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We demonstrate that the effective third-order nonlin-
ear susceptibility of a graphene sheet can be enhanced
by more than two orders of magnitude by pattern-
ing it into a graphene metasurface. In addition, in
order to gain deeper physical insights into this phe-
nomenon, we introduce a versatile homogenization
method, which is subsequently used to characterize
quantitatively this nonlinearity enhancement effect by
calculating the effective linear and nonlinear suscepti-
bility of graphene metasurfaces. The accuracy of the
proposed homogenization method is demonstrated by
comparing its predictions with those obtained from the
Kramers-Kronig relations. This work may open up
new opportunities to explore novel physics pertaining
to nonlinear optical interactions in graphene metasur-
faces. © 2019 Optical Society of America
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Since it has been first isolated from graphite [1], the unique and
striking properties of graphene have spurred intense research
efforts to develop and synthesize new two-dimensional (2D) ma-
terials. So far, graphene and other 2D materials have already had
a great impact both as facilitators of key advancements in funda-
mental research, as well as enablers of new devices operating in
a broad spectrum, ranging from ultraviolet, visible and down to
microwave frequencies [2–8]. For instance, due to their unique
linear physical properties, 2D materials have found important
applications to electronics [5, 6], sensors [7], and solar cells [8].
Equally important, the nonlinear optical properties of graphene
have facilitated the development of new active photonic de-
vices with improved functionality [9–12] and the exploration in
new physical conditions of fundamental phenomena, including
spatial solitons [11] and tunable Dirac points [12].

Inspired by the concept of metasurfaces, the research in
graphene has expanded from the study of uniform mono-
layer configurations to nanopatterned surface structures. These
graphene metasurfaces have open up promising new routes to-
wards photonic devices with specially engineered linear and
nonlinear optical responses [13–20]. A key role in these develop-
ments has been played by versatile and powerful numerical and

analytical methods. In particular, the use of homogenization
methods that reduce the optical response of a metasurface to
that of a homogeneous layer of material characterized by spe-
cific optical constants is ubiquitous in the design process and
analysis of metasurfaces. Two of the most common homogeniza-
tion methods are the scattering-parameter approach [21] and
the field-averaging procedure [22]. To date, they have been ap-
plied mostly to metasurfaces containing linear, dispersive, and
isotropic materials, with scarce efforts being devoted to the non-
linear case [23, 24]. One of the main reasons for this is that the
high-order nonlinear susceptibilities of graphene are anisotropic,
which significantly hinders the extension of the existing linear
homogenization methods to the nonlinear case.

In this Letter, we propose a versatile linear and nonlinear
homogenization method for metasurfaces containing graphene.
The challenges arisen from the nonlinear and anisotropic charac-
teristics of such metasurfaces are overcome by introducing a set
of auxiliary physical quantities, which allows one to unambigu-
ously match the far-field optical response of the metasurface
with that of a homogeneous layer of material with certain con-
stitutive parameters. This versatile homogenization method is
used to study the linear and nonlinear optical properties of a
generic graphene metasurface. Our study reveals that, at the res-
onance frequencies of surface plasmons of nano-sized graphene
constituents of the metasurface the effective third-order suscep-
tibility of the metasurface is enhanced by more than two orders
of magnitude as compared to that of a graphene sheet.

The schematics of the graphene metasurface investigated in
this work is presented in Fig. 1(a), with the unit cell depicted in
Fig. 1(b). The metasurface lies in the x− y plane, and consists of a
rectangular array of cruciform graphene patches. The symmetry
axes of the array and cruciform patches are along the x- and
y-axes, the corresponding periods being Px and Py. The length
and width of the arms of the crosses are (Lx, Ly) and (Wx, Wy),
respectively. Unless otherwise specified, the values of these
parameters are Px = Py = 200 nm, Lx = Ly = 180 nm, and
Wx = Wy = 75 nm. Moreover, the relative electric permittivity
of graphene is εg = 1 + iσs/(ε0ωhg), where hg = 0.5 nm is the
thickness of graphene, ω is the frequency, and the graphene
surface conductivity, σs, is described by the Kubo’s formula [25]:

σs =
e2kBTτ

πh̄2ω

[
µc

kBT
+ 2 ln

(
e−

µc
kB T + 1

)]
+

ie2

4πh̄
ln

ξ − iω
ξ + iω

. (1)

Here, µc, T, and τ are the chemical potential, temperature, and
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Fig. 1. (a) Schematics of a graphene-based metasurfaces con-
sisting of a rectangular array of graphene cruciform patches.
(b) Geometry and material parameters size of a unit cell of the
metasurface. (c) The homogenized metasurface, characterized
by effective linear and nonlinear optical constants.

relaxation time, respectively, ω = 1− iωτ, and ξ = 2|µc|τ/h̄. In
this study, we use µc = 0.2 eV, τ = 0.1 ps, and T = 300 K.

