approach, the Raman gain equations
are used to change the intrinsic fibre attenuation coefficient & to an effective, chan-
nel dependent attenuation coefficient Otr;, to approximate the actual signal power

profile. The approach is explained in more detail in Sec. |3.2.2

3.2.1 Temporal gain dynamics
As discussed in Sec. 2.3.2.2] leads to a power transfer from high to lower

frequency components. However, this transfer depends on the complex interaction
between intrinsic fibre attenuation, dispersion and Kerr nonlinearity, as these effects
together alter the signal in the frequency domain during propagation, and hence the
[[SRS|power transfer. These interactions are included by the term in the NLSE

(2.5). However, this would require a (at least) second-order regular perturbation
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approach to analytically quantify the impact of on the Kerr distortion (i.e. the
[NLI). This is because the [[SRS]|term is not a linear effect and, therefore, not part of
the linear solution of the NLSE. As a result, it would not appear in the first-order
perturbation induced by the Kerr effect alone (cf. (2.42)). To overcome this and to
include in models, it is assumed that manifests itself only as the
average power transfer, described by the Raman equations (2.27). This approach
neglects the interactions between dispersion, Kerr nonlinearity and on the

signal power profile.

Additionally, the Raman equations assume that channels can be mod-
elled as continuous waves (cw). Actual channels, however, are modulated with
higher-order modulation formats (Sec. [2.2)). Therefore, the power of each channel
fluctuates in time according to its modulation format and data pattern. A modulated
channel does not resemble a continuous wave. These temporal fluctuations result in
time-dependent [SRS] gain and, hence, in signal distortions and cross talk. In [137],
it was shown that inter-channel stimulated Raman scattering can be separated into
two contributions, namely an average gain component (described by (2.27))
and a time dependent cross talk component, arising from the temporal power fluc-
tuations of each channel. In [55,56,/137], it has been theoretically shown that this
cross talk component can be neglected as each channel is statistically independent,
resulting in an averaged behaviour of The validity of this approach was exper-
imentally shown in [P29], which resulted from a collaboration with G. Saavedra and
whose results are addressed in Sec. [3.3] Similar observations were independently
made in [|86]. Furthermore, the same effect was observed in distributed Raman am-
plifiers. In [138], it was found that replacing a single high power Raman laser with
a broadband source yields reduced distortions. This is a consequence of the

same temporal averaging mechanism, discussed in this Section.

3.2.2 The effective attenuation approach

The effective attenuation approach approximates the signal power profile, resulting
from the average power transfer as described in Sec. [3.2.1] as channel depen-
dent exponential decays. Additionally, in the computation of the [NLI| of the COI
i, it is assumed that all interfering channels exhibit the same modified attenuation
coefficient as the COl itself. The channel dependent attenuation coefficient is then
chosen such that its effective length matches the actual effective length present in

the fibre. Mathematically, this can be written as

LP(C) .. 1 —exp(—0t,L)
/0 ¢ = ’ 3.3)

P;(0) Olefy
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Figure 3.2: The power of highest and lowest frequency channel as a function of transmis-
sion distance. Shown are the actual signal power profile, obtained by numeri-
cally solving Eq. (2.27), and the signal power profile according to the effective
attenuation approach (3.3)).

where O ; is the effective attenuation coefficient of channel i. The left-hand side
of Eq. (3.3) describes the actual effective length of the channel i present in the
fibre span. The right-hand side of Eq. represents the effective length of an
exponential decay (cf. Eq. 2.19). Therefore, solving Eq. (3.3) for o, yields
an approximation of the actual effective length with an exponential decay. Fig.
[3.2] shows the signal power profile for the highest and lowest frequency channel,
obtained by numerically solving the Raman equations and the effective at-
tenuation approximation obtained by solving Eq. (3.3) for the same channels. It
should be noted that, although a better exponential fit may be obtained in terms of
matching the power profile itself, the effective attenuation approach minimises the
fitting error in terms of effective length. This gives a better approximation in terms

of nonlinear interference power.

The advantage of the effective attenuation approach is, that any model, that
is derived for lumped amplified links, can be extended to account for The
only additional calculations that are necessary is to solve the Raman gain equations
(2.27) and ok, using Eq. (3.3). The conventional Gaussian Noise model (2.44)
(for dual polarisation) can be modified to account for [SRS| as

16
G(erf) =¥ [ dfi [ 4 Gra( )G )Grxl i+ o= 1)
| — o=l HAT (-1 (- N B+ aBs( i+l | 3.4)
—Oefr,i + jAT2 (L — ) (o= f) B+ 7Bs(fi + /)] |
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The experimental and numerical validation of Eq. (3.4) is described in Sec. [3.3and
3.6 respectively. In Sec. [3.4] enabled by the new model Eq. (3.4), the degrada-
tion of the [AIRlis quantified as the optical bandwidth is increased using multiple
transmission bands of up to 20 THz.

The effective attenuation approach offers a simple way to extend published
[RP1] models to account for and offers initial conclusions on the impact of
on the nonlinear interference, described in Sec. 3.4l However, the effective
attenuation approach is only valid as long as the signal power profile can be ap-
proximated by an exponential decay. Therefore, an increasing approximation error
of the approach is expected with increasing power transfers, where the signal
power profile can no longer be approximated with exponential decays. This approx-
imation error is quantified in Sec. [3.6 and lifted in Sec. [3.5] where the model
is re-derived from scratch to precisely account for the signal power profile, induced
by SRS

3.3 Experimental validation

In order to validate the effective attenuation approach introduced in Sec [3.2] its
analytical predictions were compared to experimental results. The main goal of
the experiment was to verify that temporal gain dynamics, due to channel
modulation, can be neglected (see. . The validation was carried out over an
optical bandwidth of 9 THz. The experimental setup is discussed in Sec. [3.3.1)and
the results are shown in Sec. [3.3.2] The experimental measurements were mainly
carried out by G. Saavedra, whereas the experimental setup and data interpretation

was jointly designed and carried out.

3.3.1 Experimental setup

The experimental setup, used to verify the effective attenuation approach [3.2] is
shown in Fig. [3.3]a). Within the C-band, fourteen external cavity lasers (ECL)
were used with wavelengths between 1529 and 1540 nm and a frequency spacing
of 100 GHz. Within the L-band, only one was used at 1600 nm. All fifteen
lasers were separated into two groups, where every second was assigned the
same group to separate the channels into odd and even channels. Every ECL]within
the same group was then modulated by the same dual polarisation [[Q modulator.
This was done to reduce temporal and spatial correlations between adjacent chan-
nels and therefore reduce artificial enhancement of the Electrically and offline
generated 32 GBd 256{QAM]signals were used to drive the [[Q] modulators. A root
raised cosine pulse shape with a roll-off factor of 0.01 was used as pulse-shape.

The remaining interfering channels were emulated using spectrally-shaped ampli-
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Figure 3.3: (a) Experimental transmission setup to validate the effective attenuation ap-
proach. (b) and (c¢) show the input and output spectrum at 10.7 dBm per channel
measured using 0.1 nm resolution. The spectrum in (c) is tilted due to [[SRSI

fied spontaneous emission (SS-ASE) noise. is the technique of populating
optical bandwidth with[ASE|noise in order to mimic interfering channels. Similarly
to the Gaussian Noise model, as shown in Sec. [2.6] this leads to a conservative
estimate of the [NLI with respect to uniform or shaped formats. Futhermore,
this leads to a more accurate validation of the GN model, as GN model approaches
assume Gaussian constellations as the transmitted signal. In the experiment, the
was shaped as 32 GHz channels spaced at 100 GHz in the C- and spaced at
1000 GHz in the L-band. The spacing in the L-band was larger, due to the limited
output power available in the used L-band amplifier. The resulting optical spectrum
that was launched into the transmission fibre is shown in Fig. 3.3p).

One fibre span with variable fibre length was considered for the transmission
line. This was done to obtain a better controllable experimental environment and
to prevent from accumulating over multiple fibre spans. The considerd span
lengths were 100, 160 and 200 km with parameters & = 0.18 &8 D =0.18 _&

nm-km

and y=1.3 ﬁ The normalised Raman gain coefficient was measured to be
0.42 ﬁ at a frequency separation of 11.5 THz. The slope of the Raman gain
m At the receiver, the optical signal
was amplified using EDFAs in the C and L-band. The channel of interest was then

coefficent was therefore C, = 0.036

selected using a band-pass filter and detected with a coherent detector.
The experimental results were then compared with analytical predictions of the

effective attenuation approach (see Sec. [3.2)), which are shown in the next section.

3.3.2 Experimental results

The experimental results were obtained using the experimental setup shown in Sec.
[3.3] First, the impact of on the received power was investigated. This was
done as a sanity check to validate the Raman equations Eq. [2.27] and the used pa-

rameters (transmitted spectrum, attenuation and Raman gain coefficient) that were
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Figure 3.4: (a) The ISRS gain as a function of launch power for the channels located at
1530 and 1600 nm. (b) The ISRS gain as a function of the channel wavelength
for a launch power of 10.7 dBm per channel.

used in the modelling results. The power gain as a function of launch power
for the channels located at 1530 and 1600 nm is shown in Fig. [3.4p). The
power gain for the entire spectrum for a high launch power of 10.7 dBm per chan-
nel is shown in Fig. [3.4p). The high launch power of 10.7 dBm/ch. was chosen
to validate the Raman equations in the presence of significant [SRS| power transfer.
The results are independent of the fibre length used, as all three considered lengths
are significantly larger than the effective length fibre length of L. = 24.12 km.
It can be seen that the theory is in good agreement with the experimental results,
showing that Eq. can be reliably used to model the impact of in terms
of modelling the noise contribution and the nonlinear interference power.

The experimentally measured and the predicted [SNR] as a function of launch
power for the channels located at 1530 and 1600 nm are shown in Fig. [3.5h) and
b), respectively. The two channels are the ones that are most impacted by
as they are at the edges of the transmitted spectrum. The results for all three span
lengths are shown. The [SNR]of the analytical predictons were obtained using Eq.
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with the [ASE] noise computed using Eq. (3.2)) and the [NLI was computed
using Eq. (3.4). In order to study the impact of two cases were considered.
1) the C and L-band were transmitted alone and ii) both bands transmitted together.
This way the effect of could be effectively switched on and off. It should be
noted that the effect of is less pronounced for [SNRk above 17 dB, due to the
limited transceiver

In the launch power regime, where the noise contribution dominates,
Eq. is in good agreement with the experimental results. In the low launch
power regime, where noise dominates, the experimental results show a gain
in for the 1600 nm channel and a penalty in for the 1530 nm channel.
This is because the high wavelength channel is effectively amplified during propa-
gating, resulting in lower required gain at the end of the span. As a result, the
noise contribution is reduced and the [SNRJis increased. The opposite is true for the
1600 nm channel. As a reminder, Eq. (3.2) assumes no additional distortions due to
temporal gain dynamics arising from channel modulation. Fig. [3.5]shows that the
temporal gain dynamics are, indeed, negligible as the experimental results are good
agreement with the predictions by Eq. (3.2).

The theoretical predictions in the nonlinear regime are based on the effec-
tive attenuation approach Eq. (3.4). The analytical results are in good agreement
with the experimental measurements. The channel at 1530 nm loses power during
propagation due to[[SRSland experiences reduced nonlinear distortions as a conse-
quence. The opposite holds for the channel at 1600 nm, which gains power during
propagation, resulting in a larger NLI power. The experimental results show altered
nonlinear distortions due to as correctly predicted by the effective attenuation
approach. The combination of linear and nonlinear effects result in increased and
decreased SNRk at optimum launch power for the high and low wavelength channel,
respectively. The reason is that, at optimum launch power, the [ASEl noise contri-
bution is approximately twice as large as the nonlinear noise contribution (cf. Sec.
[2.6). As aresult, high wavelength channels experience a gain in at optimum
launch power, although they experience higher nonlinear penalties with respect to
low wavelength channels.

In summary, the experimental results, shown in this section, validate the effec-
tive attenuation approach, described in Sec. [3.2] The experimental results show that,
firstly, no cross-talk was observed due to temporal gain dynamics arising from chan-
nel modulation (see Sec. [3.2.1). The noise contribution is correctly predicted
by Eq. (3.2). Second, the impact of on the nonlinear penalties is correctly
predicted by the Eq. (3.4)), showing that can be approximated by exponential

decays using effective attenuation coefficients. The effective attenuation approach
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Figure 3.5: The SNR as a function of launch power for the channels located at (a) 1530
nm and (b) 1600 nm. Markers show experimental data and solid lines repre-
sent the effective attenuation approach Sec. 3.2} The transmission of the entire
spectrum (9 THz), resulting in significant ISRS, is shown in blue and the trans-
mission of either only C-band or L-band channels, resulting in negligible ISRS,
are shown in red color.

is used in Sec. [3.4]to quantify the impact of [SRS|on the[AIRland is further validated
through numerical simulations in Sec. 3.6

3.4 Achievable rate degradation due to ISRS

After validating the effective attenuation approach in Sec. [3.2] the new model

was used to estimate the degradation in achievable information rate as the opti-
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Figure 3.6: SNR of each channel in a 10 THz signal after transmission of 3000 km
of SMF based spans. Results are shown with and without the effect of [[SRS

cal bandwidth is extended beyond the C-band. To quantify the gains that can be
expected using multiple transmission bands, it is important to assess the degra-
dation due to for ultra-wideband system. A SMF based system is consid-
ered with parameters: attenuation coefficient ¢ = 0.2 %, group velocity dispersion
B> = —21.3 ps> km ™!, group velocity dispersion slope 83 = 0.145 ps> km~!, span
length L = 100 km, noise figure ' = 5 dB and nonlinearity coefficient y = 1.2 ﬁ
A total transmission distance of 3000 km and a symbol rate of 10 GBd (Nyquist-
spaced) was considered. The Raman gain spectrum as in Fig. was considered.
For each transmission, the signal power profile was obtained by numerically solv-
ing Eq. (2.27). For the linear noise contribution Eq. [3.2] was used and for the
nonlinear interference noise contribution Eq. (3.4) was used. An ideal transceiver
was considered, to obtain fundamental transmission limits. The as a function
of frequency, obtained from the effective attenuation approach, is shown in Fig.
3.6l As experimentally shown in Sec. [3.3] high frequency channels experience a
penalty due to On the other hand, low frequency channels experience a gain
in due to In other words, the effect of the ISRS power transfer is an
increase or decrease of the depending on the channel’s spectral location. The
spectral efficiency, obtained by using the Shannon capacity formula Eq. (2.3), is
shown in Fig. Again, the case with and without is shown. The results in
Fig. represent the maximum achievable information rate, assuming an [AWGN]
channel. This means that, in principle, the spectral efficiencies shown in Fig.
can be achieved by means of adaptive modulation formats. This means that every
channel is modulated with a uniform or shaped modulation format that maximises
its respective spectral efficiency. The loss in spectral efficiency for high frequency
channels is comparable with the gain in spectral efficiency for the low frequency

channels. As a consequence, the use of adaptive modulation formats can minimise
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Figure 3.7: The maximum achievable efficiency as a function of frequency for a 10 THz
signal transmitted over 3000 km of SSMF based spans.

the overall throughput loss.

It should be emphasised that a uniform launch power was used to obtain the re-
sults in Fig. While this enables initial conclusions on the achievable throughput
in the presence of ISRS, a uniform launch power does not lead to optimum (total)
performance as some channels are not operated at their respective launch power.
Low frequency channels experience larger amounts of ASE noise compared to their
high frequency counterparts and, as a consequence, have a higher optimum launch
power. This issue can be overcome by introducing a spectral launch power distribu-
tion such that every channel is operating at its respective optimum. Therefore, the
results in this section represent a lower (but easier to achieve) bound on the total
achievable throughput. In general, spectral launch power optimisation is an optimi-
sation problem with a very large solution space as every channel (e.g. 1000 channels
in Fig. can have a different optimum launch power. This is especially true in
mesh optical network transmission which is addressed in Sec. For this pur-
pose the analytical models that are proposed in this section can be utilised. Due to
their very low computational complexity, optimisation algorithms can be carried out
that require thousands of function evaluations, which would not be manageable with
conventional split-step simulations, particularly for ultra-wide bandwidths. Closed-
form approximations (addressed in Sec. {4)) are particularly useful as those enable
performance estimations in sub-milliseconds, leading to execution times of the en-
tire optimisation routine within seconds. In addition, the models proposed in this
chapter can also be used to optimise gain flattening filters. However, the spectral

power optimisation is not subject of this thesis and left for future investigations.

The total throughput, calculated as the AIR Eq. (2.3]), summed over all trans-
mitted channels, as a function of optical bandwidth is shown in Fig. Two cases
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are shown, one where the uniform launch power was optimised and one where the
launch power was chosen such that, the SNRIpenalty due to[ISRSIis less than 0.5 dB.
The latter case was investigated to study whether simply suppressing with low
launch powers is a viable option in ultra-wideband transmission. Additionally for
each case, the AIR using adaptive modulation formats and using the same worst-
case modulation format for each channel is shown. In the worst-case modulation
format case, each channel exhibits the same modulation format that is dictated by
the channel with the lowest In order to quantify the penalty with respect to
the absence of the same AIR without considering is shown.

It can be seen that no throughput gain is achieved increasing the bandwidth
from 8 THz to 14 THz, when the launch power is kept low in order to suppress
the effect of This shows that ultra-wideband transmission systems must be
operated in a regime in which the impact of [SRSJis significant. This emphasises the
significance of as operating in a low power regime, is not a viable option and
next-generation systems are likely to be operated in a regime where [SRSJis relevant.
Approximately twice the throughput is achievable by operating in the regime of
optimum launch power, using only one, worst-case modulation format. However,
imposes a penalty of around 40% for an optical bandwidth of 15 THz, when
the same modulation format is used throughout the system. However, the use
of adaptive modulation formats can limit the penalty due to to only 10%.
The results in Fig. [3.8] emphasise the importance of flexible modulation format
adaption in the context of ultra-wideband transmission systems.

The analysis in this section shows that the penalties due to[ISRS|can be largely
overcome by using adaptive modulation formats and gain flattening filters. The gain
flattening filters fully reverse the nonlinear power transfer at the end of the span and
prevent [SRS| from accumulating over multiple fibre spans. As a result, the impact
of becomes approximately independent of the transmission distance (number
of spans). Finally, adaptive modulation formats enable to translate the gain of
low frequency components into a net gain in spectral efficiency to balance the SE
degradation for high frequency components (cf. Fig. [3.7). It appears that,
does not impose an insurmountable limit on the throughput gains obtained from
increasing the optical transmission bandwidth. Based on the parameters in this
section, using a transmission bandwidth of 20 THz, approximately corresponding
to the entire S+C+L band, yields a four-fold increase in total achievable throughput
compared to using the C-band (5 THz) alone.
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Figure 3.8: The achievable information rate (AIR) as a function of total optical bandwidth.
Two scenarios are shown. One, where the uniform launch power is optimised
and one where the launch power reduced such the penalties due to ISRS are
<0.5 dB. Additionally, each launch power strategy shows the use of adaptive
modulation formats and the case of using the same (worst-case) modulation
format accross all channels. The case of no ISRS is shown for comparison.

3.5 The model

The effective attenuation approach, presented in Sec. [3.2] approximates the signal
power profile with exponential decays. However, for strong power transfers,
of more than 6 dB, the signal power profile does not strictly resemble exponential
decays and the model needs to be re-derived based on the precise signal power
profile.

In this section, the[GNImodel is re-derived in order to account for any arbitrary
signal power profile. Additionally, the analytical result of the power transfer
Eq. is used to derive a fully analytical extension of the [GNl model to account
for The newly derived model, referred to as model, represents a
generalisation of the effective attenuation approach in Sec. [3.2] as is again
modelled as a pure change of the power profile. However, the model
exhibits high accuracy even in strong regime. Additionally, the
model can be used for distributed Raman amplified systems. A comparison between
the effective attenuation approach and the model is carried out in Sec. [3.6]

Defining p(z, f) = ﬁgéj})) as the normalised signal power profile, with P (z, f)
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being the power at distance z and frequency f, the model is written as

16
_ _yz/dfl/dfz Grx (/1) G (2)Grx (fi + o — f)

d(: \/ P&, f)P(S.12)P (S, fit+fa—f) IO S1:12:1.8) 2 3.5
p(&.f)

where ¢ = —4n%(fi — f)(fo— f) B2+ ®B3(f1 + f2)] {. The detailed derivation of
(3.5) can be found in Appendix [A.T] Eq. (3.5) can be used to model arbitrary
signal power profiles, for example the ones arising from or distributed hybrid
Raman EDFA amplifiers (see Sec. [2.4). However, in the following only lumped
amplified transmission systems are considered. As a check, inserting a passive fibre
loss p(z, f) = e~ %, into Eq. (3.5) recovers the conventional model as in Eq.
(2.44). Multiple fibre spans can be accounted for by inserting the phased-array term
into Eq. (3.5). Eq. represents a key result of this chapter and this thesis.

The analytical solution of the Raman equations (2.28) can be used to write the
semi-analytical model (3.5) in fully analytical form. For this purpose, a comparison
of numerically solving the Raman equations and its analytical approxima-
tion (2.28) is shown in Fig. [3.9] The results assume a fibre length of 100 km, an
attenuation coefficient of o = 0. 2 dB —» @ Raman gain spectrum as in Fig. and
ka—TH A total optical bandwidth of 10 THz was
assumed and the results for several total launch powers are shown. The results in

a Raman gain slope of 0.028

Fig. [3.9 show an excellent agreement between the Raman equations and its ana-
lytical approximation with maximum deviations of around 0.1 dB. This shows that
the analytical approximation of the [SRS|power transfer (2.28)) is well suited for the
modelling of nonlinear interference. Substituting Eq. (2.28) into Eq. (3.5)) yields
the model in analytical form as

_ §y2/df1/dfz Grx(f1)Gru(f2)Grx(fi + o — f)

2 (3.6)
I)tolcr (&
'/ CPtote *6~PoCilen(fi+/2=F) NUNRS)

fGT ) —Piot G L, etfvdv

It should be noted that the effective length Legr (§) = l_e’+(_m;) in Eq. (3.6) is a
function of the integration variable {. Eq. (3.6) is a key result of this thesis, as it
extends the conventional model to account for and is validated by
simulations in Sec. [3.7]and Sec.
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Figure 3.9: The gain due to ISRS against channel frequency obtained by solving the set
of coupled differential equations shown in dotted lines and its analytical
triangle approximation (2.28) shown in solid lines for a variety of total optical
launch power P.

