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We theoretically investigate the photon-echo spectroscopy of coupled electron-nuclear quantum dy-
namics. Two situations are treated. In the first case, the Born-Oppenheimer (adiabatic) approximation
holds. It is then possible to interpret the two-dimensional (2D) spectra in terms of vibrational
motion taking place in different electronic states. In particular, pure vibrational coherences which
are related to oscillations in the time-dependent third-order polarization can be identified. This
concept fails in the second case, where strong non-adiabatic coupling leads to the breakdown of the
Born-Oppenheimer-approximation. Then, the 2D-spectra reveal a complicated vibronic structure and
vibrational coherences cannot be disentangled from the electronic motion. C 2015 AIP Publishing
LLC. [http://dx.doi.org/10.1063/1.4927396]

Two-dimensional (2D) optical spectroscopy1–5 is, by now,
an established technique of molecular spectroscopy.6–14 Re-
garding, for example, coupled chromophores as purely elec-
tronic systems, 2D-spectra exhibit cross-peaks and thus reveal
properties of excited state electronic coupling. The issue be-
comes much more complicated if vibrations are included in
the considerations. It was shown theoretically that already for
a model of two displaced harmonic oscillators, cross peaks
appear so that their pure existence is no unique sign of elec-
tronic coupling.15 Several experiments have addressed the role
of vibrational motion.16–21 In this context the question of vibra-
tional versus electronic coherences and their signatures in 2D-
spectra was discussed also from a theoretical point of view.22,23

It is the aim of the present work to perform a theoretical test
study to shed some light on such concepts. In order to do so, it is
necessary to treat the coupled electron-nuclear motion, prefer-
entially by solving the time-dependent Schrödinger equation
for the entire system under consideration. This, however, is
out of range for molecules. It is therefore useful to introduce
models which, on one hand, fully account for electron-nuclei
coupling and, on the other, are simple enough to be treated
numerically exact. Such a model was proposed by Shin and
Metiu,24 and it has served to illustrate fundamental properties
of electron-nuclear dynamics in the past.25–27

The Shin-Metiu model describes the one-dimensional
motion of an electron (coordinate x) and a proton (coordinate
R). Additionally, there are two protons fixed at distances ±5 Å
from the origin of the coordinate system. The geometry of
the ion chain is sketched in the upper panel of Fig. 1. The
electron and the nuclei interact through screened Coulomb
potentials (screening parameter Rc), whereas the bare
Coulomb potential is kept for the nuclear interactions.24 The
eigenenergies of the model Hamiltonian H0(x,R) are denoted
as Eα. Potential energy curves Vn(R) in different electronic
states |n⟩ with electronic wave functions ϕn(x,R) are obtained

from the electronic Schrödinger equation for fixed R. Within
the Born-Oppenheimer (BO) approximation,28 the nuclear
motion in a fixed electronic state |n⟩ is determined by the
nuclear Hamiltonian Hn(R) containing the potential Vn(R) and
having energies En, v.

The potentials for electronic quantum numbers n = 1–4
are shown in Fig. 1. The functions in the lower panel of the
figure are obtained for a screening parameter of Rc = 1.5 Å.
It is seen that the electronic ground state |1⟩ is energetically
well separated from the first excited state. The first two excited
states |2⟩ and |3⟩ are closer in energy but still are separated
by a gap of about 0.5 eV at R = 0, whereas the curve of
state |4⟩ is much higher in energy. The energy separation
of the various curves suggests that the BO-approximation is
valid, and wave-packet calculations show that this indeed is the
case.25,26 The situation changes if we set Rc = 2.5 Å (middle
panel of Fig. 1). Then, the potentials of the ground and first
excited states approach each other very closely at the symmet-
ric configuration R = 0. This leads to a complete break down
of the BO-approximation.25,26

We numerically integrate the time-dependent Schrödinger
equation for the coupled motion including the electric dipole
interaction (−µ(x,R)E(t)), with µ(x,R) = −x + R and the elec-
tric field E(t). For comparison, we treat the nuclear motion
within the BO-approximation, where the nuclear dynamics
in two electronic states is only coupled by the field inter-
action (−µnm(R)E(t)), with the transition dipole moments
µnm(R) = ⟨ϕn(x,R)|µ(x,R)|ϕm(x,R)⟩x. The electric field in-
teracting with the system consists of three time-delayed and
time-ordered Gaussian pulses (k⃗n) with equal frequency which
are centered at times Tn. This allows to define the coherence
time τ = T2 − T1 and the population time T = T3 − T2. Taking
the phase-matching condition k⃗s = −k⃗1 + k⃗2 + k⃗3 (where k⃗s

denotes the wave vector of the signal field) into account, the
third-order time-dependent polarization has two contributions
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FIG. 1. Upper panel: Geometry of the model system. Potential energy curves
Vn(R) for different electronic states |n⟩ and the strong and weak coupling
cases are also shown. The arrows indicate the photon energies used in the
respective numerical calculations.

