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Abstract

For the (pre-)processing of electro-magnetic fields the coherence and polarisation 
aspects are important entities. Both coherence and polarisation are used in their 
broadest sense, in which case one can talk about the general correlation aspects of 
such fields.

In this thesis two special aspects of the coherence and polarisation of electro
magnetic fields are discussed after a more general treatment of the correlations in 
those fields is given.

The first specialised subject of this thesis deals with the changes in both the 
polarisation and the degree of polarisation upon propagation in optical fibres. 
Theoretical results are derived, using a single Mueller matrix, to describe the 
polarisation along the optical fibre taking into account both the coupling and 
difference between the orthogonal polarisations present in the fibre. This newly 
developed theory is compared with other recent theoretical approaches (e.g. the mode 
coupling centre approach) and with measurements involving a range of different 
physical situations (e.g. difference in input degree of polarisation, spectral linewidth 
and kind of fibre).

Links between the temporal and spatial coherence of electro-magnetic fields are 
discussed as the other specialised subject of this thesis. The emphasis is on spectral 
changes as a function of the spatial coherence of the field. These changes are now 
known as the "Wolf-effect" after one of the founders of this field of research. One 
possible way to describe these spectral changes is to use the well established cross- 
spectral density approach. However, it is shown that a quasi-optical method gives 
similar results. Theoretical results are compared with a number of experiments, 
including free space propagation. Young's experiment and propagation in 
inhomogeneous media.

For both of the specialised subjects mentioned above possible applications and 
future research are discussed at various places in this thesis.





To C. and D.

Two sorts of truth: trivialities, where opposites are obviously absurd and profound 
truths recognized by the fact that the opposite is also a profound truth.

Niels Bohr (1885-1962)

In examinations those who do not wish to know ask questions of those who cannot 
tell.

Sir Walter Raleigh (1861-1922)





Acknowledgement

In the first place I am indebted to my supervisor Prof. Dr. Mike G. F. Wilson. He 
gave me the opportunity to do research at University College London for a period of 
three years, during which time he has guided my research endeavours and at the end 
of this period corrected and commented on the drafts of this manuscript.

Special thanks also to Prof. Dr. Phil Sutton (now at DRA Portsdown) and Duleep 
Wickramasinghe (DRA Maritime Division) who both acted as external supervisors 
and were most willing to share their "unclassified" knowledge with regard to 
coherence theory and the pre-processing of optical signals. I would also like to 
mention the greatly appreciated efforts by Duleep to let me carry out my research at 
Funtington. This unfortunately failed due to causes beyond our reach.

Most of the research described in this thesis originated from discussions between 
the above mentioned persons and my self.

Further thanks at UCL to my fellow students (past and present) for sharing the 
"burden" of doing research along side my own projects. Specially discussions with 
Mike Plissi ranging from astronomy to thesis-layout were most enlightening and 
entertaining. Also I would like to mention Mrs Mavis Small for correcting (without 
complaining) almost infinite grammar/spelling mistakes in the documents/letters I 
produced over the past three years and discussions about differences between 
England and Holland (gin/genever).

Outside UCL I would like to thank the small group of friends Diana and I found 
over the past three years (and most of them will never find out they are mentioned on 
this page) who gave us some sort of social life as far as that is possible when doing a 
PhD.

Specially I would like to thank Diana for supporting my PhD work whenever I 
needed it most and always being there when I needed some one to talk to (English or 
Dutch). Although not available every day I would also like to thank my parents for 
support in so many ways.

Finally, the support of DRA (Maritime Division) in the form of a three year PhD 
research grant is gratefully acknowledged.





Contents

1 General Introduction 17
1.1 Pre-Processing of Electromagnetic Signals 17
1.2 Outline of the Thesis 19

Part 1 Correlations in Electro-Magnetic Fields

2 Introduction 2 3

3 General Correlation Theory 25
3.1 Correlation Functions 25
3.2 Second Order Correlation Functions 29

3.2.1 Cross-Correlation Function 29
3.2.2 Self-Correlation or Temporal Correlation Aspects 31
3.2.3 Spatial Correlation Aspects 32

3.3 Higher Order Correlation Functions 32
3.3.1 Fourth Order Correlation Function 32
3.3.2 Sixth Order Correlation Function 33

4 Coherence Theory 35
4.1 Mutual Coherence and Cross-Spectral Density 35

4.1.1 The Mutual Coherence Function 36
4.1.2 Propagation of Mutual Coherence 36
4.1.3 Radiation from a Plane Finite Surface 37
4.1.4 The Complex Degree of Coherence 41

4.2 Constraints on the Mutual Coherence Function 42
4.2.1 Coherent and Incoherent Fields 42
4.2.2 Quasi-Monochromadc Fields 45

4.3 Temporal and Spatial Aspects of the Mutual Coherence Function 47
4.3.1 Temporal Coherence Effects 47
4.3.2 Spatial Coherence Effects 48
4.3.3 The Michelson Interferometer and Temporal Coherence 48
4.3.4 Young's Experiment and Spatial Coherence 52
4.3.5 Hanbury Brown - Twiss Intensity Interferometer 54



Contents

5 Polarisation Theory 57
5.1 Mutual Coherence and Polarisation 57

5.1.1 Polarised, Unpolarised and Partial Polarised Fields 58
5.1.2 The Coherency Matrix and Jones Calculus 60
5.1.3 Stokes Vectors and Mueller Calculus 64

5.2 Temporal and Spatial Polarisation Effects 66
5.2.1 Temporal Polarisation Effects and the Michelson Interferometer 67
5.2.2 Spatial Polarisation and Young's Experiment 69

Part 2 Changes in Polarisation in Optical Fibres

6 Introduction 7 3

7 Theory and Simulated Results 77
7.1 Polarisation in Optical Fibres 79

7.1.1 Coupled Mode Equations 80
7.1.2 Mode Coupling Centre Method 81
7.1.3 Single Matrix Method: Lossless Case 83
7.1.4 Single Matrix Method: Lossy Case 87

7.2 The Degree of Polarisation in Optical Fibres 92
7.2.1 Polarisation Variance Approach 92
7.2.2 Mode Coupling Centre Method 96
7.2.3 Single Matrix Method: Lossless Coherent Case 98
7.2.4 Single Matrix Method: Lossless Partial Coherent Case 98
7.2.5 Single Matrix Method: Lossy Coherent Case 102
7.2.6 Single Matrix Method: Lossy Partial Coherent Case 105

7.3 Discussion 109

8 Experimental Verification 111
8.1 Methods to Determine the Degree of Polarisation 111

8.1.1 Stokes Vector Approach 111
8.1.2 Michelson Interferometer 112
8.1.3 Optical Fibre Interferometer 114
8.1.4 Intensity Correlation 115

8.2 The Michelson Interferometer Revisited 116
8.2.1 Dependence on Input Polarisation 116
8.2.2 Polarisation Modulation 118

8.3 Experimental Set Ups and Results 124

10



Contents

8.3.1 Michelson Interferometer: Multi-Mode Coherent Case 124
8.3.2 Number of Modes for the "Few-Mode Case" 126
8.3.3 Michelson Interferometer: Few-Mode Coherent Case 127
8.3.4 Stokes Vector Approach: Few-Mode Partial Coherent Case 135

8.4 Discussion 138

Part 3 Spectral Changes in Optical Systems; a Quasi-Optica! Approach

9 Introduction 143

1 0 Theory and Simulated Results 145
10.1 Partial Coherent Diffraction and Interference 145

10.1.1 Circular Aperture 145
10.1.2 Young's Experiment 148

10.2 Cross-Spectral Density Approach 152
10.2.1 Cross-Spectral Purity 153
10.2.2 Free Space Propagation 155
10.2.3 Propagation in Inhomogeneous Media 156
10.2.4 Young's Experiment 158
10.2.5 Spectral Changes Caused by Scattering 162

10.3 Quasi-Optical Approach 163
10.3.1 Gaussian Beam Theory 164
10.3.2 ABCD Formalism and Optical Systems 165
10.3.3 Free Space Propagation 166
10.3.4 Propagation in Inhomogeneous Media 173
10.3.5 Spectral Changes in Optical Systems 181

10.4 Discussion 183

11 Experimental Verification 185
11.1 Literature Survey 185
11.2 Propagation in Inhomogeneous Media 187

11.2.1 Monochromator Calibration 187
11.2.2 Experimental Set Up and Results 188

11.3 Discussion 191

11



Contents

12 General Conclusions and Future Work 193
12.1 Summarised Results 193

12.1.1 Degree of Polarisation in Optical Fibres 193
12.1.2 Spectral Changes in Optical Systems 195

12.2 Applications 196
12.2.1 Degree of Polarisation in Optical Fibres 196
12.2.2 Spectral Changes in Optical Systems 196

12.3 Future Work 197
12.3.1 Degree of Polarisation in Optical Fibres 197
12.3.2 Spectral Changes in Optical Systems 197

12.4 Conclusion 198

Appendices

A Single Matrix Method 201
A.l The Laplace Transform 201
A.2 Derivation of the Mueller Matrix 202
A.3 Derivation of the Degree of Polarisation 206

B Quasi-Optica! Approach 209
B. 1 First Order Approximation for the Spectral Shift 209
B.2 Inhomogeneous Factor for a GRIN Lens 212

References 213

12



List of Figures and Tables

Part 1 Correlations in Electro-Magnetic Fields

4 Coherence Theory
Figure 4.1. Geometry for describing the propagation of the mutual coherence 

function for radiation from a plane finite surface.
Figure 4.2. The Michelson interferometer with collimated illumination.
Figure 4.3. Intensity distribution as given by Eq. (4.3.11). The envelope 

caused by the complex degree of temporal coherence is shown 
dotted.

Figure 4.4. Young's interference experiment
Figure 4.5. Fourth order coherence set up to determine second order temporal

coherence effects.
Figure 4.6. Fourth order coherence set up to determine second order spatial 

coherence effects.

5 Polarisation Theory
Figure 5.1. Amplitude and phase relation of the orthogonal x and y 

components of two distinct electro-magnetic fields.
Figure 5.2. Effect of a non-stationary polarised field on the fringe visibility of a 

second order coherence experiment, where the two graphs depict 
the interference pattern when the correlated polarisations are similar 
and almost orthogonal.

Table 5.1. Series of filters for determining the elements of the coherency 
matrix.

P art 2 Changes in Polarisation in Optical Fibres

7 Theory and Simulated Results
Figure 7.1. Degree of polarisation as a function of the propagation distance 

along an optical fibre for different input degrees of polarisation.
Figure 7.2. The average degree of polarisation as a function of the propagation 

distance along an optical fibre for various Gaussian widths of the 
polarisation dispersion.

Figure 7.3. The average degree of polarisation as a function of the propagation

13



List of Figures and Tables

distance along an optical fibre for various phase constants.
Figure 7.4. The average degree of polarisation as a function of the propagation 

distance along an optical fibre according the mode coupling centre 
method when the.

Figure 7.5. Degree of polarisation as a function of the propagation distance 
along an optical fibre for different spectral line widths of the 
source.

Figure 7.6. Degree of polarisation as a function of the propagation distance 
along an optical fibre for different coupling coefficients.

Figure 7.7. Degree of polarisation as a function of the propagation distance 
along an optical fibre for various differential propagation constants.

Figure 7.8. Degree of polarisation as a function of the propagation distance 
along a lossy optical fibre for different input degrees of 
polarisation.

Figure 7.9. Degree of polarisation as a function of the propagation distance 
along a lossy optical fibre for different form factors.

Figure 7.10. Degree of polarisation as a function of the propagation distance 
along a lossy optical fibre for different form factors.

Figure 7.11. Degree of polarisation as a function of the propagation distance 
along a lossy optical fibre for different spectral widths of the 
source.

Figure 7.12. Degree of polarisation as a function of the linewidth of the source.
Figure 7.13. Degree of polarisation as a function of the propagation distance 

along a lossy optical fibre for different spectral widths of the 
source.

Figure 7.14. Degree of polarisation as a function of the linewidth of the source.

8 Experimental Verification
Figure 8.1. Set up to determine the degree of polarisation along an optical fibre 

according to the Stokes vector approach.
Figure 8.2. Michelson interferometer set up to determine the degree of 

polarisation, where the two orthogonal components of the electro
magnetic field are correlated.

Figure 8.3. Wavefront division set up using optical fibres to determine the 
degree of polarisation of an electro-magnetic field.

Figure 8.4. Schematic set up of a Michelson interferometer using a polarisation 
modulation technique to determine the degree of polarisation.

Figure 8.5. Michelson interferometer set up to determine the propagation of the

14



List of Figures and Tables

degree of polarisation along a multi-mode fibre with a coherent 
source.

Figure 8.6. Fringe visibility versus the propagation distance in a multi-mode
fibre.

Figure 8.7. Intensity distribution patterns for the LPqi» I-Pn» ^ 2 1  ^ ^ 0 2

modes which propagate in an optical fibre for the "few-mode" case.
Figure 8.8. Polarisation modulation set up to determine the propagation of the

degree of polarisation along a "few-mode" optical fibre with a 
variable degree of polarisation coherent source.

Figure 8.9. Degree of polarisation as a function of the propagation distance
along an optical fibre for the few-mode coherent case when the 
signal at the input of the fibre has different values for the degree of 
polarisation.

Figure 8.10. Polarisation modulation set up to determine the propagation of the 
degree of polarisation along a "few-mode" optical fibre with a 
variable degree of polarisation coherent source.

Figure 8.11. Degree of polarisation as a function of the propagation distance
along an optical fibre for the few-mode coherent case when the 
signal at the input of the fibre has different values for the degree of 
polarisation.

Figure 8.12. Set up to measure the elements of the Stokes vector and to 
determine the mode patterns propagated by the optical fibre in the 
"few-mode" case.

Figure 8.13. Degree of polarisation as a function of the propagation distance 
along an optical fibre for the few-mode partial coherent case when 
the linewidth is 3.0 nm and for the few-mode white light case.

Table 8.1. Variation of the fringe visibility resulting from a Michelson 
interferometer with a polarisation modulation technique for 
differently polarised input signals.

Part 3 Spectral Changes in Optical Systems; a Quasi-Optical Approach

10 Theory and Simulated Results
Figure 10.1. Normalised diffraction pattern from a circular source as a function 

of the radius for two different wavelengths.
Figure 10.2. Normalised intensity spectra versus radial frequency resulting from 

Eq. (10.1.20).

15



List of Figures and Tables

Figure 10.3. Normalised spectra versus radial frequency resulting from Eq. 
(10.2.30).

Figure 10.4. Relative frequency shift as a function of the relative propagation 
distance in the near and far field for different receiving angles.

Figure 10.5. Relative frequency shift as a function of the relative propagation 
distance in the near field for different relative spectral source widths 
and different correlation width of the Gaussian beam.

Figure 10.6. Relative frequency shift as a function of the relative propagation 
distance in the far field for different correlation beam widths.

Figure 10.7. Spectral changes on propagation in an inhomogeneous medium 
determined by Eq. (10.3.25) for different distances to the optical 
axis.

Figure 10.8. Spectral changes on propagation in an inhomogeneous medium 
(using Eq. (10.3.25)) for two different spatial coherence length.

Figure 10.9. Cascade combination of an inhomogeneous medium (GRIN lens) 
and a homogeneous medium (free space) with a typical Gaussian 
beam profile.

Figure 10.10. Spectral changes depending on the length of the GRIN medium 
determined by Eq. (10.3.31) for different spectral widths and 
receiving angles.

Figure 10.11. Relative frequency shift as a function of the distance behind a lens 
(i.e. Eq. (10.3.34)).

11 Experimental Verification
Figure 11.1. Monochromator calibration graph.
Figure 11.2. Experimental set up to determine the spectral shift caused by an 

inhomogeneous medium.
Figure 11.3. Theoretical prediction of the centre wavelength by Eq. (10.3.31) 

for the set up shown in Fig. 11.2 for variable receiving angle.
Figure 11.4. Theoretical (Eq. (10.3.31)) and measured results of the centre 

wavelength by depending on the receiving angle using the set up 
shown in Fig. 11.2.

Appendices

B Quasi-Optical Approach
Figure B.l. Frequency shift difference between Eqs. (10.3.15) and (B.1.2).

16



1
General Introduction

In the past it was possible to detect an electro-magnetic signal if the signal to noise 
ratio was large enough, where the noise is the sum of all the individual noise effects. 
It is obvious that problems occur when the signal is embedded in the background 
noise, because a direct intensity measurement would not reveal the signal in this case.

1.1 PRE-PROCESSING OF ELECTROMAGNETIC SIGNALS

A possible solution to overcome this problem is to pre-process the electromagnetic 
signal before doing the real (intensity) measurement. This pre-processing can be done 
in many different ways. As a matter of fact, all detection schemes which are not based 
on a direct intensity measurement can be regarded as pre-processing of the signal.

An important aspect with regard to the pre-processing of electro-magnetic signals 
seems obvious: what is happening to the electro-magnetic signal upon propagation? 
This is not only propagation in free space, but also in optical systems as fibres (which 
might be used for collection, transport and pre-processing of electro-magnetic 
signals).

One simple example to pre-process an electro-magnetic signal is the use of the well 
known interferometer. Splitting (in space and/or time) and recombination of the signal 
results in an interference pattern of which the fringe visibility depends on the 
correlation between the recombined parts of the signal. This technique can be used to 
detect a signal which is embedded in the background noise when the spatial and/or 
temporal correlation (also called coherence) of the signal is large compared to the 
background (e.g. in respect to air-pollution; detection of certain spectral lines with a 
high temporal coherence) [1-10]. Well known interferometers as Young's and 
Michelson's use second order correlations to form a fringe pattern, but also higher 
order correlations can be used to extract spatial and/or temporal correlation 
information.

A second way of pre-processing an electro magnetic signal is by comparing it with 
a known (expected) signal. As opposed to the interferometer, where the cross
correlation of one input field is determined, here the signal is correlated with a 
reference signal. When the signal is similar or equal to the reference the correlation is
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1 General Introduction

high, in all other cases it is almost equal to zero. This approach can be used with just 
the intensity pattern of the reference signal, but it is also possible to correlate specific 
information of the reference and the signal (e.g. phase-pattem, Fourier transform or 
spectral pattern) [11-27]. It is obvious that this correlation technique is very effective 
for recognition of certain patterns in a randomly disturbed background.

Another correlation approach is the measurement of the polarisation or the degree 
of polarisation. The gain in information when measuring the polarisation can be 
explained by the fact that the intensity is a scalar field and the polarisation is a vector 
field. The degree of polarisation is determined by the cross-correlation between the 
two orthogonal components of the electro-magnetic field of the signal and is related to 
the degree of coherence. As with coherence, polarisation can have spatial and 
temporal aspects. So if the degree of polarisation of the signal is totally different from 
the background in which it is embedded it would be possible to measure it by this 
special "fingerprint" of the signal. Besides using the polarisation (or the degree of 
polarisation) as a direct measure, it is also possible to use the changes of these 
entities. Considering perfectly polarised light scattered from a certain object, one can 
imagine that changes in the polarisation (or again the degree of polarisation) would 
give valuable information about the object [4].

Most of the pre-processing approaches are based on the correlation between certain 
signals and depend in many cases on coherence, polarisation or spectral aspects. With 
this in mind it is also important to know what physical effects can cause changes in 
these entities [5,6,10,16,28-73]. Think for instance of a certain kind of air-pollution 
which can be detected by looking for one spectral line (or the coherence of the line). 
If the radiation from this polluted area reaches the detector and on its way (or in the 
detection system) the spectral line is shifted (or the coherence is changed), one could 
conclude that the area is not polluted.

Most examples above were related to the detection of weak signals embedded in a 
noisy background. But pre-processing of electromagnetic signals, using correlation 
techniques might also be used in different areas of physics. One could think of the 
fields of communications (e.g. polarisation and coherence changes in optical fibres) 
[74-126], short pulse generation (e.g. spectral changes on propagation) 
[42,49,50,127,128], astrophysics (e.g. detection of areas of high coherence and/or 
polarisation and non-cosmological spectral changes) [129-135], material sciences 
(e.g. surface information from coherence and polarisation scattering experiments) 
[58,63,136-174] and gas/fluid/combustion physics (e.g. velocity and density 
information from coherence^olarisation/spectral changes) [18,49,50,175-203].

So far various ways and examples of pre-processing electro-magnetic signals have 
been discussed. From this it is obvious that correlation techniques play a major role in
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U  Outline of the Thesis

this field. The term "correlation" comprises a broad spectrum of different physical 
quantities, which include coherence, degree of polarisation (both second order 
correlations) and higher order correlations [160,204-206]. All these correlation 
techniques have a double aspect, one depends on time and the other space and are 
respectively called the temporal and spatial correlation. As mentioned before the 
second order correlations can be measured with a Young interferometer (spatial 
aspects) or a Michelson interferometer (temporal aspects). A typical example of 
higher order correlations is the Hanbury Brown-Twiss experiment in which spatially 
separated intensities were correlated [207-214].

1.2 OUTLINE OF THE THESIS

In this thesis two distinct aspects of the pre-processing of electro-magnetic signals 
using correlation techniques are discussed. In each case second order correlations are 
used to determine spatial or temporal effects. Both correlation effects occur when a 
signal is propagating in an optical fibre. Special attention is drawn to the changes in 
the coherence and the degree of polarisation and how these two entities are related. 
This aspect of signal propagation can be of major importance to fields as 
communications and signal (pre-)processing. Also special attention is given to the 
link between temporal and spatial correlation when electro-magnetic fields are 
propagating in optical systems and the influence of these correlation aspects on the 
spectrum of the field. The spectrum of the field can change in an optical system 
depending on the spatial correlation of the source signal.

This thesis is set up in three parts. In the first part the theory of correlations in 
electro-magnetic fields is discussed and second order correlations (e.g. the degree of 
coherence and the degree of polarisation) and higher order correlations are described. 
A rigorous mathematical treatment of these elements results in propagation, spatial 
and temporal aspects of second order correlation techniques. The theory described in 
Part 1 is applied in Part 2 and 3.

Part 2 describes the changes in the degree of polarisation in an optical fibre and 
how this is related to the degree of coherence/polarisation of the source signal. 
Existing and new theoretical results are used to compare simulated and experimental 
results.

In the third and final part of this thesis spectral changes in optical systems are 
discussed. Different approaches (classical diffraction, quasi-optical and cross spectral 
density) are used to give a theoretical description of the spectral changes on 
propagation in free space and in certain simple optical systems. All these theoretical
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1 General Introduction

results are used to generate simulated results, which are used to compare the different 
approaches. Secondly the simulated results are used to compare the theory with the 
experimental results.

In addition to this general introduction, every part has its separate introduction 
(respectively Chapter 6 and 9 for Part 2 and 3). In these chapters a more detailed 
descriptions of the set up of those parts can be found. Also a broader discussion of 
the physical areas covered and references used in this thesis can be found in these 
separate introductions.
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2
Introduction

In the first part of this thesis the basic principles of correlation techniques are 
discussed. The theory in this first part is used as a basis for the more specialised 
subjects discussed in Parts 2 and 3 of this thesis.

In layman terms one could say that two (or more) electro-magnetic signals are 
correlated when they are more or less similar. A total correlation (equal to one) would 
imply that the signals are identical. The other extreme is no correlation (equal to zero), 
which implies that the signals are totally different. In between these two extremes the 
correlation is called partial (values between zero and one), which means that parts of 
the electro-magnetic signals are the same, but other parts are not. So correlation 
techniques are just a way to compare electro-magnetic signals and tell how much 
these signals are alike.

In the above the fact is mentioned that it is possible to correlate two or more 
signals. It is also possible to correlate an electro-magnetic signal at a single position in 
space. This correlation is called self- or auto-correlation and when the time delay 
between the signals is zero the self-correlation is equal to the intensity of the electro
magnetic signal. Correlations between two electro-magnetic signals are second order 
correlations (also called cross-correlations) and are used to compare two signals. 
Higher order correlations can be used to correlate more than two electro-magnetic 
signals, the order of this kind of correlation is determined by the number of electro
magnetic signals that are to be correlated. These different order correlations are 
discussed in Chapter 3.

It is possible, as mentioned in the general introduction (Chapter 1), to correlate 
different aspects of the electro-magnetic signals. In Chapter 4 a rigorous theoretical 
description is given of the second order correlation of the electro-magnetic field. One 
of the results of this approach is a mathematical derivation of the degree of coherence, 
which is the normalised second order correlation of the electro-magnetic field. Also 
spatial, temporal and propagation aspects of this second order coherence theory are 
discussed.

In Chapter 5 the polarisation aspects of the second order correlation theory are 
discussed. The polarisation of the electro-magnetic field and the different states of 
polarisation that can be found are described. In addition to this it is shown how the
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2 Introduction

degree of polarisation is determined. These different aspects of the polarisation theory 
can be described by using various approaches of modem optics. These approaches 
also give a direct description how to measure these aspects and different ways to 
measure the state of polarisation and the degree of polarisation are discussed. Also (as 
in Chapter 4) discussed are temporal and spatial effects of the polarisation aspects of 
the electro-magnetic field.

The theoretical description given in the Chapters 3,4 and 5 is mainly based on a set 
of textbooks and review articles. A broader discussion about correlation theory 
(Chapter 3) can be found in [215-220] and the theory of coherence and polarisation 
are well described in [221-257].
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3
General Correlation Theory

A correlation function is a way of comparing a number of variables. When the 
variables are electro-magnetic signals, this comparison can be done on a time/space 
basis. So in the most general case the correlation function depends on space and time 
coordinates. It is also possible to describe the correlation functions in other domains, 
which results in an equally valid description.

In this chapter only the general properties of the correlation function are described. 
Firstly correlation functions of arbitrary order and secondly some aspects of second, 
fourth and sixth order correlation functions are discussed. In Chapter 4 this general 
theory is used to describe the second order correlation aspects of a scalar electro
magnetic field, which is also called coherence theory. Some vector aspects of the 
electro-magnetic field and the second order correlation function are discussed in 
Chapter 5, which are the polarisation aspects of the electro-magnetic field.

3.1 CORRELATION FUNCTIONS

The electro-magnetic field at position x and time t can be represented by the complex 
function u(x,t). The (n+m)^ order correlation function can now be defined by [219, 
220,242,255-258]

/ _ /  V \
H [ ^  ( * k ’ ^ k ) )  » ( 3 . 1 . 1 )

\  j-1 k=n+l /  E

where (...)g denotes an ensemble average and * the complex conjugate.
Most electro-magnetic fields in optics are stationary and ergodic. Stationary means 

that the ensemble average is independent of the time origin and ergodic implies that 
the ensemble average can be replaced by a time average. The stationary element can 
be implemented as

/  n n+m \

“ ( J. IJ .^  (*k’^k)) » (3.1.2)
\  j-1 k=n+l /  g

25



3 General Correlation Theory

where Tj = tj - ,  which implies the time origin; 1^=0. In Eq. (3.1.2) the

abbreviation r^n,m)C-) = ^ . 2  n+mC-) is used. Using the ergodicity, the correlation
function can be written as

1 f / \
= j n u ( x j . t  + X j ) n “ '(*k.t + ^k)dt- (3.1.3)

-T  j= l k = n + l

For the higher order correlation functions Eq. (3.1.3) can result in a difficult 
integral, which might not have an analytic solution. When the electro-magnetic field is 
caused by a thermal source (i.e. a source which consists of a large number of 
independent radiation points) the complex Gaussian moment theorem can be applied, 
because the electro-magnetic field can be described by random variables (see [220], 
Chapter 2, for a discussion about real and complex random variables). In this case the 
correlation function can be simplified and is given by

r,.,.) =(u,uj...u„u;,,...u;„)^ 

where ^ . . .  denotes a summation over the n! possible permutations (p,q,...,r) of
1C

(l,2,...,n). In Eq. (3.1.4) F)j stands for a second order correlation function and the

abbreviations u, = u (x ,,t j  and =^(n,n)(*p— ..... 2̂ n) introduced,
where the range of i is over (1,2,...,n), j over (p,q,...,r) and s over (1,2,...,2n). 
From Eq. (3.1.4) it is clear that when considering a random variable signal the 
correlation of order 2n can be described by a summation over second order 
correlation functions, which in a lot of cases reduces the difficulties involved with 
higher order averages.

Normalisation of the correlation function gives the correlation coefficient. This 
coefficient can be written as

„  X t t ) -  .....(2 1 51
T (n ,n )V  P * * * ’ 2n»*’l» * “ » * '2 n / _1_ * y j . x . J J

f  2n 1 2n

n)(Xj, — »Xj»tj,...,tj)|

The extreme values of the correlation coefficient are determine by the Holder-Schwarz
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3.1 Correlation Functions

inequality. For the general case (i.e. a (n+n)^^ order correlation function) this 
inequality is given by

j-1

Using Eqs. (3.1.5) and (3.1.6) it can be seen that the domain of the normalised 
correlation function is

|r(n,n)(*l’“*’*2n’ll»‘**»l2n)j — (3.1.7)

The above discussion of the correlation function is based on the space/time 
coordinates. This can be explained by the initial choice to describe the electro
magnetic field by a complex function with space and time coordinates. However there 
is no objection to describe the electro-magnetic field (and the correlation function) by 
a different kind of coordinates. It can be assumed that the space/time description of 
the electro-magnetic field has a temporal Fourier transform, which is determined by

u(x, t) = J ù(x, v)exp(-27civt)dv, (3.1.8)

where v is the frequency. After substituting Eq. (3.1.8) into Eq. (3.1.1) and 
rewriting the result, the correlation function is given by

-27ci| > V;t;- > vau dVi...dv,exp X v jtj-  E v k k
V j"l k-n+l J J (3.1.9)

where the abbreviation ùj = ûj(xj,Vj j is used. Now the spectral correlation function 
can be introduced as

n+m

Gi,2„..,„.„(x„...,x„,„,v„...,v„„) = ( n û ( x i ,V i ) n “ ’(*k.Vk)) . (3.1.10)
j-1 k=n+l

Here the similarity between Eqs. (3.1.1) and (3.1.10) should be pointed out: the
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3 General Correlation Theory

correlation function (Eq. (3.1.1)) is an average over the electro-magnetic field and the 
spectral correlation function (Eq. (3.1.10)) an average over the temporal Fourier 
transform of the electro-magnetic field. Using Eqs. (3.1.9) and (3.1.10) it can be 
seen that the correlation function can be written as

(̂n.m) = j-jG („,„)exp -2m %Vjtj-
-ee .«e ^  \  j-1  k-U+1 / /

where G;.,., = G,,2 _„^„(x„...,x„„,v ,,...,v„„). Eq. (3.1.11) can be regarded as a 
generalisation of the Wiener-Khintchine theorem for higher-order correlation 
functions [216].

As for the correlation function, normalisation of the spectral correlation function 
results in a special correlation coefficient, which is given by

• (3.1.12)

I  j-1

By taking similar steps as were used to determine the domain of the correlation 
coefficient (see Eqs. (3.1.5)-(3.1.7)) it can be shown that the absolute value of the 
spectral correlation coefficient is also smaller or equal to one. Again, it is clear from 
Eqs. (3.1.5) and (3.1.12) that these correlation coefficients only differ in being 
respectively a description of the electro magnetic field and its temporal Fourier 
transform.

The above discussion is restricted to the space/time and space/frequency domain. 
However descriptions of the electro-magnetic field and the correlation function in the 
wave-vector/time and wave-vector/frequency domain are equally valid and give 
similar results for the normalised correlation function (and the correlation coefficient). 
The conversion from time to frequency is accomplished by a temporal Fourier 
transform and it is just stated here that the space to wave-vector conversion is 
described by a spatial Fourier transform.

The propagation of the electro-magnetic field in vacuum is described by the wave 
equation, which can be written as

v y x , t ) = ^ ^ u ( x , t ) . (3.1.13)

where is the Laplace operator and c the velocity of light in vacuum. This wave
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3.2 Second Order Correlation Functions

equation for the field also determines the propagation of the (spectral) correlation 
function. Applying the Laplace operator to Eq. (3.1.1) for the plh coordinate (i.e. 
Vp) results in

Vp^ . 2  „.™(xp...,x„,„,tp...,t„,„) = V ^ ( J Iu (x j» t j )n “ *(*k.tk)) . (3.1.14)
\  j-1 k=n+l /  g

where p = l,2,...,n+ m. Using the wave equation (Eq. (3.1.13)) for u(xp,tp) Eq.
(3.1.14) can be rewritten as

(3.1.15)

So the propagation of ^  2  n+m(xp—>x„+„,ti,...,t„+„) (the (n+m)l*  ̂order correlation
function) is described by (n+m) wave equations, which must be satisfied 
simultaneously. When Eqs. (3.1.11) and (3.1.15) are used the propagation of the 
spectral correlation function is determined by

(3.1.16)

Eq. (3.1.16) indicates that the propagation of a (n+m)th order spectral correlation 
function G  ̂ n+m(*iv-»Xn+„,Vp...,v„^^) is described by (n+m) Helmholtz 
equations, which must be satisfied simultaneously.

3.2 SECOND ORDER CORRELATION FUNCTIONS

In this section a discussion of a the special case of second order correlation functions 
is given, which is described by the theory derived in the previous section (see Section
3.1) when n+m=2. In the particular case of the cross-correlation, the temporal and the 
spatial aspects of the electro-magnetic field are explained. This section in particular 
forms the theoretical basis for the second order correlation theory discussed in the 
Chapters 4 and 5.

3.2.1 Cross-Correlation Function

The second order correlation function (also called the cross-correlation function) can
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3 General Correlation Theory

be derived from Eq. (3.1.1) by substituting n=m=l. This results in

r,j(x ,,X j,ti,t2 ) = rij(x i,X j,t„ tj)= (u (x ,,t,)u '(x j,t 2 )}^. (3.2.1)

From Eq. (3.2.1) it is clear that the second order correlation function depends on the 
electro-magnetic field at positions and Xg and the times t̂  and t j .

It is obvious that all equations derived in Section 3.1 also apply to the special case 
of second order correlations, so not all equations for the case n=m=l are repeated in 
this section. However a short discussion of a few special features of the second order 
correlation function is presented.

The most interesting aspects are derived krlen a stationary and ergodic electro
magnetic field is assumed. In this case the second order correlation function (see Eq.
(3.1.3)) can be written as

ri2(x„X2,t„tj) = r,j(x,,X2,x) = (u(xi,t)u'(xj,t + x)) ,̂ (3.2.2)

where x = tj - tj and the average (...% should be taken over time. The second order 
correlation coefficient is determined by normalising Eq. (3.2.2) (or alternatively by 
using Eq. (3.1.5)).

Staying with this special description of the electro-magnetic field the relation 
between the correlation function and the spectral correlation function is given by

r i 2 (xi,X2 ,x) = JO i2 (xpX2 ,v)exp(27rivx)dv. (3.2.3)

Eq. (3.2.3) shows that the correlation function and the spectral correlation function 
form a Fourier transform pair in the ttv»e/frequency domain.

By substituting n=m=l in Eq. (3.1.15) it can be shown that the propagation of the 
second order correlation function is described by two wave
equations, one with respect to x̂  and the second with respect to X2 . When the 
electro magnetic field is stationary and ergodic these two wave equations can be 
combined, which gives

1
^ 2̂ 2(*1**2*̂ ) “ ^4 ^^4 ^ 2(^1*̂ 2»̂ )* (3.2.4)

In similar manner it can be shown that the propagation of the second order spectral 
correlation function Gi2 (xpX2 ,V2 ,Vi) is governed by two Helmholtz equations (see
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3.2 Second Order Correlation Functions

Eq. (3.1.16)). Again assuming a stationary and ergodic field the combination of these 
two equations can be written as

VfV^G,j(xi,Xj,v) = r ^ l  G,j(x„Xj,v), (3.2.5)

where the Laplace operators are again with respect to and Xg.

3.2.2 Self-Correlation Function or Temporal Correlation Aspects

A special case of the cross-correlation function (Eq. (3.2.1) or (3.2.2)) occurs when 
the positions Xj and x̂  coincide. This is called the self-correlation (or auto
correlation) function. Assuming X2 =Xp Eq. (3.2.2) (the stationary and ergodic field 
case) can be rewritten as

ri,(x) = r|i(x„x„x) = (u(x„t)u’(x,,t + x))̂ . (3.2.6)

It is clear Eq. (3.2.6) that the self-correlation function is equally well defined for the 
position X2 (i.e. the position Xj is arbitrary). It can also be seen from the self
correlation function, that it only depends on the temporal aspects of the electro
magnetic field. Especially when x=0 the self-correlation function ru(x) reduces to 
the intensity at position Xj.

The relation between the second order correlation function and the second order 
spectral correlation function at one position of the electro-magnetic field is given by 
substituting X2 =x  ̂ in Eq. (3.2.3), which results in

rii(x) = jGii(v)exp(27civx)dv, (3.2.7)

where Gn(v) is written for Gn(xi,Xi,v).This equation is the well known Wiener- 
Khinchin theorem. It can be conclude from Eq. (3.2.7) that once the second order 
spectral self-correlation function (spectral intensity distribution) of an electro
magnetic field is known, the second order self-correlation function (intensity 
distribution) can be determined by a Fourier transform technique. So knowing the 
temporal information is equal to the knowledge of the spectral information of the 
electro-magnetic field. This information equality has of course the restriction that the 
Fourier transforms should exist
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3 General Correlation Theory

3.2.3 Spatial Correlation Aspects

The pure spatial aspects of the electro magnetic field can be described by assuming 
that the time-difference x of a stationary and ergodic field is equal to zero. Using Eq.
(3.2.3) this can be written as

r,2(0) = r,j(x„X2 ,x = 0)=(u(x„t)u*(x2,t))_. (3.2.8)

From the right-hand side of Eq. (3.2.8) it is clear that this equation gives only 
information about the correlation between the positions and Xg (which is spatial 
information) and gives no information about the temporal aspects of the electro
magnetic field.

3.3 HIGHER ORDER CORRELATION FUNCTIONS

It is possible that the second order correlation function of two electro-magnetic fields 
have equal spatial and temporal aspects. However, this is no indication that the two 
fields are identical, because there might be differences in the higher order correlation 
functions of both fields. It is also possible that the determination of the second order 
correlation function is difficult (or impossible), in which case higher order correlation 
functions might offer a solution. In this section a discussion is given concerning 
some aspects of the fourth and sixth order correlation functions.

