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Abstract

Particle suspensions are present in a wide variety of practical settings. Mod-
elling these numerically is a challenging task that often requires the combina-
tion of multiple methodologies. This paper examines particle transport within
a temperature-dependent viscosity fluid utilising a coupled approach of the lat-
tice Boltzmann method and the discrete element method. This technique takes
advantage of the locality of the lattice Boltzmann method to allow both the
individual particle behaviour to be fully resolved and to permit fine-scale vari-
ation of fluid viscosity throughout the tested domains. It is firstly shown that
a total energy conserving form of the lattice Boltzmann method is needed to
accurately reconstruct the non-linear temperature profiles observed on Couette
flows of fluids with changing viscosity. This model is then coupled to the dis-
crete element method to demonstrate the quantitative and qualitative changes
to particle motion that arise in channel-based geometries in the presence of a
temperature-dependent viscosity fluid exposed to a constant temperature gra-
dient. In particular, it is demonstrated that the particles settled faster in such
and appear less likely to deviate into side channels in the presence of such fluids.
These results demonstrate that temperature-dependent viscosity requires spe-

cial consideration to be simulated correctly and does have quantitative impact
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on particle transport. This impact should be considered in models of fluids of
changing temperature.
Keywords: Particle suspensions, Thermal lattice Boltzmann method, Discrete

element method, Temperature-dependent viscosity

1. Introduction

In many scientific, engineering and industrial settings a working fluid is
subjected to a thermal gradient. Such a gradient can be localised or distributed
over a significant distance and may be the result of intentional heat transfer to
the fluid or a consequence of the operation of other components in the system.
While all material properties of a fluid exhibit some degree of variation due
to changing temperature, changing viscosity often presents the most obvious
macroscopic examples of this. It is of interest then that in many studies this
temperature-dependent variation is neglected in favour of a constant viscosity
(e.g. [IH3]). While there may be some situations where this is an appropriate
assumption to make, this is often not the case.

One situation where the influence of fluid viscosity is significant is in particle
suspensions. When used in a practical setting, the motion and transport of
the particles through the system is often the major focus of the application.
Changing viscosity of the fluid phase in these situations consequently alters the
hydrodynamic forces acting on the particles and, as such, the rate at which
particles settle under gravity or are carried by the flow.

Given the change in material properties can be highly localised, the mod-
elling technique used to capture such behaviour needs to be formulated in a
manner that can accommodate this. The implementation approach of the lat-
tice Boltzmann method (LBM) provides a local framework for performing such
calculations in an efficient and robust manner. A number of existing studies
use LBM to capture local changes in viscosity associated with non-Newtonian
fluids[4H6]. This indicates that similar strategies could be implemented in situ-

ations where viscosity changes are thermal in origin. The study of temperature-
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dependent viscosity within an LBM framework has previously been conducted
or discussed in a relatively small number of prior works [7HI0]. The current work
seeks to firstly provide a more robust analysis of the performance of LBM models
for calculating problems with temperature-dependent viscosity. Secondly, this
will be extended to the modelling of particle suspensions to further examine
how such changes impact on the individual and collective motion of particles
within a fluid.

The remainder of this paper is structured as follows. Section [2| describes the
numerical methods used for modelling in this research whilst Section [3| presents
the verification of the model and the investigations conducted with it. The work

is summarised in Section [4]

2. Details of numerical modelling

To capture the behaviour of particle suspensions with thermal interactions,
this study has developed a coupled approach between the LBM and the dis-
crete element method (DEM). In this approach, a two-population LBM model
captures the fluid behaviour and the thermal interactions of the entire coupled
system. The DEM is used to compute the physical motion of the solids and
their interactions with the surrounds. When the temperature of a particle is
required, the average temperature of the LBM nodes covered by the particle

can be used to compute this quantity.

2.1. Fluid model - lattice Boltzmann method

Within the LBM, a discretised distribution function, f;(x,t), is used to rep-
resent the probability of an amount of the considered quantity at a particular
location, x, moving in direction ¢ at a given point in time, ¢. Evolution of
this population through time occurs through the discrete version of the lattice

Boltzmann equation,

fl(X—FCZAt,t—f—At) — fi(X,t) = Qi(fi(x7 t)), (1)
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where ¢; represents the velocity vector in direction ¢ and Q;(f;(x,t)) is the
function representing collision and redistribution of the quantity. The most
common choices of €2; in the lattice Boltzmann literature are based on the re-
laxation of the f;(x,t) populations towards an equilibrium state, f;?(x,t), using
single, two or multiple relaxation times [ITTHI5]. The single relaxation time ver-
sion (SRT) is used in this paper due to its straightforward implementation and

minimised number of tunable parameters. In this setting the collision function,

Qi 1) = — 2L (i 1) — £99(x,1)), 2)

Tf
is controlled by the relaxation parameter, 7y. Under the Chapmann-Enskog
expansion process, 7y can be related to the transport coefficient of the quantity
being studied. For hydrodynamics this enables the definition of the fluid kine-

matic viscosity, v, to be related to the lattice spacing, Ax, and time step, At,

v=g (Tf - ;) &) (3)

