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gg In this paper, we are interested in designing and analyzing a finite
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35 by the linearized incompressible Navier-Stokes equation. We propose
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49 tational community. There are several different situations where such data
50 assimilation problems arise. One situation is when the data necessary to
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52 data can not be obtained on parts of the boundary, but some other measured
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data on the boundary or in the bulk is available to make up for this short-
fall. In such situation, the problem is ill-posed and numerical simulations
are much more delicate to handle than for the well-posed flow"equations.
The traditional approach is to regularize the continuous problem to obtain
a well-posed continuous problem, often using a variational framework; that
can then be discretized using standard techniques. The regularization pa-
rameter then has to be tuned to have an optimal value with respéct to noise
in the data. The granularity of the computational mesh is'chosen afterwards
to resolve all scales of the regularized problem. An example of this strategy
is the quasi-reversibility method (see the referenges [8, 9,710y 11]) which is
applied to Stokes problem in [10] for the inverse identification of bound-
aries. Other examples can be found in [26], where additional measured data
is used to compensate for a lack of knowledge of the boundary conditions
in hemodynamics, or in [35], where a leastssquares method is proposed for
combining and enhancing the results from an existing computational fluid
dynamics model with experimental data. /More generally the variational
data assimilation method dates bagek to the work of Sasaki [38] where it was
introduced in the context of meteorology. For further developments, we re-
fer for example to [41, 40]. Other approaches to data assimilation exist such
as nudging [32, 2, 30] or miinimax estimates [42]. The upshot in the present
contribution is the design of afinite element method applied directly to the
ill-posed variational data assimilation form. Regularization is then added
on the discrete level, using methods from stabilized finite element methods
allowing for a detailedranalysis using conditional stability estimates.

A successful data assimilation method hinges on the existence of some
stability properties of\‘ghe ill-posed problem. Fortunately, it is known that
a relatively large clags of ill-posed problems has some conditional stability
property. Stability estimates give a precise information on the effect of
perturbations on thessystem. In particular, they imply that, if the data
are compatible with the PDE, in the sense that there exists a solution in
some suitable Sobolev space satisfying both the PDE and the data, then
this selution is unique. For the Stokes equation, this unique continuation
property was originally proven by Fabre and Lebeau [29]. The analysis of
the stability properties of ill-posed problems based on the Navier-Stokes
equations iS a very active field of research and we refer to the works [36, 4,
7, 34,:334'5, 3] for recent results. Stability estimates for inverse problems
classically rely on Carleman inequalities or three-balls inequalities, two tools
which are strongly related. The idea of applying Carleman estimates for the
stability analysis of inverse problems is introduced in the seminal paper [16]
by Bukhgeim and Klibanov.

Page 2 of 29



Page 3 of 29

oNOYTULT D WN =

AUTHOR SUBMITTED MANUSCRIPT - IP-102448.R2

There appears to be relatively few results in the literature diseussing
the combined error due to regularization, discretization and perturbations
for inverse problems subject to the equations of fluid mechanics. \To the
best of our knowledge such a combined analysis has only beén performed
in the recent paper [22], where a nonconforming finite element method was
used, together with regularization techniques developed_.dnrthe context of
discontinuous Galerkin methods, to analyze a data assimilation problem for
Stokes problem. One of the reasons for this is that, there is in' general a
gap between the stability estimates that can be proven amalytically and the
stability required to perform a numerical analysis. An approach allowing to
bridge this gap was proposed in [19, 20, 21, 23], drawing on earlier ideas for
well-posed problems in [12, 13]. This framework combines stabilized finite
element methods designed for well-posed preblems with variational formu-
lations for data assimilation and sharp stability estimates for the continuous
problems based on three balls inequalities or Carleman estimates. Recent
developments include finite element data assimilation methods with optimal
error estimates for the heat equation [25, 24} and design of methods for in-
definite or nonsymmetric scalar elliptie.problems analyzed using Carleman
estimates with explicit dependence ‘on thephysical parameters [18, 17].

In this paper, our aim is'te, build on these results and use known tech-
niques for the approximation of the (well-posed) Navier-Stokes equation in
an optimization framework in order to assimilate data with computation.
Contrary to the previeus work [22], we consider the linearized Navier-Stokes
equations and use standard H'sconforming, piecewise affine, finite element
spaces. The key idearis that the ill-posed continuous problem is not regular-
ized. Instead, we discretize the equation and set up a constrained optimiza-
tion problem where'we minimize the distance between the discrete solution
and the measured data: To counter the instabilities in the discrete system,
we introduce regularization terms. Taking advantage of the discretize—then—
optimizé perspective, we get an accuracy which is optimal with respect to
the stability of the continuous problem through weakly consistent regular-
izationsterms. This property is illustrated by the error estimate of Theorem
3.1 that is_sharp relative to the stability estimate of Corollary 2.1 (which
ista consequence of a three balls inequality derived by Lin, Uhlmann and
Wang36]). Moreover, in our framework, the only regularization parameter,
up te'a constant scaling factor, is the mesh parameter.

We apply this method to an incompressible laminar steady flow in the
low Reynolds regime. To be more specific, we are interested in a situation
where a known laminar base flow U is available and we consider that a
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perturbation of the velocity of the base flow has been measured in some
subset wy of the computational domain 2. Assuming that the perturbation
is small, we then consider the linearized Navier-Stokes equation and our
objective is to get quantitative local error estimates for the perturbation in
some target subdomain wr.

