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We investigate the impact of prior models on the upper bound of the sum of neutrino masses,
P

mν.
Using data from the large scale structure of galaxies, cosmic microwave background, type Ia supernovae,
and big bang nucleosynthesis, we argue that cosmological neutrino mass and hierarchy determination
should be pursued using exact models, since approximations might lead to incorrect and nonphysical
bounds. We compare constraints from physically motivated neutrino mass models (i.e., ones respecting
oscillation experiments) to those from models using standard cosmological approximations. The former
give a consistent upper bound of

P
mν ≲ 0.26 eV (95% CI) and yield the first approximation-independent

upper bound for the lightest neutrino mass species, mν
0 < 0.086 eV (95% CI). By contrast, one of the

approximations, which is inconsistent with the known lower bounds from oscillation experiments, yields
an upper bound of

P
mν ≲ 0.15 eV (95% CI); this differs substantially from the physically motivated

upper bound.

DOI: 10.1103/PhysRevLett.123.081301

Introduction.—Particle physics experiments in the late
1990s, such as Super-Kamiokande [1], and recent experi-
ments, such as SNO [2], KamLAND [3], and others
[4–6], have established the existence of massive neu-
trinos, taking a first step beyond the standard model of
particle physics. Current global fits to data from several
neutrino oscillation experiments obtained constraints for
two different mass squared splittings: from solar neutrino
experiments, Δm2

21 ≡m2
2 −m2

1 ≈ 7.49þ0.19
−0.17 × 10−5 eV2,

and from atmospheric neutrinos, jΔm2
31j≡ jm2

3 −m2
1j ≈

2.484þ0.045
−0.048 × 10−3 eV2 (1σ uncertainties) [7]. These mea-

surements imply that at least two of the neutrino mass
eigenstates are nonzero and, given that the sign of Δm2

31

is unknown, that two scenarios are possible, related to the
ordering of the masses: m1 < m2 ≪ m3, known as the
normal hierarchy (NH), or m3 ≪ m1 < m2, the inverted
hierarchy (IH). Current neutrino experiments will not be
able to break the degeneracy between these two hier-
archies (or orderings) in the near future [8]. However, by
considering the lightest neutrino mass eigenstate to be
zero, we see that these experiments set a lower bound for
the sum of neutrino masses,

P
mν ≡P

3
i¼1mν;i, as

follows:
P

mNH
ν > 0.0585� 0.00048 eV or

P
mIH

ν >
0.0986� 0.00085 eV [9–12].
From a different perspective, cosmological surveys have

the potential to probe the sum of neutrino masses [13–16]
and also to constrain the neutrino mass hierarchy [9,16,17].
The large scale structure of galaxies in the Universe is
sensitive to the sum of neutrino masses and the number of
massive neutrino species, Nν, since the cosmic energy
density ratio for massive neutrinos in a ΛCDM model is

Ων ¼
XNν

i

2

64
�

G
π2H2

0

�Z
d3pi

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2
i þm2

ν;i

q

ðepi=Tν;i þ 1Þ

3

75: ð1Þ

For the case of degenerate masses and after neutrinos start
behaving nonrelativistically, this can be approximated by
Ων ≈

P
mν=ð92.5h2 eVÞ [15]. This last approximation is

at the core of the approach taken by most cosmological
analyses when probing the related neutrino parameters;
this leads to 95% CI upper bounds on

P
mν as low as

< 0.12 eV from Ly-αmeasurements [18] and also from the
latest Planck Collaboration results [19]. A complete review

PHYSICAL REVIEW LETTERS 123, 081301 (2019)

0031-9007=19=123(8)=081301(6) 081301-1 © 2019 American Physical Society

https://orcid.org/0000-0002-4371-0876
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevLett.123.081301&domain=pdf&date_stamp=2019-08-22
https://doi.org/10.1103/PhysRevLett.123.081301
https://doi.org/10.1103/PhysRevLett.123.081301
https://doi.org/10.1103/PhysRevLett.123.081301
https://doi.org/10.1103/PhysRevLett.123.081301


of neutrino mass ordering in cosmology and particle
physics can be found in Refs. [20,21].
In this Letter, we investigate the impact of different

classes of neutrino mass modeling strategies on cosmo-
logical parameters and neutrino constraints. This test is
performed with the latest cosmological data, namely, a
tomographic analysis in harmonic space applied to the
largest spectroscopic galaxy sample to date, the BOSS
DR12 [22], combined with the Planck cosmic microwave
background (CMB) temperature, polarization, and lensing
[23], Pantheon supernovae compilation data [24], big bang
nucleosynthesis (BBN) measurements of the deuterium-
hydrogen fraction [25], and, in some of the models, the
latest neutrino mass squared splitting constraints from
particle physics [7].
Neutrino mass models.—We compare the impact of

