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Abstract

This thesis is concerned with the development of analytic techniques to assess the
impact of non-linearities on the performance of orthogonal frequency division multiplexing
(OFDM) signals in fibre-radio based wireless networks.

Volterra series are used to model both the frequency independent and the frequency
dependent behaviour exhibited by fibre-radio system non-linearities.

Expressions to determine the power density spectrum (PDS) of non-linearly
distorted OFDM signals are derived and validated by comparing analytic to simulation
results. Such expressions relate the PDS of the distorted signal to the harmonic power
density spectra (HPDS) of the non-distorted signal and the transfer functions of the non-
linearity.

Expressions to determine the error probability of non-linearly distorted OFDM
signals in additive white Gaussian noise (AWGN) are also derived and validated by
comparing analytic to simulation results. Such expressions relate the error probability of the
OFDM signal to the error probabilities of the OFDM sub-channels, each of which is given
as the expectation with respect to the intermodulation distortion (IMD) random variable
(RV) of the error probability in AWGN conditioned by a given value of the IMD RV. To
calculate the error probability expectations, an investigation of appropriate
approximations/estimations for the IMD distribution based on a limited number of
moments of the IMD RV is carried out.

Finally, the analytic techniques are applied to two different intensity
modulation/direct detection IM/DD) fibre-radio systems. One of the systems is based on
the direct modulation of a laser source and exhibits frequency dependent non-linear
behaviour. The other system is based on the external modulation of a laser source and
exhibits frequency independent non-linear behaviour. Merits and demerits of the
techniques are discussed by comparing analytic to simulation results.

Overall, this thesis provides a range of analytical tools to assess the performance of
fibre-radio based wireless networks employing OFDM signalling as well as further insight
into the behaviour of non-linearly distorted OFDM signals.
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Chapter 1

Introduction

Recent advances in wireless networking have made use of orthogonal frequency
division multiplexing (OFDM) techniques to allow for high data rate transmission in mult-
path fading channels [1,2]. Besides handling frequency selective fading without requiring
complex time domain equalisation techniques, OFDM also uses the available bandwidth
efficiently and allows for efficient digital signal processing (DSP) based transceiver
implementations. OFDM has been adopted in a variety of wireless applications including
digital audio broadcasting (DAB) [3], digital video broadcasting (DVB) [4] and indoor
wireless local area networks (LAN) [5-7].

Concutrrently, recent advances in wireless networking have also made use of fibre-
radio techniques to allow for high capacity and cost effective wireless network deployment
(8-12]. In a conventional wireless network, the radio frequency (RF) data signal to and from
a mobile station (MS) is conveyed between control stations (CS) and base stations (BS) in
baseband format and the BSs perform all the required radio interface operations. In a fibre-
radio based wireless network, on the other hand, the RF data signal to be transmitted to an
MS is imposed onto an optical carrier at the CS and delivered over optical fibre to the BS,
which then retrieves the RF modulation using standard optical technology, amplifies it and
radiates it. Similarly, the RF data signal received from an MS is imposed onto an optical
carrier at the BS and delivered over optical fibre to the CS. Transmission of the actual RF
signal between CSs and BSs offers cost effective wireless network deployment because not
only the air interface equipment is concentrated at the CSs and hence shared among a
number of BSs but also a BS is less complex consisting only of an optical transceiver, a

filter, an amplifier and an antenna. Fibre-radio techniques ate particulatly attractive in

23



Chapter 1-Introduction 24

wireless systems with micro- or pico-cell architectures for which lowering complexity and
cost are of utmost importance.

Cleatly, the integration of OFDM techniques with fibre-radio techniques opens up
the possibility of cost effective high data rate wireless networks. However, the performance
of fibre-radio based wireless networks employing OFDM signalling can be significantly
impaired due to the effects of non-linearities associated with the optical infrastructure on
the multi-carrier nature of the OFDM signals. A potential deployment of fibre-radio based
wireless networks employing OFDM signalling therefore calls for powerful, yet tractable,
analytic techniques to provide a first-order approximation to the degradation induced by
fibre-radio system non-linearities on the performance of the OFDM signals before
recoursing to time consuming simulations or costly experimentation.

The development of analytic techniques to assess the impact of non-linearities on the
petformance of OFDM signals has been a subject of extensive research [13-25]. However,
the fact that such techniques focused on the performance of OFDM signals distorted by
clipping devices and high power amplifiers (HPA), which exhibit frequency independent
non-linear behaviour, generally renders them inappropriate to determine the performance
of OFDM signals distorted by fibre-radio system elements, which normally exhibit
frequency dependent non-linear behaviour. Accordingly, new developments in the area of
modelling and analysis of OFDM communication systems in the presence of non-
linearities are required.

This thesis is concerned with the development of analytic techniques to investigate
the impact of fibre-radio system non-linearities on the performance of OFDM signals. The
details of the thesis organisation and the thesis contributions are given in the following

sectons.

1.1 Thesis organisation

Following this introductory chapter, a general overview of OFDM is presented in
chapter 2. The oscillator based implementation and the fast Fourier transform (FFT) based
implementation of an OFDM transceiver, and the role of the guard time, the cyclic prefix
and windowing are reviewed. Drawbacks of OFDM are also reviewed. Particulatly,
emphasis is given to the effects of synchronisation errors and non-linear distortion on

OFDM. Subsequently, the major elements of an OFDM communication system ate
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described, including coders/decoders and interleavers/deinterleavers, mappers/demappers,
channel estimators and synchronisers. Examples of OFDM applications are also outlined.
These include the asymmetric digital subscriber line (ADSL), digital broadcasting systems
(DAB and DVB) and indoor wireless LANs. Chapter 2 concludes with a discussion of
other OFDM initiatives. Particularly, a fast orthogonal frequency division multiplexing
(FOFDM) scheme with twice the bandwidth efficiency of conventional OFDM schemes,
which was recently proposed by the author, is introduced.

Chapters 3, 4 and 5 consider the development of analytic tools to investigate the
impact of fibre-radio system non-linearities on the performance of OFDM signals. These
include techniques to evaluate the power density spectrum (PDS) and the error probability
of non-linearly distorted OFDM signals.

In chapter 3, an analytic technique to determine the impact of non-linearities on the
PDS of OFDM signals is developed. Initially, the Volterra series representation of a non-
linearity is introduced because such representation is the basis for the development of the
PDS technique so that both frequency independent and frequency dependent non-linear
behaviour can be accounted for. Subsequently, expressions are derived to determine the
PDS of non-linearly distorted OFDM signals. The PDS of the non-linearity output is given
in terms of the harmonic power density spectra (HPDS) of the non-linearity input and the
transfer functions of the non-linearity. Finally, analytic and simulation results are compared
that validate the derived expressions.

In chapter 4, an analytic technique to determine the impact of non-linearities on the
error probability of OFDM signals is developed. Initially, the equivalent baseband Volterra
series representation of a bandpass non-linearity is introduced because such representation
is the basis for the development of the error probability technique to accommodate both
frequency independent and frequency dependent non-linear behaviour. Subsequently,
expressions are derived to determine the error probability of non-linearly distorted
OFDM/binary phase shift keying (BPSK) and OFDM/quadrature phase shift keying
(QPSK) signals in additive white Gaussian noise (AWGN). The overall error probability of
an OFDM signal is given as the average of the error probability in all OFDM sub-channels.
In turn, the error probability in each OFDM sub-channel is given as the statistical
expectation with respect to the intermodulation distortion (IMD) random variable (RV) of
the error probability in AWGN conditioned by a given value of the IMD RV. Expressions

are also derived to determine the moments of the IMD RV in each OFDM sub-channel.
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Finally, it is shown that the moment computation procedure is extremely time-consuming
and hence, to compute the error probability expectations, one cannot rely on series
expansion methods or Gauss quadrature rules because these moment based methods
typically require a large number of moments, but rather on alternative
approximations/estimations for the IMD distribution which require a limited number of
moments.

In chapter 5, vatious approximation/estimation methods for the IMD disttibution
and the error probability of non-linearly distorted OFDM signals are investigated. Initially,
the properties of the IMD RV are analysed, as a means to select appropriate
approximations/estimations.  'The  relative  performance of a number of
approximation/estimation methods are then examined by comparing analytic to simulation
results. Methods considered include Gaussian, Laplace, generalised Gaussian and Pearson
approximations and maximum entropy and minimum relative entropy estimations.

In chapter 6, we consider the application of the analytic techniques developed in
chapters 3, 4 and 5 to two particular intensity modulation/direct detection (IM/DD) fibre-
radio systems. One of the systems is based on the direct modulation of a laser source and it
exhibits frequency dependent non-linear behaviour. The other system is based on the
external modulation of a laser source and it exhibits frequency independent non-linear
behaviour. In this chapter, merits and demerits of the analytic techniques are discussed by
comparing analytic to simulation results.

Chapter 7 concludes this thesis, summarising the main contributions and suggesting
areas for future research.

The thesis includes two appendices. Appendix A introduces the FOFDM scheme.
Appendix B lists skewness and kurtosis values of the IMD RV.

1.2 Contributions

The primary goal of this research work was to develop powerful, yet tractable,
analytic techniques to investigate the impact of fibre-radio system non-linearities on the
performance of OFDM signals. Volterra series techniques were used to model both the
frequency independent and frequency dependent non-linear behaviour typical of fibre-
radio system non-linearities. As performance metrics we have considered the PDS and the

error probability. The main contributions of this research work are summarised below:
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. Development of an analytic technique to evaluate the PDS of non-lineatly distorted
OFDM signals. This technique is based on the Volterra series representation of a
non-linearity and accounts for up to third-order non-linear distortion components.
The developed expressions, which are applicable to a cyclo-stationary zero-mean
Gaussian stochastic process, are in fact an extension of the familiar Bedrosian-Rice
expressions, which are applicable to a stationary zero-mean Gaussian stochastic

process.

. Development of an analytic technique to evaluate the error probability of non-
linearly distorted OFDM/BPSK and OFDM/QPSK signals in AWGN. This
technique is based on the equivalent baseband Volterra series representation of a
bandpass non-linearity and accounts for up to third-order non-linear distortion

components.

o Investigation of the relative performance of a range of approximation/estimation
methods for the IMD distribution and the error probability of non-linearly distorted
OFDM/BPSK and OFDM/QPSK signals. These methods include Gaussian,
Laplace, generalised Gaussian and Pearson approximations and maximum entropy

and minimum relative entropy estimations.

o Through the detailed analysis of the IMD of non-linearly distorted OFDM signals we
have concluded that such IMD is characterised by heavy tails and hence the generally

accepted assumption of Gaussian distributed IMD is not always valid.

o Through the detailed analysis of the error probability of non-linearly distorted
OFDM signals we have concluded that the error probability performance of different
OFDM sub-channels is not equal.

. From the IMD and the error probability studies we have concluded that in the
presence of non-linear distortion and AWGN, contrary to implicit assumptions,
OFDM signals with a high number of sub-channels exhibiting a correspondingly
high peak-to-average power ratio (PAPR) may outperform (in terms of error rate)
OFDM signals with a low number of sub-channels exhibiting a cotrespondingly low
PAPR.
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o Verification of the developed techniques by application to two different IM/DD
fibre-radio systems. One of the systems is based on the direct modulation of a laser
source and it exhibits frequency dependent non-linear behaviour. The other system is
based on the external modulation of a laser source and it exhibits frequency
independent non-linear behaviour. Merits and demerits of the developed techniques

were identified by comparing analytic to simulation results.

o Development of an FOFDM scheme with twice the bandwidth efficiency of

conventional OFDM schemes.

o Development of “software tools” implemented in MATLAB and SIMILINK for the
analysis and simulation of the PDS, the IMD and the error probability of non-linearly
distorted OFDM signals.

These contributions have led to the following publications:

1. M. R. D. Rodrigues and J. J. O’Reilly, “Assessment of the performance of radio-
over-fibre based wireless networks employing OFDM signalling,” Proceedings of the
London Communications Symposium 1999, pp. 47-50, July 1999. (London, U.K.)

2. M. R. D. Rodrigues and J. J. O’Reilly, “Error probability assessment of radio-over-
fibre based wireless networks employing OFDM signalling,” Proceedings of the
London Communications Symposium 2000, pp. 95-99, September 2000. (London,
UK)

3. M. R. D. Rodrigues and J. J. O’Reilly, “An analytic technique to determine the impact
of non-linearities on the PDS of OFDM signals in RoF based wireless networks,”
Proceedings of the International Symposium on Information Theory and Its
Applications, vol. 2, pp. 769-773, November 2000. (Honolulu, Hawaii, U.S.A.)

4. M. R. D. Rodrigues and J. J. O’Reilly, “An analytic technique to assess the impact of
frequency dependent non-linearities on the error probability of OFDM/M-PSK and
OFDM/M-QAM signals,” Proceedings of the 35" Annual Conference on
Information Sciences and Systems, vol. 2, pp. 748-752, March 2001. (Baltimore,
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Chapter 2
OFDM overview

2.1 Introduction

In recent years, the wired and the wireless industry have shown great interest in
OFDM signalling schemes. Indeed, such signalling schemes have been adopted in a variety
of applications such as ADSL, DAB, DVB and indoor wireless LANs. This growing
interest was due to the realisation that OFDM is an efficient scheme to convey information
in a frequency selective fading channel without requiring complex time-domain equalisation
techniques. Moreover, OFDM uses the bandwidth efficiently and can be efficiently
generated/detected using DSP techniques.

In this chapter, we present the principal ideas behind OFDM that will be used
throughout this thesis. Section 2.2 introduces the OFDM principle where concepts such as
the oscillator based implementation and the FFT based implementation of an OFDM
transceiver, the guard time and the cyclic prefix and windowing are outlined. Section 2.3
discusses the drawbacks of OFDM. Particularly, OFDM vulnerability to synchronisation
errors and non-linear distortion are emphasised. The elements of an OFDM
communication system and applications of OFDM are presented in section 2.4 and section
2.5, respectively. In section 2.4, we introduce mapping/demapping techniques,
coding/decoding and interleaving/deintetleaving techniques, and synchronisation and
channel estimation operations. In section 2.5, we discuss the use of OFDM in ADSL,
digital broadcasting systems (DAB and DVB) and indoor wireless ILANs. Finally, in section

2.6 we review a number of OFDM initiatives that have been proposed throughout the

31
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years. Particularly, we consider an FOFDM scheme with twice the bandwidth efficiency of

conventional OFDM schemes.

2.2 Principles of OFDM

In a single-carrier modulation scheme data is transmitted sequentially on a single-
carrier. In a multi-carrier modulation scheme, on the other hand, a high-rate data stream is
partitioned into several low-rate data sub-streams which modulate a set of sub-carriers.
Accordingly, the signalling interval of a multi-carrier system is much larger than that of an
equivalent single-carrier system so that the time dispersive effects of a multi-path fading
channel can be efficiently combated without requiring complex time-domain equalisation
techniques.

Multi-carrier modulation schemes initially relied on conventional frequency division
multiplexing (FDM) technology to transmit information on multiple carriers. At the
transmitter, the spectra of different sub-carriers were assigned to non-overlapping
frequency slots and, at the receiver, the individual sub-channels were retrieved using filters.
Orthogonal multi-carrier modulation schemes or OFDM schemes were later proposed
where the spectra of different sub-carriers were assigned to overlapping frequency slots and
individual sub-channels were retrieved thanks to orthogonal properties that eliminated the
crosstalk between the individual sub-channels. Orthogonal multi-carrier schemes yielded a
more efficient utilisation of the available bandwidth when compared to conventional multi-
carrier schemes.

Research on OFDM can be traced back to the 1950s. In the 1950s/19G0s, the
OFDM technique was used in several high frequency (HF) military communication systems
such as KINEPLEX [26,27], ANDEFT [28] and KATHRYN [29-31]. In the 1980s,
OFDM was studied for high-speed modems [32-34], digital mobile communications [35]
and high density recording. In the 1990s, OFDM was studied for high-bit-rate digital
subscriber lines (HDSL) [36], ADSL [37], very high-speed digital subscriber line (VHDSL)
[37], DAB [38,39] and DVB [40]. This research has resulted in the implementation of
OFDM systems in ADSL [41], DAB [3], DVB [4] and indoor wireless LANs [5-7]. The

principles of OFDM are described in the following sections.
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2.2.1 Oscillator based implementation

The structure of an oscillator based baseband OFDM transmitter and receiver is
shown in Figure 2.1. At the transmitter, N consecutive complex data symbols modulate
N complex orthogonal sub-carriers which are then added and transmitted. The frequency
separation between adjacent sub-carriers is equal to the inverse of the signalling interval T ,
which is the minimum frequency separation required to achieve orthogonaHt}”" between two
complex sub-carriers over a signalling interv’al of length 7 [42-45]. For this frequency
separation there is considerable overlapping between the spectra of the different sub-
carriers but the information can still be reliably recovered. An OFDM symbol is then given

by

1 V-i 2/rnt
, 0</<T Q.)

where A,, is the complex modulation symbol conveyed on sub-channel n or by sub-carrier

n. At the receiver, the nth complex modulation symbol is recovered by multiplying the
OFDM symbol by the complex conjugate of the nth sub-carrier and by integrating over the

signalling interval. The nth complex modulation symbol is then given by
2.2

In a t}"pical system, up- and down-conversion blocks would be present at the transmitter

and the receiver, respectively, to transform the baseband signal to a bandpass signal and

Vice-versa.
OFDM Transmitter OFDM Receiver
Data S/P PIS Data
Symbols OFDM OFbM Symbols
Signal Signal

Figure 2.1:  Structure of an oscillator based baseband OFDM transmitter and receiver.
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The operation of an OFDM receiver can be viewed from two different perspectives.
From one view point, the receiver correlates the set of modulated complex sub-carriers in
the incoming OFDM symbol with a local version of each complex sub-carrier (see (2.2)).
Orthogonality implies that the correlation between any two different complex sub-carriers
is zero but when the complex sub-carriers have the same frequency. Therefore, the
correlation operation yields the information conveyed in each sub-channel without any
inter-carrier interference (ICI). From another view point, the receiver evaluates the Fourier

transform of an OFDM symbol at frequencies «/T, N= (see (2.2)). The

spectrum of an OFDM symbol is given by

2.3)

where

sinc(x) = “MEY) 2.4)
i.e., the spectrum of an OFDM symbol consists of a series of sinc(-) functions where the
maximum of each sinc(-) function corresponds to the zero-crossings of all the other
sinc(-) functions (see Figure 2.2). Essentially, the spectrum of an OFDM symbol fulfils
Nyquist’s criterion for an inter-symbol interference (ISI) free pulse shape, where in the
OFDM case the pulse shape is present in the frequency domain and not in the time
domain. Therefore, the Fourier transformadon operadon yields the informadon conveyed

in each sub-channel without any ICIL.

Amplitude

Frequency

Figure 2.2: Amplitude spectrum of an OFDM symbol.
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2.2.2 FFT based implementation

An oscillator based OFDM transceiver comprises a bank of oscillators both at the
transmitter and the receiver and hence it is highly complex. However, Weinstein and Ebert
have shown that OFDM generation and detection can be achieved by employing an inverse
discrete Fourier transform (IDFT) and a discrete Fourier transform (DFT) at the

transmitter and the receiver, respectively [46]. Specifically, the scaled samples
X" =-yjT/N x{kT/N), 6=0,...,N - 1, of an OFDM symbol can be generated by taking
the IDFT of the complex modulation symbols to be conveyed in each sub-channel, i.e..

iTtkn

X, = 2.5)

and the complex modulation symbols conveyed in each sub-channel can be detected by
taking the DFT of the scaled samples x* - /N x{kT/N), k = of an
OFDM symbol, i.e.,

Inkn
X 2.6
" Viv h ¢

This major breakthrough shows that efficient implementations of an OFDM transmitter
and receiver can be built around the inverse fast Fourier transform (IFFT) and the FFT,
respectively. The structure of an FFT based baseband OFDM transmitter and receiver is
shown in Figure 2.3. At the transmitter, a digital-to-analogue converter (D/A) converts the
digital OFDM signal to an analogue format and, at the receiver, an analogue-to-digital
converter (A/D) converts the analogue OFDM signal to a digital format. In a ty"pical
system, up- and down-conversion blocks would be present at the transmitter and the

receiver, respectively, to transform the baseband signal to a bandpass signal and vice-versa.

OFDM TransmiHer OFDM Keceiver

pee 9P ps o Ornwooron 4D Duta
Symhob * Signal Signal * Symibols

Figure 2.3: Structure of an FbT based baseband OFDM transmitter and receiver.
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In practice, N samples per OFDM symbol do not provide the required
oversampling to yield the continuous-time signal from the discrete-time signal. Note that
both the OFDM symbol bandwidth and the IFFT output sample rate are equal to N /T,
i.e.,, the OFDM symbol is sampled at the Nyquist rate'. Thus, from the spectrum of a non-
oversampled IFFT output a filter with a realistic passband-to-stopband transition region
cannot be used to recover the continuous-time OFDM symbol from its samples (see
Figure 2.4). To provide for the required oversampling a technique known as zero-padding
is often employed. Essentially, N '>N  point IFFTs/FFTs are wused at the
transmitter/receiver to generate/detect a N sub-channel OFDM symbol. Upon OFDM
generation the last N' - N IFFT input values are set to zero and upon OFDM detection
the last N'—N FFT output values are discarded. Thus, from the spectrum of an
oversampled IFFT output a filter with a realistic passband-to-stopband transition region
can be used to recover the continuous-time OFDM symbol from its samples (see Figure

2.5).

'"Amplitude

- ZVIT - N/T N/T 2N/T  frequency

Figure 2.4: Amplitude spectrum (in the Hmit for an infinite number of OFDM sub-channels) of a
non-oversampled IFFT output.

Amplitude

-N T (N-N}/T 0 N/T NIT Frequency

Figure 2.5: Amplitude spectrum (in the hmit for an infinite number of OFDM sub-channels) of
an oversampled IFFT output.

Strictly speaking, the OFDM symbol bandwidth tends to N/T when N tends to infinity.
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2.2.3 Guard time and cyclic prefix

By transmitting information on IN sub-carriers then the symbol duration of an
OFDM signal is IN times longer than the symbol duration of an equivalent single-carrier
signal. Accordingly, ISI effects introduced by linear time dispersive channels are minimised.
To eliminate ISI completely a guard time is inserted with a duration longer than the
duration of the impulse response of the channel [46]. Moreover, to eliminate ICI the guard
time is cyclically extended [47,48]. Note that in the presence of linear time dispersive
channels an appropriate guard time avoids ISI but not ICI, unless it is cyclically extended.

Cyclic extension of an OFDM symbol is shown in Figure 2.6. At the transmitter, the

last “T,” samples of the IFFT output are inserted at the start of the OFDM symbol. At
the receiver, the first “T,” samples of the OFDM symbol are discarded. Note that now
T denotes the duration of the cyclically extended OFDM symbol and T, denotes the

duration of the cyclic prefix. Note also that now the duration of the useful part of an

OFDM symbol is equal to T —T, and hence the sub-carrier spacing is equal to

Y (T —Tep )

To appreciate the basic operation of the cyclic prefix let us consider a two-path
channel. In this case, the received OFDM signal consists of two replicas of the transmitted
OFDM signal possibly attenuated and delayed with respect to one another. With an
ordinary guard time, whose duration is larger than the two-path channel relative delay, then
over the FFT “integration time” the sum of any two multipath components corresponding
to a particular OFDM sub-carrier does not yield a sine wave (see Figure 2.7). Hence, ICI
occurs at the output of the receiver’s FFT. With a cyclically extended guard time, whose
duration is larger than the two-path channel relative delay, then over the FFT “integration
time” the sum of any two multipath components corresponding to a particular OFDM
sub-carrier yields an attenuated/phase rotated version of the same sub-carrier (see Figure
2.8). Hence, ICI does not occur at the output of the receiver’s FFT and each data symbol is
received only with a random amplitude/phase rotation. Specifically, the amplitude/phase
rotation of the nth complex data symbol corresponds to the amplitude/phase of the
frequency response of the two-path channel evaluated at the nth sub-carrier frequency.
Generally, if the duration of the cyclic prefix is longer than the duration of the impulse
response of a linear time dispersive channel then, from the receiver’s point of view, the
channel’s linear convolution is equivalent to a circular convolution. Therefore, the FFT

output Y,,#=0,...,N —1, and the IFFT input X,,»=0,...,N —1, are related by [47,48]
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n =H,x, 2.7

where is the frequency response of the channel evaluated at the nth sub-carrier

frequency.

T(P Tev

Figure 2.6; Cyclic extension of an OFDM symbol.
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Figure 2.7: Transmission of an OFDM signal with an ordinary guard time over a two-path
channel. For simplicity three BPSK modulated sine waves are shown separately.
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Figure 2.8: Transmission of an OFDM signal with a cyclically extended guard time over a two-
path channel. For simphcit)' three BPSK modulated sine waves are shown separately.
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Insertion of an appropriate cyclically extended guard time eliminates ISI and ICI in a
linear time dispersive channel but it also introduces a loss in the signal-to-noise ratio (SNR)

and an increase in the bandwidth. The SNR loss is given by

SNR,. (dB)=10log 2.8)
T ler
and the bandwidth expansion factor is given by
bandwidth expansion factor = (2.9
T-T,

P

2.2.4 Windowing

For an infinite number of sub-channels, the OFDM spectrum exhibits the ideal
brick-wall characteristic. For a finite number of sub-channels, the OFDM spectrum

exhibits a relatively slow decay, according to a sinc(-) function. Such a spectral

characteristic will therefore cause high interference to users of adjacent frequency bands.
“Non-contained” spectra are associated with sharp phase transitions in the signal’s
symbol boundaries. “Contained” spectra, on the other hand, are associated with smooth
phase transitions in the signal’s symbol boundaries. Accordingly, in OFDM a raised cosine
window is often used to allow the amplitude of an OFDM symbol to go smoothly to zero

at the symbol boundaries [44-46]. The raised cosine window is given by [44-40]

sin® (/28T ), te [0, AT]
1, te[Br,T]
cos’(z(+ - T)/2BT), te[T,(1+B)T]

0, elsewhere

w(s) = (2.10)

where f is the raised cosine window rolloff factor and T  is the OFDM symbol duration.
The time structure of a windowed OFDM signal is shown in Figure 2.9. At the
transmitter, the last “7T,,” samples of the IFFT output are inserted at the start of the
OFDM symbol and the first “ ST ” samples of the IFFT output are inserted at the end of
the OFDM symbol. Subsequently, the OFDM symbol is multiplied by the raised cosine

window. Finally, consecutive OFDM symbols are delayed with respect to one another by

T so that there is an overlap region of ST . At the receiver, the first “T,,” samples and

the last ““ BT samples of the OFDM symbol are discarded.
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Iy u- e

Figure 2.9: Time structure of a windowed OFDM signal.

We shall now evaluate the PDS of an OFDM signal with raised cosine windowing.
We start by determining its mean value and its auto-correlation function (ACF) and only

then we determine its PDS. We write the OFDM signal as
%(/) = Px.e{x(/y*"1 (2.11)

where x(/) is its complex envelope and J\| is the frequency of its first sub-carrier, and we

write the complex envelope of the OFDM signal as

N-
2.12)
k=-co ,,=0
-Tr
2/enf/-T(
T-Tip
. t& [pT,T]
.(0- i) (2.13)
cos-{n{i-T)I2pl-)e , e[T,(1+yg)T]
0, elsewhere
where denotes the complex modulation symbol conveyed in time slot k& and sub-

channel n, N is the number of OFDM sub-channels, 7 is the OFDM symbol duration,

T"p is the OFDM cyclic prefix duration and (3 is the raised cosine window rolloff factor.

The mean value of the OFDM signal, E/x{")], is related to the mean value of its

complex envelope, £'[x(/)], as follows"

= Re{E[x(/)]g""'} » MA.ae(ir) (2.14)
where
K-l
z Zdw .,kf-"1). (2.15)
==

- Throughout this thesis, £/] denotes the expectation operator.
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By assuming that the mean value of the complex modulation symbols is zero, ie.,

ElX,,]=0, then

E[Z(#)]=0 (2.16)
The ACF of the OFDM signal, ¢@_ (z‘ +7, t), is related to the ACF of its complex

envelope, @..(¢+7,7), as follows’
o_(t+7,8)=Relp_(r +7,0)e77} @.17)

where

P (t+Tt)=EE[xt-rT ] Zii

Nll

~Elx Xt X o, 1g,,‘(t+T—k1T)g:z(t—,é2T)(2.l8)

By assuming that the complex modulation symbols conveyed in different time slots and

different sub-channels are independent then

1 . 0, k %k, Oof n, £n,
B Xm0 @19)
2 A O,, k,=k,=kand n,=n,=n

n

and
o N-1
Ot +7,0)= > D> 02g,(t+7-kT)g, (¢ —£T) (2.20)
k=—c0 n=0
Note that since the mean value and the ACF of the complex envelope of the OFDM

signal are periodic in time with period T, i.e.,

m(t+ £T)=m.(t)=0 (2.21)

P (t+ET + 7,0+ £T) =9 (¢ +7,1) (2.22)

then the mean value and the ACF of the OFDM signal are also periodic in time with the

same period T, ie.,

3 Strictly speaking, this expression is valid if and only if E[%(s+7)%(r)]=0 [43]. To citcumvent this
difficulty, we may alternatively write the OFDM signal as x(¢) = Re{?c'(t)e Jer1+®) }, where %(#) is its complex

envelope, f, is the frequency of its first sub-carrier and @ is a random angle uniformly distributed over 27

radians.
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m (t+kT)=m (t)=0 (2.23)

P (t+AT+1,t+AT)=9_(r+7,2) (2.24)

Accotdingly, an OFDM signal is a cyclo-stationary stochastic process (at least in the wide-

sense) and hence we determine its average PDS by Fourier transforming its average ACF

[49-51]. The average ACF of the OFDM signal, ¢_ (), is given by
7)== (g [0 (e +7,2)a (2.25)
T T

and by substituting (2.17) into (2.25) then

.(0) = Beeh™ + = G (o) 229

where @_.(7) is the average ACF of the complex envelope of the OFDM signal, i.e.,

9 (7)= _[ (t+7,2)dt (2.27)

L (s
T
This average ACF can be found by using (2.20) in (2.27) and carrying out the integration.
Thus,

[ (T) =

17

1,0 02

where @, (r)=g,(r)* g (- 7) is the ACF of g, (¢).

The average PDS of the OFDM signal, @ _(f), is given by
= 0. (e) 7 dr (2.29)
and by substituting (2.26) into (2.29) then

B_(1) =3Bl - 1)+ Bl 7~ 1) 230)

where ®@_( f ) is the average PDS of the complex envelope of the OFDM signal, i.e.,

= ?@; (v)e " dr (2.31)
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This average PDS can be found by using (2.28) in (2.31) and carrying out the integration.
Thus,

;;(f)=;Zaf<I>gﬁg, (#) (2.32)

where ® (H=lc,(f )|2 is the energy density spectrum of g (#) and G,(f) is the

spectrum of g,(#). The energy density spectrum for g, (#) is given by

glgﬂ

cosz[ﬂm(f—T_TCPH o )
f): D T “sinc Kf—m—jT (2.33)
[eas- )|

Figure 2.10 shows the PDS of an OFDM signal with raised cosine windowing for
B =0,0.025,0.05 and 0.1. Note that both the horizontal axis and the vertical axis have

been normalised in this figure. The horizontal axis has been normalised to the centre

frequency f,

centre

and the 3dB bandwidth B, of the OFDM signal given by

N/2-1/2
Sun =+ S @234
B, = — (2.35)
T-T,

The vertical axis has been normalised to the maximum wvalue in the PDS. A raised cosine
window significantly improves the spectral characteristics of an OFDM signal but it also

diminishes the delay spread tolerance of the same signal by AT .
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Figure 2.10: PDS of OFDM/BPSK signals with J\ =1 , N =48, T =4000 ns, l\j, =800 ns
and =0, 0.025, 0.05 and 0.1.

2.3 Drawbacks of OFDM

Fhe main advantage of OFDM is its capability to handle the time dispersive effects
of a multi-path fading channel. Long symbol durations allow for relatively long cyclic prefix
durations to eliminate ISI and ICI with minimal SNR loss. Van Nee and Prasad have
shown that for a given delay spread, the implementation complexity of an OFDM system is
significantly lower than that of an equivalent single-carrier system with a time-domain
equaUser [45]. However, OFDM systems also exhibit other advantages when compared to
single-carrier systems. Specifically, OFDM can be used in conjunction with bit loading
techniques to improve the capacit}” of a highly frequency selective channel and it can also
be used to deploy single frequency networks (SFN) to improve the spectrum efficiency of
broadcasting systems. Bit loading techniques and SFNs are discussed in section 2.5.1 and
section 2.5.2, respectively.

The two main disadvantages of OFDM are its vulnerability to synchronisation errors,

such as symbol timing offsets and carrier frequency offsets, and to non-linear distortion.
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The effects of synchronisation errors and non-linear distortion in OFDM systems are

discussed in section 2.3.1 and section 2.3.2, respectively.

2.3.1 Synchronisation errors

In this section, we highlight the effects of symbol timing and carrier frequency
offsets in OFDM systems [44,45,52-54]. Catrier frequency offsets originate from frequency
differences in the local oscillators at the transmitter and the receiver used to convert the
baseband signal to a bandpass signal and vice versa. Symbol timing offsets originate due to
an uncertainty to establish the OFDM symbol boundaries.

Carrier frequency offsets induce a frequency domain shift in the spectrum of the
received OFDM signal. If the frequency offset is an integer multiple of the sub-carrier

spacing of 1/(T—TCP) then the sub-carriers are still orthogonal but the nth received

symbol does not correspond to the nth transmitted symbol and hence a very high bit error
rate (BER) occurs. If, however, the frequency offset is not an integer multiple of the sub-

carrier spacing of 1/ (T —T,,) then a reduction of the power of the desired received symbol

and ICI from other sub-carriers occur. These effects occur for at the sampling frequencies
not only is the peak value of the desired sinc(-) function not obtained but also values of
other sinc(-) functions are obtained. Essentially, such a frequency offset destroys the
orthogonality between the sub-carriers for these will not anymore contain different integer
numbers of cycles within the FFT “integration time”. The amount of ICI for the sub-
carriers in the centre of the frequency band is approximately twice as large as that for the
sub-carriers on the edge of the frequency band because at a certain frequency distance
more interferers affect the former than the later. Frequency offsets therefore induce

degradation in the BER. Figure 2.11 shows the effects of a frequency error of Af .

OFDM is more robust to timing offsets or FFT window time misalignments rather
than to frequency offsets because the symbol timing offset may vary over an interval equal
to the cyclically extended guard time without causing any ISI or ICI. When a timing
misalignment extends over the OFDM symbol boundaries then ISI and ICI occur. When,
however, a timing misalignment does not extend over the OFDM symbol boundaries then
no ISI or ICI occur and it is as if each sub-carrier was only phase offset. The relation

between the phase offset @, of the nth complex sub-carrier and the timing offset 7 is

given by
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o = (2.36)

where is the frequency of the nth complex sub-carrier. For an OFDM system with N
sub-carriers and a sub-carrier spacing of 1/(T-T"p), a timing delay of one sampling
interv*al of [T-T”p)j N causes a significant phase shift of 2./r(1- I/N) between the first

and the last sub-carriers. These phase shifts add to any phase shifts already present due to a
linear time dispersive channel and need to be estimated to perform coherent detection, as
explained later.

Figure 2.12 shows the earliest and latest possible timing offsets that do not yield any
ISI or ICI. Generally, we may distinguish between two t)'pes of timing offsets or FFT
window time misalignments, negative time shifts and positive time shifts. An OFDM
symbol with a cyclic prefix only allows for negative time shifts if both ISI and ICI are to be
avoided. An OFDM symbol with both a cyclic prefix and a cyclic postfix allows for both
negative and positive time shifts. It is important to note, however, that any window
misalignment will compromise the delay spread tolerance of the OFDM signal.

Other sources of problems in OFDM systems include oscillator phase noise
stemming from inaccuracies in the transmitter and receiver oscillators [52,53,55-59] and
sampling frequency errors [60,61]. These effects also introduce ICI in the received OFDM

signal.

Amplitude A

NIT-T(r) «/(T-To.) G+ Frequency

Figure 2.11: Effects of a frequency error of A/': reduction of the power of the desired received

symbol (o) and ICI from other sub-carriers ().
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Figure 2.12: Earliest and latest possible timing offsets that do not yield any ISI or ICI. For
simplicit)' three BPSK modulated sine waves are shown separately.

2.3.2 Non-linear distortion

In this section, we highlight the effects of non-hnear distortion in OFDM systems.
Since an OFDM signal generally consists of a large sum of independently modulated sub-
carriers then it may exhibit large signal excursions and a large PAPR. Accordingly, an
OFDM signal is very \oilnerable to non-linear distortion caused by any non-hnear element
in the OFDM communication system such as HPAs.

The effect of a non-hnearit) on an OFDM signal can be appreciated from two
different perspectives. From one view point, the large signal excursions occasionaUy reach
the non-hnear region of any non-hnear element in the system and hence the non-hnearity
output is a distorted rephca of the non-hnearity input. From another view point, any non-
hnear element in the system introduces severe harmonic distortion (HD) and IMD due to
the multi-carrier nature of an OFDM signal. For example, the response of a third-order or
cubic non-hnearity to a sum of sine waves with frequenciesf, 1,...,N, corresponds to a
sum of sine waves consisting of the original sine waves with frequencies /—1,.../si,
harmonics with frequencies 1,...,N,, and intermodulation products (IMP) of the type

where /,j and k are integers that distinguish the different input
frequencies. Generahy, the response of an nth-order non-hnearity to a signal consisting of a
sum of sine waves corresponds to a signal also consisting of a sum of sine waves with
frequencies corresponding to every possible combination of sums and/or differences of n
input frequencies. These newly generated frequencies can faU in-band or out-of-band.

Frequencies that fah in-band are associated with signal error probabihty" degradation and
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frequencies that fail out-of-band are associated with signal spectral spreading. Note that the
two perspectives discussed above are related as the large signal excursions are the
consequence of the multi-carrier nature of the OFDM signal.

Some of these considerations are illustrated in Figure 2.13 and Figure 2.14. Figure
2.13 shows the amplitude spectrum of the response of a non-linearity exhibiting up to
third-order non-Hnear behaviour to a 3 sub-channel OFDM signal with sub-carrier
frequencies J/, J/ and JJ. From this figure we observe that for narrowband systems
frequencies resulting from even-order non-linear behaviour can in general be filtered out as
they fall out-of-band whereas frequencies resulting from odd-order non-linear behaviour
cannot as they may fall in-band. Third-order IMPs of the spe: and 2f— are the
most problematic. The number of IMPs of t)"pe and 2f-fj falling in sub-channel n

for an OFDM signal with N sub-channels are given respectively by [62]

(2.37)

(2.38)

Figure 2.14 shows the total number of third-order IMPs as a function of sub-channel
number for OFDM signals with different numbers of sub-channels. From this figure we
observée that for the sub-channels on the edge of the band the number of IMPs is the
lowest and for the sub-channels in the centre of the band the number of IMPs is the
highest. It is therefore expected that the sub-channels located on the edge experience less

degradation than the sub-channels located in the centre (see chapter 5 and chapter 6).
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Figure 2.13: Amplitude spectrum of the response of a non-linearity exliibiting up to third-order
non-linear behaviour to a 3 sub-channel OFDM signal with sub-carrier frequencies//,
J2 and /j- For simplicity the amplitude spectrum for unmodulated OFDM sub-carriers
is shown.
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Figure 2.14; Total number of third-order Ihffs as a function of sub-channel number for OFDM
signals with different numbers of sub-channels.

Recendy, considerable attendon has been devoted to the performance assessment
and performance improvement of non-linearly distorted OFDM signals. To assess the
performance of a non-hnearly distorted OFDM signal its PDS and its error probabihty
have often been determined either by analysis [13-25], simulation [63,64], or hybrid
analydcal-simuladon procedures [65,66]. PAPR reduction techniques such as chpping and
peak windowing [67-69], peak cancellation [70], selective mapping and partial transmit
sequences [71-76] and PAPR reduction codes [77-81] have been proposed to improve the
performance of non-hnearly distorted OFDM signals. For example, PAPR reduction codes
introduce a set of redundant symbols into the set of data symbols in order to eliminate
combinations that produce high peaks. Moreover, pre-distortion techniques have also been
proposed to improve the performance of non-hnearly distorted OFDM signals [82-84].
Pre-distortion rehes on the prior distortion of an OFDM signal such that the effect of non-

hnearly distorting the distorted OFDM signal yields the original OFDM signal.

24 Elements of OFDM communication systems

Figure 2.15 depicts the principal elements of an OFDM communication system. In
section 2.2, we have introduced the role of the IFFT and the FFT, the cychc extension and
the window. In this section, we consider other elements of an OFDM communication
system such as encoders/decoders, interleavers/deinterleavers and mappers/demappers.

Moreover, channel estimation and synchronisation operations are also considered.
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Figure 2.15: Principal elements of an OFDM communication system.

241 Coding/decoding and intetleaving/deinterleaving
blocks

We have shown in section 2.2.3 that the nth complex received symbol is an
attenuated and phase shifted version of the nth complex transmitted symbol, where the
attenuation and phase shift are given by the frequency response of the channel evaluated at
the nth sub-carrier frequency (see (2.7)). Generally, the complex data symbol received in

time slot k and sub-channel n, R, ,, and the complex data symbol transmitted in time slot k

and sub-channel n, §, ,, are related by
Rk,n = Hk,n‘Sk,ﬂ + Nk,n (2'39)

where H, , is the channel frequency response in time slot k and sub-channel nand N, , is

a complex Gaussian RV. If the channel is a mult-path fading channel with many
propagation paths between the transmitter and the receiver and without any line-of-sight

propagation path then the amplitude of the transfer factors H,, is Rayleigh distributed.