When solving in lattice units, Ax and At are respectively set to unity. When

through,

representing a physical quantity, the equilibrium function is often built upon a
velocity-based Taylor expansion of the well known Maxwell distribution. This

form,

. ci-u  (c;-u)?  |u?
fiq(x7t) = wip(xvt) <1+ 052 + (C';") - |ng)7 (4)

contains a weighting constant, w;, that is dependent on the velocity set chosen.
In this work, the conventional D2Q9 and D3Q27 lattices have been used for
all populations in 2D and 3D studies, respectively. Both of theses cases use
¢ = 0 to represent the location of interest. The remaining velocity directions
are numbered according to the increasing distance to neighbour nodes on the
conventional, evenly spaced, Cartesian grid of nodes used to represent the simu-
lation domain. Values for w; are also found as a result of the Chapmann-Enskog
expansion. Using the common D2Q9 LBM lattice, these are 4/9 for i = 0, 1/9
for i =1,2,3,4 and 1/36 for ¢ = 5,6,7,8 [16]. In a D3Q27 setting, the groups
of lattice directions from the current node use weights of 8/27, 2/27, 1/54 and
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1/216 for each increasingly distant neighbour direction [I7]. The lattice speed of
sound, C2 is also found to be a value of 1/3 from this process. The u term rep-
resents the velocity vector at the nodal location of interest. The zeroth moment
of the population, p(x,t) = Y, fi(x,t), is taken to represent the density of the
distribution functions at x. Higher moments of a population can also represent
physically meaningful macroscopic properties. A typical example of this is when
the LBM is used to solve the Navier-Stokes equations for low Mach number fluid
flow. Here f;(x,1t) is related to mass, the first moment, p(x,t)u =", fi(x,t)c;,
corresponds to momentum and the second moment is related to the viscous

stress tensor Sy5(x,t) = — (1 —1/(277)) X, cinCis(fi(x,t) — f{4(x,1)).

2.1.1. Thermal lattice Boltzmann methods

As the energy of a fluid system can be described with a convection-diffusion
equation, the LBM can again be used to solve this behaviour within a suspen-
sion. The most common approach for doing this is for temperature, T'(x,t),
to be the subject of a convection-diffusion equation and the quantity conserved
by the zeroth moment of the LBM population. This is referred to as the pas-
sive scalar approach. The formulation of this model in LBM is very similar to
that presented for the fluid case. For distinction, the second population will be
referred to as g;(x,t). An SRT scheme is again used for the evolution of the

population,

At
gi(x + ;AL t + At) — gi(x,t) = —T—(gi(x,t) —g:1(x,1)), (5)
g

with 7, being the associated relaxation parameter and ) , gi(x,t) = T'(x,1).

The equilibrium function is calculated by,

€ C;-u (Ci'u2 ul?
91 (x,t) = w;T(x,t) (1 + = + W) _ |C|2> 7 (6)

using the velocity calculated from the fluid population. The thermal equilibrium

function uses the same weights as f;9(x,t). The thermal diffusivity of the fluid,
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a, is again related to the lattice spacing and time step through,

o= % <Tg - ;) (AA?Q. (1)

As acknowledged by He et al. [2], this passive scalar approach is unable to

capture thermally related processes of viscous heating and compression work.
To overcome this, they proposed a model conserving internal energy instead of
temperature. Non-local data requirements in the calculation procedure meant
that this model was not suited to modelling more general flow problems [I]. A
total energy conserving model was proposed by Guo et al. [8] that was able to
overcome this obstacle.

In this model the quantity conserved by the g; population is total energy,
E(x,t) = c¢T'(x,t) + 0.5/ul?, such that

Zgi(x,t) = p(x,t)E(x,t) — %u - a. (8)

where c¢ is the heat capacity of the fluid and a is the acceleration vector for any
external forces acting on the system. The only variation to the f; population is

for it to be relaxed by,

2—wf

filx+ At t + At) — fi(x,t) = —wr(fi(x,t) — f{(x, 1)) + AtF;, (9)
2At . . .
where wy = ———— and F; is an external mechanical forcing term computed
27’f + At
by,
c,ra  (c;-a)(c;ru) a-u
For the g;(x,t) lati 241 d the SRT relaxation functi
T i (X, ion, = ——— an relaxation function
or the g population, wy 279+Ata e elaxation functio
becomes,
eq 2 — wy
gi(x+¢; At t+At)—g;(x, 1) = —wg(g:(x, ) —g; " (x, )+
(11)
in which:
u/?
Zi(x,t) =¢; 5 (12)

Atg (x,t)+H(wg—wy) Z;(x, 1) @i (%, t).
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AtFl (X, t)

—— (13)

D;(x,t) = filx,t) — f{(x,t) +
and
qi(x,t) = wlw + fi(x,t)c; - a. (14)

The thermal equilibrium function in the total energy model is expressed as,

2 2 2
() = wip(x, )02 | S0 (G wWT w1 fe
9; (xv) wp(x7) s Og + C? 203—'_2 C?

(15)
where N is the dimensionality of the lattice being studied.

2.2. Solid model - discrete element method

The discrete element method is an approach for computing the motion of
solids that treats individual components of material as point particles. By com-
bining knowledge of the physical properties of a particle and the forces acting
upon it, numerical integration of Newton’s second law allows the kinematic
state of the particle to be explicitly updated through time. Due to their geo-
metric simplicity in 3D, spheres (circles in 2D) are the most widely-used particle
representation for individual elements [I8]. More complicated bodies can be de-
scribed by bonding a collection of individual particles together. The nature of
this bond can allow the DEM to model both rigid and deformable bodies [19]. If
a more rigorous implementation of non-spherical particles is desired then similar
principles can be employed with an appropriate contact model [20].

