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Abstract

Many questions in econometrics can be cast as inference on a parameter
selected through optimization. For example, researchers may be interested in
the effectiveness of the best policy found in a randomized trial, or the best-
performing investment strategy based on historical data. Such settings give
rise to a winner’s curse, where conventional estimates are biased and conven-
tional confidence intervals are unreliable. This paper develops optimal confi-
dence sets and median-unbiased estimators that are valid conditional on the
parameter selected and so overcome this winner’s curse. If one requires valid-
ity only on average over target parameters that might have been selected, we
develop hybrid procedures that combine conditional and projection confidence
sets and offer further performance gains that are attractive relative to existing
alternatives.
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1 Introduction

Many problems in econometrics can be cast as inference on target parameters selected
through optimization over a finite set. In a randomized trial considering multiple
treatments, one might want to learn about the true average effect of the treatment
that performed best in the experiment. In finance, one might want to learn about the
expected return of the trading strategy that performed best in a backtest. Perhaps
less obviously, in structural break and tipping point models, researchers first estimate
the location of a break or tipping point by minimizing the sum of squared residuals
and then seek to estimate the magnitude of the discontinuity taking the estimated
break location as given.

Estimators that do not account for data-driven selection of the target parame-
ters can be badly biased, and conventional confidence sets that add and subtract
a standard normal quantile times the standard error may severely under-cover. To
illustrate, consider inference on the true average effect of the treatment that per-
formed best in a randomized trial. Due to data-driven selection of the treatment of
interest, the conventional estimate for its average effect will be biased upwards, and
the usual confidence interval will under-cover, particularly when the number of treat-
ments considered is large. This gives rise to a form of winner’s curse, where follow-up
trials will be systematically disappointing relative to what we would expect based on
conventional estimates and confidence sets.

This paper develops estimators and confidence sets that eliminate these biases.
There are two distinct perspectives from which to consider bias and coverage. The
first conditions on the target parameter selected, for example on the identity of the
best-performing treatment, while the second is unconditional and averages over pos-
sible target parameters. Conditional validity is more demanding but, as we discuss
in the next section, may be desirable in some settings, for example when one wants
to ensure validity conditional on the recommendation made to a policymaker. Both
perspectives differ from inference on the effectiveness of the “true” best treatment
as in e.g. Chernozhukov et al. (2013), in that we consider inference on the effective-
ness of the (estimated) best-performing treatment in the experiment rather than the
(unknown) best-performing treatment in the population.

Considering first conditional inference, we derive optimal unbiased and equal-

tailed confidence sets. Our results build on the rapidly growing literature on selective



inference (e.g. Fithian et al. (2017); Lee et al. (2016); Harris et al. (2016); Tian
and Taylor (2016)), which derives optimal conditional confidence sets in a range of
other settings. We further observe that the results of Pfanzagl (1994) imply optimal
median-unbiased estimators for conditional settings, which does not appear to have
been previously noted in the selective inference literature. Hence, for settings where
conditional validity is desired, we propose optimal inference procedures that eliminate
the winner’s curse noted above. We further show that in cases where this winner’s
curse does not arise (for instance because one treatment considered is vastly better
than the others) our conditional procedures coincide with conventional ones so our
corrections do not sacrifice efficiency in such cases.

A common alternative remedy for the biases we consider is sample splitting. In
settings with identically distributed data, choosing the target parameter using the first
part of the data and constructing estimates and confidence sets using the second part
ensures unbiasedness of estimates and validity of conventional confidence sets. Indeed,
split-sample confidence sets are valid conditional on the target parameter. Such
procedures have three undesirable properties, however. First, the target parameter
is generally more variable than if constructed using the full data. Second, only the
second part of the data is used for inference, which Fithian et al. (2017) show implies
that split-sample procedures are dominated by optimal conditional procedures applied
using the same sample split. Third, non-uniqueness of the sample split means that the
results are random or non-unique even conditional on the data. In work in progress,
we develop implementable procedures that dominate conventional sample splitting in
our setting.

We next turn to unconditional inference. One approach to constructing uncondi-
tional confidence sets is projection, which was previously used by e.g. Romano and
Wolf (2005) and Kitagawa and Tetenov (2018). To obtain a projection confidence
set, we form a simultaneous confidence band for all potential target parameters and
take the implied set of values for the target parameter of interest. The resulting con-
fidence sets have correct unconditional coverage but, unlike our conditional intervals,
are wider than conventional confidence intervals even when the latter are valid. On
the other hand, we find in simulations that projection intervals outperform conditional
intervals in cases where there is substantial randomness in the target parameter, e.g.
when there is not a clear best treatment.

Since neither conditional nor projection intervals perform well in all cases, we next



introduce hybrid intervals which combine conditioning and projection. These main-
tain most of the good performance of our conditional procedures in cases for which
the winner’s curse does not arise, but are subsets of (conservative) projection intervals
by construction, and so limit the maximal under-performance relative to projection
confidence sets. We also introduce hybrid estimators which allow a controlled degree
of bias while limiting the deviation from the conventional estimate.

Since we are not aware of any other procedures with guaranteed validity condi-
tional on the target parameter and since our conditional procedures are optimal in this
class, our simulations focus on unconditional performance. The simulation designs
are based on empirical welfare maximization applications from Kitagawa and Tetenov
(2018) and tipping point applications from Card et al. (2008). In both settings, we
find that while our conditional procedures exhibit good unconditional performance
in cases where the objective function determining the target parameter has a clear,
well-separated optimum, their unconditional performance can be quite poor in other
cases, including in calibrations to the data. By contrast, our hybrid procedures per-
form quite well: our hybrid confidence sets are shorter than the previously available
alternative (projection intervals) in all specifications, and are shorter than conditional
intervals in all but the well-separated case (where they are nearly tied). Hybrid es-
timators eliminate nearly all the bias of conventional estimates, and are much less
dispersed than our exactly median unbiased estimates. These results show that while
optimal conditional inference is possible, conditional validity can come at the cost
of unconditional performance. By combining conditional and projection approaches
our hybrid procedures yield better performance than either, and offer a substantial
improvement over existing alternatives.

This paper is related to the literature on tests of superior predictive performance
(e.g. White (2000); Hansen (2005); Romano and Wolf (2005)). This literature studies
the problem of testing whether some strategy or policy beats a benchmark, while we
consider the complementary question of inference on the effectiveness of the estimated
“best” policy.> Our conditional inference results combine naturally with the results of
this literature, allowing one to condition inference on e.g. rejecting the null hypothesis
that no policy outperforms a benchmark.

As suggested above, our results are also closely related to the growing literature

on selective inference. Fithian et al. (2017) describe a general conditioning approach

L As noted above, Romano and Wolf (2005) also propose a version of projection intervals.



applicable to a wide range of settings, while a rapidly growing literature including e.g.
Lee et al. (2016); Harris et al. (2016); Tian and Taylor (2016) works out the details
of this approach for a range of settings. Likewise, our conditional confidence sets
examine the implications of the conditional approach in our setting. In a particularly
related paper, Tian et al. (2016) consider inference conditional on the solution to
a penalized convex optimization problem falling in a given set, though neither our
setting nor theirs nests the other.

Beyond the new setting considered, we make three main contributions relative to
the selective inference literature. First, we observe that the same structure used to
develop optimal conditional confidence sets also allows construction of optimal quan-
tile unbiased estimators using the results of Pfanzagl (1994). Second, we note that
conditional validity, as generally imposed in this literature, may come at a substantial
cost of unconditional performance, relative to unconditional alternatives. Finally, for
settings where unconditional validity is sufficient we introduce novel hybrid proce-
dures which outperform both conditional procedures and the available unconditional
alternatives.

In the next section, we begin by introducing the problem we consider, and the
techniques we propose, in the context of a toy example. Section 3 introduces the
normal model in which we develop our main results, and shows how it arises as an
asymptotic approximation to empirical welfare maximization and structural break
examples. Section 4 develops our optimal conditional procedures, discusses their
properties, and compares them to sample splitting. Section 5 introduces projection
confidence intervals and our hybrid procedures. Finally, Sections 6 and 7 report
results for simulations calibrated to empirical welfare maximization and tipping point
applications, respectively. All proofs, along with other supporting material, are given

in the supplement.

2 A Stylized Example

We begin by illustrating the problem we consider, along with the solutions we pro-
pose, in a stylized example based on Manski (2004). In the treatment choice problem
of Manski (2004) a treatment rule assigns treatments to subjects based on observ-
able characteristics. Given a social welfare criterion and (quasi-)experimental data,

Kitagawa and Tetenov (2018) propose what they call empirical welfare maximization



(EWM), which selects the treatment rule that maximizes the sample analog of the
social welfare criterion over a class of candidate rules.

For simplicity suppose there are only two candidate policies: #; corresponding to
“treat everyone” and 6y corresponding to “treat no one.” Suppose further that our
social welfare function is the average of an outcome variable Y. If we have a sample
of independent observations ¢ € {1,...,n} from a randomized trial where a binary
treatment D; € {0, 1} is randomly assigned to subjects with Pr{D; = 1} = d, then

as in Kitagawa and Tetenov (2018) the scaled empirical welfare under (6, 6s) is

(Xn(01), X (62)) = (% ; %’ % ; (1 1—_1);)3@) |

EWM selects the rule § = argmax bc (01,00} Xn(0).”

Kitagawa and Tetenov (2018) show that the welfare from the policy selected by
EWM converges to the optimal social welfare at the minimax optimal rate, providing
a strong argument for this approach. As noted by Kitagawa and Tetenov (2018),
however, even after choosing a policy we often want estimates and confidence inter-
vals for its implied social welfare in order to learn about the size of policy impact
and to communicate with stakeholders (rather than finding or revising a policy rec-
ommendation). For a fixed policy 6, the empirical welfare X,,(6) is unbiased for the
true (scaled) social welfare p,(0) from the corresponding policy.®> By contrast, the

~

empirical welfare of the estimated optimal policy, X,,(0), is biased upwards relative to

~

the true social welfare p,,(0) since we are more likely to select a given policy when the

~

empirical welfare overestimates the true welfare. Likewise confidence sets for u, ()
that ignore estimation of # may cover ,un(é) less often than we intend. This is a form
of the winner’s curse: estimation error leads us to over-predict the benefits of our
chosen policy and to misstate our uncertainty about its effectiveness.

To simplify the analysis and develop corrected inference procedures we turn to

asymptotic approximations. Under mild conditions the central limit theorem implies

2If the summands are weighted by the sample propensity scores instead, we obtain Manski’s
conditional empirical success rule and the asymptotically optimal rules of Hirano and Porter (2009)
with a symmetric loss.

3X,,(0) is exactly mean-unbiased, while the asymptotic approximation (1) below shows that it is
asymptotically median-unbiased.



that our estimates of social welfare are asymptotically normal,

X, (01) — pn (0 (6 (64,0

(61) — pn (61) = N o, (61) (61, 62) (1)
X (02) — i (62) 5(01,02)  X(62)

where the asymptotic variance can be consistently estimated, while the scaled social

welfare p, cannot be. To simplify the analysis, for this section we assume that

(61, 05) = 0.* Motivated by (1), we abstract from approximation error and assume

that we observe

(X(&))NN((”(&)) <E(91) 0 ))
X (62) p) )\ 0 %(6,)
for 32(6;) and () known, and that § = argmax ,.e X (6), © = {61,065}

As suggested above, X (0) is biased upwards as an estimator of 1(f). Indeed, this
bias arises both conditional on § and unconditionally. To see this note that 6 =0 if
X (6,) > X (6), where we ignore ties (which occur with zero probability). Conditional
on 0 = 0, and X (6,), X(6,) follows a normal distribution truncated below at X (65).

Since this holds for all X (6,), X (0;) has positive median bias conditional on = 6,
A AA 1
Pr, {X(G) > u(6)]0 = 01} > 5 for all p. (2)
Since the same argument holds for 65, 6 is likewise biased upwards unconditionally
A A 1
Pr, {X(e) > M(@)} > 5 for all . (3)

Note that (3) differs from (2) in that the target parameter is random, due to its
dependence on ) Unsurprisingly given this bias, the conventional confidence set which
adds and subtracts a quantile of the standard normal distribution times the standard
error need not have correct coverage.

To illustrate these issues, Figure 1 plots the coverage of conventional confidence
sets as well as the median bias of conventional estimates, in an example with X(6;) =

¥(62) = 1. For comparison we also consider cases with ten and fifty policies, |©] = 10

4One can show that (61, 602) = —u(01)1(62), so this restriction arises naturally if one models
as shrinking with the sample size to keep it on the same order as sampling uncertainty, p, = ﬁ wr.

5Tt also has positive mean bias, but we focus on median bias for consistency with our later results.



and |©] = 50, where we again set ¥(6) = 1 for all § and for ease of reporting assume
that all the policies other than the first are equally effective, u(fy) = p(f3) = ... =
w1(0_1). The first panel of Figure 1 shows that while the conventional confidence set
appears to have reasonable coverage when there are only two policies, its coverage
can fall substantially when |©| = 10 or |©| = 50.° The second panel shows that the
median bias of the conventional estimator 1 = X (é), measured as the deviation of the
exceedance probability Pr,{X (0) > p(d)} from 1, can be quite large, and the third
panel shows that the same is true when we measure bias as the median of X (6) — u(6).
In all cases we find that performance is worse when we consider a larger number of
policies, as is natural since a larger number of policies allows more scope for selection.

Our results correct these biases. Returning to the case with |©] = 2 for simplic-
ity, let Frry(z(01); 1(61), z(62)) denote the truncated normal distribution function for
X (6;) truncated below at z(f2) when the true social welfare for 6, is p(6,). For fixed
(x(01),z(03)) this function is strictly decreasing in p(6,), and for fi, the solution to

Frn(X(61); fra, z(02)) = 1 — «, Proposition 1 below shows that
Pr, {[La > ,u(é)|é = 91} =« for all pu.

