NONLINEAR INSTABILITY IN A SEMICLASSICAL PROBLEM

JEFFREY GALKOWSKI

AsBsTRACT. We consider a nonlinear evolution problem with an asymptotic parameter and construct
examples in which the linearized operator has spectrum uniformly bounded away from Rez > 0
(that is, the problem is spectrally stable), yet the nonlinear evolution blows up in short times for
arbitrarily small initial data.

We interpret the results in terms of semiclassical pseudospectrum of the linearized operator:
despite having the spectrum in Rez < -y, < 0, the resolvent of the linearized operator grows very
quickly in parts of the region Rez > 0. We also illustrate the results numerically.

1. INTRODUCTION

For a large class of nonlinear evolutions the size of the resolvent has been proposed as an
explanation of instability for spectrally stable problems. Celebrated examples include the plane
Couette flow, plane Poiseuille flow and plane flow — see Trefethen-Embree [6, Chapter 20] for
discussion and references. Motivated by this we consider the mathematical question of evolution
involving a small parameter / (in fluid dynamics problem we can think of & as the reciprocal of
the Reynolds number) in which the linearized operator has the spectrum lying inRez < =y <0,
uniformly in /i, yet the the solutions of the nonlinear equation blow up at time O(1) for data of
size O(exp(—c/h).

We know of one rigorous example of such a phenomenon given by Sandstede-Scheel [11].
They considered u; = w1y + 1y + 13 on [0, £] with Dirichlet boundary conditions, and showed that
blow up occurs with arbitrarily small initial data as £ — co. In that problem & = 1/¢. The paper
[11]is our starting point and we use its maximum principle approach to obtain results for suitable
operators in any dimension. In addition, we emphasize the connection with the semiclassical
pseudospectrum and provide some numerical comparisons.

We consider a semiclassical nonlinear evolution equation
(1.1) huy = P(x, hD)u +u®, xeR%, t>0.
where P(x, hD) is the following semiclassical differential operator
(1.2) P(x,hD) := = ((hD)* + V(x)) + ih(Vp, D) + u, Dj:= %aj D? = —A.
Here, V € C* is a potential function with

(13) {Wx) >Cfonlr =M, 10°V(@)| < Calw),

V(xg) = 0 for some xg € R, V(x) >0,
1
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for some C, C,, k, M > 0. Also, p € C* has the properties
(1.4) 02p1 < Gy, IVpP = 4(u + y0),

1

for some Cjj, yo, N > 0. Finally, u > 0.

Remark: All of our results hold for weaker assumptions on the growth of V and p, however (1.3)
and (1.4) are convenient for our purposes.

We will show in section 2 that for V(x) and p as in (1.3) and (1.4) respectively, the linearized
problem is spectrally stable, that is, the spectrum is bounded away from Rez > 0 uniformly in h.
Yet, we also show that (1.1) has an unstable equilibrium at # = 0 for all potentials V(x) satisfying
(1.3) and all p satisfying (1.4). Specifically, we show

Theorem 1. Fix u > 0. Then, for each
O<h< ]’lo ,
where hy is small enough, there exists

1
1y € CX(R"), 19 >0, luolicr < exp(—a)  p=0,1,...,
such that the solution to (1.1) with u(x, 0) = ug(x), satisfies

”u(x/ t)”Loo — o9, t— TI

where
T=0Q1).

A nice example for which our assumptions hold is (1.2) withx € R, V(x) = x%,and (Vp,D) = Dy.
That is

(1.5) Py(x,hD) := = ((hDx)? + x*) +ihDy + 1, x€R
It is easy to see (and will be described in Section 2) that
Spec(P1(x,hD)) = {u—-1/4-h(2n+1) : n=0,1,2---}
Clz : Rez<u—1/4}.

For i > 1 the spectrum intersects the right half plane and thus instability of the linear problem
follows. We are interested in the range 0 < u < 1, where we will relate the instability of u = 0 to
the presence of pseudospectrum in the right half plane.

For more about (1.5) see [6, Chapter 12]. In particular, Cossu-Chomaz [1] relate it to the lin-
earized Ginzburg-Landau equation and analyze resolvent of (1.5) and the norm of the semigroup
eP1 D) numerically.

The operator (1.5) is also closely related to the advection-diffusion operators mentioned above,
—Di +iDy = 8; + dy, on [0, £], with, say, Dirichlet boundary conditions; see [6, Chapter 12] for
a discussion and references. When rescaled using x = y/{, h = 1/I the operator becomes the
semiclassical operator —(hD)? + ihDy on [0,1]. When the domain is extended to R, the potential
x? is added to (hDy)? to produce a confinement similar to a boundary.