In terms of algorithmic implementation, the DEM can be broken into four

basic steps [18] [21]:

1. Contact search - Identification of particle pairs that may be in contact.

2. Contact resolution - Computation of the small overlap between particle
pairs identified in the search step.

3. Force resolution - Computation of the forces acting on individual parti-
cles. These may arise from sources including physical contact, electro-

static/magnetic effects, lubrication and gravitational effects.

+E(x 1) f7(x, 1),
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4. Kinematic integration - Numerical integration of Newton’s second law
using the calculated forces and associated torques (defined by particle

geometry) to update the kinematic state of the particle.

In this work, each suspended particle is represented by a single circular or spher-
ical DEM particle. The forces acting on the particles arise from physical contact,

gravity and hydrodynamics only.

2.2.1. Fluid-Particle Coupling

Coupling the behaviours of the fluid and solid models require two actions
to be undertaken. The position of the particles needs to be transmitted to the
fluid model such that the relaxation can be appropriately modified as needed.
Additionally, the hydrodynamic forces acting on the particles, as calculated from
the fluid model, needs to be communicated to the solids. Within an LBM-DEM
framework, a number of approaches have been proposed, including models by
Ladd [22] 23], Suzuki and Inamuro [24], and Noble and Torczynksi [25]. Similar
work has been applied to elliptical particles by Xu et al. [26] and Walayat et al.
[20].

In this work, the partially saturated method (PSM) of Noble and Torczynski
has been used to couple the LBM and DEM components. In this approach, the
relaxation of the fluid LBM population is modified according to,

At .
fi(x+ ¢ At t+ At) — fi(x,t) = - 1 — B](fi(x,t) — f{%(x,t)) + BQ. (16)
f
Here B represents the fraction of the unit cell surrounding an LBM node that
is covered by a solid particle, as highlighted in Figure [1] and ] represents a
collision function for interactions between the LBM population and the solid
particles. This work uses the non-equilibrium bounceback approach proposed

by Noble and Torczynksi [25] that utilises the particle velocity, u,,

Qf = f—i(xa t) - fi(xa t) + fieq(pa up) - f—ieq(pa 11). (17)
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Figure 1: Strategy for calculating the nodal coverage fraction B for use in the PSM method.
Interface nodes for particle boundaries are identified as B € [0,1]. Note that the solid and
dotted lines in this figure are offset from the lattice grid linking nodes by Axz/2.

The hydrodynamic force and torque acting on a particle centred at x, can

be, respectively, found by [21],

and,

72
T; = AA—t Z (x —xp) X B, <Z ch1> . (19)

r

In these expressions, r counts the nodes that map an obstacle to the lattice.
This explicit resolution of forces acting on a particle classifies the current model
as a particle-resolved method under the classification scheme outlined by Xu et

al. [21].

2.2.2. Calculation of particle coverage

Central to the PSM is computing the quantity, B (see Figure[l)). In station-
ary geometries, this is often straightforward and only needs to be performed
during the initialisation of a simulation. For example, it can be achieved through
application of an analytic description of a domain. Transient problems such as
particle suspensions require this term to be recomputed regularly throughout

a simulation. In 3D, this is most tractable for rigid spheres but can still be a
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time-consuming task. Such approaches for computing this factor include Monte
Carlo approximations, sub-division of lattice cells, edge intersection averaging
or calculation of convex hulls [28]. Recently, Jones and Williams [28] proposed
a linear approximation technique that significantly outperforms these methods
both in terms of computation time for equivalent accuracy and accuracy for
given computation time. They recognise that when mapping a sphere that is
larger than an LBM cell, the coverage of a majority of cells varies linearly with
the distance to the centre of the sphere. In their method, the coverage of a

node-centred cell by a sphere, with radius 7, is found through,

B=-D+V,—R+0.5, (20)

where D is the distance between the node and the surface of the sphere and
R = r/Ax is the sphere radius normalised by the grid spacing. The V, term
is the volume of the sphere contained within the cell. The authors present the

solution to the associated integral as,

V, = (112 — R2> arctan (1142}%2>+?+(R2 — 112) arctan (;) —? arctan

(21)
where A = v/R? —0.5. The value of A is constant for a given particle size and
may be pre-computed prior to a simulation. The authors also give an equivalent
expression for calculating the coverage of circles in 2D simulations. In practice,
suspensions may be studied where multiple particle sizes are present. As such,
when performing a calculation on a particle, V, is not known a priori. From
analysis of the function for V, over a wide range of R, it was recognised that

Equation [21] could be sufficiently approximated as,

Vo= R—K/R. (22)

Here, K is a constant that was taken as 0.084 for 3D and noted to be 0.042 for
the 2D case. In particular, this result is valid for R > 2. This is an acceptable

outcome as larger values for R are needed for correct hydrodynamic behaviour

10
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to be computed. This means that the coverage of a cell by a sphere can be
computed solely based on its distance from the centre of any given particle in

the simulation as,

B=—-D—K/r+0.5. (23)

As in the work by Jones and Williams, this value is capped such that B € [0, 1] is
maintained. For the results in the following section, only LBM nodes that were
centred within a particle had their coverage mapped. This was found to yield

superior results in the tests conducted for the particle resolution of interest.

2.8. Terminal velocity of a single particle between parallel plates

To demonstrate that the hydrodynamics of a particle within a fluid is cor-
rectly captured by a 3D model, the test case of a particle settling between two
parallel plates was used. In this scenario, a particle was placed in a stationary
fluid between two plates and accelerated from rest by a body force with the ter-
minal velocity of the particle used as an evaluative measure. In the low Reynolds
number regime of Stokes flow (i.e. Re < 1), the velocity of the particle is given

by Wang et al. [29] as,

F (1 - 0.625(r/1) + 0.1475(r/1)> — 0.131(r/1)* — 0.0644(r/1)%)
6mpvr '

Usphere =

(24)

Here, r is the radius of the sphere and [ its distance from the nearest wall. F is
the magnitude of the force applied to the particle.

