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1.2 The need for improving our understanding of
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Generating numerical initial conditions

Gnrxr wmg sw g » » ®S S ] nop WS o S
ng S oW X W WS ngwg S nopw S X sr s
gs m ¥ W xr  mmS S wyp fi ®S P Towx WSS NS ru wr
er T si s p g mx »w m rr gm (z>100) msur S
G wss mw wr O
1 sp sm g8 ] » X qurx xSp rww G wuss w
wm rfi 4 X wape » (sms m®m™ wl ) rwmuwmr S
» x g 1 S

sg wrga s 11)

®m orwm wmGueuss mswp rwm ssp fH0p XSp xuw ™ xrwm S

» S W ®» ws Sw s wwa sfim » sr s g s W
s s s s xr om S wp RX W NG RwwL x S W wwp S
» ¥ ®™m s S S x S » Ssu S s » s »
S Ss w S ss x s N owg W » rs r (8
rs wgr 1 Prum . now 11.G rxrs » 1.7
.S mprx » T )
S ®M S ¥ r W W S now MR TS

RS T WK gr

msmwm wm T ss p M WS N 8T Ng WP X wx » x mox
( 1°)rs m r© r(wm wms 1)
sp S SsS gnx z wmw » RS ® X X WX S
mw xR 8 . mswaw  ws( g zZ W LU r
14) R m XS xwm Sk wwa S wa ® SS mox
» » ws P ox s m S Z wmrg ®m r swp fimrrs w w
» ] wea S g »n T ey 31 mop XS WS W™ mx »Ss
g s w Wz Wmrg ®m W g S i Ss RSS W
XXrs w o w
Srz ws wps w r rw™ S S SS W W P X W sw S X
(ss fim rs w w) WS T Wg S Wg g S m s( ss
S rs W W) 0w e n s wap wea  fim
rs u ®mm er x x » W g rag mW x rs u 0w
X QU S S waw RSP S W » P rs4 W ] ms fi ss wp
‘ » e rwmow frm swm g rRS X wm WS W s ffrm s
ne s » s s« n 8 mwa w8 »ourg W s s o 17)

34 Chapter 1 Introduction



rs w oW 327683 x ng gr T s o rxequrx W mpy =g XS

BORKX O ®PrWMS WX » S S r ™ s »pr T s
MR RGWAL R X X QT WM S ffrm ppr S moorx s ms
gr s( rs mwmgr 1, now M) T swp sp fi rg ws g rrs w W
moox S ™ S\ rgr m » S Ngprm "e ws swm gr

sswm  xrp® s Sz W S WMMRA X XS W W WWMS S Prw ff
S®p Sswm rs S r R s r x ™ mwms T S ®
s wm X ns fi » w SW rgr g S » r® ne
»rw R X WW X WMSKX MS W us ng »r wus
R W ST W X 0§ MM ( ffanm w 1 1)
X s wg P W R »S X we S Z W W » »S
¥ (rs wgr 1) m M ( » w m r r x w » pr
ur ® g w w» S Z wm W » N S X S px
Supp r rms zZ ®gr s m MSX M X S RS WM PR W " w U}
Xrox ne R MM SrM wr P KR g W m fi ns Ywr ox
X ORUP OWAR RARAL T WA sx M e SSrg WS X wwm Z Waxg wS nSwx
o wmss  Towr r rws rwms ff W Ng g W BORQX O RAPr W
i Gmn mwm £ mwx w s w fi perma £ » w
mr MR T QX WM S muswgww » w fi BS S W xS 4w
T s m nS g U] rs m [~ r fFrwm pex WP RN N R
nuwa x w S »r w Z W » BS W wpr
gnxr wmwmzr fi w» »r wr s r S WpPpr WM mSs w

1.5 Thesis overview

»ow SHr w 0w u R R STy wr W rg Wz W S ss T
r 8 S SSs swu sw g XS 4 » P noRow
»rowox »or » WL TgTX S ¥ S WM W IR SX® S SS PS
fim s x s 8 s s » »r gn m f m(
1) S ws WS K mx su s m » sm g
R x S W ws G w w6 NS @ M X ™ XS WS e X ox
®x XS W RMgW rwg row S gm » »r neg 4 S
mrxgrx s x T s mppr » S ws nS 1 us "R B WX WS
s 8 P p X S S S M SSS M WMrXgrxs m g PF P XSS Ss x

1.5 Thesis overview

35



MSSS m S X

(1) wss » X S| WS 4 S ®mr AKX RN X Sweg
WA rg rSwL SSK m s s r T WS T & SSs r xma  mrx
X S N oxg xx mr s g S s m S w O »
® xg IS S QL M N WSS g S S S
S SS'S s firs » 8 8 » bl wS S mg ppr »
X x s x S SS Srwmg mwg W n nNe x » » s® S
e n m f Y Y ( mprs wm ) Rowrm W e nS
rowaox ( »mr)mn g . wm( o rs4 o wm )
» » g n m fi »S mr X®Xgr S r S »
gn rng » » wS Swmeg X P WK Swg e
ns » » » »S mx s W ur R WM WM X WSS
S mg Srp W ®m rwm £ ns m ms  fi ( 1)
S T wr " S ® i wa mw Sr mg MW Swg »p
»r WX rww W rg rs W i IR xroox x x X W X
8w m £ ws x n g » ss ®mwm w»m rwm fi nS W
SX W Wmwg w x ww P W xg IS mx w mmrx fi ®» gr m
x «u r m i ow » ®S WS X s ff mSS® W
RS W " X owp RN Ng W » s g S wmaw ns
W S mp ®W W » s » »ox r ™ wm fi mS XM
nr  we x S W Jp W rg rs m S S r S W™ S ® » »r
Gnw» wm £ »S sus g W wSg S W S ms » S
morgr S ¥ us W »x »oor oM x S ®» mprxr wx »
» s ®» r prwpr s( @ r owms prfiowm ospw) w TWSS W P
Tr » s r WS S » s S X owg xx nS W rg
S®p s g xr » nOorR ®oW W m WX WS s ( s x
] 1) Turw ng sw xx S W P S
Y )y mS S ngwe( 8 oo 1)-m i S
us S wppr gm m £ oK sus gmr W
MSg S W S xx WS W Xg X wap S ®r  sss Yox P X Ne
M xg xr S S RS ¥ » & SWxg r ¥ S
St mg W ®» sfim m mx wmSw rswms g g WA mox
gn™ m £ »opr ®rox » xx m s m s