3.3.1 Fourth Order Correlation Function

The fourth order correlation function is given by Eq. (3.1.1) when n+m=4. 
Assuming the special case: n=m=2 and substituting this in Eq. (3.1.1) gives

^(2 .2 ) “  .̂2,3,4(*l»*2»*3»*4»ll»l2»l3»l4)

= (u(x„ti)u(x 2 ,t 2 )u’(x3 ,t 3 )u’(x.,,t4 ))^ (3 .3 . 1 )

Assuming that the electro-magnetic field can be described by random variables, 
applying the complex Gaussian moment theorem (Eq. (3.1.4)) results in

r( 2 .2 ) = (“ (*l.‘l)“‘(*3.t3))E(“ (*2.t2)“ ’(*4.t4))E

+{u(x„ti)u*(x„t4 ))^(u(x2 ,t 2 )u’(x„t,))^ (3 .3 .2 )
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3.3 Higher Order Correlation Functions

Assuming that (x 3 ,t 3 )=(xpti) and (x^,t^)=(x2 ,t 2 ), and using Eqs. (3.2.2) and 
(3.2.6) (assuming a stationary and ergodic electro-magnetic field), Eq. (3.3.2) can be 
rewritten as

^(2 ,2 ) ”  ^ l(^ )^ 2 2 (®)’̂ ^ 1 2 (*l»*2 »̂ 1 2 )^ 2 l(*2 »*l» 2̂ l)» (3.3.3)

where = tj - tj. From Eq. (3.3.3) it can be seen that in this special case the fourth 
order correlation function can be written as the sum of two terms. The first term is the 
product of two self-correlation functions (the intensities at the positions Xj and Xj) 
and the second term is the product of two cross-correlation functions. From Eq.
(3.2.2) it can be shown that r%i(x2 ,Xi,X2 i)= r*2 (xi,X2 ,Xi2 ), using this expression 
Eq. (3.3.3) becomes

^(2 ,2 ) "  ^ 2 (*1 **2 '^ 1 2 ) ^ 2 (*1 **2 *̂ 1 2 ) ' (3.3.4)

In this case the fourth order correlation function (Eq. (3.3.4)) can give the same 
information as the second order correlation function. Normalising Eq. (3.3.4) (using 
Eqs. (3.1.4) and (3.1.5)) results in

'(2.2) “  2
1 . ^ 2  (^P ̂ 2 » "̂1 2 )^ 1 2 (^ 1 * 2̂ * " ^ 1 2 /g n

r j o ) r 2 2 (o) y   ̂ ^

where a similar abbreviation is used for the correlation coefficient as is used for the 
correlation function (see Eq. (3.3.1)). This fourth order correlation coefficient can be 
rewritten as

7(2,2) = ^ (l + Y.2Y"2). (3.3.6)

where Eq. (3.1.5) is used to determine the second order correlation coefficient, which 
are written in similar notion as the correlation function (see Eq. (3.2.1)). Eq. (3 .3 .6 ) 
indicates that here the fourth order correlation coefficient is determined by the second 
order correlation coefficient

3.3.2 Sixth Order Correlation Function

Using similar arguments and the same notation as in Section 3.3.1 it can be shown 
that when the electro-magnetic field is stationary and ergodic, the sixth order
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3 General Correlation Theory

correlation function can be written as

(̂3,3) ~ ^ll(®)^22(^)^33(^) ■*" l̂l( )̂^23('^23)^2(^32)

' • ' r ’3 3 ( o ) r i 2 ( x i 2 ) r 2 i ( x 2 i ) + r 2 2 ( o ) r i 3 ( x i 3 ) r 3 j ( x 3 i )

■*'r’l2('^12)r23('^23)r3i(X3i) + r2i(X2i)r32(X32)ri3(Xi3) (3.3.7)

Normalisation of Eq. (3.3.7) results in

7(3.3) = ^ (l + 7127̂ 2 + 7137Î3 + 7237L + 2Re(7,2723731 )). (3-3.8)

where Re(...) stands for the real part. This time the sixth order correlation coefficient
is still determined by second order correlation coefficients, but Eq. (3.3.8) is more
complicated than Eq. (3.3.6).
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Coherence Theory

The general correlation theory discussed in Chapter 3 is used in this chapter to 
describe the second order correlation effects of electro-magnetic fields, which are 
often called the coherence effects of the field.

In Section 4.1 a direct link between the cross-correlation function and the mutual 
coherence is discussed. Also the cross-spectral density function is introduced, which 
is directly related to the spectral correlation function discussed in Chapter 3. The 
mutual coherence function is in principle a correlation description for a single 
frequency and in Section 4.2 the theory is extended to include sources with a finite 
spectral line width. After discussing this spectral aspect of the mutual coherence 
function the complex degree of coherence is introduced, which is equivalent to the 
second order correlation coefficient mentioned in Chapter 3. The spatial and temporal 
effects of the mutual coherence function and the complex degree of coherence are the 
last items of discussion in Section 4.2. In the final section of this chapter (Section 
4.3) a few well-known methods to determine the spatial and temporal aspects of the 
electro-magnetic field are reviewed. It is shown that distinct methods can be used to 
separate the temporal and spatial effects. These methods to determine second order 
effects are not restricted to the second order correlation function, but also higher order 
correlation functions can be used to extract the same information.

As already mentioned in Chapter 3, this chapter gives a scalar description of the 
electro-magnetic field and the vector aspects are treated in the next chapter (Chapter 
5).

4.1 MUTUAL COHERENCE AND CROSS-SPECTRAL DENSITY

The temporal and spatial aspects of the electro-magnetic field are both described by 
the cross-correlation function which is discussed in Section 3.2.1. In the field of 
optics this cross-correlation function is more generally known as the mutual 
coherence function.

In this section it is shown how the cross-correlation function propagates in free 
space. Solutions of this propagation problem and a few special examples are 
discussed. In solving the problem the cross-spectral density function is introduced.
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4 Coherence Theory

Hiis function is equal to the spectral correlation function determined in Chapter 3.

4.1.1 Mutual Coherence Function

The second order correlation effects of an electro-magnetic field are described by the 
cross-correlation function (also known as the mutual coherence function), which is 
given by (see Eq. (3.2.1))

r,j(Xi,X2 , t„ t 2 ) = (u(x„ti)u'(x 2 ,t 2 ))^, (4.1.1)

where the same notion as in Chapter 3 is used.

4.1.2 Propagation of Mutual Coherence

In Chapter 3 it is shown that the propagation of the mutual coherence function is 
described by (see Eqs. (3.1.15) and (3.2.4))

(4.1.2)

where s= l , 2  and the implicit position and time dependence indication is dropped.
Where necessary this dependence is shown in full. These two wave equations should
be solved simultaneously.

To solve the Eqs. (4.1.2) the spectral correlation function (also known as the 
cross-spectral density function) is used. This cross-spectral density function is the 
Fourier transform of the mutual coherence function, as is described by Eq. (3.2.3). 
The propagation of the cross-spectral density function can be described by two 
Helmholtz equations, which are given by (see Eqs. (3.1.16) and (3.2.5))

V ^ r,,+ k (v )T ,2 = 0 , (4.1.3)

where again s=l,2. In Eq. (4.1.3) the wavenumber k(v) is introduced, which is 
frequency dependent and determined by

k(v) = — . (4.1.4)
c

In Eq. (4.1.3) a different notation (compared to Chapter 3) is used, here is used
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4.1 Mutual Coherence and Cross-Spectral Density

to denote the Fourier transform of r  2 , instead of G ^
Solving Eq. (4.1.3) for s=l results in

3S„
P/-S,

(4.1.5)

where Gj(Pi,Pi', v) is a Green's function satisfying the conditions

( v f + k (v f )g ,(P„p;,v) = -5(p, - p.'),

= 0 -

(4.1.6a)

(4.1.6b)

where 5 is the Dirac delta function. Introducing a second Green's function 
G 2 (P2 ,P2 ,v), which is defined by similar conditions as those in Eqs. (4.1.6a,b) and 
noting that Eq. (4.1.4) provides an extra boundary condition makes it possible to 
solve Eq. (4.1.3) for s=2. Considering these facts the solution is given by

f , 2 (P,.Pz.v) = - J f  .,(P,.s„ as. (4.1.7)
Pi-Sj

Combining Eqs. (4 .1 .5 ) and (4 .1 .7 ) results in

fi,(P „P „v) = J  J f  „(S..S„
S.S, P.'-s,

aG 2 (P2 ,p;,v) asias 2 . (4.1.8)
P>s,

The double integral in Eq. (4.1.8) describes the propagation of the cross-spectral 
density function from the plane S containing the points Sj, Sg to the surface P 
containing Pp P2 . In this respect Eq. (4.1.5) is interesting, as it provides the cross- 
spectral density function between a point on the surface S and a point F\ on a line 
perpendicular to that surface. The propagation of the mutual coherence function can 
be determined by taking the inverse Fourier transform of Eq. (4.1.8).

4.1.3 Radiation from a Plane Finite Surface

As an example of the propagation of the mutual coherence function, radiation from a 
plane finite surface is discussed. Assuming that the source intensity is larger than zero
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4 Coherence Theory

over a finite surface S and drops rapidly to zero outside this surface , the problem is 
determined by the definition of the mutual coherence function over the surface S (see 
Figure 4.1).

1

^ «V F,---------

yi y i

Figure 4.1. Geometry for describing the propagation of the mutual coherence function for radiation 

from a plane finite surface.

Using the distances as defined in Figure 4.1, the two Green’s functions 
Gi(Pi»Pi',v) and G 2 (P2 ,I^,v), which were introduced in Section 4.1.2, can be 
determined by thé Huygens-Fresnel principle and are defined by

G.(p„p;.v)=

G2 (Pj,Pj',v) =

e” ' e'
47tri 4Tcr{‘

4jtr2 47cr2"

(4.1.9a)

(4.1.9b)

where

r,=VK ■ 4 )'+ (y. - yi)"+(z, - •

C=-\/(*o -4)'+  (y, - y'„f + (z„+ ■

(4.1.10a)

(4.1.10b)

In Eqs. (4.1.10a,b) (1 = 1 , 2  and r "  are the mirror points of r̂ , with respect to the plane 
z=0 .

Looking at Eq. (4.1.8) it is clear that the normal derivatives of Gi(PpP/,v) and 
G 2 (P2 ,P2 ,v) should be determined to find the propagation relation for the cross- 
spectral density function, which is needed to solve the propagation problem of the 
mutual coherence function. The normal derivatives of Gi(Pj,Pp v) and G 2 (P2 ,P2'» v) 
are given by
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4.1 Mutual Coherence and Cross-Spectral Density

3Gi(P„P;,v) ^ (ikri-l)e"“' » , _ (ikr”- l ) e'^'
Ais, 4 JI r,̂  4 ji r,"̂  ’

(4.1.11a)

3G,(P;,P^v) ( - i t r , - l ) e “"- 3r, (-ilof-1) e Br'
9n, 4k tI  an . 4jt A i;

(4.1.11b)

It can also seen from Eq. (4.1.8) that these two derivatives of the Green's functions 
should be taken with respect to the plane S. Using the boundary conditions for the 
surface S as (again with a=l,2)

dr„
9n,

dr:
dn,

(4.1.12a)

(4.1.12b)

and defining

cos(6 g) = ^ . (4.1.13)

the Eqs. (4.1.1 la,b) can be written as

aG,(Pi.Ppv)
9ns. s.

(4.1.14a)

3G,(P„P,-.v)
= .2 ( i ^ c o s ( e , ) ^

471 t
(4.1.14b)

Substituting these results (Eqs. (4.1.14a,b)) into Eq. (4.1.8) results in the 
propagation of the cross-spectral density function being governed by

S| Sj
f  ,,(P„P„ v) = - ^ 1 1  f  ,,{S„S,, vXl - ikrO(l + ikr,)

gik(r,-rj)
cos(0 i )cos( 0 2  )— 2 - 2 — dSi9S

rj r2 (4.1.15)
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From Eq. (4.1.15) it is clear that the propagation of the cross-spectral density 
function is described by a simple double integration over the finite source surface, 
which links the cross-spectral density function at the planes S and P.

The propagation of the mutual coherence function resulting from a plane finite 
source is determined by taking the inverse Fourier transform of Eq. (4.1.15). 
Interchanging the integration over the spatial and frequency components, this can be 
written as

Ti2  (Pp ?2 , x) = IJcos(0i ) cos(02 )Qi2  (“t)^Si3S2 , (4.1.16)
S,S2

where

û.2W = -;^Jri2(S..S2,v)e ^
h h  -oo

r -r, 7 - / V+ i y i  f2mvr,j(S,.Sj,v)e  ̂ “ 3̂v

h h  ^

r'r2 r'rf c0x r ^ ' r ^ c W / c  J, / 41(4.1.17)

In Eq. (4.1.17) the definition of the cross-spectral density function and it s
i& MS«<̂

derivatives, i.e.

r ,j(S „ S j,t)=  Jfij(S„Sj,v)e^*"dv, (4.1.18a)

= J(2itiv)°fi;(Si,S;,vy*'^3v. (4.1.18b)

So the propagation of the mutual coherence function is determined by the Eqs.
(4.1.16) and (4.1.17)* This combination of equations is a generalisation of the van 
Cittert-Zemike theorem for a polychromatic partial coherent source. When the shape 
of the plane finite surface S is known it is possible to solve the propagation problem 
of the mutual coherence function. Very simple configurations as plane circular or 
rectangle sources result in closed solutions. However, if the shape of the surface is
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4.1 Mutual Coherence and Cross-Spectral Density

complex or when the surface is no longer plane the solutions become difficult and for 
most problems no closed solutions exist.

4.1.4 The Complex Degree of Coherence

In this chapter so far, only non-normalised correlation functions were discussed. But 
as shown in Chapter 3, the normalised correlation function can provide certain 
information.

The normalised mutual coherence function is called the complex degree of 
coherence and is defined by (see Eq. (3.1.5))

YiîCPi.Pî.t) -  ^ r„ (P „P „o )rl(P 2 ,PrO) ■

It would be better to call Eq. (4.1.19) the complex degree of mutual coherence, but 
this extra word is dropped in most cases. The domain of the complex degree of 
coherence is determined by

|t ,2(P„P2,x)|<1. (4.1.20)

The complex degree of coherence is a normalised cross-correlation function of two 
random processes. Assuming that these random processes are centred around the 
frequency Vq, this function Yi2  can be written as

Y.2 (P..P2 .x) = ï , 2 (P..P2 .x)e-‘P’"» '-" ''” , (4.1.21)

where « 1 2 (1 ) depends on the positions Pj and ?2 .
Such a normalisation is also possible for the cross-spectral density function and is 

called the complex degree of spectral coherence. This complex degree of spectral 
coherence is defined as

H,2 (P..P2 .v)= I , -------T- (4.1.22)
1 1 (^1 ’^1 ’^) 2 2 (^2 » ̂ 2 »^)

The domain of p,j2 is also given by

|Pi2(Pp?2,v)|<l. (4.1.23)
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4.2 CONSTRAINTS ON THE MUTUAL COHERENCE FUNCTION

Up to now the most general form of the mutual coherence function (and the cross- 
spectral density function) were discussed. In this section some constraints on and 
limiting forms of the mutual coherence function are discussed.

First the coherent and incoherent electro-magnetic field are discussed. These 
limiting forms are described by the mutual coherence function. When a field is not 
coherent or incoherent it is called partial coherent 

In Section 4.2.2 a description of polychromatic and quasi-monochromatic sources 
is given. This is an extension of the previous discussed theory, which is based on 
monochromatic sources.

4.2.1 Coherent and Incoherent Fields

Two limiting forms of the electro-magnetic field are a coherent and incoherent field.
A second order coherent field can be defined by

hr.2 (P..P2 . t ) |= i .  (4.2.1)

where the complex degree of coherence is determined with respect to two arbitrary 
points. Pi and Pj, with a time delay x between them. So this means that all points Pi 
and Pj on an infinite surface are correlated for all time delays.

Intuitively this sounds extremely restrictive, especially from an experimental 
point of view where it would be impossible to check the complex degree of coherence 
for all positions and time delays to determine if a field is coherent or not On the other 
hand it can be shown that a monochromatic field of the form

= (4.2.2)

results in a complex degree of coherence equal to one. However, to prove that only a 
monochromatic field gives a complex degree of coherence equal to one is more
complicated. The simplest way is to assume that the field has two frequency
components, Vj and Vj. The fields at the points Pj and Pj are respectively given by

u(Pi,t,) = . (4.2.3a)

u(Pj,tj) = + 0 2 2 6 ^"''''''"=. (4.2.3b)
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4.2 Constraints on the Mutual Coherence Function

Using these two descriptions of the electro-magnetic fields at Pj and Pj, the amplitude 
of the complex degree of coherence can now be written as

Iy (p ,p ,x)I -  ,
V(u(Pl.t)u'(P„t)){u(Pj,t)uXP2.t))

VufiU;i +Ui\Ua+ 2 UiiU„U;|U;;C0 SX

(4.2.4)

where

X = 2)tx(v, - Vj )+ (a„ - Oj, ) - (a,j - aj^ ). (4.2.5)

When the cosine term is equal to one, Eq. (4.2.4) reduces to

Iy fP P x)l= I (^^1̂ 21 + ̂ 12̂ 22)|Y ,(P .,P„x)| (4.2.6)

Using the inequality (u„U2 i+Ui2 U2 2 )̂  ^(ufi + ufj^u^i+U 2 2 ) it is obvious that 
|Yi2 (Pi,P2 ,x)| ^ 1. However for some values of x, the cosine term is smaller than one 
and this implies that |Yi2 (PpP2 »'^)|<^- So as soon as a field with two different 
frequency components is introduced this results in a complex degree of coherence 
which can be smaller than one.

To check if a monochromatic field gives the expected result Vj can be set equal 
toV2 . In this case U1 2 and U2 2  can be set to zero in Eqs (4.2.3a,b). Substituting in Eq.

(4.2.4) results in |Yi2 (Pi.P2 »t̂ )| = I for all x.
This shows that a field is coherent only when it is monochromatic. However, this 

is a very stringent condition for a field, because in principle no field is 
monochromatic. In a lot of cases a less restricted condition for the definition of a 
coherent field is used, which states that an electro-magnetic field is coherent with 
respect to a finite time delay x^ 2  = x(PpP2 ), where the points P̂  and I^ are arbitrary. 

This means that |Yi2 (Pi»P2 »'̂ i2 )| = 1 for every pair (l^,I^), which means that the field 
is only coherent with respect to this finite time delay and longer time delays are not 
considered. In Section 4.2.2 an in depth discussion is given with respect to fields that 
are not monochromatic.

It has been shown that one limiting form of an electro-magnetic field is a coherent 
field. The other limiting form is a completely incoherent field. In this case the
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complex degree of coherence is

|y,j(S„Sj,x)| = 0. (4.2.7)

As with a coherent field, a field is in principle called incoherent if Eq. (4.2.7) is 
satisfied for all combinations of points (SpSj) and all time delays x. This seems all 
straightforward, but as with the coherent definition there are a few problems with 
defining an incoherent field by Eq. (4.2.7).

Eq. (4.2.7) implies that the mutual coherence function is zero for all combinations
of Sp Sj and x. Using the Fourier transform to determine the cross-spectral density
function results in f i 2 (Si,S2 ,v) = 0 for all Sp $ 2  and v. Eq. (4.1.8) describes the 
propagation of the cross-spectral density function from one surface (S) to another 
(P). Integration of Eq. (4.1.8) twice over the surface S results in a zero cross-spectral 
density function at the surface P. So a zero mutual coherence function at surface S, 
implies that no field is reaching the surface P. This can be made clear by taking 
Pj = P2 = Pp and X = 0, which results in an intensity at Pp equal to zero.

An explanation for this non-radiating incoherent field can be found in the fact that 
the spatial structure of the field must be infinitely small. However, a spatial structure 
of the field that is smaller than the wavelength results in an evanescent field which 
does not propagate. This implies that for a radiating field there must be a finite 
amount of coherence over an area larger than a wavelength.

As with a coherent source, there are still ways to describe an incoherent field. One 
way to describe an incoherent source is by assuming the cross-spectral density 
function has the form:

f,j(S„Sj, v) = pf„(S„S„ v)8 (S, - S,), (4.2.8)

where 6  is a Dirac delta function and P a constant. The only problem with an 
incoherent field defined by Eq. (4.2.8) is that the intensity over S is infinite. 
However, it is also possible to define the cross-spectral density as

f.,(s„s,.v)=Vr„(p..p..v)r (̂p,.p„v) (4.2.9)

where Jj is a Bessel function of the first kind and order one, and k = 2tcv /  c. The 
cross-spectral density functions of Eqs. (4.2.8) and (4.2.9) yield equal radiation 
fields as long as P = 4jc /  k^.

It is shown in this section that the incoherent and coherent limit of an electro
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4.2 Constraints on the Mutual Coherence Function

magnetic field are largely of mathematical interest. One (coherent limit) results in the 
non-physical monochromatic field restriction. The incoherent limit results in the non
propagation restriction. To circumvent these restrictions a finite coherence time 1^2 

and the Dirac delta function description were introduced. However, it is also possible 
to introduce non-monochromatic fields. This aspect is discussed in Section 4.2.2.

Fields that are not perfectly coherent or incoherent are called partially coherent As 
coherent and incoherent fields were limiting forms of the electro-magnetic field, it 
should come as no surprise that a partially coherent field is a more realistic (physical) 
description of an electro-magnetic field. For a partially coherent field the possible 
value of the degree of coherence is determined by the inequality: 0  < |y(Si,S2 ,x)| < 1 .

4.2.2 Quasi-Monochromatic Fields

Up to now it is assumed that the mutual coherence function described a 
monochromatic field. However, it is also stated that monochromatic fields do not 
have any physical significance, since all fields have a finite spectral distribution. As 
soon as it is assumed that a field is no longer monochromatic it is called 
polychromatic, which means that there are more than one (many) spectral 
components. A special group of polychromatic fields is called quasi-monochromatic.

A quasi-monochromatic field is characterised by the assumption that the spectral 
width (Gy) of the field is small compared to the centre frequency (Vq) of the field, or 
Gy «  Vq . This implies that the cross-spectral density function only exists near the 
centre frequency of the field (spectral components which satisfy |v - Vq| < Gy).

Using Eq. (4.1.18a), the mutual coherence function for a quasi-monochromatic 
field can be written as

r,j(x ) = (4 .2 . 10)

In Eq. (4.2.10) the explicit position indications were dropped (see also Chapter 3). 
Assuming that the time delay is small ( G y | x | «  1), Eq. (4.2.10) can be rewritten, 
which results in

r .j ( t )  = e '" ’» 'J f ,2(v)dv. (4 .2 . 11)

After integration of Eq. (4.2.11) with respect to the frequency v, the mutual
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coherence function is given by

r„ (x ) = e-“ ’«T „(0 ). (4.2.12)

Rewriting this for the more general case when x = x» + x' results in

r , 2 (x„+x') = e “ ''»%(Xo). (4.2.13)

with the assumption a^lx'l «  1 .
As with a monochromatic field, it is possible to define a coherent quasi- 

monochromatic field. Again, a field is called coherent in the quasi-monochromatic 
sense if there exists a time delay Xi2 (PpP2 ) for every pair of points (P̂  and Pj), such 
that |y(Xi2 )| = 1 and a^lx'! «  1. For special cases, when «  V q the field may look 
monochromatic for all situations which are of physical interest. It should be made 
clear that both conditions must be met to guarantee a coherent quasi-monochromatic 
field. Only the condition Cy|x'| «  1 is not sufficient to form a coherent field, as a 
matter of fact with only this restriction the complex degree of coherence |y(Pi,P2 ,x)| 
may have any value between zero and one. Some aspects of partial coherent fields are 
discussed in Section 4.3.

The propagation of the mutual coherence function is determined by Eq. (4.1.8). 
Using the same assumptions (Cv|x| «  1 and «  Vq) as in Eqs. (4.2.10)-(4.2.13), 
this propagation can be written as

r,,(P„P„x) = e '''" '% (P „ P „ 0 ), (4.2.14)

where

9G,(Pi.P;.v)

—S,Sj ^ s , P.'-S.

3G;(P;,P',V) 
dn

dS^aSjdv. (4.2.15)

If the normal derivatives of the two Green's functions are slowly varying functions of 
the frequency, Eq. (4.2.15) can be rewritten to give

S,S, “"s,

aG;(p„p;.v)

P/-S, dn,
dSidS^. (4.2.16)

Pj'-Sj
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4.3 Temporal and Spatial Aspects of the Mutual Coherence Function

However, the normal derivatives of the Green's functions often include a term
i—|p,-Pj|

e , which might not be slowly varying as a function of v. An extra assumption 

to guarantee coherence can be made as - Pj] «  1 , which can be combined

with Gylxl «  1  to give

P  _ P
« 1 .  (4.2.17)Gy

4.3 TEMPORAL AND SPATIAL ASPECTS OF THE MUTUAL 
COHERENCE FUNCTION

In Sections 3.2.2 and 3.2.3 the temporal and spatial aspects of the second order 
correlation function were discussed. In this section that information is used to 
determine the temporal and spatial effects of the mutual coherence function. As is 
shown in the previous section of this chapter, the mutual coherence function and the 
second order correlation function are equivalent So it should come as no surprise that 
the theory of Sections 3.2.2 and 3.2.3 can be directly related to the mutual coherence 
function.

After a short discussion of the spatial and temporal aspects of an electro-magnetic 
field, some examples how to measure these effects are discussed.

4.3.1 Temporal Coherence Effects

The spatial effects of the mutual coherence function disappear if it is assumed that the 
points Pi and P̂  coincide (i.e. Pi = Pj = Pp, where Pp is an arbitrary point on the 
surface P). With this assumption, the mutual coherence function is given by (see Eq.
(3.2.6))

r„(Pp,Pp,x) = (u(Pp,t)u‘(Pp,t + x)),, (4.3.1 )

where the electro-magnetic field is taken stationary and ergodic.
The complex degree of coherence describing the temporal aspects of the electro

magnetic field can now be written as

^■r..(Pp.Pp,o)’
(4.3.2)
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from which it is obvious that there are no spatial effects, as the two positions coincide 
and the only variable is the time delay. It is still possible to describe the temporal 
coherence effects for different positions Pp, but this only shows the positional 
dependence of these temporal coherence effects and does not introduce spatial 
coherence effects.

In practice the temporal aspects of the electro-magnetic field are determined by 
correlating the field by a time delayed version of it self (without introducing spatial 
changes). This is commonly known as amplitude splitting and an example of such a 
time delayed correlation experiment is the Michelson interferometer, which is 
discussed in Section 4.3.3.

4.3.2 Spatial Coherence Effects

The mutual coherence function describing the spatial aspects of the electro-magnetic 
field is given by (see Eq. (3.2.8))

r,2(P„Pj,x = 0) = (u(P„t)u*(P2.t)),, (4.3.3)

where the field is again assumed to be stationary and ergodic. Instead of the mutual 
coherence, Eq. (4.3.3) is often referred to as the mutual intensity. From Eq. (4.3.3) it 
is clear that the spatial effects of a field are determined by assuming that the time delay 
between the fields at the two positions and I^ is zero.

The complex degree of coherence is now determined as

t . 2(p..P2.o ) -  y r , ,(p „ p „ o )r l(p ,,p „ o )  ’

from which it can be seen that the complex degree of coherence only depends on the 
spatial coordinates of the field and no temporal aspects remain.

These spatial aspects of the mutual coherence function can be determined by 
correlating two points of an electro-magnetic field (without introducing a time delay 
between the points), which is known as wavefront splitting. In Section 4.3.4 an 
example (Young's interferometer) of this wavefront splitting is discussed.

4.3.3 The Michelson Interferometer and Temporal Coherence

In Section 4.3.1 it is shown that the temporal aspects of the mutual coherence
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function can be determined by amplitude splitting the electro-magnetic field.
In a Michelson interferometer (see Fig. 4.2) this amplitude splitting is achieved by 

a beam splitter.

*

\  /
\  /
\  /
\ /

Ü ]
Figure 4.2. The Michelson interferometer with collimated illumination, where S: point source, L, 

and L; : lenses, M, and M,: mirrors, BS: beam splitter and D: detector.

Effectively the Michelson interferometer is creating two sources which are spatially 
equal, but which may have a temporal difference. This temporal aspect is introduced 
by the relative difference between the positions of the mirrors Mj and M j. When the 
path length in both arms of the Michelson are equal (h  ̂= hj = hp), the time delay 
between the signals is zero (Xjj = 0). As this means that the field is correlated with 
it s own duplicate, the complex degree of coherence should be one at the detector 
(assuming there are no spatial effects). However, if mirror M^ is moved from this hp 
position (and mirror Mj is stationary) a relative time delay is introduced between the 
fields in both arms of the interferometer, which shows the temporal aspects of the 
electro-magnetic field.

These temporal aspects of the field can be measured by the detector (D). The 
intensity measured at the detector is given by

I(Ah) = K,u(t) + K juft + ̂ (4.3.5)

where the path difference between the two arms of the interferometer is given as
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Ah = hi -hg, Ki and are real values determined by the loss in both arms and u(t) 
is the electro-magnetic field description of the source S. Eq. (4.3.5) can be written as

(4.3.6)

Using the definition of the self coherence function (see Eq. (4.3.1) or (3.2.6)) and 
the fact that the self coherence function with zero time delay is the intensity 
Iq = r^i(O), Eq. (4.3.6) can be rewritten to give

I(Ah) = (K /+ K ,:)I . + 2 K ,K jR e f r „ ^ ^ j j .  (4.3.7)

Normalisation of the self coherence function in Eq. (4.3.7) is the usual way to 
introduce the complex degree of coherence (see Eq. (4.3.2)). The intensity at the 
detector is now given by

I(Ah) = 2K^I„ 1 + Re .M l
V

ll
C J )

(4.3.8)

where it is assumed that the loss in both arms is equal, i.e. = K. As is
discussed in Section 4.1.4, the complex degree of coherence describes a random 
process. Substituting Eq. (4.1.21) into Eq. (4.3.8) results in

I(Ah) = 2 K \  . (4.3.9)

If a quasi-monochromatic field is assumed with a Gaussian spectral line shape (with 
width Gy), the complex degree of coherence is given by [2 2 0 ]

(4.3.10)

Comparing Eqs. (4.1.21) and (4.3.10) it is clear that in this case and Eq. (4.3.9) can
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now be written as

I(Ah)=2K%
t  «o.AhV ,  ^

(4.3.11)

For different spectral distributions (e.g. Lorentzian, rectangular) slightly different 
descriptions of the degree of coherence can be found [2 2 0 ].

The intensity at the detector as a function of the relative time delay 2AhV(, /  c is 
shown in Fig. 4.3.

I(Ah)|

0

Figure 4.3. Intensity distribution as given by Eq. (4.3.11). The envelope caused by the complex 

degree of temporal coherence is shown dotted.

The interferogram in Fig. 4.3 has a maximum value of 4K^Iq when the time delay is 
zero (i.e. Ah = 0). The form of the envelope is caused by the final line width of the 
spectrum of the electro magnetic field (see Eq. (4.3.11)) and the rapid oscillation is 
caused by the time delay (i.e. the relative mirror displacement).

From Fig. 4.3 it is possible to introduce the fringe visibility, which is defined by

V(Ah) = (4.3.12)

where and are respectively the maximum and minimum intensity of the 
fringes. If Yn(x) and a(x) are slowly varying functions of x compared to 
cos(2 jtVoX), then the fringe visibility can be written as

V(Ah) = Yii (4.3.13)
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For a Gaussian spectral distribution this results in

I" icĝAhy
(4.3.14)

which is the envelope in Fig. 4.3.

4.3.4 Young's Experiment and Spatial Coherence

The spatial aspects of the mutual coherence function can be determined by wavefront 
splitting the electro-magnetic field, as is discussed in Section 4.3.2.

In Young's interference experiment this wavefront splitting is accomplished by an 
opaque screen with two pinholes at Pj and Pj, which act as point sources. This is 
shown in Fig. 4.4.

'■ _ _®4.

Viewing
Screen

Figure 4.4. Young's interference experiment, where S is the source, P, and Pj two pinholes and Q 

the point of detection on the viewing screen.

The fields from the two pinholes are superimposed on each other at the viewing 
screen. Assuming there is no time delay between the fields at Pj and Pg, the 
determination of the mutual coherence function at Q results in a spatial description 
depending on the separation of the two pinholes. If the two pinholes are at the same 
position the result is a self correlation function with zero time delay (i.e. an intensity). 
The spatial aspects of the electro-magnetic field are introduced by separating the two 
pinholes.

The intensity distribution at the viewing screen is a function of the position Q and is
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given by

(4.3.15)

where u(Q,t) is the amplitude at Q. This amplitude at Q can be described by a 
superposition of the amplitudes at the two pinholes, which is written as

u(Q, t) = KiufPi, t - +  KjufPj.t - (4.3.16)

where and are two constant values and and r% are as given in Fig. 4.4. 
Substituting Eq. (4.3.16) into Eq. (4.3.15) now gives

I(Q)= |K.|

(4.3.17)

Using the definitions of the mutual coherence and self correlation functions Eq.
(4.3.17) can be rewritten as

i ( Q ) = i , ( Q ) + i2(Q )+ K .K ;r ,J  ^  + K ;K ,r ,, (4.3.18)

where I^(Q) and IjCQ) respectively give the intensity produced at Q from the 
individual pinholes Pj and Pj. Assuming Kj and are real, Eq. (4.3.18) can be 
simplified to

I(Q) = I,(Q) + I,(Q) + 2K.K,Re (4.3.19)

Normalisation of the mutual coherence function results in the introduction of the 
complex degree of coherence. The intensity at Q is now given by

I(Q) = I,(Q) + ( 4 . 3 . 2 0 )
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Using the definition of the complex degree of coherence (substituting Eq. (4.1.21) 
into Eq. (4.3.20)) results in

I(Q)= I,(Q) + I:(Q)

Again assuming the field is quasi-monochromatic (using Eq. (4.2.14)) and that the 
intensity at both pinholes is equal (i.e. I = = I 1 2 ) the intensity at Q is given by

I(Q)= 2I„(Q)fl + y ij(0 )cos(^2 jcv„^ jj. (4.3.22)

The fringe visibility of the interferogram produced by Eq. (4.3.22) is

V(P,-P2 ) = Y,2(0), (4.3.23)

which depends on the separation between the two pinholes and gives only spatial 
coherence information about the surface P.

The results of Eqs. (4.3.11) and (4.3.22) can be combined to give a picture in the 
spatial-temporal coherence domain. The temporal coherence domain and the influence 
of the final spectral line width are given in Fig. 4.3. But in addition one can imagine 
an axis (orthogonal to the two axis in Fig. 4.3) which depends on the separation of 
the two pinholes (i.e. |?i - 1 |̂). The form of the interferogram in the spatial coherence 
dimension is determined by the mutual coherence function at the surface P (containing 
the two pinholes). Assumed that this spatial dependence is a Gaussian function of 
|Pi - P2 I, the interferogram would result in an exponential decay of the fringe visibility 
in both the spatial and temporal domain (depending respectively on the distance 
between the pinholes and the spectral line width).

More aspects of the separability of the spatial and temporal aspects of the mutual 
coherence function are discussed in Section 10.2.

4.3.5 Hanbury Brown - Twiss Intensity Interferometer

In the two previous sections (see Sections 4.3.3 and 4.3.4) two second order 
coherence experiments were discussed. However, as hinted at in Chapter 3 (see 
Section 3.3), it is also possible to derive the same second order spatial and temporal 
coherence information by using higher order correlation functions. In this section the
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equivalent of Michelson's and Young's interferometers are described using fourth 
order correlation functions [207-213]. These set ups to determine fourth order 
correlations functions are often called intensity interferometers.

In Fig. 4.5 a set up is shown to measure the temporal aspects of the mutual 
coherence function by a fourth order coherence function.

I D I—

Figure 4.5. Fourth order coherence set up to determine second order temporal coherence effects, 

where S: point source, L: lenses, D, and D̂ : detectors, BS: beam splitter, TD: time delay and C: 

correlator.

In Fig. 4.5 it is shown that the two mirrors of the Michelson interferometer (see Fig. 
4.2) are replaced by two detectors. In the Michelson the time delay, to determine the 
temporal coherence effects, is introduced by moving one of the mirrors along its 
optical axis. For the intensity interferometer of Fig. 4.5 these temporal coherence 
effects are introduced by an electronic time delay, which can be found in one arm 
after the detector. After detecting both halves of the field and introducing a time delay 
X in one signal, both signals are used as the input for an electronic correlator to 
determine the temporal coherence of the electro-magnetic field.

As is shown in Section 3.3.1, the correlated signal from a fourth order correlation 
function can be written as (using Eq. (3.3.4))

r(,.2 ) = r,,(o )r„(o )+ r,,(x )r-(x ). (4.3.24)

where it is assumed that Xj = Xj (i.e. the detectors receive the same spatial field) and 
the time delay between the signals is equal to x. Using Eq. (4.3.24), the fourth order 
degree of coherence is given by

Y(2.2)=^(1 + YiiWYu(x)). (4.3.25)
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So for the set up shown in Fig. 4.5 the output of the intensity interferometer gives a 
direct link with the second order temporal coherence aspects of the electro-magnetic 
field.

The intensity interferometer equivalent to Young's experiment is shown in Fig. 
4.6.

Figure 4.6. Fourth order coherence set up to determine second order spatial coherence effects, 

where S: source, D, and D :̂ detectors and C: COTielator.

As can be seen by comparing the Figs. 4.4 and 4.6, the two pinholes in Young’s 
experiment are replaced by two detectors and the viewing screen (with interferogram) 
by an electronic correlator. The spatial aspects of the electro-magnetic field can be 
determined by increasing the distance between the two detectors, starting at zero 
spacing and assuming that there is no time delay between the fields at the two 
detectors.

Again using the theory in Section 3.3.1, it can be shown that the fourth order 
degree of coherence at the output of the correlator in Fig. 4.6 is given by

Y(M)=^(l + Ti2(0)r:2(0)). (4.3.26)

Eq. (4.3.26) shows the link between the fourth and second order of coherence. But 
for the set up shown in Fig. 4.6 the output of the intensity interferometer only shows 
the spatial coherence aspects of the electro-magnetic field.
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In Chapter 4 the electro-magnetic field and the mutual coherence function were treated 
with a scalar description. However, a more general description is given when the 
field consists of two orthogonal components, which gives a vector description of the 
electro-magnetic field.

The mutual coherence function for such a vector is described in Section 5.1, where 
the distinction is made between polarised, unpolarised and partial polarised fields. In 
this section a few different approaches are discussed to describe the polarisation 
effects of the electro-magnetic field and a normalised quantity is introduced, called the 
degree of polarisation, which is an indication for the amount of polarised radiation in 
a field. In Section 5.2 spatial and temporal polarisation effects are discussed and 
consequences for second order coherence experiments are briefly described.

5.1 MUTUAL COHERENCE AND POLARISATION

Polarisation gives a vector description of the electro-magnetic field in a similar way as 
coherence describes a scalar field. As a matter of fact, polarisation can be described 
by a special form of the coherence theory discussed in Chapter 4. The vibration of the 
waves of an electro-magnetic vector field can be more or less stable with regard to 
direction and/or orientation. The "state of stableness" determines if the field is 
polarised, unpolarised or partial polarised, which different forms are discussed in 
Section 5.1.1.

In Sections 5.1.2 and 5.1.3 different mathematical methods are discussed to 
describe the polarisation of the electro-magnetic field. The coherency matrix and 
Jones calculus are described in Section 5.1.2 and Stokes vectors and Mueller calculus 
in Section 5.1.3.

Instead of describing the electro-magnetic field by u(P,t) as done in the scalar 
approach, the x and y components of the field are introduced, which are orthogonal 
to each other and given by U x ( P , t )  and U y ( P , t ) .  The mutual coherence function of 
these two components of the electro-magnetic field is

* ll )^y (^2 * 1% )) ' (5.1.1)
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Normalisation of this mutual coherence function results in

Y„(Pi.P2.t,.t2) -  0) > <5.1.2)

where r,(PpPpO) = I,(?i,ti) and I^(l^,I^,0 ) = Iy(P2 ,t 2 ) are respectively the 
intensity of the electro-magnetic field in the x and y direction. However, the complex 
degree of coherence determined by Eq. (5.1.2) depends on the choice of the x and y 
directions. To determine the "amount of polarisation" in an electro-magnetic field the 
degree of polarisation is introduced, which is equal to the maximum of the complex 
degree of coherence depending on the (x,y) orientation. Using Eq. (5.1.2) this 
degree of polarisation is given as

DoP = Y7(P„P2,t„t2). (5.1.3)

So the degree of polarisation is equal to the maximum value of the degree of 
coherence depending on the orientation of the xy axis.

5.1.1 Polarised, Unpolarised and Partial Polarised Fields

As with the complex degree of coherence, the maximum and minimum values of the 
degree of polarisation are determined by the Hdlder-Schwarz inequality (see Section
3.1) and are respectively one and zero.