Accordingly, some sub-carriers will be amplified resulting in high SNR based decisions at
the receiver whereas other sub-carriers will be attenuated resulting in low SNR based
decisions at the receiver. In the presence of Rayleigh fading, the error rate decreases only
inversely with the SNR whereas, in the absence of Rayleigh fading, the error rate decreases

exponentially with the SNR [42].
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In OFDM channel coding is used so that the correctly received data of the relatively
strong sub-carriers corrects the erroneously received data of the relatively weak sub-
carriers. A number of channel coding schemes have been proposed for OFDM
applications including block codes [44,45], convolutional codes [44,45,85], concatenated
codes [38,39,44,45] and turbo codes [44,45,86]. Moreover, trellis-coded modulation has
also been proposed for OFDM applications [40,44,45].

Occasional deep fades in the frequency response of the channel cause some groups
of sub-carriers to be less reliable than other groups and hence cause bit errors to occur in
bursts rather than independently. Since channel coding schemes are normally designed to
deal with independent errors and not with error bursts then interleaving techniques are
used to guarantee independence by effecting randomly scattered errors. At the transmitter,
after encoding, the bits are permuted in such a way that adjacent bits are separated by
several bits. At the receiver, before decoding, the reverse permutation is performed. Block
or convolution interleavers can be used to accomplish this task [44,45]. For example, block
interleavers write the bits in a matrix column by column and read the bits out from the
mattix row by row.

Coding and interleaving techniques are therefore exploited to provide a link between
independently fading time slots and sub-channels so that the information conveyed by well
received sub-carriers corrects the information conveyed by fading sub-cartiers. Note that
the amount of separation in time and frequency that the intetleaver ought to introduce is
dictated by the coherence time and the coherence bandwidth of the channel®. Particularly,
to guarantee for independently fading time slots and sub-channels the amount of
separation in time has to be higher than the coherence time of the channel and the amount

of separation in frequency has to be higher than the coherence bandwidth of the channel.

4 The coherence bandwidth is a statistical measure of the range of frequencies over which the channel
frequency response is essentially flat, or, in other words, the range of frequencies over which any two
different frequency components conveyed over the channel have a strong potential for amplitude cotrelaton.
The coherence time is a statistical measure of the time duration over which the channel impulse response is
essentially invariant, or, in other words, the time duration over which any two delayed versions of the same
signal conveyed over the channel have a strong potential for amplitude correlation. The coherence time
corresponds to the inverse of the Doppler spread introduced by the channel and the coherence bandwidth

corresponds to the inverse of the delay spread introduced by the channel [42).
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2.4.2 Mapping/demapping blocks

At the transmitter, after encoding and intetleaving, the bits to be conveyed in the kth
OFDM time slot and the nth OFDM sub-channel are mapped to a convenient modulation

symbol, S, . At the receiver, before de-interleaving and decoding, the received modulation
symbols, R, ,, are demapped yielding the bits conveyed in the kth OFDM time slot and

the nth OFDM sub-channel’.

The mapping between the bits to be conveyed in each OFDM time slot and sub-
channel and the complex modulation symbols, S, ,, can be carried out with or without
differential encoding. With no differential encoding, the data bits are directly mapped to
the complex modulation symbols, S, ,. Examples of this modulation technique include M-
ary phase shift keying (M-PSK) or M-ary quadrature amplitude modulation (M-QAM),
where groups of log, M bits are mapped to a particular point in an M-PSK or an M-QAM
signal constellation. Figure 2.16 illustrates Gray coded 16-PSK and 16-QAM signal

constellations, where binary digit words assigned to adjacent symbol states differ by one

binary digit only.
16-PSK 16-QAM
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Figure 2.16: Gray coded 16-PSK and 16-QAM signal constellations.

5 For hard decision based decoding, the demapper indeed yields the bits from the modulatdon symbols.
However, for soft decision based decoding, the demapper yields a measure of the analogue etror caused by
the noise for each possible modulation symbol. The performance in noise for soft decision decoding is higher
than that for hard decision decoding [42,85]. However, the complexity of soft decision decodets is also higher
than that of hard decision decoders [42,85]. In this section, we shall only consider hard decision decoding.
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With differential encoding, the data bits are not directly mapped to the complex

modulation symbols, §,,, but rather to the quotient, B,,, of two successive complex

modulation symbols, either in the time direcion or in the frequency direction. If

performed in the time direction then

Sk,ll = Sk—l,ﬂ Bk,rl (2'40)

and to initialise this differential encoding process each sub-carrier of the first OFDM

symbol conveys a known/reference value. If performed in the frequency direction then
'Sk,ﬂ = Sk,n—]‘Bk,n (2.41)

and to initialise this differential encoding process the first sub-carrier of each OFDM

symbol conveys a known/reference value. Examples of this modulation technique include
M-ary differential phase shift keying (M-DPSK), where B, , € {e"z””'/ Mim=0,...,M - 1}.
Coherent detection or differential detection is employed at the receiver depending on

the mapping scheme. For mappings without differential encoding then coherent detection

is used at the receiver, whereby the decision is based on the quotient D, , given by

R/en Nkn
D,, — =5, = (2.42)
’ Hk,n ' Hk,rl

where H,, is an estimate of the channel transfer factor H,,° Such an estimate is

important to identify the amplitude and phase references of the constellation in each
OFDM sub-carrier so that the complex data symbols can be demodulated correctly. The
principal advantage of OFDM follows from this simple equalisation operation. Essentially,
by transmitting on multiple narrowband sub-channels the overall frequency selective
channel is transformed into a collection of flat fading channels whose only effect is to
introduce a random attenuation/phase shift in each OFDM sub-catrier. Accordingly, an

OFDM channel equaliser corresponds to a bank of complex multipliers.

¢ Muldplication of the received symbols by 7/19';(,,, corresponds to an equalisation operation based on the
zero-forcing (ZF) criterion. A ZF criterion aims at minimising the ISI regardless of the noise power. An
equalisation operation based on the minimum mean square etror (MMSE) critetion would cottespond to a
multiplication of the received symbols by A" k,,,/(|ﬂk,,l|2+02 /0%s), where ¢’ is the variance of the data symbols
and o7, is the variance of the noise. An MMSE criterion aims at minimising the combined effects of ISI and
noise and hence the performance of an MMSE equaliser is higher than that of a ZF equaliser, especially for

channels with spectral nulls [42)].
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For mappings with differential encoding then differential detection is used at the
receiver. If differential encoding has been performed in the time direction then differential
detection is achieved by comparing the information on the same sub-carrier in consecutive

OFDM symbols and the decision is based on the quotient

R‘/e,ﬂ _ Sk—l,an,ﬂHk,n + Nk,n
Rk—l,rz Sk—l,nHk—l,ﬂ + N/c—l,n

D,, = (2.43)
If differental encoding has been performed in the frequency direction then differential
detection is achieved by comparing the information on consecutive sub-carriers in the same

OFDM symbol and the decision is based on the quotient

Rk,ﬂ Sk,n—lBk,ﬂHk,n + Nk,n
Rk,n—l Sk,n—lH/é,n—l + Nk,n—l

D, =

kn

(2.44)

Note that, in the absence of noise, the symbol containing the information is recovered

provided that the channel transfer factors H,, and H,,, or H,, and H,, , are identical.

=1
Therefore, encoding in the time direction requires that the signalling interval is smaller than

the coherence time of the channel so that H, , = H, ,, whereas encoding in the frequency

direction requires that the sub-catrier spacing is smaller than the coherence bandwidth of

the channel so that H,, = H,, ;.

Differential schemes, when compared to non-differential schemes, are very robust to
residual phase offsets caused by a symbol timing offset or a non-perfect phase lock
between the transmitter up-converter oscillator and the receiver down-converter oscillator.
Moreover, differential schemes allow simpler receiver implementations because no channel
estimation is necessary. However, in the presence of noise, differential detection exhibits upte

3 dB degradation in the SNR when compared to ideal coherent detection [42].
2.4.3 Channel estimation operations

We have shown in section 2.4.2 that whilst for differential detection no channel
estimate is necessary, for coherent detection a channel estimate is necessary. Such an
estimate is important to identify the amplitude and phase references of the constellation in
each sub-carrier so that the complex data symbols can be demodulated correctly.

Channel estimation in OFDM systems involves the insertion of known symbols or a
pilot structure into the OFDM signal that yield point estimates of the channel frequency

response and an interpolation operation that yields the remaining points of the channel
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frequency response from the point estimates. These two operations are interconnected
since the performance of the estimator depends on how pilot information is transmitted
[44,45].

A typical pilot structure to track channel variations in time and in frequency is shown
in Figure 2.17. Since the channel can be viewed as a two-dimensional signal (in dme and in
frequency) sampled at the pilot positions then the two-dimensional sampling theorem
imposes limits on the density of pilots to obtain an accurate representation of the channel.
Essentially, the coherence time of the channel dictates the minimum separation of the
pilots in the time direction and the coherence bandwidth of the channel dictates the
minimum separation of the pilots in the frequency direction. On the one hand, the higher
the density of pilot symbols the better the accuracy. On the other hand, the higher the
density of pilot symbols the higher the loss in SNR and/or data rate [44,45].

One-dimensional and two-dimensional esdmators have been proposed to extract the
remaining points of the channel frequency response from the point esdmates. One-
dimensional esdmators perform first a one-dimensional interpoladon in the frequency
direcdon for all symbols containing pilots and then a one-dimensional interpoladon in the
time direcdon to estimate the remaining channel values [87]. Two-dimensional esdmators
perform a two-dimensional interpoladon based on all the pilot values [88,89]. Note that the
complexity of one-dimensional esdmators is lower than that of two-dimensional esdmators

but the former are less accurate than the later [44,45].
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Figure 2.17: Typical pilot structure (marked grey) to track channel variadons in time and in
frequency.
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2.4.4 Synchronisation operations

We have shown in section 2.3.1 that perfect symbol timing and carrier frequency
synchronisation between the OFDM transmitter and the OFDM receiver is required to
eliminate ISI and ICI. Synchronisation in OFDM systems is performed before
demodulation and involves two phases: acquisition and tracking. In the acquisition phase,
the frequency and timing errors are coarsely estimated and corrected. Then, in the tracking
phase, only small short-term deviations are estimated and corrected. A number of
techniques based on the transmission of special OFDM training symbols and on the cyclic
prefix have been proposed to perform symbol timing and carrier frequency synchronisation
[90-98]. Synchronisation techniques based on the cyclic prefix rely on the computation of
the correlation of the received OFDM signal with a delayed version of the same received
OFDM signal (the duration of the delay is equal to the duration of the useful OFDM
symbol) over an interval equal to the cyclic prefix interval. Synchronisation techniques
based on the transmission of special OFDM training symbols rely on the computation of
the correlation of the received OFDM signal with the known OFDM training symbols. In
both cases, the peaks of the correlation function yield the timing information and the phase

of the peaks of the correlation function yield the frequency information [45].

2.5 Examples of OFDM communication systems

Hitherto, OFDM has been proposed for a variety of applications including ADSL,
DAB, DVB and indoor wireless LANs. In this section, we discuss the use of OFDM in

such applications.

2.5.1 ADSL

OFDM under the acronym of discrete multi-tone (DMT) has been adopted for
ADSL [41]. ADSL is a scheme for digital high speed communication in the telephone
access network or the subscriber line, where the bit rate offered in the downstream
direction (to the subscriber) is larger than the bit rate offered in the upstream direction (to
the central office). For example, in the USA the ADSL standard supports downstream bit

rates from 1.54 to 6.1 Mbit/s and upstream bit rates from 9.6 to 192 kbit/s. ADSL is
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suitable for applications like video on demand, games, virtual shopping and internet
surfing.

Copper wire pairs are the dominating medium type in telephone access networks or
subscriber lines. Impairments in this environment include the “highly spectrally shaped”
frequency response of a typical copper wire pair and various noise sources. The attenuation

transfer function of a typical copper wite pair is given by
A(f)= eV (2.45)

where 4 is the length of the wire pair and £ is a constant of the wire pair. Noise sources
include crosstalk from other copper wire pairs in the same cable, RF noise from nearby
transmitters and impulse noise from relays, switches and electrical machines. AWGN is not
generally a limiting factor in subscriber lines for short cables but for long cables. Two
different forms of crosstalk exist, near-end crosstalk (NEXT) and far-end crosstalk
(FEXT). NEXT occurs at the central office when the weak upstream signal is disturbed by
strong downstream signals (see Figure 2.18). FEXT is crosstalk from one transmitted signal
to another in the same direction and appears both at the central office and the subscriber

(see Figure 2.19).
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Figure 2.19: FEXT.
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OFDM in conjunction with bit loading techniques has been selected for ADSL for it
efficiently combats the adverse effects in the telephone access network or the subscriber
line. Bit loading is a scheme whereby higher-order constellations are assigned to high SNR
sub-channels and lower-order constellations are assigned to low SNR sub-channels.
Essentially, OFDM in conjunction with bit loading techniques offers a practical solution to
achieve transmission rates close to the capacity of a “highly frequency shaped” linear
channel [99]. Shannon detived the “water pouting” or “water filling” theorem, which
formalises the concept of allocating higher power to lower SNR sub-channels and lower
power to higher SNR sub-channels to achieve the capacity of a “highly frequency shaped”
linear channel [100]’.

2.5.2 Digital broadcasting systems

OFDM systems have been proposed to assist the migration from old analogue
broadcasting systems to new digital broadcasting systems. For example, in Europe OFDM
has been adopted for DAB [3] and terrestrial DVB [4].

OFDM in conjunction with powerful coding and interleaving techniques, i.e., coded
orthogonal frequency division multiplexing (COFDM), has been selected for digital
broadcasting systems due to its capability to combat multi-path propagation and
narrowband interference and due to its capability to allow for the implementation of SFNZs.

Narrowband interference originates from the coexistence of analogue and digital
broadcasting systems. Narrowband interference can be combated -efficiently using
spectrum shaping techniques. Essentially, sub-carriers experiencing high signal-to-
interference ratios (SIR) are transmitted whereas sub-carriers experiencing low SIRs are not
transmitted.

The structure of an SFN is shown in Figure 2.20. In a conventional broadcasting
network, geographically adjacent transmitters transmit the same signal/program on distinct
frequencies. In a single frequency broadcasting network, on the other hand, several

geographically dispersed transmitters transmit the same signal/program synchronously on

7 Recently, OFDM in conjunction with bit loading techniques or adaptive OFDM modulation has also been
introduced in wireless systems [101]. Application of these techniques in the wireless environment is more
complex than in the wired environment for in the first case the channel varies with time whereas in the

second case it does not significantly.
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the same frequency. A receiver therefore obser\-es several replicas of the same signal
possibly attenuated and delayed with respect to one another. Provided that an efficient
means is available to combat the dispersion in time observed by the receiver then an SFN
can greatly enhance the spectrum and power efficiency of a broadcasting system. Spectrum
efficiency is improved because only a single frequency instead of multiple frequencies is
used to cover an entire region or country. Power efficiency is improved because the
coverage area served for example by two transmitters operating simultaneously is greater
than the sum of the coverage areas for each of the two transmitters operating
independently [86]. Essentially, the phenomena occurring in an SFN is analogous to the
phenomena occurring in a multi-path fading channel and hence it can be combated

efficiently with COFDM.

2.5.3 Indoor wireless LANs

Growing interest in high speed wireless packet switched services such as wireless
Internet access and wireless multimedia, on the one hand, and advances in integrated
personal computers and communication devices, on the other hand, has resurrected a high
interest in wireless LANs. Recently, OFDM has been selected as the basis for the physical
layer of a number of packet based indoor wireless LAN standards such as the
HIPERLAN2 [5] and the IEEE 802.11a [6] for the 5 GHz band, and the IEEE 802.11g [7]
for the 2.4 GHz band, after projects like the European Magic WAND demonstrated the
viabilit}' of OFDM for this type of application [102].

Transmitter

Transmitter

Weceiver

Figure 2.20; Structure of an SFN.
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For example, HIPERLAN2 is a standard to interconnect portable devices to
broadband networks based on Internet protocol (IP), asynchronous transfer mode (ATM),
or other technologies and universal mobile telecommunication system (UMTS) networks.
It offers data rates ranging from 6 Mbit/s to 54 Mbit/s and quality of service (QoS)
support and mobility support within the area of service. The topology of a typical
HIPERLAN?2 network is shown in Figure 2.21. In the centralised mode, HIPERLAN?2 is
operated as an access network via a fixed access point (AP) and the mobile terminals (MT)
communicate with APs over an air interface. In the direct mode, HIPERLAN?2 is operated
as an adhoc network without relying on a cellular network infrastructure and MTs
communicate directly with each other. In this case, a central controller (CC), which is
dynamically selected among the portable devices, provides the same QoS support as the
fixed APs.

Table 2.1 shows the main OFDM parameters of the HIPERLAN?2 standard. The key
parameter that largely determined the majority of the other parameters was the cyclic prefix
duration. To provide for robustness against delay spreads up to several hundreds of nano
seconds, which are typical of indoor environments and large factory buildings, the OFDM
cyclic prefix duration was set to 800 ns. And, to limit the SNR loss to 1 dB the OFDM
symbol duration was set to 4000 ns. A total of 52 sub-carriers are used, 48 are data carriers
and 4 are pilot carriers. The sub-carrier spacing, which corresponds to the inverse of the
OFDM symbol duration minus the OFDM cyclic prefix duration, is equal to 312.5 kHz.
And, the overall signal bandwidth, which is equal to the total number of sub-carriers times
the sub-carrier spacing, is equal to 16.25 MHz. Table 2.2 shows the different combinations
of modulation and forward error correction to obtain the different data rates ranging from
6 Mbit/s to 54 Mbit/s. Modulation schemes used are BPSK, QPSK, 16-QAM and 64-
QAM. Forward error correction uses the industrial standard convolutional code with rate
1/2, constraint length 7 and generator polynomials (133,171) octal. Higher coding rates of
9/16 and 3/4 are obtained by puncturing the rate 1/2 code.

In Europe two frequency bands have been defined for HIPERLLAN2 transmissions.
In the lower frequency band from 5.150 GHz to 5.350 GHz, the first OFDM channel is
centred around 5.180 GHz and the last one is centred around 5.320 GHz. In the upper
frequency band from 5.470 GHz to 5.725 GHz, the first OFDM channel is centred around
5.500 GHz and the last one is centred around 5.700 GHz. Consecutive OFDM channels
are spaced 20 MHz apart.
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Table 2.1:  Main OFDM parameters of the HIPERLAN2 standard.

Number of data sub-carriers 48
Number of pilot sub-carriers 4
OFDM symbol duration 4000 ns
OFDM cyclic prefix duration 800 ns
Sub-carrier spacing 312.5 kHz
3 dB bandwidth 16.56 MHz

Table 2.2:  Different combinations of modulation and forward error correction to obtain data
rates ranging from 6 Mbit/s to 54 Mbit/s.

Modulation Coding Rate Data Rate (Mbit/s)
BPSK 1/2 6
BPSK 3/4 9
QPSK 1/2 12
QPSK 3/4 18
16-QAM 9/16 27
16-QAM 3/4 36
64-QAIH 3/4 54

Fixed Network (eg aLAN)

AP AP
AP AP

HIPEKLAN?2 Radio Network

Figure 2.21: Topolog}' of a HIPERLAN2 network.
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Figure 2.22: Structure of the OFDM transceiver.

The structure of the OFDM transceiver is shown in Figure 2.22. In the transmitter
path, the binary data is encoded using a convolutional encoder, interleaved and then
mapped to QAM values. Four pilot values are added to 48 data values which are modulated
onto 52 sub-carriers using a 64-size IFFT. Subsequently, a cyclic prefix and windowing are
applied to the IFFT output. Finally, the digital signal is converted to an analogue signal, up-
converted to the 5 GHz band, amplified and radiated. In the receiver path, the reverse
operations are performed. Moreover, in the receiver path, additional training tasks such as
start-of-packet detection, automatic gain control, symbol timing and frequency offset
estimation, and channel frequency response estimation are also performed by using special

training symbols in the preamble of each OFDM packet and the pilot symbols.

2.6 Other OFDM initiatives

Throughout this chapter, we have considered an OFDM scheme where N
orthogonal sub-carriers are modulated by N complex data symbols. However, other
OFDM initiatives have been proposed in the literature

Chang and Saltzberg have introduced an OFDM scheme with bounded spectrum. In
this scheme, a set of sub-carriers spaced in frequency by 1/T (T is the useful symbol

duration) are modulated by a set of data symbols using staggered or offset QAM such that
adjacent sub-carriers are staggered or offset oppositely [103-105]. The data is filtered by a
square-root Nyquist filter with a roll-off factor between 0 and 1. Figure 2.23 shows the

bandpass transmitter and receiver of such a scheme.
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Figure 2.23: Bandpass transmitter and receiver of the OFDM scheme proposed by Chang and
Saltzberg [103-105].

Recently, Rodrigues and Darwazeh have introduced an FOFDM scheme with a
higher bandwidth efficiency [106]. In this scheme, a set of sub-carriers spaced in frequency

by 1/27" are modulated by a set of data symbols. Figure 2.24 shows the baseband

transmitter and receiver of such a scheme. The bandwidth efficiency of FOFDM is twice

the bandwidth efficiency of OFDM because in FOFDM a 1/2T inter-carrier frequency
spacing is used whereas in OFDM the inter-carrier frequency spacing is 1/T . However,

whilst each OFDM sub-carrier can be modulated by complex modulation symbols drawn
from any M-PSK or any M-QAM signal constellation, each FOFDM sub-carrier can only
be modulated by real modulation symbols drawn from a BPSK or an M-ary amphtude shift

keying (M-ASK) signal constellation otherwise severe ICI results upon demodulation.
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Figure 2.24: Baseband transmitter and receiver of the FOFDM scheme proposed by Rodrigues
and Darwazeh [106].
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Figure 2.25: Principles of the FOFDM scheme proposed by Oh and Lim [107].

Oh and Lim have proposed an alternative FOFDM scheme in the context of mult-
carrier code division multple access (CDMA) systems [107]. Essentially, Oh and Lim have
observed that if the IFFT input values X,, »=0,...,N —1 are binary and hence real then

the output IFFT values x,, £=0,...,N —1 are such that x,_, =x,. Accordingly,
instead of transmitting the N samples only the first N/2+1 samples are transmitted

because the receiver can always recover the remaining values from the received values (see
Figure 2.25). In the limit, the number of samples to be transmitted decreases by a factor of
2 and hence the bandwidth also decreases by a factor of 2.

FOFDM has been introduced by the author after completion of the research work
contained in this thesis and hence it will not be considered further. Appendix A includes
the paper written by the author which introduces the basics of FOFDM and its advantages

and disadvantages.

2.7 Summary

In this chapter, we have presented the principal ideas behind OFDM that will be
used throughout this thesis. The chapter began with a discussion of the basic OFDM
principle where concepts such as the oscillator based implementation and the FFT based
implementation of an OFDM transceiver, the guard time and the cyclic prefix and
windowing were reviewed. The drawbacks of OFDM were then reviewed. Particulatly, we
have introduced the effects of synchronisation errors and non-linear distortion on an

OFDM signal. Subsequently, the elements of an OFDM communication system including
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mapping/demapping blocks, coding/decoding and intetleaving/deinterleaving blocks, and
synchronisation and channel estimation operations were described. Examples of OFDM
communication systems including ADSL, digital broadcasting systems (DAB and DVB)
and indoor wireless LANs were then described. Finally, the chapter ended with a
discussion of other OFDM initiatives. Particulatly, we have introduced an FOFDM scheme
with twice the bandwidth efficiency of conventional OFDM schemes.

In the following chapters, we concentrate on the development of analytic techniques
to assess the impact of fibre-radio system non-linearities on the performance of OFDM
signals. These analytic techniques aim at capturing the two main effects of a non-linearity
on an OFDM signal, which are signal spectral spreading due to IMD frequency
components falling out-of-band and error probability degradation due to IMD frequency
components falling in-band. Specifically, we concentrate on the impact of the non-
linearities on OFDM/BPSK and OFDM/QPSK signals, i.e., OFDM signals with either
BPSK or QPSK moduladon in each sub-carrier. Coding/decoding and
interleaving/deinterleaving operations are not considered. Moreover, the effect of non-
perfect channel estimation and synchronisation operations or any form of interaction
between these effects and non-linear effects are not considered either. Accordingly, with
these simplifications we will be able to clearly define the effects of a non-linearity on an

OFDM signal.



Chapter 3
Impact of non-linearities on the

PDS of OFDM signals

3.1 Introduction

In the previous chapter, we have argued that any non-linear element in an OFDM
communication system will introduce . . HD and IMD due to the multi-carrier nature
of the OFDM signals. We have also argued that IMD frequency components falling out-of-
band will induce signal spectral spreading whereas IMD frequency components falling in-
band will induce signal error probability degradation. In this chapter, we develop an
analytic technique to determine the impact of non-linearities on the PDS of OFDM signals,
which enables us to evaluate the spectral spreading of OFDM signals. We note that aspects
of the research presented in this chapter have been presented in papers published in the
open literature [108-110].

The development of analytic techniques to determine the PDS of non-linearly
distorted OFDM signals has been a subject of extensive research [13-25]. Yet, since these
developments have focused on techniques for assessing the impact on the PDS of OFDM
signals of clipping devices and HPAs, which exhibit frequency independent non-linear
behaviour, then they cannot be carried over directly to determine the impact of fibre-radio
system elements, which normally exhibit frequency dependent non-linear behaviour. In this
chapter, in order to accommodate frequency dependent behaviour we use a Volterra series

to model the non-linearities encountered in the OFDM system. An introduction to the

66
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Volterra series representation of non-linearities is the subject of section 3.2. The
development of the analytical method itself and then its application to simple non-
linearities are considered in section 3.3 and section 3.4, respectively. Finally, section 3.5

summarises the main contributions of this chapter.

3.2 Volterra series representation of non-

linearities

The Volterra series representation of non-linear systems can be seen as a
generalisation of the convolution integral representation of linear systems [111,112]. This

representation relates the response y(#) of a non-linearity to the excitation x(2) as follows

BOEDISAG (3.1)

9,(2)= 'f Ibﬂ(rl,...,r”)x(t—z'l)---x(t—z'”)dz'l cedr, (3.2)

where 4,(7,,...,7,) is the nth-order kernel or the nth-order impulse response of the non-
linearity. Note that in this series expansion the first term corresponds to the familiar
convolution integral and takes into account the linear contribution of the non-linearity; the

second term corresponds to a two-dimensional convolution of x(#) and the second-order
kernel 4,(z,,7,) and is of a quadratic nature; the third term corresponds to a three-
dimensional convolution of x(#) and the third-order kernel 4,(7,,7,,7,) and is of a cubic

nature; etc. The Volterra series representation of a non-linearity can also be seen as a
generalisation of the power series representation of an instantaneous non-linearity and
hence it accommodates both frequency dependent and frequency independent non-linear
behaviour. Frequency dependence implies that the output depends on the past values of
the input whereas frequency independence implies that the output only depends on the
current value of the input. For a frequency independent non-linearity the kernels consist of

Dirac delta impulses, ie., /9”(2'1,...,2'”)=5”5(11)---5(2'”), whereas for a frequency

dependent non-linearity the kernels have some support, i.e., 4, (Z‘l,.. T ) is non-zero for

by,



Chapter 3-Impact of non-linearities on the PDS of OFDM signals 68

T, € lO, T, J,. T, € lO,T”m J, where the lower limits defining the support of the nth-order

kernels guarantee that the non-linearity is causal. Figure 3.1 shows the equivalent block
diagram for the Volterra series representation of a non-linear system.
The n-dimensional Foutier transform of the nth-order kernel yields the nth-order

transfer function of the system

oo oo

H,(fion )= [+ [0,(500007, )20 05, o, (3.3)

—oo —oo

Conversely, the n-dimensional inverse Fourier transform of the nth-order transfer function

yields the nth-order kernel of the system

oo oo

5,@rees7)= [ [H oo £ )75 050 (34

—o0 —00

The response of the nth-order contribution of a non-linearity to a sum of 7 complex
exponentials with frequencies f,, where £=12,...,7, corresponds to the sum of »"
complex exponentials with frequencies Jo TS, Tt o where
ki kyyooonk, =12,...,m. The nth-order transfer function H, (f,ﬁ,f,ez,...,f,c”) then gives
the amplitude and phase of the complex exponential with frequency f, + f, +:-+ f, .
Constant transfer functions H,(f,,...,f,)=¢,, corresponding to the n-dimensional
Fourier transform of kernels 4, (Z‘I,...,T”)= 5”5(2',)---5 (2',,), indicate  frequency

independent behaviour. Non-constant transfer functions, corresponding to the n-

dimensional Fourier transform of other kernels, indicate frequency dependent behaviour.

b
Non-i 2 b

X)) —— T i) = %) s 0
Yysterm 5, I B

Figure 3.1:  Equivalent block diagram for the Voltetra seties representation of a non-linear system.
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Note that the transfer functions of a non-linearity exhibit Hermitian symmetry

because the kernels of a non-linearity are real, i.e.,

H, (fises /) =H, (= fise s 1) (3.5)

The spectrum of the response Y(f) of the non-linearity is related to the spectrum of

the excitation X(f) as follows
v(f)=2Y.(f) (6

©o o0

Y,(f)= [+ JH, (oo £)X ) X(5)8(f = fi == 1), -, (3.7)

—o0 —o0

where () is the Dirac delta function. This relation was determined by taking the Foutier
transform of (3.1) and (3.2). Again, the familiar linear contribution and higher-order
contributions of the non-linearity are recognisable in the previous equations.

Finally, we observe that since the nth-order contribution of the non-linearity in (3.2)
ot (3.7) does not depend on the order of the arguments in 4, (7,,...,7,) or H, ( f,-.., f,),
respectively, then all kernels or transfer functions that differ only by a permutation of their
arguments are equivalent in representing the non-linearity. Hereafter, we assume without
loss of generality that the kernels and the transfer functions are symmetric functions of

their arguments, i.e., that the order of the arguments can be interchanged in 4, (7,,...,7,)

b,

and H,(f,..., f”) Note that symmetric kernels 4, (7,,...,7, ) and symmetric transfer

n

functions H;( Srseons fﬂ) can always be obtained from non-symmetric kernels

b,(%,,...,7,) and non-symmetric transfer functions H, ( £;,..., f,) as follows [111,112]

, 1
b(Tnr,)=— 245,07, (3.8)
e
and
, 1
H(firn )= 2H(fires f) (3.9)

7 permutations

of fisofs
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The Volterra series has been used extensively to model and analyse non-linear
devices, such as amplifiers [113-117] or laser diodes (LD) [118-120], and non-linear
communication systems, such as digital communication systems [121-128] or optical fibre
communication systems [129-133]. The Volterra series is mostly useful for mild non-
linearities when the number of kernels or transfer functions required to model the non-
linearities is small and hence the number of terms in (3.1) or (3.6) is also small. In this
thesis, we use a Volterra series to model and analyse non-linear OFDM communication

systems, which can be represented by three kernels or three transfer functions.

3.2.1 Finding the kernels/transfer functions of a non-linearity

To represent a non-linearity by a Volterra series its kernels and its transfer functions
have to be known. In this section, we describe an analytical method, the harmonic input
method, to determine the transfer functions and hence the kernels of a non-linearity from
the equations that define the behaviour of the same non-linearity [117,121].

The harmonic input method relies on the fact that a harmonic input results in a
harmonic output, or, in other words, an input that consists of a sum of complex
exponentials results in an output that also consists of a sum of complex exponentials. Thus,

if the input signal is given by
x(t)=) e (3.10)

where the frequencies f,,&£=1,...,7, are linearly independent, i.e., the ratio of all possible

pairs of frequencies is not a rational number, then the output signal is given by

oo

] Ibi(rl,...,r,.)iiieﬂ’”*("")]--[ie’z’”’*("")}dq---a’r,.
—o0  —oo k=1 £=1
53]

1 k=1 &=l

q

(2)

>

i=1

1]
M:

J' I/J,-(Tp---,z',- )e—jz;r(f,,lrl+-..+f,".1-,.)dz_1 ._.dz_i:leju(/“...,uf#)t (3.11)

—00

~.
I

x
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The (symmetric) nth-order transfer function is therefore obtained from the coefficient of

e/t L ) Thig result follows by realising that the response of the non-linearity to
the sum of n complex exponentals, whose frequencies f,,&£=1,...,7, are linearly
independent, contains exactly #! terms with frequencies f, + f, +--- f,, where each term
corresponds to a permutation of f, f,,..., f, in the argument of H, (fiseens /o)
Moreover, this result suggests a recursive method for evaluating the transfer functions
from the equations that define the behaviour of a non-linearity. Firstly, the system is
probed by a single complex exponential and the first-order transfer function H, (f,) is
determined; secondly, the system is probed by the sum of two complex exponentials and
the second-order transfer function H,(f,, f,) is determined; etc. This procedure continues
with one additional complex exponential being added to the input at each step. Obviously,
the (symmetric) nth-order kernel is obtained by taking the n-dimensional inverse Fourier
transform of the (symmetric) nth-order transfer function.

As an example, we determine the transfer functions and the kernels of a frequency
independent and a frequency dependent non-linearity, which will be used later in the
chapter. The frequency independent non-linearity is shown in Figure 3.2, where f ()

represents a memoryless device whose characteristics can be expanded in a power series

fR)=2 et (3.12)
i=1
so that the input-output relationship can be written as

)= 20} 6.1

i=1

The transfer functions and hence the ketnels of this non-linearity can be determined by

following the procedure outlined above.

Figure 3.2: Frequency independent non-linearity model.
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The response of the frequency independent non-linearity to a sum of n complex

exponentials, whose frequencies are assumed to be linearly independent, is

||
W Ms

g1

n

=t (3.14)
LS )

k=1 k=

]
Ms

il
-

I3

and the nth-order transfer function follows by identifying the coefficient of

e/ L) i (314), e,

H, (fis faseos ) =0, (3.15)

Finally, the nth-order kernel of the frequency independent non-linearity is obtained by

taking the n-dimensional inverse Fourier transform of its nth-order transfer function. Thus,

b, (T, Tyse.05T, ) =¢,0(7,)8(7,)-+- 8 (7,) (3.16)

n

The results in (3.15) and (3.16) are not surprising as we had already commented on the
nature of the transfer functions and the kernels for a frequency independent non-linearity.

The frequency dependent non-linearity is shown in Figure 3.3, where H'(f) and
H'(f ) are frequency responses of linear systems and f(-) again represents a memoryless

device whose characteristics can be expanded in a power series

fR)=Yex (3.17)

i=1

so that the input-output relationship can be written as

Zc j/y ){j/y —A - 2,)dA, }idzll (3.18)

where 4'(#) and 4"(¢) are the impulse responses of the linear systems.

X —— H(f) 10 H'(f) —> ¥

Figure 3.3:  Frequency dependent non-linearity model.
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By following the procedure outlined above the transfer functions and hence the
kernels of this non-lineatity can be determined. The response of the frequency dependent
non-linearity to a sum of n complex exponentials, whose frequencies are assumed to be

linearly independent, is

=i < Zﬂ‘,%H’(ﬁl Foe g f/e,- )H’( f/e, ) H,(fk, }3/27!(],:1»,...4. 5 )
& =1

i=l k=1 &

(3.19)

and by identifying the coefficient of Me/mUHL L) 0 (3.19) the nth-order transfer

function follows, i.e.,

H,(fy, foses £,) =0, H (i + fy 4+ LHGOH(S)--H(S,) (3.20)

Finally, the nth-order kernel of the frequency dependent non-linearity is obtained by taking

the n-dimensional inverse Fourier transform of its nth-order transfer function. Thus,

n

b (7,750 T, ) =0, J' KA (r, = AW (x, = A)---H(z, — A)dA (3.21)

3.3 Analytic technique

In this section, we develop an analytic technique to determine the PDS of OFDM
signals distorted by frequency independent and frequency dependent non-linearities by
deriving all the necessary mathematical relations and expressions. This development will be
carried out with respect to the model shown in Figure 3.4. In this figure, x(#) is the non-
distorted OFDM signal, y(¢) is the non-linearly distorted OFDM signal and the non-

linearity is represented by its kernels 4, (z,,...,7, ),n=1,2,3,..., or by its transfer functions

H, (f1 seees fo ), n=1,23,..., which are assumed to be symmetric.

X(Y) Non-linearity —> 20

Figure 3.4: Model used to investigate the impact of non-linearities on the PDS of OFDM signals.
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To develop this technique we take into consideration the statistical properties of
non-distorted OFDM signals. We consider an OFDM signal to be a zero-mean Gaussian
stochastic process, which implies that samples of the process are zero-mean Gaussian RVs
[13-25]. We also consider an OFDM signal to be a cyclo-stationary stochastic process,
which implies that the mean value and the ACF of the process are periodic in time with
some period T (see chapter 2). The first consideration is consistent with assumptions of
previous researchers that have developed analytic techniques to determine the PDS of
OFDM signals distorted by frequency independent non-linearities while the second
consideration is not because such researchers have implicitly assumed that an OFDM
signal is a stationary rather than a cyclo-stationary stochastic process [13-25]. With such
assumptions previous researchers treated the analysis of the PDS of non-linearly distorted
OFDM signals by using classical results relative to the analysis of the PDS of non-linearly
distorted Gaussian noise [13-25]. Therefore, the technique developed here differs from
previous techniques in two fundamental points: first, it accommodates both frequency
independent and frequency dependent non-linear behaviour; and second, it accommodates
the true (cyclo-stationary) statistical properties of non-distorted OFDM signals.

In the following sections, we first obtain the mean value and the ACF of the output
signal and then, by realising that the output signal is also a cyclo-stationary stochastic
process, we obtain the output average PDS by Fourier transforming the output average
ACF. Expressions are derived strictly for non-linearities which exhibit up to third-order
non-linear behaviour. Higher-order behaviour is not considered because up to third-order
behaviour often serves as a good approximation to a broad range of non-linearities
encountered in practice and expressions for non-linearities of order greater than three are
difficult to obtain and apply. To derive these expressions the calculation of the expectation
of the product of a number of zero-mean Gaussian RVs is of fundamental importance.
The calculation of these expectations is achieved by referring to the following theorem

[111,134]:

Theorem 1: The expectation of the product of an odd number of zero-mean jointly

Gaussian RVs, &,&,,...,&, , is zero irrespective of their mutual correlation, i.e.,

E[¢&,£]=0, nisodd (3.22)
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The expectation of the product of an even number of zero-mean jointly Gaussian

RVs, &,&,,...,¢,, is equal to the summation over all distinct ways of partitioning the RV's

into products of expectations of pairs irrespective of their mutual correlation, i.e.,
Elé,£1= S T1EEE ] niseven (3.23)

where the symbol ZH stands for the summation over all distinct ways of partitioning

the RVs into products of expectations of pairs.

Note that two partitions of the n RVs, where n is even, are distinct if one cannot be
obtained from the other by a reordering of the RVs within the pairs and/or by a reordering
of the pairs themselves [111,134]. Note also that the number of distinct ways IN of

partitioning the n RVs, where n is even, into products of expectations of pairs is [111,134]

7!

3.3.1 Mean value
The output mean value is given by
m,(1)=E[ y(#)] (3.25)

Noting that the response of the non-linearity is expressed as a Volterra series and that the
expectation of a sum of elements is equal to the sum of the expectations of the elements

then the output mean value is also given by

mj<f)=E{i%(z)}iaty"(nhim], 0 626

n=1 n=1 n=1

where 7, (¢) is the mean value of the nth-order contribution of the non-linearity. An

expression for this mean value is obtained by making use of the n-dimensional integral that

yields y,(#) and then by interchanging the expectation and integral operations as follows

m, ()= I J./J”(Tl,...,T”)E[x(t—Tl)-“x(z‘—z'”)]drl o dt, (3.27)
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A simpler expression for the mean value of the nth-order contribution of the non-
linearity is obtained by invoking theorem 1 as the expectation operator in (3.27) comprises
the product of a number of zero-mean Gaussian RVs corresponding to samples of the

OFDM process. Accordingly, if n is odd then =, (#) is zero since the expectation of the

product of an odd number of zero-mean Gaussian RVs is zero. Conversely, if n is even
then the expectation in (3.27) is broken into a sum of products of expectations of paits so

that in this case 7, () is given in terms of the nth-order kernel of the non-linearity and

the ACF of the input OFDM signal, ¢_(#+7,7). Additionally, further simplification is

achieved by making use of the fact that some of the terms that result from applying
theorem 1 to simplify the expectation operator are identical by vittue of the symmetry of
the kernels.

We have derived expressions that yield the mean value of the response of a non-
linearity exhibiting up to third-order non-linear behaviour to an OFDM signal by following

the procedure outlined above. From our derivation, the output mean value is given by

m, ()= m, (¢) (3.28)

where
m, (¢)=0 (3.29)
m, &)= [ [0,.0,)0.(c 7,1 -7, )irdr, (3.30)
and .
m, (t)=0 (3.31)

Finally, we observe that since 7, (¢) is either zero or determined only by the time-

independent nth-order kernel and the input OFDM signal ACF, which is periodic in time

with some period T, then the output mean value 7, (¢) is also periodic in time with period

T.

332 ACF

The output ACF is given by

¢, (++7,6)=E[ y(t+7) 5(#)] (3.32)
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Noting again that the response of the non-linearity is expressed as a Volterra series and that
the expectation of a sum of elements is equal to the sum of the expectations of the

elements then the output ACF is also given by

¢, (t+7,2) [ZZ}mt+Z‘yn } ZZEU t+7)y (2)= ZZ(J)“ t+7,2) (3.33)

m=1 n=1 m=1 n=1 m=1 n=1

where @ (¢+7,¢) is the cross-correlation function (CCF) between the mth-order and

the nth-order contributions of the non-linearity. An expression for this CCF is obtained by

transforming the m-dimensional and the n-dimensional integrals that yield y,_ (t+17) and
,(2), respectively, into a single (m+n)-dimensional integral and then by interchanging the

expectation and integral operations as follows

¢, (t+7,2)= I J/y (AR ) ' R

E[X(t +7- Tl)”'x(t tT7- Z.m )X(f - Tm+1)”'x(t - Tm+n)]dz-1 .'.dz-”rf'ﬂ

(3.34)

The simplification of (3.34) follows the simplification of (3.27) as the expectation
operator in (3.34) also comprises the product of a number of zero-mean Gaussian RVs
corresponding to samples of the OFDM process. Accordingly, if m+n is odd then

e, (#+7,2) is zero since the expectation of the product of an odd number of zero-mean

Gaussian RVs is zero. Conversely, if m+n is even then the expectation in (3.34) is broken

into a sum of products of expectations of paits so that in this case @, | (z+7,2) is given in

terms of the mth-order and the nth-order kernels of the non-linearity and the ACF of the
input OFDM signal, ¢_(#+7,7). Additionally, once again further simplification is

achieved by making use of the fact that some of the terms that result from applying
theorem 1 to simplify the expectation operator are identical by virtue of the symmetry of
the kernels.