Hence, [i, is a-quantile unbiased for u(é) conditional on § = #,, and the analogous
statement likewise holds conditional on 6 = 6. Indeed, Proposition 1 shows that ji,
is the optimal a-quantile unbiased estimator conditional on 0.

Using this result, we can eliminate the biases discussed above. The estimator fi; /s,
is median unbiased, and the equal-tailed confidence interval C'Sgr = [ﬂa /25 fi—a /2}

has conditional coverage 1 — «
Pr {M(é) € CS|é=9j} >1—aforj € {1,2} and all 4. (4)

While the equal-tailed confidence interval is easy to compute, there are other
confidence sets available in this setting. As in Lehmann and Scheffé (1955) and
Fithian et al. (2017) it is possible to construct a uniformly most accurate unbiased
(UMAU) confidence set, C'Sy, conditional on é, i.e., the average length of C'Sy is
shortest among any unbiased confidence sets conditional on 6. To construct CSy, we

collect the parameter values not rejected by a uniformly most powerful unbiased test

SFor example, these could correspond to cases where we consider “treat no one” along with nine
or forty-nine different treatments, respectively.
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Figure 1: Performance of conventional procedures in examples with 2, 10, and 50 policies.



conditional on §. While straightforward to implement, the exact form of this test is

somewhat involved and so is deferred to Section 4 below. The equal tailed confidence

set C'Sgr is not unbiased, so there is not a clear ranking between C'Sgr and C'Sy.
Both C'Sgr and C'Sy have conditional coverage 1 —«, and so by the law of iterated

expectations have unconditional coverage 1 — o as well
Pr, {u(é) € CS} > 1 — a for all pu. (5)

Unconditional coverage is easier to attain, so relaxing the coverage requirement from
(4) to (5) may yield tighter confidence sets in some cases. Conditional and uncondi-
tional coverage requirements address different questions, however, and which is more
appropriate depends on the problem at hand. In the EWM problem, for instance, a
policy maker who is told the recommended policy 0 along with a confidence interval
may want the confidence interval to be valid conditional on the recommendation,
which is precisely the conditional coverage requirement (4). In particular, this en-
sures that if one considers repeated instances in which EWM recommends a particular
course of action (e.g. departure from the status quo), reported confidence sets will
in fact cover the true effects a fraction 1 — a of the time. On the other hand, if we
only want to ensure that our confidence sets cover the true value with probability at
least 1 — « on average across a range of recommendations, it suffices to impose the
unconditional requirement (5).

We are unaware of prior work which ensures conditional coverage (4).” For un-
conditional coverage (5), however, Kitagawa and Tetenov (2018) propose an uncon-
ditional confidence set based on projecting a simultaneous confidence band for p to
obtain a confidence set for u(é) In particular, let ¢, denote the 1 — a quantile of
max; ;| for £ = (&,&) ~ N(0,Iy) a two-dimensional standard normal random

vector. If we define CSp as
CSp = {Y(é) — ca\/2(0), Y (0) + ¢ z(é)] ,

this set has correct unconditional coverage (5). Figure 2 plots the average (uncondi-
tional) length of 95% confidence sets C'Sgr, C'Sy, CSp, along with the conventional
confidence set, again in cases with |©] € {2,10,50}. As this figure illustrates, C'Sgr

7As noted in the introduction and further discussed in Section 4.3 below, split-sample confidence
intervals also have conditional coverage, but change the definition of 6.

10



and C'Sy are shorter than C'Sp when |p(0;) —p(0-1)| exceeds five, and in fact converge
to the conventional interval as |p(61) —(6-1)| tends to infinity. When |u(61) — p(60-1)|
is small, on the other hand, C'Sgr and C'Sy can be substantially wider than C'Sp.
Both features become more pronounced as we increase the number of policies con-
sidered. In Figure 3 we plot the mean absolute error E, [|/l — ,u(é)|] for different
estimators in this design, and find that the median-unbiased estimator likewise ex-
hibits substantially larger mean absolute error than the conventional estimator X (é)
when |u(0;) — p(6_1)| is small.

Recall that C'Sy is the optimal unbiased confidence set, while the endpoints of
C'Sgr are optimal quantile unbiased estimators. So long as we impose correct condi-
tional coverage (4) and unbiasedness, there is therefore no scope to improve uncon-
ditional performance. If, on the other hand, we require only correct unconditional
coverage (5), as for C'Sp, improved unconditional performance is possible.

To improve performance, we consider hybrid confidence sets C'S&. and C'SH. As
detailed in Section 5.2 below, these confidence sets are constructed analogously to
CSgr and CSy, but further condition on the event that the true social welfare falls
in the level 1 — 3 projection interval CSg for f < a. This ensures that the hybrid
confidence sets are never longer than the level 1 — 8 unconditional interval, and so
limits the performance deterioration when |u(6;) — p(62)| is small. These hybrid
confidence sets have correct unconditional coverage (5), but do not in general have
correct conditional coverage (4). By relaxing the conditional coverage requirement,
however, we obtain major improvements in unconditional performance, as illustrated
in Figure 2. In particular, we see that in the cases with 10 and 50 policies, the hybrid
confidence sets have shorter average length than the unconditional interval C'Sp for
all parameter values considered. In Figure 3 we report results for a hybrid estimation
procedure based on a similar approach (detailed in Section 5.3 below), and again find
substantial performance improvements.

The improved unconditional performance of the hybrid intervals is achieved by
requiring only unconditional rather than conditional, coverage. In particular, the
projection confidence set C'Sp and the hybrid confidence sets C'SE,. and C'S¥ do not
have correct conditional coverage (4). To illustrate, Figure 4 plots the conditional
coverage of the intervals C'Sy and C'Sgr given 0 = 01 in the case with two policies,
along with that of the projection and hybrid intervals. As expected, the conditional

intervals have correct conditional coverage, while the hybrid and projection intervals

11
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Figure 4: Conditional coverage in case with two policies.

do not. Coverage distortions appear when u(6;) < p(6s). In this case 0 = 6, with
high probability, but we will nonetheless sometimes have = 01, and conditional on
this event X (0;) will be far away from p(6;) with high probability. Hence, conditional

on this event, projection and hybrid intervals under-cover.

3 Setting

This section introduces our general setting, which extends the stylized example of the
previous section in several directions. We assume that we observe normal random
vectors (X (Q)I,Y(H))/ for § € © with © a finite set, X () € R, and Y (0) €
R!. In particular, for © = {01,...,9|@|}, let X = <X 0., X (9|@‘)’>/ and Y =
(Y (61),...Y (6j0))) . Then

(X)~Nmm (6)

14



for

and

o ((X0),(50)) -0 - 3409 0D
Y (6) Y (0) Syx(60,0) y(0,0
We assume that the covariance function X is known, while the mean function p is
unknown and unrestricted unless noted otherwise. As above, we will show that this
model arises naturally as an asymptotic approximation in a range of examples. For
simplicity of exposition we assume throughout that Xy (0) = ¥y (0,6) > 0 for all
0 € O, since otherwise there is no inference problem conditional on 0=0.

We are interested in inference on ,uy(é), where 6 is determined based on X. We

define 0 through either the level mazimization problem where (for dxy = 1)

0 = argmax X (0), (7)
0cOF

or the norm mazximization problem where (for dx > 1)

6 = argmax || X (6)]], (8)
0cOr
where | - || denotes the Eulidean norm.> We will again be interested in constructing

confidence sets for piy (9) that are valid either conditional on the value of 6 or uncon-
ditionally, as well as median-unbiased estimates. We may also want to condition on
some additional event 4 = 7, for 4 = (X)) a function of X which takes values in the
finite set I'. In such cases, we aim to construct confidence sets for uy(é) which are
valid conditional on the pair (é, 4). Examples of such additional conditioning events
are discussed in examples below.

In the remainder of this section, we show how this class of problems arises in
examples and discuss the choice between conditional and unconditional confidence
sets in each case. We first revisit the empirical welfare maximization problem in a

more general setting and show that it gives rise to the level maximization problem (7)

8For simplicity of notation we will assume 6 is unique unless noted otherwise. Our analysis does
not rely on this assumption, however: see footnote 13 below.

15



asymptotically. We then discuss structural break models, and show that they reduce
to the norm maximization problem (8) asymptotically. We also briefly discuss other

examples giving rise to level and norm maximization problems.

Empirical Welfare Maximization In the empirical welfare maximization prob-
lem of Kitagawa and Tetenov (2018), as in the last section we aim to select a welfare-
maximizing treatment rule from a set of policies ©. Let us assume that we have a sam-
ple of independent observations ¢ € {1, ...,n} from a randomized trial where treatment
is randomly assigned conditional on observables C; with Pr{D; = 1|C;} = d(C;). We
consider policies that assign units to treatment based on the observables, where rule
0 assigns ¢ to treatment if and only if C; € Cy. The scaled empirical welfare under

policy 6 is®

YD, Yi(1— D)
x0- 73 (76 1oy e ).

EWM again selects the policy that maximizes empirical welfare, § = argmax sco, Xn(0).
The definition of Y,, in this setting depends on the object of interest. We may
be interested in the overall social welfare, in which case we can define Y, = X,,.
Alternatively we could be interested in social welfare relative to the baseline of no
treatment, in which case we can define Y,,(#) as the difference in scaled empirical

welfare between policy 6 and the policy that treats no one, which we denote by 6 = 0,

B B Y:D;  Yi(1- D)
Yo (0) = X, (0) — X,,(0 \/_Z[ ) l_d(c)}y{(}ecg}

Likewise, we might be interested in the social welfare for a particular subgroup defined

by the observables, say S, in which case we can take

VIS, (BBC e Snep) + HED (e € S\Ce}>
Zz 11{0 68}

9Kitagawa and Tetenov (2018) primarily consider welfare relative to the baseline of no treatment,
which yields the same optimal policy.

Y, (0) =

16



For p1x, and py,, the true scaled social welfare corresponding to X,, and Y,,,

( Ko = Hxin > —~ N(0,%) 9)

Yn — Uyn

under mild conditions, where the covariance Y will depend on the data generating
process and the definition of Y,, but is consistently estimable. By contrast, the scaling
of X,, and Y,, means that p1x, and gy, are not consistently estimable. As in the
last section, this suggests the asymptotic problem where we observe normal random
vectors (X,Y) as in (6), ¥ is known, and 6 is defined as in (7) so we consider the
level maximization problem.!?

As argued in the last section, if a policy maker is told the recommended policy
0 as well as a confidence set for uy(6), it is natural to require that the confidence
set be valid conditional on the recommendation. It may also be natural to condition
on additional variables. For example, if a recommendation is made only when we
reject the null hypothesis that no policy in © improves outcomes over the base case
of no treatment, Hy : maxgeo, (1t() — 1(0)) < 0, then it is also natural to condition
inference on this rejection.!* To cover this case we can define 4 = v(X) as a dummy
for rejection of Hy. If on the other hand we care only about performance on average

across a range of recommendations we need only impose unconditional coverage. A

The level maximization problem arises in a number of other settings as well. For
example, the literature on tests of superior predictive performance (c.f. White (2000);
Hansen (2005); Romano and Wolf (2005)) considers the problem of testing whether
some trading strategies or forecasting rules amongst a candiate set beat a benchmark.
If we define X,, = Y,, as the vector of performance measures for different strategies, X,
is asymptotically normal under mild conditions (see e.g. Romano and Wolf (2005)).
If one wants to form a confidence set for the performance of the “best” strategy based
on X, (perhaps also conditioning on the result of a test for superior performance)
this reduces to our level maximization problem asymptotically.

Another example comes from Bhattacharya (2009) and Graham et al. (2014), who

10Under mild regularity conditions, property (9) also holds in settings where the empirical welfare
involves estimated propensity scores and/or estimated outcome regressions, e.g., the hybrid proce-
dures of Kitagawa and Tetenov (2018) and the doubly robust welfare estimators used in Athey and
Wager (2018).

HTn case of |©] = 2, conditioning on this rejection can be interpreted as conditioning on that the
decision criterion of Tetenov (2012) supports the same policy.
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considers the problem of optimally dividing individuals into groups to maximize peer
effects. For X, again a scaled objective function, the results of Bhattacharya (2009)
show that his problem reduces to our level maximization problem asymptotically
when one considers a finite set of assignments. More broadly, any time we consider
an m-estimation problem with a finite parameter space and are interested in the value
of the population objective or some other function at the estimated optimal value,
this falls into our level maximization framework under mild conditions.

We next discuss an example of structural break estimation, showing that it gives

rise to our level-maximization problem asymptotically.

Structural Break Estimation Suppose we observe time-series data on an out-
come Y; and a k-dimensional vector of regressors C; for t € {1,...,T}. We assume

there is a linear but potentially time-varying relationship between Y, and C},
Y, =Ci(B+er(t/T)) + U (10)

where the residuals U, are orthogonal to Cy;. Similarly to Elliott and Miiller (2014)
the function o7 : [0,1] — R* determines the value of the time-varying coefficient
B+er(t/T). This model nests the traditional structural break model (see e.g. Hansen
(2001), Perron (2006), and references therein) by taking

pr(t/T) = 1(t/T > )0, (11)

where 0 = 7/T € [0, 1] is the true “break fraction” and 7 is the true break date. The
model (10) is more general however, and allows the possibility that there are multiple
breaks, that the parameters change continuously at times, or both.

The structural break model is widely used in practice, so we consider a researcher
who fits the model (11). To allow the possibility of misspecification, however, we
assume only that the data is generated by (10). To provide a good asymptotic ap-
proximation to finite sample behavior, we follow Elliott and Miiller (2007) and Elliott
and Miiller (2014) and model parameter instability as on the same order as sampling

uncertainty, with o7(t/T) = \/LT g(t/T) for a fixed function g. We further assume that

1 (0T 1 [0T]
- > CiCl =, 05, = > CiClg(t/T) =, Sey(0), (12)
t=1 t=1
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and
[07]

1
ﬁthUt = QY2 (0), (13)
t=1

all uniformly in 0 < @ < 1. Here ¢ is a full rank matrix, ¢, : [0,1] — R* is a
vector-valued function, €2 is a symmetric positive definite matrix which we assume is
consistently estimable, and W (-) is a standard k-dimensional Wiener process. Condi-
tion (12) is a special case of Conditions 1(ii) and 1(iv) of Elliott and Miiller (2007) and
can be relaxed to their conditions at the expense of extra notation, while condition
(13) is implied by a functional central limit theorem under mild assumptions.