36 Chapter 1 Introduction



G s TS ® wox » mr swm g S X S sW  SWXg S

» O XM X"  SX P S S Ssu SS © . W™ W W
X LSS X8 S rpr wrx SwS S ™ x MR XS M Ng
xS e S s PU RN WSK WS W »oowr r®  r ™ w
[~ byl m Sr® S Spr g SX Ngwm » »p 8 W m fi »S
m Ssrgw W ®» 4w us m S WRR WS g S ™ ® xS
S » T8 s s X srx nURL X SX P gr wg ne »oS
» »magng(s Smwm 1 rx «x ) w x »r wns r ne W
o re B R X Mg X eur xS sk sm s ( wms 1
r 1. grz 1) ror oW gn m fi Y )
€ s uw mzZ wg R RS waw S Ssw S WS wr »
2 TP X®S S r s
» » T4 x nr Sw X nNe x o LSS nwox »
S i mg s w z=0T ss m r wg S X Sx s m »
xS S rwmsss f OB ] ®SS W S s m um s X
» swr rg M SS xS » X o wr S sw s SST =
»or UK Xg rsw w r » X8 S mX SWg W wW ®SS
z=10 s WX WA S WSS s r ¥ g®m S r rm 0w x
r oWz » » Sx oW MW » er "R W . SS ® S ne
e s PSS » X W now S r M W
noww i I 8w m i »oper »r S m Pr WS N
L su g ma wm T P X ors mx PrEms w
4 S s r s «r » »r »r Sw "Sg S W™ s g P WAL WX
®rox ® W S s ® SW g WS & & S ¥ m®Sss
» BS WS » S S I ) nS 8 s m
»Rw ng W moxowoar

1.5 Thesis overview

37






Extending the genetic modification

framework

s S ®mw mrl m e xS = » pu ®m r wa firs
PrR PSS rowm ngng T x ® Ss SS® S WP SW W W ¥
m TR ST S S s Twrxw X rWo Ommowr ss wa s r s
s el moro o oxowr ®S W XS wrx pRp W T nSs pwRg
fim prppr s 8 ®oS ®ox » x rwmx
gnm mwm fi ms ( 1) m w o zZwg P pr s X ™ xS
ms fi mr R W ma ™ S X sm g T gn
m £ ® K S rsr m » » » sSwg r rw mgmr s
» ) o i W » » s m z=0T g s
o SO S waw S| ss roxrm o om il » b 14 »r
ne wMr MR W XpPr®r su S mss rmrxgr s r T pr rm
su mwm fi S W reMrsS W PPr MWW XS B Wg 2 S
r wm rxs ws i wmp wm mwm wm rfis r rs s »
SKM WX XKW W Xguwa WS (1) mwsr ®» rw fi ns
ws fi s wnwg s nS P X nr  Ng fim
®ss W
(1) w» ecll gn m fi ®S S X Wg W » nSwwm ¥
®m X WST WS r ows r fim BSX WS W war wa fi S MW W ¥
wmoss T s xwaw R wa » nopu ST W
X S WS mppr ( fimanm = 1 1) ne nuS B W X sp
was s X RS frm m s(gPr m» 1)T firs m s
mrs x x r rww r rw r gwm wm fi msrow
S MgWS Mg X W S Wmg ppr S w o
§r ™ mg mWr X M ss wm rwma f ms s ffr »
W rgr S x » T s Ss S firs » i)
P mwmzmw 1) » W o rswmr s 0w r s # SS 8 S
® g Ng T ws P wmzw (1) X qur S » ®ox
» » ws each w % R re Ne m rs T s wr ow s W™ ox

39



wm fi nS x X NESWME W rwrg XS W W XS . rmw P S\

x » ns T s » g S ® rs » » gn m fi »
rwm r mwm owm rwm f CH s ST W mwg wx rowan
L rg rs W S ®» X S S S S & X wwur pp RS P rwg S ms

rowmox ( »rx)w re s(C ® x4 nwm ) WA ss sswa S

Work shown in this chapter is presented in Rey and Pontzen 2018, MNRAS, 474.

2.1 Introduction

rg xs W ro mwmr "g » X ns pnNg S x 4 » pu w.
» »x e SW g Pr gmMrgr S X S X M WRS ¥R R W
sl wmor o orowr ®S  wWE X SW SWwS m nXrm s 4 » P »
rm fim s wap s S rs & " pU X W sgmr s
nS W mrs w w( rrs wg ®OXS X ww) W wea (1 au

» »Up S S P spr S X s SW mwma x row
»x Ss x RS »n o8 S s r ®™m s Ss=r wcpr sT s
S wng » »p » S ®m®m s\ g s wgs( @ e s 1
» WS 1) O S ( 1)prps pr rmwgswe
Ss nooow sw g LD ) WS XM W S X S S x »
» »s e gnm m £ ws (x G s) T R ST S ™S
st m r s ws( xr w 1 . rs wgrl . ffmwm » 11
x x 1) gmr sr s wms Guss mrwm wmfi ss s wgwsr fiw
RS WS W™ W ®s S st » s g rs mgrx 1) S ww »S
S M WSr ®m r S WS » ns »p X x  we ue xS
WS wg s r & sr w ws s msr wms( rx W WP SS 3 1
ne 1.8« 1 ffwa w 1)
s rs®m ™ g w m i sww WS X owWax ffra rm =
SX W™ Sww s T mpr ss G w S x  mgwaw P XS WS »
» ns X W S sw ne S X osSwuy  weg S W
S SS s ng s ff nROmx W ®  Ssru wr Sox
wmp w f nS 0w S W sw now X SWPPr SS WA Xg Xr S W
RX®® S PSS W™ S x = S s x W™ SS W » mr T