By following the procedure outlined above we have derived expressions that yield the
ACF of the response of a non-linearity exhibiting up to third-order non-linear behaviour to

an OFDM signal. From our derivation, the output ACF is given by
3 3
9, (t+7,6)=2> 0,  (t+7,2) (3.35)

m=1 n=1

where
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9, (t+7,1)= I J-/Jl (z)h,(z,)0_ (¢ + T —17,,¢ —17,)d7,dr, (3.36)

¢)’|J’: (t+T’l)=3 j Ib1(71 )/73(72,73’74 )¢>oc(t+r—11’t_12)¢m(t_1-3,t_r4)d1'1 - dT, (3.37)

—oo —oo

oo oo

0, (+7.0)= [+ | A N A S e N S M (B A N
- - (3.38)

+2 J' j/jz(‘rl,rz)/72(13,74)¢n(t+1'—1'1,t—T3)¢m(t+Z'—Z'2,t—2'4)4"[1 cdr,

oo oo

¢J:J| (t+‘l',t)=3 I j./]3(2-1’TZ’TS)/JI(T4)¢»¢(;+T—THt+7—12)¢m(t+7—73,t—f4)d'f1"'d1'4 (3.39)

—~o0 —co

¢Ja)’3(t+r’t)= 9 j J.b3(z'1>1-2ar3)b?:(rxt’TSaTG)

o (t+1-1,0+7~-7,)0_(t+7—7,,0—7,)0_ (¢t —7,,t — 7, )dT, -+ dT,

- . (3.40)
+6 ! _[/;3(11,Tz,r})/%(q,z's,fﬁ)
¢mi:+;—71,t—r4 (trT—1,t - )P (t+T -1, — T )T, - dT
and
o, t+1,)=0 (t+7,0)=¢ (t+7,6)=9,  (t+7,5)=0 (3.41)

Finally, we observe that since ¢, (1 +17,¢) is either zero or depends only on the
time-independent mth-order and nth-order kernels and the input OFDM signal ACF,
which is periodic in time with some period T, then the output ACF ¢ (+17,1) is also

periodic in time with period T.

3.3.3 PDS

In sections 3.3.1 and 3.3.2 we have observed that both the output mean value and
the output ACF are periodic in time with some period T, i.e., the output signal is a cyclo-
stationary stochastic process (at least in the wide-sense) [49-51]. Thus, we determine the
output average PDS by Fourier transforming the output average ACF [49-51]. The output
average ACF is given by
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¢ ()= % [o,(+7.0)ar (3.42)

T

and by substituting (3.33) into (3.42) and by noting that the integration of a sum of

elements is equal to the sum of the integrations of each individual element then

7 =%J'[ZZ¢“ t+2'tj|dz‘—zz jgb“ t+rtdt—zz¢“ 7) (3.43)

=1 n=1 m=1 n=1 m=1 n=1

where 5]” S, (7) is the average CCF between the mth-order and the nth-order contributions

of the non-linearity.

For the non-linearity under consideration it follows that the output average ACF is

given as
9,2)=>>9,  (7) (3.44)
m=1 n=1
where
¢, ,(7)= f _[/71( 7, )b,(2,)0,., (r+7, -7, )dr,dr, = I Ib (z,)0..(z+7, -7, )dr,dr, (3.45)
oo o0 o oo _ 2wty _ _ 2Ty
9, (7)= Z > 3J' fbl(rl)b3(rz,13,r4)¢n" (c+r,-7)e T b (r,-7,)e T g, dr,
n,+n,=0 S
(3.46)
27mI (z-1,) _ -jzﬂz‘-
]212 z I Jb Tl)z- )¢xx (T _2.) T ¢’°"z (1-4—2-3.)3 T dz—l'“d14
n+n,=0 S
. = = _ama _jam
+ =Z _Z 2 J. _[/72(71:72)/’2(13174)5xx,1 (T+T3_Tl)e T ¢>o:,2 (T+T4 _72)" T dTl"'dr4
n+ny=0 T -
(3.47)
jzrm, (z-7,) _ _jzm,_zr‘
9, ( Z 3_[ fb 7,,7,,7, )b, (7, )0, (r ~7,)e T 0. (t+7,-7,) T dr,---dr,
n1+n2-0 T

(3.48)
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Jm Z 29,[ jb 7,,75,73 )43 (74,7, 7, )

”l_—cc fy=—00 yy=—co
nytny+ ny=0
2 (7-7,) 2mmt, _ 2757

¢xx”(rz_71)"j ’ ¢»« (7+T4_73) e, (T()_Ts)ej T dr,...dtg

Z6I Ibrrr W, (z,,7,,7,)

n —-°° Ny =00 fy=—00

(3.49)

ntny+ ny=0

27T, 27, T 27T

ax><,,(“"[4"71)"’j ’ ¢>«,2(7+Ts‘fz)€ T ¢,«”(T+T6-T3)e/ T dr,...drt,

and

@1]2 (T) = 5]2)’1 (T) = aJz]a (T) = ¢]3]2 (T) = O (350)

Expressions (3.45), (3.46), (3.47), (3.48), (3.49) and (3.50) were obtained by averaging
(3.36), (3.37), (3.38), (3.39), (3.40) and (3.41), respectively, after expanding the periodic
ACFs of the input OFDM signal in a complex Fourier series. Note that the complex

Fourier series expansion of the ACF of the input OFDM signal is given by

_Zmzt

e+n)= 0. (3.51)

fn=—o0

where the nth coefficient in this complex Fourier series expansion, also known as the nth

harmonic auto-correlation function (HACF), is given by

27tnt

4. () =%Tj (t+7,0) T dt (3.52)

Note also that in (3.45) we have used the fact that ¢zx0 (r)=¢_(7), ie., the Oth HACF

corresponds to the average ACF.

The output average PDS is given by
@ (f)= j ¢, (z)e " dr (3.53)

and by substituting (3.43) into (3.53) and by noting that the Fourier transform of a sum of

elements is equal to the sum of the Fourier transforms of each individual element then

588,058 T - £5,,0) 0

m=1 n=1 m=1 n=1 _oo m=1 n=1
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where @ o ( f ) is the average cross-power density spectrum (CPDS) between the mth-

order and the nth-order contributions of the non-linearity.

For the non-linearity under consideration it follows that the output average PDS is

given as
o, (/)= ggajﬂ, (f) (3.55)

where
@, (=2 (NHH - 5)=2 (/)H()H - /) (3.56)

S,,()= Y X3 [0 U (HGHCS+n/T, fumfitm/TH; 35T

{=—%° p,=—c0

2
m+ny=0

J‘ cb,oc,l (f1)5»',2 (fz)Hz(fn_ﬁ +”1/T)H2(fz:—fz +n2/T)df1ay2 a(f_”x/T)

£ 3 Y28 (B, (= S S = S fi 0 [T+ fim T

(3.58)

)= 2 > 3| AL FH (- A +m/T, fim fy+mT), (3:59)

Hy(fi= i+ /T, f=n|TH, (= f = /T, foi=fo + 05T ), (3.60)
3 Y[ [E. (B (L. (- £ )

ny=—00 my=—copy=—o0 _ .

ny4ny+ ny=0

Hy(f, forf = i = LYHS (= f 4, [T = fo 4 m, [T~ f + fi + [, +ny [T,

and

@ (f)=2, (f)=2, (f)=9, (f)=0 (3.61)
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Expressions (3.56), (3.57), (3.58), (3.59), (3.60) and (3.61) were obtained by taking the
Fourier transform of (3.45), (3.46), (3.47), (3.48), (3.49) and (3.50), respectively. Moreover,

in (3.56), (3.57), (3.58), (3.59) and (3.60) the nth HPDS of the input signal 6”{” (f)
corresponds to the Foutier transform of the nth HACF of the input signal ¢:x (7), in

(3.56) we have used the fact that 5,% (f ) =Q_ (f ), i.e., the Oth HPDS corresponds to the

average PDS, and in (3.58) &() denotes the Dirac delta function.

Finally, it is interesting to observe that our expressions can be seen as a series
embedded in a series. One of the series yields the various contributions of the non-linearity
whereas the other series yields the contributions of the HPDSs of the input signal to the
PDS of the output signal. It is also interesting to observe that our expressions reduce to the
familiar Bedrosian-Rice expressions when the input signal is not cyclo-stationary but
stationary. Note that our expressions give the PDS of the response of a Volterra non-
linearity to a zero-mean Gaussian cyclo-stationary process whereas the Bedrosian-Rice
expressions give the PDS of the response of such a non-linearity to a zero-mean Gaussian

stationary process [121].

3.4 Analytic and simulation results

In this section, we investigate the application of the PDS expressions to specific

OFDM/BPSK signals distorted by specific non-lineatities. We write the OFDM signals as
x () =Re{x(¢) e} (3.62)

where %(¢) is its complex envelope and f, is the frequency of its first sub-carrier, and we

write the complex envelope of the OFDM signals as

o  N-1
()= D > X,,8,(t—£T) (3.63)
k=—oc0 n=0
jZmI(t—TC,,)
g(n)=1¢ 77, rel0T] (3.64)

0, te[0,T]
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where X, , denotes the complex modulation symbol conveyed in time slot £ and sub-

channel 7, N is the number of OFDM sub-channels, T is the OFDM symbol duration
and T,, is the OFDM cyclic prefix duration. We assume that the mean value of the

complex modulation symbols is zero and we also assume that the complex modulation
symbols conveyed in different time slots and different sub-channels are independent®. We
consider OFDM signals with rectangular windowing and not OFDM signals with raised
cosine windowing in otder to facilitate the evaluation of the HACFs and the HPDSs of the
signal.

We have found in chapter 2 that the mean value of the OFDM signal, E[x(t)], is

related to the mean value of its complex envelope, E[?c(t)] , as follows

E[x(#)]=Re{E[#(2) ]/} mauc) (3.65)
where
E[%(s)]= i IEE[X,M lg, (1= £T) = maw:0 (3.66)

We have also found in chapter 2 that the ACF of the OFDM signal, ¢_ (¢ +7,¢), is related

to the ACF of its complex envelope, @ (¢ +7,#), as follows

9. (t+7,t)=Re{g (t+7,1)e"} (3.67)
where
oo 11 o N-1
L (t+7,0)= ZZEEM ) ]g (t+7-kT)g(1—£T)= D > 0lg,(t+7-kT)g,(+—£T) (3.68)
k=—c0 n=0 k=—c0 n=0

Note that since the mean value and the ACF of the complex envelope of the OFDM

signal are periodic in time with period T, i.e.,

my(t+ET)=m,(t)=0 (3.69)

Pt + AT + 7,0+ £T) =@ (¢t +7,2) \ (3.70)

8 The zero-mean condition is satisfied provided that the modulation symbols take any value belonging to an
M-PSK or an M-QAM signal constellation with equal probability. Independence is satisfied in a vatety of
situations including COFDM systems provided that an interleaver is employed. Independence would not be

satisfied in situations where PAPR reduction codes are employed.
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then the mean value and the ACF of the OFDM signal are also periodic in time with the

same period T, Le.,

m (t+&T)=m_(t)=0 (3.71)

O (t+£T+7,1+kT)=9¢_(t+7,2) (3.72)

Note also that the central limit theorem (CLT) ensures that the distribution for the samples
at a particular time instant of different realisations of an OFDM signal approach a (zero-
mean) Gaussian distribution when N is large (see Figure 3.5). Consequently, an OFDM

signal is indeed a cyclo-stationary (zero-mean) Gaussian stochastic process.

The Ith HACF of the OFDM signal, 5,«, (7), corresponds to the Ith coefficient in
the complex Fourier series expansion of its ACF, @_ (¢ +7,¢), i.e

27t

9., (7) %'f (t+7,0) T dr (3.73)
T
and by substituting (3.67) into (3.73) then
6. (€)= s, (2% + G () 6.74)

where 5;&1 (7) is the Ith HACF of the complex envelope of the OFDM signal, i.e.,

27wt

I (t+7,0) " T dr (3.75)
T

1
. \T)=—
¢xx,( T

This HACF can be found by using (3.68) in (3.75) and carrying out the integration. Thus,

& Tl [ir |T|) L
7 ()= ,,Z;’G” - sinc —— T, , ld<T (376)
0, [>T

The Ith HPDS of the OFDM signal, 6:“/ (1), corresponds to the Fourier transform

of its Ith HACF, 5)0(, (r),ie.,
= 4., (@) (3.77)

and by substituting (3.74) into (3.77) then
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10
12 sub-channels
24 sub-channels
36 sub-channels
48 sub-channels
{
10
1
10
] Gaussian distribution
10
10

-4.5 = -3.5 -3 -2.5 -2 -1.5 1 -0.5 0

Fhgure 3.5: Cumulative distribution function (CDF), FfxJ, for the samples at a particular time
instant of different realisations of OFDM/BPSK signals with J| =1 ,

T - 4000 ns, =800 ns and N = 12, 24, 36 and 48 . The x-axis is normalised to the

mean jU and standard deviation (J of the distributions.

(N=-hs,(/'-/)+'t>c(-f - L)l G-V

where 0 —(/ ) is the /th HPDS of the complex envelope of the OFDM signal, i.e.,

(3-V9)

This HPDS can be found by using (3.76) in (3.79) and carrying out the integration. Thus,

sin T sine , _ T
Ml T-7;, T, T-T,, T,
sin /1 / - T smec l— T (3.80)
T-T: T-T
N-1
~erjTsinc- . T 1-0
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We have obtained the PDS of the response of both a simple frequency independent
and a simple frequency dependent non-linearity, which exhibit up to third-order non-linear
behaviout, to the OFDM signals. The frequency independent non-linearity is modelled as

in Figure 3.2 where the characteristic of the memoryless device f (-) is given by

fR)=cz+ex’ +ex’ (3.81)
with ¢, =1, ¢, =0 and ¢, =—0.25°, The transfer functions for this non-linearity can be
obtained from (3.15) by noting that ¢, =1, ¢, =0, ¢, =—=0.25 and ¢, =0 for #»>3.

The frequency dependent non-linearity is modelled as in Figure 3.3 where the

characteristic of the memoryless device f(*) is also given by

fR)=cg+e2’ +63 (3.82)

with ¢, =1, ¢, =0 and ¢; =-0.25, and H'( f ) and H ’( f ) are frequency responses of two

bandpass first-order Butterworth filters

(3.83)
b

S _Jo
B

H'(f)=H'(f)= (
fo S

where f, is the centre frequency and B is the 3 dB bandwidth of the bandpass filters. The

centre frequency and the 3 dB bandwidth of the bandpass filters were set to be equal to the
centre frequency and the 3 dB bandwidth of the OFDM signals, respectively. The transfer

functions for this non-linearity can be obtained from (3.20) by noting that ¢, =1, ¢, =0,
¢, ==0.25 and ¢, =0 for >3, and H'(f) and H"(f) are given in (3.83).

We have obtained the PDS of the response of these non-linearities to the OFDM
signals for a 3 dB output back-off (OBO) given by

<P our)

where Fy,r  and <POUT> are the maximum power and the average power at the output of

OBO =10log,, (3.84)

the non-linearity under consideration, respectively. The output average power is

? Although a ratio ¢, /¢y =—4 is typical for non-linear elements encountered in communication systems (e.g.,

HPAs) [135], the analysis presented hereafter is independent of the actual value of the ratio.
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determined by integrating the output average PDS. The output maximum power is

determined by taking the input signal to be a sine wave with frequency f; ( f, corresponds

to the centre frequency of the bandpass first-order Butterworth filters) and each non-
linearity to be followed by a zonal filter whose purpose is to eliminate all the harmonics but
the fundamental frequency without introducing any distortion in the band of interest. Thus,

if the input signal is given by
x(¢) = Acos(27f,t + §) (3.85)
then the output signal is given by
(t)= (flA +0.75¢,A4° )cos(Z?g‘ot +¢) (3.86)
In this case, the power in the output signal is

3 2
P (c,A+0.275¢3A ) 687

and, by using differentiation techniques, the maximum possible power in the output signal

is

3
16 ¢
OUT, -

=- 3.88
™ 162 ¢, (:89)

Note that there is a maximum output power if and only if the values of ¢, and ¢; have

opposite signs. The OBO was set by varying the power in the constellations of each
OFDM sub-channel until 2 specified value, as given by (3.84), was achieved.

Analytic results were obtained in MATLAB by inserting the appropriate transfer
functions and HPDSs of the input OFDM signal into the PDS expressions and by carrying
out the integrations numerically.

Simulation results were obtained in MATLAB as follows: Initially, an OFDM signal
was generated given a set of randomly generated BPSK symbols; subsequently, the OFDM
signal was distorted by the non-linearity; finally, the PDS of the non-linearly distorted
OFDM signal was estimated using the periodogram or direct method [136]. The simulaton
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sampling frequency was chosen so that the highest frequency component in the non-
linearly distorted OFDM signal could be accounted for'’.

The aim of our investigation is to evaluate the consequences of inserting higher-
order HPDSs of the input OFDM signal into the mathematical expressions and the
consequences for the accuracy of the (zero-mean) Gaussian approximation for the
distribution of the samples at a particular time instant of different realisations of an OFDM
signal. To examine the effect of inserting higher-order HPDSs into the mathematical
exptessions we have considered a 48 sub-channel OFDM/BPSK signal for which the
Gaussian approximation is accurate (see Figure 3.5). The other parameters of the OFDM

signal are as follows: f. =1GHg, T =4 us and T, =0.8 us. Figure 3.6 and Figure 3.7

compare the PDSs of the response of the frequency independent non-linearity to the
OFDM signal obtained by analysis and simulation. In the first figure the analytical PDS was
determined by considering only the average PDS of the input OFDM signal and in the
second figure the analytical PDS was determined by considering the HPDSs, 5’“, (f), of

the input OFDM signal for »=-3,...,3. Observation of the figures reveals that by
incorporating higher-order HPDSs into the mathematical expressions then analysis
approaches simulation. Similar trends are also observed for the case of the frequency
dependent non-linearity, as shown in Figure 3.8 and Figure 3.9. Again, in the first figure
analysis was carried out by considering only the average PDS of the input OFDM signal
while in the second figure analysis was carried out by considering the HPDSs, EXX‘ (f), of

the input OFDM signal for » = -3,...,3.

To examine the effect of the accuracy of the Gaussian approximation we have
considered a 12 sub-channel OFDM/BPSK signal for which the Gaussian approximation
is not so accurate (see Figure 3.5). The other parameters of the OFDM signal are as
follows: f, =1GHg, T =4 us and T, = 0.8 us. Figure 3.10 and Figure 3.11 still show that
analysis perfectly agrees with simulation if a sufficient number of HPDSs of the input

OFDM signal are inserted into the mathematical expressions. These figures refer to the

cases of frequency independent and frequency dependent non-linearity, respectively.

10 Note that we have used MATLAB to obtain both analytic and simulation PDS results. Analytic results were
determined by using MATLAB as a calculator, whete we have effectively implemented and solved all the
mathematical relations and expressions. Simulation results were determined by using MATLAB as a

simulator, where we have implemented all the undetlying processes unfolding in time.
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However, if only the average PDS of the input OFDM signal is inserted into the
mathematical expressions then analysis does not perfectly agree with simulation as shown
in Figure 3.12 and Figure 3.13. Again, these figures refer to the frequency independent and
the frequency dependent non-linearity cases, respectively. Evidently, we would not expect
analysis to match simulation for OFDM signals with fewer sub-channels but since OFDM
signals with fewer sub-channels are not common then we can conclude that the PDS
expressions are applicable to most cases encountered in practice provided that the sub-
channels are modulated independently so that the Gaussian approximation is valid.

It is important to mention that although the non-linearities that we have considered
produce spectral components around the fundamental frequency and the third harmonic
we have only shown the spectra around the fundamental frequency in the previous figures.
In fact, the spectral components around the harmonics can often be filtered out and hence
do not need to be considered. It is also important to mention that both the horizontal axis
and the vertical axis have been normalised in the previous figures. The horizontal axis has
been normalised to the centre frequency and the 3 dB bandwidth of the OFDM signal,
given by (2.34) and (2.35) respectively. The vertical axis has been normalised to the
maximum value of the output PDS.

Finally, we observe that by inserting only the average PDS of an OFDM signal into
the mathematical expressions then relatively good agreement is already observed between
analysis and simulation (see Figure 3.6, Figure 3.8, Figure 3.12 and Figure 3.13). In fact, the
powers calculated from the approximate PDS and the exact PDS in a selected frequency
band whose normalised limits are —1 and —0.5 are nearly identical (see Table 3.1). Cases
A and B correspond to the 48 sub-channel OFDM signal distorted by the frequency
independent and the frequency dependent non-linearity, respectively. Cases C and D
correspond to the 12 sub-channel OFDM signal distorted by the frequency independent
and the frequency dependent non-linearity, respectively. We note that with this
simplification our expressions, which apply to a zero-mean Gaussian cyclo-stationary
process, reduce to the familiar Bedrosian-Rice expressions, which apply to a zero-mean
Gaussian stationary process [121]. We also note that this simplification explains why
previous researchers that have developed analytic techniques to determine the PDS of non-
linearly distorted OFDM signals, based only on consideting an OFDM signal to be a
stationary and not a cyclo-stationary stochastic process, have obsetved good agreement

between analysis and simulation [13-25].
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Simulation
Analysis

(f- VB

t’demre 3E

Figure 3.6: PDS of the response of the trequency independent non-linearity to a 48 sub-channel
OFDM/BPSK signal. Analytic results were obtained by considering only the average
PDS of the input OFDM signal.

Simulation
Analysis

centre' 3dB

Figure 3.7; PDS of the response of the frequency independent non-linearity to a 48 sub-channel
OFDM/BPSK signal. Analytic results were obtained by considering the FIPDSs

07~ (/) of the input OFDM signal for /=-3,...,3-
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Simulation
Analysis

Figure 3.8: PDS of the response of the frequency dependent non-linearity to a 48 sub-channel
OFDM/BPSK signal. Analytic results were obtained by considering only the average
PDS of the input OFDM signal.

Simulation
Analysis

Figure 3.9: PDS of the response of the frequency dependent non-linearity to a 48 sub-channel
OFDM/BPSK signal. Analytic results were obtained by considering the FFPDSs

0~ (/) of tbe input OFDM signal for «=-3,... 3¢
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Simulation
Analysis
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Figure 3.10: PDS of the response of the frequency independent non-linearity to a 12 sub-channel
OFDM/BPSK signal. Analytic results were obtained by considering the HPDSs

0~ (/) of the input OFDM signal for //=-3,...,3-

Simulation
Analysis

-25

-35

Figure 3.11: PDS of the response of the frequency dependent non-linearity to a 12 sub-channel
OFDM/BPSK signal. Analytic results were obtained by considering the HPDSs

0~ (/) of the input OFDM signal for «=-3,... 3¢
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Simulation
Analysis

Figure 3.12; PDS of the response of the frequency independent non-linearity to a 12 sub-channel
OFDM/BPSK signal. Analytic results were obtained by considering only the average
PDS of the input OFDM signal.

Simulation
Analysis
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Figure 3.13: PDS of the response of the frequency dependent non-linearity to a 12 sub-channel
OFDM/BPSK signal. Analytic results were obtained by considering only the average
PDS of the input OFDM signal.
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Table 3.1:  Comparison of exact and approximated powers in an adjacent band.

Case A Case B Case C Case D
Exact Power 0.12 dBm 4.80 dBm 2.11 dBm 5.91 dBm
Approx. Power 0.21 dBm 4.99 dBm 1.92 dBm 6.28 dBm
Error (linearscale) 214 % 4.4 % 4.3 % 8.8 %

3.5 Summary

In this chapter, we have developed an analytic technique to assess the impact of non-
linearities on the PDS of OFDM signals. Since we have modelled the non-linearities in the
OFDM system by a Volterra series then this technique accounts for both frequency
independent and frequency dependent non-linear behaviour. Accordingly, this technique
can be used to provide a first-order approximation to the spectral spreading induced by
fibre-radio system non-linearites on an OFDM signal without the need for time
consuming simulations or costly experimentation. Moreover, this technique also provides
insight into the different mechanisms responsible for the spectral spreading.

We have developed the analytic technique by taking into consideration the statistical
properties of OFDM signals, i.e., we have considered an OFDM signal to be a zero-mean
Gaussian cyclo-stationary stochastic process. First, expressions were derived to determine
the mean value and the ACF of a non-linearly distorted OFDM signal and then, by
realising that the non-linearly distorted OFDM signal is also a cyclo-stationary stochastic
process, the expressions that give the average PDS of the distorted signal were determined
by Fourier transforming the expressions that give the average ACF of the distorted signal.
The derived expressions relate the statistics of the non-linearity output to the
HACFs/HPDSs of the non-linearity input and to the kernels/transfer functions of the
non-linearity. Moreover, the derived expressions take into account up to third-order non-
linear behaviour.

Subsequently, we have investigated the application of the PDS expressions to specific
OFDM signals distorted by both a frequency independent and a frequency dependent non-
linearity exhibiting up to third-order non-linear behaviour. We have verified that analysis
agrees perfectly with simulation provided that a sufficient number of HPDSs of the non-
distorted OFDM signal are inserted into the mathematical expressions. We have also
verified that analysis agreeshperfectly with simulation both for OFDM signals with 48 sub-

[ Q)MO S'E
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channels, for which the Gaussian approximation is highly accurate, and OFDM signals
with 12 sub-channels, for which the Gaussian approximation is not so accurate.

Finally, we have demonstrated that by inserting only the average PDS of an OFDM
signal into the mathematical expressions then relatively good agreement is already observed
between analysis and simulation appropriate to many practical situations. We have noted
that with this simplification our expressions, which apply to a zero-mean Gaussian cyclo-
stationary process, reduce to the Bedrosian-Rice expressions, which apply to a zero-mean
Gaussian stationary process. We have also noted that this simplification explains why
previous researchers that have developed expressions to determine the PDS of non-linearly
distorted OFDM signals, based only on considering an OFDM signal to be a stationary and
not a cyclo-stationary stochastic process, have observed good agreement between analysis
and simulation.

In the next chapter, we develop an analytic technique to assess the impact of non-

linearities on the error probability of OFDM signals.



Chapter 4
Impact of non-linearities on the

error probability of OFDM signals

4.1 Introduction

In the previous chapter, we have developed an analytic technique to assess the
impact of non-linearities on the PDS of OFDM signals. This enabled us to capture one of
the effects of a non-linearity on an OFDM signal, signal spectral spreading. In this chapter,
we develop an analytic technique to assess the impact of non-linearities on the error
probability of OFDM signals. This enables us to capture the other effect of a non-linearity
on an OFDM signal, namely signal error probability degradation. We note that aspects of
this research work have been published in the open literature in three papers [137-139].

The development of analytic techniques to determine the error probability of non-
lineatly distorted OFDM signals has been a subject of extensive previous research
[13,14,16-18,21-25]. Yet again, since these techniques focused on the error rate of OFDM
signals distorted by clipping devices and HPAs, which exhibit frequency independent
behaviour, then they cannot generally be carried over to determine the error rate of OFDM
signals distorted by fibre-radio system elements, which normally exhibit frequency
dependent non-linear behaviour. To account for frequency dependent non-linear
behaviour we use an equivalent baseband Volterra series to model the (bandpass) non-
linearities encountered in the OFDM system. An introduction to the equivalent baseband

Volterra series representation of (bandpass) non-linearities is the subject of section 4.2. The

96
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development of the analytical method itself and then a critical analysis of the same method
are considered in section 4.3 and section 4.4, respectively. Finally, section 4.5 summarises

the main contributions of this chapter.

4.2 Equivalent baseband  Volterra  series

representation of bandpass non-linearities

It is well known that for bandpass linear systems it is possible to develop an input-
output relation involving the complex envelopes of the input and output signals and the
equivalent baseband impulse response of the system [125,126]. Similarly, for bandpass non-
linear systems it is also possible to develop an input-output relation involving the complex
envelopes of the input and output signals and the equivalent baseband kernels of the
system [125,126]. In this section, we introduce the equivalent baseband Volterra seties
representation of bandpass non-linearities which will be used throughout this chapter since
it facilitates the analytical formulation of our problem.

We assume here that the non-linearity is bandpass and that both the input signal,
x(2), and the output signal, y(¢), are also bandpass so that they can be written in terms of

complex envelope notation, respectively, as

x ()= Re{x(¢) e} @.1)
and

2(£)=Re{5(2) >} “2)

where X(#) is the complex envelope of the input signal, F(#) is the complex envelope of
the output signal and f, is the carrier frequency. One may argue that a non-linearity strictly
cannot be bandpass as its response to a sine wave with frequency f, consists generally of
several components with frequencies 0, f,, 2., 3/, ... To citcumvent this difficulty we

can take the non-linearity to be followed by a zonal filter whose purpose is to eliminate all

the harmonics but the fundamental frequency f, without introducing any distortion in the

band of interest.
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To develop an equivalent baseband Volterra series representation of a bandpass non-
linearity it is first important to ascertain the properties of its kernels and its transfer

functions. If the non-linearity excitation is
x(¢) = cos(27f, ) (4.3)

then the non-linearity response is

M@W) @4

21" ZH” (i j{; x f""’if: )gjz”(if:ifri“-if,)t (45)

SAOE

where the summation in (4.5) runs through all the possible 2" combinations of plus and

minus signs in the argument of the nth-order transfer function of the non-linearity
H,(t f,xf,...t /.) and in the exponent of the complex exponential ¢’ 2SI
Since the bandpass hypothesis demands that all contributions not centred around * f, are

necessarily zero then we conclude from (4.4) and (4.5) that even-order transfer functions

are zero as these would produce terms not around * f, but around 0, £2f, 4/, ...
We also conclude from (4.4) and (4.5) that odd-order transfer functions exist only in a
neighbourhood of the n-tuple (+ /., +f,...,2 /) in a 2"-dimensional space such that the

number of plus signs and the number of minus signs differs exactly by plus or minus one.
Were this difference not plus or minus one then the contributions of the odd-order

transfer functions would not be around £ f, butaround 3/, x5/, *7f, ...

These properties reveal that the even-order transfer functions of the bandpass non-

linearity are zero and the odd-order transfer functions of the bandpass non-linearity,

H A/, f>ses [,), can be written as the sum of 2" baseband transfer functions
n 1 2 n H]

ﬁ,(,')(f,,fz,...,f"), as follows"

1 For simplicity of notation we include terms ﬁ,,”mifu foxf,.. . f;Tf) for which the number of plus signs and

the number of minus signs does not differ by plus or minus one, although these are zero.
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Hn(.fl’fZ""’fﬂ—Ufn):
=HYf = fosfo=Soreos S = S Jo = S A = fos o= foviois for = for o ¥ L)+
+

8PSt fofo b S S # S o= S)YEEN G4 S o4 frvoos o+ o fu 4 1)
(4.6)

where

H (s forees ), £ fistforeestf, >0

0, elsewhere

a29(f, ¢Ji,fﬁ/€,---,fﬁf,)={ 4.7)

Similarly, the even-order kernels of the bandpass non-linearity are also zero and the odd-

order kernels of the bandpass non-linearity, b, (11,12,...,2'”), can also be written as the

sum of 2" baseband kernels, 4.(t,,7,,...,7, ), as follows'?

b(2,,7,,..,T, 1,7, )=

2V n=13%n

/3(1)(2' z,, r )61‘2757‘,(r,+12+-..+r,,_1+‘r,,)_i_z(z)(z_1 z

* /r =12 %n
+ bn( -])(r] > 2-2 sy z‘n—l > z.ll )er¢(_r|_rz_.n_r.-l+T”) + ;”(2')(2'1 ’ 2-2 I ARRS] Tn-l b Tn )gjz,q.‘ (—T‘_Tz_”'_f._l_‘[,)
4.8)

)ejz’ffr T AT+ 4T, - T,) +-.

°s ,,_1,

where b()( 7,,...,T,) is the n-dimensional inverse Fourier transform of

H(fos faseens £)-

It is important to note that the baseband kernels in (4.8) are related to one another
because the kernels of a non-linearity exhibit certain properties (see chapter 3). As the
kernels of a non-linearity are symmetric then a baseband kernel that multiplies some
complex exponential is equivalent to a baseband kernel that multiplies some other complex
exponential provided that the complex exponentials are equivalent to one another by a
permutation of the 7 variables and that the same permutation of the 7 variables is carried

out in the arguments of the baseband kernels. As an example,
52(e,7,7) =0, 507) 49)

Moreover, as the kernels of a non-linearity are real then a baseband kernel that multplies
some complex exponential is the complex conjugate of a baseband kernel that multiplies

the complex conjugate of the complex exponential under consideration. As an example,

12 Again, for simplicity of notation we include terms 71:‘)(1,, Ty 7, )7PETE2E 20 £ hich the number of plus

signs and the number of minus signs does not differ by plus or minus one, although these are zero.
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e, 7,,7,) = 0" (7,,7,,7,) (4.10)

It is also important to note that the baseband transfer functions in (4.6) are also related to
one another because the transfer functions of a non-linearity are symmetric and exhibit
Hermitian symmetry (see chapter 3).

The input-output relationship involving equivalent baseband quantities is now
obtained by substituting (4.1), (4.2) and the expressions for the kernels of the non-linearity,
Le., zero for even-order kernels or (4.8) for odd-order kernels, into the input-output
relationship of the non-linearity (see (3.1) and (3.2) in chapter 3) and by exploring the
relations between the baseband kernels. By carrying out these substitutions we find out that

(2/1—1)

the (2n-1)th-order contribution of the bandpass non-linearity consists of 2 terms of

the form

1
22n—1

J’ ves I;z (’;)_1 (r, v o )e/zm(:rr.r--~trz.-,) %% (t-7, )ei/?’m(/-fu) . ,7/ =* (, -7, )ei/zm(f—rz.-.) dr,--dr,,

4.11)

and under the narrowband assumption it can be observed that integrands in (4.11) that
contain any factor of the form ¢™/*””™ for m # 0 vary much more rapidly than integrands
that contain only factors of the form ¢*/*"”™ for m =0 so that the value of the integrals
in the first case is much smaller than the value of the integrals in the second case. This
result enables us to eliminate a number of terms. The remaining terms combine due to the

relations between the baseband kernels yielding either

(2;1—1]
=1 )% el )
_”— _‘- _P’ (2 )(71""’7%4 )‘;5([_11 )""7("_1'” )’7*("_ )1+1).”§* (t =T )d71 "'dz-z"—leﬂ’w

2n-1

(4.12)
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which are complex conjugate pairs”. Accordingly, the complex envelope of the output

signal, 5(#), is related to the complex envelope of the input signal, %(¢), as follows

)= G (2 (4.14)
n=1

o0 oo

ju—](’): j J.ZZII—I(TH""TZn—I)‘;e(t_Tl) y(t T ) (t Tm) ' Q*(t"fzm)drl”'drzm

—o0 —o0

(4.15)

where 52”—1 (z,,..+,7,,,) is the (2n-1)th-order equivalent baseband kernel of the bandpass
non-linearity. This equivalent baseband kernel is given by

~ 2n-1 -
b2n—1 (2-1 LA 2-211-1 ) = ( ]/22” : b"(j— ( b4 z-211—1 ) (4'16)

n—1

The spectrum of the complex envelope of the output signal, Y(f), is related to the

spectrum of the complex envelope of the input signal, X( /), as follows

i (4.17)

oo oo

Vod ()= [ [Aaa(fisoos Soud R (A) - R(A)R (= S} X £ )OS = S == fo Moo
(4.18)

where &() is the Dirac delta function and ﬁzm( Frseees fora) is the (2n-1)th-order

equivalent baseband transfer function of the bandpass non-linearity. This equivalent

baseband transfer function is given by

~ 2n-1
Hz,-l(fl,---,fz,-l){ _J/zz” B frsvees o) @19

n

2n-1 2n—1)
13 The binomial coefficient ( 1J= ( d ) .
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The equivalent baseband kernels and the equivalent baseband transfer function are

Fourier transform pairs.

4.2.1 Finding the equivalent baseband kernels/transfer

functions of a bandpass non-linearity

In this section we review how to determine the equivalent baseband transfer
functdons of a bandpass non-linearity. The even-order equivalent baseband transfer

functions are zero while the odd-order equivalent baseband transfer functions are given by

~ 2n—1 (o1
H2”—1(.f;""’f2ﬂ“1)=( ”_1 j/zz"—z Hgi—l)(.f;"."fZIl—l) (420)

whete

ﬁg—-:)(flV“’fzn—l):Hzn—1 vt Sorens Sy ¥ Lo Sy = Jorees Sfau _f’)

4.21)
s fi+ £) bl f + S S 4 L)l frna + 1) (

Here #(-) is the unit step function and H,,_, ( Srseees fz,,_i) is the (2n-1)th-order transfer

function of the bandpass non-linearity.

As an example, we determine the equivalent baseband transfer functions of a
frequency independent non-linearity and a frequency dependent non-linearity, which will
be used later in the thesis. The frequency independent non-linearity is shown in Figure 4.1,

where f(-) represents a memoryless device whose characteristics can be expanded in a

power series

f(z)= 2%" (4.22)

Note that this frequency independent non-linearity has already been considered in chapter

3 but here we have included a zonal filter to guarantee bandpass behaviour.

Zonal

5 Z,
Filter 20

Xt §i0)

Figure 4.1: Frequency independent non-linearity model.
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The equivalent baseband transfer functions of this non-linearity can be evaluated by noting

that its transfer functions are given by (see (3.15))

H,(f,..., f,)=¢, (4.23)

Thus, the even-order equivalent baseband transfer functions are zero and the odd-order

ones are

~ 2n—
H2n—1(f1,--'sf2n—1)=(ﬂ_ l]/zZn—Z Conn # (f1 +f (f +f)l4( 2 gt L) --u(—-fz’,_1 +ft)

1
(4.24)

The frequency dependent non-linearity is shown in Figure 4.2, where H ( f ) and
H’(f) are frequency responses of linear systems and f(-) again represents a memoryless

device whose characteristics can be expanded in a power series

f)=Dcx (4.25)

Note also that this frequency dependent non-linearity has already been considered in
chapter 3 but here we have included a zonal filter to guarantee bandpass behaviour. Again,
the equivalent baseband transfer functions of this non-linearity can be evaluated by noting

that its transfer functions are given by (see (3.20))

H,(f,-o, f,)= ¢, H'(f, -+ f,)H () H(£,) (4.26)

Thus, the even-order equivalent baseband transfer functions are zero and the odd-order

ones arc

~ 2n—-1
Hzn-l(f],.-.,fh-l){”_ ]/22”'2f2,1H(f+f+ S g = L o= f))

H(f,+ £ ) H i+ L) = £ ) H frrs — 1)

alfy+ )il fs + S Sy St o+ 1)
(4.27)

x| ’ ” Zonal
Y — B | 0 HO 1 Fiter [ 77

Figure 4.2: Frequency dependent non-linearity model.



Chapter 4-Impact of non-linearities on the error probability of OFDM signals 104

The (2n-1)th-order equivalent baseband kernels of these non-linearities correspond
to the (2n-1)-dimensional inverse Fourier transform of the (2n-1)th-order equivalent

baseband transfer functons.

4.3 Analytic technique

In this section, we develop an analytic technique to determine the error probability of
OFDM signals distorted by frequency independent and frequency dependent non-
linearities in AWGN by deriving all the necessary mathematical relations and expressions.
This development will be carried out with respect to the model shown in Figure 4.3. In this
figure, F(#) is the complex envelope of the transmitted OFDM signal, 7(¢) is the complex

envelope of the received OFDM signal, #(#) is the additive white complex Gaussian noise
(with power spectral density IN;) and the bandpass non-linearity is represented by an
equivalent baseband Volterra series, ie., the bandpass non-linearity is represented by its
equivalent baseband kernels, /7,,(2'1 yeeesT, ),n =13,..., or by its equivalent baseband transfer
functions, ﬁ”( i S5 =13.... 8 &, i the complex transmitted symbol in time slot k
and sub-channel n and R, is the complex received symbol in the same time slot and sub-
channel; g,(#—4T) denotes the complex waveform used to convey the information in

time slot k and sub-channel n and g (¢~ £T) denotes its complex conjugate. The integrate
and dump filter integrates from &T +T,, to (k+1)T, where T is the OFDM symbol
duration and T, is the OFDM cyclic prefix duration; the nth equaliser multiplies the
output of the nth integrator by a complex factor H,, to compensate partially for the

effects of the bandpass non-linearity. We consider a continuous time model, involving an
oscillator based implementation of the OFDM transceiver, and not a discrete ime model,
involving an FFT based implementation of the same transceiver, because the input-output
relation of the non-linearities encountered hereafter are expressed in continuous and not
discrete time. However, both models are equivalent in the limit when the number of

OFDM sub-channels tends to infinity [44,45].
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Integrate and Egualiser R
Jao Dump Filer 0 > e
&(+£T) 2 (FRT)
Integrate and Egualiser R,
Sk n(£) Dump Filter 1 !
80K & FOT Banpuss A 70 &'(€T)
V Non-linearity U i
: : Integrate and Egualiser R
St % Dump Filter N-1 N
&na(+KT) 2 (HRT)
OFDM Transmitter OFDM Receiver

Figure 4.3: Model used to investigate the impact of non-linearities on the error probability of
OFDM signals.