The nonlinear interference coefficient as a function of frequency for a variety
of total launch powers is shown in Fig. [3.10k). The corresponding power
transfers can be obtained from Fig. [3.9] The deviation of the nonlinear interference
coefficient, with respect to the case of no as a function of total launch power
is shown in Fig. [3.10p). The results assume a transmission system with parameters
listed in Table 3.1l
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Table 3.1: System parameters

Parameters

Loss (o) [dB/km] 0.2
Dispersion (D) [ps/nm/km] 17
Dispersion slope (S) [ps/nm?/km)] 0.067
NL coefficient () [1/W/km] 1.2

Raman gain slope (C;) [1/W/km/THz] | 0.028
Raman gain (C; - 14 THz) [1/W/km] 0.4

Fiber length (L) [km] 100
Symbol rate [GBd] 50
Channel spacing (B.) [GHz] 50.001
Number of channels 201
Optical bandwidth (B) [THz] 10.05
Roll-off factor [%] 0.01

The tilt of the nonlinear interference coefficient in the absence of is due to
the dispersion slope. The group-velocity dispersion is larger for lower frequencies
(around 14% for channels at the edge of the spectrum) and as a result those frequen-
cies experience lower nonlinear distortions. For increasing launch powers, high fre-
quency channel transfer power to lower frequency channels, reducing the amount of
nonlinear interference. As a reference, the optimum uniform (total) launch power
for the central channel is 24 dBm, assuming EDFAs with a noise figure of 5 dB.
The same trend can be seen in Fig. [3.10b). Additionally, Fig. [3.10b) shows that
for increasing transmission distances the impact of on the [NLI| increases. To
further investigate this effect, the coherence factor (cf. Sec. [2.6.2) as a function of

frequency is shown in Fig. [3.11] The coherence factor was calculated, similar to

Eq. 2.47), as
(1) [dB] — (1) [dB] = (1 +¢) - (n) [dB], 3.7

where (x) [dB] = 10log;, (x) stands for conversion to the decibel scale. As already
indicated in Fig. [3.10b), Fig. [3.11] shows that impacts the coherent accu-
mulation of NLIl High frequency channels lose power due to and, therefore,
experience less coherent accumulation. The opposite effect can be observed
for lower frequency channels. This is because gaining power leads to an increased
nonlinear interaction length (i.e. effective length) that increased the coherence of
the signal.



3.5. The[ISRSIGN model 94

32

a)
31 s
30 - 8
_ 29 8
/M
= 281 |
=
27 | |
ISRS —— 19 dB
26 |- ;(; dBm —— 24 dBrmn |
——25dBm 26 dBm
25 —27dBm —— 28 dBm B
24 | | | |
-5 -2.5 0 2.5 5
Channel frequency f; [THz]
6 T
b)
5 | 4
4 [
31 after 1 span
—_ o) - - - after 10 spans
m
=
|
=
< 0
—1
-2
-3
5 THz
—4 | | | | N

| | | |
10 12 14 16 18 20 22 24 26 28
Total launch power P, [dBm]

Figure 3.10: The nonlinear interference coefficient after 1 span as a function of channel fre-
quency for different total launch powers is shown in a) and the NLI deviation
as a function of total launch power is shown in b) obtained by the analytical
ISRS GN model (3.6). The uniform optimum launch power for the system
under test is 24 dBm.
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Figure 3.11: The coherence factor as a function of channel frequency for a variety of total
launch powers obtained by the analytical ISRS GN model (3.5).

The formula proposed in this section (3.3) is different than those derived in
[17, Eq. (16)], [18} Eq. (18)] and [139, Eq. (1)], where p(&, fi + f> — f) and p(¢, f)
in (3.3) are swapped. As a consequence of the different result, the f] and f> depen-
dence vanishes in [17,/18,/139], for power profiles of the form p(z, f) = ¢4 /+0(2)
(as the one resulting from [I[SRS)). This means that in the nonlinear process all three
frequencies in the triplet (f,f1,f2) attenuate according to frequency f which over-
estimates the impact of This incorrectly overestimated the impact of
A comparison between Eq. (3.5)) and the results derived in [17,[18}[139] is shown in
Fig. @ It can be seen that, indeed, the formula proposed in [[17, 18, 139] overesti-
mates the impact of on the nonlinear interference coefficient. In Sec. and
[3.6] it is shown, through numerical simulations, that Eq. (3.5) is the correct formula
to extent the model for arbitrary signal power profiles. Additionally, after the
publication of Eq. (3.3) in [P8], [[17,18l[139] were updated with [18][140] correcting
the formalism to match the result derived in this thesis Eq. (3.5).

3.6 Comparison between the effective attenuation
approach and the model

This section serves two purposes; to validate the two analytical approaches in Sec.
[3.2] and Sec. [3.5] with numerical simulations, and to compare their accuracy. The
results from the SSFM and Eq. (3.5)) using the actual Raman gain spectrum, as in
Fig. were compared to the effective attenuation approach Eq. (3.4) and the
model in analytical form Eq. (3.5).
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Figure 3.12: Deviation of the NLI coefficient after one span between the analytical ISRS
GN model (3.6) and [17, Eq. (13) and (16)] [18], Eq. (18)]. The validity of the
ISRS GN model is shown in Sec. [3.6/and[3.7.2]

A signal that was studied consisted of 119 x 85 GBd Nyquist-spaced
channels, occupying the entire C+L band (10.11 THz), centered at Ao = 1570 nm.
Transmission over a link comprising three spans of standard single mode fibre was
considered, with the parameters listed in Table [[SRS| was implemented by a
frequency-dependent loss at each simulation step (see Sec. [2.3.4), to yield the sig-
nal power profile p (f, ). Ideal gain equalisation after each span was assumed. A
sequence length of 2!7 symbols was considered and four data realisations were av-
eraged to increase the accuracy of the SSFM. In order to accurately benchmark the
proposed models against the simulations, Gaussian symbols were used for trans-
mission. A comparison of the model with[QAM]signals is shown in Sec.
3.7.2

The coefficient (see Sec. as a function of channel frequency and
as a function of the power transfer is shown in Fig. [3.13] The power
transfer is defined as the sum of the gain/loss in decibel of the outer most
channels. The power transfer can be calculated using Eq. (2.28) as

Ap (z) [dB] = 4.3 - Po(CrLeftBior.- (3.8)

The model, in semi-analytical form (3.5) and in analytical form (3.6)), have
anegligible error with respect to the split-step simulations. The effective attenuation
approach is in very good agreement with simulations despite the exponential decay

approximation; with a maximum mismatch of 0.1 dB for 4 dBm launch power.
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Figure 3.13: NLI coefficient, and its deviation, after 3 spans obtained by numerical simu-
lations, the effective attenuation approach Eq. (3.3), the ISRS GN model in
semi-analytical (3.3)) and analytical (3.6) form.

However, this mismatch increases for increasing [[SRS|power transfers as[[SRS|does

not resemble an exponential decay.

In conclusion, the [NLI estimates of all integral approaches are similar within
0.1 dB for powers up to 4 dBm per channel. However, for stronger powers (i.e.
ISRSl power transfers) and higher required accuracy, the use of the [SRSIGN model

is recommended at the expense of higher computational complexity.
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3.7 The model in network scenarios
In this section, the newly derived model (see Sec. [3.5) is numerically

validated through SSFM simulations in a point-to-point and mesh optical network
scenario. For the latter case, Eq. (3.6)) is extended to account for variably loaded
fibre spans. The extension is first carried out in Sec. and then compared to
numerical simulations in Sec.

3.7.1 Extension of the model to variably loaded spans

In this section, the [SRSI[GN model in analytical form is extended to account
for varying signal power spectral densities at the input of each fibre span. This is
important for the nonlinear interference prediction in optical mesh networks. In
mesh optical networks, light paths are established according to traffic demands and
routing and wavelength assignment (RWA) algorithms. As a result, transmission
links between two ROADMs may exhibit dramatically different signal spectra. For
these cases, the phased-array term (2.46) cannot be used as the transmitted signal
is not identical at each span. Additionally, variably loaded spans can also occur
in point-to-point transmission scenarios. For ultra-wideband transmission, it is un-
likely that the signal power spectral density would be identical at the beginning of
each fibre span. This is mainly due to the power transfer which may be diffi-
cult to compensate for each span using static gain flattening filters, is launch
power dependent, requiring dynamic [[SRS|power transfer compensation. Addition-
ally, ultra-wideband amplifiers may exhibit gain-ripples, resulting in the inabilty to
precisely recover the spectral launch power distribution of each span.

To extend Eq. (3.6) to account for arbitrary signal at each span, the
normalised signal power profile for the entire transmission is derived first. The

signal power profile Py (Z7f ) within an arbitrary span k and in the presence of
Poge PotkCrLettf

’ 3.9
f Gy (V)efptot-,kCrLefdev (3.9)

Gi(z,f) = Gi(f)

where Gy (f) is the signal power spectral density launch into span k with total launch
power Py x = [ Gi(v)dv. Eq. (3.9) can be used to define the normalised signal
power profile as

1y z—kL+ 3L
p(z.f)= G1(0.7) ];Gk [mody, (z), f]11 <f> , (3.10)

with the rectangular function IT(x) and the modulo operation mod, (x). The
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model in analytical form, extended for an arbitrary signal at each span is
then obtained by inserting Eq. (3.10) in Eq. (3.5))

G(H) =07 i) [ dri [ars

Poppe” %8RG Le(fitf2=f)
[ Ge(v)e ACTavdy

2
oI (f1.12.f L)

- [fars
/;1/0 ¢ Sk (fi, /2. f)

(3.11)

with S (f1, f2, f) :\/G"(f')G"(Zigf)(f' 571 and L= Z’l‘_] L. The derivation steps

can be found in Appendix[A.2]

Eq. (3.T1) represents an extension of Eq. (3.6) to account for abitrary signal
power spectral densities at the input of each fibre span. For identical signal
Eq. reduces to Eq. (3.6). It can be applied to point-to-point transmission,
where amplifier gain ripples are significant, and in mesh optical networks, where

fibre spans are variably loaded due to RWA algorithms and traffic conditions.

3.7.2 Numerical validation

To check the validity of the developed Eq. (3.T1)), it is validated via sim-
ulations in a mesh optical network scenario. The considered network topology is
shown in Fig. which is a section of the British Telecommunications (BT) 20+2
topology of the United Kingdom core network [19]. The considered transmission
path, that will be modelled in this section, is marked in red, going from node A to
B. The equivalent physical layer representation is shown in Fig. [3.15] In this work,
every node in Fig. was assumed to consist of a and links longer than
100 km were split evenly into two fibre spans. Due to traffic conditions and the
result of algorithms, different signal are launched between two nodes
as illustrated in Fig. [3.15]  The total usable optical bandwidth was as-
sumed to be 10 THz, corresponding to the entire C+L band. The validation was car-
ried out for two scenarios. One where the entire C+L band was populated and one
with variably loaded network spans. A standard single mode fibre was considered
with parameters as in Table [3.1 where the signal consisted of 251 x 40 GBd
channels, occupying the entire C+L band (10.04 THz). Gaussian modulation, uni-
form and Maxwell-Boltzmann shaped 64- optimised for a[SNRJof 15 dB was
used as transmitted symbols. This was done to compare the analytical predictions
to more commonly used modulation formats. Every transmitted channel exhibits a
launch power of 0 dBm which is the optimum launch power for the central channel

in the presence of an Erbium-doped fibre amplifier with 5 dB noise figure. The
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Figure 3.14: A section from the BT network taken from [19]. In Sec|3.7.2] the nonlinear
performance of the red path (A-B) is modelled using the ISRS GN model
(3.7-1) and numerical split step simulations
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Figure 3.15: Physical layer representation of the transmission link, between nodes 15 and
13, shown in Fig. [3.14] showing interfering channels (in colour) added and
dropped at each ROADM.

analytical results were obtained from the newly derived Eq. (3.T1).

The nonlinear SNR] defined as SNRynj 1 = %, against channel frequency,
calculated via and Eq. (3.T1), is shown in Fig. [3.16] Transmission in the
absence of is shown in Fig. [3.16p) while the transmission including is
shown in Fig. [3.16b). The non-physical case in which is absent is shown for
comparison and to quantify the impact of The wavelength dependent gain due
to along a span was ideally compensated to ease a comparison to the point-
to-point case. The power difference after one span between the outer channels due
to was 6.5 dB. The model shows excellent agreement in the case of
Gaussian modulation with an average deviation of <0.1 dB. The average deviation
to uniform and shaped 64- is 1.9 dB and 1 dB after 3 spans and 1.6 dB and
0.8 dB after 6 spans. The tilt in Fig.[3.16) is a result of the dispersion slope S. Due
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Figure 3.16: Nonlinear performance of a fully loaded C+L band point-to-point scenario a)
without and b) with ISRS. The results are obtained from numerical simula-
tions, shown in solid, and from the ISRS GN model in analytical form (3.11)),
shown in dashed.

to the overall tilt in SNRyy is changed by -2 to 1.8 dB as a consequence of
the effective power amplification and loss.

After validating the model (3.TT]) for fully populated spans, the case
of variably loaded network links was investigated. It is assumed that channels are
added and dropped at each to emulate a more realistic network environ-
ment as indicated in Fig. [3.15] Every fifth channel is transmitted along the entire
path, which are shown in black in Fig. [3.15] Those 51 channels are referred to

as signal channels and their nonlinear performance was evaluated. The remaining
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Figure 3.17: Nonlinear performance of the signal channels considering a network scenario
as illustrated in Fig. [3.13] The results are obtained from numerical simulations
shown in markers, and from the ISRS GN model in analytical form
(3-TT)), shown in black.

200 channel slots act as interfering channels which are continuously dropped and
added at each 80% of the interfering channels are dropped randomly
(uniform) and channels are added randomly choosing an empty channel slot, until
a 80% network utilisation is reached. Realistic network utilisations may vary and
are generally strongly dependent on traffic conditions and network operation. In
practice, those unused channel slots are the result of variably loaded network spans.
The added channels exhibit a random power offset between +1 dB with respect to
the signal channels to account for non-ideal power equalisation in nodes.
It was assumed that the interfering channels use the same modulation format as the
signal channels and were randomly pre-dispersed corresponding to a transmission
distance between 0 and 1000 km to emulate the propagation from different light-
paths in the network. The wavelength dependent gain due to was perfectly

compensated to ease a comparison to the case of fully occupied spans in Fig. [3.16]

The nonlinear performance against the signal channels, calculated using the
ISRS GN model (3.11)) and [SSEM] is shown in Fig. The SNRj 1 exhibits less
average tilt with respect to the fully occupied case as less average optical power is
transmitted. The average power difference between the outer channels due to
was 5.2 dB. The fluctuation of the (as high as 2 dB) is a consequence of the
lightpath configuration. It can be seen that this fluctuation is smaller after 6 spans
due to averaging. The average deviation between the model and Gaussian
modulation is only 0.1 dB which can be considered negligible. The average devia-
tion to uniform and shaped 64{QAM]is 1.3 dB and 0.7 dB after 3 spans and 1.1 dB

and 0.6 dB after 6 spans. The deviation is smaller than in the point-to-point case
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because the interfering channels exhibit in average more accumulated dispersion
(due to their transmission history when they are entering the light pathof interest).
More importantly, all formats exhibit similar [SNR| fluctuations as predicted by Eq.
@I,

Based on the numerical validation, carried out in this section, it can be con-
cluded that the model Eq. (3.TT]) predicts the nonlinear interference power
with negligible error. It can therefore be used in the analytical modelling of trans-
mission performance in ultra-wideband transmission systems for point-to-point and

mesh optical networks.

3.8 Summary

Increasing the optical bandwidth, that is used for transmission, is a promising can-
didate to increase the total capacity of installed and future optical networks. In this
chapter, new analytical models were derived that accurately describe the nonlinear
distortions in ultra-wideband transmission, where the optical bandwidth exceeds
5 THz and [SRS|becomes significant. The model was experimentally validated over
an optical bandwidth of 9 THz. The model was then used to estimate the achievable
rate degradation imposed by The study suggested that the impact of on
the [AIR] can be limited to only 10%. It can therefore be concluded that does
not represent an insurmountable challenge and, indeed, represents a viable option to
increase the capacity of fibre communication systems. The derived model was fur-
ther extended to account for variably loaded spans which is key in the modelling of
mesh optical networks. The results in this thesis can be used for the design, opera-
tion and optimisation for ultra-wideband point-to-point and mesh optical networks.

The key results from this chapter are:

* For the first time, the widely used model was extended to account for
inter-channel stimulated Raman scattering. Two approaches were proposed:
1) the effective attenuation approach, a low complexity extension of the
model valid up to 4 dBm/ch, and ii) the more complex but highly accurate
model. Using the newly derived models, it was found that
imposes a significant wavelength dependence on the across the received
spectrum. The models are extensively validated by numerical simulations
with negligible deviations between modelling and simulation results using
Gaussian constellations. The computational of the effective attenuation ap-
proach is lower than the ISRS GN model, as it contains one less integration
dimension. Deviations of 1.6 dB and 0.8 dB were found between the model
and uniform and Maxwell-Boltzmann shaped 64-QAM, respectively. The
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results are a significant contribution in the modelling of ultra-wideband trans-
mission systems which led to the publication of [P8, P13, P29].

The described models were validated by experimental demonstrations of up
to 9 THz optical bandwidths, occupying the entire C+L band. It was found
that temporal gain dynamics of [SRS|are negligible, confirming a fundamen-
tal assumption used in the derivation of the models, described in this section.
It was shown that while high wavelength channels experience an increase in
the of low wavelength channels is decreased as a result of
For the outer most wavelengths, deviations of up to 0.4 dB were found be-
tween model and experiment. However, similar deviations were found with
and without suggesting that those deviations are not originating from
shortcoming in the [SRSImodelling. The work led to the publication of [P29].

Using the derived models, the degradation in imposed by was
quantified. Suggested by modelling and experimental results, described in
this chapter, leads to performance gain and loss of high and low wave-
length channels, respectively. As a result of this balance, the degradation of
on the can be limited to only 10% by using gain flattening fil-
ters and adaptive modulation formats. The study indicated that expanding
bandwidth beyond C-band is, indeed, a promising solution in increasing the
capacity of next-generation optical networks. The work led to the publication
of [P13].

The described models were further extended to transmission in mesh optical
network, where fibre spans are variably loaded due to traffic patterns and
Fluctuation of up to 2 dB in terms of nonlinear distortions were found
after 6 spans and passing 3 network nodes. The results were validated by
numerical simulations showing negligible deviation between modelling and
simulation using Gaussian constellations. A deviation of 1.1 dB and 0.6 dB
was found between the model and uniform and Maxwell-Boltzmann shaped
64-QAM, respectively. The work led to the publication of [P27].



Chapter 4

Approximations and modulation
format correction of the GN
model

The model in integral form was derived in chapter [3] to accurately pre-
dict the impact of on the nonlinear distortions. Although the model
yields vast time reductions compared to numerical simulations, it is not suitable
for real-time applications as it relies on numerical integrations. To enable real-time
applications and computation times in sub-second scale, closed-form approxima-
tions of the model need to be derived. Fig. [@.1] shows the approaches of
modelling categorised into numerical simulations, integral and closed-form
approaches. Closed-form approximations are key for time sensitive applications and

optimisation problems with large solution space such as launch power optimisation,
and network design.

In this chapter approximations and modulation format corrections of the
[GNI model, presented in Sec. are derived and presented. Novel formulas for
Gaussian modulated signals as well as for real-world constellations are de-
rived in Sec. {.2.4] to predict the nonlinear interference in the presence of inter-
channel stimulated Raman scattering. Additionally, an approach is proposed in Sec.
that allows the derived formulas to be applied beyond 15 THz, where currently
no analytical solutions of the Raman gain equations exist. The results in this chap-
ter are significant in the design and real-time optimisation of ultra-wideband optical
networks. The results in this chapter were peer-reviewed and published in [P4, P6,
P19].
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Figure 4.1: Approaches of modelling nonlinear distortions in the presence of inter-channel
stimulated Raman scattering. Analytical models that account for [SRS]in inte-
gral form are described in Ch. 3. Closed-form approximations and modulation
format corrections of the nonlinear distortions are described in this chapter.

4.1 A closed-form approximation of the Gaussian
Noise model in the presence of inter-channel

stimulated Raman scattering

In this section, a closed-form approximation of the model (3.6) is de-
rived. The proposed formula accounts for the and [XPM] contributions of the
which are discussed in Sec. in more detail. The formula is presented in
Sec. 4.1.2]and its key assumptions are addressed in Sec. B.1.4] As a sanity check,
the convergence to previously published results is addressed in Sec. 4.1.3] Finally,
numerical validations are carried out in Sec. [4.1.5| for transmission in a fully occu-

pied point-to-point link and a variably loaded mesh optical network.

4.1.1 SPM and XPM contributions of the model

Before presenting the proposed closed-form formula, one of the key assumption
made in its derivation is described. The formula neglects [FEWM] contributions,
that are [NLI contributions that are jointly generated by two interfering channels
on a given This assumption is often referred to as the XPM| assumption
[21,[31H33,|141]]. The neglected contributions are typically very small and
can be neglected in high dispersive links, where high symbol rates or channel spac-
ings are used [117,/121]]. Neglecting the FWM] contributions significantly simplifies
the analytical modelling as fewer terms have to be accounted for. Applying the

[XPM] assumption, the total (remaining) contribution can be written as the sum
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Figure 4.2: Illustration of the transmitted spectrum Gty (f) subject to the XPM assump-
tion. Shown are the channel under test (COI) and a single interferer (INT) with
arbitrary power levels, bandwidths and center frequencies. The total XPM is
then obtained by summing over all interferers k € S; as in (@.1).

over all individual XPM]contributions of each interfering channel, reducing the [NLI|
modelling to a single [XPM] integral. This [XPM]integral is now described in more
detail.

Let n)((klgM (fi) be the nonlinear perturbation (i.e. the contribution) of the
i, caused by a single interferer (INT) k. The reader is reminded that [NLI con-
tributions caused by interfering channel (i.e. i # k) are denoted as [XPM| whereas
the contribution caused by the itself (i.e. k =) is denoted by Math-
ematically, the set of all XPM] interferers, with respect to a given i, is written
as

Si={keN|1<k<Nyandk+#i}. “4.1)

The and [XPM] contribution of a and a single are schematically illus-
trated in Fig. The and [[NT] channel may exhibit different power levels,
bandwidths and centre frequencies. It is assumed that the for the entire trans-
mission path is the sum of each individual link contribution, including the coherent

accumulation of The nonlinear [SNRI at the receiver is then given by

SNRy;; = Z SNRy 1
4.2)
< SNRy; =M (f)) P ~ ZPJ nsem; (1) n® + Nxem ()],

where nspwmj (f;) is the contribution and nxpwm; (f;) is the total XPM] contri-
bution generated in the j’th span. P ; is the power of channel i launched into the
Jjth span. For the first fibre span we have that P, ; = P,. The approximation symbol
in Eq. is due to the XPM] assumption of the total The coherent accumu-
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lation along multiple fibre spans is included using the coherence factor € (see Sec.
2.6.3).