For the test case presented here (see Figure , the density of the particle
was taken as p = 2,000 kg/m?, and the particle was sized and placed such that
r/l = 0.5. The fluid possessed a kinematic viscosity of v = 1075m?/s. A con-
stant acceleration of a = 0.01 m/s? was applied to the particle as the driving
force parallel to the plates. This leads to a predicted terminal particle velocity
of approximately Ugsphere = 3.1 % 10~®m/s and a particle Reynolds number of

about 0.01. Figure [3|shows the absolute relative error of the measured terminal

11
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Figure 2: Mid-plane view of terminal velocity test used to verify the model’s hydrodynamics.
The model is periodic in the out-of-page direction which also had a total depth of 4H. The
particle of radius » = 0.0001m was placed such that v/l = 0.5, while | = H/4 was used in

testing.

particle velocity. The results converge to this value at approximately order 2.8
with increasing radial resolution. The convergence of the model being greater
than second order is consistent with previous data presented for this test case
[29, 30]. These authors suggest the approximations inherent in the analytical
solution as a possible cause for this. In the remainder of this work, a resolu-
tion of r/Axz = 6.4 for free moving particles has been chosen as a compromise
between resolving the hydrodynamics and computational speed. From Figure
the absolute relative error of the particle velocity of this case is approxi-
mately 1%. In particular, this highlights that the PSM requires a minimum
resolution of particle radius compared to grid spacing to accurately capture the

hydrodynamics of a sphere moving through a viscous fluid.

3. Numerical investigation of temperature-dependent flows

The numerical investigations undertaken with this model have been broken
into two parts. The first section verifies the performance of D2Q9 thermal LBM
models against analytical results for temperature-dependent flows. The second
section examines the transport of single and multiple particles through a fluid

with varying viscosity.

12
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Figure 3: Convergence of the terminal velocity of a particle moving between parallel plates due
to a constant acceleration. Slopes of first and second order convergence have been included
for reference. The observed convergence order of approximately 2.8 is consistent with that

observed in previous studies [29 [30].

8.1. Model verification

The work of Myers et al. [3T] developed analytical expressions for the velocity
and temperature profiles generated for a temperature-dependent viscosity fluid
within a Couette flow experiencing an applied temperature gradient. The layout
of the channel used to compare the model performance against these results is
presented in Figure [l In these tests, the dynamic viscosity of the fluid is

assumed to vary in an exponential fashion with respect to temperature,
= poe "7, (25)

where g is a reference viscosity and g is a coefficient indicating the degree
of temperature-dependence. This form is chosen as it allows for an analytic
solution. In practice though, this dependence could be implemented with any

suitable function of temperature. The velocity profile is given in a normalised

13
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form by,

2e8Tm A%BBr _
Uly) =4/ 5Br {tanh yi/ w% — tanh™'\/1 — e~ #Tm

and the normalised (or dimensionless) temperature profile by,

2
T(y) =Tm + %ln {1 — tanh? [tcmh_l(m) - y\/ﬁ] } - (27)
e—BTm

The terms T}, and A are found through application of the boundary conditions

+\/165TM},

(26)

at the upper wall (normalised value of y = 1). Typically this requires these
equations to be solved numerically. Here, the normalised temperature can be

calculated from a physical temperature through,

physical _ qphysical
_ T TC

_ _ _ 28)
physical physical ’ (
T iy

where Tﬁhysjcal and T ghySical are, respectively, the reference hot and cold tem-
perature of the system. For physically sensible results, these should be suitable
to the system being considered (e.g. such that the Boussinesq approximation of
small temperature differences still applies). In the following sections these may
be considered to be TH"Y**“*! = 350K and TE"*“* = 300K. Additionally, the

non-dimensional Brinkman number of the flow can be defined as,

Ho Urznaa:

Br = ——"——"—,
E(Ty —Tc)

(29)

using k as the thermal conductivity of the fluid, U4, the velocity of the shearing
wall and Ty and T¢ the respective dimensionless temperatures of the moving
(hot) and stationary (cold) walls. This term relates to the amount of viscous
heat heating generated (e.g. by shearing flow) in the system to that transported
by conduction.

To evaluate the performance of the LBM models a number of test cases

with different values of Br and 3, as presented in Table [} were conducted. The

14
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Figure 4: The Couette flow with temperature gradient used to test the numerical model of
temperature-dependent viscosity. The flow is driven by an applied velocity of Umaez at the
upper wall whilst the lower wall is held stationary. The upper and lower wall temperatures
are set to Ty and T¢ respectively. The domain is periodic in the x-direction for both hy-
drodynamics and thermodynamics. Bulk fluid begins at rest at Tg. Analytical expressions
for the velocity and temperature profiles across the height of the channel were developed by

Myers et al. [31].
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Parameter Br I5)
Case 1 0.7 1
Case 2 0.7 | 1.25
Case 3 2 1
Case 4 0.275 1
Case 5 0.7 0.1

Table 1: Parameter values used for the assessing the performance of the LBM models at

capturing temperature-dependent viscosity flow behaviour by comparison to analytic results.

reference lattice viscosity was set at a value of 1/6, with this being set at the cold
(lower) wall. Note that lattice values are calculated by setting Az and At = 1.
From a numerical point of view, the local viscosity of the LBM population was
varied using the exponential relationship based on the local LBM temperature
as in Equation @ This is represented by modifying the local value of 7; while
holding At constant. As an incompressible fluid is being studied, the conversion
between dynamic and kinematic viscosities is valid.