The rest of the paper is organized as follows. In Section 2g¢we introduce
the considered inverse problem and some related stability estimates. In Sec-
tion 3, we describe the proposed stabilized finite elemient, approximation of
the data assimilation problem and state the local error estimate. The nu-
merical analysis of the method is carried out in Section 4. Hinally, Section 5
presents a series of numerical examples which(illustrate the performance of
the proposed method. In particular, in Section 5.3, we explore how the
present approach can be applied to the estimation of relative pressure in
blood flow from MRI velocity measurements. ~

2 Presentation of the inversesproblem and stabi-
lity results for the continuous problem

Let Q be a bounded open polyhédral domain in R? with d = 2,3. We
denote by (U, P) a solution of the stationary incompressible Navier-Stokes
equations and we comsider some perturbation (u,p) of this base flow. It is
then known that, if the quadratic term is neglected, the linearized Navier-
Stokes equations for (u, p) may. be written

(UNV)ut (v NV)U+Vp—vAu = f in{ (1)
Veu = 0 in .
In what follows, We assume that U belongs to [W1°°(Q)]¢ and that (u,p)
satisfies the regularity

(u,p) € [H* () x H'(Q).

For this problem, we consider that measurements on u are available in
some subdomain wy; C ) having a nonempty interior and our objective is
to reconstruct afluid flow solution of system (1) from these measurements
on the velocity.

Let us now introduce some useful notations. We consider the following
spaces

V= [HY(Q)), Vo= [HYQ), Lo:=I3(Q), and L:=IL*(Q)

Page 4 of 29
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8 where L2(2) = {p € L*(Q) : [, p = 0}. We also define the norms, forik,= 1
9 or d,

10

1; |- le =11 Nizzpes |- v =1 Nz yes 1 llvg =11 |g@=o)e

13 Let us notice that, in the first two definitions, with some abuse of notation,
1: we use the same notation for £k = 1 and k = d. For any/Subdomainiw C €,

16 we set

1
2
17 ol = (/ W) Ve LP(w).

Besides, we introduce the bilinear forms: for all (u,uhe V. x V

22 a(u,v) ::/((U-V)u+(u-V)U)-U+V/Vu:Vv, (2)
Q Q

24 p S

where H : G := Z H;;G;; and, for all (pfu) e L x V

27 wi=1
29 b(p,v) := / pV - . (3)
Q

The inverse problem we are interested in can be expressed in the following
33 form: f € Vj being given, find (u,p)re V x Lo such that

35 W= up N Wy (4)

37 and N
38 a(u,v)[— b, v)& b(q,u) = (f, U>V0',V0 , V(v,q) e Vo xL (5)

40 Here, up; ‘€L? (whr) eorrésponds to the measurement of the velocity made on
41 wym and in ‘whatfollows we will consider that this measurement corresponds
42 to the exact velocity polluted by a small noise du € [L?(wn)]?.

44 For the analysis of our problem, we also introduce the linearized Navier-
Stokes problem with a non-zero velocity divergence

47 (U-Vu+ (u-VU—-vAu+Vp = f inQ (6)
V-u = g in Q.

We assume that, if system (6) is completed by homogeneous Dirichlet bound-
55 ary conditions, then it is well-posed. More precisely, we make the following
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assumption:

Assumption A For all f € Vj and g € Ly, we assume that system
(6) admits a unique weak solution (u,p) € Vy x Ly and thatthere exists a
constant Cg > 0 depending only on U and 2 such that

lullv + lIpllz < Cs(I£llvg + llgllz)- ~ (7)

In particular, if ||[VU||{z00(q)axe is small enoughg it'is straightforward
to verify that Assumption A holds according to Lax-Milgramrlemma. This
assumption of smallness on VU however is a sufficient condition and there
are reasons to believe that the assumption holds.in more general cases.

In the homogeneous case (which correspénds to f =0 in (1) or to f =0
and g = 0 in (6)), a solution (u,p) satisfiesra three-balls inequality which
only involves the L? norm of the velocity. This three-balls inequality result
is stated in [36] (with their notations, A gorresponds to U and B to VU)
and we recall it here. We emphasise the fagt-that, in this theorem and in
its corollary, no boundary conditions are prescribed.

Theorem 2.1 (Three-ballsyinequality) There exists R € (0,1) such that for
all 0 < Ry < Ry < R3 < Ryoand xgne 2 satisfying R1/Rs < Ry/Rs < R
and Bpr,(zo) C 2, we have

/ |u|2sc/ u? / fu? (8)
B, (z0) Br, (o) Bpg, (o)

for (u,p) € [H (Bp, @o)))éx H'(Br,(w0)), solution of (1) with f =0 in
Bpr,(z0). In this inequality, C' depends on Ra/R3 and 0 < 7 < 1 depends on
Rl/Rg, Rg/Rg and d.

This theorem combined with Assumption A implies a local stability in-
equality’in the,non-homogeneous case given by system (6). This stability
property will be capital in the convergence study of the numerical method
and.ssgiven by/the following statement:

Corollary 2.1 (Conditional stability for the linearized Navier-Stokes pro-
blem). Letdf € Vi and g € Lo be given. For all wp CC §, there exist C > 0
and OW<T7 < 1 such that

[ulor < CUIfllvg + llglle + lull) = llvg + gl + ulw)™  (9)

for all (u,p) € [H*(Q)]? x H'(Q) solution of (6).