Conventionally, the error probability analysis of OFDM communication systems in
the presence of frequency independent non-linearities has previously been carried out by
noting that since the non-linearly distorted OFDM signal consists of a scaled replica of the
OFDM signal and an uncorrelated distortion component, which is a consequence of
Bussgang’s theorem [13,14,16-18,21-25], then the PDS of the non-linearly distorted
OFDM signal also consists of a scaled replica of the PDS of the OFDM signal and the
PDS of the uncorrelated distortion component. From the PDSs, determined as described
in chapter 3, a simple estimate of the signal-to-nonlinear-distortion power ratio can be
obtained and hence a simple estimate of the error probability in AWGN can also be
obtained by assuming the distortion to be Gaussian. The error probability analysis of
OFDM communication systems in the presence of frequency dependent non-linearities
cannot be carried out using such procedure because it is not possible to write the non-
lineatly distorted OFDM signal in this case as the sum of a scaled replica of the OFDM
signal and an uncorrelated distortion component. Instead, to determine the error
probability of non-linearly distorted OFDM signals in AWGN we first identify the various
contributions to the received symbol in a particular sub-channel and we then express the
error probability in that particular sub-channel as the statistical expectation with respect to
the interference RV of the error probability in AWGN conditioned by a given value of the
interference RV. Note that this method corresponds to that traditionally adopted to
evaluate the etror probability of digital communication systems in the presence of ISI [140-

148] or other forms of interference [149] but differs from that traditionally adopted to
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evaluate the etror probability of non-linearly distorted OFDM signals in AWGN [13,14,16-
18,21-25].
To identify the various contributions to the received symbol in a particular time slot

and sub-channel we first observe that the transmitted OFDM signal is given by

oo N-1
7(r)= Z Zs,m g,(t—kT) (4.28)
k=—c0 =0
2mn(t-Tgp)
1 T
_ @ te|0, T
&)=y Jr-1, . veloT] (4.29)
0, re [0,T]

and that the received OFDM signal, which consists of the response of the non-linearity to
the transmitted OFDM signal plus the additive white complex Gaussian noise, is given by

7(2)= '[E (z,)5(r =17, )dz, + J' _[ j~3 (7,,7,,7,)5(t =7, )5 (¢ = 7, )7 (¢ — 7, Mz, dr,dr, + -+ 7(2)

—00—00—00

(4.30)
Finally, we observe that the complex received symbol in time slot k and sub-channel n is
obtained by multiplying the received OFDM signal by g (#—£T), integrating from
kT + T, to (£+1)T and multiplying the integrator output by the complex factor H P

ie.,

(&+1)T
R,, = H,m[ [7(1)g (¢ —,éT)dt} (4.31)

ET+T,p

By using (4.28) and (4.29) in (4.30) and the resulting expression in (4.31) then a complex
expression relating the complex received symbol in time slot k and sub-channel n to the

complex transmitted symbols in different time slots and different sub-channels and to the
kernels of the non-linearity results. To simplify such expression we assume that /71(2'1) is
non-zero only when 7, € [O,TCP], 23(2'1,2'2,2'3) is non-zero only when 7,,7,,7, € [O,TCP],

14
etc . Thus,

14 Note that for frequency independent non-linearities these conditions are always met because the kernels
consist of Dirac delta impulses; for frequency dependent non-linearities these conditions are met provided

that the cyclic prefix duration is sufficiently long. Note also that we have considered an OFDM signal with
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N-1 1 - ”1
R/&,n =Hx«.,” Z‘S‘k,nl )0 H, 5(”1 _”)

" =0 (T ~To T-T,

fHLY SIS, S, S : FI( & BB ]5(71 +ny—ny—n)
k,n ko kS Ry 3 1 2 3

n=0n,=0ny=0 (T - TCP )1 T - TCP ’ T - TCP ’ T- TCP
Hoeen
+N,,
(4.32)
where &(+) is the Kronecker delta product and
(e+1)T
N,,=H,,| [i(t)g (¢ -4&T)a (4.33)
£T+Tep

Note that the various contributions to the received symbol in time slot k and sub-
channel n can now be identified in (4.32): the first set of terms yields an attenuated/phase
shifted version of the complex transmitted symbol in time slot k and sub-channel n; the
second set of terms yields the different third-order IMPs; a third set of terms would yield
the different fifth-order IMPs; etc. and N, , is a complex Gaussian RV whose real and

imaginary parts are uncorrelated zero-mean Gaussian RVs with common variance

2

H,,| Ny, ie,

Uacin, ) = ERN, J= 45,y = Elim{w, Jl= 0 (434)

o-]ie{NL,} = E[(RC{N/M }_ lllRe{Nt.,})z ] = O-Izm{N,,.,,} = E[(Im{Nk,n }_ ﬂlm{NL_,})2 ] = 'ch,n 2 No (435)

pRe{N,m}lm{Nt.‘} = m E[(RC{N/M }— ﬂRe{N“}XIm{Nk,n }_ /ulm{N,_,, } )] =0 (436)

where 4, 0 and p denote the mean, variance and correlation coefficient of the RVs,

respectively. The probability density function (PDF) of N, , can then be written as follows

rectangular windowing and not an OFDM signal with raised cosine windowing, although the analysis is valid

for either signal. The only effect of a raised cosine window with rolloff factor f is to reduce the upper limits

defining the suppott of the equivalent baseband ketnels by AT .
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[N
1 , 2|H,.,|" N,

) 2nH,,[' N,

|2

2(N.,) (437)

The statistical properties of N, , in (4.34), (4.35) and (4.36) were obtained by using
(4.33) in (4.34), (4.35) and (4.36) and the statistical properties of the additive white complex

Gaussian noise (with power spectral density IN,,), which are written below [42]

E[Ref(:)}] = Em{i ()] = 0 4.38)
E[Re{i (#, }Refi (2, )}] = E[tm{(z, him{i (2, )} = N, 6 (2, - 2,) (4.39)
E[Re{7 (¢, im{7 (2, )} = 0 (4.40)

where &(-) is the Dirac delta function.
To compensate for the constant attenuation/ phase shift in the nth received symbol,

R, ,, the nth equaliser complex multiplicative factor, H, ,, is set to

H,. =[Hl[ d H (4.41)
, T- TCP

Note that such a setting enables the transmission of M-PSK or M-QAM symbols without

the need for modifying the decision regions at the receiver.

Finally, we observe that the characterisation of the received symbol in a particular
time slot and sub-channel forms the basis for the development of a method to determine
the error probability of non-lineatly distorted OFDM signals in AWGN. The development
of such a method for OFDM/BPSK and OFDM/QPSK signals is the subject of section

4.3.1 and section 4.3.2, respectively.

4.3.1 OFDM/BPSK signals

In this section, we present a method to evaluate the error probability of
OFDM/BPSK signals by assuming that the complex transmitted symbols, §, ,, take any

j2a(m-1)2,

value belonging to a BPSK signal constellation {Ae ,m=1,2} with equal
probability.
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The overall error probability of the OFDM signal, P{e), is obtained by taking the
average of the error probabilities in all OFDM sub-channels, i.e..

(4.42)

«=0

where Pfe,) is the error probability in the nth OFDM sub-channel. Since the complex

transmitted symbols take any value belonging to a BPSK signal constellation with equal
probability then the error probability' in the nth OFDM sub-channel can be evaluated as

follows

(4.43)

m=l

Finally, the conditional error probabilities on the right hand side of (4.43) are given by

A Region m) (4.44)
where denotes the complex received symbol in time slot k and sub-channel n
conditioned on the Region m denotes the region in the complex
plane for which the symbol to have been transmitted. The BPSK

decision regions are shown in Figure 4.4. Note that these are the optimum regions that
minimise the error probability for BPSK modulation in AWGN alone when the probability

of transmitting any of the BPSK symbols is the same [42].

Figure 4.4: Optimum BPSK decision regions in AWGN.
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To calculate the probabilities on the right hand side of (4.44) we write (4.32) as

Rk,n = S;,r/ + S:,x + Nk,n (4'45)

S;,n = Hk,rt“gk.,n 1 F[ ( z jé‘(ﬂ - ”)

(T_TCP)O l T—TCP

1 ~ 7 n 7
+H, S5, 5. S H , - Oln+n—n—n) (4.46
k,n kon ko' ko (T _ TCP )1 3[ T _ TCP T _ TCP T _ TCP J ( ) ( )

4.

§7 =H Ifs L 7| |80, - )
k.n k,nnl:o kg (T_TCP)() 1 T 1

n#n

N-1N-1N-1 1 I_’\j ”1 ” ”3 5( )
+H Sen S, Se - +n,—n, —
ko ,,IZ=(),,ZZ=(),,JZ=;) by by kg (T _ TCP )1 3 T - TCP > T - TCP T — TCP 771 ”2 ﬂS n

Ay Ny ER 0

+-.-
(4.47)

and N,, is the complex Gaussian RV. The justification for writing R, , as the sum of
S;’”, 5., and N, is that under symbol conditioning R, consists of a deterministic
quantity S}, a random quantity S, and the complex Gaussian RV N, . Specifically,
one can observe that 5" is the useful received symbol and S, is the IMD RV. Thus,
Ry, conditioned on S, ie., R., S:;’ , 1s a complex Gaussian RV whose real and

imaginary parts are uncorrelated Gaussian RVs with mean values Re{S ,:”,’,}+ Re{SZ,:’} and

*N,. The PDF of R,

Im{S,:'; }+ Im{SZ,',’,'}, respectively, and common variance |H b

m

.. » . .
conditioned on 5,7, ie., R,:’”l 8.7, can then be written as follows

2
. ’m ~m
|RA,.‘-Y1.-,.‘51=_.

(V44 NS T (4.48)
27]H,,|" N,

m

Ar:,

Integrating (4.48) over the appropriate BPSK decision regions yields the conditional
probabilities
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RefS?” }+ Refs?}

2
\/2|H,e,”’ N,

P(R,:",, ¢ Region m| Sen ): %erfc cos( 271(m - 1)) (4.49)

and taking the expectation of (4.49) with respect to the IMD RV yields the probabilities

_ R ! R 2 m
P(RZ” & Region m)= E %erfc cos( 22 1)) C{Sk’”}+ 26{5’3’”} (4.50)
\/ 2H, | N,
where erfc(-) is the complementary error function, given by
erfc(x) = —z—we_’zdt (4.51)
N

X

Note that to determine the error probability of non-linearly distorted OFDM/BPSK
signals in AWGN we have ultimately to compute the expectation of a function of the IMD
RV. Note also that it suffices to take the expectation with respect to the real part of the
IMD RV. Consequently, we do not need to consider complex valued RVs, which are
described by two-dimensional PDFs, but real valued RVs, which are described by one-
dimensional PDFs.

Conventionally, moment based methods, such as series expansion methods [140,141]
or Gauss quadrature rules [142], have been used to compute the expectation of a function
of a (real valued) RV to any desired degree of accuracy. Series expansion methods expand
the function in some power series thereby approximating the expectation value in terms of
a linear combination of a finite set of moments of the RV [140,141]. Gauss quadrature
rules use a finite set of moments of the RV to define a quadrature rule that approximates
the expectation value [142]. Consequently, the statistical expectations under consideration
are computed by trading knowledge of the PDF of the RV for knowledge of a number of
moments of the RV. This trade-off is justified by the fact that it is generally much easier to
obtain a number of moments rather than the PDF of the RV. Obviously, the larger the set
of moments the more accurate is the approximation. A method to determine the moments
of the RVs needed to compute the error probability expectations in (4.50) is therefore

developed in section 4.3.3.
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4.3.2 OFDM/QPSK signals

In this section, we present a method to evaluate the error probability of

OFDM/QPSK signals by assuming that the complex transmitted symbols, §, ,, take any

value belonging to a QPSK signal constellation {Aej(z'”_l)”/ Ym = 1,2,3,4} with equal
probability.

The technique that we will outline in this section follows the technique outlined in
the previous section. Specifically, the overall error probability of the OFDM signal, P(e), is
again obtained by taking the average of the etror probabilities in all OFDM sub-channels,
ie.,

P)=L5p(,) 452
N4 7
where Ple,) is the error probability in the nth OFDM sub-channel. Since the complex

transmitted symbols take any value belonging to a QPSK signal constellation with equal
probability then the error probability in each OFDM sub-channel can be evaluated as

follows

S0, = Aef(z'”‘””/“) (4.53)

Finally, the conditional error probabilities on the tight hand side of (4.53) are given by

5, = Ae’® )= (R ¢ Region m) (4.54)

Ple

n

where R}, denotes the complex received symbol in time slot k and sub-channel n
conditioned on §, , = A’ and the Region m denotes the region in the complex

plane for which the symbol Ae’ (2=-1)2/4 is assumed to have been transmitted. The QPSK
decision regions are shown in Figure 4.5. Note that these are the optimum regions that
minimise the error probability for QPSK modulation in AWGN alone when the probability
of transmitting any of the QPSK symbols is the same [42].



Chapter 4-Impact of non-linearities on the error probabilit)' of OFDM signals 113

To calculate the probabilities on the right hand side of (4.54) we repeat the steps of

the previous section, i.e., we first integrate (4.48) over the appropriate QPSK decision

regions to obtain

e Region ml =

/ \ / \
r(27/-i);r;ReK:}+Rep:;: 1 . ) ) d+
—erfc cos ( ) ; P + _erfe Sm,(ZW ly ; Imp;d+ Im fel
v ©oa/K T, 2 \ A A/|Wr,IN,,
. (2m- ;70 Im p.')
erfc cos -erfc sin
? 2
CaJN 2
(4.55)

and we then take the expectation of (4.55) with respect to the IMD RV to obtain

HK.. ~ Region m)=

/ \ /
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=F —eric cos
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\
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Figure 4.5: Optimum QPSK decision regions in AWGN.



Chapter 4-Impact of non-linearities on the etror probability of OFDM signals 114

Expression (4.56) can be simplified by noting that since the value of the
complementary etror functions is generally much less than one then the sum of the two
complementary error functions is much larger than the product of the same two
complementary error functions. Hence, neglecting the product term and writing the
expectation of the sum of the remaining two terms as the sum of the expectations of each

individual term we obtain

P(R}, & Region m )=~

~ B Lerte COS((Zm-l)ﬂ)Re{SZ}+ Refs;” } R Sin((Zm—Qﬂ')Im{S,:’,’,}+Im{SZ;”}
2 * in,ﬂ 2 4 \/|H,e’”2N0

NO
(4.57)
This simplification implies that it suffices to carry out the first expectation only with

respect to the real part of the IMD RV and the second expectation only with respect to the
imaginary part of the IMD RV. Consequently, we do need not to consider complex valued
RVs but real valued RVs and hence the discussion concerning the computation of the
expectations in the OFDM/BPSK case directly applies to the computation of the
expectations in the OFDM/QPSK case. A method to determine the moments of the RVs
needed to compute the error probability expectations in (4.57) is therefore developed in the
next section.

Finally, it is important to note that the derivations in the previous section and in this
section only considered the determination of the symbol error probability of
OFDM/BPSK and OFDM/QPSK signals, respectively, not mentioning the bit error
probability of the same signals. In the OFDM/BPSK case, since each BPSK symbol
conveys exactly one bit then the bit error probability is equal to the symbol error
probability. In the OFDM/QPSK case, since each QPSK symbol conveys two bits then
the bit error probability is not equal to the symbol error probability and the relation
between these two performance metrics depends on the exact assignment of the two bits
to the four possible QPSK symbols. If the two bits are assigned to the four possible QPSK
symbols using Gray coding (see chapter 2), whereby binary digit words assigned to adjacent
symbol states differ by one binary digit only, then the bit error probability is approximately
equal to one half the symbol error probability because the most probable errors result in
the selection of an adjacent phase to the true phase and hence a single bit error in the two

binary digit word.
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4.3.3 Moments of the IMD RV

In this section, we describe a2 method to determine the moments of the RVs needed
for error probability evaluation, i.e., the real part of the IMD RV in the OFDM/BPSK case
and both the real part and the imaginary part of the IMD RV in the OFDM/QPSK case.
This method, applicable to non-linearly distorted OFDM signals, is an adaptation of the
method proposed by Benedetto et al. [125,126], applicable to non-linearly distorted M-PSK
signals. To determine the moments of these RVs we write for simplicity of notation the

IMD RV and its complex conjugate as follows

*
5/”1" . k.n2+ "'Sk,nm,PHzi(”n"-,”1+2i) (4.58)
=0

( ) Z Z‘Sk n /cn1+ "'S;,nm,..QHz,'(”l,'"s”1+2i) (4.59)

where P,,,, (ﬂl,...,nlw) is given by

1 ~ n 7, 7, . nyrss
P An,...on . )J=H -H., .. e e
1+21(1 1+21) k,n (T_TCP), 121(T_TCP T—TCP T—TCP T—TCPJ
5(”1+"'+”1+i'—”2+i_"'_”1+2i_”)
(4.60)

when #,,...,7,,,, # #,...,n and is zero otherwise, and .,Q1+2i(”1’--'s”1+z,-) is given by

1 ~ 7. n . n n,
(n,,0.c,m,,.)=H, -H . o - :
Q1+21( 1 1+21) kn (T—TCP)' 1+2'(T—TCP T—TCP T—TCP T_TCPJ
6(”1+i+"'+”1+2i_”1—"'_”:‘—”)
(4.61)

when #,,...,7,,,; # n,...,n and is zero otherwise.

The qth moment of the real part and the imaginary part of the IMD RV are given by

Elrefszz} )= 5 {——535““(53)*]7 L [-"]E[(s:;")“(s:::)"*’] 462
=0

2 20 & p

R 2 M cal o

p



Chapter 4-Impact of non-linearities on the error probability of OFDM signals 116

where

AL
)

The computation of these moments therefore reduces to the calculation of expectations of

the form

Ells7Y (572 ) (4.65)

where /, and /, are appropriate integers. To calculate these expectations we note that just

as the IMD RV and its complex conjugate have the form of a discrete Volterra seties so do

x/

their powers [125,126]. The Ith power of 5,7 and (SZ',',')* , Le., (SZ,': )l and (S:',',’) , are

given by
oo N-1 -1
(7Y =35 S, 8, So St PO (e my) (4.66)
ko ko, ;D Bty kgt d42i e ees By, .
=0 n=0 #742,=0
oo N-1 -1
(s77)" = e NS s, St st 0D n) @.67)
k. k,ny koS kaniyy kot 42 N1 0 2 424 :
i=0 m=0 Hyp0;=0
where

i
el )= ( P )
P/+2i PiseeesPin; )= P2i’+1 Byseess Brogs Brpiprse e s Prainy pl-1+2(x'-i’) Pisaseees Mo Proieivts s Py

=0
(4.68)

i
« (n n )= 19 (ﬂ NN n ) (-1) (ﬂ non n )
1+2i \1s e s 04 2041\ e s s iy s e e s i 1=142(i= Y\ w10 oo # i iy oo o0 g2
"

(4.69)

and P,.(I)(-)=P.(~) and 0V()= 0.(). Thus, substituting the appropriate powers of the

1

IMD RV and its complex conjugate in (4.65) then

4mﬂmﬁki§§m

4=0 1,

N-1
* *
> ElS,, S, S 8
M Mirivia  Bofliviprint M +1p42i1+2ip

m=0 Al +iy+2iy 420y =0
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(42)

. Joti. ( )
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(4.70)



Chapter 4-Impact of non-linearities on the etror probability of OFDM signals 117

where §;, denotes the complex transmitted symbol in time slot k and sub-channel n
conditioned on either the mth BPSK symbol or the mth QPSK symbol.

The final step towards knowledge of the moments of the real part and the imaginary
part of the IMD RV therefore involves computation of conditional expectations of the
form

s ] @4.71)

k.n

E[S/e,n, RS s e s

k-”ll+i1 +ip 'e-”ll +ip+ig+] kx”l, +/p+2i+2i3

To calculate these conditional expectations we denote by 7, and s, the number of
elements of the form 5, and 5, respectively in (4.71). Thus, assuming that the complex

transmitted symbols in different sub-channels are independent’ and noting that » runs

from 0 to N —1 then

N-1
Bl 5, St esn sl by 1Bl 60 )] @)
#'=0

,
n#n

In the BPSK case, where the complex transmitted symbols take any value belonging to a
BPSK signal constellation {Aej el )2, 4y = 1,2} with equal probability, the expectations on
the right hand side of (4.72) are given by

A = == h=2,0,2,4,...
[ k,, /“)J ] { otherwise -

In the QPSK case, where the complex transmitted symbols take any value belonging to a
QPSK  signal constellation {Aej @m-vnfs, ) = 1,2,3,4} with equal probability, the

expectations on the right hand side of (4.72) are given by

Pl r,—s5,=..,-16,-8,0,8,16,...
[ ki k W )‘ ] Ar e rn' - J'”/ = 3_123_434’12, e (4.74)
0, otherwise

15 Again, independence is satisfied in a variety of situations including COFDM systems provided that an
interleaver is employed. Independence would not be satisfied in situations where PAPR reduction codes are

employed.
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To summarise, the error probability evaluation of non-linearly distorted

OFDM/BPSK and OFDM/QSPK signals involves the following steps:

1. Determination of a number of moments of the real part and the imaginary part of
the IMD RV in each OFDM sub-channel conditioned on each transmitted symbol

according to the procedure described in this section.

2. Evaluation of the error probability in each OFDM sub-channel conditioned on each
transmitted symbol according to (4.50) (BPSK case) or (4.57) (QPSK case) by using
the moments of the appropriate RVs in conjunction with some moment based

technique.

3. Evaluation of the error probability in each OFDM sub-channel according to (4.43)
(in the BPSK case) or (4.53) (in the QPSK case).

4. Evaluation of the overall error probability of the OFDM signal according to (4.42)
(in the BPSK case) or (4.52) (in the QPSK case).

4.4 Discussion

An examination of the moment computation procedure reveals that this is extremely
time consuming. For example, calculation of the qth moment of either the real part or the

imaginary part of the IMD RV requites g+1 expectations of the form (4.65) to be

computed and calculation of each of these expectations for a non-linearity of order » and

for an OFDM signal with N sub-channels requires N? [(N - 1)/ (N 2— 1)}2 expectations
of the form (4.71) to be computed. Overall, we need to calculate approximately
(+1)N’N 20r1) expectations of the form (4.71) which implies that the computation time
grows exponentially with the order ¢ of the moment and the order #» of the non-linearity

and it grows polynomially with the number N of OFDM sub-channels. We have verified
that such a computation is not feasible for 4 >2, »>3 and N >128.

The inefficiency of the moment computation procedure suggests that, to evaluate the
expectations that will ultimately yield the error probability of non-lineatly distorted OFDM
signals in AWGN, we cannot rely on series expansion methods [140,141] or Gauss

quadrature rules [142] because these moment based methods typically require a large
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number of moments, but rather on alternative approximations/estimations for the IMD
distribution which require a limited number of moments.

To understand the origins of the inefficiency of this moment computation procedure
let us concentrate on the expression that defines the IMD RV (see (4.58)). Clearly, this RV
cannot be written as the sum of a number of statistically independent components and
consequently a fast recursive method to compute its moments cannot be devised [126]. In
contrast, a fast recursive method to compute the moments of an ISI RV can be devised
because this RV can be written as the sum of a number of statistically independent
components [126]. Incidentally, the fact that the IMD RV cannot be written as a sum of
independent contributions also prevents us from determining its moment generating
function, which is required to use other methods that approximate or bound the value of
the expectation of a function of a RV such as Chernoff bounds [143,144], modified
Chernoff bounds [145-147] and saddle-point approximations [148].

4.5 Summary

In this chapter, we have developed an analytic technique to assess the impact of non-
linearities on the error probability of OFDM signals. Since we have modelled the non-
linearities in the OFDM system by a Volterra series then this technique accounts for both
frequency independent and frequency dependent non-linear behaviour. Accordingly, this
technique can be used to provide a first-order approximation to the error probability
degradation induced by fibre-radio system non-linearities on an OFDM signal without the
need for time consuming simulations or costly experimentation. Moreover, this technique
also provides insight into the different mechanisms responsible for the error probability
degradation.

Initially, we have deterrr.)ined the relation between transmitted and received symbols
in an OFDM communication system in the presence of non-linearities and AWGN.
Subsequently, we have derived expressions to evaluate the error probability of non-linearly
distorted OFDM/BPSK and OFDM/QPSK signals in AWGN. The overall error
probability of an OFDM signal was given as the average of the etror probability in all
OFDM sub-channels. In turn, the error probability in each OFDM sub-channel was given

as the statistical expectation with respect to the IMD RV of the error probability in

AWGN conditioned by a given value of the IMD RV. We have also derived expressions to
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evaluate the moments of the IMD RV in each OFDM sub-channel. Finally, we have
confirmed that the moment computation procedure was extremely time consuming
(moment computation is limited to the first and the second moments, non-linearities
exhibiting up to third-order non-linear behaviour and OFDM signals with up to 128 sub-
channels). Hence, to compute the error probability expectations, one could not rely on
series expansion methods or Gauss quadrature rules, which require a large number of
moments, but on alternative approximations/estimation methods for the IMD distribution
requiring only a limited number of moments.

In the next chapter, we investigate specific approximation/estimation techniques for

the IMD distribution and the error probability of non-linearly distorted OFDM signals.



Chapter 5
The distribution of the IMD and

the etror probability of non-linearly

distorted OFDM signals

5.1 Introduction

In the previous chapter, we have developed expressions to determine the error
probability of non-linearly distorted OFDM/BPSK and OFDM/QPSK signals in AWGN.
Such expressions relate the error probability of the OFDM signal to the error probabilities
of the OFDM sub-channels, each of which is given as the expectation with respect to the
IMD RV of the error probability in AWGN conditioned by a given value of the IMD RV.
We have also developed expressions to determine the moments of the IMD RV. However,
we have argued that since the moment computation procedure was extremely time
consuming then to compute the error probability expectations we could not rely on series
expansion methods or Gauss quadrature rules because these moment based methods
typically require a large number of moments, but rather on alternative
approximations/estimations for the IMD distribution which require a limited number of
moments.

Accordingly, an investigation of specific approximation/estimation techniques for
the IMD distribution and the error probability of non-linearly distorted OFDM signals is

the subject of this chapter. In section 5.2 and in section 5.3, we analyse the different

121
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approximation/estimation techniques for the IMD distribution and the error probability of
non-linearly distorted OFDM signals, respectively. In section 5.4, we present new results
related to the behaviour of non-linearly distorted OFDM signals. Finally, section 5.5
summarises the main contributions of this chapter. Four papers have resulted from the

research work presented in this chapter [150-153].

5.2 Distribution of the IMD

In this section, we assess different approximations/estimations for the IMD
distribution as a means to compute the error probability expectations. To identify
appropriate approximation/estimation techniques the properties of the IMD RV are
examined in section 52.1 while in sections 522 and 523 specific

approximation/estimation techniques for the IMD distribution are examined.

5.2.1 Properties of the IMD RV

In this section, we examine the properties of the IMD RV for non-linearly distorted
OFDM/BPSK and OFDM/QPSK signals with 16 to 256 sub-channels. Particularly, we
consider the IMD RV in the sub-channel on the edge of the band, where the number of
IMPs is lowest, and the IMD RV in the sub-channel in the centre of the band, where the
number of IMPs is highest, because these represent the two extreme cases thereby
providing sufficient insight into how to define appropriate approximations/estimations for
the IMD distribution.

The complex modulation symbol conveyed in sub-channel n, where n corresponds

to the sub-channel being examined, is set to .4 in the OFDM/BPSK case and to 4e/™*
in the OFDM/QPSK case, and the complex modulation symbols conveyed in the
remaining sub-channels are assumed to be independent and to take any value belonging to
the BPSK or the QPSK signal constellation with equal probability. Note that symmetry
considerations suggest that a different symbol conditioning does not affect the basic
properties of the IMD RV. Note also that although the IMD RV is a complex valued
quantity, for error probability evaluation purposes it suffices to consider only the real part
of this RV in the OFDM/BPSK case and both the real part and the imaginary part of this
RV in the OFDM/QPSK case (see chapter 4). Thus, we do not examine the properties of
the IMD RV per se but of its real part in the OFDM/BPSK case; since symmetry



Chapter 5-The distribution of the IMD and the error probability of non-linearly distorted OFDM signals 123

considerations suggest that the properties of the real part and the imaginary part of the
IMD RV are identical in the OFDM/QPSK case then here too we only examine the real
part of the IMD RV. Hereafter, when we refer to the IMD in the OFDM/BPSK case we
mean its real part conditioned on .4 and when we refer to the IMD in the OFDM/QPSK
case we mean its real part conditioned on Ae/™*

We have examined the properties of the IMD RVs for OFDM signals distorted both
by a simple frequency independent and a simple frequency dependent non-linearity, which
exhibit up to third-order non-linear behaviour. Higher-order non-linear behaviour is not
considered because up to third-order non-linear behaviour often serves as a good
approximation to a broad range of non-linearities encountered in practice and the moments
of the RVs needed for error probability evaluation for non-linearities of order greater than

three cannot be obtained. The frequency independent non-linearity is modelled as in Figure

4.1 where the characteristic of the memoryless device f(-) is given by

f(z)=[1z+‘222 +‘K3 (GNY)

with ¢, =1, ¢, =0 and ¢, =-0.25". The equivalent baseband transfer functions for this
non-linearity can be obtained from (4.24) by noting that ¢, =1, ¢, =-0.25 and ¢,,_, =0

for n>2.
The frequency dependent non-linearity is modelled as in Figure 4.2 where the

characteristic of the memoryless device f(*) is also given by

fR)=agt+alt+a3’ (5.2)

with ¢, =1, ¢, =0 and ¢, =-0.25,and H '( f) and H(f) are frequency responses of two

bandpass first-order Butterworth filters

H(f)=H"(f)= (53)
4

16 Again, although a ratio ¢, /c; =—4 is typical for non-linear elements encountered in communication

systems (e.g. HPAs) [135], the analysis presented hereafter is independent of the actual value of the ratio.
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where f, is the centre frequency and B is the 3 dB bandwidth of the bandpass filters. The
centre frequency and the 3 dB bandwidth of the bandpass filters were set to be equal to the
centre frequency and the 3 dB bandwidth of the OFDM signals, respectively. The
equivalent baseband transfer functions for this non-linearity can be obtained from (4.27) by
noting that ¢, =1, ¢, =—0.25 and ¢,, , =0 for »>2, and H’(f) and H'(f) are given in
(5.3).

To study the properties of the IMD RV we have examined its cumulants,

k,,n=12,..., which are defined by the identity in # [154]

5
kyt” &t
"'1“'22—'*‘ PR T

’7,2 ’n
’ t ¢
P ! nl =1+#ll+/u2_+”.+/u_n_+”_

il

(5.4)

where g, n=12,..., are the moments of the RV". The cumulants were estimated in
MATLAB as follows: A large number of samples was generated of the IMD RV under
consideration in accordance to (4.58), X,,X,,...,X . Estimates [1;,” =1,2,..., of the

moments 4,7 =12,..., were then obtained through [136]

TS
L==>X], n=12,.. (5.5)
N4

Estimates /é", n=12,..., of the cumulants £ ,7»=12,..., were finally obtained from the

relation between cumulants and moments [154]

k=l (5.0)

ky = M, - U’ -7

ky = =350 + 2 (5.8)

ky = o — 4y =37 + 12050 — 644, (5.9

17 The nth moment of a RV X is given by 4, = E[X"].
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72 72 7 7,73

ks = g = SHG ML =104 1 + 20044 + 30447 1) — 6044 p0,” + 244 (5.10)

kg = g — Oty — 15043447 + 304, 44,7 = 10457 + 120 s pu gy — 12045

’ ’ ’ ’r 7 ’ (5.11)
+ 304, = 270457 14 + 360 gy 0t — 120447

The variance of the IMD RV was set to one in each case under consideration for
comparison purposes.

Note that the cumulants are a useful set of descriptive constants of a RV because
they enable us to identify the distribution of the RV straightforwardly. For example, for a
Gaussian distribution the first cumulant corresponds to its mean, the second cumulant
corresponds to its variance and all the other higher-order cumulants are zero; for a Poisson
distribution the cumulants are all equal; and for other distributions interesting relations also
exist [154].

To study the properties of the IMD RV we have also examined its CDF, F(x),
which is defined by [154]

F(x)= j F(#)ar (5.12)

where f(x) is the PDF of the RV. The CDF was estimated in MATLAB as follows: A
large number of samples was generated of the IMD RV under consideration in accordance
to (4.58), X,,X,,...,Xy. An estimate F(x) of the CDF F(x) was then obtained
through [130]

0, x <X,
Flx)= %, X, <x<X,, ,k=12,...,N-1 (5.13)
1, x2 Xy

Note that it is implicitly assumed that the samples X, X,,..., X, are written in increasing

order, ie., X, <X, << X.
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A number of properties of the IMD RV can be inferred from Figure 5.1 and Figure
5.2. Figure 5.1 shows the cumulants of the IMD RV in the sub-channel on the edge of the
band and in the sub-channel in the centre of the band against the number of OFDM sub-
channels for OFDM/BPSK signals distorted by the frequency independent non-linearity.
Figure 5.2 shows corresponding results for OFDM/QPSK signals distorted by the same
frequency independent non-linearity. Observation of the figures reveals that the higher-
order cumulants of the IMD approach zero as the number of OFDM sub-channels is
increased. Since for a Gaussian distribution the first cumulant corresponds to its mean, the
second cumulant corresponds to its variance and all the other higher-order cumulants are
zero then we conclude that the IMD distribution approaches a Gaussian distribution as the
number of OFDM sub-channels is increased. This is not a surprising result because by
increasing the number of OFDM sub-channels then the number of terms or IMPs that
contribute to the IMD RV also increases and hence Gaussian convergence in line with the
CLT is to be expected. It is appropriate to note that we do not refer to a strong form of the
CLT, where independence among the terms is required, but a weaker form of the same
theorem, where some degree of correlation among the terms is allowed [155]. Obsetvation
of the figures also reveals that the IMD distribution in an OFDM sub-channel on the edge
of the band converges faster to a Gaussian distribution rather than the IMD distribution in
an OFDM sub-channel in the centre of the band. This is a counter intuitive result because
the number of IMPs that fall in the sub-channel on the edge of the band is lower than the
number of IMPs that fall in the sub-channel in the centre of the band. This result suggests
that significant correlation exists among the various IMPs that fall in a particular OFDM
sub-channel. Finally, it is interesting to note that more rapid Gaussian convergence is
observed for BPSK modulation than for QPSK modulation.

Similar trends are also observed in the frequency dependent non-linearity case, as
shown in Figure 5.3 and Figure 5.4. Again, the first figure shows the cumulants of the IMD
RV in the sub-channel on the edge of the band and in the sub-channel in the centre of the
band against the number of OFDM sub-channels for non-linearly distorted OFDM/BPSK
signals and the second figure shows corresponding results for non-linearly distorted

OFDM/QPSK signals.
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Figure 5.1: Cumulants of the IMD in the sub-channel on tlae edge of the band and in the sub-
channel in the centre of the band vs. number of OFDM sub-channels for
OFDM/BPSK signals distorted by the frequency independent non-linearity.
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Figure 5.2: Cumulants of the IMD in the sub-channel on the edge of the band and in the sub-
channel in the centre of the band vs. number of OFDM sub-channels for
OFDM/QPSK signals distorted by the frequency independent non-linearity.
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Figure 5.3: Cumulants of the IMD in the sub-channel on the edge of the band and in the sub-
channel in the centre of the band vs. number of OFDM sub-channels for
OFDM/BPSK signals distorted by the frequency dependent non-linearity.
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Figure 5.4: Cumulants of the IMD in the sub-channel on the edge of the band and in the sub-
channel in the centre of the band vs. number of OFDM sub-channels for
OFDM/QPSK signals distorted by the frequency dependent non-linearity.
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Further properties of the IMD RV can be inferred from Figure 5.5 through Figure
5.8. These figures show the CDF of the IMD RV for the different situations under

consideration. Note that the x-axis is normalised to the mean g and the standard deviation

O of the distributions in these figures. We can infer from these figures that the distribution
of the IMD does indeed approach a Gaussian distribution as the number of OFDM sub-
channels is increased and that the speed of convergence depends on both the location of
the OFDM sub-channel (edge or centre) and the type of modulation (BPSK or QPSK). We
can also infer from these figures that the distribution of the IMD is characterised by
different rates of tail decay. Distributions with heavier tails cotrespond to a lower number
of OFDM sub-channels, the sub-channel in the centre of the band and BPSK modulation.
Conversely, distributions with lighter tails correspond to a higher number of OFDM sub-
channels, the sub-channel on the edge of the band and QPSK modulation. These trends
hold both in the frequency independent non-linearity case and in the frequency dependent
non-linearity case.

Finally, it is interesting to note that the speed of convergence of the IMD
distribution to a Gaussian distribution is rather slow. For example, for a 64 sub-channel
non-linearly distorted OFDM signal the IMD RV in any sub-channel consists of hundreds
of IMPs and yet, contrary to what might expected, its distribution does not match the
Gaussian distribution over the range shown in each figure. Again, this result suggests that
significant correlation exists among the various IMPs that fall in a particular OFDM sub-
channel.

The properties of the IMD RV suggest that appropriate approximations/estimations
for the IMD distribution have to allow for PDFs with different rates of tail decay and for a
Gaussian PDF as a particular case. However, the realisation of such
approximations/estimations is a daunting task frustrated by the fact that all we have to

define them is the first and the second moments of the IMD RV (see chapter 4).
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Figure 5.5: CDFs, FfxJ, of the IMD in the sub-channel on the edge of the band and in the sub-
channel in the centre of the band for OFDM/BPSK signals with 32 to 256 sub-
channels distorted by the frequency independent non-linearity.
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Figure 5.6: CDFs, r(xs, of the IMD in the sub-channel on the edge of the band and in the sub-
channel in the centre of the band for OFDM/QPSK signals with 32 to 256 sub-
channels distorted by the frequency independent non-linearity.
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Figure 5.7: CDFs, FfxJ, of the IMD in the sub-channel on the edge of the band and in the sub-
channel in the centre of the band for OFDM/BPSK signals with 32 to 256 sub-
channels distorted by the frequency dependent non-linearity.
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Figure 5.8; CDFs, Fsx), of the IMD in the sub-channel on the edge of the band and in the sub-
channel in the centre of the band for OFDM/QPSK signals with 32 to 256 sub-
channels distorted by the frequency dependent non-linearity.
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A possible solution to the IMD approximation/estimation problem is found by
noting that the coefficients of skewness and kurtosis of the IMD RV do not depend
significantly on the type of non-linearity, as shown in Figure 5.9 through Figure 5.12. The

coefficient of skewness [, is a measure of the symmetry of a distribution and the
coefficient of kurtosis B, is a measure of the peakness/flatness of a distribution [154].

These coefficients are defined by [154]

B =t (5.14)
7
and
B, =L (5.15)
i

where f,,n=12,..., are the central moments of the RV, The coefficients of skewness

and kurtosis were estimated in MATLAB as follows: by generating a large number of

samples of the IMD RV under consideration in accordance to (4.58), X, X,,..., X, then
estimates & ,7 =1,2,..., of the moments y;,n =1,2,..., were obtained through (5.5) and
then estimates f,,7=1.2,..., of the central moments i,,n=12,..., were obtained from

the relation between central moments and moments [154]

Z n — r I
M, = Z[ /e](—l)” it (5.16)
£=0

where

n 7
[/«) ~R(-£) G40

Finally, an estimate ,81 of the coefficient of skewness [, and an estimate :Bz of the
coefficient of kurtosis B, were obtained from the central moments through (5.14) and

(5.15), respectively.
The independence of skewness and kurtosis values on the non-linearity type suggests

that were these values known a priori for some reference non-linearity then they could be

18 The nth central moment of a RV X is given by 4, = E[(X - ,u)"], where £ = ] is the mean of the RV.
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used to enhance the approximations/estimations for the IMD distribution. One would
therefore be able to use the first four moments of the IMD RV or, equivalently, four
quantities related to the first four moments of the IMD RV, to define appropriate
approximations/estimations for the IMD distribution. Note that it is always possible to
work backwards and recover the first four moments from the first moment, the second
moment and the coefficients of skewness and kurtosis'”’. Clearly, one may argue that the
match between skewness and kurtosis values for the frequency independent and the
frequency dependent cases is specific for this particular frequency dependent non-linearity.
Indeed, one may always conceive a hypothetical frequency dependent non-linearity that
eliminates all IMPs but a particular one so that skewness and kurtosis values would differ in
the frequency independent and the frequency dependent cases. However, we will show in
chapter 6 that other frequency dependent non-linearities do in fact still yield the same
skewness and kurtosis values.

Skewness and kurtosis values of the real part of the IMD RV (conditioned on each
possible complex modulation symbol) in selected sub-channels for non-lineatly distorted
OFDM/BPSK signals with 16 to 128 sub-channels are given in Appendix B. Skewness and
kurtosis values of both the real part and the imaginary part of the IMD RV (conditioned on
each possible complex modulation symbol) in selected sub-channels for non-lineatly
distorted OFDM/QPSK signals with 16 to 128 sub-channels are also given in Appendix B.
A frequency independent non-linearity has been adopted as a reference non-linearity. Note
that the exact value of the (third-order) transfer function of the frequency independent
non-linearity is irrelevant because the coefficients of skewness and kurtosis are normalised
quantities.

Finally, it is important to emphasise that the analysis in this section is restricted to
non-linearities that exhibit up to third-order non-linear behaviour. It is fortunate that third-
order non-linear behaviour often serves as a good approximation to a broad range of non-
linearities encountered in practice because the moments of the RVs needed for error
probability evaluation are not readily obtained for non-linearities of orders greater than
three.