The height of the channels was set to 10Ax for the coarsest grid spacing test.
This was then increased to achieve a medium (20Ax) and fine (40Az) grid spac-
ing. The fixed temperature and velocity boundary conditions were implemented
using the non-equilibrium extrapolation method similar to those described in
Guo et al. [8] and Frapolli et al. [32]. Model accuracy was assessed by calculat-
ing an Ly norm of the difference between the LBM and the analytic results. The
results in Table [2[ summarise the Lo norm observed at the coarsest grid spacing
and the average order of convergence as the grid spacing was refined. A positive
value for convergence indicates that the L, norm decreased with a reduction
in grid spacing. As can be observed in these results, and in Figure [5| for Case
1, the passive scalar model struggled to capture the temperature-dependence
within the Couette flow. The total energy model, however, captured the com-
plex temperature-dependent interactions accurately for a range of parameter

values. The cause of this is due to the passive scalar model only being able

16



Passive Scalar Total Energy

Fluid Temperature Fluid Temperature
Case Lo Order Lo Order Lo Order Lo Order
3.1e-3 | -0.2 | 5.5e-2 0.0 2.4e-3 2.0 3.9e-5 1.8
34e-3 | -0.2 | 4.7e-2 0.0 3.9e-3 2.0 9.0e-5 1.6
9.6e-3 | -0.1 | 1l.4e-1 0.0 1.5e-3 2.1 2.0e-4 2.2
2.1e-3 0.2 2.3e-2 0.0 2.7e-3 2.0 1.4e-5 1.6
6.1e-4 0.0 9.1e-2 0.0 1.8e-5 2.0 1.4e-5 2.0

Tt = W NN =

Table 2: Lo norm results for the coarsest grid spacing and the approximate order of conver-
gence for the tested LBM models with temperature-dependent viscosity when compared to
the analytic results. A positive value for convergence indicates that the Lo decreased with a

reduction in grid spacing.

to generate a linear temperature field between points of different temperature.
The consequence is that features that are generated by more complex heating
modes, shear heating for example, are not resolved in this model. This is re-
flected by the convergence data where the temperature population is unchanged
with decreasing grid spacing. These results indicate that a total energy LBM
model is required to accurately model systems where temperature-dependent
viscosity is being considered. This model was used in the remainder of this

paper when thermal models are discussed.

8.2. Model application - 2D channel flows

After verifying the ability of the total energy LBM to capture the temperature-
dependent behaviour of the fluid, it was then used to examine particle trans-
port within a channel. This comprised cases containing single and multiple
particles with the same thermal properties as the fluid. This meant that only
the temperature-dependent effects of the fluid from the boundary temperatures

were impacting the flow.

17
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Figure 5: An example comparison of the passive scalar (squares) and total energy (circles)

LBM models with the analytic results of Myers et al. [31] for the normalised velocity and

temperature profiles generated within a temperature-dependent Couette flow and applied

temperature gradient.
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Figure 6: To investigate particle motion in a Couette flow with temperature-dependent vis-
cosity, the verification test layout had a single particle placed in the centre of the channel. It
was allowed to move freely with the flow. These tests were conducted with H = 40. Fluid

conditions were initialised as per Figure E}

3.2.1. Single particle transport

The first test consisted of a single particle located within the centre of chan-
nel experiencing Couette flow. It was constructed in a non-dimensional frame
of reference. As per the verification test, the lower (stationary) wall was main-
tained at T = 0 and the upper (moving) wall was held at Ty = 1. This particle
was prescribed a diameter of D = H/4, where H is the channel height, and an
initial temperature of 0.5. It started at rest and was allowed to move freely
with the flow. Fluid conditions were initialised as per Figure These tests
were conducted with a channel height of H = 40 and thus a particle diameter
of 10 lattice spacings. This layout is presented in Figure [f] This simulation
was run for two cases, the first with the LBM viscosity varying exponentially
with local fluid temperature as per the verification tests and the second with
it being held constant at the lower wall value. This compared the impact of
variable and constant viscosity on particle motion. This pair of simulations was
also repeated with the temperature of the upper and lower boundaries swapped.
This was used to determine whether the temperature effects on viscosity or the
hydrodynamics of the Couette flow field was the primary contributor to particle

motion.
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Over the duration of each of the simulations (t,;q4. = 20,000 steps) the ve-
locity and vertical displacement of the particle was tracked. The normalised
results of these are presented in Figure []] Here it can be observed that after
the initial state of rest had been overcome, the particle in the variable viscos-
ity case migrated at a constant rate towards the upper boundary. By the end
of the simulation the particle had moved a distance of 0.17D (approximately
0.0425H). In comparison, when the viscosity is held constant the particle ef-
fectively remains in the same position in the centre of the channel. On initial
inspection this can be attributed to the thinner (lower viscosity) fluid closer to
the hot wall reducing the stress experienced by the particle on its upper surface
compared to the lower surface. This imbalance causes the observed migration
of the particle. It can also be noted that due to the relatively minor vertical
motion of the particle in the constant viscosity case that, for the parameters in
use in this study, hydrodynamic effects on particle motion are limited.