Page 6 of 29
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The proof of Corollary 2.1 is given in Appendix A. In a classical way. for
ill-posed problems [1], Corollary 2.1 gives a conditional stability! result in
the sense that, to be useful, this estimate has to be accompanied with an
a priori bound on the solution on the global domain (due tofthe presence
of ||ul|z in the right hand side). Let us notice that Corollary 2.1 implies
in particular the uniqueness of a solution (u,p) in [H'(@)]%4 x H'(€) for
problem (4)-(5), up to a constant for p. Moreover, in/inequality (9), the
exponent 7 depends on the dimension d, the size of the measure domain wyy
and the distance between the target domain wt and the boundary of the
computational domain €.

Remark 2.1 Herein, we only consider error @stimatesifor local L*>-norms,
but errors in local H'-norms of velocity together with, L?-norms of pres-
sure are also possible to analyse using three balls inequalities derived in [7],
provided measurements of both velocities' and pressuyres are avatlable in wyr.

In what follows, we assume that f € L?(2) and we introduce the operator
A defined on (V' x Ly) x (Vo x L) by

Al(u, p), (v,9)] == alw, v) =0(p, v) + blg, u) (10)

where a and b are respectively. defined by (2) and (3). Thus, we look for
(u,p) € V x Ly such, that

Al(u,p),fv.9)] = (f7U)L2(Q)7 V(v,q) € Vo x L (11)

and (4) holds.
N

3 Stabilized/finite element approximation and er-
ror estimate

In this sectiomy, we first introduce a discretization of problem (11) using a
standard finite element method. Then, the discrete inverse problem is refor-
mulated as,a constrained minimization problem in the discrete space where
the regularization of the cost functional is achieved through stabilization
terms. At /last, the estimation of the error between the exact continuous
solution-and the discrete solution of our minimization problem is stated in
Theotem 3.1 which corresponds to our main theoretical result.

On the domain 2, we consider a family {7}, of shape regular, conform-
ing, quasi-uniform meshes consisting of shape regular simplices K. This
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family is indexed by h defined as the maximum over the diameters hg of
elements in the mesh. For a fixed h > 0, we denote by F; the set of interior
faces of the mesh 7j,.

We will also use the notion of jump over a face F' shared by the elements
K and K’ (which means that ' = KN K') defined as follows:|if  is a$calar,

I<]F = ¢lx — ¢k ~

and, if ¢ is a vector,

[KlF = ¢k - nk + |k - g

where nx denotes the outward pointing normial of the element K.
We denote by X}, the standard H'-conforming finite element space of
piecewise affine functions defined on 7, andiwe introduce

. 4
Vh = [Xh]d, Wh = Vh M ‘/07 Qh ) — Xh and Q% = Xh N L().

We may then write the finite elementrapproximation of (11): find
(un,pr) € Vi x Q) such that

Al(unypm), (Onvaw))= (f,vn)12(0) (12)

for all (vp, qn) € WpQp,.

To take into account the measurements on wy given by (4), we introduce
the measurement bilinear form

N
m(uﬂ)) = VM/ uv,

WM

where vy > 0'will correspond to a free parameter representing the relative
confidence inythe measurements. The objective is then to minimize the

functional )
§m(UM — Up, UM — Up)

under/the Gonstraint that (uy,pp) satisfies (12). However, the discrete La-
grangian associated to this problem leads to an optimality system which
is ill-posed. To regularize it, we introduce stabilization operators that will
convexify the problem with respect to the direct variables u,, pr, and the

Page 8 of 29
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adjoint variables zp,, wy. We define s,, : V, x Vi = R, s« Wp, x W= R,
sp:ngQ?lr—)RandS;ﬁ:QhXQhr—HRby

suluneen)i= Y [ hrIVud[Vo] + v [ (-0

FeF;

Sp(Phsqn) == vp/QhQVph -Van ~

and
Sy (2h, wp) = %j/ Ve : Vwn,  8,(Yn, Tw) = 7, / YnTh,
Q 0

where vy, Yp, 7;, and 7, are positive user-defined parameters. Let us make
some comments on these stabilization termss The stabilization of the direct
velocity acts on fluctuations of the discreteselution through a penalty on the
jump of the solution gradient over elemdent faces amd has no equivalent on
the continuous level. On the other hand, for the forward equation, the pres-
sure stabilization s, coincides with,a standard & L_Tikhonov regularization
(let us notice that this stabilization term also appears the Brezzi-Pitkaranta
method [14]). Since the exact solution of the adjoint equation is zero, consis-
tency is ensured also for Tikhonov type regularization. For a more general
discussion of the possible stabilization"eperators, we refer to [19, 21].

For compactness, we introduce,the primal and dual stabilizers: for all

(uh,pr)s (Uh, qn) € Vi X0Q%
S pr), (Vngan)] = su(un,vn) + sp(Prs qn)
and, for all (2, yh), (wh, EWE W), x Qn
S¥&n, yn), (wn, zn)] = s3(2n, wh) + sp(Yn, Th)-
We may. themwrite the discrete Lagrangian
L:(Vix Qp) x (Wy xQp) =R
théat will formthe basis of our method as: for all (up,pp) € (Vi x QY) and
(s k) € (Wh X @Qn)
1 1), G 1)) 5= 5 — vt = un) + Al ), G )]

~ (frzn) iz + 5 STCun i), (o)) = 58° o). (o). (13)
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If we differentiate with respect to (up,ppn) and (zn,yp), we get the, fol-
lowing optimality system: find (up,pr) € Vi x Q% and (2, yn) € Wy, X Qi
such that

Al(un, pn)s (Wny zn)] — S*[(2hs yn)s (wh, zr)] =(f, W) L2 (@)

Al(vny qn), (zny yn)l + S[(un, pr)s (v, qn)] + m(un, vn) =, vn)

(14)

for all (vn, qn) € Vi x QY and all (wp,, xp) € Wi, X Q.