If the degree of polarisation is one the field is called perfectly polarised. This 
polarised field can have different forms, but in the most general case the x and y 
components of the field form an ellipse in the time domain. For a monochromatic 
field these components are

u.(P,t) = u y ( 5 . 1 . 4 a )  

u,(P,t) = u ,e ' '‘'’‘'’ ‘’'’ , (5.1.4b)

where u^, Uy, (p̂  and (py are constant values. Using Eqs. (5.1.2) and (5.1.3) it is 
easy to show that the degree of polarisation is one for this monochromatic case (when 
the degree of polarisation is evaluated at one point, i.e. P̂  = I^ = P). Special cases of 
this perfectly polarised elliptical electro magnetic field are linear and circular polarised 
fields. Superposition of monochromatic fields with different polarisation orientations
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result in one field with one fixed polarisation orientation.
However, as discussed in Section 4.2.1, all electro-magnetic fields have a finite 

spectral line width. This finite line width can be introduced by assuming that u^, Uy, 
(p̂  and (py in Eqs. (5.1.4a,b) are functions of time. This means that the two field 
components no longer have to remain on one ellipse, but the form and orientation of 
the ellipse may change in time. For the special case of a quasi-monochromatic these 
changes are small on the time scales of l/a^ , where a^is the spectral line width of the 
quasi-monochromatic field.

An electro-magnetic field is called unpolarised if the degree of polarisation is equal 
to zero. This means that r^(P i,I^ ,ti,t2 ) in Eqs. (5.1.1) and (5.1.2) is equal to zero 
and that the x and y components of the electro-magnetic field are not correlated at all. 
But this means that the time/ensemble average is zero and the instantaneous 
polarisation is changing randomly in time (or over an ensemble). This statement is 
obvious if the one photon limit is taken into account. Every single photon produces a 
perfect polarised field, but summation over time or number states might introduce a 
degree of polarisation smaller than one.

A monochromatic field evaluated at one position can not be unpolarised. However, 
assuming the field is quasi-monochromatic and introducing the mutual coherence 
function at two separate positions does no longer assure that the degree of 
polarisation is equal to one. These polarisation aspects of an electro-magnetic field are 
discussed in Section 5.2.

If the degree of polarisation is neither one nor zero then the electro-magnetic field is 
called partially polarised. In this case there is some correlation between the x and y 
components of the electro-magnetic field. It can be shown (and this is done in the 
Sections 5.1.2 and 5.1.3) that a partial polarised field (with intensity Ip̂ ,) consists of 
two components, one perfectly polarised (with intensity Ip) and the other unpolarised 
(with intensity lunp)- Using this approach the degree of polarisation is determined as 
the polarised part of the total partial polarised field, or mathematically as

DoP = - ^  = - (5. 1. 5)
f Par f P f UnP

which gives a more physical picture than the maximum value of the complex degree 
of coherence might provide.

So far some simple polarisation aspects of an electro-magnetic field have been 
discussed. But from Eqs. (5.1.1)-(5.1.3) it must be clear that for the degree of 
polarisation the same correlation theory (see Chapter 3) can be used as for the degree 
of coherence (see Chapter 4). However, it is always true that the degree of
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polarisation must be taken as the maximum value of the complex degree of coherence. 
In the following two sections a more mathematical discussion is presented to discuss 
the (degree of) polarisation aspects of an electro-magnetic field.

5.1.2 The Coherency Matrix and Jones Calculus

The first way presented to describe polarisation aspects of an electro-magnetic field is 
by means of the Jones calculus [259-266] and the coherency matrix.

The electro-magnetic field is described by its x and y components. Arranging these 
two components in a vector, the field is described by [220,233,242]

u(P,t) = (5.1.6)

which is called the Jones vector, which gives a complete description of the electro
magnetic field.

If the electro-magnetic field is now passed through some kind of optical device, the 
output Jones vector can be described by u '(P ',t), where P' is a point in the output 
plane of the optical device. Assuming that the device is linear, this transformation of 
Jones vectors can be written as

u'(P ',t) =
u;(p',t)- ■L.1 M' ■“«(P.t)'
u;(p',t) Mr L^_

= Lu(P,t), (5.1.7)

where the 2 x 2 matrix L describes the effect of the optical device. Eq. (5.1.7) forms 
the basis of the Jones calculus, with a range of matrices available describing different 
optical devices [220,233,259-266]. The transformation of the Jones vector through a 
series of N optical instruments is now given as

u'(P ',t) = LnLjj.,—LjL,u(P,t), (5.1.8)

where L ,L;,. describe the individual optical devices.
One advantage of the Jones calculus is the possibility to add monochromatic fields 

in a simple way. This addition is given by

Ut(P»0 -
U,T(P>t) ■u.:(P,t)' ’“ . 2 (P.t)'
•*>t(P’1 )_ u„(P,t)

+
U,2 (P,t)

= Ui(P,t) + U2(P,t), (5.1.9)
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which shows that the total field is just the sum of the two components.
The biggest disadvantage of the Jones calculus is the fact that it can not describe 

depolarisation, in which case the degree of polarisation is changing.
Directly related to the Jones vector is the coherency matrix (also known as the 

density matrix), which can be determined by multiplying the Jones vector with its 
hermitian conjugate and averaging the result, i.e.

J  =
’xy

Jyx Jyy
(P. (P. ()) (u , (p, t)u;(p, t))

(u,(p,t)u;(p,t)) (u ,(p,t)u;(p,t))
(5.1.10)

From this coherency matrix the intensity of the x and y components is given by the 
diagonal elements and the total intensity ( I J  of the field is given by the trace of J, 
which results in

I ,= tr J = J „ + J „ = (u .(P .t)u ;(P ,t ) )  + (u,(P,t)u;(P.t)). (5.1.11)

The transformation of the coherency matrix by an optical device can be described by 
the same matrix L which is used to describe the transformation of the Jones vector 
(see Eq. (5.17)). The coherency matrix in the output plane of the optical device is 
given by

J ' = LJÜ, (5.1.12)

where V  is the hermitian conjugate of L.
One special case of the coherency matrix is when an unpolarised field is described. 

In Section 5.1.1 it is mentioned that for such a field there is no correlation between 
the orthogonal x and y components of the field. So the coherency matrix for an 
unpolarised electro-magnetic field is given by

JunP ”
A 0 
0 A

(5.1.13)

where A is the average intensity of the field, which is evenly divided over the two 
orthogonal components (this means A must be real and positive).

If the electro-magnetic field is perfectly polarised its coherency matrix can be 
written as
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Jp =
B D 
D* C

(5.1.14)

with the restriction that the determinant of Jp (detjp) must be equal to zero (i.e.

BC - DD* = 0 ) and B and C are real and positive.
A partial polarised electro-magnetic field can be written as one unique combination 

of an unpolarised and polarised field, which results in

Jpfcr — JunP Jp* (5.1.15)

Using the definition of the coherency matrix (Eq. (5.1.10)) and the matrices for 
unpolarised (Eq. (5.1.13)) and polarised (Eq. (5.1.14)) fields, it follows that

A + B = J „ , (5.1.16a)

D = j,y , (5.1.16b)

(5.1.16c)

A +C = jyy. (5.1.16d)

The condition that the determinant of Jp must equal zero results in two solutions for 
A given by

A = i t r J ± i V ( ‘rJ f -4 d e tJ , (5.1.17)

where only the negative sign satisfies the real and positive conditions for B and C. 
The unique solutions for A, B, C and D are

A = — trj - — ̂ (trj)^ - 4detJ, (5.1.18a)

B = l ( j„ - J „ ) + |V ( t r J ) '- 4 d e t J , (5.1.18b)

(5.1.18c)
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and D and D* are respectively given by Eqs. (5.1.16b,c). The degree of polarisation 
of this partial polarised field can be determined by using Eqs. (5.1.5) and (5.1.11), 
which results in

DoP = Ip___ trJ,
Ip lunP trjp + trJunp

4detJ
(trj)2 ♦ (5.1.19)

where the domain of the degree of polarisation is given by 0 < Do? < 1, because 
4 d e j < 4 j „ j „ ^ ( t r j f .

One advantage of the coherency matrix over the Jones vector is the fact that the 
former can be determined by a set of six intensity measurements involving a simple 
linear polariser and a quarter-waveplate. These measurements are summedsed in 
Table 5.1, where each field intensity measurement is done with a filter in front of the 
detector. The filters are either a single linear polariser or a combination of a linear 
polariser and a quarter-waveplate.

Filter Polarisation Output

F. Linear @ 0 degrees

F: Linear (S) 90 degrees
^ 2

F3 Linear @  45 degrees

F. Linear (2) -45 degrees

F5 Right Circular

F. Left Circular le

Table 5.1. Series of filters for determining the elements of the coherency matrix.

The filters F5 and Eg are a quarter-waveplate at zero degrees and a linear polariser 
respectively at 45 degrees and -45 degrees. In all cases the angles are with regard to 
the optical axis, which is chosen as the x component direction of the field. The 
elements of the coherency matrix are now given by

J „  = Ip

Jyy ~ I2 ’

(5.1.20a)

(5.1.20b)
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5.1.3 The Stokes Vector and Mueller Calculus

(5.1.20c)

(5.1.20d)

Instead of using the full wave description utilised in the Jones calculus, it has been 
shown in the previous section that a (measurable) coherency matrix could be 
introduced to describe the same polarisation effects of the electro-magnetic field. In 
this section a polarisation description is discussed that has direct links with the 
coherency matrix.

The Stokes vector of an electro-magnetic field is defined by

S =

'So' (uX +U yU ;)

Si (uX-UyUy)

S2 (uX + U yu;)

.S3 . _{i(uyu;-ux))_

(5.1.21)

where u  ̂ and Uy are respectively the x and y components of the electro-magnetic 
field. For a monochromatic field (see Eqs. (5.1.4a,b)) the Stokes vector given by Eq. 
(5.1.21) reduces to

S =

"So‘ "I+Uy
2 2

Si

S2 2 UyUyCOS6 y,

.S 3 . 2u,UySin5yy

(5.1.22)

where u  ̂and Uy are respectively the amplitudes of the electro-magnetic field's x and 
y components and 6 ŷ the phase difference between the two orthogonal components. 
One specific relation between the components of the Stokes vector of a 
monochromatic field is given by

Î 2  Î 2  So =Si +Sj +S3 . (5.1.23)

Using the definition of the coherency matrix (see Eq. (5.1.10)) it can be shown that 
there is a simple relation between the elements of the coherency matrix and the Stokes 
vector. This relation is given by
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S =

'So" J „  Jyy

Si Jja ” Jyy
S2 Jjy + Jyjj

.S3.

(5.1.24)

where Sq = trj gives the total intensity of the field. The other components of the 
Stokes vector respectively indicate the preference for a linear polarised field at zero 
degrees, a linear polarised field at 45 degrees and a right circular polarised field.

The elements of the Stokes vector can be determined by a similar method as 
described for the coherency matrix in Section 5.1.2 (see Table 5.1). The normalised 
Stokes vector is determined by

S =

'So‘ 1

h

« 2 ( i3 - g / ( i3 + i , )

.*3.

(5.1.25)

which shows that the Stokes vector can be determined by six simple intensity 
measurements (also see text with Table 5.1).

The degree of polarisation (using Eq. (5.1.19)) can be expressed as

Do?
^ +SÎ +SÎ

(5.1.26)

From Eqs. (5.1.23) and (5.1.26) it is obvious that the degree of polarisation for a 
monochromatic field is equal to one, confirming the discussion in Section 5.1.1.

For an unpolarised field the elements Sp s% and S3 of the Stokes vector are equal to 
zero, as is obvious when using Eqs. (5.1.13) and (5.1.24).

If the electro-magnetic field is partial polarised Eq. (5.1.26) and the domain of the 
degree of polarisation result in the condition: sj > sf + Sj + S3 .

The transformation of the Stokes vector by an optical device is described by the 
Mueller calculus [2^3]. The output Stokes vector is given by

S' =

■M„ Mn Mj3 Mh ' ’So'
Sl' Mj, M3 3 Mj3 Si
s' Mj, M3 3 M3 4 S2

.s;. ,M,. M4 3 M4 4 . .S3 .

= MS, (5.1.27)
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where the Mueller matrix M is a 4 x 4 matrix with real elements. This is a difference 
between the Mueller and Jones matrices, as the last could consist of four complex 
elements, the Jones calculus retains the phase information of the field which is lost in 
the real Mueller calculus. The real elements of the Mueller matrix of an optical device 
can be measured by using the right input and output polarisation devices, because a 
cascade of N optical devices is described by

S' = (5.1.28)

where describe the individual optical devices. A wide range of
Mueller matrices describing different optical devices are available in the literature 
[233].

Another difference between the Mueller and Jones calculus is the possible addition 
of incoherent fields in the Mueller calculus, opposed to coherent addition with the 
Jones calculus. If two electro-magnetic fields are incoherent the summation results in

S j  =

Sqt X l +  So2 Sqi S02

Sit Sll +  S i2 Sll S12
+

SjT 2̂1 +  S22 S21 S22

_^3T . .^31 +  S32_ .S31. . ^ 32.

= S,+Sj (5.1.29)

This incoherent addition is not restricted to the Stokes vector, but can also be applied 
to the Mueller matrix, in which case the result is described by

My = Ml +Mj, (5.1.30)

where the addition is taken over the individual elements of both matrices. One 
important application of this possibility to add incoherent vectors/matrices is the 
addition of (incoherent) spectral components, which is rigorously used in Chapter 7 
of Part 2.

A final advantage of the Mueller calculus (over the Jones calculus) is its ability to 
describe depolarisation (i.e. changes in the degree of polarisation) which is 
extensively exploited in Part 2 of this thesis.

5.2 TEMPORAL AND SPATIAL POLARISATION EFFECTS

For the main description in Section 5.1 it is assumed that the polarisation effects (and 
the degree of polarisation) where determined at one position in the space-time
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domain, except for the possible averaging process. However, as is evident from Eqs. 
(5.1.1)-(5.1.3) it is possible to introduce spatial and temporal aspects in the 
determination of the degree of polarisation.

In this section two short discussions are given, the first dealing with temporal 
polarisation aspects and the second dealing with spatial polarisation aspects. In both 
cases consequences for second order coherence experiments, as the Michelson and 
Young interferometers, are discussed.

5.2.1 Temporal Polarisation Effects and the Michelson Interferometer

When the polarisation of the electro-magnetic field is not stationary in the time 
domain, the effects can be serious for second order interference experiments as the 
Michelson interferometer.

If the polarisation of the electro-magnetic field is changing in time it is possible that 
a time delay in the Michelson interferometer causes correlation of two fields with 
different polarisation. This difference between the polarisation of the fields from both 
arms in general degrades the fringe visibility of the interference pattern. The field in 
each arm of the Michelson can be divided in two orthogonal (x and y) components. 
Upon combination of the fields from the two arms only the parallel components from 
both arms interfere (the transverse character of the electro-magnetic field forbids 
interference between orthogonal components). The resulting interference pattern is the 
sum of the separate x and y component interferograms, i.e.

ly =1, +Iy, (5.2.1)

where the x and y interferograms might be of the form given by Eq. (4.3.11). It is 
obvious that the significance of the changes depend on the time delay (i) and the 
spectral width of the field, as the latter is an indication of the stability of the 
polarisation (see Section 5.1.1). So, as with the coherence of an electro magnetic 
field the polarisation of the field is assumed stationary (in the time domain) over a 
finite time delay (x) which should be small compared to l /a ^ ,  where is the 
spectral width of the field.

However, if the polarisation is not stationary in the time domain the interference 
pattern might degrade. This can be explained by dividing the fields in each arm in 
orthogonal x and y components, which is shown in Fig. 5.1. For the resulting fringe 
pattern the position of the fringes is not important, so the phase difference between 
the X components E ' and E'' is set to zero and the relative phase delay between the y
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components E' and E" is given by 5 = ô' - Ô".

Figure 5.1. Amplitude and phase relation of the orthogonal x and y components of two distinct 

electro-magnetic fields.

If the field is quasi-monochromatic the interference patterns in both x and y directions 
have a perfect fringe visibility, but the fringes in the y direction are shifted with 
respect to the x direction fringes. If the field is stationary (monochromatic) the phase 
difference Ô is zero and the resulting fiinge pattern has a visibility equal to one. But 
introducing a phase difference between the y components degrades the final summed 
fringe visibility. In Fig. 5.2a it is assumed that 6=tc/4 and the resulting interference 
pattern has an almost perfect fringe visibility. However, in Fig. 5.2b the value of the 
phase difference is 5=3ti/4 and the fringe visibility is severely degraded.

Time Delay (arbitrary units) Time Delay (arbitrary units)

Figure 5.2. Effect of a iion-stationary polarised field on the fringe visibility of a second order 

coherence experiment, where the two graphs depict the interference pattern when the correlated 

polarisations are similar (a) and almost orthogonal (b).

If the phase difference is equal to n  (i.e. antiphase), the resulting fringe visibility of
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the summed x and y interference patterns is equal to zero. In Fig. 5.2 it is assumed 
that the envelope of the fringe pattern is caused by the finite circular extent of the 
fields.

So electro-magnetic fields with non-stationary polarisations in the time domain can 
affect the interference pattern (and the fringe visibility) of second order correlation 
experiments (e.g. the Michelson interferometer).

5.2.2 Spatial Polarisation Effects and Young's Experiment

It should come as no surprise that the polarisation effects in interference experiments 
also affect second order spatial coherence experiments. In this case the polarisation of 
the electro-magnetic field is non-stationary in the space domain [272-274].

The two electro magnetic fields E' and E" depicted in Fig. 5.1 are in Young's 
experiment respectively the fields at the two pinholes (see also Fig. 4.4). When the 
field that illuminates the two pinholes has a stationary polarisation and is 
monochromatic, the resulting interference pattern (the summation of the x and y 
components) is not degraded. However, if the polarisation is no longer stationary in 
the space domain the interference of the combined x and y orientations can be 
degraded compared to a perfect fringe visibility. Similar interference patterns as in 
Fig. 5.2 can result if it is assumed that the phase difference at the pinholes is 
respectively 0=tc/4 and 6 = 3 7 t / 4  for the graphs (a) and (b). Again, if the phase 
difference between the y components Ô is equal to 7C the resulting interference pattern 
has a fringe visibility equal to zero (i.e. orthogonal polarisations do not interfere, see 
also Sections 4.3.4 and 5.2.1).

In the time domain the polarisation of an electro-magnetic field is said to be 
stationary if the time delay is small compared to the inverse of the spectral width of 
the field. In the space domain the polarisation is called stationary when the relative 
distance between the two pinholes (i.e. (I  ̂-P 2 ) / c ,  see Section 4.3.4) is small 
compared to l /a ^ .

These conditions on the stationarity of the polarisation of an electro-magnetic field 
are directly related to the quasi-monochromatic conditions (Eq. (4.2.17)) derived in 
Section 4.2.2. This is not surprising, realising that if the field is quasi- 
monochromatic, the degree of coherence is stable over a certain region of the space
time domain. This guarantees that the field’s polarisation and the degree of 
polarisation (see Eq. (5.1.3)) are also stationary in this space-time region.

Throughout Section 5.2 it is assumed that the amplitude of the x and y components 
of the E' and E" fields are equal and stationary. Unequal /non-stationary amplitudes
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in the orthogonal directions would degrade the fiinge visibility even further.
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6
Introduction

For the past two decades there has been a renewed interest in scattering problems, 
where the term "scattering problems" is used in its broadest sense.

The term scattering is used in both the forward (from here on called propagation) 
and the backward (from here on called scattering) direction, but usually these are 
treated separately. Both propagation and scattering depend on the variations in the 
medium. Propagation effects are governed by slow moving variations which are 
much larger than the used wavelength. These effects may te random which might be 
caused by turbulence or changes in temperature. Scattering is caused by 
discontinuities in the medium which are not slowly moving variations and might be in 
the range of the wavelength of the source. Most of the time this scattering effect is 
caused by small particles or perturbations.

Special areas of interest include the changes in the polarisation and the degree of 
polarisation in these scattering and propagation phenomena. These aspects of the 
electro-magnetic field are briefly discussed in this introduction for a few different 
physical situations and links between these are mentioned. In the end, the purpose of 
this introduction is to show how changes in the polarisation and the degree of 
polarisation in optical fibres fit in the general picture of propagation and scattering in 
certain media. So no rigorous discussion about scattering/propagation events in 
different situations should be expected in this introduction.

Propagation effects in free space are described in a series of publications [74,175- 
179,182,185,188,275,276]. One interesting aspect of this propagation is the fact that 
the measured intensity variance (aj) does not increase upon propagation, as was 
predicted from a theoretical first order approach [74,175-177,179,182], but becomes 
constant. This constant level of the intensity variance was explained in the late 
eighties by a higher order theoretical approach [185,188,275,282]. Without going 
into toomuch detail about this theory for propagation in free space it is mentioned that 
a statistical approach for the treatment of changes in the degree of polarisation upon 
propagation in optical fibres gives the intensity variance as the only variable in a very 
simple model (see Section 7.2.1). In free space propagation the changes in the degree 
of polarisation are caused by the number of scattering events within the coherence 
length of the electro-magnetic field. If only single scattering events (within the
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coherence length) occur the degree of polarisation is not changed as long as all the 
perturbations are identical (it is still possible that the polarisation of the field is 
changing upon propagation). However, if the perturbations are not identical (different 
shaped particles) the resulting propagated field can have a degree of polarisation 
smaller than that of the input field. This depolarisation might also occur if there are 
more than one scattering events within the coherence length of the electro-magnetic 
field. The description of depolarisation caused by small particles is not restricted to 
free space propagation. Similar effects are described in a range of other experiments 
[139,165,193,195,202,277], where the particles might be suspended in a range of 
gases or liquids.

Instead of scattering or propagation by perturbations (i.e. particles) in a medium it 
is also possible to have similar effects at the surface of a medium [141,172,174,278- 
282]. In this case the propagation direction can be defined by geometrical optics and 
scattering effects are mainly found outside this propagation direction. Scattering is 
caused by the roughness of the surface with respect to the wavelength. As with 
propagation and scattering in a medium, with surface scattering the degree of 
polarisation of the output electro-magnetic field is determined by the number of 
scattering events within the coherence length of the input electro-magnetic field. For 
single scattering events no depolarisation occurs in the plane of incidence when the 
surface is plain or the roughness is periodic. If the roughness is not periodic 
depolarisation might occur for the scattered field. Again, depolarisation is mainly 
explained when multiple scattering (within the coherence length of the field) is taken 
into account. This multiple scattering introduces coupling between all polarisation 
components of the incident and scattered^ropagated electro magnetic field.

Fibre optics is one special area of scattering/propagation research which has been 
studied extensively during the past decades [75,77,80-86,89-95,98-116,119,121- 
124,283-288]. With optical fibres the effects are not restricted to changes in 
polarisation (or degree of polarisation); also changes in pulse-shape, spatial /temporal 
coherence and dispersion are important physical aspects. But in this part of the thesis 
a closer look is taken at specifically the polarisation effects in optical fibres.

With reference to the discussed examples, it should come as no surprise that for 
optical fibres there is also a regime where no changes in the degree of polarisation 
occur, but it is still possible that the polarisation of the electro-magnetic field is 
changing. As with the other scattering/propagation examples the second regime 
includes changes in the degree of polarisation. In optical fibres the scattering and 
propagation effects can be caused by both internal and external causes. Examples of 
internal causes are changes in the refractive index, which might be termed as slow or
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as perturbations depending on their relative size with respect to the wavelength of the 
field. External causes might be changes in temperature or bending of the optical fibre. 
A short description of various theoretical approaches to predict these polarisation 
aspects are given below, where only linear aspects are discussed (non-linear effects in 
optical fibres is a rapidly expanding field of its own.

The first (and probably earliest) method is a phenomenological approach [91] 
which linked measured results to a series of equations which were not theoretically 
derived. The biggest disadvantage of this approach is the fact that there is no real 
physical background for the given equations. But general trends of this approach 
proved to be correct and were incorporated in more recent theoretical approaches.

A second approach uses a statistical description of the intensity distribution 
propagating in the different polarisation modes [83,92,102,112,116,285]. Either the 
variance of the intensity (amplitude) or the dispersion are determined and this 
information gives an indication about the resulting degree of polarisation for an 
electro-magnetic field as it propagates along an optical fibre. This approach shows 
similarities to scattering and propagation effects in free space, where also the variance 
of the intensity is an important entity. A further discussion of these statistical 
approaches is given in Chapter 7 (see Section 7.2.1).

More recently a polarisation mode coupling approach is used, where it is assumed 
that the coupling process has a random distribution [77,82,85,86,89,93,94,100, 
104,105,107,108,110,113,115,121,288]. This mode coupling centre (mcc) model 
uses different Mueller matrices to describe the coupling process in the optical fibre 
which results in changes in the degree of polarisation. The name of this model refers 
to the distinct places in the optical fibre where mode coupling takes place. The mode 
coupling centres are separated by ordinary lengths of fibre in which the field is only 
propagating. Using this method results in expressions which determine how the 
degree of polarisation changes upon propagation in an optical fibre. The mcc model 
and related approaches based on discreet random coupling centres are more rigorous 
described in Sections 7.1.2 and 7.2.2.

A final approach uses one Mueller matrix to describe the coupling process and the 
changes in the degree of polarisation in an optical fibre. This single matrix (sm) 
model incorporates polarisation mode coupling, differential propagation constants, 
differential loss and spectral linewidth into a single Mueller matrix to describe how 
the degree of polarisation is changing upon propagation in an optical fibre. This 
method is explicitly developed in Sections 7.1.3, 7.1.4, 7.2.3, 7.2.4, 7.2.5 and 
7.2.6.

A more rigorous theoretical description of changes in the polarisation and degree of 
polarisation is given in Chapter 7. In this chapter the mode coupling centre method is
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reviewed and a full description of both the polarisation variance approach and the 
single matrix method is given. All theoretical models are accompanied by simulated 
results, which gives the opportunity to compare these different theoretical 
approaches.

Experimental methods and results are discussed in Chapter 8 . A range of methods 
is described to measure the degree of polarisation. Some of these experimental 
methods are used to do experiments ranging from coherent multi-mode to partial 
coherent few-mode situations.
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Different methods to describe the propagation of both the polarisation and the degree 
of polarisation in optical fibres are discussed in this chapter.

In Section 7.1 two approaches are described which are both based on the coupled 
mode equations (see Section 7.1.1) to determine the degree of polarisation in an 
optical fibre. The first approach, the mode coupling centre (mcc) method is reviewed 
in Sections 7.1.2. and 7.2.2. The second approach based on the coupled mode 
equations is the single matrix (sm) method, which theoretical development is 
described in the Sections 7.1.3, 7.1.4, 7.2.3, 7.2.4, 7.2.5 and 7.2.6. The remaining 
part of the chapter (Section 7.2.1) is taken up by the polarisation variance approach, 
which gives a statistically based description of the propagation of the degree of 
polarisation in an optical fibre.

Before a full theoretical description is given of the different approaches a more 
intuitive discussion is given describing how the propagation of the degree of 
polarisation is to behave in the coherent and incoherent limit. For the incoherent case 
the Mueller/Stokes calculus is used and for the coherent case the Jones calculus (see 
Sections 5.1.2 and 5.1.3).

When a linear polarised signal is launched into an optical fibre the degree of 
polarisation is equal to one. Coupling between the orthogonal polarisations gives an 
intensity fluctuation in both polarisation directions along the fibre. The degree of 
polarisation at the end of the optical fibre depends on the correlation between the two 
orthogonal polarisations.

When the input signal is linear and incoherent, the coupling between the 
polarisations causes the intensity in both orthogonal polarisations upon propagation 
along the fibre to tend to half the initial intensity launched into the fibre (assuming the 
fibre is lossless). Because the signals in both orthogonal polarisations are incoherent 
the Stokes vectors can be added (see Section 5.1.3), which results in

"1 / 2 " 1 / 2 - T
1 / 2 - 1 / 2 0

+
0 0 0

_ 0  _ 0 0

(7.1)

77



7 Theory and Simulated Results

The result of Eq. 7.1 shows that the degree of polarisation is equal to zero when 
sufficient coupling in the optical fibre caused the intensities in both polarisation 
directions to be equal. When the input signal is incoherent and random polarised the 
degree of polarisation at the input of the optical fibre is equal to zero. Upon 
propagation of the signal in the optical fibre the degree of polarisation tends to zero 
(or stays zero) because the coupling causes equal uncorrelated fields to propagate in 
both polarisation directions.

If the input signal is coherent and linear polarised the degree of polarisation is again 
equal to one at the input of the optical fibre. Again it is assumed that the coupling in 
the optical fibre induces equal intensity in both orthogonal polarisation directions 
upon propagation, the resulting signal at the output of the fibre is determined by 
adding the Jones vectors of both orthogonal polarisation directions (see Section 
5.1.2), which gives

T
+

"O' T
0 1 1

(7.2)

Using a Stokes vector, Eq. (7.2) can be written as

(7.3)

which is a linear polarised signal at a direction in between the two orthogonal 
polarisations (i.e. at 7t/ 4  rad to the optical axis). The degree of polarisation of a signal 
described by the Stokes vector of Eq. 7.3 is equal to one. So upon propagating a 
sufficient distance in the optical fibre the degree of polarisation of the signal becomes 
(or stays) equal to one when the input signal is coherent. Even (in the unphysical 
limiting case) if the input signal is randomly polarised it is expected that coupling 
causes the intensities in both orthogonal polarisation directions to become equal. As 
these orthogonal signals are fiilly correlated the degree of polarisation at the end of the 
optical fibre (if the fibre is long enough for sufficient coupling) is equal to one for this 
randomly polarised coherent input signal.

The summerised results of the above discussion can be found in Fig. 7.1, which 
shows the degree of polarisation depending on the propagation distance in the optical 
fibre. In Fig. 7.1 it is assumed that the increase (coherent randomly polarised input 
signal) or decrease (incoherent perfectly polarised input signal) of the degree of
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polarisation upon propagation are described by an exponential function.

1.0

g 0.8-
I
u  0 .6-

*©

I 0.2 -

0.0

- 0.2
200 800 10000 400 600

Propagation Distance 
Figure 7.1. Degree of polarisation as a function of the propagation distance along an optical fibre 

for different input degrees of polarisation, where gn^hs (a) show the coherent case and graphs (b) the 

incoherent case.

The remainder of this chapter is devoted to the specific description of the propagation 
of the degree of polarisation along an optical fibre. Not only the limiting cases of 
coherent and incoherent signal are discussed, but also the results for the partial 
coherent case are determined.

7.1 POLARISATION IN OPTICAL FIBRES

The distinction between the propagation of the polarisation and the degree of 
polarisation is clear. In this section a description is given about the propagation of the 
polarisation in an optical fibre. The propagation of the degree of polarisation is left till 
Section 7.2.

The description of how the polarisation is changing upon propagation along an 
optical fibre is based on the coupled mode equations. The most general case of these 
coupled mode equations are discussed in Section 7.1.1, where also some similar 
approaches are mentioned.

In Section 7.1.2 a review is given about the propagation of the polarisation along 
an optical fibre based on the mode coupling centre model. This model uses a set of 
Mueller matrices to describe the propagation and random coupling in the optical fibre.
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The matrices describing the random coupling are determined by the coupled mode 
equations.

A full description of the single matrix model is given in sections 7.1.3 and 7.1.4. 
This model uses one Mueller matrix to describe the polarisation of a signal as it is 
propagating along an optical fibre. The single matrix model is also based on the 
coupled mode equations.

7.1.1 Coupled Mode Equations

The coupled mode equations are well described in the literature [289-293]. These 
coupled mode equations are two differential equations which have to be solved 
simultaneously and can be described by

^  = N „E .+ N „E ,, (7.1.1a)

%
dz

^ = (T .^ b )

In Eqs. (7.1.1) the two coupled mode equations describe the changes in the 
orthogonal x and y direction polarised electro-magnetic fields (respectively E^ and 
Ey) upon propagation along an optical fibre. In some cases the coupled mode 
equations given by Eqs. (7.1.1) are given in a matrix representation which results in

d
dz

E . ■N„ E.

E ,. N , N „.
(7.1.2)

The values of N^y, Nŷ  and Nyy in Eqs. (7.1.1) and (7.1.2) can all be complex 
values. The actual values of these complex values depend on the optical system and 
might depend on time/space coordinates.

In principle it should be possible to solve the coupled mode equations when the 
boundary values of both orthogonal electro-magnetic fields E  ̂ and Ey are known. 
However, no solutions for this general case are discussed as this would have little 
physical significance. In Section 7.1.2 the coupled mode equations are used to 
describe the random coupling at the mode coupling centres. Similar equations are 
used in Sections 7.1.3-4 to give a single matrix description of the propagation of the 
orthogonal electro-magnetic fields (and the polarisation) in an optical fibre.

It should be mentioned here that similar results can be obtained by using coupled
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power (i.e. intensity) equations [291,292]. In this case not the propagation of the 
electro-magnetic field in both orthogonal directions is described by a set of differential 
equations but the propagation of the intensity in both these directions. However as 
both the Jones and Stokes/MueUer calculus are directly linked to the electro-magnetic 
field (see definitions of the Jones vector, Stokes vector and Mueller matrix, 
respectively Eqs. (5.1.6), (5.1.21) and (5.1.27)) the coupled mode equations are 
used to describe the propagation of the polarisation and the degree of polarisation 
along an optical fibre.

7.1.2 Mode Coupling Centre Method

The mode coupling centre (mcc) model [93,94,100,110,113,121,288] uses three 
Mueller matrices to describe the changes in polarisation and degree of polarisation 
upon propagation along an optical fibre.

It is assumed that the coupling happens at distinct "mode coupling centra" and are 
the result of random stress and/or random twist. In between these distinct coupling 
centra the fields in both orthogonal directions (respectively and Ey) propagate 
without coupling to the orthogonal field (respectively Ey and E^). The three Mueller 
matrices describing the mode coupling centre approach are all derived from the 
coupled mode equations (see Section 7.1.1).

The first (out of three) Mueller matrix describes the propagation in an elliptically 
biréfringent single-mode fibre with differential mode attenuation. This matrix can be 
found by solving a set of coupled mode equations, which are given by

^  = (in„ - a j E ,  + (in, - n, )E ,, (7.1.3a)

dE
= (ing - a  J E ,  + (in, + n; )E ,. (7.1.3b)

where n^, njj, a*, oty, n, and n̂  are constant values.
The two Eqs. (7.1.3) are in principle the same as those discussed for the general 

case of the coupled mode equations in Section 7.1.1 (see Eqs. (7.1.1)). However for 
the mcc model it is assumed that the optical fibre is linear birefringence and posses 
strong differential losses (i.e. n^=n;=0), which is a convenient simplification. The 
Mueller matrix for such a fibre is determined by solving the coupled mode equations 
(Eqs. (7.1.3)) for E^ and Ey and using the definitions of the Stokes vector and the 
Mueller matrix (respectively Eqs. (5.1.21) and (5.1.27) in Section 5.1.3). Using this 
approach the Mueller matrix for a linear birefringence fibre (of length z) with strong
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differential losses is given by

M(z) = e

cosh(Aaz) sinh(Aaz) 
sinh(Aaz) cosh(Aaz) 

0 0
0 0

0 0
0 0

cos(ôpz) sin(SPz) 
-sin(ôpz) cos(ôPz)

(7.1.4)

where a  = (a ^ + a y )/2 , Aa = (a^ -tty )/2  and Sp = n2 2 -n„.
The other two Mueller matrices describe the random mode mixing at the mode 

coupling centra [113,121,288]. These two matrices can also be derived from the 
couple mode equations, assuming there are no loss components. The matrix that 
describes random twists in fibres is defined by

=

0
1 - 2 k  ̂

-2k ( 1 - k ^) 

0

1/2

0  0

2 K ( i - K 'r  0

1 - 2 k^ 0

0 1

(7.1.5)

where -1 < k  < 1. Attention should be drawn to the fact that the Mueller matrix given 
by Eq. (7.1.5) describes the rotation of a linear polarised signal and does not affect 
circular polarisation which is a general linear retarder (with a retardance equal to %)  

[233]. So Eq. (7.1.5) only changes the second and third element of the Stokes 
vector. Random stress is described by the following matrix

M„ =

0
l - 2 f

-2 n(i f ) ' "

0 0
0  2 n ( i - f )
1 0
0 l - 2 f

1/2

(7.1.6)

where -1<T|^1. The Mueller matrix in Eq. (7.1.6) only affects the second and 
fourth element of the Stokes vector. In Eqs. (7.1.5,6) both variables are determined 
by a Gaussian distribution with zero mean.

The whole fibre is described by n sections, which are all a combination of the three 
matrices described by Eqs. (7.1.4)-(7.1.6). For each section the values of k  and v are 
chosen randomly. The matrix describing the whole fibre is given by

(7.1.7)
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where Mj are the matrices of the n sections with length Az, which are determined by

Mj=M^M^M(Az). (7.1.8)

The output Stokes vector is related to the input Stokes vector by multiplying the latter 
by the Mueller matrix M (see Eq. (5.1.27) in Section 5.1.3). The polarisation along 
the optical fibre is determined by the input Stokes vector and the Mueller matrix 
describing the optical fibre (Eq. (7.1.7)). The two matrices describing the random 
mode coupling centra (Eqs. (7.1.5,6)) rotate the polarisation of the signal and the 
propagation Mueller matrix (Eq. (7.1.4)) causes coupling between the different 
components of the Stokes vector.

The combination of the three different kind of matrices causes the elements of the 
input Stokes vector to be coupled to all other elements, which might result in a change 
in the degree of polarisation along the optical fibre. It should also be taken into 
consideration that the coupled mode equations which were used to determine the three 
Mueller matrices of the mcc model are strictly valid for monochromatic signals. The 
introduction of a finite linewidth for the signal results in a summation over the 
monochromatic Stokes vectors or Mueller matrices. This summation in the frequency 
domain might introduce changes in the degree of polarisation. These changes in the 
degree of polarisation with respect to the mcc model are discussed in Section 7.2.2.

7.1.3 Single M atrix Method: Lossless Case

Instead of using n times three matrices and random variables as was done for the mcc 
model in the previous section it would be an advantage to describe the optical fibre by 
one single Mueller matrix. This single Mueller matrix describes the changes in the 
polarisation along an optical fibre. In this and the next section the single matrix 
approach is developed for respectively a lossless and a lossy optical fibre.

The two orthogonal polarisations in an optical fibre are described by the electro
magnetic fields and Ey. The changes in these two electro-magnetic fields are 
determined by two differential equations which have to be solved simultaneously (see 
Section 7.1.1). These coupled polarisation equations are given by

^  = i p A  + C ^ E ,-C ,A >  (7.1.10a)

^  = ip ,E ,+ C .,E ,-C ^ E ,. (7.1.10b)
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In Eqs. (7.1.10) it is assumed that the values of the propagation constants (p) and the 
coupling coefficients (C) of the two orthogonal directions are independent of z.

Before solving the coupled polarisation equations (given by Eqs. (7.1.10)) the 
actual form of the coupling coefficients Ĉ y and Cŷ  is determined. As this is a 
discussion concerning a lossless optical fibre the total intensity along the fibre is 
constant. Mathematical this is described as

E*E,^+EyEy = Constant. (7.1.11)

Taking the derivative on both sides of Eq. (7.1.11) with respect to z results in

d E
i - E .  +  E ! ^  +  ^ E , + E ‘, ^  =  b .  ( 7 . 1 . 1 2 )

3z ’ ‘ 3z 3z '  ” dz

Substitution of the coupled polarisation equations (Eqs. (7.1.10) in Eq. (7.1.12) 
gives

(c ; ,+ c ^)e :e ,+ ( c ; ,+ c „ )e ;e .