Generally, the linear constitutive parameters of a homoge-
nized metasurface are uniquely determined. In the nonlinear
case, however, the effective nonlinear susceptibilities of a ho-
mogenized metasurface are not uniquely determined as in gen-
eral there are more independent components of these tensor
quantities than available constitutive relations. Our homoge-
nization method circumvents this problem by introducing a set
of auxiliary variables that define the linear and nonlinear polar-
izations. These auxiliary variables, and subsequently the linear
and nonlinear effective optical constants of the homogenized
metasurface, are determined by requiring that the averaged lin-
ear and nonlinear polarizations in the original and homogenized
metasurfaces are termwise identical.

The homogenization method presented here consists of two
steps: First, a standard field averaging method [22] is used to
determine the averaged fields at the fundamental frequency (FF)
and the effective electric permittivity. In the second step, the
fields at the FF are used to determine the nonlinear polarization
and, through a set of auxiliary variables, the effective nonlinear
susceptibility of the homogenized metasurface. As nonlinear
interaction we choose the third-harmonic generation (THG),
but our method can be readily used to study other nonlinear
interactions characterized by nonlinear polarizations than can
be expressed in terms of the field at the FF.

To begin with, let us consider the constitutive relation in a lin-
ear and anisotropic material that relates the electric displacement
and the electric field, Di = ∑j εijEj, where εij is the permittivity,
and i, j = x, y, z. The spatial average of the fields E and D is
defined as:

E(ω) =
1
V

ˆ
V

E(r, ω)dr, (2a)

D(ω) =
1
V

ˆ
V

D(r, ω)dr, (2b)

where V is the volume of the unit cell. These averaged fields can
be used to define the effective permittivity of the homogenized
metasurface, εi = Di/Ei.

This approach is only applicable to metasurfaces containing
isotropic materials, whose permittivity tensor is diagonal, but it
can be readily extended to the more general case of anisotropic
structures by introducing a new auxiliary quantity, dij = εijEj.
Then, the constitutive relation for anisotropic materials is ex-
pressed as Di = ∑j dij. Imposing now the condition that the
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Fig. 2. Wavelength dependence of the real and imaginary
parts of graphene permittivity, εg, the effective permittiv-
ity of the homogenized cruciform metasurface, ε, and the
corresponding permittivity, εKK , calculated from ε using the
Kramers-Kronig relations.

averaged electric displacement in the metasurface and the elec-
tric displacement in the homogenized metasurface are termwise
identical, the effective permittivity tensor can be calculated as:

εij(ω) = dij(ω)/Ej(ω), (3)

where the averaged auxiliary quantity is given by:

dij(ω) =
1
V

ˆ
V

εij(r, ω)Ej(r, ω)dr. (4)

The thickness of graphene, and more generally of 2D materi-
als, is much smaller than the optical wavelength at infrared and
THz frequencies, and thus one can assume that the optical field
is uniform across graphene. Therefore, the volume integrals in
Eq. (2) and Eq. (4) become surface integrals over the mid-section
plane of graphene patches.

In order to validate our proposed linear homogenization
approach, a graphene cruciform metasurface (see Fig. 1) has
been studied using the FDTD method. In the numerical simu-
lations, the graphene cruciform metasurface is illuminated by
a normally incident plane wave linearly polarized along the
x-axis. The relevant results are presented in Fig. 2, where we
plot the wavelength dependence of the intrinsic relative per-
mittivity of graphene, the effective permittivity of the homoge-
nized graphene metasurface retrieved from Eq. (3), and the cor-
responding permittivity determined from the Kramers-Kronig
(KK) relations [26], εKK :

Re {εKK(ω)} = 1 +
2
π

 ∞

0

ω′Im {ε(ω′)}
ω′2 −ω2 dω′, (5a)

Im {εKK(ω)} = − 2
π

 ∞

0

ω[Re {ε(ω′)} − 1]
ω′2 −ω2 dω′, (5b)

where the symbol
ffl

denotes the Cauchy principal value of the
integral. Note that for normal incidence ε does not depend on
the polarization angle [27], and εxx = εyy and εxy = εyx = 0.