19 Strictly speaking, to obtain the first four moments of the IMD RV, the first moment, the second moment
and ‘/ﬂ, and 8, of the IMD RV are required. The value of §, is known whereas the value of \/ﬂ, is not entirely
known because it can be either positive or negative depending on the value of the third central moment.
Extensive simulations have shown that in the IMD case if the first moment is positive then ‘/ﬂ,>0 and if the

first moment is negative then \/ﬁ,<0.
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Figure 5.9: Skewness and Kkurtosis of the IMD in the sub-channel on the edge of the band vs.
number of OFDM sub-channels for OFDM/BPSK signals distorted by the frequency
independent and the frequency dependent non-linearities.
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Figure 5.10: Skewness and kurtosis of the IMD in the sub-channel in the centre of the band vs.
number of OFDM sub-channels for OFDM/BPSK signals distorted by the frequency
independent and the frequency dependent non-linearities.
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Figure 5.11: Skewness and kurtosis of the IMD in the sub-channel on the edge of the band vs.
number of OFDM sub-channels for OFDM/QPSK signals distorted by the frequency
independent and the frecjuency dependent non-hnearities.
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Figure 5.12: Skewness and kurtosis of the IMD in the sub-channel in the centre of the band vs.
number of OFDM sub-channels for OFDM/QPSK signals distorted by the frequency
independent and the frequency dependent non-hnearities.
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5.2.2 Approximations for the IMD distribution

In this section, we examine various approximations for the IMD distribution. The
observations in section 5.2.1 suggest that to model the IMD distribution we have to select a
method that allows for PDFs with different rates of tail decay while encompassing a
Gaussian PDF as a particular case. Moreover, the method has to rely only upon the first
four moments of the IMD RV ot, equivalently, on four quantities related to the first four
moments of the IMD RV.

To realise such a method we consider systems of distributions, i.e., mathematical
frameworks which accommodate a number of distributions exhibiting certain propertes.
Particularly, we consider the generalised Gaussian system of distributions and the Pearson
system of distributions because these systems have been used in a variety of applications to
model distributions whose behaviour deviates from Gaussian behaviour [154,156]. We also
consider Gaussian and Laplace distributions for comparison putposes because the former
exhibits light tails whereas the later exhibits heavy tails.

In the following paragraphs, we first describe these distributions/systems of

distributions and we then investigate the approximation performance of these methods.

Gaussian and Laplace distributions

The PDF of a Gaussian distributed RV is given by [154]

f(x)=——=¢ * (5.18)

where 4 is the mean value and 07 is the variance of the distribution. The parameters of

this distribution are determined from the first moment, ,u]’ , and the second moment, 4,

of the RV as follows

1= (5.19)

0" =y~ (5-20)
The PDF of a Laplace distributed RV is given by [154]

xX—Q

B

=L, (5.21)
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where « is the mean value and 2f° is the variance of the distribution. Again, the
parameters of this distribution are determined from the first two moments, 4, and 4, of

the RV as follows

o= (5.22)

2B =y - u? (5.23)

Generalised Gaussian system of distributions
The generalised Gaussian system of distributions is characterised by the PDF given
below [156]

=Y A
f(x) (177 (5.24)

where

1/2
y= &[?—8—3} (5.25)

and # is the mean of the distribution, ¢ is the variance of the distributon, ¢ is a
parameter that controls the shape of the distribution and the gamma function I'(:) is

defined as
D(n)= [rear (5.26)
0

for n>0. This system of distributions includes several PDFs with different rates of tail
decay. For example, ¢=1 represents a Laplace distribution and c¢=2 represents a

Gaussian distribution.
The parameters # and O~ of the generalised Gaussian distribution ate obtained

from the first moment, 4/, and the second moment, 4, , of the RV as follows

“=p (5.27)

0% = 1 - 1 (5.28)
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The central moments of a generalised Gaussian distributed RV are given by

- 0, n odd
#, = [e-p) o) =1 Dl+1)e) (5.29)
= y'T(e)

and hence the coefficients of skewness and kurtosis, defined in (5.14) and (5.15)

respectively, are given by

2

B =t =0 (5.30)

3
2
and

T4 T3y
The parameter ¢ is therefore obtained from the coefficient of kurtosis of the RV. Finally, it
is interesting to note that since the coefficient of skewness of the RV is zero, which implies

symmetry, then the generalised Gaussian system of distributions cannot accommodate

skewed or asymmetric behaviour.

Pearson system of distributions
The Pearson system of distributions is characterised by the differential equation

given below [154]

dln f(x) _ x—a : (5.32)
dx by + byx + byx

where f(x) is the PDF of the distribution, 4 is the mode or antimode of the distribution
and b,, b, and b, are parameters that control the shape of the distribution. This system of
distributions includes several important PDFs with different rates of tail decay such as
Gaussian, Cauchy, 7, F, 2°, uniform, ¥, exponential and f PDFs [154].

The parameters in the Pearson differential equation are obtained by the moment
method, i.e., by equating the moment expressions to the moment values [154]. To explain

such a procedure the Pearson differential equation is written as follows
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(b, + by + bzxz)di(i) =(x—a)f(x) (5.33)

Multiplying each side of (5.33) by x” and integrating the resulting expression with respect

to x then we find that the moments g, if defined, obey the recursive relationship®

bl +[(n+ )b, —alt, +[(n+2)b, + 1], =0 (5.34)

and by putting # =0,1,2,3 successively in (5.34) we obtain a system of four linear equations
that enables us to find the parameters «, 4,, 4, and 4, in terms of the first four moments.

Typically, the parameters in the Pearson differential equation are not given in terms
of the first four moments but in terms of the first four central moments. Accordingly, if

the mean 4 = 44 is transferred to the origin then we find that the central moments g,

obey the recursive relationship
nbo i, , + [(” + 1)191 - “]/—‘” + [(” + Z)bz + 1]/‘,,” =0 (5.35)

and by putting #=0,1,2,3 successively in (5.35) we obtain a system of four linear equations
that enables us to find the parameters «, 4,, 4, and b, in terms of the first four central

moments. The parameters in the Pearson differential equation are therefore given by

w1, + 342) o\JB.(8, +3)

‘ 104,04, 18482 —12u7 108, -18-128, -3

bo - _ H, (4ﬂ2ﬂ4 - 3/“32) - 0-2(4182 — 361) (5.37)

W0p,p, 185 =127 108, —18-12,

b =— (2/42/14 -3ul —6/123) —_ (2162 -3B _6) (5.38)

0p,, — 1822 =124 108, —18-128,

where 0 is the variance of the distribution and B, and B, are the coefficients of

skewness and kurtosis of the distribution defined in (5.14) and (5.15), respectively.

20 To derive this recursive relation it was assumed that lim x"%f (x)= 0 if the range of f (x) is infinite

x—yteo

[154].
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Explicit forms to the Pearson PDF are obtained by integrating the Pearson
differential equation. Solutions to the Pearson differential equation depend on the nature of
the roots of the denominator on the right hand side of (5.32), i.e., whether the roots are
real and of different sign, complex or real and of the same sign, and the nature of the roots

of the denominator on the right hand side of (5.32) depends on the value of £ given by

_ b BB, +3)
Ty I CY REEY R Py REY:) 39

If £ is negative the roots are real and of different sign and we get the first main type
of curve or Pearson’s Type I if £ is positive and less than unity the roots are complex and
we get the second main type of curve or Pearson’s Type IV; finally, if £ is positive and
greater than unity the roots are real and of the same sign and we get the third main type of
curve or Pearson’s Type VI. The main types of Pearson distributions are discussed in the
following paragraphs.

Pearson’s Type I: This corresponds to the case where the roots of the quadratic are
real and of different sign. In this case, it is possible to expand the denominator on the right
hand side of (5.32) in real factors and hence to write the Pearson differential equation as

follows

dln f(x) _
dx

xX—a 1 A +a 1 1 A4-a 1
, (x+ A)x~A,) b, A+A, A+x by A+A A —x

(5.40)

where A4, A4, >0. Note that —.4, and A4, are the roots of the quadratic. Integration of

(5.40) yields

1 Ajte 1 Az~a

by Ayt Ay (Az _ X)bz A+ Az (5.41)

S(x)= (4, +x)

The support of the PDF is from — .4, to A, and the value of the integration constant ¢ is
chosen so that the area under the PDF is one.

Pearson’s Type IV: In this case, the roots of the quadratic are complex and it is not
possible to expand the denominator on the right hand side of (5.32) in real factors.

Consequently, we write the Pearson differential equation alternatively as follows
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dlnf(x)= x=—a (5.42)

dx bz[(x+y)2+§2]

where ¥+ ;O are the complex conjugate roots of the quadratic. Integration of (5.42) then

gives

aty o x+y

——tan

Fe)= et P w52 fee 08 543

where the value of the integration constant ¢ is chosen so that the area under the PDF is
one. The support of this PDF is from —oo to oo.

Pearson’s Type VI: This corresponds to the case where the roots of the quadratic are
real and of the same sign. In this case, it is possible to expand the denominator on the right

hand side of (5.32) in real factors and hence to write the Pearson differential equation as

follows
dln f(x) _ 1 x—a 1 A-a 1 1 A-a 1 (5.44)
dx by (x—AYx—A,) by A-A x—A b, A—A x—A, '
where A, and A, are the roots of the quadratic. Integration of (5.44) yields
Flx)=eloe—Aa,)"" " (x-a,) """ (5.45)

The support of the PDF is from max(A4,,.4,) to o and the value of the integration
constant ¢ is chosen so that the area under the PDF is one.

It is important to mention that the various Pearson PDFs discussed in the preceding
paragraphs are normally written in the literature by centring them at appropriate points and
by scaling them [154]. These procedures were not carried out here because the aim was
only to show how to obtain an explicit form to the Pearson PDF. It is also important to
mention that the main types of Pearson distributions discussed in the preceding paragraphs
cover the whole field of solutions to the Pearson differential equation but in limiting cases
when one type changes into another we reach simpler forms of transition curves. For

example, the Gaussian curve corresponds to £=0 when 4, =4, =0 [154].
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Comparison of the approximation methods

To evaluate the efficacy of these methods we have compared the approximated IMD
CDF to the true IMD CDF. We have considered the same cases considered in the previous
section, i.e., the real part of the IMD in the sub-channel on the edge of the band and the
real part of the IMD in the sub-channel in the centre of the band for non-linearly distorted
OFDM/BPSK and OFDM/QPSK signals with different numbers of sub-channels. We
have also considered the same symbol conditioning and the same frequency independent
and frequency dependent non-linearities'.

The Gaussian and the Laplace approximations were defined by using the first two
moments of the IMD RV to specify the parameters of the Gaussian and the Laplace PDFs
in (5.18) and (5.21), respectively, as explained previously. The generalised Gaussian
approximation was defined by using the first two moments plus the kurtosis value of the
IMD RV to specify the parameters of the generalised Gaussian PDF in (5.24) and (5.25), as
explained previously. Finally, the Pearson approximation was characterised first by using
the first two moments of the IMD RV plus its skewness and kurtosis values to obtain the
parameters of the Pearson differential equation, then by integrating the Pearson differental
equation to obtain the Pearson PDF and finally by shifting this PDF from the origin to the
mean. It is interesting to note that a Pearson’s type IV distribution resulted in each case
under consideration. The first two moments of the IMD RV were calculated as described
in chapter 4 and the skewness and kurtosis values were read from the tables in Appendix B.
The CDFs were obtained from the PDFs by numerical integration in accordance to (5.12).

A comparison of the approximation effectiveness of these methods for the different
situations under consideration is shown in Figure 5.13 through Figure 5.20. Note that the
x-axis 1s normalised to the mean & and the standard deviation ¢ of the distributions in
these figures. Observation of these figures reveals that the generalised Gaussian system
does not yield a good approximation to the IMD distribution, except in particular cases
where the IMD distribution is practically Gaussian (e.g., see Figure 5.15 and Figure 5.19).

The Pearson system, on the other hand, is capable of providing a very good approximation

21 Again, when we refer to the IMD distribution in the OFDM/BPSK case we mean its real part conditioned
on A and when we refer to the IMD distribution in the OFDM/QPSK case we mean its real part

conditioned on 4e’™*
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to the IMD distribution in each case. This is an interesting result because both systems
include distributions with different rates of tail decay and a Gaussian distribution as a
particular case while the former does not serve as an appropriate approximation technique
whereas the later does. The explanation of this result must ultimately lie in the nature of the
IMD RV and the nature of the distributions that the generalised Gaussian system and the
Pearson system include. Observation of these figures also reveals that Gaussian and
Laplace approximations are only justified in particular cases. The Gaussian approximation
is appropriate when light tail behaviour is observed which occurs for a high number of
OFDM sub-channels, the sub-channel on the edge of the band and QPSK modulation.
The Laplace approximation, on the other hand, is appropriate when heavy tail behaviour is
observed which occurs for a low number of OFDM sub-channels, the sub-channel in the
centre of the band and BPSK modulation.

Finally, it is important to note that any of these approximations would yield
equivalent results in situations where high error rates are expected. For example, if the
error rate is 107 then it is clear that values of the IMD RV that occur with a probability of
107 or less will make no contribution whatsoever to define this error rate. However, the
various approximations are equivalent for values that do not occur with a probability of
102 or less. In practice, this implies that in wireless systems, where a high error rate is
expected, any of these approximations is appropriate; in optical systems, whete low error
rates are commonly expected, a Pearson approximation ought to be used.

Gaussian approximations to the IMD distribution have been used extensively in the
literature [13,14,16-18,21-25]. Obviously, a Gaussian approximation can be justified for
high error rates or for OFDM signals with a very large number of sub-channels, as shown
in this chapter. A Gaussian approximation can also be justified for OFDM signals distorted
by non-linearities exhibiting non-linear behaviour of orders higher than three due to
accelerated Gaussian convergence due to the increased number of IMPs, as shown in the
next chapter. However, in the literature such an approximation has been suggested also to
estimate relatively low error rates for a 64 sub-channel OFDM signal distorted by non-

linearities exhibiting up to third-order non-linear behaviour [157].
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Figure 5.13; Approximations for the CDFs, FfxJ, of the IMD in the sub-channel on the edge of
the band for OFDM/BPSK signals with 32 to 256 sub-channels in the frequency
independent non-hnearity case.

Generalised Gaussian approximation
Pearson approximation
O Simulation

Laplace approximation

Gaussian approximation

32 sub-channete
64 sub-channels

126 ;subi-chahnels;

Figure 5.14: Approximations for the CDFs, rscs, of die IMD in the sub-channel in the centre of
the band for OFDM/BPSK signals with 32 to 256 sub-channels in the frequency
independent non-linearity case.
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Figure 5.15: Approximations for the CDFs, FfxJ, of the IMD in the sub-channel on the edge of
the band for OFDM/QPSK signals with 32 to 256 sub-channels in the frequency
independent non-linearity case.

Generalised Gaussian approximation
Pearson approximation
O Simulation

Laplace approximation

Gaussian approximation

64.sub-channels

y: s12%sHds m

Figure 5.16: Approximations for the CDFs, rsxs, of the IMD in the sub-channel in the centre of
the band for OFDM/QPSK signals with 32 to 256 sub-channels in the frequency

independent non-linearity case.
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Figure 5.17; Approximations for the CDFs, F(xJ, of the IMD in the sub-channel on the edge of
the band for OFDM/BPSK signals with 32 to 256 sub-channels in the frequency
dependent non-linearity case.
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Figure 5.18: Approximations for the CDFs, r(xs, of the IMD in the sub-channel in the centre of
the band for OFDM/BPSK signals with 32 to 256 sub-channels in the frequency
dependent non-linearity case.
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Figure 5.19: Approximations for the CDFs, FfxJ, of the IMD in the sub-channel on the edge of
the band for OFDM/QPSK signals with 32 to 256 sub-channels in the frequency

dependent non-hnearity case.
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Figure 5.20: Approximations for the CDFs, rsxs, of the IMD in the sub-channel in the centre of
the band for OFDM/QPSK signals with 32 to 256 sub-channels in the frequency
dependent non-hnearity case.
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5.2.3 Maximum entropy and minimum relative entropy

estimations for the IMD distribution

In this section, we explore maximum entropy and minimum relative entropy
estimations for the IMD distribution. Special attention is devoted to the maximum entropy
method (MEM) and the minimum relative entropy method (MREM) because a number of
researchers have shown that among moment based techniques these two require far less
moments than others, such as series expansion methods or Gauss quadrature rules
[158,159].

In the MEM we maximise the entropy function [158,159]

f 1

H(f)= aff(x)ln e

b
dx == [ f(x)In f(x)ax (5.46)
with respect to the unknown PDF f(x), subject to a set of moments constraints

U = jx x)dx, n=1,...,N (5.47)

and subject to the normalisation condition

b

[ £lo)ax =1 (5.48)

a

Here 2 and 4 define the support of the unknown PDF.
Maximisation of the entropy of the unknown PDF is motivated by the fact that a
number of distributions occutring in practice ate maximum entropy distributions given

appropriate moment constraints [158,159]. For example, the maximum entropy density
under the constraints of a first moment equal to zero and a second moment equal to o is

a Gaussian density with zero mean and 0 variance. It seems therefore appropriate to
explore maximising the entropy of the IMD PDF given a set of moment constraints.
This constrained optimisation problem can be solved using calculus of variations

techniques [160], whereby the unknown PDF is found by requiring that

=0, V4
= (%)

i[_[](f(x)+ab(»c))ln(f( )+ a(x ""+Z’1 IX <ol ))d}

a a=0

(5.49)
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where A4 ,7=0,1,..., N, are the Lagrange multipliers. By solving (5.49) for f (x) then

flx)=e = , a<x<b (5.50)

The values of the Lagrange multipliers in (5.50) ate determined by requiring that the
constraint equations (5.47) and (5.48) are satisfied.
In the MREM we minimise the relative entropy function [158,159]

b

_ S(x)
R(f)= [/(x)in L (5.51)

with respect to the unknown PDF f(x), given a prior estimate g(x) of the unknown

PDF f(x), a set of moment constraints
= [x"f()x, n=1,...,N (5.52)

and the normalisation condition

b

[ )i =1 (5.53)

Note that 4 and 4 define the support of f(x). Note also that the relative entropy

function is finite if and only if the support of f(x) is contained in the support of g(x).

The minimum relative entropy principle is a generalisation of the maximum entropy
principle and applies to cases where a prior estimate of the unknown PDF in addition to
the moment constraints is known. It is interesting to note that minimisation of the relative
entropy is equivalent to maximisation of the entropy when the prior estimate is uniform.

This constrained optimisation problem can also be solved using calculus of variations

techniques [160], whereby the unknown PDF is found by requiting that

=0, Vh(x)

a=0

i[}(f(x)+ a/y(x))ln(————f Lk “b(")}ix 34 bfx”(f(x)w/v(x))dx}

da <g (X) n=0 a

a

(5.54)

where 4,7 =0,1,..., N, are the Lagrange multipliers. By solving (5.54) for f (x) then

Pl Y
flx)=glx)e = , a<x<bh (5.55)
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The values of the Lagrange multipliers in (5.55) are also determined by requiring that the
constraint equations (5.52) and (5.53) are satisfied.

To evaluate the efficacy of these methods we have compared the estimated IMD
CDF to the true IMD CDF. We have considered the same cases considered in the previous
section, ie., the real part of the IMD in the sub-channel on the edge of the band and the
real part of the IMD in the sub-channel in the centre of the band for non-linearly distorted
OFDM/BPSK and OFDM/QPSK signals with different numbers of sub-channels. We
have also considered the same symbol conditioning and the same frequency independent
and frequency dependent non-linearities™.

The MEM and the MREM estimations were defined by using the first four moments
of the IMD RV under consideration. The first two moments were calculated as described
in chapter 4 and the remaining moments were calculated by using the skewness and
kurtosis values, which were read from the tables in Appendix B. In the MEM case the
limits of integration 4 and 4 were set to the minimum and maximum value of the IMD
RV, respectively. Extensive simulations have shown that for the frequency independent
non-linearity these extremes correspond to the following two cases: either the symbols
conveyed in the other sub-channels are all equal to the symbol conveyed in the sub-channel
being examined or the symbols conveyed in the other sub-channels are symmetric to the
symbol conveyed in the sub-channel being examined. The one that corresponds to the
minimum and the one that corresponds to the maximum depends on the actual symbol
transmitted in the sub-channel being examined and the sign of the transfer function of the
frequency independent non-linearity. Difficulties in determining the maximum and
minimum values of the IMD RV for the frequency dependent non-linearity led us not to
explore the performance of the MEM method in this case. In the MREM case we have
used a Laplace distribution as a prior estimate to try to capture the heavy-tailed nature of
the IMD distribution. Moreover, in the MREM case the limits of integration # and & were
set to —oo and oo, respectively.

As explained previously, the values of the Lagrange multipliers in the MEM and the
MREM case are determined by requiring that the constraint equations are satisfied. The

Lagrange multiplier A, is found in terms of the Lagrange multipliers A4, =1,...,N from

22 Again, when we refer to the IMD distribution in the OFDM/BPSK case we mean its real part conditioned
on A and when we refer to the IMD distribution in the OFDM/QPSK case we mean its real part

conditioned on Ae/™* .
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the normalisation constraint equation. The Lagrange multipliers A, =1,...,N are then

found by solving simultaneously the N moment constraint equations using the iterative
method described in [158,159]. The method starts with an initial guess to the Lagrange
multiplier values AW = {/1&1),...,/1&,)}, e.g., AW ={0,...,0}, and generates iterative

approximate solutions AN L sequentially. The (r+1)th Lagrange multiplier values

are obtained from the rth Lagrange multiplier values by requiring that AL =) ) g

a solution to
H'(r) _P-/ =H®.A\0 (5.56)

where p'={u/,...,us} are the true moment values, p.'(')={/11'('),..., ,u;\g’)} are the

)

estimated moment values in iteration r and H" is the Hessian matrix in iteration t. The

elements of the Hessian matrix are given by

S €0 I (0 I (0 I
Hy=p [ — ;"1 i,j=1...,N (5.57)

it J
It is interesting to note that this iterative method is an application of the Newton-Raphson
iterative method, which is used to compute solutions to systems of non-linear equations, to
the present case [158,159]. It is also interesting to note that this problem has a unique
solution [158,159]. Once the values of the Lagrange multipliers were obtained the
estimated CDF was determined from the estimated PDF by numerical integration in
accordance to (5.12).

A comparison of the estimation effectiveness of the MEM and the MREM for the
different situations under consideration is shown in Figure 5.21 through Figure 5.28. Note
that the x-axis is normalised to the mean i and the standard deviation & of the
distributions in these figures. From these figures we can conclude that the MEM fails to
provide a reasonable estimate of the IMD distribution in each case. This is particulatly
evident for the highest number of OFDM sub-channels where there is a substantial
discrepancy between the MEM distribution and the true distribution. From these figures
we can also conclude that the MREM also fails to estimate reasonably the IMD distribution
in each case. This last finding is particularly interesting given that a Laplace distribution was
used as a prior estimate and yet the method fails to capture the heavy-tailed nature of the
IMD distribution. Accordingly, both the MEM and the MREM ate inadequate for the
present application if only four moments are available. If more moments were available
both the MEM and the MREM might possibly provide a reasonable estimate of the IMD

distribution.
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Figure 5.21: Estimations for the CDFs, FfxJ, of the IMD in the sub-channel on the edge of the
band for OFDM/BPSK signals with 16 to 64 sub-channels in the frequency
independent non-hnearity case.
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Figure 5.22: Estimations for die CDFs, r(xs, of the IMD in the sub-channel in the centre of the
band for OFDM/BPSK signals with 16 to 64 sub-channels in the frequency
independent non-linearity case.
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Figure 5.23; Estimations for the CDFs, FfxJ, of the IMD in the sub-channel on the edge of the
band lor OFDM/QPSK signals with 16 to 64 sub-channels in the frequency

independent non-linearit}' case.

MEM estimation
MREM estimation
O Simulation

ir

10 .sub-ctiannals

:: 32 sub-channels

(x-u)/o

Figure 5.24: Estimations for the CDFs, rsxs, of the IMD in the sub-channel in the centre of the
band for OFDM/QPSK signals with 16 to 64 sub-channels in the frequency
independent non-linearit}' case.
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Figure 5.25: Estimations for the CDFs, t'fxj, of the IMD m the sub-channel on the edge of the

band for OFDM/BPSK
dependent non-hnearity case.
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Figure 5.26: Estimations for the CDFs, rscs, of the IMD in the sub-channel in the centre of the

band for OFDM/BPSK
dependent non-hnearity case.
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Figure 5.27: Estimations for the CDFs, FfxJ, of the IMD in the sub-channel on the edge of the
band for OFDM/QPSK signals with 16 to 64 sub-channels in the frequency
dependent non-hnearit}' case.
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Figure 5.28: Estimations for the CDFs, rfcs, of the IMD in the sub-channel in the centre of the
band for OFDM/QPSK signals with 16 to 64 sub-channels in the frequency
dependent non-linearit)- case.
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5.3 Etror probability

Error probability evaluation of non-lineatly distorted OFDM signals provided the
primary motivation behind the investigation of specific approximation/estimation schemes
for the IMD distribution. In this section, we compare the etror probability approximation
petformance of such schemes. Particularly, we consider Gaussian, Laplace, generalised
Gaussian and Pearson approximations. We do not consider MEM and MREM estimations
because we have shown that these estimation methods are very ineffective.

To evaluate the error probability approximation performance of the various schemes
we have obtained the overall BER, the BER in the sub-channel on the edge of the band
and the BER in the sub-channel in the centre of the band by analytic and simulation means
for the OFDM communication system model depicted in Figure 5.29. We have considered
the same frequency independent and frequency dependent bandpass non-linearities. We

have also considered an OFDM signal with the following parameters: f, =1GHy,
T=4us, T, =08 us and N =48. The modulation symbols conveyed in different time

slots and different sub-channels were assumed to take any value from a BPSK signal
constellation with equal probability or from a Gray coded QPSK signal constellation with
equal probability and were assumed to be independent. For illustration we consider
specifically OFDM signals with 48 sub-channels because many of the recently proposed
wireless networks employ OFDM signals with such a number of sub-channels [44,45].

The BERs were obtained for E,/N, values in the range of 0-30 dB, where E,

denotes the average received energy per bit and N, denotes the one-sided power spectral

density of the AWGN. The BERs were also obtained for an OBO value of 3 dB in the
frequency independent non-linearity case and for an OBO value of 4 dB in the frequency
dependent non-linearity case. The OBO was set by varying the power in the constellations
of each OFDM sub-channel until a specified value, as given by (3.84), was achieved. Note
that once the OBO value is set so is the average power of the received OFDM signal and
hence the average energy of the received OFDM symbols. The E, /N, ratio is then given

by dividing the average energy of the received OFDM symbols by the total number of bits
conveyed per OFDM symbol and by the one-sided power spectral density of the AWGN.
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Figure 5.29: OFDM communication system model.

Analytic results were obtained in MATLAB by using the PDF of the approximation
method under consideration, which was defined in the manner described in section 5.2.2,
to carry out the expectations that will ultimately yield the BERs (see chapter 4).

Simulation results were obtained in MATLAB as follows: Initially, the transmitted
OFDM signal was generated given a set of randomly generated BPSK or QPSK symbols;
subsequently, the OFDM signal was distorted both by the bandpass non-linearity and
AWGN; finally, the received OFDM signal was detected in accordance to the procedure
described in chapter 4, giving a set of BPSK or QPSK symbols. The overall BER, the BER
in the sub-channel on the edge of the band and the BER in the sub-channel in the centre
of the band were obtained by comparing the appropriate transmitted symbols to the
appropriate received symbols using Monte Carlo techniques [136]. In the BPSK case, the
comparison of transmitted to received symbols yielded directly the BERs. In the QPSK

case, we have compared the bits that correspond to the transmitted symbols to the bits that
cotrespond to the received symbols by assuming Gray coding. For example, if 477" was

transmitted (which, for example, conveys the two-bit word 11) and .4”*** was received
(which, for example, conveys the two-bit word 10) then a single bit error in the two-bit
word results. The simulation sampling frequency was chosen so that the highest frequency
component in the non-linearly distorted OFDM signal could be accounted for®.

A comparison of the error probability approximation performance of the vatious
schemes in the frequency independent non-linearity case is shown in Figure 5.30 and

Figure 5.31. The first figure shows the overall BER, the BER in the sub-channel on the

2 Again, note that we have used MATLAB to obtain both analytic and simulation results. Analytic BER
results were determined by using MATLAB as a calculator, where we have effectively implemented and
solved all the mathematical relations and expressions. Simulation BER results were determined by using

MATLAB as a simulator, where we have implemented all the underlying processes unfolding in time.
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edge of the band and the BER in the sub-channel in the centre of the band against E, /N,

for non-linearly distorted OFDM/BPSK signals whereas the second figure shows identical
results for non-lineatly distorted OFDM/QPSK signals. Essentially, these results confirm

the observations of section 5.2.2. For low E, /N, values, when the etror rate is normally

high, the various approximations yield identical results because in this case the tails of the
approximation distributions, where they mostly differ, do not play any significant role in

defining such an error rate. Conversely, for high E, /N, values, when the etror rate is

normally low, the various approximations do not yield identical results anymore. In this
case, one can notice that the generalised Gaussian approximation does not give such
accurate results as does the Pearson approximation. Moreover, the Pearson approximation
not only estimates properly the error rate in the sub-channel on the edge of the band and
the error rate in the sub-channel in the centre of the band but also the overall error rate,
giving us confidence that such an approximation is in fact appropriate for each sub-
channel. One can also notice that for a 48 sub-channel OFDM system a Laplace
approximation tends to give better results when compared to a Gaussian approximation
because for such a number of OFDM sub-channels the IMD distribution is characterised
by relatively heavy tails.

Finally, it is important to note that it has occasionally been suggested that the error
probability performance of each OFDM sub-channel is practically the same [23-25,65,66].

For low E,/N, values, when the noise contribution to the error rate dominates with

respect to the non-linearity contribution, then the error probability of each sub-channel is

indeed similar. However, for high E, /N, values, when it is not the noise contribution but

the non-linearity contribution that is the dominant one, then the error probability of each
OFDM sub-channel is not similar anymore (see Figure 530 and Figure 5.31, where the
error rate in the sub-channel on the edge of the band differs from the error rate in the sub-
channel in the centre of the band by about two orders of magnitude). This is not an
unexpected result because the variance of the IMD for the sub-channel in the centre is
larger than the variance of the IMD for the sub-channel on the edge (see Table 5.1).
Moreovet, the tails of the IMD distribution in the sub-channel in the centre are heavier
than the tails of the IMD distribution in the sub-channel on the edge (see section 5.2.2).
The error probability performance of each OFDM sub-channel is different not only for
systems that exhibit third-order non-linear behaviour but also for systems that exhibit

higher-order non-linear behaviour, as shown in the next chapter.
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Figure 5.30: Approximations for the overall BER, the BER in the sub-channel on the edge of the
band, and the BER in the sub-channel in the centre of the band of a 48 sub-channel
OFDM/BPSK signal distorted by the frequency independent non-hnearity.
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Figure 5.31: Approximations for the overall BER, the BER in the sub-channel on tlie edge of the
band, and the BER in the sub-channel in the centre of the band of a 48 sub-channel
OFDM/QPSK signal distorted by the frequency independent non-hnearity.
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Table 5.1:  Variances of the real part of the IMD in selected sub-channels for the 48 sub-channel
OFDM/BPSK and OFDM/QPSK signals distorted by the frequency independent

non-linearity.

Sub-channel on the edge

Sub-channel in the centte

OFDM/BPSK

0.62x10°*

0.96x10-*

OFDM/QPSK

0.32x10*

0.48x10-

Table 5.2:  Variances of the real part of the IMD in selected sub-channels for the 48 sub-channel
OFDM/BPSK and OFDM/QPSK signals distorted by the frequency dependent non-

linearity.
Sub-channel on the edge Sub-channel in the centre
OFDM/BPSK 1.02x10 0.90x10-°
OFDM/QPSK 0.53x10° 0.44x10-°

Similar trends are also observed in the frequency dependent non-linearity case, as
shown in Figure 5.32 and Figure 5.33. Again, the first figure shows the overall BER, the
BER in the sub-channel on the edge of the band and the BER in the sub-channel in the
centre of the band against E,/N, for non-lineatly distorted OFDM/BPSK signals

whereas the second figure shows identical results for non-linearly distorted OFDM/QPSK
signals. However, there is a fundamental difference between the frequency independent
and the frequency dependent non-linearity cases. In the former, the error rate performance

in each sub-channel is equal at low E,/N, values and differs only at high E, /N, . In the

later, more complex behaviour arises because not only does the receiver’s equaliser enhance
the noise variance differently in each sub-channel but it also enhances the IMD variance
differently in each sub-channel. For example, in the frequency independent non-linearity
case the IMD variance in the sub-channel in the centre is larger than the IMD variance in
the sub-channel on the edge (see Table 5.1). In the frequency dependent non-linearity case
the IMD variance in the sub-channel on the edge is larger than the IMD variance in the

sub-channel in the centre (see Table 5.2).
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Figure 5.32: Approximations for the overall BFR, the BER in the sub-channel on the edge of the

band, and the BER in the sub-channel in the centre of the band of a 48 sub-channel
OFDM/BPSK signal distorted by the frequency dependent non-linearity.
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Figure 5.33: Approximations for the overall BER, the BFIR in the sub-channel on the edge of the
band, and the BER in the sub-channel in the centre of the band of a 48 sub-channel
OFDM/QPSK signal distorted by the frequency dependent non-linearity.
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5.4 Considerations on the behaviour of non-

linearly distorted OFDM signals

In this chapter, we have presented a variety of results which have provided further
insight into the behaviour of non-linearly distorted OFDM signals. For example, we have
shown in section 5.2 that a Gaussian approximation to the IMD distribution is not always
appropriate and we have shown in section 5.3 that the error probability performance in
each OFDM sub-channel is not always identical. In this section, we present another result
related to the behaviour of non-linearly distorted OFDM signals.

The origin of this result rests on the following argument: On the one hand, by
increasing the number of OFDM sub-channels the number of IMPs also increases and
hence so do the support and the variance of the IMD distribution. On the other hand, by
increasing the number of OFDM sub-channels the heaviness of the tails of the IMD
distribution diminishes. An increase in the support and the variance of the IMD
distribution implies an increase in the error rate whereas a decrease in the heaviness of the
tails of the IMD distribution implies a decrease in the error rate. Consequently, it is feasible
that a worst number of OFDM sub-channels may exist from the error rate point of view in
the presence of non-linear distortion and AWGN. To verify this conjecture we have
obtained by means of simulation the overall BER for OFDM/BPSK signals with 8 to 256
sub-channels distorted by the same frequency independent and frequency dependent non-
linearities and corrupted by AWGN (see Figure 5.29). We have obtained the BER for
different OBO values and different E,/IN, values. Obsetvation of Figure 5.34 and Figure
5.35 reveals that there is indeed a worst number of OFDM sub-channels both in the
frequency independent and the frequency dependent non-linearity cases. It is interesting to
note that this trend is particularly evident for high E,/IN, values for which the non-linearity
contribution to the error rate dominates with respect to the noise contribution. It is also
interesting to note that this trend is valid for the different OBO values and hence for
different degrees of intensity of non-linear behaviour. Essentially, this result shows that, in
the presence of non-linear distortion and AWGN, an OFDM signal with a relatively high
number of sub-channels N, performs better that an OFDM signal with a relatively low
number of sub-channels N, provided that both N, and N, are greater than the worst
number of OFDM sub-channels. This important result should be the subject of future

investigations in the field.
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Figure 5.34: BER against number of OFDM sub-channels for OFDM/BPSK signals distorted by
the frequency independent non-linearit)’.
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Figure 5.35: BER against number of OFDM sub-channels for OFDM/BPSK signals distorted by
the frequency dependent non-linearity.
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5.5 Summary

In this chapter, we have analysed different approximation/estimation techniques for
the IMD distribution and the error probability of non-linearly distorted OFDM/BPSK and
OFDM/QPSK signals.

Initially, as a means to select appropriate approximations/estimations for the IMD
distribution, we have examined the properties of the IMD RV for OFDM/BPSK and
OFDM/QPSK signals with different numbers of sub-channels distorted by both a
frequency independent and a frequency dependent non-linearity exhibiting up to third-
order non-linear behaviour. We have shown that the IMD distribution is generally
characterised by different rates of tail decay, which depend on the number of OFDM sub-
channels, the location of the specific OFDM sub-channel (e.g., edge or centre) and the type
of modulation (e.g.,, BPSK or QPSK). Particularly, we have verified that heavy tailed
behaviour corresponds to a low number of OFDM sub-channels, the sub-channel in the
centre and BPSK modulation whereas approximately Gaussian behaviour corresponds to a
high number of OFDM sub-channels, the sub-channel on the edge and QPSK modulation.
Moreover, we have also shown that skewness and kurtosis values of the IMD RVs do not
significantly depend on the non-linearity type and hence, if known a priori for a reference
non-linearity, these statistical measures could be wused to enhance the
approximation/estimation for the IMD distribution.

Subsequently, we have analysed approximation techniques to describe the IMD
behaviour that, on the one hand, allow for distributions with different rates of tail decay
and, on the other hand, allow for a Gaussian distribution as a particular case. These
included Gaussian, Laplace, generalised Gaussian and Pearson approximations. We have
also analysed estimation techniques that require a limited number of moments to desctibe
the IMD behaviour, such as maximum entropy and minimum relative entropy estimations.
We have investigated the relative performance of the various approximation and estimation
techniques for the IMD distribution of a range of OFDM signals distorted both by a
frequency independent and a dependent non-linearity linearity exhibiting up to third-order
non-linear behaviour. We have verified that Gaussian, Laplace and generalised Gaussian
approximations only apply to particular cases whereas Pearson approximations always
apply. We have also verified that maximum entropy and minimum relative entropy

estimations always fail to provide adequate approximations in this case.
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Finally, we have investigated the relative performance of the various approximation
techniques for the error probability of a range of OFDM signals distorted both by the
frequency independent and the frequency dependent non-linearity exhibiting up to third-
order non-linear behaviour. Again, we have verified that Gaussian, Laplace and generalised
Gaussian approximations only apply to particular cases whereas Pearson approximations
always apply.

In this chapter, we have also provided further insight into the behaviour of non-
linearly distorted OFDM signals, which has been overlooked in the open literature. For
example, we have established that a Gaussian approximation to the IMD distribution is not
always appropriate and that the error probability performance of each OFDM sub-channel
is not always identical. We have also established that, in the presence of non-linear
distortion and AWGN, there is a worst number of OFDM sub-channels from the etror
probability point of view.

In the next chapter, we investigate the application of the techniques developed in this
thesis to two particular IM/DD fibre-radio systems. One of the systems relies on the direct
modulation of a laser source and exhibits frequency dependent non-linear behaviour. The
other system relies on the external modulation of a laser source and exhibits frequency

independent non-linear behaviour.



Chapter 6
Applications to IM/DD fibre-radio

systems

6.1 Introduction

The main motivation behind the development of the analytic techniques detailed in
chapters 3, 4 and 5 was the application to fibre-radio systems. In this chapter, we consider
the application of such analytic techniques to two particular IM/DD fibre-radio systems,
where one relies on the direct modulation of the intensity of a laser source and the other
relies on the external modulation of the intensity of a laser source to generate the OFDM
signals bearing optical waves to be delivered over optical fibre between CSs and BSs.

This chapter is organised as follows: Section 6.2 introduces the fibre-radio concept.
Section 6.3 and section 6.4 consider the application of the PDS and the error probability
techniques to the fibre-radio systems under consideration. In these sections, merits and
demerits of the techniques are discussed by comparing analytic to simulation results and
further new results related to the behaviour of non-linearly distorted OFDM signals are
presented. Finally, section 6.5 summarises the main contributions of this chapter. Two

papers have resulted from the research work presented in this chapter [161,162].

166
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6.2 The fibre-radio concept

Recently, fibre-radio technology has been proposed to interconnect CSs and BSs in a
number of wireless systems such as mobile communication systems, fixed broadband
access communication systems, wireless LANs and also traffic monitoring and guidance
systems [8-12].

The topology of a generic fibre-radio based wireless system is shown in Figure 6.1.
On the downlink, the CS generates an optical wave bearing the outgoing RF signal to be
delivered to the BS over an optical network. The BS retrieves the RF signal using standard
optical technology and then amplifies it and radiates it to an MS. On the uplink, it is the BS
that generates the optical wave bearing the incoming RF signal to be delivered to the CS
over an optical network and it is the CS that retrieves the RF signal using standard optical
technology.

A fibre-radio based wireless system offers potential benefits when compared to

conventional wireless systems [8-12]. Major benefits are:

. Low loss and high bandwidth transmission. These properties are associated with the

optical fibre transmission mechanisms.

. Simplification of the BS. The BS does not perform radio interface operations such as
coding/decoding, modulation/demodulation and up-conversions/down-conversions
to/from RF. The BS merely retrieves the RF signal from the incoming optical wave
to be transmitted to the MS and generates an outgoing optical wave bearing the RF

signal received from the MS using standard optical technology.

° Centralisation and sharing of complex equipment at the CS. Radio interface

equipment is centralised at the CS and hence it is shared among a number of BSs.

. Lower complexity and costs. Simplification of the BS and centralisation and sharing

of complex equipment at the CS are associated with lower complexity and costs.

These potential benefits are particularly important for wireless systems with micro-
cell (around 1 km diameter) and pico-cell (around 100 m diameter or less) architectures for

which lowering of complexity and costs are of utmost importance.
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Figure 6.1: Topolog}' of a generic fibre-radio based wireless system.

Over the years, a number of alternatives have been proposed to realise optical
transport of an RF signal between CSs and BSs. At lower RF frequencies, direct
modulation or external modulation of a laser source can be used to generate an RF
intensity”™ modulated optical wave for transmission over the fibre. Direct detection of the
RF" intensity modulated optical wave in a PIN photodiode then yields a photocurrent which
is a replica of the RF bearing information signal [8-10]. At higher RF frequencies, optical
transport of an RF signal between CSs and BSs is realised by using self-heterodyne
techniques [11,12].