We relate the blow-up of solutions to (1.1) to the presence of pseudospectrum of (1.2) in the
right half plane. However, because estimates on semigroups for (1.1) with quasimode initial data
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are poor, we are unable to exhibit blow-up starting from a quasimode. Instead, we present a
simple and explicit construction of quasimodes for P(x, hD) (for a more general setting see [5]).
We then use these quasimodes as initial data in numerical simulations and observe that, although
in some cases the ansatz solution blows up more quickly, the solutions with quasimode initial
data behave similarly to what is expected from a pure eigenvalue for (1.2) with positive real part.
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Ficure 1. The plot shows numerical simulations of the evolution of (1.1) with
h = 1/193 and two initial data. The evolution with initial data a real valued O(h%)
error quasimode with eigenvalue z = % is shown in the top two graphs and that
with the ansatz constructed in the proof of Lemma 3 as initial data is shown in
the bottom two graphs. We observe that, when the initial data is a quasimode,
blowup occurs in time ~ 0.3, while for ansatz initial data, blow-up occurs in time
~ 0.175. However, as would be expected from eigenfunction initial data, we see
that the solution with quasimode initial data exhibits little transport to the left.

On the other hand, the ansatz transports left significantly.

The paper is organized as follows. In Section 2 we review the definitions of spectra and
pseudospectra and discuss them for our class of operators. In Section 3 we give a construction
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of quasimodes for one dimensional problems. Although the results are known, (see [3],[5],[12])
a self-contained presentation is useful since we need the quasimodes for our numerical exper-
iments. Also, there is no reference in which analytic potentials (for which quasimodes have
O(exp(—c/h)) accuracy) is treated by elementary methods in one dimension. Section 4 is devoted
to the proof of Theorem 1 using heat equation methods. Finally, in Section 5 we report on some
numerical experiments which suggest that quasimode initial data gives more natural blow-up
and that blow-up occurs at complex energies.

AckNOWLEDGEMNTS. The author would like to thank Maciej Zworski for suggesting the problem
and for valuable discussion, guidance, and advice. Thanks also to Laurent Demanet and Trever
Potter for allowimg him to use their MATLAB codes, Justin Holmer for informing him of the
paper by Sandstede and Scheel, and Hung Tran for comments on the maximum principle in
Lemma 3. The author is grateful to the National Science Foundation for partial support under
grant DMS-0654436 and under the National Science Foundation Graduate Research Fellowship
Grant No. DGE 1106400.

2. SPECTRUM AND PSEUDOSPECTRUM

We do not use the results of this section to prove Theorem 1. Instead, we present them to
emphasize the connection of the size of the resolvent with instability. We believe that instability
based on quasimodes would be more natural and allow for proof of instability at complex
energies. We illustrate this with numerics in Section 5.

To describe the spectrum of P(x, hD), we observe that

px)

¢ P(x, hD)e™ 3 = — | (hD)? + V(x) + }L|Vp|2 + gAp -

Thus, the spectrum of P(x, hD) is given by that of a Schrodinger operator with potential V(x) +
Vol + ’%Ap. Since V(x) and p have the properties given in (1.3) and (1.4) respectively, P(x, hD)
has a discrete spectrum that has real part bounded above by -y (see for instance [13, Section
6.3]).

We now examine the pseudospectral properties of (1.2).

Definition. Let Q(x, kD) be a second order semiclassical differential operator. Then, z € A(Q) if
and only if 3 u(h) € H*(R) such that |[ul|;> = 1 and

1(Q(x, kD) = z) u(h)ll.2 = O(h™).

We say z is in the semiclassical pseudospectrum of Q if z € A(Q).

Remark. We note that for z € A(Q), ||Q(x,hD) — z)7Y|| > h™N/Cy, for any N. This relates
our definition to the more standard defintions of pseudospectra in terms of the resolvent. For
discussion and generalizations see Dencker [4] and Pravda-Starov [10].

The criterion for z € A(Q) is based on Hérmander’s bracket condition (see Zworski [12] and
Dencker-Sjostrand-Zworski [5]):

2.1) Q(xo, &) = z and {Re Q, Im Q}(xo, &o) <0,
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then z € A(Q). We use this condition to show that the pseudospectrum of P(x, hD) nontrivially
interesects the right half plane. Specifically,

Lemma 1. For P(x, hD) given by (1.2), A(P(x,hD)) ({{Imz = 0} = (—co, u].