seven different neutrino model priors on the upper bound
of

P
mν. Each of the models in this section is probed

together with all other ΛCDM parameters and Neff , the
effective number of relativistic species, and datasets are
combined at the likelihood level—details are given in the
subsequent sections. These prior models are subdivided
into two categories: exact models and cosmological
approximations. The exact models incorporate particle
physics constraints from neutrino oscillation experiments
via modeling

P
mν, using a parametrization based on the

smallest neutrino mass mν
0 [16,26,27]. For the normal

hierarchy, we have

X
mNH

ν ¼ mν
0 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Δm2

21 þ ðmν
0Þ2

q

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jΔm2

31j þ ðmν
0Þ2

q
; ð2Þ

while in the inverted hierarchy

X
mIH

ν ¼ mν
0 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jΔm2

31j þ ðmν
0Þ2

q

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jΔm2

31j þ Δm2
21 þ ðmν

0Þ2
q

: ð3Þ

In what follows, these will be referred to as the mν
0

parametrization.
More explicitly, we use four exact models. Model 1

samples a binary switch parameterH, allowing the analysis
to change between two hierarchies with the same prior
volume, while also sampling the particle physics con-
straints for the mass splittings, Δm2

21 and jΔm2
31j, from

Gaussian priors incorporating the errors in these measure-
ments. Model 2 is similar to model 1 but fixes the parti-
cle physics constraints to their central values: Δm2

21 ¼
7.49 × 10−5 eV2 and jΔm2

31j ¼ 2.484 × 10−3 eV2. Model
3 (respectively, model 4) fixes the mass splittings to their
central values while also fixing the hierarchy to be normal
(respectively, inverted).
The second class of models, the cosmological approxi-

mations, are related to degenerated scenarios in whichP
mν ¼ Nν ×meff , where meff is an effective mass, equal

for each massive neutrino species. For each of these
models, Nν is fixed to a specific value and

P
mν is

sampled. Model 5 is a NH approximation with Nν ¼ 1;
i.e., we approximate the two lower mass neutrino species to
m1 ¼ m2 ¼ 0 [17,22,23,28,29]. Next, in a similar way,
model 6 is an IH approximation, where the lightest neutrino
species is considered to be massless, which implies that
Nν ¼ 2 [26,29]. The last model in this class, model 7, is the
most commonly used in standard cosmological analysis:
the degenerate neutrino mass spectrum case, where Nν ¼ 3
and

P
mν ¼ 3meff [10,18,20,28–36].

We also compare these seven models to cases where theP
mν parameter is fixed to the most common values found

in the literature for ΛCDM analysis [19,32,37,38]. Model 8
assumes no massive neutrinos, while model 9 fixes it to the

TABLE I. Neutrino mass models considered in this work, the neutrino parameters sampled, and the 95% CI upper bounds on bothP
mν and mν

0. Results were obtained using a combination of BOSS large scale structure Cl’s, Planck CMB temperature and
polarization, Planck lensing, type Ia supernovae from Pantheon, and BBN measurements of D/H data. Models 1–4 also include
constraints from oscillation experiments.

Model description ν parameters
P

mν [95% CI] mν
0 [95% CI]

1 Both hierarchies, mν
0 parametrization, sampling jΔm2

31j,
and Δm2

21 from Gaussian priors
mν

0, H, jΔm2
31j, Δm2

21
< 0.264 eV < 0.081 eV

2 Both hierarchies, mν
0 parametrization with jΔm2

31j
and Δm2

21 fixed to their central value
mν

0, H < 0.275 eV < 0.086 eV

3 NH, mν
0 parametrization, fixed mass splittings mν

0 < 0.261 eV < 0.085 eV
4 IH, mν

0 parametrization, fixed mass splittings mν
0 < 0.256 eV < 0.078 eV

5 NH approximation, Nν ¼ 1
P

mν < 0.154 eV � � �
6 IH approximation, Nν ¼ 2

P
mν < 0.215 eV � � �

7 Degenerated masses approximation, Nν ¼ 3
P

mν < 0.270 eV � � �
8 No massive neutrinos, i.e., Nν ¼ 0 � � � � � � � � �
9 Fixed to NH’s lower bound,