40 Chapter 2 Extending the genetic modification framework



firs » s nan W X Om oma S W ® swW Prznw

(1) X us s m X S|P WS s s mx »oS
ax® s r rm  m S mrgr S r S N gr w » su s s »
w S W rg IS »S G s mpr s » wx ff s
gr w gs 1 wmrmfmwns S Ss W npr  wg » mS ¥
R W
» » P wmzw (1 )ws ww p» ®» rw f ws x
mrgr s r Sa w raqurs weaw ffrow rms () » moox
Pr s rwamg wmrgwgsksra wrs m () ww wm  fi ®S W wWR rS W
r ff s mowm oW r Trms m G ssuppr sswg wargr w mr s
® SS XM X SW STXM WK S wap S ®m xpr » fim r sw s(s
S » » figer Pmzw 1) msswg s uwroow ® SS
» o » Mg  SW SrXw wrs m MR Rg e r mfi » x
spr wmg W S wpw® S S P Wmum x
» M Ss s PrW X W pr S W mrxs finm w »
m i » w W SupPr SS S wmxg rx s all rg sw st wrs
» s 8 s s r Swu m  fi ®n ® s\ » s x
pwg sfim wmss w r ®m orowmw f T s m fi WS WS e
sw g S W ®S S wx S M gr m X ® WS X n X wg
i s mwaw wmws m gr s T S8 S x r  we R
G s(S o) ®opw rmox « r wm fi ws (S ®)
wg W x rom ffras s Pr W MW P W Tg TS
NS X s wur w mO®m R RS R W (S no4) W
x mwg X WS X ICy I ®or oW Z WS W »
S mpr »pr M) su s r swss mS » » now wmS »

2.2 Linear constraints and modified fields

» sS » D bl msr ms( 1) g ws norgm
m fi ms T S x S ws rs w ng M m mox
G s r WK ow »S »

ne nS TR W msr m mwms m s(s mp W Tgur 1)

w
=
=

m S S WS T W S WAWS ®  ®apriori nRopROW mosp fHr s 9w

2.2 Linear constraints and modified fields

41



42

Singleinitial Design a posteriori Minimal change
realisation (5o) modifications algorithm

min ||6 — dol|o-
B
subject to Ad=0b

Output: family of
modified fields

Output: ensembl e of
constrained fields

apriori Constrained HR91
constraints ensemble algorithm

Fig.2.1:3 s w» S KX W mS WS ¥ neus gnwr re » » nSs ¥
wmewa xr swaw ws T wax ffrwm m WS W Pprpr s sp S rmgsm x
mow s us x ffrm s s ne fl ®orR o mow s s Upper
Panel: » G S swmg W r s wm( ) sfirts r ®mrm ww r wg WS W

w i mS ¥ Sgm r Smprmpr s st s om w ®mooxox

PRS W sp i d T wm i i s r wpu R Ng W R W ng S

s s wg rans w fi nS W ws r wap x m i A s
now ® X W W W WS IrSpm Ng ff xm ws b ows e rg W
Lower panel: w mS X W ns wa s MSX WS ¥ B PR W mopr o wox
r s W™ W r ws fim wmswm  P0b) T s mswa s fi m» swyp wswg

1 neaw B S W r fisx ox mow ST RS S S oW MW
ws g rag W

Chapter 2 Extending the genetic modification framework



mSKX W WS ®WA S x r X pr W r o ws w RUSHE S X ®S S e
npu S MRS X MMM X SKW WS
s x Guss mrwm mwmfi s wp nmp wms x xd r oM
mor Co=(86) T 1T gr m s rwmr rx sww r( w p)  m x
mST WS » md. s 0w wrss sAd=0Db r As pXxnm x
»m bs wng p x
s x RS ru Wg RS ® i sds s wg ®SE WX sw»nb
P(3|b) mp nws s r W »r ros
P(bld) P(9)
P(dlb) = —————~+——. 1
) = = (1
s wg P0) sGuss m m srgr mgmrm z W SK » w s
1 -1
P(8]b) o 6(A 5 — b) exp(~361C;76) ()
r dp s (p mwms m ) x w oW
T s prss msuge Ss 1 X S wHyp NS W W w r mm r O0srom
rgm WS m » »w mSs s wg msx ms( nS W rmo)
T ss & ms ro wapn » mnfi w» ng us x
x rw W G wss » n WS X

P(8]b) ox ¢~ 4(3-81C1(6-8)

d(b)=CyAT(ACy AN 'b, »

C=Cy—CyAT(AC AT AC, ()
rdwm C x » o rom Guss » st w w»P(4|b)
msre 2w i s r wmrmwm S Sr w W s s wsr ms(Ad=0b)

ffma m » T Hp w» o o mwms rw xfi m swmpwgrm

)S r mg rma x WR WSTX B WS MW

43

2.2 Linear constraints and modified fields



mr x dp s  swwm w wfi d(byg) r m

50 1 b0=A50 n »
v m( ) W rs wu ™ Oresidual W

6” " E(S()-S(bo)

=) —Cy AT (ACy AN by, ( 4

rowa o ox x r oW ST ™ wmswma O W @WK rom W wNg
rs wos rx w »d(b)

81 =CoAT(ACo AN ) b+6. , . ()
T «r S pr wr x sswp sé; rm RS T W sr w ®» m firs x s

#ppwg rwady O] m swg S P

0 =08 — CoAT(ACyAT) 1 (Ad)— ). ()
T » w wg(d1) w <516}L) S ss NS W s rr
M om oW rwm rwm aqu wm( )T 01 sG wss w Ssrm s wm
sra Wms mrrwms rm ®m 0T ww r wg fi w» S W s
rm owmr »m oau wm( ) S® I o b ne Oresidual
o) swm x »r SS WS
B SwwawQ X 1 gr mwmrx S x r oW RS X W ®S # » S »s
us ne r s ®mdyp S WM W WM RS W »r s wpw »
i w gmr ngGuwuss m mwsr wm fi s
2.2.2 Genetic modifications
m  wwm G s(s wpprpw Sgar 1) WS 1S roorwe W
st m i s T G pr wr W SWRUR X Z S S
1 x wewa i or s wmdg
fim w fi ns s g P s O x w fi »
» wsx wm fi s s s P S rorom sp fi ur s
dor s w( g » B Pr®r s m®r wrx s) T srxfl s
G sr » nw RS T Ng MWK X MIr®MMWMSr X W rxr r W
sr » 1] S mr s wsfirs » m» rwm £ ws
maAd=0b