The standard break-fraction estimator 6 chooses 6 to minimize the sum of squared
residuals in an OLS regression of Y; on C; and 1(¢t/T > 6)C;. If we define

(S ac) (S cm)

Xr(0) = _1
<ZtT:[9T]+1 CtC{) ) <ZtT:[9T]+1 Cmt)

-

for n, = Uy, + T~Y2Clg(t/T), the proof of Proposition 1 in Elliott and Miiller (2007)
implies that
0 = argmax || X7(0)|| + 0,(1) (14)
g€
for ©p = {9 €{s %,..1}: A<O<1— 5\} , A € (0,1/2) a user-selected tuning pa-
rameter, and o,(1) an asymptotically negligible term. Hence, 6 is asymptotically
equivalent to the solution to a norm-maximization problem analogous to (8).
Suppose we are interested in the break in the jth parameter, d; = ed for e;

the jth standard basis vector.!?

In practice it is common to estimate d by least
squares imposing the estimated break date 6. When the structural break model
(11) is misspecified, however, there is neither a “true” break fraction 6 nor a “true”
break coefficient d. Instead, the population regression coefficient §(#) imposing break
fraction 6 depends on . Thus, for break fraction 6, the coefficient of interest is §;(9).
Denote the OLS estimate imposing break fraction 6 by 4(6), and define Y7 (0) =

VTo,(0). If we define pyr(f) = VT6,;(6) as the scaled coefficient of interest and

12By changing the definition of Y7 below, our results likewise apply to the pre-break parameters
B; and the post-break parameters §; + J;, amongst other possible objects of interest.
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wxr(6) as the asymptotic mean of X7(6), Section B.2 of the Appendix shows that

( Xr(0) — pxr(0)

Y7(0) — pyr(0) ) - VO )

uniformly over the sequence of parameter spaces O, where the covariance function
¥ is consistently estimable but px r(0) and pyr(0) are not. As before, this suggests
the asymptotic problem (6), where we now define 6 through norm maximization (8).

Since the estimated break fraction 6 is random, and the parameter of interest
9;(0) depends on 6, it is important to account for this randomness in our inference
procedures. In particular, it may be appealing to condition inference on the estimated
break date 0, since we only seek to conduct inference on 5(f) when 0 = 6. It may
also be natural to condition inference on additional variables. For example, if we
report a confidence set for the break magnitude ¢ (é) only when we reject the null
hypothesis of parameter constancy, Hy : pr(6) = 0 for all 6, it is natural to condition
inference on this rejection. As above, this can be accomplished by defining 4 = v(X)
as a dummy for rejection of Hy, and conditioning inference on (6, 4). Even if we only
desire coverage of ¢ (é) on average over the distribution of 6, and so prefer to consider
unconditional confidence sets, accounting for the randomness of 0 remains important.
If on the other hand we are confident that the break model is correctly specified, so
(11) holds, it will typically be more appealing to focus on inference for the “true”
parameters as in Elliott and Miller (2014). A

While our discussion of structural break estimation focuses on the linear model
(10), Elliott and Miiller (2014) show that structural break estimation in nonlinear
GMM models with time-varying parameters gives rise to the same asymptotic prob-
lem. Hence, our results apply in that setting as well. Likewise, Wang (2017) shows
that the same asymptotic problem arises in threshold models, including the tipping-
point model of Card et al. (2008) that we study below. Further afield, one could gen-
eralize our approach to consider norm-minimzation rather than norm-maximization,

and so derive results for general GMM-type problems with finite parameter spaces.
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4 Conditional Inference

This section develops conditional inference procedures for our general setting. We
seek confidence sets with correct coverage conditional on é, potentially along with

some other conditioning variable 7,
Pr {uy(é) eCS|=0,4= 7} >1—aforall§€®©,45cl, and all p. (16)

As in the stylized example of Section 2, we derive both equal tailed and uniformly
most powerful unbiased confidence sets.!> We also derive optimal conditionally a-

quantile unbiased estimators, which for o € (0, 1) satisfy
Pr, {ﬂa >y ()]0 = 0,4 = :y} —aforall@e®,7el, and all p. (17)

To implement our conditional procedures we need to know the form of particular
conditioning events. We derive these conditioning events for our level and norm maxi-
mization settings, and illustrate in our empirical welfare maximization and structural
break examples. We then discuss sample splitting as an alternative conditional in-
ference approach, and following Fithian et al. (2017) note that conventional sample

splitting procedures are dominated.

4.1 Optimal Conditional Inference

Since § and 4 are functions of X, we can re-write the conditioning event as
{X:0=04=5} =209

Thus, for conditional inference we are interested in the distribution of (X,Y’) con-

ditional on X € X(0,%). Our results below imply that under mild conditions, the

elements of Y other than Y'(#) do not help in constructing a quantile unbiased esti-

~ ~

mate or unbiased confidence set for py (6) once we condition on X € X'(6,%). Hence,

we limit attention to the conditional distribution of (X, Y'(#)) given X € X(6,7).

Since (X,Y(0)) is jointly normal unconditionally, it is truncated normal condi-
tional on X € X (f,7). Correlation between X and Y (f) implies that the conditional

13Tf § is not unique we change the conditioning event 6 =0 tof e argmax X (0) or 6 €
argmax || X (0)]| for the level and norm maximization problems, respectively.
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~ ~

distribution of Y (#) depends on both the parameter of interest py(6) and px. To
eliminate dependence on the nuisance parameter py we condition on a sufficient
statistic. Without truncation, for any fixed ﬂy(é) a minimal sufficient statistic for
x 18

2= X = (Zxv (.0)/=v(8)) YO, (18)

where we use Xxy (-, ) to denote Cov(X,Y (0)). Z; corresponds to the part of X that

is (unconditionally) orthogonal to Y (6) which, since (X,Y(#)) are jointly normal,

means that Z; and Y (6) are independent. Truncation breaks this independence,
but Z; remains minimal sufficient for px. The conditional distribution of Y(é) given
{é =0, N¥=7%,25= z} is truncated normal:

~

for E ~ N (,uy(é), Zy(§)> normally distributed and

V(0.5,2) = {y: 2+ (Sxr (- 0)/5v(0)) y € X(0.5)} (20)
the set of values for Y (0) such that the implied X falls in X'(6,5) given Zj = z. Thus,
conditional on § = 0, v =7, and Z; = z, Y(é) follows a one-dimensional truncated
normal distribution with truncation set Y(6, 7, z).

Using this result, it is straightforward to construct quantile unbiased estimators

~ ~ ~

for py (0). Let Fry(y; 1y (6),0,7, 2) denote the distribution function for the truncated

normal distribution (19). This distribution function is strictly decreasing in gy (6).

Define /i, as the unique solution to
Frn(Y (0); f1a, 0,7, Z5) = 1 — . (21)

Proposition 1 below shows that /i, is conditionally a-quantile unbiased in the sense of
(17), so /2% is median-unbiased while the equal-tailed interval C'Sgr = [ﬂa /2, fli—a /2}
has conditional coverage 1 — a.

While we are interested in inference conditional on § = § and 4 = 4, our derivation
of the quantile unbiased estimator fi, further conditions on Zj. Since conditioning
reduces the amount of information available for inference, we might be concerned

that this estimator is inefficient. Our next result, based on Pfanzagl (1979) and
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Pfanzagl (1994), shows that this is not the case, and that fi, is optimal in the class
of quantile unbiased estimators in a strong sense.

To establish optimality, we add the following assumption:

Assumption 1

If ¥ = Cov((X",Y")) has full rank, then the parameter space for p is open and conver.
Otherwise, there exists some p* such that the parameter space for j is an open convex
subset of {,u* +YviveE Rdim(x’y)} for $2 the symmetric square root of .

This assumption requires that the parameter space for p be sufficiently rich, in the
sense of containing an open set in the appropriate space.!* When X is degenerate
(for example when X and Y are perfectly correlated as in the EWM example with
X =Y), this assumption further implies that (X,Y") have the same support for all
values of p. This rules out that there exists a pair pq, o of parameter values which
can be perfectly distinguished based on the data. Under this assumption, i, is an

optimal quantile unbiased estimator.

Proposition 1

Let [i, be the unique solution of (21). [ia is conditionally a-quantile unbiased in the
sense of (17). If Assumption 1 holds, then [i, is the uniformly most concentrated
a-quantile unbiased estimator, in that for any other conditionally a-quantile unbiased

estimator [i}, and any loss function L (d, ,uy(é)> that attains its minimum at d =

iy (0) and is increasing as d moves away from py (6) for all fized iy (6),

By [ (o i (8)) 10 = 0.5 = 3] < B [L (e (8) 10 = 8,5 = 7]
for all jp and all 6 € ©, 5 € T.

Proposition 1 shows that fi, is optimal in the strong sense that it has lower risk
(expected loss) for any loss function which is quasiconvex in the estimate for every
true parameter value. Hence, the endpoints of C'Sgr are optimal quantile unbiased
estimators.

Rather than considering equal-tailed intervals, we can alternatively consider un-

biased confidence sets. Following Lehmann and Romano (2005), we say that a level

14The assumption that the parameter space is open can be relaxed at the cost of complicating the
statements below.
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1 — a two-sided confidence set C'S is unbiased if its probability of covering any given
false parameter value is bounded above by 1 — «. Likewise, a one sided lower (up-
per) confidence set is unbiased if its probability of covering a false parameter value
above (below) the true value is bounded above by 1 — «. Using the duality between

tests and confidence sets, a level 1 — « confidence set C'S is unbiased if and only if
5

o=1 {uy(e) eCS } is an unbiased test for the corresponding family of hypotheses.!
The results of Lehmann and Scheffé (1955) applied in our setting imply that optimal

unbiased tests conditional on {é = é,& = 1} are the same as the optimal unbiased

tests conditional on {é = 5,& =7,45 = Zé}. Thus, conditioning on Z; again does
not come at the cost of power.

Optimal unbiased tests take a simple form. Define a size « test of the two-sided

hypothesis Hy : py (0) = pyo as

Orsa (o) = 1{Y(0) & [a(2), cu (2)]] (22)

where ¢; (2), ¢, (z) solve

Pri¢ela(z),c.(?)]} =1—-a, E[CI{C€[a(2),cu(2)]}] = (1 —a)E[(]

for ¢ that follows a truncated normal distribution

(~ el eVB.5,2), €~ N (mvo,Sr(9).

Likewise, define a size « test of the one-sided hypothesis Hy : py () > pyo as

bos—.a(ttyo) =1 {FTN(Y(é);NY,Oaéa:}/?Z) < Oé} (23)

and a test of Hy : iy (0) < pyp as

Pos+.altvo) =1 {FTN<Y(é); pyo,0,9,2) > 1 - a} : (24)

Proposition 2

If Assumption 1 holds, ¢1s0, Pos—.a, aNd Gos+.a are uniformly most powerful unbi-

5That is, Hy : py(f) = pyo for a two-sided confidence set, Hy : uy () > py,o for a lower

confidence set and Hy : py (0) < py,o for an upper confidence set.
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ased size a tests of their respective null hypotheses conditional on 0 =0 and v =47.

To form uniformly most accurate unbiased confidence sets we collect the values not
rejected by these tests. In particular, define the two-sided uniformly most accurate

unbiased confidence set as

CSy = {#Y,o : ¢Ts,a (#Y,o) = 0}7

and note that C'Sy is unbiased and has conditional coverage 1 — « by construction.
Likewise, we can form lower and upper one-sided uniformly most accurate unbiased

confidence intervals as
CSy,— = {pyo : pos—alptyo) = 0} = (=00, fl1_al,

CSv+ = {1y : 905+.a(tty0) = 0} = [fla, 00),

where we have used the definition of the one-sided tests to express these in terms of

our quantile unbiased estimators. Hence, we can view CSgr as the intersection of

2
Unfortunately, no such simplification is generally available for C'Sy, though Lemma

level 1 — £ uniformly most accurate unbiased upper and lower confidence intervals.

5.5.1 of Lehmann and Romano (2005) guarantees that this set is an interval.

4.2 Conditioning Sets

Thus far we have left the conditioning events X (9~, 7) and y(é, 7, z) unspecified. To
implement our conditional procedures we need tractable representations of both. We
first derive the form of these conditioning events for the level maximization problem
(7) and the norm maximization problem (8) without additional conditioning variables
4. We then discuss the effect of adding additional conditioning variables and illustrate
in our EWM and structural break examples.

In level maximization problems without additional conditioning variables, we are

interested in inference conditional on X € X' () for

X(0) = {X : X(0) = r(glezch(Q)} .

The following result, based on Lemma 5.1 of Lee et al. (2016), derives the form of
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Y(6, z) in this setting.

Lemma 1

Let Sxy(0) = Cov(X(0),Y (). Define

~ 2y (0) (23 (0) - 23(0))
L(0,Z;) = max — — :
0€0:Sxy (0)>xy (6,0) EXy(e) — ny(g, 9)

~ | S (0) (23 (0) - Z0))
U, Z;) = min = = ;
0€0:Txy (0)<Zxy (6,0) EXY(H) — Exy(e, (9)

and

V(,Z;) = min - (Zg 6) — Zg(é)) .

0€0:Sxy (0)=Xxv (0,0)

IfV(8,2) <0, then Y(0,z) = 0.

Thus, the conditioning event y(é, z) is an interval bounded above and below by
easy-to-calculate functions of z. While we must have V(6, z) > 0 for this interval to be
non-empty, Pr, {V(é, Z;) < 0} = 0 for all ¢ so this constraint holds almost surely
when we consider the value 6 observed in the data. Hence, in applications we can
safely ignore this constraint and calculate only £(6, Z;) and U (6, Zy).

