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NUMERTICAL METHOD FOR DETERMINATION OF AN ELECTRIC FIELD

Electron trajectory analysis was added to the test
program from which the optical properties of lenses may
be calculated including focal points and lengths. In
another test case the properties of a particular microscope
lens were computed and compared with experimental
results. These are shown in Fig. (1). The solid lines were
determined by computing the field for the given con-
figuration and then computing electron trajectories for
a number of voltage parameter values. The experimental
points (and the definition of the voltage parameter)
were taken from Heise.”® The small but consistant dif-
ferences between the theoretical and experimental
values are believed to be due to experimental error in the
determination of the voltage parameter.

COMPUTING NOTES

Typical three-electrode lenses were easily defined by a
total of 70 to 75 points along the three interfaces, re-
quiring the inversion of a matrix of that order in the

13 Von F. Heise, “Bestimmung von Verzeichnung und Offnungs-
fehler elektrostatischer Linsen aus Hauptflichen und Brennpunkt-
Hilfsflachen.” Optik 5, (1949).
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induction analysis. The complete program including the
inversion, computation of a detailed voltage map, and
the optical analysis required 0.155 h on the IBM 7090
computer. Program time varies between the square and
the cube of the number of defining points.

The matrix is well conditioned; all elements are posi-
tive and the largest element in any column lies on the
main diagonal. The largest loss of precision in the in-
version due to differencing error was four bits in the
cases tested.

Numerical integration was by third-order Gaussian
coefficients!* except where a pole occurs in the integra-
tion interval; in that case it was assumed that the inte-
grand went to infinity as the log of distance. An eight
parameter formula, taken from Hastings,'® estimates the
elliptic integral to 7 decimal places.

The program is written in the FORTRAN language
and is available from the author.

UW. E. Milne, Numericel Calcudus (Princeton Universily
Press, Princeton, New Jersey, 1949), p. 285ff.

16 C, Hastings, 4 pproximations for Digital Computers (Princeton
University Press, Princeton, New Jersey, 1955), p. 171.
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The effect of a Maxwellian distribution of emission velocities on the longitudinal current density variation
in axially symmetric solid beams is investigated to the paraxial approximation. The effects of both longi-
tudinal and transverse initial emission velocities are included. The treatment permits variable magnetic
fields and apertures which intercept some of the beam. Some particles may be turned back because all their
energy is forced into the transverse motion; the reduction of the transmitted current density is evaluated.

A simple illustrative example is given.

INTRODUCTION

EVERAL authors have estimated the effects of
thermal velocities in electron beams. In some cases

the treatment has been very general:? and only some
special cases have been treated in detail. Others have
considered electrostatic®—® or electromagnetic®8 paraxial
beams without allowing for the effects of longitudinal

I P. A. Lindsay, Advan. Electron. 13, 181 (1961).

*J. R. Pierce, Theory and Design of Electron Beams (D. Van
Nostrand Company, Inc., New York, 1954).

3C. C. Cutler and M. E. Hines, Proc. I.R.E. 43, 307 (1955).

*W. E. Danielson, J. L. Rosenfeld, and J. A. Saloom, Bell
System Tech. J. 35, 375 (1956).

5 P. T. Kirstein, IRE Trans. Electron, Devices 10, 69 (1963).

8 E. Ash, Proceedings 4th International Conference on Microwave
Tubes 1963 (to be published).

7 G. Herman, J. Appl. Phys. 29, 127 (1958).

8Y. V. Troitski, Zh. Techn. Fiz. 30, 25 (1960) [English transl.:
Soviet Phys.—Tech. Phys. 5, 22 (1960)].

velocity spread. In this paper the work of Refs. 3-7 is
extended by including the effects of longitudinal velocity
spread, nonuniform cathode emission, and nonuniform
magnetic fields, in one treatment. In practical cases, the
transverse dimension of the beam is limited ; therefore,
the treatment allows the beam to be restricted by one
or more round apertures. The approach of this paper
relies heavily on the work in Refs. 5 and 7. The intro-
ductions of these two references could also well serve
as introduction to this paper.

In all the references on paraxial beams quoted, it is
assumed that the electromagnetic fields in the finite
temperature beam are the same, to first order, as those
in the zero temperature case. If this is not so, higher-
order corrections are required. The higher-order correc-
tions are discussed in Refs. 4 and 5 for electrostatic
beams, and can be applied in much the same way for
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3480 P.

the beams of this paper. A more thorough and general
treatment of higher-order corrections is given in Ref. 9,

In a paraxial theory it is assumed that the forces due
to space charge vary linearly with distance from the
axis, This assumption is equivalent to one that the
effect of transverse variation in charge density on the
electric field are neglected. Since the space-charge term
is itself usually a first-order term, variation in it may
be considered second order. Thus it is not inconsistent
to consider thermal effects in beams with nonuniform
cathode emission to the paraxial approximation.

The paraxial theory relates the transverse position
and velocity, and hence transverse energy, of a particle
at one plane z in terms of their initial values at the
cathode; for solid axially symmetric beams, this reaction
does not, to first order, depend on the initial longitudinal
velocity. Moreover, the total kinetic energy of a particle
at z is related to its energy at the cathode by the con-
servation of energy. From the difference of these two
relations, a negative longitudinal energy may be re-
quired by a particle to reach a given plane with given
transverse energy. This is physically impossible, and
means the particle would have been turned back and
cannot reach the plane z of interest. An aperture in the
system would also intercept particles, and so impose
additional restrictions on the range of permissible trans-
verse velocities of particles which reach the planezata
specified distance from the axis.

In Sec. 2, the transverse position, velocity, and total
energy of a particle at a plane z is related to its values at
the cathode in general terms. An axially symmetric
current-density distribution is assumed at the cathode,
having a half-Maxwellian velocity distribution. Based
on Liouville’s theorem, the longitudinal current density
at z is related to that at the cathode by an integral
over-all permissible velocities. The range of permissible
velocities is discussed. In Sec. 3, the results of Sec. 2 are
used to find the longitudinal current density on the
axis for uniform cathode current density; while in Sec. 4
the methods of Sec. 3 are applied to points off the axis.
In Sec. 5, the extension to nonuniform cathode emission
and to sheet and hollow beams with curvilinear ray
axes is discussed. Finally, in Sec. 6, a simple illustrative
example is given. In this example, a beam comes from
an electrostatic cylindrical Pierce gun, passes through a
defining aperture, and then drifts in a uniform magnetic
field. For algebraic simplicity the uniform field is such
that its cyclotron frequency is equal to the plasma
frequency of the beam.