Let us prove that this discrete problem is well-poseda.To do se, we recall
a Poincaré inequality from [23, Lemma 2| that will be erucial to get the
stability of the method:

1

h”'l)h”v § (su(vh,vh) —l—"}/M’U}L’ZlM)?, Yy, € V4. (15)
If we take in the variational formulation (14)the test functions wy, = —zp,
rp = —yp and vy = up, qn = pp We sge thatforgany solution (up,pn) €

Vi, x Q%, (zn,yn) € Wi X Qp, there holds

S(uns 1), (s )67 (2, ) el P2, = — (7, i, )
16

Then, according to (15), the left hand side in equation (16) is the square of
a norm in (Vi x Q) x (W x Qn)and, according to Babuska-Necas-Brezzi
theorem (see [28]), we concludesthat the square linear system defined by
(14) admits a uniqué solution for allbvh > 0.

The following theoremyis the main theoretical result of the paper and
states an error estimate for this method.

Theorem 3.1 Letof &, L%*(Q) and du € L*(wnm) be given. We assume
that (u,p) solution of (11) belongs to [H?(Q)]? x HY(Q) and we consider
(up,pr) € Vi X Q?Z, (zn, yn) € Wi X Qp the discrete solution of (14) where
uM = U|wy + O6u. Then, for all wp CC Q, there exists T € (0,1) such that

[ —inloges G ([|ull rr2qaype + 191 (@) + A Oulwn) + I fll. (17)
The constant C' depends on the geometry of was and wr and on HU||[W1,OQ(Q)]dxd.

The proof of this result will strongly rely on the conditional stability estimate
for.thie continuous problem given by Corollary 2.1 and the convergence of
the residual quantities given by Lemma 4.3.

Agcording to this theorem, we get that, if the measurement noise du is
equal'to 0, the error u — uj, converges to 0 when A tends to 0 on any subset
wp CC 2. Moreover, the convergence order 7 corresponds to the Holder co-
efficient of the continuous stability estimate (9). On the other hand, in the

10
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case of perturbed data, we notice that the accuracy of the error is limited
and inequality (17) shows that the mesh size has to balance the error due
to the discretization and the error due to the noise.

Remark 3.1 For simplicity, we restrict the discussion tompieccwise, affine
continuous approrimation spaces, but the arguments can be extended to higher
order finite element spaces, with the expected improvement of convergence
order, following the ideas of [21]. It should however be moted that the system
matriz becomes increasingly ill-posed as the polynomial order, increases and
the computation becomes more sensitive to noise wmnthe measured data, so
the practical interest in using high order appro®imation spaces remains to be
proven.

4 Stability and error analysis v

In this section, we will present andsprove several technical results and end
with the proof of Theorem 3.1.

Let us first notice that formulation (14)s weakly consistent in the sense
that we have a modified Galerkinyorthogonality relation with respect to the
scalar product associated to A:

Lemma 4.1 (Consistency) Let (u,p) satisfy (1) and (un,pp) be a solution
of (14). Then there holds

Al(u — Ui pr)s(wh, xn)] = —S*[(2h, yn), (Wh, T1)] (18)

for all (wp,xp) € Wi X Qp.

Proof: Theresult is immediate by taking the difference between (11) and
the first equation of(14). O

In the analysis below, we will use the following classical inverse and trace
inequalities:

e Inverse inequality (see [27, Section 1.4.3]),
vl S hic vl o € Pu(K). (19)

Here P; (K') denotes the set of polynomials of degree less than or equal
to 1 on the simplex K.

11
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e Trace inequalities (see [27, Section 1.4.3]),
_1 1 1
ol o) < C (hK2Hv|rL2<K> T hf<||qu1<K)> vo e HYE). (20)

At last, by combining (20) and (19)

~

1
vl 220Ky < Ch? |[vllp2xy Vv € Pr(K). (21)

Let us now define the semi-norms associated to the stabilization operators
defined on ([H2(Q)]4 + V) x (HY(Q) + Qp)

@, @lll = kllwlly + Si(v, ), (0,017, (@il <82, 9), (v, )2

We also introduce the norm

(S

1w @)l == llolv gz

Let ip : L?(Q2) — X}, be the Scott-Zhang interpolant. We refer to [28] for
the following results: for ¢t = 1,2, we have, forall u € H'(Q)

‘ . 1 . 1/2
lu=inullo+AIV (w—inu)o+nt (J [0 il ) < Chlulpe ) (22)
K

and for all u € H%(Q)

. 1/2 1
(YIS — inw) - nll}) < B ful e,
FeF;

Using the componentwise extension of i, to vectorial functions, we deduce
the approximation bounds: V(v,q) € [H2(2)]¢ x H' ()

I1(v — invyge in@)il + (v — inv, g —ing) 1% S hllvll 20 + llall o). (23)

The following, continuity results for the bilinear form A motivate the
definition of the, triple norms.