Proof. First, observe that
P(x,&) = &P +i(Vp, &) = V(x) + ¢ and {Re P, Im P} = —2(9°p¢&, &) +(VV, Vp).

We have assumed Imz = 0. Therefore, we need only show that, for a dense subset U C (—oo, u],
y € U implies that there exists x such that (2.1) holds for the symbol P(x, &), at (x,0) with z = .

We proceed by contradiction. Suppose there is no such U. Then, there exists O C [0, ) open
such that for all x € V71(O), (VV,Vp)(x,0) > 0. Let ¢; := exp(ti{Vp, D)) be the integral flow of
i{Vp,D)and xq € R? have V(xo) = 0. Define f(t) := V(@:(x0)). Then d; f = (VV(¢;(x0)), Vp(pi(x0))).

Suppose that @;(xp) escapes every compact set as [t| increases. Then (1.4) implies that f(f) — oo
as |t| increases. Let w € O and tp := inf{t € R: f(f) = w}. Then fy is finite since w > f(0) and
f(t) = oo. Together, f(t)) = w € O and f~1(O) open imply the existance of 6 > 0 such that for
t € (to—0,to +0), f(t) € O. But, f(t) € O implies f'(t) > 0. Therefore, f(t) < w for t € (to — o, to)
and thus, since f(t) — oo, there exists t < ¢y such that f(t) = w, a contradiction.

We have shown that there is a dense subset U C (—co, u] with U € A(P). Hence (—oo, u] C A(P).
Next, observe that sup Re P(x, &) = u and thus, A(P(x, hD)) ({Imz = 0} = (—oo, u] as desired.

To finish the proof, we need only show that ¢;(x) escapes every compact set. Suppose the
flow at xj exists for all t € R. Define h(t) := p(¢(xo)). Then dih = [Vp[> > ¢ > 0 and we have that

h — too ast — +oo. But, p € C* and is therefore bounded on every compact set. Thus, ¢;(xo)
escapes every compact set as f — *oo.

Now, suppose the flow at xg is not global. Then, ¢;(xp) is an integral curve of i(Vp, D) with ¢
domain a proper subset of R. Thus, as proved in [9, Lemma 17.10], ¢¢(xo) escapes every compact
set. O

Putting this together with our discussion of the spectrum of P(x, hD), we have that for 0 < u
and p as in (1.4), although Spec(P) is bounded away from Rez > 0, A(P) nontrivially intersects
Rez > 0.

For the specific case, V(x) = |x|?, and Vp constant with [Vp| = 1, the above argument gives us
that

spec (P(x, hD)) = {—(Zn +Dh+ (- i) n> 0}.
In addition, the pseudospectrum is given by,

A (P(x,hD)) = {z :Rez < —(Imz)? + y}.

We see that for i > 1, the spectrum interesects the right half plane and so instability of u = 0 is
a classical result. However, for 0 < u < %, the spectrum is bounded away from the Rez > 0 and

only the pseudospectrum enters the right half plane. Yet, in the regime 0 < u < 1, we will show
that u = 0 is unstable and, moreover, for arbitrarily small initial data, the solution blows up in
finite time.
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Ficure 2. We see that the spectrum of (1.5) (blue dots) is bounded away from
Rez = 0, while the pseudospectrum (shaded region) enters the right half plane.
The region for which we prove blow-up corresponds to the dashed red line.

3. ONE DiMENSIONAL QUASIMODES

We proceed by constructing quasimodes for operators in the one dimensional case with
i{Vp,D) = dy. We implement WKB expansion for the quasimode following the method used
in [3]. Let

(3.1) P(x,hD) := — (hD,)* + ihDy + V,

where V € C* and V may be complex.

Remark. The following theorem is a special case of general theorems about quasimodes [5,
Theorems 2 and 2’]. For the reader’s convenience we present a direct proof in the spirit of Davies

[3].
Theorem 2. Suppose that P(x, hD) is given by (3.1) and that
z= =& +i& + V(x),
where x satisfies the condition that
Re V' (x9) > 0.
There exists an h—dependent function ¢ € C°(R), such that ||pl|l;> = 1 and
I(P(x, kD) = 2)ll2 = O(h™).