2. THE GENERAL FORMALISM

1In this section general expressions are derived for the
axial current density in solid, axially symmetric paraxial
beams assuming a Maxwellian distribution of emission,

9 P. A. Sturrock, Static and Dynamic Electron Optics (Cambridge
University Press, New York, 1955).

T. KIRSTEIN

and the regions over which the appropriate integrals
must be evaluated are discussed.

The Transformation Laws for a Single Particle

Let (%, v, €, 9, £) represent the transverse position
and the velocity components of an electron at a plane
z,and (X,V,X|Y ,Z) the corresponding parameters of the
same electron at a plane z=0. We assume the beam is a
solid, paraxial, axially symmetric beam, This means:

(1) The transverse position and transverse velocity
components of that part of the beam which has signifi-
cant charge density is small.

(2) The spread of longitudinal velocity, at a plane z,
of particles in that part of the beam which has signifi-
cant charge density is small.

(3) Over the transverse dimensions in which there is
a significant charge density, the electric and magnetic
fields vary linearly with distance from the axis and are
axially symmetric.

Under the above assumptions, it is shown in Appendix
A, Egs. (A13), (A16), (A17), and (A22) that one may
define complex variables w, #, W, U related to the
position and velocity components of a particle by

w=(x+iy)e %, W=X+i¥, (2.1)
u=(t+ig)e " —iwgw, U=(X+iV)—iQW, (2.2)

®o(2) = 2¢0(2),

wr=31Bu(2),
1[, (2.3)

Qr=31B:(0), x= / w1(2)a(z)"Hdz
< O

)

where 7 is the ratio of charge to mass, Bo(z) is the axial
magnetic field on the axis at the plane 3, and ¢o(z) is the
electrostatic potential on the axis relative to the cathode.
In Egs. (2.1)(2.3), the lower case letters refer to the
values at the initial plane z=0.

From Eqs. (A24) and (A28), the parameters w, u, 2
of an electron at the plane z are related to their value
W, U, Z at the initial plane by the laws

w M S\/W
(u>=<M S>(U>’ @

| utiwz(2)w] 2422 — Bo(2)+ Palz) | ]2
=7 | U+ W2 (2.5)

Here M, S, M, S are real functions of z satisfying
Eqgs. (A20) and (A27), so that, from Eq. (A30),

MS—-MS=1, (2.6)
while ®; is given, from Eq. (A25), by
Po(z) =141l 00(2) 0" (2)]. 27

At a cathode po and ¢”(2) both become infinite. How-
ever, the right-hand side of Eq. (2.7) is proportional to
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THERMAL VELOCITY EFFECTS

the derivative with respect to r of the radial electric
field. Now if the cathode is chosen as an equipotential
at =0, this term is zero, so that ®,(0) and ®,(0) are
both zero. From now on we only consider the trans-
formation laws of Eqs. (2.4)—(2.6). The relation between
the functions M, M, S, S, wz, @z, ®2, B¢ and the electro-
magnetic fields are not considered. However, we might
note that if no magnetic field threads the cathode,
Q;,=0, while if there is no magnetic field at the plane
Z, w .=0.

The Phase-Space Density Distribution
at the Cathode

The probability that a particle at a particular point
(X,Y) of the cathode z=0, leaves the cathode with
velocity components in the ranges (X X+dX),
(Y, Y+4Y), (Z, Z+dZ) is P(X,Y,Z)dXdYdZ, where
P has the form

P(X,Y,Z)=22%"% exp[ —\(Y?4-V2+272)], (2.8)
and X is given by
A=[m/(2kT) 1, (2.9)

where m is the mass of the electron, T the cathode tem-
perature, and £ is Boltzman’s constant.

If the beam is axially symmetric, the total number of
particles emitted from an area dXdY of cathode about
the point X, ¥ may be expressed in the form Nr(R)d XdV
where R is the distance of (X,V) from the axis. The
function Np is related to the axial current density at the
cathode. In terms of Nr, the number density distribu-
tion of particles in (X,V,X,Y,Z) phase space is NV, where

N(X, Y, X,Y,Z)=2\r"IN1(R)
Xexp[ —\(X2+Y24+-22)]. (2.10)

If the cathode current density is i,(R), then N, is
related to ¢, by the expression

i(R)=e / 2z f / NX,Y XY Z)dxXdy. (2.11)
0
X, V==

Substituting Eq. (2.11) into Eq. (2.10) we see that

1o(R)=eN (R)r ¥/ (2.12)
Hence N becomes
N(X,V,X,Y,Z)=2\*/(ne)is(R)
Xexp[ —A(X24-Y24+22)]. (2.13)

Now our transformation laws are written not in
(x,,2,&,9,2) space but in (w,z,%,2) space. In this space
the density is N.J, where J is the Jacobian of the trans-
formation from the (x,y,4,7) system to the (w,u) system.
This Jacobian is unity, because the transformation of
x+13y to w is a simple rotation, while that from (&44y)
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to % is a simple rotation plus an added term independent
of #. In order to determine the number density distribu-
tion of electrons omitted from the cathode | U|? must
be related to X2 and Y2, From Eq. (2.2) we see that

XY= | U4iQW |2 (2.14)

Using Eq. (2.13) we now see that the number density
of particles omitted from W with transverse velocity U
and normal velocity Z is N(W,U,Z) where

NW,U,Z)=2\(me)i(R)
Xexp—N(| U+ W |2+22). (2.15)

Equation (2.15) is required in later sections to derive
expressions for the current density at planes other than
the cathode.