As for example in Eq. (2.47)), the coherence factor is typically defined for the
entire optical signal. However in Eq. (4.2), only the contribution is assumed
to accumulate coherently and the coherence factor is redefined over the channel
bandwidth B; as proposed in [142]. The contribution, on the other hand, is
assumed to accumulate incoherently. The advantage of this approach is that the
coherent accumulation is independent of the transmitted spectrum, the coherent ac-
cumulation is only a property of the which, by definition, always propagates
from the transmitter to the receiver. This significantly simplifies the modelling of
in optical mesh networks where fibre spans can be variably loaded. The ap-
proach is consistent with the observations in [117]. As a result, the nonlinear
(or in turn the total [NLI coefficient) can be written as in Eq. (4.2). The proposed
formalism in this chapter assumes that the coherence factor itself is not altered by
which is not strictly true as shown in Fig. However, this effect is ne-
glected due to its small impact on the For SMF based spans and a 10 THz
signal, this results in an approximation error of around 0.1 dB after 10 fibre spans

as shown in Fig. 3.11]

Different fibre parameters and launch power distributions for each span can
be modelled using Eq. (4.2)) by utilising the span dependent coefficients. The
[NLI coefficient for the entire path, normalised to the transmitted power is obtained

from Eq. (4.2) as

~f [
M (f7) ]_Zl P

2
- [nsemj (fi) n® +nxem (fi)] - (4.3)

Eq. (4.3) essentially returns the coefficient of each span, normalised to the
launch power of the transmitter.

The total XPM] contribution nxpm (f;) in Eq. (.3) is obtained by summing

over all interfering channels

nxem (fi) = Y, n)((kle(fi)v (4.4)

VkeS;

where n)((kle (fi) is the[XPMlcontribution of a single interfering channel k on channel

i.

To obtain a closed-form solution of the [NLI| coefficient, we first derive an
integral expression for the and [XPM] contributions in Eq. (#3)). In the fol-
lowing, the caused by a single interferer on the is analytically eval-
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uated. It is assumed that the channel of interest i has normalised pulse shape
gi(f—fi)= B%H (fB%lf’) , launch power P,, channel bandwidth B; and is centered at
frequency f;. The function IT(x) denotes the rectangular function. The rectangular
pulse shape implies a pulse shape roll-off of 0, assumed to simplify the formal-
ism. The interfering channel has normalised pulse shape gi(f — fx) = BkH (JCE—Z"),
launch power P, bandwidth B; and is centered at frequency f;. The transmitted
spectrum, consisting of the [COIl and a single INT] channel, is then given by

Grx(f) = Pgi(f — fi) + Pgr(f — fi — Af), 4.5)

where Af = f; — f; is the frequency separation between and [NT channels. An
illustration of (@.5)) with the resulting nonlinear interactions on the is shown in
Fig. 4.2

The arising nonlinear perturbation (i.e. distortion, interference) can be ob-
tained by utilising the results derived in Chapter 3. Substituting the transmitted
spectrum (@.3) in the model in analytical form (3.6) yields six non-
identical terms where only two are non-zero and contribute to the [NLI of the
These two terms are the and the contribution. The [XPM] contribution is

32 2 3
i) = 27;(13) /df1 ann(f52)

2 (4.6)
—PotCrLe +2+
/ a¢ Fe W RAGLA NI o oot i)
fGT ) PtotCr eftvdv
and the contribution is
_ L) 4.7
nspm(fi) = EnXPM(fi)' 4.7)

As mentioned previously, it can be seen that only one, multidimensional integral
expression remains after applying the XPM] assumption. It should be emphasised
that in Eq. (4.6), Pot, Biot and Grx (V) refer to the launch power, bandwidth and
transmitted spectrum of the entire signal and not to a single pair.

4.1.2 The model in closed-form

The goal of this section is to describe the two separate closed-form formulas that
are proposed, one formula for the Nspum (f;) contribution and one formula for
the [XPM] contribution nxpm (f;). The total [NLI is then obtained using Eq. (@.4).
This Section only describes the resulting formulas. The detailed derivations of the
formulas are carried out in Appendices[A.3.2]and[A.3.1]
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The proposed closed-form approximation for the contribution is (see

Sec.[A.3.2)

4 92 T
NspMm (fi) ~ §B—%m

T, — o B2\ A’-T, :B?
. asinh 0iB; + Lasinh (Pl—’ ,
a o A A

with ¢; = %7?2 (Bo+2nBsfi),A=a+aand T,= (ax+ & — PtotCrfi)z. The proposed
closed-form approximation for the total XPM] contribution is (see Sec. [A.3.1))

(4.8)

2

2
L3 P 4

Ty — o ¢ikBi\ A% —T; i 1 Bi (4.9)
. p atan o + atan | —— ,

32 Qb (Pk

A A

with ¢;x = 27 (fi — fi) [B2 + 7B3 (f; + fx)]- The sum in Eq. represents the
summation over the XPM] contribution of each individual interfering channel as in
Eq. @.1).

The parameter & can be used to apply the proposed closed-formula in more
general cases. Such cases include improved accuracy for non-uniform (tilted)
launch power distributions, wavelength dependent attenuation and even the exten-
sion of the formula beyond 15 THz, i.e. beyond the triangular region of the Ra-
man gain spectrum. The application of the formulas for optical bandwidths beyond
15 THz is discussed in more detail in Sec. .3 If not specified explicitly, it holds
that & = o. Eqs. (4.8) and (4.9) represent the first closed-form formulas that ac-
count for inter-channel stimulated Raman scattering, the dispersion slope and for

arbitrary launch power distributions.

4.1.3 Comparison to published formulas in the absence of

The[SPMIcontribution against channel bandwidth, obtained by numerically integrat-
ing Eq. (4.6) and by using its proposed approximation in closed-form Eq. (#.§), is
shown in Fig. 3] For better comparison, the simulation parameters in this chapter
are similar to the ones used in Sec. A total optical bandwidth of 10.05 THz
was assumed using a launch power of 0 dBm per channel. As an example, a single
centered at f; = —4040 GHz, and a single interfering channel was transmitted
over a 100 km long span. The detailed simulation and fibre parameters can
be found in Tab. The proposed formula for the contribution Eq.
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exhibits remarkable accuracy with and in the absence of throughout all sym-
bol rates compared to numerically integrating Eq. (4.6). The very good accuracy
suggests the validity of Eq. and that the validity of the assumptions made in
its derivation (see Appendix [A.3.2).

For optical bandwidths that are within the C-band (< 5 THz), i.e. in the ab-
sence of and without considering the dispersion slope, the proposed formulas
@.8)(@.9) are comparible to those in Eq. (2.49) (see Sec. [2.6.3)). To compare the
newly derived formula to previous published results (in the absence of [SRS)), Eq.
(2.49), taken from [20, Eq. (39)] [21] Eq. (11)], is also shown in Fig. 4.3] For a fair
comparison, the dispersion slope was included in the results of [20, Eq. (39)] [21}
Eq. (11)], which do not account for the dispersion slope. Without [SRS] the result
in [20, Eq. (39)] [21}, Eq. (11)] is similar to the proposed formula Eq. (4.8)) except
for low symbol rates. This difference, of up to 1 dB, mainly stems from the assumed
domain of integration with respect to frequencies (f1, f2)). The formula, derived in
this Section, assumes a circular integration domain, whereas [20, Eq. (39)] [21, Eq.
(11)] both assume a rectangular integration domain. A circular integration domain
provides better accuracy for lower symbol rates and yields analytical solutions in

terms of elementary functions as opposed to special functions [118].

|

s ‘ ‘
— =
| ; 27 . - integration
S N closed-form, Fq_(4.8) |
o S P closed-form, [20, Eq. (39)] [21, Eq. (11)] []

SPM contribution Nspym (f7) [dB (

Symbol rate B; [GHz]

Figure 4.3: SPM contribution for i = 25 with f; = —4040 GHz as a function of symbol
rate (bandwidth), obtained from numerically solving the ISRS GN model in
integral form (4.6) and its proposed approximation in closed-form (#.8)). The
inset shows the actual integration domain and its circlular approximation. For
comparison the results of [20] [21]] are shown, which both model SPM in the
absence of ISRS.
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Figure 4.4: XPM contribution for channel i = 25 with f; = —4040 GHz as a function of fre-
quency separation between channel of interest (COI) and interferer (INF), ob-
tained from numerically solving the ISRS GN model in integral form (4.6) and
its proposed approximation in closed-form (4.9) (for k € {26, 27, 28, 29, 30}).
A WDM signal with an optical bandwidth of 10 THz is assumed with 0 dBm
launch power per channel.

4.1.4 Discussion of key assumptions

The assumptions to derive the formulas for the [SPMI Eq. and the [XPM] con-
tribution Eq. (4.9) are now discussed in more detail. Additionally, bounds on the
validity range are derived and described. The three key assumptions in the deriva-
tion of the formulas are:

Assumption 1): In the derivation of the [XPM contribution Eq. (4.9), the fre-
quency separation between the channel of interest and the interfering channel is
much greater than half of the channel bandwidth, mathematically |Af| > %.

Assumption 2): The impact of on the signal power profile is small. As a
consequence, it can be approximated by a first-order Taylor series (with respect to
the variable x (§) = PotC;Letr (§)) and higher order terms can be neglected.

Assumption 3): The signal power profile, in the presence of is only a function
of the total optical launch power and it is independent of its spectral distribution.

This assumption has no impact on a uniform launch power distribution.

Assumption 1) is mathematically equivalent with the zeroth-order solution of the
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inner integral, over f, in Eq. (4.6). In Appendix [A.3.3] it is shown that the intro-
duced relative approximation error of the XPM] contribution, between a single
and [[NT] channel pair, is upper bounded by

B \?
Rel. Err. < 8% - (A_f) . (4.10)
The channel spacing for an interfering channel that is adjacent to the channel of
interest is Af = B;. The approximation error, caused by assumption 1, for those
directly adjacent channels is at most 8% = 0.3 dB. The approximation error is
smaller for non-Nyquist channel spacing, where significant guard bands are in-
troduced between neighbouring channels. All other interfering channels have a
channel spacing of Af > 2By. For those channels, the relative approximation er-
ror is Rel. Err. < 2% = 0.08 dB using Eq. (4.10). The reader is reminded that
the total on the channel of interest is a summation of all interfering chan-
nels (see Eq. (4.1))), where most channels exhibit relative approximation errors of
Rel. Err. << 0.08 dB. Therefore, it can be concluded that the relative approximation
error of assumption 1) on the toral [NLIlis negligible.

Assumption 2) is valid when the impact of on the signal power profile
can be considered small. This is required, as the signal power profile is described
by a first-order Taylor series in the derivation of Eqs. (#.8)(.9). The first-order

approximation of the analytical solution of the Raman equations [2.28|is derived as

Pi(]) (z) = (1 + Tl) e % _ Tie—(OH‘O‘)Z, (4.11)
where T; = —% fi and & = a. Eq. @.T1)) approximates the power profile in the
presence of to first-order. The first-order profile is crucial in the derivation of
the closed-form solutions in this section and derived in Appendix The chan-
nel powers for the highest and lowest frequency channels as a function of distance
are shown in Fig. f.5|using the Raman gain equations and the first-order ap-
proximation (4.11). A 10 THz signal was assumed with a launch power of -2 dBm
per channel. Fig. 4.5 shows that the first-order approximation of the signal power
profile is in good agreement with the actual power profile. As a consequence, the
first-order profile can be used in order to solve Eq. (4.6)) analytically. Higher-order
terms, with respect to can be neglected. However, to quantify the induced ap-
proximation error, these higher order terms can be analysed. The analysis is carried
out in Appendix where it was shown that higher-order terms can be neglected
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Figure 4.5: The power of the highest and lowest frequency channel as a function of dis-
tance. The results were obtained by numerically solving the Raman equations
(2.27) and the first-order approximation (@.11). A launch power of -2 dBm

per channel, signal bandwidth of 10 THz and fibre parameters ¢ = 0.162 %,
C, = 0.0234 oL were considered.
if
0.23-Ap (L) [dB] < 6. 4.12)

with the power transfer between the outer channel of the signal as in
Eq. (3-8). In Figures 4.3]and 4.4] the power transfer is Ap (L) [dB] = 6.3 dB
and Eq. yields 1.4 < 6. Following Eq. (4.12)), assumption 2) should introduce a
small approximation error, which can be seen in Fig. [4.3|and 4.4]in the presence of
ISRSI

Assumption 3) introduces no approximation error when the spectral launch
power distribution is uniform. The impact of on the signal power pro-
file is a function of the total optical launch power, mathematically expressed as
e PoCiLet(fi+£2-1i) jn Eq. (.6), and its spectral distribution, mathematically ex-
pressed as % [ Grx(v)e PoCiletVdy in ({@.6)). In the derivation of Eqs. (#.8)(@.9),
it is assumed that the spectral launch power distribution is uniform over the optical

bandwidth, mathematically [ %GTX(v)e_x'Vdv = H’iB—‘;’gtl. Therefore, small ap-
o sinh{ =%

proximation errors are expected for non-uniform launch power distributions or for
variably loaded transmission spectra. However, in Sec. #.1.5.4] it is shown through
numerical simulations that assumption 3) has negligible impact in the context of

mesh optical networks, where fibre spans are variably loaded.
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4.1.5 Numerical validation

The derived closed-form formulas for the (4.8) and the (4.9) contribu-
tions were validated via numerical split-step simulations (see. Sec. [2.3.4). For
better comparison, the same simulation and transmission link parameters as in Sec.
(see Tab. were used. The validation is first carried out for a point-to-point
transmission scenario, with fully occupied signal spectrum, and subsequently for a

mesh optical network scenario with variably loaded fibre spans (as in Sec. [3.6).

4.1.5.1 Transmission setup

The reader is referred to Sec. for more details on the simulation setup. For the
logarithmic step size distribution, two different number of steps were used. A total
number of simulation steps of 0.25 - 10° was found to be sufficient for launch powers
of up to 0 dBm per channel and 1 - 10° steps were sufficient for launch powers of
up to 3 dBm/ch. Although a launch power of 3 dBm/ch is significantly (by 3 dB)
beyond the optimum launch power, such a high launch power was simulated in order
to test the limits of assumption 2) in Sec. which states that the impact of
has to be small.

Similar to Sec. a signal consisting of 251 x 40 GBd channels,
spanning a total optical bandwidth of 10 THz, was considered. All channels within
the comb were entirely modulated with either Gaussian or uniform 64{QAM]
symbols.

The nonlinear interference coefficient was used as the figure of merit, esti-

: . RNLL L
mated from the nonlinear as M (f) = 2 o3 To ease the [NL estimation in

the split-step simulations and for a fair comparison between numerical simulation

and the [SRS|IGNl model, we consider ideal, noiseless and lumped amplifiers.

4.1.5.2 Single span transmission

The [NLI coefficient after a single transmission span, using Eqs. #.8)@.9) and
is shown in Fig. [{.6p). Two different launch powers are shown, namely
0 dBm/ch. and 2 dBm/ch., resulting in[[SRS|power transfers of Ap (L) [dB] = 6.3 dB
and Ap (L) [dB] = 10.3 dB, respectively. Additionally, Fig. [4.6p) shows the (un-
physical) case of no for comparison. To more accurately validate the impact
of on the [NLI Fig. [4.6b) shows the deviation of the [NLI coefficient as a
function of the power transfer. The results in both figures were obtained by
split-step simulations, numerically integrating the [ISRSIIGN| model in integral form
(3.6) and its proposed closed-form approximation (4.8)[.9). As already shown in
Sec. the model in integral form matches the simulation results with
negligible error. Minor deviations appear at the most outer channels which is due to
the local white noise assumption (see Eq. (2.45))). The local white noise assumption
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Figure 4.6: The NLI coefficient after one 100 km span as a function of channel frequency
is shown in a). The deviation of the NLI coefficient after one span as a func-
tion of ISRS power transfer for different channels within the transmitted WDM
signal is shown in b). The results were obtained by numerical simulations, nu-
merically solving the ISRS GN model in integral form (3.6) and its proposed
approximation in closed-form (4.8) and (4.9).

can be lifted by integrating the NLI[PSD| over the channel bandwidth of the

It can be seen that Eqs. (@.8)(.9) are in good agreement with the
model in integral form (3.6) and the simulation results. In the absence of the
average deviation between closed-form formulas and simulation is 0.1 dB. This de-
viation stems from the assumption (see Sec. [4.1.T)). It can be concluded as the
closed-form formulas predict the individual and [XPMI contributions with neg-



4.1. A closed-form approximation of the model 117

ligible error, as shown in[4.3] When is accounted for, the average discrepancy
is 0.1 dB for O dBm/ch. and 0.2 dB for 2 dBm/ch. launch power, respectively. This
additional discrepancy arises from the assumption 2) in Sec. {.1.4] which states
that the impact of is assumed to be small. As the impact of is more sig-
nificant at outer channels within the signal, this assumption imposes larger
approximation errors on those channels. Mathematically, higher order terms of the
Taylor series describing become significant.

4.1.5.3 A point-to-point transmission scenario

After validating the closed-form formulas for single span transmission, their accu-
racy in a multi-span point-to-point transmission system was evaluated. The system
under test is identical to the one used in Sec. [3.7.2] consisting of six spans of stan-
dard single mode fibre. The launch power was 0 dBm/ch. which is the optimum
launch power for the centre channel in the presence of EDFAs with a noise figure
of 5 dB. However to ease the validation, noise was not considered in the sim-
ulation and noise figure was only considered in the choice of the launch power. At
each fibre span the launch power was ideally recovered by means of gain flattening
filters (see Sec. [3.2).

The coefficient, using Egs. and the as a function of
frequency is shown in Fig. {.7h) and 4.7b) without and with respectively.
The unphysical case of not considering is only shown for comparison. The
results were obtained by split-step simulations, the model (3.6), including
the phased-array term, and the proposed formulas in closed-form @.8))(4.9).

To study the impact of the coherent accumulation, expressed by the variable
€ in Eq. (4.3), the closed-form approximation is considered with an incoherent
(¢ =0) and a coherent (¢ # 0) [NLI accumulation of along the transmission path.
The coherence factor, defined as in Sec. for the studied system configuration
is € = 0.15 which was obtained in closed-form from [20]. The average gap between
the closed-form, including a coherent accumulation, and the model in in-
tegral form is 0.1 dB and 0.2 dB without and with respectively. The accuracy
is similar to the single span case (see Fig. [4.6), indicating that Eq. sufficiently
approximates the coherent accumulation of

A majority of the [NLI originates from the [XPM] contribution, which is ac-
cumulating incoherently. Therefore, Eq. can be simplified by setting € = 0,
assuming an incoherent accumulation of The arising approximation error, of
assuming an incoherent [NLI| accumulation, is 0.2 dB. Depending on accuracy re-
quirements, this approximation error may be deemed negligible. It should be noted,

however, that this accuracy loss (with respect to Gaussian modulation) increases
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Figure 4.7: The distribution of the NLI coefficient after 6 spans (600 km) without a) and
with b) ISRS. A launch power of 0 dBm/ch. was considered yielding an ISRS
power transfer of Ap (L) [dB] = 6.3 dB. The results were obtained by numer-
ical simulations, the ISRS GN model in integral form (3.6) and its proposed
approximation in closed-form (&.8)) and (@.9), in coherent and incoherent form.

with the number of spans.

A key assumption of the model is that each frequency component carries a
symbol drawn from a symmetric circular Gaussian distribution which leads to an
overestimation of the power with respect to square formats. To compare
the model predictions to a more practical modulation format, the [NLI coefficient
using 64{QAM] symbols, obtained by the is shown in Fig. 4.7] The average
gap between using 64{QAM ] and the closed-form approximation in coherent
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form is 1.6 dB in both cases, without and with This gap decreases with in-
creasing accumulated dispersion, and hence, with increasing transmission distance.
Additionally, state-of-the art transmission systems utilise probabilistic or geomet-
ric shaping which further decreases this gap as shaped signals partially resemble
Gaussian modulated signals (see Sec. [2.2)).

The proposed closed-form approximation appears to model the impact of
on the (SPM and [XPM)) with excellent accuracy in fully occupied point-to-
point transmission scenarios. In can, therefore, be used for system design, op-
timisation and real-time performance estimations of ultra-wideband transmission

point-to-point links.

4.1.5.4 A mesh optical network scenario
Next, the closed-form approximation of the @.8) and (@.9) contribution

was applied and validated in a mesh optical network transmission. As in Sec. [3.7|the
fundamental difference in a mesh network, as opposed to a point-to-point transmis-
sion, is that: 1) not all channels within the optical signal are transmitted along
the entire lightpath and 2) fibre spans are variably loaded. At each[ROADM] chan-
nels are added and dropped according to traffic demands and routing-wavelength
allocations.

The transmission setup and the studied example is identical as the one studied
in Sec. where it was used to validated the model in integral form. In
this section, the spectrum occupancy is assumed to be 80% and 90%, which means
that 80% (or 90%) of the spectrum are always occupied.

The [NLI coefficient, using Eqs. (@.8)(#.9) and the for the network
utilisation value of 80% is shown in Fig. 4.8p) and the network utilisation of 90%
is shown in Fig. 4.8b). The power transfers for both cases were Ap (L) [dB] =
5 dB and Ap (L) [dB] = 5.7 dB, which is less than in the point-to-point case as less

average power was launched into a span.

The fluctuating behaviour of the coefficient is an immediate consequence
of the variably loaded network edges, as shown in Fig. The fluctuations are
less pronounced in the case of 90 % network utilisation as a larger average spectral
occupation leads to more averaging. The proposed closed-form approximation is in
good agreement with the simulation results with an average discrepancy of 0.1 dB
and 0.2 dB for 80% and 90% network utilisation, respectively. Assumption 3) in
M.1.4]appears to to have a negligible impact on the accuracy of the formula in vari-
ably loaded mesh optical networks, due to the good agreement to the The
average gap between the closed-form approximation and the using uniform
64{QAM] is 1 dB which is less than in the point-to-point case (cf. Fig. as
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Figure 4.8: The NLI coefficient of every fifth channel (i.e. a channel of interest) after six
spans where interfering channels are continuously added and dropped along the
transmission with a network utilisation of 80% shown in a) and 90% shown in
b). The results were obtained by numerical simulations and using the proposed
closed-form approximation (4.8) and (.9).

add/drop channels exhibit, in average, an higher amount of accumulated dispersion,
due to their higher average transmission distance (history).