In the following sections, we will consider specifically the application of the analytic
techniques detailed in chapters 3, 4 and 5 to two particular IM/DD fibre-radio systems.
The first system (section 6.3) relies on the direct modulation of the intensity of a laser
source and the second system (section 6.4) on the external modulation of the intensity of a
laser source to generate the OFDM signals bearing optical waves to be delivered over
optical fibre between CSs and BSs. The former exhibits frequency dependent non-linear

behaviour while the later frequency independent non-hnear behaviour. We shall not
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consider a compatison of the relative merits of each system but merely the application of

the PDS and the error probability techniques.

6.3 IM/DD fibre-radio system based on the

direct modulation of an LD

In this section, we apply the results developed in chapter 3, chapter 4 and chapter 5
to the IM/DD fibre-radio system model shown in Figure 6.2, which relies on the direct
modulation of an LD to generate an OFDM intensity modulated optical wave to be
delivered over optical fibre to a remote location. Direct detection of the intensity
modulated optical wave in a PIN photodiode then yields a photocurrent which is a replica
of the OFDM signal. Note that we are specifically addressing the downlink case. Analysis
of the uplink case is more complex because the certainly frequency selective radio channel
induces different attenuations and phase rotations in each sub-carrier of the incoming RF
OFDM signal, a situation that the developed analytical treatments do not account for.

Some of degradation factors that may exist in this fibre-radio system are LD induced
non-linear distortion [163,164], laser intensity and phase noise [163,164], laser chirp-fibre
dispersion interaction and receiver shot and thermal noise [165,166]. In out study, however,
the only impairments considered are LD non-linearities and receiver thermal noise.

In the following sections, we start by describing the model of the non-linear element
in the system, the LD model, so as to detive its transfer functions. Finally, analysis of the
application of the PDS and the error probability techniques to the fibre-radio system under
consideration is carried out by comparing analytical to simulation results. This analysis is

carried out at the output of the bandpass filter.

Laser O PIN Bandpass .
Diode Fibre Receiver | | Fiker | | Amplifier | Antenna
EB‘—— Bias

Tx OFDM Signal Rx OFDM Signal

Figure 6.2:  Fibre-radio system based on the direct modulation of an LD.
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6.3.1 LD model

A laser is a device that emits radiation with high spatial and temporal coherence.
Laser action can occur when light interacts with matter and is the result of three basic
processes: photon absorption, spontaneous emission and stimulated emission. These three
processes are represented for a simple two-energy-level system in Figure 6.3. In this figure,
E, is the ground state energy and E, is the excited state energy, the circles represent
electrons and incident photons are shown on the left and emitted photons are shown on
the right. According to Planck’s law, electron transitions between these two energy states
involve the absorption or emission of a photon of energy E, — E, = hv,,, where 4 is the
Planck’s constant and »,, is the frequency of the photon. If an electron is initially in the
ground state it can make a transition to the higher energy state when a photon with energy
E, — E, = hv,, is absorbed. Conversely, if an electron is initially in the excited state it can
make a transition to the lower energy state when a photon with energy E, — E, = by, is
emitted. This last process can occur either by spontaneous emission, when the electron
returns to the lower enetgy state in an entirely random manner, or by stimulated emission,
when it is a second photon of the same energy E, — E, = bv,, that triggers the emission of
the first photon. Spontaneous emissions are isotropic and of random phase and hence are
associated with the non-coherent emission of light. Stimulated emissions, on the other
hand, are associated with the coherent emission of light since both photons involved in the
process have exactly the same frequency, phase and polarization. Stimulated emission
processes are therefore exploited by lasers to achieve the emission of radiation of high

spatial and temporal coherence.

Absorption Spontaneous Emission S timulated Emission
E, , E, , E, ’

! ! ' bz
bora : : N\A/I{/\MNV\/\)
BV Yo X'S ' ) AN ] bl)lz

: : b 12 : NN
E; ' E, ' E; !

v % ¥

Figure 6.3: Energy state diagram for a simple two-energy-level system showing photon
absorption, spontaneous emission and stimulated emission.
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The basic structure of a laser is shown in Figure 6.4. The external energy source, or
the pumping mechanism, is required to increase the number of electrons in the excited
energy state beyond the number of electrons in the ground energy state (a situation known
as population inversion) so that stimulated emission processes outnumber absorption
processes"™*. The pair of partially transmitting mirrors, or the feedback mechanism, is
required to contain a number of photons in the laser cavity so that stimulated emission
processes outnumber spontaneous emission processes. Lasing operation therefore occurs
for wavelengths that correspond to the laser cavity resonance frequencies provided that the
gain in the laser cavity due to stimulated emission is greater than the losses in the cavity due
to spontaneous emission and scattering [167].

The principles described above are common to different classes of lasers, i.e., gas,
liquid and solid-state lasers and semiconductor LDs. In LDs, however, transitions occur
between continuous distributions of energy states in the conduction and valence bands in
the active region of a forward biased p-n junction and population inversion is achieved by
injecting current into the active region of the forward biased p-n junction. Different LD
structures have been proposed throughout the years to improve deficiencies associated
with LDs [168]. Although different LD structures have different operational parameters,
the basis of operation is the same and the model discussed below applies to most LDs.

The modulation dynamics of an LD are modelled by the laser rate equations which
relate the injected current I into the laser active region to the carrier density /N and the

photon density P in the laser active region. The laser rate equations are given by [169-172]

Partially Partially
Transmitting Mirror Transmitting Mirror

Optical Output Optical Output
luiSttig medium

External Energy Source

Figure 6.4: Basic structure of a laser.

Note that in thermal equilibrium the number of electrons in the ground energy state is greater than the

number of electrons in the excited energy state so that absorption processes outnumber stimulated emission

processes.
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e 4 (N=-N,, )1-£P)P 6.1

df qV TJ gO( Om)( ) ( )
L. FgO(N—NM)@—eP)—i P+I‘,B—IE 6.2)
dt » 2

where I' is the optical confinement factor, g, is the gain slope constant, N, is the
carrier density at which the net gain is zero, 7, is the photon lifetime, 7, is the electron

lifetime, B is the fraction of spontaneous emission coupled into the lasing mode, 17 is the
volume of the active region and ¢ is the electronic charge. The parameter € specifies the
gain compression characteristics of the active region.

Equation (6.1) states that the time rate of change of carrier density in the laser active
region is proportional to the rate of injected carriers, the rate of reduction in carriers due to
spontaneous emission and the rate of reduction in carriers due to stimulated emission.
Equation (6.2) states that the time rate of change of photon density in the laser active
region is proportional to the fraction I' of stimulated emitted photons which are confined
into the laser active region, the rate of loss of photons and the fraction £ of spontaneous
emitted photons which are coupled into the lasing mode. Gain compression enters the
laser rate equations by the factor (1— &P) and has important implications for the linearity
characteristics of an LD [171,172].

The laser rate equations have been conventionally used to model the effect of laser
non-linearity in certain optical fibre communication systems such as sub-carrier
multiplexing (SCM) optical fibre communication systems [129-131,173]. These equations
cannot be used to model the laser static and clipping non-linearities but the laser dynamic
non-linearity. Static non-linearity is associated with the imperfect linearity in the static light-
power versus current laser characteristics whereas dynamic non-linearity is associated with
a resonant frequency in the laser frequency response [171,172]. Clipping non-linearity
occurs when the LD p-n junction is reverse biased [171,172]. The exact region of validity
of the laser rate equations model depends on the laser modulation frequency. For high
modulation frequencies (more than 1 GHz) the dynamic non-linearity is the most
important and hence the rate equations are adequate. Conversely, for low modulation
frequencies (a couple of MHz) the static and the clipping non-linearities are the most

important and hence the rate equations are not adequate.
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Table 6.1:  Parameter values for the Ortel-1510B laser.

v (n) 0.80x10-16
B 2x107
r 0.37
&(m) 3.1x1023
2o (m*s™) 3.5x102
N,, (m) 1.27x10%
7, (ns) 1.64
7, () 1.0
7, 1
7, 0.0255
1, (mA) 16.0

The LD output optical power is given by [169-172]

_ bvp,’P

6.3
2I'nz, (©3)

out

where 4 is Planck’s constant, vV is the frequency of operation (optical frequency), 7, is the
internal quantum efficiency of the laser and 7, is the differential quantum efficiency of the

laser.

In our modelling, we consider a specific LD (Ortel 1510B) designed for microwave
applications in the frequency range 0.01-6 GHz [174]. The parameter values for this LD are
shown in Table 6.1. The drive circuit and the chip and package parasitics for this LD can
be modelled using a first-order Butterworth filter with a 3 dB bandwidth of 4 GHz. The
threshold current of this LD, i.e., the current at which stimulated emission starts, is equal to

16.0 mA.

6.3.2 LD transfer functions

In the IM/DD fibre-radio system under consideration the LD output lightwave
intensity is directly modulated about a bias point by the time-varying OFDM signal. This is

shown in Figure 6.5 where we use the static output power (P, ) versus input current (1)
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characteristics of an LD to illustrate such concept. Thus, the input current / consists of a

steady-state component Jq plus a time-var}ing component /(/), i.e.,

I =10+/(/)) 6.4
and similarly the carrierdensit}' N and the photon density P also consist ofa steady-state
component, NQ and , respectively, plus a time-varying component,N(/) and P(/),
respectively, i.e,

N =N,, + N{t) 6.5)
and

P = Po+P{t) (6-6)

The steady-statecomponents satisfy the following system of equations

av ir ©7)

dto_ % Wo " )(1“/\ ) prm— Po+r/?2" =o0 (6.8

Figure 6.5: Analogue modulation of an LD.
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and the time-varying components satisfy the following system of differential equations

M) Ut 1) Wt NED_ (5,4 N ()N, N0, + PN, + ) 69)
t q T

7

%(f) =| Tg, (N, + N ()= N, N1 - &(P, + P(2))) -TL (B +P(e)+ TS ——

(No+ NG (g1

We shall now determine the transfer functions of the LD that relate the time-varying
component of the current to the time-varying component of the carrier density and the
photon density and hence ultimately the transmitted OFDM signal and the received
OFDM signal in the fibre-radio system under consideration, as shown later. The transfer
functions of the LD are determined by applying the harmonic input method (described in
chapter 3) to (6.9) and (6.10) simultaneously. Thus, the nth-order transfer functions

G"(f],...,f”) and H,,(fl,...,f”) associated with the time-varying components of the

catrier density and the photon density, respectively, are obtained by letting the time-varying

component of the current be the sum of n complex exponentials

() = ‘Zeﬂ’ﬁ' (6.11)

and noting that the time-varying components of the carrier density and the photon density

are given by

N() = ;G (2 + 3 36,1, £, P tad g 6.12)

k=1 ky=1

i)=Y H, (5, ™+ Y S H, (1, 1 VR (6.13)
=1

k=1 ky=1

By substituting (6.11), (6.12) and (6.13) in (6.9) and (6.10) we find that the nth-order

transfer functions G,(f,,..., f,) and H,(f,,..., f,) satisfy the system of equations given

n

below

Gn(f1"">f”)l//(f1 +"'+fn)=_Dn —Hn(fl""’fn)go(No _NO”I)(]'_ZEPO) (6.14)

H,(firoos f)X(fi +++ £,)=TC,+G,(f,,..., £, )2, (1- R, )P, + B/z,]  (6.15)
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Table 6.2:  Terms in (6.16) and (6.17): C, =0, C, =D, and C, = D,;.

" D,
1 1
NG
2 %go(l—ZSPO)[Gl(f, )Hl(fz)+Gl(fz)H1(f1)]_<gog(No _NOm)Hl(fl )Hx(fz)
3

~8(1-26R )G (s )+ G L )EL )+ G (A)HL (s 1)
AV CAVARLA VA CHVALLA VAV A TA)
~2806(N, =Ny JH D )+ HHL (i )+ HUA)HL (U, 1)

—%goe[cl OH, (£)H,()+ G (6)H,(A)H,(£)+ G, (4)H,(£)H, (£,)]

Solving (6.14) and (6.15) for G,(f,,..., ,) and H,(f,,..., f,) yields

(f1 +"'+fn)_Cano(No _NOIII)(]'_ngO)

G (fionr f,) =~ 22X

o(f,++ 1)
_-D,Tg,(1-eR)R + B/ ]+ CTw(fi++ 1,)
A= o(fi++ 1)

where
V/(f)=].2”(f)+go(l_€Po)Po +1/T;
Z(f)=/2”(f)"rgo(No ‘NOm)(l"'zg])(J)+l/Tp

¢7(f)= l//(f),}j(f)+FLg0(l—EP0)P0 +:B/T;]£o(No _NOm)(l_ngo)

and a number of terms D, and C, are given in Table 6.2. Note that (6.16), (6.17), (6.18)

(6.16)

(6.17)

(6.18)
(6.19)

(6.20)

b

(6.19) and (6.20) are recursive expressions to compute G, ( Srsenes f”) and H,(f,,..., f,,) as

a function of G, (f,..., fn—l) and H_(f,..., f,,-1)~ Note also that from the transfer

functions in (6.16) and in (6.17) we can clearly see that an LD exhibits frequency dependent

non-linear behaviour and hence the fibre-radio system under consideration also exhibits

such a type of non-linear behaviour, as mentioned earlier. The transfer functions of the LD

determined in this section are used in the next section to obtain analytic results.

Finally, we note that the effect of the laser drive circuit and the laser chip and

package parasitics are included in the analysis by letting D, = —H,(f )/ gV , where H,(f)

is the frequency response of the parasitics [173].
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6.3.3 Analytic and simulation results

6.3.3.1 PDS

In this section, we determine the PDS of an OFDM signal at the output of the
bandpass filter of the fibre-radio system under consideration both by analysis and
simulation. We have considered OFDM signals with f =25GHg, T =1us,
T,=02us, N=48 and f=0.1 (B is the raised cosine window rolloff factor). The
modulation symbols conveyed in different time slots and different sub-channels were
assumed to take any value from a BPSK signal constellation with equal probability and
were assumed to be independent. The LD biasing current was set to I =1.5],, so as to
achieve a relatively low resonance frequency and hence observable non-linear effects, the
optical fibre was assumed only to attenuate the intensity of the optical signal by a factor .4
and the photodiode responsivity was set to R =0.8 4/ W . No receiver thermal noise was
considered in this study.

The PDS was obtained for specific modulation indices, which we have defined as

follows

(6.21)

where I, is the LD biasing current, I, is the LD threshold current and 0o, is the standard

deviation of the time-varying component of the input current to the LD, i.e., the standard
deviation of the OFDM signal. The modulation index was set by varying the power in the
constellations of each OFDM sub-channel until a specified value, as given by (6.21), was
achieved.

Analytic results were obtained by inserting the first three transfer functions of the
fibre-radio system and the average PDS of the OFDM signal (see chapter 2) into the PDS
expressions developed in chapter 3 and by carrying out the integrations numerically. The

transfer functions of the fibre-radio system ate given by

_ i hvn,V

Lo forres )= RGeS M (4 fo o4 ) (622)

where R is the photodiode responsivity, .4 is the fibre attenuation, /JV?LV/ 2I'n,z, is the

LD photon density to output optical power conversion factor, H,(f,,..., f,) is the LD

”n
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nth-order transfer function associated with the photon density and H,,,,, (f ) is the

bandpass filter frequency response which is assumed to be ideal. Note that we have not
included the effect of the HPDSs of the OFDM signal because we have shown in chapter 3
that these do not produce any significant difference. Note also that we have not included
the effect of transfer functions of orders higher than three because our analytical treatment
does not accommodate non-linear behaviour of order higher than three.

Simulation results were obtained by implementing the system shown in Figure 6.2 in
MATLAB. Initially, the transmitted OFDM signal was generated given a set of randomly
generated BPSK symbols; subsequently, the OFDM signal was conveyed through the fibre-
radio system model; finally, the PDS of the received OFDM signal was estimated using the
periodogram or direct method [136]. The rate equations model was implemented in
SIMULINK by using a normalised version of the rate equations for numerical purposes
[173]. The sampling frequency used in the simulations was chosen so that up to eleventh-
order non-linear effects could be observed.

Figure 6.6 and Figure 6.7 show the PDS of the received OFDM signal for a
modulation index of 0.3 and 0.5, respectively. Note that the horizontal axis has been
normalised to the centre frequency and the 3 dB bandwidth of the OFDM signal, given by
(2.34) and (2.35) respectively, and the vertical axis has been normalised to the maximum
value of the PDS. For the lower modulation index, LD non-linear contributions of ordets
higher than three are negligible and hence analysis matches simulation. This is particularly
the case in the normalised frequency range from — 1.5 to 1.5. Outside this frequency range
there is a minor difference between analysis and simulation because a third-order
representation of a non-linearity cannot predict IMD spectral components outside the
normalised frequency range from — 1.5 to 1.5 as these are due to higher-order non-linear
behaviour. For the higher modulation index, LD non-linear contributions of orders higher
than three are not negligible and hence analysis does not match simulation. Differences
between analytic and simulation results can be observed both in the normalised frequency
range from — 1.5 to 1.5 and outside this frequency range. Consequently, we conclude that
the analytic technique is appropriate as long as the modulation index is kept low when
higher-order non-linear behaviour is negligible in compatison to third-order non-linear

behaviout.
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Figure 6.6; PDS of the received OFDM/BPSK signal for a modulation index equal to 0.3.
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Figure 6.7; PDS of the received OFDM/BPSK signal for a modulation index equal to 0.5.
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6.3.3.2 Distribution of the IMD and error probability

In this section, we determine the IMD distribution and the error probability of an
OFDM signal at the output of the bandpass filter of the fibre-radio system under
consideration both by analysis and simulation. Analytic results were obtained using Pearson
approximations as these have proved to be the most accurate.

We have considered OFDM signals with f, =25GHz, T=1us, T, =02 us,

N =48 and =01 (f is the raised cosine window rolloff factor). The modulation
symbols conveyed in different time slots and different sub-channels were assumed to take
any value from a BPSK signal constellation with equal probability or from a Gray coded
QPSK signal constellation with equal probability and were assumed to be independent.

Again, the LD biasing current was set to I, =1.5I, so as to achieve a relatively low

resonance frequency and hence observable non-linear effects, the optical fibre was assumed
only to attenuate the intensity of the optical signal by a factor .4 and the photodiode
responsivity was set to R=0.8.4/W . The power spectral density of the receiver’s

thermal noise, which was assumed to be white and Gaussian, was set to
100x10™* 4°/Hz.
We have obtained the CDF of the real part of the IMD in the sub-channel on the

edge of the band and in the sub-channel in the centre of the band conditioned on A in the

OFDM/BPSK case and on Ae/™* in the OFDM/QPSK case for various modulation
indices as given by (6.21). We have also obtained the overall BER and the BERs in the sub-
channel on the edge of the band and in the sub-channel in the centre of the band for
various modulation indices as given by (6.21). The unmodulated optical power at the input
of the photodiode was set to — 33.0 dBm in the OFDM/BPSK case and to — 31.5 dBm in
the OFDM/QSPK case.

The Pearson approximation to the CDF of the real part of the IMD was defined first
by using the first two moments of the real part of the IMD RV and its skewness and
kurtosis values to obtain the parameters of the Pearson differential equation, then by
integrating the Pearson differential equation to obtain the Pearson PDF and finally by
shifting this PDF from the origin to the mean, as explained in chapter 5. The CDF was
determined from the PDF by numerical integration in accordance to (5.12). The first two

moments of the real part of the IMD RV were calculated as described in chapter 4 and its
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skewness and kurtosis values were read from the tables in Appendix B. The Pearson
approximation to the BERs was determined by using the Pearson PDFs to carry out the
expectations that ultimately yield the BERs, as explained in chapter 5.

The equivalent baseband transfer functions of the fibre-radio system needed to
calculate the moments of the RVs wete determined from the transfer functions of the same
system (see (6.22)), as described in chapter 4. Note that the bandpass filter in the fibre-
radio system under consideration acts as a zonal filter. The fibre-radio system was
tepresented by its first-order and third-order equivalent baseband transfer functions
because our analytical treatment does not accommodate non-linear behaviour of orders
higher than three.

Simulation results were determined from the fibre-radio system model implemented
in MATLAB. An estimate to the CDF of the real part of the IMD in sub-channel n was
obtained as follows: Initially, the transmitted OFDM signal was generated given a set of

randomly generated BPSK or QPSK symbols and by setting the information conveyed in

sub-channel n to A4 in the BPSK case or to e’ in the QPSK case; subsequently, the
OFDM signal was conveyed through the fibre-radio system model in the absence of
receiver’s thermal noise; finally, the OFDM signal was detected in accordance to the
procedure described in chapter 4 (without regeneration of the received symbols), giving a
set of non-regenerated BPSK or QPSK symbols. Approximate samples of the real part of
the IMD RV in sub-channel n were found by taking the difference of the real part of the
non-regenerated received symbol in sub-channel n and the real part of the transmitted

symbol in sub-channel n (see (4.45)). Given a large number of samples of the real part of
the IMR RV in sub-channel n, X,,X,,..., X, then an estimate ﬁ(x) to the CDF F(x)

of the real part of the IMD RV in sub-channel n was found through [136]

0, x< X,
F(x)= %, X, <x<X,, ,k=12,.,N-1 (6.23)
1, x2 Xy

Note that it 1s implicitly assumed that the samples X, X,,..., X, are written in increasing
order, i.e., X, <X, <---< X . Note also that this procedure differs from the procedure

employed in chapter 5 because computation of samples of the RV under consideration in
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accordance to (4.58) is extremely time consuming for non-linearities that exhibit non-linear
behaviour of orders higher than three.

An estimate to the overall BER and the BERs in the sub-channel on the edge of the
band and the sub-channel in the centre of the band were obtained as follows: Initially, the
transmitted OFDM signal was generated given a set of randomly generated BPSK or
QPSK symbols; subsequently, the OFDM signal was conveyed through the fibre-radio
system model in the presence of receiver’s thermal noise; finally, the OFDM signal was
detected in accordance to the procedure described in chapter 4 (with regeneration of the
received symbols), giving a set of regenerated BPSK or QPSK symbols. The overall BER,
the BER in the sub-channel on the edge of the band and the BER in the sub-channel in the
centre of the band were found by comparing the appropriate transmitted symbols to the
appropriate received symbols using Monte Carlo techniques [136]. In the BPSK case, the
comparison of transmitted to received symbols yielded directly the BERs. In the QPSK
case, we have compared the bits that correspond to the transmitted symbols to the bits that
-

correspond to the received symbols by assuming Gray coding. For example, if .4 as

transmitted (which, for example, conveys the two-bit word 11) and A4”*** was received
(which, for example, conveys the two-bit word 10) then a single bit error in the two-bit
word results.

The sampling frequency used in the IMD and the error probability simulations was
chosen so that up to eleventh order non-linear effects could be accounted for.

Figure 6.8 through Figure 6.11 compare the CDF of the real part of the IMD
obtained by analysis and simulation for specific modulation indices for each case under
consideration. The distributions corresponding to different modulation indices were

plotted by normalising the x-axis in the figures to the mean # and the standard deviation

0 obtained by analysis of the same distributions. Observation of these figures reveals that
the Pearson approximation is appropriate at low modulation indices but it rapidly fails at
higher modulation indices because higher-order non-linear behaviour not accounted for by
analysis becomes increasingly important. The Pearson approximation fails in the strong
signal regime because not only do the mean and variance obtained by analysis differ from
the true mean and variance but also the skewness and kurtosis values used in analysis differ
from the true skewness and kurtosis values. This can be verified by comparing the figures

in Table 6.3 and Table 6.4 to the figures in Appendix B.
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Pearson approximation
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Figure 6.8: Pearson approximation for the CDF, F(l-), of the real part of the LMD in the sub-
channel on the edge of the band for various modulation indices. OFDM/BPSK case.
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Figure 6.9: Pearson approximation for the CDF, r(x), of the real part of the IMD in the sub-
channel in the centre of the band for various modulation indices. OFDM/BPSK case.
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Figure 6.10:

Figure 6.11:

Pearson approximation
modulation index = 0.1
modulation index = 0.2
modulation index = 0.3
modulation index = 0.4
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Pearson approximation for the CDF, F(x), of the real part of the IMD in the sub-
channel on the edge of the band for various modulation indices. OFDM/QPSK case.
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Pearson approximation
modulation index = 0.1
modulation index = 0.2
modulation index = 0.3
modulation index = 0.4

Pearson approximation
channel in the centre of the band for various modulation indices. OFDM /QPSK case.
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for the CDF, r(x), of the real part of the IMD in the sub-
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Table 6.3:  Skewness and kurtosis values of the real part of the IMD in selected sub-channels in

the OFDM/BPSK case.
mi=0.1 mi=02 mi=03 m;= 0.4
Skewness, Edge =0 =0 = =0
Skewness, Centre 0.05 0.05 0.05 0.03
Kurtosis, Edge 3.72 3.80 3.65 3.42
Kurtosis, Centre 4.28 4.37 4.27 3.89

Table 6.4:  Skewness and kurtosis values of the real part of the IMD in selected sub-channels in

the OFDM/QPSK case.
mi=0.1 mi=0.2 mi=0.3 mi= 04
Skewness, Edge =0 = =0 =
Skewness, Centre 0.02 0.01 =0 =
Kurtosis, Edge 3.28 3.23 3.13 3.06
Kurtosis, Centre 3.64 3.53 3.41 3.33

From the IMD results we can also verify a number of issues already mentioned in
chapter 5. For example, from Table 6.3 and Table 6.4 we can see that for other frequency
dependent non-linearities skewness and kurtosis values are identical to those for the
reference non-linearity for low modulation indices. Moreover, from Table 6.3 and Table
6.4 we can also see that as the modulation index is increased skewness and kurtosis values
tend to zero and three, i.e., the skewness and kurtosis values corresponding to a Gaussian
distribution, thereby suggesting that higher-order non-linear behaviour does accelerate
Gaussian convergence. Gaussian convergence is illustrated in Figure 6.12 through Figure
6.15. The distributions cotresponding to different modulation indices were now plotted by

normalising the x-axis in the figures to the true mean 4 and the true standard deviation &

of the same distributions.
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figure 6.12: CDF, FfxJ, of the real part of the IMD in the sub-channel on the edge of the band for
various modulation indices. OI-DM/BPSK case.
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Figure 6.13: CDF, rrxs, of the real part of the IMD in the sub-channel in the centre of the band
for various modulation indices. OFDM/BPSK case.
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h'igure 6.14: CDF, F(x), of the real part of the IMD in the sub-channel on the edge of the band for
various modulation indices. OFDM/QPSK case.
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Figure 6.15: CDF, r(x), of the real part of the IMD in the sub-channel in the centre of the band
for various modulation indices. OFDM/QPSK case.
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Table 6.5:  Standard deviations of the real part of the IMD in selected sub-channels for the 48
sub-channel OFDM/BPSK and OFDM/QPSK signals.

mi=0.1 mi=0.2 7;=0.3 mi=0.4

Edge, BPSK 0.27x10° 0.26x108 0.79x10-% 1.87x108

Centre, BPSK 0.34x10° 0.28x108 0.99x10-¢ 2.33x108
Edge, QPSK 0.36x10° 0.28x10-8 0.86x10-8 1.84x108

Centre, QPSK 0.45x109 0.35x10-8 1.08x108 2.42x10-8

Figure 6.16 and Figure 6.17 compare the BERs obtained by analysis and simulation
in the OFDM/BPSK and the OFDM/QPSK case, respecdvelyZS. Observation of these
figures also reveals that the Pearson approximation rapidly fails at higher modulation
indices because higher-order non-linear behaviour not accounted for by analysis becomes
increasingly important. However, it is still possible to obtain an estimate of an optimum
modulation index in the presence of non-linear distortion and Gaussian noise. This
optimum modulation index arises because by increasing the modulation index both the
SNR and the signal-to-distortion ratio (SDR) also increase, the former implying a better
error rate performance and the later a worse error rate performance.

From the error probability results we can also verify that the error probability
performance of different OFDM sub-channels is different not only for systems that exhibit
third-order non-linear behaviour but also for systems that exhibit higher-order non-linear
behaviour, as mentioned in chapter 5. For example, in the present case differences between
the performance of the sub-channel on the edge of the band and the sub-channel in the
centre of the band are expected because not only is the standard deviation of the real part
of the IMD higher for the sub-channel in the centre, as shown in Table 6.5, but also the
tails of its distribution are heavier. Considerable differences in the error probability
performance of the sub-channel on the edge of the band and the sub-channel in the centre
of the band cannot, however, be observed from Figure 6.16 and Figure 6.17 because very

high BERs were simulated.

% Very high BERs were simulated due to time consuming simulations. Since simulation is based on the
computation of successive numerical solutions of the rate equations then error rate points of 104 would take

in excess of one month of simulation time on a sun workstation.
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Figure 6.16: Pearson approximation for the overall BER, the BER in the sub-channel on tlie edge
of the band, and the BER in the sub-channel in the centre of the band of the received
OFDM/BPSK signal.
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Figure 6.17; Pearson approximation for the overall BER, the BER in the sub-channel on the edge
of the band, and the BER in the sub-channel in the centre of the band of the received
OEDM/QPSK signal.
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6.4 IM/DD fibre-radio system based on the

external modulation of an LD

In this section, we apply the results developed in chapter 3, chapter 4 and chapter 5
to the IM/DD fibre-radio system model shown in Figure 6.18, which relies on the external
modulation of an LD to generate an OFDM intensity modulated optical wave to be
delivered over optical fibre to a remote location. Again, direct detection of the intensity
modulated optical wave in a PIN photodiode then yields a photocurrent which is a replica
of the OFDM signal. As in the previous fibre-radio system, note that we are specifically
addressing the downlink case.

Mach-Zehnder modulator (MZM) induced non-linear distortion [163], residual chirp-
fibre dispersion interaction and receiver shot and thermal noise [165,166] are some of the
degradation factors that may exist in this fibre-radio system. In out study, however, the
only impairments considered are MZM non-linearities and receiver thermal noise.

In the following sections, we start by describing the model of the non-linear element
in the system, the MZM model, so as to derive its transfer functions. Finally, analysis of the
application of the PDS and the error probability techniques to the fibre-radio system under
consideration is carried out by comparing analytical to simulation results. Again, this

analysis is carried out at the output of the bandpass filter.

Laser Mach-Zebnder O PIN Bandpass .
Diode ] Modulator Fibre Recetver ] Filter (| Arphfier [ Awtenna
€9<— Bias
Tx OFDM Signal Rx OFDM Signal

Figure 6.18: Fibre-radio system based on the external modulaton of an LD.
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6.41 MZM model

A number of physical effects (electro-optic, acousto-optic, magneto-optic) in
conjunction with a number of different materials (GaAs, InP, LiNbO,) can be used to
produce intensity modulators. An MZM uses, however, the electro-optic effect and either
GaAs or LiINbO, [167].

The electro-optic effect is a physical phenomenon that arises in materials where the
application of an electric field causes a change in the refractive index proportional to the

electric field [167]. A phase change A¢ in a lightwave propagating through the material

will therefore be induced by the refractive index change A#z which is related to the
interaction length L. by [167]

Ap = ZT”A,ZL (6.24)

where A is the wavelength of the lightwave.

An MZM explores this phenomenon to achieve intensity modulation of a lightwave
passing through it. The basic structure of an MZM is shown in Figure 6.19. In such a
device the incoming lightwave is split into two equal components by a Y-junction 3 dB
splitter which are later recombined by a Y-junction 3 dB combiner to yield the outgoing
lightwave. Electrodes are normally laid down along both of the interferometer arms in a
“push-pull” placement (see Figure 6.19) so that when the driving voltage 17 is applied one
of the arms exhibits a change in the refractive index of Az and the other arm exhibits a
change in the refractive index of —A#x. The changes in refractive index then induce
changes in the phase of the optical waves travelling in each of the interferometer arms. The
phase modulated optical waves finally recombine at the output of the Y-junction either
constructively or destructively resulting in amplitude modulation at the output of the
waveguide. Hence, in an MZM phase modulation is converted to intensity modulation.

The E-field response of a perfectly balanced MZM is given by [175]

E, =E,co ZX (6.25)
2V

V4

where E _, is the E-field value of the output optical wave, E, is the E-field value of the

out

input optical wave, 17 is the applied voltage and 1/, is the applied voltage required to

induce a relative phase shift of 7 between the lightwaves in the two arms of the MZM.
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Figure 6.19: Basic structure of an MZM.
The intensity response of a perfectly balanced MZM is given by [175]
TV
])Dl{/ = ‘Pilr Cos2 ~ T (6’26)
21,

where P

> . 1s the intensity value of the output optical wave and P, is the intensity value of
the input optical wave. Note that these expressions neglect losses in the device such as
coupling losses and the inherent 3 dB waveguide loss at the Y-junction 3 dB combiner
[163]. Note also that since these expressions refer to a perfectly balanced MZM then they
neglect phenomena such as non-perfect extinction ratio and chirp [163].

The E-field and the intensity responses of an MZM are intrinsically non-linear as
shown in Figure 6.20. Therefore, in intensity modulation applications an MZM is normally

biased at the point of maximum intensity linearity, i.e., 1, /2.

Eoﬂl/ P out |

Figure 6.20: E-field and intensity responses of an MZM.
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6.4.2 MZM transfer functions

In the IM/DD fibre-radio system under consideradon the LD output lightwave
intensity is externally modulated about a bias point by the dme-var}ing OFDM signal. This
is shown in Figure 6.21 where we use the output intensit}” versus moduiadng voltage
characterisdcs of an MZM to illustrate such concept. Both the moduiadng voltage V'

applied to the MZM and the output intensit)" of the MZM therefore consist of a steady
state component, and respecdvely, and a dme-var)dng component, V/¢) and
respectively, i.e.,
V=V, +V(t) (6.27)
and
(6.28)

The steady-state components are related by

P, =P cos' (6.29)
7/

Figure 6.21: Analogue moduladon of an MZM.
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and the time-varying components are related by

o O,z 1Y (a2 7
P,()=>P, - {2[221/} cos( St zﬂ (6.30)

n=1 T

Note that (6.30) is obtained by expanding the intensity response of the MZM in a Taylor
seties and collecting the terms that correspond to the time-varying component of the
intensity response.

We shall now determine the transfer functions of the MZM that relate the time-
varying component of the modulating voltage to the time-varying component of the output
intensity and hence ultimately the transmitted OFDM signal and the received OFDM
signal in the fibre-radio system under consideration, as shown later. The transfer functions
of the MZM are obtained by applying the harmonic input method (described in chapter 3)
to (6.30). Thus, the nth-order transfer function H, ( Siseens f") is obtained by letting the

time-varying component of the modulating voltage be the sum of n complex exponentials

V()= ieﬂ’%’ (6.31)

and by noting that the time-varying component of the output intensity is given by
PM; (f) — ZH1 (fk,l }/’2’%1/ + Z ZHz (’fk1 , sz )?jZH(f/;, + /i )t o (632)
&=t k=1 ky=1
By substituting (6.31) and (6.32) in (6.30) we find that the nth-order transfer function
H”(f,,...,f,,) is given by

H(f,...,f,)=P 1[1(23’-—1—] cos(2£—§+ﬁ]:| (6.33)

“al2l "2

4

Note that from the transfer functions in (6.33) we can cleatly see that an MZM exhibits
frequency independent non-linear behaviour and hence the fibre-radio system under
consideration also exhibits such a type of non-linear behaviour, as mentioned eatlier. The
transfer functions of the MZM determined in this section are used in the next section to

obtain analytic results.
6.4.3 Analytic and simulation results

6.4.3.1 PDS
In this section, we determine the PDS of the OFDM/BPSK signal already
considered in section 6.3.3.1 at the output of the bandpass filter of the fibre-radio system

shown in Figure 6.18 both by analysis and simulation. The MZM biasing voltage was set to
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I, =051, and 1/, to a typical value of 4 1/, the optical fibre was assumed only to

attenuate the intensity of the optical signal by a factor .4 and the photodiode responsivity
was set to R =0.8 4/ . No receiver thermal noise was considered in this study.
As in section 6.3.3.1, the PDS was obtained for specific modulation indices, which
we have defined as follows
(o)
-

(6.34)

where 17, is the voltage required to induce a relative phase shift of 7 between the
lightwaves in the two arms of the MZM and 0, is the standard deviation of the time-

varying component of the modulating voltage of the MZM, i.e., the standard deviation of

the OFDM signal. The modulation index was set by varying the power in the constellations

of each OFDM sub-channel until a specified value, as given by (6.34), was achieved.
Analytic results were obtained by following the procedures described in section

6.3.3.1. In this case, the transfer functions needed to obtain these results are given by

T foreos £) =R S S (i + fat £) (639

where R is the photodiode responsivity, A is the fibre attenuation, H,(f,,..., /,) is the

n

MZM nth-order transfer function and H,, ., (f) is the bandpass filter frequency response

which is assumed to be ideal. Again, the effect of HPDSs of the OFDM signal and the
effect of transfer functions of orders higher than three were not included in the analysis.

Simulation results were obtained by implementing the system under consideration in
MATLAB, as described in section 6.3.3.1. The sampling frequency used in the simulations
was set so that up to eleventh-order non-linear effects could be accounted for.

Figure 6.22 and Figure 6.23 show the PDS of the received OFDM signal for a
modulation index of 0.3 and 0.5, respectively. Note that the horizontal axis has been
normalised to the centre frequency and the 3 dB bandwidth of the OFDM signal, given by
(2.34) and (2.35) respectively, and the vertical axis has been normalised to the maximum
value of the PDS. We can observe that for the lower modulation index analytic results
agree with simulation results in the normalised frequency range from — 1.5 to 1.5 but
slightly disagree outside this frequency range. We can also observe that for the higher
modulation index analysis does not match simulation over the entire frequency range
shown. Consequently, we conclude again that the analytic technique is appropriate as long
as the modulation index is kept low when higher-order non-linear behaviour is negligible in

comparison to third-order non-linear behaviour.



Chapter 6-Applicarions to IM/DD fibre-radio systems 1%

10 1 1 } 4 1 } 1

Simulation
Analysis

-20

-50
-60
-70

-80
-2.5 -2 -1.5 -1 -0.5 0 05 1 1.5 2 2.5

Ihgure 6.22: PDS of the received OFDM/BPSK signal for a modulation index equal to 0.3.
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Figure 6.23: PDS of the received OFDM/BPSK signal for a modulation index equal to 0.5.



Chapter 6-Applications to IM/DD fibre-radio systems 197

6.4.3.2 Distribution of the IMD and error probability

In this section, we determine the IMD distribution and the error probability of the
OFDM/BPSK and the OFDM/QPSK signals already considered in section 6.3.3.2 at the
output of the bandpass filter of the fibre-radio system shown in Figure 6.18 both by
analysis and simulation. Analytic results were obtained using Pearson approximations as
these have proved to be the most accurate.

Again, the MZM modulator biasing voltage was set to I/, =0.51", and 1/, to a

typical value of 4 1, the optical fibre was assumed only to attenuate the intensity of the
optical signal by a factor .4 and the photodiode responsivity was set to R =0.8 4/W .

The power spectral density of the receiver’s thermal noise, which was assumed to be white
and Gaussian, was set to 36xX107 Az/Hz .

As in section 6.3.3.2, we have obtained the CDF of the real part of the IMD in the

sub-channel on the edge of the band and in the sub-channel in the centre of the band

conditioned on A in the OFDM/BPSK case and on A4e’™* in the OFDM/QPSK case
for various modulation indices as given by (6.34). We have also obtained the overall BER
and the BERs in the sub-channel on the edge of the band and in the sub-channel in the
centre of the band for various modulation indices as given by (6.34). The unmodulated
optical power at the input of the photodiode was set to — 33.0 dBm in the OFDM/BPSK
case and to — 31.5 dBm in the OFDM/QSPK case.

The Pearson approximation to the CDF of the real part of the IMD and the Pearson
approximation to the BERs were determined by following the procedure described in
section 6.3.3.2. In this case, the equivalent baseband transfer functions of the fibre-radio
system needed to obtain these results were determined from the transfer functions of the
same system (see (6.35)), as described in chapter 4. Again, the fibre-radio system was
represented by its first-order and third-order equivalent baseband transfer functions.

Simulation results were determined from the fibre-radio system model implemented
in MATLAB, as desctibed in section 6.3.3.2. The sampling frequency used in the

simulations was set so that up to eleventh-order non-linear effects could be accounted for.
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Table 6.6:  Skewness and kurtosis values of the real part of the IMD in selected sub-channels in

the OFDM/BPSK case.
m;=0.1 mi= 0.2 mi=0J3 mi= 0.4
Skewness, Edge =0 = = =0
Skewness, Centre 0.03 0.03 0.02 0.01
Kurtosis, Edge 3.57 3.48 3.36 3.21
Kurtosis, Centre 4.19 4.06 3.90 3.65

Table 6.7:  Skewness and kurtosis values of the real part of the IMD in selected sub-channels in

the OFDM/QPSK case.
7;= 0.1 =02 m=0.3 ;=04
Skewness, Edge =0 = =0 ~
Skewness, Centre 0.01 0.01 0.01 =
Kurtosis, Edge 3.30 3.25 3.17 3.12
Kurtosis, Centre 3.61 3.55 3.44 3.32

We can conclude that the Pearson approximation to the CDF of the real part of the
IMD i1s appropriate at low modulation indices but deteriorates as the modulation index is
increased, as shown in Figure 6.24 through Figure 6.27. The distributions corresponding to
different modulation indices were plotted by normalising the x-axis in the figures to the
mean M and the standard deviation ¢ obtained by analysis of the same distributions.
Disagreement between analysis and simulation in the strong signal regime is caused by
failure of the analytical treatment to estimate the true mean and the true variance and by
not using in the analytical treatment the true skewness and kurtosis values. This can be
verified by comparing the values shown in Table 6.6 and Table 6.7 to the values in
Appendix B. Moreover, from the IMD results we can again observe that higher-order non-
linear behaviour does accelerate Gaussian convergence, as shown in Figure 6.28 through
Figure 6.31 The distributions corresponding to different modulation indices were now

plotted by normalising the x-axis in the figures to the true mean 4 and the true standard

deviation o of the distributions.
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Figure 6.24: Pearson approximation for the CDF, F(x), of the real part of the IMD in the sub-
channel on the edge of the band for different modulation indices. OFDM/BPSK

case.
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Figure 6.25: Pearson approximation for the CDF, r(x), of the real part of the IMD in the sub-
channel in the centre of the band for different modulation indices. OFDM/BPSK

case.