In addition ¢ is microlocalized to (xo, o) in the sense that for every g € CZ(R" X R") vanishing in a
neighbourhood of (xo, &o),

llg(x, kD)@l 2 = O(h™).
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When V is real analytic than we can find ¢ such that
I(P(x, hD) — z)@ll;» < Cexp(-1/Ch).
Proof. Let x € CZ(R) with x(x) = 1if |x| < 6/2 and x(x) = 0 if |x| > 6 where 6 will be determined
below. Define f := exp(iy/h)a(x) where

N-2

a(x) = Z ()™

m=0
Finally, let g(xo + x) := x(x)f(x) for all x € R.
We will find appropriate a,, and 1 in what follows. First, by a simple computation

N
(P(x,hD) —z) f = (Z B qu] L
m=0

where ¢, are inductively defined by
Om = (=@ )2+11,b +V =2y, +iY a1 + QY +D)a,_, +a,_,,

where we use the convention that a,, = 0 form > N -2 or m < 0. Now, we set ¢,, = 0 for
0 <m < N - 1. Given that 6 is small enough, this will enable us to determine all a,, as well as 1.

Observe that, using the condition, ¢9 = 0, we obtain
Y-y =V -z
Now, letting z = —5(2) + 1o + V(x0), we have a complex eikonal equation
i\ i\
(¢' - E) = V(xo +x) = V(xp) + (go - 5) .

Then, letting ¢ = ¢ — x, we have
12

P = fo x(V(xo+t>—V<xo>+(<sO—i))

- [t e

- (o e o 2] veom o)

172
(V(xg +t) — V(XO))) dt

and hence

Y =Eox + V' (x0)x> + O(x3).

Now, we have assumed that Re V’(xp) > 0. Therefore there exists y > 0 such that

yx? < Tm(x) < 3yx?
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for all small enough x and h. Also, for x and & small enough
0:= iy +1)7!

satisifies |0(x)| < . We choose 6 > 0 small enough so that these conditions both hold for 0 < h < §?
and |x|] < 0.
The condition ¢,,+1 = 0, implies
a, = -0 an+a,_,)
with the convention that a_; = 0 and initial conditions,
ap(0)=1, a,(0)=0, m>D0.

Putting G(x) := fox ip"” (y)0(y)dy we obtain ag = exp(—G(x)) and
(32) Ay (x) 1= —e 0 f CWO(y)ay (y)dy, m > 0.
0

Before proceeding to show exponential error for V analytic, we show O(hN) error for arbitrary
V. To complete the proof of O(hY) quasimodes, we need to estimate

l(P(x, kD) = 2)glIr2/1Ig]lr2-

Let C denote various positive constants that are independent of /# and x. Then,

512 5/2 -
f |f(x)Pdx > f e O =Cy
-5/2 -5/2

Sh=1/2/2 1/2
f ey 2t > f e O =Cpl 2t = Ch'l2,
—6h1/2)2 -1/2

Y

2
112,

(3.3)

Next, we compute

I (P(x, hD) — z) gllr2 2 fX" + 202 f' X' + hfx" + x(P(e, hD)f = zf)l 2
(3.4) RNFX N2 + 2020 X Mgz + BIEX Nz + WY xpne™ 2.

Thus, we need to estimate each of the norms. Note that x” and x”” have supportin {x : 6/2 < [x| <
0}. Thus, we have

IA

(3.5) IFXIE, < Cs f 2IC gy < I
0/2<|x|<6
Similarly,
(3.6) IF X1, < Ce™ 2, X I, < G/
L L

Next, observe that

0 Sh=1/2
2 2 _y2h—1 _ 2
PNl f 21+ Cx < ChPN |l f Ry
=6

IA

KN e,

IA

(37) Ch2N||¢N||2mf e—Zyx2+Chl/2dx < C(hN||¢N”L00)2 hl/2~
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Now, || < ¢ on {x : x| < 6}, uniformly for < 5%. Therefore, combining (3.4) with inequalities
(3.3), (3.5), (3.6), and (3.7), gives O(h") quasimodes for arbitrary N. We then normalize to obtain
Q.

We will now assume that V(x) is real analytic and prove exponential smallness of the error.

Lemma 2. Let I = [-0,0] where 6 is a small constant. Suppose that o, T1, T2, and do are holomorphic
functions of z € Q and |to| > £ for some C > 0 where Q) is a neighborhood of I in C.