44 Chapter 2 Extending the genetic modification framework



x m i i (rwmw p wm i i s ffrmw ws b
r e ng S wfi s ssw S|P sS T s W fim
s m wmfi  sp » » G wuss mfi s » W xS
fim X2 s m
— -1 /
X =0l =0"Cite. ()
rsqewm G s =w sl sfin wng m i i s w W g
P Wz mpr  wm
min §— 8041,
in 168 2, .
su Ad=b.
T or " SS RS Rg gr Wng W
L=(5-8)Cy' (6-60)+AT(A6-b), ()
T As T sz p W mwg gr Mg waM P KS ¥ m £ »
frmn wng fin «x i I x sp d » A ® S Ss W
r oaw  ®WS s w o w
6 =0 — CoAT(ACy A1 (Ad)—b), (1)
r 01 s wm i fi
e w( 1) srgmrx ar wn( )uswg fFrwom ® oW ¥ »
T swwawa r s
. ] ( )dos mm rm mSs X S XwWs M sway W
» ss fim wngdy S s wp 1w st ow wn( )
o« W s (1)dy » 01 r P » au ng T x » » »
i s r wmrm rgm wm r wmg mswm P(4) T wm i wms
( A w» b pwm»n wmd s mp ss Pr wm( 1) s®m  wp s
» xpr »n
. S I ) I 1 X sSmW » prss m G s w 1
»r wr MWK SWMg W™ W Fr WSKX ®mS W T S Wg X WX RS
ff xm

2.2 Linear constraints and modified fields

45



G ss w roox S M S W ppNe nfi s S ¥ WS W w

m fi i ssgmr SWg wmw ws rb X SH Wg W PP Ne »
¥ W xS » S W MM WS W™ W™ ¥ T s prpr st g Ul X
»r ng mx Ss ®g rs s m i IR ff s ™ s x
e
§r MM S WAM wg S i dim s w Pr o owor
r 1w P(d) w i ws x rm T aum roowm

=

i ssg m exp(—Ax?/2)

Ax?=0]Cyl 61— 80 Cyt b ( 1)
s wmg sAx%s ssm nX g x m i wm owww fi i s sswm o x
r st mA » » »s
Tum wg Ax2 ®  pr s au ® s W w o x we w ®rowr
4 s r s SwWm X Mg W X W WS » rwwr rs r r s m ™ wng
wpp Re » » » ORI fim mwm m rprprx s
[~ T P SwLpp Rg S x S XX S®™ rwswmg Sw g
s TR RS wam ns — oW pr & PCPX SIrm S\ g »
» ®S S M Sww »S oW X oaux » » O LU )
mss wm £ s ( s A wm b ne g »n ff w e &
s xr Px m 1)sm moosm rAx? s » rs "R mg R R
S rxow g W ng W AR W OXWR XS SW m G s. pr oxwmg
R P rmms oW fim w o fi wpr W wg acceptably
» » nS WK (8 M or w4 s m g n
w6 °H] Wprmg MW W orprwr s wm fi S s e
s s swyp T mr P pU WS WP S S » RUR X S waM WS

TrS W W rswyp wg sswwp ws( g r W r W )

2.3 Extension to quadratic modifications

T m » wm s ®rs e wa fi »S nx rom fi
T r®m WS  SSW r W Pprm s x s BURL X SW ST WK S
» s(Prss m S rl 4 0w 1 1) » s x© x px r x
P row W rg IS S myp r W S Mgu s rwm o wa fi ws rg W rxm
T ms m rsp rwwm T p» rsp ruwa fims w re r W x

46 Chapter 2 Extending the genetic modification framework



X » *r PSS r S WS prpSs W

rom "
rom Xg mwWgoner g w R XS ®OW N RRW ng S X mL RNg
SrM wrs wW x »owr Sg s s S ®m W™ WS S WS W
¥ S mSwmg » »oOw row rROWm R ox wr px wr
WS W mSK X S WSK rooR o om We X Wg®  rsSp  rum
r m se&d ¥ » i w W xoox »px »S » o)
e x ®OW oW xR » »r M S XM N WRERS W
pr wm(m g ws rg®m W r S)
min [|6— 8o, 1
’ (1)
s 6tQs=q,
r Qs nXnwmr W™ gS S x ® SSHwa W Ss gmrx Q
s rm W Y r sw QG S ® 4) gsp fis X ow s w
e M
| ng SwW X ppr »n orwa fi »S nroow 8r Ng m
L=(8-08)"Cy (6—80)+nu(d"Qd—q), (1)
¥ /4SS r gr Mg Ww P I SS «u m fi mS r wg
X ® WS » Qu wWsr wg m O fi 6 w e P or
h=UI+uCy Q)fl dp, ® ( 14)
ST +pCoQ) ' QU +puCoQ) oo =4. (1)
e w( 14) w» ( 1 )pr s ss m rumdg » rg q w mox
s SS W wWW S » » Ss o s e w( 1)
RURQ x X4 W X W X W XS WS X P Ul X e » S
» " roxom Pr X OPRr W W X W XS W s ® r fin wng
S W rumwm W s s wap sH m oS
T » rmwmrx X P rxX S WS sw  pr ur s AW Sx g O »
G s w» m ¥ S S WSS fim G s s WM US WM X
O N S ®rpP®r s r s » e ar  ws( 14) m (1) Trxs

2.3 Extension to quadratic modifications 47



sm x e w»( 1) s ©¥ s w W X4 WS aqUNW x w O m

» s' xrow s® oW q
S w x s mdy » 01 S s wm x m fi 6 s wsru
ne q s rgw % qo
8 = (I+(u+ 1)CoQ + i (ChQ)?) & (1)
r sw s puwm oy T nos w owmu we x x »
i (6 =0d') s CoQ x (CoQ)*> T s n ogwmT s
wr ®S WS ®ow megwmr 6 #6d6 Su s mwm x w
pr W (G S WS e qn W i ss s
T m R W wppE N R mss prpr s G s ws
ws W OR R MW sr 0w » w fi w»
Ppr WA S S W W mwz wpr w oaqu wm( 1) r BS Wg
Ssr P m®rx s G w ppwg

®m SS » X s qu »r R S gurm S u W™ W
g§nrx s swg w s ww wm qgT x s m » wfin sm Sw
ng S ” q w wgwpfin wg S ne » rug i sp
slocallymmwa T s s ®oox »r wr  rew x gwm wm fi ws
®A RS X s weoan W wajpL » x
One infinitesimal step s x fim ng SP WM E XM wewa i 6
0 =0p+e rsufi m swm Mg s m we g  O(e) s S uSS W
»r WP S W XS ng sr s su mmrm fi »Ss
firs r x wp rw (rx rew r P PX )sg m
'Qo=00Qd +25/Qe+0(e?, (1)
oow P SS W s m ¥® S ®S « w Qs »s swm fm w x fim w
Co sp s fim T s = NS mswr 61 sum qu Ss— w ®ogHrw s ®m