- ( c : ,+ c , , ) E 'A  - ( c ; + c , ) e ;e , = 0 . (7 1 1 3 )

Because the initial values of E  ̂ and Ey are arbitrarily Eq. (7.1.13) results in four 
relations for the coupling coefficients, which are

C:y+C,y=0, (7.1.14a)

C ;,+ C y ,= 0 , (7.1.14b)

C:y + C y,=0, (7.1.14c)

C ; + C ,y=0. (7.1.14d)

The relations of Eqs. (7.1.14a,b) show that both coupling coefficients are purely
imaginary and Eqs. (7.1.14c,d) show that the value of the imaginary part of both 
coupling coefficients are the same. So the result of Eqs. (7.1.14) is summerised as

C,y=Cy,=iC . (7.1.15)
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Eq. (7.1.15) shows that the coupling coefficients of both orthogonal electro-magnetic 
fields are equal and imaginary.

Using the definition of the coupling coefficients given by Eq. (7.1.15) the coupled 
polarisation equations of Eqs. (7.1.10) are rewritten as

^  = ip X + iC E ,.  (7.1.16a)

3E
- ^  = ip X + iC E ,. (7.1.16b)

where the abbreviations = p, -  C and Pÿ = Py -  C are used.
To solve the coupled polarisation equations (Eqs. (7.1.16)) for E  ̂ and Ey a 

Laplace transform approach is used [294]. This approach results in the following set 
of equations

SÊ, - E,(0) = ip 'A  + iCEy, (7.1.17a)

sEy - Ey (0) = ip;Ey + iCE,, (7.1.17b)

where E  ̂y is the Laplace transform of E  ̂y and E, y(0) are the initial values for the 
two orthogonal fields at the input of the optical fibre. Solving Eqs. (7.1.17) for E  ̂y 
simultaneously results in two equations which are identical on interchanging x and y 
in the subscripts. Solving the problem for one polarisation direction gives the results 
of the orthogonal polarisation by interchanging x and y in the subscripts. Solving 
Eqs. (7.1.17) for the x direction polarisation results in

Rewriting Eq. (7.1.18) gives (a full derivation of the steps in between Eqs. (7.1.18) 
and (7.1.19) is given in Appendix A.l)

(s-iô"^) +p^ * (s-i 6 "̂ ) +p^
i ^ E , ( 0 )  +  i ^ E y ( 0 )

P P
, (7.1.19)

where b *  = (p  ̂+ py)/2 ,  5 = (p  ̂-py)/2  and p  ̂= (5 )̂  + C .̂ The electro-magnetic 
field in the x polarisation direction can be found by inverse Laplace transforming
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[294] Eq. (7.1.19) which results in

E . ( z )  = cos(pz)E.(0) + sin(pz) i—E,(0) + i - E / 0 )  exp(iS*z). (7.1.20)
P P J )

Rewriting Eq. (7.1.20) and using the interchanging of x and y in the subscript to 
determine the orthogonal electro-magnetic field the E, and Ey fields are given by

E.(z) =
.8 . . c  .cos(pz) + i—sin(pz) E^(0) + i—sin(pz)Ey(0) exp(iS^z), (7.1.21a)

P /  P y

f  f  s  ') C ^
E y ( z ) =  co s(p z )  - i — sin (pz)  E y (0 )  +  i — s in (p z )E ^ (0 )  exp(iÔ^z). (7.1.21b) 

VV P y P

T h e  Mueller matrix M(z) describing the coupled polarisation process in the optical 
fibre is found by substituting the two orthogonal electro-magnetic fields 
(Eqs.(7.1.21) into the definitions of the Stokes vector and the Mueller matrix (Eqs. 
(5.1.21,27)). Using this approach the resulting Mueller matrix is determined as (a 
summarised derivation of the steps leading from Eqs. (7.1.21) to Eq. (7.1.22) is 
given in Appendix A.2)

M(z) =

1 0  0 0
0  A f + A 2 COs(Ao) AjA2 (1 -cos(Ao)) -A2 sin(Ao)
0 A iA 2(1 -cos(A o)) A 2+A fcos(A (j)  AiSin(Ao)

0 A2sin(Ao) -AiSin(Ao) cos(A q)

, (7.1.22)

where

A o = z ^ (P ,-P ,f+ 4 C \

Ai =

A2  =

+ 4C^

2C

'j(Px-Py) + 4C'

(7.1.23a)

(7.1.23b)

(7.1.23c)

Eq. (7.1.22) shows the Mueller matrix for a monochromatic field, so it describes the
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coherent lossless coupling in an optical fibre. The Stokes vector at the output of the 
optical fibre is determined by Eq. (7.1.22) and the input Stokes vector. This output 
Stokes vector determines how the polarisation is changing upon propagation along 
the optical fibre.

As discussed in Section 5.1.3 (see Eqs. (5.1.29,30)) a finite spectral width can be 
introduced for the electro-magnetic field by summation (or integrating) of the 
elements of the Stokes vector or the Mueller matrix in the frequency domain. The 
result is either a frequency average of the Stokes vector or of the Mueller matrix. In 
both cases the polarisation of the electro-magnetic signal at the output of the optical 
fibre is described by the output Stokes vector, which might be averaged in the 
frequency domain or the result of the frequency averaged Mueller matrix multiplied 
by the input Stokes vector.

In Sections 7.2.3 and 7.2.4 the changes in the degree of polarisation caused by 
coupling along a lossless optical fibre for respectively the coherent and the partial 
coherent cases are discussed. These discussions are based on the Mueller matrix 
given by Eq. (7.1.22).

7.1.4 Single M atrix Method: Lossy Case

Comparing the coupled polarisation equations given by Eqs. (7.1.16) and the general 
coupled mode equations (Eqs. (7.1.1)) it is clear that for the coupled polarisation 
equations the values of N „, N^y, Nŷ  and Nyy are all imaginary. In this section an 
extension of the coupled polarisation problem is given by introducing loss for the 
orthogonal polarisation directions, for which N„ and Nyy become complex values.

The loss in an optical fibre can be described by introducing the real values of N„ 
and Nyy in the coupled polarisation equations given by Eqs. (7.1.16). The coupled 
polarisation equations can now be written as

^  = ip A + iC E ,- iC E .- ^i- = iP .E ,+ iC E ,- iC E .-^ E „  (7.124a)

OL
=  ip y E y  + i C E ,  -  iC E y  - ^ E y ,  ( 7 . L 2 4 b )

where a j l  and t t y / 2  are the loss in respectively the E ^  and E y  field. The coupled 
polarisation equations for a lossy optical fibre given by Eqs. ( 7 . 1 . 2 4 )  are solved for 
E^ and Ey in a similar way as was done for the coupled polarisation equations for a 
lossless optical fibre (Eqs. ( 7 . 1 . 1 6 ) ) .  Using the Laplace transform approach the
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electro-magnetic field in the x polarisation direction is described by

E,(z) =
. 6 - . .C  .cos(pz) + i—sin(pz) E^(0) + i—sin(pz)Ey(0) exp(iô^z) (7.1.25a) 

W 9  J  9  )

and the electro-magnetic field in the y polarisation direction is given by

/ /
Ey(z) =

.5  .

VV

.C .cos(pz) - i—sin(pz) Ey(0) + i—sin(pz)E,(0) exp(iô^z). (7.1.25b) 
9  J P

The Eqs. (7.1.25) are identical to the electro-magnetic field description for the 
lossless optical fibre (Eqs. (7.1.21)). However, there is a difference in the constant 
values used in these sets of equations. For a lossy optical fibre the constant values are

(7.1.26a)

p̂  + C \

(7.1.26b)

(7.1.26c)

It is clear from the Eqs. (7.1.26a-c) that 6 ,̂ 6  and p are complex numbers, which 
was not the case when the optical fibre was assumed to be lossless (Eq. (7.1.19)).

Before solving the general case a detour is taken to discuss the simple case when 
the loss and propagation constants in both polarisation directions are equal, i.e.

= Œy = a  and = Py = p. This actually means that 6  is equal to zero and p is a 
real value. These assumptions simplify the coupled polarisation equations 
considerably. Substituting the above assumptions in Eqs. (7.1.25,26) the electro
magnetic fields in both orthogonal polarisation directions can be rewritten as

E^(z) = (cos(pz)E^(0)4-isin(pz)Ey(0))exp(i(p- C)z)exp^-y z j , (7.1.27a)

Ey(z) = (cos(pz)Ey(O)4- isin(pz)EXO))exp(i(P- C)z)exp^-yzj. (7.1.27b) 

From these two orthogonal polarisation descriptions (Eqs. (7.1.27)) the Mueller
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matrix is derived (using Eqs. (5.1.21) and (5.1.27)) for an optical fibre with equal 
values for the loss and propagation constant in both orthogonal polarisation 
directions. This Mueller matrix is given by

M(z) = exp(-az)

1 0  0  0  

0 cos(2Cz) 0 sin(2Cz) 
0 0 1 0  
0 -sin(2Cz) 0 cos(2Cz)

(7.1.28)

The Mueller matrix given by Eq. (7.1.28) is equivalent to Eq. (7.1.6) which 
described the coupling caused by stress in the mcc model.

Returning to the general case and the electro-magnetic fields in both orthogonal 
polarisation directions are described by Eqs. (7.1.25). The electro-magnetic fields are 

rewritten by assuming that the constants 6 ,̂ 5 and p are complex numbers. Also it is 
assumed that ^  and P, Py, which means that the loss and the propagation 
constant are different for both orthogonal polarisation modes and a differential loss 
and differential propagation constant are introduced. Substituting = 6 * + i5f, 
Ô = Ô' + iôj and p = p, + ip in Eqs. (7.1.25) results in formula where the arguments 
of the sin- and cos-functions are complex values. Using the sum-equations of the sin- 
and cos-function the real and imaginary values of the arguments are separated. 
Further the definition of the sinh- and cosh-functions is used, which are linked to sin- 
and cos-functions with imaginary arguments. Using all these assumptions the two 
fields of the orthogonal x and y direction polarisations respectively are rewritten as

iS" Ô*Ex(z) = [(cos(p^z)cosh(pz) - isin(p/)sinh(pz) + ^ (sin(p^z)cosh(pz)

+icos(p,z)sinh(pz)))E,(0) + i^-^^(sin(p,z)cosh(pz) 

+icos(pz)sinh(pz))Ey(0)]exp(i5;z)exp(-ô;z) (7.1.29a)

and

Ey(z) = [(cos(p^z)cosh(pz) - isin(p^z)sinh(pz) - (sin(pz)cosh(pz)
Pr P̂i

+icos(pz)sinh(pz)))Ey (0) + i^--j-^(sin(p,z)cosh(pz) 

+icos(p,z)sinh(pz))E^(0)]exp(iô>)exp(-ô^z). (7.1.29b)
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Eqs. (7.1.29) can be used to determine the Mueller matrix which describes the 
general case of a lossy optical fibre (using Eqs. (5.1.21) and (5.1.27)). After tedious 
mathematics this Mueller matrix is given by

M(z) = exp(-20*z)

■M„ Mj2 Mj3 M »'
Mj, M22 M23 M24
M31 M32 M33 M34
M4 . M« M43 M4 4 .

(7.1.30)

where

Mu = sin^(p^z)sinh^(p,z) + cos^(p,z)cosh^(ftz)

+ C (sin^(p^z)cosh^(ftz) + cos^(p,z)sinh^(pz)),
Pr +P (7.1.31a)

^ 1 2  = 2 sin(p^z)cos(p/) - 2 ^ sinh(p,z)cosh(p,z), (7.1.31b)

M,, = 2 -^S_sin(p^z)cos(PrZ)-2 -^S_sinh(pz)cosh(pz),
‘'P r'+P ' Pr +pr

(7.1.31c)

Mi4  = -2 ^^^(sin^(p,z)cosh^(pz) + cos^(p,z)sinh^(pz)). (7.1.31d)

M 2 1 = 2 sin(p/)cos(p,z) - 2 ^ sinh(pz)cosh(p,z), (7.1.3le)

M 2 2  = sin^(p^z)sinh^(pz) + cos^(p,z)cosh^(pz)

4- ^  (sin^(p,z)cosh^(p,z) + cos^(p,z)sinh^(ftz)).
Pr +P.

M 2 3  = 2 ^p^(sin^(p,z)cosh^(p,z) + cos^(p,z)sinh^(pz)), 

M,. = 2 -r^^sin (p /)co s(p ,z ) + 2 -^ ^s in h (p z )co sh (p z ),
" " " P r '+ A ' Pr'+P'

(7.1.31f)

(7.1.31g)

(7.1.31h)
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M 31 = 2^^^sin(p^z)cos(pjZ) -2^^S^sinh(pz)cosh(p,z), (7.1.31k)

CÔ*
M 3 2 = 2 ^ 2^j^(sin^(prz)cosh^(pz) + cos^(p,z)sinh^(pz)), (7.1.31m)

M 3 3 = sin^(p,z)sinh^(p,z) + cos^(p,z)cosh^(p,z)

(sin^(p,z)cosh^(p,z)+ cos^(p,z)sinh^(p(z)),
Pr ■'■Pi (7.1.3In)

M 3 4 = sin(p,z)cos(p,z) - 2 sinh(ftz)cosh(p,z), (7.1.31p)

C5*
M4 1 = 2 ^ 2"-j-^(sin^(p,z)cosh^(pz) + cos^(p,z)sinh^(pz)), (7.1.31q)

M4 2  = -2 p2̂ p 2 sin(p^z)cos(p^z) - 2 p2^ p 2 sinh(p,z)cosh(p,z), (7.1.31r)

M4 3  = 2 P'^2 ^ ^ ^ ' sin(p^z)cos(p,z) + 2 ^ ^ /^ ^ f ‘ sinh(pz)cosh(p,z) (7.1.31s)

and

M4 4  = sin (ptz)sinh (ftz) + cos (pvz)cosh (ftz)

 2  ̂ (sin^(p^z)cosh^(Az) + cos^(ftz)sinh^(ftz)).
ft +Pi '  '  (7.1.3 It)

From Eqs. (7.1.30) and (7.1.31) it is clear that the coupling in a lossy optical fibre is 
described by a Mueller matrix of which the elements are a combination of sin-, cos-, 
sinh- and cosh-functions.

The propagation of the polarisation in a lossy optical fibre is determined by 
multiplying the Mueller matrix (Eq. (7.1.30)) and the input Stokes vector. However, 
this gives a description of the coherent lossy optical fibre case, as the coupled 
polarisation equations and the Mueller matrix derived from them are only valid for 
monochromatic fields. The introduction of a finite linewidth is accomplished by 
summation/integration in the frequency domain of the elements of the Stokes vector
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or the Mueller matrix as was already discussed for similar cases in previous sections.
In Sections 7.2.5 and 7.2.6 the changes in the degree of polarisation caused by 

coupling along a lossy optical fibre for respectively the coherent and the partial 
coherent cases are discussed. These discussions are based on the Mueller matrix 
given by Eq. (7.1.30).

7.2 THE DEGREE OF POLARISATION IN OPTICAL FIBRES

In Section 7.1 different Mueller matrices where derived to determine the polarisation 
along an optical fibre, which were all based on coupled differential equations. Once 
the polarisation along an optical fibre is known it is straight forward to determine the 
degree of polarisation along the fibre, because the degree of polarisation is determined 
by the Stokes vector (Eq. (5.1.26) in Section 5.1.3) which can be determined by 
multiplying the Mueller matrix of the fibre and the input Stokes vector (Eq. (5.1.27) 
in Section 5.1.3).

In Sections 1 . 2 . 2 - 6  the propagation of the degree of polarisation along an optical 
fibre is discussed based on the Mueller matrix approaches discussed in Sections 
7.1.2-4. A review of the degree of polarisation treated by the mcc model is given in 
Section 7.2.2. The single matrix model to describe the propagation of the degree of 
polarisation is developed in Sections 7.2.3-4 and 7.2.5-6, which respectively treat a 
lossless and a lossy optical fibre.

However, before using Mueller matrices to describe the propagation of the degree 
of polarisation a short account is given of a method based on the intensity variance of 
the orthogonal electro-magnetic fields in Section 7.2.1. This method seems closely 
related to the treatment of changes in polarisation and degree of polarisation given for 
scattering experiments in free space and surfaces.

7.2.1 Polarisation Variance Approach

The electro-magnetic field can always be split in two orthogonal polarisation 
components which respectively have intensities I  ̂ and ly The degree of polarisation 
of the electro-magnetic field is found by correlating the two orthogonal fields, which 
results in (see Sections 4.3 and 5.1)

DoP = ̂ ^ | Y x,|. (7-2.1)
X y

where ŷ y is the second order complex degree of coherence. It can be assumed that
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the total intensity is equal to one (i.e. I ,+ Iy = l) .  Substituting this simple 
normalisation results in

DoP = 2 ^ I .( l- I j(y ., |.  (7.2.2)

Taking the average of Eq. (7.2.2) over an ensemble or time results in the average 
degree of polarisation, which can be written as

(DoP) = .J4(I,)-4{i ;)|y.,|

= (7.2.3)

where ( ij)  = the definition of the standard deviation of the intensity is
used [2 2 0 ] and it is assumed that the complex degree of coherence is not affected by 
the averaging process. Assuming that the average intensity in both orthogonal 
polarisation directions is equal (see remark at the beginning of this chapter) Eq. 
(7.2.3) can be rewritten to give

(DoP) = Vl-4a^|y,y| (7.2.4)

and the average degree of polarisation is a simple function of the second order 
complex degree of coherence and the standard deviation of the intensity in one of the 
polarisation directions.

Discussion about scattering in free space in Chapter 6  showed that in those 
circumstances the standard deviation of the intensity increased for short propagation 
lengths and for increased propagation lengths levels to a constant value. This shows a 
link between the scattering process in free space and coupling in optical fibres.

In principle the standard deviation can be determined from first principles (for 
instance by using the electro-magnetic fields in the orthogonal polarisation directions 
determined in Section 7.1). However, as is shown in the remaining sections of this 
chapter the Stokes vector approach gives more straight forward results for the 
propagation of the degree of polarisation along an optical fibre.

Assuming that the input signal is perfectly polarised, which indicates that the 
standard deviation is equal to zero (and the complex degree of coherence equal to 
one). However, if the field propagates along the optical fibre the standard deviation 
might decrease due to the coupling between the orthogonal modes. The coupling 
process in the fibre causes the original field to split up (first into two components than
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into four and so on). The result of this splitting is an increase in the standard 
deviation caused by polarisation dispersion and the phase difference between the 
resulting components. Assuming that the polarisation dispersion results in a Gaussian 
function and the phase difference is determined by a cosine function the standard 
deviation is written as

o , = Jexp(-aoZ^)cos(b„z)dz, (7.2.5)

where L is the length of the optical fibre, a^ is a variable determining the Gaussian 
width of the dispersion and b^ gives the phase difference along the fibre. The 
dispersion and phase term in Eq. (7.2.5) are integrated over the fibre length because 
with the increase of the length of the fibre the coupling is enhanced which induces the 
number of splitting to increase and because the signal is continuous all components 
are present at the end of the optical fibre.

Some simulated results using Eqs. (7.2.4,5) can be found in Figs. 7.2 and 7.3, 
where it is assumed that the complex degree of coherence is equal to one and the input 
signal is perfectly polarised.
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Propagation Distance (arbitrary units)
Figure 12. The average degree of polarisation as a function of the propagation distance along an 

optical fibre for various Gaussian widths of the polarisation disp^itxi, (a) a^=16, (b) a^=8 and (c) 

a^=4. For all graphs the phase constant b^=l.

The above figure shows that a decrease in the value of a^ results in a lower constant
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level of the average degree of polarisation along the optical fibre. Taking Eq. (7.2.5) 
into consideration this is the expected result as a decrease in a^ gives a broader 
Gaussian polarisation dispersion function which causes the value of the standard 
deviation to increase resulting in a lower average degree of polarisation.
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Figure 73. The average degree of polarisation as a function of the propagation distance along an 

optical fibre for various phase constants, (a) b^=4, (b) b,=2 and (c) b^=l. For all graphs the 

Gaussian width of the polarisation dispersion a =4.

In Fig. 7.3 it is shown that a decrease in the phase constant lowers the average degree 
of polarisation along the optical fibre. A larger phase constant means that more 
components are out of phase which decreases the standard deviation and results in a 
higher average degree of polarisation.

From Figs. 7.2 and 7.3 it is clear that the average degree of polarisation reaches a 
constant level when propagating along the optical fibre. For an infinitely long optical 
fibre the standard deviation reaches a constant level. Substituting L — in Eq.
(7.2.5) results in

(7.2.6)

There is one distinct disadvantage about the solution given by Eqs. (7.2.5,6 ), which 
is the fact that the standard deviation given by Eq. (7.2.6) can become larger than 0.5 
depending on the values of a^ and b^, so the average degree of polarisation can
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become imaginary. This means that the values of a^ and are restricted to certain 
boundaries for which the standard deviation stays between zero and 0.5.

After this short statistical detour the remainder of this chapter deals with the 
propagation of the degree of polarisation based on the coupled mode/polarisation 
equations discussed in Sections 7.1.2-4.

7.2.2 Mode Coupling Centre Method

When an optical fibre is described by the mode coupling centre method the degree of 
polarisation along the fibre is determined by the Stokes vector along the fibre (see Eq. 
(5.1.26) in Section 5.1.3)). The Stokes vector along the optical fibre is determined by 
the Mueller matrix (see Eq.(5.1.27) in Section 5.1.3) for the whole length of fibre 
(Eq. (7.1.7)) up till the position where the degree of polarisation is determined.

It is straightforward to show that both Mueller matrices describing the random 
mode coupling centra which are given by Eqs. (7.1.5,6) do not change the degree of 
polarisation at the mode coupling centra. However, the Mueller matrix describing the 
propagation in the fibre (Eq. (7.1.4)) can change the degree of polarisation. This is 
especially clear when the input signal is randomly polarised. Using Eq. (7.1.4) it can 
be shown that the degree of polarisation at the output of the fibre depends as tanh on 
the propagation length along the optical fibre, with a limiting value equal to one.

Because the mcc model is governed by two Mueller matrices of which the values 
are randomly determined (from Gaussian distributions with zero mean) (see Eqs.
(7.1.5,6)) the resulting degree of polarisation upon propagation along the optical fibre 
is different for every time it is determined. The averaging process for this degree of 
polarisation is taken in the frequency domain which gives an inclusion of the final 
linewidth of the source.

Using simulated results of the mcc model, it can be shown that the degree of 
polarisation of a linear polarised input signal depending on the propagation distance z 
is well approximated by [113]

where P_ = P(z —> «») = ^2hLg, h is the power coupling coefficient [291] and is 
the coherence length of the input signal (this coherence length is directly related to the 
spectral linewidth of the signal [242]).

As was mentioned before, a randomly polarised input signal results in a tanh 
dependence of the degree of polarisation upon propagation along an optical fibre. 
However, this is referred to the monochromatic case and the degree of polarisation
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becomes equal to unity upon propagation along the fibre. Taking the spectral width of 
the signal into account the simulated results of the mcc model shows that the degree 
of polarisation becomes equal to P^. Thus for the case when a random polarised input 
signal is used, the degree of polarisation develops upon propagation as [1 2 1 ]

Pr(z) = P^tanh(hz). (7.2.8)

From Eqs. (7.2.7) and (7.2.8) it is clear that the final degree of polarisation at the end 
of a long fibre does not depend on whether the input signal is linearly or randomly 
polarised, but depends on the power coupling coefficient and the coherence length of 
the source signal.

Some results of the mcc model are shown in Fig. 7.4, where the propagation of the 
degree of polarisation along an optical fibre taken according to Eqs. (7.2.7,8). The 
power coupling coefficient is taken as h=1 . 0  and the coherence length is given by 
L =0.1.
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Figure 7.4. The average degree of polarisation as a function of the propagation distance along an 

optical fibre according the mode coupling centre method when the input signal is linear polarised (Eq. 

(7.2.7)) and randomly polarised (Eq. (7.2.8)).

From Fig. 7.4 and Eqs. (7.2.7,8) it is clear that an increase in the coherence length 
causes the degree of polarisation to increase (especially the final constant level). An 
increase in the power coupling coefficient has the same effect in addition to an 
increase in the slope of the graphs (reaching the constant level of the degree of
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polarisation for shorter propagation distances).
It should be pointed out that the changes in the degree of polarisation along the 

optical fibre are determined by a combination of causes, which include; the finite 
linewidth of the signal, the power coupling coefficient, the differential loss in the 
orthogonal directions and the succession of the three Mueller matrices.

7.2.3 Single Matrix Method: Lossless Coherent Case

For the single matrix method the propagation of the degree of polarisation is 
determined by the elements of the Stokes vector along the optical fibre (see Section
5.1.3). The Stokes vector along the fibre is determined by multiplying the Mueller 
matrix (Eq. (7.1.22)) and the input Stokes vector (see Section 5.1.3). Using the 
general Stokes vector at the input of the optical fibre it can be shown (see Appendix 
A.3 for a rigorous derivation) that the degree of polarisation along the optical fibre is 
given by

DoP(z) = S I M I M ,  (7.2.9)
Sq (0 )

where Sj(0) (i=0,...,3) are the elements of the input Stokes vector. Eq. (7.2.9) 
shows that for this coherent (i.e. monochromatic) lossless case the degree of 
polarisation does not change upon propagation along the optical fibre and stays equal 
to the degree of polarisation at the input of the optical fibre.

7.2.4 Single Matrix Method: Lossless Partial Coherent Case

To include the finite linewidth of the source two possible approaches exist. Either the 
elements of the Mueller matrix are integrated/summed in the fiequency domain or the 
same process is done for the elements of the Stokes vector. In both cases the output 
Stokes vector is averaged in the fiequency domain.

The Mueller matrix for the lossless optical fibre (Eq. (7.1.22)) shows that if the 
input signal is randomly polarised the output signal is randomly polarised as well and 
integration in the frequency domain does not change this. So for a randomly polarised 
partial coherent signal the degree of polarisation along the fibre stays equal to zero.

However, if the input signal is partially polarised (or perfectly polarised as an 
extreme case) the finite linewidth of the source, the coupling coefficient and the 
differential propagation constant are causes for the degree of polarisation to degrade
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upon propagation along the optical fibre. In this section three figures show the effect 
of these three entities on the propagation of the degree of polarisation.

As a matter of fact, the finite line width of the source does not determine the final 
(minimum) degree of polarisation along the optical fibre. But it does determine the 
length of fibre it takes the signal to reach that minimum degree of polarisation. This 
effect is shown in Fig. 7.5, where the degree of polarisation is shown as a function 
of the propagation distance along the optical fibre for three different spectral widths of 
the source. The input signal was linear polarised (at zero degrees to the optical axis).
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Figure 7.5. Degree of polarisation as a function of the propagation distance along an optical fibre 

for different spectral line widths of the source, (a) 0^=1 nm, (b) 6X=3 nm and (c) 6X=10 nm.

In the limit, when the spectral line width of the source becomes zero, the degree of 
polarisation does not degrade upon propagation and stays one. However, for all finite 
linewidths the degree of polarisation decreases to a constant value upon propagation 
along the optical fibre (if the line width is very small this might take several km). So 
for every real physical source the degree of polarisation will degrade upon 
propagation, as all physical sources have a finite line width.

The degree of polarisation shown in the graphs in Sections 7.2.4 and 7.2.6 (partial 
coherent cases) are not determined by analytical methods, but by a numerical 
approach, as it did not seem obvious how to solve the integration of the elements of 
the Mueller matrix or Stokes vector in the frequency domain. For all the cases of the 
single matrix method and a partially coherent source the simulated graphs are the 
result of numerical integration (lossless optical fibre in Section 7.2.4) or numerical
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summation (lossy optical fibre in Section 7.2.6) of the elements of the Stokes vector 
in the frequency domain.

To determine the graphs in Fig. 7.5 it was assumed that the coupling coefficient 
was frequency independent (C=15) and the differential propagation constant is given 
by

5p(v) = Px-Py+5xp(v-Vo), (7.2.10)

where - Py =3, 6 xp = 10’̂  ̂and Vo=474 THz (i.e. 632.8 nm). It is just stated here 
that the effect of changes in ôxp are equal to changes in 5v as only the product of 

these two entities is important in Eq. (7.2.10).
The effect of changes in the coupling coefficient are shown in Fig. 7.6, where the 

spectral width is taken as 5v=3 nm and the differential propagation constant is 
frequency dependent and determined by Eq. (7.2.10).
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Figure 7.6. Degree of polarisation as a function of the propagation distance along an optical fibre 

for different coupling coefficients, (a) C=1, (b) C=5 and (c) C=15.

From Fig. 7.6 it is clear that changing the coupling coefficient has two distinct 
effects. Firstly a decrease in the coupling coefficient makes the final degree of 
polarisation (for long fibre lengths) increase and secondly for decreasing C this 
constant degree of polarisation is reached more rapidly.

Certain features of the graphs in Fig. 7.6 are probably caused by the numerical 
approach used to determine the frequency integration for the elements of the Mueller
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matrix. One such example is the dip in graph (a) near a propagation distance of a 
1000 metres. Using an ordinary summation approach the results showed no such dip, 
but for consistency only the integral approach is used for the graphs in section 7.2.4.

Finally changes in the differential propagation constant are shown in Fig. 7.7, 
where again the spectral width is taken as 6v=3 nm and the coupling coefficient is 
C=5. For the results in Fig. 7.7 only the value of - py in Eq. (7.2.10) is changed, 
as changes in are already discussed (and equal changes in the spectral width 6 v).
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Figure 7.7. Degree of polarisation as a function of the propagation distance along an optical fibre 

for various differential propagation constants, (a) - Py=3, (b) p̂  - py= 6  and (c) p, - Py=12.

As in Fig. 7.6 for changes in the coupling coefficient, it is clear from Fig. 7.7 that the 
degree of polarisation is changing with changes in the differential propagation 
constant. However, an increase in P  ̂- py causes the final degree of polarisation level 
to increase as is shown in Fig. 7.7 and the level is reached for the same fibre length.

From Figs. 7.6 and 7.7 it is clear that both the coupling coefficient (C) and the 
differential propagation constant (P% - Py) determine the constant degree of 
polarisation level for long optical fibres. The constant level is not determined by 
analytical methods. However, a phenomenological approach to the simulated results 
show that the constant degree of polarisation level is given by

DoIL =
Px-Py) +4C

(7.2.11)
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Eq. (7.2.11 ) shows that the lower level of the degree of polarisation (DoIL) does not 
depend on the spectral width of the source (6 v), but only on material constants of the 
optical fibre.

In this section it is shown that for a lossless optical fibre the degree of polarisation 
can be decreased depending on the values of the coupling coefficient and the 
differential propagation constant. The spectral width of the source determines how 
rapid the final degree of polarisation (DoFL) is reached, but does not influence the 
actual level. However, a finite spectral width is necessary to make it possible for the 
degree of polarisation to decrease (if the signal consists of one spectral component the 
degree of polarisation does not change upon propagation as was discussed in Section
7.2.3). This shows that in the case of a lossless optical fibre it is possible for the 
degree of polarisation to decrease upon propagation along the optical fibre but not to 
increase its value.

7.2.5 Single M atrix Method: Lossy Coherent Case

For the lossy single matrix method the degree of polarisation is determined by similar 
methods as for the lossless optical fibre.

However, this lossy single matrix approach has one more variable than the lossless 
single matrix, i.e. a%-ay; the differential loss between the two orthogonal 
polarisations. This differential loss between the orthogonal polarisations should 
introduce the possibility to increase the degree of polarisation as a signal propagates 
along an optical fibre. In a range of graphs it is shown how the degree of polarisation 
changes upon propagation depending on the different variables, which are the input 
degree of polarisation, the coupling coefficient, the differential propagation constant 
and the differential loss. For all cases in this section the source is assumed to be 
coherent (which should give comparable results to the experimental measurements 
done with a coherent source, i.e. a HeNe laser). The lossy partial coherent case is 
discussed in Section 7.2.6, where different spectral widths of the input signal are 
taken into account.

The Mueller matrix describing a lossy optical fibre and a coherent (monochromatic) 
signal is given by Eq. (7.1.30). Again the degree of polarisation is determined by the 
elements of the Stokes vector, which are in turn determined by the input Stokes 
vector and the Mueller matrix of the lossy optical fibre (see discussion about 
Stokes/Mueller calculus in Section 5.1.3).

Using the theory developed in Section 7.1.4, simulated results for a lossy optical 
fibre and a coherent source can be found in Fig. 7.8, where the input degree of 
polarisation is taken as 0, 0.5 and 1. The other variables of the elements of the
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Mueller matrix are taken as C=5, - py =3 and - tty =0.05.
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Figure 7.8. Degree of polarisation as a function of the propagation distance along a lossy optical 

fibre for different input degrees of polarisation, (a) DoP=1.0, (b) DoI^O.5 and (c) DoP=0.

In Fig. 7.8 the input signal is linear polarised at zero degrees to the optical axis and 
the graphs show that independent of the input degree of polarisation the output degree 
of polarisation for long propagation lengths is equal to one. It should be mentioned 
that these results are similar to the simulated results from the mode coupling centre 
model (see Section 7.2.2), so both models result in similar simulated results.

It remains to be seen how the degree of polarisation depends on the other variables, 
which are, respectively the coupling coefficient (C), the differential propagation 
constant - py) and the differential loss (a^ -ay).

Simulated results show that the degree of polarisation does depend on all three 
variables in a particular way, but a phenomenological approach shows that all three 
variables are inter-linked and the simulated results depend on a combination of C, 
P̂  - py and a^ - Œy. This particular combination will be called the form factor Y, 
which is given by

(p .-p ,)(« .-« ,)■
(7.2.12)

The form factor Y is an indication for the general form of the graph, so for equal 
values of 'F the graphs have similar forms. However, changes in the separate
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variables do produce changes in the graphs (even if Y is kept constant), which is 
discussed at a later stage.

In Fig. 7.9 it is shown how the degree of polarisation changes along a lossy optical 
fibre depending on Y, where P, - py=3 and - tty =0.05 for all the graphs in Fig. 
7.9 and the coupling coefficient is taken as C=l, C=5 and C=15 for graphs (a), (b) 
and (c) respectively. The input degree of polarisation is zero (i.e. random 
polarisation).
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Figure 7.9. Degree of polarisation as a function of the propagation distance along a lossy optical 

fibre for different form factors, (a) Y=6.67, (b) 'F=33.33 and (c) Y=100.

From Fig. 7.9 and Eq. (7.2.12) it is clear that if the coupling coefficient is increased 
the degree of polarisation along the fibre takes a longer propagation distance to reach 
the final value of one. For both the differential propagation constant and the 
differential loss it is the other way round, if these are increased perfect polarisation 
(i.e. a degree of polarisation equal to one) is reached for shorter propagation 
distances.

However, to show that Y is only an indication for the general form of the 
simulated graphs additional graphs are shown in Fig. 7.10, where the same values 
for Y are used. But for the results of Fig. 7.10 the following constants were used for 
all three graphs: -py=0.03, tty =0.05 and for the separate graphs the
following coupling coefficients were used: (a) C=0.01, (b) C=0.05 and (c) C=0.15. 
For these values the form factor for the graphs in Figs. 7.9 and 7.10 are equal. Again 
it is assumed that the input signal is randomly polarised (i.e. the degree of
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7.2 Degree of Polarisation in Optical Fibres

polarisation at the input of the optical fibre is equal to zero).
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Figure 7.10. Degree of polarisation as a function of the propagation distance along a lossy optical 

fibre for different form factors, (a) Y=6.67, (b) Y=33.33 and (c) Y=100.

In Fig. 7.10 it can be seen that the graphs do not have to be as smooth as those in 
Fig. 7.9. But the general form for equal 'F is similar, so the form factor gives useful 
information about the degree of polarisation of a signal propagating along an optical 
fibre. As a matter of fact the smooth curves in Fig. 7.9 are the lower limit of the 
envelope of the curves in Fig. 7.10, so in Fig. 7.10 the sinusoidal oscillation of the 
graphs "sits" on top of the smooth graphs of Fig. 7.9.

7.2.6 Single Matrix Method: Lossy Partial Coherent Case

As was done in Section 7.2.4 for the lossless single matrix approach, it is possible to 
describe the partial coherent case for the lossy single matrix approach. However, 
instead of integrating the elements of the Stokes vector in the firequency domain (see 
Section 7.2.4) the finite linewidth of the source in the lossy optical fibre case is 
introduced by summation of the elements of the Stokes vector in the frequency 
domain. It is assumed that the finite linewidth of the source is divided into spectral 
components for which the Stokes vector along the optical fibre is determined, then the 
separate elements are summed for each fi-equency component resulting in the Stokes 
vector for a partial coherent signal.

Using the summation approach for the Stokes vector some simulated results can be
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found in Fig. 7.11, where the spectral width varies for the different curves.
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Figure 7.11. Degree of polarisation as a function of the propagation distance along a lossy optical 

fibre for different spectral widths of the source, (a) ôX=l nm, (b) 0X=3 nm and (c) 5X=10 nm.

For the lossy partial coherent approach used to produce the results for Fig. 7.11 it is 
assumed that both the differential propagation constant and the differential loss are 
frequency dependent In this case the differential propagation constant is given by

8 P(v) = 0.5(p, - py)+ 8 xp(v - Vo) 

and the differential loss is determined by

8 a(v) = 0.25(a^ - tty ) + ôx„(v - Vq).

(7.2.13)

(7.2.14)

For the resulting curves in Fig. 7.11 the following constant values where used: 
C=15, P ,-P ,=3. a , -«,=0.05. 5tp = 10 *̂  and5t„ =-5 10 *'*.

The different graphs in Fig. 7.11 show that the constant level for the degree of 
polarisation reached upon propagation depends on the spectral width of the source. If 
the spectral width is increased the constant level for the degree of polarisation is 
decreased. So a coherent signal will result in a high (equal to one) degree of 
polarisation and an incoherent signal in a low (equal to zero) degree of polarisation. 
Because the graphs resulted from numerical summation (integration) it is not clear
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7.2 Degree of Polarisation in Optical Fibres

what exactly determines the constant level of the degree of polarisation and even a 
phenomenological approach with respect to the simulated results does not give a 
clearer picture. However, it is possible to produce a plot of the degree of polarisation 
versus the linewidth of the source, where it is assumed that the optical fibre is long 
(z=1 0 0 0 0 0 ) and the input signal is randomly polarised (the other variables are as were 
used for Fig. 7.11). The results of this degree of polarisation dependence on the 
linewidth of the source is shown in Fig. 7.12.
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I 0.4 -

0.2 -

0.0
0.0 2.0 4.0 6.0 8.0 10.0 12.0

Linewidth (nm)
Figure 7.12. Degree of polarisation as a function of the linewidth of the source.

As is shown in Fig. 7.12 the degree of polarisation is a decreasing function of the 
linewidth of the source. For a coherent source the degree of polarisation is equal to 
one and for an incoherent source the degree of polarisation tends to zero.

The numerical results shown in Figs. 7.11 and 7.12 do depend on the other 
variables, so depending on the kind of optical fibre the graph showing the 
dependence of the degree of polarisation on the linewidth of the source might differ 
and the dependence of the degree of polarisation on the linewidth of the source might 
not be as simple as depicted in Fig.7.12.