Based on the validation carried out in this section, it can be concluded that the
proposed closed-form approximation models the in mesh optical network sce-
narios with excellent accuracy. The results, therefore, enable the performance eval-
uation of complex light path configurations for an entire network topology, within

only a few microseconds. This is an essential step in the modelling of optical net-



4.2. A modulation format correction formula for the model 121

work performance in the ultra-wideband regime.

4.2 A modulation format correction formula for the
Gaussian Noise model in the presence of inter-

Channel stimulated Raman scattering

In the previous Sec. §.1] a closed-form approximation of the model (see
Sec. [3.5)) was proposed. Although a significant result in modelling the [NLI of ultra-
wideband transmission systems, it does not account for the dependence on the
modulation format (see Sec. [2.6.4)). The proposed closed-form, just as the conven-
tional and the model (see Sec. [2.6.2] and Ch. [3)), assumes a Gaussian
constellation at the output of the transmitter. This signal Gaussianity assumption
is the major source of inaccuracy for predicting higher order constellations.
As a consequence, the closed-form expressions derived in Sec. 4.1| overestimate
the for low cardinality formats and in optical links with low accumulated dis-
persion. As outlined in Sec. [2.6.4] significantly more complex models have been
proposed to address and accounts for the modulation format dependence. In this
section, a closed-form formula is derived that corrects for the modulation format
dependence, in the presence of the dispersion slope and The proposed for-
mula represents an extension to the results in Sec. [.1] to accurately account for
non-Gaussian modulation formats.

In particular, a formula is proposed that corrects for the modulation format
dependence in the contributions of the total In Sec. @.2.1] the gen-
eral formalism for the modulation format correction of the [NLIl is reviewed. In
Sec. @, a generic modulation format correction formula is derived, that can be
applied to generic transmission systems that are described by a link function. More-
over, it is shown that the modulation format correction can be approximated by two
contributions, one originating from a single transmission span and one asymptotic
contribution for a large number of spans. The asymptotic contribution is solved in
closed-form for an arbitrary link function, making the result applicable for generic
fibre systems using lumped, distributed or hybrid amplification schemes. In Sec.
4.2.4] the methodology is applied to the model in closed-form (see Sec.
M4.1) to derive a closed-form formula that corrects for the modulation format depen-
dence. The analytical result accounts for arbitrary number of spans, inter-channel
stimulated Raman scattering, arbitrary launch power distributions and wavelength
dependent dispersion and attenuation. In Sec. [4.2.5] the newly derived result is
validated by means of numerical split-step simulations.

The results described in this section have been peer reviewed and published in



4.2. A modulation format correction formula for the model 122

b5)
N 0 o 3
néﬁi (fi)+ nééﬁr(.f i) 1e

1 COI

fi Jr Fréquency

Figure 4.9: Illustration of the Gaussian (GNJ) contribution and the modulation format
correction on the channel of interest (COI) originating from a single interferer
(INT). The channels exhibit arbitrary modulation formats, power levels, band-
widths and centre frequencies.

[P4].

4.2.1 General formalism for the modulation format correction

As discussed in Sec. there are modulation format corrections for the self-
phase modulation, cross-phase modulation and four-wave mixing contributions of
the total NLIL In [117,[128]], a complete set of formulas in integral form has been
derived to correct for arbitrary modulation formats for XPM and [FWM] con-
tributions. As in the closed-form approximation presented in Sec. 4.1.1]and similar
to Sec. [2.6.5] we only account for the most dominant contribution, namely XPML

This is mathematically expressed as

Mn (fl) = MNGN,n (ft) + Neorr.,n (fz) y (4- 13)

where ngn,, is the [NLI contribution arising from a Gaussian constellation and
Neorr.,» Tepresents the modulation format correction term. For Gaussian modulated
signals the correction term 7coyr. , Vanishes and Eq. (4.13) reduces to the[GNImodel.
It has been shown that, only considering the [XPM| modulation format correction,
is sufficiently accurate with only a minor loss in accuracy [22,[31H33,51]]. The ap-
proach is particularly accurate in high dispersive fibres such as standard single mode
fibre and systems with large symbol rates or large channel spacings. The accuracy

of the proposed results are validated by numerical simulations in Sec. #.2.5]

The [XPMI assumption, taking only [XPMHike terms into account, evaluates
the over the bandwidth originating from a single interferer (INT). The
[XPM] assumption including the modulation format correction is illustrated in Fig.
4.9l The total XPMI correction is obtained by summing over all individual
corrections of each pair present in the transmitted signal. Similar to Eq.
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@.1), the total XPMI modulation format correction is

Nch

Ncorr,n (fz) - Z nc(lél)‘r,n <fl>7 (414)

k=1 ki

where né’;ﬁm (fi) is the [XPMl correction of a single interfering channel k on channel
i

The dominant XPM| modulation format correction term is given by [117, Eq.

(I7)]
2 zq)
ncorrn<fl>— (Pk) /_ fl

2 (4.15)

i/ 5 WL+ fisfo+ fi+AF i) Z /MM fy
where B; and Bj are the bandwidth of i and [INT k, respectively, Af =
fx — fi 1s the channel frequency separation between and [NT| and ¢ =
—47% By + mB3(f; + fi)] L is the phase mismatch term accounting for coherent [NLI]
accumulation. In deriving Eq. (#.13), it was assumed that the variation of the wave-
length dependent dispersion is negligible over a single channel bandwidth, identical
to the assumptions made in the derivation of Eq. The variable u (f1, f2,fi)
is the link function of a single span. An optical fibre transmission system that is
described by the nonlinear Schrédinger equation can be, to first-order, described by
a link function u (f1, f2, fi). The link function describes the nonlinear perturbation
(i.e. the [NLI) of three interacting frequencies on the frequency f; after propagation.

The variable ® = EZ[[||})((|2]] — 2 1is the excess kurtosis of the transmitted modulation

format, where X are the transmitted symbols. It is the main parameter which cap-

tures the impact of the transmitted symbol sequence on the nonlinear interference
power. The excess kurtosis of a few example modulation formats are listed in Ta-
ble [2.3] Most modulation formats exhibit a negative excess kurtosis resulting in a
negative modulation format correction né’gﬂm( ;). This negative modulation format
correction reduces the nonlinear interference, meaning that [GN| model approaches
(for which @ = 0) are always conservative. The modulation format correction is
smaller for more ’Gaussian-like’ modulation formats, where the absolute value of
|®| is smaller. This property does not only extend to the coordinates of the indi-
vidual symbols, exploited by geometric constellation shaping but it also applies to

probabilistically shaped formats as shown in [143].

In the following sections an approximation in closed-form of the modulation
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format correction in integral form (4.13)) is derived. This gives the advantage of in-
crease prediction accuracy for non-Gaussian modulation formats without sacrificing

computation complexity and execution time.

4.2.2 Modulation format correction for generic transmission
systems in closed-form

In this section, an approximate solution of Eq. (#.13) for a generic transmission
system is derived. The derivation of the proposed formula relies on two key as-
sumptions. The first assumption is that the channel separation of two interfering
channels (COI and [NT) is much greater than the channel bandwidth, which allows
to approximate f, + Af ~ Af in (4.15)). This is the same assumption that has been
used in the derivation of Eq. in Sec. A detailed assessment of this as-
sumption was carried out in where it was shown that this assumption has
negligible impact on the total Using f> + Af ~ Af in Eq. (.15)) results in

=

1

nSna ) =7 [, Al i+ fi b )P

'\)N

5 (4.16)

n—1
B .
1+ Y sinc <m(]) f17k> emONIAS
m=1

.o~ (P 2 80 Y>® .. . . .
with ¥ = 7 ) ST B which is introduced to simplify the notation.

Eq. does not appear to have an analytical solution. However, in order
to find an approximate solution, we analyse its asymptotic behaviour for a large
number of fibre spans n — co. For a large number of spans, the oscillation terms in
Eq. (.16)) can be approximated by a Dirac delta function § (x) as

n—1 Bk . 2
lim |14 Y sinc <m¢ fl—) e/mONIAS
n—>o0 = 2 4.17)
~1+6(f1) im Gy,
n—oo
with a normalisation coefficient
e8] n—1 B 2
C,= / dfi| ) sinc <m¢ fl—k> e/mONIAS (4.18)
—co — 2
The sinc function is defined as sinc (x) = Sinx(x). The normalisation coefficient C,

comes from the property [~ 0 (x)dx = 1 of the Dirac delta function.

The approximation (4.17)) is the second key assumption in the derivation of
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the proposed formula and it can be motivated as follows: For f; = 0, both sides
of yield infinity, making the 1 negligible and as a result it can be pulled out
of the absolute square term. For f; # 0, the oscillating terms add mostly out-of-
phase (deconstructively) and they are further damped by the - 7 decay in the sinc (x)
function. Thus, the sum over the oscillating terms can be approximated by a Dirac
delta function, the oscillating terms are negligible with respect to 1 and the 1 can

be, again, pulled out of the absolute square.

Under the approximation as in (4.17)), the modulation format correction can
now be approximated by only two contributions. One modulation format correction
originating in the first span and an asymptotic contribution originating in the limit

of a large number of spans. The modulation format correction can be thus written

as
Mstn () & M1 () + 7 nehea(£)
—_—— e (4.19)
Ist span corr. asympt. cOrr.
with
ncorrl fl Y/B dfl‘.u f1+flafk7fl)’ (4.20)
2
Nloka(f) = PItt (fis fio F) - lim A,C, “21)
and
0, ifn=1
n= (4.22)

n, otherwise
The asymptotic contribution né’gﬁw (fi) is valid in the limit for a large number of
spans. However, in order to calculate the modulation format correction for any
number of spans, the asymptotic contribution is approximated by a Taylor series
with respect to the number of spans and truncated to first-order. As the asymptotic
contribution after one span must be zero (as this is covered by néﬁﬂ,l (fi)), only its
slope (in the asymptotic limit) must be calculated as in (4.21)). As the span number
is an integer variable, the slope is computed using the backward difference operator,
defined as A, f = f(n) — f(n—1). The asymptotic slope can be computed exactly

and the necessary identity is derived in Appendix

Using the identity (A.30), derived in Appendix the asymptotic contri-
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bution can be written exactly in closed-form as

N8k a(f) = 711 (fis fir )P

o7 QNf— B, (4.23)
0B [(W ~Bu)ln (2Af+Bk> * 23"1

Eq. represents a generic modulation format correction formula, valid in the
asymptotic limit of a large span number. Remarkably, the asymptotic contribution
does not require any further integration and it, therefore, represents a closed-form
correction formula for any optical fibre transmission system described by a link
function  (f1, f>, fi). Every transmission system that is accurately modelled by the
or Manakov equation can be described by a link function. Eq. can be
universally applied to estimate the modulation format dependence and it is one of
the main results in this Chapter.

To further increase the accuracy to an arbitrary number of spans, the inte-
gral, describing the modulation format correction contribution after a single span
(#@.20), must be solved. However, this integral resembles the mathematical structure
of the [GNImodel contribution ngn ., (f;) (cf. @.6)) In other words, if a closed-form
approximation for the [GNl model contribution after one span exists for an arbi-
trary transmission system, a modulation format correction formula in closed-form

for any number of spans immediately follows with the results in this paper using

4.2.3 Link function of the model

Equations (.19)({@.20))(@.23)) can be used to derive a modulation format correction
formula for the ISRS|[GN| model for arbitrary span numbers. However, to derive a

fully closed-form formula, the link function u (f1, f2, fi) of the underlying system
is required. The link function of the model in analytical form is given by

Eq. (3.6) as

Ptote_ o C —PiotCr Legy (fl +f2 —f,)

fGTX(v)e_PlotCrLeffvdv (4.24)

L
”(fbfzaﬁ):/o dC
LS8

where ¢ = —47%(f1 — £;) (2 — £;) B2+ B3 (f1 + f2)] €. Eq. can be used to

calculate the nonlinear perturbation on f; after one span for any arbitrary frequency
triplet (f1,f2,fi)- Eq. (4.24) accounts for all occurring nonlinear mixing prod-
ucts, namely self-phase (SPM), cross-phase (XPM) and four-wave mixing (FWM)
products. However, the proposed formulas (4.19)({.20))(@.23)), only correct for the
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dominant mixing products which are XPM] (see Sec. [4.1.1)). This restricts the fre-

quency triplets to the XPMl domain which is (f} + f;, fx, fi) with fi € [—%, %}

An approximation of the generic link function (4.24)) for the XPM] contribution has

already been derived and utilised in the derivation of Eq. [4.9] The approximation is

written as (cf. Eq. (A.18))

. N oo l—l—Tk Tk
:u(fl-i_fhfkvfl)"’ _a+j¢i,kf1 +_A+j¢i7kf1 (425)

where Ty = 29S¢ = —47 (fi — f3) [Bo + 7Bs(fi + fi] and A = a + @

In order to obtain the modulation format correction of the model
in closed-form, the approximated link function Eq. (4.25) must be substituted in
Eqs. (@.20) and (4.23). As mentioned in Section 4.2.2] the integral, that needs to
be executed in Eq. (4.20), resembles the [GNl model contribution after one span.
This integral has already been solved in Sec. 4.1l Hence, the modulation format
correction for the model can be obtained combining the result derived in
this Section with Sec. 4.1l

4.2.4 Modulation format correction for the model in
closed-form

Using the modulation correction formula for an arbitrary link function, derived in
Sec. .2.2] combined with the approximated link function Eq. (4.23) of the
model, yields a modulation format correction formula for the model
in closed-form as

30 Nen (Pk) 2 yz { 1
)~ —P 2 B )b .allo=da)
Neorr.,n (fl) 31 k:lZ,l:cséi P By (Pi,kOC (206 + OC)

[T—e? ; 1 Bi +A T en i kBi (4.26)
[04 o A A

ZﬂﬁTk 2 ’Af‘ — By,
—————— [(2|Af| —By)1 B e E— 2B
’¢|B]%(X2A2 |:( | f‘ k) Og(Z’Af‘—f—Bk + 2D )

with Af = fi — fis $ix = —27% (fi — f;) [B2 + ®B5(f; + fi]. The formula is appli-
cable for lumped-amplified links for optical bandwidths of up to 15 THz, as this
formula relies on the triangular Raman gain spectrum, similar to the approxima-
tions derived in Sec. .1 The results described in Sec. 4.3 can be used to apply
Eq. (4.26) to larger bandwidths. The former summand in Eq. (4.26)) corrects for
the modulation format within a single span, while the latter summand corrects the
modulation format contribution across multiple spans as described by Eq. (@.19).
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The sum in (.26) corrects for all interfering channels within the transmitted WDM]

signal.

4.2.5 Numerical validation

The proposed closed-form correction formula (4.26) was validated by numerical
simulations over the entire C+L band, covering 10 THz optical bandwidth. The val-
idation was carried out for two fibre types, one high dispersive standard single mode
fibre (SMF) and one low dispersive non-zero dispersion-shifted fibre (NZDSF). The
simulation parameters are shown in Table 4.1} The simulation setup was described
in detail in Sec. Inter-channel stimulated Raman scattering was included in the
[SSEMIby applying a frequency dependent loss at every linear step, so that the signal
power profile altered by is obtained.

The launch powers were chosen to maximise the performance of the central
channel assuming a 5 dB noise figure (see Sec. 2.4.1). Gaussian symbols,
drawn from a circular-symmetric Gaussian distribution and uniform QPSK sym-
bols were used in transmission. In the case of QPSK modulation, the channels of
interest, centered at f; = 0 THz and f; = —4.0 THz, exhibit Gaussian modulation
while the remainder of the channels were modulated with QPSK symbols. This was
done for validation purposes and only for the results in this section This ap-
proach offers a more precise validation, as the proposed formula only corrects for
modulation formats of interfering channels (XPM terms). Therefore, all interfering
channels were modulated with Gaussian symbols, which do not have a modulation
format dependent contribution on the COI.

The [SNR]was estimated by comparing input and output symbols and the non-
linear interference coefficient was then estimated as 1, (f;) = %

1
improve the simulation accuracy, four different data realisations were simulated and

. In order to

averaged for each transmission. Ideal, noiseless amplifiers were considered to ease
the computation and for a fair comparison between numerical simulation and
modelling results. The [EDFAI noise figure was only considered in estimating the
used launch power.

The nonlinear interference coefficient as a function of span numbers is shown
in Fig. 4.10] and {.T1] for the channels with centre frequencies f; = —4.0 THz and
fi = 0 THz. The results are shown for both fibre types and for the case with
and without The (unphysical) case of not considering [SRS| is shown for
comparison.

In the case of Gaussian modulation, the model in integral form
(3.6) was used. In the case of QPSK modulation, the model in integral
form was used with the modulation format correction in integral form Eq.
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Table 4.1: System parameters for Fig. |4 12| and |4 1 1|4.10|

Parameters SMF NZDSF
Loss (&) [dB/km] 0.2 0.19
Dispersion (D) [ps/nm/km] 17.0 4.5
Dispersion slope (S) [ps/nm?/km] 0.067  0.05
NL coefficient () [1/W/km] 1.2 1.3
Effective core area [/.Lmz] 80 72
Raman gain slope (C;) [1/W/km/THz] | 0.028  0.031
Raman gain (C; - 14 THz) [1/W/km] 0.39 0.44
Channel Launch Power (P;) [dBm] 0 -2
Total Launch Power (Po) [dBm] 24 22
Symbol rate [GBd] 40
Channel Bandwidth (B;) [GHz] 40.004
Channel spacing [GHz] 40.005
Number of channels 251
Optical bandwidth (Byy) [THz] 10.05
Reference Wavelength [nm] 1550
Roll-off factor [%] 0.01
Number of symbols [2*] 17
Simulation steps per span [10°] 2.5

(solid lines), as well as the modulation format correction formula in closed form Eq.
(#.26) (dashed lines). This way, the accuracy of the closed-form modulation format
correction can be estimated.

Unsurprisingly, and as already shown in Sec. the model has
remarkable accuracy with numerical simulations, exhibiting a negligible modelling
error. In the case of QPSK modulation, the modulation format correction in integral
form (4.16)) models the impact of QPSK with good accuracy, despite one of the key
assumptions made in its derivation (Assumption 1) in Sec. {.1.4] mathematically
Af > %). The average deviation between the modulation format correction in
integral form and the numerical simulation is 0.26 dB throughout the shown results.
The error mostly stems from the assumption and assumptions inherited from
Eq. (4¢.15). The small impact of the assumption Af >> % has been mathematically
quantified in Appendix [A.3.3]

The modulation format correction formula in closed-form (@.26]) shows good
accuracy for all number of spans. Throughout Fig. 4.10]and4.T1] the average abso-

lute error is 0.45 dB between closed-form and numerical simulation. The majority
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Figure 4.10: The nonlinear interference coefficent as a function of fibre spans for the chan-
nel centered at f; = —4.0 THz. The results were obtained by split-step sim-
ulations (markers) and the ISRS GN model (3.6) with the modulation format
correction in integral form (4.16)) (solid lines). The ISRS GN model with the
modulation format correction in closed-form (@.26) is shown in dashed lines.
In the case of of QPSK, only the channel of interest exhibits Gaussian modu-

lation for validation purposes.

of the mismatch can be traced back to the asymptotic assumption Eq. #.17) and its
linear approximation of the asymptotic contribution Eq. (4.21]) with respect to the
span number (see Sec. [4.2.2)). The mismatch is smaller for an increasing number of
spans, due to the assumption n — oo in Eq. (.17). Particularly, the error completely
vanishes in the case of single span transmission and in the limit of infinite trans-

mission spans. Not shown in the figures, the mismatch between modulation format
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Figure 4.11: The nonlinear interference coefficent as a function of fiber spans for the chan-
nel centered at f; = 0 THz. The results were obtained by split-step simulations
(markers) and the ISRS GN model (3.6)) with the modulation format correction
in integral form (4.16)) (solid lines). The ISRS GN model with the modulation
format correction in closed-form (@.26) is shown in dashed lines. In the case
of of QPSK, only the channel of interest exhibits Gaussian modulation for val-
idation purposes. For comparison the result of [22, Eq. (1)] is shown, which
proposed a modulation format correction formula in the absence of ISRS.

correction in closed-form and integral form is < 0.1 dB after 100 spans.

The result described in this section presents the first modulation format cor-
rection formula in the presence of However, in the absence of (e.g. for
optical bandwidths of at most 5 THz), modulation format correction formulas are

already available in the literature. To compare our results to previously published
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works in the absence of [22, Eq. (1)] is shown in Fig. 4.1Th), which pro-
poses a modulation format correction formula in the absence of As the result
in [22]] has been derived in the asymptotic limit of a large number of spans, it is
inaccurate for the first few spans. Mathematically, this is because the result in [22]
only approximates the asymptotic component in (4.19)). The comparison shows that
Eq. (4.26)) is not only capable of correcting the modulation format in [SRS/impaired
systems, but it also more accurate than previously published results in the absence
of

4.2.6 The model for arbitrary modulation formats in
closed-form

The next step is to combine the modulation format correction formula (4.26) with

the [ISRSI model contribution in closed form derived in Sec. #.1] The goal is

to obtain a closed-form formula capable of predicting the total nonlinear for
arbitrary modulation formats. The formula for the foral coefficient as in Eq.

@ET3) is
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with & = 372 (B +27Bs i) Ti = (@+G—PaGfi)’ Af = fi — fir Gk =
27 (fi — fi) [Bo+ B3 (f; + fi] and A = o + &. Eq. models the [GN model
contribution of the and [XPM] contributions, as in Eqs. @.8)(4.9), where the
terms are corrected for then modulation format dependence using Eq. (4.26).

The total [NLI coefficient as a function of channel frequency with and without

obtained by Eq. (.27) and the is shown in Fig. The results
are shown for SMF and NZDSF. All transmitted channels are entirely modulated

with either Gaussian, 16{QAM]or 64{QAM]|symbols. It can be seen that Eq.

shows very good agreement with the numerical results. In both cases (with and
without [SRS)), the average mismatch between the closed-form model Eq. (#.27)
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Figure 4.12: The nonlinear interference coefficient as a function of channel frequency for
different modulation formats and fibre types after 6x100 km spans. The results
were obtained by split-step simulations and in closed-form using Eq. #.27).
Figures a) and b) show the case without and with inter-channel stimulated
Raman scattering, respectively.

and numerical simulation is 0.3 dB and 0.2 dB for SMF and NZDSF, respectively.