Figure 2 reveals several important properties of the wave-
length dispersion of the effective permittivity of the homog-
enized metasurface. First, it is markedly different from the
graphene permittivity and shows a series of Lorentz-type res-
onances, which correspond to localized surface plasmons of
the graphene crosses. Moreover, whereas Re(εg) < 0 in the
entire wavelength domain we considered, in some wavelength
domains Re(ε) > 0. This suggests that at those wavelengths
the metasurface responds as a dielectric one. In addition, we
note that near the peak Re(ε) ≈ 0 in a narrow frequency range,
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Fig. 3. Comparison between the absorption, A, reflectance,
R, and transmittance, T, of the original cruciform graphene
metasurface (solid curves) and the homogenized one (circles).

which means that near the resonance the metasurface behaves
as an epsilon-near-zero metamaterial. Equally important, it can
be seen in Fig. 2 that the permittivity εKK obtained from the ef-
fective permittivity of the metasurface, ε, using the KK relations
is almost identical with the latter, εKK ≈ ε, which validates our
method. More specifically, the effective permittivity calculated
with our homogenization method obeys the causality principle,
proving that it is a physically meaningful quantity.

A key advantage of the homogenization theory is that a meta-
surface patterned in a convolute manner can be replaced with
a simple homogenous layer of a material with specific optical
constants in such a way that physical quantities such as ab-
sorption, A, reflectance, R, and transmittance, T, of the two
optical systems are identical. This provides us an effective tool
to validate our homogenization method, namely we quantify
the difference between the absorption, reflectance, and transmit-
tance of the original metasurface and the homogenized one. To
this end, we have computed these quantities for both optical sys-
tems using the FDTD method. The results of these calculations
are summarized in Fig. 3. This comparison clearly shows that
the linear response of the uniform layer of material with the re-
trieved effective permittivity is practically the same as that of the
graphene cruciform metasurface. This excellent agreement fur-
ther proves the reliability of our linear homogenization method.
Moreover, the data presented in Fig. 3 suggest that the peaks of
the absorption spectra shown in this figure coincide with those
of the imaginary part of the retrieved permittivity plotted in
Fig. 2. This finding is explained by the fact that the peaks in
the spectrum of the effective permittivity of the homogenized
metasurface correspond to the excitation of localized surface
plasmons on the graphene crosses, a phenomenon accompanied
by large enhancement of the optical near-field and consequently
an increase of the optical absorption.

Encouraged by the accuracy with which our homogenization
method describes the linear optical response of graphene meta-
surfaces, we proceeded to extend it to the much more complex
case of nonlinear optical interactions. Due to the centrosymmet-
ric nature of the graphene lattice, the lowest-order non-vanishing
nonlinear optical interactions in graphene are of the third-order.
In particular, in the case of the third-harmonic generation (THG),
the nonlinear polarization is given by:

Pnl(r, Ω) = ε0χ(3)(r, Ω, ω)
...E(r, ω)E(r, ω)E(r, ω), (6)

where χ(3) is the third-order susceptibility and Ω = 3ω is the
frequency of the third harmonic (TH). Componentwise, this

nonlinear polarization can be written as:

Pnl
i = ε0 ∑

jkl
χ
(3)
ijkl EjEkEl ≡ ε0 ∑

jkl
qijkl , (7)

where the nonlinear auxiliary quantities qijkl = χ
(3)
ijkl EjEkEl have

been defined. Their averaged values are:

qijkl(Ω) =
1
V

ˆ
V

χ
(3)
ijkl(r, Ω, ω)Ej(r, ω)Ek(r, ω)El(r, ω)dr. (8)

Similarly to Eq. (7), the nonlinear polarization in the homog-
enized layer can be expressed in terms of the averaged fields
at the fundamental frequency (FF) and an effective third-order
susceptibility, χ(3), as:

Pnl
i (Ω) = ε0 ∑

jkl
χ
(3)
ijkl(Ω, ω)Ej(ω)Ek(ω)El(ω). (9)

Finally, we require that the averaged nonlinear polarizations
described by Eq. (7) and Eq. (9) are termwise identical. This en-
sures that on average the nonlinear polarizations in the graphene
metasurface and the homogenized layer of nonlinear material
are equal. Under these circumstances, the effective third-order
susceptibility, χ(3), is given by the following formula:

χ
(3)
ijkl(Ω, ω) =

qijkl(Ω)

Ej(ω)Ek(ω)El(ω)
. (10)

We have used this formalism, namely, Eqs. (8) and (10) in
conjunction with Eq. (2a), to compute the effective third-order
susceptibility χ(3) of the graphene cruciform metasurface, and
summarize the relevant results in Fig. 4. The third-order sus-

ceptibility of a homogeneous graphene sheet is χ
(3)
g (3ω; ω) =

[i/(3ωε0hg)]σ
(3)
s (3ω; ω), where the third-order conductivity

is given by σ
(3)
s,ijkl(3ω; ω) = σ

(3)
s (δijδkl + δikδjl + δilδjk)/3 [28],

where δij is the Kronecker delta and σ
(3)
s =

iσ0(h̄vFe)2

48π(h̄ω)4 T
(

h̄ω
2|µc |

)
.