48 Chapter 2 Extending the genetic modification framework



ssuwa O sx W LS »r us S XA »ossumap W

=

Q' =Q mg W IS m fi » e fim wmow s w ™ ox
sp mwm W CAUI ST
e=pCoQdp, (1)
1 q—38,Qd
9, Q Co Q do
aw  w( 1) Smm WX W XS WS ®m W X X fi w» w
oW S| g8 S W noow
Building finite changes by successive infinitesimal updates » » »S rH
xS P g » fi X wg wim sw s ps  au w( 1) Pr rwmwng
fim wawa r s ps N m i i r s
N
& =[] I +1CoQ) b0, ()
§=0
X ;S gt wg ww ®» x s pj T o i W®w™Ss wm
fi xS wap N = i) ®T SWgWM®A X S BS
» U m s nfim sm s w fim s w wms
N
01 = lim <I+Mj C()Q) oo
N—oo -
/,Lj*)O ]:0
oo
=[] exp (11;C0 Q) = exp (aCy Q) b, ("
§=0
x a:Z(;io,uj s x sp mwmwm w» sfim T =xg ®m s «
n( 1) fims ®or » R W mr o ox Sgu r m S ®m Sw™ ¥
T w x P Rw S WS W R pPrss m s r S weaw rSsu W
sm L IR ) » S® roawrx W oo x (ﬂLlezq
Sum ® B WK us fim por wm wm o« wm( )T oy s »
X s m g wmg N m 1w m i WS W r Sp » S r wne
n qudeéo » e ¢ S ® ;s ” uswg aqu  w( 1) € s
w  w»( 1) = i sup 0 — 0 +¢;

2.3 Extension to quadratic modifications



Step choice for a practical algorithm » w wg qu w( ) s moppr W W

ae  w( 1) wr xS mawa r s ps N m waws s
mmma N ( ©r wpw wn fiowm ) nSur Ng ®oOX PRy W wNg
m fi » s p ssuffi = wr
firs » r rm ” » fi mawa s mws Ny T sg srs
n oW s m x m fif m o 01 T XX rm X su Ng
w fi oW X xS N ogn Mw x
e =6, Q& , —q. ()
; ;
WS S B K X XWS ¥ W g » w fi » XX rX XN, S W S
m xS e x mawa s s N, x fi s wr R x
rooox i smm fi WS Ny SSW X W ST Pr S W g
roow » s W s wrfim  wpu fi s W mwws  rp
reaur www r S S e PF S WS W XX rm an
S mg S
N =N, ( )
Ny s w » Swa Wew  SS ¥ x ws. Ny, =10 s »
S® X Wr S S WX S
T fim gr m s rs s wmap (’)(nt;llrg/gt n?) rms Ruw x
MRS W i T n® rssrwmwm r wu P WS X aqux wpY
s » wmpr ®m xS S| xS r e o rsp (ox r oW
mr ) rwmr sp  ( «x rm Qmwm r )T r r ®  wsp wup X
U ) »S X NS 1w Ng » ¥ X m®r S owx x sp pr we
wap O (g ™ log )
T fim pr WX S X SWMMW T WSSwmL X S R sws W™ xg S
P Wz w(s m rg x wppr WS ) r mseu «
IR R W mOR XA IR W m f » s P w S
oQn r norg W S U W
2.3.2 Joint quadratic and linear modifications
T gr m m gmr S s x @ r mwm fi »
®p wm orwm fi ®S ma Ad=0b firs  mp » rwa i RS uS Ng
a  wn( ) wm oww x a r wm f CH r au  w( )

50 Chapter 2 Extending the genetic modification framework



S x X » wmgr s s . ow ¥ xS »

Y

mr Ae=0 s RS TH Mg W S wg g 2o 3 MRWS W

e=—nCoQd+nCyAT(AC AN TAC Q4 (4
_ 1 q—6'Qs ( )
"= 2 51QCyAT(AC,AT)TAC,Q5 — 6TQCHQS
T s rsas m x fim m fi £ » s ®m s r
pur equ r  w fl »
—-1/2
sp wap S prss ms woow £ W O(Napger 0 logn)  x
¥ sm™s swuss pr ws T »w K i) s rg W X W mwg
x e} PrS® OB oppw

2.4 Demonstration

m sS m WORST  wr gr WM W np W ORRS W S WNg S Pr
WP W S F KXW X wwr wWp WR® W W S¥ g SwM WS s
W WP r P TSp rum S Jp o wm r W™ S st s s

ps Sp £ » P(k)=Py(ko+ k)2 r Ppsmr rr mrm s w
®» ko=2mw/n w» ffs pr WS xg W Pk) k=0

2.4.1 Defining an example modification

T rm « m »S » mOX R opropr sau x » fi

s Q ® o Sp s s Q rrspws X w

g Rrg » fi s x fim ng » g »r W s xr wguw r
T we W st Rwmnrsrm np swndT w r om

rg mow » W s6'Q,20 r Qg2 W row

Qaz:%WT(RI—léz)l)W. ()

x Is RxR w mr m1ls wmng R x ms prss wn( )s

=t
=
f p)

wsru wgd Q28 » s wg s » r oW

2.4 Demonstration



] ®S fi r®m ™ WS  sSs®m r W re msz ( rx

SPp W WNg SH SKM WK S ® sS room »row ) T s Q2
» g pssi. r . ws s w»m r Guss m g pssfi rF r m T owr rsp
mas F rx g W
2
Fi = <1—exp [—; (&) ]) ()
r kp=2ml/n s nawa x I %ar rsrs mwn wm kf i rwg
S s fim ®» wr s kf=2r/RT was mpr pr i regs s w
S ®PSw » sw 8 S W nS S wuss 0w x B T ¥
mx sp m r F s fim F = U'FU r U s e r Y owr ox
rWS IR r Tw s g wm fi » o mnr W X
xS wg T pr rWIW S S s ®gPp S WS e »
Zx Ss 3 fin aqu rx Ss
Q=WWF'Q, FW'W
1
:ﬁWTWFTWT (RI-121)WFW'W ()
» pr ®oox ” mr Q » WX roRp WR X WN fhi
» w Q6 rwm i O s mus gr m s«x ®mS »
T Msss rwg rmwmpy wgQ s ssw P 1R P » »x
» swm g S W »
2.4.2 Results
5 gur s s mwmp s wm i fi s » wogr W x x
» reg W R=100p s » s x ®S S ng an
m £ L] O T r (g or ) w 1 (o w) w
S 's W i S i wewa fi w ( rzw ®) W
s wng sW g  swu » » fi i IR w ss( r oug
moRow) ] ne sw ® ss r wm( r owug rom)
r fi s i s m o rwa fi mAd —Db LRI