The analysis shows that the derived closed-form approximation (4.27) is ca-
pable of predicting nonlinear [SNR| of ultra-wideband optical transmission systems
considering arbitrary modulation formats with good accuracy. This is a key result

in the real-time modelling of next generation ultra-wideband transmission systems.
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4.3 The model in closed-form extended to
S+C+L band systems

The formulas in the previous Sections .1 and [4.2] are only applicable for optical
bandwidths of up to 15 THz, as they rely on the triangular approximation of the
Raman gain spectrum (see Fig. [2.7). The triangular approximation is key to yield-
ing analytical approximation of the Raman gain equations and, in turn, vital
in the derivations of Eqs. (4.8)(.9) and the modulation format correction (4.26).
Therefore, real-time performance estimations for the entire SCL band, spanning
a total optical bandwidth of approximately 20 THz, is not possible based on the
results described in the previous sections of this chapter.

The analytical closed-form approximations in previous sections have been de-
rived assuming a linear regression of the Raman gain spectrum. This assumption
yields an analytical solution of the Raman equations (2.28)), a key requirement to
obtain a closed-form approximation for the in the presence of For band-
widths beyond 15 THz, the Raman gain spectrum cannot be accurately approxi-
mated as a linear function of frequency and an analytical solution of the Raman
equations is not available This renders a fully analytical approach for the [SNR] es-
timation impossible. The goal of this section is a semi-analytical approach, which

yields vast reductions in computation time compared to split-step simulations.

The approach uses the first-order description of the power transfer in the pres-
ence of which was developed in Sec. .1} The power profile, to first-order, is
fully characterised by three parameters which are o, & and C;. In the previous sec-
tions, we had that & = « for transmission systems with bandwidths below 15 THz
and negligible variation of the fibre attenuation. However, in this Section, the three
parameters (o, &, C,) are redefined as channel dependent variables. These channel
dependent parameters are then matched to the actual power profile of the respective
channel i. The actual power profile P, (z) is obtained by numerically solving the

Raman equations and matched to the power profile to first-order (with respect to

PV (@)= (14T) e % — Tem(@raik, (4.28)

1

PtotCr.,i
0;

where T, = — fi. The matching of ¢, @; and C,; can be carried out using

standard regression techniques such as the Levenberg-Marquardt algorithm [144]].
The channel power of the highest and lowest frequency component as a func-

tion of distance are shown in Fig. 4.13] The profiles are obtained by numerically
solving the Raman gain equations (2.27) and using the first-order description of
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Figure 4.13: The power profile of the highest and lowest frequency channel as a function

of distance. The profile are obtained by numerically solving the Raman gain
equations (2.27) and using the first-order description of ISRS (4.28)), where
the parameters @, ¢; and C,; are matched to the actual profile.

Eq. (4.28). The channel dependent parameters ¢;, ¢; and C,,; were matched to

the actual profile, using a standard least-squares algorithm. There is a good agree-

ment between the actual power profile and the matched first-order approximation.

This indicated that the approach of matching the parameters ¢;, @; and C,; is promis-

ing for predicting the arising nonlinear interference. The matched parameters can

then be substituted in the closed-form formula to obtain the total nonlinear[SNRI (as

in Eq. ¢.27)) as

-1
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(i + 8 — PotCrifi) s Ai = 04+ 0, @ = —4m2 [Bo + s (fi + fi)| L ¢ =
37 (Ba +27B3 fi). $ix = =270 (fi— £i) [B2 + 7Bs (fi + fio)-
Eq. (4.29) now extends the results discussed in previous Sec. and
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to bandwidths beyond 15 THz. However, this requires the numerical solution of
the Raman equations and additional regression operations, which can be performed

within a few seconds.

4.3.1 Numerical validation

The next step is to validate the proposed approach using split-step simulations. The
validation was carried out for 452 x 40 GBd channels, occupying the entire S+C+L
band (20 THz). The numerical validation in this section, represent the first nu-
merical validation of perturbation models (see Sec. [2.6) over optical bandwidths
of 20 THz. A Corning® SMF-28° ULL fibre was considered with experimentally
measured fibre data for attenuation coefficient, shown in Fig. ), and the Raman
gain spectrum, shown in Fig. 4.14p). Dispersion and nonlinearity parameters are
D=18-P_ §=0067— (B, = —22.62 and B3 = 0.142 at 1540 nm) and

nm-km? nm2-km

_ 1

Gaussian modulation, as well as uniform 64{QAM] were used as the symbol
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Figure 4.14: Experimentally measured attenuation coefficient and Raman gain spectrum of
a Corning® SMF-28° ULL fibre.

constellations. The first was chosen to evaluate the accuracy of the Gaussian-like
[NLIl contribution (cf. Sec. @, while the latter was chosen to test the accuracy of
the modulation format correction (cf. Sec. #.2.4). A uniform channel launch power
of -2 dBm was considered yielding a total optical power of 24.5 dB. A gap of 10 nm
was assumed between S-and C-band and a gap of 5 nm between the C-and L-band.
A sequence length of 2!® symbols were found to be sufficient for accurate simula-

tions of up to 3 fibre spans. However, to further increase the simulation accuracy,
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Figure 4.15: The power as a function of wavelength after several propagation distances.
A launch power of -2 dBm per channel was assumed with experimentally
measured fibre data of a Corning® SMF-28° ULL.

four independent data realisations were averaged (similar to cases simulated in Sec.
3.7.2] 4.1.5]and [4.2.5]). Each data realisation (i.e. transmision) took 4.2 days on a
single state-of-the-art GPU.

The power after several propagation distances within a span is shown in Fig.
M.15] where the signal power undergoes a complex interaction between the intrinsic
fibre loss and The sharp decrease of the Raman gain spectrum at frequency
separations beyond 15 THz (approximately 120 nm) together with the non-uniform
attenuation profile seem to offset each other, resulting in a relatively flat received
power for low wavelengths in the S-band and high wavelengths in the L-band.
Wavelengths in the C-band experience a linear tilt. This is a result of the coupling
to all wavelengths in S- and L-band and the very low variation of the attenuation
coefficient (maximum 0.04 dB/km) within the C-band.

The nonlinear [SNR| as a function of wavelength after 3 x 80 km, obtained us-
ing Eq. (.29) and the is shown in Fig. As a check, results obtained
with the [SRSIGNI model in integral form Eq. are shown which exhibits a neg-
ligible error (<0.1 dB) compared to split-step simulations using Gaussian symbols.
A Runge-Kutta method was used to numerically solve the Raman equations and a
standard least mean squares algorithm was performed to minimise |P; (z) — Pl.(l) (2)
to obtain o, &; and C;;.

Numerical simulations as well as modelling predictions yield a relatively flat
[SNR] across the wavelengths in S-and L-band. This is a consequence of the bal-
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Figure 4.16: Nonlinear performance after 3 x 80 km transmission over the entire S+C+L
band (20 THz, 158 nm) using a Corning® SMF-28° ULL with experimentally
measured fibre data.

ancing effects between power tilt (see Fig. and dispersion slope S (f33). The
power tilt shown in Fig. [4.15| results in increasing nonlinear interference towards
longer wavelengths, while the dispersion slope weakens the nonlinear interference
for longer wavelengths. Both effects result in a flat nonlinear SNRlin the S-and L-
bands for the given fibre parameters and the chosen launch power. The SNRyy is
tilted by 1.2 dB for wavelengths within the C-band as the power tilt occurring dur-
ing propagation outweighs the effects of the dispersion slope. The nonlinear
of channels within the S-band is about 3.3 dB higher as compared to channels in
the L-band due to the large power depletion, originating from [SRS|and wavelength
dependent attenuation.

The proposed closed-form has remarkable accuracy with an average mismatch
of 0.1 dB and a maximum mismatch of 0.3 dB in the case of Gaussian symbols. The
formula correctly predicts the impact of non-Gaussian modulation formats such as
64{QAM] with an average and maximum mismatch of 0.1 and 0.3 dB, respectively.
This validates that Eq. (4.29) can be applied in regimes beyond bandwidths of
15 THz with the approach described in this Section. The total simulation time
to obtain the results in Fig. {4.16 was 33.6 days on a single state-of-the-art GPU.
The total execution time using the semi-analytical closed-form approach was only
a few seconds, where the majority of the time was required to numerically solve
the Raman equations. This emphasises the major speed advantage of performance

estimation approaches in closed-form.

The accuracy of Eq. (4.29) is expected to be maintained for different launch

power distributions, modulation formats, fibre types and longer transmission dis-
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tances, making the formula particularly useful for metro and long-haul transmission
distances, where ultra-wideband simulations become unmanageable.

The analysis shows that the proposed closed-form approximation can be ap-
plied to S+C+L band transmission systems using formats and optical band-
widths beyond 15 THz. The formula can be universally applied to account for
arbitrary launch power distributions, span numbers, modulation formats and ultra-
wideband effects such as wavelength dependent attenuation, dispersion and inter-
channel stimulated Raman scattering.

4.4 Summary

In Chapter [3] the [SRSI[GN| model was derived which accurately predicts the im-
pact of on the nonlinear distortions. However, the model requires
numerical integration with execution times of around a few minutes per channel.
In this chapter, closed-form approximations of the model were derived
to enable real-time performance estimations in sub-seconds. The formulae are key
for time sensitive applications or optimisation problems with large solution space,
such as dynamic launch power optimisation and To enable fast and accurate
estimations with respect to arbitrary formats, a closed-form approximation
of the modulation format dependent correction was derived. Finally, as both
formulas are only valid to bandwidths of up to 15 THz, a semi-analytical approach
was described that enable the formulas to be applied to bandwidths beyond 15 THz.
The key results from this chapter are:

* A closed-form approximation of the model was derived, which en-
ables to quantify nonlinear distortions in the presence of [SRSlin sub-seconds.
The new formula represents an extension of known closed-form approxima-
tions of the conventional [GN] model which are extended to account for [SRS|
and the dispersion slope. The formula was validated by numerical simula-
tions for transmission in point-to-point links and mesh optical networks. The
derived formula was found to be accurate within 0.2 dB compared to numer-

ical simulations using Gaussian modulation. The work led to the publication
of [P6].

* A modulation format correction formula in closed-form was derived in the
presence of This enables rapid, and yet accurate, estimations of the
nonlinear penalty for arbitrary constellations. The formula is valid for
arbitrary span numbers and therefore also extends known formulas in the lit-
erature, to arbitrary span numbers, the dispersion slope and most importantly

inter-channel stimulated Raman scattering. The proposed formula is vali-
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dated by numerical simulations over 10 THz for a high dispersive and
a low dispersive non-zero dispersion-shifted fibre (NZDSF). Using 16 and
64-QAM, average deviations of 0.2 dB and 0.3 dB compared to numerical
simulations have been found for NZDSH and [SMH based spans, respectively.
The formula is a key result in the modelling of nonlinear distortions in the
ultra-wideband regime. A numerical simulation took 186 hours for a single
transmission (four data realisations), while the closed-form formula was exe-
cuted in sub-milliseconds. The work led to the publication of [P4].

The derived formulas are based on analytical solutions to the Raman gain
equations and can, therefore, only be applied to bandwidths of up to 15 THz.
To overcome this limitation, a semi-analytical approach is described, based
on parameter matching, to enable the application of the formulas to optical
bandwidths beyond 15 THz. The formula is validated by a numerical simula-
tion over 20 THz bandwidth (entire S+C+L band) with a maximum deviation
of 0.3 dB for 64{QAM| The numerical simulation of a single transmission
(four data realisations) took 16.8 days on a single state-of-the part[GPU] while
the formula only required a few seconds execution time. The work led to the

publication of [P19] and was ’top-scored’.



Chapter 5

Digital nonlinearity compensation:
Practical limititations

According to the Shannon capacity formula Eq. (2.3)), there are two main strategies
to increase the throughput for transmission systems, which have been explored in
this thesis. Firstly, the optical bandwidth can be increased in order to support more
channels and secondly, the[SNR]of the channels can be maximised. In
Chapters[3|and[4] the impact and the accurate modelling of physical fibre properties
were discussed when the optical bandwidth is extended beyond the conventional C-
band, that is currently used in most deployed systems. In this chapter, we focus on
the second approach to increase the throughput of today’s systems by increasing the
[SNRl In particular, the performance of digital nonlinearity compensation schemes
(see Sec. [2.5) is reviewed. It is shown that the current modelling of such com-
pensation schemes is incomplete and a new signal-noise interaction phenomenon is
proposed. Incorporating the new phenomenon in the mathematical modelling, we
are able to significantly enhance the performance prediction with respect to exper-
iments of nonlinearily compensated systems. Based on the new formalism, we are
also able to derive new optimum transceiver schemes that significantly outperform

schemes that were, until now, thought to be optimum.

5.1 On the limits of digital back-propagation in the

presence of transceiver noise

In this section, it is shown that nonlinear interactions between the signal and noise
arising from the transceiver sub-system become significant in transmission systems
that exhibit digital back-propagation or pre-distortion. These interactions have not
been considered and completely overlooked in the published literature. The results
in this section have been peer-reviewed and published in [P9, P15, P21, P25, P31].
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5.1.1 Limitations of digital nonlinearily compensated systems

Several algorithms based on[DBP (see Sec. [2.5]) have been proposed in the lit-
erature [24125,40,41,[103[T45H151]] . It has been shown that significant [SNR] gains
can be potentially achieved. In particular, significant gains in can be achieved
when full-field DBP|(FF-DBP) is applied, where[DBPis jointly applied to the entire
optical signal. It should be noted that similar gains have been predicted when the
digital-back propagation algorithm is applied at the transmitter side (DPC). How-
ever, the large theoretically predicted gains, of up to 9 dB in do not match the
results of state-of-the art experiments using either [NLCl scheme. Reach increases of
around 100% (from 640 km to 1280 km) have been experimentally demonstrated,
when is applied jointly to all received channels [44]. Similar reach gains of
100% (from 1530 km to 3060 km) and 200% (from 425 km to 1275 km) for shorter
distances have been shown experimentally in the case of [45046].

As already discussed in Sec. [2.5] two effects have been identified that are lim-
iting the performance of digital schemes, namely and nonlinear signal
noise interactions.

Digital NLO is able to fully compensate deterministic effects such as the non-
linear signal signal interactions. However, the algorithm is unable to fully com-
pensate for stochastic effects, occurring during the the signal propagation. In nu-
merical simulations it has been shown, that the stochastic nature of polarisation
mode dispersion decreases the gain, particularly if multiple channels are back-
propagated [40, 147]. The latter is due to the fact that higher frequency spacings
experience stronger PMD| However, is was shown that the polarization state can be
tracked avoiding a significant NLC gain reduction due to PMD [152].

Second, another limiting effect is the nonlinear interaction between the signal
and co-propagating [ASE] noise, which as been experimentally shown in [39] (see
Sec. [2.5). It should be noted that although these beating terms are present in all
transmission links, they are usually negligible compared to the nonlinear signal
signal interference. However, when the signal signal interference is partially or
fully mitigated, nonlinear interactions between [ASEl noise and the signal become
significant.

However, it should be stressed that whether stochastic effects or nonlinear sig-
nal noise interactions impose a fundamental limitation on the achieved throughput
is still an open research question. Despite the gain degradation caused by
and interactions between the signal and noise, theoretical predictions
still substantially overestimate the experimentally achieved system performance
(cf. [40,41.|153]). This suggests that additional channel impairments must be con-
sidered in the modelling of transmission systems that exhibit In the next
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Figure 5.1: Nonlinear signal-noise interactions accumulation along transmission link for
(a) receiver-side DBP and (b) transmitter-side DBP. The coloured lines show
(1) nonlinear transmitter noise-signal beating, cancelled after DBP, (2) non-
linear receiver noise-signal beating, generated after DBP as: 37 Etrx kr P>,
and nonlinear transmitter noise-signal beating, generated in transmission

as: 371 Emx (1 — kr)P°.

sections, the goal is to account for this discrepancy by investigating the limits of
[DBPI in realistic optical transmission systems, in which a limit on the maximum
achievable is imposed.

5.1.1.1 Nonlinear signal and transceiver noise interactions

An upper bound on the achievable SNRIin coherent optical communication systems
is set by the noise introduced by the transceiver subsystems [[145]]. Transceiver noise
(TRX noise) is related to the back-to-back performance; the achievable SNR]in the
absence of any transmission medium. This phenomenological quantity combines
all noise contributions from transmitter and receiver such as quantisation noise of
analog-to-digital converters (ADC) or digital-to-analog converters (DAC) and noise
from linear electrical amplifiers. Additionally, it includes noise from optical com-
ponents such as optical amplifiers at the transceiver and laser RINl In coherent
transmission, the electrical drive signals in the transmitter are copied on the com-
plex optical field envelope. Therefore, it is expected there are nonlinear interactions
between the signal and, e.g., quantisation noise from the digital domain during fibre
propagation. To date, these interactions have not been taken into account.

In the following, we develop an analytical framework in order to model non-
linear interactions between the signal and the transceiver noise. Note that the
transceiver noise has origins in the optical, as well as in the digital, domains. If
the signal co-propagates in a nonlinear medium with any noise contribution, non-
linear mixing products arise between the two. This mixing product, manifesting

itself as nonlinear interference, approximately proportional to the joint propagation
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distance. In the case of digital back-propagation or digital pre-distortion, the phys-
ical link is extended (doubled) by the virtual link (see Sec. [2.5). The virtual link
exhibits inverse fibre parameters and, therefore, reverses a portion of the nonlinear
interaction. The residual nonlinear interference, arising from nonlinear interactions
between transceiver noise and signal, comes from the mismatched mixing products.
In these cases the mixing product arising in the physical link are not fully reversed
in the virtual link or vice versa.

The accumulation of nonlinear interactions between transceiver noise and the
signal along the transmission link are schematically illustrated in Fig. for [DBPI
and The residual nonlinear interactions are dependent on whether the virtual
link is placed at the transmitter or receiver and on the location at which the noise is
introduced. The transceiver noise must be separated into two contributions, namely
the transmitter noise G% and the receiver noise 3.

In the case of in Fig. [5.1j), the virtual link is located on the receiver side.
Consequently, the nonlinear interaction between the signal and the transmitter noise
accumulate along the physical link. After coherent detection, these interactions are
completely reversed and cancelled in the virtual link. Therefore, the transmitter
noise does not result in any residual nonlinear interference contributions and im-
poses no limitations on the gain. On the other side, the receiver noise does
not accumulate any nonlinear interactions in the physical link. However, the in-
teractions between the signal and the receiver noise accumulate along the virtual
link, leaving a residual nonlinear interference contribution. Therefore in the case
of there is a noise contribution arising from nonlinear receiver noise signal
interactions, limiting the gain.

In the case of in Fig. @), the virtual link is placed on the transmitter
side. As a consequence, the receiver noise that is injected after the entire (virtual
and physical) link, does not result in any nonlinear interactions with the signal. In
other words, there are no nonlinear mixing products arising from the receiver noise.
The nonlinear interaction between the signal and the transmitter noise, however,
is not reversed in the virtual link as there is no virtual link following the physical
transmission line. The nonlinear interference contribution, arising from the interac-
tions between transmitter noise and signal, are not cancelled and therefore impose
a limitation on the gain.

If the nonlinearity compensation is divided between transmitter and receiver
(split-NLC), the transceiver noise signal interactions become a function of the noise,
both in transmitter and receiver. In literature, it has been suggested that an even
split (50/50) of the virtual link between transmitter and receiver is optimal, as it

minimises the amount of interactions between the signal and the [ASE|noise [41},43],
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105]. However, this is only true in the absence of transceiver noise, which is not
negligible in most transmission systems. As a result, the optimum split ratio must
be reevaluated based on the newly discovered interactions described in this Section.

This reevaluation is described in Section[3.2]

If is applied in the middle of the link (e.g. in the case of optical-phase
conjugation), the beating between transmitter noise and signal in the first half of
the link is inverted in the second half (and a virtual link is absent). It is, therefore,
tempting to assume that schemes that are located in the middle of the link
would not suffer any degradation from interactions between the signal and
the transceiver noise. However, in practice, noiseless mid-link may not be

realisable and the uncompensated noise-signal interactions remain.

5.1.1.2  Analytical modelling

In this section, the analytical model describing the nonlinear interaction between
the transceiver noise and the signal is derived. First, we separate the transceiver,
denoted as [SNR| SNRtrx (see Eq. (2.37)), into a transmitter and receiver [SNRI

contribution

SNR
SNR7y = > —RX (5.1)
1 —kr
and
SNR
SNRgx = — RX (5.2)
KR

where the ratio kg € [0, 1] is the relative amount of the receiver noise SNRrx on the
total transceiver noise SNRtrx.The noise power that is introduced at the transmitter
and receiver, as illustrated in Fig. is

0% = (1 — kg) kP, (5.3)

and

og = KrKP, (54
with ¥ = SNR™! and channel launch power P. Eqgs. (5.3) and (5.4) are used for
notational convenience where the power dependency of k is neglected. Both equa-
tions therefore do not imply that the transceiver noise is proportional to the power
P. The arising nonlinear mixing terms can be calculated by using the formalism

of the nonlinear interference coefficient (see Sec. [2.6). The nonlinear perturba-
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tion is calculated by adding the transceiver noise contribution to the signal power.
The nonlinear interference power arising from signal transceiver noise interactions

Prrx.sig 18 then given as
- 3 - 30
Prrxsig = fix (0 +P)” — Ax P> + flu—x (0 +P)” — flux P, (5.5)

where the terms —ﬁXP3 and —ﬁn_XP3 denote the removal of signal signal inter-
actions, as we are interested in nonlinear signal transceiver noise interactions. Eq.
(5.5) considers any back-propagated bandwidth through the NLI coefficient. The
variable Ny is the coefficient after X fibre spans. Eq. (5.3) accounts for the
residual interactions between the signal and transmitter (receiver) noise, when X
spans are compensated by digital pre-distortion and the remaining n — X spans are
compensated by digital back-propagation. A schematic of the transmission line
with its virtual links is shown in Fig. Using Eqs. (5.3)(5.4), the coherent
accumulation of NLI Eq. (2.47)) and assuming that GI% < Pand G% < P yields

Prrx-sig = 3 (flx0F + flu—x 0} ) P* (5.6)
= 371 k&rrx P, (5.7)

where Etrx = (1 — k) X! T + g (n—X )He is the TRX noise beating accumula-
tion factor. This factor depends on the digital compensation scheme (DPC, [DBP or
split-NLC), i.e., on the virtual link placement. In the case of where X =0, we
obtain Prrx.sig ~ 371 kkrn' T€P3 and all the residual signal transceiver noise inter-
actions arise in the virtual link of as shown in Fig. [5.Th). In the case of
where X = n, we obtain that Prrx.sig ~ 371k (1 — kr) n't€P3 and all the residual
signal transceiver noise interactions arise in the virtual link of the block, as
shown in Fig. [5.1b). The case of split-NLC and the optimisation of the split-ratio X
is addressed in Sec.