In the norm maximization problem the conditioning event is

x0) = { X 1X0)] = x| X O]}

This conditioning event involves nonlinear constraints so the results of Lee et al.
(2016) do not apply. The expression for y(é, z) is more involved, but remains easy

to calculate in applications.

Lemma 2
Define

dx
A(0,0) = 2y (0) 72 Z [Exy,z(é)z — Yxvi(0,0)?],
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=1
and .
C2(0.0) = Y | 2.(0)* = Z3, (0]
i=1
For
DZ(57 9) = BZ(9~7 0)2 - 4A(0~7 Q)CZ(éa 0)7
" —By(0,0) + 1/ Dz(0.6 _ ~B(0,0) — \/Dz(0,0
o OO NP6 00— \/D0
2A(0,0) 2A(0,0)
and Hz(0,0) = _CZ(~ ’9>,
BZ<97 (9)

define

(L) = maX{ “max _ G4(6,0), “max _ Hy(0, 9)} ,

0€©:A(6,0)<0,D7(6,0)>0 0€©:A(0,0)=0,B7(6,)>0
2(6,6) = max{ “max  Gy(6,0), “max _ Hyz(0,0),Gz(6, 9)} :
0€©:A(0,0)<0,D7(6,6)>0 0€0:A(6,0)=0,B7(0,0)>0
uy(6,6) = min{ “min K z(6,0), “min  Hz(0,0), K, (6, 9)},
0€0:A(6,0)<0,D7(8,0)>0 0€0:A(6,0)=0,B7(8,)<0
uZ () = min{ “min K z(0,0), “min  Hyz(0, 0)},
0€©:A(0,0)<0,D7(6,6)>0 0€0:A(6,0)=0,B7(6,0)<0
and
V0, Z;) = min  Cy(6,6).
0€©:A(6,0)=B(6,0)=0
IfV(0, Z5) > 0 then
V(0,%) = N [5(0), u5(6,0)| U [£0,0),12(0)] .

0€0:A(6,0)>0,D4(4,0)>0
IfV(0,Z;) < 0, then Y(0, Z;) = 0.

While the expression for y(é, z) in this setting is long, it is easy to calculate in

practice, and can be expressed as a finite union of intervals using DeMorgan’s laws.
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Moreover, as in the level maximization case, Pr), {V(é, Z;) < O} =0 for all u, so we
can ignore this constraint in applications.

Our derivations have so far assumed we have no additional conditioning vari-
ables 4. If we also condition on 4 = 74, then for X,(y) = {X : y(X) =7}, we can
write X(0,7) = X(0) N X, (7). Likewise, for Y, (7, 2) defined analogously to (20),
V0,7, 2) = V0, 2) N Y,(3, 2). The form of X, () and V,(7, z) depends on the con-
ditioning variables 4 considered. We next discuss the effect of conditioning on the
outcomes of pretests in our empirical welfare maximization and structural break ex-

amples.

Empirical Welfare Maximization (continued) Suppose that we report esti-
mates and confidence sets for welfare only if the improvement in empirical wel-
fare from the estimated optimal policy over a baseline policy § = 0 exceeds a
threshold ¢, X(f) — X(0) > c. For instance, we might report results only when
the test of White (2000) rejects the null that no policy has performance exceed-
ing the baseline, Hy : maxe ux () < ux(0). This implies that we report results
if and only if X(f) — X(0) > ¢ for ¢ a critical value depending on X. We can set
Y(X) =1 {X(é) - X(0) > c} , and it is natural to condition inference on 4 = 1.

The conditioning event in this setting is X, (1) = {X - X(0) — X(0) > c}, and

one can show that, assuming Y yy (6) — X xy(0) > 0 for simplicity,

Yy(1,Z5) =qy:y= Yxy (0) — Zxy(0)

See Section B.1 of the Supplement for details, as well as expressions for other val-
ues of Yxy(f) — Lxy(0). In the present case, provided V(6, Z;) > 0, Y(0,1, Z;) =
[E*(é, Z3),U(#, Zg)} where U(0, Z;) is the upper bound derived in Lemma 1, while

;. () (e 23(0) + 7300))
L8, Z;) = max § L(0, Z;), Sy (8) — Sy (3.0) ,

for £(0, Z5) again as in Lemma 1. Hence, when ¥y (f) — X xy(0) > 0, conditoning on
4 = 1 simply modifies the lower bound £(f, Z;). Likewise, when Xxy () —Xxy (0) < 0
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or Lxy(0) — Yxy(0) = 0, conditioning on 4 = 1 modifies U(f, Z;) and V(8, Z;),
respectively. A

Structural Break Estimation (continued) Suppose we report estimates and
confidence sets for the break parameter 5(9) only if we reject the null hypothesis of
no structural break, Hy : §(f) = 0 for all @ € ©. Suppose, in particular, that we
test this hypothesis with the sup-Wald test of Andrews (1993). As shown in Elliott
and Miiller (2014), in our setting such a test rejects if and only if | X (0)|| > ¢ for
a critical value ¢ that depends on ¥. We can set y(X) = 1 {HX(@)H > c} , and it is
again natural to condition inference on 4 = 1.

In this setting &, (1) = {X |1 X)) > c}. As before the expressions for the
conditioning sets are involved but straightforward to compute. In particular, for
V(Z3), L(Z5), and U(Z;) defined in Section B.2 of the Supplement, if V(Z;) > 0 then

V,(1, Z5) = [L(Z5),U(Z;)] , while Y, (1, Z;) = 0 otherwise. Thus,

(0.1, 2) = N 0.5 0.0]u[Ed.0,u50)

0€©:A(0,0)>0,D7(0,0)>0

when V*(é, Zz) >0, and y(é, 1, Z5) = 0 otherwise, where
(W;,u?) = (max {E;,Z(Zé)} , min {ujZ,Z/_{(Zé)}) for j € {1,2},

and V*(6, Z;) = min {V(é, Zy), V(Zé)} A

As these example illustrate, it is straightforward to incorporate additional condi-
tioning variables 4 in both the level and norm maximization problems provided one
can characterize the set ), (7, z) . While such characterizations are easy to obtain in
many cases, however, they depend on the conditioning variable considered and must

be derived on a case-by-case basis.

4.3 Comparison to Sample Splitting

A common remedy in practice for the problems we study is to split the sample. If we
have iid observations and calculate 6 based on the first half of the data, conventional

estimates and confidence intervals for uy (#) that use only the second half of the data

will be (conditionally) valid. Hence it is natural to ask how our conditioning approach
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compares to sample splitting. Fithian et al. (2017) discuss this issue at length: here
we briefly summarize the implications of their results in our setting.

For ease of exposition we focus on even sample splits. Asymptotically, such splits
yield a pair of independent and identically distributed normal draws (X', Y!) and
(X2,Y?) both of which follow (6).'6 Sample splitting procedures calculate f as in
(7) and (8) for level and norm maximization, respectively, but replace X by X!
Inference on juy () is then conducted using (X2, Y2). In particular, the conventional

~

95% sample-splitting confidence interval for py (6),

[W(é) —1.961/2y (), Y2(0) + 1.96\/Ey(é)} : (25)

has correct (conditional) coverage, and Y2(0) is a median-unbiased estimator for

~

py (0).

Empirical Welfare Maximization (continued) Suppose we split the sample in
half at random. Define (X!, Y;!) and (X2,Y;?) analogously to (X,,Y,), now using
only the first and second halves of the data, respectively. (X} V1) and (X2 V;?) still
converge in distribution as in (9). Moreover, (X}, ¥;!) and (X2,Y?) are independent,
both in finite samples and asymptotically. Let § = argmax ;e X1 (0). If we use Y}
for inference, the same issues as discussed above arise due to dependence between X
and Y1, If we instead use only Y2, then since 6 and Y2 are independent we can rely

on conventional estimates and confidence intervals. A

While sample splitting resolves the inference problem this comes at a cost. First,
6 is based on less data than in the full-sample case, which is unappealing since a
policy recommendation estimated with a smaller sample size leads to a larger ex-
pected welfare loss (see, e.g., Theorems 2.1 and 2.2 in Kitagawa and Tetenov (2018)).
Moreover, even after conditioning on 0 the minimal sufficient statistic for 1 is the the
full-sample average 3(X*, V') + 1(X? Y?). Hence, using only (X?,Y?) for inference
sacrifices information.

Fithian et al. (2017) formalize this point, and show that sample splitting tests are
inadmissible. Corollary 1 of Fithian et al. (2017), applied in our setting, shows that
for any sample splitting test there exists a test that uses the full data and has weakly

16Uneven sample splits still result in independent draws with the same mean but different vari-
ances.
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higher power against all alternatives and strictly higher power at some alternatives.
This result extends directly to quantile unbiased estimators, and shows that for any
quantile unbiased split-sample estimator, there exists a full-sample quantile unbiased
estimator which is more concentrated around the true parameter value in the sense
of Proposition 1.

Hence, while split-sample methods allow valid inference, they are dominated.
Splitting the sample changes the definition of 6 and the conditioning event {é =0 } ,
however, so sample splitting approaches are not directly comparable to our condition-
ing approach developed above.

While conventional sample splitting methods are dominated, calculating 6 based
on only part of the data may increase the amount of information available for inference
on ,uy(é) and so allow tighter confidence intervals. Thus, depending on how we weight
nosier values of 0 against more precise inference on uy(é) it may be helpful to split
the sample, though we should continue to apply conditional inference procedures. See
Tian and Taylor (2016) and Tian et al. (2016) for related discussion.

4.4 Behavior When Pr, {é =0,4 = f?} is Large

As discussed in Section 2, if we ignore selection and compute the conventional (or

~

“naive”) estimator iy = Y'(#) and the conventional confidence set

CSy = {Y(é) — Cajan\/ By (8), Y (0) + capon/ zy(é)] (26)

for co n the 1 — a-quantile of the standard normal distribution, jix is biased and

C' Sy has incorrect coverage conditional on 6 = 0, 4 = 7. These biases are mild

when Pr), {é =0, y = :y} is close to one, however, since in this case the conditional

distribution is close to the unconditional one. Intuitively, Pr, {é =0 } is close to one
for some @ when px(0) or ||pux(0)| has a well-separated maximum in the level and
norm maximization problems, respectively. This section shows that our procedures
converge to conventional ones in this case.

In particular, suppose first that for some sequence of values py,, and z;,, the
conditional probability Pry, {é =0,4 = A Zs = Zg’m} — 1 as m — oo. Then our
conditional confidence sets and estimates converge to the usual confidence sets and

estimates.
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Lemma 3

Consider any sequence of values jiy,m and 25, such that
Pty {é =0,5=712; = Zé,m} — L

Then under iy, conditional on {é = QN,% =9,2Z5 = z@m} we have CSy —, CSn,
CSgr =, CSn, and ﬂ% —p Y(é), where for confidence sets —, denotes convergence
wn probability of the endpoints.

Lemma 3 discusses probabilities conditional Zj;. If we consider a sequence of values

Hy.m such that Pr,, {é = é,’y = } —p 1, however, the same result holds both

,'")'/
conditioning only on {é =0, = ﬁ} and unconditionally.

Proposition 3

Consider any sequence of values jiy,, such that Pr,, . {é = é,& = i} — 1. Then
under fy,m, we have CSy —, CSy, CSgpr —, CSn, and /1% —p Y(é) both conditional
on {é =0, = :y} and unconditionally.

These results provide an additional argument for using our procedures: they re-
main valid even when conventional procedures fail, but coincide with conventional

procedures when the latter are valid. On the other hand, as we saw in Section 2, there

are cases where our conditional procedures have poor unconditional performance.

5 Unconditional Inference

Rather than requiring validity conditional on (é, 4) we can instead require coverage

only on average, yielding the unconditional coverage requirement
Pr {,u(é) € CS} > 1— o for all p. (27)

All confidence sets with correct conditional coverage in the sense of (16) also have

correct unconditional provided 0 is unique with probability one.

Proposition 4
Suppose that 0 is unique with probability one for all . Then any confidence set C'S

with correct conditional coverage (16) also has correct unconditional coverage (27).
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Uniqueness of 0 implies that the conditioning events X (9~, 7) partition the support
of X up to sets of measure zero. The result then follows from the law of iterated
expectations.

A sufficient condition for almost sure uniqueness of 0 is that Sy has full rank. A
weaker sufficient condition is given in the next lemma. Cox (2018) gives sufficient

conditions for uniqueness of a global optimum in a much wider class of problems.

Lemma 4
Suppose that for all 0,60 € © such that 0 # 0, either Var (X(H)\X(é)) % 0 or

Var (X(§)|X(9)) £ 0. Then 0 is unique with probability one for all .

Proposition 4 shows that the conditional confidence sets derived in the last section
are valid unconditional confidence sets as well. As shown in Section 4.4, these con-
ditional confidence sets also converge to the usual confidence sets when (é, 7) takes
some value (é, 4) with high probability, and so perform well in this case. Uncondi-
tional coverage is less demanding than conditional coverage, however, so relaxing the
coverage requirement from (16) to (27) may allow us to obtain shorter confidence sets
in other cases.

In this section we explore the benefits of such a relaxation. We begin by intro-
ducing unconditional confidence sets based on projections of simultaneous confidence
bands for py as in Kitagawa and Tetenov (2018). We then introduce hybrid confi-
dence sets that combine projection confidence sets with conditioning arguments. We
do not know of estimators for ,Lby(é) which are unconditionally a-quantile unbiased
but not conditionally unbiased, but introduce hybrid estimators which allow a small

unconditional bias.