If dy, is defined inductively by

(3.8) dmi1(z) = f 72(0)d1(C) + 11(0)d},,(C) + T0(Q)dm(C)dy.
0
Then for some C; > 0, Co > 0and [-5,6] c Q C Q,
(3.9) sup |0Pdy| < CbF p1Ci i,
0]

Proof. Using integration by parts, we obtain that
dni+1(2) = T2(2)dy,(2) = 12(0)d;,(0) + (11(2) = T5(2))dm(2) + fo (73 (€) = T4 (Q) + 10(C)dm(C)dC.

Then, since 7; is holomorphic in Q) and infq [72| > % for some C > 0, we make the conformal
change of variables z — w where

dw _
Iz 72(2) L

Then, letting b,, = d,,(z(w)), we have

z(w)
& (bs1) (@) = O B(W) = 80(uobm)(0) + 3 (p0bu) (w) + &, fo p1(0O)b(0)dC

where po = (11 — 75)(z(w)) and p1 = (7)) — 7] + 70)12)(z(w)). Put Q) := {w : z(w) € Q}. Then, since
the change of variables was conformal, and 7;, i = 0,1,2, are holomorphic, we have that there
exists C, > 0 such that

9%, pila, < Cﬁ“pp fori=0,1
where we define |f|q := supg, |f| for a function f defined on Q.
We claim that for some C; > 0, Cop > Cp,
(Fubulo, < ChTHCIH (m 4+ p)"*P.

We prove the claim by induction. The holomorphy of by gives us the base case. We now prove
the inductive case.

By the inductive hypothesis, we have that
(3.10) 10 b, < CLP2CI m + p + 1L
Similarly,
(3.11) b (0)la, < CJ"'m™.
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Next, we prove similar estimates for o "0(pobm). By Leibniz rule, we have that

p
(3.12) 19 (pobu)lcr, = Z = ( e Y
Qu k=0
where
— P ! k +p—k
rk,m,p = Wk (m +p —k)m Pk
We claim that for 0 <k < §, Tkmp = Tp—kmp- 10 see this, we write this inequality as
KiGm + p— K™ > (0 — kP K + k™, for 0 <k < g
Putting x := % and y = ’%k, the inequality is equivalent to
KA+ > 1+ ), for0<x<y
which follows from the monotonicity of the function x (1+x) 1 + x).
Next, observe that, 0 <k <p -1,
Tk+1,m,p _pP- k (k + 1)k+1 (m +p- k— 1)m+p—k—1
Tomp — k+1 Kk (m +p — kym+vk
—k k m+p—k
p— (]_ + 1) 1-—- ;
m+p—-k-1 k m+p-—k
P=K_ tvamtm < pn,

m+pk1

where we use log(1 — x) < —x + %. Then, since for 0 < k < Z, Tkmp = Tp—kmp, We have

L+l E+1 k-1
1 (pobull, < 205 Y i, < 20K Y g [ ] e
k=0 k=0 1n=0
L+l . L+l b2
< 2C€+2C’1"+1 Z 10,mpe 2" < 2C§+2CT+1 Z 10,m,pe "
k=0 k=0
<

CI2CI (p + 2)rgmpe? < e2CHPCI m + p + 1)+
Therefore, there exists M; > 0 such that

(3.13) 195 (pobu)lar, < MiChT2CI (m 4 p + 1)+,

By analagous argument, there exists M, > 0 such that

z(w)
(3.14) o, fo p1(Q)bm(0)d

|8 ((Plng)bm) o < M2Cg+1c7171+1(m + p)m+p.

QZU
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Next, choose C; > Co (4 max(M;j, My, 1)) . Then, combining (3.10), (3.11), (3.13), and (3.14), we
have

105, b (W)l < CTCI*2(m + p + 1)L,
Then, since w — z is a change of variables independent of m which maps Q,, = Q and b,,(w) =
du(z(w)), we have
ldiml = |bm|Qw < COCTHmm.

Now, choose Q c Qwithinf{lz—(|:z€ Q, C€dQ)} > y > 0. Then, since d,, are holomorphic, we
apply Cauchy estimates to obtain

P duley < 7 Pplldmla <y Pp!CoCY im™,
O
We apply the lemma with d,,(x) := e“Wa,(x), 7o = =0, 11 := 260G, and 19 := O(G” — (G')?)

where 0 and G are given above. Analyticity of V implies that a9, 0, and ¢ are holomorphic in a
neighbourhood of I.