A similar argument can be made for the reduced magnitude of particle ve-
locity in the variable viscosity case. In the centre of the channel, the viscosity of
the fluid surrounding the particle in the variable viscosity case is less than that
experienced with the constant viscosity case (which is taken at the cold lower
wall value). This thinner fluid is unable to accelerate the particle as effectively
and as such it takes longer to achieve a steady-state velocity matching that of
the local flow.

In the simulations with the temperature conditions swapped (Figure E[), it
can be seen from the vertical motion that the particle has again migrated to-
wards the region of lower viscosity. It can also be noted here that in Figure [7]
the constant viscosity results are identical and can be used as a reference. In
the swapped layout, particle migration has occurred at a slower rate than in the
previous case. The magnitude of particle velocity is also significantly greater
with the temperature boundary conditions swapped.

Both of these observations can be associated with the change in tempera-
ture and velocity profiles that occur due to the temperature boundary conditions

changing in the original Couette flow. This is illustrated in Figure[8 In partic-
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ular, the fluid velocity in the second case is significantly faster over the entire
height of the channel. This observation is due to the higher viscosity fluid being
located at the moving plane of the upper wall. In the first case, the hot and thin
fluid was less capable of transferring shear stress as a result it did not effectively
accelerate the fluid below it. In the second case, the motion of the thick fluid
by the wall is more readily able to accelerate the adjacent fluid layers and this
continues over the height of the channel. The result is that the particle in the
second case is driven by a higher local fluid velocity than when the viscosity is
held constant, allowing it to achieve a greater overall velocity. The greater mo-
mentum of the particle along the length of the channel may also hinder vertical
motion contributing to the reduced rate of migration observed in the second

case.

3.8. Model application - 3D channel flows

A 3D version of this model was implemented using the open-source frame-
works of TCLB (LBM, [33]) and ESyS-Particle (DEM, [34]). This framework
was used to study the transport of particle suspensions of various solid volume
fractions within a fluid with temperature-dependent viscosity.

Channel flows with a number of geometric variations were selected as the
test cases for the developed model as they can be representative of multiple en-
gineering and scientific problems. These can be simplifications of pipe networks
in industrial processing, hydraulic fractures within oil and gas extraction or
blood vessels in biology. The three cases considered here are a straight channel,
a straight channel with a side channel where fluid and particles can leak from,
and finally a stepped channel. In all three cases, the channel is periodic in the
vertical direction with gravity applied parallel to the periodic axis. Particles
are continuously injected along the full height of the channel at the inlet of the
domain with a horizontal velocity of Ujject = 0.1m/s and the same initial solid
volume fraction (SVF). Particles are added to the domain when the leading w is
vacant of particles. When dimensionless temperature is applied to wall bound-

aries, it increases linearly between T5e¢ = () at the inlet to T4t = 1 at the
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outlet along the main channel direction. From a physical perspective, these can
be interpreted based on TE"**" = 350K and T, ghySical = 300K. Bulk fluid is
generally initialised at Ujy,jeer in the x-direction and at a temperature of T!attice
= 0.5. Uinject/2 was used in the leaking channel as due to there being two exits
for fluid from the domain. Ujp et Was maintained at the boundary in this case.
Fluid on the inlet face were always injected at Ujpjec:. In all cases tested here,
the LBM spacing has been set at Az = 3.125 x 10~5m with a time step of At =
40 ps, this corresponds to a kinematic viscosity of v = 4.07 x 10~5m? /s when a
numerical viscosity of 1/6 is used. Unless noted otherwise, the particles used in
these studies have a radius of r = 6.4Ax = 0.0002m (diameter D = 0.0004m).
The particle injection zone is taken as w = 64Axz = 0.002m. Initial particles
began with a velocity of Ujpject in the x-direction and a temperature of Tlattice
= 0.5. Particles in the ‘Step’ section of the stepped channel began moving in

the z-direction.

8.8.1. Straight channel

The model domain to investigate the effects of temperature-dependent vis-
cosity on the settling behaviour of particles within a straight channel is presented
in Figure [0} The fluid entered with fixed velocity and exited with a constant
pressure boundary condition implemented using the well known Zou-He method
[35]. This model was run for a total of 250,000 steps.

To compare the settling behaviour of the two cases, the particle velocities
averaged along the length of the channel were computed. These results af-
ter 125,000 and 250,000 steps are presented in Figure Firstly, it can be
noted that the velocity along the length of the channel (x-direction) is essen-
tially unchanged by the introduction of temperature-dependent viscosity. The
magnitude of this is tending around the injection viscosity as expected from
mass conservation. An equilibrium state for this appears to have been reached
after 250,000 steps. The variation between the data points is dependent on
how many particles were located around that position at the time of interest.

The most interesting measure, though, is the vertical (y-direction) velocity. In
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Figure 9: Layout of settling within a straight channel geometry. The entire model has a
thickness of w. The model is initially filled with particles of diameter D = 0.2w, these are
continuously injected with the inlet velocity into the leading w of the domain. The upper and

lower boundaries in the y direction are periodic.

the absence of changing viscosity, this slowly increases along the length of the
channel due to the action of gravity. When a temperature-dependent viscosity
is introduced, the magnitude of the settling velocity increases by a factor of
approximately three. Similar trends were observed throughout the simulation,
rather than just the example times given here. The distribution of particles
and their velocities after 250,000 steps is presented in Figure In particular,
the increase in settling velocity can be noted in this figure. Similar trends of
behaviour can be observed when a higher initial SVF (33% compared to 8%)
of particles was inserted into the channel geometry (Figure . In this case,
the magnitude of increase in vertical velocity is about a factor of two by the
end of the channel. However, the increased number of collisions between parti-
cles around the entrance to the channel would be suggested as the reason why
particles have not reached an equilibrium velocity at the entrance after 250,000
steps. The distribution of particles and their velocities after 250,000 steps is il-
lustrated more graphically in Figure Again, the increase in settling velocity

can be noted here.
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Figure 10: Velocity of the particles in the x- and y-directions averaged along the length of
the straight channel (8% initial SVF) recorded at 125,000 and 250,000 steps. The isothermal
plots have constant viscosity whilst the thermal results have temperature-dependent viscosity.