The Axial Current-Density Distribution

We are now in a position to find the axial current
density distribution. From Liouville’s theorem, the
phase space density # is preserved for an ensemble of
particles in an electromagnetic field. Hence, if a particle
at (x,y,2), with velocity components (%,5,2), comes from
the point (X,V) at the cathode with initial velocity
components (X,Y,7), the number density in phase space
n(x,y,5,%,5,2) 1s equal to n(X,¥,0,X,Y,Z). In accordance
with our notation, the phase space density at the
cathode is denoted by N(X,¥,X,Y,Z). Using the con-
servation of phase-space density and Eq. (2.13), the
axial current density is i(x,y,2), where 4 is given by

i(x,y,8)= / [ / en(x,y,2,%,0,2)edidydz

Ty 2

= / / / eN(X,V XY, Z)edidyds

2 f

Y

Xexp[ —\(X2+ Y2+ 272) Jdidyds.  (2.16)

The regions of (4,5,2) space over which Eq. (2.16)
must be integrated is defined by several boundaries. If
the cathode is finite, or if there are apertures in the
systems, then this imposes bounds on (x,y) at some
plane zp, possibly the cathode. From Eqs. (2.1)-(2.4),
these bounds impose conditions on %, » and hence Z, ¥;
these conditions do not, however, effect the permissible
2. For a particle to arrive at (x,y,2), it must have, at all
z between the cathode and the plane of interest, positive
axial velocity 2. From the energy balance equation,
Eqg. (2.5), this implies a condition on 2 of the form

Z'Zénxin(x,y@,?])- (217)

¥0:6S-€} ¥20T dunr 02



3482 P. T.

The exact expressions for zmin is discussed later. If a
constraint of the type of Eq. (2.17) is applied, Eq. (2.16)

KIRSTEIN

may be integrated, using the energy balance equation
Eq. (2.5)

M 7
i y,5)=— / / i(R) / 2 exp[— N2+ 82— Bot-@or?) Jdidyds
m . ..

T,y é=émiu

’\2
= //‘L(R) exp[—)\2($2+y2+émiu2—¢0+q’272)]d“‘7d9'
TS

"i:V/!)

In substituting for 2 in Eq. (2.16) we have used the
connection between #, 4 and %, w, and replaced |w|? by
r2 the distance from the axis. The evaluation of Eq.
(2.18), the choice of Znin and the bounds of integration
form the subject of this paper.

In general it is best to put everything in terms of the
independent variables (x,y) of the point of interest in
the z plane, (X,Y) the point on the cathode from which
the particles came, and 7 the initial axial velocity. The
integration over &, , Z must then be replaced by one
over X, ¥, Z using the Jacobian of the transformation
developed in Appendix B. From Eqgs. (2.4) and (2.6)
we see that

u=(Sw—W)/S, U=(w—MW)/S.
Using Egs. (2.1), (2.2), and (2.19), the relation between

(2.19)

(2.18)
Z, 9, x,9, X, ¥ can be written
i+iy=e*(u+iwrw)
= X[ (S+iwLS)w—W7]/S
= e[ (S+iwrS)w—(X+i¥)]/S. (2.20)

The transformation from (2,7,%) to (X,¥,Z) is seen from
Egs. (2.5) and (2.20) to have the form of Eq. (B1) with
ql:j:: q2:f1], 93:2.', Q1:X7 Q2= Y:

0s=2Z, C=e*/S. (2.21)

Hence the volume elements in the (¢,7,5) and (X,V,Z)
systems are related, from Eq. (B6), by the expression

didyds=7/(S%)dXdYdZ. (2.22)

An alternative expression for i(x,y,2) is, therefore, from
Eq. (2.16)

2k4 5 > . . .
A =—3 / / i(R)exp[ —\(X?+Y*)JdXdY / N2 d7
7r .

XY Z

2 4
- ; / / io(R)exp[— (\/S)2|w— (M —iQ.S)W |*]dXd¥ f ZeN247. (2.23)

X,y

In Eq. (2.23) we have used Egs. (2.2) and (2.19); (W,w)
are related to (X,¥,x,y) by Eq. (2.1).

The condition that Z, 2>0 may be written, instead
of as Eq. (2.17), in the form

ZZZmin(x,y,Vb,?]),
where Zmin and Zmin are related, from Eq. (2.5), by

Zmia?=max[0, — X?— V4247 +émin®
—&y(z)+D2(2)r%].
Using this bound on Z min, Eq. (2.23) becomes

.
7(x,y,z)——§ 1(R)
XY

Xexp—N[ |w— (M —iQuS)W |*+ Znin?JdXdY .
(2.26)

(2.24)

(2.25)

Z

Again the region of integration of X, ¥ and the form
of Zin is discussed later.

The transformation leading to Eq. (2.26) is only
possible as long as S#0. If S=0, we are at a cathode
image plane, and the integral becomes degenerate. We
may use the fact that one definition of the Dirac delta
function (a) is

d@)=lim [~/ S, (.20)
Hence the limiting form of Eq. (2.23) is
i(2,y,2) = (1/M?)i(r/ M)e- ¥ 2min?, (2.28)

In Eq. (2.28) we have used the fact that
|w—(M—iQ.S)W|

can be zero, as S — 0, only if WM =1, so that R=¢/M.

¥0:6G-€L 202 dunr 02



THERMAL VELOCITY EFFECTS

The Region of Integration

Physically there are several restraints on the range of
the variables (£,,2) of Eq. (2.18) or (X,¥,Z2) of Eq.
(2.23). The restraints we consider may be put in three
categories: (i) due to the finite nature of the cathode;
(i1) due to an axially symmetric aperture in the system;
and (iii) those imposed by energy considerations.

The restraint of type (i) may be included in the choice
of 1.(R), the current density distribution at the cathode.
However, it is often convenient to choose for 7.(R) as
simple a function as possible. When the cathode current
density is constant, the integrals of Eqs. (2.18) and
(2.26) may be evaluated explicitly in terms of known
functions. For this reason it may be preferable to allow
for a cathode of radius ¢ by putting the restraint

R<a. (2.29)

This restraint is not discussed further, for the moment,
since it is a special case of type (ii). If xo, ¥o, 70, o, %o
etc. refer to the values of x, ¥, 7, &, u etc. of a particle
at z;, and there exists a circular aperture radius ¢, at 2o,
then this restraint may be written, from Eq. (2.1),

Yo— [‘ZU()‘ Sdo. (230)

It is clear that Eq. (2.29) is a special case of Eq. (2.30),
If the transformation from the plane % to z is as
Eq. (2.4) namely with M, So, we, etc. replacing M,

S, W, etc.:
w My So\ /wo
DG e
% s So/ \1g
Equation (2.30) may be expressed in the form
| Mao— S| < ao. (2.32)