5.1 Projection Confidence Sets

A~

One approach to obtain an unconditional confidence set for py (6), used in Kitagawa
and Tetenov (2018) and, in the one-sided case, Romano and Wolf (2005), is to start
with a joint confidence set for p and project on the dimension corresponding to g,
Formally, let ¢, denote the 1 — o quantile of maxg |£(6)|/\/Zy (0) for & ~ N(0,Sy).
If we define

CS, = {M Y (0) — p(0)] < car/Sy(6) for all 6 € @} ,
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then Pr, {p € CS,} =1 —afor all u, so CS, is a level 1 — « confidence set for p.!7
If we then define

CSp = {[L(é) : 3 € CS,, such that u(f) = [L(é)}

— [y(é) —ca\/ 2y (0),Y(0) + ca Ey(é)}

~

as the projection of C'S,, on the parameter space for p(6), then since {u € C'S,}
implies 11(f) € CSp, CSp satisfies the unconditional coverage requirement (27). As
noted in Section 2, however, C'Sp does not generally have correct conditional coverage.

The width of the confidence set C'Sp depends on the variance Sy (A) but does not
otherwise depend on the data. To account for the randomness of é, the critical value
Cq is larger than the conventional two-sided normal critical value. This means that
C'Sp will be conservative in cases where 0 takes a given value 0 with high probability.
We next consider hybrid confidence sets, which combine projection and conditioning

arguments.

5.2 Hybrid Confidence Sets

Conditional confidence sets have coverage exactly 1 — «. and so are non-conservative.
We showed in Section 4.4 that these confidence sets converge to conventional confi-
dence sets when (6, 4) takes a given value with high probability. On the other hand,
our simulation results in Section 2 also show that conditional confidence sets can
perform poorly in cases where the maximum is not well-separated (see also the dis-
cussion in Section 2.5 of Fithian et al. 2017). The simulation results of Section 2
suggest that the projection intervals introduced in the last section can perform better
in cases where the maximum is not well-separated, but these intervals are longer than
the conditional intervals in the case where the maximum is well-separated. Hence,
neither the conditional nor the projection intervals seem entirely satisfactory. To
bridge the gap between these procedures we introduce hybrid confidence sets, which
combine projection and conditioning arguments.

Hybrid confidence sets are constructed to be subsets of the level 1 — 3 projection

1"Note that we consider a studentized confidence band that adjusts the width based on Zy(é),
while Kitagawa and Tetenov (2018) consider an unstudentized band. Romano and Wolf (2005) argue
for studentization in a closely related problem.
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confidence set for 0 < § < «

CSh = [Y(é) —c\/ Sy (0),Y(0) + ¢ zy(é)] .

The hybrid confidence set collects the values py € C’Sfi not rejected by a hybrid test.
Like our conditional tests, hybrid tests condition {é =0, A= ’y} but hybrid tests of

Hy : py(0) = pyp further condition on the event that the null value is contained in

the projection confidence set, pyo € C Sg. This changes the conditioning event to

yH(HNﬁ,,uY,O, 2) =Y(0,7,2) N |:MY,O — cp/ Yy (6), Hy,0 + cgy/ ZY(é):| :

Similar to our conditional confidence sets we construct hybrid confidence sets by
inverting both equal-tailed and uniformly most powerful unbiased hybrid tests. To
construct the conditional equal tailed test, we define ¢ 5—.oand Ph +.o analogously to
$0s—.o and ¢os+ o in (23) and (24), respectively, except that we use the conditioning
event yH(é,i,uy,o, Zjz) rather than y(é,a, Z;). The equal-tailed hybrid test of Hy :

py (0) = iy is
¢§IT,Q(MY,0) = max {ébgs_,am(ﬂxo)a ¢gs+,a/2(lw,o)} )

which rejects if either of the upper or lower size /2 one-sided tests rejects. The level

1 — « equal-tailed hybrid confidence set is
CSpr = {MY,O €CSy: ¢ZIT,%(MY,0) = 0} :

which collects the set of values in C'S}, which are not rejected by BT o

To form a hybrid confidence set based on inverting unbiased tests, we likewise de-
fine ¢¥S,a analogously to ¢rs in (22), using the conditioning event Y (é, 3, y,0, Z5)
rather than Y(6,7, Z;). By the results of Proposition 2, we know that D150 (kyo)

is the uniformly most powerful unbiased test of Hy : py () = uy, conditional on

{é =0,4 =7, Lyo € CS?,} . The corresponding level 1 — « confidence set is then

CSif = {#Y,o e Sy qbg’%g(ﬂxo) = 0} :
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For 8 = 0 the hybrid confidence sets coincide with the conditional confidence sets
CSgr and CSy. For 8 > 0, on the other hand, the hybrid confidence sets are contained
inC'S 163, and the size of the hybrid tests are correspondingly adjusted downwards. This
adjustment is necessary because the true value ,uy(é) sometimes falls outside C’S]B:,,
so if we did not account for this our hybrid confidence sets would under-cover. With
this adjustment, however, hybrid confidence sets have coverage at least 1 — « both

conditionally and unconditionally.

Proposition 5

The hybrid confidence sets CSH,. and CSH have conditional coverage t—g
_ o i .
Pr, {u(@) € OSprl0 = 0,5 =7,y (0) € Osfi} S
1-p
_ o i .
Pr, {p(@) S CS{;I 0=0,4%=7uy0) e C’S]/f,} == (;’

for all e o, v eI, and all p. Moreover, provided 0 is unique with probability one

for all i, both confidence sets have unconditional coverage at least 1 — «,
inf Pr, {,u(é) € CSgT} >1—a, infPr, {u(é) € C’Sé[} >1-a.
n 1

Hybrid confidence sets strike a balance between the conditional and projection
approaches. The maximal length of hybrid intervals is bounded above by the length
of C'S%. For  small hybrid confidence sets will be close to conditional confidence
sets and thus, to the conventional confidence set, when {é =0,4 = ’y} with high
probability, though for 5 > 0 hybrid confidence intervals do not fully converge to
conventional confidence sets as Pr, {é =0, = 7} — 1.1 In our simulations we
find that the performance of the hybrid and conditional approaches is quite similar
in these well-separated cases. Hence, while one could modify the definition of hybrid
confidence sets to restore full equivalence in the well-separated case, for simplicity we
do not pursue this extension here.

While hybrid intervals combine the conditional and projection approaches, they

8Indeed, one can directly choose 5 to yield a given maximal power loss for the hybrid tests relative
to conditional tests in the well-separated case. Such a choice of 8 will depend on X, however, so
for simplicity we instead use 5 = /10 in our simulations. For similar reasons, both Romano et al.
(2014) and McCloskey (2017) find this choice to perform well in two different settings when using a
Bonferroni correction.
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can yield performance more appealing than either. Specifically, recall that in Section
2 we found that hybrid confidence intervals had a shorter average length for many
parameter values than did either the conditional or projection approaches used in
isolation. Our simulation results in Sections 6 and 7 below provide further evidence
of out-performance in realistic settings.

It is worth contrasting our hybrid approach with more conventional Bonferroni
corrections as in e.g. Romano et al. (2014); McCloskey (2017). A simple Bonferroni
approach for our setting intersects a level 1 — 8 projection confidence interval CSfi
with a level 1 — a + 8 conditional interval that conditions only on {é =0,4 = ’y}.
Bonferroni intervals differ from our hybrid intervals in two respects. First, they use a
level 1 — a + 3 conditional confidence interval, while that of hybrid approach uses a
level i:—g conditional interval, where %:—g < 1—a+ . Second, the conditional interval
used by the Bonferroni approach does not condition on uy(é) € CS]’B;, while that used
by the hybrid approach does. Consequently, the hybrid interval never contains the

endpoints of C'S 163, while the same is not true of Bonferroni intervals.

5.3 Hybrid Estimators

The simulation results of Section 2 showed that our median unbiased estimator can
sometimes be much more dispersed than the conventional estimator /i = Y (d). While
we do not know of an alternative approach to construct exactly median unbiased
estimators in our setting, a version of our hybrid approach yields estimators which

control both median bias and mean absolute error relative to i = Y'(6).

To construct hybrid estimators we again condition on both {é = é,’y = ’y} and

py () € CSp. Conditional on these events and Z; we know that Y (6) again lies
in Y(0,4, uy (9), Z;). Let FE(y; iy (8), 0,7, Z5) denote the conditional distribution

function of Y (#), and define i to solve
FTI“{N<Y(9A)7 ﬂgv é7ﬁy7 Z~) =1-a
Proposition 6
For a € (0,1), gl is uniquely defined, and pf € C’Sﬁ. Ifé 15 unique almost surely
for all p, pX is a-quantile unbiased conditional on py () € C’Sf,,

Pr, {ﬂf > py (0)|py () € C’Slﬁg} =« for all p.
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Proposition 6 implies several notable properties for the hybrid estimator. First,
since Pr,, {My(é) € C’SIBD} > 1 — 8 by construction,

’Pru {,&a > ,Uy(é)} — a‘ < Pr, {uy(é) ¢ C’S}BD} < g for all p.

Hence, the absolute median bias of i (measured as the deviation of the exceedance

probability from 1/2) is bounded abi)ve by B, and goes to zero as § — 0. On the

other hand, since i € C'S% we have ‘[ﬂf — Y(é)’ < ¢g\/ Xy (0), so the difference
2 2
between i and the conventional estimator Y (f) is bounded above by half the width
2

of CSIED. Hence, the mean absolute error of ¥l can likewise differ from that of Y(é)
2

by no more than this amount, which tends to zero as § — 1. Hence, as [ varies

the hybrid estimator interpolates between the median unbiased estimator /l% and the

conventional estimator Y (6).

6 Simulations: Empirical Welfare Maximization

Our first set of simulations considers the EWM setting introduced in Section 3. We
calibrate our simulations to experimental data from the National Job Training Part-
nership Act (JTPA) Study, which was previously used by Kitagawa and Tetenov
(2018) to study empirical welfare maximization. A detailed description of the study
can be found in Bloom et al. (1997).

We have data on n = 11, 204 individuals ¢ and the treatment D; is binary; D; = 1
indicates assignment to a job training program and D; = 0 indicates non-assignment.
The probability of assignment is constant, d(c) = Pr(D; = 1|C; = ¢) = 2/3. We
consider rules that assign treatment based on years of education C;. In the data, C'
takes integer values ranging from 6 to 18 years. As in Section 3, rule 6 assigns i to
treatment if and only if C; € Cy.

We consider two classes of policies. The first, which we call threshold policies,
treat all individuals with fewer than 6 years of education, Cy = {C' : C' < 0}. The
second, which we call interval policies, treat all individuals with between 6, and 6,
years of education, Cp = {C : 6, < C < 6,}, where a policy 6 consists of a (6;,6,)
pair. The total number of policies |O] is equal to 13 and 91 for the threshold and
interval cases, respectively. We define X,,(0) as a scaled estimate for the increase

in income from policy € relative to the baseline of no treatment. For Y; individual
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income measured in hundreds of thousands of dollars,

X,.(0) = % ; (%1{@ €Cy}— %1{@ ¢ cg}) ,

and we consider inference on the average increase in income, so Y,, = X,,.

For our simulations, we draw normal vectors X with known variance X x equal
to a (consistent) estimate for the asymptotic variance of X, based on the JTPA
data, and take 0 = argmax » X (#). The mean vector pix, of X, is not consistently
estimable due to the y/n scaling, so we consider three specifications for the mean
px of X. Specification (i) sets ux = 0, so all policies yield the same welfare as the
baseline of no treatment. Specification (ii) sets ux = (0, —10°, ..., —10%), so one policy
is much more effective than the others. Finally, specification (iii) sets ux = X, for
X, calculated in the JTPA data. Intuitively, we expect that specification (i) will
be unfavorable to conditional confidence sets, since in Section 2 these performed
poorly when all policies were equally effective. Specification (ii) should be favorable
to conditional confidence sets, since in this case one policy is much more effective
than the others and 6 selects this policy with high probability. Hence, we are in the
“well-separated” case and the results of Section 4.4 apply. Finally, specification (iii)
is calibrated to the data, and it is not obvious which approaches will perform well in
this setting.

To the best of our knowledge our conditional confidence sets are the only pro-
cedures available with correct conditional coverage given 6.1 Hence, we focus on
unconditional performance, and compare the conditional confidence sets C'Sgr and
CSy, the hybrid confidence sets C'SH. and C'Sff, and the projection confidence set
C'Sp. The conditional and hybrid confidence sets are novel to this paper, but (unstu-
dentized) projection confidence sets were previously considered for this problem by
Kitagawa and Tetenov (2018). We take a = 0.05 in all cases and so consider 95%
confidence sets. For hybrid confidence sets we set § = a/10 = .005. All reported
results are based on 10 simulation draws.

Table 1 reports the unconditional coverage Pr,{u(f) € C'S} of all five confidence
sets, along with the conventional confidence set C'Sy as in (26). As expected, all

confidence sets other than C'Sy have correct coverage in all settings considered. The

19As noted in Section 4.3, if we instead calculated 6 based on only part of the data one could use
sample-splitting to obtain confidence sets with conditional coverage.
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conditional confidence sets are exact, with coverage equal to 95% up to simulation
error. By contrast, hybrid confidence sets tend to be slightly conservative though
generally by no more than § = .005, and projection confidence sets are often quite

conservative, with coverage approaching one when we consider interval policies.

Table 1: Unconditional Coverage Probability

DGP CSgr CSpy CSgT C’S{}I CSp (CSy
Class of Threshold Policies

(i) 0.952 0.951 0.955 0.953 0.987 0.921

(ii) 0.95 0.951 0.952 0.952 0.993 0.949

(iii) 0.952 0.951 0.951 0.953 0.992 0.951
Class of Interval Policies

(i) 0.948 0.948 0.955 0.955 0.993 0.827

(ii) 0.947 0.947 0.956 0.955 0.998 0.947

(iii) 0.946 0.945 0.953 0.952 0.998 0.947

We next compare the length of confidence sets. Projection confidence sets were

proposed in the previous literature, and their length is proportional to the standard

error 1/ x () for the welfare of the estimated optimal policy. Hence, C'Sp provides
a natural benchmark against which to compare the length of our new confidence sets.
In Table 2 we compare our new confidence sets to this benchmark in two ways, first
reporting the average length of CSgpy, CSy, CSH,. and CSH relative to CSp (that
is, the ratio of the average of their lengths), and then reporting in what fraction of
simulation draws our new confidence sets are longer than C'Sp.