The line represents a least-squares fit to the data points.
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Figure 11: Comparison of the particle position and velocity vectors of the particles in a straight

channel under both temperature conditions (8% initial SVF) recorded at 250,000 steps.

The isothermal plots have constant viscosity whilst the thermal results have temperature-

dependent viscosity. The increase in settling velocity can be noted in the Thermal case.
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Figure 14: Layout for flow through a leaking channel geometry. Each flow channel has a
thickness of w. The model is initially filled with particles of diameter D = 0.2w, these are
continuously injected with the inlet velocity into the leading w of the domain. The upper and
lower boundaries in the y-direction (out-of-page) are periodic. The width and flow rates of
the leak and main channel are adapted to investigate their impact on flow. The blue section
represents the ‘Entering’ section, green the ‘Leaking’ and red the ‘Continuing’ sections used

for counting particles.

3.3.2. Leaking channel

The study of a leaking channel, as described in Figure[[4] involved narrowing
the leaking pathway such that its width was reduced to 2.5D and 1.25D with
pressure boundaries at the exits. All tests were performed for 100,000 time
steps. The initial SVF of these cases was approximately 26%.

As part of the analysis of both these cases, three key regions of the channel
domain were identified. The ‘Entering’ section is the region of length w imme-
diately prior to the beginning of the leak channel, the ‘Leaking’ section is the
entire volume of the side channel and the ‘Continuing’ section is the region of
length w immediately after the leak channel. The cumulative total of particles
moving through the domain was recorded to infer the passage of particles in a
simulation.

When a changing channel width was implemented to regulate flow through
the leaking channel, variation was observed between the isothermal and thermal
results. These can be observed in Figures [T [16] [I7] and [[§ In Figure [I5] it

can be readily observed that the restriction of flow caused by the narrowed leak
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channel has made the main channel the strongly preferred path for the flow of
particles. In the case of the width being 1.25D, the ‘Continuing’ region has
slightly more particles than the ‘Entering’ region due to the simulation being
initialised fully packed with particles. A number of these will begin between
these to regions and contribute to the ‘Continuing’ count and not the ‘Entering’
one. The greater rate of leaking in the case of the wider channel overcame this
in that case. Halving the channel width led to a proportionally greater drop
in particles being extracted on the leaking pathway. In the wider channel the
simulation concluded with over 200 particles travelling through this region, this
reduced to less than 50 particles in the narrower channel. In Figure [I6] the
effect of the thermal model can be seen on the difference in leaking rate be-
tween the two channels. In both cases, the presence of temperature-dependent
viscosity corresponds to a significant reduction in the number of particles trav-
elling along the leaking channel. In the wider channel, the observed reduction
is approximately 10% by the end of the simulation, whereas a 22% reduction is
noted in the narrow channel. A possible explanation for this is that the reduced
viscosity of the fluid, and corresponding reduced drag on the particle, makes
it more difficult for a particle to change direction and travel along a narrow
leaking pathway. The velocity vector plots in Figures [17] and [1&| highlight that
only the particles very close to the leak channel are fed into the channel. It also
appears that those particles in the leaking channel during the thermal case may
have a reduced velocity compared to their isothermal counterparts. This would
further reduce the flow rate of particles moving through the channel in this case.
The case of the narrow leaking channel was repeated with the radius of parti-
cles halved, as a result the particles are of the same proportion compared to the
wider leaking channel. This change caused the initial SVF to increase slightly to
approximately 31%. The lattice spacing again remained the same as in the orig-
inal case. It can be observed that the smaller particles have a reduced tendency
to be extracted away from the main channel through examination of Figures
and As for the larger particles, the presence of temperature-dependent vis-

cosity reduces the number of particles travelling along the ‘Leaking’ path. The
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reduction is about 10%, similar to that seen in the wider channel for the larger
particles. In Figure it can be noted that the Poiseuille profile formed by
the fluid dominates the distribution of particles through the channel. Particles
become distributed along the walls in both temperature cases and this serves to
delay injection of further particles.

None of the leaking channel cases presented here indicated the likelihood of
forming a blockage due to a bridge forming across the mouth of the channel.
This may be due to the flow rate through the main channel being too large
or quantity of particles injected being too low for this to occur in a stable
fashion. A second possibility is that the larger 3D height of the domains tested
here meant that any such blockages were not able to fully seal off the leaking
pathway. In 2D, or very low thickness 3D simulations, such behaviour may

occur more readily.