Clearly if we are using (W,U) coordinates, and Eq.
(2.31) denotes the matrix of transformation from (wq,u)
to (W,U) then Eq. (2.32) again holds with (W,U) re-
placing (w,u). Depending on the variation of M, M, S, S
with z, there is a limitation of the form of Eq. (2.32) at
each axial plan z. We usually assume, however, that the
limitation at one particular plane z, is the most stringent.
The third type of restraint requires that

220, %20, (2.33)
where 2, is the value of 7 at the plane z,. Using Eq. (2.5)
with wzo, Poo, P2, etc., denoting the values of wz, ®o, P2
at z, etc., we see that energy balance requires that at
each plane z;

|t iwpw| 2 32— Byt By || 2
= | o+ 1w oo | 2422 — Boo+Pao l Wo I % (2.34)

For the particle to arrive at all at z, it is necessary that
for all 2 in the interval 0<2,<z, 220 so that Eq. (2.34)

IN SYMMETRIC SOLID BEAMS 3483

gives

2 Emin 0= | toHiwrow | *— |ut-iwrw|?

o Bogb- Pyt Bog | wo | 2— 2| w2 (2.35)

For each z, there exists a Zmin,0 Which depends on #, w
as given by Eq. (2.35). For each w, # it is possible to
define a Zyin by

émin: nlax(énxin,o)~

The Zmin of Eq. (2.36) is the one which should be used
in Egs. (2.18) or (2.26). However, we usually assume
that if a particle left the cathode with positive axial
velocity and reaches the plane z with positive axial
velocity, then it has positive 2, at all intermediate planes
z0. This condition is equivalent to putting

Zmin?=max[0, | Utiw W |2~ |utiwiw]|?
+&—e|w|?]. (2.37)

Both Egs. (2.35) and (2.37) can be put in terms of only
{w,u) by using the relations between (w,u) and (wq,uo)
or (W,U) of Egs. (2.31) or (2.4). '

It may be noted that the convenient bounds of inte-
gration are not on (£,5) or (X,¥) but on # or W, We
may change coordinates from an integral over (£,3) to
one over the u plane by using Eqs. (2.2), (B1) and (B6)
with ¢g=(@+1g), O=wu, C=e* D=ie%ww, E=0,
gs=(s, s0 that

didiy= du.du, (2.38)

and an integral over the % plane is identical to one over
the (£,9) plane. Also, an integral over the (X,Y¥) plane
is identical to one over the W plane. Hence, using
Egs. (2.2) and (2.38), Eq. (2.18) may be written

zf<x,y,z>=§ | [

Xexp{ —A[ | #+iwrw]| 2+ smin2— Po-+Po | w | 2} dutodu,.
(2.39)

It is unnecessary to rewrite Eq. (2.26), since a restriction
on W is automatically one on (X,Y).

It now remains only to integrate Eqs. (2.26) and
(2.39) under the restrictions of the form of Egs. (2.32)
and (2.35) or (2.37).

3. THE CURRENT DENSITY ON THE AXIS FOR
UNIFORM CATHODE CURRENT DENSITY

If the current density at the cathode is uniform, it is
possible to evaluate the integrals of Sec. 2 explicitly
under certain assumptions. In this section we restrict
ourselves to evaluating the current density on the axis;
the algebra is much simpler for this case, and yet the
essential ideas are well illustrated. In this case we may
put w=0, ==4(0,0,2) in the equation of Sec. 2, and take

(2.36) .

¥0:6S-€} ¥20T dunr 02



3484 Pp. T.

i, outside the integral sign of Eq. (2.39), to obtain

)\2
1(0,0,2)=1,— // expl —A(| 2| 24 Zumin2— Do) du du,.
T 3.1)

If we further assume that the field is such that if a
particle leaves the cathode and reaches z with positive
axial velocity, it will never have zero axial velocity
between these two planes, then Eq. (2.37) is satisfied
and gives

é!llinzzmax{oj (M2+QL2SQ—‘1)1M12+4>0}. (32)

Equation (3.2) is derived from Eq. (2.37) by using
Eq. (3.1) and putting w=0.

If in addition there is an aperture ao at a plane 2
with matrix of transformation as given by Eq. (2.31),
then on the axis the possible range of # is given, from
Eq. (2.32) by

| Sore| < ao. (3.3)

Equation (3.1) must, therefore, be integrated over
the u specified by Eq. (3.3) with the 2., of Eq. (3.2).
Writing

u=|ule (34)

Eq. (3.1) may be immediately integrated over v to give

#(0,0,2) = i\? / 2| %] exp[—A2(|w|2Fémint—®0) 1d| 2.
ful (3.5)

There are now several cases, as (M2+Q;252—1)S0
and ao/|So| S ®o/(M2+Q.252—1); the first condition
determines whether the beam is highly convergent for
the given magnetic field, the second the relation between
the aperture size, the energy and the convergence.

Clearly one important parameter is M24-Q;25%;
writing for brevity

a®= M2+Q,252, (3.6)
we may deduce from Eq. (3.2) that

if a>1, orif a<land |u|2<®y/(1—a?),
z‘min2=¢0+(a2_1)]u]2 (3.7)
if o<land |#|?>®/(1—a?), Zmin=0.

Combining Egs. (3.7) and (3.3), Eq. (3.5) can be inte-
grated to give

if a>1, or if a<1 and a,2/8?< ®o/(1—a?),
10,0,2)/1,=[1—exp(—Nao2a?/Ss?) J/a2.  (3.8)

If a<1 and a?/Sp?>®/(1—a?),
0,0,2) /7= {1— (1—a?) exp[ —N®w?/(1—a?) ]} /e
—CXPI:—)\2((102/S(]2—‘I>0):|. (39)

In deriving Eqs. (3.8) and (3.9) we have assumed &
positive, which is the case of most practical interest.
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Under the conditions of Eq. (3.8), it is seen that
energy considerations do not affect the axial current. It
is not possible to obtain infinite axial current density
by compressing the beam—i.e., letting & — 0. Under
such conditions Eqs. (3.8) and (3.9) give

i 002/Se2<®y, a—0, i(0,0,2)/ic— Nao*/Se?, (3.10)

i a/S>®0, a—0, i(0,0,)/i— 14N,
—exp[—A2(ao?/Se2—B0) ].

