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ABSTRACT: Holographic quantum error correcting codes (HQECC) have been proposed
as toy models for the AdS/CFT correspondence, and exhibit many of the features of the
duality. HQECC give a mapping of states and observables. However, they do not map
local bulk Hamiltonians to local Hamiltonians on the boundary. In this work, we combine
HQECC with Hamiltonian simulation theory to construct a bulk-boundary mapping be-
tween local Hamiltonians, whilst retaining all the features of the HQECC duality. This
allows us to construct a duality between models, encompassing the relationship between
bulk and boundary energy scales and time dynamics.

It also allows us to construct a map in the reverse direction: from local boundary
Hamiltonians to the corresponding local Hamiltonian in the bulk. Under this boundary-to-
bulk mapping, the bulk geometry emerges as an approximate, low-energy, effective theory
living in the code-space of an (approximate) HQECC on the boundary. At higher energy
scales, this emergent bulk geometry is modified in a way that matches the toy models of
black holes proposed previously for HQECC. Moreover, the duality on the level of dynamics
shows how these toy-model black holes can form dynamically.
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1 Introduction

The AdS/CFT correspondence is a postulated duality between quantum gravity in (d + 1)-
dimensional, asymptotically anti-de-Sitter (AdS) space, and a conformal field theory (CFT)
defined on its d-dimensional boundary [1]. It has provided insight into theories of quan-
tum gravity, and has also been used as a tool for studying strongly-interacting quantum
field theories. Recently it has been shown that important insight into the emergence of
bulk locality in AdS/CFT can be gained through the theory of quantum error correcting
codes [2]. This idea has been used to construct holographic quantum error correcting codes
(HQECC) [3-9], which realise many of the interesting structural features of AdS/CFT.

Holographic quantum codes give a map from bulk to boundary Hilbert space, hence also
from observables in the bulk to corresponding boundary observables. But the AdS/CFT
correspondence is also a mapping between models, not just between states and observables;
it relates quantum theories of gravity in the bulk to conformal field theories in one dimension
lower on the boundary. For holographic code models, this means realising a mapping
between local Hamiltonians in the bulk and local Hamiltonians on the boundary.

Since holographic quantum codes give a mapping from any bulk operator to the bound-
ary, one can certainly map any local bulk Hamiltonian to the boundary. But this gives a
completely non-local boundary Hamiltonian, with global interactions that act on the whole
boundary Hilbert space at once. Local observables deep in the bulk are expected to map
under AdS/CFT duality to non-local boundary observables, so this is fine — indeed, ex-
pected — for observables. But a global Hamiltonian acting on the entire boundary Hilbert
space has lost all relation to the boundary geometry; there is no meaningful sense in which
it acts in one dimension lower. Indeed, for these toy models on finite dimensional spins, any
Hamiltonian whatsoever can be realised using a global operator. For the correspondence
between bulk and boundary models to be meaningful, the local Hamiltonian describing the



bulk physics needs to map to a local Hamiltonian on the boundary. For this reason, [3, 6-8]
study the mapping of observables and states in their construction, and do not apply it to
Hamiltonians.

By standing on the shoulders of the holographic quantum code results, in particular the
HaPPY code [3], and combining stabilizer code techniques with the recent mathematical
theory of Hamiltonian simulation [10] and techniques from Hamiltonian complexity theory,
we build on these previous results to construct a full holographic duality between quantum
many-body models in 3D hyperbolic space and models living on its 2D boundary. (We
focus on 3D /2D dualities for our explicit constructions, as the smallest dimension where our
simulation techniques can be applied, but the techniques extend to boundary dimensions >
2.) This allows us to extend the toy models of holographic duality in previous HQECC
to encompass local Hamiltonians, and in doing so enables us to say something about how
energy scales and dynamics in the bulk are reflected in the boundary. It also allows us
to explore the duality in the other direction: from boundary to bulk. This gives insight
into how the hyperbolic bulk geometry emerges as the geometry of a low-energy effective
theory, and how this effective bulk geometry gets distorted at higher energies.

The remainder of the paper is set out as follows. In section 2 we present our main result,
and give an overview of the proof. In section 3 we discuss the implications of our results,
including a toy model of black hole formation within these HQECC. The conclusions are
presented in section 4. The technical background and rigorous mathematical proofs of all
the results are given in section 5 and section 6, respectively.

2 Main results

In this paper we construct an explicit duality between quantum systems in 3D hyperbolic
space, H?, and quantum systems on its 2D boundary, which encompasses states, observ-
ables, and local Hamiltonians. The map is a quantum error correcting code, where the
logical Hilbert space is a set of ‘bulk’ qudits, which are embedded in a tessellation of H?.
The physical Hilbert space is a set of ‘boundary’ qudits, which lie on the 2D boundary of
H3. Every state and observable in the bulk/logical Hilbert space is mapped to a corre-
sponding state / observable in the boundary/physical Hilbert space. The error correcting
properties of the map means that it is possible to recover from erasure of part of the
boundary Hilbert space, as in previous HQECC toy models.

Under our mapping, any local Hamiltonian in the bulk is mapped approximately to a
2-local, nearest-neighbour Hamiltonian in the boundary (where a k-local Hamiltonian is a
sum over terms which each act non-trivially on at most k-qudits, and nearest-neighbour
means the interactions are only between neighbouring qudits). In the language of error
correction, this means that the code subspace of our quantum error correcting code is
approximately the low-energy subspace of a 2-local Hamiltonian Hyoundary, Where time
evolution in the code subspace is also governed by lﬁﬁooumkm,.]L

It is important to emphasise that, as in the case of tensor network constructions of
HQECC [3, 6-8], the duality we construct does not per se have anything to do with quan-

!Note that this result does not contradict recent results in [11, 12] regarding the incompatibility of
continuous symmetries and quantum error correction, as our Hyoundary contains high-weight terms.



tum gravity. It gives a holographic duality for any local quantum Hamiltonian, not specif-
ically Hamiltonians modelling quantum gravity. However, this duality does exhibit some
of the structural features of the AdS/CFT correspondence. Notably, entanglement wedge
reconstruction and redundant encoding are seen in the construction. The Ryu-Takayanagi
formula is also approximately obeyed for connected bulk regions.?

Therefore, one natural application of this construction is to toy models of the AdS/CFT
correspondence. This requires choosing a bulk Hamiltonian, Hyyk, which models semi-
classical gravity. Applying our holographic duality to this particular choice of bulk Hamil-
tonian, the time dynamics and energetic properties of the toy model do then exhibit certain
of the features expected of AdS/CFT, in addition to the static features inherited from the
underlying HQECC construction (see section 3 for details). However, this toy model cer-
tainly does not capture every aspect of AdS/CFT duality. In particular, the boundary
model we obtain is not a conformal field theory or Lorentz-invariant. And it is constructed
for non-relativistic quantum mechanical systems in Euclidean space, in which time appears
as an external parameter, not relativistic quantum systems in Minkowski space. We make
no attempt in this work to understand whether AdS space can be embedded in some suit-
able way into H3. (Indeed, a more fruitful approach for future research is likely to be to
apply the techniques we have developed in AdS space, rather than attempting to use the
duality on H? directly.)

A complete toy model of AdS/CFT duality would have to address these and many
other aspects, as well as incorporating gravity more fully. Our holographic duality is one
more step towards such a toy model, going beyond previous HQECC constructions, but as
yet still a long way short of a full, mathematically rigorous construction of AdS/CFT.

2.1 Rigorous statement of the result

Our main results are encapsulated in the following theorem:

Theorem 2.1. Let H® denote 3D hyperbolic space, and let B,(x) C H?® denote a ball of
radius r centred at x. Consider any arrangement of n qudits in H? such that, for some
fized r, at most k qudits and at least one qudit are contained within any By(x). Let L
denote the minimum radius ball Br,(0) containing all the qudits (which wlog we can take
to be centred at the origin). Let Hyax = ), hz be any local Hamiltonian on these qudits,
where each hy acts only on qudits contained within some By(x).

Then we can construct a Hamiltonian Hygundary 01 a 2D boundary manifold M € H3
with the following properties:

1. M surrounds all the qudits, has diameter O ( max(1, M)L—}—log log n) , and is home-

T

omorphic to the Fuclidean 2-sphere.

2. The Hilbert space of the boundary consists of a triangulation of M by triangles of
O(1) area, with a qubit at the centre of each triangle, and a total of O (n(log n)4)
triangles/qubits.

2All these features are inherited from [3], which our construction builds on.



3. Any local observable/measurement M in the bulk has a set of corresponding observ-
ables/measurements {M'} on the boundary with the same outcome. A local bulk
operator M can be reconstructed on a boundary region A if M acts within the greedy
entanglement wedge of A, denoted E[A].3

4. Hyoundary consists of 2-local, nearest-neighbour interactions between the boundary
qubits. Furthermore, Hyoundary can be chosen to have full local SU(2) symmetry; i.e.
the local interactions can be chosen to all be Heisenberg interactions: Hypoundary =
X iy i (XiXG +YiY5 + ZiZj).

5. Hpoundary 5 a (Ar,e€,n)-simulation of Hyux in the rigorous sense of [10, Defini-
tion 23], with e,n = 1/poly(Ar), AL = Q(HHbulk”6>, and where the interaction

strengths in Hpoundary Scale as max;; o] = O(AEOly(n log(n))).

This result allows us to extend toy models of holographic duality such as [3, 6-8] to
include a mapping between local Hamiltonians. In doing so we show that the expected
relationship between bulk and boundary energy scales can be realised by local boundary
models. In particular, in our construction toy models of static black holes (as originally
proposed in [3]) correspond to high-energy states of the local boundary model, as would
be expected in AdS/CFT.

Moreover, in our toy model we can say something about how dynamics in the bulk
correspond to dynamics on the boundary. Even without writing down a specific bulk
Hamiltonian, we are able to demonstrate that the formation of a (toy model) static black
hole in the bulk corresponds to the boundary unitarily evolving to a state outside of the
code space of the HQECC, as expected in AdS/CFT (see section 3.3 for details).

Finally, the Hamiltonian simulation construction allows us to derive the mapping in
the other direction. Given any local boundary Hamiltonian, one can derive a correspond-
ing bulk Hamiltonian using rigorous formulations of perturbation theory. Constructing
boundary-to-bulk mappings is an important goal of full AdS/CFT, where the boundary
CF'T is better understood, and one of the aims is to understand properties of quantum grav-
ity in the bulk which are less well understood. Our results are a small step in this direction,
though as emphasised above they are still a very long way from a full AdS/CFT model.

2.2 Proof overview

To construct the bulk/boundary map between Hilbert spaces, observables and local Hamil-
tonians described by theorem 2.1, we combine new tensor network constructions of HQECC
inspired by [3], with techniques originally developed in Hamiltonian complexity theory. The
key ingredient that allows us to construct bulk/boundary mappings that preserve locality
of the Hamiltonians are generalisations of so-called “perturbation gadgets”, which were
originally developed to prove computational complexity results, together with the recently

3The entanglement wedge, £4 is a bulk region constructed from the minimal area surface used in the
Ryu-Takayanagi formula. It has been suggested that on a given boundary region, A, it should be possible
to reconstruct all operators which lie in €4 [13]. The greedy entanglement wedge is a discretised version
defined in [3, Definition 8]



(a)

Figure 1. (a) The interaction graph of a Hamiltonian, H, consisting only of two body interac-
tions, whose low-energy effective Hamiltonian approximates to high accuracy the 3-body interaction
depicted in (b). The white vertex in (a) represents an ‘ancilla qubit’ — these don’t appear in the low-
energy effective Hamiltonian as they are projected into a one-dimensional subspace in this regime.

1

Let H = A% EAXD | (AT+BH8C A% (c ® 1) (1], + %) and let Hog = AQ BRC. If

we restrict to the subspace with energy below A, Heg ~ H up to errors of order %. (More precisely:
|[H|a — Hegt|| < %.) The perturbation gadgets used to construct this effective Hamiltonian were

developed in [16].

developed theoretical framework of analogue Hamiltonian simulation [10] which allows us
to show that these give rise to a full duality between the bulk and boundary physics.

“Perturbation gadgets” give a mathematically rigorous version of a concept that is well
known in theoretical physics by other names. The quantum many-body models that are
studied in condensed matter physics are understood to be effective theories that approx-
imate the correct physics at low energies. For example, the Born-Oppenheimer approxi-
mation assumes the motion of atomic nuclei can be treated independently of their electron
clouds, allowing effective models of just the electronic structure of molecules and materials
to be derived by assuming the nuclei locations are fixed. These effective models are accu-
rate at low energies. Similarly, since Wilson’s seminal work [14, 15], quantum field theories
in high-energy physics are believed to be effective, low-energy theories that emerge from
some deeper, underlying model. In atomic and optical physics, one frequently performs
perturbation expansions to some finite order to derive effective interaction Hamiltonians.

Perturbation gadgets apply the same general idea to build up Hamiltonians out of
one type of interaction, that give rise to low-energy effective Hamiltonians composed of
a different type of interaction. The main difference to the standard perturbation theory
taught at undergraduate physics is to keep track of rigorous bounds on the approximation
errors, rather than to simply truncate a perturbation series at finite order. A typical
example of such a gadget is the Hamiltonian depicted in figure 1, which consists only of
two-body interactions, but whose low-energy effective Hamiltonian approximates to high
accuracy a many-body interaction.

In our result, we use similar perturbation gadget methods to show that the highly
non-local Hamiltonian that results from mapping a bulk Hamiltonian to the boundary
using tensor network constructions, can be approximated to arbitrarily high accuracy as
the emergent, low-energy effective Hamiltonian arising from a two-body, nearest-neighbour,
local Hamiltonian on the boundary. The Hamiltonian simulation theory developed in [10]
allows us to prove that this approximates the entire physics of the bulk.



Ref. [3] constructs a HQECC by building a tensor network composed out of perfect
tensors, arranged in a tessellation of hyperbolic 2-space by pentagons. This gives a map
from 2D bulk to 1D boundary. However, the perturbative Hamiltonian simulation con-
structions of [10] only work in 2D or higher, which means we require at least a 3D bulk
and 2D boundary.? We must therefore generalise the holographic tensor network codes
to a space with a > 2D boundary — so a > 3D bulk — as a first step. As it is the
smallest dimension in which our techniques work, we focus on constructing explicit 3D /2D
dualities. But the techniques we have developed readily extend to any boundary dimen-
sion > 2. When working in H? it is possible to use the Poincare disc model to visualise
the tessellations and determine their properties. However, in H? this is more difficult, and
generalising the HQECC to 3D and higher requires a more systematic approach. We use
hyperbolic Coxeter groups® to analyse honeycombings (higher-dimensional tessellations)
of H3. (These techniques also generalise beyond 3D.) A Coxeter system is a pair (W,.5),
where W is a group, generated by a set S C W of involutions, subject only to relations
of the form (s;s;)™¥ = 1 where my; =1, my; € (N\ 1) U {oo} for i # j. Coxeter groups
admit a geometric representation as groups generated by reflections. Associated to every
hyperbolic Coxeter system is a Coxeter polytope P C H? where P tessellates HY. All
of the properties of the tessellation can be determined directly from the Coxeter system
(W, S) using combinatorics of Coxeter groups. For example, we use the Coxeter relations
to prove that the boundary of the HQECC is homeomorphic to the Euclidean 2-sphere.

Generalising the method in [3], we construct tensor networks by taking a Coxeter sys-
tem (W, S) with Coxeter polytope P C H?, and placing perfect tensors in each polyhedral
cell of (a finite portion of) the tessellation of H? by P. Each perfect tensor in the interior
of the tessellation has one free index, corresponding to a bulk qudit; the other indices
are contracted with neighbouring tensors. Tensors at the outer edge can be shown, again
using the Coxeter relations, to have between {%1 and ¢ — 2 additional free indices (where
the perfect tensor has a total of ¢ indices), which correspond to qudits on the boundary.
We can show that if the tessellation of H? associated to a Coxeter system (W, S) has the
properties required for a HQECC, then the associated Coxeter polytope P has at least 7
faces, which means we require perfect tensors with at least 8 indices. There are no qubit
perfect tensors with > 6 indices [17-19], so we must use qudit perfect tensors.

In order to later generate a local boundary model using perturbation gadgets, we need
the tensor network to preserve the Pauli rank of operators. (As we are working with
qudits rather than qubits, we mean generalised Pauli operators on qudits, rather than
qubit Paulis, and we choose prime-dimensional qudits.) We use perfect tensors which
describe qudit stabilizer absolutely maximally entangled states (AMES), constructed via
the method in [20] from classical Reed-Solomon codes. Using properties of stabilizer groups,
we show that tensor networks composed of these qudit stabilizer perfect tensors preserve
the generalised Pauli rank of operators.

4The simulation techniques from [10] cannot be used in 1D as they require a 2D interaction graph. See
appendix F for details of the interaction graphs involved.

5Coxeter groups were previously used in [8] to describe tensor networks in H? for toy models of holo-
graphic dualities.



This Coxeter polytope qudit perfect tensor network gives a HQECC in H®. The non-
local boundary Hamiltonian is given by Héoundary = H' + AgHg, where Hg is zero on
the code-subspace of the HQECC and at least one on its orthogonal complement, V is
the encoding isometry of the HQECC and H’ satisfies VHp Vi = H'Tl; = H'VV1S
Comparing with the classification of Hamiltonian simulations in [10], this mapping is an
example of a simulation. (In fact, a perfect simulation in the terminology of [10].)