Eq. (5.7) can now be used to extend the equation (2.53)) to account for

transceiver as
P

SNR = — — . 5.8
(M — Tin) P2 + KP + NPasg + 371 (EasePask + Etrx K P) P? ©8)

Eq. (5.8)) can be used to model arbitrary optical bandwidths that are digitally pre-
distorted and back-propagated and is a key result in this chapter and in the research
described in this thesis. Eq. (5.8) was validated by numerical simulations and
experimental results described in the next Sec. [5.1.2]
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Figure 5.2: Experimental configuration to study nonlinear signal noise interactions.

5.1.2 Experimental validation of Eq.

In this section, the formalism presented in Sec. [5.1.1] was validated by numerical
simulations and experiments. The experiment was carried out in collaboration with
L. Galdino and is described in [P15]. The experimental design, and the processing
of the measurements were carried out jointly.In the following, the experimental

setup is described in more detail. An schematic of the setup is shown in Fig.

The transmitted signal consisted of a super channel made up of four subcar-
riers. Each dual-polarisation subcarrier was modulated with uniform 64{QAM] at
a symbol rate of 30 GBd. Four external cavity lasers with a linewidth of 100 kHz
and a frequency spacing of 32 GHz were used as sources, separated into odd and
even channels. The odd and even subcarriers were modulated using two separate
IQ modulators, driven using spectrally shaped 64{QAM] signals, with root raised
cosine (RRC) filters with 0.1% roll-off from 92 GS/s Digital pre-emphasis
was applied to the signal to compensate for the non-ideal frequency response of the
transmitter components. The odd and even subcarriers were used in order to intro-
duce a larger frequency spacing between channels that exhibit the same data pattern.
The odd and even subcarriers were further decorrelated with a 15 ns delay. Subse-
quently, the odd and even channels were combined by a polarisation multiplexer to
form a 4x30 GBd DP-64QAM super channel.

For transmission, a recirculating fibre loop was used, comprising a loop-
synchronous polarisation scrambler (PS), a single span of 101.39 km Corning®
Vascade® EX2000 fibre with a span loss of 16.2 dB, an EDFA with 5 dB noise
figure, a wavelength selective switch (WSS) for adjustable gain flattening, and a
second EDFA to overcome the loop loss components. The loop components exhib-
ited a combined loss of 13.5 dB.

On the receiver side, a single digital coherent receiver was used to detect all
four subcarriers. This was necessary to enable joint digital processing of all four

channels. The received signal were passed to the coherent receiver together with
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a local oscillator laser with a linewidth of 100 kHz. The coherent receiver con-
sisted of a 90° optical hybrid, followed by balanced photo-detectors with 70 GHz
electrical bandwidth. The combined signal was then digitised using two 160 GSa/s
real-time digital sampling oscilloscopes with 63 GHz electrical analog bandwidth.
The digital signal processing was carried out offline. The chain consisted of
receiver imbalance correction (which corrected the skew that was measured in ad-
vance using a frequency swept sine generated from the intradyne frequency offset
between two lasers), digital back-propagation, adaptive equalisation, and carrier
recovery. Finally, the received was evaluated as the ratio between the vari-
ance of the transmitted symbols E[|X|?] and the variance of the noise 62, where
02 = E[|X —Y|*] and Y represents the received symbols after [DSP|

5.1.2.1 Back-to-back characterisation

Back-to-back measurements were taken with the results shown in Fig. [5.3] Fig.
[5.3k) shows the received as a function of the optical over both polarisa-
tions and Fig. ) shows the maximum achievable [SNRI SNRtrx for all subcar-
riers within the super channel. Two cases were investigated. One where a single
subcarrier was used and one where the entire super channel was simultaneously re-
ceived with local oscillator tuned to the centre of the super channel. The subcarriers
were then individually and digitally down-converted before they were passed to the
[DSP|chain. For reference the ideal OSNR = lszNSR(?IfIhZ is also shown. Fig. ) shows
that the is limited by the optical components until an OSNR of around 15 dB.
For higher OSNR values than 15 dB, the is limited by noise originating in
the electrical components. The maximum achievable [SNRI| can be extracted from
Fig.[5.3p), shown separately in Fig.[5.3p). The maximum achievable [SNR]is lower

for all subcarriers when transmitted as a super channel with respect to the single

channel case. This is due to the frequency dependence of the electrical components.
The outer channels of the super channel achieved a lower transceiver for the
same reason. It should be noted that if the LO is centred on each subcarrier and
each subcarrier is received individually, then each subcarrier would have the same

performance.

The main contributions to the transceiver noise were the DAC and the linear
electrical amplifiers in the transmitter, and the ADC in the real time sampling oscil-
loscope at the receiver side. The DAC exhibited a measured effective number of bits
(ENOB) of 5 bits over a 15 GHz carrier frequency, which corresponds to an of
approximately 6.02 - ENOB + 1.76 = 32 dB. 15 GHz corresponds to the bandwidth
of the spectrally shaped IQ drive signals. The noise figure of the linear, electrical

amplifiers was 6 dB at a frequency of 15 GHz, therefore the maximum achievable
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Figure 5.3: BTB measurements (a) SNR vs. OSNR for single channel and each subcarrier
of the superchannel; (b) maximum archivable SNR for each subcarrier.

[SNR] originating from electrical components of the transmitter was approximately
26 dB. A further degradation of 2 dB was measured for applying pulse shaping. This
degradation was caused as the pulse shaping increases the peak-to-average power
ratio of the signal. The ADCs in the real time sampling oscilloscope also ex-
hibited a frequency dependent ENOB, which was 4.8 bits and 4.3 bits at a frequency
of 15 GHz and 60 GHz, respectively. The residual transceiver noise originated from
optical components, such as optical amplifiers and the limited bandwidth of the 1Q

modulators.

5.1.2.2 Transmission results

In order validate the theoretical predictions, described by Eq. (5.8)), split-step sim-
ulations and the experimental setup of Sec. [5.1.2] was used for optical fibre trans-
mission up to 5,000 km. As for the NLC| algorithm, was applied to the entire
optical field as illustrated in Fig. [5.Tp). For a better comparison, the transmission
setup was numerically simulated (see Sec. for two cases; one in the case
of an ideal transceiver SNRTrx — o and one with a finite maximum achievable
transceiver that coincided with the back-to-back measurements in Fig. [5.3p).
The transceiver noise was assumed to be equally split between the transmitter and
receiver, yielding kg = 0.5 in Eq. (5.8)). Additionally, transmission in the presence
of polarisation-mode dispersion was considered in order to study the performance
penalty of in the presence of The parameter was chosen to be
0.05 ps/+v/km, to match the specifications of the fibre used in the experimental setup.

A linear PMDJ equaliser was used after the receiver-side [DBP] assuming an exact



5.1. On the limits of digital back-propagation in the presence of TRX noise 150

T T T T T T T T T
a)
° Simulation, EDC
20 [ e Simulation, DBP w/o PMD |
e  Simulation, D / PMD
Eq. (5.8)-ED)
_ Eq. (5.8)), DB] s .
= 15}
=
Z 10
n
5 [
L]
0 I
-10-8 -6 -4-20 2 4 6 8 10
Launch power [dB]
I I I I T T T T T
b) . Simulation, EDC
e Simulation, DBP w/o PMD
20 [ e  Simulation, DBP w/ PMD -
Eq. (5.
—_— Eq. (5.8 p
Experiment, EDC
— | Experiment, DBP |
= 15
=
Z 10
n
5 [
0

-10-8 -6 -4-20 2 4 6 8 10
Launch power [dB]

Figure 5.4: Received SNR against launch power over 5,000 km transmission (a) without
transceiver noise and (b) with transceiver noise.

knowledge of the instantaneous [PMDI along the fibre propagation.

The received [SNR]as a function of the channel launch power is shown without
and with transceiver noise in Fig. [5.4p) and [5.4b), respectively. The results were
obtained for subcarrier 3 over a total propagation length of 5,000 km.

Fig. [5.4p) shows that, in the absence of transceiver noise, the applying
electronic dispersion compensation (EDC)) is 12.4 dB at the optimum launch power
of 0 dBm. [EDOrefers to electronic dispersion compensation, denoting that no NLC
was applied. When [DBP| was applied in the absence of the increased
to 18.9 dB at 8 dBm launch power, yielding a[DBP| gain of 6.7 dB. However, when
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Figure 5.5: DBP gain over EDC for each subcarrier of the superchannel after 5,000 km of
optical fiber transmission.

PMD was included in the numerical simulation, an and [DBP] gain penalty of
2.2 dB was observed.

On the other hand, Fig. [5.4p) shows the transmission including the effect
of the limited transceiver The transceiver was SNRtrx = 17 dB, as
in Fig. [5.3b) for subcarrier 3. The analytical model Eq. (5.8)) and the split-step
simulation without show a gain of 2.9 dB when [DBP is applied. This is a
significant gain reduction of 6.7 dB in [DBP| gain with respect to the case of no
transceiver noise. The analytical model Eq. (5.8) exhibits remarkable accuracy
compared to the numerical simulations, validating the theory presented in Sec. [5.1.1]
and emphasising the significance of nonlinear signal transceiver noise interactions.
When is included in the simulation, an additional penalty of the [DBP| gain
of 0.5 dB was observed. The experimental results obtained with the setup in Fig.
[5.2] are also shown in Fig. [5.4b). The experimental results are in good agreement
with the modelling results and the simulation results. Experimentally, a gain
in SNRI of 2.0 dB was found compared to the 2.4 dB gain that was predicted by
simulation. This slightly smaller gain in the experimental results at launch powers
beyond 3 dBm may be due to the small mismatch of the dispersion values used in the
algorithm or the frequency-dependent ENOB of the receiver. The mismatch
might also originate from the definition of the transceiver noise as in (5.3)(5.4) or
from the assumption that the transceiver noise is evenly split between transmitter

and receiver.

The experimentally measured [SNRI after a propagation distance of 5,000 km
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Figure 5.6: Received SNR vs. distance at optimum subcarrier launch power for (a) simula-
tions and analytical model without transceiver noise and (b) experimental data,
simulations and analytical model with transceiver noise

of each subcarrier is shown in Fig. [5.6] A [DBP gain of 2 dB was measured for
subcarrier 2 and 3, while the DBP gain for the outer subcarriers 1 and 4 was only
1 dB. This is because the transceiver noise is higher for those channels due to the
frequency dependency of the electrical and optical equipment, as explained in Sec.
[5.1.2.1]and shown in Fig. [5.3b)

To expand the comparison between analytical modelling, split-step simula-
tions and experimental results, the at (the respective) optimum launch power
as a function of distance is shown in Fig.[5.6] The case of no transceiver noise is
shown in Fig. [5.6p), while the case of including transceiver noise, and the experi-
mental results, are shown in Fig.[5.6b). The analytical modelling of the transmission
system using Eq. (5.8)) is in good agreement with the numerical simulations for all

transmission distances. In the case of no transceiver noise, the [DBP gain reduces
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as a function of distance. This is the result of increasing nonlinear interactions be-
tween the signal and co-propagating [ASEnoise. However, in the case of transceiver
noise the [DBP gain increases as a function of distance. This is a consequence of the
linear transceiver noise contribution kP, as it limits the performance in high
regimes. The observation is supported by the experimental results. For this partic-
ular system, a 150% increase in reach (from 1,000 km to 2,500 km) was measured
experimentally. The measured gain were in good agreement with the analytical
model and the numerical simulations. The was found to have a smaller im-
pact that previously thought due to the transceiver noise limitation and the arising
nonlinear interactions between the signal and the transceiver noise. The penalty due
to is almost negligible (<0.2 dB) for transmission distance of up to 2,500 km.

The results in this section, validate the theoretical model introduced in Sec.
The analytical results therefore enable a throughout study of the transceiver
[NSNI on transmission systems that employ digital

5.1.3 Implications on C-band systems

In the last section, the impact of transceiver noise signal interactions was investi-
gated on a four channel system. However, it is important to quantify the impact
of transceiver over the entire C-band. For this purpose the gain with
respect to EDC as a function of the back-propagated channels is shown after 1000
km transmission and after 10,000 km transmission in Fig. [5.7p) and [5.7b), respec-
tively. The same system parameter used in Sec. [5.1.2)were considered, with a signal
consisting of 155x32GBd channels spanning an optical bandwidth of 4.96 THz. A
transceiver SNRI of 24 dB was assumed. Additionally, the results were obtained for
3 different cases. First, the case of no transceiver noise was considered as a baseline
comparison. Second, the case where the entire transceiver noise is introduced at
the transmitter, which result in no nonlinear interactions between the signal and the
transceiver noise. Finally, the case was studied where all transceiver noise was in-
troduced at the receiver (receiver noise only), which includes nonlinear transceiver
noise signal interactions. The last two cases were analysed to quantify the poten-
tial impact of the nonlinear transceiver noise signal interactions. In practice, the
transceiver noise is partly introduced at the transmitter and at the receiver. There-
fore, the performance of any realistic transceiver sub-system must lie between the
two cases.

In the case of 1000 km transmission distance, shown in Fig. [5.7p), the trans-
mitter noise reduced the gain by 5 dB, with all channels back-propagated. It
should be noted that this reduction comes from the transceiver noise alone (without
nonlinear interactions) and from the NSNI between the signal and[ASE|noise. In the
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Figure 5.7: SNR gain as a function of back-propagated number of channels for transmis-
sion distance of (a) 1,000 km and (b) 10,000 km

case of transmitter noise only, there are no nonlinear interactions between the sig-
nal and transceiver noise (see Sec. [5.1.1)). In the case of receiver noise only, where
nonlinear interactions between transceiver noise and the signal occur, the gain
reduced further by 1.2 dB. This illustrates the significance and the impact of the
transceiver noise signal interactions. As shown in Fig. [5.7a), these interactions

become more significant, the more channels are digitally back-propagated.

Fig.[5.7p) shows the same transmission system with a transmission distance of
10,000 km. The gain reduction from an ideal transceiver sub-system to transmitter
noise only (no transceiver noise signal interactions) was 0.3 dB. The [DBP gain
reduced further by an additional 0.5 dB for the receiver noise only case, where
nonlinear interactions between the signal and the transceiver noise were present.

For the case of 10000 km transmission distance, the impact of the transceiver noise
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and its nonlinear beating is reduced compared to the case shown in Fig. [5.7), as
the transceiver noise impact, in general, is less dominant over longer transmission
distances.

Due to the study in this section, it can be concluded that nonlinear interactions
between transceiver noise and the signal become significant when the the majority
of the optical signal is nonlinearity compensated for. The impact is particularly
significant for shorter transmission distances, where the transceiver noise impact
is more dominant with respect to other noise sources of the system. However, for
single channel back-proagation or if only a few channels are back-propagated, the
interactions between the transceiver noise and the signal are negligible.

5.2 On the optimum design of digital nonlinearity

compensation

In this section, the newly derived Eq. (5.8) is utilised to derive an optimum split
ratio between digital pre-distortion and digital back-propagation. The considered
system is shown in Fig. [2.13] where X spans are pre-compensated at the transmitter
and the remaining n — X spans are digitally back-propagated at the receiver. The
results of this section were peer reviewed and published in [P9].

To date, three different implementations have been proposed in the litera-
ture, depending on whether this virtual link is placed at the transmitter, receiver or
evenly split between them. In the absence of transceiver noise, the performance
difference between transmitter-side and receiver-side lies only in the periodic
arrangement of the optical amplifiers along the link [105]. This is mathematically
described in Eagg in Eq. (2.53)). This is due to over-/under-compensated [ASElnoise-
signal interactions that strongly depend on the specific location where each
noise contribution is introduced. For conventional links, where an optical amplifier
is located after each span, improves the transmission performance by up to
one additional span. The gain in[SNR]|decreases with distance and is approximately
0.2 dB after 20 spans and less than 0.1 dB after more than 45 spans [43]].

Apart from transmitter and receiver-side it has been proposed in theo-
retical studies that the virtual link should be equally divided between transmitter
and receiver [41},43,/105]. This approach minimises the residual between
signal and noise and yields at least 1.5 dB improvement in [SNR| compared to
conventional assuming full-field and the absence of transceiver noise.
However, it should be noted that, to date, there are no experimental demonstration
of this potentially advantageous scheme.

The theoretical considerations in [41,43,/105]], expressed by Eq. (2.53), only
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consider between the signal and [ASEl noise injected by optical amplifiers.
Therefore, they do not generally apply for real transmission systems that further
exhibit noise originating from non-ideal transceivers, as shown in Sec. [5.1.1] Due
to the adverse impact of transceiver noise beating, the aim of this research was to

revise the performance predictions of transmitter-side, receiver-side and split[NLCl

The results in this Section were peer-reviewed and published in [P9].

5.2.1 Optimum split-ratio X,pt

To quantify the optimum split-ratio X, between digital pre-distortion and back-
propagation, the accumulation factors that describe the residual signal noise beating

are written as

éTRX:(1—KR)X1+8—|—KR(I’I—X)I+8, (59)
TX beating RX beating
X—1 n—X
Exse= Y, i e+ Y ite (5.10)
i=1 i=1

The factors describe the over and under-compensation of resid-
ual nonlinear signal noise mixing products. The minimisation of the accu-
mulation factors Eqs. (5.10)(5.9) play a fundamental role in the derivation of the
optimum split-ratio X,p¢. Unfortunately, both accumulation factors minimise for dif-
ferent values of X. Therefore, it is necessary to define regimes where either NSNI|
contribution can be neglected. [ASE] noise beating can be typically neglected for
short distances, which we refer to as the transceiver noise beating regime. On the
other hand, TRX noise beating can be neglected for very long distances, which we
refer to as the[ASE|noise beating regime. Both regimes have been studied separately
with respect to their, optimum split X, their optimum split gains and approx-
imate inequalities are derived that define both regimes. In the following Sections,
it was assumed that the entire optical bandwidth is compensated for (i.e. 17; = n); in

Eq. (5.3)).

5.2.1.1 The transceiver noise beating regime

The transceiver noise beating regime is defined as the regime, where the TRX noise
beating is much stronger than the [ASE] noise beating at optimum launch power
(KéTRXPopt > §ASEPASE). In the TRX noise beating regime the SNR], including all
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nonlinear signal noise interactions (see Sec. [5.1.1), Eq. (5.8) reduces to

P
SNR = . (5.11)
KP + nPasg + 3N kEtrx P

The optimum split Xopt, that minimises rrx and maximises Eq. (5.11)), is
obtained by solving %gTRX = 0. The optimum split is found to be

n
Xopt= |———— | » (5.12)

1
1+(1}§R>8

with the optimum TRX noise beating accumulation factor

_1 -1
(I-Kr) e+Kg®  1ye

5TRX,0pt - ) (5. 1 3)

1

| 1 1+¢
{(1 —Kr) ©+Kg ]

where | x| denotes the nearest integer function, the result of the quantisation of the
number of spans. In the following this rounding is removed for notational conve-
nience. It should be noted that the optimum split ratio % is only a function
of the transceiver noise ratio and the coherence factor (see Sec. [2.6.2)).

To quantify the gain of the optimum scheme, using X = Xop, the gain
in reach with respect to (X = 0) was analysed. The TRX noise accumulation
factor for[DBP, using Eq. (5.11), is Etrx.pp = Kri2' €.

Substituting Errx opt and Errx,pep in Eq. (B.11)), forcing SNR,p = SNRppp
and solving for Anyax = n’]l;;; yields the reach increase of split[NLC| with respect to
[DBPL The result is

1
1+€ Y 3+e

o=

1 _

KR (1 — K‘R)ig + KR

Aoy = 1 — ) (5.14)
(1-kr) &+ K5

o=

Similar to the optimum split ratio, the gain in reach is only dependent on the
transceiver noise ratio and the coherence factor. Eq. (5.14) yields the gain with
respect to In order to obtain the reach gain compared to (X =n), kr
must be replaced by 1 — k.

Typical transmission systems in recent years in optical communications have

high dispersion coefficients and wide optical bandwidths that result in a small co-
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herence factor. For dispersion parameters D > 16 ps/km/nm, attenuation coeffi-
cients o > 0.2 dB/km, and optical bandwidths > 100 GHz, the coherence factor
is € < 0.1 for 80 km spans and EDFA amplification [20, Fig. 10]. For € < 1 the
optimum split reduces to

0 if kg <0.5,
Xopt =14 4 if kg = 0.5, (5.15)
n o if kg > 0.5,

and the TRX noise beating accumulation factor reduces to

stre - nttE if kg = 0.5,
§TRX,opt = ) | _ (5.16)
min [l — kg, kr]-n' ¢ otherwise.

Eq. (5.15) shows that transmission systems with low coherence factors and lower
transmitter noise than receiver noise should deploy transmitter-side for max-
imum performance and vice versa when there is more transmitter noise. In other
words, the virtual link should be placed where less transmitter or receiver noise is
injected. This, perhaps surprising, result is due to the fact that only transceiver noise
beating is considered in this section.

The split[NLC gain in reach with respect to for € < 1 yields

1 if kg < 0.5,
(5.17)

Anpmax =

1
( KR )3” if kg > 0.5.

1—kr

There is no split reach gain with respect to for kg < 0.5, as is
already the optimum itself. When kR is replaced by 1 — kg, gives the split
reach gain with respect to due to symmetry reasons. It is apparent from
that transmission systems with a low coherence factor € and equally divided
transceiver noise (kg = 0.5) exhibit no gain compared to [DBP] in the TRX noise
beating regime. However, split gains are significant, when the transceiver
noise is unequally divided between transmitter and receiver.