The expression of Eq. (3.11), with a;— <, is that
derived by Pierce? from more elementary considerations
for the maximum current density at a point. It is easy
to derive an expression for maximum beam which can
arrive within a cone of half-angle 8, neglecting energy
restrictions. For this it is only necessary to repeat the
integration for Z,in=|%| tan8. This expression has also
been derived by Pierce, but is probably of less im-
portance than the results of Egs. (3.10) and (3.11) which
give the maximum current density at an anode plane if
there is an aperture ao placed at an arbitrary position
between the cathode and anode planes.

It is possible to derive many physical properties of
Egs. (3.8)-(3.11), but we only stress that the
principal parameter governing the current density is
not M, the paraxial magnification of the beam, but
(M2+9Q,2S), i.e., a. Thus unless the beam is very stiff,
i.e.,, unit transverse velocity produces little deviation
from the axis so that § is small, and there is little
magnetic field threading cathode so that Q is small, it
may not help much to reduce the magnification.

If there are several apertures a; at z; with transfer
matrix element M;, S; etc. then ao/S, in Egs. (3.8)-
(3.11) must be defined by

ay/So=min(a;/S).

Clearly a finite cathode of radius ¢ is considered by
considering an aperture of radius a at the cathode plane
2=0.

(3.11)

(3.12)

4. CURRENT DENSITY OFF THE AXIS FOR
UNIFORM CATHODE CURRENT DENSITY

The results of the previous section are extended to
give the longitudinal current density off the axis in the
presence of an aperture and the energy restrictions of
Sec. 3. Again a uniform current density at the cathode
is assumed.

The energy balance condition, Eq. (2.37) can be
written, using Eq. (2.4),

min?=max{0, | (—M+iQ.8)w+ (M —iQ.5)u|?
— |utiwrw|?HDo— Ps|w |2}
=max{0, a?|u—B1w|?— |u+iwiw|?
+O—Baf ]2}, (41)
where a is given by Eq. (3.6) and
Bi=(M—iQ.8)/(M—iQLS). (4.2)
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If we have an aperture g at a plane 2 as in Eq. (2.30),
the possible range of # is given by Eq. (2.32), namely,

Now over one range of # Eq. (2.39) must be integrated
with Zmin=0; over another Z,.:, is given by the second
term of Eq. (4.1). In order to perform the integration,
it is necessary to determine the boundary curve where

Zmin changes from one value to the other. This occurs
where

o?|u—Byw |2~ |u-tiwrw] -B— & w| 2 =0,

which may be written

}u——wa[ =bh (44)
where
Ci= ((x2[31+iw{_,)/<a2— 1), M
by la®Bi+iwr|? |82 —wi?—®y 5.
b= ) [ + ]
1—q? (1—a?)? 1—a?

4.5)

It is to be noted that if w=0 as in Sec. 3, Eq. (4.4) gives
the circle |#|2=®,/(1—a?) as the dividing curve. If 5,2,
as defined by Eq. (4.5), is negative, then Zmin="0 for all
1, if @<1, and Zmin is the second term of Eq. (4.1} for
all » if @> 1. The region over which Eq. (2.39) must be
integrated is bounded by Eq. (4.3) which may be written

ﬁu—ngEsz, C2=M0/So, bgzdo/So. (4.6)

Substituting the appropriate zmin and boundaries, one
may obtain different values of ¢(x,y,2) depending on the
relative values of 4y, by. For example, if the aperture is
large and the beam sufficiently near the axis so that

b2>0, b>b+|Ci—Cef, a<l, 4.7
then Eq. (2.39) gives

. |u—Crwl=¥81

i(x,3,2) N

——=— exp{—\a?| u—Biw | 2)du.du,
e T

e
4+ exp[»)@(—'q’o"*"@ﬂwl 2)]

T

ju—Cowl=by

X / / exp[— (72| w410 ] 2) Jdudu,.  (4.8)

Ju—Cruwl=h

Now the integrals of Eq. (4.8) are of the type of Eq. (C3)
with a scale change, and are to be integrated over the
region of Eq. (C10). Hence, using the results of
Egs. (C9)-(C13),

i(x:%@/ic: (1/&%[1"‘1([&1,%0&1)]
+€Xp[—)\2(— @o—*‘ } ﬂ,’! 2(1)2)]
XTI (Ao N01)—T(AsN02) ], (4.9)
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where

Alz IC;-—ﬁl{a?\[w{, A2= {C1+z§2;(?\{wf,
Ay=|CoHiQp N w].  (4.10)

And I(A}) is the function defined in Eq. (C3) and
shown in Figs. 2 and 3.
If the energy is so high that

b12>0, b1>bg+[C1~'CQ}, a<l or b12<0, (1>1, (411)

then it is easily seen that Zmi, is always given by the
second term of Eq. (4.1) and

W(x,3,8)/te=(1/0®)[1— I{Ase,Nbe) ].

By using Eq. (C8) it is easy to see that on the axis,
where |w| =0 and, therefore, A;=Ay=A;=0, the i/i. of
Egs. (4.9) and (4.12) reduce to those of Egs. (3.8) and
(3.9). Tt should be noted that the current density only
takes the comparatively simple forms of Egs. (4.9) and
(4.12) when Egs. (4.7) or (4.11) are satisfied. This
implies the circles |#—Cyw|=5; and |U—Cow|=b, do
not intersect.

In Refs. 3-5 expressions have been given for the
current density variation neglecting the effect of longi-
tudinal velocities. The results obtained may be shown
to be the limiting case of this section when &, becomes
large, so that Eq. (4.11) is satisfied. The current density
is then exactly that of Eq. (4.12). In Refs. 3-5 there was
no magnetic field, so that the comparison must be made
with wz=%;=0. In these references there was a finite
cathode and no aperture hence, So, aq, 30 refer to the
cathode plane.

If the relative magnitudes of |w|, &, and u, are
such that neither Eq. (4.7) nor Eq. (4.11) is satisfied, it
is still possible to evaluate the integrals concerned, but
the results are rather more complicated. This situation
would arise if for a particular point in the beam the
curve defining the dividing line between Zmin=0 and

(4.12)

Zwin=0, ie., Eq. (4.4), passes outside the permissible -

range of #, i.e., Eq. (4.6). In that case it is no longer
possible to take the second integral of Eq. (C6) from
Eq. (C7), hence the extra complication.