In order to construct a local boundary Hamiltonian we first determine the distribution

of Pauli weights of the terms in H from the properties of the Coxeter system.

oundar,
We then use perturbation gadgets to reducey the boundary Hamiltonian to a 2-local planar
Hamiltonian. This requires introducing a number of ancilla qudits in the boundary system.
The techniques we use follow the methods from [16], however the perturbation gadgets
derived in [16] can’t be used in our construction as the generalised Pauli operators aren’t
Hermitian. We therefore generalise those to qudit perturbation gadgets which act on
operators of the form P4 + P;rl, where Py € G, p. These gadgets meet the requirements
in [10, 21] to be perturbative simulations. Finally we use simulation techniques from [10]
to simulate the planar 2-local qudit Hamiltonian with a qubit Hamiltonian on a triangular
lattice with full local SU(2) symmetry. (The full technical details and proof are given in
section 6.1.6.)

3 Discussion

3.1 Main result

In our bulk/boundary mapping, local Hamiltonians in 3D hyperbolic space, H?, are mapped
to local Hamiltonians on its boundary. At first glance this may appear to be at odds with
the bulk reconstruction expected in AdS/CFT, where observables deep in the bulk are
expected to map to non-local observables on the boundary CFT. However, while the local
simulation in our construction ensures that the boundary Hamiltonian is local, it does not
affect the locality of observables. As in the HaPPY code, observables deep in the bulk in
our construction map to observables which require a large fraction of the boundary to be
reconstructed, while observables near the boundary of the HQECC can be reconstructed
on smaller fractions of the boundary (see point 3 from theorem 2.1 for details). This
includes local Hamiltonian terms in the bulk when viewed as energy observables. For
a local Hamiltonian term deep in the bulk, the corresponding energy observable on the
boundary is not a single local term in the boundary Hamiltonian, but is made up a sum
over many local terms acting across a large area of the boundary.

Point 1 from theorem 2.1 demonstrates that the boundary surface in our construction
really is a boundary geometrically. The radius of the boundary surface is at a distance
loglogn from the n bulk qudits. In section 3.4 we compare this with the spherical and
Euclidean case.

Point 4 from theorem 2.1, which follows immediately from work in [10], says that we can
always choose that the boundary Hamiltonian in our holographic duality has full local SU(2)
symmetry. This hints at the possiblity of systematically incorporate local symmetries into

GH{)()undary is not unique, as expected in AdS/CFT



the construction, such as gauge symmetries.Doing so would involve tailoring our general
construction to specific bulk models of interest, which is an intriguing possibility that we
leave to future work.

Finally it is worth commenting on the energy scales in the construction. There are
two large energy scales. The first, Ag, is the energy penalty applied to boundary states
which violate stabilizers of the HQECC. Above this energy scale, the geometry of the
corresponding tensor network in the bulk is modified in a way that corresponds to toy
models of black holes proposed previously [3]. We discuss this more fully in section 3.3.
The second, Ay, is the energy scale at which the local simulation of point 5 from theorem 2.1
breaks down. At energies above Ay, there is no longer any meaningful duality between bulk
and boundary.

3.2 Boundary to bulk mapping

So far throughout this paper we have considered the tensor network as a map from bulk
to boundary. But one of the holy grails of AdS/CFT is to construct a mapping in the
opposite direction: from boundary to bulk, as that opens up the possibility of studying
bulk quantum gravity via the better-understood boundary CFT. Our construction allows
us to construct a toy model of such a boundary-to-bulk mapping.

Consider the boundary Hamiltonian Hygundary dual to some k-local bulk Hamiltonian
Hyuik on npyii qudits, from theorem 2.1. Whatever the form of Hyyk, Hpoundary can always
be decomposed in the form:

Hioundary = ALHy, + AgHg + Hyy (3.1)

where Hy, = ), , Hyo contains 1-body terms which act exclusively on the ancilla qubits A,
with interaction strengths > Ay (these arise from the perturbation gadget techniques); Hg
contains all the terms arising from the perturbative simulation of the stabilizer Hamiltonian
Hg (apart from the 1-body terms already included in Hy); and ﬁbulk contains all the
remaining terms arising from the perturbative simulation of Hpy (again, apart from the
1-body terms included in Hy,).
Let:
ngneric = ALI—-[L + AS-FIS, (32)

which is the boundary Hamiltonian dual to the zero Hamiltonian in the bulk. We can

recover a geometric interpretation of the bulk from eq. (3.2). Consider decomposing

Hgeneric| a,, into subspaces H,, of energy (n —1/2)Ag < E < (n+ 1/2)Ag for n € N
2

such that F < %. Note that lemma 6.9 and the fact that Hg is a simulation (defini-

tion 5.2.3) of Hg, Hgeneric|a, is block-diagonal with respect to the Hilbert space decom-
2
position Hyoundary = ,, Hn-
A boundary state [¢)y,undary
the bulk geometry of an unperturbed tensor network. This subspace Hg is precisely the

with support only on the subspace Hy corresponds to

image of the isometry defined by the full tensor network. Thus the bulk state [}, dual
to ]1/1>b0undary can be recovered by applying the inverse of the encoding isometry Vj for the

unbroken tensor network: [1) . = VOT %) boundary -
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(a} No tensors removed (b) Central tensor removed

Figure 2. (a) The pentagon code from [3]. Red dots indicate bulk (logical) indices, white dots
indicate boundary (physical) indices. (b) The pentagon code from [3] with the central tensor
removed. The indices from neighbouring tensors which were contracted with the central tensor are
now logical indices.

A boundary state |@b)b0undary € H,, with n > 1 corresponds to a bulk geometry where
one or more of the tensors in the network has been removed (see figure 2 for details).
To see this, note that a state on the boundary is in H,>; iff it has violated one of the
stabilizer terms of the HQECC (see lemma 6.9). In the bulk it isn’t meaningful to talk
about states violating stabilizer terms, as the stabilizers don’t act on the same Hilbert space
as the bulk indices. However, if a tensor is removed from the network, the stabilizer terms
associated with that tensor do act on the bulk indices of this modified tensor network.

Therefore, for any boundary state [1)) € H,, it is possible to determine whether it

boundar

is associated with a bulk geometry which con}‘;ains holes in the tensor network (n > 0), and
how many (n), by considering just Hgeneric. Moreover, if the bulk geometry does contain
holes, the location of holes can be inferred from which stabilizer terms in Hgeperic are
violated by |v)1,undary-
orthogonal, the subspace H,, corresponding to n holes in the bulk further decomposes into

Since (see lemma 6.9) states violating different stabilizer terms are

Hn = @, Hn,c, where the sum is over all configurations c of n holes in the tensor network.
The dual bulk state can be recovered by applying the inverse of the encoding isometry V, .
of the tensor network with holes in the appropriate locations: |¢), . = Vi 1) boundary -

By linearity, states |1)) with support across multiple subspaces @, €D, Hn,c
correspond to coherent superpositions of states with different bulk geometries, and the
dual state in the bulk can be recovered via: 1), = €D,, D. Vil ) boundary- All of this

also extends to observables and operators on Hyoundary in the obvious way.

boundary

A very similar analysis applies to general boundary Hamiltonians of the form eq. (3.1).
Hgeneric determines the subspace decomposition Hphysical = D, D. Hn, as before, which
is independent of ﬁbulk, giving exactly the same bulk geometric interpretation of states
in (and operators on) H|a, = Hphysical = €D,, D, Hn,c- The only new aspect is how to

2

recover the bulk Hamiltonian Hyy dual to Hpy.



If we consider jflbulk\ a,, all ancilla qudits are projected onto a one-dimensional sub-
space by ApHrp, so do n?)t appear. Thus the resulting Hamiltonian only acts on the
‘physical’ qudits in the boundary theory, Hpnysical- (L.e. the same Hilbert space as the
oundary = H' + AgHg obtained by pushing bulk inter-
actions and stabilizers through the tensor network, see section 2.2 for discussion, or Step 1
of theorem 6.10 for full details.)

We can make the relationship between this Hamiltonian and the bulk geometry explicit,

non-local boundary Hamiltonian H

by considering how it looks with respect to the Hilbert space decomposition Hphysical =
D, D. Hn,. For example, its action on the Hilbert space of the unbroken tensor network
is given by:
Hyuko = ‘/Oﬁbulkh-[o‘/oT (3.3)
For general fIbulk, the resulting Hy,yk,0 will not be have any particular local structure.
However, there do exist Hpyy that give rise to every k-local Hyyk 0. Indeed, we know ex-
actly what form the Hyulk corresponding to k-local Hyyk o take, because these are precisely
the Hamiltonians we constructed in theorem 2.1 going in the other direction! Moreover, if
we start with a Hypyx which is dual to a k-local Hyuik,0, and add weak terms coupling e.g.
Ho and Hi, then the resulting Hyy will have a Hyyi o as a low-energy effective theory
for energies < Ag. But it will now be possible for a state |¢)) € Hp to evolve to a state
lo) € H1 under the action of Hpy.

3.3 Black hole formation in HQECC

In [3] it was suggested that black holes can be incorporated into HQECC models of
AdS/CFT by removing tensors from the tensor network. Recall, if a tensor is removed
from the bulk then its one logical index is replaced by t — 1 logical indices, corresponding
to the indices that were previously contracted with the missing tensor (see figure 3).

This increases the code subspace of the boundary Hilbert space, and [3] suggested that
this can be interpreted as describing bulk configurations which contain a black hole. It
is noted in [3] that this model ensures that every boundary state is dual to a bulk state,
and that black hole entropy scales with area, as expected from the Beckenstein-Hawking
bound [22, 23].

This method of incorporating black holes into HQECC toy models of holography may
at first appear ad hoc and artificial. However, by extending the toy models of holographic
duality to encompass Hamiltonians, it emerges more naturally, and can also be extended
to toy models of black hole formation. Indeed, by considering the boundary dynamics dual
to black hole formation in the bulk, we will see that removing a tensor from the network
is the only way to preserve energy under unitary dynamics.

Consider a HQECC, with boundary Hamiltonian:

Hboundary = llgeneric + E[bulk (34)

where Hgeneric 18 as defined in the previous section. We will choose flbulk to ensure that
Hyk 0 is some local Hamiltonian which models semi-classical gravity, given by:

Hyuiko = Z hz (3.5)
Z
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Bl

(a) No black hole (b) Black hole

Figure 3. (a) The pentagon code from [3]. Red dots indicate bulk (logical) indices, white dots
indicate boundary (physical) indices. (b) The pentagon code from [3] with a central black hole. The
central tensor has been removed, and the indices from neighbouring tensors which were contracted
with the central tensor are now logical indices.

where the parameter Ag in Hgeneric satisfies: Ag > [|hz]|, but Ag < >, ||hz||. To see
that it is always possible to choose Hyy which gives Hyyik,o of this form, note that we
could push Hyyx o through the tensor network and construct such a Hpux. Here we are
allowing ourselves the freedom to add some additional perturbation to Hy k.

Consider the boundary state:

|¢1> = ®mzm |'¢)0> (3.6)

where 1) is the vacuum state (the ground state), A, = WTA,W is the boundary opera-
tor dual to some local bulk operator A,, and the tensor product is over O(n) boundary
operators, which correspond to bulk local operators acting on a shell of O(n) qudits near
the boundary.” This boundary state corresponds to a shell of matter in the bulk near
the boundary.

Each bulk local excitation will pick up energy, dg, from only a few of the local hy terms,
but the overall state will have large energy from summing over all these contributions. The
energy on the boundary is equal to the energy in the bulk theory, so we must have:

O(n)
<¢1| Hboundary W}l> = Z o = O(n(SE) (37)
=0

For suitably chosen Ag, the total energy of this configuration E(|¢1)) = O(ndg) > Ag.
However, the local operators A, are encoded versions of bulk operators, so acting on [t)
with A, will not take the state outside of the code subspace. Therefore, |11) is in the code
subspace of the HQECC.

"The hyperbolic geometry ensures that there are O(n) qudits in a shell near the boundary.
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The boundary will evolve under Hyoundary. The bulk time dynamics can be approx-
imated by Hpuk,o. This will lead to an error et that increases only linearly in ¢ [10,
Proposition 29]. So this approximation will be valid for sufficiently long times.

If we assume that under the action of Hy o this shell of matter collapses inwards
towards the centre of the HQECC (as would be expected from a Hamiltonian that models
gravity), then the bulk will unitarily evolve to a configuration where most regions are in a
low energy state (with respect to the Hamiltonians that act there), and most of the energy
comes from a few (O(1)) terms near the centre of the HQECC. Denote the boundary state
dual to this bulk configuration by [)2).

The evolution is unitary, so we must have that:

<7;Z)2| Hboundary |7/}2> = <¢1’ Hboundary |¢1> (38)

where (1| Hpoundary [1) = O(ndg) > Ag. The bulk must have the same energy as the
boundary. But the maximum energy the bulk could have picked up from O(1) hy terms is
given by:

o(1)
> Izl = O (|lhzll) - (3.9)
=0

By assumption Ag > [|hz||, so it is not possible for the bulk to pick up energy greater
than Ag from O(1) hz terms.

If we consider the boundary system, it is possible for the boundary to pick up energy
greater than Ag either from (the encoded version) of many hz terms, or by violating one
of the stabilizers of the HQECC. Since the bulk state dual to |¢)2) cannot pick up energy
from many hz terms, the only way for |¢2) to pick up energy greater than Ag is to violate
a stabilizer term.

Violating a stabilizer corresponds to picking up energy from the Hg term in the bound-
ary Hamiltonian. On the boundary it is clear that if we begin in a state inside the code
space with energy greater than Ag it is possible to unitarily evolve to a state which is
outside the code space and violates a stabilizer (provided that Hpux does not commute
with Hg — see discussion below).

In the undisturbed bulk geometry it is not meaningful to talk about violating a stabi-
lizer, as the stabilizers do not act on the same Hilbert space as the bulk logical indices. If,
however, one of the bulk tensors has been removed, as in the models of black holes from [3],
then the stabilizers corresponding to the removed tensor do act on the Hilbert space of the
t — 1 new logical indices, and it is meaningful to talk about these stabilizers being violated.

Therefore, the only way for the system to conserve energy under these dynamics is for
the tensor network corresponding to the boundary state to be ‘broken’; and for at least one
of the stabilizers corresponding to the missing tensor to be violated. This process therefore
predicts the dynamical formation of a toy model black hole as proposed in [3].

In order for this process to occur we must have:

[Hg, Hyux] # 0 (3.10)
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(If we had some ﬁ{aulk which commuted with Hg then there would be no coupling between
the code-space, C € Hpoundary, and the rest of the boundary, C e Hboundary- S0 it would
not be possible for |¢);) € C to unitarily evolve to |1) € C.)

In the bulk, eq. (3.10) implies that Hyykp is a low energy effective theory. The full
bulk Hamiltonian includes some coupling between Hg and H>; (where H,, is as defined in
the previous section). It therefore doesn’t act only on the logical indices of the unbroken
tensor network, and so the tensor network is always an approximation to the actual bulk
theory. Another recent paper which examined bulk geometries containing black holes also
showed that the bulk reconstruction in AdS/CFT is necessarily only approximate [24].

Eq. (3.10) also implies that the toy model black hole degrees of freedom will (in general)
be entangled with the rest of the tensor network. We can write the boundary Hamilto-
nian as:

Hyoundary|a, = He ® 1+ 1 ® Hg + coupling terms (3.11)
2

where eq. (3.10) ensures that the coupling terms are non-zero. Since the coupling terms are
non-zero, any boundary state which is separable across the C / C partition (equivalently,
any bulk state which is separable across the black hole boundary) is not a stationary state
of Hyoundary, SO separable states will always evolve to entangled states. Therefore, the black
hole degrees of freedom (if we trace out the rest of the tensor network) will always evolve
to a mixed state. Similarly, on the boundary tracing out part of the system will lead to a
mixed state. In this sense the black hole (and the equivalent state on the boundary) has
thermalized.

It also follows from this discussion that the toy models of black holes correspond to
high energy states on the boundary, which pick up their energy from a small number of
high energy terms in the Hamiltonian.

Therefore, with an appropriately chosen Hypui, we can model black hole formation
in our HQECC. No information is lost in this process (as the dynamics are unitary we
can always reverse them). But the isometry which takes bulk states to boundary states
will have changed, so the ‘dictionary’ for reconstructing the bulk state from the boundary
state will be different. In particular, the fraction of the boundary needed to reconstruct
an operator acting on the central bulk region will increase in the presence of a toy-model
black hole.

To see this consider a central black hole where one tensor is removed from the HQECC.
An operator which acts on the degrees of freedom representing the black hole acts on all
t — 1 of the logical indices, so will need to be pushed through all of the ¢ — 1 tensors at
radius 1 in the HQECC. In the absence of any black hole an operator acting on the central
bulk index could be reconstructed via pushing through just [%1 of the tensors at radius 1
in the HQECC. Thus the fraction of the boundary needed for bulk reconstruction of the
centre has increased.

Throughout this discussion we have concentrated on a black hole in the centre of the
bulk for clarity, but these qualitative conclusions apply equally well to black holes situated
at any point in the bulk.
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3.4 Other geometries

We have constructed a duality between quantum many-body models in H? and models
living on its 2D boundary, as a toy model for a duality between Anti-de Sitter space and
its boundary. From a cosmological perspective it would also be interesting to consider toy
models of dualities between positively curved / flat geometries, and their boundaries.