and can be written as

P(c)(t ′, τ,T) = ⟨ψ(2)(k2, k1)|µ|ψ(1)(k3)⟩x,R
+ ⟨ψ(2)(k3, k1)|µ|ψ(1)(k2)⟩x,R, (1)

where the detection-time t ′ is measured with respect to the
time T3. Here, we neglect contributions involving excited
state absorption because we want to compare two-state Born-
Oppenheimer results with those obtained within the numer-
ically exact calculation. Also, the complex conjugate of the
two terms are omitted because they are not calculated explic-
itly. The wave-functions ψ(2)(kl, k1) and ψ(1)(kl′) are obtained
within second- and first-order time-dependent perturbation
theory, where the first one results from the combined interac-
tion with the pulses (kl, k1) and the second from the absorption
process triggered by pulse (kl′). These functions are calculated
iteratively29 for a set of sampling times t ′j and τj′. We use
Nt′ = Nτ = 7000 points taken from the intervals [10,345] fs
for τ and [0,335] fs for t ′.

In the calculations involving the adiabatic approximation,
the fields couple the electronic states |1⟩ and |2⟩, and the
polarization reads

P(BO)(t ′, τ,T) = ⟨ψ(2)
1 (k2, k1)|µ12|ψ(1)

2 (k3)⟩
+ ⟨ψ(2)

1 (k3, k1)|µ12|ψ(1)
2 (k2)⟩, (2)

where ψ(2)
1 (kl, k1) are ground-state and ψ

(1)
2 (kl′) excited state

vibrational wave packets, respectively.
The 2D-spectrum (s = c,BO) is calculated as30

Ss(Et′,Eτ,T) = i


dτ


dt ′ei(Et′t
′−Eττ)P(s)(t ′, τ,T). (3)

For interpretation, the polarizations can be written in terms of
the system eigenstates.31–33 The resulting expression for P(c)
contains sums over the quantum numbers (α,α′,α′′) where
terms with different time-dependent phase factors appear which

read

ei(Eα′−Eα)t′ ei(Eα′′−E0)τei(Eα′−E0)T ,
ei(Eα′−Eα)t′ ei(Eα′′−E0)τei(Eα′′−Eα)T .

(4)

In the BO-approximation, one finds (summation over
(v, v ′, v ′′))

ei(E1, v−E2, v′)t′ ei(E2, v′′−E1,0) τei(E1, v−E1,0) T ,
ei(E1, v−E2, v′)t′ ei(E2, v′′−E1,0)τei(E2, v′′−E2, v′) T .

(5)

In both cases, oscillations are found where the periods are
determined by differences between eigenenergies. At this
point, it is important to emphasize that a single quantum
number characterizes the coupled system so that the appearing
energies are not associated with vibrational levels in electronic
states. On the other hand, in the BO-case, energy differences
between vibrational eigenenergies in the excited and ground
electronic states (in phases containing t ′, τ) and differences
of vibrational energies in a single electronic state (in phases
containing T) enter. For long enough sampling times, the
2D-spectra will exhibit peaks at positions (Et′ = Eα′ − Eα,
Eτ = Eα′′ − E0) and (Et′ = E1, v − E2, v′,Eτ = E2, v′′ − E1,0).

In what follows, we compare 2D-spectra calculated exact-
ly, that is, solving numerically the Schrödinger equation with-
out any approximation which decouples electronic and nuclear
motion, with those evolving from a Born-Oppenheimer treat-
ment where the vibrational motion in two electronic states is
only coupled by the laser fields. Figure 2 shows the spectra for
the weak coupling. To arrive at a broad spectrum, we employ
ultrashort pulses of 2.8 fs full width at half-maximum and
a photon energy of 2.9 eV. The population time T is set to
zero. A comparison of the spectra shows that they are almost
identical which confirms that here the BO-treatment is valid.
We may then use Eq. (5) and associate the peak positions with
energy differences between the vibrational levels in the excited
and ground electronic states. The wave packets which enter
into the third-order polarization perform a ground-state (ψ(2)

1 )
and an excited state (ψ(1)

2 ) vibrational motion. In the ground
state, three pairs of nearly degenerate gerade and ungerade
levels are excited. The wave packet moves, for short times,
with a vibrational period of about 58 fs. In the excited state,
20 vibrational states are present in the wave packet and the
period is ≈50 fs. Because all energy differences between the
various levels appear in the time-dependent polarization, the
2D-spectrum exhibits the rich peak structure.

FIG. 2. Modulus of the Born-Oppenheimer and exact 2D-spectrum (normal-
ized) for weak coupling (Rc = 1.5 Å).
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FIG. 3. Modulus of the Born-Oppenheimer and exact 2D-spectrum (normal-
ized) for the strong coupling case (Rc = 2.5 Å).