5, NONUNIFORM CATHODE CURRENT DENSITY
AND OTHER EXTENSIONS OF THE METHOD

If the current density is still axially symmetric, but
not uniform, it is no longer possible to take 7. outside
the integral sign in Eq. (2.39)—unless we are at a
cathode image plane so that S=0. If this is not the case,
it is more convenient to use W, w as independent co-
ordinates, and integrate Eq. (2.26). In this case Eq.
(2.25) can be written

ZminQZma«X[O; - [w"*‘(@QLS‘_M)PV; 2
+ [ (84 iwsS)w—W | 2~ e+ B |w|2], (5.11)

and if My, Sy, etc. is the matrix from the cathode to the
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F16. 1. Schematic of a
pencil beam through a de-
[z-A%18 fining aperture.

3
ANODE

APERTURE

cnuone,

aperture a, at zo, the aperture can be expressed by
| MW —SoU| <ao,
which can be written
[(MoS—SeM)W —Syw| <apS. (5.2)

It is now possible to carry out exactly the same pro-
cedure as in the preceding section. Again the curve
separating the two values of Zmin can be written in

the form
IW—Cyw| =bs,

while the boundary over which W may range is given
by Eq. (5.2) and 1s, therefore, of the same form. Equa-
tion (2.26) may now be evaluated in exactly the same
way as Eq. (2.39) of the last section. The only difference
which now occurs is that instead of the simple I(A,b)
functions of the last section one is now required to
integrate

1
- / / i(|W]) exp—a2| W —Lw| 2dW .dW,.
T

An example of this technique when the “aperture” was
the finite size of the cathode has been given in Ref. 5. In
this case Mo=1, So=1 and Eq. (5.2) is simply the
obvious |W| <a,. We do not, however, go through the
algebra required for nonuniform cathode emission.

It is to be noted that the methods of this paper can
equally well be applied to axially symmetric beams with
curvilinear ray axes. In these cases the differential
equations for the matrix elements must be slightly
varied from Eq. (A20), and the transformation law of
Eq. (A29) must be replaced by that of Eq. (A31) where
e=Z. For sheet beams the el#/R term need only be
replaced bv eW. These changes of transformation do
somewhat complicate the algebra, and no example is
given in this paper.

6. A SIMPLE EXAMPLE

As an illustration of the method, let us consider
thermal effects in a pencil beam which starts as a
parallel flow beam from an infinite planar cathode. After
length 2 it has reached a potential ¢q, and then passes
through an aperture a. This aperture is also a magnetic
shield, and immediately after the aperture the beam
comes into an axial magnetic field B such that the
cyclotron frequency is just equal to the plasma fre-
quency of the heam, and in which there is no electric
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field. Assuming the cathode has temperature 7" and the
beam is emitted with uniform current density at the
cathode, we investigate the longitudinal current density
variation across the beam at anode plane distant 2, from
the aperture. The physical situation is sketched in
Fig. 1.

Clearly the first important problem is to evaluate the
matrix elements M, M, S, S and My, M, So, S, of the
transformations from the cathode to the anode and
from the aperture to the anode. For this purpose we
divide the cathode anode region into 3 parts; the first
is from the cathode to the aperture, the second passing
through the aperture, the third is the drift region
beyond. In all three regions w must satisfy Eq. (A20)
so that

dw/dz=®" u, du/dz=— (Pr+w;2)Pw. (6.1)

However, if A, is the transfer matrix,

M;: S
Ai=< e ) 6.2)
M; Si

for the 7th region, it is easily seen from the definitions
of the elements that the transfer matrix from after the
aperture to z, is A, while that from the cathode to z,
iS A3A2A1.

In the first region, because the beam is electrostatic
and obeys the Child-Langmuir equations from a space-
charge-limited cathode,

OS ZSZ(), SZL =wr= (), d)o: ¢00(Z/Zo) %,

po=— eo(4/9)(¢00/20*)(3/20)~F  (6.3)
so that
OSZSZ(), wLZO, ‘booz 27]¢>00,

Bo=Doo(z/20)}, B,=0. (6.4)

There is a sharp discontinuity in ¢y’ in crossing the
aperture. On one side it is £(2/20)¥(¢o0/%) on the other
zero. Therefore, in region 2 we may say that the change
in &y, A®¢', is given by
ADy' = — 4(doo/20). (6.5)

In the drift region there is no electric field or change in
po so that, using Eq. (A4),

20<L2Z 20421, Po=®o, Bo=—F(Poo/202). (6.6)

Now in this region the applied magnetic field is just
sufficient to counteract the space-charge spreading
force. Hence, using Eq. (A18)

2052551 wpl= —Py= %(‘ﬁoo/zoz)EwLoz- (6‘7)

Using the ®; and w;, of Eq. (6.4) in Eq. (6.1) it is seen
that

0<2< 2, dw/dz=(u/3)(z0/2)}/(3ewre), du/dz=0, (6.8)
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which may be integrated to give

s (- )

where W, I/ are the values of (w,x) at 2=0.

As one crosses region 2, the plane of the aperture,
Eq. (6.1) can be integrated, using Eqs. (6.5), (6.7), and
(A4) to give a change in w, # of Aw, A in crossing the

aperture of
Aw= O, Au=— %;'wq)og“*AfI’. (6 10)

Hence, if wy, #; are the values of (w,u) before the
aperture, and ws, #; the values after then the transfor-
mation across the aperture is given by

(-, G
s, Wro 0 Hy ’
Finally, in the third region Egs. (6.6) and (6.7) are

satisfied so that

20<2<z+t20, dw/dz=(u/2)/(3wL0),
du/dz=0,

(6.11)

(6.12)
which may be integrated to give

ertralt)-(! Yy

where ws, %, are the values of w, u at the plane z,. We
are now in a position to find the transfer matrices from
the aperture to the plane (z0+2:1) and from the cathode
to the plane (20+2:1). From the definition of these
matrices, Egs. {2.31) and (A28), and from Egs. (6.9),
(6.11), and (6.13) it is seen that

R
and

GG 70 06T

B (H— (21/20)/3  (3+221/20)/ (Bewro)

135 1) 2

) 19

Only because we chose such a simple example is it
possible to evaluate the matrices analytically. It is to be
noted that all the component matrices which make up
the right hand side of Eqgs. {6.14) and (6.15) have unit
determinant, i.e., satisfy Eq. (A29).