There is no reason to suspect that the error correcting properties of AdS/CFT should
be recreated in such dualities, so it is not clear that the error correcting code constructions
of HQECC will be relevant. However, the analogue Hamiltonian simulation theory from [10]
can be applied in any geometry. It follows immediately from the results in [10] that it is
possible to construct a duality between Euclidean or spherical geometry in dimension 3,
and a 2D ‘boundary’ surface. However, it is not clear whether such a ‘boundary’ surface
can be considered a geometric boundary in any meaningful sense.

In Euclidean geometry, results from [10] imply that in order to simulate n bulk qudits
in E? with a local boundary model requires O(poly(n)) boundary qudits. If we maintain
the density of qudits from the bulk on the boundary, this implies that if the bulk qudits
were contained in a ball of radius R, then the boundary surface would be at a radius
R’ = O(R + poly(n)). So the distance between the bulk qudits and the boundary surface
would increase polynomially with n.

The situation in the positively curved case is worse. S? is finite, so the boundary
surface required to simulate n qudits which lie in S® might not itself lie in S3. Therefore,
while it is possible to construct a duality between E? or S? and a 2D surface, it is not clear
whether such a duality could be considered a bulk / boundary mapping.

4 Conclusions

Even in the absence of a duality at the level of Hamiltonians, holographic quantum codes
such as [3] already provide a simple, tractable toy model of many of the interesting static
features expected of the real AdS/CFT “dictionary”, such as redundant encoding and
complementary recovery of information on the boundary [2, 25], entropic relations such as
the Ryu-Takayanagi formula [26, 27], and even toy models of (static) black holes satisfying
the Beckenstein-Hawking bound [22, 23]. However, without a holographic mapping between
local Hamiltonians, these toy models give more limited insight into the relationship between
bulk and boundary energy scales — a key aspect of AdS/CFT, where non-classical bulk
spacetime geometries are believed to correspond to high-energy boundary state. More
importantly, HQECC alone gave no insight into how dynamics in the bulk is reflected in
the boundary.

By extending the toy models of holographic duality to encompass Hamiltonians, we
show one way to complete this “dictionary”. For example, it follows almost immediately
from our construction that the toy models of static black holes proposed in [3] do indeed
correspond to high-energy states of the local boundary model, which moreover pick up
their energy from a small number of high-energy terms in the boundary Hamiltonian.

More intriguingly, our construction allows these toy models to say something about
how dynamics in the bulk is reflected in the boundary. Even without writing down any
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specific local bulk Hamiltonian, the structure of the bulk/boundary mapping we construct
implies that dynamics in the bulk is dual to boundary dynamics with some of the qualitative
features of AdS/CFT duality. In particular we show that the formation of a (toy model)
black hole in the bulk dynamics is dual to a boundary dynamics in which local excitations
unitarily evolve to a non-local excitation that lives outside the code space.

On the other hand, our construction shows that any local Hamiltonian in the bulk
has a corresponding local boundary model. This implies that, at least in these toy models,
the holographic duality has little to do with quantum gravity per se, but is entirely a
consequence of the hyperbolic geometry.

Our construction also inherits some of the drawbacks of the HaPPY code. In particular,
the Ryu-Takayanagi formula is not obeyed exactly for arbitrary bulk regions; there exist
certain pathological choices of boundary region, A, for which there are bulk operators that
are not recoverable on A nor on A€ (violating complementary recovery). Like the HaPPY
code, the tensor network cannot describe sub-AdS geometry as it is only defined at scales
larger than the AdS radius. A number of holographic codes have been constructed which
build on the HaPPY code and do not have these drawbacks. Notable examples include
bidirectional holographic codes (BHC) composed of pluperfect tensors [6], and random
tensor network constructions [7]. It should be feasible to apply the framework developed
in this paper to stabilizer BHCs or stabilizer random tensor networks [28], to construct a
toy model of holographic duality which remedies these defects.

Another way to complete the holographic ‘dictionary’ was suggested in [9], where it is
argued that the dynamics for a particular holographic state should be the unitary repre-
sentation of Thompson’s group (a discrete analogue of the conformal group).® While [9]
concentrates on a particular holographic state, they discuss how to generalise their results.
The key advantage of the method in [9] is that it gives a boundary system which is con-
formally invariant, as would be expected in AdS/CFT. However, the results in [9] apply
to holographic states, not holographic codes. A subspace of the boundary Hilbert space
is identified as the bulk Hilbert space in [9], but it is not clear that this is redundantly
encoded in the boundary, as would be expected in AdS/CFT. Even if one identified a good
boundary Hilbert space and a symmetry subgroup to identify with time dynamics, there is
no reason to expect the generators of this time dynamics will be local. In our construction
we have not attempted to include conformal invariance in the boundary theory (although
it in certain cases it does exhibit ‘block translational invariance’ — see appendix G for de-
tails). An interesting avenue of further research would be to look into combining the work
done in this paper, with the methods in [9] to construct a bulk-boundary correspondence
between Hamiltonians which has the error-correction properties of holographic codes, as
well as a conformally invariant boundary.

The main limitation of our result is the usual one stemming from the use of per-
turbation gadgets: the coupling strengths «;; in the boundary Hamiltonian Hy, are
very far from uniform. Indeed, some coupling strengths will be O(1) whilst others are
O(AzOIY(mOg(n))), where Ap = Q(||Hbu1k||6). High-energy interactions on the boundary

8 A holographic state is a holographic code with no bulk logical indices.
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perhaps matter less here than in Hamiltonian complexity results, since the motivation for
holographic duality is to model high-energy physics phenomena. Nonetheless, it would be
interesting to understand if a large range of interaction energy scales is a necessary fea-
ture of toy models of holographic duality, or an artefact of our proof techniques. Recent
results in [11, 12] indicate that this feature may be inherent to any mapping to a local
boundary Hamiltonian.

5 Technical preliminaries

5.1 Perfect tensors and pseudo-perfect tensors

Perfect tensors were first introduced in [3], where they were used in the construction of
HQECC from a 2D bulk to a 1D boundary.

Definition 5.0.1 (Perfect tensors, definition 2 from [3]). A 2m-index tensor Ty, ay.. a0, S
a perfect tensor if, for any bipartition of its indices into a set A and a complementary set
A€ with |A| < |A¢|, T is proportional to an isometric tensor from A to A°.

This definition is equivalent to requiring that the tensor is a unitary from any set of
m legs to the complementary set.

For one of the constructions in this work we introduce a generalisation of perfect
tensors:

Definition 5.0.2 (Pseudo-perfect tensors). A 2m+1-index tensor Ty, a,...a5m., 95 @ pseudo-
perfect tensor if, for any bipartition of its indices into a set A and a complementary set A€
with |A| < |A¢|, T is proportional to an isometric tensor from A to A€.

The states described by (pseudo-)perfect tensors are absolutely maximally entangled
(AME) (see appendix A for details). Furthermore, viewed as an isometry from k indices
to m indices, a t-index (pseudo-)perfect tensor is the encoding isometry of a [n, k, d] code,
where t =n +k and d = L%J — k + 1 (see appendix B for proof).

5.1.1 Stabilizer (pseudo-)perfect tensors

For this work we will be specifically interested in stabilizer (pseudo-)perfect tensors:

Definition 5.0.3 (Stabilizer (pseudo-)perfect tensors). Stabilizer (pseudo-)perfect tensors
describe stabilizer AME states.”

In appendix C we demonstrate that stabilizer (pseudo-)perfect tensors describe stabi-
lizer QECC. Furthermore, they map Pauli rank one operators to Pauli rank one operators
in a consistent basis.

It is possible to construct a t-index (pseudo-)perfect stabilizer tensor for arbitrarily
large t by increasing the local Hilbert space dimension. Details of the construction are
given in appendix D.

9See appendix B for definition of stabilizer state and stabilizer code.
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5.2 Hyperbolic Coxeter groups
5.2.1 Coxeter systems

The HQECC presented in this paper are tensor networks embedded in tessellations of H?3.

We use Coxeter systems to analyse these tessellations. ™

Definition 5.0.4 (Coxeter system [30]). Let S = {s;}icr, be a finite set. Let M =
(mi,j)ijel be a matriz such that:

e my;=1,Viel
o m;; € (N\ {1})U{oo}, Vi,j € I,i #j

M is called the Cozeter matriz. The associated Coxeter group, W, is defined by the
presentation:'!

W = <S | (SiSj)mij =1Vi,j € I> (5.1)
The pair (W, S) is called a Cozeter system.

To understand the connection between Coxeter systems and tesselations of hyperbolic
space we need to introduce the notion of a Coxeter polytope.

Definition 5.0.5. A convex polytope in X¢ = S* E? or H? is a convex intersection of a
finite number of half spaces. A Cozeter polytope P C X% is a polytope with all dihedral
angles integer submultiples of .

A Coxeter system can be associated to every Coxeter polytope. Let (F;);cr be the
facets of P, and if F; N F; # (0 set m;; = aiu, where «;; is the dihedral angle between
F; and Fj. Set my = 1, and if F; N F; = () set m;; = oo. Let s; be the reflection in
F;. The Coxeter group with Coxeter matrix (m;;); jer is a discrete subgroup of Isom(X%),
generated by reflections in the facets of P, and P tiles X% [31].

Coxeter systems can be represented by Coxeter diagrams, where a vertex is associated
to every s; (or equivalently to every facet in the corresponding Coxeter polytope). Vertices
are connected by edges in the following manner:

o If m;; = 2 (i.e. facets F; and Fj in the Coxeter polytope are orthogonal) there is no
edge between the vertices representing s; and s;

e If m;; = 3 (i.e. the dihedral angle between F; and F} is §) there is an unlabelled edge
between vertices representing s; and s;
o If m;; € N\ {1,2,3} (i.e. the dihedral angle between F; and Fj is -7—) there is an

s
edge labelled with m;; between vertices representing s; and s;

19 An overview of hyperbolic Coxeter groups can be found at [29].

A group presentation (S | R), where S is a set of generators and R is a set of relations between the
generators, defines a group which is (informally) the largest group which is generated by S and in which
all the relations in R hold.
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e If m;; = oo (i.e. facets F; and Fj in the Coxeter polytope diverge) there is a dashed
edge between the vertices representing s; and s;

A Coxeter group is irreducible if its Coxeter diagram is connected.

Faces of P correspond to subsets of S that generate finite Coxeter groups:'?

Lemma 5.1 (From [32]). f = U;erF; is a codimension |I| face of P if and only if {s; | i € I'}
generates a finite Coxeter group.

5.2.2 Combinatorics of Coxeter groups

In this section we briefly introduce the notions which are used later in the paper.
Let (W, S) be a Coxeter system. Every element w € W can be written as a product
of generators:

w=8189...8;, fors; € S (5.2)

This description is not unique. We can define a length function with respect to the gener-
ating set S such that lg(1) = 0, and:

ls(w) =min{l € N| s152...5 = w} (5.3)

An expression for w with the minimum number of generators, sisz...8;4(,) is called a
reduced word for w.

Coxeter groups satisfy the Deletion Condition:

Definition 5.1.1 (Deletion Condition). Let (W,S) be a pair where W is a group and S is
a generating set for W consisting entirely of elements of order two. We say that this pair
satisfies the Deletion Condition if for any non reduced word s1...s, over S there are two
indices © and j such that:

§1...8 =81...8...8j...5 (5.4)

where the carets indicate omission.
The length function on Coxeter groups has a number of important properties:
(i) ls(ws) =lg(w) =1 for all s € S
(i) lg(sw) =lg(w) £ 1 forall s€ S
(iii) Is(w™!) = lg(w) for all w € W
(iv) |ls(u) —ls(w)| < lg(uw) < lg(u) + lg(w) for all u,w € W

(v) d(u,w) = lg(u=tw) for u,w € W is a metric on W (referred to as the word metric)

12This does not apply to ideal vertices (vertices at the boundary of Xd) however in this paper we are only
concerned with compact polyhedra, which do not have vertices at infinity.
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By conditions (i) and (ii), if we define the following sets:

Dr(w) ={s € S| ls(ws) =ls(w) — 1}
Ap(w) = {s € | ls(ws) = Is(w) + 1} 55
Dy (w) = {s € § | Is(sw) = Is(w) — 1}
Ap(w) ={s e S |ls(sw) =lg(w) + 1}

then we have Dr(w) U Ag(w) = Dr(w) U Ar(w) = S and Dr(w) N Ar(w) = Dr(w) N
Ar(w) = {}. We refer to Dr(w) and Dr(w) (Ar(w), Ar(w)) as the right and left descent
sets (ascent sets) of w respectively.

Lemma 5.2 (Corollary 2.18 from [33]). For all w € W, the Coxeter groups generated by
Dr(w) and Dr(w) are finite.'3

The irreducible finite Coxeter groups are classified in table 1. A general Coxeter group
is finite if and only if each connected component of the Coxeter graph generates a finite
group.

Finally, we note that if s € Dr(w) (s € Dr(w)) there is a reduced word for w that
ends in s (begins with s).

5.2.3 Growth rates of Coxeter groups

The growth series of a Coxeter group with respect to a set of generators S is defined as:

fs(x) = Z xlS(w)zl—i-S:c—i-...:l—i—Zaixi (5.6)

weW i>1

where a; is the number of w € W satisfying [g(w) = i. The growth rate is given by:

7 = lim sup /a; (5.7)
n—oo

Spherical and Euclidean Coxeter groups have growth rate 0 and 1 respectively. Hy-
perbolic Coxeter groups have 7 > 1.

5.3 Hamiltonian simulation

Ref. [10] introduced a mathematical theory of analogue Hamiltonian simulation, charac-
terising precisely when a Hamiltonian reproduces the same physics as another. They then
applied perturbation gadget techniques from Hamiltonian complexity theory to construct
examples of universal local Hamiltonians, able to simulate any other model in this rigorous
sense. We make use of these techniques to construct holographic versions of Hamiltonian
simulation which, together with the HQECC’s, give the desired holographic dualities at
the level of the Hamiltonians.

13 A1l subsets of S generate a Coxeter group.
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Name Coxeter diagram

An (nZl) ——eo —o —e

1 2 3 n—1 1
4

= > o —O o————— 0
Bn=Cn (n23) 1 2 n-2 n-1 n
n—1
> *——o
Dn (n24) 1 2 n-3 n-2 n

Gy —eo
5)
H. o o o
3 1 2 3
Hy o—o—oio

[ém) (m >3) " o

Table 1. Diagrams of irreducible finite Coxeter systems. Table reproduced from [34].

5.3.1 Hamiltonian encodings

In [10] it is shown that if an encoding H' = £(H) has the following three properties:
1. £(A) =E(A)! for all A € Herm,,
2. spec(E(A)) = spec(A) for all A € Herm,,

3. E(pA+ (1 —p)B) =pE(A) + (1 —p)&(B) for all A, B € Herm,, and all p € [0, 1]
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then it must be of the form:
EM)=UM®P+MeQ)UT (5.8)

for orthogonal projectors P, Q such that P 4+ @ = 1 where U is a unitary, and M denotes
complex conjugation. Furthermore, it is shown that under any such encoding, H' will
preserve the partition function, measurement outcomes and time evolution of H.

If the encoding £(H) only acts within a subspace of the simulator system H' then the
unitary U is replaced with an isometry W:

EM)=WMoP+MeQW' (5.9)

The stabilizer codes discussed in appendix C.2 are an example of subspace encodings with
the particularly simple structure £(M) = WMWT,
A local encoding is an encoding which maps local observables to local observables.

Definition 5.2.1 (Local encoding into a subspace (this is a generalisation of definition
13 from [10]). Let £ : B(® H;) — B(R_,H}) be a subspace encoding, and let {S!}7_, be
subsets of [n']. We say that & is local with respect to {S.} if for any operator A; € Herm(H,;)
there exists A} € Herm(®7 | H}) which acts non-trivially only on {S!} such that:

(A ®1) = (A @ 1)E(D) (5.10)

5.3.2 Hamiltonian simulation

If H' perfectly simulates H then it reproduces the physics of H below some energy cut-off
A, where A can be made arbitrarily large.

Definition 5.2.2 (Exact simulation, definition 20 from [10]). We say that H' perfectly
simulates H below energy A if there is a local encoding £ into the subspace Sg such that

i. Se = S<awry (or equivalently E(1) = P<a(pr))
i. H'l<a = E(H)|s,

If (M) = WMWT, where W is the encoding isometry of some stabilizer code and
II = WWT is the projector onto the code-space, then H' = £(H) + AII simulates H below
energy A.

We can also consider the case where the the simulation is only approximate:

Definition 5.2.3 (Approximate simulation, definition 23 from [10]). We say that H' is a
(A, n, €)-simulation of H if there exists a local encoding E(M) = W (M @ P+ M @ Q)W
such that:

i. There exists an encoding E(M) = W (M QP+ M @ Q)W such that Sz = S<amr) and

i, || Hp — E(H)||oo < ¢

- 21 —



In [10] it is shown that approximate Hamiltonian simulation preserves important phys-
ical properties:

d\®n ro a\®™
Theorem 5.3 (From [10]). Let H act on (C*)"". Let H' acting on ((C ) be a (A, n,¢€)-
simulation of H with corresponding local encoding E(M) = W(M @ P+ M ® Q)W'. Let
p = rank(P) and q¢ = rank(Q). Then:

i. Let N\;(H) (resp. \i(H')) be the i smallest eigenvalue of H (resp. H'), then for all
1<i<d® and all (i —1)(p+q) <j<ilp+q), |N(H) - X (H)| <e

1. The relative error in the partition function evaluated at B satisfies:

12w (B) =+ 9)Zu(B)| _ (d')me—BA

»+q9)Z2(B) = (p+ q)dre—AlHI + (e - 1) (5.11)

iii. For any density matriz p' in the encoded subspace so that E(1)p' = p':

||e—iH/tp/€iH’t N e—z‘E(H)tp/ez‘E(H)t’|1 < 2et + 47 (5‘12)

5.3.3 Perturbative gadgets

The following lemmas were shown in [21], and can be used to construct simulations per-
turbatively. See appendix F for further details.