P
mν ¼ 0.06 eV � � � � � � � � �
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minimum possible value for the NH,
P

mν ¼ 0.06 eV, and
sets Nν ¼ 3 (as in the ΛCDM approach taken by the Planck
Collaboration [23,39]). Since our analysis uses a nested
sampler [40,41], Bayesian evidences are calculated for each
model and combination of datasets. One can then use the
ratio of Bayesian evidences between different models
(the Bayes factor) to quantify which model is preferred
by the datasets. Models 8 and 9 were added to the list of
models with the purpose of checking this ratio.
A summary of each model, together with the relevant

neutrino mass parameters sampled and the upper bounds
for

P
mν and mν

0 at 95% credible interval (CI), can be
found in Table I.
Assumptions.—Since the newest analysis from the

Planck Collaboration demonstrates that the Universe is
flat to within 0.2% precision, in this analysis we assume a
flat ΛCDM scenario with massive neutrinos. The equation
of state of dark energy is fixed to the cosmological constant
case w ¼ −1. We also assume the possibility of extra
effective ultrarelativistic particles, which are probed via the
Nur parameter—this parameter is degenerate with the
decoupling of massive neutrinos at different temperatures,
and, for simplicity, we assume the same decoupling
temperature. As the galaxy clustering information comes
from BOSS DR12 angular power spectra, no fiducial
cosmology was assumed for this sample (as explained in
Ref. [22]). Priors for the standard ΛCDM parameters and
nuisance parameters are as described in Table 3 in
Ref. [22]. The neutrino related priors are

P
mν ∈

½0.0; 1.0� eV, mν
0 ∈ ½1 × 10−4; 0.3� eV, and Nur ∈ ½−Nν;

ð6 − NνÞ� for extra ultrarelativistic species or the temper-
ature neutrinos decouple [12,20]. This Nur dependency on
Nν for the extra ultrarelativistic species prior ensures an
equivalent Neff prior on all models, as Neff is a derived
parameter in our analysis. Since models 5 and 6 do not have
Nν ¼ 3, we varied Neff to ensure that having Nν different
than 3 does not have an impact on any other neutrino
parameters. For models sampling the hierarchy parameter
H, the prior assigns equal odds for both hierarchies.
Data and methodology.—Our main galaxy sample is a

modified version of the BOSS DR12 large scale structure
sample from Ref. [42] as presented in Ref. [22]. This
sample is divided into 13 tomographic bins ofΔz ¼ 0.05 in
a redshift range of 0.15 < z < 0.80 containing a total of
∼1.15 M spectroscopic galaxies over more than 9000 deg2

in the sky. Angular power spectra of these galaxies are
measured using a pseudo-Cl estimator (PCL) [43–46] in a
bandwidth of Δl ¼ 8 [22]. Covariances are calculated
using 6000 log-normal mocks with FLASK [47] and a spline
to the data’s Cl’s (to avoid introducing cosmological model
assumptions). Because of the nature of the PCL estimator
and partial sky observations, we forward model the mask
effects into the likelihood, convolving the theory with the
mixing matrix, Sl ¼ P

l0Rll0Cl0 . Other effects such as
redshift space distortions, shell crossing due to fingers of

god, and extra Poissonian shot noise are incorporated
through the theoretical auto- and cross-angular power
spectra calculation. Detailed aspects related to the BOSS
Cl data vector, covariance matrix estimation, pipeline
testing, and the implemented likelihood are outlined in
detail in a previous paper [22].
We combine our BOSS angular power spectra with

external data from the cosmic microwave background,
supernovae type Ia (SNe Ia), and BBN at the likelihood
level using the unified cosmological library for parameter
inference code, or UCLPI [48], which uses the primordial
power spectra and transfer function from CLASS [49]. The
CMB data used were the 2015 Planck CMB temperature,
polarization, and lensing measurements [50]. The Planck
likelihood uses low-l modes for temperature (TT) and
polarization auto- and cross-correlations (BB, TB, and EB).
For higher multipoles l > 30, we used temperature
(TT) and polarization auto- and cross-correlations (TE
and EE)—a configuration known as Planck TT,TE,EE
+lowTEB [39,50]. We also added the lensing likelihood
based on both temperature and polarization maps. Next, we
used the most recent combined Pantheon SNe Ia sample
[24]. This sample contains 1048 SNe Ia in a redshift range
0.01 < z < 2.3 and contains data from Pan-STARRS,
SDSS, SNLS, and HST. The BBN information used in this
work comes frommeasurements of the deuterium-hydrogen
fraction estimated with recent improved helium-4 predic-
tions as presented in Ref. [25]. The BBN likelihood was
implemented with the help of the ALTERBBN code [51]. We
verified that the addition of BBN data does not have a direct
impact on the neutrino mass parameters. BBN data help to
constrain Neff ; better constraints on this parameter could
have been achieved using extra BBN data such as He-4
(however, this is beyond the scope of this Letter).
Analysis.—We implemented nine different models to