Here, vF ≈ c/300 is the Fermi velocity, σ0 = e2/(4h̄) is
the universal dynamic conductivity of graphene, and T(x) =
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Fig. 4. Wavelength dependence of the two independent
components of the effective third-order susceptibility of the

graphene metasurface, χ
(3)
1 and χ

(3)
2 . Left and right insets,

spectra of the enhancement factor η = |χ(3)
1 |/|χ

(3)
g | and the

dominant component of the third-order graphene susceptibil-

ity, χ
(3)
g,xxxx, respectively.
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Fig. 5. Third-harmonic generation spectra calculated for a
graphene cruciform metasurface and the corresponding ho-
mogenized layer of nonlinear optical material.

17G(x)− 64G(2x) + 45G(3x), where G(x) = ln |(1 + x)/(1−
x)|+ iπH(|x| − 1) and H(x) is the Heaviside step function.

The symmetry group of graphene lattice is D6h, so that χ
(3)
g

has only two independent non-zero components: χ
(3)
g,xxxx =

χ
(3)
g,yyyy and χ

(3)
g,xyxy = χ

(3)
g,xxyy = χ

(3)
g,xyyx = χ

(3)
g,yxxy = χ

(3)
g,yxyx =

χ
(3)
g,yyxx. The dominant component is χ

(3)
g,xxxx ≡ χ

(3)
g , and is de-

picted by dashed curves in Fig. 4. Importantly, it can be readily

seen from Eq. (10) that χ
(3)
ijkl and χ

(3)
g,ijkl have the same set of

non-zero components, so that the effective third-order suscep-
tibility has only two independent non-zero components, too:

χ
(3)
xxxx = χ

(3)
yyyy ≡ χ

(3)
1 and χ

(3)
xyxy ≡ χ

(3)
2 . In order to quantify the

enhancement of the nonlinear optical response of the graphene

metasurface, we also computed the ratio η = |χ(3)
1 |/|χ

(3)
g |.

The results presented in Fig. 4 reveal several important con-

clusions. First, the dominant component of χ(3) is χ
(3)
xxxx, but

unlike the monotonous frequency dependence of graphene third-

order susceptibility, the frequency dependence of χ
(3)
xxxx suggests

a resonant nonlinear optical response. As in the linear case,
the resonances of the optical nonlinearity of the homogenized
metasurface coincide with the plasmon-induced peaks shown
in Fig. 2. Second, due to these plasmon-induced resonances, the
effective third-order susceptibility of the graphene metasurface
is strongly enhanced as compared to that of a graphene sheet;
e.g., at the wavelength λTH = 5.4 µm of the main resonance the
enhancement factor η is about two orders of magnitude.

In order to validate the nonlinear part of the proposed homog-
enization method, the THG of both the graphene cruciform meta-
surface and the corresponding homogeneous layer of material
have been calculated using an in-house developed generalized-
source-FDTD code [29]. The results of these computations are
presented and compared in Fig. 5, where the corresponding THG
spectra are plotted. It can be seen from this figure that there is
a very good agreement between the two spectra, a maximum
difference of about 5 % being observed at the wavelength of the
main resonance. Moreover, the very good agreement regarding
both linear and nonlinear response of the graphene metasurface
and its homogenized counterpart, illustrated in Fig. 3 and Fig. 5,
respectively, indicate that a patterned graphene metasurface can
be accurately replaced with a simple homogenous layer of mate-
rial with an effective permittivity and nonlinear susceptibility
retrieved with our homogenization method.

In summary, we have introduced a versatile and efficient

homogenization method for the study of the linear and non-
linear optical response of graphene metasurfaces. Our study
shows that the third-order nonlinearity of such metasurfaces
is enhanced by more than two order of magnitude at the fre-
quencies of surface plasmons of the graphene components of
the metasurface. Due to its versatility, our method can be ex-
tended to metasurfaces containing two-dimensional materials
other than graphene, to three-dimensional metamaterials, and
to a large class of nonlinear optical interactions. Due to all these
powerful features, our method has great potential to facilitate the
design of active photonic devices with advanced functionalities.
Funding. European Research Council (ERC-2014-CoG-648328).
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