wr » au x wm fi m(lerQ(sl—q N =107  ux T e S
swm s » S ®s M S rg ®mx Swm Ssw r w O 4 S

mOR oW X m i i s sw ®S W g S fi

52 Chapter 2 Extending the genetic modification framework



N
W

----- Unmodified field
—  Modified field 0> —02/3
—  Modified field 0 —02/10

(O8]
9,

Field value
[\o]
(9]

15
0 100 200 300 400 500
Position

Fig. 2.2.: Wy s W wm fi » Gauss mrwm wmfl ‘ rsp  ruwa P(k)
(ko+k)™2T wewa i w» wm fi i srs wrsp s mos wr s T
re N rg ¥ X ™S ®™ S x m s WS SWAM W WS W ¥ W e« ¥
m fi CH nS © momow srg mn( rzm ») X oW wNg s® s

X om ro(gr ) m 1 (w) w » e Om S W WM W
. SS [~ »Ow s rma m S r Sw x W Ng R R x »S

g S RO ORRW

r MMM W N RN SwWwM S|P SS S ru wr wewa i i oW
m i rs ms T swm x ms » mewms » au wmn( 1) m s
x fim ma w xS pr wr (S m 1) gr s o S WS L 1~
® R W ng s T ffxm rs ms fi W ® Ry WS WA S WS T

swa s w nr W wNg rom ffrmw xS
sp m £ » Q wgsr wfim rg re mw f »S

mos w ws o ( » x ms) T s ff S S S MW W ¥
G s smmm ®m sp MRS W WSKE WM— W S X S B WM S
» fi W r sgr WS w g rs P XSP TEW WM WSS W

RS W » ssp fi wp e Mp rswmarx sgnfi w »
re e X @ M WmgwmTrx & X W ssp smwm r w s ff now

2.5 Discussion

2.5.1 The advantage of quadratic over linear modifications

Pwmzw ( 1)s uswgww ® 2w rwa fi ms ssuffi W ne
W rg Xr S W s x 8 . SW STH WK S W WS rRom
R m ng w w & S
» Ss » » aw r i reg WS X wmfis »
B RNgSH W R pu wS. » &S X wWSTK » T gur T i 2 IR S
i rxprswm wmg ®S R W » T x T fi s r
r WS ®oS x nSs w mrr rmp S MW = () r we

2.5 Discussion 53



linears

Field value

__ Initial
field A
o @
Subhal oes
Parent halo
LN .}-g‘
Modified ',"' 4 i
—  with INy

Modified
with
quadratic

1 1 1
150 250 350
Position
Fig.23.: mwprsm™ par m x© g ®S W W » raqu r G s Toppanel: T
i ® WS ¥ s wrs ox r WS w g mr Prw
x ®ms) s s S SW STM wWrs 1M » () o
ma wm s 1 T S r w » € S S Sw Sru wr
mow g prwm ( rzw ®» ) Middle panel: G fi »
s gm rwgp  s(1) m» () moRw r xg »T s ppr
swa » S Tu W xS p ®m 0w saff s x wa
r i se srw wr () Bottom panel: T s m s 0w
m 6 »n T seu =« m fi » S® x oaur » ng » w
mSru  wmpr wmswuwm pw  wpws wssa  s()

54

Chapter 2 Extending the genetic modification framework

=1



wrs ms  rm sm( W 1T 1)) » () s rwa spr

s rwmarxg T s g x swa rom ma fin
Supp s S & W swa r r W s ¥ oW we 8 S P s
™ = () MR RwRg rg S r mS » rem  ppr s
m rG s s W WS i I oW W x r WS
( rzw )T m pw < gur prsms xsu wgfi o omew x
»r WS rs P X rWNg X musSwmg S Y
1 o (1) m () s S W XS WgSH STE WrS W fin sp £
m fi s x » » S waw ®S  STK qMX SW WM
» wg mr s » » nS WS W » uoosw
rowpr W™ sp ®m g wwngm f WS ® X m X R Sd St
wr s (1 ()™ wr  mwp ) m s u ®» pPpr = I »
SW SKXM WrS W » mox r mgPr W rg mssa S
() rmwm wmwwwa £ ® Ng W W g wNgS ff swm s s x
P m G pr wr W Rg W sp fipr  waow
muwa r W fi RS ® woSp W S WM WP S WIS S B
» row swg e r wa fi oW s pr WS fin ng
X m X8 X SS reg » T X Y g S S s ma fi
rwmorow r1 (uswg W r S m 4T ®» s
s ssw  r W TRy I ®mS © Wg r W M RgSw S S re wr
i I RS TR W rwm wm fi nRoowr S Wpws W
pr WS W r W m rG s Tr sr swmau r G spr RISK W w