assess the impact of prior models on the upper bound ofP
mν. All models sample the basic ΛCDM parameters:

fΩb;Ωcdm; ln 1010As; ns; h; τreiog as well as Nur to account
for extra effective ultrarelativistic species. All models were
analyzed by varying Neff (directly or as a derived param-
eter) and therefore present a wider, stronger statement than
would have been the case for a fixed value of Neff . The
posterior distribution analysis also contains several nui-
sance parameters for each of the datasets; these account for
linear galaxy bias bðzÞ and redshift dispersion σsðzÞ for
each of the 13 redshift tomographic bins in the BOSS
dataset, two extra shot-noise parameters, N 11 and N 12, for
the last two bins in the BOSS data set due to the lower
number of galaxies in each of them, the absolute SNe Ia
magnitude in the B band for the Pantheon sample, MPNT

B ,
and the overall Planck calibration nuisance parameter,
yPlanckcal . These result in a total of 30 nuisance parameters,
all marginalized over after the posterior is sampled. We per-
formed the analysis using three different nested samplers:
MULTINEST [52], POLYCHORD [53], and PLINY [41].
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The presented results are those from PLINY; the other
samplers produced results that were essentially identical.
Priors for the basicΛCDM and nuisance parameters for this
study are kept the same as in Table 3 in Ref. [22], a paper
complementary to this work.
We performed a full cosmological analysis for all

models. The one-dimensional marginalized posteriors forP
mν and the lightest neutrino mass mν

0 can be found in
Fig. 1, while the upper bounds can be found in Table I. The
standard ΛCDM parameters, together with Neff , are shown
in Fig. 2. This shows that all models essentially agree with
each other, with a very small (< 0.5σ) difference appearing
only for the model with no massive neutrinos, model 8.
The marginalized posteriors for

P
mν (Fig. 1) show that

the use of exact models yields robust upper bounds at
95% CI, varying between < 0.256 eV and < 0.275 eV.
The models in which the hierarchy was also sampled,
models 1 and 2, did not demonstrate a significant
choice between NH and IH; therefore, we marginalized

over the hierarchy to get the results shown in Fig. 1.
Meanwhile, the commonly used cosmological approxima-
tions demonstrate a variation in the 95% CI upper bound
of 43% between models 5 and 7—

P
mν < 0.154 eV

and
P

mν < 0.270 eV, respectively. This indicates that
approximations can be problematic, since the upper bounds
obtained are dominated by the prior model choice.
The ratio of evidences between two models, known as

the Bayes factor, quantifies statistically if either is more
strongly supported by the data [54]. The Bayes factors for
all pairs of models considered were consistent with unity
(to within the statistical precision of the nested sampling
algorithm), meaning that the data used in this analysis do
not strongly support any one of the models over the others.
Conclusions.—We have shown that the choice of how

the neutrino is modeled for cosmological purposes signifi-
cantly affects current upper bounds for the sum of the
neutrino masses. If physically motivated (exact) models are
chosen, the upper bound is found to be

P
mν < 0.264 eV

(95% CI). On the other hand, we now possess enough
cosmological data to show that this upper bound is
significantly different if we make the approximation that

FIG. 1. The marginalized posterior probabilities for neutrino-
related parameters for a range of neutrino models; the colored
areas under the curves delineate the 95% CI. Exact models
(models 1–4) yield robust constraints for the upper bound ofP

mν ≲ 0.26 eV (95% CI) and for the lightest neutrino mass
mν

0 ≲ 0.086 eV (95% CI), while models with commonly used
cosmological approximations (models 5–7) have up to 43%
variation for the upper bound of

P
mν at 2σ CI. The vertical

dashed line in the left plot shows the minimum possible value forP
mν for the NH, while the shaded region shows the same for the

IH. The former region is excluded by particle physics experi-
ments. All models also sample the basic ΛCDM parameters plus
Neff , shown in Fig. 2.