Focusing first on specification (i), where puy = 0, we see that conditional confi-
dence sets are longer than C'Sp on average and in most simulation draws for both
the threshold and interval policy specifications. Hence, as expected this case is unfa-
vorable to these confidence sets. By contrast, our hybrid confidence sets are shorter
than the projection sets both on average and in the substantial majority of simulation
draws. Turning next to specification (ii), where px has a well-separated maximum,
we see that as expected conditional confidence sets are much shorter than projection
confidence sets and are shorter on average and in all simulation draws. Hybrid confi-
dence sets perform nearly as well. Finally in (iii), where px is calibrated to the data,
we see that the performance of the conditional confidence sets is between cases (i)
and (ii) for the threshold policy specification, but even worse than case (i) (in terms

of average length) for the interval policy specification. By contrast, hybrid confidence
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sets again perform well.

Overall, these simulation results strongly favor the hybrid confidence sets relative
to both the conditional and projection sets. We do not find a strong advantage for
either CSH,. or CSH, though when the two differ C'SH,. generally performs better.
Since C'SE,. is also typically easier to calculated, these simulation results thus suggest

using C'SE,. in this setting.
Table 2: Length of Confidence Sets Relative to C'Sp in EWM Simulations

DGP Average Length Relative to C'Sp  Probability Longer than C'Sp
CSpr CSy CSL, CSH CSpr CSy CSE. CSH
Class of Threshold Policies

(i) 6.49 555 0.91 0.91 0.699 0.779 0 0.119

(ii) 0.75 0.75  0.75 0.75 0 0 0 0

(iii) 278 251  0.87 0.9 0.324 0.433 0.045 0.275
Class of Interval Policies

(i) 10.77 897  0.83 0.83 0.782 0.876 0 0

(ii) 0.63 0.63 0.65 0.65 0 0 0 0

(iii) 25.75 21.42 0.78 0.81 0.33  0.427 0 0

We next consider the properties of our point estimators. The initial columns
of Table 3 report the simulated median bias of our median unbiased estimator [ 1
our hybrid estimator ¥, and the conventional estimator X (é), measured both as
the difference in the exéeedance probability from % and as the studentized median
estimation error. The hybrid estimator is quite close to being median unbiased.

The final three columns of Table 3 report the mean absolute studentized error for
the estimators considered. These results show that the median unbiased estimator
f11 has a much larger mean absolute error than the conventional estimator X (A) in
all designs except the well-separated case (ii), where all three estimators perform
similarly. The hybrid estimator jii likewise has a larger mean absolute error than
the conventional estimator, but theQdifference is much smaller. Hence, we see that our
hybrid estimator greatly reduces MAE relative to the median unbiased estimator, at
the cost of only a very small increase in median bias. The choice between the hybrid
and conventional estimator in this setting is less clear, however, and depends on one’s
relative dislike of bias and mean absolute error.

Overall, the results of this section confirm our theoretical results. Conditional con-

fidence sets and estimators perform well when the optimal policy is well-separated
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Table 3: Bias and Mean Absolute Error of Point Estimators

PGP Pr{i>px@)} —3  Med, (n—ux(?))

Ex(0)

py @ X0 py @ XO0) oy it x (6
Class of Threshold Policies
(i) -0.007 -0.007 0.391 -0.02 -0.02 0.82 5.02 1.28 0.96
(ii) -0.001 0.001 0.001 0 0 0 0.79 0.79 0.79
(iii) -0.001 -0.001 0.104 0 0 0.25 2.02 1.03 0.78
Class of Interval Policies
(i) 0 0.003 0.5 0 0.02 1.3 1036 146 1.38
(ii) -0.002 0.001 0.001 0 0 0 0.81 0.81 0.82
(iii) 0 0.001 0.148 0 0 035 4.1 1.14 0.8

but can otherwise underperform existing alternatives. Hybrid confidence sets outper-
form existing alternatives in all cases, nearly matching conditional confidence sets in
the well-separated case and maintaining much better performance in other settings.
Hybrid estimators eliminate almost all median bias while obtaining a substantially
smaller mean absolute error than the exact median-unbiased estimator. Hence, we
find strong evidence favoring our hybrid confidence sets relative to the available al-

ternatives, and evidence favoring our hybrid estimators if bias reduction is desired.

7 Simulations: Tipping Point Estimation

Our second set of simulation results is based on the tipping point model of Card et al.
(2008). Card et al. study the evolution of neighborhood composition as a function of
minority population share. In particular, for Y; the normalized change in the white
population of census tract ¢ between 1980 and 1990, C; 1 a vector of controls, and C; 5

the minority share in 1980, Card et al. consider the specification
Y; = ﬁ + Cz{,la + 51{0272 > 9} + Ui,

which allows the white population share to change discontinuously when the minority
share exceeds some threshold . They then fit this model, including the break point
6, by least squares. See Card et al. (2008) for details on the data and motivation.
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Wang (2017) shows that if we model the coefficient § as on the same order as
sampling uncertainty, the model of Card et al. (2008) is asymptotically equivalent to
a version of the structural breaks model we introduced in Section 3. Hence, we can
immediately apply our results for that model to the present setting. For details on
this equivalence result, see Wang (2017). Following Wang (2017), we consider data
from Chicago and Los Angeles, estimating the model separately in each city.

We define X, as discussed in Section 3, and 6 is again asymptotically equivalent
to the solution to the norm-maximization problem argmax ,.q || X,(0)|. We define
Y, (0) = \/ﬁg (0) to be proportional to the estimated break coefficient imposing tipping
point #, so we again consider the problem of inference on the break coefficient while
acknowledging randomness in the estimated breakdate.

Our simulations draw normal random vectors (X,Y’), now from the limiting nor-
mal model derived in Section 3. This model depends on matrices analagous to ¢
and  in Section 3 which we (consistently) estimate from the Card et al. (2008) data.
It also depends on the analog of the function ¥.,(-). Since this is not consistently
estimable, we consider four specifications. Specification (i) assumes there is no break,
corresponding to § = 0. Specification (ii) assumes that there is a single large break,
setting = —100% (the largest possible break in the context of this model) and
taking the true break point 6 to equal the estimate in the Card et al. (2008) data.
Finally, specification (iii) calibrates (the analog of) ¥.,(-) to the data, corresponding
to analog of model (10) where the intercept term in the regression may depend ar-
bitrarily upon a neighborhood’s minority share. This specification implies that the
break model is misspecified, but as discussed above our approach remain applicable in
this case, unlike the results of Wang (2017). Indeed, Card et al. (2008) acknowledge
that the tipping point model only approximates their underlying theoretical model of
neighborhood ethnic composition, so misspecification seems likely in this setting.

We again focus on the unconditional performance of our proposed procedures,
along with existing alternatives. All reported results are based on 10* simulation
draws. Table 4 reports coverage for the confidence sets C'Spr, CSy, CSH., CSH,
and CSp, along with the conventional confidence set C'Sy. As for the simulations
calibrated to the EWM application, we see that all confidence sets other than C'Sy
have correct coverage, C'Sp often over-covers, the conditional confidence sets have
exact coverage and the hybrid confidence sets exhibit minimal over-coverage. In this

application, the conventional confidence set C'Sy can be seen to exhibit severe under-
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coverage for some simulation designs.

Table 4: Unconditional Coverage Probability

DGP CSpr CSy CSH., CSH CSp CSy
Chicago Data Calibration

(i) 0.949 0.947 0949 095 095 0.704
(ii) 0.949 0.952 0.954 0.955 0.995 0.95
(iii) 0.952 0.949 0.957 0.958 0.992 0.932
Los Angeles Data Calibration

(i) 0.954  0.95 0954 0.953 0.95 0.49
(i) 0.948 0.948 0.953 0.953 0.998 0.948
(iii) 0.949 0.947 0.955 0.954 0.998 0.944

Table 5 compares the lengths of our confidence sets to that of C'Sp. For each

confidence set we again report both average length relative to C'Sp and the frequency

with which the confidence set is longer than C'Sp. Here we see that the conditional

confidence sets can be relatively long on average. We also see that the use of hybrid

confidence sets provides marked performance improvements across the specifications

considered. Remarkably, neither of the hybrid confidence sets is longer than C'Sp in

any simulation draw across all specifications examined. The overall message is similar

to that of the previous section: hybrid confidence sets possess clear advantages for

unconditional inference and C'S#, seems to be the most compelling option, especially

given its computational simplicity.

Table 5: Length of Confidence Sets Relative to C'Sp in Tipping Point Simulations

Average Length Relative to C'Sp  Probability Longer than C'Sp

CSpr CSy CSE, CS CSpr CSy CSH., CSH
Chicago Data Calibration
(i) 254 265 0.89 0.88 0.896 0.978 0 0
(ii) 0.73 075 0.72 0.72 0.012 0.019 0 0
(iii) 1.45 1.73  0.83 0.85 0.377 0.541 0 0
Los Angeles Data Calibration
(i) 1.8 197 0.84 0.82 0.863 0.965 0 0
(ii) 0.67 0.7 0.66 0.66 0.015 0.027 0 0
(iii) 1.06 122 0.73 0.75 0.201 0.323 0 0

Finally, we consider the properties of our point estimators. The initial columns

of Table 6 report median bias measured both with the deviation of the exceedance
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1
2

that /i1 is median-unbiased (up to simulation error) and that 4 exhibits minimal
2

probability from : and with the studentized median estimation error. We again see

~

median bias. By contrast, the conventional estimator Y (f) has substantial median
bias as measured by the studentized median estimation error, though very little as
measured by the exceedance probability in specification (i). This latter feature reflects
the fact that the density of Y(é) in this specification has very little mass at zero.
Turning to mean absolute studentized error, we see that all estimators perform
similarly when the series has a single large break. By contrast, in specifications (i)
(no break) and (iii) (fully data-calibrated model that does not impose a break), the
median unbiased estimator [ 1 has a substantially larger mean absolute error than
the conventional estimator Y'(#). The hybrid estimator has a smaller mean absolute
studentized error than the median unbiased estimator across these specifications. Its
mean absolute error is the smallest of the three estimators in specification (i) and lies

between those of the other estimators in specification (iii).

Table 6: Bias and Mean Absolute Error in Tipping Point Simulations

" Nl _ 1 fi—py (0) fi—piy (0)
R
0

pYO) i Y0) g
Chicago Data Calibration
(i) 0.002 0.002 -0.003 0.01 0.01 -0.69 359 1.4 1.69
(ii) -0.003 -0.003 -0.007 -0.01 -0.01 -0.01 0.84 0.82 0.81
(iii) 0.002 0.002 -0.16 0.01 0 -0.41 193 1.11 0.85
Los Angeles Data Calibration
(i) 0.003 0.004 -0.005 0.02 0.02 -1.05 3.44 1.44 2.04
(ii) -0.003 -0.003 -0.001 -0.01 -0.01 -0.02 0.83 0.81 0.8
(iii) -0.005 -0.005 -0.098 -0.01 -0.01 -0.23 146 1  0.81

N

Overall, the results of this section again suggest excellent performance for our

hybrid confidence sets and estimators relative to existing alternatives.

8 Conclusion

This paper considers a form of the winners’ curse that arises when we select a tar-
get parameter for inference based on optimization. We propose confidence sets and

quantile unbiased estimators for the target parameter that are optimal conditional
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on its selection. We hence recommend our conditional inference procedure when it
is appropriate to remove uncertainty about the choice of target parameters from in-
ferential statements. The conditionally valid procedures are indeed unconditionally
valid, but we find that these conditionally valid procedures can have unappealing
(unconditional) performance relative to existing alternatives. If one is satisfied with
unconditional coverage and (in the case of estimation) a small, controlled degree of
bias, we propose hybrid inference procedures which combine conditioning with pro-
jection confidence sets. Examining performance in simulations calibrated to empirical
welfare maximization and tipping point applications, we find that our hybrid approach

performs well in both cases.
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Supplement to the paper

Inference on Winners

Isaiah Andrews Toru Kitagawa Adam McCloskey
May 10, 2018

This appendix contains proofs and supplementary results for the paper “Inference
on Winners.” Section A collects proofs for the results stated in the main text. Section
B contains additional details and derivations for the Empirical Welfare Maximization

and structural break examples.

A  Proofs

Proof of Proposition 1 For ease of reference, let us abbreviate (Y (6), uy (0), Z;)
by (Y, fiy, Z). Let Y (=) collect the elements of Y other than Y (f) and define iy (—6)

analagously. Let

and
fz = px — (EXY('aé)/EY(é)> Ly -

Here we use A" to denote the Moore-Penrose pseudoinverse of a matrix A. Note
that (Z,Y,Y*) is a one-to-one transformation of (X,Y), and thus that observing
(Z,Y,Y*) is equivalent to observing (X,Y). Likewise, (fiz, jiy, jt%) is a one-to-one
linear transformation of (px, py ), so if the set of possible values for the latter contains
an open set, that for the former does as well.

Note, next, that since (Z, Y, Y*) is a linear transformation of (X,Y), (

)

Z,Y.Y*
Z,Y,Y*)

is jointly normal (albeit with a degenerate distribution). Note next that (
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are mutually uncorrelated, and thus independent. That Z and Y are uncorrelated
is straightforward to verify. To show that Y™ is likewise uncorrelated with the other
elements, note that we can write Cov (Y*, (Y, X’)’) as

e (v (5 ))-om (v () wor(( 1)) ver(( £)).