Let H be a Hilbert space decomposed as H = H_ & H,4. Let IIL be the projectors
onto H4. For arbitrary operator M define M, = I MIT,, M__ =T1I_MII_, M,_ =
I MII_, and M_4 =II_MII,. Consider an unperturbed Hamiltonian H = AHj, where
H is block-diagonal with respect to the split H = H_SH, (Ho)—— = 0, Amin ((Ho)++) >
1.

Lemma 5.4 (Second order simulation [21]). Let V = H; + A2H, be a perturbation acting
on the same space as Hy such that max(||Hy||, ||Ha||) < A; Hy is block diagonal with respect
to the split H = H_ & H4 and (Hz)—_ = 0. Suppose there exists an isometry W such that
Im(W) =H_ and:

W Hyargee W' — (H) - + (Ha) s Hy (Ho) 4| < & (5.13)

Then H=H+V (%,n, €) simulates Hiarget, provided that A > 0(16\—26 + A—j)

Lemma 5.5 (Third order simulation [21]). Let V = H; + A%H{ + A3 Hy be a perturbation
acting on the same space as Hy such that max(||H.|l, || Hi||,||Hz2||) < A; Hy and H| are
block diagonal with respect to the split H = H_®Hy and (Hz)—_ = 0. Suppose there exists
an isometry W such that Im(W) = H_ and:

_ _ €
||W Hiarget W' — (H1)—— + (Ha)—+ Hy '(Ha) 1 Hy ' (Ha) 4|00 < B (5.14)

and also that:
(H})—— = (Ha)—s Hy (Ha) (5.15)

Then H=H+V (%, n,€) simulates Hiarget, provided that A > O(Aﬁ%2 + %)
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M, My M3
o0 o o

A B A w B

Figure 4. Subdivision gadget. The k-local interaction on the left is simulated by the two %—‘ +1-
local interactions on the right by introducing a mediator qudit, w. The interactions are given by
M, =Py ® Pg+ Pl @ PL, My = Py X, + P ® X}, and Ms = Pg @ X}, + P}, ® X,

w? w

C

A B

Figure 5. 3-2 gadget: the three body interaction between A, B and C (PA®PB®PC+P£®P;®P5)
is simulated by the interaction pattern shown in the figure.

A B

C D c D

Figure 6. Crossing gadget. The interaction pattern on the left is simulated by the interaction
pattern on the right.

We derive a number of qudit perturbation gadgets (based on qubit perturbation gad-
gets from [16]) for use in our construction. Using lemmas 5.4 and 5.5 we can show that
all of these gadgets are simulations (for appropriate choices of A). Details are given in
appendix F. The main results are collected here:

Qudit subdivision gadget. The qudit subdivision gadget is used to simulate a k-local
interaction by two [%W +1-local interactions, by introducing a mediator qudit. The resulting
interaction pattern is shown in figure 4.

Qudit 3-2 gadget. The 3-2 gadget is used to simulate a 3-local interaction with six
2-local interactions, by introducing a mediator qudit. The resulting interaction pattern is
shown in figure 5.

Qudit crossing gadget. The crossing gadget is used to remove crossings in an interac-
tion graph by introducing a mediator qudit. The resulting interaction pattern is shown in
figure 6.

Qudit fork gadget. The fork gadget is used to reduce the degree of a vertex in the
interaction graph by introducing a mediator qudit. The resulting interaction pattern is
shown in figure 7.
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A A

Figure 7. Fork gadget. The interaction pattern on the left is simulated by the interaction pattern
on the right.

B C B C

w2 w3
w1

.

A A

Figure 8. Triangle gadget. The interaction pattern on the left is simulated by the interaction
pattern on the right by first applying the subdivision gadget to edges AB and AC, and then
applying the fork gadget to qudit A.

Qudit triangle gadget. The qudit triangle gadget is formed by first applying the qu-
dit subdivision gadget, then the qudit fork gadget, in the same way as it is formed for
qubits in [16].

The 3-2 gadget is a third order simulation. The other gadgets are second order
simulations.

In [16] it is demonstrated that the qubit perturbation gadgets can be used at many
places in an interaction graph in parallel, and that they do not interact with each other.
The same arguments follow for the qudit perturbation gadgets introduced here.

6 Full technical details

6.1 General construction

In this section we demonstrate the general procedure for constructing a HQECC using Cox-
eter groups and (pseudo-)perfect stabilizer tensors with particular properties. In particular
in section 6.1.6 we prove our main result: a full holographic duality between quantum many-
body models in 3D hyperbolic space and models living on its 2D boundary. In sections 6.2
and 6.3 we construct two examples of sets of Coxeter groups and tensors which have the
required properties.

6.1.1 Notation

Let (W, S) be a Coxeter system with Coxeter polytope P C H?. F, denotes the face of P

corresponding to the generator s, € S. E,, denotes the edge of P between F, and Fj,.
P®) denotes the polyhedral cell in the tessellation of H? which corresponds to element

w of the Coxeter group. Similarly Féw) and E((IZJ) refer to faces / edges of pw), FA and Eﬁ)

refer to specific faces / edges in the tessellation of H® which are shared by the polyhedral
cells associated to the sets of elements A C W.
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A bulk qudit which is associated to the polyhedral cell P®) will be labelled by g,
A boundary qudit which is associated to the uncontracted tensor index through the face
F™) will be labelled by g{*).

6.1.2 Holographic quantum error correcting codes

The procedure we use to construct the tensor network is based on that in [3], where perfect
tensors are embedded in tessellations of H2. We take a Coxeter system (W, S) with Coxeter
polytope, P C H? where |S| =t—1, so P has t — 1 faces. Take the tessellation of H? by P,
and embed a (pseudo-)perfect tensor, T', with ¢ legs in each polyhedral cell. t—1 legs of each
tensor are contracted with legs of neighbouring tensors at shared faces of the polyhedra,
and a logical, or input, qudit for the tensor network is associated with the uncontracted
tensor leg in each polyhedral cell. Cut off the tessellation at some radius R, and the
uncontracted tensor legs on the boundary are the physical qudits of the tensor network.

A HQECC is defined as a tensor network composed of (pseudo)-perfect tensors which
gives rise to an isometric map from bulk legs to boundary legs [3]. This is equivalent to
requiring that the number of output indices from every tensor is greater than or equal
to the number of input indices, where the input indices are the indices coming from the
previous layer of the tessellation plus the logical index.

We are working in negatively curved geometry, so a majority of the tensors will have
more output indices than input indices, but this doesn’t guarantee it is true for every tensor.
For example, consider the triangulation of H? with Schlifli symbol {3,8} (figure 9). This
is the tiling which corresponds to the Coxeter diagram shown in figure 10.

It can be seen that there are triangular cells in the tessellation which share edges with
two triangles from the previous layer, and only one in the subsequent layer. If we put a
four-index perfect tensor in each cell of this tessellation, then there would be some tensors
with three input legs, and only one output leg. These tensors would not be isometries, so
it is not obvious that the overall tensor network would be an isometry. In order to ensure
that the tensor network is a HQECC we derive a condition to enforce that every tensor
has at least as many output indices as input indices. This is a sufficient condition for the
tensor network to be a HQECC, but it may not be necessary.

Theorem 6.1. Consider a tensor network constructed as above, defined by Coxeter system
(W, S) and perfect tensor T' with t indices. Define F ={J C S| Wy is finite}. The tensor
network will be a HQECC, if VJ € F : |J| < |52].

Proof. If we order the tensors into layers labelled by the value of the length function l/g(w)
at P and include the uncontracted tensor leg in each polyhedral cell as an input leg,
then the number of input legs for a tensor embedded in P(*) is Dr(w) + 1. By lemma 5.2,
Dr(w) € F. Therefore the maximum number of input legs to any tensor in the tensor
network is max(|.J| | J € F) + 1. We therefore require max(|J| | J € F) +1 < [§]. O

Theorem 6.1 gives a sufficient condition for every tensor in the tensor network to have
at least as many output indices as input indices.
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Figure 9. The triangulation of H? with Schlifli symbol {3,8}. There are triangular cells in the
tessellation which share edges with two triangles from the previous layer, and only one in the
subsequent layer. Figure produced via the software [35].

4

Figure 10. The Coxeter diagram for the triangulation of H? with Schlifli symbol {3, 8}.

The requirements of theorem 6.1 dictate that we will not be able to use qubit stabilizer
tensors to construct HQECC in dimensions greater than two. To see this recall that
lemma 5.1 stated that {s; | ¢ € I'} generates a finite Coxeter group if and only if f = U/ F;
is a codimension |I| face of P. In dimension d there will exist codimension d faces, so
max(|J| | J € F) > d. We therefore require that [5| > d + 1. For d > 3 this enforces
t > 8, and there are no qubit perfect tensors with ¢t > 6 [17-19].

HQECC which are constructed in this way inherit all the properties of the 2-
dimensional HQECC constructed in [3].

We call HQECC constructed in this way from Coxeter honeycombings and perfect

tensors “Coxeter HQECCs”.

6.1.3 Surface of the HQECC

Define the boundary of the HQECC as the faces in the tessellation which correspond to
the uncontracted tensor legs. More precisely:

Definition 6.1.1. The boundary, M, of a Coxeter HQECC of radius R is given by:

M= ) FM™ (6.1)
F{"eM

where M = {F\") | lg(w) = R, 54 € Ap(w)}.
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The boundary of hyperbolic n-space is an n — 1 dimensional sphere. For our HQECC
we are cutting off the tessellation of H3 at some finite radius R, but it is still possible to
demonstrate that the boundary is homeomorphic to a 2-sphere.

In order to reason about the boundary we need two lemmas about edges in the tessel-
lation of H3 by P:

Lemma 6.2. Consider an edge, Efb, in the tessellation of H3 by a Coxeter polytope, P.
If ls(w1) = lg(we) = L for distinct wy,wy € A, then Dr(w1) and Dr(ws) contain at least
one of sq or sp.

Proof. Recall that an edge FE,, corresponds to the finite Coxeter subgroup generated by
Sq and sp: (Sa, Sp) = {(Sa, sp)*|x € [0, map)}, where (sq, sp)” denotes a string of alternating
Sq and sp of length x. A is set of Coxeter group elements corresponding to the polyhedra
that meet at the common edge Eﬁj,
Therefore, we have that we = wj(sq, sp)” for some x € [1,my); we take x to be the

so A ={wsl|s € (sq, sp)} for any fixed element w € A.

minimum such value. Since lg(wi(Sq,sp)") = ls(w2) + = > lg(w2), the deletion condition
(definition 5.1.1) implies that there are two generators in the word wi(sq, sp)* which we
can delete to get a shorter word for wo.

By minimality of z, they cannot both be deleted from the (s, s)* part of this word.
If they were both deleted from the w; part, so that wo = s1...5;...5;...50(sqsp)", We
would have wy = wa((sq, 5p)%) "1 = wa(sp, 54)% = $1...8;...8;...s, which has length
L — 2, contradicting [g(w;) = L. Therefore, one generator must be deleted from the wy
part, the other from (s, sp)®. Thus wy = s1...8;...5:(5q,85)% L.
This word for we has length L 4+ x — 2. By the deletion condition, we must be able to

r—1

delete a further x — 2 generators to reach a reduced word for wy. But (s,, sp) contains

x — 1 generators, so at least one of these must remain. Thus either wy = us, or wy, = usy
for some u € A of length lg(u) = L — 1. Hence at least one of s, or s; is in Dr(w2).
The w; case follows by an analogous argument. O

Lemma 6.3. Consider an edge, Etﬁj, in the tessellation of H? by a Coxeter polytope, P.
The set of elements A associated with the polyhedral cells that share the edge Eﬁ) has the
following properties:

(i) There is a unique minimum length element wyin € A which has length, ls(wWmin) =

Tmin -
(ii) For 0 <z < map, Ls(Wmin(Sa, $5)°1) = ls(Wmin(Sa; $p)%) + 1.
(iii) For map < o < 2map, ls(Wmin(Sa, 5)*Y) = ls(Wmin (84, 55)%) — 1.

(iv) There is a unique maximum length element wmax € A which has length lg(Wmax) =

Tmin + Mab-

(v) For rmin < @ < Tmin + May there are exactly two elements wi,wl’- € A which satisfy
ls(w;) = ls(wg) =1.

where (84, 55)* denotes a string of alternating s, and sy, of length x (i.e. (54, 5,)> = 545p54).
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lS = T'min +4

ls = Tmin + 2 ls = Tmin + 2

ls = rmin + 1 ls = rmin + 1

ls = Tmin

Figure 11. A cross section view of the polyhedral cells in the tessellation which meet around a
common edge, F,y, for mgy, = 4.

Proof of lemma 6.3. (i). Assume there are two minimum length elements in A, wyi, and

/ /

!in Such that {g(wmin) = lg(w!;,,) = Tmin. By lemma 6.2 either s, or s; is in the descent

/
min*

w
set of wmpip and w This implies that there is at least one element in A with length
min — 1, contradicting our assumption.

(ii). Assume there is some x < Mgy such that Is(wmin{(Sa, $5)*) = ls(Wmin{Sa, s6)%) —
1= L. If we let u = Wi (84, $5)° 7! and assume (wlog) that x is even, it follows that s, €
Ar(u). Note that Ig(wmin) = Tmin < L, Is(Wmin(Sa, 55)%) = L+1 and Ig(Wmin(Sa, 55)°L) =
L. But each generator s, or s, that we multiply wyn by can only change the length by
+1. So u is not the only element of length L in A. By lemma 6.2 this implies that at least
one of s, or s, must be in the descent set of u. Therefore s, € Dr(u).

If we let v = usp, then s, € Ar(v). By a similar argument, s, € Dr(v). If we continue
this argument we find that the length of the element wyin(sq, Sb>2”C iS Tmin, which is not

possible as wpiy is the unique element of A with length ry;,, and by assumption z < my,

S0 (84, 8p)%% = (8q5p)* # I by definition of mg,. Therefore there is no x < my, such that
lS<wmin<3aa Sb>x+1) = ZS(wmin<Sa7 3b>x) —1=1L.
(iii). From (ii) it follows that lg(wmin(Sa,Sp)™®) = Tmin + Ma. We have that

(8q,8p)2Mab = (548)™ab = I, thus Is(wWmin(Sq, 56)2™) = ls(Wmin) = min. As each gener-
ator can only change the length of an element by +1, for mgy < x < 2myg, we must have
that lS(wmin<5a7 Sb>£+1) = lS(wmin<5aa Sb>$) -1

(iv) and (v) follow at once from points (ii) and (iii). O

An example of the set of polyhedra associated with an edge E,;, where mg, = 4 is shown
in figure 11. Lemma 6.3 ensures that the lengths associated to the polyhedra around any
edge follow the same pattern.

We can now consider the boundary of the HQECC.

Lemma 6.4. The boundary M of a Cozeter HQECC in H? is a surface (a 2D manifold).

Proof. Within the faces that make up the boundary M is clearly locally Euclidean, and
the same will be true at the edges where the faces meet provided no more than two faces
meet at an edge. Point (v) from lemma 6.3 shows this is indeed the case. O
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Lemma 6.5. The boundary manifold, M, of a Cozeter HQECC in H? is closed — i.e.
compact and with no boundary.

Proof. Assume M has a boundary. This implies that Jw € W such that lg(w) = R where
Fy") € M and E) € OM.

Since E,; is an edge of P we must have that {sq,,s} € F where F = {J C
S|W is finite}. This implies that Img, € N\ {1} such that (sqsp)™ = (sp54)™ 0 = 1.

Eg“z) € OM implies that Fb(w) ¢ M, and therefore s, € Dr(w). This gives w = usy
where u € W and ls(u) = R —1. We also have that lg(ws,) = ls(uspss) = R+ 1 (because
by assumption s, € Ar(w)).

Putting everything together we find that:

ls(u)=R—-1 (6.2)
ls(uspsq) = R+1
[u(spsq)™ ] =lg(u) = R—1

Therefore, at least one of the following must be true:
1. Jdz such that 1 < x < myp where [[u(sps,)*] = R+ 1 and l[u(spsq)sp] = R
2. 3z such that 1 < 2 < my, where [[u(sps,)%sp] = R+ 1 and l[u(spsq)* ] = R

The second case would imply that [[u(spsq)®sy] = R+ 1 = lg(usps,) but this cannot
occur as it is not possible for two elements of the Coxeter group with the same word length
to be related by an odd number of generators. If the first case occurs then Fﬁb) € M for
v = u(spsq)*sp and shares edge F,p, with Fqua), SO E((lzu) ¢ OM.

Therefore M does not have a boundary. The boundary of every polyhedron face is
included in M so M is compact. ]

We now prove that the boundary surface is orientable. A smooth surface is orientable
if a continuously varying normal vector can be defined at every point on the surface. This
normal vector defines the positive side of the surface (the side the normal vector is pointing
to) and a negative side (the side the normal vector points away from). If the surface has
a boundary, the normal vector defines an orientation on the boundary curve, with the
following convention: standing on the positive side of the surface, and walking around the
boundary curve in the direction of the orientation, the surface is always on our left.