Chapter 6-Applications to IM/DD fibre-radio systems 200

10
Pearson approximation
modulation index = 0.1
— modulation index = 0.2
modulation index = 0.3
10" modulation index = 0.4
'
10
o
10
10)-1<f)L

(x-p)/o

Figure 6.26: Pearson approximation for the CDF, F(x), of the real part of the INID in the sub-
channel on the edge of the band for different modulation indices. OFDM/QPSK

case.
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Figure 6.27: Pearson approximation for the CDF, r(x), of the real part of the IMD in the sub-
channel in the centre of the band for different modulation indices. OFDM/QPSK

case.
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Figure 6.28: CDF, FfxJ, of the real part of the IMD in the sub-channel on the edge of the band for
different modulation indices. DFDM /BPSK case.
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Figure 6.29: CDF, rsxs, of the real part of the IMD in the sub-channel in the centre of the band
for different modulation indices. OFDM/BPSK case.
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figure 6.30: CDF, F(x), of the real part of the IMD in the sub-channel on the edge of the band for
different modulation indices. OFDM/QPSK case.
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Figure 6.31: CDF, r(x), of the real part of the IMD in the sub-channel in the centre of the band
for different modulation indices. OFDM/QPSK case.
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Table 6.8:  Standard deviations of the real part of the IMD in selected sub-channels for the 48
sub-channel OFDM/BPSK and OFDM/QPSK signals.

mi = 0.1 i =02 m =03 mi = 0.4

Edge, BPSK 0.22x10-6 1.66x10-6 5.26x10-6 1.15x10-

Centre, BPSK 0.27x10-6 2.05x10- 6.48%10-6 1.41X105
Edge, QPSK 0.15x10-6 1.18x10-6 3.73x10-6 8.13x10-6

Centre, QPSK 0.19x10-6 1.45x10-6 4.59x10-6 9.99x10-6

We can also conclude that the Pearson approximation to the BERs deteriorates as
the modulation index is increased, as shown in Figure 6.32 and Figure 6.33*°. However, it is
still possible to obtain an estimate of an optimum modulation index in the presence of
non-linear distortion and Gaussian noise. Again, this optimum modulation index arises
because by increasing the modulation index both the SNR and the SDR also increase, the
former implying a better error rate performance and the later a worse error rate
performance. Moreover, from the error probability results we can again verify that the
error probability performance of different OFDM sub-channels differs not only for
systems exhibiting third-order non-linear behaviour but also for systems exhibiting higher-
order non-linear behaviour. For example, the error probability in the sub-channel in the
centre of the band is higher than the error probability in the sub-channel on the edge of the
band because not only is the standard deviation of the real part of the IMD higher for the
sub-channel in the centre, as shown in Table 6.8, but also the tails of its distribution are
heavier.

Finally, it is interesting to note that the accuracy of the Pearson approximation
deteriorates much faster in the LD based IM/DD system rather than in the MZM based
IM/DD system, as the modulation index is increased. This leads us to conclude that a three
term description of the LD non-linearity may not always be appropriate in contrast to what

has been suggested previously [173].

2 Again, very high BERs were simulated due to time consuming simulations.
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Figure 6.32: Pearson approximation for the overall BER, the BER in the sub-channel on tlie edge
of the band, and the BER in the sub-channel in the centre of the band of the received
OFDM/BPSK signal.
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Figure 6.33: Pearson approximation for the overall BER, the BER in the sub-channel on the edge
of the band, and the BER in the sub-channel in the centre of the band of the received
OFDM/QPSK signal.
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6.5 Summary

In this chapter, we have considered the application of the techniques developed in
chapters 3, 4 and 5 to two particular IM/DD fibre-radio systems. The first system was
based on the direct modulation of an LD and it exhibited frequency dependent non-linear
behaviour. The second system was based on the external modulation of an LD and it
exhibited frequency independent non-linear behaviour.

Initially, we have introduced the fibre-radio concept and we have discussed the
potential benefits of a fibre-radio based wireless network. Subsequently, we have
investigated the application of the PDS, the IMD and the error probability techniques to
the referred IM/DD fibre-radio systems. We have represented each fibre-radio system by
its first three transfer functions, which have been related to the transfer functions of the
non-linear element in the system (the LD in one case and the MZM in the other case). We
have shown that for low modulation indices, for which a three term representation of the
system non-linearity is adequate, analysis agrees with simulation. However, for high
modulation indices, for which a three term representation of the system non-linearity is not
adequate, analysis does not agree with simulation. We have also shown that in the error
probability case analysis can still provide an estimate of an optimum modulation index in
the presence of non-linear distortion and noise. Finally, from the IMD and the error
probability results we have verified a number of issues previously mentioned in chapter 5.
For example, we have demonstrated that for other frequency dependent non-linearities
skewness and kurtosis values are identical to those for the reference non-linearity and that
higher-order non-linear behaviour does accelerate the IMD Gaussian convergence. We
have also demonstrated that the error probability performance of different OFDM sub-
channels is different not only for systems that exhibit third-order non-linear behaviour but

also for systems that exhibit higher-order non-linear behaviour.



Chapter 7

Concluding remarks

This work is concerned with the development of powerful, yet tractable, analytic
techniques to investigate the impact of fibre-radio system non-linearities on the
performance of OFDM signals. Volterra series techniques are used to model both the
frequency independent and frequency dependent behaviour typical of fibre-radio system
non-linearities. The developed techniques aim at capturing the two main effects of a non-
linearity on an OFDM signal, which are signal spectral spreading and signal error
probability degradation.

The basic principles and characteristics of OFDM signals and communication
systems were reviewed in chapter 2. Particularly, an FOFDM scheme with twice the
bandwidth efficiency of conventional OFDM schemes was proposed.

The development of a Volterra series based analytic technique to assess the impact of
frequency independent and frequency dependent non-linearities on the PDS of OFDM
signals was the subject of chapter 3. The analytic technique was developed by taking into
consideration the statistical properties of OFDM signals, i.e., it was considered that an
OFDM signal is a zero-mean Gaussian cyclo-stationary process. First, expressions were
derived to determine the mean value and the ACF of a non-linearly distorted OFDM signal
and then, by proving that the non-linearly distorted OFDM signal is also a cyclo-stationary
stochastic process, the expressions that give the output average PDS were determined by
Fourier transforming the expressions that give the output average ACF. The derived
expressions relate the statistics of the non-linearity output (the non-linearly distorted
OFDM signal) to the HACFs/HPDSs of the non-linearity input (the non-distorted OFDM

signal) and the kernels/transfer functions of the non-linearity. Moreover, the derived
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expressions take into account up to third-order non-linear behaviour. The application of
the PDS expressions was investigated to specific OFDM signals distorted by both a
frequency independent and a frequency dependent non-linearity exhibiting up to third-
order non-linear behaviour. Particulatly, it was shown that analysis perfectly agrees with
simulation provided that a sufficient number of HPDSs of the non-distorted OFDM signal
are inserted into the mathematical expressions. It was also shown that analysis perfectly
agrees with simulation both for OFDM signals with 48 sub-channels, for which the
Gaussian approximation is highly accurate, and OFDM signals with 12 sub-channels, for
which the Gaussian approximation is not so accurate. It was finally established that the use
of just the average PDS of the non-distorted OFDM signal in the mathematical expressions
already yields very good agreement between analysis and simulation, such a simplification
suggesting that an OFDM signal can be treated as a stationary stochastic process in
practice.

The development of a Volterra series based analytic technique to assess the impact of
frequency independent and frequency dependent non-linearities on the error probability of
OFDM signals was the subject of chapter 4. First, the relation between transmitted and
received symbols in an OFDM communication system in the presence of non-linearities
and AWGN was determined and only then, based on this relation, were expressions to
evaluate the error probability of non-linearly distorted OFDM/BPSK and OFDM/QPSK
signals in AWGN derived. The overall error probability of an OFDM signal was given as
the average of the error probabilities in all OFDM sub-channels. In turn, the error
probability in each OFDM sub-channel was given as the statistical expectation with respect
to the IMD RV of the error probability in AWGN conditioned by a given value of the
IMD RV. Expressions were also derived to evaluate the moments of the IMD RV in each
OFDM sub-channel. It was confirmed that the moment computation procedure was
extremely time consuming (moment computation is limited to the first and the second
moments, non-linearities exhibiting up to third-order non-linear behaviour and OFDM
signals with up to 128 sub-channels). Hence, to compute the error probability expectations,
one could not rely on series expansion methods or Gauss quadrature rules, which require a
large number of moments, but on alternative approximation/estimation methods for the
IMD distribution requiring only a limited number of moments.

The time consuming nature of the moment computation method prompted the

investigation of specific approximations/estimations for the IMD distribution and the
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etror probability, which was carried out in chapter 5. The properties of the IMD RV were
initially examined for OFDM/BPSK and OFDM/QPSK signals with different numbers of
sub-channels distorted both by a frequency independent and a frequency dependent non-
linearity (exhibiting up to third-order non-linear behaviour), as a means to select
approptiate approximations/estimations for the IMD distribution. It was established that
the IMD distribution is generally characterised by different rates of tail decay, which
depend on the total number of OFDM sub-channels, the location of the specific OFDM
sub-channel (e.g., edge or centre) and the type of modulation (e.g., BPSK or QPSK).
Specifically, it was shown that heavy tailed behaviour is associated with a low number of
OFDM sub-channels, the sub-channel in the centre and BPSK modulation whereas
approximately Gaussian behaviour is associated with a high number of OFDM sub-
channels, the sub-channel on the edge and QPSK modulation. Moreover, it was also
established that skewness and kurtosis values of the IMD RV do not significantly depend
on the non-linearity type and hence, if known « priori for a reference non-linearity, these
statistical measures could be used to enhance the approximations/estimations for the IMD
distribution. Approximation/estimation techniques that, on the one hand, allow for
distributions with different rates of tail decay and, on the other hand, allow for a Gaussian
distribution as a particular case were selected as a means to describe the IMD distribution
behaviour. Particularly, generalised Gaussian, Pearson, Gaussian and Laplace
approximations were considered. Maximum entropy and minimum relative entropy
estimations were also considered. The relative performance of the different approximation
and estimation techniques for the IMD distribution and the etror probability were
examined for OFDM/BPSK and OFDM/QSPK signals with different numbers of sub-
channels distorted both by a frequency independent and frequency dependent non-linearity
(exhibiting up to third-order non-linear behaviour) by comparing analytic to simulation
results. Specifically, it was shown that Gaussian, Laplace and generalised Gaussian
approximations only apply to particular cases whereas Pearson approximations always
apply. It was also shown that maximum entropy and minimum relative entropy estimations
never applied.

The application of the developed techniques to two particular IM/DD fibre-radio
systems was the subject of chapter 6. The first system relied on the direct modulation of a
laser source to generate an OFDM intensity modulated optical wave to be delivered by

optical fibre to the remote location, and it exhibited frequency dependent non-linear
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behaviour. The second system relied on the external modulation of a laser source to
generate an OFDM intensity modulated optical wave to be delivered by optical fibre to the
remote location, and it exhibited frequency independent non-linear behaviour. Each
IM/DD fibre-radio system was represented by its first three transfer functions, which have
been related to the transfer functions of the non-linear elements in the system (the LD in
the first system and the MZM in the second system). It was shown that in the small signal
regime (for low modulation indices), for which a three term representation of the system
non-linearity is adequate, analysis agrees with simulation. However, in the strong signal
regime (for high modulation indices), for which a three term representation of the system
non-linearity is not adequate, analysis does not agree with simulation. It was also shown
that in the error probability case the analytical treatment can still provide a first-order
approximation to an optimum modulation index in the presence of non-linear distortion
and noise.

Overall, this thesis has provided a range of analytic tools to assess the effects of mild
non-linearities on performance of fibre-radio based wireless networks employing OFDM
signalling. Moreover, this thesis has also provided new insight into the behaviour of non-
linearly distorted OFDM signals that has not been previously reported in the literature. For
example, it was shown that a Gaussian approximation to the IMD distribution is not always
appropriate and that, in the presence of non-linearities, the error probability performance
of each OFDM sub-channel is not always identical. It was also shown that, in the presence
of non-linearities, the error probability performance of an OFDM signal with a high
number of sub-channels, which exhibits a high PAPR, can be better than the error
probability performance of an OFDM signal with a low number of sub-channels, which
exhibits a low PAPR.

7.1 Recommendations for future research

Based on the experience and knowledge acquired during this research work, several

areas for future research can be suggested. These are:

. Extension of the techniques reported in this thesis to deal with OFDM/M-PSK,
OFDM/M-QAM and OFDM/M-DPSK signals. Extension of the techniques to
OFDM/M-QAM and OFDM/M-PSK signals seems to be straightforward. For
PDS, the derived expressions directly apply. For error probability, expressions can
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also be derived that relate the etror probability of an OFDM/M-PSK or an
OFDM/M-QAM signal to the error probabilities of the OFDM sub-channels, each
of which is given as the expectation with respect to the IMD RV of the error
probability in AWGN conditioned by a given value of the IMD RV [150]. Therefore,
it suffices to carry out an analysis of the properties of the IMD RV and potential
approximations/estimations for the IMD distribution and the error probability for
these two new cases [152]. Extension of the techniques to OFDM/M-DPSK signals
does not seem to be so straightforward. Consideration of higher-order and
differential modulation schemes is important because many practical systems do not
only use OFDM/BPSK or OFDM/QPSK signals but also OFDM signals with

higher-order or differential modulation [3-7].

o Integration of higher-order non-linear effects in the expressions. In the PDS case,
the inclusion of higher-order non-linear effects requires extra algebraic work.
However, it is important to note that the numerical computation of the resulting
multi-dimensional integrals may be extremely time-consuming. In the error
probability case, integration of higher-order non-linear effects requires a whole new
formulation for the moment computation procedure. A fast method to compute a
large number of moments of the IMD RV in conjunction with series expansion
methods or Gauss quadrature rules would yield accurate error probability values.
Alternatively, a not so fast method to compute a relatively small number of moments
of the IMD RV in conjunction with appropriate approximation/estimation
techniques would yield approximate error probability values. It is important to note,
however, that the development of such moment computation procedures may be
extremely difficult or even impossible. The integration of higher-order non-linear
effects in the expressions would clearly allow one to consider both the effect of mild

and strong non-linearities on an OFDM communication system.

o Extension of the techniques reported in this thesis to accommodate the effects of
non-linear distortion and multi-path fading channels on coded OFDM schemes. Jong
and Stark have already developed an analytic technique to deal with the effects of
non-linear distortion and multi-path fading channels on coded multi-carrier spread-

spectrum systems [135]. Likewise, an identical treatment could be adopted to extend
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the techniques reported in this thesis to accommodate the effects of such

impairments on coded OFDM schemes.

. Comparison of merits and demerits of potential fibre-radio system architectures to
convey OFDM signals between CSs and BSs [8-12]. For example, one could
investigate the suitability of fibre-radio systems to support indoor wireless LANs
employing OFDM signalling such as IEEE 802.11 or HIPERLANZ2. If the effects of
both multi-path fading and non-linear distortion on the OFDM signals were
considered then one would be able to evaluate the performance both of the
downlink (from the CS to the BS) and of the uplink (from the BS to the CS).
Evaluation of the performance of the uplink is of particular importance because the
OFDM signal to be conveyed from the BS to the CS has been previously transmitted
over a multi-path fading channel, which has certainly induced different attenuations
and phase shifts in different OFDM sub-carriers. Therefore, upon non-linear
distortion the weakest sub-carriers will experience a very low SDR whereas the
strongest sub-carriers will experience a relatively higher SDR. The overall

performance of the link is therefore dictated by the weakest sub-carriers.

o Investigation of a range of techniques to ameliorate the performance of non-linearly
distorted OFDM signals in fibre-radio systems. Most techniques apply only to
OFDM signals distorted by frequency independent non-linearities and not by
frequency dependent non-linearities. It is therefore natural to ask whether these are
extensible to frequency dependent non-linearities. Possible techniques to be
investigated include pre-distortion [82-84], PAPR reduction [67-81] and non-linear
equalisation [176].

o Investigation of the interaction of non-linear distortion with channel estimation and
synchronisation operations in an OFDM communication system. Channel estimation
and synchronisation operations rely on the transmission of known symbols or a pilot
structure embedded in the OFDM signal from which channel state and
synchronisation information can be retrieved [87-98]. Obviously, any non-linearity
will alter the known symbols or the pilot structure in such a way that channel
estimation and synchronisation information may not be retrieved reliably. Therefore,

besides the non-linear degradation there is also non-linear induced synchronisation
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and channel estimation degradation in the OFDM communication system.
Consideration of such possible interactions and the identification or development of
robust channel estimation and synchronisation operations is therefore an important

topic.

. Investigation of the interaction of non-linear distortion with adaptive OFDM
systems. Adaptive OFDM systems rely on the transmission of higher-order
modulation formats in high SNR OFDM sub-channels and lower-order modulation
formats in low SNR OFDM sub-channels. Alternatively, the overall transmitted
power is allocated differently to different OFDM sub-channels depending on their
current SNR state [101]. Obviously, any non-linearity will interfere with the
allocation procedure because different OFDM sub-channels experience different
non-linear distortion levels. Consideration of such possible interactions and the
identification or development of robust allocation algorithms is therefore an

important topic.

L Acquisition of a more solid understanding of the influence of non-linearities on the
performance of OFDM signals. Surprisingly, we have shown in this thesis that, in the
presence of non-linearities, the error probability performance of OFDM signals with
higher PAPRs can be better than the error probability performance of OFDM
signals with lower PAPRs, because the probability of error of an OFDM signal is
ultimately related to the IMD behaviour and not to the PAPR behaviour. This
suggests that it may be more beneficial to rely on IMD minimisation techniques
instead of PAPR reduction techniques [67-81] to improve the performance of non-
linearly distorted OFDM signals. PAPR reduction codes introduce a set of redundant
symbols in the set of data symbols to eliminate combinations that produce high
peaks [77-81]. A hypothetical IMD reduction code would introduce a set of
redundant symbols in the set of data symbols to cancel out different IMPs upon
OFDM signal non-linear distortion. Cancellation of out-of-band IMPs would limit
signal spectral spreading whereas cancellation of in-band IMPs would improve signal
error probability performance. Whether or not the development of such a code is

feasible should be the subject of further work.
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. Further development of the FOFDM scheme [106]. FOFDM exhibits two
drawbacks when compared to OFDM such as vulnerability to synchronisation errors
and linear distortion [177]. Consideration of such issues would therefore provide a

starting point for the further development of the FOFDM scheme.



Appendix A
Fast OFDM

This appendix includes the paper written by the author which introduces the basics
of the fast orthogonal frequency division multiplexing signalling scheme and its advantages
and disadvantages. FOFDM 1is a scheme with twice the bandwidth efficiency of
conventional OFDM schemes because in FOFDM a 1/2T inter-carrier frequency spacing
is used whereas in OFDM the inter-carrier frequency spacing is 1/T (T is the useful symbol
duration). In this appendix, we show that whilst each OFDM sub-carrier can be modulated
by complex modulation symbols drawn from any M-PSK or any M-QAM signal
constellation, each FOFDM sub-carrier can only be modulated by real modulation symbols
drawn from a BPSK or an M-ASK signal constellation otherwise severe ICI results upon
demodulation. We also show that FOFDM exhibits two drawbacks when compared to

OFDM such as vulnerability to synchronisation errors and linear distortion.
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ABSTRACT

In this paper, we present a novel OFDM
proposal, which under specific modulation schemes,
achieves twice the bandwidth efficiency. We show
that one-dimensional modulation schemes (e.g.,
BPSK or M-ASK) can be transmitted with no
degradation in the BER whereas two-dimensional
modulation schemes (e.g., M-PSK or M-QAM) can
not. Finally, a qualitative discussion of the expected
performance of FOFDM in relation to OFDM is
carried out.

I. INTRODUCTION

In recent years, the wireless industry has shown
great interest in OFDM systems. Indeed, such
systems have been adopted in a variety of wireless
applications such as digital audio broadcasting
(DAB) and digital video broadcasting (DVB).
Moreover, OFDM has also been proposed for indoor
wireless networks and fixed wireless broadband
access [1],[2]. This growing interest was due to the
realisation that OFDM is an efficient scheme to
convey information in a frequency selective fading
channel without requiring complex equalisers [3].
Moreover, OFDM uses the available bandwidth
efficiently and can be efficiently generated and
detected using the IFFT and the FFT, respectively
[4].

Future wireless communication systems need to
provide very high data rate services. Since the radio
spectrum is a limited resource then highly bandwidth
efficient modulation schemes need to be developed.
Accordingly, in this paper we propose a “fast”

orthogonal  frequency  division  multiplexing
(FOFDM) modulation scheme with twice the
bandwidth efficiency.

This paper is organised as follows: In section II,
the FOFDM modulation scheme is described. In
section III, the FOFDM concept is demonstrated by
comparing analytic results to simulation results.
Section IV qualitatively discusses the expected
performance of FOFDM in relation to OFDM,
particularly, in the presence of frequency selective
fading and synchronisation errors. Finally, section V
concludes the paper.

II. FAST OFDM

In OFDM the high data rate stream is partitioned
into N lower data rate sub-streams using a serial-to-
parallel converter. These sub-streams then modulate
a set of N complex sub-carriers that are in turn
linearly added prior to transmission. The frequency
separation between adjacent sub-carriers is equal to
I/T, where T is the duration of the signalling
interval. With this frequency separation the sub-
carriers are orthogonal over the signalling interval of
length T and hence the complex data can be
recovered without inter-carrier interference (ICI)'.

We write the OFDM signal as follows
oo N-1
()= > 81,8, —kT) (1)
k=—oco n=0

2t
1

sl)={re T el
0, 1e(0,T]

2

where §,, denotes the complex data conveyed in
time slot k and sub-channel n and g,(t—kT)

denotes the complex waveform (the complex sub-
carrier) used to convey the complex data in the same
time slot and sub-channel. The complex received
symbol in time slot k and sub-channel n, R, , is

recovered by multiplying the received OFDM signal,
r(t), by the complex conjugate of the waveform
used to convey this complex symbol, g:(t-kT),
and integrating from k7T to (k +1)T ,1.e.,

(k+1
Ros PO O
kT
Assuming that the received OFDM signal r{r) is

ideal (noiseless and with no distortion), then from
equations (1), (2) and (3) the complex received
symbol can be expressed by the equation below:

' A frequency separation of 1/T is the minimum frequency
separation that ensures orthogonality between two sub-carriers
over a signalling interval of length T.
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As mentioned before, in this case the data is
recovered without ICI.

The difference between OFDM and FOFDM is
in the frequency separation between adjacent sub-
carriers. In the OFDM case a 1/T frequency
separation is used whereas in the FOFDM case a
1/2T frequency separation is employed. We will
show that, with this new frequency separation, one-
dimensional modulation schemes (e.g., BPSK or M-
ASK) can be transmitted without any degradation in
the BER whereas two-dimensional modulation
schemes (e.g., M-PSK or M-QAM) cannot

We write the FOFDM signal as follows

o N-1
s()="3. > S8, (t—kT) (5)
k=—c0 n=0
LT, e 0,7]
g.0)=3Jr° ’ ©6)
0, te[0,T]

Again, S,, represents the complex data conveyed in
time slot k and sub-channel n and gn(t—kT)

represents the complex waveform (the complex sub-
carrier) used to convey the complex data in the same
time slot and sub-channel. The complex received
symbol in time slot k and sub-channel n, R,,, is

recovered by multiplying the received FOFDM
signal, r(t), by the complex conjugate of the
waveform used to convey this complex symbol,
g.(t—kT), and integrating over kT and(k+1)T,
ie.,

(k+1)T

R, = [r(e)e;(t—kT)at )

kT

Again, by assuming that the received fast OFDM
signal is ideal then

(k+1 o N-l
R, = fTI: zsk'n'gn'(t—k’T)j|g:(t—kT)dt
K

T ! =0 n'=0
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If the complex transmitted symbols §,, belong
to a one-dimensional signal constellation, which
implies that Re{S,, }#0 and Im{S, }=0, then the

real part and the imaginary part of the complex
received symbols are given by:

®

2
=Re{s,,}

N-1 ’_ ’
Im{R,, }= gRe{Sk,,'}Sinc( z 5 n)sin( ln n)) (10)

2

#0
In this case, the real part of the data is received
without ICI whereas the imaginary part of the data is
not. Thus, no degradation in the BER is expected for
BPSK or M-ASK schemes transmitted using fast
OFDM since the information is conveyed in
Re{S,, } and not in Im{S, }. Altematively, if the

complex transmitted symbols S,, belong to a two-

dimensional signal constellation, which implies that
Re{S,,}#0 and Im{S,m};tO, then the real part and

the imaginary part of the complex received symbols
are given by:

Re{R, }= gRe{Sb, }sinc[ "2‘ ”Jcos[ﬂ(n'— n)]
'glm{sw}SiHC("’;n)sin(”("’z_ ")) (11

#Re{s,, }

[\®]

Im{R,, }= :Z;Re{skn,}sinc[ ”/; ”)sin(” (' - n)}

2
Nl ’_ ’_
+ ) Im{S,, }sinc( z > n)cos( ”(nz n)J (12)
n'=0
#Imis, }

In this case, there is ICI in the real and imaginary
parts of the data. Thus, degradation in the BER is
expected for M-PSK or M-QAM schemes
transmitted using fast OFDM.

We conclude that one-dimensional modulation
schemes can be transmitted with twice the
bandwidth efficiency without any additional
degradation using FOFDM  whereas two-
dimensional modulation schemes cannot.

Finally, it is interesting to note that a frequency
separation of 1/2T between tones is also used in
minimum shift keying (MSK) or in M-ary frequency
shift keying (M-FSK) in order to achieve high
bandwidth efficiency [5]. It is also interesting to note
that a multi-carrier CDMA scheme that achieves
twice the bandwidth efficiency has already been
proposed elsewhere [6]. Essentially, it has been
observed that in the binary case the IDFT output
exhibits certain symmetries that enable the DFT
input to be reconstructed based on approximately
half the number of samples. Accordingly, by
transmitting approximately half the number of
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bandwidth was
approximately a factor of two.

samples the reduced by

III.RESULTS

In this section, we demonstrate the FOFDM
concept by comparing our analytical predictions
above (equations 9-12) to simulation results. We
show both the demodulated points and the error
probability for a 48 sub-channel FOFDM signal. We
consider both one-dimensional (BPSK) and two-
dimensional (QPSK) modulation of each FOFDM

sub-channel.

Figure 1: Demodulated points for a 48 subchannel
FOFDM/BPSK signal.
Figure 2: Demodulated points for a 48 sub-channel

FOFDM/QPSK signal.

Figure I and Figure 2 show the demodulated
points for a 48 sub-channel FOFDM signal using
BPSK and QPSK modulation in each sub-channel,
respectively. In the BPSK case, the real part of the
data is received without ICI whereas the imaginary
part of the data is not (in the graph this is evident
from receiving a series of vertically aligned
demodulated points). Thus, the transmitted data can
be recovered without BER performance degradation
when compared to OFDM. In the QPSK case, there
is ICI both in the real part and the imaginary part of
the data. Thus, we cannot recover the transmitted
data and hence we expect severe degradation in the
BER performance of the FOFDM scheme. Note that
these results agree with the observations made in
section II.

Figure 3 and Figure 4 show the error probability
for a 48 sub-channel FOFDM signal using BPSK
and QPSK modulation in each sub-channel,
respectively. The OFDM error probability has also
been included in these figures for comparison
purposes. As expected, in the BPSK case the
FOFDM signal error probability matches the OFDM
signal error rate; in the QPSK case, the FOFDM
signal error rate differs from the OFDM signal error
rate. Again, these results agree with the observations
made in section IL

Figure 3: Error probability for a 48 sub-channel
FOFDM/BPSK signal.

Eb/No (dB)

Figure 4: Error probability for a 48 sub-channel
FOFDM/QPSK signal.

IV.DISCUSSION

Having introduced the FOFDM concept it is now
important to  highlight the advantages and
disadvantages of such a scheme. Particularly, a
comparison of FOFDM to OFDM ought to be
carried out.

Obviously, FOFDM with M ASK modulation is
entirely equivalent to OFDM with M-QAM
modulation both from bandwidth efficiency and
error probability points of view. This suggests that
there may not be any advantage in using the former
in comparison to the later. Yet, FOFDM may allow
simpler implementation as it can be used with less
complex data elements.

Other factors that must be taken into account
when implementing a possible FOFDM system are
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its performance in a frequency selective fading
environment and in the presence of synchronisation
errors. These issues are separately discussed below.

A. Frequency selective fading

As explained before, the main advantage of
OFDM modulation schemes is that they handle
frequency selective fading efficiently without
requiring complex equalisation procedures at the
receiver. Essentially, by inserting a cyclic prefix
whose duration is longer than the delay spread of the
frequency selective fading channel, then the received
symbol in time slot k and sub-channel n, R, is

related to the transmitted symbol in the same time
slot and the same sub-channel, S, , as follows

Ry, =S,H, +Ny (13)

where H,, is the channel transfer function in time
slot k and sub-channel n and N, is the noise

sample in the same time slot and sub-channel.
Clearly, insertion of a cyclic prefix eliminates both
inter-symbol  interference  and  inter-carrier
interference in a frequency selective fading
environment. Moreover, insertion of a cyclic prefix
allows the use of a simple one-tap equaliser at the
receiver to correct for a possible attenuation/phase
rotation of the received symbols.

In FOFDM such a simple relation between the
received symbols and the transmitted symbols does
not exist in a frequency selective fading channel
even if an appropriate cyclic prefix is used.
Essentially, FOFDM demands perfect alignment
between the sub-carriers in order for inter-carrier
interference to be eliminated which does not
necessarily happen since a frequency selective
channel will introduce different phase rotations in
different sub-carriers.

A possible solution to this problem is to equalise
the signal prior to demodulation. Yet, such an
approach would be highly complex. Another
possible solution to this problem is to employ pre-
equalisation. Pre-equalisation has also been
suggested for OFDM schemes in order to avoid the
noise enhancement introduced by the equalisation
procedure [7]. However, this approach requires
knowledge of the channel transfer function which
may not be always easy to obtain.

Further research is needed to assess the
applicability of FOFDM in frequency selective
fading environments.

B. Synchronisation error

The effects of synchronisation errors on OFDM
modulation schemes have been the subject of
intensive research [7]. Particularly, frequency offset
errors and phase noise have been shown to introduce
considerable inter-carrier interference and hence an
increased degradation of the performance of these
modulation schemes.

We anticipate that FOFDM may be more
vulnerable to synchronisation errors due to the
smaller inter-carrier frequency spacing.

A comparison of the performance of both
schemes under such impairments ought to be the
subject of future research.

V. CONCLUSIONS

In this paper, we have proposed a novel OFDM
scheme with twice the bandwidth efficiency. We
have shown that one-dimensional modulation
schemes (e.g., BPSK or M-ASK) can be transmitted
without any degradation in the BER whereas two-
dimensional modulation schemes (e.g., M-PSK or
M-QAM) cannot. We have also observed that
although FOFDM with M-ASK modulation is
equivalent to OFDM with M-QAM modulation, the
former needs to handle only real data elements
whereas the later needs to handle complex data
elements. Accordingly, simpler implementations
may be possible for FOFDM.
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Appendix B

Skewness and kurtosis values of

the IMD RV

In this appendix, we list skewness and kurtosis values of the RVs needed for error
probability evaluation, i.e., the real part of the IMD RV in the OFDM/BPSK case and
both the real part and the imaginary part of the IMD RV in the OFDM/QPSK case. Table
B.1 and Table B.2 list skewness and kurtosis values, respectively, of the real part of the
IMD RV in selected sub-channels for OFDM/BPSK signals with 16 to 128 sub-channels
distorted by a reference non-linearity. Table B.3 and Table B.4 list skewness and kurtosis
values, respectively, of both the real part and the imaginary part of the IMD RV in selected
sub-channels for OFDM/QPSK signals distorted by a reference non-linearity. Note that
skewness and kurtosis values do not depend on the symbol conditioning, i.e., 4 or — 4 in
the OFDM/BPSK case and .A¢™*, A" A or A¢""* in the OFDM/QPSK case. Note
also that in the OFDM/QPSK case skewness and kurtosis values of the real part and the
imaginary part of the IMD RV are identical. A frequency independent non-linearity has

been adopted as a reference non-linearity.
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Table B.I;
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22
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0.0293
0.0820
0.1312
0.1854
0.2228
0.2775
0.3292
0.3292
0.2775
0.2228
0.1854
0.1312
0.0820
0.0293

Skewness values of the real part of the IMD RV in

OFDM/BPSK signals with 16 to 128 sub-channels (N).

24 32 40 48 56 64 72 80 88

= =0 =0 =0 =0 50 50 50 50
0.0058  0.0020  0.0013  0.0004  0.0002 50 0.0001 50 0.0001
0.0167  0.0068 0.0024  0.0011  0.0009  0.0005 0.0002 0.0003  0.0001
0.0358  0.0119  0.0055 0.0032 0.0019  0.0009 0.0007 0.0004 0.0003
0.0516  0.0170  0.0075  0.0045 0.0022 0.0018 0.0011  0.0008  0.0005
0.0639  0.0227  0.0116 0.0068 0.0031  0.0021  0.0019 0.0010  0.0006
0.0775  0.0358  0.0179  0.0077  0.0040  0.0027 0.0019 0.0015  0.0012
0.0853  0.0345 0.0180 0.0101  0.0072 0.0038 0.0024 0.0016  0.0010
0.1121  0.0447 0.0224  0.0115  0.0067 0.0040  0.0033  0.0021  0.0013
0.1158  0.0500 0.0266 0.0125 0.0075 0.0050 0.0025 0.0021  0.0018
0.1377  0.0524  0.0284  0.0149  0.0093  0.0051  0.0049 0.0025 0.0019
0.1513  0.0666 0.0317  0.0170  0.0105 0.0069 0.0044 0.0034  0.0019
0.1513  0.0693  0.0336 0.0202 0.0113 0.0078  0.0049  0.0033  0.0031
0.1377  0.0805 0.0336  0.0220  0.0126  0.0093  0.0051  0.0049  0.0031
0.1158  0.0822  0.0390 0.0236 0.0137  0.0091  0.0062 0.0034 0.0028
0.1121  0.0943  0.0434  0.0230 0.0148 0.0106 0.0071  0.0045 0.0032
0.0853  0.0943  0.0458 0.0270 0.0155 0.0103 0.0069 0.0049  0.0037
0.0775 0.0822 0.0487  0.0278 0.0173  0.0108 0.0090 0.0057  0.0041
0.0639  0.0805 0.0528 0.0320 0.0172  0.0108 0.0088 0.0054  0.0039
0.0516  0.069.3 0.0557 0.0309 0.0198 0.0121  0.0090 0.0067  0.0051
0.0358  0.0666 0.0557 0.0346 0.0199 0.0136  0.0085 0.0075  0.0044
0.0167  0.0524 0.0528 0.0358  0.0220  0.0142  0.0099  0.0079  0.0053
0.0058 0.0500 0.0487 0.0367 0.0247 0.0152 0.0113  0.0068  0.0061

= 0,0447  0.0458  0.0392  0.0232 0.0167 0.0103 0.0075 0.0056

0.0345  0.0434 0.0392 0.0251 0.0162 0.0114 0.0084  0.0059
0.0358 0.0390 0.0367 0.0251 0.0165 0.0112 0.0083 0.0052
0.0227  0.0336  0.0358 0.0286 0.0181  0.0131  0.0090  0.0064

- 0.0170  0.0336  0.0346  0.0282 0.0196  0.0133  0.0090  0.0066
0.0119  0.0317  0.0309 0.0282  0.0200 0.0134  0.0099  0.0073

0.0068  0.0284  0.0320  0.0286 0.0206 0.0138  0.0092  0.0077

0.0020  0.0266 0.0278 0.0251  0.0222 0.0156 0.0110  0.0078

= 0.0224  0.0270  0.0251  0.0236  0.0164 0.0118  0.0083

0.0180  0.0230  0.0232 0.0236  0.0172  0.0109  0.0089

0.0179  0.0236  0.0247  0.0222 0.0156 0.01.35 0.0079

0.0116  0.0220  0.0220  0.0206  0.0181  0.0131  0.0097

0.0075  0.0202 0.0199  0.0200 0.0183 0.0134  0.0094

0.0055  0.0170  0.0198 0.0196 0.0183  0.0135  0.0095

0.0024  0.0149 0.0172 0.0181  0.0181  0.0140  0.0105

0.0013  0.0125 0.0173 0.0165 0.0156 0.0142  0.0105

= 0.0115  0.0155 0.0162 0.0172  0.0154  0.0106

0.0101  0.0148 0.0167 0.0164 0.0154 0.0115

0.0077  0.0137  0.0152  0.0156 0.0142  0.0117

0.0068 0.0126 0.0142  0.0138 0.0140  0.0117

0.0045  0.0113  0.0136  0.0134  0.0135 0.0123

0.0032  0.0105 0.0121  0.0133 0.0134  0.0123

0.0011  0.0093 0.0108 0.0131  0.0131  0.0117

0.0004  0.0075 0.0108 0.0112 0.0135 0.0117

50 0.0067 0.0103 0.0114 0.0109 0.0115

0.0072  0.0106  0.0103  0.0118  0.0106

0.0040  0.0091  0.0113  0.0110  0.0105

- 0.0031  0.0093  0.0099 0.0092 0.0105
- 0.0022  0.0078  0.0085  0.0099  0.0095
- - 0.0019  0.0069  0.0090 0.0090  0.0094

- - - 0.0009  0.0051  0.0088 0.0090 0.0097

0.0002  0.0050 0.0090 0.0083 0.0079

50 0.0040  0.0069 0.0084  0.0089

: - - 0.0038  0.0071  0.0075  0.0083
- - - - - 0.0027  0.0062 0.0068 0.0078
. - - 0.0021  0.0051  0.0079  0.0077

- . 0.0018  0.0049  0.0075  0.0073

- - - 0.0009  0.0044  0.0067  0.0066

- . - 0.0005  0.0049  0.0054  0.0064

- - - - 50 0.0025  0.0057  0.0052

- - - 50 0.0033  0.0049  0.0059

selected sub-channels (n) for

96

50

sO

50
0.0003
0.0004
0.0003
0.0005
0.0009
0.0013
0.0014
0.0018
0.0020
0.0014
0.0022
0.0027
0.0031
0.0024
0.0032
0.0037
0.0035
0.0041
0.0041
0.0042
0.0042
0.0046
0.0049
0.0054
0.0055
0.0068
0.0056
0.0054
0.0060
0.0070
0.0062
0.0072
0.0067
0.0068
0.0082
0.0074
0.0082
0.0091
0.0087
0.0094
0.0102
0.0102
0.0093
0.0109
0.0102
0.0102
0.0109
0.0093
0.0102
0.0102
0.0094
0.0087
0.0091
0.0082
0.0074
0.0082
0.0068
0.0067
0.0072
0.0062
0.0070

104

sO
0.0001
50

0.0002
0.0002
0.0004
0.0007
0.0008
0.0009
0.0010
0.0011

0.0014
0.0016
0.0015
0.0016
0.0017
0.0025
0.0022
0.0025
0.0032
0.0029
0.0032
0.0033
0.0030
0.0036
0.0035
0.0040
0.0041

0.0048
0.0045
0.0046
0.0044
0.0048
0.0047
0.0057
0.0052
0.0062
0.0056
0.0070
0.0067
0.0061
0.0071

0.0067
0.0077
0.0079
0.0073
0.0080
0.0078
0.0078
0.0083
0.0085
0.0095
0.0095
0.0085
0.0083
0.0078
0.0078
0.0080
0.0073
0.0079
0.0077
0.0067
0.0071

0.0061

112

50
50

0.0001

0.0002
0.0002
0.0002
0.0006
0.0005
0.0008
0.0005
0.0010
0.0011

0.0015
0.0014
0.0013
0.0016
0.0017
0.0020
0.0020
0.0021

0.0021

0.0024
0.0025
0.0024
0.0029
0.0034
0.0029
0.0036
0.0033
0.0043
0.0037
0.0041

0.0041

0.0041

0.0047
0.0046
0.0042
0.0039
0.0053
0.0051
0.0060
0.0052
0.0057
0.0056
0.0059
0.0064
0.0060
0.0066
0.0067
0.0065
0.0065
0.0074
0.0063
0.0071

0.0074
0.0079
0.0079
0.0074
0.0071

0.0063
0.0074
0.0065
0.0065
0.0067

120

50
50

0.0001

0.0002
0.0001

0.0002
0.0003
0.0001

0.0006
0.0005
0.0007
0.0009
0.0013
0.0010
0.0009
0.0013
0.0013
0.0012
0.0014
0.0018
0.0021

0.0018
0.0023
0.0024
0.0027
0.0021

0.0025
0.0029
0.0027
0.0028
0.0022
0.0031
0.0034
0.0034
0.0033
0.0040
0.0035
0.0040
0.0044
0.0042
0.0041
0.0039
0.0047
0.0048
0.0052
0.0051
0.0049
0.0054
0.0054
0.0051
0.0059
0.0060
0.0056
0.0058
0.0067
0.0061

0.0059
0.0062
0.0067
0.0069
0.0069
0.0067
0.0062
0.0059

128

50

50

50
0.0001
0.0001
0.0003
0.0002
0.0004
0.0005
0.0004
0.0005
0.0008
0.0007
0.0010
0.0009
0.0008
0.0015
0.0010
0.0012
0.0014
0.0015
0.0016
0.0018
0.0014
0.0014
0.0022
0.0019
0.0020
0.0021
0.0021
0.0025
0.0028
0.0027
0.0029
0.0029
0.0029
0.0027
0.0033
0.0036
0.0029
0.0034
0.0040
0.0036
0.0037
0.0037
0.0040
0.0035
0.0038
0.0044
0.0044
0.0046
0.0040
0.0047
0.0056
0.0046
0.0043
0.0058
0.0057
0.0051
0.0060
0.0056
0.0056
0.0058
0.0068
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65
66
67
68
69
70
71
72
73
74
75
76
77
78
79
80
81
82
83
84
85
86
87
88
89
90
91
92
93
94
95
96
97
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100
101
102
103
104
105
106
107
108
109
110
11
112
13
114
115
116
117
118
119
120
121
122
123
124
125
126
127
128

40

48

56

64

72

0.0024
0.0019
0.0019
0.0011
0.0007
0.0002
0.0001

0.0045
0.0034
0.0049
0.0033
0.0034
0.0025
0.0021
0.0021
0.0016
0.0015
0.0010
0.0008
0.0004
0.0003

88

0.0056
0.0061
0.0053
0.0044
0.0051
0.0039
0.0041
0.0037
0.0032
0.0028
0.0031
0.0031
0.0019
0.0019
0.0018
0.0013
0.0010
0.0012
0.0006
0.0005
0.0003
0.0001
0.0001
sO

96

0.0060
0.0054
0.0056
0.0068
0.0055
0.0054
0.0049
0.0046
0.0042
0.0042
0.0041
0.0041
0.0035
0.0037
0.0032
0.0024
0.0031
0.0027
0.0022
0.0014
0.0020
0.0018
0.0014
0.0013
0.0009
0.0005
0.0003
0.0004
0.0003
=0
=0
=0

104

0.0067
0.0070
0.0056
0.0062
0.0052
0.0057
0.0047
0.0048
0.0044
0.0046
0.0045
0.0048
0.0041

0.0040
0.0035
0.0036
0.0030
0.0033
0.0032
0.0029
0.0032
0.0025
0.0022
0.0025
0.0017
0.0016
0.0015
0.0016
0.0014
0.0011

0.0010
0.0009
0.0008
0.0007
0.0004
0.0002
0.0002

=0
0.0001

120

0.0061

0.0067
0.0058
0.0056
0.0060
0.0059
0.0051

0.0054
0.0054
0.0049
0.0051

0.0052
0.0048
0.0047
0.0039
0.0041

0.0042
0.0044
0.0040
0.0035
0.0040
0.0033
0.0034
0.0034
0.0031

0.0022
0.0028
0.0027
0.0029
0.0025
0.0021

0.0027
0.0024
0.0023
0.0018
0.0021

0.0018
0.0014
0.0012
0.0013
0.0013
0.0009
0.0010
0.0013
0.0009
0.0007
0.0005
0.0006
0.0001

0.0003
0.0002
0.0001

0.0002
0.0001

=0
=0
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128

0.0068
0.0058
0.0056
0.0056
0.0060
0.0051

0.0057
0.0058
0.0043
0.0046
0.0056
0.0047
0.0040
0.0046
0.0044
0.0044
0.0038
0.0035
0.0040
0.0037
0.0037
0.0036
0.0040
0.0034
0.0029
0.0036
0.0033
0.0027
0.0029
0.0029
0.0029
0.0027
0.0028
0.0025
0.0021
0.0021
0.0020
0.0019
0.0022
0.0014
0.0014
0.0018
0.0016
0.0015
0.0014
0.0012
0.0010
0.0015
0.0008
0.0009
0.0010
0.0007
0.0008
0.0005
0.0004
0.0005
0.0004
0.0002
0.0003
0.0001

0.0001

sO
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Table B.2:  Kurtosis values of the real parr of the IMD RV in selected sub-channels (n) for
OFDM/BPSK signals with 16 to 128 sub-channels (N).