The split reach gain with respect to (Eq. (5.14) and its approxima-
tion Eq. (5.17)) are shown in Fig. as a function of coherence factor for a variety
of transceiver noise ratios. Only transceiver ratios kg > 0.5 are shown. For lower
transceiver noise ratios the plot can be interpreted as the split[NLCl gain with respect
to when kg is replaced by 1 — xg. Fig. [5.§]is sufficient to estimate whether
the coherence factor can be considered small and the approximation can be
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Figure 5.8: Reach increase of split NLC with respect to DBP as function of the coherence
factor for a variety of transceiver noise ratios. Shown are the exact gain from

Eq. (5.14) and its approximation for small € from Eq. (5.17).

used. Eq. serves as an excellent approximation for most of the cases except
for high coherence factors combined with a transceiver noise ratio close to 0.5. The
plot also shows that the split reach gain is larger for systems with a larger
imbalance between the amount of noise injected by transmitter and receiver. For
example, when more noise is injected at the receiver and € < 1, the receiver noise
beating can be fully elimated by placing the complete virtual link at the transmitter.
This will result in transmitter noise beating (occurring in the physical link) which

will be smaller than the eliminated receiver noise beating.

In the following, a simple inequality is derived to determine whether a trans-
mission system is operated in the TRX noise beating regime. First, we start with
the condition that [ASE] noise beating is negligible compared to TRX noise beating

at optimum launch power
EASEPASE < ETR K Popt.- (5.18)
Inequality (5.18)) is then expanded as

EaSEPASE < EasE.DBPPASE K ETR 0pt KPopt < ETR KPopt (5.19)

with Easg.pep = Y7 ' T€. It is sufficient to consider the inner inequality in (5.19)
in order to show that Eq. holds. The inner inequality in is the approx-
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imation in Appendix [A.5] The result is

2
SNREDC,ideal [dB] > § <

SNRTRX
min[l — KR, K'R]

) [dB] — 6.5dB, (5.20)

where () [dB] means conversion to decibel scale and SNRgpc igeal is the [SNRI
at optimum launch power with electronic dispersion compensation only and no
transceiver noise, which can be calculated as

1

SNREDC,ideal = — :
3/21 3+4¢
\/ 7 Pasgmin

When the inequality in Eq. (5.20) is satisfied, the corresponding system is operating

(5.21)

in the transceiver noise beating regime and the optimum split ratio and reach gain

reported in this section apply.

5.2.1.2 The noise beating regime

In this section the regime is discussed where the TRX noise beating is neg-
ligible with respect to the noise beating at optimum launch power
(k&rrxPopt < EasePase). This regime has already been studied in the litera-
ture [41,143,[105] and is, therefore, only briefly covered. In the [ASE| noise beating
regime the (5.8) reduces to

P

SNR = i , (5.22)
nPasg + 311 E P2 Psg

with the optimum split given as Xopt = [%], where [x] denotes the ceiling
function with the optimum [ASEl noise beating accumulation factor [43] Eq. (7)]

n\ 1+€ % .
§ASE,opt=<§> +2 Y itte, (5.23)

Similar to Sec. [5.2.1.1] the gain of split is compared to the performance of

. . n,
[DBP The gain in reach Anmax = ;2 can be expressed as

1+¢

Anpax = 23+, (5.24)

The split reach increase is only a function of the coherence factor with

Anmax = 25% for € < 1. This means that a reach increase of 25% is expected

for typical high bandwidth transmission systems in optical fibre communications.
Similarly to section [5.2.1.1] an inequality is derived to determine whether a

transmission system is operated in the noise beating regime. First, we start
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with the condition that TRX noise beating is negligible compared to [ASEl noise
beating

EASEPASE > ETRX KPopt (5.25)

which is then expanded to (for € < 1)

1
EASEPASE > GASE,optPASE ~ §§ASE,DBPPASE > ETRX,max KPopt > ETRX KPopt-
(5.26)

Considering only the inner inequality to prove Eq. (5.23)) and using the result de-
rived in Appendix yields

2 SNR
SNREpDC ideal [dB] < = RX
3 \max [l — kg, kg

) [dB] — 9.5dB, (5.27)
with SNRgpc ideal as in Eq. (5.22). When inequality (5.27) holds, the corresponding
transmission system is operated in the noise beating regime and the optimum

split ratio and the reach gain reported in this section apply.

5.2.2 Numerical validation

The next step is to validate the theory described in Sec. [5.2.1]by means of numerical
split-step simulations (see Sec. [2.3.4). The transmitted signal was a 3x32 GBd
system with a channel spacing of 32.001 GHz (Nyquist-spacing). The transmission
line, comprised of SMF based spans, with parameters as in Tab. [3.1] The step-size
was logarithmically distributed with 800 steps per 80 km span length. The noise
figure of the EDFAs was set to 4 dB. The symbol constellation was uniform 256-

QAM

Additive white Gaussian noise was added at transmitter and receiver to em-
ulate a finite transceiver and nonlinearity compensation was carried out as
schematically shown in Fig. 2.13] The nonlinear interference coefficient and the
coherence factor were obtained in closed-form from [20, Eq. (13) and Eq. (23)]
with the modulation format dependent correction from [22, Eq. (2)]. The values
were 7)1 = 26.2 dB and € = 0.108.

To test the theory presented in section[5.2.1] a system with a transceiver noise
that is equally divided between transmitter and receiver (kg = 0.5), shown in Sec.
[5.2.2.1] and a system with an unequal division of transceiver noise (kg = 0.8),
shown in Sec. were simulated.
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Figure 5.9: SNR at optimum launch power as a function of span number obtained by sim-
ulation (markers) and Eq. (5.8) (lines) for 256-QAM. The case with an infinite
transceiver SNR (solid lines) and a finite transceiver SNR of 26 dB (dashed
lines) are shown. The transceiver noise is equally divided between transmitter
and receiver (kg = 0.5).

5.2.2.1 Equal transmitter and receiver noise contribution

First, the case of an equal contribution of transceiver noise between transmitter and
receiver (kg = 0.5) is studied. The received [SNR] was evaluated at optimum launch
power, as a function of distance and is shown in Fig. [5.9] The lines represent the
analytical model estimated by Eq. (5.8) at optimum launch power for [EDC, [DBP
(X = 0), DPA (X = n) and split with the optimum split of Xopt = [4]
between transmitter and receiver. A split of X = (%W is the optimum for a system
where the transceiver noise is equally divided between transmitter and receiver. For
comparison, the same transmission system without transceiver noise (SNRrx = oo
dB) is shown with dashed lines and the point where noise beating approxi-
mately equals TRX noise beating is shown with a black vertical dashed line. For
the given system parameters, both beating contributions are approximately equal at
58 spans according to Eq. (A.52) in the Appendix.

Further, in the case of a finite transceiver[SNR] there is negligible performance
difference between and as they only differ for short distances due to an
advantage of one span in favour of [DPClin the noise beating contribution [43,
Fig. 2]. However, short transmission distances are dominated by TRX noise beating
where both perform the same (cf. Eq. (5.9) with kg = 0.5). Moreover, as predicted
in Section[5.2.1.1] there is negligible gain of split[NLC| when TRX noise beating is
dominant.
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At 72 spans, the reach increase of split compared to is 22%. Even
at such a long transmission distance, the gain was not fully converged to the case of
SNRTRrx = o dB. According to (A.52)), at least 580 spans are required for the TRX
noise beating to be one order of magnitude lower than noise beating. Such
distances are not of practical interest, which illustrates the importance of transceiver
noise beating in real systems. Inequality (A.52)) can be further used to estimate the

impact of a different transceiver SNRL

Fig. shows that systems with a transceiver of 26 dB are usually
operated in the TRX noise beating regime for short, medium and long-haul dis-
tances and in a mixed regime for transatlantic and transpacific distances. Split[NLC|
only proves useful in the latter case for transmission systems with equally divided

transceiver noise.

5.2.2.2 Unequal transmitter and receiver noise contributions

In this section the same optical transmission system as in the previous section is
simulated but with 20% of the transceiver noise injected at the transmitter and 80%
injected at the receiver (kg = 0.8). Unequal contributions of transceiver noise (e.g.
more transmitter as receiver noise) are more likely to be present in realistic trans-
mission systems. The received was evaluated at optimum launch power, as a
function of distance and is shown in Fig. ). Further, a[NLC split of X = (%W
and the optimum split X, obtained by taking the maximum of all possible splits
X € [0,n] are shown. The absolute[SNRI as well as the [SNRI gain, predictions of the
model are in very good agreement with the simulation results. Fig. [5.10p) shows
that optimum split yields significant increase in reach with respect to [DBP]
throughout all distances. For instance, in the TRX noise beating regime a reach
gain of 56% is achieved (from 5 to 8 spans). This is in stark contrast to the case of
equal division of transceiver noise in the previous section and confirms the theory
presented in section In the TRX noise beating regime the optimum split
is X = n which is equivalent to the case. As shown in Fig. [5.10p) outper-
forms up to approximately 30 spans where the amount of noise beating
becomes comparable to the amount of TRX noise beating. As the coherence factor
is quite low (¢ = 0.108), the simple Eq. accurately predicts the reach gain,
yielding a reach increase of 56% for this example. The curve starts to ap-
proach the curve with a residual gap as the TRX noise beating contribution is
significant up to this point. Consequently, the optimum [NLC split ratio at 120 spans
is 56% with a gain of 1.34 dB in with respect to

The split gain with respect to as a function of the split ratio
is shown in Fig. [5.10p) for 16, 34 and 120 spans. The gain of optimum split NLC]
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Figure 5.10: a) SNR at optimum launch power as a function of span number and the SNR
as a function of NLC split ratio b) obtained by simulation (markers) and Eq.
(5.8) (lines) for 256-QAM. The transceiver SNR is 26 dB and the transceiver
noise is unequally divided between transmitter and receiver (kg = 0.8).
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is 0.74 dB at 16 spans. As the [ASE] noise beating becomes more significant, the
optimum split ratio slowly shifts from X =n to X = (%w At 34 spans, where the
amount of noise beating is approximately equal to the amount of TRX noise
beating, the relative optimum [NLC split ratio is 73%. For longer distances the
noise beating contribution becomes more dominant and the optimum split
ratio is with 54% close to X = [4].

It might be surprising that the gain in reach decreases with transmission dis-
tance (e.g., from 56% at 5 spans to 25% at 70 spans) but this is accompanied by gain
in increases with distance (e.g., from 0.4 dB at 5 spans to 1.1 dB at 70 spans).
Split appears to yield higher[SNRI gains for longer distances and higher reach
gains for shorter distances. This effect can be explained by the linear transceiver
noise term kP in Eq. (5.8). Different received values are affected differently
by the linear transceiver noise contribution and as a result the gains for short
distances are not visible. Hence, the gain in[SNRlas a figure of merit may be a mis-
leading quantity for comparing nonlinearity compensation techniques in systems
that are impaired by transceiver noise. From that perspective, reach increase eval-
uated at the same received is a fairer figure of merit, as the linear transceiver

noise affects both distances equally.

5.3 Summary

For the first time, a formula for the Eq. (5.8) has been proposed that accounts
for the nonlinear interaction between signal and TRXInoise. It was shown that those
interactions, which has not been accounted for in the past, are significant in systems
that deploy digital nonlinearity compensation. The theoretical model was validated
by numerical and experimental results. Furthermore, enabled by the newly derived
formula, new optimum nonlinearity compensation schemes were proposed, outper-
forming previous designs by around 25%. The analytical results can be used to
estimate ultimate performance limits for nonlinearilty compensated, optical trans-

mission systems. The key results from this chapter are:

* Itis shown that the known interactions between the signal and co-propagating
[ASE noise are not sufficient for the accurate modelling of systems that per-
form digital nonlinearity compensation. However, it was shown through sim-
ulation and experiment, that interactions between the signal and transceiver
noise are significant and cannot be neglected. Novel mathematical descrip-
tions for the are derived to include such interactions. On the contrary to
previous publications, it was shown that those interactions are significant for
transmission systems that deploy digital The results were validated by
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numerical and experimental demonstrations. The work led to the publication
of [P15].

A new [NLO scheme was proposed where the and algorithm is split
between transmitter and receiver. Enabled by the new formula, formulas for
the optimum split between transmitter and receiver and the expected gains
are derived. It is shown that the optimum split depends on the transmission
distance and the ratio of the transmitter and receiver noise. The scheme out-
performs previously proposed designs that suggested an equal split between
transmitter and receiver to be optimal. The new design outperforms previous
designs by 25% in reach increase. The work led to the publication of [P9].



Chapter 6

Conclusions and future work

In this thesis, two main strategies to increase the capacity of single-mode optical
fibre transmission systems were studied. These are to use the large low-loss trans-
mission window by expanding the optical bandwidth and, second, increasing the
channel SNR by means of digital signal processing to further increase the achieved
throughput per channel. The main contributions of this thesis are the advanced
mathematical models of nonlinear distortions arising in transmission. The proposed
models can be used in order to design optimum system architectures, improve sys-
tem operation and to quantify expected capacity gains for ultra-wideband transmis-

sion systems in the nonlinear regime.

First, the impact of inter-channel stimulated Raman scattering was studied in
Chapter[3] This is important as is a significant physical impairment for optical
bandwidths beyond the C-band and its understanding is key for the design of ultra-
wideband transmission systems. In Chapter[3] the first analytical model was derived
that enables to quantify the effect of on the nonlinear interference. The model
was validated by experiments with an optical bandwidth of 9 THz, occupying the
C+L band. A good agreement was found between the proposed model and the ex-
perimental results with an average deviation of 0.4 dB. The model was extended to
account for strong power transfers and distributed Raman amplified systems,
denoted as the [SRSI[GNl model. The [SRSI[GNl model was further extended to ac-
count for variably loaded spans, for accurate predictions in mesh optical network
scenarios. The models were verified by extensive numerical simulations with negli-
gible errors between split-step simulations and the model. The analytical
model proposed in this Chapter are key for offline design nd the static optimisation
of ultra-wideband transmission systems. It was shown that the model can be used
to quantify the gains in total capacity that can be expected by extending the optical
bandwidth beyond the C-band (5 THz). It was shown that, for 15 THz optical band-
width, the impact of on the achievable information rate is around 40% using
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a single modulation format across the optical spectrum and gain flattening filters at
each span to prevent from accumulating along the transmission path. How-
ever, this degradation can be reduced to only 10% when adaptive modulation for-
mats are used that are tailored to each channel within the optical signal. The results
showed that does not present an insurmountable obstacle and that fourfold
capacity gains can be achieved using the entire S+C+L band (20 THz) with respect
to using the C-band only. Therefore, extending the optical bandwidth represents a

viable option in order to cope with the ever increasing throughout demands.
However, the [SRS model, proposed in Chapter [3] is not suitable for

real-time performance estimations or optimisation problems with very large sample
spaces. This is because the results derived in Ch. [3]rely on numerical integrations
that cannot be carried out in sub-second execution times. To overcome this limita-
tion, closed-form solutions of the model were derived in Chapter[d] that do
not require numerical integrations and, therefore, enable real-time performance esti-
mates. The results represent the first closed-form formula capable of predicting the
impact of [SRS| on the for arbitrary launch power distributions. The proposed
closed-form formula was validated by numerical simulations showing a maximum
deviation of 0.2 dB between simulations and the model in closed-form.
Additionally, the formula was applied to transmission scenarios in mesh optical
networks, showing its applicability and validity in physical layer aware network de-
signs and optimisation. The formulas can, therefore, be used to derive novel RWA
algorithms for ultra-wideband networks in the presence of In Sec. @.2.1]
a formula for the modulation format correction was derived, extending the
model in closed-form to accurately predict the [NLI| dependence on the trans-
mitted modulation format. Deviations of 0.3 dB and 0.2 dB were found between
the formula and 16{QAM] transmission for high dispersive (SMF) and low disper-
sive (NZDSF) fibre systems, respectively. Finally in Sec. [4.3] a semi-analytical
approach is proposed that enables the model in closed-form to be applied
for optical bandwidths beyond 15 THz. A significant result that enables real-time
optimisation for optical networks that utilise uniform or shaped QAM formats over
S+C+L band systems and beyond.

After addressing the viability of bandwidth extension, the capacity limitation
using digital pre-distortion and back-propagation was studied in Chapter 5. A new
formula was derived to account for the nonlinear interactions between the signal
and noise arising from the transceiver sub-system. Through analytical calculations,
numerical simulations and experimental results, it was shown for the first time that
these nonlinear interactions between transceiver noise and signal are performance

limiting in systems that deploy digital nonlinearity compensation. The results chal-
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lenge previous studies that suggested that interactions between the signal and co-
propagating ASE noise are an ultimate performance limitation in such systems. The
implications of the transceiver noise signal beating on C-band transmission systems
were discussed, showing the impact of nonlinear TRX signal beating for multi chan-
nel NLCl In Sec. [5.2.1] an optimum digital nonlinearity compensation scheme was
derived, enabled by the new formula. Contrary to suggestions in previous studies, it
was shown that evenly splitting digital pre-distortion and back-propagation between
the transceiver is not optimal. It was shown that the optimum split-ratio depends on
the amount of noise that is introduced at the transmitter and the receiver and addi-
tionally on the transmission distance. Reach gains of around 25% could be achieved
using the improved and optimal split ratio with respect to designs published in the
literature. These results are significant in the prediction of fundamental capacity
limitations of optical fibre systems that deploy nonlinearity compensation.

In overall conclusion, this thesis provides new mathematical models and fun-
damental contributions in the field of modelling nonlinear distortions in optical fi-
bre systems. The results in this thesis enable the quantification of ultimate trans-
mission performance of optical networks. More importantly, the proposed models
pave the way to derive optimum system designs, optimisation strategies and ad-
vanced transceiver architectures for ultra-wideband optical networks in the nonlin-
ear regime, key to further increasing the stunning capacity improvements of optical
fibre systems, that underpin the unprecedented throughput demands of our modern
societies.
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6.1 Future work

The work presented in this thesis gives rise to additional research questions which

are elaborated on below

 The new mathematical models proposed in Chapters [3] and ] are capable of
predicting the impact of inter-channel stimulated Raman scattering on the
nonlinear distortions for single-mode fibres. However in multi-mode fibres,
the signal propagates within different modes that are grouped into mode group
traveling at different mode group velocities. To date, it is unclear whether
a similar methodology can be applied to multi-mode fibres, where different
amounts of occurs within and between propagating mode groups. Fur-
ther investigations and potential extensions are required in order to apply the

theory derived in the thesis to multi-mode fibres.

* In terms of the impact of on the nonlinear distortions, it was shown that
through proper use of gain flattening filters and adaptive modulation formats,
the impact of can be limited to a capacity degradation of around 10% for
15 THz optical bandwidth. However, further investigations must be carried
out to explore additional techniques to mitigate the impact of espe-
cially in the context of wavelength routing. Optical-phase conjugation (OPC)
might be a potential candidate as OPC devices are able to invert the optical
spectrum around its centre frequency. This might aid to balance the impact
of on the overall spectrum as high frequency channels are swapped into
low frequency channels after the OPC device. This could help to reduce the
significant frequency dependence of the that is imposed by and

the received SNR exhibits a smaller tilt across the optical spectrum.

* In Chapter ] closed-form approximations are proposed that are suitable for
real-time performance estimates in ultra-wideband mesh optical networks. In
Sec. [5.2.2] it is shown how alters the nonlinear distortions in a mesh
optical network scenario. The work can be extended by including the de-
rived formulas into network layer algorithms, such as routing and spectrum
assignment (RWA). As imposes a significant frequency dependence on
the received SNR, it is necessary to revise RWA algorithms to minimise the
impact of in mesh optical networks.

* In Chapter[5] it was shown how nonlinear interactions between the signal and
the transceiver noise are significant in systems, that deploy digital nonlinear-
ity compensation. Based on the new derived model, a design was proposed

that minimises these interactions, resulting in significant gains with respect



6.1. Future work 171

to previously proposed schemes. However, the design proposed in Sec. [5.2.1]
is based on numerical simulations and analytical modelling. An experimen-
tal demonstration would not only further validate the derived theory, but also
outperform experimentally shown NLC gains previously reported in the pub-
lished literature.



Appendix A

Derivations

A.1 Derivation of Eq. (3.3)

In this section, Eq. (3.5)) is derived for one span based on the nonlinear Schrodinger
equation (NLSE) and a first-order regular perturbation approach (see Sec. [2.6). The
derivation was peer-reviewed and published in [P8]. Instead of a constant attenu-
ation coefficient &, as in the conventional GN model (2.44)), a generic frequency
and distance dependent gain coefficient g (z, f) is used to model the effect of inter-
channel stimulated Raman scattering. For the sake of brevity, only the key deriva-
tion steps are outlined.

We begin with the NLSE in the frequency domain, as in Eq.

J
a_ZQ(Z’ f) =
L(z,/)0(z, f) + jY0(, ) % Q“(z,—f) % Oz, f),

(A.1)

with ['(z, f) = &z’f) + 272 Bof? + j%n’3ﬁ3f3 and u(x) * v(x) denoting the convo-
lution operation. The complex envelope of the electric field Q(z, f) is expanded in
a regular perturbation series with respect to the nonlinearity coefficient y (see Sec.
[2.6). The series is then truncated to first-order and we have

0@z f) =09 1) +y0W (z 1) (A2)
Inserting (A.2)) in (2.7)), we obtain
00z, f) = 0(0, 1)@, (A.3)

with '(z, f) = JET (¢, f)d{ as the solution for the zeroth-order terms and a linear
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ordinary differential equation for the first-order terms as
9 o) ez, oW 5

a_ZQ <Z7f) :F(Z7f)Q (Zaf)+Q(Z7f>7 (A4)

with O(z, f) = jOD(z, f) x 0W*(z,— f) % Q9 (z, f). The initial condition for the
first-order solution is E(1)(0, f) = 0 and we obtain

(1) _ T(zf) ZQ(Caf) A5
EV (e p) =D (SR, (AS)
as the solution of (A.4)). The result is identical to Eq. (2.42)). In order to compute
O(z,f), we assume that the input signal can be modelled as a periodic Gaussian
process as in Eq. (2.43). For notational convenience, we write nfy as f,, and Y,
as Yy, for the remainder of this derivation. Using (2.43), O(z, f) can be written as

0(e.1) = ife Y. Y. Y/ G o) Grx ()G (i)
Vm Vn Vk (A.6)

EnEL G (f = it fu = i) el AT IR,

To first order, it can be shown that only non-degenerate frequency triplets in (A.06)
contribute to the nonlinear interference power. Degenerate frequency triplets merely
introduce a constant phase shift of the first-order solution Q(!) (z,f), which cancels
out when the PSD of Q(!) (z, f) is computed. For more details, the reader is referred
to [116, Ch. IV.B and IV.D]. Therefore, we neglect degenerate frequency triplets
in order to keep the derivation concise. Similar to [[116]], we define the triplets of

non-degenerate frequency components as
Ai ={(m,n,k):[m—n+k|=iand[m # nork # n|}, (A7)
and rewrite (A.6) as

O f) =ifiYo(f—f) Y  Enli&
Vi Y(m,n,k)EA; (A.8)

\/GTx (fn)Grx () Grx (f2) oL @ fm)+T7 (2 fu)+T (2. fk)
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Inserting (A.8)) in (A.5) yields the first-order solution as

Do, f) = ifg " ,f25 (f = 1i)
Z Em&a ~);:k\/GTx (fm)Grx (fn) Grx (fi) (A.9)

V(m,n,k)€A;
/z dC eF(Qfm)—i—F*(an)—l—l"(g,fk)—F(§7fm_fn+fk) .
0

In order to obtain the nonlinear interference power, we compute the average PSD of
the first-order solution yQ!)(z, f). Similar to [116, Ch. IV.D], the average PSD of

(A.9) multiplied by y is

GnLi(z f) = 27 f3 XTI 5 (f — f)

Vi

Z GTx(fm)GTx(fn>GTx(fk>

V(m,n,k)€A (A.10)

2
/ ZdC L (Cofu) T (Cofu) +T(Efi) =T (o fon— fut )
0

In the following, we transform the inner summation appearing in (A.10)) into a sum-
mation over two independent variables. For the non-degenerate set A;, we have
that f,, — fu + fi = fi and for a given frequency triplet (fi, fin, fx) it follows that
fn = fm+ fr — fi- Therefore, (A.10) can be written as

N =27 N8 (1 1)
Vi
Y. Y Grx(fn) Grx(fi) Grx (fin + fi— f) (A.11)

Vm Vk

2
/ “dg FEIAT ot AT f) T )
0

Finally, we define the normalised signal power profile of a frequency component as
p(z, f) = el0 88148 and rewrite (A.TT) as an integral expression by letting fo — 0

G(Zaf) :zyzp(zvf)/dfl/de

G1x(f1)Grx(f2)G1x (1 + 2 = f) X (A.12)
dg \/ PESIPESIPE i+ =) ot o)
p(&,f)

As (A12) was derived for single polarization, 27> must be replaced by 1?}/2 to
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obtain the nonlinear interference power for dual polarization. Furthermore, the term
p(z,f) outside of the integral can be removed when each frequency is amplified
corresponding to its respective loss at the receiver. In practice, this can be realized

with the use of adaptive gain flattening filters. The result is Eq. (3.5).