For VAV’ an eigendecomposition of Var ((f/, X'y >, however, note that we can write

(1)) ver((2)) v

for D a diagonal matrix with ones in the entries corresponding to the nonzero entries

of A and zeros everywhere else. However, for any column v of V' corresponding to a

~ !/
zero entry of D, v'Var ((Y, X’ ) ) v = 0, so the Cauchy-Schwarz inequality implies

that R
Cov (Y(—é),()i ))v:().
Thus,

Cov (Y (-9)<§)> VDV’ = Cov (Y (-é) , ( § )) VV' = Cov (Y (-é) , ( f{ >)

~ /
so Y* is uncorrelated with (Y, X’ ) .
Using independence, the joint density of (Z Y, Y*) absent truncation is given by

InzZiiiz) fn g (T iy ) [y (075 1y)
for fy normal densities with respect to potentially degenerate base measures:

faz(Fifiz) = det(2r5 ;)72 exp <_%<5 i) - ﬂz))

(v — ﬂY)2)

~ ~ _1
[y (U fiy) = (2735g) 2 exp | — -
255
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*. % - -1 1 * ~ % * *
Iy (Y5 py) = det(2mXy+) "2 exp (—5(1/ — A3) By (Y - uy)>

where det(A) denotes the pseudodeterminant of a matrix A, ¥, = Var(Z), &y =

Yy (A), and By- = Var (Y*).

The event {X eX (0,&)} depends only on (Z ,Y) since it can be expressed as
{(Z + %&??) € X(0, i)}, so conditional on this event Y* remains independent
of (Z,Y). In particular, we can write the joint density conditional on {X e X(0, ﬁ)}

as

H G+ 20 (02 (0)19) € X(6,4)}

Pryw {X € X(0.7)}

Inz(Giiiz) fny (U iy ) fny= (075 py ). (28)

The density (28) has the same structure as (5.5.14) of Pfanzagl (1994), and satisfies
properties (5.5.1)-(5.5.3) of Pfanzagl (1994) as well. Part 1 of the theorem then
follows immediately Theorem 5.5.9 of Pfanzagl (1994). Part 2 of the theorem follows
by using Theorem 5.5.9 of Pfanzagl (1994) to verify the conditions of Theorem 5.5.15
of Pfanzagl (1994). OJ

Proof of Proposition 2 In the proof of Proposition 1, we showed that the joint
density of (Z,Y,Y*) (defined in that proof) has the exponential family structure
assumed in equation 4.10 of Lehmann and Romano (2005). Moreover, if we restrict
attention to the linear space { W+ Yiv v € ]Rdim(X’Y)} , we see that the parameter
space for (uy,py) is convex and is not contained in any proper linear subspace.
Thus, the parameter space for (fiz, fiy, £3-) inherits the same property, and satisfies
the conditions of Theorem 4.4.1 of Lehmann and Romano (2005). The result then

follows immediately. [
Proof of Lemma 1 Let us number the elements of © as {01,92, ...,0‘@|}, where

X(0y) is the first element of X, X(6y) is the second element, and so on. Let us

further assume without loss of generality that § = 6;. Note that the conditioning
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event {maxpeco X (0) = X1} is equivalent to {MX > 0}, where

1 -1 0 0 ... 0

1 0 -1 0 ... O
M=

1 0 0 0 ... —1

is a (|©] — 1) x |O| matrix and the inequality is taken element-wise. Let A =
[— M 0ge-1)x|e| } where O(jo|-1)x|o| denotes the (|©] — 1) x|0| matrix of zeros. Let
W = (X',Y") and note that we can re-write the event of interest as {W : AW < 0}
and that we are interested in inference on 1’y for n the 2|0| x 1 vector with one in

the (|©] + 1)st entry and zeros everywhere else. Define

Zr =W —cY(6),

for ¢ = Cov(W,Y (0))/Zyy (0), noting that the definition of Z; in (18) corresponds
to extracting the elements of Z> corresponding to X. By Lemma 5.1 of Lee et al.
(2016),

(W AW <0} = {W L L(0,7) < Y(B) <U®, 27), V0, Z2) > o}

where for (v); the jth element of a vector v,

L£(0,z) = max — 42,
’ J:(Ac);<0 (AC)j

Note, however, that

(AZ5), = Z; (0;) — Z; (61)
and Sxy (61,61) — Sxy (61,6;)
(Ac)j = — ’ SR Vi)
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Hence, we can re-write

—(azy), S0 (256 - 2 00)
(Ao),  Zxy (01,60)) — Sxy (61,6))°

i Sy (61) <Z* — Z:(61) )
L) = max )
( 6> J8xy (01,601)>Sxy (01,0;) Lxy (91, 91) Yxy (91, ])
) Sy (01) (Z; (6) - Z; (61))
Z/{ 6, Zi< - I
( 0) JExy (61, 91)<2XY(91 0;) Lxy (017 91) ZXY (817 )

and

V(o, 0) j:EXY(al’HISIZHEXy(Ql,Gj) ( 0 (0;) 9( 1))

Note, however, that these depend only on the first |O| terms of Z%, and thus are

functions of Zj, as expected. The result follows immediately. [

Proof of Lemma 2 Note the following equivalence of events:

> 3 [23,00) + Sx0.0)24(0) Y (0)] w0 € @}

i=1

- {A(é, 0)Y (8)2 + B4 (6,0)Y (8) + C»(6,0) > 0 V6 € @} . (29)

for A(6,6), B,(8,0), and C4(0,0) as defined in the statement of the lemma.

By the quadratic formula, (29) is equivalent to the event

—~By(6,6) +\/ B£(6,0)> — 4A(6,6)C(6.6)

_ <Y(0)
2A(0,0)
—B B(0,0)2 —4A(0,0)C4 (6,6 N
20.6) = /Bl (6,0)Cz >V0€®s.th.A(9,9)<O
2A(0,0)
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and B(0,0)? —4A(0,0)C(6,6) >0

or

B AU — \/B(8,0) — 1A(8,0)C£(0,0)
0= 2A(0,0)
vy s OO \/B2(0.6)2 = 1A(8,0)C(9,6)

V0 € © s.th. A(6,0) >0

2A(0,0)

and B(0,0)% —4A(0,0)C4(6,6) > 0,

Y(Q) > M
By(6,0)

v(e) < 200
By(0,0)

)Vee@sth A(0,0) = 0 and B(0,0) >

V0 € © s.th. A(A,0) =0 and Bz(f,6) < 0,

C2(6,6) > 00 € O s.th. A(,8) =0 and By (6, 0) = o}

= {Y(é) € N [_BZ(5’0)+\/% —Bz(0,0) - Dz(é,e)]

0€©:A(0,0)<0,Dz(6,0)>0

Y

2A(0,0) 2A(0,0)

. N (OO, —B(0.0) - Dz(@,@)] ] [BZ(9,0)+ \/D2(0.6)
(3.0)

0€©:A(0,0)>0,Dz(0,0)>0

"N

0€0:A(6,0)=0,B5(0,0)>0

N { min
0€0:A(0,0)=B(,0)=0

2A4(0,0) 2A4(0,0)

[H7(8,6),00) 1 N (—o0. Hz(6,)] }

0€0:A4(0,0)=0,B(0,0)<0

= {Y(é) € { “max _ Gz(6,0), min K,(6, 9)}
0€60:A(6,0)<0,D7(6,0)>0 0€©:A(6,0)<0,D7(6,0)>0

N [ max

0€©:A(0,0)=0,Bz(,0)>0

n M

0€©:A(0,0)>0,Dz(0,0)>0

— {Y(é) € N 05(0.0),u5(0.0)| U |2(8.0),4%(6.)] } n{v0.2) >

Hy (0, 9),00) N (—oo, “min  Hy(6, e)}

0€0:A(0,0)=0,B(0,0)<0

(—oo, K20, 9)] U [Gz(é, 9), oo)} N {V(é, Z3) > o}

0€©:A(6,0)>0,D7(6,6)>0

for £3,(6), ¢%(6,9),

uy(0,0), u%(), and V(6, Z;) again defined in the statement of the

o4
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lemma. The result follows immediately. [

Proof of Lemma 3 Recall that conditional on Z; = 2z, 0 = 0,4 =7 only if
Y(6) € Y(8,7,2), and the reverse holds almost surely. Hence, the assumptions of
the proposition imply that

Pruy.. {Y(é) € V0,7, 7;)|Z; = Zé,m} — 1.

Note, next, that both the conventional and conditional confidence sets are equiv-
ariant under shifts, in the sense that the conditional confidence set for iy (6) based
on observing Y (6) conditional on Y (8) € Y(f,7, Z;) is equal to the conditional con-

fidence set for py (6) based on observing Y (6) — p3-(6) conditional on Y (6) — p3-(6) €

V(0,7, Z5)— iy (8) for any constant p3-(0). Hence, rather than considering a sequence

of values py,,, we can fix some pj- and note that

Pros {Y(0) € V3% = 3,0} — 1.

where V' = V(0,7, Z;) — ptym(0) + 113-(0). Confidence sets for 1y, (f) in the original
problem are equal to those for u# (6) in the new problem, shifted by jiy,,(6) — i ().
Hence, to prove the result it suffices to prove the equivalence of conditional and con-
ventional confidence sets in the problem with py fixed (and likewise for estimators).

To prove the result, we make use of the following lemma, which is proved below.

Lemma 5
Suppose that we observe Y (f) ~ N (,uy(é),Ey(é)> conditional on Y (0) falling in a

set Y. If we hold (Ey(@),uyp) fixed and consider a sequence of sets Y,, such that
Pr {Y(é) € ym} — 1, we have that for

orr(five) =1 {Y(é) ¢ lc.er (v, Ym)  CuBT (MY,o,ym)]} : (30)

and

dupvo) = 1{Y (0) & levw (1v.0, V) - cowr (s V) } (31)

(cL.er (1y.0, Ym)  Cupr (v, Vim)) — (MY,O —CN2 Sy (6), v + CN,g\/ Zy(é)) ;
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and

(cLv (y.0, Ym) s cuv (Hy,0, Vi) — (uy,o —CNg\/ Zy(é), Hy,0 + CN,2 A/ Zy(é))

for cn,e the 1 — 5 quantile of a standard normal distribution.

To complete the proof, let C'S,,, denote a generic conditional confidence set formed

by inverting a family of tests

O (o) = 1{Y(0) & a1 (v, V3) (v, V)]

We want to show that
CSm [Y(é) —ene, Y(6) + cN,%] , (32)

as m — oo, for C'S,, formed by inverting either (30) or (31).

We assume that C'S,, is a finite interval for all m, which holds trivially for the
equal-tailed confidence set C'Sgr, and holds for Cy by Lemma 5.5.1 of Lehmann and
Romano. Since we consider intervals, by convergence in probability we will mean
convergence in probability of the endpoints. For each value j1yo our Lemma 5 implies
that

Gm (Hy0) —p 1 {Y (é> € [pvo — ena, pvo + CN,%}}

for ¢,, equal to either (30) or (31). This convergence in probability holds jointly for
all finite collections of values jy,o, however, which implies (32). The same argument
works for the median unbiased estimator [ 1 which can also be viewed as the upper

endpoint of a one-sided 50% confidence interval. [

Proof of Proposition 3 We prove this result for the unconditional case, noting
that since Pr,,,, {é =0, A= ﬁ} — 1, the result conditional on {é =0, 4= 1} follows
immediately.

Note that by the law of iterated expectations, Pr, . {é =0, = ’y} — 1 implies
that Pr,, . {é = 0,4 = '3/|Z(;} —p 1. Hence, if we define



we see that g(pym, Z5) —p L.
Note, next, that if for any metric d for the difference between confidence intervals

(e.g. the sum of the distances between the endpoints) if we define

Lemma 3 states that for any sequence (ftym, zm) such that g(pym, 2m) = 1, he(tym, 2m) —
0. Hence, if we define G(0) = {(uy, 2) : g(py,2) > 1 —3d}and H(e) = {(py, 2) : h(py,2) < e},
we see that for all € > 0 there exists d() > 0 such that G(0(g)) C H(e).

Hence, since our argument above implies that for all § > 0,

Pruy,m {(,uy’m,Zg) € g(é)} — 1,

we see that for all € > 0,

Pruy,m {(:uy,m’ Zé) € 'H(z—j)} — 1,

as well, which suffices to prove the desired claim for confidence sets. The same

argument likewise implies the result for our median unbiased estimator. [J

Proof of Proposition 4 Provided 0 is unique with probability one, we can write

Pr, {u(é) c cs} - Y Pr, {é — 6,4 = a} Pr, {M(é) € CS|0 =04 = i} .

6e0 7€l

Since Zée@ﬁ,er Pr, {é =0, = ’y} = 1, the result of the lemma follows immediately.
O

Proof of Lemma 4 Consider first the level-maximization case. Note that the
assumption of the lemma implies that X () — X () has a non-degenerate normal dis-
tribution for all p. Since © is finite, almost-sure uniqueness of 6 follows immediately.

For norm-maximization, assume without loss of generality that Var (X 0) X (é)) #

0. Note that || X(#)] is continuously distributed conditional on X (0) = z(0) for all
z(0) and all 4, so Pr, {||X(0)|| = ||X(9~)||} = 0. Almost-sure uniqueness of § again

follows immediately from finiteness of ©. [
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Proof of Proposition 5 The first part of the proposition follows immediately from
Proposition 2. For the second part of the proposition, note that for C'SH either of
the hybrid confidence sets,

Pr, {,uy(é) € C’SH} = Pr, {My(é) € C’Sﬁ} X

Z Pr#{ézé,‘y

O, Fel’

Ay (0) € SR} Pry {uv(0) € €5™10 = 0.5 = 5, uv(B) € CSE

1l —« 11—«

I

where the second equality follows from the first part of the proposition. [

=1—-aq.

= Pr, {,uy(é) € C’Sﬁ}

Proof of Proposition 6 We first establish uniqueness of . To do so, it suffices to

show that F (Y (0); uy (0), 0,7, Z;) is strictly decreasing in iy (0). Note first that this

holds for the truncated normal assuming truncation that does not depend on py (6) by

Lemma A.1 of Lee et al. (2016). When we instead consider Fifiy (Y (0); uy (6),0,7, Z5),

we impose truncation to

y(0) e [mé) /Sy 0,y (B) + ¢ zy<é>] |

~ ~ ~ ~

Since this interval shifts upwards as we increase py (), F2 (Y (0); py (0),0,7, Z5) is a
fortiori decreasing in iy (6). Uniqueness of pl for o € (0, 1) follows. Moreover, we see
that i is strictly increasing in Y () conditional on {é =0,4 =7, Zy = 25, Ly (0) € C’S]é}.
Note, next, that F2 (Y (0); uy (), 0,7, Z5) € {0,1} for uy(9) ¢ C'S% from which we
immediately see that g € C’S}ﬁp.