16 24 32 40 48 56 64 72 80 88 96 104 112 120 128

45979 4.1606 3.8867 3.7413 3.6286 3.5415 34961 3.4475 3.4173 33721 3.3545 33345 33209 3.2906 3.2666
5.2068 4.4919 4.1115 3.8881 3.7090 3.5999 3.5475 3.4937 3.4371 34202 3.3864 33593 33283 3.3050 3.2863
5.5203  4.6925 4.2423 39829 3.7936 3.6925 3.5895 3.5327 3.4901 3.4442 34017 33693 3.3513 3.3465 3.2945
5.6937 4.8560 4.3529 4.0489 3.8599 3.7335 3.6221 3.5738 3.5007 3.4888 34380 3.4066 3.3833 33483 3.3148
5.8938 49738 4.4515 4.1400 3.9052 3.7755 3.6892 3.6121 3.5354 35081 3.4567 3.4019 3.3806 3.3641 3.3333
5.9896 5.0348 45621 4.1651 3.9530 3.8050 3.7127 3.6453 3.5676 3.5102 3.4844 3.4360 3.4044 3.3754 3.3457
6.0311 5.0882 4.5963 42611 4.0277 3.8374 3.7419 3.6590 3.6041 3.5402 3.4673 3.4418 3.4027 3.3835 3.3594
6.0512 5.1984 4.6089 4.2480 4.0250 3.8831 3.7679 3.6764 3.6093 35521 3.4909 34551 3.4245 33926 3.3725
6.0512 53369 4.6749 4.2934  4.0537 3.8974 3.7952 3.6982 3.6257 3.5597 3.5242 34674 3.4420 3.3996 3.3625
10 6.0311  5.1999 4.6575 43135 4.0944 39199 37821 3.6957 3.6514 3.5843 35371 34951 3.4426 3.4254 3.3663
11 59896 5.2720 4.7375 4.3926 41002 3.9268 3.8231 3.7308 3.6664 3.5866 3.5370 3.4913 3.4414 3.4101 3.3861
12 5.8938 5.2904 4.7716 4.3647 4.1167 39521 3.8421 3.7278 3.6561 3.5931 3.5598 3.4998 3.4562 3.4277 33911
13 5.6937 52904 4.8362 4.4282 4.1385 39876 3.8652 3.7663 3.6829 3.6178 3.5647 3.5054 3.4775 3.4329 3.4052
14 5.5203 52720 47713 44197 41795 39809 3.8724 3.7691 3.7016 3.6102 3.5783 3.5255 3.4782 3.4533  3.4060
15 5.2068 5.1999 4.8221 4.4411 4.1616 4.0269 3.8602 3.7761 3.7040 3.6435 3.5557 35328 3.5024 3.4603 3.4098
16 45979 53369 4.8777 4.4391 4.1718 4.0087 3.9234 3.8011 3.7346 3.6389 3.5800 3.5441 3.5071 3.4678 3.4296

© % N v B W

17 5.1984 4.8777 4.4560 4.2352 4.0226 3.8863 3.8118 3.7306 3.6540 3.5995 3.5550 3.5089 3.4796 3.4458
18 - 5.0882 4.8221 44571 42187 4.0447 3.9332 38135 3.7319 3.6850 3.6118 3.5570 3.5213 34815 3.4479
19 5.0348 47713 4.5250 4.2172  4.0233  3.8747 3.8106 3.7191 3.6707 3.6184 35693 3.5253 3.4808 3.4338
20 4.9738 4.8362 4.5002 41921 4.0593 3.9235 3.8387 3.7484 3.6764 3.6311 3.5573 3.5299 3.4974 3.4538
21 - 4.8560 4.7716 4.5002 4.2826 4.0432 3.9088 3.8140 3.7505 3.6984 3.6322 3.5516 3.5414 34717 3.4551
22 - 4.6925 47375 45250 42256 4.0174 39152 3.8258 3.7530 3.6766 3.6432 3.5817 3.5319 3.4904 3.4573
23 - 4.4919 4.6575 44571 4.2252  4.0595 3.9407 3.8357 3.7540 3.7030 3.6514 3.5697 3.5291  3.5046 3.4677
24 41606 4.6749 4.4560 4.2414  4.0876 3.9255 3.8365 3.7564 3.6671  3.6335 3.5652 3.5218 3.4800 3.4590
25 - - 4.6089 44391 4.2414 4.0536 3.9495 3.8517 3.7757 3.7007 3.6492 3.6023 3.5318 3.5063 3.4730
26 - - 4.5963 44411 42252 4.0893 3.9598 3.8425 37722 37115 3.6333 35941  3.5515 3.5086 3.4737
27 - - 4.5621 44197 42256 4.1010 39624 3.8740 3.7862 3.7183 3.6430 3.5991 3.5608 3.5018 3.4818
28 - - 44515 4.4282 4.2826 4.0802 3.9541 3.8938 3.7665 3.7038 3.6558 3.6013 3.5691  3.5121 3.5013
29 - 43529 43647 41921 4.0802 3.9650 3.8706 3.7739 3.7162 3.6569 3.6327 3.5828 3.5170 3.4818
30 42423 43926 4.2172 4.1010 3.9420 3.87.38 3.8138 3.7036 3.6478 3.6163 3.5730 3.5261  3.4887
31 - - 41115 43135 42187 4.0893 3.9904 38551 3.7754 3.7212 3.6833 3.6055 3.5671 3.5393 3.5105
32 3.8867 4.2934 4.2352  4.0536 3.9729 3.8813 3.8100 3.7105 3.6893 3.6240 3.5870 3.5318 3.4886
33 - - - 4.2480 4.1718 4.0876 3.9729 3.8788 3.8148 3.7529 3.6870 3.6340 3.5789 3.5398 3.5126
34 - 42611 4.1616 4.0595 3.9904 3.9159 3.8221 3.7292 3.6726 3.6376 3.5926 3.5273 3.5139
35 - 4.1651  4.1795 4.0174 39420 3.9077 3.7997 37513 3.6878 3.6467 3.5905 3.5713 3.4967
36 - - - 41400 4.1385 4.0432 3.9650 3.8839 3.8141 3.7523 3.6731 3.6187 3.5966 3.5552  3.5089
37 - - - 4.0489 4.1167 4.0593 39541 3.8839 3.8349 3.7487 3.6926 3.6474 35781 3.5559 3.5187
38 - - - 3.9829 4.1002 4.0233 3.9624 39077 3.7976 3.7751 3.6848 3.6374 3.6089 3.5571 3.5204
39 - - - 3.8881 4.0944 4.0447 39598 39159 3.8165 3.7614 3.6998  3.6531 3.5929 3.5670 3.5121
40 - - 3.7413  4.0537 4.0226 3.9495 3.8788 3.8299 3.7458 3.6901 3.6700 3.6029 3.5561  3.5256
41 - - - - 4.0250 4.0087 39255 3.8813 3.8299 3.7776 3.7079 3.6374 3.6053 3.5667  3.5105
42 - 4.0277  4.0269 3.9407 3.8551 3.8165 3.7591 3.7027 3.6613 3.6078 3.5656 3.5367
43 - - - 3.9530 39809 39152 3.8738 3.7976 3.7732 3.7070 3.6660 3.6246 35780 3.5325
44 - - - - 3.9052 3.9876 3.9088 3.8706 3.8349 3.7611 3.7312 3.6738 3.6096 3.5724  3.5408
45 - - - - 3.8599 39521 39235 3.8938 3.8141 37611 3.7254 3.6702 3.6112 3.5791 3.5473
46 - - - - 3.7936  3.9268 3.8747 3.8740 3.7997 3.7732 3.7170 3.7085 3.6254 3.5724 3.5508
47 - - - - 37090 3.9199 3.9332 3.8425 3.8221 3.7591 3.7213  3.6763 3.6264 3.5706 3.5222
48 - - - - 3.6286 3.8974 3.8863 3.8517 3.8148 3,7776 3.7085 3.6542 3.6265 3.5871 3.5517
49 - 3.8831 39234 3.8365 3.8100 3.7458 3.7085 3.6897 3.6099 3.5890 3.5355
50 - 3.8374 3.8602 3.8357 3.7754 3.7614 3.7213 3.6665 3.6165 3.5731 3.5440
51 3.8050 3.8724 3.8258 3.8138 3.7751 3.7170 3.6729  3.6395 3.5858 3.5332
52 - - - 3.7755 3.8652  3.8140 3.7739 3.7487 3.7254 3.6638 3.6349 3.5961 3.5325
53 - - 3.7335 3.8421 3.8387 3.7665 3.7523 3.7312 3.6638 3.6510 3.5772 3.5485
54 - - 3.6925 3.8231 3.8106 3.7862 3.7513 3.7070  3.6729 3.6504 3.6032 3.5574
55 - - 35999 3.7821  3.8135 3.7722  3.7292 3.7027 3.6665 3.6247 3.5879  3.5555
56 - - - - - 3.5415 3.7952  3.8118 3.7757 3.7529 3.7079 3.6897 3.6192 3.6004 3.5510
57 - - - - 3.7679  3.8011 3.7564 3.7105 3.6901 3.6542 3.6192 3.6026 3.5637
58 3.7419 37761 3.7540 3.7212 3.6998 3.6763 3.6247 3.5917 3.5618
59 - 37127 37691 3.7530  3.7036  3.6848 3.7085 3.6504 3.5945  3.5692
60 - - - - - 3.6892 3.7663 3.7505 3.7162 3.6926 3.6702 3.6510 3.6004 3.5712
61 - - 3.6221 3.7278 3.7484 37038 3.6731 3.6738 3.6349  3.6004 3.5417
62 - - - 3.5895 3.7308 3.7191 3.7183 3.6878 3.6660 3.6395 3.5945 3.5668
63 - - - - - - 3.5475  3.6957 3.7319 37115 3.6726 3.6613  3.6165 3.5917 3.5513

64 - - - - - 3.4961  3.6982 3.7306 3.7007 3.6870 3.6374 3.6099 3.6026 3.5829
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72

3.6764
3.6590
3.6453
3.6121
3.5738
3.5327
3.4937
3.4475

80

3.7346
3.7040
3.7016
3.6829
3.6561
3.6664
3.6514
3.6257
3.6093
3.6041
3.5676
3.5354
3.5007
3.4901
3.4371
3.4173

88

3.6671
3.7030
3.6766
3.6984
3.6764
3.6707
3.6850
3.6540
3.6389
3.6435
3.6102
3.6178
3.5931
3.5866
3.5843
3.5597
3.5521
3.5402
3.5102
3.5081
3.4888
3.4442
3.4202
3.3721

96

3.6893
3.6833
3.6478
3.6569
3.6558
3.6430
3.6333
3.6492
3.6335
3.6514
3.6432
3.6322
3.6311
3.6184
3.6118
3.5995
3.5800
3.5557
3.5783
3.5647
3.5598
3.5370
3.5371
3.5242
3.4909
3.4673
3.4844
3.4567
3.4380
3.4017
3.3864
3.3545

104

3.6700
3.6531

3.6374
3.6474
3.6187
3.6467
3.6376
3.6340
3.6240
3.6055
3.6163
3.6327
3.6013
3.5991

3.5941
3.6023
3.5652
3.5697
3.5817
3.5516
3.5573
3.5693
3.5570
3.5550
3.5441

3.5328
3.5255
3.5054
3.4998
3.4913
3.4951

3.4674
3.4551

3.4418
3.4360
3.4019
3.4066
3.3693
3.3593
3.3345

112

3.6265
3.6264
3.6254
3.6112
3.6096
3.6246
3.6078
3.6053
3.6029
3.5929
3.6089
3.5781
3.5966
3.5905
3.5926
3.5789
3.5870
3.5671
3.5730
3.5828
3.5691
3.5608
3.5515
3.5318
3.5218
3.5291
3.5319
3.5414
3.5299
3.5253
3.5213
3.5089
3.5071
3.5024
3.4782
3.4775
3.4562
3.4414
3.4426
3.4420
3.4245
3.4027
3.4044
3.3806
3.3833
3.3513
3.3283
3.3209

120

3.6004
3.5879
3.6032
3.5772
3.5961
3.5858
3.5731
3.5890
3.5871
3.5706
3.5724
3.5791
3.5724
3.5780
3.5656
3.5667
3.5561
3.5670
3.5571
3.5559
3.5552
3.5713
3.5273
3.5398
3.5318
3.5393
3.5261
3.5170
3.5121
3.5018
3.5086
3.5063
3.4800
3.5046
3.4904
3.4717
3.4974
3.4808
3.4815
3.4796
3.4678
3.4603
3.4533
3.4329
3.4277
3.4101
3.4254
3.3996
3.3926
3.3835
3.3754
3.3641
3.3483
3.3465
3.3050
3.2906

223

128

3.5829
3.5513
3.5668
3.5417
3.5712
3.5692
3.5618
3.5637
3.5510
3.5555
3.5574
3.5485
3.5325
3.5332
3.5440
3.5.355
3.5517
3.5222
3.5508
3.5473
3.5408
3.5325
3.5367
3.5105
3.5256
35121

3.5204
3.5187
3.5089
3.4967
3.5139
3.5126
3.4886
3.5105
3.4887
3.4818
3.5013
3.4818
3.4737
3.4730
3.4590
3.4677
3.4573
3.4551

3.4538
3.4338
3.4479
3.4458
3.4296
3.4098
3.4060
3.4052
33911

3.3861

3.3663
3.3625
3.3725
3.3594
3.3457
3.3333
3.3148
3.2945
3.2863
3.2666
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Table B.3:

16

0.0081

0.0199
0.0294
0.0453
0.0570
0.0677
0.0804
0.0804
0.0677
0.0570
0.0453
0.0294
0.0199
0.0081

224

Skewness values of the real and imaginary parts of the IMD RV in selected sub-

channels (n) for OFDM/QPSK signals with

24

0.0017
0.0046
0.0083
0.0120
0.0171
0.0178
0.0217
0.0252
0.0290
0.0329
0.0365
0.0365
0.0329
0.0290
0.0252
0.0217
0.0178
0.0171
0.0120
0.0083
0.0046
0.0017
sO

32
-0
0.0005
0.0018
0.0029
0.0053
0.0068
0.0075
0.0082
0.0116
0.0118
0.0136
0.0163
0.0174
0.0182
0.0207
0.0221
0.0221
0.0207
0.0182
0.0174
0.0163
0.0136
0.0118
0.0116
0.0082
0.0075
0.0068
0.0053
0.0029
0.0018
0.0005

40

0.0002
0.0007
0.0013
0.0022
0.0035
0.0037
0.0044
0.0047
0.0060
0.0072
0.0074
0.0081

0.0088
0.0104
0.0113
0.0113
0.0137
0.0138
0.0139
0.01.39
0.0138
0.0137
0.0113
0.0113
0.0104
0.0088
0.0081

0.0074
0.0072
0.0060
0.0047
0.0044
0.0037
0.0035
0.0022
0.0013
0.0007
0.0002

48

sO

0.0001

0.0002
0.0006
0.0015
0.0017
0.0022
0.0027
0.0030
0.0033
0.0041

0.0040
0.0046
0.0053
0.0055
0.0059
0.0067
0.0074
0.0073
0.0075
0.0088
0.0089
0.0084
0.0111

0.0111

0.0084
0.0089
0.0088
0.0075
0.0073
0.0074
0.0067
0.0059
0.0055
0.0053
0.0046
0.0040
0.0041
0.0033
0.0030
0.0027
0.0022
0.0017
0.0015
0.0006
0.0002
0.0001

56

0.0003
0.0004
0.0007
0.0011
0.0013
0.0015
0.0018
0.0022
0.0020
0.0025
0.0032
0.0025
0.0035
0.0037
0.0044
0.0044
0.0052
0.0050
0.0058
0.0056
0.0056
0.0060
0.0055
0.0073
0.0069
0.0071

0.0071

0.0069
0.0073
0.0055
0.0060
0.0056
0.0056
0.0058
0.0050
0.0052
0.0044
0.0044
0.0037
0.0035
0.0025
0.0032
0.0025
0.0020
0.0022
0.0018
0.0015
0.0013
0.0011

0.0007
0.0004
0.0003

64
EU

0.0002
0.0003
0.0002
0.0005
0.0008
0.0010
0.0008
0.0012
0.0016
0.0021

0.0019
0.0021

0.0025
0.0028
0.0029
0.0029
0.0030
0.0032
0.0032
0.0038
0.0035
0.0045
0.0036
0.0043
0.0048
0.0056
0.0054
0.0053
0.0054
0.0059
0.0059
0.0054
0.0053
0.0054
0.0056
0.0048
0.0043
0.0036
0.0045
0.0035
0.0038
0.0032
0.0032
0.0030
0.0029
0.0029
0.0028
0.0025
0.0021

0.0019
0.0021

0.0016
0.0012
0.0008
0.0010
0.0008
0.0005
0.0002
0.0003
0.0002

sO

72

-0
-0

0.0001

0.0003
0.0003
0.0005
0.0004
0.0007
0.0008
0.0009
0.0009
0.0011

0.0012
0.0016
0.0014
0.0018
0.0021
0.0019
0.0025
0.0020
0.0024
0.0031

0.0030
0.0028
0.0033
0.0029
0.0030
0.0033
0.0033
0.0035
0.0035
0.0038
0.0040
0.0046
0.0042
0.0042
0.0042
0.0042
0.0046
0.0040
0.0038
0.0035
0.0035
0.0033
0.0033
0.0030
0.0029
0.0033
0.0028
0.0030
0.0031
0.0024
0.0020
0.0025
0.0019
0.0021

0.0018
0.0014
0.0016
0.0012
0.0011

0.0009
0.0009
0.0008

16 to 128 sub-channels (N).

80

0.0001
0.0001
0.0003
0.0002
0.0004
0.0005
0.0004
0.0007
0.0010
0.0008
0.0006
0.0011

0.0011

0.0014
0.0014
0.0014
0.0013
0.0016
0.0017
0.0021

0.0020
0.0019
0.0022
0.0022
0.0022
0.0024
0.0027
0.0026
0.0029
0.0029
0.0031
0.0033
0.0035
0.0035
0.0030
0.0034
0.0032
0.0034
0.0034
0.0032
0.0034
0.0030
0.0035
0.0035
0.0033
0.0031
0.0029
0.0029
0.0026
0.0027
0.0024
0.0022
0.0022
0.0022
0.0019
0.0020
0.0021

0.0017
0.0016
0.0013
0.0014
0.0014

88

sO
sO

0.0001
0.0001
0.0002
0.0002
0.0001

0.0005
0.0004
0.0004
0.0006
0.0007
0.0006
0.0007
0.0010
0.0009
0.0011
0.0012
0.0009
0.0014
0.0018
0.0014
0.0017
0.0014
0.0017
0.0018
0.0019
0.0018
0.0021

0.0021
0.0018
0.0020
0.0023
0.0024
0.0029
0.0026
0.0023
0.0027
0.0029
0.0029
0.0027
0.0033
0.0033
0.0033
0.0033
0.0027
0.0029
0.0029
0.0027
0.0023
0.0026
0.0029
0.0024
0.0023
0.0020
0.0018
0.0021

0.0021

0.0018
0.0019
0.0018
0.0017
0.0014

96

0.0001

0.0001
0.0001

0.0002
0.0002
0.0003
0.0002
0.0004
0.0004
0.0006
0.0004
0.0007
0.0006
0.0007
0.0006
0.0009
0.0009
0.0009
0.0010
0.0010
0.0008
0.0014
0.0012
0.0013
0.0014
0.0014
0.0017
0.0014
0.0016
0.0018
0.0016
0.0014
0.0019
0.0016
0.0020
0.0020
0.0023
0.0020
0.0021
0.0021

0.0027
0.0021
0.0024
0.0023
0.0026
0.0026
0.0026
0.0026
0.0023
0.0024
0.0021

0.0027
0.0021
0.0021
0.0020
0.0023
0.0020
0.0020
0.0016
0.0019
0.0014
0.0016

104

0.0001

0.0001

0.0001

0.0001

0.0004
0.0003
0.0004
0.0003
0.0003
0.0003
0.0006
0.0006
0.0005
0.0005
0.0010
0.0006
0.0009
0.0009
0.0009
0.0007
0.0007
0.0011
0.0011
0.0011

0.0012
0.0012
0.0011
0.0013
0.0013
0.0013
0.0015
0.0013
0.0014
0.0015
0.0015
0.0014
0.0019
0.0018
0.0019
0.0018
0.0021

0.0022
0.0019
0.0021
0.0018
0.0024
0.0021
0.0021

0.0021

0.0021

0.0024
0.0018
0.0021

0.0019
0.0022
0.0021

0.0018
0.0019
0.0018
0.0019

112

sO

sO

-0
0.0001
0.0001
0.0001
0.0001
0.0002
0.0001
0.0003
0.0003
0.0003
0.0003
0.0004
0.0004
0.0005
0.0003
0.0003
0.0006
0.0007
0.0007
0.0007
0.0010
0.0008
0.0007
0.0008
0.0010
0.0008
0.0011
0.0010
0.0010
0.0010
0.0011
0.0013
0.0012
0.0013
0.0013
0.0011
0.0013
0.0014
0.0017
0.0014
0.0013
0.0014
0.0018
0.0018
0.0013
0.0016
0.0021
0.0017
0.0019
0.0020
0.0019
0.0019
0.0015
0.0015
0.0019
0.0019
0.0020
0.0019
0.0017
0.0021
0.0016

0.0001

0.0001

0.0002
0.0004
0.0002
0.0002
0.0003
0.0002
0.0003
0.0003
0.0004
0.0004
0.0004
0.0005
0.0006
0.0007
0.0007
0.0007
0.0007
0.0010
0.0008
0.0008
0.0008
0.0007
0.0009
0.0007
0.0009
0.0010
0.0007
0.0008
0.0009
0.0009
0.0010
0.0010
0.0012
0.0011
0.0012
0.0011
0.0014
0.0012
0.0012
0.0014
0.0014
0.0015
0.0014
0.0015
0.0013
0.0017
0.0017
0.0016
0.0015
0.0018
0.0020
0.0020
0.0018
0.0015
0.0016

128

0.0001
50
0.0001
0.0001
0.0001
0.0002
0.0001
0.0002
0.0002
0.0003
0.0002
0.0002
0.0003
0.0002
0.0003
0.0004
0.0005
0.0004
0.0005
0.0004
0.0005
0.0004
0.0005
0.0005
0.0005
0.0006
0.0006
0.0006
0.0007
0.0007
0.0008
0.0007
0.0006
0.0010
0.0008
0.0008
0.0008
0.0008
0.0008
0.0011
0.0012
0.0010
0.0011
0.0012
0.0010
0.0012
0.0011
0.0013
0.0011
0.0014
0.0013
0.0011
0.0016
0.0013
0.0015
0.0014
0.0014
0.0013
0.0014
0.0013
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16

24

32

72

0.0007
0.0004
0.0005
0.0003
0.0003
0.0001

0.0014
0.0011
0.0011
0.0006
0.0008
0.0010
0.0007
0.0004
0.0005
0.0004
0.0002
0.0003
0.0001
0.0001

88

0.0017
0.0014
0.0018
0.0014
0.0009
0.0012
0.0011
0,0009
0.0010
0.0007
0.0006
0.0007
0.0006
0.0004
0.0004
0.0005
0.0001
0.0002
0.0002
0.0001
0.0001
=0
=0
sO

96

0.0018
0.0016
0.0014
0.0017
0.0014
0.0014
0.0013
0.0012
0.0014
0.0008
0.0010
0.0010
0.0009
0.0009
0.0009
0.0006
0.0007
0.0006
0.0007
0.0004
0.0006
0.0004
0.0004
0.0002
0.0003
0.0002
0.0002
0.0001
0.0001
0.0001

104

0.0014
0.0015
0.0015
0.0014
0.0013
0.0015
0.0013
0.0013
0.0013
0.0011

0.0012
0.0012
0.0011

0.0011

0.0011

0.0007
0.0007
0.0009
0.0009
0.0009
0.0006
0.0010
0.0005
0.0005
0.0006
0.0006
0.0003
0.0003
0.0003
0.0004
0.0003
0.0004
0.0001
0.0001

0.0001
0.0001

112

0.0013
0.0018
0.0018
0.0014
0.0013
0.0014
0.0017
0.0014
0.0013
0.0011
0.0013
0.0013
0.0012
0.0013
0.0011
0.0010
0.0010
0.0010
0.0011
0.0008
0.0010
0.0008
0.0007
0.0008
0.0010
0.0007
0.0007
0.0007
0.0006
0.0003
0.0003
0.0005
0.0004
0.0004
0.0003
0.0003
0.0003
0.0003
0.0001
0.0002
0.0001
0.0001
0.0001
0.0001

225

128

0.0013
0.0014
0.0013
0.0014
0.0014
0.0015
0.0013
0.0016
0.0011

0.0013
0.0014
0.0011

0.0013
0.0011

0.0012
0.0010
0.0012
0.0011

0.0010
0.0012
0.0011
0.0008
0.0008
0.0008
0.0008
0.0008
0.0010
0.0006
0.0007
0.0008
0.0007
0.0007
0.0006
0.0006
0.0006
0.0005
0.0005
0.0005
0.0004
0.0005
0.0004
0.0005
0.0004
0.0005
0.0004
0.0003
0.0002
0.0003
0.0002
0.0002
0.0003
0.0002
0.0002
0.0001
0.0002
0.0001

0.0001

0.0001

0.0001
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Table B.4:
16
1 3.7662
2 4.0541
3 4.1828
4 4.2979
5 4.3458
6 4.4063
7 4.4149
8 4.4416
9 4.4416
10 4.4149
11 4.4063
12 4.3458
13 4.2979
14 4.1828
15 4.0541
16 3.7662
17 -
18 -
19 -
20 -
21 -
22
23 -
24 -
25 -
26 -
27 -
28
29 -
30 -
31 -
32 -
33 -
34 -
35 -
36 -
37
38 -
39 -
40 -
41 -
42 -
43
44
45
46
47 -
48 -
49 -

Kurtosis values of the real and imaginary parts of the IMD RV in selected

channels (n) for OFDM/QPSK signals with 16 to 128 sub-channels (N).

24

3.5669
3.7296
3.8160
3.9017
3.9512
4.0004
4.0159
4.0329
4.0615
4.0648
4.1010
4.1031
4.1031
4.1010
4.0648
4.0615
4.0329
4.0159
4.0004
3.9512
3.9017
3.8160
3.7296
3.5669

32

3.4442
3.5414
3.6172
3.6616
3.6886
3.7327
3.7678
3.7795
3.8050
3.8139
3.8323
3.8511
3.8725
3.8529
3.8758
3.9034
3.9034
3.8758
3.8529
3.8725
3.8511
3.8323
3.8139
3.8050
3.7795
3.7678
3.7327
3.6886
3.6616
3.6172
3.5414
3.4442

40

3.3572
3.4329
3.4779
3.5269
3.5608
3.5809
3.6090
3.6275
3.6473
3.6602
3.6699
3.6765
3.6927
3.6958
3.7329
3.7226
3.7266
3.7329
3.7181

3.7456
3.7456
3.7181

3.7329
3.7266
3.7226
3.7329
3.6958
3.6927
3.6765
3.6699
3.6602
3.6473
3.6275
3.6090
3.5809
3.5608
3.5269
3.4779
3.4329
3.3572

48

3.3160
3.3649
3.4036
3.4293
34577
3.4858
3.4998
3.5082
3.5229
35441

35549
35628
35774
35817
3.5826
35771

3.6115
3.6017
3.6214
3.6095
3.6169
3.6256
3.6392
3.6484
3.6484
3.6392
3.6256
3.6169
3.6095
3.6214
3.6017
36115
35771

35826
35817
3.5774
35628
3.5549
35441

35229
3.5082
3.4998
3.4858
3.4577
3.4293
3.4036
3.3649
3.3160

56

3.2724
3.3077
3.3269
3.3677
3.3815
3.4104
3.4180
3.4345
3.4332
3.4661

3.4767
3.4786
3.4940
3.4874
3.4964
3.4979
3.5060
3.5143
3.5212
3.5169
3.5338
3.5347
3.5441

3.5415
3.5436
3.5465
3.5572
3.5520
3.5520
3.5572
3.5465
3.5436
3.5415
3.5441

3.5347
3.5338
3.5169
3.5212
3.5143
3.5060
3.4979
3.4964
3.4874
3.4940
3.4786
3.4767
3.4661
3.4332
3.4345
3.4180
3.4104
3.3815
3.3677
3.3269
3.3077
3.2724
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32404
3.2619
3.2883
3.3169
3.3330
33420
33727
33809
33781
3.4079
3.4066
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34327
3.4156
3.4207
3.4066
3.4079
33781
33809
33727
33420
33330
33169
3.2883
32619
3.2404

72

3.2231
32318
32561

32701

32913
33063
33119
33231

33384
33449
33555
33567
33635
3.3770
33739
33870
33858
3.3960
3.4184
33984
3.4126
3.4023
34159
3.4201
3.4158
3.4231

34275
3.4444
3.4285
3.4232
3.4269
34322
3.4496
3.4408
3.4414
3.4497
3.4497
3.4414
3.4408
3.4496
3.4322
34269
3.4232
3.4285
34444
34275
3.4231
3.4158
3.4201
3.4159
3.4023
34126
3.3984
3.4184
33960
3.3858
3.3870
3.3739
33770
3.3635
3.3567
3.3555
3.3449
33384

80

3.2089
3.2198
3.2278
3.2427
3.2581

3.2675
3.2851

3.2887
3.3009
3.3059
3.3080
3.3169
3.3358
3.3375
3.3558
3.3478
3.3383
3.3583
3.3541

3.3627
3.3681

3.3581

3.3598
3.3631

3.3743
3.3816
3.3813
3.3808
3.3870
3.3707
3.3966
3.3975
3.3874
3.3865
3.3985
3.3958
3.4003
3.4046
3.3985
3.4057
3.4057
3.3985
3.4046
3.4003
3.3958
3.3985
3.3865
3.3874
3.3975
3.3966
3.3707
3.3870
3.3808
3.3813
3.3816
3.3743
3.3631
3.3598
3.3581

3.3681

3.3627
3.3541

3.3583
3.3383

88

3.1898
3.2006
3.2224
3.2147
3.2270
3.2501

3.2533
3.2527
3.2649
3.2743
3.2742
3.2951

3.3065
3.2992
3.3037
3.3150
3.3247
3.3198
3.3299
3.3162
3.3223
3.3295
3.3323
3.3365
3.3376
3.3426
3.3424
3.3425
3.3501

3.3489
3.3452
3.3571

3.3683
3.3630
3.3484
3.3642
3.3638
3.3637
3.3638
3.3592
3.3652
3.3715
3.3669
3.3716
3.3716
3.3669
3.3715
3.3652
3.3592
3.3638
3.3637
3.3638
3.3642
3.3484
3.3630
3.3683
3.3571

3.3452
3.3489
3.3501

3.3425
3.3424
3.3426
3.3376

96

3.1749
3.1835
3.1899
3.1994
3.2156
3.2323
3.2424
3.2272
3.2441

3.2527
3.2560
3.2636
3.2661

3.2702
3.2689
3.2784
3.2878
3.2856
3.2897
3.2992
3.3029
3.2981

3.3044
3.3022
3.2942
3.3051

3.3059
3.3065
3.3145
3.3158
3.3328
3.3227
3.3328
3.3232
3.3209
3.3260
3.3251

3.3322
3.3307
3.3319
3.3248
3.3418
3.3332
3.3488
3.3408
3.3410
3.3481

3.3499
3.3499
3.3481

3.3410
3.3408
3.3488
3.3332
3.3418
3.3248
3.3319
3.3307
3.3322
3.3251

3.3260
3.3209
3.3232
3.3328

104

3.1609
3.1629
3.1793
3.1799
3.1869
3.2046
3.2126
3.2013
3.2225
3.2354
3.2312
3.2388
3.2409
3.2535
3.2572
3.2594
3.2607
3.2675
3.2760
3.2594
3.2824
3.2769
3.2783
3.2734
3.2795
3.2829
3.2938
3.2958
3.2842
3.2911

3.2843
3.2982
3.3054
3.2883
3.3029
3.2995
3.3056
3.2985
3.2981
3.3122
3.3032
3.3054
3.3087
3.3014
3.3143
3.3087
3.3161
3.3183
3.3157
3.3156
3.3187
33131
3.3131

3.3187
3.3156
3.3157
3.3183
3.3161
3.3087
3.3143
3.3014
3.3087
3.3054
3.3032

112

3.1411

3.1555
3.1645
3.1725
3.1662
3.1850
3.1916
3.1989
3.1918
3.2082
3.2102
3.2192
3.2283
3.2319
3.2362
3.2340
3.2409
3.2382
3.2413
3.2452
3.2575
3.2475
3.2514
3.2578
3.2512
3.2573
3.2624
3.2587
3.2667
3.2685
3.2633
3.2834
3.2795
3.2703
3.2750
3.2776
3.2817
3.2713
3.2924
3.2883
3.2820
3.2827
3.2821

3.2879
3.2815
3.2887
3.2883
3.3090
3.2985
3.2902
3.2904
3.3037
3.2882
3.3017
3.2925
3.3055
3.3055
3.2925
3.3017
3.2882
3.3037
3.2904
3.2902
3.2985

120

3.1316
3.1420
3.1516
3.1537
3.1661
3.1713
3.1758
3.1797
3.1874
3.1892
3.1954
3.1979
3.2056
3.2008
3.2069
3.2099
3.2210
3.2180
3.2237
3.2262
3.2252
3.2297
3.2412
3.2379
3.2333
3.2413
3.2389
3.2396
3.2409
3.2450
3.2466
3.2519
3.2542
3.2465
3.2638
3.2571
3.2664
3.2554
3.2485
3.2620
3.2601
3.2585
3.2496
3.2623
3.2780
3.2708
3.2699
3.2770
3.2643
3.2674
3.2701
3.2773
3.2724
3.2735
3.2778
3#%

3.2831
3.2778
3.2797
3.2866
3.2866
3.2797
3.2778
3.2831

226

sub-

128

3.1236
3.1370
3.1404
3.1402
3.1531

3.1624
3.1636
3.1649
3.1732
3.1778
3.1807
3.1845
3.1883
3.1932
3.1972
3.2074
3.2101

3.2097
3.2105
3.2170
3.2083
3.2147
3.2257
3.2113
3.2216
3.2235
3.2276
3.2319
3.2318
3.2345
3.2287
3.2313
3.2329
3.2311

3.2309
3.2407
3.2422
3.2383
3.2407
3.2437
3.2432
3.2486
3.2532
3.2494
3.2497
3.2459
3.2594
3.2499
3.2568
3.2555
3.2542
3.2521

3.2555
3.2586
3.2619
3.2596
3.2653
3.2569
3.2590
3.2711

3.2675
3.2554
3.2602
3.2635
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66
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69
70
71
72
73
74
75
76
77
78
79
80
81
82
83
84
85
86
87
88
89
90
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98
99
100
101
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103
104
105
106
107
108
109
110
111
12
113
114
115
116
117
118
119
120
121
122
123
124
125
126
127
128

24

32

40

48

56

64

72

3.3231
3.3119
3.3063
3.2913
3.2701
3.2561
3.2318
3.2231

80

3.3478
3.3558
3.3375
3.3358
3.3169
3.3080
3.3059
3.3009
3.2887
3.2851
3.2675
3.2581
3.2427
3.2278
3.2198
3.2089

88

3.3365
3.3323
3.3295
3.3223
3.3162
3.3299
3.3198
3.3247
3.3150
3.3037
3.2992
3.3065
3.2951
3.2742
3.2743
3.2649
3.2527
3.2533
3.2501
3.2270
3.2147
3.2224
3.2006
3.1898

96

3.3227
3.3328
3.3158
3.3145
3.3065
3.3059
3.3051
3.2942
3.3022
3.3044
3.2981
3.3029
3.2992
3.2897
3.2856
3.2878
3.2784
3.2689
3.2702
3.2661
3.2636
3.2560
3.2527
3.2441
3.2272
3.2424
3.2323
3.2156
3.1994
3.1899
3.1835
3.1749

104

3.3122
3.2981
3.2985
3.3056
3.2995
3.3029
3.2883
3.3054
3.2982
3.2843
3.2911
3.2842
3.2958
3.2938
3.2829
3.2795
3.2734
3.2783
3.2769
3.2824
3.2594
3.2760
3.2675
3.2607
3.2594
3.2572
3.2535
3.2409
3.2388
3.2312
3.2354
3.2225
3.2013
3.2126
3.2046
3.1869
3.1799
3.1793
3.1629
3.1609

112

3.3090
3.2883
3.2887
3.2815
3.2879
3.2821

3.2827
3.2820
3.2883
3.2924
3.2713
3.2817
3.2776
3.2750
3.2703
3.2795
3.2834
3.2633
3.2685
3.2667
3.2587
3.2624
3.2573
3.2512
3.2578
3.2514
3.2475
3.2575
3.2452
3.2413
3.2382
3.2409
3.2340
3.2362
3.2319
3.2283
3.2192
3.2102
3.2082
3.1918
3.1989
3.1916
3.1850
3.1662
3.1725
3.1645
3.1555
3.1411

120

3.2778
3.2735
3.2724
3.2773
3.2701

3.2674
3.2643
3.2770
3.2699
3.2708
3.2780
3.2623
3.2496
3.2585
3.2601

3.2620
3.2485
3.2554
3.2664
3.2571

3.2638
3.2465
3.2542
3.2519
3.2466
3.2450
3.2409
3.2396
3.2389
3.2413
3.2333
3.2379
3.2412
3.2297
3.2252
3.2262
3.2237
3.2180
3.2210
3.2099
3.2069
3.2008
3.2056
3.1979
3.1954
3.1892
3.1874
3.1797
3.1758
3.1713
3.1661
3.1537
3.1516
3.1420
3.1316

227

128

3.2635
3.2602
3.2554
3.2675
32711

3.2590
3.2569
3.2653
3.2596
3.2619
3.2586
3.2555
32521
3.2542
3.2555
3.2568
3.2499
3.2594
3.2459
3.2497
3.2494
3.2532
3.2486
3.2432
3.2437
3.2407
3.2383
3.2422
3.2407
3.2309
32311
3.2329
3.2313
3.2287
32345
3,2318
3.2319
3.2276
32235
3.2216
32113
32257
3.2147
3.2083
3.2170
3.2105
3.2097
32101

32074
3.1972
3.1932
3.1883
3.1845
3.1807
3.1778
3.1732
3.1649
3.1636
3.1624
3.1531

3.1402
3.1404
3.1370
3.1236
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