Lemma 6.6. The boundary surface, M, of a Cozeter HQECC in H? is orientable.

Proof. A piecewise smooth manifold (such as M) is orientable if, whenever two smooth
component surfaces join along a common boundary, they induce opposite orientation on
the common boundary.

Define the unit normal vector, 7, to a face Féw) € M to point away from P®) (i.e. it
points into P where v = ws4).

Consider the two possible configurations that could occur when two faces meet at a
common edge. If the two faces always induce opposite orientation on the common edge (as
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(a) (b)

Figure 12. A cross section image of two possibilities for the orientation of faces that meet at a
common edge in M. In (a) the two faces will induce opposite orientation on the common edge E,
while in (b) the two faces will induce the same orientation on the common edge FE.

in figure 12 (a)) then M is orientable. If the two faces ever induce the same orientation on
the common edge (as in figure 12 (b)) then M is not orientable.

If two faces which meet at a common edge of M are part of the same polyhedral cell of
the tessellation, i.e. they are faces FCE“) and Fb(u)7 then it is guaranteed that the orientation
of the surfaces will correspond to that shown in figure 12 (a) as 7 is defined to point away
from P,

If two faces which meet at a common edge of M are part of different polyhedral cells
then parts (ii) and (iii) of lemma 6.3 enforce that the orientation of the surfaces will always
correspond to that shown in figure 12 (a).

Therefore M is orientable. O

Lemma 6.7. The boundary surface, M, of a Coxeter HQECC in H3 is connected.

Proof. Let the boundary surface, M be a sum of connected components, where we denote
the i*" connected component by M®. M is closed and orientable so by the classification
of surface theorem it is the sum of spheres and connected sums of tori. Both spheres and
tori have well defined interiors and exteriors, so we can define the interior and exterior of
each M@,

Define the interior of M to be the region that 7(Y) points away from (i.e. the interior
of M@ contains P® for F{") € M@ lg(u) = R). The exterior of M is then the region
that 72 points into to (i.e. the exterior of M® contains P for v = us, where Féu) e M@,
ls(v) =R+1).

It follows from this definition that the exterior of each M must be unbounded. To
see this, note that for an infinite Coxeter group, W, every w € W has a non-empty Ag(w).
This means that for arbitrary w € W there exists s, € S such that lg(ws,) = lg(w) + 1.
In terms of the HQECC this implies that the number of polyhedra in the exterior of any
M® is infinite, so the exterior of M is unbounded.

Assume that M = U;M® is composed of more than one connected component M ®).
Consider any two components M) and M®). There are three possible configurations:

1. MM and M® intersect.
2. M?) is in the interior of M) (see figure 13).

3. M® is in the exterior of M(1) (see figure 14).
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Figure 13. The configuration of M) and M when M®) is in the interior of M), The arrows
are the 7(Y) which point into the exterior of each surface. The polyhedra which lie directly on
the interior of a given M () are associated with Coxeter group elements of length R, while the
polyhedra which lie directly on the exterior of a given M) are associated with elements of length
R+ 1. Although we have drawn M) and M®) as circles we are not assuming they are spherical,
they could be tori, all we are assuming is that they have a well defined interior and exterior.

However, Case 1 would imply that M is not a surface, contradicting lemma 6.4. Thus
we only need to consider Cases 2 and 3.

The Coxeter group, and therefore the HQECC, contains a unique identity element of
length lg(I) = 0. For any v € W such that lg(v) = R we can write a reduced word for v

as v = sgv)sgv) . sg). Using the fact that all the generators are involutions, it follows that
vsg) . sgv)sgv) = I. We started with an element of length R, and applied R generators

to reach an element of length 0. Since each generator can only change the length of the
previous element by +1 it follows that each generator must have decreased the length
of the element by 1. Therefore in the HQECC there is a path through the tessellation
from a polyhedra associated with an element of length R to PY) which passes through R
polyhedra, all associated with elements of length less than R.

From the definition of the interior and exterior of M® it is clear that all polyhedra
which lie directly on the interior of a given M® (i.e. those that are in the interior of
M® and touching M (i)) are associated with Coxeter group elements of length R. While
all polyhedra which lie directly on the exterior of a given M (i.e. those that are in
the exterior of M and touching M) are associated with Coxeter group elements of
length R + 1.

Therefore there must always be a path from polyhedra directly on the interior of a
M® to PO which doesn’t cross M® . In figure 13 and figure 14 it is clear that there is
no location for PY) which meets this condition. Therefore M cannot be made up of more

than one connected component. O

Lemma 6.8. The boundary surface, M, of a Cozeter HQECC in H3 is homeomorphic to
the 2-sphere.

Proof. By the classification theorem of closed surfaces, every connected closed surface is
homeomorphic to either the sphere, a connected sum of tori, or a connected sum of real
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MO M2

Figure 14. The configuration of M) and M® when M® is in the exterior of M. The arrows
are the 7(Y) which point into the exterior of each surface. The polyhedra which lie directly on the
interior of a given M®) are associated with Coxeter group elements of length R, while the polyhedra
which lie directly on the exterior of a given M) are associated with Coxeter group elements of
length R + 1. Although we have drawn M) and M) as circles we are not assuming they are
spherical, they could be tori, all we are assuming is that they have a well defined interior and
exterior.

projective planes. Since M is orientable, it is either homeomorphic to a sphere, or a
connected sum of tori.

Consider a loop C, on the surface M. This loop is across faces which make up M,
which are all associated to polyhedral cells of the tessellation corresponding to Coxeter
group elements of length R. Since M is closed (lemma 6.5), it cannot pinch down to a
single point anywhere. Thus for any polyhedral vertex in M, M must contain at least
two faces that meet along one of the edges touching that vertex. Any loop which passes
between adjacent faces which only touch via a common vertex can therefore be continuously
deformed into a nearby loop which passes through those faces. Thus we can assume wlog
neighbouring faces which contain adjacent sections of C share a common edge.

There are four possible ways the polyhedral cells associated to these neighbouring faces
could be connected (see figure 15 for an illustration):

1. The neighbouring faces are associated with the same polyhedral cell.
2. A pair of neighbouring polyhedral cells share a single common edge.

3. A pair of neighbouring polyhedral cells share a common face (and therefore also
common edges).

Case 3 is not possible because, if two polyhedra P(*) and P(*") where Ig(u') = Ig(v') =
r meet at a face, there would exist s, € S such that lg(u's,) = lg(v') = r = Ig(u),
contradicting property (i) of the length function of Coxeter groups (see section 5.2.2).
Therefore, for every pair of neighbouring faces containing adjacent sections of the non-
contractible loop, either Case 1 or Case 2 must hold.

The surface of the HQECC at radius R—1 (which we will denote M) is contained inside
M, where “inside” is well-defined as M is orientable by lemma 6.6. Consider continuously
deforming C so that it lies on M’, by the following procedure. Take a section of C which
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Figure 15. A cross section image of the three possible ways which neighbouring faces in a loop C
on M could be connected. In (a) the neighbouring faces are associated with a single polyhedral cell.
In (b) neighbouring faces are associated with polyhedral cells which share a single common edge.
In (c) the neighbouring faces are associated with polyhedral cells which share a common edge. The
figures all represent cross-sections of the tessellations, and in all figures dashed edges represent faces
of polyhedra which do not form part of M, while solid edges represent faces of polyhedra which
form part of M.

lies on the faces of a single polyhedral cell, P, and deform it so that it lies on the faces
of P associated with D (u) whilst leaving its endpoints unchanged. To see that this can
always be done, note that at the edge where faces Féu) and Fb(v) from two polyhedral cells
P and P®) meet (see figure 15(b)), the faces Fb(u) and F(”) are associated with Dr(u)
by lemma 6.3(ii and iii). The faces of P(") associated with Dg(u) share common edges, so
this deformation can be carried out while leaving the curve intact.

We can repeat this contraction procedure until the loop C lies on the faces of PU). At
that point we can continuously contract C through PY) to a point. Therefore every loop
on M can be contracted through the bulk of the tessellation to a point.

Any torus (or connected sum of tori) contains curves which cannot be continuously
contracted to a point through the solid torus forming its interior. Therefore M cannot be
homeomorphic to the connected sum of tori. Thus M is homeomorphic to a 2-sphere. [

6.1.4 The metric on the boundary surface of the HQECC

We can upper-bound the distance between qudits on the boundary surface by the distance
according the word metric between the corresponding elements of the Coxeter group. Con-

sider two boundary qudits, q((lu) and qév). The Coxeter polytopes we use in the HQECC

are of size O(1) in every direction, so the distance between q((lu) and qév) is upper-bounded
by d(u,v) = cls(u~tv), for some constant c.

If q((lu) and qt()v) are nearest-neighbour qudits on the boundary surface of a HQECC
then they are separated by distance O(1). This follows because the boundary surface of the
HQECC is connected, so Féu) and F, b(u) must share a common edge. The number of Coxeter

polyhedra which fit round this edge is upper-bounded by mg, so ls(u"1v) < mg = O(1).

6.1.5 Operators on the boundary surface of the HQECC

In order to determine the overhead required to simulate the boundary Hamiltonian with
a local model, we need to determine the distribution of operator weights that results from
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pushing the bulk Hamiltonian through the tensor network. In [3] it is shown that an oper-
ator M can be reconstructed on a boundary region A if M lies in the greedy entanglement
wedge of A, denoted E[A], where the greedy entanglement wedge is defined as below:

Definition 6.8.1 (Greedy entanglement wedge, definition 8 from [3]). Suppose A is a
(not necessarily connected) boundary region. The greedy entanglement wedge of A, denoted
E[A], is the set of bulk points reached by applying the greedy algorithm to all connected
components of A simultaneously.

The greedy algorithm is a simple procedure for finding bulk regions which can be
reconstructed on a given boundary region. It considers a sequence of cuts {c,} through
the tensor network which are bounded by dA and which correspond to a set of isometries
{P,} from bulk indices to boundary indices. The algorithm begins with the cut ¢; = A,
corresponding to P, = 1. Each cut in the sequence is obtained from the previous one by
identifying a (pseudo)-perfect tensor which has at least half of its indices contracted with
P,, and adding that tensor to P, to construct P,i;. In this way P,4; is guaranteed to
be an isometry if P, is. The algorithm terminates when there are no tensors which have
at least half their indices contracted with P,. (See [3] for details). The greedy algorithm
only relies on the properties of perfect tensors, so we can apply it to our HQECC in H?.

A given bulk point will be in the greedy entanglement wedge of many boundary regions.
As we are interested in minimising the operator weights of the boundary Hamiltonian we
want to calculate the smallest boundary region needed to reconstruct a bulk operator.

Consider a HQECC described by a perfect tensor, T', and a Coxeter system (W,S)
with associated Coxeter polyhedra P C H3. Let the growth rate of W with respect to S
be 7, and let the radius of the HQECC be R.

By the definition of the growth rate, the number of boundary qudits, IV, scales as
O(7®). Reconstructing an operator which acts on the central bulk qudit requires an O(1)
fraction of the boundary, so requires O(7®) boundary qudits.'*

Consider the number of boundary qudits required to reconstruct on operator which
acts on a qudit, ¢(), at distance x from the centre. By assumption Ag(w) > Dg(w) for
all w € W, and hence for all polyhedral cells in our tessellation of H?3. Therefore if we
take an operator acting on ¢, we can push it to the boundary while at each step moving
outwards in the tensor network — i.e. we are guaranteed to be able to reconstruct the
operator on the boundary using only qudits which are a distance R — z from ¢(*). If we
consider shifting the centre of the tensor network to ¢(*) we can see that there are O(77~%)
qudits which are at distance R — x from ¢(*). Not all of these lie on the boundary, but we
can upper-bound the number of qudits needed for boundary reconstruction by O(7%~%).

If we consider a geometrically k-local operator in the bulk, where the deepest qudit the
operator acts on is at distance x from the centre,'® then the number of qudits needed for
boundary reconstruction scales as O(7%~%). To see this consider an operator A ® B where

41n theory it is possible to work out the value of the O(1) constant from the properties of the (pseudo-
)perfect tensor and Coxeter system used in a given HQECC, however as we are concerned with asymptotic
scaling of weights we don’t provide an example of this calculation.

15Here by deepest operator we mean nearest the centre, so the minimum .
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distance =z — 1

distance = x

- distance = =z + 1

distance = x + 2

Figure 16. If qudit ¢*) is at distance z from the centre of the HQECC, and qudit ¢ is a
neighbouring qudit at distance = + 1 from the centre, then an operator A, acting on ¢(*) can be
pushed through ¢(*), so pushing an operator A, ® B, where B, acts on ¢(*) through the tensor
network will lead to a boundary operator with the same weight as pushing A, alone through the
tensor network.

A acts on qudit ¢(*) which is at distance z from the centre, and B acts on a neighbouring
qudit ¢ at distance z + 1, as in figure 16. We can push A through ¢ to reach the
boundary, therefore B can necessarily be reconstructed on a subset of the qudits required
to reconstruct A. Hence B makes no difference to the number of qudits required for
boundary reconstruction, and we only need to consider the deepest qudit a given operator
acts on. In general there may be more than one deepest qudit, however as k is constant
this can make at most a constant factor difference to the number of qudits needed for
reconstruction.

The number of qudits at distance x from the centre of the tensor network scales as
O(7%), so we find that for x = 0,..., R the boundary Hamiltonian has O(7") operators of
weight O(75~%). All boundary operators can be chosen to be geometrically O(7~%) local
(i.e. the O(777%) qudits which an operator act on are spread over an O(7~%) fraction of
the boundary).

6.1.6 Full holographic duality

In this section we prove our main result: that using a HQECC and simulation techniques

from Hamiltonian complexity it is possible to construct a full holographic duality between

quantum many-body models in 3D hyperbolic space and models living on its 2D boundary.
We will require the following Lemma in the proof of the main theorem:

Lemma 6.9. Consider a HQECC constructed using Coxeter system (W,S) and perfect
tensor T. Let T™) denote the perfect tensor associated with element w € W, and let T(®)
be the set of indices of T") which are contracted through faces Féw) fora € Dr(w). Define:

1 _
o) = —— M 6.5
Cc(w) |S(w)| Mezs:(w) ( )

where S™W) is the stabilizer group of the QECC defined by viewing T™) as an isometry
from {I(w) U q(“’)} to the complementary set of indices, and M is the boundary operator
associated to the stabilizer M.
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Let:
Hg= Y (1 —THew) (6.6)
weWw
Then:

1. The kernel of Hg is the code-subspace of the HQECC, C.
2. The smallest non-zero eigenvalue of Hg is one.

3. Energy with respect to Hg is equal to the number of logical qudits encoded by the
HQFECC which have a correctable error.

4. Figenstates of Hg with the same energy, but which pick up energy from errors on
different logical qudits, are orthogonal.

Proof. 1. The set {UweWS (w)} is a (non-minimal) generating set for the stabilizer group
of the HQECC. Therefore, Hyw) [¢) = |¢) for all w € W iff [¢) € C. So Hg|y) =0
iff [¢) € C.

2. This is immediate as each term in Hg is a projector, so has eigenvalue zero or one.

3. Consider a boundary state |¢). If there is a correctable error affecting the state of
encoded qudit ¢*) then IM € S™) such that M |¢) # |¢). Therefore o) @) # 1.
Since ) is a projector, this gives Ilyw) [¢) = 0. Therefore, |¢) picks up energy +1
from the (1 —I;w)) term in Hg.

If there is not a correctable error affecting the state of encoded qudit q(“’/) then
M |p) = |¢) for all M € S™). So Hown [@) = |#), regardless of any errors affecting
other encoded qudits. Therefore |¢) picks up zero energy from the (]l — Hc<w’>) term
in Hg.

Therefore the energy with respect to Hg counts the number of bulk qudits which
have a correctable error.

4. Consider boundary states, |1}, |¢), which have correctable errors affecting the state
of encoded qudits ¢ and ¢*") respectively. We have:

Heew) [9) =0, Hegw) |9) = |9) , Hor [¥0) = [9¥), Ty [¢) =0 (6.7)

Therefore (1)|¢) = (Y] e ) = (V] o |¢) = 0. il

Theorem 6.10. Let H? denote 3D hyperbolic space, and let B.(x) C H? denote a ball of
radius r centred at x. Consider any arrangement of n qudits in H® such that, for some
fixed r, at most k qudits and at least one qudit are contained within any B,(x). Let L
denote the minimum radius ball Br,(0) containing all the qudits (which wlog we can take
to be centred at the origin). Let Hyyx = Y, hz be any local Hamiltonian on these qudits,
where each hy acts only on qudits contained within some By (x).

Then we can construct a Hamiltonian Hygundary o1 a 2D boundary manifold M € H3
with the following properties:
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1. M surrounds all the qudits, has diameter O( max (1, M)L+log log n), and is home-

p
omorphic to the Euclidean 2-sphere.

2. The Hilbert space of the boundary consists of a triangulation of M by triangles of
O(1) area, with a qubit at the centre of each triangle, and a total of O (n(log n)4)
triangles/qubits.

3. Any local observable/measurement M in the bulk has a set of corresponding observ-
ables/measurements {M'} on the boundary with the same outcome. A local bulk
operator M can be reconstructed on a boundary region A if M acts within the greedy
entanglement wedge of A, denoted E[A].

4. Hyoundary consists of 2-local, nearest-neighbour interactions between the boundary
qubits. Furthermore, Hyoundary can be chosen to have full local SU(2) symmetry; i.e.
the local interactions can be chosen to all be Heisenberg interactions: Hyoundary =
2 iy i (Xi X +YiYj + ZiZj).