Finally, note that for uy () the true value,

conditional on {é =0,4=7, Zy = zp, py (0) € CSIE} . Monotonicity of ! in Y(6)
implies that
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~ ~

= Pr { FINOV(0); i (0),0.%, Z3) 2 1 =l = 6,4 =7, Z; = 2, py (B) € CS}} = a,

and thus that i is a-quantile unbiased conditional on {é =0,4 =7, Zy = 2, Ly (0) € C’Sﬁ} :
We can drop the conditioning on Zj; by the law of iterated expectations, and a-quantile
unbiasedness conditional on iy (6) € CS]@ follows by the same argument as in the

proof of Proposition 4.

Proof of Lemma 5 Note that we can assume without loss of generality that pyo =

0 and Xy (f) = 1, since we can define Y*(f) = (Y(é) - [LKO) /7/ Sy (6) and consider

the problem of testing that the mean of Y*(0) is zero (transforming the set ),

*

*) in this transformed problem, we

accordingly). After deriving critical values (¢}, c

can recover critical values for our original problem as (¢, ¢,) = /Xy () (¢}, ¢&) + pyo-

Hence, for the remainder of the proof we assume that py, = 0 and 3y (0) = 1.

Equal-Tailed Test We consider first the equal-tailed test. Recall that the equal
tailed test rejects if and only if

Fry (Y0),9) ¢ [5:1-3] (33)

for Fry(y,Y) the standard normal density truncated to ). Note, however, that (33)

is equivalent to

Y(0) & lerer (V) s cupr (V)]
where we suppress the dependence of the critical values on py = 0 for simplicity,
and (Cl,ET (y) y Cu,ET (y)) solve

Fry (aer(Y),Y) = %

Fry (cupr (YV),Y)=1— %.

Recall that we can write the density of Fry (y,)) as ;f?fgg} fn (y) where fy is

the standard normal density and Pr{¢ € Y} is the probability that ¢ € ) for

¢ ~ N (0,1). Hence, we can write

[P {5 €V} fn (D) dj

) = e e )
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Note that that for all ¥y we can write

Frn (Y, Ym) = am (y) + Fn (y)
where Fly is the standard normal distribution function and

LY i€ V) In (5)di

N AT

— Iy (y).

Recall, however, that Pr{¢ € V,,} — 1 and

[ e v @a-rvw)|=| [ 1)~ 10
:/11{@¢ym}fw<§>dyféPr{£¢ym}%o

for all y, so a,, (y) — 0 for all y. Theorem 2.11 in Van der Vaart (1998) then implies
that a,, (y) — 0 uniformly in y as well.
Note next that

Fro (copr V) V) = am (crpr (V) + Fy (cpr (V) = =

Do |

implies

apr (Vm) = Fxy' (% — am (cpT (ym))> ;

and thus that ¢ gr (V) — Fﬁl (%) . Using the same argument, we can show that
(0%
5)

CuiT (Vm) = Fy' (1 — 92) . as desired.

Unbiased Test We next consider the unbiased test. Recall that critical values
au (V), cuu (V) for the unbiased test solve

Pri{¢elav ), cur D]} =1-a

EC1{¢ € lauv V), cuv D)} = (1 —a) E[(]
for ¢ ~ &|€ € Y where £ ~ N (0,1).
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Note that for ¢, the truncated random variable corresponding to ),, we can write

Pr{Cn € [a, cul} = am (e, c) + (Fn (¢y) — Fy (1))

for

am (c1,cu) = (F (a1) = Pr{m < a}) — (Fx (cu) = Pr{¢n < cu}).

Asin the argument for equal-tailed tests above, we see that both Fiy (¢,)—Pr{(n, < ¢}
and Fix (¢;) — Pr{(n < ¢} converge to zero pointwise, and thus uniformly in ¢, and

¢; by Theorem 2.11 in Van der Vaart (1998). Hence, a,, (¢;,¢,) — 0 uniformly in

(cry ) -

Note, next, that we can write

EGn1{Gn € la, cul}] = [€1{€ € [a, cul}] + b (a1, cu)

for

bm (c1, cu) = E [Gn1 {Gm € [a1, cul}] = [E1{€ € [ar, cul}]

- /l (% - 1> yfw (y)dy.

Note, however, that

/C“ (1{y € Y} — V)yly () dy < B[] 1{E € V)]

C

Hence, since

/j (% —1{y e ym}) yin (y) dy’

(prieeyy 1) Bleee < (

Prgesny )| VPEE

by the Cauchy-Schwartz Inequality, where the right hand side tends to zero and
doesn’t depend on (¢, ¢,), by, (¢, ¢,) converges to zero uniformly in (¢, ¢,) .

Next, let us define (¢, ¢ym) as the solutions to

Pr{¢, € la,ci]} =1—«
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E [gml {Cm € [Cla Cu]}] =(1-a)FE [Cm] .

From our results above, we can re-write the problem solved by (¢;m, Cum) as
Fn(c,) — Fy(a)=1—a—ay(a,c,)

Elgt{g e fa, e} = (1 = @) E¢n] = (1 = @) b (e, u) -

Letting

A = SUp |ap, (¢, ¢4,

Cl,Cu

by, = (1 — a)sup |by, (c,c0)]

Cl,Cu

we thus see that (¢, cym) solves
Fy(cu) —Fy(a)=1—a—a},

Elg1{g € [a, e} = (1 — @) E[¢n] = by,

for some a}, € [—am, aml, b, € [—Bm,gm]. We will next show that for any sequence

of values (a;,,b;,) such that a;, € [~@p,an) and b, € [—bn,by] for all m, the

m?-m

implied solutions ¢, (ag,,b%,), Cum (af,, b5,) converge to Fiy' (%) and Fy' (1—%).

This follows from the next lemma, which is proved below.

Lemma 6

Suppose that ¢, and ¢,y solve
Pri{é€la,c)}=1—a+apy

E [61 {5 € [Clacu}}] = dm
for ap, dm, — 0. Then (¢im, Cum) — (—CN,%,CN%).

Using this lemma, since E[(,,] — 0 as m — oo we see that for any sequence of

values (af,,b%) — 0,

ms> “m
(Cl,m (a:(ny b;kn) y Cu,m (a;kna b:n)) — (_CN,%y CN,%) .

However, since @y, b,, — 0 we know that the values a’, and b*, corresponding to

the true Clm, Cum Must converge to zero. Hence (Cz,m,Cu,m) — (—cN,%,cN,%) as we

62



wanted to show. [J

Proof of Lemma 6 Note that the critical values solve

F am don0) = ( Fy(cy) — Fx (e) — (1 — @) — am ) o

I ufn (y) dy — do,
for fy and Fy the standard normal density and distribution function, respectively.

We can simplify this expression, since a% v (y) = —yfn (y), so

/Cu yfn (y)dy = fn () — fn (cu).

&

We thus must solve the system of equations
Fy(cy) — Fy(a)=(1—a)—apy

In(er) = fnv (cu) = d,

or more compactly g (¢) — v, =0, for

g(c):<FN(cu)—FN(cl)> ) :<am—|—(1—a)>'
fy(e)=fyle) )" A,

Note that for v, = (1 — a,0)" this system is solved by ¢ = (—CN%, CN%) . Further,

2 o = —fn (a) I (cu)
6’cg( ) ( —afn(a) cufn(cu) ) 7

which evaluated at ¢ = (—CN%, cN,%) is equal to

which has full rank for all & € (0,1). Thus, by the implicit function theorem there
exists an open neighborhood V' of v, = (1 — «,0) such that g (¢) —v = 0 has a unique

solution ¢ (v) for v € V and ¢ (v) is continuously differentiable. Hence, if we consider
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any sequence of values v,, = (1 — «,0), we see that

cwn) > | )
CN%

again as we wanted to show. [J

B Additional Results

B.1 Details for Empirical Welfare Maximization Example

We derive the form of the conditioning event Y, (1, Z;) discussed in Section 4.2, and

including for cases when Yxy (A) — xy(6,0) < 0. Note that we can write

[XO)-x (¢} = {Zg«é) L e (UE } .

Rearranging, we see that

Sy (0)(c—25(0)+25(0)) ~ ~

y:-¥= Sxy (0)—Zxy (6,0) if ZXY(Q) N 2XY<97 O) >0
' Sy (0)(e—Z5(0)+75(0)) . B 5
y:y < Exy(é)jzxy(é(jo) if Yxy(0) — Xxy(6,0) <0
Y (1,2;) =3 g if ©xy(f) — Sxy(6,0) =0

)
and Z;(0) — Z;(0) > ¢
if Yxy (6) — Zxy(6,0) =0

’ )
and Z;(0) — Z;(0) < c.

\

B.2 Details for Structural Break Estimation Example

This section provides additional results to supplement our discussion of the structural
break example in the text.
We begin by establishing the weak convergence (15). To do so, we show uniform

convergence over all of [0,1], which implies uniform convergence over Or. Note, in
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particular, that under (12) and (13), the continuous mapping theorem implies that

Xr(8) = X(0)

_ ( 9‘%255209(9) ) N ( 9_%E;%Q%W(6) >
(1—0)"2507 (Bey(1) — Sey(9)) (1-0)25.2Q3(W(1) — W(0))

uniformly on [0, 1]. Hence, if we define pux1(0) = ux(0) to equal the first term, we
obtain the convergence (15) for Xr.

Likewise, standard regression algebra (e.g. the FWL theorem) shows that

VT6(8) = Ar(8) L [Br(8) + Cr(8)),

for
T T -1 T
Z C,Cy — (Tl > (Jto;) (T‘120t02> (Tl > ctcg)
=[0T]+1 t=[0T]+1 t=1 t=[0T]+1
T T -1 T
Br()=T"" > CClg(t/T) - Z CtC’) (T—lzotcg) (T‘IZCtOt’g(t/T)>
t=[0T]+1 t=[0T]+1 t=1 t=1

T T -1 T
Cr(0)=T7' Y U, - Z C,C; (T‘lth@) (T‘WZQUt).
t=1 t=1

t=[0T]+1 t=[0T)+1
Under (12) and (13), however, the continuous mapping theorem implies that
Ar(0) =, (1= 0)Xc — (1 — 02X 'Se = 0(1 — 0)X¢,

BT(Q) —p [209(1) - 209(0)] - (1 - 9)202(_11209(1) = 9209(1) - 209(6)
Cr(0) = QV2(W (1) = W(B)) — (1 — 0)SeX Q2w (1) = QY2(6W (1) — W (h))

all uniformly over [0,1], where this convergence holds jointly with that for X;. Hence,

by another application of the continuous mapping theorem,

Yi(0) = ¢VT3(0) = Y (0) = €% 10%cs(1) — ECZ((Ql)jef;m(@W(l) — WO
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Hence, if we define
63‘2(_11 [02c4(1) — Xy (0)]
6(1 —0)
then py7(0) — py(0) uniformly in 6 and we obtain the convergence (15), as desired.
Note that if the structural break model is correctly specified, so ¢g(t/T") = 1(¢t/T >
p)d and Xy (0) = 1(0 > 6p)(0 — 0p)Xcd, then

py (0) =

py (0) =

dj[e(l — 90) — 1(6 > 90)(9 — 90)] . dj%) if 0 > 90,
0(1—0) d; 2% if 6 < 6.

In particular, py(6p) = d;, as desired. Given this structure, one can use our confi-
dence interval constructions for ﬂy(é) to test for the presence of a structural break
in parameter j under the maintained hypothesis that the structural break model is

correctly specified. In particular, our confidence sets satisfy
inf Piuy(0) € CS) >1—a
so that a test defined as

1 ifo¢CI

¢(CS):{ 0 if0eCI

has correct size under the (unconditional) null hypothesis Hy : d; = 0:

P(d17m7dj71’0’dj+1 """ dk)(gb(cl) - 1) - P(dl o5 —1,0,dj41,..,dg )(O ¢ OS)
=1 = Pla,..d; 1,0d;41, 4 (0 € CS)

troody 1,01 1,di) (v (0) € CF) <«

for all dl, ceey dj_17dj+1, ce 7dk.

Additional Conditioning Events Arguments as in the proof of Lemma 2 show
that if we define

A(f) =2y (6)2 Z Yxyi(0)?,

Bz(0) = 2%y(h szy, (6,
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then for
[ P20 L20 i A(9) £ 0 and Dy(0) > 0
Li(Z;) = _Biz(ée)) if A(6) =0 and B;(f) >0
[ —o0 otherwise,
(P20 L20 i A(§) < 0 and Dy(0) > 0
Ly(Z;) = _BC;Z(((;)) if A(6) =0 and B;(f) >0
[ —o0 otherwise,
[ L2O-VL20 i A(§) < 0 and Dy(0) > 0
U(Z5) = —BC;z(g) if A(6) =0 and B;(f) <0
[ o0 otherwise,
(%@Dm if A() #0and Dz(f) >0
Us(Z5) = ;;z(g? if A(6) =0 and By(f) <0
e otherwise.
and

we can write

{IXO)? = ¢} = {Y(0) € [£1(Z5),th(Z5)], V(Z5) = 0}
U{Y(0) € [£2(Z5),Us(Z5)), V(Z5) = 0},

However, A(A) > 0 by definition, and A(f) = 0 implies B;(#) = 0, so we can take

—Bz(é)-h/Dz(g) e AR N
—00 otherwise,

EQ(Z~) = —

Ui(Z5) = o0
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i “BzO-vVDz0) ¢ 1(4) £ 0 and D(6) > 0

00 otherwise.

Therefore we can drop L5(Z;) and U (Z;) and define £(Z;) = L,(Z, ) UZ;) =
} while

Us(Zz). In this case, we see that if V(Z;) > 0 then Y, (1, Z;) = [L£(Z5),U
V,(1, Z;) = 0 otherwise. The result stated in the text follows 1mmed1ately.
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