As an example simulated results for different variable values are shown in Fig. 
7.13. The graphs of Fig. 7.13 might be directly compared to those of Fig. 7.11. In 
Fig. 7.13 the input degree of polarisation is assumed to be equal to one and the three 
curves show the propagation of the degree of polarisation for equal linewidths as in 
Fig. 7.11. The difference between the Figs. 7.11 and 7.13 can be found in the values 
for the coupling coefficient, differential propagation constant and differential loss.
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For Fig. 7 . 1 3  these values are chosen as: C = 0 . 0 7 5 ,  - | 3 y = 0 . 0 3 ,  a* -  a ,  = 0 . 0 5 .
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Figure 7.13. Degree of polarisation as a function of the propagation distance along a lossy optical 

fibre for different spectral widths of the source, (a) 6%=1 nm, (b) 5X=3 nm and (c) 6^=10 nm.

For comparison with Fig. 7.12 the degree of polarisation is given as a function of 
linewidth in Fig. 7.14 (for the same case as depicted in Fig. 7.13 for a propagation 
distance of 1 0 0 0 0 0  m).
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Figure 7.14. Degree of polarisation as a function of the linewidth of the source.
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7.3 Discussion

As can be seen by comparing Figs. 7.11 and 7.13 (and Figs. 7.12 and 7.14) a 
change in the variables can result in dramatic changes in the resulting propagation of 
the degree of polarisation.

7.3 DISCUSSION

The opening statements of this chapter showed that for a coherent signal the degree of 
polarisation does become equal to one upon propagation along an optical fibre. If the 
source was incoherent the degree of polarisation does become equal to zero upon 
propagation. For both cases the results are independent of the degree of polarisation 
at the input of the optical fibre. It is a fair assumption that for a partial coherent signal 
the resulting degree of polarisation upon propagation has a value between zero (i.e. 
incoherent case) and one (i.e. coherent case).

In Sections 7.1 and 7.2 different approaches were used to determine how the 
degree of polarisation developed upon propagation along an optical fibre.

A method based on the variance of the intensity of the orthogonal components of 
the electro-magnetic field (Section 7.2.1) showed that the propagation of the degree 
of polarisation depends on the coherence length of the source. However, there are a 
few disadvantages about this approach which include the possibility that the degree of 
polarisation becomes larger than one. Also, it is not clear how to incorporate 
randomly polarised signals in this approach. This method was only slightly examined 
and is discussed because it seems closely related to scattering and atmospheric 
propagation results as those are commonly based on the intensity variance of the 
signal.

Both the single matrix method (Sections 7.1.3,4 and 7.2.3-6) and the mode 
coupling centre approach (Sections 7.1.2 and 7.2.2) are based on coupled 
(polarisation) mode equations and use Mueller matrices to describe the optical fibre. 
However, the single matrix method is based on a continuous coupling process in the 
optical fibre and the mode coupling centre method on discrete random coupling at 
distinct places (the mode coupling centra) along the optical fibre.

The general results from both matrix methods are similar and show that the 
propagation of the degree of polarisation along an optical fibre depend on the 
coherence length of the source and on certain variables determined by the optical 
fibre. The discrete approach of the mode coupling centre method had to be averaged 
to give useful simulated results. It seems that this averaging process has the effect of 
making the process more continuous, because only the averaged results of the mode 
coupling centre model are comparable with the single matrix approach (which
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describes a continuous process).
The results shown in Fig. 7.12 depicting the dependence of the degree of 

polarisation on the linewidth of the source for a long fibre confirm the discussion 
given at the beginning of the chapter (and this section) with respect to the coherent 
and incoherent case which are both limiting cases of the partial coherent case. 
However, as shown in Fig. 7.14, it is also possible to get a less straightforward 
result, which shows that it is not always viable to use the degree of polarisation to 
determine the linewidth of the source as more than one linewidth results in an equal 
value for the degree of polarisation.

For the simulated results it was assumed that the differential propagation constant 
and the differential loss were both linear functions of the spectral width of the input 
signal. However, this assumption might only be a first order approximation of the 
problem with the real dependence described by higher order functions. Incorporation 
of such dependence might give further useful insight in both the coupling process and 
the propagation of the degree of polarisation in optical fibres.

Another useful addition to the theoretical description of the propagation of the 
degree of polarisation would be the incorporation of non-linear field effects in the 
fibre, which would describe a more general case than the one treated in this thesis.

In addition to the mentioned tlieoretical work, experimental work for different 
optical fibres would give extra information which could be used for further 
development of the tlieory. Simpler experimental situations might be created if less 
modes would propagate in the optical fibre, this would also simplify the theoretical 
picture. On the other hand, the use of multi-mode fibres would automatically give the 
opportunity to incorporate statistical methods.
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8
Experimental Verification

The theoretical single matrix description of the propagation of the degree of
fih r t-

polarisation in an optical given in Chapter 7 is tested experimentally in this chapter.
As discussed in Part 1 it is possible to determine the degree of polarisation by 

various methods. In the first section of this chapter a short discussion is given about 
the possibility to use the theoretical correlation and Stokes vector description to realise 
a set up to measure the degree of polarisation. A rigorous treatment of polarisation 
modulation with a Michelson interferometer is given in Section 8.2.

Some of the various methods to measure the degree of polarisation discussed in 
Sections 8.1 and 8.2 are used in Section 8.3. The Michelson interferometer and the 
Stokes vector approach are used to determine the propagation of the degree of 
polarisation along different optical fibres for changing circumstances (like the input 
degree of polarisation, number of propagating modes and the coherence length of the 
source).

At the end of this chapter a short discussion is given (Section 8.4) where the 
experimental (Section 8.3) and theoretical (Section 7.2) results are compared

8.1 METHODS TO DETERMINE THE DEGREE OF POLARISATION

The degree of polarisation along an optical fibre is given by the maximum of the 
second order degree of coherence (see Section 5.1) or alternatively it is possible to 
use the elements of the Stokes vector to determine the degree of polarisation (see 
Section 5.1.3).

The Stokes vector approach is discussed in Section 8.1.1 and correlation based set 
ups are shown in Sections 8 .1.2-4.

8 .1.1 Stokes Vector Approach

The degree of polarisation is directly determined by the four elements of the Stokes 
vector (see Eq. (5.1.26)). So measuring the propagation of the degree of polarisation 
along an optical fibre is equivalent to measuring the Stokes vector along the fibre. The 
elements of the Stokes vector are determined by six intensity measurements, using a
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different filter for each measurement (see Eq. (5.1.25) and Table 5.1). A possible set 
up to determine the degree of polarisation according this Stokes vector approach is 
shown in Fig. 8.1.

Figure 8.1. Set up to determine the degree of polarisation along an optical fibre according to the 

Stokes vector approach, where 20x is a microscope objective and F is the appropriate filter 

combination (see Table 5.1).

This shows that the degree of polarisation of the electro-magnetic field at the output of 
the optical fibre is determined by six intensity measurements.

However, the degree of polarisation is determined for the whole field at the output 
of the fibre (assuming the total field is captured by the detector surface. To determine 
the degree of polarisation for specific mode patterns an iris is used in between the 
microscope objective and the detector which makes it possible to select specific parts 
of the electro-magnetic field at the output of the fibre. This method to measure the 
degree of polarisation for specific modes is applied in Section 8.3.4.

8.1.2 Michelson Interferom eter

The degree of polarisation is a measure for the correlation between the orthogonal 
components of the electro-magnetic field depending on the orientation of the two 
components with respect to the optical axis (see Section 5.1). So the fringe visibility 
(see Section 4.3.3 for a definition of the fringe visibility) in an interference 
experiment comprising the two orthogonal components would be a measure for the 
degree of polarisation of the field. However, as is well known (see Sections 5.2.1 
and 5 .2 .2 ) the orthogonal components of the electro-magnetic field do not interfere 
and correlation gives a fiinge visibility equal to zero.

The correlation and the fringe visibility for the two orthogonal components is 
determined by rotating one of the two components over a tc/ 2  angle, this aligns the 
two components and when correlated a fringe pattern is shown in an interference 
experiment. Depending on the kind of information wanted different interferometers 
could be used to produce such a rotation of one of the components and an interference 
pattern from which the degree of polarisation is determined. In the remainder of
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8.1 Methods to Determine the Degree of Polarisation

Section 8 .1 some different ways to correlate the two orthogonal components of the 
electro-magnetic field are discussed.

In Fig. 8.2 a Michelson interferometer set up is shown where one of the orthogonal 
components of the electro-magnetic field is rotated.

Polariser

Interference 
Pattern

Muror 1

A/4 Plate Mirror 2

Beamsplitter

Figure 8.2. Michelson interferometer set up to determine the degree of polarisation, where the two 

orthogonal components of the electro-magnetic field are correlated.

In the Michelson interferometer set up shown in Fig. 8.2 the amplitude splitting and 
recombination is accomplished by a non-polarising beam splitter. The rotation of one 
of the orthogonal components is accomplished by a quarter wavelength plate which 
acts as a half wavelength plate because the field transfers through the plate twice. The 
quarter wavelength plate is orientated at 7t/ 4  to the optical axis, but for the return 
signal (from the mirror) this angle is seen as -tc/4 to the optical axis. The total system 
of quarter wavelength plate and mirror act as a half wavelength plate. So the first arm 
of the Michelson does not influence the field passing through it and the second arm 
will act as a half wavelength plate orientated at Jt/4 to the optical axis. When the 
recombined fields from both arms pass through the polariser this selects two original 
orthogonal components if the polariser is placed parallel or orthogonal to the optical 
axis. The degree of polarisation is determined by measuring the fringe visibility of the 
interference pattern.

However, the set up shown in Fig. 8.2 has a few disadvantages. If the incoming 
field is orthogonal or parallel polarised with respect to the polariser (and the optical 
axis), then the field is blocked in either of the two arms of the interferometer. 
Solutions to this problem are discussed in Section 8.2, where the dependence of the
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Michelson interferometer on the input polarisation is determined and a polarisation 
modulation technique is suggested.

8.1.3 Optical Fibre Interferometer

The method discussed in Section 8.1.2 is based on the amplitude division of the 
electro-magnetic field. In this section an example of wavefront splitting is discussed.

Instead of reviewing Young's experiment (where a single half wavelength plate 
behind one of the pinholes would induce the necessary rotation of one of the 
orthogonal components when orthogonal polarisers are situated in front of both 
pinholes) a similar fibre interferometer set up is discussed.

The electro-magnetic field is coupled into two optical fibres by lenses (or optical 
telescopes) as shown in Fig. 8.3.

Polariser Lens

Z ( E . + E , )

V 2  Plate

X y

Directiona] Integrator

Polariser Lens

Figure 8.3. Wavefront division set up using optical fibres to determine the degree of polarisation 

of an electro-magnetic field.

The selection of the two orthogonal components of the electro-magnetic field is in 
Fig. 8.3 accomplished by polarisers and a half wavelength plate (assuming 
polarisation preserving fibres). An alternative being just using two orthogonal 
polarisers before launching into the optical fibres.

The correlation of the two orthogonal components of the electro-magnetic field (E^ 
and By) is produced in the directional coupler (E^ + Ey).  Integrating the resulting 
field over time by introducing N different path lengths in the integrator (in Fig. 8.3 
three different path lengths are shown) gives a time average of the field consisting of 
the two orthogonal components (see for a comparable discussion Young's experiment 
in Section 4.3.4).
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Using a detector the intensity of this time averaged field is determined by

i = I ( e , + e , ) X ( e ; + e ; ) .  (8 . 1 . 1 )

In the limit (N to infinity) Eq. (8.1.1) is rewritten as (see Section 5.1)

1  = + Jyy + + Jŷ . (8 . ^ 2 )

Eq. (8.1.2) gives the elements of the coherency matrix from which the degree of 
polarisation can be determined (see Eq. (5.1.19) in Section 5.1.2). The separate 
elements of the coherency matrix are determined by blocking either of the two 
orthogonal input fields.

8.1.4 Intensity Correlation

As discussed in Section 4.3.5 it is also possible to determine the second order degree 
of coherence by using intensity correlation techniques. This means that it is also 
possible to measure the degree of polarisation by using an intensity interferometer.

To determine the temporal aspects of the degree of polarisation it is possible to use 
a set up similar to the one shown in Fig. 4.5. The difference being the essential use of 
a polarising beam splitter instead of a normal one. This means that the two detectors 
receive orthogonal components of the electro-magnetic field and the normalised 
correlation gives the degree of polarisation.

The spatial aspects of the degree of polarisation are determined using a set up 
similar to that shown in Fig. 4.6. To accomplish correlation between orthogonal 
components two orthogonal polarisers are respectively placed in front of the two 
detectors. Again the normalised correlation is equal to the degree of polarisation.

However, both the intensity correlation set ups discussed above have the 
disadvantage that the results depend on the input polarisation. If for instance the 
polarisation of the input signal is parallel to one of the selected orthogonal polarisation 
directions the intensity at one of the detectors is equal to zero and the resulting degree 
of polarisation is equal to zero although it actually is equal to one. This shows that the 
degree of polarisation is equal to the degree of coherence depending on the orientation 
of the orthogonal components (see Section 5.1). As mentioned in Section 8.1.2 this 
dependence of the degree of polarisation on the orientation of the polarisation of the 
input signal are discussed in Section 8.2. The polarisation modulation methods 
discussed in Section 8.2 are directly applicable to the intensity correlation set up for

115



8 Experimental Verification

measuring the temporal aspects of the degree of polarisation. The determination of the 
spatial aspects of the degree of polarisation by using an intensity interferometer are in 
principle similar to the polarisation modulation method for the Michelson set up as 
long as it is taken into account that the fields in front of both detectors has to be 
modulated simultaneous. Further discussion about this subject can be found in 
Section 8.2.

8.2 THE MICHELSON INTERFEROMETER REVISITED

The degree of polarisation is equal to the maximum of the degree of coherence 
depending on the orientation of the selected set of orthogonal axis. So in a correlation 
set up it is not enough to select two orthogonal components of the electro-magnetic 
field for correlation, but the selected axis should give the maximum normalised 
correlation (see discussions in Sections 5.1 and 8.1).

In the first part of this section a short discussion is given about the validity to 
determine the degree of polarisation by the Michelson interferometer discussed in 
Section 8.1.2.

A solution to determine the degree of polarisation with the Michelson interferometer 
(see Fig. 8.2) is given in Section 8.2.2, where a polarisation modulation method is 
developed which actually makes it possible to determine the polarisation of the input 
signal.

8.2.1 Dependence on Input Polarisation

The individual components of the Michelson interferometer (see Fig. 8.2) are 
described by Mueller matrices [233] and for both arms of the interferometer the 
transfer matrix is determined by multiplying the individual matrices in reverse order 
(see Eq.5.1.28).

Up to the polariser at the output the sequence of optical elements in arm one is 
given by

OS  ̂= BSy => M =» BS( (8.2.1a)

and in arm two the optical sequence is

OSz=BS. =>A,/4=>M =»X/4=>BS„ (8.2.1b)

where BS: beam splitter, M: mirror, X/4: quarter wavelength plate and the indices r
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and t respectively stand for reflection and transmission. The Mueller matrices 
describing the transformation given by these two optical sequences are

TMi =

"1 0 0 O'

0 1 0 0

0 0 1 0

0 0 0 1

(8.2.2a)

and

TM, =

"1 0 0 O '

0 - 1 0 0

0 0 1 0

0 0 0 - 1

(8.2.2b)

Incorporating the polariser and assuming a general input Stokes vector (see Section
5.1.3) the Stokes vectors in the output plane coming from both arms of the 
interferometer are determined by

Si =

1 - 1 0 O' ' 1 0 0 O' "So" ' S o - S i  '

- 1 1 0 0 0 1 0 0 Si - S o + S i

0 0 0 0 0 0 1 0 S% 0

0 0 0 0 0 0 0 1 . S 3 . 0

(8.2.3a)

and

S, =

' 1 - 1 0 O' 1 0 0 O' ' So ' ' S o + S i '

- 1 1 0 0 0 - 1 0 0 Si -So -  Si

0 0 0 0 0 0 1 0 S2 0

0 0 0 0 0 0 0 - 1 -S3 . 0

(8.2.3b)

Using the definition of the Stokes vector (Eq. (5.1.21)) it is clear that the part of 
the electro-magnetic field is transmitted by arm one and the polariser (using Eq. 
(8.2.3a)) and the part of the electro-magnetic field by arm two and the polariser 
(using Eq. (8.2.3b)). These two fields are now in the same plane and the resulting 
field is given by

.iAu, =u^+Uye“ ,
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where A is the phase difference between the fields in both arms (see also Section
4.3.3). The intensity distribution of the resulting interference pattern is determined by

I. = +2Re(j.,e“ ). (8.2.5)

where a similar approach as in Section 4.3.3 and definitions from Section 5.1.2 are 
used. The fringe visibility (Eq. (4.3.12)) of the interference pattern given by Eq. 
(8.2.5) is

(8.2.6)

Comparing the result of Eq. (8.2.6) with the definition of the degree of polarisation 
(Eq. (5.1.19) it can be shown that Eq. (8.2.6) only gives the degree of polarisation 
when the intensity in both the and Uy fields is equal. This implies that the 
Michelson interferometer set up shown in Fig. 8.2 only determines the degree of 
polarisation correctly if the polarised part of the electro-magnetic field is at an angle of 
±7t/4 to the optical axis. In all other situations the visibility (and the degree of 
polarisation) is degraded by unequal amounts of intensity in both orthogonal 
components of the electro-magnetic field (see Section 5.2).

8.2.2 Polarisation Modulation

In the previous section it was shown that a Michelson interferometer measures the 
degree of polarisation only when the input signal is polarised at certain angles. To 
measure the degree of polarisation with a Michelson set up for all kinds of input 
polarisation a polarisation modulation technique is used. Such a modulation scheme is 
shown in Fig. 8.4. In the set up shown in Fig. 8.4 the quarter wavelength plate in 
arm one of the Michelson interferometer is at an angle of Jc/2 which means that it has 
no influence one the polarisation transmitted by the polariser (also at %12 to the optical 
axis). However, the quarter wavelength plate in arm two of the interferometer causes 
a rotation of the field with respect to the signal transmitted by the polariser (see 
Section 8.2.1). The polariser transmits two components which were orthogonal in the 
input field and the interference pattern determines the correlation between these two 
components.

So far the set up discussed is equal to the one shown in Fig. 8.2 which was 
discussed in Section 8.2.1. The polarisation modulation is caused by the rotation of 
the half wavelength plate at the input plane of the Michelson interferometer set up.
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Interference Pattern
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Path 1
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\
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Mirror 2

4
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Figure 8.4. Schematic set up of a Michelson interferometer using a polarisation modulation 

technique to determine the degree of polarisation, where NPBS: non polarising beam splitter, P: 

polariser, A/4 Plate: quarter wavelength plate and A/2 Plate: half wavelength plate.

The rotation of the half wavelength plate is rotating the input field at twice the speed 
which causes the fringe visibility to change at the same rate. The maximum value for 
the fringe visibility is now equal to the degree of polarisation.

Mathematically this is demonstrated by a similar approach as used in Section 8.2.1 
by taking the Mueller matrix of the rotating half wavelength plate [233] into account. 
The transfer Mueller matrices for both arms of the Michelson interferometer for this 
case are

TM, =

1 4 - c : 0

-1 c ^ - s : 2 C2S2 0

0 0 0 0

0 0 0 0

(8.2.7a)

and

TMj =

1 4 - 4 2 C2 S2 0

-1 4 - 4 -2 C2 S2 0

0 0 0 0

0 0 0 0

(8.2.7b)

119



8 Experimental Verification

using the abbreviations Cj = cos20 and Sj = sin20, where 0 is the angle between the 
fast axis of the half wavelength plate and the optical axis. Relating the output Stokes 
vector to a general input Stokes vector gives for both arms of the interferometer the 
output Stokes vectors are given by

Si =

2s2(u^) + 2c2(uy) - 2c2S2(2u^UyCos5) 

■(2s (̂“ x) + 2CjSj(2u,u,cos8))
0 
0

(8.2.8a)

and

8 2  =

+ 2c2Sj(2u,u,cos5) 

+2s^(uJ) + 2CjSj(2u.u,cosS)) 
0 
0

(8.2.8b)

In Eqs. (8.2.8) Ô is the phase difference between the two orthogonal components of 
the input Stokes vector. The fields at the output of the interferometer are determined 
by the Stokes vectors and these two fields from both arms are added to give an 
interference pattern which is described by the following equation:

I, = ( “ , 1  + “ ,2e“ )(u;, + u ; j e “ ) = + J,2y2 +2Re(j,i,2e'^). (8.2.9)

In Eq. (8.2.9) Uyj and Uy2 are the fields from both arms of the interferometer and are 
determined by the first element of the Stokes vector given by respectively Eq. 
(8.2.8a) and (8.2.8b). The term A in the above equation depicts the phase difference 
caused by the path length difference in both arms of the interferometer. The fringe 
visibility is given by Eq. (8.2.6) and after substituting the Uyj and Uy2  fields (and 
some elementary mathematics) this results in

V =
_ 2^((s2“ . -C2“ ,e‘* f )((c2U, +S2U,e''f ̂

K )  + ("y)
(8.2. 10)

which depends on the rotation angle of the half wavelength plate. The precise 
dependence is determined by the extrema of Eq. (8.2.10). Assuming that the electro-
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magnetic field at the input is normalised (i.e. (uJ) + ̂ Uŷ  = l) the extrema of the 
fringe visibility are equal to those of the sqrt-term in Eq. (8.2.10) of which the 
derivative with respect to 0 is given by

^ ( ( s 2 « .  -C 2U ,e“ )(sjU , -C 2 U ,e ‘')(c2 U . +S2U ,e“ )(c2U. + S 2 U ,e “‘))

=  (s2U. -C jU ,e ®)(cjU . + S jU ,e“ )^(cjU. +S2U ,e“ ) 

+(s2«. -C2U,e“*)(cjU, +S2U,e*)(cjU, +SjU,e“ )̂  

-(s2U. -C2U ,e*)^(sjU . -C jU ,e® )(c jU . + S jU ,e ‘' )  

-(s2U, - CjU^e^XsjU, - CjU,e‘®f (c^u, + SjU,e“ ) 

= ((4 +e®))x

((4  - C2)“x“,(e“ + e'")+2% (u^ - uj)). (8.2.11)

The extrema of the fringe visibility are found by equating Eq. (8.2.11) to zero which 
results in

(c2  - S 2 )(u J  - u j )  +  4 Cj S2U,U,COs8  =  0 (8.2.12a)

or

2(s2 - Cj )u^UyCos0 + 2cjS2 (u  ̂- Uy ) = 0 . (8.2.12b)

Eqs. (8.2.12) show how the extrema of the fringe visibility depend on the rotation 
angle of the half wavelength plate. The dependence of the fringe visibility is now 
checked for a range of distinct input polarisations.

Case 1; Linear polarised light. The Stokes vector of a linear polarised signal is 
given by [233]

Slp =

1
cos (̂p - sin (̂p 
2cos(psin(p 

0

(8.2.13)

where (p is the angle of polarisation with respect to the optical axis. Substituting the 
elements of the Stokes vector for linear polarised light given by Eq. (8.2.13) in Eqs.
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(8.2.12) determines the extrema of the fringe visibility. After some trigonometry the 
extrema of the fringe visibility depending on the angle of rotation of the half 
wavelength plate are determined by

2 4V 2 ;  2 4
(8.2.14)

where k is an integer. Substituting these extrema in Eq. (8.2.10) the fringe visibility 
has a maximum of one and a minimum equal to zero. So this polarisation modulation 
method is modulating the fringe visibility for a linear polarised signal between the 
values of zero and one (depending on the position of the half wavelength plate).

Case 2; Circular polarised light For a circular polarised signal the Stokes vector is 
determined by [233]

Scp =

1 ■ 
0 
0 
±1

(8.2.15)

Looking at Eqs. (8.2.12) it is clear that there are no extrema (the second and third 
element of the input Stokes vector are zero) which means that the fringe visibility is 
constant while modulating the input signal. This fringe visibility for a circular 
polarised signal is constant and equal to one (as (u^) = = 1 /  2).

Case 3; Elliptical polarised light. As is well known, an elliptical polarised signal 
can be divided in a combination of circular and linear polarised light. In case 1 and 2 
it has been shown that the fringe visibility for circular and linear polarised light are 
respectively constant and vary between zero and one when the input signal is 
modulated. So for elliptical polarisation the fringe visibility varies with 6  between one 
and a certain constant value. This constant value determines the amounts (i.e. ratio) of 
circular and linear polarised light which make up the elliptical polarisation.

Case 4; Randomly polarised light. The Stokes vector for a randomly polarised (or 
unpolarised) signal is given by [233]

Su„p = (8.2.16)

Using Eqs. (8.2.12) it shows that for a randomly polarised input signal there are no
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extreme values for the fringe visibility which means, that the interference pattern is 
stationary during modulation of a randomly polarised input signal. However, in this 
case the fringe visibility is constant but also equal to zero (due to the randomness of 
the unpolarised signal).

Case 5; Partially polarised light. A combination of unpolarised and polarised light 
gives partially polarised light This gives three possible situations.

Case 5a; Partially linear polarised light. The lower value of the fringe visibility of 
the interference pattern for linear polarised light is zero. Because the fringe visibility 
for randomly polarised light is zero, the lower value for partially linear polarised light 
is zero as well. The upper limit for the fringe visibility is a constant which value is 
determined by the amounts of unpolarised and linear polarised light which make up 
the partially linear polarised signal.

Case 5b; Partially circular polarised light. The fringe visibility for circular and 
randomly polarised light were respectively one and zero independent of the angle of 
the modulating half wavelength plate. The resulting fringe visibility for partially 
circular polarised light is also constant when modulated. The actual value of the 
resulting fringe visibility depends on the amounts of unpolarised and circular 
polarised light which form the partially circular polarised signal.

Case 5c; Partially elliptical polarised light. For this case the lower limit of the 
fringe visibility is a constant which value is determined by the amounts of polarised 
and unpolarised light and the ellipticity of the polarised component of the partially 
elliptical polarised light (which is determined by the amounts of linear and circular 
polarised light). The upper limit of the fringe visibility is also a constant value which 
is determined by the amounts of elliptical polarised and unpolarised light.

The results for the various cases discussed above are summarised in Table 8.1.

Linear Circular EUipt. Random Part.
Linear

Part.
Circ.

Part.
Ellipt

1
>

1
1

Zero

One

Const.

One

Zero

Const.

Const.

Const.

Î
CO

One Zero Const.

Table 8.1. Variation of the fringe visibility resulting from a Michelson interferometer with a 

polarisation modulation technique for differently polarised input signals.
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The summerised results in Table 8.1 show how the fringe visibility varies with the 
input polarisation when a polarisation modulation technique is used For each specific 
input polarisation the degree of polarisation is given as the maximum value of the 
fringe visibility and Table 8.1 shows the expected results. However, if the full 
dependence of the fringe visibility on 0 is known, not only the degree of polarisation 
but also the particular kind (state) of polarisation is determined. So it is possible to 
use this polarisation modulation technique to determine the degree of polarisation of a 
certain signal.

8.3 EXPERIMENTAL SET UPS AND RESULTS

In this section a series of experimental set ups and results are discussed which are 
based on the methods discussed in Sections 8.1 and 8.2 to determine the degree of 
polarisation along an optical fibre.

A Michelson interferometer without polarisation modulation (see Section 8.1.2) is 
used to determine the propagation of the degree of polarisation along a multi-mode 
fibre. The actual set up and the experimental results are shown in Section 8.3.1.

The remaining measurements in this section all refer to propagation of the degree of 
polarisation in a few-mode optical fibres. What is meant with the few-mode case is 
discussed in Section 8.3.2, where the expected number of propagating polarisation 
modes is determined.

The measurement of the degree of polarisation along a few-mode fibre for a 
coherent and partially coherent source are respectively discussed in Sections 8.3.3 
and 8.3.4.

8.3.1 Michelson Interferometer: Multi-Mode Coherent Case

As a multi-mode optical fibre the Newport F-MLD fibre was used. The coherent 
source was a randomly polarised HeNe laser (NEC, ImW). The total set up is shown 
in Fig. 8.5 which is similar to the schematic set up of the polarisation modulation set 
up shown in Fig. 8.4 except for the modulating half wavelength plate. The set up 
used to determine the propagation of the degree of polarisation in a multi-mode fibre 
is therefore equal to the one shown in Fig. 8.2 which would indicate that it is not 
known if the correct degree of polarisation is determined by measuring the fringe 
visibility. However, because a multi-mode fibre is used it is assumed that instead of 
the precise degree of polarisation of a single mode the average degree of polarisation 
in the modal domain is determined as many modes contribute to the interference 
pattern. As a matter of fact the resulting output of the multi-mode fibre from a
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coherent laser source is expected to be a speckle pattern instead of a distinct mode 
pattern. So in the set up shown in Fig. 8.5 the measured interference pattern is the 
result of correlating two orthogonal polarised speckle patterns.

V 4-

HeNe Laser I 45x I-u
Fibre

63xk"

•M,

BS

Plotter D

V4 Mj

Figure 8.5. Michelson interferometer set up to determine the propagation of the degree of 

polarisation along a multi-mode fibre with a coherent source, where P: polariser, k/4: quarter 

wavelength plate, D: moveable pinhole detector, M, and M :̂ mirrors and BS: beam splitter.

The moveable pinhole detector (D) shown in Fig. 8.5 makes it possible to scan 
certain parts of the interference pattern. The results measured with the set up depicted 
in Fig. 8.5 are shown in Fig. 8.6.
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Figure 8.6. Fringe visibility versus the propagation distance in a multi-mode fibre, where the dots 

represent measured values and the boxed dots the average values of the measured fringe visibility.
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It should be pointed out that in Fig. 8.6 the fringe visibility is given as a function of 
the propagation distance in the optical fibre and not the degree of polarisation. The 
non -  measurement of the degree of polarisation is obvious from the measurement at 
no propagation distance (i.e. zero propagation distance) where the fringe visibility is 
not equal to one as expected for a perfectly polarised signal. This discrepancy at zero 
propagation length is caused by the orientation of the polariser at the input side of the 
optical fibre. If this had been at an angle of Jt/4 (45 degrees) the fringe visibility 
would have been equal to one. However, for the measurements the angle of the 
polariser was close to tc/5 (35 degrees) which degrades the fringe visibility as the 
intensities in the orthogonal fields are not equal (see Section 5.2). For a finite 
propagation distance along the optical fibre the fringe visibility is decreased to 
roughly a value of 0.6 ±0.1. This decrease in the fringe visibility might have more 
than one reason. The spread of the fringe visibility measurements at distinct 
propagation distances is explained by the fact that the number of contributing modes 
depends on position and time. The almost constant average value for each 
propagation distance is explained by the averaging process caused by the modes in 
the optical fibre. For each measured fringe visibility a large number of modes were 
present each contributing depending on the local orientation of the polarisation, 
resulting in an average fringe visibility equal to 0.60 ± 0.05. This is in agreement 
with the theoretical average value of fringe visibility which is 0.64 (the average of the 
function 2sin0cos0 over half a cycle, where 0 is the orientation angle of the 
polariser). So the resulting values of the fringe visibility are caused by the averaging 
process over the modes in the multi-mode fibre and the dependence of the Michelson 
on the angle 0 of the input polarisation. This shows as expected (see Section 8.2.1) 
that the fringe visibility measured by the set up shown in Fig. 8.5 does not determine 
the right value for the degree of polarisation.

To avoid the wrong determination of the degree of polarisation two distinctions are 
made for the remainder of the experiments discussed in this section. The averaging 
problem caused by the number of modes is avoided by using a "few-mode" approach 
for which case an infrared fibre and a visible laser are used (see Section 8.3.2). To 
determine the right degree of polarisation, i.e. the maximum fringe visibility 
depending on the angle 0, the polarisation modulation approach (as discussed in 
Section 8.2.2) or the Stokes vector approach (as discussed in Section 8.1.1) is used.

8.3.2 Number of Modes for the "Few-Mode Case"

For the "few-mode" experiments optical fibres have been used that are single mode in 
the near infrared (@ 1.3/1.55 |xm, Newport F-SS). The fact that a few modes
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propagate in the optical fibre is due to the use of a HeNe-Iaser at 632.8 nm.
An indication for the number of modes in an optical fibre is given by the value of 

the normalised frequency (V) which is given by [291,313-315]

V = ^ V " l - " 2 .  (8-3.1)

where a is the radius of the core, X  the wavelength of the signal, n̂  the refractive 
index of the core and n j  the refractive index of the cladding. Using Eq. (8.3.1) the 
normalised frequency at 1.3/1.55 pm is close to two (respectively 2.33 and 1.95) 
which is a conformation (using Fig. 3.6 in [314]) that the optical fibres are single 
mode at these wavelengths. However, at a wavelength of 632.8 nm the normalised 
frequency has a value of 4.79 for this (Newport, F-SS) optical fibre. Using Fig. 3.6 
and Table 3.1 in [314] it is clear that more modes are supported by the optical fibre. 
For this particular value of V the following linear polarised modes: LPqi (the 
fundamental mode), LP^, LP2 1  and LPq2 . The degeneracy of these linear polarised 
modes is respectively 2, 4, 4, and 2. The intensity distribution patterns are shown in 
Fig. 8.7.

LPqi LP1 1  UP2 1  LP0 2LP21

s &
% r

, L?1,, LP21
propagate in an optical fibre for the "few-mode" case.

So for the "few-mode" optical fibre experiments there are up to twelve different 
polarisation modes propagating in the fibre. The existence of the mode patterns is 
confirmed by using part of the set up discussed in Section 8.3.4 (see Fig. 8.12, Path 
B). Using a polariser and a ccd camera to image the output field of the fibre and 
changing the launching conditions it is possible to image the different mode patterns.

8.3.3 Michelson Interferometer: Few-Mode Coherent Case

To measure the propagation of the degree of polarisation along an optical fibre for the 
few-mode case the polarisation modulation approach for the Michelson interferometer
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in combination with a source of which the degree of polarisation is variable is 
depicted in Fig. 8.8
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Figure 8.8. Polarisation modulation set up to determine the propagation of the degree of 

polarisation along a "few-mode" optical fibre with a variable degree of polarisation coherent source, 

where P: polariser, A/4: quarter wavelength plate, A/2: half wavelength plate, CCD: ccd detector, M,, 

Mj and M: mirrors and BS: beam splitter.

The degree of polarisation at the input of the fibre can be changed by the use of two 
HeNe lasers. The amount of unpolarised light from HeNe laser 1 (NEC, ImW) is 
stationary. The amount of polarised light from HeNe laser 2 (Hughes, 5mW) is 
variable by the use of the polariser. The degree of polarisation at the input of the 
optical fibre is determined by the relative amounts of polarised and unpolarised light 
coming from the two lasers (see Eq. (5.1.5)). By blocking one of the lasers the 
degree of polarisation is either zero or one and the orientation of the polariser was 
chosen to give a degree of polarisation equal 0.5 when both lasers were used.

Instead of using a moveable pinhole detector (as in the set up of Fig. 8.5) a ccd 
camera (Sony AVC D5CE) was used to detect the interference pattern. The power 
supply and the monitor in Fig. 8.8 are also by Sony (respectively CMA D5CE and 
PVM 9ICE). The video analyser (Colorado Video Inc.) is used to select on monitor- 
line and show the intensity distribution along that line on a ten point scale, i.e. show 
the interference pattern at a ten point scale. This interference pattern shows the 
correlation between the orthogonal components of the electro-magnetic field.

The half wavelength plate is used to rotate the field at the output of the fibre (and 
the input of the Michelson interferometer) which gives the degree of polarisation as 
the maximum of the fringe visibility of the interference pattern depending on the
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rotation angle 0.
For the measurements the conditions at the input of the fibre were kept constant and 

the optical fibre was shortened from a length of 18.20 m down to 0.26 m. To 
determine the propagation of the degree of polarisation along the optical fibre the 
signal from the fibre was used as the input of the Michelson and the fringe visibility 
was determined from the monitor.

In all cases the degree of polarisation was not determined for the whole image from 
the fibre (which consisted of several modes as discussed in Section 8.3.2) but for one 
part of the mode pattern which was selected by the video analyser. So the resulting 
degree of polarisation is not with respect to the whole output signal of the fibre but is 
the degree of polarisation of a smaller selection of the propagating modes.

The results for zero propagation distance were determined by measuring the degree 
of polarisation directly coming from the combination of lasers (either blocking one or 
none) which resulted in a degree of polarisation equal to zero, 0.5 and one for 
respectively the randomly polarised case, the partially polarised case and the linear 
polarised case.

The experimental results for the propagation of the degree of polarisation along an 
optical fibre for the few-mode coherent case when using the set up depicted in Fig. 
8.8 are shown in Fig. 8.9a-c, for respectively a randomly polarised signal, a partially 
polarised signal and a linear polarised signal.
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Figure 8.9a. Degree of polarisation as a function of the propagation distance along an optical fibre 

for the few-mode coherent case when the signal at the input of the fibre is randomly polarised.
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Figure 8.9b. Degree of polarisation as a function of the propagation distance along an optical fibre 

for the few-mode coherent case when the signal at the input of the fibre is partially polarised.
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Figure 8.9c. Degree of polarisation as a function of the propagation distance along an optical fibre 

for the few-mode coherent case when the signal at the input of the fibre is linear polarised.
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From Figs. 8.9a,c it is clear that upon propagation the degree of polarisation 
becomes/stays equal to one regardless if the input signal is randomly or linear 
polarised. For the linear polarised input the degree of polarisation along the optical 
fibre does not depend on the position and stays one. The propagation of the degree of 
polarisation for a randomly polarised input increases first, then decreases and 
increases again to become equal to one. These two graphs describe the propagation of 
the degree of polarisation for the coherent few-mode case. So for a highly coherent 
source the degree of polarisation for reasonable propagation distances is equal to one 
regardless of the degree of polarisation of the source which is in perfect agreement 
with the intuitive and theoretical discussions given in Chapter 7.

In Fig. 8.9b the propagation of the degree of polarisation is shown when the signal 
at the input of the optical fibre is a combination of two lasers. At zero propagation 
distance the degree of polarisation is equal to 0.5. For short fibre lengths the degree 
of polarisation varies between 0.6 and one, but increasing the fibre length (i.e. the 
propagation distance) results in a constant value for the degree of polarisation which 
is equal to 0.87. So the mixing of these two coherent sources reduces the degree of 
polarisation for long propagation lengths along the optical fibre. This can be 
explained by the fact that the mixing process of these two coherent lasers produces a 
signal that is less coherent (i.e. partial coherent). As was shown in Sections 7.2.2 
and 7.2.6 the final degree of polarisation depends on the linewidth of the source at the 
input of the fibre (see Fig. 7.12) which is confirmed by comparing the results from 
the Figs. 8.9. In this case it is not known what the precise linewidth of the resulting 
source is because the determination of the linewidth of two signals is not straight 
forward (depending on the linewidth and the centre frequency of the two individual 
lasers), but more appropriate results are shown in Section 8.3.4 to verify the 
dependence of the linewidth for the propagation of the degree of polarisation. Another 
explanation for the results of Fig. 8.9b is the fact that the two lasers are both not 
stable in time and that this would influence the degree of polarisation at the input of 
the optical fibre, but this would only explain the instability at short propagation 
distances as at longer propagation distances the expected degree of polarisation would 
be equal to one for a coherent source. So the decrease in the degree of polarisation for 
long propagation length can only be explained by assuming decoherence of the mixed 
signal from the two lasers with respect to the coherence of the two individual lasers.