5. Hpoundary 5 a (Ar,e€,n)-simulation of Hyux in the rigorous sense of [10, Defini-
tion 23], with e,n = 1/poly(AL), Ar = Q(HHbquHG), and where the mazimum

interaction strength A = max;; |;| in Hypoundary Scales as A = O(AIL)OIY(nIOg(n))).

Proof. There are four steps to this simulation:

Step 1. Simulate Hyy with a Hamiltonian which acts on the bulk indices of a HQECC
in H? of radius R = O(max(l, @)L)

Note that in a tessellation of H? by Coxeter polytopes the number of polyhedral cells
in a ball of radius ' scales as O(TT/), where we are measuring distances using the word
metric, d(u,v) = lg(u~1v). If we want to embed a Hamiltonian Hy,y in a tessellation

we will need to rescale distances between the qudits in Hyy so that there is at most one

qudit per polyhedral cell of the tessellation. If 77" = k, then %l = % =0 (@) If
In(k)

—— = 1 then the qudits in Hpyy are more tightly packed than the polyhedral cells in
the tessellation, and we need to rescale the distances between the qudits by a factor of
O @ CIf w < 1 then the qudits in Hyy,i are less tightly packed then the cells of the
tessellation, and there is no need for rescaling.

The radius, R, of the tessellation needed to contain all the qudits in Hpy is then

given by:

o) (m(k)L> ,if k) >
R = r (6.8)

O(L) otherwise

After rescaling there is at most one qudit per cell of the tessellation. There will be
some cells of the tessellation which don’t contain any qudits. We can put ‘dummy’ qudits
in these cells which don’t participate in any interactions, so their inclusion is just equivalent
to tensoring the Hamiltonian with an identity operator. We can upper and lower bound
the number of ‘real’ qudits in the tessellation. If no cells contain dummy qudits then the
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number of real qudits in the tesselation is given by nmax = N = O(7F), where N is the
number of cells in the tessellation. By assumption there is at least one real qudit in a
ball of radius 7/, therefore the minimum number of real qudits in the tessellation scales as
B = O (Z7) = O(7%) = O(N). Therefore n = ©(r7) = ().

If the tessellation of H3 by Coxeter polytopes is going to form a HQECC, the Coxeter
polytope must have at least 7 faces. We show in section 6.2 that this bound is achievable,
so we will wlog assume the tessellation we are using is by a Coxeter polytope with 7
faces. The perfect tensor used in the HQECC must therefore have 8 indices. Our method
to construct perfect tensors can be used to construct perfect tensors with 8 indices for
qudits of prime dimension p > 11. Qudits of general dimension d can be incorporated by
embedding qudits into a d-dimensional subspace of the smallest prime which satisfies both
p > dand p > 11. We then add one-body projectors onto the orthogonal complement of
these subspaces, multiplied by some A’y > | Hyyik| to the embedded bulk Hamiltonian. The
Hamiltonian, H{ , on the n p-dimensional qudits is then a perfect simulation of Hyyi.

We can therefore simulate any Hyu which meets the requirements stated in the the-
orem with a Hamiltonian which acts on the bulk indices of a HQECC in H?.

Now consider simulating Hy,x with a Hamiltonian Hp on the boundary surface of the
HQECC. Let:

Hp :H,—FASHS (6.9)

where Hg is as defined in lemma 6.9, H' satisfies H'lle = V(H{ . ® Laummy)VT, V is
the encoding isometry of the HQECC, Il¢ is the projector onto the code-subspace of the
HQECC and 1gymmy acts on the dummy qudits.

Provided Ag > [|H{ ||, item 1 and item 2 from lemma 6.9 ensure that Hp meets the
conditions in [10] to be a perfect simulation of H ;, below energy Ag, and (as simulations
compose) a perfect simulation of Hyyy.

There is freedom in this definition as there are many H’ which satisfy the condition
stated. We will choose an H' where every bulk operator has been pushed directly out to the
boundary, so that a 1-local bulk operator at radius x corresponds to a boundary operator
of weight O(75~%). We will also require that the Pauli rank of every bulk operator has
been preserved (see theorem D.4 for proof we can choose H' satisfying this condition).

Step 2.6 Having constructed Hp we now want to simulate it with a geometrically 2-local
qudit Hamiltonian. To achieve this, we make use of the subdivision and 3-2 gadgets from
section 5.3.3.

Consider simulating a single k-local interaction which is a tensor product of operators
of the form P4 + Pj& by 2-local interactions using these gadgets. The first step will be
to simulate the interaction by two [%1 + 1- local interactions by applying the subdivision
gadget. Then apply the subdivision gadget again to give four O(%)—local interactions.
Continue until all the interactions are 3-local. Finally use the 3-2 gadget to simulate

%Tn steps 2 and 3 we are following the methods developed in [16], replacing the qubit perturbation
gadgets with qudit perturbation gadgets, and making use of the structure of the interaction graph on the
boundary.
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Figure 17. (a) A 6-local interaction in a HQECC where the cells composing the boundary surfaces
are square. (b) The 6-local interaction is simulated by two 4-local interactions, by introducing an
ancilla qudit (denoted by the white vertex) which is placed on an edge separating the sets of qudits
it is interacting with.

on each 3-local interaction. This process requires O(k) ancillas, and O(log(k)) rounds of
perturbation theory.

The original qudits are in the centre of the polygon-cells which form the boundary.'”
Place the ancilla qudits required for this simulation on the edges of the cells separating the
sets of qudits they are interacting with (see figure 17 for an example).

This process can be applied to each of the interactions in Hp independently. Hp
contains O(7%) operators of weight O(77~%) for = € [0, R] (see section 6.1.5). Therefore
applying this step to every interaction in Hp will require a total of:

R
N, = o(ZT%R—x> = O(R7™) = O(nlog(n)) (6.10)
x=0

ancilla qudits. Each edge will therefore contain O(R) = O(log(n)) qudits. When breaking
down the interactions to 2-local the ancillas are placed nearest the qudits they are inter-
acting with, so none of the resulting 2-local interactions cross more than two of the cells
which make up the boundary.

As there are interactions with Pauli-weights which scale as O(n) this step requires
O(log(n)) rounds of perturbation theory. By lemma 5.4, the first round of perturbation
theory will require interaction strengths of Ay = Q(||.F]1:,ulk||6)7 while r rounds of pertur-
bation theory requires interaction strengths to scale as AGLT. Therefore, this step requires

maximum interaction strengths scaling as A = O(Alzc’lym)).

Step 3. Each of the ancillas introduced in step 2 has degree at most 6. The degree of
the original qudits after step 2 is the same as their degree in the initial hypergraph, which

can be calculated as:

p Zf:o FER—a
= R

Therefore there are O(7%) qudits of degree O(R), and O(R7!) qudits of degree O(1).

=R (6.11)

The polygon cells are the faces of the tensor network which correspond to the uncontracted tensor
indices.
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We reduce the degree of each vertex to at most 3(p—1) (where p is the local dimension
18

of each qudit) in the following manner:
i. Use the subdivision gadget to localise each qudit with degree O(R). This requires
O(R) ancilla qudits per cell of the boundary, so O(R7%) ancillas in total.

ii. Apply the triangle gadget to each qudit to reduce the degree to 3(p — 1), by pairing
edges of the form P, + P in parallel. Reducing the degree of one O(R) degree vertex
in this manner requires O(log(R)) rounds of perturbation theory, and O(R) ancillas.
Therefore applying this step to the entire graph requires O(R7%) ancillas.

Once the degree of each qudit has been reduced there are O(R) qudits in each of the
cells of the boundary.

Finally we need to remove all the crossings using crossing gadgets. Each interaction is
constrained to 2 of the cells which make up the boundary surface, so we can consider each
cell and its adjacent cells separately.!” There are O(R) qudits, and hence at most O(R?)
interactions in each cell, including contributions from adjacent cells. Therefore there are
at most O(R*) crossings. We use the subdivision gadget to localise each crossing,?’ then
apply the crossing gadget in parallel to each localised crossing. This requires O(R*) ancillas
per cell of the boundary, so requires O(R*r%) = O(nlog(n)*) ancilla qudits. These ancilla
qudits are placed within the corresponding face of the boundary surface.

This step required O(loglogn) rounds of perturbation theory, so we require the maxi-
mum interaction strength A to scale as A = O(AleIY(n log(n)))

Label the Hamiltonian resulting from this step as HJ.

Step 4. Finally, if we want the boundary Hamiltonian to have full local SU(2) symmetry,
we can simulate H; with a qubit {X X +YY + ZZ}-Hamiltonian on a 2d lattice, Hyoundary-

First use the technique from Lemma 21 in [10] to simulate H; with a qubit Hamiltonian
by simulating each p-dimensional qudit with [logs p] qubits. The resulting Hamiltonian is
given by:

nl

Hf =EHp)+AY P, (6.12)
i=0
where E(M) = VMV, V. = W& 2L W is an isometry W : C? — ((C2)®“Og2p], and
P =1 — WWT. This requires n'[logy p] = O(n') qubits.
The operators in HJ, are at most 2[logy p]-local, and the qubits have degree at most
3(p — 1)[logy p].

18 A recent paper [36] has derived a method to reduce the degree of a Hamiltonian, H, using only poly-

nomial strength interactions. However, this method cannot be used here as it assumes ||H|| = O(poly(n)),
whereas ||Hg|| = O(exp(n)).

19This will double-count some crossings as each cell will be included when considering its adjacent cells
too, but as we are only interested in the asymptotic scaling this double-counting is not important.

20This step can be skipped for edges with only one crossing, where each qudit involved in the crossing
interactions has degree at most 3(p — 1).

21y’ is the total number of qudits in H.
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Next we use the technique from [10, Lemma 22] to simulate H7, with a real Hamil-
tonian. This is a perfect simulation, which requires 2N’ = O(n') qubits, it increases the
locality of the interactions to at most 4[log, p] = O(1) and doesn’t change the degree of
the qubits.

Using the technique from [10, Lemma 39] we then simulate the real Hamiltonian with
a Hamiltonian containing no Y operators. This involves adding an ancilla qubit for every
interaction in the Hamiltonian. As each qubit is involved in a fixed number of interac-
tions, this only requires O(n’) ancilla qubits, so the total number of qubits involved in the
Hamiltonian is still O(n). The locality of each interaction in the Hamiltonian is increased
by 1. This requires O(1) rounds of perturbation theory.

The qubit subdivision and 3-2 perturbation gadgets from [16] can then be used to
reduce the Hamiltonian containing no Y's to a 2-local Pauli interaction with no Y's, leaving
a Hamiltonian of the form ZDj a;jAij + > (BkXk + Yk Z)) where A;j is one of X;Xj,
XiZ;, Z;X; or Z;Z; [10, Lemma 39]. This requires O(1) rounds of perturbation theory,
and O(n’) ancilla qubits.

Next we use the subspace perturbation gadget from [10, Lemma 41] to simulate the
Hamiltonian of the form >, . ci;Ai; + > (BuXk + 1 Z)) with a {XX +YY + ZZ}-
Hamiltonian. This requires encoding one logical qubit in four physical qubits, so introduces
O(N') ancilla qubits, and requires O(1) rounds of perturbation theory.

Finally, we can simulate the general {XX +YY + ZZ}-Hamiltonian with a {XX +
YY + ZZ}-Hamiltonian on a triangulation of the boundary surface of the HQECC using
the perturbation gadgets from [37]. These perturbation gadgets are generalisations of the
fork, crossing and subdivision gadgets from [16] which use a pair of mediator qubits, rather
than a single ancilla qubit, so that all interactions in the final Hamiltonian are of the form
{XX +YY + ZZ}. Following the method in [37], first reduce the degree of all vertices
in the interaction graph to 3 using the subdivision and fork gadgets. This requires O(1)
ancillas and O(1) rounds of perturbation theory per qubit, and can be done to all qubits in
the Hamiltonian in parallel. Next remove all the crossings. The qudit Hamiltonian H; had
no crossings, and our simulation of H}; with a {XX +YY + ZZ}-Hamiltonian will have
introduced O(1) crossings per qudit in H;, so O(n’) crossings across the entire interaction
graph. The crossings are localised using the subdivision gadget, then removed using the
crossing gadget. This requires O(n’) ancilla qubits.

Step 4 therefore requires a total of O(n') = O(n log(n)4) qubits. The scaling of the
interaction strengths in the Hamiltonian is unchanged by this final step as it only required
O(1) rounds of perturbation theory.

Each qubit has degree at most 3, so we can construct a triangulation of the boundary
surface with a qubit in the centre of each triangle. This is not an O(1) triangulation, but
()1, +log log n) then

if we increase the diameter of our boundary manifold to O( max(1, =
we can construct an O(1) triangulation with a qubit in the centre of each triangle (this
follows because we are working in hyperbolic space). This surface will be homeomorphic to
a sphere as boundary surface of the HQECC is homeomorphic to a sphere by lemma 6.8.

The final Hamiltonian, Hyoundary, 15 a (Ar,€,n)-simulation of Hyyye with full local

SU(2) symmetry. The total number of qubits required scales as O(n log(n)4), and the
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Figure 18. Coxeter diagram, X(P;), for the the Coxeter group associated with the pentagonal
prism. The vertices of the graph are labelled with the corresponding generator of the Coxeter
group. The faces Fy and F, of the Coxeter polyhedra (corresponding to the generators s; and s4)
are the pentagonal faces of the prism, the faces F, — F, are the quadrilateral faces.

interaction strengths in the Hamiltonian scale as max;j |a;j| = O(AIL)OIY(nlog(n))) where
Ap = Q(HHbulkHG). The perturbation gadget techniques require that e, = 1/ poly(Ap).?

It is immediate from the definition of the greedy entanglement wedge [3, Definition §]
that bulk local operators in £(A) can be reconstructed on A. The boundary observables /
measurements {M'} corresponding to a bulk observable / measurement M have the same
outcome because simulations preserve the outcome of all measurements. ]

Note that the fact that Hyoundary s a (Ar, €, n)-simulation of Hyyx immediately im-
plies, by theorem 5.3, that the partition function, time dynamics, and all measurement
outcomes of the boundary are the same as that of the bulk, up to O(1/poly(e, 1)) errors
which can be made as small as desired by increasing Ay,

6.2 HQECC constructed from pentagonal prisms

The proof of theorem 6.10 does not require any particular HQECC — all it requires is that
one exists. Here and in section 6.3 we provide examples of two pairs of Coxeter group and
tensor which can be used to construct a HQECC. There are many more which could be
constructed.

First we construct a HQECC using a perfect tensor, and a non-uniform Coxeter poly-
tope. The Coxeter polytope, P, we use is a pentagonal prism. It is described by the
Coxeter diagram, 3(P;), shown in figure 18. The elliptic subdiagrams of ¥(P;) are shown
in table 2.23

The maximum |J| such that W; is finite is three, so |Dg(w)| < 3 Vw € W. Clearly if
we construct a perfect tensor with 8 legs, and place one tensor in each polyhedral-cell in a
tessellation of H? by pentagonal prisms then the tensor network will be a HQECC. Details
of the tensor are given in section 6.2.1.

The growth rate of the Coxeter group is 3.13.%4

2211 steps 2 and 3 we assume that all operators are Pauli rank 2 operators of the form P4 + Pj‘. We have
shown that the HQECC preserves the Pauli rank of operators (theorem D.4), so accounting for operators
of general form will only increase the overheads calculated by a constant factor.

ZElliptic subdiagrams are subdiagrams containing J C S such that W is finite.

24The growth rate was calculated using CoxIterWeb [38], a web applet which computes invariants of
Coxiter groups.
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6.2.1

Name

Diagram

Generating sets

Aq i {Sa}v{Sb}v{SC}’{Sd}7{$€}’{Sf}’{sg}
{5¢17 Sb}v {507 Se}v {Sm 89}7 {5b7 SC}v
A x Ay bd {Sb7sf}7{sbvsg}7{scvsd}a

{SC’ sf}7 {867 59}7 {sd> 86}7
{sa, 59}, {5e, 57}, {Se; 54}

Az (equivalently 12(3) )

o {sa,s7}, {54, 57}
Al X Ay x Ay . . {SasSe, S} {Sa» Sbs Sg}s {Scs Sds Sg }s
{sa,5e, 89}, {80, 8¢, 57}, {85, Se; 84}
Ay x Aq —o {Sas 56,5}, {SasSe, S§}s{5cs 84, 5f}, {8d, Ses 5£}

Perfect tensor

Table 2. Elliptic subdiagrams of X(P;).

We use the procedure set out in appendix E to construct a perfect tensor with the required

properties.

Construct a AME(8, 11) stabilizer state via a classical Reed Solomon code with n =
8,k = 4 over Z1; defined by the set S = {1,2,3,4,5,6,7,8} € Z1;. The generator matrix

is given by:
11111111
12345678
G = 14953359 (6.13)
18594726
In standard form this becomes:
100010 7 1 2
01004 4 3 4
G = 00105 2104 (6.14)
0001 4 10 9 2
Giving a parity check matrix:
17671000
47910100
108120010 (6.15)
97790001
The stabilizer generators of the AME(8, 11) stabilizer state are then given by:
100010 7 1 200000000
01004 4 3400000000
00105 2104/00000000
0001410 9200000000
M= 00000 O 0Ol1 7671000 (6.16)
00000 O 00/|47910100
00000 O 0O/1I08120010
00000 0 00/9 7790001

The tensor which describes the stabilizer state is a perfect tensor.
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Figure 19. Coxeter diagram, % (Ps), for the the Coxeter group associated with order-4 dodecahe-
dral honeycomb. Each pentagonal face of a dodecahedral cell has a dihedral angle of 7 with the
five faces it intersects, and diverges from the other six faces of the dodecahedron.