Now that the matrix elements have been found, the
current density distribution at the plane (z-+2;) may
be found by directly applying the formulation of Sec. 4.

Using Eqs. (3.6) and (4.2), and remembering, from
Eq. (6.3) that @,=0, it is seen that

a=1+(21+2)/3, Bi=wro/e, (6.16)

so that from Eqs. (4.3), (4.6), (4.10), (6.7), and (6.14)
C2= O, C1= (a+i)w1,g/(a2~— 1),

q)gq 72 a2+1
Bie — [1___( )] 25=0. (6.17)

a?—1 9202 \a®—1

by= do,

In this case a>1, hence if we are sufficiently near the
axis for 47 to be negative which implies, from Egs. (6.7)
and {6.17)

9202>r2[a+1/(ad—1)], (6.18)

then from Eq. (4.10) and (4.12) the current density at
radius r, i(r,3)/1. is given by

i(r,8)/ie= (1/a)[1—I(0,Naoe) ]
=1(/at)[1—eNerPa], (6.19)

In Eq. (6.19) a is given by Eq. (6.16) and X by Eq. (2.9).

This example was not supposed to be intrinsically
interesting, it was merely to illustrate the method. In
general the matrix elements must be found by integrat-
ing an equation such as Eq. (A20) numerically. How-
ever, once the matrix elements have been found, the
application of the formulae of Sec. 4 to a simple case is
not difficult.

APPENDIX A. THE MATRIX FORMULATION FOR
THE TRANSFORMATION OF TRANSVERSE
COORDINATES

In this appendix the equations of motion for an axially
symmetric solid beam are derived to the paraxial ap-
proximation. It is shown that transverse position and
velocity at one axial plane are related to those at another
by a 2X2 matrix with complex coefficients, By suitable
choice of variables, this matrix is shown to have unit
determinant.

Inside a steady beam, Poisson’s equation is

Vip= ""P/éﬂy (AI)

where E is the electric field, ¢ is the electrostatic po-
tential, p the space-charge density, and e the dielectric
constant. To the paraxial approximation, the effect of
transverse variations in p on ¢ may be neglected. To
this approximation, for axially symmetric solid beams,
Eq. (A1) can be shown to give, for small 7,

d=o(z) — 1o () Fpo(2)/ e ], (A2)

where ¢g, po are the potential and charge density on the
axis, and prime “’” denotes d/dz.

If ¢ is given by Eq. (A2), the electric field (E,,E,,E.)
has the form, from Eq. (A1),

E= —Ve,

E= (211, 2y62, —¢0), (A3)
where ¢, denotes the expression
$2=1[¢" () +po(2)/ e« (A9
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In the same way, if we ignore the self-magnetic field
of the beam, then the magnetic equations are

BZV‘I/’ VZILZO, (AS)

where B is the magnetic field and ¢ the magnetic scalar
potential. Again for small » in an axially symmetric
solid beam Eq. (A5) has the solution

Y=vu(z)— 1% (3), . (A6)
so that the magnetic field (B,,B,,B.) is given by
B=[—3XB/(2), —33Bd'(2), Bu(2)], (A7)

where By is the longitudinal magnetic field on the axis
Yo’. While it is possible to add a constant azimuthal
field Bs, with extra components (— Bgy/r, Bex/7,0),
this field cannot exist without a central conductor, and

is, therefore, ignored.
If E and B are given by Egs. (A3) and (A7), we are
in a position to solve Lorentz’s equation

dv/dt=—n[B+(vxB)], (A8)

where v is the velocity of the particle, and 7 is |e|/m.
A first integral of Eq. (A8) gives the energy equation

22— 2nép= const. (A9)
Substitution of the expressions
Do(z)=2nds, P2(2)=2ndp (A10)

and of Eq. (A2) into Eq. (A9) yields the energy balance
equation in the form

22— ®y(z) + Po(z)r? = const. (A11)

The transverse equations of motion may be written,
using the expressions for E, B, of Eqs. (A3) and (A7)
in Eq. (A8),

G= —n(2xde+iBot+5By'y),
G uBo iR (A12)
§=—n(2yps—&Bo—32B0'x).

We may now define the Larmor frequency wy, by

wr=319B, (A13)
then the time derivative of wy, @y, is given by
(;)Lz %‘)12':30/. (A14)

To this order of approximation, since @z only appears in
the product (wry), @z may be considered as constant for
all particles. By some algebra, Eq. (A12) can be written
in the form: ‘

(@414) = (— Potiwp) (a+iy) + 2w (E+19).

Equation (A15) has been derived previously by other
authors, e.g., Herrman. Since the equation is linear in
(x+iy) and its derivatives, a linear transformation
could be derived relating the (x+1y), (&-+4y) at one
time, and, therefore, plane, with those at another. How-
ever, the solutions of Eq. (A15) are complex, and, there-

(A15)
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fore, it is first convenient to make the transformation
(A16)

where x is the rotation through the Larmor angle

w=(x+1y)e ¥,

X=/del- (A17)
In terms of these variables, Eq. (A15) becomes
W+ (Pytwp)w=0. (A18)

If we prefer z as the independent variable, we may use
the relation

d/dt=23(d/dz)=3}(d/dz) (A19)
to first order, to obtain from Eq. {A18) the relation
dw/dz=®;, du/dz=—(Pstwr)®etw, (A20)

where # is the transverse velocity w in the rotated
coordinate system. -

It is to be noted that Eq. (A18) is linear in w—
whether or not there is magnetic flux threading the
cathode (ie., w70 at z=0). The paraxial equations
which may be derived to give the beam boundary are
nonlinear (in fact have a singularity as w-— 0); the
equations given here are quite different, however. They
are the equations for the motion of particles inside the
beam. However, the equations assume we know &,
which is related, via Egs. (A4) and (A10), to the space-
charge density. If the total current in the beam is I,
and the beam radius a(z), in the zero-temperature
approximation, then the space-charge density po(z) is
given by

p0=[¢’0“%/(1raz). (A2])

Hence in order to set up Eqgs. (A18) and (A20), it is
first necessary to solve the paraxial equation for the
beam edge (c.f. Ref. 10).