To avoid the decoherence problems when mixing lasers another set of 
measurements is done using one single laser to produce a variable degree of 
polarisation source and the above results can be directly compared with these 
measurements. The single laser variable degree of polarisation source and the set up
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to measure the propagation of the degree of polarisation along an optical fibre are 
shown in Fig. 8.10.
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Figure 8.10. Polarisation modulation set up to determine the propagation of the degree of 

polarisation along a "few-mode" optical fibre with a variable degree of polarisation coherent source, 

where P: polariser, X/4: quarter wavelength plate, X/2: half wavelength plate, CCD: ccd detector, M,, 

Mj and M: mirrors and BS: beam splitter.

The difference between the set ups shown in Figs. 8.8 and 8.10 is only in the part 
depicting the variable degree of polarisation source. In Fig. 8.10 the HeNe laser is 
randomly polarised (NEC, ImW) and using a Mach-Zehnder interferometer set up 
with a polariser in one arm it is possible to produce three different values for the 
degree of polarisation. Blocking the arm with the polariser gives a degree of 
polarisation equal to zero, blocking the other arm a value of one and mixing the 
signals from both arms should result in a degree of polarisation of 1/3.

Apart from the source the two set ups for the single laser and double laser variable 
degree of polarisation source (respectively Fig. 8.10 and 8.8) are equal and the way 
to determine the degree of polarisation in the set ups is as discussed for Fig. 8.8.

Again the conditions at the input of the optical fibre were kept constant and the 
propagation of the degree of polarisation were determined by measuring this value 
while shortening the fibre from a length of 20.07 m down to 0.24 m.

As with the set up of Fig. 8.8 the degree of polarisation for zero propagation 
distance was determined for the signal coming directly from the source and the 
measured values were equal to zero, 0.217 and one for respectively a randomly 
polarised signal, a partially polarised signal and a linear polarised signal.

The experimental results for the propagation of the degree of polarisation along an 
optical fibre for the few-mode coherent case when using the set up depicted in Fig.
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8.10 are shown in Fig. 8.11a-c, for respectively a randomly polarised signal, a 
partially polarised signal and a linear polarised signal.
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Figure 8.11a. Degree of polarisation as a function of the propagation distance along an optical 

fibre for the few-mode coherent case when the signal at the input of the fibre is randomly polarised.
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Figure 8.11b. Degree of polarisation as a function of the propagation distance along an optical 

fibre for the few-mode coherent case when the signal at the input of the fibre is partially polarised.
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Figure 8.11c. Degree of polarisation as a function of the propagation distance along an optical 

fibre for the few-mode coherent case when the signal at the input of the fibre is linear polarised.

The results in Figs. S.lla-c show that upon propagation the degree of polarisation 
increases (random and partial polarised input signal) or stays equal (linear polarised 
input signal). For a sufficient propagation distance (less than one metre for these 
experimental cases) the degree of polarisation is equal to one for all three cases shown 
in the Figs. 8.11a-c.

The resulting propagation of the degree of polarisation in the Figs. 8.11a-c show 
that when a highly coherent source is used the degree of polarisation for increasing 
propagation distances along the fibre is independent of the degree of polarisation at 
the input of the optical fibre (i.e. the degree of polarisation of the source). These 
measurements for a coherent source with a variable degree of polarisation compare 
favourable with the intuitive and theoretical results in Chapter 7, where it was 
predicted that for a coherent signal the resulting degree of polarisation would become 
equal to one upon propagation independent of the degree of polarisation of the source 
(see Fig. 7.1 and Sections 7.2.2 and 7.2.6).

The smaller than expected value for the degree of polarisation for the partial 
polarised case at zero propagation distance is explained by the fact that for a value for 
the degree of polarisation of 1/3 it was assumed that the polariser and the beam 
splitters for the variable degree of polarisation source were perfect and respectively 
transmitted 50% of the incoming signal (no loss is assumed). However, the beam 
splitters might be near this perfect situation, but the polariser only transmits 30% of
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the incoming signal in which case the resulting degree of polarisation is equal to 
0.231 which is in accordance with the measured value (i.e. 0.217).

8.3.4 Stokes Vector Approach: Few-Mode Partial Coherent Case

To determine the effect of a partial coherent source on the propagation of the degree 
of polarisation a different source is used. Instead of a coherent laser an incoherent arc 
lamp is used and the spectral width of the resulting source is determined by the 
linewidth of an appropriate interference filter. In this case the interference filters had a 
centre wavelength of 632.8 nm and the linewidth for three different filters was 
respectively approximately 1, 3 and 10 nm. To determine the propagation of the 
degree of polarisation along an optical fibre a Stokes vector approach can be used as 
was discussed in Section 8.1.1. Such a set up is shown in Fig. 8.12 (path A).
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Figure 8.12. Set up to measure the elements of the Stokes vector (Path A) and to determine the 

mode patterns propagated by the optical fibre in the "few-mode" case (Path B), where P=polariser, 

IF=interference filter (with a centre wavelength of 632.8 nm and a linewidth of 1.2,3.0 or 11.3 nm), 

TLS=telecentric lens system, PH=pinhole and X/4=quarter-wavelength plate.

The other part of the set up shown in Fig. 8.12 (path B) was used to determine the 
mode patterns that propagated in the optical fibre for this few-mode cases (see Section
8.3.2). In this section this path B of the set up does not play any role.

The Xenon arc lamp (Osram, XBO 150 W/S) with the lamp housing (Speirs 
Robertson, LH 150) and the power supply (Spectral Energy, LPS 251 SR) was used 
to provide a broadband source. A variable finite linewidth was accomplished by using
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three different interference filters with a centre frequency of roughly 632.8 nm and 
with respectively linewidths of 1.2 nm (Ealing, 35-8630), 3.0 nm (Melles Griot, 03 
FIL 018) and 11.3 nm (Andover Corporation, 633FS10-25). The telecentric lens 
system and the microscope objective are used to couple the maximum amount of 
power into the optical fibre. At the output of the optical fibre the elements of the 
Stokes vector are determined by the method discussed in Section 8.1.1 (a pinhole 
could be used to select part of the modal pattern as was done for the Michelson 
approach).

The degree of polarisation for zero propagation length is almost equal to one for all 
three interference filters because of the polariser (Spindler & Hoyer, 06 3410) in 
between the source and the optical fibre. The propagation of the degree of polarisation 
was determined by cutting down the optical fibre from 8.031 m down to 0.299 m. In 
addition to the finite spectral linewidth measurements the propagation of the degree of 
polarisation was also measured when the input signal was a white light source (i.e. 
no interference filter was used). However the degree of polarisation for this white 
light source at the input of the fibre was not equal to one but close to the value of 0.2, 
which can be explained by the frequency dependence of the polariser (only perfect 
near the centre frequency).

The results of the measurement of the propagation of the degree of polarisation for 
the few-mode partial coherent case with the set up shown in Fig. 8.12 can be found 
in Figs. 8.13a,b for respectively a linewidth of 3.0 nm and white light.
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Figure 8.13a. Degree of polarisation as a function of the propagation distance along an optical 

fibre for the few-mode partial coherent case when the linewidth is 3.0 nm.
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Figure 8.13b. Degree of polarisation as a function of the propagation distance along an optical 

fibre for the few-mode white light case.

The results of only the 3.0 nm interference filter are shown because the measurements 
showed that it was difficult to distinguish between the degree of polarisation resulting 
from the three different interference filters, but that a distinct difference occurred 
between white light and the finite linewidth cases. As the measurements with the three 
different filters showed similar the propagation of the degree of polarisation is only 
shown for the interference filter with a 3.0 nm linewidth. However, it is clear from 
Figs. 8.13 that there is a distinct difference between a signal with a linewidth of 3.0 
nm and white light. The average value of the degree of polarisation for these cases are 
respectively 0.318 and 0.056.

The results in Figs. 8.13 show some sort of oscillation for the propagation of the 
degree of polarisation. These oscillations occurred for all three interference filters and 
the white light case. The cause of these oscillations might be found to be due to the 
instability of the used arc lamp. But on the other hand it was shown in Chapter 7 that 
it was possible to get a certain kind of oscillating behaviour. The measured results 
shown in Fig. 8.13a are not a conformation of the simulated results given by Figs.
7.11 and 7.12, where a distinct difference occurred in the degree of polarisation for 
sources with a linewidth of respectively 1, 3 and 10 nm. In addition it was shown in 
Fig. 7.12 that every value for the degree of polarisation is uniquely determined by the 
linewidth of the source. As shown in Section 7.2.6 the results of Fig. 7.12 are not 
unique and changes in the variables showed that different results might be expected
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8 Experimental Verification

(see Figs. 7.13 and 7.14). Without further knowledge of the exact values of the 
different variables it has not much use discussing the precise form of the expected 
propagation of the degree of polarisation. However, the experimental and simulated 
results (respectively Figs. 8.13 and 7.13) show that it is possible to get oscillatory 
behaviour for the propagation of the degree of polarisation and that it is not always 
possible to distinguish between different linewidths by measuring the degree of 
polarisation.

8.4 DISCUSSION

It has been shown in a range of experiments how the degree of polarisation behaves 
upon propagation along an optical fibre.

When a multimode optical fibre was used the measurements done showed how the 
fringe visibility changed upon propagation (see Fig. 8.6), but this would only have 
been the propagation of the degree of polarisation if the fringe visibility was 
maximised with respect to orientation. The second problem was caused by the 
difficulty to get fringes with the resulting speckle pattern from the multi-mode fibre.

The following step was t o  use infra-red fibres and a HeNe laser (632.8 nm), 
which made it possible to describe the few-mode optical fibre case. Final coherent 
results (Fig. 8.11) showed that the ultimate value of the degree of polarisation upon 
propagation did not depend on the degree of polarisation at the input of the optical 
fibre as was predicted in Section 7.2.5 (see Fig. 7.8).

The introduction of a source with a finite spectral linewidth showed results which 
seemed not to be a confirmation of the simulated results shown in Fig. 7.11. 
However, it was shown that for different variables the resulting graphs might be 
totally different (compare Figs. 7.11 and 7.13). So within limits these finite linewidth 
results are in agreement with the predicted theoretical results as long as the constant 
values are appropriately adjusted. Due to a lack of knowledge about the constant 
values determined by the fibre it is difficult to predict the behaviour of the propagation 
of the degree of polarisation as a function of the spectral linewidth of the source.

It is obvious that for the results shown in Fig. 7.12 the degree of polarisation is 
uniquely related to the spectral linewidth of the source, which would make it possible 
to use optical fibres to pick up a signal in a hostile environment and determine the 
spectral linewidth at the end of the fibre. However, as other simulated results (Fig. 
7.14) and experimental results (Fig. 8.13) showed it might not be as simple as could 
be concluded from Fig. 7.12. But even for the results found in Fig. 8.13 it is 
possible to distinguish between a highly coherent source, a source with appreciable
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linewidth and a white light source.
With the above discussion in mind it would be interesting to find out if there are 

optical fibres which behave as predicted by Fig. 7.12. The simulated results seem to 
suggest that such a fibre might be available if the coupling coefficient, the differential 
propagation constant and the differential loss have small enough values.

It is also possible that an average taken over an ensemble of optical fibres might 
give a clearer picture, if it is assumed that the propagation of the degree of 
polarisation is not a single value but is determined by a certain kind of distribution (as 
suggested in [100]). This could be one area of future research as very little seems to 
have been done in this part of the field. The averaging process could take place in 
either the time or space domain depending on the stability in these domains.

As should be obvious from Chapters 7 and 8, the theoretical and experimental 
work described in this thesis can be seen as contribution to an area of research with 
some work done in the past and possibilities for the future.
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9
Introduction

As discussed in Part 1 the correlation aspects of an electro-magnetic field have a 
spatial and a temporal aspect. Examples of this spatial/temporal division are 
exemplified by Young's and Michelson's interferometers (see Sections 4.3.4 and
4.3.3). However, the final remarks of Section 4.3.4 already hinted to the fact that the 
spatial and temporal aspects of the electro-magnetic field are usually not separate 
entities. In this part of the thesis a closer look is taken at the links between the spatial 
and temporal aspects and their interaction for an electro-magnetic field.

In the eighties controversy arose in the astrophysical and optical community when 
claims of non-cosmological red-shifts were made [132] and it was suggested that this 
might be a foundation to solve some problems in astrophysics [135,295]. The 
predicted changes in the spectrum upon propagation in free space depend on the 
spatial coherence of the source [33,35,38,39,42-44,52,53,55,56,60,65,66,70,128, 
132], which shows that the temporal and spatial aspects of an electro-magnetic field 
do depend on each other. Within a few years a range of experiments confirmed the 
theoretical predicted spectral changes [36,37,40,45-48,57,67,68]. Both theoretical 
and experimental results show that the shape and position (in frequency space) of the 
spectrum upon propagation depend on the spatial/temiporal aspects of the source and 
position in normal space. These spectral changes depending on the spatial coherence 
of the source are now known as the "Wolf effect" after the originator of the field of 
research.

Since the first theoretical predictions and experimental results there has been a 
steady stream of publications dealing with the propagation of the spectrum in a wider 
range of physical situations. Especially interesting are three major areas of research 
which are: spectral changes in Young's experiment [32,51,62,64,69,71-73,296], 
optical fibres [75,88,90,101,197] and scattering experiments [134,138,146-148,151, 
152,154-156,161,169,171,180,297].

Theoretical descriptions of the Wolf effect are treated by a cross-spectral density 
approach in which case the propagation of the spectrum is determined by the Fourier 
transform of the mutual coherence function (i.e. the cross-spectral density function, 
see Part 1). In most cases it is assumed that the source has a Gaussian intensity 
distribution as well as a Gaussian distribution governing the spatial coherence of the
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source. These sources are known as Gaussian-Schell sources.
However, instead of using a cross-spectral density approach it is also possible to 

describe the propagation of the spectrum by a Gaussian beam approach. This quasi- 
optical technique uses the fact that a Gaussian-Schell source has a Gaussian 
distribution for both its intensity and spatial coherence. Propagation of a Gaussian 
shaped beam in an optical system is determined by the ABCD matrix describing that 
system [29-30,127,200,250,254,298-312].

The set up of the third (and final) part of this thesis is as follows. In Chapter 10 
theoretical and simulated results are discussed with respect to spectral changes caused 
by spatial coherence aspects (i.e. the Wolf effect). Some examples of classical optical 
theory are given before giving a full review of the cross-spectral density approach. In 
Section 10.3 the Gaussian beam approach is fully developed. All theoretical results 
are accompanied by simulated graphs. The different methods are compared in the 
final section of Chapter 10.

Experimental results concerning different physical situations are discussed in 
Chapter 11. These results are discussed with respect to the different methods 
mentioned in Chapter 10.
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Theory and Simulated Results

By using classical theory it is possible to explain certain spectral changes in optical 
systems. The main reason for these changes is the frequency (wavelength) 
dependence of the transfer function describing the optical system. In Section 10.1 
two classical examples of spectral changes are discussed which are diffraction at a 
circular aperture and interference in Young's experiment.

However, in the classical theory the spatial coherence is not explicitly taken into 
account. Spectral changes (i.e. changes in the temporal coherence) caused by the 
spatial coherence of the source(s) is reviewed in Section 10.2, where this Wolf effect 
is discussed for several physical situations using a cross-spectral density approach.

When it is assumed that the source is described by the Gaussian-Schell theory it is 
possible to treat the propagation of the spectrum and the Wolf effect by quasi-optical 
techniques. This theoretical approach is fully developed in Section 10.3, where also 
general Gaussian beams in optical systems are discussed.

10.1 PARTIAL COHERENT DIFFRACTION AND INTERFERENCE

In this section two examples based on classical optical theory are discussed which 
both show spectral changes in certain situations.

Diffraction at a circular aperture is discussed in Section 10.1.1, where it is shown 
that the spectrum depends not only on the spectral width of the source but also on the 
position/angle where the spectrum is determined.

In Section 10.1.2 a discussion with respect to the spectral changes in Young's 
interference experiment is given. Here it is shown that it is possible to get either a 
blue or red shifted spectrum depending on the spectrum at the two pinholes and the 
position at the interference plane.

10.1.1 Circular Aperture

In Chapter 4 the propagation of the mutual coherence function was determined and 
given by Eq. (4.1.16). In the case of Eq. (4.1.16) no restrictions are made for the 
shape of the source. However, it can be assumed that the source (primary or
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10 Theory and Simulated Results

secondary) is plane and has an circular shape. In this section the intensity distribution 
in the far field (Fraunhofer approximation) is determined for this particular case and 
for these results a short discussion is given with regard to spectral changes in the 
plane of the diffraction pattern.

Stating that in most practical cases kr »  1, Eq. (4.1.16) is rewritten as

S.S, 1̂̂ 2 V C  J

Using Eq. (10.1.1) the intensity distribution at a plane containing the position P is 
given by (setting Pi=P2 =P and x=0)

Reintroducing the complex degree of coherence (see Section 4.1.4), Eq. (10.1.2) can 
be written as

I(P )= T p -J  )e'‘''‘ '->as,as,. ( lo .i.s )
S,S, h^2 1̂*2 \  C J

It can be assumed that the points Ŝ  and S2  are in the same plane (i.e. Zj=Z2 =z), the 
distances r̂  and r2 are equal to z and further that l(S j, l(S2 ) and Y1 2 are slow 
changing/constant on S. In this case the intensity at the plane P is given by (see also 
the Huygens-Fresnel diffraction theory [242])

i(p )= - ^  f fe“‘''- '’>as,asj, (10.1.4)
4 tC Z • •

where

I„ = V l(S .) l (S j)y ./ s „ S j , i^ j .  (10.1.5)

The values of r̂  and r2  are respectively given by

:o = V ( '^ - \ ( , r + ( y - y « r + z '' (10.1.6)
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10.1 Partial Coherent Diffraction and Interference

where 0=1,2 and (x,y), (x^py^i) and ( x ^ 2 * y s i )  ^  Ae coordinates of respectively P, 
Sj and Sg. To a first order approximation the values of r̂  and rj are equal to

r. = z + - 2xx„ + + y* - 2yy„ + y ^ ) . (10.1.7)

Substituting this approximation into Eq. (10.1.4) results in

f f  +Yd )-(4+yL +yyw )+2(»c+yyc ))

5| 52
/ % i a s 2 .  (10.1.8)

In the far field Fraunhofer approximation [242] the two quadratic terms in the 
exponential are neglected, i.e.

(10.1.9)

Writing the simplified double integral in polar coordinates (as the source has a circular 
shape) the intensity distribution is written as

, 2 t  d/2 2ic ,k , . V  d/2 2ic .k . . .k  In f  f  -i-r,(xcos<p+ysm<p)_̂  -> f  f  i-r,(xcos<p+ysm«p),
: (P )= T 3 & J  J w  ■

0 0
2_ 24tc z 0 0

where x̂^̂  = r,cos(p and y^ = r,sin(p were used and d is the diameter of the source. 
Solving both integrals for (p results in

k^II(P) = - ^
f d / 2   \

I  2Jtr,J„[-iiVx^+y^ Idr,
l o  J  ^

(10.1.11)

where Jq is a zero order Bessel function. The remaining integral is solved for i; and 

depicting the position of P by its radius only (i.e. r = -^x  ̂+y^ ) the intensity 
distribution is written as

Stüz' kdr
~ 2 z

(10.1.12)

where Jj is a Bessel function of the first order.
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10 Theory and Simulated Results

In Fig. 10.1 the normalised diffraction pattern in plane P (Eq. (10.1.12)) as a 
function of r is shown for two distinct wavelengths. The other variables are taken as: 
d=0.002 m and z=10 m.
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Figure 10.1. Normalised diffraction pattern from a circular source as a function of r (Eq. (10.1.12)) 

for two different wavelengths where (a): A^500 nm and (b): X;=600 nm.

From Fig. 10.1 it is clear that the diffraction pattern depends on the wavelength of the 
field. Imagine a hypothetical circular source producing a field consisting of two 
wavelengths which are 500 and 600 nm. The diffraction pattern from such a source 
would be similar to the graphs shown in Fig. 10.1 for the two wavelengths. At most 
positions in the far field both wavelengths are present, but at distinct points (the zeros 
of the first order Bessel function) either of the two wavelengths might be missing 
which results in changes in the spectrum with respect to the source spectrum. To 
determine the exact spectrum in the far field Eq. (10.1.12) has two be integrated in 
the frequency domain and the spectral shape of the source has to be taken into 
account.

10.1.2 Young's Experiment

In the previous section it was shown that it is possible to get spectral changes in the 
far field diffraction pattern of circular source. In this section a closer look is taken 
how the spectrum is affected in Young's interference experiment (see Section 4.3.4). 

In Section 4.3.4 a full derivation was given of the interference pattern resulting
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10.1 Partial Coherent Diffraction and Interference

from two pinholes, but this treatment was purely monochromatic and the spectrum of 
the source was not taken into account 

The closely related double slit (instead of two pinholes) experiment is described in 
this section where the spectrum at both slits is used to describe possible spectral 
changes in the interference pattern.

Taking the spectrum at the two slits into account and with reference to Fig. 4.4 the 
field at the plane P (arbitrary position P) is given by

u ( p .v ) = n ^ ^ J s ( p „ v ) + n ^ ^ ^ ] s ( p „ v ) ,  (10.1.13)

where Il( ) is a rectangle function with the width of the slits given by ÔP. So the 
field at the two slits has a unit amplitude and outside the slits the amplitude is zero. It 
is assumed that Pj is at the positive side of the optical axis and Pj on the negative side 
and the spectra at the two slits are S(Pp v) and S(F^,v) respectively. To determine the 
amplitude distribution at the viewing screen (at any position Q) diffraction theory is 
used, which describes the field at one plane (the viewing screen) as an integral of the 
field at another plane (the opaque screen). This integral is called the Huygens-Fresnel 
diffraction integral [220,242]. Using this approach the amplitude at position Q is 
described by

e x p f i^ -^ (Q -P ) '+ r^  
u(Q.v)= J ^ ^ ------   ^X(e)u(P,v)dP, (10.1.14)

Y(Q-P) + r
Screen

where r is the distance between the two screens, c is the speed of light in vacuum and 
X(0) the directional amplitude pattern. Using Eq. (10.1.13), the above integral (Eq.
(10.1.14)) can be rewritten as

u(Q,v) = j£i(P,Q,r,v)S(Pi,v)dP + Jû(P,Q,r,v)S(P 2 ,v)dP, (10.1.15) 
p. P.

where f2(P,Q,r,v) stands for

fl(P,Q.r,v) = -  V 1=̂   4 (10.1.16)
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and it is assumed that the directional amplitude pattern is given by

Z(0) = (10.1.17)
+ r

In Eq. (10.1.15) the fact that the field at the opaque screen is only non-zero at the two 
slits is used, so the integral does not have to cover the whole screen, but can be taken 
over the two pinholes and can be written as two separate integrals over the two slits. 
From the Eqs. (10.1.14) and (10.1.15) it can be seen that the spectral density at point 
Q on the viewing screen does not have to be equal to the spectrum at the two slits 
depending on the behaviour of the term given by Eq. (10.1.16) and the phase 
difference at the two slits (caused by the sources and the path difference).

It can be assumed that the point Q is situated on the optical axis, the distance from 
the two slits to the optical axis is equal and the width of the slits is small. In which 
case the integrals at the two slits are equal and Eq. (10.1.15) can be rewritten as

u(Q,v) = (S(P„v) + S(Pj,v))Jn(P,Q,r,v)dP. (10.1.18)
SP

The spectrum at Q is determined by the spectrum at the slits and a space integral.
One particular case of interest describes the spectra at the two slits as a combination 

of two Gaussian shaped spectral lines. One of the two spectral lines is in phase at the 
two slits and the other spectral line is out of phase at the two slits, i.e.

S(PpV) = exp

S(P2 ,v) = exp

+ exp (V-V2 )'
26"

►expi i ^  |, (10.1.19a)

lexp(-if). (10.1.19b)

The centre frequencies of the two spectral lines are and Vj, the width of both lines 
is given by 6. Eqs. (10.1.19a) and (10.1.19b) give respectively the spectral density at 
slits Pi and Pj. Substituting Eqs. (10.1.19) into Eq. (10.1.18) results in

u(Q,v) = 2 e x p |-^ ^ !;^ |jn (P ,Q ,r ,v )d P . (10.1.20)
ISP

From Eq. (10.1.20) it can be seen that depending on the integral the spectrum at point
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10.1 Partial Coherent Diffraction and Interference

Q (which is on the optical axis) can be closely related to the spectral line that is in 
phase at the two slits, but the spectral line that is out of phase at the two slits has 
disappeared from the spectral distribution at Q. So the spectral density at Q is changed 
with respect to the spectral density at the two slits. Using the above classical 
description the spectral changes in the double slit experiment can be calculated. The 
spectral density at the two slits is the sum of two spectral lines with a Gaussian 
shape, the sum of these two is also a Gaussian shaped line if the displacement 
between the two lines is small (i.e. the difference between and Vj must be small). 
The variables were chosen as: Vi=479 THz, V2=484 THz and 6=4 THz. As 
mentioned the spectral density at Q is only influenced by the spectral line that is in 
phase at the two slits, so if the spectral line with centre frequency Vj is in phase at the 
slits then the spectral density at Q will be similar to that line. But if the spectral line 
with centre frequency Vj is in phase at the slits then the spectral density at Q will be 
similar to that line. The similarity between the in phase spectral line at the slits and the 
spectral density at Q depends on the integral in Eq. (10.1.20), the normalised spectra 
are equal if the function G(P,Q,r,v) has a variation which is small over the space and 
frequency range, this implies that the slits should be narrow and the spectral lines 
should have a small bandwidth. Because a numerical approach is used to determine 
the integral, Eq. (10.1.15) as well as its simplified version (Eq. (10.1.20)) can be 
used. The normalised intensity spectra for different situations are shown in Fig. 10.2.
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Figure lO J. Normalised intensity spectra versus radial frequency resulting from Eq. (10.1.20). In 

graph (a) Vy=3.01 PHz (v,=479 THz) is in phase at the slits and v^=3.04 PHz (v^=484 THz) is in 

phase at the slits for graph (b) and graph (c) depicts the spectrum at the slits.
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It should be pointed out that in Fig. 10.2 the normalised intensity spectrum is given 
as a function of the radial frequency (v^) and not of the normal frequency (v) which 
is done to be able to give a direct comparison with other results (see Section 10.2.4).

From Fig. 10.2 it is clear that the spectrum at position Q depends on the fact which 
spectral components at the slits are in phase or not. When the spectral line is in 
phase at the two slits the resulting spectrum is given by graph (a) and when the Vj 
spectral line is in phase the spectrum at Q is given by graph (b). The graph (c) depicts 
the spectrum at the two slits. The centre frequencies (in v^) for the graphs (a), (b) and 
(c) are respectively 3.01 PHz, 3.04 PHz and 3.025 PHz. The spectral widths 

(measured at the 1/e  ̂point) of the graphs (a) and (b) are 25 THz and of graph (c) 32 
THz. This shows that the spectrum in Young's experiment does not only depend on 
the spectrum at the two slits but also on the phase difference between the spectral 
components.

The above example is restricted to the optical axis. From Section 10.1.1 it is clear 
that without this restriction the spectrum would also be a function of the actual 
position in the interference pattern resulting from Young's experiment.

10.2 CROSS-SPECTRAL DENSITY APPROACH

In Section 10.1 it was shown that spectral changes could occur in certain classical 
interference and diffraction experiments. However, this classical approach did not 
take the spatial coherence of the source explicitly into account

In this section the cross-spectral density approach is applied to determine changes 
in the spectrum depending on the spatial coherence of the source(s).

Before giving an account of spectral changes in different physical situations a short 
discussion is given in Section 10.2.1 with regard to the cross-spectral purity of a 
source and how this is related to the complex degree of coherence (and the separation 
of the spatial and temporal components of this complex degree of coherence).

In the Sections 10.2.2 and 10.2.3 a closer look is taken at the spectral changes in 
respectively free space (a homogeneous medium) and inhomogeneous media. It is 
shown how these spectral changes depend on a range of physical variables, like the 
propagation distance, receiving angle, spectral width (temporal coherence length) and 
spatial coherence of the source(s).

The spectral changes in Young's experiment are treated by the cross-spectral 
density approach in Section 10.2.3 where the results can be compared to those found 
by using a classical approach (see Section 10.1.2).

In Section 10.2.5 spectral changes caused by scattering events are discussed which 
covers diffusers, particles as the scattering cause and possibly interstellar dust.
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10.2 Cross-Spectral Density Approach

10.2.1 Cross-Spectra! Purity

In this section a short discussion is given about the cross-spectral purity of a field (for 
a more complete treatment see [220,232,246]).

Two electro-magnetic fields are said to be (cross-)spectrally pure if they have equal 
spectra and the superposition of the two fields produces the same spectrum as the 
original fields. If fields do not otc>f these rules then they are called (cross-)spectrally 
impure. These properties for spectrally pure beams imply that the complex degree of 
coherence is reducible, i.e. the spatial and temporal components of the complex 
degree of coherence are separable.

The derivation of the above rules for cross-spectral purity and the reducibility of the 
complex degree of coherence are based on the resulting field when two electro
magnetic fields are superimposed. The field at position Q is now given by

u(Q, t) = Kiu(Pi, t - Xj ) + K2 ü(P2  ,t-Xz), (10.2.1)

where the same position notation as for Young's experiment is used (see Fig. 4.4). 
The self correlation function at position Q is now given as (see Section 4.3.3, Eq. 
(4.3.6) and Section 4.3.4, Eq. (4.3.17))

r „ (x )= K fr „ (x )+ K |r ^ (x )

+KiKjr,j(xj - X. + x)+K,Kjr;,(xj - x, - x) ( 1 0 .2 .2 )

Normalisation of this self correlation function by 1^(0) results in the complex degree 
of self coherence at Q, which is

Yii(t)+ -f-{Yi2(x2 - X, + x) + y:j(xj - X, - x)}

--------------

where it is assumed that the complex degrees of self coherence at the two points P̂  
and Pj are equal (i.e. the spectra at those positions are equal) and is given by

2K.K,Vr..(o)r„(o)
^ '^ -K ^ r„ (0 )+ K :r ,(0 ) -

Fourier transformation of Eq. (10.2.3) gives the normalised spectrum at Q (see
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Section 3.2.2; Eq. (3.2.7), Section 4.1.4; Eq. (4.1.22) and Section 5.1.3 in [220]) 
which is

where ti(v) is the normalised spectrum at the positions Pj and Pj and 
normalised cross-spectral density between the points Pj and (see Eq. (4.1.22) and 
[232]). In order for the normalised spectrum at Q to be equal to that at P̂  and Pj the 
following expression must be true

- Y.2 (x2 - t,)n(v) = 0, (10.2.6)

which should be satisfied independent of the values of and Xj - Xp However, this 
is far too restrictive to be satisfied for a general case and is not satisfied for partial 
coherent fields as the first term on the left hand side of Eq. (10.2.6) oscillates with 
increasing Xj - x̂  and the second term goes to zero. Assuming the value of Xj - x̂  is 
given by Xj - Xj = Xq + ÔX, where Ôx is restricted by: ôx« l/ôv  (and 6v is the spectral 
width of the field). In this case the complex degree of coherence can be written as

Yi2(x„ +6x) = Y,2(x,)e (10.2.7)

which can be compared to the mutual coherence function for a quasi-monochromatic 
field (see Eq. (4.2.13)). Substituting Eq. (10.2.7) into Eq. (10.2.6) results in a new 
condition for which the normalised spectrum at Q to be equal to that at Pj and Pj. This 
new condition is given by

(Ii2(v)e""'"* =y,2(Xo)n(v). (10.2.8)

To cancel the oscillation of the left hand side term the value of Xq has to be chosen so 
that Yi2 (Xo) is a maximum (i.e. Xq is chosen to give maximum fringe visibility). In 
the time domain the condition for spectral purity is determined by taking the Fourier 
transform of Eq. (10.2.8) which results in

Y:2(x + Xo) = Tii(x)Yi2(X|,). (10.2.9)

Both conditions shown in Eqs. (10.2.8) and (10.2.9) are sufficient for the
normalised spectrum at Q to be equal to that at P̂  and Pg. Eq. (10.2.9) is also the
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definition for the reducibility of the complex degree of coherence which allows a 
separation of the spatial and temporal components of the complex degree of 
coherence. So the terms cross-spectral purity and the reducibility of the complex 
degree of coherence are equivalent statements and both guarantee an equality between 
the normalised spectrum at Q and the sources.

The conditions given by Eqs. (10.2.8) and (10.2.9) are directly related to the 
"scaling law" discussed in [35,65]. This scaling law states that for the spectrum in the 
far field to be constant and equal to the source spectrum the normalised cross-spectral 
density has to abide to a certain functional form, which is mathematically given by

HizW = H(ri,r2 ,v) = h[k(rj - r,)], (10.2.10)

where and are the position vectors of respectively and Pj. Eq. (10.2.10) 
shows that for the spectrum at Q to be equal to the source spectrum the normalised 
cross-spectral density can only depend on the frequency and the positions of P̂  and 
Pj by way of the product: k(r2  

In the remaining part of Section 10.2 a range of physical situations is discussed 
where the spectrum at a certain position Q is not equal to the source spectrum.

10.2.2 Free Space Propagation

It was already shown in Section 10.1.1 that the spectrum of a source dependent on 
the position of measurement. However, the spatial coherence of the source was not 
taken into account (i.e. assuming perfect spatial coherence for the source). In this 
section it is shown how the spectral changes depend on the finite spatial coherence of 
the source.

The spectrum at an arbitraiy position Q in space is determined by the cross-spectral 
density function (see Section 4.1), i.e.

SQ(v) = f(Q,Q,v). (10.2.11)

The cross-spectral density function at Q can be derived from the cross-spectral 
density function at the source plane P (see Sections 4.1.2 and 4.1.3 and Fig. 4.1, 
where away from the source P has to be replaced by Q and at the source S by P). 
Using a similar approach the spectrum at Q is given by

S<j(v) = JjK(Q,Pi,v)K-(Q,P2,v)r(P„P2,v)3P,aP2, (10.2.12)
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where the integral has to be taken twice over the source and the function K depicts the 
propagation in free space. In the paraxial approximation (Fresnel approximation) for 
free space this function K is given by [56,220,242]

= (10.2.13)
2moz

where Ôx, 6y and 6z are the differences between the xyz-coordinates of Q and P. 
Assuming a Gaussian-Schell type of source in which case the cross-spectral density 
is given by

p?+pf (Pz-P,)'
f(P„P 2 ,v) = S„(v)e . (10.2.14)

In Eq. (10.2.14) Oj and are respectively the intensity width and the spatial 
correlation distance at the source. The spectrum of the source (So(v)) is constant over 
the source area. After substituting both Eqs. (10.2.13) and (10.2.14) into Eq.
(10.2.12) and double integration over the source area, the spectrum at Q is

XQ+yp 1
Sq(v) = S,(v) , I  (10.2.15)

V̂Q ' ^ d )

where it was assumed that for the source plane z=0 and ẑ  is determined by

For z=0 the source spectrum is recovered. The spectrum at Q does not only depend 
on the spectrum of the source, but Eqs. (10.2.12) and (10.2.16) shows that the 
spectrum at position Q (Eq. (10.2.15)) also depends on the spatial correlation 
distance at the source. Theoretical results using the above method to describe spectral 
changes upon propagation in free space can be found in [38,42,55,56,65] and 
experimental verification can be found in [36,37,46-48,57,67,68].

10.2.3 Propagation in Inhomogeneous Media

In Section 10.2.2 it was assumed that the free space in which the field propagates is a 
homogeneous medium. In this section a brief look is taken how an inhomogeneous
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medium affects the spectrum upon propagation.
Some theoretical and experimental results of changes in the spatial and temporal 

coherence of a field in an optical fibre (a possible inhomogeneous medium) can be 
found in the literature [75,88,90,101]. A more general treatment of this problem is 
given in [197] and this section comprises a short discussion of the results given in 
that paper.

The refractive index of free space (a homogeneous medium) in Section 10.2.2 was 
assumed to be equal to one and not dependent on the frequency. However, in an 
inhomogeneous medium the refractive index might depend on both position and 
frequency. It is assumed that the refractive has a parabolic profile which results in

n(x,y,v) = no(v)(l-atv)(x^ + y^)), (10.2.17)

where no(v) is the refractive index on the optical axis and a(v) determines the form 
of the parabolic profile (both values might depend on the frequency). For free space 
propagation the term a(v) is equal to zero and in the previous section it was assumed 
that ng(v) did not depend on the frequency. As in Section 10.2.2 the spectrum at a 
position Q is determined by the double integral given by Eq. (10.2.12), but for the 
parabolic refractive index medium (also known as a gradient index medium) the 
function K is given by (assuming the source is at the plane z=0)

K(Q,P,v) = --------------------------------------------------------------(10.2.18)
27cisin(azQj

where

cot(azg)

ika 'cos(ozq)
»in(<xzQ)I 2

f

V

(10.2.19)

and k=27cnoV/c (n^ being the refractive index at the optical axis). In Eqs.
(10.2.18) and (10.2.19) the explicit frequency dependence of a  is dropped. Again 
assuming a Gaussian-Schell type of source the cross-spectral density is given by Eq.
(10.2.14). Substituting Eqs. (10.2.18) and (10.2.14) into Eq. (10.2.12) and 
performing the integration twice over the source area the spectrum at Q is

SQ(v) = S „ ( v ) g j e  . (10.2.20)
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where

sin(azo)
A = 2abOi — (10.2.21)

In Eq. (10.2.21) the two variable a and b are respectively defined by

" 2 ^
^kacos(az)Y 

2asin(az) J
(10.2.23)

Eq. (10.2.20) shows that the spectrum at position Q depends on the spectrum and the 
spatial coherence of the source. Theoretical curves for different media of the 
frequency shift versus the propagation distance in the medium can be found in 
Sections 3, 4 and 5 of [197].

The other papers mentioned [75,88,90,101] do not deal with changes of the spatial 
and temporal coherence upon propagation but determine these values over the cross- 
section of an optical fibre at a certain fixed distance. A series of these cross-sections 
would give more information about the changes of the spatial and temporal coherence 
aspect of the field upon propagation.

10.2.4 Young's Experiment

As the previous section was a diversion from Section 10.2.2 so is this section, but 
here the medium is again homogeneous. In this section spectral changes are examined 
that are not caused by a complete spatial extended source but by two small 
components of such a source or by two separated small sources. Such a set up is of 
course directly related to Young’s interference experiment in which two pinholes are 
used to give a wavefront splitting of the field (see Sections 4.3.4 and 10.1.2).

Spectral changes in Young’s experiment are discussed in [32,39,44,51,62,64,132, 
296] where the cross-spectral density approach is used to give a theoretical 
description of the dependence of the changes on the spatial coherence (correlation) 
between the two slits/pinholes/sources. Experimental verification of these spectral 
changes can be found in [40,45,71-73].