Next, we turn to the strong coupling case. Here, we use
a photon energy of 1.9 eV for all pulses. The exact spectrum
(panel (b) of Figure 3) exhibits an intense band around Eτ

= 2.6 eV. Regarding the potential energy curves in Fig. 1, it can
be assumed that this band involves transitions to the electronic
state |3⟩. This is confirmed in calculating the respective BO-
spectrum (not shown) which very much resembles the exact
spectrum at energies above Et′ = 2 eV. Transitions between
vibrational states in |1⟩ and |2⟩ are also present in the exact
spectrum but the peaks are of comparably small intensity.
This can already be seen in the linear absorption spectrum34

(not shown) and correlates with the magnitude of the transi-
tion dipole moment. The BO-spectrum (panel (a)) shows no
resemblance with the exact one which is a manifestation of the
breakdown of the adiabatic approximation.

The polarizations show oscillations as a function of the
population time T (Eqs. (4) and (5)). To illustrate this point, we
regard the functions P(s)(t ′f , τ = 0,T) which are cuts through
the polarizations obtained for zero coherence time and a fixed
value of t ′ = t ′f = 10 fs. Taking the Fourier-transform with
respect to T yields the spectra Ss(ET) shown in Fig. 4. As
found for the 2D-spectra, the BO and exact curves are very
similar in the weak coupling case (left panels). Regarding
the analytical expressions, Eqs. (4) and (5), we can clearly
can identify the spectral lines as being of purely vibrational
character, i.e., they are caused by coherences which belong
to the vibrational motion in the excited and also the ground
electronic state. The right hand panels of Fig. 4 illustrate the
strong coupling situation and it is seen that the spectra do
not match each other. This means that here the coherences
obtained as a function of the population time can no longer
be associated with the vibrational dynamics in fixed elec-
tronic states. Rather, they are characterized by energy differ-
ences (Eα′ − E0), (Eα′′ − Eα) which are of a strongly mixed
vibrational/electronic character.

Let us add some more words on the distinction between
electronic and vibrational coherences. Molecular photoexcita-
tion with ultrashort pulses leads, in general, to vibronic wave
packets. There might be the case that such an interaction results
in no vibrational excitation. Then, one could argue that the
field-coupled states and the associated coherences are of purely
electronic character. The Franck-Condon principle demands
that ground and excited state potential surfaces have to be very
similar in order that no vibrations are excited in a spectro-

FIG. 4. Spectra calculated from the third-order polarization determined as
a function of the population time T and for fixed coherence- and detection
time. Curves are shown for the cases of strong (Rc = 2.5 Å) and weak
(Rc = 1.5 Å) couplings. The inset in the lower right panel shows the spectral
overlap between the BO- and exact spectra as a function of the screening
parameter Rc.

scopic transition. This is, however, very unlikely for larger
molecules or molecular aggregates. As discussed above, it is
possible to characterize vibrational coherences within a fixed
electronic state if the BO-approximation holds. It would then
be desirable to find a measure for the characterization—at
least theoretically. Therefore, we regard the spectral overlap
σ = N


dETSBO(ET)Sc(ET), where the normalization con-

stant N is chosen such that, if the spectra are identical, i.e., the
BO-approximation is valid, σ assumes the value of one. The
larger the deviation between the spectra, the smaller the spec-
tral overlap so that σ gives an overall measure of the quality
of the adiabatic approximation. The inset in Fig. 4 (lower
right panel) shows σ as a function of the screening parameter
Rc. As expected, for Rc = 1.5 Å, we obtain a value of one.
Increasing this critical parameter yields to a decrease of the
overlap function and a minimum is reached for a value of
Rc = 2.375 Å.

To conclude, we regard the 2D-spectroscopy of a model
consisting of an electron and a nucleus which move in a single
dimension. By adjusting the screening of the particle interac-
tion, a situation with weak and strong non-adiabatic couplings
can be constructed. In the first case, the Born-Oppenheimer
approximation is valid. This allows to identify coherences
appearing in the third-order time-dependent polarization as a
function of the population time T as being of purely vibrational
character. The break-down of the adiabatic approximation,
however, forbids such an assignment because electronic and
nuclear dynamics are strongly mixed. This means that the
coherences are associated with energies which are of vibronic
character and thus cannot be assigned to particular electronic
states. In this sense, purely electronic coherences are unlikely
to be excited. It is just that either the separation of electronic
and nuclear motion can be performed and one is able to assign
certain oscillations to vibrations in particular electronic states
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or, for stronger coupling, one just has to give up the ambition
to find a meaningful disentanglement. We here study a simple
model of coupled electronic-nuclear motion which neverthe-
less has all the ingredients to demonstrate the influence of
non-adiabatic coupling on 2D-spectra. Regarding the spec-
troscopy of molecular aggregates like self-aggregating dyes
in solution or photosynthetic systems, the breakdown of the
BO-approximation is more the rule than the exception. This
can already be taken from an analysis of the topology of the
potential surfaces for a dimer aggregate including vibrations.35

There, if the electronic couplings are in the order of the vibra-
tional spacings, no separation into electronic or vibrational
coherences is possible.
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