The energy balance equation, Eq. (All) involved
the square of the velocity ». It is important to relate
this quantity to ». From Egs. (A16), (A17), (A19), and
(A20) we see that if the velocity is (&,,2) then

(&+iy) = (d/dt)(we™) = (ut1wrw)e™.  (A22)
Hence we may deduce that »? is given by
=242 4-22= |utiorw| 2422 (A23)

Now |w| is simply the distance 7 from the axis; hence
the energy balance equation, Eq. (A11), may be written
in the form

lutiwrw|2422— ®o(z) + g |w| 2= const. (A24)

The solutions of Eq. (A20) are real if the initial values
of w, u# are real. It is easily verified that if ws, %; and
wg, %2 are any two solutions of Eq. (A20), then

d(wite—wany)/dz=0.
10 P, T. Kirstein, J. Electron. Control 8, 207 (1960).

(A25)
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Let us choose w=M(2), v=M(z), and w=S(z), v=_S(z)
as the solutions of Eq. (A20) satisfying

M@O)=1, M(0)=0, S(0)=0, S(0)=1. (A26)

Then it is seen that M(z) is the magnification of the
beam, being the change in distance from the axis of a
particle starting at unit distance from the axis with zero
transverse velocity; S(z) is the stiffuess of the beam,
being the distance from the axis reached by a particle
starting on the axis with unit transverse velocity. It is
to be noted that M, S, M, S do not, to this order of
approximation, depend on Z, the longitudinal velocity
at the cathode.
If now a particle has initial position and velocity
components such that
w(0)=W, u(0)="U, (A27)

then these coordinates transform so that at any other

plane,

W M S\/W
From Egs. (A25) and (A26), we see that the matrix in
Eq. (A29) has unit determinant

(A28)

MS—MS=1. (A29)

Because the ray axis of the paraxial system is straight
(in this case it is the z axis), the change in transverse
position due to small change in initial longitudinal
velocity € would be of the order W, U, and so could
be neglected to this order of approximation. By identical
arguments it can be shown that, for hollow beams with
a curvilinear ray axis, the transformation laws have

the form
(- A0
W \y 8/\v)' R\AS
where w, W, u, U, € are as above, R is the instantaneous
radius of the ray axis, and A, A depend only on z
through the electromagnetic fields. For hollow beams
with a straight ray axis, A, A are zero, though M, M, S,
S, are related to the fields through slightly different
formulae.

For sheet beams with no variation in the v direction,
the elW/R term becomes W, but formulae similar to
Eq. (A30) arise. Again if the ray axis is straight, A, A
are zero.

(A30)

APPENDIX B. CHANGE OF COORDINATES AND
THE JACOBIAN

In the body of the paper we often wish to transform
variables from an orthogonal coordinate system(g;,qs,qs)
to one (Q1,Q02,0s) where these are related by the

transformations

Q= Q10
¢=CQ+D, ¢=Qs+E, (Bl)

where C, D are independent of @, Qs, Qs and E is
independent of Qs;. Now the volume element dgidg.dys
in the ¢; system is related to that in the Q; system
dQ1dQ+dQs by the expression

dg:1dgadqs= JdQ:1dQ+dQs, (B2)

g=q1tigs,

where J is the Jacobian of the transformation, and is
given by the determinant

3q1/8Q1  99:/0Q2 g1/ 3Qs
J=18g2/3Q1 9q3/0Q- 992/ 9Qs|. (B3)
89:/3Q1  9¢3/8Q2  9qs/3Qs

Now from Eq. (B1) we have the expressions
0q1/8Q3= 092/ 8Q02=0, 3q3/8Qs=0Qs/qs, (B4)

and

(891/0Q1)8qs/ 8Q2— (8¢1/ 9Q2) 8¢2/ 0Q:
=]dg/8Q[*=|C|%. (BS)

Hence the Jacobian has the value Q3]|C|?/¢s, and Eq.
(B2) becomes

dqudgsdgs=Qs| C|?/gsd0rd0:dQs. (B6)
This result is required in the text. Note that the trans-
formation is impossible if the Jacobian vanishes, i.e.,
|C] is zero.
APPENDIX C. A SPECIAL INTEGRAL

We consider a function p which may take complex
values, such that

lp—C|>b, (C1)

where C is complex so that
C=Te", (C2)
and T, v, b are real. An integral which occurs frequently

in this paper is

1
1(8,6)=— / / exp— |p—D|*dp.dp,,  (C3)

where p,, p, may range over all values defined by
Eq. (C1), and A is defined by

C—D=Ae®, (C4)
Substituting
p=0cit+C (c5)
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[l-I(A.g)l/b?
t<

051

0 05 10 15 %

A
F16. 2. Plot of [1—1(A,0)]/8% vs A for < 1.

into Eq. (C1) and (C3) it is seen that
I(AD)

1 oo 27
=~ [ oao[ ew—lotacoly
m™Je 0

1 L4 27
— / 0do f exp—[Q*+ A*+20A cos(5—)Jdg
TJb v}

- / 20 exp— [0+ A]I4(20A)d0.

(Co)

|
o G 10 15

Fi1G. 3. Plot of 1—I(Ab) vs A/bfor b2 1.
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In Eq. (C6) I, is the modified Bessel function of order
zero, and we have used the relation

1 2
Io(x)=—-/ exp(x cosf)de. (Cn

™

I(Ab) is plotted versus A, & in Figs. 2 and 3. When A is
zero, 1.e., C=D, Eq. (C6) takes the very simple form

1@@:/'ww%@=r% (C8)
b

while if & — 0 it may be shown that
[1—1(4,6)]/b*
b
=/ (2/02)Qe= @A (20A)dQ — e~2%  (C9)
0
Finally if = o0,
I(A,0)=0. (C10)

If the integral of exp— (p— D)? is required in the region
between the nonintersective circles

[p=Cil=by, |p=Col=bs, (c11)

where the circle with suffix 2 completely surrounds that
with suffix 1, then it is clear from Eq. (C6) that the
integral is

1
[=~ / / exp— (p—A)dp.dp,
™

<bz
>by

p—C2
p~—C1

=T(A1,by)—1(Asb,), (C12)
where Aj, Ay are given by
|Ci—D|=4,, |C;—D|=A,. (C13)

When the circles intersect, Eq. (C12) is more com-
plicated. It is still possible to eliminate one of the
integrals, but, for simplicity, we do not consider this
case in this paper. The conditions for nonintersection
are that

|Co—C1| <bz— b (C14)

and Eq. (C14) is only valid if this condition is
satisfied.
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