In Section 10.2.2 the spectrum at position Q was determined by an integral which 
had to be taken over the whole source (Eq. (10.2.12)). But for Young’s experiment
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this reduces to the value at the two positions of the pinholes in which case the field at 
Q in the frequency domain is given by

gikR, . ikR̂
u(Q, v) = u(P„ v ) ^ + u ( P j ,  v ) ^ ,  (10.2.24)

Ki Kj

where and Rj are respectively the distances between the pinholes and and 
the position Q. The spectrum at Q is determined by Eq. (10.2.11) which in this case 
results in

çik(R,-R,)  ̂ R%)
Sq(v)=  ^  + So(v) + r (P ,,P „ v )^ --— + r ( P „ P , ,v ) ^ - — , (10.2.25)

R^Rj ' '  RiRj

which is also known as the spectral interference law [62,64,246]. In Eq. (10.2.25) 
the spectrum at the two pinholes is given as Sq(v) and the correlation between the 
fields from the two pinholes is given by f(Pi,F^,v) which is the cross-spectral 
density (see Eq. (3.2.3)). Introducing the degree of spectral coherence (see Eq. 
(4.1.22)), Eq. (10.2.25) can be rewritten as

Sq(^) — Sq(v)
^ 1 1  f . ik(R:-R,)'‘^

+ - ^  + 2Re< p(Pi,P2 ,v)- (10.2.26)

This spectral interference law shows great similarities with the classical interference 
law in the time domain (see Sections 4.3.3 and 4.3.4). Eq. (10.2.26) shows that the 
spectrum at Q might differ from the spectra at the pinholes depending on the position 
of Q and the spectral degree of coherence. A special case arises when the pinholes are 
equidistant from the optical axis and Q is on the optical axis (i.e. R̂  = R% = R), in 
which case the spectral interference law givetby Eq. (10.2.26) reduces to

Sq(v) = S o (v )^ ( l  + Re{n(P..P2 . v)}). (10.2.27)

In Eq. (10.2.27) the normalised spectrum at Q only depends on the degree of spectral 
coherence, perfect correlation (i.e. *i(l^,I^,v)=l) or no correlation (i.e. p.(l^,I^,v) 
=0) between the fields at the two pinholes results in equality between the spectrum at 
Q and at the pinholes.

Using different functional forms for the spectrum at the two pinholes and for the 
degree of spectral coherence the resulting spectmm at Q can be red or blue shifted
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with respect to the spectrum at the pinholes [39,62,132] or it is possible to get 
splitting of the spectral line at position Q which is situated off-axis [64].

One example (i.e. following [39]) is discussed in this section. It is assumed that the 
spectrum at the pinholes and the degree of spectral coherence are respectively given 
by

So(v) = Aexp^ (10.2.28)

^(PpP2,v) = aexp (10.2.29)

In Eqs. (10.2.28,29) the notation is similar as in previous sections and A and a are 
constant values determining the amplitude of the two functions. The two functions are 
respectively centred around Vq and with widths equal to Ôq and . Substituting 
Eqs. (10.2.28) and (10.2.29) into the spectral interference law (Eq. (10..2.27)) the 
spectrum at Q is determined by

Sq(v) = A exp (v-Vo)'
25,

(10.2.30)

where

a' 2aA A = - ^ c x p i K -V q)
2(5S+8f)

(10.2.31)

Vo =
_ 8gVi+SfVo

55+Ô?
(10.2.32)

and

1 1  1 (10.2.33)

Using the definition of the spectrum at Q given by Eq. (10.2.30) some simulated 
results can be found in Fig. 10.3, where the following variables have been used 
(again using the radial frequency domain as was done in Section 10.1.2): Vq=3.025
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PHz, 6 0  =30.5 THz, Ô1 =43.64 THz and Vi=Vq+45.7 THz (which resulted in graph 
(b)) or Vi=Vo-45.7 THz (which resulted in graph (a)). The spectrum at the two slits is 
given by graph (c) in Fig. 10.3, this is also the spectrum at Q when the light coming 
from the two slits is not correlated.

1.0 1

g  0.8 "

E

I_  0 .6 - 
%
1  ■
=  0 .4 -

! . .
0.0

2.90 3.00 3.10

Radial Frequency (PHz)
Figure 10.3. Normalised spectra versus radial frequency resulting from Eq. (10.2.30), where 

Vg =3.025 PHz and 0g=30.5 THz. In graph (a): v,=v^-45.7 THz (b) v,=v^-»45.7 THz and for both 

graphs Ô,=43.64 THz. Graph (c) depicts the spectrum at the slits.

From the graphs (a) and (b) in Fig 10.3 it can be seen that if the centre frequency of 
the degree of spectral coherence is larger than the centre frequency of the spectrum at 
the two slits the spectrum at point Q is blue shifted (graph (b) in Fig. 10.3) with 
respect to the original spectrum (graph (c) in Fig. 10.3). When the difference between 
the centre frequencies of the original spectmm and the degree of spectral coherence is 
negative the resulting spectmm at position Q is red shifted (graph (a) in Fig. 10.3) 
with respect to the original spectmm (graph (c) in Fig. 10.3). Using Eqs. (10.2.32) 
and (10.2.33) the central radial frequency and the width of the shifted spectra can be 
determined. Substituting the above variables for graph (a) of Fig. 10.3 the centre 
frequency is v0=3.01 PHz and the width is 50=25 THz. For graph (b) of Fig. 10.3 
we find a centre frequency Vo=3.04 PHz and the width is 5o=25 THz.

The results in Fig. 10.3 are directly comparable to those depicted in Fig. 10.2. 
From both figures and the accompanying discussion it is clear that the red and blue 
shifted results for the spectral lines are equal and the centre frequencies for the 
appropriate graphs in both figures are equal. However, there seems to be a difference
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in the spectral width between the graphs (a) and (b) in respectively the Figs. 10.2 and 
10.3. This difference is explained by the fact that the field given by Eq. (10.1.20) is 
squared to get the spectra depicted in graphs (a) and (b) of Fig. 10.2 so the spectral 

width has to be determined at the 1/e  ̂ point as was done in Section 10.1.2. The 
spectra for Fig. 10.3 are just given by Eq. (10.2.30) in which case the spectrum is 
not squared and the spectral width is determined at the 1/e point of the graphs which 
was done above. Using this difference to determine the spectral width these values 
for both graphs are equal for the frequency shifted spectral lines (graphs (a) and (b)) 
and similar.for the spectrum at the slits (graphs (c)).

10.2.5 Spectral Changes Caused by Scattering

As a final example of spectral changes in optical systems described by the cross- 
spectral density approach a closer look is taken at these changes caused by scattering. 
This scattering effect is described in a series of published articles [134,138,146-148, 
151,152,154-156,161,169,171,180,297,316-319], which give a theoretical and 
experimental treatment for a range of different scattering events. In this section a short 
description is given for one particular sort of scattering, where the results from [156, 
318] are used as a basis.

It is assumed that an electro-magnetic field is scattered by a fluctuating spatially 
random medium and the source is linear polarised with a finite linewidth spectrum. In 
this case the far field spectrum of the scattered signal is given by [148,156,316-319]

S .(rr',v ') = Av'“ jK(v',v,r',r)So(v)dv, (10.2.34)

where Sq(v) is the source spectrum, r and r ' are unit vectors in respectively the
directions of the incident and scattered field. The scattering kernel K (see also Eqs.
(10.2.13,18)) in Eq. (10.2 34) is determined by

K (v',v,r',r) = G (kV -kr,v '-v ,v ), (10.2.35)

where G is the four-dimensional Fourier transform of the correlation function of the 
generalised dielectric susceptibility, i.e.

G(k,'F,v) = J jG(R,T,v)e‘̂ *“*’* )̂dTa'R. (10.2.36)
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In Eq. (10.2.36) the three-dimensional space integral is taken over the volume V of 
the scatterer. The correlation function of the generalised dielectric susceptibility G 
mentioned above is given as [156,316,318]

G(R,T,v) = (n(r,t,v)fi’(r+ R ,t+ T ,v )), (10.2.37)

where the averaging process is taken over an ensemble of the random scattering 
medium. The frequency independent constant A in Eq. (10.2.34) is determined by

(10.2.38)

where (p is the scattering angle (i.e. the angle between the incident and scattered 
field). From the above discussion it is clear that the far field spectrum (Eq. (10.2.34)) 
depends not only on the source spectrum but also on the correlation between the 
different positions of the scattering medium (Eq. (10.2.36)).

If the incident field is monochromatic (with centre frequency Vq and intensity Iq) 
Eq. (10.2.34) reduces to

S_(rr',v') = AI„v'-K(v',v„,r',r). (10.2.39)

In Eq. (10.2.39) there are two components on the right hand side which can cause a 

change in the far field spectrum with respect to the source frequency Vq. The term 
causes a blue shift (in the wavelength domain) in the resulting spectrum. The 
scattering kernel K depends on the scattering medium through the correlation function 
of the generalised dielectric susceptibility. The choice for this last function determines 
the resulting spectrum in the far field. In [156] a Gaussian form was assumed for G. 
In this case the scattering kernel K is resulting in a Gaussian spectral line. The shift 
of this spectral line mimics the Doppler effect by being frequency independent and a 
possible infinite spectral shift It is suggested that such spectral changes might give an 
explanation for certain astronomical discrepancies [135,295].

10.3 QUASI-OPTICAL APPROACH

As was mentioned before, it is also possible to predict the changes in the spectrum by 
a quasi-optical approach. In the remaining part of this chapter this method is fully 
developed and compared to the cross-spectral density approach. One distinct 
advantage of a complimentary description is the fact that these predictable spectral
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changes become accessible to a larger group of scientist; who probably would not 
expect the Wolf effect to be important in their area of research.

In Sections 10.3.1 and 10.3.2 a general introduction to quasi-optical techniques is 
presented which covers Gaussian beams and ABCD matrices for different optical 
systems. The remainder of Section 10.3 is devoted to a range of examples which 
describe spectral changes in optical systems.

Free space propagation and changes in the spectrum for this situation are described 
in Section 10.3.3, where the dependence of the spectral changes are described as 
functions of propagation, receiving angle and spatial coherence of the source.

Spectral changes in inhomogeneous media are discussed in Section 10.3.4. For 
this case the spectral changes depend on the radial distance, receiving angle, spatial 
coherence of the source and the propagation distance in the inhomogeneous medium. 
Special attention is devoted to spectral changes in GRIN lenses, which are 
inhomogeneous media that are commercially available.

In Section 10.3.5 spectral changes in optical systems are examined. The optical 
system is described by a cascade of ABCD matrices and spectral changes are 
determined by using the ABCD matrix resulting from the multiplication of the 
individual matrices (see Section 10.3.2).

10.3.1 Gaussian Beam Theory

An electro magnetic field can be described by an expansion of Gaussian modes, 
which are solutions of the scalar Helmholtz equations when it is assumed that the 
beam is paraxial in the propagation direction. The fundamental (i.e. lowest order) 
mode is given by [301,309]

where Uq is the amplitude, ©o is the minimum beam width (in most cases the 1/e 
value at z=0 and generally known as the beam waist of the fundamental Gaussian 

beam), r is the radius from the optical axis (i.e. r = -^x^Ty^) and z is the 
propagation distance. The other function in Eq. (10.3.1) are the propagation of 
respectively the beam width (co(z)), the radius of curvature of the phase front (R(z)) 
and the phase slippage ((|>(z)). The actual form of these functions depend on the 
optical system and the exact form is discussed for a few different systems in Sections 
10.3.3-5.

The intensity distribution of the Gaussian beam given by Eq. (10.3.1) is

164



10.3 Quasi-Optical Approach

determined as (using Eq. (3.2.6))

I(x,y,z) = u (Or
co(z)_

CD̂(z) (10.3.2)

Eq. (10.3.2) shows that the intensity distribution is a function of position (r) and the 
beam width (co(z)) of the Gaussian beam only.

Another useful entity is the beam parameter of the Gaussian beam (q(z)) [314] 
which is determined by

1 1 2 -1
q(z) R(z) knco^(z)

(10.3.3)

The beam parameter gives a full description of the Gaussian beam as the phase 
slippage can be chosen arbitrary.

10.3.2 ABCD Formalism and Optical Systems

The propagation of a Gaussian beam through an optical system is determined by an 
ABCD matrix describing that system [301,309,314]. The ABCD matrix of the optical 
system is given as the matrix resulting from multiplication of the individual matrices 
describing the optical components of the system. Most ABCD matrices for the optical 
components are derived from optical ray theory, in which case the angle and position 
in two planes are related by linear functions. In optical ray theory this is written as

(10.3.4)

where r is the position with regard to the optical axis and r ' gives the slope at that 
position (the derivative with respect to the propagation direction).

As mentioned before the optical system might consist of many (1,2,...,N) 
components in which case the resulting ABCD matrix is given by

ôut 'A B" *in
_̂ out. c D X .

"A B" ■An Bn' A2 B2  "irAj Bj
C D .^N ^N. C2  D2 JLC1 Dj_

(10.3.5)

which shows that the multiplication is performed in reverseorder.
As discussed in the previous section, a Gaussian beam can be described by its
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beam parameter q(z) (see Eq. (10.3.3)). The input (q^) and output (q^m) beam 
parameters of the optical system determined by Eq. (10.3.4) are related by

The beam width and the radius of curvature of the phase front of the Gaussian beam 
at the output plane of the optical system are given by Eq. (10.3.6) when the definition 
of the beam parameter (Eq. (10.3.3)) is used at both planes. Using this approach the 
Gaussian beam width at the output plane of the optical system (cOĝ J is determined by

Im Cqi,+D (10.3.7)
J)

where Im stands for the imaginary part and n is the refractive index of the medium. 
Using Eqs. (10.3.2) and (10.3.7) the intensity distribution can be determined as a 
function of frequency (through k) and the kind of optical system characterised by the 
appropriate ABCD matrix.

10.3.3 Free Space Propagation

A natural extension of the Gaussian intensity distribution given by Eq. (10.3.2) is the 
introduction of a spectral distribution, in which case the case the intensity distribution 
can be written as

I(x,y,z) = uSS„(v) e “ (10.3.8)

where Sq(v) is the normalised spectrum. When it is assumed that the spectrum also 
has a Gaussian distribution, i.e.

4—TS„(v) = e , (10.3.9)

the intensity distribution is given by two Gaussian terms and a term containing the 
beam width. In Eq. 10.3.9) Vq is the centre frequency and is the spectral width.

In this section a closer look is taken at the special case of a Gaussian beam 
propagating in free space and the spectral changes upon propagation. For free space
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propagation the ABCD matrix is given as

"A B' 1 z

C D 0 1
(10.3.10)

In this case the the propagation of the beam width (Eq. (10.3.7)) results in [301]

co(z) = © 0 1 +
kncoj J

(10.3.11)

If the Gaussian beam is partial coherent in the spatial domain the beam waist is given 
by

<o„=
4of+a

(10.3.12)

where is the intensity beam width of the Gaussian field and the correlation 
beam width of the field. When the field is completely coherent the beam width 
becomes equal to the intensity beam width. In all cases of partial coherent fields the 
beam width is smaller than the intensity beam width.

Combining the results from Eqs. (10.3.2), (10.3.9) and (10.3.11) the intensity 
distribution is written as

I((p,z,v) = uJ
2ẑ (tan(<p))̂ x̂ g);v̂  J  y-VoV 

K*(OoV*+Z*C* ( Ov j (10.3.13)

In Eq. (10.3.13) it is assumed that the radius is determined by r=ztan(q>), where (p is 
the receiving angle.

To determine the changes in the centre frequency (i.e. the spectral shift) the 
derivative of Eq. (10.3.13) is taken with respect to the frequency v and equating the 
result to zero. After rewriting the spectral shift can be determined from

- VqV^)- 47ĉ cV coJ(v  ̂- VqV̂ )

+(7t̂ ĉ ẑ cOo<̂ J - 27t^c^z' t̂an^((p)cû5aî)v^

-2 cV (v ' - Vov) + c V o î  = 0  (10.3.14)
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which should be solved for v. It is assumed that the spectral shift Av is small 
compared to the centre frequency Vq. When v=Vo+Av is substituted in Eq. (10.3.14) 
and the higher orders of Av are disregarded the spectral shift is given by

= 2(A, - A, K v „  - 2aV „ - A X  - 4 A X  ’

where

Aj =27tVz'*tan^((p)o)o, (10.3.16a)

Aj = j tV z X ,  (10.3.16b)

Aj = c V  (10.3.16c)

and

A 4 = 2 )tX - (10.3.16d)

From Eq. (10.3.15) it is clear that the spectral shift is given as a function of the 
different source and receiver variables. In Appendix B.2 a closer look is taken at the 
validity of the way this spectral shift is determined and discrepancies between 
different approaches are mentioned. It is assumed that the variables in Eqs. (10.3.15) 
and (10.3.16) are all frequency independent, but frequency dependence can be 
incorporated for all variables when the specific dependence is known.

The remaining part of this section is devoted to show the dependence of the spectral 
shift on the different variables. In all cases the spectral shift is given as a function of 
the relative propagation distance.

In Figs. 10.4a and 10.4b the relative spectral frequency shift (Av/Vq) is shown as a 
function of the relative propagation distance (k^z) for different receiving angles for 
respectively the near and far field. In both figures the following values for the 
variables were used: koG;=20, koGp=20, Gy/Vo=0.06 and Vq=532 THz. In the near 
field (Fig. 10.4a) the frequency shift shows a blue shift (shorter wavelength, higher 
frequency) for small propagation distances, with a smaller shift for larger receiving 
angles. If the propagation distance is increased the frequency blue shift reduces for 
the larger receiving angles and becomes a red shift in the far field. In the far field 
(Fig. 10.4b) the frequency shift becomes independent of the relative propagation

OLĤIes
distance. For small receiving the resulting centre frequency is blue shifted and for
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increasing receiving angles the centre frequency becomes smaller and gradually 
becomes a red shift at larger receiving angles.
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Figure 10.4a. Relative frequency shift as a function of the relative propagation distance in the near 

field for different receiving angles: (a) (p=0 degrees, (b) (p=5 degrees and (c) (p=10 degrees.
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Figure 10.4b. Relative frequency shift as a function of the relative propagation distance in the far 

field for different receiving angles: (a) <p=0 degrees, (b) <p=5 degrees and (c) (p=10 degrees.

The effects in Figs. 10.4 can be explained by Eq. (10.3.13). The first term of Eq.
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(10.3.13) can be regarded as a diffraction effect which causes a blue shift (higher 
frequencies are less affected) and the second term as a propagation effect which 
causes a red shift (higher frequencies are more affected). For small values of k^z the 
diffraction term is dominant and the spectrum is blue shifted, but for increasing 
values of k^z the propagation term becomes dominant and depending on the other 
constants the total spectral shift is red or blue in the far field. This can also be shown 
by taking the far field limit of Eq. (10.3.15), which is

2v„+— kX <j'.tan> 
c

(10.3.17)

From Eq. (10.3.17) it is clear that the constant level frequency shift in the far field 
normally depends on a range of variables. However, for a zero receiving angle this 
frequency shift is always positive (i.e. a blue shift) and only depends on the relative 
spectral width of the source field.

The dependence on the correlation width of the Gaussian beam for different 
spectral widths of the field is shown in Figs. 10.5 and 10.6, where Fig. 10.5 depicts 
the near field case and Fig. 10.6 shows far field results. All spectral frequency shifts 
were determined for a receiving angle of 10 degrees and the intensity beam width is 
determined by koO;=20.
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Figure 10.5a. Relative frequency shift as a function of the relative propagation distance in the near 

field for different relative spectral source widths: (a) /  v^=0.02, (b) / v^=0.04 and (c)

/  Vg =0.06. The correlation width of the Gaussian beam is given by kgO^=l.
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Figure 10.5b. Relative frequency shift as a function of the relative propagation distance in the 

near field for different relative spectral source widths: (a) /  Vg=0.02, (b) /  v,=0.04 and (c)

/ Vg=0.06. The correlation width of the Gaussian beam is given by kgO,=10.
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Figure 10.5c. Relative frequency shift as a function of the relative propagation distance in the near 

field for different relative spectral source widths: (a) G, /v„=0.02, (b) G, /v„=0.04 and (c) 

Ĝ  /  V =0.06. The correlation width of the Gaussian beam is given by k,G,=20.
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Figure 10.5d. Relative frequency shift as a function of the relative propagation distance in the near 

field for different relative spectral source widths: (a) /  v,=0.02, (b) /  v,=0.04 and (c)

Oy / Vg=0.06. The correlation width of the Gaussian beam is given by kjO^=100.
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Figure 10.6. Relative frequency shift as a function of the relative propagation distance in the far 

held for different correlation beam widths: (a) kgO^=l, (b) k^o^-lO, (c) k,G^=20 and (d) k^o^=100. 

The relative spectral source width is given by o  /  v =0.06.
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For the Figs. 10.5a-d the spatial correlation is increased, so Fig. 10.5a depicts the 
spatial most incoherent case and Fig. 10.5d the spatial most coherent case. For the 
incoherent case the spectral frequency shift is a blue shift which increases with 
increasing spectral linewidth of the source. Comparing Figs. 10.5a and 10.5b shows 
that an increase in the spatial correlation decreases the spectral finequency shift, but the 
shifts in Fig. 10.5b are still blue shifts independent of the spectral linewidth of the 
source. This situation is changed in Figs. 10.5c and 10.5d, where the centre 
frequency is blue shifted for small propagation distances and becomes red shifted for 
increasing propagation distances. Comparing Figs. 10.5c and 10.5d again shows that 
an increase in the spatial correlation enhances the spectral frequency shift. Fig. 10.6 
shows how the spectral frequency shift behaves in the far field. This shows that the 
spectral frequency shift becomes constant with increasing propagation distances. For 
small values for the spatial correlation (i.e. incoherent fields) the centre frequency is 
blue shifted and for increasing spatial correlation the frequency becomes shifted to the 
red side of the spectrum.

The simulated results shown in this section make clear that the spectral frequency 
shift depends on a range of variables. One of these variables is the spatial correlation 
of the Gaussian beam. So this quasi-optical approach shows how the changes in the 
centre frequency depend on the spatial correlation of a field if it is assumed that the 
field can be described by a Gaussian beam.

10.3.4 Propagation in Inhomogeneous Media

In Section 10.3.3 spectral changes in homogeneous media were discussed. In this 
section the quasi-optical approach is used to describe the spectral changes in 
inhomogeneous media and how this is influenced by the spatial coherence of the 
field. As far as known the spectral changes in these media have been discussed 
briefly in only one publication [197], where a spectral density approach is used. In 
this section it is shown that the simulated results of both methods are similar.

The propagation of a Gaussian beam in an inhomogeneous medium can be 
described by an appropriate ABCD matrix [314]. In a quadratic index medium, the 
refiractive index distribution is determined by

n(r.v) = n « ( v / l - M r A ,  (10.3.18)

where no(v) is the refractive index on axis (r=0), k  ̂ a constant value (this value is 
zero in a homogeneous medium), c the speed of light in vacuum, v the frequency and
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r the distance from the optical axis. The ABCD matrix of this quadratic index medium 
is given by [314]

(10.3.19)

where z is the propagation distance in the inhomogeneous medium. The propagation 
of the beam width is determined by Eq. (10.3.7), where A, B, C and D are the four 
elements of the ABCD matrix given by Eq. (10.3.19). Assuming the field is flat at the 
input, the beam parameter q^ is given by

(10.3.20)

Using Eqs. (10.3.7), (10.3.19) and (10.3.20), the beam width can be determined as 
a function of the propagation distance z, which is defined by

co^(z) = cojcos
k,7CV©

sin (10.3.21)

From Eq. (10.3.21) it can be derived that the beam width oscillates upon propagation 
between two values. The minimum and maximum value as well as the period of this 
oscillation might depend on the frequency. If there is a frequency dependence it can 
be seen that a difference in period depending on frequency might induce spectral 
changes depending on position.

To use a convenient simplification, it is assumed that the on-axis refractive index 
and the term that defines the quadratic index medium in Eq. (10.3.18) are both slowly 
dependent on the frequency. The refractive index distribution is determined by the 
centre frequency Vq of the spectral distribution. The refractive index distribution for 
this case is given by Eq. (10.3.18) by substituting Vq for v. In this case the 
propagation of the beam width (Eq. (10.3.21)) can be rewritten as

CO^(z) =  COqCOŜ
koC

27tV,

2 CVr
kîTtV̂CÛo

sin (10.3.22)

Using Eqs. (10.3.8), (10.3.9) and (10.3.22) and a similar method as used in Section
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10.3.3 taking the derivative with respect to v results in

where

A,VoV* + AjvJv^ = A,(v - v„)v’ + A^v,(v - v„)v*

+A ;V o(v-V ,y+ A (V y  (10.3.23)

A, = sin
I  lV2îtVo j j

w

COS
ck.

2 jcv,
0  J )

(10.3.24a)

Aj = 2 n c W ^ ( i ) l k 2 sin ck,
2 k v ,

J J

(10.3.24b)

A3 = TĈCoĴ kj COS
ck.

2 %Vn
J J

(10.3.24c)

A 4 =  47t^ ccajk 2 sin ck,
2 %y

0 J J

cos ck.
2 %Vr

J J

(10.3.24d)

A 5 =  4710^ 0)0^ 2 sin ck-
2 tcv,

0  J J

(10.3.24e)

f  r  
sin ck-

27CVr JJ
(10.3.24f)

Setting V = Vq + Av in Eq. (10.3.23) and retaining the first order in Av results in

Av =
Atvg-A,v„-A,v;.

4AiVo + 2A2 - AjVj - A^vJ - Ajvj - A«v„ '
(10.3.25)

With Eq. (10.3.25) the spectral shift can be determined for different situations, which 
might depend on both the radius with respect to the optical axis and the spectral 
correlation of the source. Both these situations are discussed below.

In Fig. 10.7 Eq. (10.3.25) is used to determine the spectral shift for different radial 
positions in the quadratic index medium and the following constants were used:
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kj =9.84 10̂ % Vq =4.615 10*̂  (centre wavelength 650 nm), =0.12Vo (spectral 
width 80 nm), = 200000/k^ and C; =250/kg. This particular value for the 
quadratic index term was chosen as it is the value for a commercial available GRIN 
lens (see Appendix B.2 for a full derivation of the kj value for a GRIN lens).
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Figure 10.7. Spectral changes on propagation in an inhomogeneous medium (GRIN lens) 

determined by Eq. (10.3.25) for different distances to the optical axis, (a) 0 (i.e. on axis), (b) 10 pm, 

(c) 20 pm and (d) 40 pm.

From Fig. 10.7 it can be seen that on axis (graph (a)) the frequency shift is a blue 
shift (i.e. positive). But as the distance to the optical axis is increased the blue shift 
becomes smaller (graphs (b) and (c)) and further increasing the radius results in a red 
shift (graph (d)). This results should come as no surprise, as on axis the blue 
components of the spectrum are least diffracted which creates a blue shifted spectrum, 
but because the spectrum integrated over the whole radius should stay the same for 
larger distances to the optical axis the spectrum is red shifted. The graphs in Fig. 10.7 
also show that the frequency shift is periodic depending on the length of the 
inhomogeneous medium (i.e. the propagation distance in the medium) and the period 
of the oscillations are independent of the position on the optical axis. This last aspect 
is directly clear from Eq. (10.3.18) for this case, as it was assumed that quadratic 
index medium did not depend on the frequency and so is constant for all frequencies 
and values for the spatial correlation.

The simulated results for Fig. 10.7 describe a spatial correlated field with a large 
spectral width. In Fig. 10.8 the dependence of the spectral frequency shift on the
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spatial correlation of the source is shown for the a position 40 |im of the optical axis. 
The other variables are as those used for Fig. 10.7.
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Figure 10.8. Spectral changes on propagation in an inhomogeneous medium (using Eq. (10.3.25)) 

for two different spatial coherence length, (a): = 20(XXX)/kg, (b): o , = 2 0 0 /k,, and (c):

Oc = 2 /k„.

In Fig. 10.8 it is shown that the frequency shift for a field with a high spatial 
correlation (graph (a)) is negative (i.e. a red shift). However, as the the spatial 
correlation is reduced the frequency shift becomes smaller and for some propagation 
distances it even becomes a blue shift For a field with a very short spatial correlation 
distance the frequency shift is positive (i.e. a blue shift) for all propagation distances 
and is comparable to the on-axis graph shown in Fig. 10.7 (graph (a)). In Fig. 10.8 
there seems to be discontinuities near propagation distances of 0 . 0 1  and 0 .0 2 , but at 
these positions the spectral shift should be equal to zero according to Eq. (10.3.25) 
and the function is continuous at these positions.

In this section the frequency shift in an inhomogeneous medium and in Section
10.3.3 the frequency shift dependent on the propagation distance in free space (a 
homogeneous medium) were examined. In the remainder of this section a 
combination of these two situations is treated, because it is more realistic to look at a 
combination of an inhomogeneous and homogeneous medium instead of looking at a 
single inhomogeneous medium (a single GRIN lens). In Fig. 10.9 this situation is 
depicted as a GRIN lens (length L) followed by free space (distance z). Instead of the 
radius to the optical axis, the receiving angle (p is taken into account.
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Axis -■

Figure 10.9. Cascade combination o f an inhomogeneous medium (GRIN lens) and a 

homogeneous medium (free space) with a typical Gaussian beam profile.

The ABCD matrix of the cascaded system depicted in Fig. 10.9 is given by

"A B" " 1  z
C D 0  i j

cos

^ 2 £
2 tcv'

I M l

f

2 tcv

kgC

■sin
2 tcv

sm

cos

S '

M L
2 tcv

, (10.3.26)

where the same notation was used as in Section 10.3.3. The Gaussian beam width at 
position z (in free space) is now determined by

0 )(z,L) = J©5Wi(z,L) +
7CVCÛ0

W,(z,L), (10.3.27)

where

W,(z,L) = cos
V

( M l
2 tcv

_ 2 ,_ /

smz k,c

JJ 2 tc\;

■2 z.j-^^sin
V27CV

' J M l ' COS
U 2JIV  J \

M t
27tv

M l
2 jcv (10.3.28a)

W^(z,L) = z cos
V

M l
2 jtv JJ

2 icv
k^c

sm

\kjC

M l
2 tcv

(-^^L IcosI 
27CV

I M l
2 tcv (10.3.28b)
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Substituting Eq. (10.3.27) into the intensity distribution of the Gaussian beam (see
Eq. (10.3.8) and taken the derivative with respect to v and equating the result to zero
gives (after rearranging)

+ AjV^ = AjV'* + A4(v - Vo)v^

+A5(v - v„)v’ + A ,(v - v„)v’  ̂ (10.3.29)

which shows similarities to Eq. (10.3.23) and the individual values for the six A- 
constants are given by

A, = Tt’c^oXW iW j, (10.3.30a)

A2 = J tc V w |, (10.3.30b)

Aj = jtV o 5 coJz^(tan((p))^W2 , (10.3.30c)

A4 =c‘W’, (10.3.30d)

A5 = reXW ,, (10.3.30e)

A, = 2jt’cX W ,W j. (10.3.300

In Eqs. (10.3.30) the explicit z and L dependence of W /z,L) and W2 (z,L) is 
dropped. Setting v = Vq + Av in Eq. (10.3.29) and retaining the first order in Av 
results in

A v  = __________ A3 V0  - Â Vp - AgVp__________  n o  3 311
4A,v: + 2A2V0 - 4A3V2 - A X  - A^v; - A,v: '  ̂ >

This shows again that the frequency shift depends on a range of variables, such as the 
receiving angle, spectral linewidth, intensity beam width, spatial correlation width 
and the kind of inhomogeneous medium.
In Figs. 10.10 the spectral shift is determined for different receiving angles (cp) and 
two different spectral widths, the other constants are as in Fig. 10.7. The spectral
changes are measured at a distance of approximate 0 . 2  m, which is the far field in this
case. The spectral widths are given by: = O.OlSv  ̂ (spectral width 10 nm, graphs
(a), (b) and (c)) and = 0 .1 2 Vq (spectral width 80 nm, graphs (a’), (b') and (c’)).
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Figure 10.10a. Spectral changes depending on the length of the GRIN medium determined by Eq. 

(10.3.31) for different spectral widths and receiving angles, (a) 10 nm/ 0 degrees, (b) 10 nm/ 5 

degrees, (c) 10 nm/ 10 degrees, (a') 80 nm/ 0 degrees, (b') 80 nm/ 5 degrees and (c') 80 nm/ 10 

degrees.
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Figure 10.10b. Spectral changes on axis depending on the length of the GRIN medium 

determined by Eq. (10.3.31) for different spectral widths, (a) 10 nm and (a*) 80 nm. See also Fig. 

10.10a.
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The frequency shift is positive (a blue shift) for the on axis case (for both spectral 
width), the shape of the two curves is similar when shown on a log-scale, as is done 
in Fig. 10.10b. The only difference in Fig. 10.10b is the fact that the spectral changes 
depend on the spectral width of the source, but the overall shape of the curve is 
identical.

Returning to Fig. 10.10a it is clear that an increase in spectral width enhances the 
spectral changes, but there does not seem to be à clear pattern (e.g. linear or 
quadratic).

When the receiving angle is increased the initial blue shift becomes smaller and 
with increasing angle becomes a red shift (all graphs except (a) and (a')).

10.3.5 Spectral Changes in Optical Systems

In the previous section one kind of simple optical system was discussed (i.e. a 
combination of an inhomogeneous and homogeneous medium). In this section 
another optical system is described, which consists of propagation in free space and a 
thin lens.

The intensity distribution is again determined by Eq. (10.3.8). The ABCD matrix 
of the optical system is determined by the separate components. In this case the 
system consists of a distance (z) of free space, an ideal lens (focal length f) and a 
distance (d) of free space behind the lens. The ABCD matrix of this system is 
determined by

'A B“ ' 1 d ' ■ 1
0 1

z "l-df-^ z + d- dzf^
C D 0 1 _.f-i ijLo 1 _ - f ' 1 - z f '

(10.3.32)

The Gaussian beam width upon propagation is again determined by Eq. (10.3.7) and 
using the ABCD matrix given by Eq. (10.3.32) this is given by

CO

where the the beam waist cOq is determined by Eq. (10.3.11).
A convenient simplification is to look only at the spectral changes on the optical 

axis, in which case the intensity distribution (Eq. (10.3.8)) is determined by the 
source spectrum and the Gaussian beam width (Eq. (10.3.33)). Assuming a 
Gaussian spectral distribution (i.e. Eq. (10.3.9)) and using the same method as in

181



10 Theory and Simulated Results

previous section (i.e. to take the derivative and the first order approximation) the 
spectral shift is given by

Av =
c^aj(z + d-dzf'^)^

27Ĉ coJvo (l - df^ f  + 2 ĉ Vo (z + d - dzf‘* f
(10.3.34)

When the spectrum is determined in the back focal plane (i.e. d=f) Eq. (10.3.34) 
shows that the spectral shift is equal to the far field spectral shift of free space 
propagation (see Eq. (10.3.17) for (p=0).

The dependence of the spectral shift on the propagation distance behind the lens is 
shown in Fig. 10.11. The spectral shift is determined by using the following variable 
values: z=l, f=0.05, koG;=2000, k̂ Og =20000000 (spatially coherent source), 

/ Vq=0.05 and Vo=532 THz.
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Figure 10.11. Relative frequency shift as a function of the distance behind a lens (i.e. Eq. 

(10.3.34)).

From Fig. 10.11 it is clear that all the changes in the spectrum are dominant near the 
focal point of the lens. In that region the spectral shift decreases rapidly to zero and 
increases again to a constant level. This equality between the spectrum of the source 
and just behind the back focal plane is also evident from Eq. (10.3.34).

So for this free space/lens combination the spectral changes after the lens only 
occur near the back focal plane of the lens.
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10.4 DISCUSSION

Theoretical predicted spectral changes have been given for a range of optical systems. 
Several different approaches have been used to determine the theoretical results. In 
this section the different approaches for the optical systems are summarised and 
compared.

In Section 10.1 it was shown that even in classical systems spectral changes may 
occur and as examples diffraction and interference effects were mentioned. A cross- 
spectral density approach was used in Section 10.2 to determine the spectral changes 
depending on the spatial correlation of the source and the dependence was shown for 
different physical situations. In Section 10.3 a quasi-optical approach was used to 
determine the same dependence of the spectral changes on the spatial correlation of 
the source, which was done by incorporating the spatial correlation length in the 
Gaussian beam width. Different examples were discussed where the optical system 
could be described by an ABCD matrix.

On comparing the theoretical results from Sections 10.1.2 and 10.2.4 it was 
already mentioned (see concluding remarks in Section 10.2.4) that both the classical 
and the cross-spectral density approach give similar results for the spectral changes in 
Young's double slit experiment which are shown in Figs. 10.2 and 10.3. This 
connection between the spectral changes in Young's experiment and classical 
interference theory is also clear from some experiments [40,45,71-73] which are 
discussed in more detail in Chapter 11.

The spectral changes for free space propagation predicted by the quasi-optical 
approach in Section 10.3.3 can be directly compared to those theoretical results 
derived with the cross-spectral density approach in [38,42,55,56,65]. Comparing 
Figs. 10.5 with Fig. 1 in [56] shows equal main features of both series of graphs. 
The differences in the resulting spectral shifts can be accounted for by the use of 
different values for the variables and different spectral shapes (i.e. for Figs. 10.5 a 
Gaussian distribution and in [56] a Lorentzian distribution). Without giving graphical 
evidence it is stated that Eq. (10.3.17) gives the same results as can be found in Fig. 
3 in [56] when the following values are used: koG;=40, /  Vg =0.022 and Vq=532
THz. Comparing Fig. 10.6 and Fig. 5 in [197] shows again that the main features of 
both figures are equal. The comparison between the theoretical results firom both the 
cross-spectral density approach and the quasi-optical method show that the simulated 
results are similar and differences can be explained by taking the initial conditions into 
account.

In addition to the above mentioned equality between the quasi-optical method and 
cross-spectral density approach with respect to spectral changes in free space space, a
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similar equality exists for inhomogeneous media as can be concluded from the 
discussions given in Sections 10.2.3 and 10.3.4. The theoretical graphs in Section 
10.3.4 are directly comparable with those given in [197]. So, also for 
inhomogeneous media the quasi-optical approach and the cross-spectral density 
method give similar dependence for the spectral shift on the spatial correlation of the 
source.

It should be clear from the above discussion that the quasi-optical approach can be 
used as a complimentary description of the spectral changes in optical systems 
depending on the spatial correlation of the source. The wider accessibility should be 
seen as distinct improvement in the theoretical description of spectral changes in 
optical systems.

New theoretical results have been discussed for homogeneous media, 
inhomogeneous media and optical systems in Section 10.3. The simulated results for 
inhomogeneous media in Section 10.3.4 are used as a basis for a series of 
experiments described in Chapter 11.

The remainder of this section (and chapter) is devoted to application of this 
phenomena of spectral changes depending on the spatial correlation of the source.

From a pre-processing point of view these spectral changes can be used to 
determine the orientation (see Figs. 10.4) and coherence aspects (see Figs. 10.5 and 
1 0 .6 ) of a certain source (i.e. detection of coherent sources).

If the optical length of an inhomogeneous medium (GRIN lens or optical fibre) 
depends on the temperature, the spectral shift at the output is a measure for that 
temperature (as the spectral shift depends on the propagation distance in the medium). 
So the spectral changes in inhomogeneous media can be used to determine the 
temperature and gives the opportunity to fabricate a temperature sensor.

A final area of application can be found when the spectral changes are caused by 
scattering events. In this case the spectral shifts could give information (i.e. statistics) 
about the scatterer and the scattering process. This part of the research area might be 
of special interest to the astrophysical community as it is possible to predict spectral 
shifts independent of wavelength (i.e. similar to Doppler effect).

Without being specific, it should be mentioned that these spectral changes 
depending on spatial correlation of the source might be of importance to all areas of 
research where spectral information is used.
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Experimental Verification

In Chapter 10 different approaches were discussed to determine the changes in 
spectra upon propagation in optical systems as a function of the spatial coherence of 
the source. In this chapter the experimental results (also from the literature) are 
discussed and compared to the theoretical predictions given in the previous chapter.

In Section 11.1 a brief discussion is given about the experimental results reported 
in the literature so far. In the literature these results are compared with the cross- 
spectral density approach. However, it is shown in Section 11.1 that the results are 
equally well explained by using a classical (i.e. diffraction/interference) or semi- 
classical (i.e. quasi-optical) approach.