Lemma 4.2 (Continuity) For all ¢ € Vj, + [H*(Q)]? and w € Qp, + H*(Q)
there holds

A(<, @), (vn, qn)] S 1S @)l (vns an)llls,  V(vn, gn) € Wi x Q@ (24)
and, for all (vp, qn) € Vi x QY for all w € [HYH(Q)]? and y € L*()
Al(vn, qn); (w — wn,y = yn)] < [(vn, gu) ll(lwllv + llyllz) (25)

where (wp, yp) = (ipw, ipY).

12
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Proof: The proof of (24) directly comes from the Cauchy-Schwarz inequal-
ity applied termwise in the definition (10) of A. For the second inequality
(25), we set W = w — wy, and § = y — yp, and notice that

Al(vh; qn), (0, 9)] == a(vp, W) — b(gn, @) + b(F, va). (26)

For the first term in the right hand side, an integration by parts'in the
16 viscous term gives, observing that w|gq = 0,

- 1 - 1 -
18 a(vp, @) S U | wrr.ec qyjallbonllv b~ @l + B > /[[Vvh -n] - wds.
19 FeF; F

21 Using Cauchy-Schwarz inequality with the right scaling in h, we get

N 1 1 1
23 a(vp, W) S |U || jwr.0e e Ao v [P Lol Z A2 [Vor]llrllh™ 20 £
24 FeF, ¥

26 Applying the trace inequality (20)y.we notice that
28 1 U N\ S .
[h™ @k + |h 20 SRS 0]k + [V k-

Then, if we take the square, sum overw and use the H' —stability inequality
of i, (22) for t = 1, this inequality, becomes
. 19\ 1/2
34 In bt > I FalE) S el
35 FeF;

37 As a consequence’ >
38 don, @) S [l (vn, O)If lw]v-

40 Similarly, for the seeond term in (26), an integration by parts gives
42 o(ansa@)| < |7V anllLlp~ ]l S 11100, gn)lll[[wllv-

44 Finally, the bound for the third term in (26) is immediate by the Cauchy-
45 Schiwarz inequality and the L?-stability of i,

47 16(g, vn)| < IV - onllLllglle S (11 Con, O lyllz-

49 Gathering these results, we get (25). O
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Remark 4.1 The augmented Lagrangian stabilization on the divergemece in
the operator s, s used in the proof of Lemma 4.2 to bound in a direct way
the third term in (26) but it is not strictly necessary. Indeed, if yp is.chosen
as the L?-projection of y we see that for all xp, € Qp,

b(ga Uh) = (gv V- Up — xh)L

and recalling that

(SIS

inf (IV-vn—zalle S| DY hell[VeonllF
ThEQn FeF,

we conclude that

2

. 4
b(@,von) S llylle | D hell[Ven]l:
FeF;

Hence, the stabilization of the gradient jump is sufficient to bound this term.
In practice however, it canmbe usefulito add the stabilization term on the
divergence since it allows to get a stronger coercivity estimate.

The above lemma asserts that someyresidual converges with optimal order
if the exact solution is smeoth enough.

Lemma 4.3 We assume that the solution (u, p) of (11) belongs to [H?(2)]?x
HY(Q) and we considet(up,pp) € Vi X Q%, (zn,yn) € Wi X Qp, the discrete
solution of (14). Then there holds

1/2
11— v, B o) Il )l + 722 = ]y
1/2

< Ch([lullimzape + 1Pl a1 Q) + Vas 108wy

Proof: We introduce the discrete errors &, = ipu — up, Ny = ipp — pr- By
this way, (w=up,p — pn) = (u — ipu,p — ipp) + (&n, nn). First we observe
that

1/2
=, p — pi)lll +7as [ — g

. . 1/2 . 1/2
< 1w = intey p — i)l + var 2 — intthong + 11 Ens ) I+ Vo0 1En e

14
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Using inequalities (23) and (22) for ¢ = 1, we can directly bound the first two
terms in the right hand side. For the last two terms, according to inequality
(15), we have

11y m)I* + s 1€n125, S SIER ), (s )] + Yar €12y, -

To estimate the right hand side, we notice that, using the secondsequation
16 of (14) with (va, qn) = (§n,1n)

18 S[(Eh 1), (Ens i) + Yarl€nloy, — AlEnsn), (zhy yn)] =
19 Sl(inu,inp), (§nsmn)] + m(ipts u, &) — m(du, &p).

21 Next, according to (18) with (wp,z1) = (2n, Yn), we have

23 1Czrs yn )17 + Al(Ens 1), (20, yn)) = Al =, inp — p), (21, Yn)]-
24 X

25 Thus, adding these two equalities, we get

S[(&nsmn)s Enymn)] + €12y, + INnumlI2 = Al(inu — w,inp — ), (21, yn)]
29 I

30 + S{(Enat, Pl Snsmn)] + m(inu — u, §p) — m(0u, &) -
1 111

33 We bound the terms I<=IL[ term by term. By Lemma 4.2 and the approxi-
mation bound (23), we havexor term [

37 IS (inu—u, iap=pNgelll (i, yn)lll« < Rl gz oya+ 1ol @) 1 Gro ya)ll

39 For term 11, we have

41 ST(Enu, inP)AERs 1)) = S1(inu — 1, 0), (&n, n0)] + 7p /Q h*Vipp - V.

Thusfusing (23) with (v,q) = (u,p) for the first term and the H!'-stability
45 of if for thessecond term, we get

47 IT S h(llullmz @ + 12l @) 11Ens ) Il
49 For term 111, according to (22) with ¢t = 2, we have

51 I1r < ,‘)/M(|ihu_u‘wM+’5U‘WM)’§}Z"UM

52 < (CR2|lull 2y + 127 6t ) V20 L€ Lons-
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Thus, collecting the above bounds, we get

1R )P+ 111G ) I3+ varlEnlZ,,

1/2 1
S (Al gz aypa 1PN 0420 50hons Y (G )P+ vne €2, I CRvgn) 112)2

1
and we conclude by dividing by ([ (€. m)II* + 72/l 2 Ween. 1)

O
We then deduce from the previous lemma a priorigbounds on/ the finite
element solution.