Then, putting 1/N = eC1h, using Lemma 2 and that 1 is real analytic, we have

sup [HNon|
x€[-6,0]

WNC(C,CY (N = DN+ 2G5V (N = DV + 6CCY (N - 2)N2)

IA

1
Cih

where C denotes various postive constants that are independent of N. Finally, combining (3.4)

with inequalities (3.3), (3.5), (3.6), (3.7), and (3.15) gives O(e_é) quasimodes. We then normalize
g to obtain ¢. ]

(3.15)

IA

CHNCVNY < C(thN( ) )= CeN = Co

Now, applying this result to P;(x, hD), we obtain

1/2
2xot + 12
Y= f 50—— - = — | dt
(50-%)
forxo<Oandz:—£%+i50+y—xé.

4. INSTABILITY

Our approach to obtaining blow-up of (1.1) will follow that used by Sandstede and Scheel in
[11]. We will first demonstrate that, from small initial data, we obtain a solution thatis > 1 on a
deformed ball in time #; = O(1). We will then use the fact that the solution is > 1 on this region
to demonstrate that after an additional t, = O(h), the solution to the equation blows up.

First, we prove that there exists initial data so that the solution to (1.1) is > 1 in time O(1).
Recall that ¢; denotes the flow of i(Vp, D).
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Ficure 3. We set i = 1072 and see that the difference between the solution to (1.1)
with initial data a quasimode with error O(h?) (red line) and the solution with
initial data a quasimode with error O(h?) (blue dots) is negligible. Thus, by using
O(h®) error quasimodes, we have not introduced large error into our numerical
calculations.

Lemma 3. Fix y > 0, a < i, 0 < € < %(y —a), and (xg,a,0) € RY x R x R* such that both
@1(B (x0,2a)) C V7O, u — a — €] for t < & and ¢ is defined on B (xo, 2a) for 0 < t < 25. Then, for each

0<h<hg

where hy is small enough, there exists

1
() >0, Jluolier < exp (‘@) p=0,1,.

and 0 < t; < 0 so that the solution to (1.1) with initial data ug satisfies u(x, t1) > 1 on x € @, (B(xo, 2)).

Proof. Let v solve

4.1) (hdy — P(x, hD))v = 0, v(x, 0) = vy.
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Ficure 4. We show a numerical simulation u(t) of the evolution of (1.1) with
a quasimode at imaginary energy as initial data. Specifically, we set h = 1/193
and use a quasimode with eigenvalue z = 11—6 + —=. The real part is shown in

4V2
the top graph and the imaginary part in the bottom graph. We see that although

subsolution methods do not apply to these quasimondes, blow up still occurs in
time ~ 0.35.

Let wp : R? - R and define O := {x : wp > 0}. We make the following assumptions on wy,

1
(42) w20, woller < exp(-;), w0 € C(RY)
— 0
(4.3) wo € C*(0), supp wo C B(xp,2a), wo > exp (_E) on B(xg,a),
(4.4) dO is smooth, —Awg(x) < Cwy(x) —pforx € Oand 0 < h < hy.

where C*(0O) are smoothly extendible functions on O. We will construct such a function at the
end of the proof.
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Define w : [0,26) x R? — R by

e exp (%t) wo(@(x)) where ¢y is defined
0 else.

Since supp w C B(0,2a) and ¢y is defined on B(0, 24) X [0,20), w is continuous. We proceed by
showing that w is a viscosity subsolution of (4.1) in the sense of Crandall, Ishi, and Lions [2].

First, we show that w is a subsolution on O; := ¢;(O) for t < 0.

hw; — P(x,hD)yw = hw; — h*Aw — ih{Vp, Dyw — pw + V(x)w
(@ — u+ V(x)w - h*Aw

exp (%t) ((a =+ V(x))wp) — F*Aw

IA

Now, by Taylor’s formula, ¢;(x) = x + O(t). Hence —A [wo(@:(x))] = —Awo(x) + O(t). We have
t <6, and —Awy < Cwp —  on O. Therefore, for 6 small enough, —Aw < Cwy. Hence, for 1 small
enough independent of 0 < 6 < 0p,

hw; — P(x, hD)w < exp (%t) (a -u+ Ch? + V(x)) wo
Now, since for some € > 0 and t < 6, supp w C V[0, u — & — €] we have that
hw; — P(x, hD)w < exp (%t) (CH2 - ew <0

for h small enough. Thus, w is a subsolution on Oy for t < 6. Next, we observe that on (le \ a),
w = 0 and hence is a subsolution of (4.1).

Finally, we consider dO; := ¢;(dO). We have that dO; is smooth. If iy € JO; and w is twice
differentiable at yo, then w; = (Aw)(yo) = (Dw)(yo) = w(yo) = 0 and w is clearly a subsolution to
(4.1) at yo. Let yo € dO; be a point where w is not twice differentiable. Suppose that ¢ € C2 such
that w — ¢ has a maximum at yo.