Some additional experiments are described in Section 11.2, which mainly 
concentrates on spectral shifts upon propagation in inhomogeneous media. The 
discussion given comprises the used set up and the experimental results. These 
results are compared to the theoretical predictions given in Section 10.3.4.

A short discussion concerning all experimental results is given in Section 11.3.

11.1 LITERATURE SURVEY

Most experimental results in the literature describe spectral changes in either free 
space [37,46-48,57,67], scattering experiments [68,151], Young's double slit 
experiment [40,45,71-73] or coherence effects in optical fibres [88,90,101]. The 
different results are discussed in this section.

To create an optical source which does not satisfy the scaling law (see Section 
1 0 .2 . 1 ) a combination of circular apertures, lenses and interference filters is used 
[37,46,48,57]. A white light source (e.g. tungsten halogen) and an interference filter 
with a finite linewidth are used to produce a source with a (near) Gaussian spectral 
distribution. Close to the source a circular aperture is placed and a lens is used to 
image this circular aperture into a plane with a second circular aperture (both planes 
containing the circular apertures are in respectively the front and back focal planes of 
the lens). The first aperture and lens determine the coherence area at the second 
aperture which is a secondary source. This secondary source has a Gaussian spectral 
distribution and is partially correlated in the spatial domain. The circular form of the
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11 Experimental Verification

apertures will also give a near Gaussian distribution for the source correlation. As 
both the spectral distribution and the source correlation have Gaussian shapes the 
resulting source is a Gaussian-Schell type of source (see Section 10.2). The spatial 
correlation of the source and the spectral changes upon propagation can be altered by 
changing the sizes of the circular apertures. The experimental results are in general 
agreement with the theoretical predicted spectral changes. It is shown that spectral 
changes for source with a narrow spectral linewidth are small, but when the linewidth 
is of the order of the centre wavelength the spectral shifts might be a few nanometer. 
It is also shown that the size of the secondary aperture determines the spectral shift in 
the far field. As the aperture size is small the spectral shift is large and is reduced 
when the aperture size is increased. In [46] it is shown that the spectral shift in the far 
field depends on the receiving angle as was predicted in Section 10.3.3 (see Figs. 
10.4). In [37] examples are given of sources which obey and those which violate the 
scaling law. For the first sort the measured spectrum is not shifted, but when the 
scaling law is violated the resulting spectrum is shifted with respect to the source.

One disadvantage of the above method is the fact that the circular apertures also 
produces diffraction effects. These effects are avoided when a diffuser is used to 
make a partial correlated source [68,151]. These experiments describe the spectral 
changes caused by the scattering of the source. In [151] it is shown that the intensity 
distribution in the focal plane of a lens depends on the source correlation which could 
be changed by changing the scattering medium. Depending on the optical system (a 
combination of a diffuser and a lens) the spectral changes for a multi-mode laser in 
[6 8 ] are shown to be more or less blue shifted.

Spectral changes observed in Young’s double slit experiment are discussed in [40, 
45,71-73]. In [40,45] two sources are used to produce two identical Gaussian spectra 
at the slits of the interferometer. However, one of the sources is in phase at the slits 
and the other source is out of phase at the two slits. So it should come as no surprise 
(see also Sections 4.3.4 and 10.1.2) that the spectrum in the far field on axis is 
different from the spectrum at the slits, because the out of phase source does not 
contribute to the spectrum and only the other source spectrum is left to form the 
resulting spectrum. In this case it is possible to get either a blue shifted or red shifted 
spectrum depending on which source is in phase at the slits (see Fig. 10.2). In these 
experiments it seems to be assumed that the fact that a source is out of phase at the 
slits means it is uncorrelated at those slits. However, the fact that no intensity is 
produced on axis means the source is highly correlated as no correlation would mean 
an average intensity (not equal to zero) on axis. More experiments [71-73] show how 
the spectrum is changing in Young’s experiment. In these cases an incoherent source 
is used and a partial source correlation is induced by one (or two) small aperture(s).
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Experimental results show either a blue or red shift of the spectrum in the far field 
depending on the receiving angle, slit width and distance between the slits. It is 
shown that the source correlation can be determined from the resulting spectra [72]. 
An oscillating spectral behaviour is measured in [73], which can be attributed to the 
frequency dependence of the source correlation. It should be mentioned that in this 
last situation the classical theory (Eq. (4.3.22)) also predicts such a behaviour in the 
resulting spectrum.

Finally some aspects of correlations in optical fibres are discussed in [88,90,101]. 
In these publications the spatial correlation is determined at different planes along 
optical fibres. Although the experimental results do not discus spectral changes, it 
seems to be of interest to determine the relation between these spatial fluctuations over 
the optical fibre face and spectral changes resulting from these aspects.

11.2 PROPAGATION IN INHOMOGENEOUS MEDIA

In addition to the range of experiments described in the previous section some results 
of spectral changes with respect to the propagation in inhomogeneous media are given 
in this section.

In Section 11.2.1 the calibration of the monochromator is given which is used for 
the derivation of the experimental results described in Section 11.2.2. In Section
1 1 .2 . 2  the experimental set up and resulting spectral shifts are discussed for different 
propagation distances in inhomogeneous media.

11.2.1 M onochromator Calibration

The principle of a monochromator can be found in basic optics books and is not 
discussed here. Basically the field transmitted by the monochromator has a finite 
width around a centre wavelength.

The sources used for the calibration of the monochromator (Bentham, M300) were:
- HeNe-Laser Xq =632.8 nm AX=0.002 nm
- Sodium Lamp Xq =589.6 nm AX=0.13 nm

Xq =589.0 nm AX=0.18 nm
- Xenon Arc or Tungsten Halogen Lamp + Filters

Xq =547.6 nm AX=10 nm
Xq =632.8 nm AX=3 nm
Xq =650.4 nm AX=10 nm
Xq =660.0 nm AX=80 nm
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11 Experimental Verification

The results of these calibration measurements are summerised in Fig. 11.1, where the 
wavelength is given as a function of the dial reading of the monochromator.
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Figure 11.1. Monochromator calibration graph.

From the measured spectra the resolution is determined as approximately 0.01 nm 
which should be sufficient for the planed measurements.

In the following section the graph in Fig. 11.1 can be used to determine the spectral 
changes (shifts) of a field with respect to the source spectrum.

11.2.2 Experimental Set Up and Results

The used set up to determine the spectral shift caused by an inhomogeneous medium 
is shown in Fig. 11.2. This set up is comparable with the set ups used to determine 
spectral changes in free space [37,46,48,57].

Arc
Lamp

p.

Power
Supply

Mono
chromator Plotter

Figure 11.2. Experimental set up to determine the spectral shift caused by an inhomogeneous 

medium, where and P, stand fw circular aperturesf fw filter, L for lens and D for detector.
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11.2 Propagation in Inhomogeneous Media

The Xénon arc lamp (Osram, XBO 150 W/S), the power supply (Spectral Energy, 
LPS 251 SR) and the interference filter F (Andover, 633FS10) are used to produce a 
source with a Gaussian spectral distribution with a centre wavelength ( X q)  of 632.97 
nm and a spectral width of 15.36 nm. The diameter (d) of the first circular aperture 
(Pq) was 2.5 mm and the focal length of the lens (f) was 30.0 mm. For such a 
lens/aperture combination the resulting area of coherence at the second aperture (i.e. 
the back focal plane) is equal to 1.22lof /d .  In this case the area of coherence is 
equal to 9.3 pm at the second aperture. The diameter of the second aperture was 1.8 
mm, which could also hold an inhomogeneous medium (i.e. a GRIN lens) of variable 
length. The resulting spectrum was measured in the far field (i.e.> 1.0 m) with a 
combination of a grating monochromator (Bentham, M3CX); see Section 11.2.1), a 
large area silicon detector (United Detector Technology, 257) and a plotter (Bryans, 
BS271). The length of the used GRIN lenses were 4.3 mm (Melles Griot, 06 LGT 
114), 4.6 mm (Melles Griot, 06 LGS 114), 5.4 mm (Melles Griot, 06 LGB 114) and
9.3 mm (Melles Griot, 06 LGD 114). Using the pitch length (P) of the GRIN lenses 
the lengths are respectively 0.23P, 0.25P, 0.29P and 0.50P. For more information 
about GRIN lenses see Section 10.3.4 and Appendix B.2.

For the set up shown in Fig. 11.2 the theoretical spectral shift can be predicted by 
the theory developed in Section 10.3.4. Using Eq. (10.3.31) and the above variables 
the centre wavelength dependence on the receiving angle is shown in Fig. 11.3.
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Figure 11.3. Theoretical prediction of the centre wavelength by Eq. (10.3.31) for the set up shown 

in Fig. 11.2 for variable receiving angle, where the length (L) of the inhomogeneous medium is 

taken as: (a) L=0 or L=0.50P, (b) L=0.23P, (c) L=0.25P and (d) L=0.29P.
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It is clear from Fig. 11.3 that the spectral changes are largest when the 
inhomogeneous medium has a length close to 0.25P which is in general agreement 
with the graphs in Section 10.3.4. Graph (a) in Fig. 11.3 shows the resulting centre 
wavelength for both free space propagation and an inhomogeneous medium with a 
length equal to 0.5P, so along an inhomogeneous medium the amounth of spectral 
change depends on the position along the medium and on the receiving angle. Graphs 
(a) and (c) are the extreem values in between which all spectral shifts are situated.

The resulting spectral shifts measured with the set up depicted in Fig. 11.2 can be 
found in Figs. 11.4, where Fig. 11.1 was used to determine the centre wavelength.

633.5

I, 633.0 

%

"3 632.5

I
I  632.0 

U

631.5
0 2 4 6

Receiving Angle (degrees)
Figure 11.4. Theoretical (Eq. (10.3.31)) and measured results of the centre wavelength by 

depending on the receiving angle using the set up shown in Fig. 11.2, where + are the measured 

results without an inhomogeneous medium and x with an inhomogeneous medium of arbitrary 

length. The dotted line( ") shows the centre wavelength of the source and the continuous line(—) the 

predicted result for zero length inhomogeneous medium (graj^ (a) in Fig. 11.3).

The measured results in Fig. 11.4 show that only the free space propagation behaves 
as predicted by the theory developed in Section 10.3. As soon as a inhomogeneous 
medium was positioned at the second circular aperture in Fig. 11.2 the spectral 
change became negligible (i.e. very close to the centre wavelength of the source). 
This shows that the theory developed in Section 10.3 does not cover the GRIN lenses 
used in these measurements. A possible explanation for this would be the frequency 
dependence of the inhomogeneous medium (in Section 10.3.4 the inhomogeneous 
medium was assumed to be frequency independent), in which case it would be
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11.3 Discussion

possible that the set up would obey the scaling law and no spectral changes would be 
observed as is the case in Fig. 11.4.

11.3 DISCUSSION

In this chapter a range of experiments have been discussed, covering propagation in 
free space (circular apertures and Young’s double slit experiment) and in an 
inhomogeneous medium (i.e. a GRIN lens).

The literature survey (Section 11.1) showed that most experiments were done with 
respect to free space propagation, where the spectral changes were determined 
depending on variables as source-size, spatial source correlation, spectral width, 
centre frequency (or wavelength) and receiving angle.

However, some of the experimental spectral changes resulting from Young’s 
double slit experiment using two independent sources [40,45] could be equally well 
explained when a classical approach is used and it is hard to believe that spatial source 
correlation has anything to do with these results. More convincing are those results 
where a single spatial incoherent source (i.e. a white light source) is used in 
combination with a circular aperture or double slit to control the spatial source 
correlation [71-73]. In these experiments the spatial source correlation seems to make 
a genuine contribution to the measured spectral changes. But again, these results can 
be derived from classical interference theory when it is assumed that the degree of 
coherence is a function of the frequency.

Some experiments used a spatial incoherent source and a combination of lenses/ 
circular apertures [37,46,48,57]. The measured spectral changes depended on the 
spatial source correlation (i.e. the size of the circular aperture) in agreement with the 
theoretical predictions (see Sections 10.2.2 and 10.3.3).

The experiments summarised above seem a straight forward extension of the 
existing interference and diffraction theory. This link is not clear for the experiments 
involving scattering [68,151]. However, as in these experiments the diffuser is 
rotating it is not clear which part of the spectral changes depend on the spatial source 
correlation or on the velocity of the scattering medium (i.e. Doppler shift).

Some experimental results with respect to optical fibres were discussed [88,90, 
101]. But these "only” look at the spatial correlation over the fibre end face and not at 
the link between spectral changes and the spatial source correlation.

The extra experimental results should have confhmed the theory developed in 
Section 10.3.4. However, the free space spectral changes predicted in Section 10.3.3 
were confirmed, but as soon as a length of inhomogeneous medium was added to the 
set up no spectral changes were detectable. So it seems that the used inhomogeneous
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medium (i.e. a GRIN lens) is not properly described by the theory of Section 10.3.4. 
The most probable explanation is a frequency dependence of the inhomogeneous 
medium, resulting in a set up for which the scaling law is valid and no spectral 
changes are to be expected.

The above discussion shows some direct ways for future research. It should be 
interesting to determine the spectral changes caused in an inhomogeneous medium 
when the appropriate frequency dependence of the medium is incorporated in the 
theory. In addition to this extra theoretical work more experimental results would be 
welcome to confirm some of the theoretical predictions. This work could start at the 
basic principles of the theory to determine the spectral shifts depending on the spatial 
source correlation when an appropriate spatial partially coherent source is 
constructed, where appropriate means that the diffractionAnterference effects of the 
source should be quantified.
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12
General Conclusions 
and Future Work

In this final chapter of this thesis the theoretical and experimental results given in 
Chapters 7, 8 ,10 and 11 are summarised.

In addition to the summarised results of the original research presented in this 
thesis a range of applications is mentioned in Section 12.2.

Some directions for future research, both theoretical and experimental are given in 
Section 12.3.

The final conclusions of this thesis can be found in Section 12.4.

12.1 SUMMARISED RESULTS

The summarised results of the newly developed theoretical and experimental research 
in the areas of coherence and polarisation theory described in this thesis can be found 
in this section. This discussion is divided in two sections, respectively Sections
12.1.1 and 12.1.2 to cover the Parts 2 and 3 of this thesis.

12.1.1 Degree of Polarisation in Optical Fibres

It was discussed in Chapters 7 and 8  how the polarisation and the degree of 
polarisation behaved upon propagation of an electro-magnetic field along an optical 
fibre. In this section the original research results of these chapters are summarised 
below.

The main theoretical results of Chapter 7 were given in Sections 7.1.3,4 and 7.2.3- 
6 , where a new single matrix method was developed. This single matrix method is 
based on coupled (polarisation) mode equations and uses a single Mueller matrix to 
describe the propagation of the polarisation (and the degree of polarisation) in an 
optical fibre. It is assumed that the coupling process between the orthogonal 
polarisations is continuous. This single matrix approach incorporates differences 
between propagation constants and loss in both orthogonal polarised fields and it was 
assumed that these entities were linear functions of the frequency.

The simulated results based on the newly developed single matrix method showed
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how the degree of polarisation developed upon propagation along an optical fibre for 
a range of different physical situations. It was shown (see Figs. 7.8-10) that for a 
coherent signal (i.e. the unphysical limiting case) the degree of polarisation becomes 
equal to one upon propagation, independent of the degree of polarisation at the input 
of the optical fibre. The introduction of a finite spectral linewidth (i.e. a partially 
coherent signal) showed that the final degree of polarisation for a long propagation 
distance is dependent on the linewidth and the variables determining the optical fibre 
medium. However, as was shown in Figs. 7.12 and 7.14, it is not essential for the 
degree of polarisation to correspond to one single linewidth. In this case (Fig. 7.14) it 
is not possible to determine the spectral linewidth of the source by measuring the 
degree of polarisation at the end of the optical fibre. But, as shown in Fig. 7.12, this 
pre-processing of an electro-magnetic signal might be possible when the coupling 
coefficient (between the orthogonal polarisations) is small. In this case the process 
also works the other way round, meaning that the variables of the optical fibre can be 
determined when the source is well defined. These aspects of the degree of 
polarisation are of importance for optical communication systems [320].

The experimental results described in Chapter 8  (i.e. the propagation of the degree 
of polarisation in optical fibres) cover new research areas with regard to the degree of 
polarisation and the linewidth of the electro-magnetic field at the input of the optical 
fibre. The measured results for the coherent case (see Section 8.3.3, Figs. 8.11) 
confirmed the theoretical predictions made (Section 7.2.5), as the degree of 
polarisation became equal to one upon propagation along the optical fibre independent 
of the input degree of polarisation. The introduction of a temporal partially coherent 
source did not show the results as predicted by Figs. 7.11,12. However, these 
results showed resemblance to the simulated results depicted in Figs. 7.13,14. This 
showed that it is difficult to tell the difference between spectral linewidths of 1, 3 and 
1 0  nm, but it also showed that this approach can be used to distinguish between: a 
highly coherent source (i.e. a laser), a partially coherent source (i.e. an interference 
filter spectral line) and an incoherent source (i.e. a white light source). This last 
aspect has particular relevance to the pre-processing of an electro-magnetic signal. 
Although it was not clear from the measurements what the source of the additional 
oscillation was on the degree of polarisation upon propagation it should be mentioned 
that it is possible to simulate similar oscillations which were shown in Fig. 7.13.

The single matrix approach gives similar results as the mode coupling centre 
method (see Sections 7.1.2 and 7.2.2). However, this last method has to rely on an 
averaging process to get useful results. It seems that this process is made continuous 
by the averaging process and then gives comparable results to the continuous single
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matrix approach.

12.1.2 Spectral Changes in Optical Systems

In Chapters 10 and 11 theoretical predictions and experimental results were given for 
the spectral changes in a range of optical systems. Original areas of research include 
the theoretical quasi-optical approach to describe optical systems and experimental 
results in an inhomogeneous medium. In addition to these aspects of spectral changes 
in optical systems the developed theory is compared with existing theoretical and 
experimental results.

It was shown in Sections 10.1 and 10.2 that the cross-spectral density approach is 
a straight forward extension of the classical diffractionAnterference theory and some 
of the simulated results are equally well derived using either theory.

On comparing the simulated results from Sections 10.2 and 10.3 it was shown that 
both methods have their advantages. However, the newly developed quasi-optical 
approach results in simple equations which have a direct physical meaning. One of 
the disadvantages of the quasi-optical approach is the restriction to optical 
components which can be described by an ABCD matrix. Free space propagation 
simulations showed similar results for both methods when the spatial source 
correlation was incorporated in the quasi-optical theory at the Gaussian beam width 
(which here form a combination of the intensity width and the spatial correlation 
width, see Eq. (10.3.12)).

New theoretical results using the quasi-optical approach were given with respect to 
spectral changes in an inhomogeneous medium depending on the spatial correlation of 
the source. Simulated results of the spectral changes upon propagation in an 
inhomogeneous medium showed an oscillating behaviour for which the spectral shift 
showed a maximum and minimum value. Here it was assumed that the scaling law 
was violated because the refractive index of the inhomogeneous medium did not 
depend on the frequency.

Original theoretical work also showed how the quasi-optical approach could be 
used to determine the spectral changes in complex optical systems (see Section 
10.3.5), where the ABCD matrices of the separate components were used to 
determine the ABCD matrix of the total optical system.

Experimental results described in Chapter 11 showed that some experiments could 
be explained by classical interference theory. But this link seemed less obvious in 
other experiments, where it should be assumed that the spectral source correlation has 
a genuine influence upon the spectral changes in the described optical system.

Original experiments describing the spectral changes in an inhomogeneous medium
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(Section 11.2.2) did not show the results predicted by the quasi-optical theory 
developed in Section 10.3.4. The most probable explanation for this would be the 
obeying of the scaling law by the used set up in which case no spectral changes are 
expected. This could be achieved by assuming a frequency dependence of the 
inhomogeneous medium which was not assumed in Section 10.3.4.

12.2 APPLICATIONS

A range of applications is given in this section, as in Section 12.1 a division is made 
between Parts 2 and 3 of this thesis.

12.2.1 Degree in Polarisation in Optical Fibres

The theory and experiments discussed in Section 12.1.2 add to the knowledge in the 
fields of optical communication theory and the pre-processing of electro-magnetic 
signals.

In the area of pre-processing, the propagation of the degree of polarisation could be 
used to determine the spectral linewidth (temporal coherence) of a source in a hostile 
environment This has particular application to the problem of distinguishing between 
a highly coherent source and a background with a low temporal coherence.

In communication theory the polarisation and the degree of polarisation begin to 
play a more important role as was the case in the past. So, knowledge about the 
propagation of these entities in communication systems (i.e. optical fibres) should be 
an advantage.

12.2.2 Spectral Changes in Optical Systems

Application of the dependence of the spectral changes on the spatial source 
correlation (see Section 12.1.2) can be found in the pre-processing and detection 
area.

Starting with the pre-processing of electro-magnetic signals, the spectral changes 
can be used to determine the orientation (Figs. 10.4) and coherence aspects (Figs.
10.5 and 10.6) of a certain source. This could be further developed for the detection 
method of coherent sources.

Assuming that the spectral changes in an inhomogeneous medium depend on the 
propagation distance in the medium and a temperature dependence of the propagation 
distance, these spectral changes are dependent on the temperature and could form the 
basis of a temperature sensor.

196



12.3 Future Work

Finally the spectral changes caused by scattering events could give valuable 
information about the scatterer and the source. This might be of major importance to 
the astrophysical field of research.

This newly developed quasi-optical approach to spectral changes should be seen as 
an alternative description which can be used in case the optical system is described by 
an appropriate ABCD matrix.

12.3 FUTURE WORK

Some aspects of future research are discussed in the section. Again a division is made 
between Parts 2 and 3 of this thesis.

12.3.1 Degree in Polarisation in Optical Fibres

There are a few aspects of possible future research which should be mentioned.
In this thesis it was assumed that the differential propagation constant and the 

differential loss were both linear functions of frequency and the coupling process (i.e. 
the coupling coefficient) independent of the frequency. It is clear that it would be of 
interest if the simulated results behave differently when the above mentioned situation 
is changed and higher order dependence is used instead of a first order 
approximation.

In Part 2 of this thesis the values for the variables determining the optical fibre were 
not related to real physical values (but within the range of values found in the 
literature). So, it would be of interest to compare simulated and experimental results 
for known values of the differential propagation constant, the differential loss and the 
coupling coefficient

Additional measurements should be done to verify the developed theory. These 
experiments should include a range of optical fibres with different values for the 
variables (e.g. induce the coupling process).

Both the theoretical and experimental aspects of statistical averaging processes 
could give additional information about the optical fibre and the source.

12.3.2 Spectral Changes in Optical Systems

Both theoretical and experimental work needs to be done in the area of spectral 
changes depending on the spatial correlation of the source.

As was clear from Section 11.2.2, additional work has to be done to incorporate
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the frequency dependence of the inhomogeneous medium. This approach might give 
a valid explanation for the results shown in Section 11.2.2.

It should also be of interest to determine the spectral shift caused by an 
inhomogeneous medium for which the scaling law is not valid, but it might be 
difficult to find these kinds of materials.

Another area of future research might be a quasi-optical description of the spectral 
changes caused by scattering to see if the results are different from those expected by 
Doppler shifts.

For all additional experiments it should be made sure that it is possible to separate 
the effects of the spatial source correlation and the normal interference/ diffraction

12.4 CONCLUSIONS

It was shown in this thesis that coherence and polarisation aspects are important 
entities for the pre-processing of electro-magnetic signals.

In Part 2 of this thesis a single Mueller matrix approach was developed to describe 
the propagation of the degree of polarisation in optical fibres. This approach was 
compared with other methods described in the literature which confirmed the validity 
of this single matrix approach. The theoretical/simulated description showed 
additional information about the optical fibre and the source which could be used for 
purpose of pre-processing electro-magnetic signals (coherent source detection). The 
theoretical results were confirmed by experiments covering different conditions for 
the source (input degree of polarisation and spectral linewidth). These results might 
also give valuable information for optical communication systems.

The spectral changes depending on the spatial source correlation were discussed in 
Part 3 of this thesis. The quasi-optical method was compared with classical 
interference/diffraction theory and the cross-spectral density approach. Simulated 
results showed that when a ABCD matrix is available for the optical system the quasi- 
optical approach gives similar results as the other theories. Experimental results 
showed the validity of the developed theory for the case of spectral changes in free 
space. However, the experiments based on the propagation of the signal in an 
inhomogeneous medium showed that the used GRIN lenses did obey the scaling law 
and no spectral changes occurred.
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A
Single Matrix Method

Some additional derivations with respect to the propagation of the degree of 
polarisation in optical fibres are given in this appendix*

In A.l the Laplace Transform is derived for which describes the missing 
mathematical steps in between Eqs. (7.1.18) and (7.1.19).

A full derivation of the Mueller matrix (Eq. (7.1.22)) is given in Appendix A.2, 
where Eqs. (7.1.21) are used to describe .the electro-magnetic fields in both 
orthogonal polarisation directions.

In Appendix A.3 the propagation of the degree of polarisation is determined for the 
lossless coherent case (Eq. (7.2.9)).

A.1 THE LAPLACE TRANSFORM Ë,

In this part of the appendix the Laplace transform E  ̂ is rewritten to be able to take the 
inverse Laplace transform of E  ̂ and find an expression for the electro-magnetic field 
in the x direction. The Laplace transform is given by Eq. (7.1.18), i.e.

_ (s-ip ;)E .(0)^iC E ,(0)

which can be rewritten in the following way

(s-ip;)E ,(0) + iCE,(0)

'  s ^ - i(p > p ,)s -p :p ;+ c ^

(s-ip ,)E ,( 0 ) + iCE,(0 ) P .+ P ,
s '-2 i5 * s -p :p ;+ e

(s-ip ,)E ,(0 )+ iC E /0)

(s -i5 * f+ (8 * f-p :p ;+ C ^
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(s-ip;)E ,(0) + iCE^(0) 

(s- i 8 * f + ( 8 f + C '
, 8 = «

(s-ip ,-0 .5 ip ;+0.5 ip ;)E .(0) + iCE,(0) ,

(s- iS^)E,(0 ) + i8E ,(0) + iCE,(0) 

(s-i 8 *)^+p^

(s-i 8 *) (A. 1.2)

which is equal to Eq. (7.1.19)

A.2 DERIVATION OF THE MUELLER MATRIX

The steps in between Eqs. (7.1.21) and (7.1.22) are derived by equating the input 
and output Stokes vectors (see Eqs. (5.1.21) and (5.1.27)). The four possible 
products of the two orthogonal components of the electro-magnetic fields are given 
by

E:(z)E,(z) = . 5  . .C  .cos(pz) - i—sin(pz) E* (0) - i—sin(pz)E* (0) 
P y P

.6 . .C  .cos(pz) + i—sin(pz) E^(0) + i—sin(pz)Ey(0)
P /  P

' 8cos^(pz)+ — sin^(pz)
vPy

e ;(0)E,(0) +

C (  8* I
i—sin(pz) cos(pz)-i—sin(pz) E*(0)Ey(0)

P V P  )

.C  . .6 .—sin(pz) cos(pz) + i—sin(pz) EJ(0)E^(0) + 
P V P

sin:(pz)E'(0)E,(0),
(A.2.1)
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and

e ;(z)e ,( z) =
f  f  8 ' ^  ^

cos(pz) + i—sin(pz) Ej(0) - i—sin(pz)E* (0)
P y P

X

cos(pz) - i—sin(pz) Ey (0) + i—sin(pz)E^ (0) 
P y P

{6 Vcos^(pz)+ — sin^(pz) 
VPy

E ;(0 )E y (0 )  +

.C  . .6- .sin(pz) cos(pz) + i—sin(pz) E y (0 )E ^ (0 )-  
P V P y
C (  8‘ ^

i—sin(pz) cos(pz)-i—sin(pz) E * (0 )E y (0 ) +
P V P y

sm:(pz)E:(0)E,(0),
VH y (A.2.2)

e ;(z)e ,(z) =
f' / ' \  ^

co s(p z ) - i — sin (p z ) E* (0 ) - i — sin (p z)E y  (0 ) 
P y P

X

cos(pz) - i—sin(pz) Ey (0) + sin(pz)E, (0)
P y P

cos(pz) -i — sin(pz) 
V P y

E :(0 )E y (0 )  +
V V. y y
C (  8* ^

i—sin(pz) cos(pz) - i—sin(pz) E * (0 )E ^ (0 )-
P V P y
C f  8* ^

i—sin(pz) cos(pz)-i—sin(pz) E j(0 )E y (0 )  +
P V P y

IP
sin^(pz)E;(0)E.(0)

(A .2 .3 )

E;(z)E,(z) = cos(pz) + i—sin(pz) EJ(0) -  i—sin(pz)E*(0) 
P y P

co s(p z ) +  i — sin (p z ) E ^ O )  + 1 — sin (p z )E y (0 ) 
P y P
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cos(pz) -K —  sin(pz)
V P y

E;(0)E,(0) +
V

d  f  s- \
i—sin(pz) cos(pz) + i—sin(pz) E * (0 )E y (0 )-  

P V P y
C f  S' ^

i—sin(pz) cos(pz) + i—sin(pz) E * (0 )E ^ (0 )  +
P V P y

sin^(pz)E;(0)E,(0).
vPy (A.2.4)

The four individual elements of the output Stokes vector are now given by

s„(r) =E:(z)E,(z) + E;(z)E,(z)

(  r s V  r r V
= cos^(pz)+ — sin^(pz)+ — sin^(pz)

I, kPV i P ;

(e ;(0)e ,(0 )+ e ;(0)e ,(0))

= e ;(0)e .(0 )+ e ;(0)e ,(0). (A.2.5)

s,(z) = e ;(z)e ,(z) - e ;(z)e ,(z)
f ys:-V 2 >
cos^(pz) + — sin^(pz)- sin^(pz)

V < P ; <p> y
X

(e ;(o)e .(o) - e ;(o)e ,(o))+ 

2^sin^(pz)(E ;(0)E ,(0) + e ;(o)e ,(o))-

2i^sin(pz)cos(pz)(E;(0)E.(0)-E:(0)E,(0))

VvPy 
CÔ

c

vPy

P
C .

cos(2pz) (E:(0)E,(0)-E;(0)Ey(0)}
y

(1 - cos(2pz))(E; (0)E,(0) + e ;(0)e . (0)) -

sin(2pz)i(E;(0)E.(0)-E:(0)E,(0)),
(A.2.6)
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and

s,(z) = e ;(z)e ,(z)+ e ;(z)e ,(z)

= 2^sin^(pz)(E ;(0 )E ,(0 )- e ;(0)e ,(0))

+

sin^(pz) ̂ TcYcos^(pz)+ — sin^(pz)- 
vPy

(e :(o)e ,(o)+ e ;(o)e .(o))

2i jsin(pz)cos(pzXE;(0)E.(0) - E;(0)E,(0))

pC-
= i ^ ( i . cos(2pz))(e ;(0)e .(0) - e ;(0)e ,(0))+

fret ^
, I p >

5

y  I cos(2pz) (E:(0)E,(0) + E;(0)E. (0))

sin(2pz)i(E;(0)E,(0)-E:(0)E,(0))
(A.2.7)

S3 (z) = i(E;(z)E.(z)-E:(z)E,(z))

= 2^sin(pz)cos(pz)(E:(0)E,(0) - E;(0)E,(0)) -

2isin(pz)cos(pz)(E:(0)E,(0) + E;(0)E,(0)) +

/p Y  /  X- Y
cos^(pz)- — sin^(pz)- — sin^(pz)

vPy vP y

i(E;(0)E,(0)-E;(0)E,(0))

= ^sin(2pz)(E;(0)E.(0)- e ;(0)e ,(0)) +

[  .^ sin (2pz)\E ;(0 )E ,(0 )+ e;(o)e ,(o ))
V P y

cos(2pz)i(E;(0)E,(0)-E:(0)E,(0)). (A.2.8)

Substituting Eqs. (A.2.5-8) into Eq. (5.1.27) the result can be rewritten as Eq. 
(7.1.22), which is the Mueller matrix for a lossless optical fibre.
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A.3 DERIVATION OF THE DEGREE OF POLARISATION

In this part of Appendix A the propagation of the degree of polarisation is determined 
for the lossless coherent case (Eq. (7.2.9)), which is given by Eq. (5.1.26). The 
individual terms of the Stokes vector in Eq. (5.1.26) are given by

s„(z) = s„(0 ) (A.3.1)

sf(z) =

2

C

VP

\2
cos(2pz) sf(0) +

^vPy 

Ô

v P y

C

VP
CÔcos(2pz) - ^ ( l  - cos(2 pz))si(0 )s2 (0 ) -

( /c . Y /p Y  
+ — 

I p J
cos(2pz) —sin(2pz)si (0 )s3 (0 ) +

CÔ (l-cos(2pz)) 8 2 (0 )-

pR p
2 - ^ ( 1  - cos(2 pz))—sin(2 pz)s2  (0 )8 3 (0 ) +

/ r  Y
—sin(2pz) 8 3 (0 ),
P y (A.3.2)

s:(z) = CÔ (l-cos(2 pz)) sf(0 ) +

y / ^ Y  /g. Y 
+ cos(2pz)

pK-
-^(1 - cos(2pz))si(0)s2(0) +C

l^VPy VKy 

2 ^ |- ( l  - cos(2pz))^sin(2pz)si (0 )8 3 (0 ) +

r / p Y  /g-Y 
^  +

v p ;

5_

vPy

\2
cos(2pz)

^P J  V P y

—sin(2 pz) 8 3 (0 )
. P y

cos(2 pz)

s:(0) +

^ s i n ( 2pz)s2 (0)83(0) +

(A.3.3)
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A.3 Derivation of the Degree of Polarisation

f c  V p  S'
8 3 (7 ) = — sin(2 pz) sf(0 ) - 2 —sin(2 pz)—sin(2 pz)si (0 )8 2 (0 ) +

VP y P P
P /  R- Y

2—8in(2pz)co8(2pz)8i (0 )8 3(0 )+ —8in(2pz) 8 2 (0 )- 
P V P y

Ô .2 — 8 in(2 pz)co8 (2 pz) 8 2  (0 )8 3 (0 )+ — 8 in(2 pz) 8 3 (0 ).
P K P  J (A.3.4)

Ô .

Sub8tituting Eq8. (A.3.1-4) into Eq. (5.1.26) rc8ult8 in Eq. (7.2.9).
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B
Quasi-Optical Approach

In this appendix some additional information is given about the quasi-optical 
approach to the spectral changes in optical systems.

A short discussion (with accompaning calculations) for the first order 
aprroximation for the frequency shift is given in Appendix B.l.

In Appendix B.2 the inhomogeneous factor is determined for the GRIN lenses 
described in Sections 10.3.4 and 11.2.2.

B .l FIRST ORDER APPROXIMATION FOR THE SPECTRAL SHIFT

In Section 10.3 the spectral shift was determined by a first order approximation.
In this part of Appendix B the validity of this first order approximation depending 

on the order of v is checked. For the free space propagation it is checked what the 
consequences are if an additional v term is cancelled before the first order estimate is 
taken.

The spectral shift for fi*ee space propagation is determined by taking the derivative 
of the intensity distribution of the Gaussian beam with respect to the frequency v (see 
Eqs. (10.3.13) and (10.3.14) in Section 10.3.3). However, in Eq. (10.3.14) an 
additional v term has been cancelled out. The actual result of the derivation of the 
Gaussian beam intensity distribution is given by

- 2 tc'‘cOo -  VoV® ) -  47C^C^Z^0)J ( )

+(7U^c^z^©o^J -  27C ĉ ẑ'‘tan^(0)cOoay)v^

-2cV (v’ -v ,v ')+ c"zX v = 0 ( B I D

Substituting v = Vq + Av in Eq. (B.1.1) and retaining the first order in Av results in

A v . , ------------( A r A , ) G X - A , o % --------------  (B.I.2)
- (A , - A,)o^vJ - 2A,v^ - A.vJ - 4AjV; - A , a l
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B Quasi-Optical Approach

where the same notation is used as for Eq. (10.3.15). Comparing Eqs. (10.3.15) and 
(B.1.2), it is obvious that besides the higher order of and some minor changes, 
there is an extra term in the denominator of Eq. (B.1.2). The simulated results of 
Eqs. (10.3.15) and (B.1.2) are shown in the Figs. B.la-d.

1.01

i . .

1 . 
Î
I ,

- 2.0
3000 100 200

Relative Propagation Distance 
Figure B .la. Frequency shift (Eq. (10.3.15)) as a function of the relative propagation distance in 

the near field for different receiving angles: (a) 0=0 degrees, (b) 0=5 degrees and (c) 0=10 degrees).

1.01

fc  0.0

1 . 
Î
f  .

- 2.0
3002001000

Relative Propagation Distance 
Figure B .lb. Frequency shift (Eq. (B.1.2)) as a function of the relative propagation distance in the 

near field fœ  different receiving angles: (a) 0=0 degrees, (b) 0=5 degrees and (c) 0=10 degrees).
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2.01

's- l-C  
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I  0.0- 
%

c  -1.0-

I
£  -2.0 -

-3.0
0 1000 2000 3000 4000 5000 6000

Relative Propagation Distance

Figure B .lc. Frequency shift (Eq. (10.3.15)) as a function of the relative propagation distance in 

the far field for different receiving angles: (a) 0=0 degrees, (b) 0=5 degrees and (c) 0=10 degrees).
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0.0
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I
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0 1000 2000 3000 4000 5000 6000

Relative Propagation Distance

Figure B .ld . Frequency shift (Eq. (B.1.2)) as a function of the relative propagation distance in the 

far field fœ  different receiving angles: (a) 0=0 degrees, (b) 0=5 degrees and (c) 0=10 degrees).

In the Figs. B.la-d the following constant values were used: Vo=532 THz, 
Gv=0.06Vo and Gi=Gg=20/ko. The width of the Gaussian beam is determined by a
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slightly different form of Eq. (10.3.12), i.e.

(B.1.3)

When comparing the Figs. B.la and B.lb and the Figs. B.lc and B.ld it is clear that 
the results from Eq. (B.1.2) result in a frequency shift that is either positive (blue) or 
negative (red) as opposed to the changes that might occur for Eq. (10.3.15) (see 
graph (c) in Fig. B.la). But the far field results are similar for both equations and the 
cancellation of the extra v term before the first order approximation is taken has only 
effect on the frequency shift in the near field.

However, the results from the cross-spectral density approach found in the 
literature are similar to the results found with Eq. (10.3.15) (see Figs. B.la and
B.lc). So to sustain the ability to compare our results with those in the literature (and 
keeping in mind that the effect only affects the near field) it is assumed that it is valid 
to cancel the extra v term in Eq. (B.1.1) and the spectral shift for free space 
propagation is given by Eq. (10.3.15).

B.2 INHOMOGENEOUS FACTOR FOR A GRIN LENS

The value of kj for an inhomogeneous medium as a GRIN lens is determined from 
the catalog of Melles Griot [321], which gives the refractive index profile as

n(r) = n o f l - j r ' \  (B.2.1)

where n  ̂ is the refractive index on axis and A is a constant value which determines 
the quadratic index profile. The value of A can be determined from: sin(0) = n^RVÂ. 
Except A, all other constants are given in the Melles Griot catalog. Substituting these 
values gives A=101801.48. Using Eq. (10.3.18) the value of kj for the GRIN lens 
can now be determined by equating the quadratic parts of Eqs. (10.3.18) and (B.2.1) 
and substituting the constant values, which results in

^  2 i t ^  ^ 2ilVoA ^  2 ^  ,  Q g4 10" (B.2.2)
C C Ao

where the centre wavelength is taken as lo=650 nm. The value of k 2  from Eq. 
(B.2.2) is used in the Section 10.3.4.
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