Corollary 4.1 Under the same assumptions as fornLemma /.3, there holds

1/2
G ) 1 S Bllulliarz g + 21 AT () Satar 10l (27)
and
lunllv + el ) S llullgpe e llar @) T Ul (28)

Proof: In an evident way, we have

1 Cuns )l < Ml (un = P )+ 1l (w, )]
Thus, according to Lemma 4.3 andsthe fact that [||(u,p)|]| = hllullv +
sp(p,p)%, we get (27). Moreover, by definition of ||| - |||, we have
unfvnst Ipnll ) S B I Cuns pa)l]-

Thus inequality (27) directly implies (28). O
We are now ready.to Rrove our main result stated in Theorem 3.1.

Proof of Theorem 3.1: Let us first introduce the weak formulation of the
problem satisfied by (£,7) := (v — up,p — pr). By equation (11), we have
for all w € Vg and @& o,

Al&a)y (w, 9)] = (f,w)r2(0) — Al(un, pr), (w, )]

We introduce, up, and py, being fixed, the linear forms r¢ and r4 on V and
L respectively defined by: for all w € Vy and g € L,

(rps W v, + (1, D)z = (fw)r20) = Al(un, pa), (w, g)]-

It follows that (£, n) is solution of (6) with the functions f and ¢ in the right
hand sides replaced respectively by ry and ry. Applying now Corollary 2.1,
we. directly get

[€lwr < CUlrsllvg + lrglle + IENL) T Ulrsllvg + Irgllz + 1€lun)™- (29

16
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Using the first equation of (14), we can write the residuals: for all (wp,qp,) €
9 Wh x Qp,

12 <rf7w>V0’,V0 + (Tg,Q)L

13 = (f7 w — wh)L2(Q) - A[(uhaph)7 (w — Wh,q — Qh)] - S*[(Zha yh)7 (wha Qh)]

15 We take wy, = ipw and g, = ipq in this equality. For the first terrr} according
16 to (22) for t = 1, we have

18 |(fsw —wn) 2yl < Al Fllzlllv-

20 The second term can be bounded by using the'relationsy(25) and (27). For
the last term, we have, according to Lemma 4.3

2 5% (s ), (s gl < 1 o)l N TR

25 S (O p) + [ulwy ) [[(w, @) |4

27 where

28 C(u,p) = [[ulligz et [Pl @ (@)

30 We thus get

32 (reswhyy vy + (rg: @) S (hC ()t [0tk + RIF L + 1€ I (w, @) -

34 Since this bound holds formall w € Vj and ¢ € L, we conclude that

36 17 sllvg + I7gll S hC(u, p) + [6ulwy + Rl fIlL + (1€ ]Il
37 N
38 Thus, we can bound the terms in the right hand side of (29) in the following

39 way: )
40 el vy Fllmgllz + €1l < Cu, p) + R fllL 4 7™ dufwy

accordingrtorinequalities (27) and (28) and
175l + lIrgllz + [€lons S RC(u, p) + Al Fllz 4 [0ulwy

according to Lemma 4.3.
Using these two bounds in (29), we conclude that

49 |§’wT S (C(u,p) + h_1\5u|wM)1_T(hC(u,p) + ’(SU‘WM)T + h”fHL
>0 fs hT(C(u,p) + h_1|6u|WM) + thHL’

52 which completes the proof of Theorem 3.1.
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5 Numerical simulations

In this section, we apply the method introduced in Section 3 im different
two-dimensional different numerical examples. The free parameters in.(14)
are set to

Yu = Vdiv ="Tp =Ve = =107",  yn = 1000,

in all the numerical examples. The numerical computations have been per-
formed with FreeFEM++ (see [31]).

5.1 Convergence study: Stokes example

In order to illustrate the convergence behavior of thexmethod introduced in
Section 3, we take up the test case presenteéd in [22] for the Stokes system.
In the unit square = (0,1)2, we considér the velocity and pressure fields

Relative error
Relative error

—#—— L2velocity local —— L2 velocity local

———— 12 velocity global ——{—— L2 velocity global
001 - —@—— Residual 001 —@—— Residual
r ——A—— L2 pressure local —&—— L2 pressure local
—/x—— L2 pressure global ——— L2 pressure global
\777, sopet £ ———— Slope 1
Siope 0.75 Slope 0.75
P o | R N P sl i sl MR
0.001 0.01 0.1 0.001 0.01 0.1
meshsstep (h) mesh-step (h)

Figure 1: Relative errors against mesh size for the Stokes problem. Left:
without/meiséx Right: with 10% noise.
given by

u(z,y)= (20zy°, 52 — 5y*),  p(z,y) = 602y — 20y> — 5.