A.2 Derivation of Eq. (3.11)

This section includes details of the derivation of Eq. (3.11)). Starting from the ISRS
GN model as in Eq. (3.5) and inserting the normalised signal power profile of the
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entire transmission distance (3.10)) yields

16
G(f) = ﬁ?’z/dfl/de GTx(fl)GTx(fz)GTx(fl +f2_f)
nL .
’ /0 dC Sk (fl,f27f) e]¢(f17f27f7€)

Y1 Gk [mody (z), f1]11 (Z](L—JFL)

\ Y. Gx[mody (z), f]T1 (szL+;L>

4 — 1
Y Gilmody (z), f2]T1 <Z]€L+2L>

k=1

2
z—kL+ %L)

.\lin[modL(Z)7fl+f2f]H< L
k=1

:1_6y2/df1/df2 Grx(f1)Grx(2)Grx(f1 + 2 — f)

(A.13)
| Z / L ie(hafb)
1 (1, fz,f)

Y2, Gy [mody (z), Ai] T (kL_+)

\ Y Gy [mody (z), f]I1 (ZkLLHL)

— 1
\ ];Gk [mody (z), f>] T1 (ZICL+2L>

2

z—kL+ %L)

\li k[mody (2), f1 + f2 — f]I1 ( .
_'}’Z/dfl/dszl(f)

2
—0z—Po  GiLet(f1+o—f -

d<: So v fo. ) Pt S GEAN IR oy piny)
k\J1,J2, fG (v)e—Ptot?kCrLefdev

with S¢ (f1, /2, f) :\/ GUNOUBIGUERT) ang I = Y4~' 1. The result in Eq.

(A.13) resembles the ISRS GN model extended for variably loaded spans, as in Eq.

@.11).
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A.3 Derivation of the ISRS GN model in closed-form
A.3.1 Derivation of the XPM contribution Eq. (4.9)

In this section, the closed-form approximation of the XPM contribution (.9) is
derived. The derivation was peer-reviewed and published in [P6]. The derivation
consists of finding an analytical approximation of the integral form Eq. (4.6) which
models the nonlinear interference caused on channel i by a single interfering chan-
nel k.

For notational brevity, we define x (§) = PotCrLetr (§) with Lege (§) = %.
To increase the potential parameter space and enable regression approaches, a sep-
arate effective length Leg is kept in the ISRS term. This allows for a more gen-

eral application of the proposed formula e.g. for the application for optical band-

2
widths beyond 15 THz (see Sec. . Additionally, a pre-factor of g% gz (—)
is suppressed throughout the derivation. For the ISRS term, the optlcal power
is assumed to be uniformly distributed over the transmitted bandwidth yielding

—x Bio . ,
J %GTx(V)e Vdv = 2:“1(—;;@) Eq. (#.6) is then written as

Bl
+
n>(<ksz(ﬁ) —/2 dfl/ df 11 (le fz)BtOt
2 k
o~ 0E—x: fl+fz+f,+Af)

IO N1+ St fitAS. i)
2sinh (XB “")

/ dC thOte_ag_x'(fl+ﬁ+Af)

7i
~ d d
/_gf fi ] gt 2sinh () (A14)

IO +f,~,fi+Af.,ﬁ,C)‘

/de xByore ¢S (fi+fitAf)

B;
7
2B / d
k 0 h 2sinh()%)

IO S St AL i) )2 7

where Af = f; — f; is the (centre) frequency separation between channel k and i. In
Eq. (A.14), it is assumed that the frequency separation is much larger than half of
the bandwidth of channel k (i.e. |Af] > %). This assumption allows to approximate
f>+Af ~ Af and has only a minor accuracy impact on the phase mismatch term ¢
for channels that are close to the COI as addressed in detail in Appendix[A.3.3] It
has negligible impact on the ISRS term (the signal power profile) and the dispersion
slope as both are essentially constant over one channel bandwidth B;. Additionally,
the term I1T (f £/, 2) was neglected in Eq. (A.14).
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For the phase mismatch factor ¢, we obtain

= —4m* fIAf [Bo+ B3 (fi +2fi + AF)]C

~ —4m fIAf [Bo+ B3 (2fi + AS)] G (A.15)
= —47*fi (fi— ;) B+ 73 (fi+ fil
=i fi1C,

with ¢, x = —47 (fi — i) [B2 + B3 (fi + fi] and where it was assumed that the im-
pact of the dispersion slope is constant over one channel bandwidth B;. Eq.
shows that the XPM assumption and a slowly varying group velocity dispersion,
essentially leads to a modification rule of the GVD parameter 3, to account for the
dispersion slope.

In order to simplify Eq. (A.14)), the ISRS term is expanded into a Taylor
series and truncated to first-order, assuming weak ISRS. The validity range of this
approximation is analysed in Appendix [A.3.4] Additionally, it is assumed that the
signal power profile is constant over one channel bandwidth B;, mathematically
e X N1HfitAf) oy o= (fi+Af) — ¢=*Jk The Taylor expansion of the ISRS term is then
given by

B —X-fk
O fixt O(x), (A.16)

2sinh (%x)
and the signal power profile (to first-order) as

Byoxe %6 fk

~ (1+T) e —Tre ™6, A17
2sinh (Bix) (1+T)e K (A7

with T}, = —P“’T‘Cr frand A = ¢ + . Enabled by the first-order assumption of ISRS,
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the following simplification is obtained

2

/ BtOtxe ek DWE T i€
251nh B“’t )

2
%‘/ dC (1+Tk)€7a€—fke"4ﬂ ej¢i,kfl€‘
0

N’ 1+7; . | (A.18)
—a+joirfi  —A+joirfi
Tk+¢ f1

A2+(2aA+a2>¢ SO

where T = (ot + @ — PotC; fk)2 and it was assumed that e~* < 1. Substituting
the simplification Eq. (A.I8) in Eq. (A.14) and using the exact integral identities

(A.38) and (A.39) yields

% L XBtote_aC_x'fk ¢ fC 2
2B / d / Y
o |y 96 2sinh (Ber)

_ 2 .. B:
2B, _{Tk o atan(q)l,k > (A.19)

~ 0i 0 (20t + @) o 2a

AT,  kBi
+ 1 katan(@z’;l)}

In order to obtain the XPM contribution of channel k& on channel i, the suppressed

2
pre-factor %l’;—z <%> must be included. Finally, ¢; is redefined and the individ-
k 1

ual XPM contributions 77>(<kp)M (fi) are summed up in order to obtain the total XPM
contribution Nxpm(fi) as in Eq. (#.9).

A.3.2 Derivation of the SPM contribution Eq. (4.8)

In this section, the closed-form SPM contribution of the NLI Eq. (.8)) is derived.
The derivation was peer-reviewed and published in [P6]. The derivation consists
of finding an analytical approximation of the integral expression Eq. (#.6) which
models the nonlinear interference caused by channel i on itself. The reader is re-

minded that, for the SPM contribution, a factor of l must be multiplied to (4.6).

For notational brevity, we define x (§) = PiotCrLeft (C ) with Lege (§) = ﬂ and a

pre-factor of ég Y2 is suppressed throughout the derivation.
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The NLI coefficient of the SPM contribution is then written as

y
nsem(fi) & / 5, dfi B; df
2 -7
L B.o—0C—xfi ?
/ d XDtot€ e]¢(f1+f”f2+fufu§) (A.20)

0 2sinh (XB“")

¥ 3 T+ ‘Pizflzfzz
~ B: dfl B: dfz 2 —2 2 4 4 ’

_5& -5 aA —l—(ZOCA"‘O‘)(biffz‘HP f]

with ¢; = —47? (B, +27B3f;) and where the first-order description of ISRS was
used and it was assumed that the signal power profile and the dispersion slope are
constant over one channel bandwidth B; (see Appendix [A.3.1).

Eq. (A.20) can be solved exactly in terms of elementary functions over a
closed circular integration domain. The radius of the circular domain is chosen such
that its area equals that of the actual integration domain, as proposed in [118]]. The
actual integration domain and its approximated circular domain are shown as insets
in Fig. {.3] Exploiting the circular domain approximation, Eq. (A.3.1) is recast in
polar coordinates and solved using the integral identities (A.40) and (A.41)) as

Nsem(fi) “4/0\/;2 dr/zd(p
rT + qfr sin” (¢)
A2+ % (204 +G2) sin® (9) + % sin (9)
_/\/7 41

oaa+a) (A21)
AZ—T, r
A2 2
/1 —|—4¢%r4
~ g 200+ @)
T, — a? 30;B2\ A%—T; 30,B>
. [ p asinh( g)jlml > + ) Lasinh (%)}
16 7

In order to obtain the SPM contribution, the suppressed pre-factor 57 7 must be
included and ¢; is redefined in order to the final result Eq. (4.8]).

T, — o
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A.3.3 Addressing assumption 1) in Sec. 4.1.4]

In this section, the assumption 1) in Section 4.1.4]is addressed in more detail. The
derivation was peer-reviewed and published in [P6]. Assumption 1) states that the
channel separation between COI and INT has to be much greater than half of the
channel bandwidth |Af] > %. To mathematically quantify the impact of the as-
sumption, we start with the XPM contribution as in Eq. (4.6). For simplification,

ISRS is neglected and (]Si’k = —47? By + 7B (f; + fi] similar to Appendix

> 2
For notational brevity, the pre-factor %—%% (%) is not shown, as it does not alter
k 1

the analysis in this section. The NLI coefficient is then given as

B; By,
- 2 7A7 2A 1
(i) = [ an [5 a2t

, (A.22)
T 2AT o 1+ﬁf12(f2+1)2

24
with fi = l’fxzf and where it was assumed that e~ * < 1 and I1 (f 1;; J: 2) was ne-
glected as in Appendix [A.3.1]

As the channel spacing is at least Af > %, the inner integration variable in

Eq. (A.22)) varies as f> € [—1,1]. Therefore, the integrand in Eq. (A.22) is expanded
into a converging Taylor series and truncated after second-order

~
~

By
27 2Af
/_Bkdfz ~ 2 2
7Af I+ 0f; (fa+1)
2By oft(Bufi—1)B; (A.23)
Aff+1 0 6Af2(if2+1)°
1 . f (/-Lf1+ ) .

zeroth-order

second-order

where the first-order term yields zero after integration. Mathematically, the assump-
tion |fi — fil = |Af] > % (or simply f> =0) incoincides with the zeroth-order
approximation of the integral over the variable f,. The relative error can be therefore
obtained by analysing the higher-order terms. Inserting the Taylor approximation
Eq. (A.23) in Eq. (A.22)) and solving the integrals using Eq. (A.42) and Eq. (A.43)
yields

(k) ByB;
Tixpm (fi) = a2
B} u(2u*+1) (A.24)
atan (‘LL) + 12Af2 atan(u) — W s

——

vV
zeroth-order second-order
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th U — |9ix||1A71B; h h . . . h
with u = =5~ The zeroth-order term in Eq. (A.24) is identical to the proposed
closed-form (A.3.2) in the absence of ISRS. Finally, the relative error, caused by
Assumption 1) in Section is obtained by normalising the second-order term
by the zeroth-order term. Therefore, the relative error is given by

1 B? u(2u*+1) 1 B?
Rel. Brr. = — —£ |1 — < ——k (A.25)
12Af? [ (12 +1)*atan (1) 12Af?

Eq. (A.25) can be reliable used to quantify the approximation error caused by As-

sumption 1).

A.3.4 Derivation of the validity range

In order to derive a validity range of the weak ISRS assumption, the ISRS term
to first-order is compared to the ISRS term to second-order at a frequency compo-
nent f;. The first-order approximation is then valid when the second-order term is
negligible. The derivation was peer-reviewed and published in [P6]. The second
coefficient of the Taylor series, as in Eq. (A.16)), is given by

2 2
7@ _Je B (A.26)

k 2 24
Requiring that the second-order term is negligible to the first-order approximation

yields
2 2
=2) 2| _ |fk _ Biot| 2

il > 702 ] = | - Dot 2, (A27)

The channel that is most impacted by ISRS is the channel with center frequency
fi = & for which we will evaluate Eq. and obtain

BiotPotLeiCr = 0.23- Ap (L) [dB] < 6, (A.28)

where Ap (L)[dB] is the ISRS power transfer between the outer channels of the
transmitted signals as in Eq. (3.8)).

A.4 Derivation of modulation format correction

A.4.1 Derivation of Eq. (4.16)

This section presents the key steps in the derivation of Eq. (4.16). The derivation
was peer-reviewed and published in [P4]. For the sake of brevity, the derivation is
carried out for the integrand of (4.16). Starting from the integrand in (4.13) and
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assuming that f, +Af ~ Af for the link function u, we have that

1 2

|/Bk (A+fi, o+ fitAff) Zejmfl(f2+Af)¢df2

m=0

Bknl 2

W (fi+ firfio f) / X eI +8N0 4 1

= |u(fi+fis fis FOP

1B+ Z oImfiAfo / y im0 f,

m=1

:Bk "LL (fl +ﬁ7fk7ﬁ)|

-1 _j A
1+"ZM( infi%ho_ g-imi'%o)
= Jmf19By

B (fi + fir for £
n—1 ) Bk imfALO
~ 1+,,;1SIHC mflE(]) e/

2

(A.29)

2

2

Eq. (A.29) is then used in order to derive (4.16).

A.4.2 Identity used to derive Eq. (4.23)

In this section, an identity for lim,_,. A,C, is derived in order to obtain a closed-
form formula for the asymptotic modulation format correction contribution Eq.
(4.21). The asymptotic differential normalisation coefficient can be calculated ex-
actly and no approximations are needed. The derivation was peer-reviewed and
published in [P4].

For notational brevity, the identity is derived for arbitrary parameters a and b
which reads

2

oo

C.=1limA, [ dx

n
Z sinc (max) e/
n—yoo — oo

m=1

- a—nz [(b—a)ln (Z;Z) +2a} .

We start proving Eq. (A.30) by executing the backward differential operator with

(A.30)

respect to the span number. For this purpose, the identity

n 2 n—1
A, (;f(@) = f*(n)+2 Z::lf(n)f(m)a (A.3D)
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is used, which can be easily proven by induction. In the context of Eq. (A.30), we
have that lim,, . f>(n) = 0 and n — 1 = n due to large n. We can therefore solve

the discrete derivative as

2
C_ = lim A,
n—o0

n
Z sinc (max) J’”bx

= m oo dx2a2nx2 mz::1 m {
[sin (mcyx) + sin (mex)] [sin (nepx) + sin (nepx)]

+ [cos (mczx) —cos (mclx)] [cos (ncpx) — cos (nc1x)]} (A.32)

= lim dx
o azn)c2 Z

n—soo
[sin (mcyx) + sin (mex)] [sin (nepx) + sin (nepx)]
+ [sin (mbx + ncyx) + sin (mbx — nc1x)|

- [sin (max) — sin (max)] },

with ¢y = a+ b and ¢, = a — b, which are defined for the sake of a concise notation.
The last step in Eq. (A.32]) was obtained using trigonometric identities. Using the

exact integral solution [ dxSnled)sin(bx) Z(la+Db| —|a—b|) yields

C = li
e 202 Zl m{ (A.33)
— |mcy — nea| + |mey +nea| + |mey + ney| — |mep —ney |}

To resolve the absolute value operations in Eq. (A.33)), we identify thatb > 0,a >0
and b > a, resulting in ¢; > 0 and ¢, < 0. The conditions are met by default as the
minimum feasible channel spacing is Af > % and the result is invariant to the sign

of b. Applying the conditions results in

. =1i —~
s 2a2 Zlm (A.34)

{b(m—n)+ (n+m)a+|mc; —n|ca||}.

Eq. (A.34) can be written as two distinct series, which are solved separately in the
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following. The first series is exactly written and solved as
im =2 Y L b m—n)+ (ntm)a)
n—e2a’n = m
= ,}1_?30 [z—zzcl — |ea|Har (n) |, (A35)

with Har (n) being the n’th harmonic number. The second series can be written and
exactly solved as

T & 1

. lca| e Lo e

Shmoa| Lo wt L T w
SR

o ‘ (A.36)

T ni|cs

_r}l_r&g{]cﬂHar(L o J)—]cz\Har(n)

sl ([5G ) 5 (oo 2 1760
C1 n C1 C1

_r}l—r&ﬁ [2|c2]H r( |c12|> —|c2]Har(n)+c1—2|cz|}7

where it was used that lim,, e | 72

= lim;—e0 V”J limy, e 7 ”62 . Both series can
be further simplified by recalhng that lim,,_,. Har (n) = lim,, log( )+ 7, with y

being the Euler-Mascheroni constant.

Combining Eq. (A.35) and Eq. (A.36)) yields the final result

C., —’}111302{|c2|H (n|CC12|) —|c2|Har(n)+2a}
= % [|cz|ln(’ 2‘) +2a } (A.37)
a C1
T {(b a)ln <Z+b>+2a}

which proves the identity in Eq. (A.30). Therefore, Eq. (A.30) can be used to

write Eq. (4.21) in closed-form as Eq. (4.23), without imposing any additional
assumptions.
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A.4.3 Integral identities

This section contains the integral identities that were used in order to derive the

proposed closed-form expressions in Sec.

X 1
/()dxa+bx2+x4
v (ﬁX> /2 <\/§X> (a38)

—_—" _atan — atan
o/b—c Vb—c|) G/b+c Vb+c
X xz
/0 S A30
_”b—+catan \/EX — b_catan @ -
V¢ Vbtc) Ve vb—c)’
with ¢ =V/b? —4a.
/’5 " 1 + asin? (x)
) -4
0 14 bsin®(x) 4 csin* (x) (A.40)

Y

oz Ja(@—c)+2c] [a(a+c)—2c]
-V (a {J b i ¢ }

where @ = Vb2 —4c,b=\/b(A—b)+c(A—b+2),é=/b(A+b)+c(A+b—2)
and j =+—1.

X X 1
dx————— = —asinh (aX?), (A.41)
/0 V1+a?x* 2a (aX%)
X1 atan (aX)
dx = A42
/o a’x?+1 o a ’ ( )

X x? (3a®x* — 1 tan(aX) X (2a°X%+1
|* e 1) ) dtanfaX) X QaX7+1) (A43)
0 (a?x2+1) a a(a’?X?+1)

A.5 Approximation of NSNI regimes

In this section, an approximation is derived on when nonlinear ASE noise interac-
tions are negligible with respect to transceiver noise signal interactions. The deriva-
tion was peer-reviewed and published in [P15]. For the derivation, we start by
deriving the optimum launch power Py in Eq. (5.8), which is

P
Popt = EASEPASE® (AA44)

6ETRXKR
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with
1
¢ = 2cosh {5 acosh(F)] —1, (A.45)
18 34+2¢e..2
= R _| (A.46)
SasePase

For typical parameter values in optical communication, we have that I' > 1. Fur-
thermore, the relations cosh(x) ~ exp(x)/2 for x > 0 and acosh(I') ~ In(2I") for
I' > 1. Therefore, we can do the following approximation ¢ ~ (ZF)% — 1. Using

the approximation yields the approximate optimum launch power as

1
Pase \®  &iPase
Py~ | —-— - AA47
opt <6N£KRT[) 6N e KR (A47)

The ASE noise signal beating is negligible with respect to the transceiver noise

signal beating if
EaSEDBPPASE < 11T KR Popt. (A.48)

Inserting (A.47) in (A.48) and rearranging yields

(7§ASE,DBP)3P§SET~71 < 36n3+2€ KIZ{. (A49)

When € ~ 0, Easg.pep can be approximated as Easg pep ~ n(n+ 1) /2, and assum-
ing that N >> 1, yielding Exsg.pep =~ 1°/2. Under these conditions, (A.49) can be
expressed as

!
= 3 2 , (A.50)

<27P/§SE771”3) 6(3kr)

where we recognise the left-hand side of (A.50) as Eq. (2.38) with k =0, i.e., the

SNR when EDC only is applied in the absence of any transceiver limitation, which

we denote by maxp(SNRgpcideas). Furthermore, assuming that the transceiver

noise is equally split between transmitter and receiver, SNRtr = 2/xg, and (A.50)

becomes

7 2
max (SNREDC igeat) > 6—§SNR%RX. (A.51)
3



A.5. Approximation of NSNI regimes 188

Converting (A.5T) to a decibel scale yields

2
m;lx(SNREDC,ideal)[dB] > §SNRTRX [dB] —4.5dB. (A.52)
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