6.3 HQECC based on the order-4 dodecahedral honeycomb

There are only four compact, regular honeycombings of H?, and all the honeycombings are
by polyhedra with even number of faces, so to use any of them in a HQECC would require
a pseudo-perfect tensor. Here we use the order-4 dodecahedral honeycomb.

The Coxeter polytope, P, we use is right angled dodecahedron. It is described by the
Coxeter diagram, 3(P»), shown in figure 19. The elliptic subdiagrams of ¥(P») are shown
in table 3.

The maximum |J| such that W is finite is three, so |Dr(w)| < 3 Vw € W. Clearly if
we construct a pseudo-perfect tensor with 13 legs, and place one tensor in each polyhedral-
cell in a tessellation of H? by right-angled dodecahedra then the tensor network will be a
HQECC. Details of the tensor are given in section 6.3.1.

The growth rate of the Coxeter group is 7.87.%

6.3.1 Pseudo-perfect tensor

We use the procedure set out in appendix E to construct a pseudo-perfect tensor with the
required properties.

Construct a AME(13,13) stabilizer state via a classical Reed Solomon code with n =
13,k = 6 over Z3 defined by the set S = {0,1,2,3,4,5,6,7,8,9,10,11,12} € Zy3. The
generator matrix is given by:

1171711 11111111
01234 5 6 7 8 9101112
0149 3121010123 9 4 1
= 1
¢ 0181128 8 5 5 112 5 12 (6.17)
01339199193 31

0169105 211 834 7 12

ZThe growth rate was calculated using CoxIterWeb [38], a web applet which computes invariants of

Coxiter groups.
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Name Diagram

Generating sets

Ay o

{Sa}v {Sb}v {56}7 {Sd}v {Se}a {Sf}7
{89}7 {Sh}’ {Si}’ {Sj}7 {Sk}’ {Sl}

Al x A ° °

{5as5b}s {80, 8¢}, {5as sa}s {Sa» e}
{sarse}s {sp, seh, {sp, 55}, {55, 8}
{86, 80}, {5cs 8a}s {5, sn}s {5es 81},
{sa,s¢}, {sa si}, {54, 55} {se: 57}
{se; 55} {8e, skt {Sp 56}, {sf: 54},
{sg, 51} {59, sn}: {sg, sk}, {sn, s}
{sn.sit, {si, 55} {sisib {s), s,
{55, s} {sk, 51}

A1XA1XA1 ° °

{Sa> SbsSc}s {5a, S¢s Sats {Sas Sd> Se}s {5a, Ses S5}
{sa,sf, 50}, {s6,5f, 5}, {56, 5¢, sn}, {sv, 5g- 50 }
{8cs 8, i}, 8¢, Sds i} {8ds Ses S5} {845 86585},
{se;sp, sk} {ses 55,51} {5, 59, sk} {sg, sk, 51}

{397 Sh Sl}7 {Sh7 Si, Sl}a {S’iv S5, Sl}a {Sja Sk, Sl}

Table 3. Elliptic subdiagrams of 3(P,).

In standard form this becomes:

10000012759 486
01000069 3 311811
001000117 6 8111 7
000100 7 1118 6 711

000010118113 396
0000016 8495 712

Giving a parity check matrix:

The stabilizer generators of the AME(13,13) state are given by:

1726 271000000
64 612550100000
810 v 2 290010000
4105 51040001000
92 2 71080000100
5126 460000010
2

5
7 6 2 710000001

it

(6.18)

(6.19)

(6.20)

The tensor which describes the AME(13, 13) stabilizer state is a pseudo-perfect tensor.
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A (Pseudo-)perfect tensors and absolutely maximally entangled states

Perfect and pseudo-perfect tensors are closely related to the concept of absolutely max-
imally entangled (AME) states, which are maximally entangled across all bipartitions.
More formally:

Definition A.0.1 (Absolutely maximally entangled states, definition 1 from [39]). An
AME state is a pure state, shared among n parties P = {1,...,n}, each having a system
of dimension q. Hence, |®) € H1 ® ... R H,, with the following equivalent properties:

i. |®) is mazimally entangled for any possible bipartition. This means that for any bipar-
tition of P into disjoint sets A and B with AU B = P, and without loss of generality
m = |B| < |A| = n — m, the state |®) can be written in the form:

9) = <= 3 g, b, ), [000) (A1)

kezm
with ($(k)|¢(K')) = bk

it. The reduced density matriz of every subset of parties A C P with |A| = L%J s maxi-

mally mized, py = q*LEJ ]lq—L%J‘

iti. The reduced density matriz of every subset of parties A C P with |A| < § is mazimally
mixed.

iv. The von Neumann entropy of every subset of parties A C P with |A| = L%J s maximal,

S(A) = |%|loggq.

v. The von Neumann entropy of every subset of parties A C P with |A| < § is mazimal,

S(A) = [Allogg.

These are all necessary and sufficient conditions for a state to be absolutely maximally
entangled. We denote such state as an AME(n,q) state.

The connection between perfect tensors and AME states was noted in [3], and sepa-
rately in [40] (where perfect tensors are referred to as multi-unitary matrices). Here we
generalise the arguments from [40] to encompass the case of pseudo-perfect tensors.
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A t-index tensor, where each index ranges over ¢ values, describes a pure quantum
state of ¢ g-dimensional qudits:

W)> = Z Talaz...at ‘alaZ s at> (AQ)

ai1ag...at GZZ

A necessary and sufficient condition for |¢)) to be an AME state is that the reduced
density matrix of any set of particles A such that |A| < L%J is maximally mixed. The
reduced density matrix ps can be calculated as py = MMT, where M is a |A| x |A°|
matrix formed by reshaping T'. Therefore, the state |¢)) is an AME state if and only if the
tensor 7T is an isometry from any set of indices A to the complementary set of indices A€
with |A| < |A9|.

If ¢ is even (odd) this implies that T is a perfect (pseudo-perfect) tensor. Therefore
an AME state containing an even (odd) number of qudits can be described by a perfect
(pseudo-perfect) tensor, and every perfect (pseudo-perfect) tensor describes an AME state

on an even (odd) number of qudits.

B (Pseudo-)perfect tensors and quantum error correcting codes

An [n, k,d]; quantum error correcting code (QECC) encodes k g-dimensional qudits into
n g-dimensional qudits, such that d — 1 located errors (or % unlocated errors) can be
corrected. The quantum Singleton bound states that n —k > 2(d — 1). A QECC that sat-
urates the quantum Singleton bound is known as a quantum maximum distance separable
(MDS) code.

Previous work has established that every AME(2m,q) state is the purification of a
quantum MDS code [39, 41].26 Furthermore, viewing the perfect tensor which describes an
AME(2m, q) state as a linear map from 1 leg to 2m — 1 legs, it is the encoding isometry of
the quantum MDS code encoding one logical qudit [3].

We can generalise the proof in [41] to further characterise the connection between

(pseudo-)perfect tensors and QECC:

Theorem B.1. Every AME(t,q) state is the purification of a [t — k, k, L%J —k+1], QECC
for1 <k< L%J 27

Proof. Let |®) be an AME(t, q) state, and let m = | £|. For any partition of the state into
disjoint sets L, A and B such that |[L| =k < m, |A| =m — k and |B| = 4| we can write:

B) \/Tm ST i) e Gmek) 4 160 ) 5 (B.1)

iezk jezg*

26The original proof actually demonstrates that AME(2m, q) states are the purification of a threshold
quantum secret sharing (QSS) scheme, however every pure QSS scheme is equivalent to a quantum MDS
code [42] so the result follows immediately.

2TThe proof of this theorem is a straightforward generalisation of [41, Theorem 2]
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The set AU B are the physical qudits. Define the basis states of a QECC as:
‘q)i> - fL Zk|<I)
= 3\l gm0, )

GZm k

Encode a logical state in the physical qudits as:

la) = > aili) = > a;|®;) (B.3)

7k 7k
zEZq zEZq

Now consider tracing out m — k of the physical qudits. Since the sets A and B in
eq. (B.1) are arbitrary, we can always choose that the qudits we trace out are in the set A.
The qudits we are left with are then in the state:

jair |0(3,5)) (687, 5)] (B.-4)

’Ll,J

We can recover the logical state by performing the unitary operation:

i) g, - lik) g, 191) By, -+ lIm=k) B, for t even
Uslélioidlp=q = (8.5
i), - lik) g, i) By, - - lim—k) 5, 10)5,,,, fortodd
which will give:
1 o
UppsU; = |a) (a] ® 5 3 13} G (B.6)
J

Therefore, any set of ¢ —m qudits contains all the information about the logical state.
By the no-cloning theorem, any set of m qudits contains no information about the logical
t

state, so the QECC can correct exactly m — k = bj — k erasure errors. This gives

d= 5] —k+1. O

Therefore, an AME(2m,q) state is the purification of a quantum MDS code with
parameters [2m — k,k,m — k + 1],; while an AME(2m + 1, ¢) state is the purification of
a QECC with parameters [2m + 1 — k,k,m — k + 1],. The parameters in the AME(2m +
1,q) case do not saturate the Singleton bound, so it is not an MDS code, but it is an
optimal QECC.%®

If we consider the (pseudo-)perfect tensor, T', which describes an AME(t, q) state |P)
we have:

B = S Tizli i (B.7)

. . _t—k
t€Zk jely

28The terms MDS quantum code and optimal quantum code are sometimes used interchangeably. Here,
by an optimal quantum code we mean either an MDS code, or a code for which n — k is odd so which
cannot saturate the Singleton bound, but for which the distance d is maximal given this constraint.
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where L and P are the sets of logical and physical qudits in the corresponding QECC,
|L| =k, |P| =t — k. The basis states for the QECC are then:

@)= > Tijli)p (B.8)
jezt*
and the encoding isometry is:
V= > Tl (B.9)
i€zk jert "
So, viewed as an isometry from k legs to t — k legs a (pseudo-)perfect tensor is the encoding
isometry of a [t — k, k, L%J — k+ 1], QECC.

C Qudit stabilizer codes and states
We restrict our attention to qudits of dimension p where p is an odd prime.

C.1 Generalised Pauli group

The generalised Pauli operators on p dimensional qudits are defined as:

p—1
X =31+ 1)l (C.1)
j=0

p—1
Z=) « i)l (C2)
§=0

27
where w = e » . The generalised Pauli operators obey the relations X? = ZP = 1 and

XZ =wZX.

The Pauli group on n qudits is given by G,, = (w*X%Z€) where a € Z,, b,c € Zy.
Two elements w?X?Z¢ and w® X' Z¢ commute if and only if & - ¢ = b - ¢’, where all
addition is mod p.

C.2 Qudit stabilizer codes

A stabilizer code C on n qudits is a p*-dimensional subspace of the Hilbert space given by:
C=A{lY) | M) = [9) VM € S} (C.3)

where S is an Abelian subgroup of G, , that does not contain wl.
The projector onto C is given by [43]:

H:%ZM (C.4)
151 37

where |S| = p"~*. S is an elementary Abelian p-group, so this implies that a minimal
generating set for S contains n — k elements [44].

The minimum weight of a logical operator in an [n, k, d] stabilizer code is d. This is
also the minimum weight of any operator that is not in the stabilizer, but which commutes
with every element of the stabilizer.

A stabilizer code with k& = 0 is a stabilizer state.
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D Stabilizer (pseudo-)perfect tensors

A stabilizer (pseudo-)perfect tensor describes stabilizer AME states. This implies, using
the method in [45] for generating short qubit stabilizer codes from longer ones, that the
QECCs described by the tensors are stabilizer codes:

Theorem D.1. If a (pseudo-)perfect tensor, T, with t legs describes a stabilizer AME(t, p)
state, then the [t —k, k, L%J —k+1], QECCs (for1 <k < L%J} described by the tensor are
stabilizer codes. The stabilizers of the code are given by the stabilizers of the AME state
which start with I€%, restricted to the last t — k qudits.

Proof. Consider an AME(¢, p) stabilizer state with stabilizer S:

9) =\ 3l 4660 (0.1)

iezZm

where |A| =m = %], |B| =[]

We have that M |®) = |®) for all M € S, where |S| = p! so a minimal generating set
for S contains t elements. We can always pick a generating set for S so that M; and My
begin with X and Z respectively, and Mj to M; begin with 1 [45]. Define M} to be M;
restricted to the last ¢ — 1 qudits, where 57 =1,... ¢

Consider the codespace, C, for a [t — 1,1, L%J]p error correcting code described by T":

W) = Z iy ’(I)i1> (D.2)

1EZ

where 37, a7 = 1 and |®;,) = /p (i1|®). If we act on |¢) € C with M we find M [¢) = |¢)
for j =3,....t, Mj|y) = |[¢') € C where [¢)) # |¢) for j =1,...,2.

The group S’ generated by M} for j = 3,...,t contains |S"| = p'~2 elements, and it
stabilizes the [t — 1,1, L%J]p code described by T with codespace C.

This procedure for discarding two stabilizer generators from a [n, k, d] code to obtain
an [n — 1,k 4+ 1,d — 1] code is always possible provided d > 1 [45]. So we can repeat
the procedure HJ — 1 times, demonstrating that the [t — &, k, L%J — k + 1], QECCs for

2
1<k< L%J described by the perfect tensor are stabilizer codes. ]

We also require that all the QECC used in our construction map logical Pauli operators
to physical Pauli operators. It is known that for qubit stabilizer codes a basis can always
be chosen so that this is true [45], and the same group-theoretic proof applies to qudit
stabilizer codes.?? The physical Pauli operators we obtain using this method are not given
by acting on the logical Pauli operators with the encoding isometry, but they have the
same action in the code subspace. So, we have that for qudit stabilizer codes it is always

*The discussion in [45] actually shows that there is an automorphism between Gy » and N(S)/S, where
N(S) is the normalizer of S in G,, 2. As N(S) € Gy 2 this is sufficient. The discussion in [45] can be extended
to qudits of prime dimension by replacing phase factors of 4 with factors of p, and dimension factors of 2
with factors of p.
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possible to pick a basis where VPVT = P'VV1 where P is a k-qudit Pauli operator, P’ is
an n-qudit Pauli operator, and V' is the encoding isometry of the QECC.

In our holographic QECC we do not have complete freedom to pick a basis, so we also
need to show that we can pick this basis consistently. In order to show this we will require
two lemmas about qudit stabilizer codes.

Lemma D.2. The smallest subgroup, G, of the Pauli group G, such that VP € G,
P #1%" 3M € G where MP # PM s the entire Pauli group.

Proof. Consider the following process for constructing a set A element by element such
that VP € G, p, P # 19", 3M € A where M P # PM:

1. Select an arbitrary element of G, , PO = o xb® Ze

2. Pick an element P1) = o) X0 7" queh that (1) . ¢ £ pM) . 1), This
ensures that P(") does not commute with P, and P1") is our first element of A.

3. Pick an arbitrary element, P of Gn.,p which commutes with every element of A and
is not the identity.

4. Choose any element, P of Gnp which does not commute with P(i), and add it to
A.

5. Repeat steps (3) and (4) until VP € G, , P # 1®", 3M € A such that M P # PM.

When we construct A, every element P() = W™ X0 7™ Ghich we add to A
is independent from every element already in A. To see this note that by assumption
there is some P® which commutes with every element in A, but does not commute with
P 1f P(") was not independent from the other elements of A, and b(¥) = Yk b®*) and
) =3, ¢®) where P®) € A for all k, then b() . ¢ = 37, b*) . () = 3=, () . )
and b® . i) = Yk b . ) g0 b)) = p® . () and P would commute with P,
contradicting our initial assumption.

We need to determine the minimum number of elements in A when this process
terminates.

Suppose we have repeated steps (3) and (4) m times, so that |A| = m. If there is
an element P*) = ,a® xb® 7e®) ¢ Gnp which commutes with every element of A then
b() . k) = p*) . ) for all P) € A. PW is described by 2n degrees of freedom:
bgk), . b%k) and cgk), . c%k), and there are m homogeneous equations which P®) needs to
satisfy.?0 Provided m < 2n, the set of equations is underdetermined, and we can always
choose a P*) which commutes with every element of A and is not the identity. If m = 2n
then the solution to the equations is uniquely determined, and is the identity. At this point
we cannot continue with the process, so it terminates with |A| = 2n.

Therefore, the smallest set A of elements of G, , such that VP € G, ,, P # 19n,
dM € A where M P # PM contains 2n elements. At this stage A is not a group because

39The equations are homogeneous as all constant terms are equal to zero. Homogeneity of the equations
ensures that the equations are not inconsistent.
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all the elements of A are independent so the set isn’t closed. Any 2n independent elements
of G, p generate the entire group, so the smallest group G which contains every element of
Ais G, itself. O

Lemma D.3. In an [n,k,d], stabilizer code, the action of an encoded Pauli operator P on
any d — 1 physical qudits can be chosen to be any element of Gg_1 p.

Proof. The encoded Pauli operator P is not unique, and the different possible physical
operators are related by elements of the stabilizer. We therefore need to show that the
stabilizer S restricted to any set of d — 1 qudits is the entire Pauli group Gg—1 .