It 18 straightforward to verify that (u,p) is a solution to the homogeneous
Stokes problem with v = 1, which corresponds to system (1) with U = 0
and f = 0. We hence consider the formulation (14) with U = 0 and f = 0.
Thedneasurement and target subdomains are defined by

wyt = (0.75,1) x (0.25,0.75), wr := (0.25,1) x (0.25,0.75).

18
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First, we perform the computation with unperturbed data. In Figure 1
(left), we report the velocity and pressure errors both in the global L2
norm and the local L?-norm in the subdomain wr. We also provide the
convergence history of the residual quantity for the velocity stabilization:

o=

S o /F I [Vl | ~

FeF;

The observed global asymptotic behaviors of the local velocity error (filled
squares) and residual (filled circles) are in agreemient with the convergence
rates obtained in Theorem 3.1 and Corollary 4dswith |dujg,, = 0. It should
be noted that, for the finest grids, the local velocity error tends to stagnate
or increase, which can be related either to"the impact of the rounding-off
errors or to ill-conditioning issues of the'system matrix, so that |0ul,, >
0. The other error quantities, global velogity errér (empty squares) and
local and global pressure errorsy(filled ‘and empty triangles, respectively)
show a convergent behavior which also tends'to stagnate for the smallest
values of h. Figure 1 (right) presents the convergence history of the same
quantities with a 10% Gaussian noise. The impact of the noise is clearly
visible. In particular, it is'worth noting that the convergence history of the
local and global velocity and pressure errors is not monotone anymore and
the residual loses first=order convergence rate. This is also in agreement with
Theorem 3.1 and Corollary 4.1 with |dul.,, > 0.

5.2 Convergence \study: linearized Navier-Stokes example

In this subsection, weé will use Taylor-Green vortices to construct exact so-
lutions of (1). Letws first introduce a flow of size R described by a Taylor-
Green vortex:

~ (—sin(z/R) cos(y/R) exp(—2vt/R?)
i \ialy < cos(x/ R) sin(y/ R) exp(—2vt/ R?) ) |

PR(T,Y) ::i(cos(Qm/R) + cos(2y/R)) exp(—4vt/R?).

For,any R > 0, we can check that (ug,pr) is solution of the unsteady
NaviersStokes equations. In our numerical example, we take = (0, 27)>
and éonsider the following system which admits (u1,p1) as solution:

2 2

(ur - Vu+ (u-V)uy —vAu+Vp = f in Q
Veu = 0 in Q

19
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where f is given by

f=—(u V)u% +(u1-V)u% + (u1 - V)uy —Gtu%.

1 1
2 2

Thus, f and u; being given, we can use the method presented in Section 3

to reconstruct u and p from measurements on wy;. The measurement and

target subdomains are defined by -

wy =(0,7/2) x (7/2,37/2) U (37/2,2m) X /2y37/2)4
wr =(7/2,27) x (7/2,37/2).

- - ———— [2velocity local _ g —M—— L2 velocity local
7 —{—— L2 velocity global 7 —3—— L2 velocity global
-7 ——@—— Residual e ——@—— Residual
0.001 b - - ——&—— L2 pressure local 0.001 - - ——&—— L2 pressure local
3 - ——A—— L2 pressure global - ——A—— L2 pressure global

S e Slope 1 S e Slope 1

0.001 0.01 0.1 0.001 0.01 0.1

Figure 2: Relative errors against mesh size for the linearized Navier-Stokes
problem. Left: without noise. Right: with 10% noise.

As in the previous case, we have performed numerical tests for unper-
turbed data and fordata perturbed with a 10% noise and we have studied
the convergence of the method. The obtained results are illustrated in Fi-
gure 2.[The convergence curves present similarities with the ones obtained
in Figure 1. We can all the same notice that, for unperturbed data, the
evolution of the local velocity error is more satisfactory: it is close to the
linear behawiorand the error reaches much smaller values.

5.3 _Application: relative blood pressure estimation from ve-
locity measurements

To evaluate the risks related to a constriction (also called stenosis) in a
blood vessel, the relative pressure difference (RPD) is a standard clinical

20
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bio-marker. Direct blood pressure measurements can however only“be, ob-
tained through invasive procedures like catheterization. Non-invasive meas
surements are limited to the blood velocity. In particular, 4D-MRI provides
a measurement of the velocity field in the whole vessel. A natural question
is hence to reconstruct the RPD from these velocity measurements. We re-
fer to [6] for a review on direct based estimation methodsdfor this problem.
The purpose of this example is to illustrate how the methoddntroduced in
Section 3 can be used to estimate the RPD from full velocity measurements.

We assume that blood flow is described by the Navier-Stekés equations
and that we have velocity measurements in the whole domain 2 (see Fig-
ure 3) at a given set of time instants. We denote by (0,7") the time interval,

Figure 3: Geometric description,of the domain 2 representing a stenotic
blood vessel

by N the number of measurements instants and set the time-step length to
At = % For all 0 =n <NV — 1, the symbol uj; stands for the measured
velocity at time t, = nAt. Then, for all 0 < n < N — 2, we consider the
following Oseen type %uation in terms of (u",p™):

n+1 n

(up 2 V)W — 20V - e(u”) + Vp" = —UMT in Q,

V-u"=0 in Q.