2.5.2 Multiple quadratic modifications

T A S s wsS S r pp S swg a«u r wm fi » i (p ss »
moR W ®ox s) Swae wm ws ppp wg multiplean r wm fi wS
o » R owxr W » spr s r wr rfim  ww W Xg r
s r S wng Srows W X sSweg rom B ORrw S S

mr SWMg MS® S SS W W1 S roan W R TR Xg TS

2.5 Discussion

55



T swu Ssgm®mr s W nr w ¢=1---Pau r m fi nS

mor Q; "rx mowfn swm wp ng i es wmg w
e=> 1iCoQid, « )
i
§'Qid +20'Qie=¢q r i, ()
X % gr Wg waw | xS SS m » aqu wn( ) fims
ss wm P aqu ws s T rsu wg sp fAopu; pwms oW
s ¢ » Q; m i RS X BT PW W
» s m sS » 1 “p () = x x fim ng S
Pr mmang Ns ps m fi i s
N P
S=1T{T+D_miCoQi)do, (1
§=0 i=0
Tof; S WM xp; S Pj r oW i) wawd s ps N — o0
norg W X » R
& =exp | Y aiCoQ;i | b, ¢ )
i
S M gMTrW x Q; mwawmw x s Co( QiCoQ; =Q;CoQ;) r
Mig S x e x m (67 ws ;S8 xr W » R » rm o mw
s Xr Mg . Pr WS W nX PR W wis ® ¢ wm Q; r s
fi w
WX Wrr M @ x WS WM rg W X » R S r o r m sswr
» Q;w r s www T s s X Ne X AR ® S ws
r gm wm fi wSs
QiCoQ; = 0. « )
P s SX qurx m m » wp swgwm i nS X sp
spr sufi » mwma x xx m mg st rss swm “wx xrwm sT s
» oW s m »p . sm S m 1 m f oW
® WS » g xx roomwox P W w « wn( )
s ®m®™mr gnm Wwa p «u r wm fi ®S wr r x

56 Chapter 2 Extending the genetic modification framework



2.6 Conclusions

Pr S W w i o» g

O Xs mWs S ™ g XS W » fi s g BOX AR

rgu Qu mr s S » r ffx ws w  wmp wmw

S mg W ¥ nan ( 1) npr wr xmn w» ffranfi regs s

=
w
=
i
=

susxu wr W wargwg s r (Prss m S 1 4w
T )T w» gr wm » wmnsra G fi s SHWM WM WS WK W LU

w owm fiox rom e »(%gur ) T spr s r & X Ng W rg ¥

w g W w swsra wrs(s Sgwr )

» »morwm o qu r G gr ms r s xfi s rmorm

=
fp
[
=

S WS X° s ™ m sar W «n r s s fim wm s wr

L]
»
=
-
L]
&
@
=
»
»
»
L]
|
s
L)
L]
7
=
L]
=
»
L]
7
@
»
»
=

)

T m» s ps »mp wmn » » gr mm w N » » »s
gWMr I ®m W Mg W X WgXS W MWgr S ppr pr Z WS mw wS

PrS W W » P X SW  SSW WP W »now w ff m SS

2.6 Conclusions

57



58

Chapter 2 Extending the genetic modification framework



Sensitivity of dark matter haloes to

their accretion histories
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Work shown in this chapter is presented in Rey et al. 2019b, MNRAS, 485.

3.1 Introduction

m A e s g S IR W » nS roWmox s T mw ss
S Pr® LT X xr ™S g PrPr S xr WP wPr

il s 8 W »r NOPXRXZ WP RS ®oor om0

®SS B g s rwm ss(s st®m Tw » 1 x «x ) r owm x
LSS S S WP LW x WS X Mg " S WS x r o swm g



x X S gr LU B i 11~ xx M rgmg S r W we
swrg @ x SS W X X s T swa mw ss g ®m m "
® SS W rmw  ffraw S x wg X W RARA X S SW S © x ug
s rmum r war sgnfi ow ns T s XS i ] LSS X W™ S X S
( x x s) fi LSS S W gmx s X oW e
r ms p( s x 1 r g z Pu 1) » w» as rng s(G
s r z ) T s rom wr  r r xS
n S g nwg x ss m r prwr s(g ws »omx ®Spw
r g) T wow SS ®m X P pPr sss m X Sp WS oW x
s by XS s SWLrg rs ®m  xg S R OXORRW
rx o8 M rg XS W xg S m X RWAR TS s s r wa wil
nromr s T spss g WMSW wWg W P S Pr  SS S*X
S W™ x prmr s S maRA WS W W S ™ s Xg WUWQ 1S
S Swmp M SS S m sw g X RRW & Mm SSS (=
1 S x w 1 » R 1
ug S ) wmarg ™ xx nS W » P » »
r xS su W s 8 X RS » » m RX M W WSS
(= 14, mr ™ r S 1 »w 1) ws s S W wg
X WS S X mS xu us  m S us fin w x er
X M NS KW om » RIS .Y I S 1 LI L
% ma wmowa ( s r ) ®oroemow ( s
w s 1)« spw (
) ow » o xpr » s xr ®S SS  wWm X T s wa © m s
. 2 I » wp X moSm W " S 8 s m X P S
ue » ®or owmox PrPr S WM g i 2 I
n o sgmn wm fi w( x G 1) s@mrx w s W
s X Sp WS re wx g ® swmargr s r G s
x ffrm xs ms s wa rw sp i owm fi ns
MR RN S m s g xg S S re wx » nOOR WP X X Ng
S mr s rx s m P o wr e » S waw » » R & S
x wa fi » s sp fi re T fixs pp "8 . ®m S
" Pwmzn (1) s ™ sp WS e §s r I ™ s ¥
mr s r ¥ S ®rgrx

60

Chapter 3 Sensitivity of dark matter haloes to their accretion histories



IR g n »ox x S s " e [~ ® X mSS
mS P® S W m orem s W » Sru wr  rm W r s(Pr ss
» S 1 4 x 0w L 1 1)T s s P mzw
(1) w mu r we W Xg N SW S XM wr » » nS W W ng
rg ® » requx wmrxgr s r T Ng Wl Jp WA rg IS S
) Xs sspr mwg WP T swp s pr wr »r S W » mr oW
RS W S wmg r m r g Ne rom ns £ rw
» S [~ W% P P S WM Xrwg S wpr MW WM S S W
us »ox o x P X W Wy P W rg XS
T m s ®rs WS X rw o owm f wS pr
» X X X sw mSS WArXgr S r s w s G s =
» us " x M rgxr S ¥ SMS ]pwNg S W™ x pxmr s
s S s\ wwwm r G S WP MRS S wWg rg »pu »
sw sT s P XS rg mz S s ®mS » wow »r wr g mr
wm i ow » ms m m  z=0 ®»S§ » wsre sp fi
m s wm fi S ™M W WSK S rm o w fi ws wr s
fi WSS W oo » mr mS n 4 S CEB ']
rng G s mr s ws O S s 1 pu » X RS W
S ™ x prmprx s SHRARA TZ  WKT SH S W mow wmS n
3.2 Numerical setup
s r x ng ®m SS T Wgr MWMS gwWTrK w g w m fi
s T x we xpwemgs G s xr s » (1) w ®x
ws r ™ sp S »r wr sr fim ma £ »S
1IN » 1 wm =S » » » ms z=0w swm 8
»
3.2.1 Initial conditions
®SS » S &M MW S ne S xx swaw »
z W naa ( z W 1 )™ gmr wmg m m i ow » »s
us g qu gr m »x
T s wup Z Warg WS S r r W s » WR rMrS W WM WS
) rormw wm fi m (T sp £ s