An [n, k,d], stabilizer code can correct all Pauli errors of weight d — 1 and less. A
correctable error doesn’t commute with some element of the stabilizer, so for any Pauli
operator of weight d—1 there 3M € S such that [M, P] # 0. The result follows immediately
from lemma D.2. O

Theorem D.4. If there exists a basis such that the QECC described by a (pseudo-)perfect
tensor, T, from qudit | to t — 1 qudits maps Pauli operators to Pauli operators, then all
other QECC described by T' which include qudit [ in the logical set also map Pauli operators
to Pauli operators in that basis.

Proof. Let the AME state described by T be given by:
D)= > D )i beoa)gler- . emok) 4 100, b, ) g (D.3)
a€Zp peZp ™t ceZy

where m = [ %], and |B| = [§].
The basis states of the [t — 1,1, L%J]p QECC from qudit [ to other t — 1 qudits are
given by:

Pa) = D> D i beoadgler . emok) 4 00, b)) g (D.4)

beZEt cezpF

and the encoding isometry is given by:

V=3 [®)al (D.5)

The basis states of a [t — k, k, L%J — k + 1], QECC from a set L qudits (where [ € L,
|L| = k) to t — k qudits is given by:

[Pap) = D 1. Cmoi)alé(a,be))p (D.6)
cezp*

and the encoding isometry is given by:
V=3 [45) (a,b] (D7)
a

By assumption we have:
VPV =QvvT (D.8)

where P € G1pand Q € G p, n =1t — 1.
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Therefore:

Y 12a) (al Pr]a’) (ar| = Q) |9a) (2dl (D.9)

aa’

Consider the action of V' on Py ® Py € Gy

V(PLoP)VT= Y |04p)(a,b] (PL® P2)a,b) Byl

a,a’ b,b’

= > (@) (a| Prd") (B] P2 [b) (o

b')
a,a’ b,b’

= Y (b R|b) (b] (1) (a] Pr]a’) (@u]) [B)

a,a’ ,b,b’

= > (b P2 [b') (b (Q[@a) (@a]) [b) (D.10)

a,b,b’

- Z (b] P2 [b") (b Q4 b)) Q" |Paprr) (Papr|

a,b,b’ b

=> Q' [®ap) (Papl if Pr = Qf
a,b

— y'y'tp )

where and @ and @’ indicate @ restricted to the first £k —1 and remaining n — k — 1 qudits
respectively (Q = Q) ® Q).

Therefore, if () acts as P, on the first £ — 1 qudits, then P; ® P> maps to a Pauli under
V', The operator @ is not unique, and from lemma D.3 we know that its action on L%J -1
qudits can be chosen to be any element of QL L So we can choose that ) acts as P
on the first k — 1 qudits, for k < L%J O

E Existence of (pseudo-)perfect stabilizer tensors

E.1 Classical coding theory

A classical linear [n, k]q code, Cy, encodes k d-dimensional dits of information in n dits. It
can be described by a generator matrix G : Z’; — Z7, where information is encoded as
x— Glx forx € Zfl. Equivalently, C.; admits a description as the kernel of a parity check
matrix H : Zl] — Zg_k. Consistency of the two descriptions implies HGTx = 0, Va € Z",
and hence the rows of H are orthogonal to the rows of G.

The minimum distance § of a classical code is defined as the minimum Hamming
distance between any two code words. It is bounded by the classical Singleton bound,
0 < n—k+ 1. Codes which saturate the classical Singleton bound are referred to as
classical MDS codes.

Reed-Solomon codes are a class of classical MDS codes [46].3!

31Reed Solomon codes can be defined over any finite field, but we only require the definition of Reed
Solomon codes over Z, for our construction.
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Definition E.0.1. Let p be a prime, and let k,n be integers such that k <n < p. For a
set S ={a1,as,...,a,} € Zp, the Reed-Solomon code over Zj is defined as:

Crsn, k] = {(P(a1), P(a2), ..., P(an)) € Zy, | P(X) € Zp[X],deg(P) <k —1}  (E.1)
where Zy,[X] is the polynomial ring in X over Z,.>

To encode a message a = (ag,ai,...,a5-1) € Z’; in the Reed-Solomon code define the
polynomial:
Pa(X) :ag+a1X—i—a2X2—|—...+ak,1Xk71 (E2)

and construct the codeword (Pg(a), Pa(2), ..., Pa(an)) € Crsn, k.
Reed-Solomon codes are linear codes, with generating matrix:

1 1 1 ... 1
a1 (%) Qs Qo
2 2 2 2
G = aq 65 Q3 (67 (Eg)
k—1 k-1 -1 k—1
aq Qo Qg (67

The generator matrix can be put into standard form G = [I;|P] (where P is a kx(n—k)
matrix) using Gauss-Jordan elimination over the field Z,. The parity check matrix is then
given by H = [PT|I,_4].

E.2 Constructing AME stabilizer states

An AME(t,p) stabilizer state |®) can be constructed from a classical [t, | £|], MDS code
with 6 = [£] 4 1. The state is given by [20]:

) = dl S |G (B.4)

l
meZp

and has stabilizers XY for all y € me and ZY where y? = 2T H for all z € Zy'. The full
set of stabilizers is given by the generator matrix [20]:

Glo
M= <OH> (E.5)

where (a | 8) = X ZP for o, 8 € ZL,.

Reed-Solomon codes can be constructed for any k,n satisfying k < n < p [46], so by
increasing p this construction can provide AME(t, p) stabilizer states for arbitrarily large
t. By theorem D.1 the tensor which describes the AME(t,p) stabilizer states will be a
stabilizer (pseudo-)perfect tensor.

This construction is not optimised to minimise p for a given ¢. It is possible to construct
generalised Reed-Solomon codes which exist for n = p + 1 [47], which if used in this

32The polynomial ring in X over Zyp, Zp|X], is the set of polynomials P(X) = ao+a1 X+as X%+, . +anX™
where a; € Zy.
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construction will give (pseudo-)perfect stabilizer tensors acting on lower dimensional qudits
for certain values of ¢. There are also methods for constructing stabilizer perfect tensors
for which p o v/t using cyclic and constacyclic classical MDS codes [48], but this method
is significantly more involved than the one presented here, and does not work for pseudo-
perfect tensors. In our construction there is no benefit to minimising p, so we have selected

the simplest, most universal method for constructing (pseudo-)perfect stabilizer tensors.

F Perturbative simulations

In this appendix we collect some results regarding perturbative techniques, and introduce
the new qudit perturbation gadgets which are used in this paper. All the perturbation
gadgets we introduce are qudit generalisations of the qubit gadgets from [16].

Let H be a Hilbert space decomposed as H = H_ & H. Let IIL be the projectors
onto Hy. For arbitrary operator M define My, = I M1y, M__ =TI_MII_, M,;_ =
Iy MII_, and M_, =11_MII,.

Consider an unperturbed Hamiltonian H = AHy, where Hy is block-diagonal with
respect to the split H =H_ & Hy, (Hp)—— =0, Amin ((Ho)++) > 1.

We will use lemmas 5.4 and 5.5 from section 5.3.3 to construct qudit perturbation
gadgets, which generalise qubit gadgets from [16]. In our analysis we assume without loss
of generality that every interaction is a Pauli-rank 2 interaction of the form P, + P;r.

Qudit subdivision gadget. The subdivision gadget is used to simulate a k-local interac-
tion by interactions which are at most {g] 4+ 1-local. We want to simulate the Hamiltonian:

Htarget :Helse+(PA®PB+PL®P;) (Fl)
Let H = H + V where:
_H == AH+
where:
Iy =) Al, +12)2l,+---+lp=1) -1, (F.4)
Hl = Helse +21 (F5)
Hy=—-Py® X, — Pl o X} + Ppo X} + P, ® X, (F.6)

The degenerate ground space of H has the mediator qubit w in the state |0) (0] so II_ =
0) (0[,,- This gives:
(H1)-— = (Heise + 21) ©10) (0, (F.7)

and:

(Hz)—s = —Pa®|0) (p — 1|, — Py ®10) (1],, + Pp ®10) (1], + P ®[0) (p — 1|, (F.8)
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Therefore:
(H) -+ Hg (o)~ = (Pa® Pp + Py P —21) @10) (0], (F.9)
If we define an isometry W by W |¢) 4, = |1)) 4 |0),, then:
IW Hiarget W — (H1)—— + (Ha) 1 Hy ' (Ha) || = 0 (F.10)

Therefore eq. (5.13) is satisfied for all e > 0. So, provided a A is picked which satisfies the
conditions of lemma 5.4, H is a (%, n, €)-simulation of Hiarget.

Qudit 3-2 gadget. The Hamiltonian we want to simulate is:
Hiarget = Helse + Pa ® Pp ® Po + le ® P]TS ® P(]; (F.11)

Let H = H + V where:

H = AT, (F.12)
V = Hy + ASH| + A3 H, (F.13)

where:
I =[1) (1, +...+p—1){p-1l, (F.14)

1
Hl:Helse+§(PI%®PC+(PZ)2®P5+P%®PC+(P;)2®Pg)

+ 2\1/5 [(PA + Pg)* (=P} + Ph) + (-Pl+ p,g)Q (—Pa+ PB)] (F.15)
H| = -Py® P}, — Pl ® Pg (F.16)
Hy = (Po@lp=1){1l, + PL @ 1) (p - 1l,,)
+ \}5 ((—PA +Pp)® Xy + (—PL+ P ® XIU) (F.17)
This gives:

(Hy)_ = Hy @ [0) (0], (F.18)
(H)-- =H; ®0) (0], (F.19)

(Hp)41 = — (Po@lp—1) (1], + PLe 1) (p-1l,)
+ \2 [(~Pa+ P5)® Qu+ (~PL+ Ph) @ Ru] (F.20)

where Q@ =12) 2| +...+p—1)(p—1jand R=1|1) (1| +...+ |p—2) (p — 2|.

(H) = 2= [P+ P00 (o~ 1, + (~PL+ PR o100 (] (F2)

If we define an isometry W by W |¢) 4, = |) 4 |0),, then:

[IW Hearget W' — (H1)—— + (H2)—4 Hy ' (Hz) 1+ Hy ' (Ha)4—|| = 0 (F.22)
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Therefore eq. (5.14) is satisfied for all € > 0.

We also have:

(Hp)_+Hy'(Hy)— = —Pa® Pl — P{® Pg = (H])__

(F.23)

As required by eq. (5.15). So, provided a A is picked which satisfies the conditions of

lemma 5.5, H is a (%,17, €)-simulation of Hiarget-

Qudit crossing gadget. We want to generate the Hamiltonian:
Hiager = Hoe + i (P4 ® Pp + Py @ P} + e (Po  Po + Pl o L)
Set H = H + V where:

H:AH+
V =H +A%H2

where:

My =) A, +...+p—-1){p-1],

H) = Hase + [0tage(Pa © Py + P} ® Pp) — 00a(Pa ® B, + Pl ® Po)
— (P ® P}, + P}, ® Pp) + (Pc ® P}, + Pl @ Pp)
+1(a2;+ ai, +2)]

1

Hy = ﬁ[_aad(PA ® X + P @ X)) — ape(Pp ® Xy + PL @ XJ)

+ (Po® X[, + PL® X) + (Pp ® X}, + P}, ® X,,)]
Then:

(Hy)-— =H, ®|0) <0|w

(Ho) 4 = \/g[—aad(PA ®10) (p — 1|, + P} 10) (1],,)
— awe(Pp @ |0) (p — 1, + P [0) (1],,)
+ (P ®10) (1, + PL10) (p — 11,,)
+(Pp @ |0) (1], + P} [0) (p — 1,,)]

If define an isometry W by W |¢) , = |¢) 4 |0),, then:

W Hyanged W — (Hy) - + (Ha) . Hy ()| = 0

(F.24)

(F.27)

(F.28)

(F.29)

(F.30)

(F.31)

(F.32)

Therefore eq. (5.13) is satisfied for all € > 0. So, provided A is chosen to satisfy the

conditions of lemma 5.4, H is a (%, 1, €)-simulation of Hiarget-
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Qudit fork gadget. We want to generate the Hamiltonian:
Htarget = Helse + ap (PA®PB+PIZ®P;> + Qe (PA®PC+P£®P2'> (F33)

Let H = H + V where:

H = AIL, (F.34)
V =H +A2H, (F.35)
where:
H, :Helse+aabaac (PB®P5+P;®PC) +1 (1+agb+aac+agc)
1
Hy = E[_(PA ® X+ Pl © X1) + aw(Ps ® X}, + P}, ® X,,)
+ aue(Po ® X + Pl © X)) (F.36)
Then:

(Hy)-— = H; ®10) (0], (F.37)

(Ha) =j§[<PA ®0) (p— 1], + Py @ [0) (1],)
+aa(Pp ®[0) (1], + PL @10) (p —1,,)
+ aae(Pe ® [0) (1], + PL @ [0) (p— 1,,)] (F.38)

If define an isometry W by W |¢) 4 = |¢) 4 |0),, then:
W Hianged W — (1) 4+ (Ha) o Hy (Ha) || =0 (.39)

Therefore eq. (5.13) is satisfied for all € > 0. So, provided A is chosen to satisfy the
conditions of lemma 5.4, H is a (%, n, €)-simulation of Hiarget .

G Translational invariance in the boundary model

In general the boundary model which results from pushing a translationally invariant bulk
Hamiltonian through the HQECC will not be translationally invariant, but for particular
choices of tessellation and (pseudo-)perfect tensor the boundary model will exhibit block
translational invariance.

To see how this comes about consider the example discussed in section 6.3. First
consider the symmetry of the honeycombing of H?. The tessellation is the order-4 dodeca-
hedral honeycomb. The symmetry group of the dodecahedron is the icosahedral symmetry
group, which is the Coxeter group H3 with Coxeter diagram given in figure 20. The rota-
tion subgroup of this group is the alternating group As, and contains rotations by %” about
centres of pairs of opposite faces, rotations by 7 about centres of pairs of opposite edges,

and rotations by 2% about pairs of opposite vertices. The symmetry group of the entire
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Figure 20. Coxeter diagram for the icosahedral symmetry group Hs.

5 4

r——— O —0

Figure 21. Coxeter diagram for the group BH3.

tessellation is the Coxeter group BH3, which has Coxeter diagram given in figure 21.33
Clearly Hz < BHj3. Therefore the symmetry group of the tessellation contains all of the
rotational symmetries of the dodecahedron itself.

Cutting off the tessellation at some finite radius will not break the rotational symmetry.
Therefore, so long as we can align the perfect tensors within the dodecahedral cells of the
tessellations in such a way that the tensors don’t break the symmetry, the HQECC will
have the same rotational symmetry as the dodecahedron.

Ignoring the central tensor for now, it is clear that for the remaining tensors in the
network it is possible to align them in such a way that rotational symmetry about at least
one axis is preserved. To see this consider starting with an empty tessellation (of finite
radius). Pick an arbitrary cell in the tessellation, P®) and place the pseudo-perfect tensor
in that cell in an arbitrary orientation. Now pick an axis of rotation, and consider rotating
the tessellation by the minimum rotation about that axis which is in Hs. This sends P(®)
to P and the resulting tensor in P(*") will have some particular orientation. Place a
tensor with this orientation in P, We can now repeat this process, placing tensors in
every cell which is equivalent to P(*) under rotation about this axis. Then pick another
empty cell in the tessellation, and repeat the process, keeping the axis of rotation the same.
We are guaranteed to be able to complete the process consistently as rotations about the
same axis commute, and there are no conditions on how tensors in neighbouring cells have
to be connected.

Now consider the central tensor. Rotating the HQECC doesn’t send the central tensor
to another tensor in the network, it permutes 12 of the indices of the bulk tensor (leaving
the final index, the bulk logical index, unchanged). The stabilizer generators of the pseudo-
perfect tensor used in the HQECC are given in eq. (6.20). Viewed as a isometry from any
one index to the other twelve indices the pseudo-perfect tensor is the encoding isometry
of a [12,1, 6]13 QECC. Reed-Solomon codes are cyclic codes, so the pseudo-perfect tensor
is symmetric under cyclic permutations of the 13 indices. Which index we chose as the
logical index is therefore not important.

Reading off from eq. (6.13) one of the stabilizer generators of the AME(13,13) state
is X®13. Therefore using the process described in [45] for generating new stabilizer codes
from old stabilizer codes we can construct a logical X operator for the [12,1,6]13 code as:

X = x®12 (G.1)

33This is not the Coxeter diagram given for the tessellation in section 6.3. In general a Coxeter group can
have many different Coxeter diagrams depending on which presentation is used. In section 6.3 we used the
presentation corresponding to reflections in the faces of the dodecahedron. Here we are using the Coxeter
diagram which makes the link between Hs and BH; explicit.
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In order to construct a logical Z operator we need to find an operator which commutes
with every element of the stabilizer such that XZ = wZX. One such operator is:

7 = (2'2)%" (G.2)

Both the encoded X and Z operators on the central bulk index can be realised using
operators which are symmetric under any permutation of the contracted tensor indices.
Therefore so can any operator we push through the central bulk tensor, so the central
tensor does not break the rotational symmetry of the HQECC.

Since the HQECC (including the tensors) can be constructed to preserve rotational
symmetry about at least one axis, a rotation about that axis will send the entire HQECC,
including the boundary, to itself. Therefore the boundary exhibits a form of ‘block trans-
lational invariance’ — the Hamiltonian is a repeating pattern.

The existence of translationally invariant universal quantum Hamiltonians is an open
question (in the classical case it has been shown that translationally invariant universal
Hamiltonians do exist [49]). If translationally invariant universal quantum models were
found it may be possible to construct a HQECC where the boundary Hamiltonian exhibits
full translational invariance.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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