(30)

Note that no beundary data is prescribed in (30), which can be cumbersome
in practice since the measured velocity uy; is not necessarily divergence free
(and hence in€ompatible with Dirichlet data on the whole boundary 0%).
We hence propese to estimate u™ and p™ (up to a constant) from the data
assimilation problem (11), with f and a (in the definition (10) of A) given
respectively by

ultt —
f= fMTtM, a(u,v) = /Q((U"MV)U) -v+1// e(u) : e(v).

Q

21
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Note that, here, the measurement and target sets coincide, wy = Wwp'= 2,
so that the estimated velocity field u™ has to be seen as a physically driven
regularization of the full velocity measure uy;. Yet, the main target is to
estimate the RPD, defined by the following quantity:

5 1 / 1
p= p— p.
‘]‘—‘1‘ Fi ’FO‘ FO ~

In oder to investigate this new approach, we consider a two-dimensional
version of the test case reported in [6, Section 6]. The stenotie blood vessel
represented in Figure 3 corresponds to a contraction of 60%. The radii of
inlet and outlet are 1 cm, the length of the vessel.is 6 'em.and the dynamic
viscosity is given by v = 0.035 Poise. Synthetic measurements are first
generated by numerically solving the inconmpressible Navier-Stokes system

Ou+ (u-V)u—2vV-e(u) # Vp=0nin Qx(0,7), (31)
Viau=0 in Qx(0,7),
with the following boundary and initialxconditions:
u=0 on Iy x(0,7),
u= [ (—60(y* —1)sin 5—7rt 0] on Tjx(0,7)
2 ) ) ) (32)

2ve(uyn —pn=0 on I, x (0,7),
u(-,0)=0 in Q.

This direct problem (31)-(32) is discretized in space by continuous piece-
wise affine finite elément approximations based on the SUPG/PSPG sta-
bilization “method. Fhe time discretization consists in a backward Fuler
scheme with a semi-implicit treatment of the convective term. A standard
backflow stabilization term is also applied on the outlet boundary I'y in
order 40 guarantee the overall stability of the numerical scheme (see, e.g.,
[15])«xThe discretization parameters are set to At = 0.002 s and h = 0.01
cm. This space-time grid generates a set of synthetic velocity measurements
which can be perturbed either by noise or by space-time subsampling.

Figure 4 represents the estimate RPD with the same discretization pa-
rameters as for the direct problem (no subsampling). When the data are
unperturbed, we see that the reconstructed curve is perfectly superimposed
with the exact curve (Figure 4, left). With a 10% Gaussian noise, we ob-
serve that the reconstructed curve (which corresponds to the mean curve

22
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———0—— h=0.01, dt=0.002, no noise ——o—— h=0.01, dt=0.002, 10% noise (mean over 30 samples)
reference Q

6k 6k
reference

&
IN
=

relative pressure (dynes/cm2)
~
°

relative pressure (dynes/cm?2)
~
>

0.1 Oﬁme(s) 03 0.4 0.1 thime(s) 0.3 0.4
Figure 4: Left: Noise free data, right: 10%¢Gaussian moise on the data
with exact sampling. The exact RPD is represented infull line whereas the
reconstructed RPD is represented in dotted line.

»

6k |- ——O—— h=0.08, dt=0.02, no noise 6k Jo ——O-—— h=0.08, dt=0.02, 10% noise (mean over 30 samples)
reference

~

relative pressure (dynes/cm2)
relative pressure (dynes/cm?2)
~

1 1 1 1 1 1 1 1
0.1 0.2 0.3 0.4 0.1 0.2 03 0.4
time(s) time (s)

Figure 5: Left: Time s}bsampling of 0.02 s, right: Space subsampling of 0.08
cm. The exact' RPD is represented in full line whereas the reconstructed
RPD is réeprésentedin.dotted line.

obtained from 30 tests with variable noises) succeeds in following accurately
the variations of the reference data (Figure 4, right).

In Figure 5] the measurements are perturbed by a subsampling both in
time and i Space (the time step is 10 times larger and the mesh size is 8
times larger). We then solve the data assimilation problem with the time
step or the mesh size corresponding to this subsampling. Figure 5 shows
that the proposed approach is able to provide a reasonable estimation of the
RPD with and without noise (10% Gaussian noise). In particular, we can
clearly observe that the RPD peak is well captured in both cases.

23
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tom). Right: reference. Left:
and 10% of Gaussian noise.

A problem (6), with homogeneous Dirichlet
1 unique solution that we denote (a,p) € Vp x

|U|wT < |71|wT + |1I)|UJT' (33)

in the right hand side, we use that (u,p) satisfies the
ality (7):

(e S ([fllvg +llgllz)-

‘ ’ For the second term in the right hand side of (33), applying Theorem

24
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1

2

3

4

5

6

7

2 2.1, we get that (w,y) satisfies (8) and thus:

1? @y < 1@l(L2(BR, (@o))e S \WH%L_;(B%(M))VHwH[TLz(BRl(xO))]d < @y 7101,
g We now revert back to u in the right hand side:

14

15 (@lwr S (@l A ull )77 ([l + [loy)” ~

16 S (1l + gl + ell2) =7 (1 g P2 k)™
18 We conclude the proof by collecting the estimates for 4 andww.

;g If wy and wr do not satisfy the assumptions for the construction of the
21 balls Br,(xo) and Bg,(z¢), we introduce a finite sequence of intermediate
2 balls in order to link wr to wy (as it is donesfor instance in [37]) and we get
23 again the estimate.

24 'S
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