We take paths through vy to reduce to a one dimensional problem. For any path y : [ - RxR?
with (0) = (¢, yo), define 1, (s) := w(y(s)) and ¢, (s) := P()(s)). Since w is nonnegative, continuous,
smooth on Oy, and extends smoothly from O to a function on RY forall < §, h;/ 4 = limg_,o+ h; (s)
and h;_ = limg—0- h;/(s) exist. Simlarly, h;’ . and h;/’_ exist. Therefore, since w — ¢ is maximized

at yo, hj,, < ¢7,(0) < h),_. Now, since w is not twice differentiable at yo, either there exists y such
that /1, is not differentiable at 0 or w is differentiable at yo, but not twice differentiable.

Case 1: y(s) is a path through y, for which £, is not differentiable.
Then 1’ < I, and there exists no such ¢.

Case 2: w is differentiable at xy but not twice differentiable.
Then, for all y through o, go’y(O) = h’y(O) and (p;/’ 0) > max(h;,’ +,h;’_). Now, let y; be the
coordinate paths through xg with w(y;(t)) > 0 for 0 < t < 6. Then, since onw > 0, w is a
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subsolution of the linearized problem (4.1), we have

(hdrp — P(x, hD))(x0) hoyw — W2Ap — ih(Vp, Dyw — uw + V(x)w

hdsw — 12 (Z lim 1,

Thus, we have that w is a subsolution on dO;. Putting this together with the arguments above,
we have that w is a viscosity subsolution for (4.1) on t < 6.

IA

—i(Vp, Dyw — pw + V(x)w < 0.

Now, by an adaptation of the maximum principle found in [2, Section 3] to parabolic equations,
any solution, v to (4.1) with initial data vy > wp will have v > w for t < 4. But, since v > 0, 13 >0
and hence the solution u to (1.1) with initial data vy will have u > v > w for t < 6. Now, since for
t> %, w(x,t) > 1 on ¢¢(B(xp,a)), we have the result.

We now construct a function vy satsifying the assumptions, (4.2),(4.3), and (4.4). Let v; be the
ground state solution of the Dirichlet Laplacian on B(0,1) c R? i.e.

—Av1 = Av; on B(0, 1) Z’l|t93<o/1> =0.

Then, v; extends smoothly off of B(0,1) and has v; > 0 inside B(0, 1) (see for instance [7, Section
6.5]).

Let x € C*(B(0,1)),0 < x <1with y =10onB(0,1)\ B(0,1-¢) and supp x € B(0,1)\ B(0,1-2¢).
Then, define v, := Moy + [x(x)] (x> — 1) where M is large enough so that v, > 0. There exists such
an M since v; > 0 in B(0,1) and A > 0 imply that —Av; = Av; > 0 and hence, by Hopf’s Lemma,
d,v1 < 0 on dB(0,1) where v is the outward normal vector to dB(0, 1) (see for instance [7, Section
6.4]).

For |x| <1 — ¢, there exists C > 0 such that,
—Avy = AMuv; — [Ax ()] (Ix]* — 1) — 49y, x) — 2xd < AMuv; + C.
For |[x| £1-¢€,v; > 6. Thus, by increasing M if necessary, we obtain > 0 such that
—Avy < AMo; + C < 240, = B.
Now, for1 —€ < |x| <1,
—Avy = AMuv; —2d = A(vp — x> + 1) — 2d < Avs + A(2e — €%) — 2d.
Thus, for € > 0 small enough, there exists f > 0 such that

—Avy < Avp = B.
Finally, 34 € R, xg € RY, and C;,C, > 0 constants so that

oy = | C1E T s k= x0)) x € Bxo,0)
0 else

satisfies the conditions on wy.



16 J. GALKOWSKI

Remark 1. If a shorter time is desired, one may use initial data of O(h") to obtain the same result
in time O(h|log hl).

Remark 2. Notice that to obtain a growing subsolution it was critical that u > 0. This corresponds
precisely with the movement of the pseudospectrum of P(x, hD) into the right half plane.