3.8.8. Stepped channel

The final case study presented here examines the flow of particles with
distributed size flowing through the domain outlined in Figure Cases of
low (26%) and high (46%) initial SVF of particles with a range of diameters
(D € [0.2w,0.4w] = [0.0004m, 0.0008m]) were examined to investigate the
changes in flow produced by this change. A pressure exit condition was used
at the outlet of the domain. As for the leaking channel test, three regions can
be identified: ‘Entering’ section is the region prior to the beginning of direc-
tion change, ‘Step’ section is the entire width of the domain where the direction
change occurs and the ‘Continuing’ section is the region beyond the step change.
Again, these were run for 100,000 steps. The significant direction change ex-
perienced by particles in this domain was observed to lead to increased overlap
between particles and walls that was not observed in the previous test cases.
To alleviate this overlap, the contact stiffness between both particles and walls
was increased by a factor of 10, which still allowed stable DEM contact.

During these simulations, it was observed that the number of particles in

the ‘Entering’ region of the stepped channel was less smooth in its evolution
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Figure 15: Cumulative totals of particles moving through the three characteristic sections of

the channel over the duration of simulations with differing leak widths.
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Figure 16: Comparison of cumulative totals of particles in each of the three flow cases over
the duration of simulations with differing leak channel widths. For each temperature case the

differing behaviour in each of the characteristic regions can be observed.
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Figure 17: Comparison of the particle position and velocity vectors after the 100,000 time

steps for each temperature case and leak channel width of 2.5D.
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Figure 18: Comparison of the particle position and velocity vectors after the 100,000 time

steps for each temperature case and leak channel width of 1.25D.
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Figure 19: Cumulative totals of particles moving through the three characteristic sections
of the channel over the duration of simulations for the narrow leaking channel with smaller

particles.
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Figure 20: Comparison of cumulative totals of particles in each of the three flow cases over
the duration of simulations for the narrow leaking channel with smaller particles. For each

temperature case the differing behaviour in each of the characteristic regions can be observed.
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Figure 21: Comparison of the particle position and velocity vectors after the 100,000 time
steps for each temperature case for the narrow leaking channel with smaller particles. Only
isothermal results are shown here. The dominating Poiseuille profile causes particles to remain

trapped on the edges of the domain, this serves to delay further injection of particles.

Peonst

Figure 22: Layout for flow through a stepped channel geometry. The flow channel has a
thickness of w. The model is initially filled with particles with diameters distributed in the
range D € [0.2w, 0.4w], these are continuously injected with the inlet velocity into the leading
w of the domain. The upper and lower boundaries in the y direction are periodic. The blue,
green and red regions represent the ‘Entering’, ‘Step’ and ‘Continuing’ regions respectively

for counting particles.
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than compared to the other two regions. This is a consequence of the injection
of particles not happening consistently through the simulation. Instead, the
algorithm waits until the injection area is clear of previous particles before a
new batch is inserted into the flow. Due to the nature of Poiseuille flow, it
was observed that smaller particles would occasionally be caught in an area of
low-speed flow near the walls, delaying further injection of particles. The more
consistent gradient of the plots in the high SVF case suggests that the greater
bulk of particles in this case is better able to overcome any potential blockages
or entrainment of particles caused by the change in direction within the domain.
This behaviour is made clear in the velocity vector plots in Figure 23] In the
low SVF case, the transition of particle direction through the direction change
is much smoother than seen in the high SVF case. This allows for pockets of
the channel (e.g. near (z,y) = (0.006m, 0.000m) and (0.004m, 0.004m)) to be
empty of particles as they follow the natural fluid flow path through the domain.
In the high SVF case, particles in these regions can be observed to collide with
and follow the wall as they move through the ‘Step’ region. In both cases, a
much greater velocity magnitude can be observed in particles moving through

the constriction provided by the neck of the step change.

4. Summary

This paper has focussed on the modelling of particle suspension flows within
a fluid with temperature-dependent viscosity using a coupled LBM-DEM frame-
work. It was firstly demonstrated that, in order to correctly capture the fun-
damental behaviour of such fluids, a total energy formulation of the thermal
LBM is required. The commonly used passive scalar approach is unable to re-
solve non-linear temperature profiles generated due to temperature-dependent
viscosity. The developed model is extended to 3D and applied to numerous ex-
amples of channel flow. The case studies presented illustrate how a temperature-
dependent viscosity fluid can generate quantitative differences in the transport

of particles through a domain. In many practical applications, the efficient
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Figure 23: Comparison of the particle position and velocity vectors after the 100,000 time

steps for each temperature case and each initial SVF in the stepped domain.
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transport of particles by the fluid is key to system performance. If the phenom-
ena highlighted in these studies (e.g. increased settling velocity and reduced
leak-off behaviour) are not properly considered by operators than inefficient or
indeed ineffective operation may result.

The model presented in this paper still contains a number of areas where it
can be improved as part of continued work. In particular, to allow for the study
of larger sets of particles the coupling of the TCLB and ESyS-Particle codes can
be made more computationally efficient. The introduction of lubrication force
interactions between particles would also provide a more physically realistic
representation of particle transport both within confined channels and in dense
flows. Similarly, the expansion of this work to non-spherical particles would
allow the model to be applied in a wider variety of scientific and industrial
scenarios. This study has been entirely numerical, experimental study of some
of the cases presented in Section 3.3 would provide additional strength to the
results presented in this work.

All fluids possess temperature-dependent viscosity. This study has demon-
strated that neglecting the effect of this can lead to quantitative changes in the
behaviour of the fluid and particles transported within in. We have also demon-
strated that modelling this behaviour accurately requires specific considerations
to be made. Overlooking this behaviour can generate inefficiencies in practical
applications in a number of engineering and scientific fields such as oil and gas

production, chemical processing and cooling systems.
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