3.2 Numerical setup

61



62

z=99 Reference Modification z=99 Modified dcpm (%)
I 130
o Filter:ﬂg scale 120
3 {10
S
: > P Jo
Q
o
= 1—10
=
1-20
Difference (%)
——— —
=30 3 11730
Evolve Evolve 2
oMpc
15
1— Largescalestructure —— 10
is conserved
1014
(? Compare haloes to Q
probe effects of 102
different merger history
1012
z=0 Reference z=0 Modified
Fig.3.1: « fl rTgWMr Ng 8w wm £ W r rw T » »w
s s s roug ®s fi z=99 » » mS rorw
ns fi z=10( ) » pr s s 8 r
x Xrox ® RS T g ol » » n( pm »n rg
»® s) rm owm i ws(s S 1) " swa mSS Wmrgr S xS
rooSx W Ng mS  SrM wr ®Ws rs e wm( ® owr W sSwmg pPpr s
x O T S z=0)T 8 S o wr ( mrg )m s
rorw ram( ) mrgr s r s st ffrm (g “gur ) s
s rsrxu wx prpr s g Tgur 4)

Chapter 3 Sensitivity of dark matter haloes to their accretion histories



» » n oW r s mwmr wwm spr rgwm r ws wm wg3h 'Mpc
» mssrs w wsrfim T e » Z Wrg ®ms Swp
nSux ®m XS sm LI rS W WmPr S wWm owr
S w » x pH Mg WL S W N e x rfi S x
»owam ss m0lpx m» 2=0» w wng rwa fi »Ss »
frmpr s ng w T = » s r  fim rwm fl ACDM
sma g (P w rw 1) h =0.6727 Q,, = 0.3139 Q; = 0.04916
Qp = 0.686095 o5 = 0.8440 ns = 0.9645 = us N per W W
( 1) z=99 S wau mSs Sz 50 h~'Mpc ~ 74Mpc w»
S ™ S r s O g WWm SwWm SS r s s
rWa S Z W W » »S m gmnr wm fi 9w » ®S wrg S
» M rgr s x g W pwg sfim wass ws m ne
® RS » gr Mg Mr g w S x U » fim #SS
(s 1) w » r®m wm fi RSPr  WAR W X Sr W WSS
s re ™ W ng W M oxg xS X
S x wmgr wms r reur fim s ma fi 1
1 sp » ne e gr Ng Wr g w wewa i r  Ng
z=99 ®»r s ww w z=0 fim we x
S Sp X X WS TIonp LSS NS S aqu 200 wa s x
ms ® XS
® SS S X W Xg M@ SW S Xy WX S rw m fi ns x S @m »
® S W™ roag s ws fi atagivenscale T m
sp i rwgs us Ppr W W » » » ms m ss M s
» s R M=~4npR3/3 rps re WS ®m xS
P S s S XX S|p W Wg " ss W re
W Xg W@ SW S rw wr S S®m W™ ssrx » sp fi susxu wrs
r gwmrx wmgwm f nS ww » »n G S
o x fim ®SS ws L X WS WS re
rg w» fi ®a ss wm fi z=0
s ng oS S MK Prw XS PAWS » noR W
requs w fi »s s sx ®wS 1 s

. SwWS W s ¥

3.2 Numerical setup 63



64

Swmw mwmm m wgs() rom wme s( )
wwa 1 / /
4 m {=,+10,=,=,=,-5} {=,+10,-5,—-8,—10,—20}
" {=====} {=,-10,+10, 420, +30}
Tab.3.1: srp = wm fi »s ™ m s P rTrwm owe rMrs w m o ww
s rs s(C4 = ) sxr xw x s r m fiow » »s
r S r xm S g S ®™ U R T g Ng Nr g m mx
mss z=0 ng S W rm mx sw ® Sss s(s S 1) roww
¥4 WSS S ng S r au X Ssp .1 X o rm
3.2.2 N-body evolution
» rorm  mowm i 0w » ws g wmr »
m z=0 S waw RSPr S W m S PXrr rm xr W us M
(T ss x ) s uwow »r M s ™ » wow
Ty ) T mwmas = r s x it s » r fim x wrs
S waw » m s r fin mw » ¥ M Xm®mr S x WS
s ™ wp L RQWRA S)P rs w wm 1lkpc T m ss X o® xpx S s
1.5x107 & m» 1.2x10% & ws »oows Z Wrg WS XSSP S
Sm s s au S »s x mz=99 » 2=0
» rowaox S us Ng P fim r s sx m SRS WM W
w (1l ) wm s «x s x w100 « s T 1 P ®r S W
W rg X xS ® WS 1o NI » N S ) gsPwmznw 1
Pwnzwm » Trwm 1) s s ®rs UpN W wp WSS W
L us S e xx r oW rpx i) s
SH SS T WM W s 0w x » wwQ R r S » Sre wrs P wg
s pr wroox S® pS RS XU S W rg X xS rs x  w s
mowr X » » msgwmr r mowm fir sx gmwr s BSS W
rm i om wewm i swaw ns Rgus S W s rss ffrmw
S waw »Ss
us srm wgsp r gr mMP x ) 1R R mrs
s fim X W ss Mgy s M SS ®m S » sp x
r WS T wpw xS

Chapter 3 Sensitivity of dark matter haloes to their accretion histories



3.3 Controlling the smoothness of merger histories
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3.4 Response of haloes to changes in their merger

history
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The origin of scatter in ultra-faint

dwarf stellar masses and surface

brightness
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Results presented in Section 4.3, 4.4 and 4.5 are published in Rey et al. (2019a), accepted in ApJL. The
galaxy formation model and numerical setup described in Section 4.2 is the result of collaborative

work and is more extensively described in Agertz et al. (2019), of which I am a co-author.
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Appendix: Supplementary
interpretations of quadratically

modified fields

A.1 Constructing constrained ensembles for quadratic

constraints
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