FIG. 2. One- (68% CI) and two-dimensional (68% and 95% CI)
marginalized posterior distributions for the relevant sampled and
derived ΛCDM parameters considered in each of the nine
different models (where S8 ≡ σ8

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ωm=0.3

p Þ. All models agree
in the basic ΛCDM parameters and for Neff to within half-σ or
less; model 8 is an outlier among the models, since it contains no
massive neutrinos, and hence often yields a mild outlier among
the marginalized posterior distributions. These results address the
issue of how the modeling of neutrinos should be done within a
standard ΛCDM analysis where the

P
mν is not the main focus

of the analysis. It is clear that the simpler approach, leading to no
biases, is the one taken by model 9 (the same as in Refs. [19,23]).
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one (two) of the neutrino mass eigenstates have zero mass
and that the mass is contained in the other two (one)
eigenstates.
We show here a concise framework, applied to the largest

spectroscopic galaxy survey to date, to obtain robust
neutrino mass information from a combination of cosmo-
logical observations and particle physics constraints. Even
though no model was preferred from a Bayesian evidence
analysis, cosmological approximations can cause a varia-
tion up to 43% on the upper bound of

P
mν, while all exact

models yield results that vary only by 7% for the upper
bound (both considered at 95% CI). Using this exact
modeling methodology, we present one of the first cos-
mological measurements of the upper bound of the lightest
neutrino mass species: mν

0 < 0.086 eV at 95% CI. Even
though the posterior distributions for mν

0 in Fig. 1 exhibit a
peak, we do not claim it to be a detection (as the lower
bound of the prior is not excluded by the 95% CI).
In light of these results, we argue that the approach

presented here as model 1 should be the choice for current
and future cosmological neutrino mass investigations
(given the volume of data now available to cosmologists).
Even though the data used in this work still yield results
within the degenerate mass spectrum scenario, we reinforce
the idea that one should no longer make approximations,
such as models 5 and 6, as these could lead to potentially
nonphysical upper bounds and constraints. Instead, one
should make use of a cosmological analysis that takes into
account both of the neutrino mass hierarchies, as well as
particle physics constraints and their uncertainties.
Finally, we demonstrate that if neutrino masses are not

the interest of the analysis, model 9 yields reliable
cosmological results in the ΛCDM model context. In other
words, a standard ΛCDM analysis is independent of the
fiducial choice for the neutrino mass model, allowing for a
simple approach to be taken. Following, note that changing
the neutrino mass modeling does not affect Neff . This
suggests that, if one wishes to study Neff, the particular
model chosen for the neutrino masses does not seem to play
a role (see Fig. 2). We emphasize that one should consider
massive neutrinos for a standard ΛCDM analysis—as the
data are sensitive enough, as seen in the difference between
the model with zero massive neutrinos (model 8) and all
others in Fig. 2. The exact approach for neutrino mass
estimation will be extremely relevant for future cosmo-
logical neutrino studies in the analysis of the next gen-
eration of surveys, e.g., DESI [55], Euclid [56], LSST [57],
and J-PAS [58].
All cosmological contour plots were generated using

CHAINCONSUMER [59].
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ski, B. Rouillé d’Orfeuil, M. Spinelli, and M. Tristram,
Astron. Astrophys. 606, A104 (2017).

[35] Planck Collaboration, arXiv:1807.06209.
[36] S. Vagnozzi, E. Giusarma, O. Mena, K. Freese, M. Gerbino,

S. Ho, and M. Lattanzi, Phys. Rev. D 96, 123503 (2017).
[37] T. M. C. Abbott et al. (DES Collaboration), Phys. Rev. D 98,

043526 (2018).
[38] H. Hildebrandt et al., Mon. Not. R. Astron. Soc. 465, 1454

(2017).
[39] Planck Collaboration, Astron. Astrophys. 594, A1 (2016).

[40] F. Feroz and M. P. Hobson, Mon. Not. R. Astron. Soc. 384,
449 (2008).

[41] R. P. Rollins, Chemical and statistical models of the inter-
stellar medium and star-forming regions, Ph.D. thesis,
University College London, London, 2015.

[42] B. Reid et al., Mon. Not. R. Astron. Soc. 455, 1553 (2016).
[43] S. A. Thomas, F. B. Abdalla, and O. Lahav, Mon. Not. R.

Astron. Soc. 412, 1669 (2011).
[44] P. J. E. Peebles, Astrophys. J. 185, 413 (1973).
[45] G. Efstathiou, Mon. Not. R. Astron. Soc. 349, 603 (2004).
[46] A. Balaguera-Antolínez, M. Bilicki, E. Branchini, and A.