Now, we will demonstrate finite time blow-up using the fact that in time O(1) the solution to
(1.1) is > 1 on an open region. The proof of theorem 1 follows

Ficure 5. We show simulations of solutions to the equation hu; = P;(x, hD)u with
h =1/193. The solution using a quasimode 1y with eigenvalue z = 11—6 and error
O(K?) as initial data is shown in the blue solid linse. The red dotted lines show
u(x, t) = up(x) exp (zt/h). We see that the solution to the linearized problem (4.1)
with quasimode initial data closesly approximates the exponential until t = 0.3

Proof. Let ug(x) and t; be the initial data and time found in Lemma 3 with (4, xo, 6) such that
¢; is defined on B(xo, a), ¢ (B (xp,a)) C V1o, %] for t € [0,0], and f; < 6. Then, u(x,t;) > 1 on
@t (B (xo, ).

Now, let ® € C7’(R) be a smooth bump function with ®(y) = 1on |yl < 1,0 < ® <1, supp
® c (-2,2),and @” < CP'/3 (one such function is given by e~/* for € > x > 0). Define y : R? —» R

by x(y) := CD(Za‘llyl).
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Next, let " = ¢s(xo + y) and let
oy, t) = x(uly’, b).
Then, we have that

hop = WP Av + po +0° = 2k%(Vx, Vu) — B Axu + (x — x°)u® — V().
Finally, define the operations, [f] and [f, g] by

= d d ,q] = , dy.
f fg(o,a>f(y) y and [fg] J[B (), gy

(0,2)
Then, we have that
Hole = WMol + ulo] + [0°] - 12 [Ax, u] = 202 [V, Vul + [x = 2, %] = [V(y), o]

(4.5) > ulo] + [0+ B2 [Ax, ul + [x - x°| - [V(Y), 0]
Here, (4.5) follows from integration by parts, the fact that Vx = 0 at |y| = 2 and that

f Av = C—fl Vo-v=0.
B(0,4) a“ Jop(0,a)

1
We will later need that [0°] > [v]>. To see this use Holder’s inequality with f = wcs (a)‘%’,

2
g= cS(a)‘z?d, p =3,and g = 3 to obtain

iate vey .\
[0] = fB Tdddé > ( f a—dddg) = [o]°.
(0,2) B(0,a)

Next, we will estimate [Ay, u]. Observe that

a “1/q _
[Ax,u] = fou < if (MQD’(Za_lr)+4a‘2®”(2a_1r))f u(r, p)dSdr
Ca Jo r 9B(0,7)
(4.6) < C f (@2 + @' f u(r, p)dSdr
0 9B(0,2)
4.7) < Cf)(l/3uSC)((1+)(u3)SC’+Cf)(u3

where C” and C do not depend on h. Here (4.6) follows from the fact that for any function ® > 0,
@' < ®/2 and that @ = 0 near r = 0. (4.7) follows from 0 < ® < 1.

Now, we have

Mol = ulol+ [©°]+ 1 [Ax,ul + [x - 10| - [V(), 0]
> ufo] +[0*] - O(?) + [(1 - O)x - 1] - [V(y), 0]
(4.8) > plo] + [0°] - O() - O()[°] - [V(y), 0]
(4.9) > plo] + (1 - O[] - O() - [V(y'), 7]

Here, (4.8) follows from the fact that x < 1 and (4.9) follows for k < 1 since [0*] > [v]°.
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Now, on t < 6, we have V(1) < % Thus, for 0 <t < 6,
ol > Slol + (1 - OUP)[oP - 00

We have that [0](t1) > 1/4 and p > 0. Therefore there exists > 0 such that, for 1 small enough
and ) <t <t +y,
ol = Efol + 2 (0P
4 2

But, the solution to this equation with initial data [](0) > 1/4 blows up in time t, = O(h). Hence,
so long as t; +t, < min(d, t; + ) and h is small enough, [v] blows up in time t; + t,. Observe that
since t; < 0,0 < t; +tp = t; + O(h) < min(6, t1 + ) for h small enough. Thus, the solution to 1.1
blows up in time O(1). m|

Remark. A similar result holds for polynomially small data with blow up in time O(h|log hl).

5. NUMERICAL SIMULATIONS

We expect that the instability of (1.1) is related to the presence of pseudospectrum in the right
half plane. In fact, using numerical simulations for (4.1) based on code from [8] with P as in (1.5),
(see Figure 4) we are able to demonstrate that the the solution with a quasimode for a positive
eigenvalue as initial data closely approximates an exponential. Based on these results we expect
that a proof of blow-up using quasimodes will allow the results of Theorem 1 to be extended to
complex energies and wider classes of operators.

All simulations were run in 1 dimension with y = %. Unless otherwise stated, all quasimodes
are constructed with errors of O(h3).
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