Postiglione, Mon. Not. R. Astron. Soc. 476, 1050 (2018).
[47] H. S. Xavier, F. B. Abdalla, and B. Joachimi, Mon. Not. R.

Astron. Soc. 459, 3693 (2016).
[48] Cuceu et al. (to be published).
[49] D. Blas, J. Lesgourgues, and T. Tram, J. Cosmol. Astropart.

Phys. 07 (2011) 034.
[50] Planck Collaboration et al., Astron. Astrophys. 594, A11

(2016).
[51] A. Arbey, J. Auffinger, K. P. Hickerson, and E. S. Jenssen,

arXiv:1806.11095.
[52] F. Feroz, M. P. Hobson, and M. Bridges, Mon. Not. R.

Astron. Soc. 398, 1601 (2009).
[53] W. J. Handley, M. P. Hobson, and A. N. Lasenby, Mon. Not.

R. Astron. Soc. 453, 4385 (2015).
[54] R. E. Kass and A. E. Raftery, J. Am. Stat. Assoc. 90, 773

(1995).
[55] DESI Collaboration et al., arXiv:1611.00036.
[56] R. Laureijs et al., arXiv:1110.3193.
[57] LSST Science Collaboration, arXiv:0912.0201.
[58] N. Benitez et al., arXiv:1403.5237.
[59] S. R. Hinton, J. Open Source Softw. 1, 45 (2016).

PHYSICAL REVIEW LETTERS 123, 081301 (2019)

081301-6

https://doi.org/10.1093/mnras/stz191
https://doi.org/10.1093/mnras/stz191
https://doi.org/10.1051/0004-6361/201525830
https://doi.org/10.3847/1538-4357/aab9bb
https://doi.org/10.1016/j.physrep.2018.04.005
https://doi.org/10.1016/j.physrep.2018.04.005
https://doi.org/10.1088/1475-7516/2012/11/052
https://doi.org/10.1088/1475-7516/2012/11/052
https://doi.org/10.1088/1475-7516/2016/11/035
https://doi.org/10.1088/1475-7516/2016/11/035
https://doi.org/10.1103/PhysRevLett.112.051303
https://doi.org/10.1103/PhysRevLett.112.051303
https://doi.org/10.1103/PhysRevD.94.083522
https://doi.org/10.1103/PhysRevD.88.063515
https://doi.org/10.1103/PhysRevD.88.063515
https://doi.org/10.1016/j.dark.2016.04.005
https://doi.org/10.1016/j.dark.2016.04.005
https://doi.org/10.1093/mnras/stx721
https://doi.org/10.1088/1475-7516/2017/02/052
https://doi.org/10.1051/0004-6361/201730927
http://arXiv.org/abs/1807.06209
https://doi.org/10.1103/PhysRevD.96.123503
https://doi.org/10.1103/PhysRevD.98.043526
https://doi.org/10.1103/PhysRevD.98.043526
https://doi.org/10.1093/mnras/stw2805
https://doi.org/10.1093/mnras/stw2805
https://doi.org/10.1051/0004-6361/201527101
https://doi.org/10.1111/j.1365-2966.2007.12353.x
https://doi.org/10.1111/j.1365-2966.2007.12353.x
https://doi.org/10.1093/mnras/stv2382
https://doi.org/10.1111/j.1365-2966.2010.18004.x
https://doi.org/10.1111/j.1365-2966.2010.18004.x
https://doi.org/10.1086/152431
https://doi.org/10.1111/j.1365-2966.2004.07530.x
https://doi.org/10.1093/mnras/sty262
https://doi.org/10.1093/mnras/stw874
https://doi.org/10.1093/mnras/stw874
https://doi.org/10.1088/1475-7516/2011/07/034
https://doi.org/10.1088/1475-7516/2011/07/034
https://doi.org/10.1051/0004-6361/201526926
https://doi.org/10.1051/0004-6361/201526926
http://arXiv.org/abs/1806.11095
https://doi.org/10.1111/j.1365-2966.2009.14548.x
https://doi.org/10.1111/j.1365-2966.2009.14548.x
https://doi.org/10.1093/mnras/stv1911
https://doi.org/10.1093/mnras/stv1911
https://doi.org/10.1080/01621459.1995.10476572
https://doi.org/10.1080/01621459.1995.10476572
http://arXiv.org/abs/1611.00036
http://arXiv.org/abs/1110.3193
http://arXiv.org/abs/0912.0201
http://arXiv.org/abs/1403.5237
https://doi.org/10.21105/joss.00045

